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Abstract

We study an overlapping generations (OLG) exchange economy with an asset
that yields dividends. First, we derive general conditions, based on exogenous
parameters, that give rise to three distinct scenarios: (1) only bubbleless equilibria
exist, (2) a bubbleless equilibrium coexists with a continuum of bubbly equilibria,
and (3) all equilibria are bubbly. Under stationary endowments and standard
assumptions, we provide a complete characterization of the equilibrium set and
the associated asset price dynamics. In this setting, a bubbly equilibrium exists
if and only if the interest rate in the economy without the asset is strictly lower
than the population growth rate and the sum of per capita dividends is finite.
Second, we establish necessary and sufficient conditions for Pareto optimality.
Finally, we investigate the relationship between asset price behaviors and the
optimality of equilibria.

Keywords: exchange economy, overlapping generations, asset price bubble,

fundamental value, low interest rate, Pareto optimal.
JEL Classifications: C6, D5, D61, E4, G12.

1 Introduction

The asset valuation and its effects on welfare, either negative or positive, are long-standing
questions in economics. The seminar paper of Tirole (1985) studies the price formation
of asset yielding non-negative dividends and shows its impact on the Pareto optimality
of equilibrium allocations.

According to the traditional literature (Tirole, 1982, 1985; Santos and Woodford,
1997), given a dividend-paying asset with positive supply, its rational bubble is said
to exist if the asset’s market price exceeds its fundamental value, typically defined as
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the sum of the discounted stream of future dividends.! An equilibrium is referred to
be bubbly (bubbleless) if a bubble exists (does not exist), to be asymptotically bubbly if
a bubble exists and its bubble component does not converge to zero over time.

Let n,G; and R* denote, respectively, the gross population growth rate, the gross
dividend growth rate and the steady-state interest rate of the economy without asset.
Assuming a constant dividend (i.e., G4 = 1), the main insights from Proposition 1 in
Tirole (1985) can be summarized as follows.

1. Insight 1: No bubbly equilibrium exists if 1 < n < R*.2

2. Insight 2: A continuum of equilibria (including both bubbly and bubbleless
equilibria) exists if 1 < R* < n.

3. Insight 3: Every equilibrium is bubbly if R* <1 < n.?

Furthermore, Proposition 2 in Tirole (1985) claims (without providing a formal proof)*
that: if R* < n, then the asymptotically bubbleless equilibria are not Pareto optimal
and the asymptotically bubbly equilibrium is Pareto optimal.

Following Tirole (1985), much of the subsequent literature has focused on the case
of pure bubble assets, i.e., assets that pay no dividends but nonetheless have strictly
positive prices. These works have extended Tirole’s framework across various economic
settings.

A smaller body of research has explored rational bubbles on dividend-paying assets.’
However, Pham and Toda (2025a,b) have raised critical concerns about the analytical
foundations of Tirole (1985) and offered a fairly complete analysis of the model under
general assumptions. It is worth noting that such models - featuring both dividend-paying
assets and capital accumulation - give rise to non-autonomous two-dimensional dynamical
system with infinitely many parameters (including, the sequence dividends). The issue,
as Bosi et al. (2018b) and Pham and Toda (2025a) proved, is that when introducing
a paying-dividend asset in Diamond’s model, there may exist an equilibrium (with or
without bubbles) where the capital path converges to zero (they refer this situation as
a "resource curse").

Hirano and Toda (2025a)’s Section IV considers an OLG exchange economy with
a constant population. Assuming the convergence of growth factors and the forward
rate function,® they manage to prove point 3 of Tirole above, while leaving points 1

1See Brunnermeier and Oehmke (2013) and Miao (2014) for surveys of bubbles in general, Martin
and Ventura (2018) and Hirano and Toda (2024a) for surveys of rational bubbles, and Hirano and
Toda (2024b) for a survey of rational bubbles of assets with positive dividends.

20ur notation n corresponds to 1 + n in Tirole (1985).

3In this case, Tirole (1985), page 1506, mentioned that "... bubbles are necessary for the existence
of an equilibrium in an economy in which there exists an (arbitrarily small) rent." See Araujo et al.
(2011)’s Section 4.3 for a discussion of the necessity of bubbles for equilibrium implementation.

4We quote Tirole (1985) on page 1526: "By (a straightforward extension of) Theorem 5.6 in
Balasko-Shell [3], the asymptotically bubbleless equilibria are inefficient and the asymptotically bubbly
one is efficient."

°For example, Bosi et al. (2018b) extend Tirole (1985)’s model by incorporating non-stationary
dividends and altruism, recovering modified versions of Insights 1 and 2. Section V.A of Hirano and
Toda (2025a) considers non-stationary dividends under logarithmic utility and presents a version of
Insight 3.

6See Assumptions 2 and 3 in Hirano and Toda (2025a). See also Section 4.3.1 below.



and 2 aside. Then, Hirano and Toda (2024b)’s Section 5 considered a more specific
model (where endowments and dividends grow at constant rates and the utility is
homogeneous of degree 1), and provided a fairly complete analysis.

To sum up, the main points in Tirole (1985) still hold in exchange economies under
some additional assumptions on dividends, growth factors, and preferences.

Our article has two objectives: (1) to provide a big picture by reexamining these
above insights in an OLG exchange economy under general assumptions’ and (2) to
understand the deep relationship between the asset pricing and the Pareto optimality.

Before that, we define the bubble in Section 2 using only the asset price equation
and offer a novel point: There is a bubble if and only if the ratio of fundamental value
to price decreases over time and converges to zero. From a practical standpoint, our
finding suggests that if we observe a period in which this ratio decreases, it may be a
period of speculative bubble.

In the first main part of our paper, we investigate the asset prices (with and without
bubbles) and the characterization of the equilibrium set. Our results on asset price
bubbles can be summarized by Table 1.

Result Description Utility function
Proposition 3 Every equilibrium is bubbleless Non-separable
Proposition 4 3 bubbleless eq'm Non-separable
Theorem 1 3 continuum of eq’a (bubbly and bubbleless) Non-separable
Theorem 2 Every equilibrium is bubbly Non-separable
Theorem 3 3 continuum of eq’a (bubbly and bubbleless) Separable (Ass 4, 5)
Proposition 5 3! eq’m and it is bubbleless Separable (Ass 4, 5)
Theorem 4 Full characterization Separable (Ass 4, 5)

and stationary endowment

Table 1: Summary of results on asset price bubbles. Abbreviations and symbols
stand for dJ: existence of, !: uniqueness of, eq’'m: equilibrium, eq’a: equilibria, Ass:
Assumptions

Proposition 3 shows that there is no bubbly equilibrium if the dividend growth
rate or the benchmark interest rates (i.e. the interest rates of the economy without
asset) is higher than the growth rate of the aggregate endowments of young people.
Proposition 4 proves that there always exists a bubbleless equilibrium if the present
discounted value of dividends computed using the benchmark interest rates is finite.

Next, Theorems 1 and 3 provide conditions under which there exists a continuum of
equilibria where bubbleless and bubbly equilibria co-exist. A key condition in Theorems
1 and 3 is that the ratio of the benchmark interest rate to the dividend growth rate
remains bounded away from one. This ensures that the asset dividends are quite low
with respect to the interest rates, making the fundamental value of the asset quite low.
Another crucial condition is that the population growth rate is higher than the interest

"See, Santos and Woodford (1997), Kocherlakota (1992), Huang and Werner (2000), Araujo et al.
(2011), Werner (2014), Bosi et al. (2022) among others for rational bubbles of dividend-paying assets
in models with infinitely-lived agents. See Pham (2024) and the references therein for a discussion of
the connections between OLG models and models with infinitely lived agents.



rate of the economy where the agent invests some positive amount for the asset. This
condition ensure that the interest rate of the economy is bounded by the population
growth rate and households spend a positive faction of their income for buying the
asset, which makes the asset price higher than some threshold. By combining two
conditions, the asset price may be higher than the fundamental value, i.e., there is a
bubble.

Our Theorems 1 and 3 are novel in that they are constructive and do not rely on
the convergence arguments used in Tirole (1985) and Pham and Toda (2025a), nor on
the assumption of constant growth rates of endowments and dividends as in Hirano
and Toda (2024b)’s Section 5, or asymptotically constant growth rates of endowments
as in Hirano and Toda (2025a)’s Section IV.

In Theorem 2, we give conditions under which every equilibrium is bubbly (in other
words, there is no bubbleless equilibrium). Our key conditions are that (1) the dividend
growths are quite low (with respect to the endowment growths) and (2) the dividend
growths are not too low with respect to the benchmark interest rates which are lower
than the endowment growth rates. The latter condition ensures that the saving rate
is bounded away from zero, and hence people always spend a significant amount to
buy the asset, which implies that the asset price is quite high. The former condition
ensures that the fundamental value of asset is quite low. Then, the asset price is always
higher than the fundamental value, i.e., bubbles arise. Our Theorem 2 has a similar
conclusion as Theorem 2 in Hirano and Toda (2025a) but our approach is different
and our assumptions are weaker in the sense that Hirano and Toda (2025a) require the
convergence of growth rates of endowments and the convergence of the forward rate
function while we do not (see Section 4.3.1 for a detailed discussion).

In Theorem 4, we offer a full characterization of the equilibrium set as well as the
long run properties of asset price in the economy where the utility function is separable,
endowments are time-independent but dividends are time-dependent. The literature
and our above results show some necessary conditions and sufficient conditions for
rational bubbles but do not have a necessary and sufficient condition. In this setup, we
manage to provide a novel result, namely a necessary and sufficient condition for the
existence of a bubbly equilibrium: there is a bubbly equilibrium if and only if (1) the
interest rate of the economy without asset is strictly lower than the population growth
rate and (2) the sum of dividends (per capita) is finite.

The second part of our paper studies the Pareto optimality and deepens the relationship
between asset price bubbles and Pareto optimality. We provide necessary and sufficient
conditions for the Pareto optimality (see Lemma 6 and Theorem 5). We refine and
extend the work Okuno and Zilcha (1980) and Balasko and Shell (1980) to our framework
where we introduce a dividend-paying asset and allow for unbounded growth.

Okuno and Zilcha (1980) and Balasko and Shell (1980)’s models have L consumption
goods. The assumptions on the strictness and smoothness in Okuno and Zilcha (1980)
or on the Gaussian curvature of consumers’ indifferent surfaces in Balasko and Shell
(1980) are quite implicit. We introduce explicit assumptions that can be checked by
using elementary calculations.

Our analyses of the asset price bubble and Pareto optimality allow us to bridge
these two concepts.

First, our Proposition 7 indicates that every equilibrium is bubbleless and Pareto



optimal if the benchmark interest rates are higher than the growth rate of aggregate
endowment of young people or the dividend growth rate is higher than the growth rate
of the aggregate supply of goods.

Second, in Proposition 8, we demonstrate that an equilibrium is Pareto optimal if
it satisfies the uniform strictness condition and the asset value is significant (in the
sense that the ratio of the asset value (in terms of good) to the aggregate supply of
goods does not converge to zero). This happens regardless the type of equilibrium,
whether it is bubbly or bubbleless.

Third, under mild assumptions, there exists a continuum of equilibria and we can
rank the households’ welfare generated by these equilibria by using its initial asset
value (see Proposition 9): The higher the initial value of the asset purchased by young
people, the higher the welfare of households. Therefore, there exists a continuum of
bubbly equilibrium that are not Pareto optimal.

Fourth, under stationary endowment, as mentioned above, we can fully characterize
the equilibrium set (see Theorem 6). Let us focus here on the case of low interest rate,
i.e., when the benchmark interest rate is strictly lower than the population growth
rate. If the present value of dividends (discounted by using the benchmark interest
rates) is finite, there exists a continuum of equilibria. In this case, the maximum
equilibrium (which is asymptotically bubbly) is Pareto optimal; we prove this point
by extending the works of Okuno and Zilcha (1980), Balasko and Shell (1980). The
other equilibria (which can be bubbly or bubbleless) are not optimal because they are
strictly Pareto-dominated by the maximum equilibrium; our proof of this point is new
and differs from the approach taken by Cass (1972), Okuno and Zilcha (1980), Balasko
and Shell (1980).

If the dividend growth rate is lower than the population growth rate but higher
than the benchmark interest rate, then there exists a unique equilibrium. Furthermore,
this equilibrium is asymptotically bubbly and Pareto optimal.

Finally, it should be noticed that Tirole (1985)’s Proposition 2 also claims (without
providing a formal proof) that in the low interest rate case, only the asymptotically
bubbly equilibrium is Pareto optimal. We prove this conjecture when the dividends
are low. We then contribute by arguing that when the benchmark interest rate is low,
an equilibrium which is Pareto optimal may be bubbleless or asymptotically bubbly
(see Proposition 8’s point 1 and Proposition 10). The reason behind the Pareto
optimality in this case does not rely on the fact that the equilibrium is bubbly or
bubbleless (because both phenomena - formation of asset bubble and Pareto optimality
are endogenous), but on the fact that households have a strong incentive for saving
and the asset allows them to do so, making the equilibrium allocation Pareto optimal.

The remainder of our paper is organized as follows. Section 2 introduces a formal
definition of asset price bubbles and offers a new insight. Section 3 describes an OLG
exchange economy while Section 4 explores the issues of asset prices bubbles. Section
5 studies the Pareto optimality. Section 6 shows the interplay between asset price
bubbles and Pareto optimality. Section 7 concludes. Technical proofs are presented in
Appendices.



2 Asset price bubble: definition and new insight

We present the notion of asset price bubble and offer a new insight. The exposition
here only depends on the following asset pricing equation. In other words, our results
in this section apply for any model generating this asset pricing equation.

Definition 1. Consider an asset with the sequences of prices (q;) and dividends (Dy).
We define discount factors (Ry); by

Gi+1 + Dy
R o
1

qt

It means that the market value of 1 unit of asset at date ¢, i.e., ¢;, equals the
discounted value of 1 unit of the same asset at date ¢ + 1, i.e., q;r1/Ris1 plus the
dividend Dyy1/R;11.% By iterating the asset pricing equation ¢; = (g1 + Diy1)/Ris1,
we have

T T
do =7 QDs+Qrar, G= ), %DS + @qT, VT >t > 1, (2)
s=1 s=t+1 Qt Qt
1
where we denote @y = R R Qo= 1.

This leads to the traditional definition of fundamental value and bubble.?

Definition 2. Given the sequences of prices (q;) and dividends (D;). The fundamental
value F; and the bubble component By of the asset at date t > 0 are
= Dt+s

EEZ— Bt:qt—Ft:hm ar

3 ——— Vt 2 0. 3a
o R Ry T—oo Rypy -+ Ry (32)

We say that there is an asset price bubble if the market price exceeds the fundamental
value, i.e., qo > Fy. In this case, this price is called bubbly. Otherwise, it is called
bubbleless.

According to (3a), we can easily check that
Biy1 = Ry By and Fyyy + Dy = R . (4)

So, there is a bubble at date 0 if and only if there is a bubble at date t.

The following result shows two simple tests for the existence of bubble as well as the
relationship between the relative value of fundamental value and bubble with respect
to the asset price.

8In this deterministic framework, the sequence of discount factors (R;) is uniquely determined.
The reader is referred to Santos and Woodford (1997), Araujo et al. (2011), Pascoa et al. (2011), Bosi
et al. (2018a) among others for the notion of bubbles in stochastic economies where discount factors
(and state price processes) are not necessarily uniquely determined. See Miao and Wang (2012, 2018)
for the notion of bubble on the value of firm and Becker et al. (2015), Bosi et al. (2017a) for the notion
of bubble on physical capital.

9See, among others, Tirole (1982) (page 1172), Tirole (1985) (footnote 8), Kocherlakota (1992)
(pages 249-250), Santos and Woodford (1997) (pages 27-29), Huang and Werner (2000) (page 259),
Bosi et al. (2018b)’s Section 4, Hirano and Toda (2025a)’s Section II.



Proposition 1. Consider the asset pricing (1) with ¢, > 0 for any t.

1. The following statements are equivalent.

(a) There is an asset price bubble.

(b) The sequence of fundamental value to price (%) is strictly decreasing and
converges to 0.

C € sequence 1S SIricily increasing ana converges to 1.
Th B; s strictly i ' d to 1

Fo

(d) Zf"lzq): < 00. Moreover, Zfollq): < T < 0o
a0

2. The following statements are equivalent.

(a) There does not exist an asset price bubble.
(b) F, = q for anyt > 0.

(¢c) By =0 for anyt > 0.

(d) 372 % = o0

Proof. See Appendix A. ]

Our novel point is points (1b) and (1c). This result is simple but to the best of our
knowledge new with respect to the literature. According to point (1b), the existence
of an asset price bubble means that the ratio of the fundamental value to the asset
price Zf is strictly decreasing vanishing in the long run, and the bubble ratio B’f tends
to 1. It means that the fundamental value is negligible with respect to the ‘bubble
component, lim;_, gt = 0.

From a practical point of view, our result (1b) suggests that if we observe a period
where the ratio of the fundamental value to the asset price decreases, this may be a
bubbly period.

Condition >392, % < oo is firstly presented in Proposition 7 in Montrucchio (2004).'°

)
Here, we contribute by offering a new proof and proving that > 7°, % < lf—oi

By definition of the fundamental value F;, we have F; < ¢; < co. So, byoapplying
the criteria of d’Alembert and of Cauchy, we obtain a relationship between the interest

rate R;,1 and the dividend growth rates which can be defined as Dgl or Dt

Remark 1 (interest rate versus dividend growth rate). Assume that dividends are
strictly positive (Dy > 0 for any t). Consider an equilibrium. We have

. . 1 Dt+1 . . Dt %
i () <1 it (7o) <2 O
If R; converges to some positive value R, then we must have
D
hm inf —2L < R and hm 1nf Dt < R. (6)
o0 t

Note that these properties hold whatever there exists a bubble or not.

10This simple characterization is useful in some models (see, for instance, Le Van and Pham (2016),
Bosi et al. (2018a,b, 2022), Hirano and Toda (2025a)).



3 An OLG exchange economy

We now study an exchange economy OLG model with the dividend-paying asset. Time
is discrete (¢t = 0,1,2,...) and there is a single consumption good.

Generations. There are N; new individuals entering the economy at time ¢ > 0.
The growth factor of population is constant over time: N;.1/N; = G,, = n > 0 for any
t>0.

Households. Each agent born at date t lives for two periods (young and old) and
has e{ > 0 units of consumption as endowments when young and ey, ; > 0 when old.
Both e/ and €7, are exogenous.

Assume that preferences of households born at date ¢ are rationalized by an utility
function U*(¢{, ¢f, ) where ¢f and ¢, denote the consumption demands when young
and old of a household born at time ¢.

There is a long-lived asset - the Lucas’ tree (Lucas, 1978). At period ¢, if households
buy 1 unit of asset at price ¢, they will, in the next period, receive D,,; units of
consumption good as dividend and they will be able to resell the asset with price g;1.

Constraints of household born at date ¢ are written

Y Y o o Y o
ol +az <€, g S el + (@1 + D)z, ol > 0.

At the date 0, the households born at date —1 only consume: ¢§ = e§ + (qo + Do)z_1
where z_; > 0 is given.

3.1 Intertemporal equilibrium
Let us denote this two-period OLG economy by Eora = Eora(UY, (D), (¢f,€9)).

Definition 3. An intertemporal equilibrium of the two-period OLG economy is a
list (21, (cl,¢9),q1)i>0 satisfying three conditions: (1) given (qi, ¢+1), the allocation
(21, ¢f,cPq) is a solution to the household’s problem, (2) markets clear:

Nz = Nij12e4 for any t > —1 (7)
Nt + N1 = Nyel + Ny_1€) + Dyzy 1 Ny_q for any t > 0 (8)

and (3) ¢4 > 0 for any t > 0.

Balasko and Shell (1981) focus on a model with multiple commodities and no
dividend D; = 0 for any ¢. The model in Weil (1990) is a particular case of our model
where n = 1,D; = 0 for any ¢ > T" where the time 7' is exogenous. The model in
Hirano and Toda (2025a)’s Section IV corresponds to the case n = 1.

Without loss of generality, we can normalize as follows.

Assumption 1. 2_; >0, z_{N_; =1, N, =n' for any t > 0, where n > 0.

In equilibrium, we have zn' = z;N; = 2 1N_; = 1. So, z; = 1/n".
Denote the asset value a; = ¢;2; and dividend per capita by

Dy

qt
a; = — and d; = —.
t t
n nt



Observe that "‘{jﬁ“ D{;l and the good market clearing conditions become ¢/ 4= -
e?{—I—%—i—dt for any t > 0.
The following assumptions, which are similar to Assumption 1 in Hirano and Toda

(2025a), ensure the existence of an equilibrium (see, for instance, Balasko and Shell
(1980) and Wilson (1981)).

Assumption 2. Assume that U : RY — R is strictly increasing, strictly quasi-concave,
continuously differentiable on R% Ult(O,xg) = 00, Ul(z1,0) = 0o Va1, 29 > 0, where
Ul denotes the partial derivative of U' with respect to the it" component. The sequence
of endowments satisfies e} > 0,€7,, >0 for any t > 0.

Since the utility function is strictly quasi-concave, the allocation (¢f, ¢, z;) is the
unique solution to the maximization problem of the household born at date ¢ if and
only if

¢} + qz = ef, cty1 = €f1 + (@s1 + Diga) 2 (9a)
aUL (e, c21) = (qre1 + D) Us(cf, 241) (9b)

Definition 4. (1) Consider an equilibrium. Define the interest rate Ry, between dates
14 Cy C
tandt+1 by Ryyq = Urlep i)

— Ul(c] o)
(2) Define the benchmark interest rate (i.e., the interest rates of the economy

13 ey ,e
without asset) Ry, between datest and t+1 by Ry, | = Ui(ef ets)

- Ut (et ,€t+1)

To obtain a relationship between R, and R;, we introduce an additional assumption.

Assumption 3. Ul(z1,z2) is decreasing in x1 and increasing in xo. Ub(x1,x9) is
decreasing in x9 and increasing in xi.

According to the Euler condition (9b), we have

Gi41+ Dipr Ut (e% = G2t €41 + (Qe1 + Dt+1)2t)
q Us (G?f — @12, €041 + (qeg1 + Dt+1)zt)

In equilibrium, we have z; > 0. Therefore, we immediately obtain the following result.

Lemma 1. Under Assumptions 1, 2, 3, in equilibrium, we have R, > R} for any t.

4 Asset price bubbles

Given an equilibrium, by definition of the sequence (R;) and the Euler condition (9b),
we have the asset pricing equation (1). So, all results in Section 2 apply.
By consequence, with the notations

qt D, F _ B,

ar = —, thﬁa Ji=—
n n

we can restate Proposition 1 as follows:



Lemma 2. In the case of strictly positive dividends (Dy > 0 for any t), the following
statements are equivalent.'!

1. A bubble exists.

t

n-a
—— > 0.
Rl"'Rt

2. hmt_mo tht > 0, i.e. hmt_m,

F

3. The sequence of fundamental value to asset value (C{—i) = (t) is strictly decreasing

and converges to 0.

4. The sequence of bubble to asset value (Z—j) = (%) is strictly increasing and
converges to 1.

5. Z?il Dt/qt < o0, 7:.6., Ztoil dt/at < 400.

Lemma 2’s point 5 leads to an interesting implication regarding the role of saving
rate.

Proposition 2 (Role of saving rate on the existence of bubble). Consider the case
of strictly positive dividends (Dy > 0 for any t). Consider an equilibrium. If the
saving rate of young people is bounded away from zero, i.e., liminf, ,o, %5t > 0, and

the dividends grow slower than the economy’s endowment (i.e., Y52, n?ety < 0), then
t
this equilibrium is bubbly.

Proof. See Appendix B. ]

Proposition 2 highlights the importance of the saving rate. The underlying intuition
is that when individuals consistently allocate a portion of their income to invest in the
asset, they continue to purchase it - even when its fundamental value is low (as is the
case when dividends are low). This persistent demand contributes to the formation of
a bubble.

Theorems 2 and 4 below provide a condition under which liminf, . qé—? > 0.
However, as we will show in Theorem 4, the saving rate may converge to zero or to
some strictly positive value. One key issue is understanding how the asset demand and
asset prices evolve over time, which we will address.

4.1 Equilibrium without asset price bubbles

The following result provides conditions to ensure that every equilibrium is bubbleless.

Proposition 3 (no bubble conditions). 1. Let Assumptions 1, 2 be satisfied.
Every equilibrium is bubbleless if
. . " — Dy
(Non-negligible dividend condition): >

t=1

(11)

HCondition D; > 0 for any ¢ is to ensure that ¢; > 0 at any ¢, which is needed to define D;/q;.

ntef

10



2. Let Assumptions 1, 2, 3 be satisfied. Every equilibrium is bubbleless if

. . . ntey
(High interest rate condition):  lim

imoo RE - RE
Proof. See Appendix B. O

0. (12)

Condition (11) indicates that the existence of bubble requires that the dividend
growth rate must be lower than the endowment growth rate.?

Condition (12) means that, if the benchmark interest rare R; is quite high (higher
than the product of population growth rate and the endowment growth rate), then
there is no bubbly equilibrium. In other words, every equilibrium is bubbleless.

The insight of condition (12) is in line with the main result in Santos and Woodford
(1997): there is no bubble if the sum of discounted values of aggregate outputs is
finite. However, the condition in Santos and Woodford (1997) is based on endogenous
variables. By contrast, our condition (12) is based on exogenous variables. Notice that
the high interest rate condition (12) is also in line with Proposition 1.(a) in Tirole
(1985), Proposition 2.1 in Bosi et al. (2018b), Proposition 4 in Bosi et al. (2022),
Lemma 3.2 in Pham and Toda (2025a).

We now provide a condition under which a bubbleless equilibrium always exists.

Proposition 4 (Existence of bubbleless equilibrium). Let Assumptions 1, 2, 3 be
satisfied. If

D,

(Not-too-low interest rate condition) —» ———— < 00, (13)
I Ri---R;
then there exists a bubbleless equilibrium.
Proof. See Appendix B. ]

Proposition 4 states that there exists a bubbleless equilibrium if the present discounted
value of dividends computed with the interest rates of the economy without asset is
finite. Proposition 4 is similar to Proposition 3.1 in Pham and Toda (2025a). However,
our assumption 3 is more explicit and slightly weaker than their Assumption 3.

According to Proposition 4, when dividends growth factors are lower than return
factors of the economy without asset (R;), an equilibrium without bubbles always
exists. By the way, Proposition 4 is related to Lemma 1 in Tirole (1985) which claims
the existence of bubbleless equilibrium. However, Tirole (1985)’s proof is not complete
(because he did not prove that his function I' is continuous) and implicitly requires, in
page 1522, the assumption that the present discounted value of the rent (dividends)
computed with the Diamond bubbleless and rentless interest rates is finite, which
corresponds to our condition (13). Note also that, the method of our proof is different
from Tirole (1985).

It should be noticed that (13) is only a sufficient condition for the existence of a
bubbleless equilibrium. Conditions (11) and (12) are also sufficient for the existence
of a bubbleless equilibrium since they rule out any bubbly equilibrium.

In the next sections, we study conditions under which there exists a bubbly equilibrium.

12This point is in line with Corollary 1 in Bosi et al. (2018b), Corollary 3 in Bosi et al. (2022),
Lemma 3.1 in Pham and Toda (2025a).
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4.2 A continuum of equilibria (with and without bubbles)

Since 2Ny = 1 for any ¢ > 0, the equilibrium (2, (¢f, ¢7), ¢:)i>0 is one-to-one represented
by the sequence of prices (¢ )0 (or the sequence of asset value (a;) = (¢:2¢)) which we
also call an equilibrium.

Recall that a; = %, d, = B-. By consequence, (¢;) is an equilibrium if and only if
the sequence (ay, Ry11)¢>0 satisfies the Euler and non-arbitrage conditions

Ul (ei’ —ag, €] + Rtﬂat) — R U} (ei’ —ag,ej,, + Rt+1at) =0 (14a)

Qi1+ di1 = ay , 0<a; <éef foranyt > 0. (14Db)
n

The Euler condition leads to the following definition.

Definition 5. Lett > 0, e > 0,¢ef,, > 0. Define the function K, : (0,ef)x[0,00) = R
by

Ki(a,R) = Ui(e! — a,€},, + Ra) — RU, (ef —a,ep . + Ra) . (15)
By Assumption 3, we have a direct consequence.
Lemma 3. Let Assumption 3 be satisfied. The function K(a, R) is increasing in a.

We now provide conditions under which there exists a continuum of equilibria.
The intuition is that with the initial asset value ag, we construct the sequences of asset
values (a;) and interest rates (R;) which satisfy the Euler and non-arbitrage conditions.

Theorem 1 (Continuum of equilibria: co-existence of bubbly and bubbleless equilibria).
Let Assumptions 1, 2, 3 be satisfied and ef > 0 for any t.
Assume that there exists a sequence (€;)i>o such that, for any t >0,

(Z) €t € (O, 6?)7 € — dt+1 S €t11-

(ii) Ki(e,n) <0 (this condition implies that there exists Ry | such that0 < R; ; <n
and Kt(ﬁt, R;) = 0)

(iii) If R satisfies Ki(e;, R) > 0 and R < n, then R < R{_|."*

Assume also that there exist A > 0 and v > 1+ % satisfying Ad; < €; and
d
(Not-too-low interest rate condition): Ry, > <n;+1>7 for any t > 0. (16)
t

Then, there exists at least one bubbleless equilibrium and there exists a continuum
of bubbly equilibria (where the asset values and interest rates satisfy a; € [Ady, €] and
Ry < Ry < R;).

Proof. See Appendix B.1. O

13Notice that, in general, the function Kj(e,-) : [0,00) — R may not be monotonic on [0, cc).
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The key intuition of Theorem 1 is that when the benchmark interest rates R} is
lower than the population growth rate n but higher than the dividend growth rate
(condition (16)), then bubbly and bubbleless co-exist.

Theorem 1 is new with respect to the literature because it provides general conditions
(with non-separable utility functions, non-stationary endowment, non-stationary dividend)
under which bubbleless and bubbly equilibria co-exist. It should be noticed that
Theorem 1 and its proof do not rely on any form of convergence of variables as required
in some papers in the literature (Tirole, 1985; Farhi and Tirole, 2012; Hirano and
Toda, 2025a; Pham and Toda, 2025a). Another added value of Theorem 1 is that it is
constructive because it shows us how to construct equilibria with bubbles.!*

Let us explain our constructive proof. We start from the initial asset value ag.
By using the Euler equation, condition (i) and (ii), we can find R; (such an interest
rate may not necessarily be unique). Then, we determine a; by the non-arbitrage
condition a; + di = ap™®. Conditions (ii) and (iii) which are a kind of low interest
rate conditions ensure that the equilibrium interest rate R; is always lower than the
(population) growth rate n. This low interest condition makes sure that the bubble and
asset values do not explode. The not-too-low interest rate condition (16) guarantees
that our sequence (a;) satisfies

At+1 ay

d = Mg, Y
Since v > 1, we have ;5 di/a; < o0, i.e., this equilibrium is bubbly (thanks to
Lemma 2). Moreover, by Proposition 4, the not-too-low interest rate condition (16)
also ensures the existence of a bubbleless equilibrium.

Naturally, we may ask whether conditions in Theorem 1 can be satisfied. Actually,

they may hold under a large class of model.'® Indeed, the following corollary provides
an answer.

Corollary 1. Assumptions in Theorem 1 are satisfied if the following conditions hold:

l1—0o l—0o
1. The utility is U'(x1,22) = T— + 52— where 0 > 0,3 > 0, while endowments

o
€t

6?1 =g.>0and e} <el,, for anyt.

satisfy
In this case, the benchmark interest rate Ry = R* = % Vi.
. Dividend growth rate: d; = dod", where dy,d > 0, for any t (i.e., Dy = don'd").
. Lower interest rate and low dividend conditions: nd < R* < n.

2
3
4. Take ¢; = ee], where € satisfies gen_T1 + e(nl_% + ﬂé) — ﬂé < 0.
5

. Take o so that e(fil) < n. Note that o may be lower or higher than 1.

6. Take vy € (0,%) and A > 0 so that v > 1+ 1 and Mdod' < €, = ee}.
Proof. See Appendix B.1 O]

Bosi et al. (2022)’s Proposition 7 provide a condition to have a continuum of bubbly equilibria
in an exchange economy with heterogeneous infinitely-lived agents and logarithmic utility functions.
Their working paper (Bosi et al., 2021) gives several examples.

15Tn Section 4.4, we will present more explicit conditions in the case of separable utility functions
for the existence of multiple equilibria.
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4.3 Conditions under which every equilibrium is bubbly

We now provide conditions under which every equilibrium is bubbly (in other words,
there is no bubbleless equilibrium). When this case happens, Tirole (1985) wrote in
page 1506 that bubbles are necessary for the existence of an equilibrium.

The following observation, which is a direct consequence of Propositions 3 and 4,
gives some intuitions.

Corollary 2. Let Assumptions 1, 2. Assume that every equilibrium is bubbly. Then,
we must have

t=1

el < 00 (17)

If we require, in addition, Assumption 3, then we have

nte D,
li — >0 d _ . 18
PR R ; Ri---R° (18a)

These conditions suggest that when there is no bubbleless equilibrium, the benchmark

interest rates should be lower than the growth rates of aggregate good supply and the

dividend growth rates. Moreover, the dividends should be low (i.e., >¢°, n?ety < 00)
t

but not too low (i.e., 35 itz = 00).
- 1 t
To present our conditions (based on exogenous variables) which ensure that every
equilibrium is bubbly, we use the Euler equation (14a) which is equivalent to

Ult<e%,(1_:;)’eg(i;1 Rm:y)) RtHUz(( th)ei/(egl RHlZé))—o.

t t

This equation motivates us to define two functions Vi and Vi: R2 — Ry by Vi (z1, 22) =

Uf(e%’xl,ef{xg) and Vzt(l‘l,%) U2(€tm17 6%2)

Denote ay = ‘;—5 and ge 11 = “ the saving rate and the endowment growth rate

of household born at date ¢. The Euler equation becomes

VI (1= af, Gepsr + Ri1af) = ReaVy (1 = af, ge i1 + Reaay) = 0. (19)
We are now ready to state our result.

Theorem 2. Let Assumptions 1, 2 be satisfied.
Assume the so-called Condition (B): there exist € € (0,1), positive sequences (X)
and (Xy), and a date T satisfying the following conditions:

D
1. (Not-too-low dividend condition) 52, XX tX = 0.
L X,

2. (Low interest rate conditions)

(a) Xiy1 <n—- tH Vi >T.
el
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(b) For anyt>T, if e € (0,€) and X € [0, X;11] satisfy

V1t (1 —¢€, ger+1 + Xe)

X = ,
‘/2t (1 — € ge,t-i—l + XE)

(20)

then X < Xyi1.
Then, the following statements hold.

1. For any equilibrium, the ratio of asset value to endowment is uniformly bounded
away from zero (i.e., liminf, .o % >0).
t

2. If o2, 2

7 < 00, then every equilibrium is bubbly.
t

3. If 3272 t y = o0, then every equilibrium is bubbleless.

4. By consequence, any equilibrium is bubbly if and only if

> D
> tt < oo (low dividend condition). (21)
— nte}

Proof. See Appendix B.2. ]

It should be noticed that condition };°, % < 00 is necessary for the existence
t

of a bubbly equilibrium (see Proposition 3’s point 1). Here, we go further by showing

that every equilibrium is bubbly if we add Condition (B) in Theorem 2. Let us now

explain Condition (B). Looking at (20), the value X in (20) represents the expected

interest rate when the saving rate equals e. The intuition of (B2) is that when the
at

saving rate & is lower than the threshold €, the expected interest rate R;; will be
t

lower than X, ;. Then, the present value of the asset >, ﬁ will be higher than
D,

Zt 1 X X

To see better the link between Theorem 2 and our previous results, let us consider

a particular case where Assumption 3 holds. In such a case, R; > R; for any ¢. So,

(B2) implies that R}, ; < X;iq, i.e., the benchmark interest rate is low. Condition

(B1), i.e., %2 XX

= oo, which is impossible.

L = 00, implies that

- Xy
Dy
hﬂfﬁp <)§Zl> > 1. (22)
Therefore, we get that
Diia
lilgsogp (R?;) > 1. (23)
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This condition can be interpreted as the dividend growth rate gl is higher than the
benchmark interest rate Ry, ;. Note that (23) is opposed to the not-too-low interest
rate conditions (13) or (16) which ensures the existence of a bubbleless equilibrium.
The following consequence of Theorem 2 helps us not only to better understand
it and but also to show that assumptions in Theorem 2 can be satisfied in standard

settings.
Corollary 3. Assume that

1. U(x1,x9) = In(z1) + Bln(xa) where 8 > 0. In this case, the benchmark interest

rate is Ry | = ety %
€t
. f+1 et
2. limsup,_, - < 1 (or, equivalently, limsup,_, . Fnel <1).
7 !
D
: b= L where a > 1.
ntef !

Then, every equilibrium is bubbly and liminf, .. % > 0 (the saving rate is uniformly
t

bounded away from zero).

Proof. See Appendix B.2. ]

Dy
In this corollary, we have -, — < oo, which violates no-bubble condition (11).
ntej
Moreover, we observe that

Diy1

Ry
lim sup t“ <n= lim Dt : (24)
t—+00 €t+1 o0 et+1
ef el

tey
By consequence, we have lim;_, R R*

have Y25, R,{? 7 = 00 which violates condition (13).

= oo which violates condition (12). We also

4.3.1 Comparison with the existing literature

Theorem 2 is related to Proposition 1.c of Tirole (1985) in an OLG production economy
and Theorem 1 in Pham and Toda (2025b) where they claim that, under mild conditions,
there exists a unique equilibrium and this is asymptotically bubbly (see Pham and Toda
(2025b) for a review on this issue). However, Pham and Toda (2025a,b) raise some
concerns in the proof of Tirole (1985) and Theorem 1 in Pham and Toda (2025b)
restores Proposition 1.c of Tirole (1985). It should be also noticed that although we
consider an OLG exchange economy, we work under non-stationary endowments and
non-stationary dividends while Tirole (1985) considers an OLG production economy
with constant dividend and stationary production function.

Theorem 2 in Hirano and Toda (2025a)’s Section IV also consider an OLG exchange
economy like our model and proves, under some assumptions, that every equilibrium
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is bubbly. This is similar to the statement (2) in Theorem 2. We go further by
establishing the statements (3) and (4) in Theorem 2.

Moreover, our assumptions are significantly different from those in Hirano and Toda
(2025a). The following remarks explain the differences.

Remark 2. Assumption 2 in Hirano and Toda (2025a) requires the convergence of
grow factors in the long run (i.e., lim; % € (0,00), limt_m% € [0,00) and their
Assumption 3 requires an uniform convergence condition of the so-called forward rate
function f; defined by

Uf(etyxl,ef@) _ V1t<513'1,$€2>
Us(efzy, efxy)  Vi(xy,x2)

ft(ZEl,iUQ) =

We do not require these assumptions in our Theorem 2. For example, Corollary 3 does
not require such convergences. Moreover, our proof of Theorem 2 seems to be simpler
than the proof of Theorem 2 in Hirano and Toda (2025a).

Remark 3. Assumptions 2, 3 and condition (20) in Theorem 2 in Hirano and Toda
(2025a), which is

0
t ; Cs+1
74 <1,hms_>C>O ej)

7 _ 1 el
lim —4 < Gg=limsupD; < lim —H, (25)
t—co ‘/'215 <1’ lim, o 654151) t—o0 t—oo ey

€s

are stronger than conditions in the statement 2 of our Theorem 2 (see Appendiz B.2
for a formal proof of this claim). More precisely, the first inequality in (25) together
with Assumptions 2 and 3 in Hirano and Toda (2025a) imply Condition (B) in our

= Y
Theorem 2. Then, their assumption limsup,_, . D} < lim;_, et;tgl implies (21).

=

Remark 4. Hirano and Toda (2025a)’s Theorem 2 does not apply for the caselimsup,_,. D} =

ey . . .
limy o —5+ while our Theorem 2 can be used for this case. Indeed, in Corollary 3, take
t
1

Y
. . e

n=1and e’ , = e/ Vt, we have D, = L and limsu LV =1 = limy o S+

t+1 t ) t t—oo \ ¢ el

which violates the second inequality in (25).

4.4 Characterization of the equilibrium set

We have so far provided conditions to rule out bubbly equilibria and conditions to have
bubbly equilibrium.

We now seek to provide a full characterization of the set of equilibrium in order to
see a big picture. To do so, we focus on separable utility functions.

Assumption 4. Assume that U'(x1,x9) = u(zy) + Bv(xe) for any t,xq1,x5. The
functions u,v : Ry — R are twice continuously differentiable, strictly increasing, and
strictly concave with u'(0) = v'(0) = co. The endowments satisfy e{ > 0,e7, > 0 for
any t > 0.
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4.4.1 Equilibrium system

Recall that a, = %, d, = Bt. By consequence, (¢;) is an equilibrium if and only if the
sequence (ag, Ryy1)i>0 satisfies the following conditions:

u'(ef —ay) = BR v (efH + Rtﬂat) (26a)
R
Qi1+ dip1 = ay t+1, 0<a; <ef forany ¢t > 0. (26b)
n

Since (Ry11)i>0 is uniquely determined via (a;) by Riv1 = (ag1 + dt+1>aﬂtv we also call
(a¢)¢>0 an equilibrium.

We introduce an assumption allowing us to express R, 1, and by consequence a1,
as a function of a;.

Assumption 5. The function cv'(c) is increasing on (0,00) and e > 0 Vt.

Lemma 4. Let Assumptions 1, 4, 5 be satisfied. For a € (0,¢€}), there exists a unique
R 1 > 0 satisfying u'(e] — a) = SRy v (e§+1 - Rt+1a) if and only if au'(e] — a) <
Blime_q cv'(c). 1
So, we can define the function g, : Dy = {a € (0,€}) : av/(ef —a) < flim, o cv'(c)} —

R, by gi(a) = Ryy1 where Ryiq is uniquely determined by u' (e} —a) = SRy 10 (e,‘;rl + Rt+1a).
Note that g; is increasing and

. L u'(ef)

lim g,(a) = Ry = Bulet) (27)

Proof. See Appendix B.3. ]

According to Lemma 4, the sequence (a;) is an equilibrium if and only if

u'(ef —ay) = RV (€], + Riray) (28a)
Riy1 = gi(ar), where g; is defined by Lemma 4 (28b)
R
a1+ di1 = ay tH, 0 <a; <ef forany t > 0. (28c¢)
n

It is worth highlighting several points about the function g;, which maps a; to R;.1.

« In some particular cases, we can explicitly compute R, ;. For instance, if v’(c) =
v'(c) = 1/c, then we have Ry [Bef — (1 + B)ay) = ef . If W/(c) = v'(c) = ¢°
_1 0
with o > 0, we have a, <R2+f + 53:) = ﬁie? — S So, when o < 1, then Ry 4
R7,
is increasing in a;. t

o If e = 0 for any ¢, the Euler condition becomes

u'(ef — a) = PR 10" (Rip1ay). (29)

®Here, we also allow for the case where lim.,o cv'(c) = oco. If v(c) = $—
then lim, ,oc cv'(c) = oco. If v(c) = In(c) + Aln(B + ¢7), where A > 0,B > 0,0 € (0,1), then
lim,_, o cv’(c) < 0.
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In some cases, this equation does not allow us to express R;;; as a function of
a; and ef (in this case, R;y1 must be determined by (1)).!” Indeed, when cv'(c)
equals a constant x > 0 for any ¢, condition (29) implies that a,u/'(ef — a;) =
Bz > 0 for any t. Since u/(0) = oo and the function v’ is decreasing, this equation
has a unique solution a;, denoted by ~y(ef) (note that y(ef) is increasing in ef).
It means that there exists a unique equilibrium. According to Lemma 2, this
equilibrium is bubbly if and only if

D
Z ; (t y < oo (i.e., low dividend condition).
t>1 v et

Note also that in this case, R} = 0 for any t.

4.4.2 Basic properties of the equilibrium set

Following Tirole (1985), we redefine equilibrium by using its initial asset value.

Definition 6. Denote Aq the equilibrium set of all values a > 0 such that there exists
a sequence (a;)¢>o satisfying (26) and the initial asset value equals ay = a.

For each a in the equilibrium set Ay and the associated equilibrium sequence (a;)¢>o
with ag = a, we define the fundamental value f; = f;(a) and the bubble component
bt = bt(a) by

fi=fila) = — = i " ”'Ldt-h% b = bi(a) = a; — fi. (30a)

We can verify that f,,, = R’;“ft —di1, b = b R’;l“ for any ¢ > 0. We can now

redefine the notion of asset price bubble which is consistent with Tirole (1985).

Definition 7. We say that an equilibrium a € Ay is bubbleless if a = fo(a). An
equilibrium a is bubbly if a > fo(a). A bubbly equilibrium is asymptotically bubbly
(bubbleless) if limsup,_, by > 0 (limsup,_ . by =0).

Following Tirole (1985), Bosi et al. (2018b), Bosi et al. (2022), we have the following
result showing the form of the equilibrium set.

Lemma 5. Let Assumptions 1, 4, 5 be satisfied.

1. The set Ay is a compact interval.

2. The fundamental value function f; (ag) is decreasing in the initial value ag while
the size of bubble by(ay) is strictly increasing.

3. There exists at most one bubbleless solution. Moreover, if there are two equilibria
with initial asset values a1y < azg, then any equilibrium with initial asset value
aop € (@10, a20] is bubbly.

Proof. See Appendix B. ]

17See Footnote ?? below.
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Proposition 3, Proposition 4 and Lemma 5’s point 3 lead to an interesting result
showing not only the uniqueness of bubbleless equilibrium and but also the uniqueness
of equilibrium.

Proposition 5 (Uniqueness of equilibrium and of bubbleless equilibrium). Let Assumptions
1, 4, 5 be satisfied.

1. If condition (13) holds, there exists a unique bubbleless equilibrium.
2. If condition (11) or condition (12) holds, then there is a unique equilibrium and
it is bubbleless.

In the next section, we seek to understand when the equilibrium set is singleton or
multiple-valued and the dynamics of asset prices.

4.4.3 A continuum of equilibria (with and without bubbles)
We now provide conditions under which the equilibrium set is a compact interval and
there exists a continuum of bubbly equilibria.

Theorem 3 (Continuum of equilibria). Let Assumptions 1, 4, 5 be satisfied. Assume
also that there exists a positive sequence (€;)i>0, A >0, and v > 1+ % such that

€ € (O, 6%), €t — dt+1 S €41, Adt < € (31&)
et (ef — €) < 8 lim cv'(c) (31Db)
(Low Interest Rate Condition):  gi(e;) <n ¥t >0 (31c)
d
(Not-Too-Low Interest Rate Condition): Ry , > (nzl)’y Vit > 0. (31d)

Then, there exists a continuum of equilibria. The set of equilibria is an interval
la, a] with [Ady, €] C [a,a]. Moreover,

1. For ag = a, the equilibrium is bubbleless.

2. For ag > a, the equilibrium is bubbly.
Proof. See Appendix B.3.1. ]

Basically, Theorem 3 is a consequence of Theorem 1 and Lemma 5. The difference is
that we work under separable utility functions and cv’(c) is increasing. This specification
allows us to know that the equilibrium set is a compact interval, and weaken other
assumptions in Theorem 1.

Remark 5. We now explain how to choose models satisfying all assumptions in Theorem
3. First, we choose endowments (bounded away from zero and above) and R > 0 so

that R} = wier) satisfy Ry < R <n for any t.

= Bu(eg,y)
We can choose ¢, = € > 0 small enough so that € € (0,¢e]) and eu'(ef —€) <
B lime,o0 cv'(c). Actually, we can still choose € small enough so that gi(€) < n because
lim, 00 gt(a) = Ry < R < n; see (27).

Then, we choose the dividend sequence and G4 so that D{)—ﬂ:l = ndzl—:l <Gy <R

(note that this ensures that dfﬂl < % < 1). Now, we choose v > 1 so that R > Ggy.

Next, we choose dividends (low enough) and choose A > 0 so that v > 1—|—§ and A\d; < €
for any t. Therefore, all conditions in Theorem 3 hold.
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4.5 Full characterization under stationary endowments

When endowments are time-independent, we have the following result showing the full
characterization of the equilibrium set.

Theorem 4. Let Assumptions 1, 4, 5 be satisfied. Consider stationary endowments,

ie., ef =e¥ > 0,el =e° >0 for any t. Denote R* = ;;,((652) the interest rate in the
economy without assets.
D,

1. If R* > n (high interest rate condition) or 3332, — = 00 (not-too-low dividend
n

condition), then there exists a unique equilibrium and this equilibrium is bubbleless.
D, .
2. If R* <mn and 372, dy = 372 — < 00, then one of the following cases must
n
hold.

(a) There ezists a continuum of equilibria. The set of equilibria is a compact
interval |a, a).

i. For ag € (a,al, the equilibrium is bubbly.
it. For ay € [a,a), the equilibrium satisfies (ay, by, Ry) — (0,0, R*).
iii. For ag = a, the equilibrium satisfies (ay, by, Ry) — (a,a,n), where a > 0
is uniquely determined by u'(e¥ — a) = fnv'(e® 4+ na) (i.e., n = g(a)).

(b) There exists a unique equilibrium. This equilibrium is bubbly and (a, by, Ry)
converges to (a,a,n) where & > 0 is uniquely determined by u'(e¥ — a) =
pnv' (e +na) (i.e., n=g(a)).

Moreover, the following claims hold.

Claim 1: If R* <n and > ;> % < 00, then the statement 2a is true.

1
t

D
Claim 2: If R* <n, >.72, —f < 00 and R* < limsup,_,., Df, then the statement
n

2b is true.

D
3. If R* = n and Z;ﬁl—: < 00, then there exists a unique equilibrium. This
n

equilibrium is bubbleless and (ay, by, Ry) — (0,0,n).
Proof. See Appendix B.3.2. ]

Theorem 4 explores the equilibrium set and the asymptotic properties of asset price
bubbles in all possible cases. This is the added-value with respect to the literature and
the previous results in the present paper. We observe that the equilibrium set depends
on the interplay between the return of the economy without asset R*, the population
growth factor n and the dividend growth rates.

We now discuss how our Theorem 4 is related to the existing literature. First,
Theorem 4 corresponds Proposition 1 in Tirole (1985), who studies the asset price
an OLG model with dividend-paying asset and production. However, the proof of
Proposition 1 in Tirole (1985) contains some concerns (see Pham and Toda (2025a)
for a more detailed discussion). Our Theorem 4 provides a full characterization of the
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equilibrium set in an exchange economy with stationary endowment, non-stationary
dividend. Note that Tirole (1985) assumes that D, = 1 and did not study the case
R* =n.

Since three cases in Theorem 4 are mutually exclusive, Theorem 4 leads to an
important implication.

Corollary 4. Let Assumptions 1, 4, 5 be satisfied. Consider the case of stationary
endowments, i.e., ef =¢e¥ > 0,e? =e° > 0 for any t.
There exists a bubbly equilibrium if and only if the two following conditions hold:

D
(1) R* <n, and (2) X2, dy = >, 775 < 0.

When there exists a bubbly equilibrium, part 2 of Theorem 4 shows that either this
exists a unique equilibrium (and this is bubly) or there exists a continuum of equilibria
(bubbly and bubbleless equilibria co-exist). Then, Claims 1 and 2 of Theorem 4 provide
conditions under which each case must happen.

Claim 2 in Theorem 4 is related to our Theorem 2 above, Proposition 1.c in
Tirole (1985), Theorem 2 in Hirano and Toda (2025a), Theorem 1 in Pham and Toda
(2025b). Here, the added value is to provide the uniqueness and asymptotic properties
of equilibrium under general dividends but a stronger assumption (namely, stationary
endowment).

Section 5 in Hirano and Toda (2024b) studies the case where the utility is homogeneous
of degree 1 and e} = aG", e = bG"', D; = DG, where a, G, D, G, are positive constant
(see their Assumptions 1 and 2, page 16). Thanks to these assumptions, they obtained
an autonomous dynamical system and, by the way, they could use the local stability
of manifolds to provide a fairly complete analysis regarding long-run behavior of asset
prices. However, their approach cannot be directly applied to our setting where we
only impose very minimal conditions on the dividend sequence and our utility function
is not necessarily homogeneous of degree 1. Moreover, Section 5 in Hirano and Toda

1
(2024b) studies neither the case R* = n nor limsup, . D/ = n while our Theorem 4
covers these cases.

An explicit model with asset bubbles

We now provide a model, where we can explicitly compute the equilibrium prices with
bubbles and it completely fulfills Theorem 4. According to (26), the Euler condition

becomes u'(ef — a;) = ﬁna”ﬁdt“v’ (efJrl + n(ap + dt+1)>.
Let us consider a special setup where u(c) = v(c) = In(c) and assume that e > 0
for any t. We have the following non-autonomous system

as _ 1 _nPef 1 n(l+p)

nBe} _ n(i4p) or, equivalently,

o o
€1 €41

A1 + dipy = =
App1 +dip1 €fp 4 €11

Assume a stationary endowment: ef =e¥ > 0,¢ef = ¢ > 0 for any ¢. Note that the
interest rate R* = 5.

Let the interest rate be lower than the population growth rate: R* < n.
Let x > 0 be such that %HR? > 1, or, equivalently, 1 — 2(g: — 1) > 0.

22



Denote h = 1+5 . Define the dividend sequence (d;) by*

1 ha(l+w) _ (:1:+1R*> < hz(1 + z) > (32)
d 1—z(&%—1) T dy 1—-2(g —1)

R 0<d —( D 33

<dos hx(l+z) (33)

=

We can check that ?11 = %“%d% — M. Moreover, lim; o, d} = % which
is, by our assumption, lower than 1.
In the economy with above specifications, we can check that the following sequence

is an equilibrium

1
a; = (% - 1>E + xd; for any ¢t > 0. (34)
Since ITHR—* > 1, we have >, d; < oo and hence >, Z—z < 00. Therefore, this

equilibrium price is bubbly. Moreover, we have lim; ,,, a; = (Ri - 1)% According
to Theorem 4’s part 2, this is the unique equilibrium satisfying lim; ,,,a; > 0. By
applying Claims 1 and 2 in Theorem 4, we see that:
1 1 ) 0 \2
o If R* > limy oo Df = nlimy oo df = 725 (ie, (£) =2 > n?), then Claim
1 in Theorem 4 holds. We have a continuum of equilibria and the maximal
equilibrium is (a;) defined by (34).

1 0\ 2
o I R < limy o, D} = nlimy_n df = wime (be, () “ < n?), then Claim 1

in Theorem 4 holds. There exists a unique equilibrium and the equilibrium asset
value (a;) is defined by (34).

5 Pareto optimality

In this section, we investigate the Pareto optimality. Let us start by providing a formal
definition (see Balasko and Shell (1980) for instance).

Definition 8. Let ¢V > 0 and (d;)2, be an exogenous non-negative sequence and
Ny =n' >0 for any t.
A feasible allocation path is a positive sequence (cf, )0 satisfying

o

c? e
Nic! + Ni_1¢? = Neel + N,_1€? +D; (ie., ¢/ + L =€l + L +d,) for any t.
n n

A feasible allocation path is said to be Pareto optimal if there is no other feasible
allocation path (cf',cS"), such that

Ut (ci", C?-/&-l) > Ut (c?{, cfH) for anyt > —1

with strict inequality for some t.

180ur example here is based on Example 3 in Bosi et al. (2021).
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Assumption 6. The function U is strictly concave, continuously differentiable, strictly
increasing in each component.

As in Proposition 5.3 in Balasko and Shell (1980), we have the following result.

Lemma 6 (Sufficient conditions for Pareto optimality). Let Assumptions 1, 6 be
satisfied. Consider a feasible allocation (cf,cf)i>0. Define the sequence (Ry)i>o by

U (Ct ) Ct+l)

Ry =
" UQ(C%a Ct+1)

for any t > 0. (35)

The path (cf, )0 is Pareto optimal if lim 1nf R1 momct = 0.
Proof. See Appendix C. [

To prove this result, the idea is to construct support prices (Malinvaud, 1953; Cass,
1972), which are in our setting.

nt
Ry--Ry
Corollary 5. Let Assumptions 1, 6 be satisfied. Consider an equilibrium. Assume that

0

lim mf R; > n and sup(ef + L+ dy) < oo. (36)
>0

Then, this equilibrium is Pareto optimal.

Proof of Corollary 5. When lim inf;_,,, R; > n, we have that P, = Rlﬁith

zero. Since ¢f < e} + % + dy, which is uniformly bounded from above, we obtain that
Pyc} converges to zero. So, we have the Pareto optimality. ]

converges to

A natural question arises: can an equilibrium still be Pareto-optimal if the conditions
stated in Lemma 6 or Corollary 5 are not satisfied? It is well known that (see, for
instance, Okuno and Zilcha (1980), page 802) this question is, in general, difficult. To
address this issue, we extend Okuno and Zilcha (1980) and Balasko and Shell (1980).

Consider an equilibrium allocation (¢f, ¢?);. Denote, for each ¢ > 1,

Q, = _ P = o (37)
"“R,--RS '"TR--R,
In equilibrium, we observe that
Qict + Quircii = Qref + Quiref (38)
Ut Yy 0 P,
i(cf,ctq) — Ryuy = Qt t+1 1 (39)

Uﬁ(cga C?+1) Q41 ’ P Ry

Denote o

e
— t

the aggregate good supply per capita at date ¢.

We now introduce the notions of strictness and smoothness used by Benveniste
(1976), Okuno and Zilcha (1980), which are closed to the notion of Gaussian curvature
used by Balasko and Shell (1980).
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Definition 9. Given an equilibrium allocation (cf,c?);, the upper contour of the t-th
generation is given by

Bi(e) = (e, ¢f) € RE U ) = U'(el ) }-

1. We say that By(c) is strict at ¢ with respect to the price P, if there exist p; > 0
such that

’ ’ ’ 2 ’ , ’
Poa(€fyy — y0) + 0P — ) > —2o (nPUcd — ) V(e ¢5hy) € Bile), ¢

~ nPc}

(40)

We say that this allocation satisfies the so-called "uniform strictness condition”
if there exist h € (0,1] and g > 0 such that, for anyt,

o o ’ M ’ 2
Pl = ctn) 0P =) = g (nBled =) (D)

V(cgl, ctojrl) € By(c) satisfying (1 — h)e] < &< c§’+1 > ).

2. We say that By(c) is smooth at ¢ with respect to the price P, if there exist 6, > 0
and x; satisfying the following condition:

(¢ 1) € Bile) if (42)

!
Y Y y o 1 o
zc] <cf <cf,cli > 0,00 < new

2
o o vy 02 o o
Pea(cfy — c2n) + bl —¢f) 2 Priicl,, Pri(cy — cf41)

2
01+ y' Y
_'_nPtC?Z/ (TLPt(Ct - Ct)

"

We say that this allocation satisfies the so-called "uniform smoothness condition
if for each x > 0, there exists 01(x),02(x) > 0 such that, for any t, if the couple

(e, cf.q) satisfies

/ /
xe} <cf <cf, e <y <nega

o ° ! 0> (x o’ 0 2
Pia(cfyy — i) +nP(cl —df) = Ptfl(clif)+1 (Pt+1(ct+1 - Ct+1)) (43)
z / 2
+2110(tc% (nPt(c?t’ — c?))

then (¢, ¢%,,) € Bi(c). ice., UM, ¢0\)) > Ul(el, ¢,).

The notion of strictness in Definition 9 is similar to (but weaker than) that in
Okuno and Zilcha (1980)’s Definition 10. Our notion of smoothness is quite different
from the smoothness in Definition 11 in Okuno and Zilcha (1980) (indeed, Definition
11 in Okuno and Zilcha (1980) corresponds to our case with 6(x) = 0). Note that
Okuno and Zilcha (1980) did not explicitly provide conditions to ensure the uniform
strictness and smoothness.

Since the uniform strictness and smoothness conditions are quite implicit, a natural
issue is to justify them. Observe that (41) is equivalent to

/ ’ ) ’ 2 ’ / /
Up(cfiy — ) + UL —cf) > W(Uf(cf - C%J)) V(et',clir) € Bi(c), ¢f <df.
16
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while the second inequality in (43) becomes

O()
U’(C§+1)C§+1

0, (x g a2
bt (e - )’

/ / / 2
V() (e — ) Hu(c)(e —cf) = (v’(cf+1)(c§+1 - C?+1)>

The following results justify the uniform strictness and smoothness conditions by
proving that they can be satisfied in many cases.

Lemma 7 (checking the uniform strictness condition). Assume that U'(xy,22) =
ug(x1) + ve(xs) where the two functions ug, vy : Ry — R are in C?, strictly concave,
strictly increasing.

1. Any allocation (c{,c}); with ¢f > 0,¢ > 0 for any t, satisfies the uniform
strictness condition if there exists h € (0, 1] such that

Y
. C . _1 "
o {ug(cy) L ( 2!t (‘”))} =0

t

2. If uj(c) = ¢ with o > 0, then any allocation (¢, c?); with ¢ > 0,c¢? > 0 for any
t, satisfies the uniform strictness condition.

Lemma 8 (checking the uniform smoothness condition). Assume that U'(xq,x3) =
u(c1) + vi(wa) where the two functions ug, vy : Ry — R are in C?, strictly concave,
strictly increasing.

1. Any allocation (c{,c}); with ¢f > 0,¢ > 0 for any t, satisfies the uniform
smoothness condition if for each x € (0, 1), we have

y
v C L, }
M, = su { su — —u, (c < 00 44
' tZIO) U,Q(C%) ce[zc?,cg] 2 ! ( )) ( )
_ c? 1
M, = sup {tff sup — =v/(c) } < oo. (45)
>0 Lvp(cgy ) c€le?, | merti] ( 2t )

2. Assume that ui(c) = Cll_—j and vi(c) = v with o > 0,7 > 0 for any t.
Then any allocation (¢f,c9)y with ¢f > 0,¢) > 0 for any t, satisfies the uniform

smoothness condition.

Proof. See Appendix C.1. ]

The following result is similar to Theorem 3A and Theorem 3B in Okuno and Zilcha
(1980) and Proposition 5.6 in Balasko and Shell (1980).

Theorem 5. Let Assumptions 1 and 6 be satisfied. Consider an equilibrium with the
allocation (cf,c?)y and the interest rates (Ry);. Denote, for each t > 1,

Q—; p—ni]t (46)
"“R--RS C'T R R
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1. Assume that the equilibrium allocation satisfies the uniform strictness condition
in Definition 9. Then, this equilibrium allocation (¢}, c9); is Pareto optimal if

Lo ey Bt (47)

o ¢
Ptet t>1 n-e:

2. Assume that the equilibrium allocation (c{,c?); is Pareto optimal and satisfies the
Y
uniform smoothness condition in Definition 9. Assume also that liminf,_, Z—i >

0, limsup,_, :—i < 1, liminf, Ptﬂct“ > 0. Then, we have
1 Ry Ry
— (i.e., ———— =00). (48)
; Pe, t; nte;
Proof. See Section C.2. ]

Okuno and Zilcha (1980) present an example of Pareto inefficient equilibrium which
satisfies condition (48) to show the importance of the uniform strictness condition
in Theorem 5. Balasko and Shell (1980) introduce the so-called properties (C) and
(C’) which require the boundedness from above and away from zero of the Gaussian
curvature (a fundamental concept in differential geometry) of households’ indifferent
surface through their equilibrium consumption at any date. Properties (C) and (C’)
are respectively related to the uniform smoothness and strictness conditions in Okuno
and Zilcha (1980) and in Definition 9 above.'?

Okuno and Zilcha (1980) and Balasko and Shell (1980)’s assumptions are different
from ours. Indeed, households in their models consumer L goods at each date while
we assume L = 1. They require the boundedness (above and away from zero) of
endowments and while we do not require this assumption. Moreover, the uniform
smoothness and strictness conditions in our paper seem to be more explicit and can
be verified by using elementary calculus (see Lemmas 7 and 8) while the conditions in
Okuno and Zilcha (1980) and Balasko and Shell (1980) are quite implicit. However,
the most important difference is that we introduce the dividend-paying asset to study
asset bubbles and this generates new insights that we will present.

Remark 6. Part 1 of Theorem &5 still holds if we replace the uniform strictness
condition by the so-called property (C°).

Property (C’). We say that the allocation (¢, ¢, ) satisfies the property (C) if there
exists a > 0 such that, for any t, if the couple (ci’,, cfjrl) € R% satisfies

tey o t
U (Cij ?C:t)Jrl) 2 U (C?7 C?Jrl)? (49&)
d=c —c <0, =, — 2y >0 (49Db)
co’ o

L < el t;;l (49c¢)
Pii1€),, — Pie] > 0, where we denote €] = —nef, (49d)

then (Pr1€4,)? < 043+10?+1(R+1€?+1 - PtG?)-

19See Footnote 8 in Okuno and Zilcha (1980) and Footnote 9 in Balasko and Shell (1980).
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Theorem 5 leads to an interesting consequence showing the important of the benchmark

interest rate on the Pareto optimality.

Corollary 6. Let Assumptions 1, 2, 3 be satisfied. Assume that
R*... R*

)P ML I

t
t>1 n-eg

(This means that the benchmark interest rate, R , is higher than the product of
population growth rate (n) and the endowment growth rate e, 1/e;.)
Then every equilibrium satisfying the uniform strictness condition is Pareto optimal.

Proof. By Lemma 1, we have R; > R; for any ¢. Then, for any equilibrium, we have

R; - - Ry
> —— Z ; = 00. (50)
>1 Vet t>1 n-eg
Applying Theorem 5’s part 1, any equilibrium satisfying the uniform smoothness

condition is Pareto optimal. ]

6 Asset price bubble and Pareto optimality

In this section, we investigate the interplay between asset price (with or without
bubbles) and Pareto optimality. We should start by pointing out that the notions
of asset bubbles and Pareto optimality are different. Indeed, the existence of bubble

is equivalent to lim; R”t“;% > (0 while the Pareto optimality is, in many cases,
1 Rt

equivalent to (48), i.e., >5;51 ~L
We now look at the bubbleless and Pareto optimal equilibrium.

= OQ.

Proposition 6. Let Assumptions 1, 2 be satisfied.

1. An equilibrium is Pareto optimal and bubbleless if hm 1nf =0.

RlR

2. Fvery equilibrium is Pareto optimal and bubbleless if the dividends are significant
in the sense that limsup,_, g—é > 0.
t

Proof. See Appendix D. ]

The insight in point 2 of Proposition 6 is that a significant level of dividends makes
the market economy Pareto optimal. This is in line with Propositions 5 and 8 in Le
Van and Pham (2016) in a model with infinitely live-agents. The difference is that we
work under non-stationary OLG exchange economy and study the Pareto optimality
while they consider a general equilibrium models with infinitely-lived agents and study
the dynamically efficiency in the sense of Malinvaud (1953). Point 2 of Proposition 6
is also in line with Proposition 1 in Rhee (1991) in an OLG model with land, where he
proves that an economy is dynamically efficient if the income share of land does not
vanish.

By combining Proposition 3 and Theorem 5, we obtain the following result which
deepens our understanding regarding the role of dividends and the benchmark interest
rates.
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Proposition 7. 1. Let Assumptions 1, 2 be satisfied. Any equilibrium, which satisfies
the uniform strictness condition, is bubbleless and Pareto optimal if

v D

= 0. 51
= en! = (51)

(Non-negligible dividend condition):

2. Let Assumptions 1, 2, 3 be satisfied. Fvery equilibrium is bubbleless and Pareto
optimal if

. . . ntey
(High interest rate condition):  lim

— =0. 52

If we add Assumptions 4, 5, then there exists a unique equilibrium. This is Pareto
optimal and bubbleless.

Proof. See Appendix D. O
The following result shows the importance of the asset value on the Pareto optimality.
Proposition 8. Let Assumptions 1 and 2 be satisfied.

1. An equilibrium is Pareto optimal if it satisfies the uniform strictness condition

a

and the asset value is significant (in the sense that limsup,_,, ¢ > 0).

2. An equilibrium is Pareto optimal if it is bubbleless and the saving rate is bounded
away from zero (i.e., liminf; % > 0).
t

Proof. See Appendix D. ]

The condition that the asset value is significant is very important. Indeed, in
Theorem 6’s part 2a, we show some cases where the equilibrium is not optimal and
limy o0 Z—% = limy 00 g8 =0 (by Claims 1 of Theorem 4).

So far, we have presented some sufficient conditions for the Pareto optimality. We
now show how an equilibrium can be not Pareto optimal. We show that this may
happen when there are continuum of equilibria with bubbles.

Proposition 9 (Equilibria are bubbly and not Pareto optimal). Let Assumptions 1, 4,
5 be satisfied. Assume that there exists a continuum of equilibria (this happens under
Theorem 3 or Claim 1 in Theorem 4).

Then, the utility of households born at any date is strictly increasing in the initial
asset value. By consequence, any equilibrium agy satisfying ap < ag = max{a € Ay} is
not Pareto optimal. So, there exists a continuum of bubbly equilibrium which are not
Pareto optimal.

Proof. See Appendix D. O

Our proof of Proposition 9 is not based on Theorem 5. Moreover, it offers detailed
information as it shows us the ranking of houesholds’ welfare generated by several
equilibria.

In the case of stationary endowment, by combining Theorems 4 and Theorem 5,
we have a fairly complete characterization.
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Theorem 6. Let Assumptions in Theorem 4 be satisfied.

1. If R* > n, there exists a unique equilibrium. This equilibrium is bubbleless and
Pareto optimal.

2. If R* < n and Zt>1 oy < 00, then there exist a continuum of equilibria. The
set of equilibria is a compact interval [a, al.

(a) Any equilibrium with initial asset value ay < a is not Pareto optimal. In
particular, the bubbleless equilibrium ay = a is not Pareto optimal.
Any equilibrium with ag € (a, a) is not Pareto optimal, bubbly but asymptotically
bubbleless.

(b) The mazimal equilibrium ay = a is asymptotically bubbly and Pareto optimal.

D 1
3. If R* < n, Zfil—tt < 00, and R* < limsup,,. D/, there exists a unique
n

equilibrium. This equilibrium is asymptotically bubbly and Pareto optimal.

Proof. See Appendix D. O

According to Theorem 6, when the benchmark interest rate is low, i.e., R* < 1 and
the dividends are low (i.e., >, d; < 00), only the asymptotically bubbly equilibrium can
be Pareto optimal. This point is consistent with the traditional insight (see Proposition
2 in Tirole (1985), which claims that in the case of low interest rate (R* < n) and
d; = 22, only the asymptotically bubbly equlhbrlum is Pareto optimal). Tirole (1985)
con81ders a specific form of dividend (i.e., d; = ) and by consequence does not analyze
the role of dividend growth. More 1mportantly, Tirole (1985) did not provided a formal
proof for his Proposition 2.

However, the following explicit model shows that when the interest rate in the
economy without asset is low, an equilibrium which is Pareto optimal can be bubbly

or bubbleless.
Proposition 10. U'(x1, 29) = In(x1) + fln(xs) where vy € (0,1), and ¢ = 0 for any t.
There exists a unique equilibrium, which is determined by % = a; = 1fﬁety 20

This equilibrium is Pareto optimal.

1 If 37 d < oo (ie., 2,2 5 y < 0), this equilibrium is asymptotically bubbly.

2. If Yoy Z{; =00 (i.e., Y52 n?ty = 00), this equilibrium is bubbleless.
Proof. See Appendix D. ]

In Proposition 10, the interest rate in the economy without asset equals zero,

e., R = 0 for any ¢t. However, the equilibrium in Proposition 10 can be bubbly

or bubbleless, depending on the growth rates of dividend and endowments. When

Yis1 % = 0o (< 00), the equilibrium is bubbleless (bubbly).? However, in both

cases, it is Pareto optimal. This insight is consistent with Proposition 8’s point 1 and
complements the main point in Tirole (1985)’s Proposition 2.

20This equilibrium is similar to that in Section 5.1.1 in Bosi et al. (2017b) or Proposition 1 in Hirano
and Toda (2025a). See Bosi et al. (2021)’s Section 4 for more explicit models with bubbles.

21 According to the proof of Corollary 3, the model in Proposition 10 satisfies Condition (B) in
Theorem 2
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7 Conclusion

We have proved that a sequence of asset prices has a bubble if and only if the ratio
of fundamental value to price decreases over time and converges to zero. Then, we
have explored the formation of the asset bubbles in an OLG exchange economy under
general assumptions. The asset price bubble, which is a phenomenon in equilibrium,
and the Pareto optimality are outcomes of interplay between the interest rate of the
economy without assets, growth rate of endowments and dividend, and behavior of
households.

We have also studied the interplay between asset price bubble and Pareto optimality.
Although both the existence of asset bubble and the non-optimality of equilibrium
allocation often happen under similar conditions, we have shown that the link between
them is not very strong. Indeed, a bubbly equilibrium may be optimal or non-optimal
while a bubbleless equilibrium may also be optimal or non-optimal.

A  Proof of Section 2

Proof of Proposition 1. We only present a proof for part 1 because part 2 is a direct
consequence of part 1 and the definition of B;.
By definition of F; and By, we have ¢; = F, + B;. So, (1b) < (1¢).
(la) < (1b). We can check, from (1), that
B R () Ry

v > 0. (53)
qt qi+1 qt/ qi+1

So, we see that (1b) implies (1a) because % > ZI—E implies that ¢ > F;. We now

prove that (1a) implies (1b). Assume that there is a bubble. By (53), the sequence
(F L) is strlctly decreasmg Moreover the existence of bubble means that lim; 0 Qiq: =

hmt—>0 R R
t > 1.
Take t > t5. We have

ﬂ _ i Dt+s _ Rl e Rt Z Dt-l—s - Z Dt+s
@ G s R Ruys @ SR Rt+s TS Ry Reys
because R > x for any t > t,.

Recall that qo = Fo = > R1-~ ;- It means that the series 37,5, ﬁ converges,

. . . D .
which implies that >, Rl.f;,; converges to zero. By consequence, lim;_, % = 0.
— S

(la) < (1d). This is Proposition 7 in Montrucchio (2004). For a pedagogical
purpose, we give a simple proof. The asset pricing equation ¢; = 21Dt jyyplies that

D o
@ Qr = Gr1Qey1(1 + )

qt+1

exists a bubble (i.e., lim; 0 Q;q; > 0) if and only if limz_, [T, (1 + %) < oo which
is equivalent to Y;51 Dy/qy < 00.

. By iterating, we get that ¢y = ¢rQ7 I, (1 qT)‘ There
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Fo

As we want prove that > ;2 % < ; %, we now present a new proof. We have, as

0
n (53),

B B (1 - Ft) Dust vy > g, (54)

qt dt+1 N qt/ qt+1

If there is a bubble, we have ¢; > F; for any ¢ and hence F,/q; is strictly decreasing.
In particular, we have F,/q; < Fy/qo. From (53), we get that

F, F FND Fo\D
t—Hl:(l—t)HIZ(l—O)mforanytZO. (55)
4 qt+1 qt/ qi+1 qo/ Gi+1

Taking the sum over ¢, we have

By _ Fo_FT>(1_Fo>§Dt (56)

qo0 q0 qr Q/ i3 @t

Fo

Let T tend to infinity, we have 72, Zt < g <o
q()

B Appendix: Proofs for Section 4

Proof of Proposition 2. If liminf; ,,, % > 0, then there exists a constant z > 0
t
and to such that %5t > z for any ¢ > ty. Therefore,
t

0o D To—1 D (o)
L S - "
=1 Gt t=1 dt =1, TTVE
So, Lemma 2 implies that there is a bubble. O]

Proof of Proposition 3. (1) If there exists a bubbly equilibrium, then, by Lemma
2, we have >°2°, D;/q; < oo. Since ;2 < ef and z, = 1/n’, we get that Y2, 24 <

>, Dy/q < 00, a contradiction.

t
(2) According to point 2 of Lemma 2, there is no bubble if and only if lim;_,, % =
LRy

0. Since a; < e] and R; > R} (by Lemma 1) for any ¢, we have

a;nt ntel

<
Ri---R R R}

for any t.

By our assumption (12), there is no bubble. In other words, every equilibrium is

bubbleless. ]

Proof of Proposition 4. Consider the T-truncated economy which is defined as the
economy Eora = Eora(UY, (Dy)y, (ef,€9);) except that there is no activity from date
T + 1 on. i.e., households born at date T only consume ¢ = e and the budget
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constraints of household born at date T'— 1 are ¢_; + qr_1270-1 < €4, < €5 +
DTZT—ly and qr = 0, Zr = 0.

By the standard argument, there is an equilibrium (a!);<7 for the T-truncated
economy.

Let now T tend to infinity and consider the product topology, there exists a
sub-sequence (t,) such that lim,_,. ai" = a, for any t. It is easy to see that (at);>o

satisfies a;41 = H
By Lemma 1, we have R] > R} for any t < T.
Fix t. We will prove that > 72, RHT-Li-%RHdSH < 0. Let t, > t. We have

Rt'n
aln | = al"—*t —d ., for any s > t.
From this, we have
tn—s tn—s
t n " nr ot
a = ——dgq1+ -+ d, + " 57
©RE Ry Ry R, Ry o
n ntnr—s .
= 1+ + S i, (because a; = 0) (58)
Ry Ry - Ry !
tn—s
n n'n
< ——depr + -+ 5——5-dy, (59)
s+1 a1
for any t < s <+¢, — 1. Thanks to our assumption that >, o tR* =D >1 R*D <
oo and the dominated convergence theorem, the series
th—s
t n"
a" = diy1 + dy,,
YRy Rt+1 - Ri
converges to
oo nT
ap = dt+ < 00
Tzzl Rii-- Rypr
when n — oo.
Now, recall, since the non-arbitrage condition,
T T T
n n n
a Q1 +d = —dpyr + ———a 60
t= Rt+1< 1 diy1) = Tz::l Rivt-- Ruirs t+r Roor - Rpor t+T (60)

for any T'> 1. Let T tend to infinity and note that a; = dy. ., we have

ZT 1 Rt+1 Rz+

t

lim ———a, = 0.
RS Royr--- Rs-i—ta o
According to Lemma 2, there is no bubble in this equilibrium. [
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B.1 Proof of Section 4.2

Our proof requires intermediate steps.

Lemma 9. Condition (13) is satisfied if there exists T such that %ﬁ >~ >1 for
any t > 1T.

Proof of Lemma 9. We have

R - Ry, d n 1
t+1 . t+s Mt sz:zﬁdt+5§dt2—s<oof0r any t > T.
n dt+8 Rt+1 ct Rt+s 321

By consequence, we obtain (13). O

Lemma 10. (i) If a; € (0,€}) satisfies
Hy(a;) = lim (ath(ef —ag,x) — 2Uy (ef — at,x)> <0, (61)

then there exists Ry > 0 such that Ki(a, Ryyq) = 0.
(it) If a; € (0,€e}) satisfies

Ki(ay,n) = U{(e! — ar, €7, + na;) — nUj (ety — g, e, + nat) <0, (62)
then there exists Ryyq € (0,n) such that Ky(a;, Riy1) = 0.

Proof of Lemma 10. Observe that, since ef,; > 0, K;(a;,0) = Uf(e{ — az,ef,;) > 0.
So, the second statement of our lemma is obvious.
We now look at lim, ., K;(a,x). We write

1 Ra
Ki(a, R) = Uf(@?tJ — Qg 6?4-1 + Ra;) — !

———— (€%, + Ra,)U! (e! — as, €., + Ray) .
@t€§+1+Rat( b1 2 2<t as t)

By consequence, we have

1
lim Ki(a;, R) = lim (Uf(ei’ —ag,x) — —zUS (e — at,x)> <0
R—00 a;

T—r00

thanks to the assumption lim, ., (ath(e?t’ —ay,x) —zUL (e — ay, ) > < 0. Therefore,

there exists Ryy1 > 0 such that K;(as, Ri11) = 0.
O

Proof of Theorem 1. Lemma 9 and Proposition 4 imply that there exists a bubbleless
equilibrium,

We now show that we can construct a continuum of bubbly equilibria.

Let ag be such that Ady < q¢ < €.

Since the function Kj is increasing in the first component (Lemma 3) and ay < €,
we have Ky(ag,n) < Ko(€g,n) < 0. According to Lemma 10, there exists Ry € (0,n)
such that Koy(ag, Ry) =0, i.e.,

Ko(ao, R1) = U7 (ef — ao, €5 + Riag) — RyUY (e — ag, €5 + Riag) =0
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Then, since €y > ag, we have Ky(ey, R1) > Ko(ao, R1) = 0. So, Ky(€e, R1) > 0. By
condition (iii) in Theorem 1, we have R; < R§ < n.
Then, we determine a; by

R
a; = —1a0 — dl. (63)
n
We observe that
Rl n .. .
a; = —ag—d; < —€g —dy = ¢y — dy < € (by condition (i) above). (64)
n n

We now give a lower bound of a;. By using our assumption (31d) (i.e., R} > 7%, or

equivalently, %3—? > ) and definition of a;, we have
aq R1 do Qo RT do Qo ao
Lo 00 > 00 s a0 s -1 > A
A~ ndide " ndide ~ dy

where we use R; > R} (see Lemma 1). To sum up, we have

aq < €1 (65
aq > )\dl (66)
aq Qo
2> 67
AR (67)
Suppose that we can construct (ag, ay,...,a;) with
Ads < as <€sy % Z’yas_l -1
s ds—l

for any s <'t.

Let us look at date t + 1. Since a; < ¢;, we have Ky(a;,n) < K;(e,n) < 0. Then,
according to Lemma 10, there exists Ry such that Ky(as, R;i1) = 0. By using the
same argument, we have %1 < Ry ; <n and

R n
a1 = %lat —dip1 < o€ diyr = € — diyr < €41 (68)
at+1:Rt+1 dy %_1Z<Rz<+1dt>at_12,yat_1 (69)
di1 n diy1dy n dy1/ dy dy

We have constructed an equilibrium (a;) with a; € (0,¢,) C (0,ef) with ZZ—E >y5—1
and a;/d; > A > 0 for any t¢.
We now prove that this equilibrium is bubbly. Define x by (v — 1)z = 1. We have

vl _ > 5 (&t — m) for any t > 0, (70)
di1 dy

NG > 7t(@ — x) for any t. (71)
dt dO

Notethat%>)\>%:x. Hence, % — x > 0.
0 y—1 do
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By consequence, we have

Q¢ +, @0
JE— _ > _
i x+7(d 0> (%~
1 1
Z ag 1
1at =0 7 I) a —rl=7

Therefore, Et>1 L < o0, It means that this equilibrium is bubbly.
]

Proof of Corollary 1. Assume that U'(z;,x5) = "Tf_;
The Euler condition becomes (ef — a;)™7 = BRyi1(ef,, + Rip1a:)~7 and the function
Ki(a,R) = (e} —a)~7 — BR(e},, + Ra)~?. Observe that

Ki(a,R) S0 Ha,R) = “IRs 4 @ (Rl— e ) BE<0. (72)

e} >

Neither K; nor H; depends on dividends.

We have 22 (a, R) = R%%fl(— et; (1-0)% & R). So, when ¢ € (0, 1), the function
H,; is decreasing in the second component. When o > 1, given a > 0, the function
Hy(a, R) is decreasing in R on the interval (0, (Ueg_*ll)a).

We now explain how to choose parameters so that conditions in Theorem 1 holds.

To simplify, assume that the endowment growth of each household is constant: t“ =
t

1/o
ge > 0 for any ¢. The benchmark interest rate R} = R* determined by R* = %—

.
Assume that d; = dod" for any ¢ (i.e., D, = doyn'd").
Let nd < R* < n.
Let R* < n. Then, we can choose ¢, = ¢ > 0 for any ¢, where
Hy(a, R) = g.R7 + o (R'™7 4 %) = 7. (73)

Since R* < n, we have gm%1 — B% < 0, and, hence, we can choose € > 0 such that
gen= +e(n'~z 4+ o) — fr < 0.

Define ¢, = eef. We have Ht(et, n) < 0. Then, we can take R¢ such that H;(e;, R¢) =
0, ie., go(R) = +e((R)'"5 + f7) — Bz = 0.

We have Hy(e;,n) < 0= Hy(e, R).

Define R; = R°.

We look at conditions (i), (ii), (iii) in Theorem 1.

Condition (i) becomes eef < e}, | + di41. This is satisfied if ef < ef,; for any ¢.

Condition (ii) becomes Hy(€;,n) < 0.

Condition (iii) states that: If R € (0,n) and g.R= + e(R*"7 4+ 37) — B+ > 0, then
R < R

Consider the function H(R) = g.R+ + ¢(R*" 7 + 7) — 7. We have

— (1= 0)eR) (74)

If o <1, then H'(R) < 0. Condition (iii) is satisfied.
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If 0 > 1, then we can choose parameters so that ( < n (actually, we can choose
o high enough). In this case, condition (iii) is satisfied.

Lastly, we verify the not-too-low interest rate condition (16). With the above
settings, condition (16) becomes

R* > ndy. (75)
This is satisfied if we take v € (0,£). We choose A and the dividend growth rate d

small enough so that y > 1+ § and Ad; < ¢; = ee}.

To sum up, all assumptions in Theorem 1 are satisfied under conditions in Corollary
1.

]

B.2 Proof of Section 4.3

Proof of Theorem 2. Part 1. We need to prove that liminf; .o % > 0 for any
equilibrium. t
Let € € (0, 1), positive sequences (X;) and (X,), and a date T be in Condition (B).
Take an equilibrium. Suppose that liminf, ., Z—? = 0. Then there exists to > T

_ atg

such that af = < €.
to

In equilibrium, we have

Vi (1 — Uiy e to+1 T Rto+1a§0) — Riy1 V3" (1 — Uiy Ge,to+1 T Rto+laf0) =0.  (76)

Y
By our condition (B2), we have Ry 1 < Xy4+1. Since X311 < neteoy“,
t

0

we have Ry 41 <

Y
neteoy“. Combining with the non-arbitrage condition ay 1 + dyyr1 = ay, Rt;’fl, we get
to
Ry ef +1
a/t0+1 S ato 7(/)11 S ato eoy (77)
to
_ Qi1 _ Gy -
= a5 = —— < o =a;, <E (78)
6t0+1 eto
Therefore, by induction, we have, for any t > tg,
ag, <ap <€ (79)
Ry < Xiq1. (80)

This implies that Ry41--- Ry < Xgoq1---X; for any t > t5. We now look at the
fundamental value
D to D. s D
FO Z t Z t t '
Ry---Ry [ Ry Rt Ry RyyRyyq1 - Ry

t>1

(81)
t=to+1

Consider the second term Ag = We have

Zt to+1 Ry RtoRtoJrl"'Rt'

1 s Dy, 1 > Dy
Ag= ——— > —_— 82
0 Rl"'Rtot—tZO;-lRto+1'”Rt_Rl"'Rtot—tZO;i-lXtoJrl'“Xt (82)

Xi Xy & D
=y =00 (83)
Ry Ry, Nt X, X,
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because of our assumption (B1), i.e., >7°, % = 00.

This implies that Fy = oo. Since qg > Fy, we have ¢y = oo, a contradiction. We
have finished our proof.

Parts 2 and 3. Let the condition in the first statement be satisfied. According to
part 1 of Theorem 2, any equilibrium satisfies lim inf; Z—? > 0.

Dy
7.7
net

Proposition 2 and our assumption ) ;2 < oo imply that this equilibrium is
bubbly.
Dy

If our assumption in Part 3 is satisfied, i.e., >332, =% = oo, then Proposition 3’s
t

point 1 implies that every equilibrium is bubbleless.
Part 4 is a direct consequence of Part 2. O]

Proof of Corollary 3. The Euler equation now is (e —a;) ' —Ry1 (el 1+ Reprar) ' =
0 and equation (20) becomes

€ _ Yept+1
AT LT s (84

Let us check Condition (B) in Theorem 2. Condition (B) holds if we can choose €

_ D
small enough, the sequences (X;), (X;), and a date T such that (1) >7°, ﬁ = 00,
L X

y —
(2) Xop1 < nHL Ve > T, and (3) for any £ > T, if € € (0,€), X € [0, X,] satisfy (84),
€

then X < X4
Since lim sup,_, % < 1, then we can choose € € (0,1/2) small enough, ¢ close
o+l

e

enough to 1 and a date T so that R:y“ < Bfg(ﬂ“ﬁ)é <1foranyt>T.
t+1
n——y-
t

‘1 and take X, > X, for any t. Then, we have X;,; <
t

(&2

We next define X; 1 = dn

Y
€it1

n—y—.
2
Ey
Since n?ety = t% where a > 1, and X1 = én-5+*, where 0 € (0,1) we have
t t
< P, < p, , ,& 1
= XX t; Stnte! ° 0 tZ::l otte (8)
For any € € (0, €), we have
o o Y
€11 1 €yl 1 < 5n6t7;r,1 = X, VE>T. (86)

ef B—e(l+p) " e B—el+p) €
Let € € (0,€) and X € [0, X,] be satisfied (84), then we have, thanks to (86),

1 e? 1
X =g, — [t < X,
Il g —c(1+8) e B—e(l+pB) —

So, Condition (B) is satisfied.

By construction n?;y = t% where o > 1, we have
t

< D < 1

¢
DN SR
=1 et 4



Applying Theorem 2’s point 2, every equilibrium is bubbly and liminf; ., % > 0.
O

Proof of Remark 3. Let Assumptions 2, 3 and condition (20) in Theorem 2 in
Hirano and Toda (2025a) be satisfied.

Assumption 2 in Hirano and Toda (2025a) requires that: lim;_,o ezigl =G € (0,00),
t

limy 0 % =w € [0,00). Note that our notations e} and ey respectively correspond to

a; and b; in Hirano and Toda (2025a). They define the forward rate between time ¢
and t + 1 when generation t consumes (€], €fxs) by the following

Ui(efx, efws)

ft(xh 172) -

Us(efw, efx2)

where U! is the partial derivative of the function U" with respect to z;,7 = 1,2. Their
Assumption 3 states that there exists a continuous function f: R, x Ry — R, such
that for any nonempty compact set K C Ry xR, we have limy o0 SUD 4, 1) | fi(21, 72)—
f(z1,29)| = 0.

Third, condition (20) in Hirano and Toda (2025a) writes

‘/’115 (1, hms—)oo 6%;1) 1 ey
f(1,g.) = lim ~£ < limsup D/ < lim -2+ (87)

t—o00 t . el 1 t—00 t—oo e
v (1 1im, o % t

where g, = lim;_, e%—tl = Gw.
Recall that Hirano and Toda (2025a) considers n = 1.
We will check (21) and Condition (B) in our Theorem 2 for the case n = 1.

g (:‘y . .
Step 1. We prove that: Gy = limsup, D/ < G = lim;, -5+ implies our
t

assumption (21), i.e., Y72, % < 00.
t

1
Let a,b be such that Gy < a < b < GG. There exists a date ty such that D} < a <
Y
b < ete% for any t > ty. Therefore, for any t > t,
t

Yy Yy Y
€y €t €to+1 -

=y > b (88)
€ty €1 €ty

t .
So, we have %} < eggﬁ Since a < b, we have 37, %} < 0.
0

Step 2. We prove Condition (B) in our Theorem 2. We need to find € € (0, 1),
positive sequences (X;) and (X;), and a date T" which satisfy Condition (B).

Take X > G = limy_,o ei;—tl Define X; = X for any t.
Since f(1,9.) < G4 and the function f is continuous, there exist € > 0, v > 0,
G1,Ge, G5 € (0,Gy) such that

fl—€9) <Gy <Gy <G3 <Gy (89)

for any € € [0,€],0 < g < g. + 7, and)_(é<%.

39



e

< ge + 5 for any t > to.

60
Since g, = lim,_,o, —+, we can choose o such that
Take e; € (0,G2 — Gy).
By Assumption 3 in Hirano and Toda (2025a), there exists ¢; such that

sup Ifil—€9) — f(1—¢€9)| <e (90)
(€,9)€[0,€]x[0,ge+7]

for any t > t;.

Define X; = G5 for any t.

Since Gy < Gg < G = limy_, o e;—tl, we can choose ty such that Gy < ez% for any
t>t t t

Take T' > max(to, t1, tg)

Now, let ¢t > T, e € (0,€) and X € (0, X).

Suppose that X satisfies (20), i.e.

Y

V(1 =€ gess1+ Xe) — XV3 (1 —€,gess1 + Xe) = 0. (91)
Then
Vi —¢€, g X
X — 1t( € Get+1 + e). (92)
V(1 =€ geiy1 + Xe)
We have
0
e _
ge,t+1+X6=2%,1+Xe§ge+%+xz<ge+%+%:geﬂ.

It implies that € € [0, €] and ge 411 + Xe € [0, ge +7]. Then, condition (90) implies that

X — f(1 =€ Gegs1 + Xe)| (93)
V(1 =€ geps1 + Xe)
= ’ — (1 —¢, g Xe)| < €. 94
’Vf (1—€, geurs + Xe) f( €, Ger+1 + Xe)| < e (94)
Therefore, we have
X < €f+f<1_€7ge,t+1+X€)' (95)

Since gesr1 + Xe < g + 7, condition (89) implies that f(1 — €, gesr1 + Xe) < Gi.
Combining with €y < Gy — G, we have

X < Ef + f(l — €, ge,t+l + XE) (96)
< (Gy — Gy) + Gy (97)
= G5 = X;11 (by definition of X3) (98)
ei/+1
sy 99
: (99)
So, X < X1 < etztl-

D,

The last step is to prove that > 7°, e ~ =
L X
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1
Since Gy = limsup,_, D} > Cfg, we can find an infinite and increasing sequence

(sk)k>1 with s; > T such that DSSE > (3 for any k > 1. Hence, Dy, > G3*. This
implies that, for any s,
D, 1 D, 1 G G Gy
P k > S — 2 2 (100)
X, X Xy Xp Xpy - Xe, . Xy Xp G X X GY
GT

T2 101
> XX (because G > Ga) (101)

Sk

for any s;. By consequence, we have
t>1 17 t k>1 X, k>1 T

We have finished our proof. ]

B.3 Proofs of Section 4.4

Proof of Lemma 4. Let e/ > 0,ef,, > 0. Let a; € (0,e/). Consider the function
K :[0,00) — R defined by K(R) = u/(e{ —a;) — SRV’ (6§+1 + Rat) for any R € (0, 0c0).
We have

K'(R) = —p' (e§+1 + Rat) — BRa" (efH + Rat> :
Since ef > 0 for any ¢, then we have
K'(R) = —pv (e,&rl + Rat> — BRa"” (efH + Rat)
< =B (efg+1 + Rat) — B(e7, 1 + Ra)v” (eéﬁrl + Rat> <0

because cv’(c) is increasing in c.
Therefore, the function K is strictly decreasing on (0, 00). Now, observe that, since
eg.1 >0, K(0) =u(ef —a;) > 0. We now look at lim,_,. K (z). We have

T
lim zv’ (eo —i—;m):limi(eo —i—JZCL)U/(@O —1—95&)
t+1 t t+1 t t+1 t
T—00 + 00 €§+1 + zay + +
—llim (e —|—£L‘(Z>U/(60 +xa)—llimcv'(c)
at T—r00 t+1 t t+1 t at Cc— 00

It means that

. B ..
lim K(z) = u'(ef —a;) — o lim cv'(c).
Therefore, there exists a unique Ry satisfying u'(ef — a;) = SRy 10 (ef T RHlat)
if and only if a,u/(ef — a;) < flim._,o cv'(c).
Taking the derivative of both sides of the equation v’ (ef —a;) = SRy 10’ (ef '+ RtHat)
with respect to a;, we get that

OR
—u"(ef — ay) =Ry 10" (€§+1 + Rt+1at> (at atH

aRtJrl /( o

+ Rt+1> + B Cip1 T Rt-l-lat)
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This implies that

o o ORi 1
ﬁ {Rtﬂatv" (€t+1 + Rt+1at) + UI (€t+1 + Rt+1(lt)} a;:_
=—u"(ef —a;) — BRY V" (ef+1 + Rtﬂat) > 0.
Again, by Assumption 5, we have
o o K'(Ryyq
R 1a” <€t+1 + Rt+1at) + <€t+1 + RtHat) = _(ﬂH) >0
which implies that, 81;7;[1 > (. Therefore, R;,; is strictly increasing in a;.

]

Proof of Lemma 5. We follow the strategy of in Tirole (1985), Bosi et al. (2018b,
2022).

Point 2. Let af > ag be two elements in Ay, and (a}), (a;) be two associated
equilibrium sequences. We have R| = gi(aj) > ¢gi1(ag) = R;. Then, we have a} =
%a{) —dy > %ao — dy = a;. By induction, we have a; > a; and R; > R; for any t.
Thus, we can compare the fundamental values

* n

o=
s=1 Rll

by = ag — fo > ag — fo = bo.

n > n n
i d, S e, =
R —'2;_31 R, Jo

Point 3 is a direct consequence of the above proof and the fact that Ay is an interval.

Let us prove Point 1. Firstly, we prove that Ag is an interval. Let us consider two
equilibria (aj¢, Ry 44+1)i>0 and (ag¢, Ray41)i>0 with initial asset values a; ¢ < agg. Take
ap = Aa1o + (1 — Nagp € (a10,a20) with A € (0,1). We have to prove that there
exists a sequence (a;);>o satisfying (29). Clearly, ag € (0, ¢ef). From ag, we can define
Ry = g1(ap), thanks to Lemma 4 and the fact that apu/(ef] — ag) < azou/(ef — azg) <
Blim,_, o cv'(c).

Since ag € (a1, a20), we have Ry € [Ry 1, Ro1]. Then, we define a; by a; +dy =
%ao. We see that

2,1

ai1 = @am —di <a; = &ao —d; < aso — di = ag,;.
n n
By induction, we construct that the equilibrium sequence (a;). So, ag € Ag. It means
that Ay is an interval.
It remains to prove that Ay is closed. This is a direct consequence of Lemmas 11
and 12 below.

Lemma 11. The equilibrium set Aqy in Definition (6) is closed on the right: if (ag")m>1
is a strictly increasing sequence with af' € Ay for any m > 1, then ay = lim,, o a’
belongs to Ay.*?

22This result can be viewed as an adapted version of Tirole (1985)’s Lemma 10.
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Proof of Lemma 11. By definition, we have

1y my __ m 1 o m _m
w'(ef —af") = BRI} v (et+1 + R a )

(
Ri% = gila)”) (
agyy = ﬁa;ﬂ — diyy (

(

0<a” <ef forany t >0

Since the sequence (a§')y, is increasing in m, we have R" = ¢1(a{') is increasing in m.
This implies that a}* = %a{}"‘ — d; is increasing in m. By induction, aj* and R}" are
increasing in m. Define a; = lim,, , a;", R; = lim,,,_,o R}". To prove that a is in the
set Ay in Definition (6), it remains to prove that a, € (0,¢f) for any ¢.

It is easy to see that a; > ai" > 0.

We now prove that a; < e/. We have
u'(ef — af") = BRI}V (ngrl + RZLHG?L) < BRIV (€?+1> -

If lim,, o aj* = e, then u/(ef — a;*) converges to infinity. This implies that R},
converges to infinity.
For m > 1, we have

Ry RPRE,

m __ gm~_"1
bt-i—l - bO nt+l

Ry BRI,

= pl
> b nt+1

(106)

where R} is the interest rate of the economy without assets.
Since by > 0 and lim,, R}}, = oo, we obtain that lim,,_,. b{"}; = co. However,
this is impossible because b* < a]* < 7. O

Lemma 12. The equilibrium set Ay in Definition (6) is closed on the left: if (af")m>1
is a strictly decreasing sequence with ay' € Ao for any m > 1, then ay = lim,,_, a’
belongs to Ay.

Proof of Lemma 12. By definition, we have

m
R = ag(a)"), af, = %laqt” —dy1, 0<a <ef for any t > 0. (107)
As in the proof of Lemma 11, we can define a; = lim,, o0 a}*, Ry = lim,, o0 R*. It
is easy to see that R}* > R, > R; for any m and for any ¢, where the sequence (R;)
corresponds to the initial condition ay and R; is the return rate of the economy without
assets.
It is obvious that a; < a* < ef. So, it remains to prove that a; > 0 for any ¢ > 0.
Fix a date t. We have

Let m — oo, we get that a, > %ﬂdtﬂ > 0.
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B.3.1 Proof of Theorem 3

Lemma 9 and Proposition 4 imply that there exists a bubbleless equilibrium, denoted
by a. By Lemma 5 and Lemma 12, this bubbleless equilibrium is the lowest equilibrium.

We now prove there exists a continuum of equilibria (then, Lemma 5 implies that
the equilibrium set has the form [a, a]). We can do so by verifying all assumptions in
Theorem 1 or using the argument used in the proof of Theorem 1.

B.3.2 Proof of Theorem 4

Here under stationary endowments, the function g; defined by Lemma 4 does not
depend on t. So, we write g instead of g;. We summarize our equilibrium system.

u' (e — a;) = PRV (€° + Ryyray) (108a)
Ri11 = g(a;), where g is defined by Lemma 4 (108b)
R
Q1 4 dpyy = a—1, 0 < a, < e for any ¢ > 0 (108c¢)
n

We need several steps. We are inspired by the strategy of Tirole (1985), Bosi et al.
(2018b), Pham and Toda (2025a).

Lemma 13. Consider a solution to the system (108). Only three mutually exclusive
cases hold:

Case A. Ry > R, for any t.

Case B: There exists t such that Ry < R;_1 and Ry < n.

Case C: There exists t such that Ry < R;—1 and for any ty satisfying Ry, < Ry,—1,
we have Ry, > n.

Proof of Lemma 13. The proof is immediate. ]
We then have the following result which is related to Tirole (1985)’s Lemma 2.

Lemma 14. Consider the system (108). Consider an equilibrium ag. Assume that
R; < Ry_1 and Ry < n for somet. Then R; converges to R*, a; converges to zero, and

R <n (109)
no.. o dig no..o.. 1
ﬁhtrgglfd—t <1, Ehggfdt <1 (110)

Proof of Lemma 1/. Since R; < n, we have a; = %at,l — d; < ay—1. This implies that
Riyr = gla) < glaz1) = R <.

Hence, R;11 < R;. It means that we have R,y < R; and R;1; < n. By induction, we
get
’I’LZRt>Rt+1 > e

which implies that (R, a;) converge to (R,a) and a(R —n) = 0.
We have R < n because lim, .o, Ry < R;y1 < R; < n. This implies that a = 0. So,
Riy1 = g(a;) converges to R*.
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Recall that - ”
n-ag

= — < qg < oo for any t > 0.

fo ;Rl"'Rt_ 0 yt=

Conditions (110) are a direct consequence of d’Alembert criterion and Cauchy criterion.
O

Lemma 15. Consider the system (108). Consider an equilibrium aq. If a; converges
to 0, then R; converges to g(0) = R*.

Proof of Lemma 15. Tt is obvious because R; = g(a;_q) for any t. O

Lemma 16. Ifliminf; .., R; > n andlim sup,_, dg/t <1, then fy =332, #ﬂ e ﬁdtﬁ
converges to zero.

Proof of Lemma 16. Since limsup,_, dtl/t < 1, we can choose z € (0,1) and ¢, such
that di/’ < x for any t > t,. So, d, < x* for any ¢ > t,.

Since liminf; ., R; > n, we have, for any € € (0,n), liminf;, ,., R; > n — €. So, we
can choose y € (z,1) and t; > ty such that R; > ny for any ¢t > ¢;. Then, we have, for
any t > ty,

o0 o0

n n n > x
— d SS 7sxt+s:xt 75'
Ji ; R Ryys o Szl(ny) ;(y)
Since z < y < 1, we get lim;_,, f; = 0. O]
The following is similar to Tirole (1985)’s Lemma 3
Lemma 17. Consider the system (108). Assume that
> dy < o0 (111)

t>1

Consider an equilibrium. One of the following cases must hold.

1. The equilibrium is bubbly, (ay, by, R;) converges to (0,0, R*) and R* < n.

2. (a4, by, Ry) converges to (a, b, n) with a > b and a is uniquely determined by u'(e¥—
a) = pnv'(e® 4+ na) (i.e., n = g(a)).

3. This equilibrium is bubbleless, (i.e., by =0 for any t), and (as, by, Ry) = (ay, 0, Ry)
converges to (0,0, R*).

Proof of Lemma 17. We consider three cases: A, B, C in Lemma 13.

Case A. If R, > R;_; for any ¢t. Then R; converges.

Case A.1. If R;, > n for some ty, then R, > R;, > n for any ¢t > t,. Then, there
is no bubble. Indeed, if by > 0, then b, converges to infinity (because b;11 = b, Rtn“ for
any t), which is a contradiction.

So, there is no bubble. Since there is no bubble, we have

0 n n 0
at:ft:ZR o dips <Y diys for any t > to.
t+1 t+s

s=1 s=1
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Using condition (111), we obtain that a; converges to 0. Hence, R, = g(a;_1) converges
to g(0) = R*. To sum up, we have

((J/t, bt, Rt) == (CLt, 07 Rt) — (O, 0, R*) with R* > n.

We are in the case 3 of Lemma 17.

Case A.2: R, < n for any t, then we have R; > R;_; and R; < n for any t. This
implies that R; converges to some value R with 0 < R < n.

There are two subcases.

o Case A.2.1: R < n. Then, b; converges to zero (because b1 = R;“bt) and a;
converges to zero because lim; .., Ry < n and

Ry

Ry

g1 = ar — diq < a; for any t.

So, we have
(at, bt, Rt) — (O, O, R*) with R* <n

We are in the case 1 or the case 3 in Lemma 17.

o Case A.2.2: R =n. Since b1 = b, Rjjl and R; < n for any t, the sequence b, is

decreasing and hence converges to some value b.

Look at the sequence (ay).
— If Ry < n for any t. We have
_ R

Ritq
(i1 = — =0 — dip1 <

a; < a; for any t.

So, a; must converge to some value a with a > b because a; > by for any t.

To sum up, we have (a,, b, R;) — (é,b,n). We are in the case 2 of Lemma
17.

1
Note that if we add the assumption limsup, ,, d{ < 1, then Lemma 16
implies that f; converges to zero and, hence, a = b.

— If there exists T such that Ry = n for some T', then R, = n ¥Vt > T (because
(Ry) is increasing and lim; o, Ry = R = n). Therefore, for any ¢t > T, we

have
o

f - Z nsdtJrs . Zd
t = - - t+s-
s=1 Rt+1 o e Rt+8 SZI 3
So, by assumption (111), f; converges to zero. It means that lim; ., a; =
hmt*)oo bt-

A A

To sum up, we have (ay, by, Ry) — (a,a,n). We are in the case 2 of Lemma
17.

Case B: There exists ¢ such that R, < R;_; and R; < n. Then, by using
Lemma 14, we have lim; ,,, By < n and limy ,oa; = 0. Therefore, (a;,b;, Ry) —
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(0,0, R*) with R* < n. So, the equilibrium is either in the case 1 or in the case 3 of
our proposition.

Case C: There exists ¢t such that R; < R;_1, and for any ¢, satistying Ry, < Ry -1,
we have R;, > n. In this case, we have R, > n since R, < R;,—y. We claim R;;; >
n. Indeed, if Ry < n, we have R;i1 < n < R; which implies that R,y 1 > n, a
contradiction.

By induction, we have R;,, > n, for any 7 > 0. This implies that lim inf; ,. R; > n.

Case C.1: by > 0. Since b; < a; < €Y, the sequence (b;) is uniformly bounded from
above. Ryy, > n for any 7 > 0 and b1 = by Rtn“, we must have limsup, ,. R < n
(otherwise, limsup,_, . b; = 0o which is impossible). So, lim;_,», R; = n.

Again, since Ry, > n for any 7 > 0, we have, for any T" >t

o0

Sds
fr=Y o < S dp

s=1 Rry1--- Ry s>1

By assumption (111), we obtain that f; converges to zero. Since (byy.), converges
(because it is increasing thanks to Ry, > n), we have lim;_,, b; > 0. Then lim;_,,, a; =
lim;_, by > 0. Since lim; .o, R; = n, we must have lim; ,,, a; = a@. Summing up, we
have

(ag, by, Ry) — (G, a,n).

So, the equilibrium is in the case 2 of Lemma 17.
Case C.2: If by = 0, then b, = 0 for any h > 0. Since R;,, > n for any 7 > 0, we

have
o

nd +s
D a D I
s=1 Reyy-- Rrys s>1

Iz

By combining with our condition (111), f; converges to zero. Then a; = f; + b; also
converges to zero. To sum up, we have R,y > R; and Ry, > n for any 7 > 0.
Summing up, (a¢, b, Ry) — (0,0, R) with R > n. The equilibrium is in the case 3 of
Lemma 17. O]

Lemma 18. Assume that

Zdt < Q.

t>1

Consider the system (108). There exists at most one bubbly equilibrium ay such that
the interest rate R; converges to n. So, there exists at most one asymptotically bubbly
equalibrium.?

Proof of Lemma 18. Consider ay < ag two bubbly equilibria.

Suppose that for both values, the interest rates Ry, R, converge to n. By Lemma
17, we have lim;_ o, a; = limy_,o, a; = a. Moreover, @ > 0 because R* < n. Since
ay < ag, we have R, < Ry, a; < a; for any ¢t > 1. Therefore, we have

/
/ Ry /

/ /! /
a ~tay,_,—d; R a a
t t—1 t t%—1 t—1 0
L=z < < << — <1
ag 7 -1 — dy Rya;q a1 ap
/
So, Z—Z does not converge to 1. O

Z3This can be viewed as a generalized version of Tirole (1985)’s Lemma 5.
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We continue with the following result corresponding to Tirole (1985)’s Lemma 7.

Lemma 19. Consider the system (108). Assume that there exists an equilibrium (a?)
satisfying a® — a® € [0,e¥) and R — Rb < n. )
Then, there exists by such that for any by € (0,by), the sequence (a;) defined by

Rt

ap = ag+bo, Ripr = glar), apr = ——a; — dppy (112)

is a bubbly equilibrium, and we have lim;_ ., Ry < n.

Proof of Lemma 19. Let (a?) be an equilibrium satisfying a® — a® € [0, ¢¥) with R® =
limy o g(al) < n.

We have u'(e¥ —a}) = BRY, v/ (e®+ RY, 1ab) and u/(e¥ — a®) = BRY/(e° + Ra®). By
Lemma 4, we have a’u/(¢¥ — a®) < Blim._ cv'(c) (Indeed, this is trivial if a® = 0. If
a® > 0, we apply Lemma 4).

Therefore, there exists T, z, such that z € (0,n), x, € (0,¢Y), g(a’) < x < n,
al < x4 for any t > T, and 2,0/ (¥ — 2,) < Blime_o cv'(c)

We can choose by > 0 small enough and define the sequence (a;, R;)I_, by

R
ap = ag+bo, Rip1 =gla), a1 = %lat —di1 (113)

such that ar < x,, g(ar) < x, au/(e¥ — a;) < flim._,o cv'(c) for any t =0,1,...,T
Then, it is easy to see that a; > ab, Ry > R?, for any t =0,1,...,T.
We now define Ry 1, ary;. Since aru’(e¥ — ar) < flim._ cv'(c), Lemma 4 allows
us to define Rr.1 = g(ar) and then ari; as follows:

RT—H = g(aT) <r<n (114)

RT—H

T
ary1 = ar — dTJrl < —ar < ar < x4. (115)
n
Since ary1 < z, and x,u' (¥ — x,) < Blim. o cv'(c), we have apyu/(e¥ — aryq) <
B lim,_ o cv'(c).
Then, by induction, we construct (as, R¢)i>o such that Rrys < o < n,apys <
x, for any s > 1. This implies that

RT—i—s—l—l

n

AT4s+1 = arys — dpyor1 < EGTJFS = QT4s-

Hence, Ry, s < Rrys_1 for any s > 1, which implies that lim; ,, Ry < Ry < n.
Summing up, the sequence (a;) is an equilibrium because 0 < ai’ <ap < xy < €Y.

According to Lemma 5’s point 3, this is bubbly because ag > aj. ]

We are now ready to prove Theorem 4.
Part 1 is a direct consequence of Lemma 1 and Proposition 3.
Part 2. We consider two cases.

Case 1: The equilibrium set is singleton.

If a; does not converge to @ (note that @ > 0 because R* < n), then by Lemma
17, a; must converge to zero. Hence, R;11 = g(a;) converges to g(0) = R*. By our
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assumption R* < n and Lemma 19, we can construct another equilibrium. This is a
contradiction.

Therefore, we have a; — @. Since @ > 0, only case (2) in Lemma 17 holds. Since
a; — a > 0, we can take x > 0 and ¢, such that a; > x for any t > ty. Then,

D SR

t>to Ut >t

So, Lemma 2 implies that this equilibrium is bubbly. Then, we have b, = %bg > 0.
We write
by Ri---Ry 1 bo

= 7b0— = —
ay nt ay ot

Recall that

t t

n fo+b
SRy R two Ry Ry T

So, limy 00 by /a; = aob_ofo = 1. Hence lim;_,o b; = lim,;_, o a; = a.

Case 2: The equilibrium set is not singleton. By Lemma 5, the equilibrium set is
a compact interval, denoted by [a, a].

For any ag > a, the equilibrium is bubbly (by point 2 of Lemma 5).

For ag = a, the equilibrium is bubbly and a; — a. Indeed, if a; does not converge to
a, then by Lemma 17, a; must converge to zero. By our assumption R* < n and Lemma
19, we can construct another equilibrium with aj > a9 = a. This is a contradiction.
So, lim;_,, a; = a > 0. Then, we have b; = %bo > 0. As above, we have

b Ri---Ry 1 bo
Q¢ n Q¢

Hence lim;_,. by = lim;_,oc a; = a.

Then, by Lemma 18, ag = a is the unique bubbly equilibrium satisfying lim; ., R; =
n. By consequence, for any bubbly equilibrium ag € (a,a), we have lim;_ ., R; # n.
Therefore, Lemma 17 implies that (a¢, b, R;) converges to (0,0, R*) for any ag € (a, a).

Last, look at the minimal equilibrium ay = a. Take an equilibrium af, with aj €
(a,a). According to the proof of point 2 of Lemma 5, we have a} > a;, R, > Ry
for any ¢. Since we have proved that (a}, b}, R;) converges to (0,0, R*), we get that
(ag, by, Ry) — (0,0, R*).

Proof of Claim 1 in Theorem 4. Assume that R* < n and 7,5 (};—j)t < 0.
Since >4 % < 00, Proposition 4 implies that there exists a bubbleless equilibrium.
So, case 2a must hold.

D
Proof of Claim 2 in Theorem 4. Assume that R* < n, > ;2 —tt < oo, and R* <
n

1 1 1
lim sup,_,., D/ . Recall that R* < limsup,_,., D/ is equivalent to R* < nlimsup,_,. d.
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We will prove that case 2a of Theorem 4 cannot happen. Suppose that case 2a of
Theorem 4 happens. Then we take an equilibrium ay € (a,a). This is a bubbly
equilibrium with a; — 0 and R; — R*. We have

n n
ap = Q1+ 5—di
Ry Ry
n o n n n
= Q2+ 55— o + 5—dipy
Rii1 Riyo Ry Rt+2 Ry
nS S
-y " gt lim a
+s t+s
s>1 Rij1-+ Ry §7900 Ry Ry

Take € > 0 and an infinite increasing sequence (tj) such that R* + ¢; < ndtt:, ie.,
(R* + €)' < n'd,,.
Since lim;_,., Ry = R* < R*+¢, we can take T such that R, < R*+4e¢ for any t > T.
Let ti, be such that T" < t,.
For any t > tj,, we have

n’ n’ n’
ay = diys + lim e Ots > ———dy 116
>1 Rip1- Ry - 5900 Ryq - Ry - s>zl Ripq - Ry - (116)
tp—t 1 tr * t tr
> ¥ gtz B e = Uy e
ki tp>t Ryyy--- Ry, >t (R* + )t n k: tp>t (R + €)'

(117)
Since n'td;, > (R* + €)™ for any k, we have
(R* + E)t ntkdtk (R* + E)t o]
T > 1=
nt Z (R* + e)t’v = nt Z 0

k: tp>t

Qg

a contradiction. It means that case 2a cannot happen. Therefore, case 2b holds.
Part 3 of Theorem 4. Conditions R* = n and > ;2 d; = Y72, ij < 00 imply
that
=~ D =~ D = D,

=) — <o
LER &y e

Applying Proposition 4, there exists a bubbleless equilibrium.

Let (a;) be an equilibrium. Since }33°; d; < oo and R* = n, Lemma 17 indicates
that only case 2 or case 3 in Lemma 17 happens. In both cases, we have lim;_,,, R; = n.
If case 3 in Lemma 17 happens, we directly obtain (ay, by, R;) — (0,0, R*). If case 2 in
Lemma 17 happens, we have lim; ,, a; = a. However, since R* = n and definition of
a, we have a = 0, and, hence, lim;_,, b; = 0.

Consider an equilibrium, by Lemma 1, we always have R, > R* = n. By consequence,
the bubble component is

t t

n n
b = tli)I{.lo m tli>1£10 Eat < llm ay = 0. (118)

So, there is no bubble. In other words, there is no bubbly equilibrium. Combining with
Lemma 5’s point 3, we get that there exists a unique equilibrium and this is bubbleless.
We have finished our proof.
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C Proofs for Section 5

Proof of Lemma 6. Let us consider a feasible allocation path (c{’, ¢'),. We have
o/ o

e
+——et + -t 4 d, for any t.
n

We follow the classical idea of support prices (Malinvaud, 1953; Cass, 1972).
Denote U, = U* (c;?, ctoﬂ) and U} = U* (ct 7Ct+1) Since the function U* is concave,
we have that

Up = UL 2 Uf(et ) (e = ') + U3 (e tin) (o = cfh) forany £> =1 (119)

By the feasibility of allocations, we have ¢f—c? = —n(c{ —c{') for any ¢ > 0. Combining
with (119) and the no-arbitrage condition (35), we get

1 1
U, — U, > -+ — (L, — ¢ 120
( ) Rt+1U2(Ct’Ct+1) —_ t t Rt+1 ( t+1 t+1> ( )
=cf —c) — RL (ci’H — ci"+1> for any t > 0 (121)
41

For the households born at date —1, we have
Ui = ULy > U (e, ) (C:Zl - Cli’l) + Uy (e, e8) (g — f)
= —nUy (Y4, cd) (c% — c%') because ¢’ | = ¢,
U.,-U"
Ty 2 (Cg - 03/)
nUy (¢, cf)

t

Denote X; = n for any t > 0 and X_; = -

- Ry RH_lU (C?’C§+1 U; (Cyfl’cg) ’

We denote P, = for any t > 1 and Py = 1. We have

=R
X (U =U)) > B, (cf{ - c?,f/) — Piya(clyy — ) forany t >0 (122)

Therefore, we get
> XUy = U)) = =Proa(chyy — dhyy) = —Proachy,. (123)

Combining with our assumption llm 1nf BT =2 —c{ =0, we get

T
lim sup Z X (Ug — U) > limsup ( — PT+1027/1+1) = — hTHLio%f Priich,, = 0.

T—oo 4—_1 T—o00

So, (¢/,¢?), is Pareto optimal. Indeed, take another feasible allocation (¢, ).
Suppose that U; > U, for any ¢t and there exists to such that U; > U. Then,

T
Z Xt(Ut U/) < P,y (Uy,—U},) < 0 for any t > ty. By consequence, limsup,_,, > X;(U;—
t=—1
U’) < P, (U, — Uj,) <0, a contradiction. Therefore, (cf,c7); is Pareto optimal. O
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C.1 Proofs of Lemmas 7 and 8

Proof of Lemma 7. The allocation (c¢{, ¢?); satisfies the uniform strictness condition

if there exists p > 0 such that
Ué(cﬁ-l - C?—l—l/) + Uf(gty —c) Uted >
(Uil =)

for any ¢ and for any couple (ci/, cfirl) satisfying

Ut(ci’/,cfjrl) > Ut(cij,cfﬂ)a 0<(1—=h)< Ci/ <, Cg—ll-l > cf
By the Taylor’s expansion, there exists sy, s € (0,1) such that

/ /
U (et s ) = U(et s efr) = uelel ) = uiled) + vi(efy) — vilefi)

! /

— ) (e =)
/ 1 / /
o) (e = ia) + 5o (e + Sorlefin = o)) (e — €210)”

: t(y o t( Y
Since U'(cf , 7 1) > U'(c{,¢f, 1), we have

/ 1
=u(e) (el — ) + qup (cl + sylet

! 1 / /
u(e) (el — )+ up (e + sl =) (el —ct)?

/ 1 / /
+ U;(C§+1)(C?+1 - cf_H) + 51};/ (C§+1 + Sot(cg-u - C?-H)) (C§+1 - C§+1)2 > 0.

Since vy < 0, we have

! 1 ! !
()l — )+l (e — ) =~ (el sulel — ) (e — ).

By consequence,

!

Ui(ctyy — ¢0py) + Ul(cd —

(Uit — )’

> C%’ inf —1 //( )
in —uy (z).
T up(cf) wela=n)et ) 2
/. _ _
1. If z = inf;> {u;(tc;’) infoef(1-n)et ] Zlu;’(x)} > 0, we define u = .
2. Consider the case where u}(c) = ¢™?. Then, u/(c) = —oc~ (1), Therefore,
-1,y y oy O a( cf )H" o
—Uu, (g + s,elci —c¢ = — 7 > —
92 t( t yt( t t)) ué(cg) 2 Cfﬁ/ _{_Syt(ci/ _ C?) 2

/
because ¢/ — ¢! < 0. Therefore, we get
t t )
t(,.0 o tr vy Y
Us(ctyy — ctpy) + Uil —¢f

(Uit — )’

) t
Ule! > —.

We have finished our proof.
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Proof of Lemma 8. We will prove that, for each x > 0, there exists 6;(z), 05(z) > 0
such that, for any ¢, if the couple (ci’/, c;’;l) satisfies

/ /
e} <o <, <y <neg

o ° / 02 (x o’ 0 2
Pl — ) +nb(d) —df) 2 ptfl(cf)+1 (Pt+1(0t+1 - Ct+1)) (135)
z / 2
+ 255 (nP(c — )

then (ci/,cfjrl) € Bi(c). ie., Ut(ci/, cfjrl) > U, ¢} q).
By the Taylor’s expansion, there exists s,, s, € (0,1) such that
vt -ut EUt(C% 705;1) - Ut(cg» C§+1) = wy(cf ) —w(cf) + Ut(cz?-,&-l) - Ut(CtO-H)
/ 1 ~ !
=uy(c)(ef =) + gui (@) =)’

’ 1 - /
+vp(cfiq) (el — cfy) + 5”2/(0;1)(0?“ - C§+1>2-

where ¢/ = ¢f + s,(¢f — /) € (¢/ ,c%i/) andlc%rl =0y + Sy — c2q) € (9, ¢fy).

From (43) and Pgl = a5 = ng—?t = nv;éc(g,;), we have

/ / 92(1') / 2

vilef) (i = et Fule)e = ) 2 s o (i) (e = i)
t\Ciy1)Cq

b1(x) / 2

+ (u ) (cf —cy> :

u( ) (ct)(ci —cf)

Therefore

: vy (cy 1, o w(cf) 1,
0 =0t 2 (00 S 4 e e+ () S+ S

(o]
Ciy1

Point 1 of Lemma 8 is clear since zcf < ¢f < ¢f, ¢,y < 2y < negq. Indeed, if we
choose 0;(x) > My and 05(x) > M, where M, My are defined in Lemma 8, we have
Ut —U'> 0.

Let us check point 2. In this case, we have

: vy (e} 1, o u(cl)y 1,
0" 0t (00) ) g )+ (00 S 1 L)y
Cit1 Ct
B O N (B o N
=g~ age) (e ~ aae)@)
Choose 05(z) > %, we have (00021(;1(, — 5@ i)“"’ > 0 because ¢, > c7,;.
T+ t+

Choose 6;(x) such that 0 (x)z't7 — ¢ > 0, we have

br(z)(c)' "7 o 14e _ O
e §>91(x)a7 §>O.

Therefore, we have U — U* > 0. We have finished our proof.
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C.2 Proof of Theorem 5 and Remark 6

We need an intermediate step.

Lemma 20. Let Assumptions 1, 6 be satisfied.
Consider an equilibrium. Denote, for each t > 1,
1 n'
=— P=— 136
Qr Ry R, YRR (136)
This equilibrium is not Pareto optimal if and only if there exist a feasible allocation
(¢), "), which Pareto dominates the allocation (¢, c?); and a date to such that

d=d <0, &€=c¢ - >0Vt>t ( )
€ = —nef (137b)
& =€ =0Vt <ty ( )

(137d)

1 :
Q1641 > ﬁQtE? (i, Pri€fyq > Pief) Yt >t — 1.

Proof. The sufficient condition (<) is obvious. We prove the necessary condition:
(=).

Suppose that (¢f, ¢?); is not Pareto optimal. Then, there exists a feasible allocation
(¢, ¢¢'), which Pareto dominates the allocation (c/,c?),. By consequence, there exists
a date s such that U*(c?',¢2,,) > U*(c¥, 2, ). This allows us to define

to = min{s : ¢ # °}. (138)
By definition of ¢y, we have ¢/ = ¢, ¢ = ¢ for any t >ty — 1.
Since (¢} , "), Pareto dominates the allocation (¢, c?);, we have

U=l ey > UM (el ). (139)

/ / / . _ . . . . .
Recall that ¢f, | = ¢, 1, ¢§ # ¢, and the function U~ is strictly increasing in
o’ ) Yy Y Y <t Y’ Cgl
each component, we have ¢ > ¢f and, hence, ¢; < ¢ because ¢ + & = ¢ + L =
eO
ef + 7 +d.
: y' y to( Y o to( Y 0 o 0
Now, since ¢j; < c¢j, and U™ (cy, cf 1) > U (cy, cf 1), we get that ¢ ., > cf 1.
By induction, we obtain conditions (137).
It remains to prove that Q4 1€f,; > %Qtef Yt >ty — 1.

Observe that, by the non-arbitrage condition R, = w;#’ the budget constraint
of households ¢ can be rewritten as
Quc! + Quyacyyy = Quel + Quyrel, . (140)
Therefore, we have
Quct + Quicyyy = Qued + Quirely + (Qtﬁg + Qt+1€?+1>- (141)

o4



Consider ¢t >ty — 1. We have Ut(czt’/,cfjrl) > UMcl,c0)-

Suppose that Qef 4+ Q€7 = 0, we have Qucl + Qi1 = Qrel + Qriiel,,.
Recall that U*(c{, ¢/, ;) is the maximum value of the maximization problem of household
t. By consequence, U'(cV c?. 1) is also the maximum value. This implies that (e, c?q)
is a solution to the maximization problem of agent t. However, since the function U? is
strictly quasi-concave, the solution is unique. Therefore, we have (Cf,, cg’;l) = (cf,c7),
a contradiction.

So, we get that Qef + Qu11€7,; > 0. We have finished our proof. ]

Proof of Theorem 5. Part 1 ("if" part). Suppose that (c/,c?); is not Pareto

optimal. Applying Lemma 20, there exist a feasible allocation (C%I, cf/)t which Pareto

dominates the allocation (¢f, ¢?); and a date to such that

d=d — <0, €= -~ >0Vt >t (
€ = —nef (142b
e =€ =0Vt <t (

(

1 - o o
Qr1€/11 > EQtE? (i.e., Pryi€], > Peel) YVt > tg — 1.
So, (C?/,Cto;l) € By(c) and ¢ < ¢/.
Let h € (0,1) in Definition 9. We define the sequence (z}, x?); by

x{ =] + hef, xy = ¢ + he;. (143)

Then, we have z¥ = (1 — k)& + he? > (1 — h)¢?, and 22 = (1 — h)c? + he?'. Since the
function U is strictly concave, we have

U'(xf,27,,) = Ut((l —h)ef +hef, (1= h)cfy, + hct+1>
> (1= h)Ucf, c2y) +hU (e, cfq) 2> Ut cf4)-

By the uniform strictness condition in Theorem 5, there exists iz such that

[ 2
Pisi(aty = ct) + nPal = ) = 2 (nPuat — o)) (144)
tCt
hi
~ Pt+1€?_~_1 Z Ptfg + Pll/ (Ptet) (145)
tCt
o o *PtEto
Pii1€l > Pie; (1 + huptet). (146)
where recall that e, = ¢! + < + d, > ¢V.
By consequence, we have
1 1 ! (1 bl
Piirefiy — Ptef(l + %) Ppef 1+ %
1 1 1 e hji
= P.e° - P o > P h,uPtet — Pied\ -’
t€¢ t+1€¢41 el 1 + Ptet(l + huptett)
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P < 1 and
Pier —

Since €] < e? < e, for any ¢, we get that

1 N Y '
P} Pa€y, — Pegl4+hjn

Taking the sum over ¢, we have 375, % < o0, a contradiction. Therefore, the
equilibrium allocation is Pareto optimal.

Part 2 ("only if" part). Let conditions in part 2 be satisfied. Then there exist
x>0,z €(0,1),y > 0 such that

c] > xey, ¢ < Tney, Pl > yPey (147)

Suppose that >4 ﬁet < o0o. Then, there exists M such that 37,
any 1.
For h > 0, define the sequence (¢;); by

1
B < M for

P h 1 1
_ hee ( )

€ = + 148
! Pey Pe, \ Preg P_ieiq (148)

Since ;> % < 00, we have limy_,, % = 0 and lim;_,, ¢, = 0. So, we can choose
€1 and h small enough and z € (0, ) so that

1

c] — ey > xey, )+ e < ney Vi (149)

Let A € (0,1). Define
€; = ey, & =+ € (150)
e = —;eg, =+l (151)

It is clear that the allocation (cf/, ) is feasible. We have

/ 1
cf =cl+e =cf — —Neer > xep > xc] Vi (152)
n
c?/ = c] + Aeer < ¢ + e < ney V. (153)

Pier Pi_1et—1

By Definition (148) of ¢;, we have P — Pye} = )\h( Lo ) This
implies that

M
Pi€), — P = % (154)
Paéty — P Pl 1
= \h . 155
(Brep)? Pre; (Preg)? (155)

g
Picf

1
PtE?:)\P1€1€1+>\h< ++) </\<P1€1€1+hM)

Pre; Pi_q1eiq
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Therefore, we get that

1P, —Pey 1, 1 1 hi
_ _ T =
2 U;;if -2 7<>\(P161€1 + hM))2 2\ (P1€1€1 + hM)2
1 1 hz (Pteg)z
= —(P€l, , — Pe)) > — Vt. 156

We also have

}Pt+15§+10_ fthf _ lAhPt-I-lC?—l-l 1 > 1/\hy 1
2 (1]3;+1€t+1) 2 Ptet (Pt+1€?+1)2 2 /\2(P1€161 + hM)2
41671
1 1 hy (Pt+1€?+1)2
= —(Piy1€),, — Pe)) > — 157
Since we can choose A > 0 arbitrarily small, we choose \ so that
1 hy 1 hx
— >0 — > 01(x). 158
2\ (P161€1 + hM)2 2(1')7 2\ (P1€1€1 + hM)2 1(1') ( )
where 0, (x), 02(z) are defined in Definition 9’s part 2.
From (156) and (157), we have
/ / 92(33) ’ 2 91 (l') ’ 2
P o 0 P, Y _ oY) > P o __ 0 P, vy o_ Y .
t1(Clp — ) +nbi(c — o) = Pricy ( 141(C4 Ct—i—l)) + nPtCZt/( H(ct Ct))

Recall that 0 < ! < ¢ < ¢ and ¢ 1 < 1 < negyq. By the uniform smoothness
condition, we have (¢/ 1) € Bi(c), ie., Ut(c%/,cf;l) > U'(cf,¢f,,) for any t.

For A € (0,1), we define the allocation (¥, 22), by ¥ = A + (1 — A)(¢! > 0 and
20 = Al + (1= Aoy > 0. Of course, (27, x) is feasible. Since the function U is
strictly concave, we have

U'(af, 2gyy) = UM (A + (1= M) (e, Ay + (1= Mgy (159)
S AU ) + (1= WU ) > U ). (160)
Therefore, the allocation (¢, ¢?'); dominates (c/, ¢?), in the sense of Pareto, a contradiction.

1
So, we have 35> 5 =

[

Proof of Remark 6. Suppose that (cf,c{); is not Pareto optimal. We can take the
allocation (¢} , ¢¢"); as in the proof of Theorem 5.
So, the couple (¢}, ) € R? , satisfies Property (C’). Therefore, we have

(Pr1€f1)” < aPriac)yy (Praefyy — Pie) (161)

Denote p; = Pipief, — Pief > 0. Since py = 0Vt < 19— 1, and p, > 0Vt > 5 — 1,
we have o1 + -+ + py = Pp1€f, . This implies that

Vi >ty — 1. (162)



We have

(Pi1€2)” _ (Pr1€241)” _ (ftg—1 + -+ + pug)?
Pryi€ly — Pief L L

This implies that, for any ¢ > t,

1 Pt+1€§+1 — PtE?
Pty — (Pt+1€?+1)2
= /J/t
(1 - )
<a [t
(g1 + -+ ) (preg—1 + -+ + 1)

1 1 )
(Mto—1+"'+,ut—1 [tg—1 + o+ e/

By taking the sum over t from tg — 1 until 7" — 1 of this inequality, we have

1 . . 1 < ( 1 1 > -
DY a p—
Byt Prcg — Htog—1  Htg—1 + -+ fr—1 Hto—1

(163)

Therefore, we have ;- % < 00. Combining with ¢ < ne; for any ¢, we get that
- 13

D1 % < 00, a contradiction. As a result, the equilibrium allocation (¢f,cy); is
= tEt

Pareto optimal.
O]

D Proofs for Section 6

Proof of Proposition 6. Part 1. According to Proposition 2, an equilibrium is
nta,
Ry R

nta, nte

R---R, — R, R
. nta, ntef
= lim ———— < liminf

t—)ooRl---Rt t—oo Rl"'Rt‘

bubbly if and only if lim;_,, > 0. Since a; < e}, we have that

for any ¢

Therefore, an equilibrium is bubbleless because hm mf R T =1 —e! = 0.
Since ci’ < e}, we have hmlnfR R < h{gng Rte% = 0. So, we have

htrr_l> inf R =2 —c{ = 0. By Lemma 6, this equilibrium is Pareto optimal.
[ee)
Part 2. Consider an equilibrium. Recall that >~ B dt = fo < ag < oo. This

implies that lim;_, ., R?--(-i;zt = (0. Our assumption limsup,_, e%, > 0 implies that there

exists a sequence (t;),>1 and = > 0 such that d;, > xef, for any k > 1.
We have

n'ref. n'*dy, el n'*d, 1

Ri---R, Ry---Ry,d, ~ Ri-R, T

k

(164)
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tr Y

k
Since lim;_, i td;% = 0, we have limy_., }:1 2’; = 0. It means that hm 1nf R "o e =
0. According to Part 1, this equilibrium is Pareto optimal and bubbleless
O

Proof of Proposition 7. 1. Note that

D, )( Rl---Rt> > Dy
—_— —_—) > — = 00. 165
(ZR1-~Rt ; nte; - (165)

t
t>1 =1 V€

Recall that we have >, RDR < qop < 0. So, we have Et>1 teft = 00. By Theorem

5, this equilibrium is Pareto optimal.

o . 00 Dt _ . . [e'e) Dt
Moreover, condition Y 7, o = 00 implies that 3272, 74

= oo because €] < e;.

By Proposition 3, this equilibrium is bubbleless.
2. Take any equilibrium. By Lemma 1, we have R; > R} for any ¢. So, condition

t,Y
net

t Y
lim;_, oo R = = 0 implies that lim;_,.; -t

Ri—Ry
this equlhbrlum is Pareto optimal and bubbleless.

Since there is no bubbly equilibrium, Lemma 5 implies that there is a unique
equilibrium. H

= 0. Proposition 6’s part 1 implies that

Proof of Proposition 8. Part 1. limsup, ., ¢* > 0 implies that there exist z > 0
and an infinite and increasing sequence of time (x)x>1 such that Z% > x for any t.
- k
Recall that oo > q¢ > le‘ithat. Hence, we have

Ry Ry Ry R la

= — —— Vt. 166
nte; e; ntay ao e (166)
For any t;, we have
Ri---R 1 1
T 0 (167)
nkeg, Qo €y, Qo

1 Rtk

= 00. Therefore, Zt>1 Rf = 00. Applying Theorem 5’s

By consequence, 3, —

part 1, this equlhbrlum is Pareto optimal.

Part 2. Consider an equilibrium. The no-bubble condition means that tlim Rﬁ 7
o t

ay =

Since liminf, ,,, % o> 0, there exists x > 0 and ¢y such that & > x for any ¢ > .
t

Then, for any t > t, We have
n‘ef  nlay e _ nta, 1
Ry,--R, Ry---Ria;, Ry --Rizx
t,y nta, 1

liminf — -t < i
minf —— 1m ———
t—o00 Rl"'Rt_t_)OORl"‘Rtx

ﬁ Rt ef = 0. By Proposition 6, this

equilibrium is Pareto optimal. [

Combining with hm = 0, we get that hm

Proof of Proposition 9. Proposition 9 is a direct consequence of the following result
and Lemma 5.
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Lemma 21 (Ranking welfares when there exists a continuum of equilibria). Let
Assumptions 1, 4, 5 be satisfied.

For two equilibria with initial asset values ag > af, we denote Uy and U] the utility
of households born at date t in the equilibrium ay and ay respectively.

Then we have Uy > U/ for any date t > 0. It means that the utility of each
generation is increasing in the initial value of asset.

Let us prove this lemma. The utility of households born at date ¢ is
Uy = u(ef —a) + po(el, + Riprar). (168)

Taking the derivative with respect to a;, we have

ou, OR
ZZt = —'U,I(G%I — at) + 6Rt+11)/(6?+1 + Rt+1(lt) + Bat a;—‘rl ’UI(G?Jrl + Rt+1at> (169)
t

(9at
OR
= Bay a;+1v’(e§+1 + Reia;) >0 (170)
t

because, by Lemma 4, agxl > 0.

Since ay is strictly increasing in ag, the utility U, is also strictly increasing in ag. [

Proof of Theorem 6. 1. Point 1. According to Theorem 4, there exists a unique
equilibrium and this equilibrium is bubbleless. By Lemma 1, we have, in equilibrium,
R, > Ry for any t. So, liminf, ,., Ry > n. Therefore, Corollary 5 implies that
this equilibrium is Pareto optimal.

2. Point (2a) is a consequence of Theorem 4 and Proposition 9.%*

Let us prove point (2b) by using Theorems 4, 5 and Lemma 7’s part 1. First,
by Theorem 4, this equilibrium satisfies (a, by, R;) converges to (a,a,n) where
a > 0 is uniquely determined by u'(e? — a) = fnv'(e® + na) (i.e., n = g(a)).

. . t . t A . t
Since by = limy_, ﬁat = lim;_o ﬁa > 0, we have lim;_, ., ﬁ =

(0,00). Then, combining with lim; ., d; = 0, we have

S

S ‘g‘

y Ry R, R, - R, a
im = =
oo pt(e¥ 4+ € 4 dy)  nl(e¥ + <) bo(ev + %)

> 0.

Ry-Ry  _
By consequence, we have 3, W%’j’dt) = 00.

24We can also use Theorem 5 to prove that any equilibrium ay < @ is not Pareto optimal. Indeed, by
Theorem 4, for this equilibrium, we have lim;_,o, Ry = R* < n which implies that >, RBiBy o o,

nt
Note that e; = e¥ + % + d;. Therefore, we have

ZRl...th Ry--- Ry o1 Rl-”Rt<oo
t>1 ' > (e¥+ e +di) ~ v+ 5 n’

n-eg no1>1

Since ¢/ — ¢¥ > 0,c? — €° > 0,d; — 0, Ry — R* > 0, we can check that all conditions in Theorem
5’s part 2 are satisfied (here, of course, we apply Lemma 8’s point 1 to verify that this equilibrium
allocation (cf,c?) satisfies the uniform smoothness condition). Therefore, this equilibrium is not
Pareto optimal.
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To conclude that this equilibrium is Pareto optimal, it suffices to verify the
uniform strictness condition. We do so by using Lemma 7’s part 1. Indeed,
recall that ¢/ > 0 for any t and lim;_,o, ¢/ = ¢¥ — a > 0. Since the function u is
in C? and u”(e¥ — @) € (—o0,0), there exists h > 0 such that

1
in inf — —u"(z } > 0.
>0 {u’(ci’) ze[(1—h)c! c¥] ( 2 ( >>
So, by Lemma 7’s part 1, the equilibrium allocation satisfies the uniform strictness
condition. We have finished our proof.

3. By Claim 2 in Theorem 4, there exists a unique equilibrium. This is asymptotically
bubbly and (at, bs, R;) converges to (a,a,n). By using the same argument as

above, this equilibrium is Pareto optimal.
]

Proof of Proposition 10. First, since e = 0 V¢, the benchmark interest rate equals
zero, i.e., Rf = 0 for any t.

It is easy to see that there exists a unique equilibrium determined by a;, = %ety.
The interest rate sequence (R;) is determined by

B_Ly
i1 + dtJrl 1156t+1 + dt+1
Rpyy =2t D01 g 0 (171)
(o m@t

(e}
Ctt1
7

St

According to Definition 4, Ry, = %
(ci,cf) by

. Then, we can find the consumption allocation

o =—el, 4= n(lfﬁe%ﬂrl + diy1). (172)
Applying Lemma 7’s point 2, the equilibrium allocation given by (172) satisfies the
uniform strictness condition. According to Proposition 8’s part 1, this equilibrium is
Pareto optimal
Lemma 2’s point 5, the equilibrium is bubbly if and only if 37,5, i—i < 00, which is
equivalent to 37,5 g—? < 00. When it is bubbly, we have, by using Lemma 2’s point 4,

lim; oo 2—? = lim;_,o Z—ig—% = . It means that the equilibrium is asymptotically bubbly.

O
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