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Abstract

This paper introduces a combinatorial optimisation problem that we call the
knapsack sequencing problem (KSP). KSP arises when the server in a sequencing
problem is constrained to work in fixed-duration shifts. Each shift can be viewed
as a knapsack, but unlike standard knapsack or bin-packing problems, KSP incor-
porates a temporal structure that distinguishes early and late shifts. The main
challenge lies not in incentivising truth-telling but in algorithmically identifying
the optimal partition of agents into shifts; a challenge compounded by the fact
that KSP is strongly NP-hard (Theorem 1). We propose necessary conditions
that efficient sequencing rules must satisfy, which help reduce the search space for
feasible partitions. We show that the Vickrey—Clarke-Groves (VCG) mechanism,
using the efficient sequencing rule and VCG transfers, is strategy-proof for KSP.
We establish the existence of first-best mechanisms—mechanisms that are effi-
cient, strategy-proof, and budget balanced—for a subclass (unit-capacity) of KSP
requiring m shifts to serve n agents. We also show, via a three-agent example,
that when budget balance is imposed together with efficiency, strategy-proofness
may fail. This research highlights the difficulties in extending classical sequencing
results to settings with shift constraints and contributes both theoretical insights
and algorithmic considerations relevant to resource allocation mechanisms.
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1 Introduction

We introduce a combinatorial optimisation problem that we call the knapsack
sequencing problem (KSP). The genesis of KSP lies in constraining the server of the
sequencing problem to work in shifts of fixed duration. To our knowledge, this is the
first investigation of such a problem within mechanism design literature. As may be
expected, the challenging part of the problem turns out to be the solution of the
combinatorial optimisation problem, viz., the identification of the partitioning of the
set of agents into feasible shifts to obtain an aggregate cost-minimising sequence. We
identify three properties that any efficient sequencing rule must satisfy. For the two-
agent and three-agent cases, these properties characterise the efficient sequence(s).
We show by an example that minimising the number of shifts does not necessarily
coincide with efficient sequencing (see Example 1), highlighting a key difference from

the bin-packing problem.

The knapsack problem, when involving more than one knapsack, is notoriously
hard. Each shift in KSP can be seen as a knapsack. However, the temporal structure
differentiates KSP from a knapsack problem involving a flexible number of knapsacks.
The sequencing problem is well-studied in the mechanism design literature. We show
that the VCG mechanism using the efficient sequencing rule and VCG transfers is
strategy-proof for KSP. The difficulty arises not in incentivising truth-telling by the
agents but in developing a simple algorithm to correctly identify the partition of the

set of agents into shifts. We propose some necessary conditions that the required



efficient sequencing rule must satisfy. Such heuristics may considerably decrease the

search for the required partitions.

This problem is not equivalent to the bin-packing problem, which, if given a tem-
poral structure, would minimise the number of shifts. We establish the existence of
first best (efficient, strategy-proof, and budget-balanced) mechanisms for a subclass
of KSP requiring n shifts to serve n agents. This research highlights the challenges
in developing new theoretical frameworks and practical algorithmic solutions with
implications for optimising resource allocation in scenarios where agents or jobs can-

not be served in a single shift, unlike the sequencing problem.

Sequencing problems arise in many situations. For example, the central planner
may be a large multi-unit firm. Several divisions of the firm may require a service
that only one team can provide. The team, akin to a server, can only work in fixed
shifts and serve only one division at a time. The firm’s objective is to minimise the
aggregate of losses incurred by divisions due to downtime. The divisions are like

strategic agents whose opportunity costs are their private information.

As an example, consider a medical diagnostic centre where the server is diagnostic
equipment with a scheduled reset duration since the commencement of operation. The
jobs correspond to different diagnostic procedures. The job processing times are of
possibly different durations. Period T is the continuous time the diagnostic facility is
available before the scheduled reset. If not enough time remains before the scheduled
downtime to complete any of the remaining tests, the facility might experience idle

time.



Alternatively, consider an Internet Service Provider (ISP) network node, where
the server is a specific network node in an ISP’s infrastructure. The jobs are different
data packets or services. The job processing time for each data packet has a differ-
ent time requirement. Period T is the continuous time for which the network node
is operational before scheduled maintenance. If there’s not enough time remaining
before the scheduled maintenance to process any of the remaining data packets or

services, the network node might experience idle time.

Numerous other settings come to mind where such scenarios may apply, like
library study room reservations, car maintenance shops, manufacturing assembly
lines, and call centres with customer service representatives working in fixed shifts

but having variable call lengths, etc.

This paper is organised as follows. Section 2 introduces the formal model and
definitions required. Section 3 deals with the issue of the efficient sequencing rule.
In Subsection 3.1, we review the efficient rule for the sequencing problem, which is
well-studied and serves agents in a greedy order for the knapsack problem, allow-
ing fractional items. Subsection 3.2 presents three necessary properties of efficient
sequences for all instances of KSP and shows that these properties are sufficient for
up to three-agent KSPs to identify an efficient sequence. We show by an example
that the partition with the least number of shifts is not necessarily efficient., hence
distinguishing the KSP from bin-packing problems. Sub-section 3.3 proves strong NP-
Hardness of KSP, and we conclude our study of computational-complexity here, and
shift our attention to mechanism design in what follows. In Section 4, we show that
the VCG transfer rule implements the efficient sequencing rule. Finally, Subsection
4.1 introduces the idea of first best mechanisms for a KSP. Subsection 4.3 discusses

Walker’s Cubical Array Lemma (Walker (1980)), and Subsection 4.4 establishes the



existence of first best mechanisms for n-shift KSPs. We characterise the class of
first best mechanisms for n-shift KSPs in subsection 4.5. In section 5, we show an
example with three agents where efficiency and budget-balance compromise on the

strategy-proofness of the mechanism. Section 6 concludes.

To position our work within the existing body of research, we review relevant

literature on the sequencing problem and knapsack problem in the next subsection.

1.1 Related Literature

There is a fair amount of literature on sequencing problems (see De and Mitra (2017),
Dolan (1978), Suijs (1996), Moulin (2007), Duives et al (2015), Mitra (2002), Hain
and Mitra (2004)). The non-increasing-ness of sequencing rules is both necessary and
sufficient for implementability in dominant strategies. The set of all non-increasing
sequencing rules includes the outcome-efficient rules (Suijs (1996) and Mitra (2002)),
the Just sequencing rule (see De and Mitra (2017)), and, more generally, all affine
cost minimisers (a generalised notion of Roberts (1979) affine maximiser allocation
rule adapted for the sequencing problem). This result follows from the existing liter-
ature on implementation (see Borgers (2015), Bikhchandani et al (2006), Rockafellar
(1997), and Rochet (1987)).

Many papers analyse the affine maximiser allocation rules for different allocation
problems (see Carbajal et al (2013), Mishra and Sen (2012), Dobzinski and Nisan
(2009), Lavi et al (2003), Marchant and Mishra (2015), Mishra and Quadir (2014),
and Nath and Sen (2015)).



While the queueing problem! is an example of private values with externalities,
the sequencing problem exhibits even more subtle externalities. Cox (2020) provides
an early monograph on queueing problems and various practical deviations from
the operations research perspective. In these models, the cost structure of agents is

assumed to be linear in time and unit waiting costs.

Smith (1956) has shown that sequences that serve agents in non-increasing order
of the ratio of their true unit waiting cost to their job processing times (known as
Smith’s rule) minimise the sum of waiting costs incurred by all agents over the set
of all possible sequences. The existence of private information about agents’ waiting
costs renders sequencing problems interesting candidates for the mechanism design
approach, as strategic agents may misreport to manipulate the mechanism to their

advantage.

Dolan (1978) considers a queueing problem setting and shows that using mone-
tary transfers, incentive-compatible mechanisms exist that implement an aggregate
cost-minimising queue. Besides the static case where the set of agents is given, Dolan
(1978) also develops incentive-compatible mechanisms in a dynamic setting where
agents arrive over time, although he does not investigate the issue of financing or

redistributing excess transfers.

Suijs (1996) studies the static sequencing problem with agents possibly differing
in unit waiting costs and job processing times, assuming that job processing times
are public information. He develops incentive-compatible and budget-balanced mech-

anisms (with no aggregate excess or deficit of transfers) that implement an aggregate

1Queueing problems are a subclass of sequencing problems with all job processing times normalised to
one.



cost-minimising queue identified according to Smith’s rule.

A well-known result in incentive theory is that a broad class of decision problems
do not admit mechanisms satisfying efficiency?, budget balance, and strategy-proofness
(truth-telling is a weakly dominant strategy for every agent). Together, these three
axioms define first best mechanisms. The importance of finding balanced VCG
mechanisms to implement outcome efficiency for canonical allocation problems was
highlighted by Shao and Zhou (2016). However, for many economic environments,
implementing outcome efficiency with balanced transfers is difficult to achieve (see
Hurwicz and Schmeidler (1978), Hurwicz and Walker (1990), and Walker (1980)).
For implementation of outcome-efficient allocation rules, Shao and Zhou (2016)
provide examples of public as well as private good allocation problems for which
no budget-balanced VCG mechanisms exist and for which all VCG mechanisms are
inferior to some other ‘reasonable’ non-VCG mechanisms. Yenmez (2015) addressed
this question of implementability with balanced transfers in the context of different

applications of market design and mainly obtained negative results.

Mitra and Sen (2010) prove that linear cost queueing problems are first best
implementable, and Mitra (2001) identifies a larger class of queueing problems that
are first best implementable. While Suijs (1996) proved that, for the first best imple-
mentability of a sequencing problem, it is sufficient to have a linear cost structure in

time, Mitra (2002) proves its necessity for cases with at least three agents.

The mechanisms are characterised in Kay1 and Ramaekers (2010) and Hashimoto
and Saitoh (2012). Chun et al (2019) characterise the symmetrically balanced VCG
rules with a weakening of strategy-proofness, along with other axioms of interest.

Maniquet (2003) applies solutions from cooperative game theory to characterise

2Eﬂ‘iciency means that the outcome achieved in each state is the one that maximises the social surplus.
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mechanisms using axioms on the mechanisms’ response to changes in the queueing

problem. This approach is further studied in Chun (2006b) and Chun (2006a).

Kay1 and Ramaekers (2010), Hashimoto and Saitoh (2012), Chun et al (2014b),
Chun et al (2014a), and Chun and Yengin (2017) combine the notions of strategy and
equity for characterising mechanisms. A non-cooperative approach to the problem
is applied in Ju et al (2014). More recently, Chun et al (2023) identified the set of
all mechanisms satisfying efficiency, strategy-proofness, and budget balance. However,
these mechanisms fail to satisfy very basic fairness criteria. In contrast, Banerjee et al
(2020) characterise the class of mechanisms that satisfy efficiency, strategy-proofness,
and a generalised minimum welfare bound encompassing all welfarist guarantees

studied earlier in this setting.

The other set of works to which this paper belongs is that of the 0/1 knapsack
problem and its variant, the bin-packing problem. The knapsack problem has appli-
cations in various real-world scenarios, including resource allocation, finance, project
scheduling, and logistics. The selection of jobs to be processed in a shift is akin to
the objective of a 0/1 knapsack problem since jobs cannot be broken across shifts.
The knapsack sequencing problems introduce additional complexity to the knapsack

problem in terms of the temporal structure.

In order to solve a generic KSP, finding the optimal (cost-minimising) allocation
is NP-hard (see Theorem 1 in Sub-section 3.3). The optimal allocation may be found
using branch and bound algorithms for the knapsack problems. Using the VCG rule
to implement optimal allocation is, in general, NP-complete. Hence, KSPs present us

with computational complexity issues.



Since we allow for multiple shifts, we study the multiple knapsack problem (MKP),
where each shift is a knapsack. But, unlike the multiple knapsack problems, we keep
the number of shifts flexible, not fixed. Shifts—as many as required to process all
jobs—may be constructed. The objective of the original Bin-Packing Problem (see
Chapter 8 in Martello and Toth (1990)) is to minimise the number of bins used. This

can be seen as a cost minimisation problem where each bin comes at a constant cost.

Anily et al (1994) study a generalisation of the Bin-Packing Problem where the
cost of each bin is a concave function of the number of items allotted to that bin.
Unlike bin packing, in our work, minimising the number of shifts does not coincide
with efficient sequencing (see Example 1). Anily et al (1994) study worst-case heuris-
tics for approximate algorithms, whereas we aspire to develop exact algorithms. We

do not achieve an exact algorithm, but provide heuristics.

For the knapsack problem and related problems, the combination of jobs alone
matters. Multiple knapsacks have no inherent ordering, whereas, in our temporal set-
ting, a shift being processed later differs from an identical shift being served earlier.
Similarly, a job processed earlier in a shift adds a different value than the same job
being served later within the same shift, unlike the objects selected in a knapsack. For
sequencing problems, the combination is always the set of all jobs, and the permuta-
tion of jobs matters. For knapsack sequencing problems, the combination of jobs into

shifts, the permutation of jobs within shifts, and the permutation of shifts all matter.

Within the knapsack problem literature, a novel feature is that we consider the

problem in private settings with order-dependent valuation of the jobs.



Building upon these foundational studies, we now formally introduce the knapsack

sequencing problem and outline our model in section 2.

2 The Model

There is a finite set of agents N C N 3, each requesting the processing of a job. Let
|N| = n. There is a server, which can process only one agent’s job at a time, so
jobs must be processed in some sequence. An agent’s job, once started, cannot be

interrupted until it is finished.

The server works in shifts of fixed duration 7' € R, . The server begins pro-
cessing jobs at time ¢ = 0. The server can process jobs continuously in every shift,
but the server resets when any shift ends and instantaneously begins processing the
remaining jobs. Agents’ jobs cannot be broken across shifts. The same shift must pro-
cess each job from start to finish. If, after processing some jobs, the time remaining
before the current shift ends is insufficient to process any of the remaining jobs, then
the server sits idle and jobs wait in the sequence. The server works in this manner

until all jobs have been processed.

Since the jobs are processed sequentially, agents have to wait from the beginning
of time until their job is processed. The total duration that any agent-i waits in the
facility includes the time when the server processes jobs before processing agent-i’s
job, the time when the server sits idle while agent-i’s job is unprocessed, and agent-i’s
own job processing time. This is called the agent’s job completion time. Each agent-
i € N is characterised by two parameters: a constant but agent-specific per-unit-time
waiting cost 6; € R4 and a job processing time 0 < s; < T. Every agent incurs a

disutility from waiting until their job is processed, which is measured as their waiting

3N denotes the set of natural numbers.
R4+ denotes the set of strictly positive real numbers.
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cost. The waiting cost incurred by a representative agent-i is the product of his per

unit time waiting cost and the job completion time.

In our model, agents are strategic, and the per-unit-time waiting cost 6; is private

information of agent-i. Every agent’s job processing time s; is publicly known.

Suppose that the job lengths are such that )7,y s; < T; then the definition of
the problem coincides with the single-server sequencing problems (see Dolan (1978),
Suijs (1996), Mitra (2002), Duives et al (2015), De and Mitra (2017)). In this paper,
we require Zz‘e ~ 8i > T to distinguish knapsack sequencing problems (KSPs) from

sequencing problems without such capacity constraints.

A profile is a list 8 = (61,...,0,) = (6;,0_;) € R, °.

The vector of processing times s = (s1,...,5,) € R}, where >,y s; > T, is

public information.

Let X(N) denote the infinite set of all feasible sequences 6 .

We denote by o(-) : R, — 3(N) a particular sequencing rule. ¢(¢) denotes a

particular sequence given the profile 6.

59_; is the reduced profile obtained from profile 6 by deleting the entry 6;. Hence, 0_, =
(01,--.,0i—1,0i11,...,0,). We use the notation (6;,0_;) to denote the profile where agent-i reports 6;.

YA subset B C N is feasible if ZieB s; < T. A feasible sequence is one where every shift is feasible. The
set of feasible sequences is infinite because even after specifying the agent’s ordering in the sequence, the
job completion times of agents may be any number consistent with no overlapping jobs and no infeasible
shifts. For example, keep some shifts empty and serve only one agent per shift. This is a feasible sequence.

For KSPs, X(N) C ]R‘Jﬁrl, which is different from the |N|! discrete ordering over the set of agents.

11



For each profile, a sequencing rule specifies the job completion time S;(o(6)) 7 of

every agent-i in the sequence o(0).

Tie-breaking may be necessary to select a unique sequence whenever more than
one sequence satisfies the criterion of interest for the sequencing rule. The definition

of the sequencing rule specifies the tie-breaking criterion employed by the rule.

Because every job is processed continuously, the constraint of jobs not being broken

across shifts can be written as Vi € N,Vm € N :

(m—1)T < Si(0(0)) <mT < (m—1)T < Si(0(0)) — s; <mT (1)

The waiting cost incurred by agent-i in the sequence o (0) is given by 6; - S;(a(0)).
Since this is a cost, it adds with a negative sign to the agent’s utility.

The set of predecessors of agent-i in queue o(6) is defined as P;(a(6)) := {j €
N|S;(o(0)) < Si(0(6)) — si}. These are the set of agents whose jobs are completed
before agent-i’s job begins processing, thus 0;(0) < o;(f). The set of followers of
agent-i in queue o(d) is defined as F;(0(0)) := {j € N|S;(c(0)) —s; > Si(c(9))}.
These are the set of agents whose job begins processing after agent-i’s job is com-

pleted, thus o; () < 0;(6) ®.

A transfer rule 7(6) is a function 7 : R’} | — R™ that specifies for each reported
profile 6 € R”} |, a transfer vector 7(6) = (71(0),...,7,(8)) € R". A positive transfer

to an agent means the agent gets that amount, while a negative transfer means the

7Only specifying an ordering of the agents does not specify a queue for KSPs because the server may sit
idle between processing two jobs in the same shift. We also understand that if agent-i’s job is completed at
time S;(0(0)), then it must begin processing at time S;(c(0)) — s;.

8For a single-server sequencing problem, o; (0) # 0;(0) for every i # j € N. This is no longer true for
multiple-server settings as in Mitra and Mutuswami (2021)

12



agent pays.

As an implication of the Revelation Principle (see Myerson (1979) and Myerson
(1981)), we focus only on direct mechanisms. For a given KSP with a reported profile
0, a direct mechanism is the pair u = (o,7) comprising of a sequencing rule o (0)
specifying each agent’s job completion time © and a transfer rule 7(0) that specifies

payments to each agent.

An agent’s bundle comprises two things'®. The first component is the total time
(referred to as his job completion time) that the agent spends in the facility, which is
determined by the sequencing rule. The second component is the monetary transfer

to the agent, which is determined by the transfer rule.

Definition 1 Agent’s Bundle: For a given mechanism p = (o, 7), and for all agents i € N,

we define the agent-i’s bundle p;(0) as: p;(0) = (SAU(H),Q(O)) eER4t xR

An allocation is the vector of bundles allocated to the agents (see Mitra (2002),
De (2013), De and Mitra (2017), and Banerjee et al (2020)).

Definition 2 Allocation: For a given mechanism u = (o0, 7), an allocation is the vector

u(0) = (1:(0))ien-

We assume that the agents have a quasi-linear utility of the form:

ui(pi(0)) = —0; - Si(o(6)) + 7:(6) (2)

9 Also, implicitly specifying the time when the job begins processing: by subtracting the job’s processing
time from its completion time.
10The definition is consistent with the literature, for example, De and Dube (2023)
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Specifically, given any mechanism p, any 7' > 0, and any s € R, if (6, 6_;) is the

reported profile when the true waiting cost of agent-i is 6;, then the utility of agent-i is:
ui(pi (05, 0-:); 05) = —0;5: (067, 0—:)) + 7:(65, 0—:) (3)

An efficient sequencing rule always selects a sequence that minimises the aggregate

waiting cost.

Definition 3 Efficient Sequencing Rule: A sequencing rule 6*(6) : R, — S(N) is said
to be an efficient sequencing rule if for any s € R, , every profile # € R} |,

*(0) e i 0, - S (c(0
o* () argaerrél(nm’gv k- Sk(a(0))

Definition 4 Feasible Shift A subset of agents B C N constitutes a feasible shift if

2iepsi <T.

Since Y.y 5: > T, N does not form a feasible shift.

Let P(N) denote the set of all partitions ' of the set N. A sequence o(f) gen-
erates the partition B(c(0)) := (B1(c(6)),...,Bi(c(0))) € P(N) for some ¢t € N, if
Vk € {1,...,t}, each subset By(c(0)) is a feasible shift. Further, the shifts are ordered

such that Vi € By(0(0)),j € Birt1(0(6)), 0i(0) < 0;(6).

No sequencing rule o(f) can generate the entire set P(N) because it contains
partitions with infeasible subsets ruled out by constraint 1. Maximal partitioning
requires that the partition be such that no shift can accommodate any other agent from
any of the following shifts without violating feasibility. For the last shift, maximality

holds because there is no following shift.

et X be any set with n elements. Let d,, denote the number of partitions of the set X. We have
dy =1,d2 = 2,d3 = 5,ds = 15. Further, d,,41 = do X (’UL) +dy x (’f) +...dp X (").

14



Definition 5 Maximal Shift For any sequencing rule o(0), let the partition generated
by () be B := (B1(c(0)),...,Bi(c(0))) € P(N) for some t € N. A shift By(c(6)) where
ke {1,...,t — 1} is called a mazimal shift if for all agents-j € B;(c(0)) such that I > k,

Sj + ZiEBk(U(a)) S; > T.

The sequencing rule o(6) does three things: it generates a partition of the set
of agents into feasible shifts, it specifies the ordering of the shifts, and it specifies
the ordering of agents constituting a shift. All these may be derived from the job

completion times allocated to the agents by the sequencing rule.

A non-increasing unit waiting costs sum (NUWCS) partition implies that the shifts
are ordered in such a way that if the sum of unit waiting costs of agents in shift-p
exceeds the sum of unit waiting costs of agents in another shift-¢, then shift-p precedes

shift-¢ in the ordering of shifts in the partition.

Definition 6 Non-Increasing Unit Waiting Costs Sum (NUWCS) partition: A
partition B(c(0)) := {Bi(c(0)),...,Bt(c(6))} of N, where ¢t € N, and Vq € {1,...,t},
By(o(0)) is a feasible shift, is said to be a NUWCS partition of N if Vp < ¢ € {1,...,t},

>ieB,(o(0) % = 2ieB,(0(0)) Ui

Definition 7 NUWCS-Maximal Partition: A NUWCS partition of N is called a
NUWCS-Maximal partition if each shift By(o(0)) € {B1(c(8)), ..., Bi—1(c(8))} is a maximal
shift.

Our set-up is one with private information. Implementing any non-trivial rule

requires knowledge of the private information of agents. Our notion of dominant strate-

gies Implementation of a rule o via a mechanism (o, 7) requires that the transfer rule

15



7 be such that for any agent, truthful reporting weakly dominates false reporting irre-
spective of what others report, for all agents, at all profiles, and for any given vector

of job processing times. This is defined as strategy-proofness.

Definition 8 Strategy-proofness: A mechanism p = (o, 7) satisfies strategy-proofness if
the transfer rule 7 : R, — R"™ is such that for any ¢ € N, for any 6;, éi € Ry4, and any

. n—1,
0_; e Ry

wi(pi(0:,0-4);0:) > wi(pi(0:,0-4);0;) (4)

A mechanism is called strategy-proof if it satisfies strategy-proofness. A mechanism

is budget-balanced if the sum of transfers is zero.

Definition 9 Budget-balance A mechanism g = (o,7) satisfies budget balance if

ZiEN ti(e) =0

A mechanism is budget balanced if it satisfies budget balance. A mechanism with the
sequencing rule as the efficient sequencing rule o*(0) and satisfying strategy-proofness

and budget balance is called a first best mechanism.

Definition 10 First-Best Mechanisms A mechanism p = (0%, 7) is a first best mechanism

if it is budget balanced and strategy-proof.

First-best mechanisms are desirable because their existence implies that even in
private information settings, efficiency of allocation is achievable without welfare
losses. In other words, agents cannot seek rent for their private information. First-best

mechanisms allow for the achievement of Pareto optimal outcomes.

With the model parameters defined, we proceed to analyse the properties that an

efficient sequencing rule must satisfy within this framework.
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3 Efficient Sequencing Rule

In this section, we study the properties of the efficient sequencing rule for the knapsack
sequencing problem. We begin by reviewing the efficient sequencing rule for sequencing

problems without capacity constraints.

3.1 Efficient Sequencing Rule for Sequencing Problems

When ),y sk < T, all agents can be served in one shift. This is the well-studied
single-server sequencing problem with private waiting costs and public job processing
times. Smith (1956) has shown that serving agents in non-increasing order of their
urgency indices, which is the ratio of an agent’s unit waiting costs to his job processing
time, Z—? for agent-i, results in an efficient sequence. Ties, if any, can be resolved
arbitrarily without changing the aggregate cost. Holmstrém (1979) has shown that for
public decision-making problems with a smoothly connected domain of preferences,
Groves’ transfer schemes (VCG transfer rule) are the unique transfer rules satisfying
strategy-proofness 2. Furthermore, Suijs (1996) has also shown that for a sequencing
problem, budget balanced VCG rules exist but are not individually rational. Mitra
(2002) has shown that sequencing problems with linear costs are the only class of
general cost structure sequencing problems for which the first best can be achieved.
Duives et al (2015) have studied the problem to minimise the expected total transfers
that may be required. Chun et al (2023) identify the set of all mechanisms satisfying

efficiency, strategy-proofness, and budget balance.

3.2 Properties of Efficient Sequencing Rule for KSP

The result obtained in Smith (1956) uses the argument of local position inter-
changes. It is possible to swap adjacent agents and investigate changes in aggregate

cost because all such swaps are feasible, and no local (which is not global) optima

123uijs (1996) provides necessary and sufficient conditions on the domain of preferences for which these
VCG rules are the unique incentive-compatible transfer rules when the number of alternatives is finite.
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concerning permutations of adjacent agents exist, except for ties. Hence one of the
global optima (with the same aggregate cost as any other, if ties exist) may be found
by serving agents in any non-increasing order of their urgency indices. In knapsack
sequencing problems, not all agents adjacent in sequence position can be swapped
due to shifts that may not be feasible. The simple heuristic of serving agents in
non-increasing order of their urgency indices may lead to shifts that are not maximal.
Such a sequence would not be Pareto-optimal'?.

For a given set of agents N and profile 8, let o*(f) be the efficient sequencing
rule and let B(c*(0)) := (B1(c*(0)), ..., Bi(c*(#))) be the partition generated by the
efficient sequence, where ¢t € N. We note the following properties, which can be proven

using exchange arguments.

Property 1 The partition B(c*(#)) is a NUWCS-maximal partition.

Property 2 Vi, j € Bi(c*(0)), f—l > (:—j implies 0;(0) < 0;(0) for all shifts By (c*(8)) € B(c*(8)).

Property 3 Let () generate NUWCS-maximal partition B = {Bj, Bo} and 6(6) generate
another NUWCS-maximal partition C := {C1,...,C¢} where ¢ > 2. Let the agents
in each shift in both of the above partitions be ordered as per Property 2. Consider
the partition C' = (Cy, N \ C4), where the shift N \ C; is not feasible, and agents

are served in the same order as in sequence 6(#). If Inequality 5 holds, then &(6)

cannot be an efficient sequence.

Zei[ > ))sk}+ > Oi[T+ > )sk]

1€Cy keP;(a(0 1EN\C1 keP;(6(0)NN\Cy
S ED SIS SIS SR NG
i€B1 keP;(a(0)) i€ B> keP;(c(0))NN\B1

13 An allocation is Pareto optimal if by changing allocation no agent can be made better off without
making other agent(s) worse off. If a shift is not maximal, serving an agent earlier when the server sits idle
would reduce his cost and leave other agents unaffected or better off if their completion time also decreases.
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The first property can be proven by trying to minimise the aggregate costs by only
rearranging the order of shifts, keeping the ordering of agents within each shift and the

composition of shifts the same. This will prove the necessity of the NUWCS partition.

Proof of the necessity of Maximality may be done by assuming that the efficient
sequence generates a non-maximal shift and showing that aggregate cost can be

reduced by making shifts Maximal.

The necessity of the second property can be proven by keeping the order of shifts
as well as the composition of shifts the same but swapping the sequence positions of

adjacent agents in the same shift.

Property 3 is a sufficient condition to eliminate sequences with strictly higher
aggregate costs than a benchmark cost of a sequence with two partitions. If t=2,
Property 3 identifies the least aggregate cost sequence from amongst the sequences
serving agents in two NUWCS-Maximal shifts with agents ordered in a non-increasing
ratio of their urgency indices. If t=2, N \ C; = C5. Property 3 says that the sequence
6(0) cannot be efficient if the aggregate cost is strictly greater than the aggregate
cost calculated for the sequence o (). If t > 2, Property 3 calculates the aggregate
cost (minus ), 0;s;) for the sequence &(¢) without considering the costs incurred
by agents because of the server sitting idle and compares it with the aggregate cost
(minus ),y 05s;) of serving agents according to sequence o (). If the deletion of
costs due to idle times still leaves the sequence () with more aggregate cost, then

it cannot be efficient in its original form.

To illustrate how these properties apply in practical scenarios, we examine specific

cases of the knapsack sequencing problem with two and three agents.
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3.2.1 Two-Agent KSP

For the case of two agents N = {1, 2} such that s; + s > T, Property 1 characterises
the efficient sequencing rule. Without loss of generality, let 6; > 65. Let the tie-

breaking rule be >=rp:=1>7p 2. The set P(N) has the following elements:

. 9 ) 9 )
1. (1,2) or (2,1) depending upon whether o> For b <2
2. (1)(2) or (2)(1).

The shifts (1,2) or (2,1) are not feasible. The partition (1)(2) is NUWCS-maximal.

3.2.2 Three-Agent KSP

In the absence of an algorithm to construct an efficient sequence, the only way is to
search from amongst the set of subsets of N for the efficient sequence. For the case of
three agents, Properties 1 and 2 together help us eliminate some subsets. Property 3

characterises the set of efficient sequences.

Consider N = {1,2,3} with profile § = (01, 65,03) and job processing times s =
(s1, 82, 83) where s1 + s2 + s3 > T. Assume without loss of generality that % > 02 >

82

%.14 The set P(N) has the following elements:

1. (1,2,3), which is not a feasible shift.
2. Possible sequences in (1,2)(3), (1,3)(2), and (2,3)(1) if s; +s2 < T, 51 +s3 < T,
and so + s3 < T, respectively.

3. Permutations of (1)(2)(3) if s; + s; > T for any distinct ¢,j € {1,2,3}

Consider the case where no two agents can be served in a shift. Then (1)(2)(3) is
the only feasible partition, and all shifts are maximal. Property 2 does not have a

mathematical bite. The efficient sequence serves agents in the non-increasing order of

141n case of a tie, we use the rule 1 = 2 = 3 to break ties.
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their unit waiting costs, which is a NUWCS permutation of the shifts (1)(2)(3).

Now Consider the case where at least one pair of agents, say agents 2 and 3, can
be served together. Then the feasible partitions are (1)(2)(3) and (2,3)(1). In the par-
tition (1)(2)(3), the shift serving agent-2 alone is not maximal. Advancing the service
of agent-3 to the second shift does not change the waiting cost of agent-1 and agent-2,
while it decreases the waiting cost for agent-3. Therefore, the sequence (1)(2,3) has a
lesser aggregate cost than (1)(2)(3). Now the sequences with Maximal shifts only differ
in the permutation of agent-2 and agent-3 within a shift and permuting the shifts. It
is easily shown that the sequence (1)(3,2) is no better than (1)(2,3); similarly, (3,2)(1)
is no better than (2,3)(1) because Z—; > g—z. This is the requirement of Property 2.
Ounly two sequences remain: (1)(2,3) and (2,3)(1). At this point, we must calculate the
aggregate cost for both sequences and identify the efficient sequence(s). The sequence
(1)(2,3) has a lesser aggregate cost if 1 > 05 + 03; otherwise, the sequence (2,3)(1) is
better. This demands that the shifts be arranged to form a NUWCS partition.

Finally, feasible shifts can be formed by more than one pair of agents. Property 3 elim-

inates all but efficient sequences, hence characterising the set of efficient sequences.

These cases demonstrate the necessity of carefully considering shift composition
and agent ordering. However, another important aspect is the total number of shifts

used, which we discuss next.

3.2.3 Minimising the Number of Shifts is Not Necessarily Efficient

From the preceding discussion, it might be intuitively appealing to reason that if more
than two NUWCS-Maximal partitions of the set of agents exist, and the sequence
serves agents in a given shift in any non-increasing order of their urgency indices,
then the aggregate cost-minimising partition might be the one with the least number

of shifts since decreasing the number of shifts does reduce the make-span (total time
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required to process all jobs) and hence perhaps reduces the cost. However, unlike
scheduling situations where the cost is the same for each of the jobs, in sequencing
problems where unit waiting costs are agent-specific, this does not necessarily hold.

We present Example 1 to demonstrate one such case.

Example 1 Consider an instance of a knapsack sequencing problem where the agent

characteristics are as in Table 1 and shift length T=10.

Agent label (i) | unit Waiting cost (0;) | processing time (s;) | Urgency index (Z—l)
I 30 3 10 ]
2 20 4 5
3 9 6 1.5
4 10 7 1.42857 ~ 1.43

Table 1 Agent Characteristics for Example 1

There are 15 partitions of the set of four agents. We report all shifts by ordering agents
within each shift in the non-increasing order of their urgency indices. The set P(N) has the

following elements:

° (1,2,3,4)
e (1,2,3)(4), (1,2,4)(3), (1,3,4)(2), and (2,3,4)(1)
° (1,2)(3,4), (1,3)(2,4) , and (1,4)(2,3)
e (H)2)3,4), (1B)(2,4), (HH)(2,3), (2)(3)(1,4) , (2)(4)(1,3) , and (3)(4)(1,2)
* (H(2)B)(4)
Out of these, the partitions containing only feasible shifts are the following:
° (1,4)(2,3)
* (1)(4)(2,3), (2)(3)(1,4), (2)(4)(1,3), and (3)(4)(1,2)

)(4)(2
(1)(2)(3)(4).

Out of the partitions with feasible shifts, the NUWCS order of shifts is in partitions:

(1,4)(2,3)
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* (1)(2,3)(4), (1,4)(2)(3), (1,3)(2)(4), and (1,2)(4)(3)
* (H2)H)B).

Out of the feasible NUWCS partitions, the NUWCS-Maximal partitions are:
° (1,4)(2,3)

(1,2)(4)(3) and (1,3)(2)(4)

The agents are already arranged as per Property 2. Hence, all these 3 sequences are
candidates for efficient sequence(s). In Table 1, we calculate individual agents’ costs and
aggregate costs for sequences (1,4)(2, 3) and (1, 2)(4)(3). We show that the efficient sequence
is (1,2)(4)(3) even though it takes three shifts to serve all the agents while the same could
be achieved in two shifts only. Hence, this is a case where minimising make-span does not
coincide with minimising aggregate cost. Analogous calculations can be made for the sequence

(1,3)(2)(4), and the aggregate cost can be found to be 721.

Agent (i) | (6;) | (s:) (%) Agent-i cost in {1,4},{2,3} | Agent-i cost in {1,2},{4}, {3}
1 30 3 10 90 90
2 20 4 5 280 140
3 9 6 1.5 180 234
4 10 7 1.42857 100 170
Aggregate Cost 650 634

This example illustrates how a 3-shift partition is cost-efficient, while a 2-shift partition is not.

This completes the example. We now turn to the computational complexity of KSP.

3.3 Computational Complexity: NP-hardness of KSP

We prove that the Knapsack Sequencing Problem (KSP) is strongly NP-hard by a
reduction from the strongly NP-complete 3-PARTITION problem (Garey and Johnson,
1979). Given an instance of the 3-PARTITION problem, we reduce it to a decision variant
problem asking: given a threshold K, is there a sequence that achieves an aggregate
cost of K or less? This proves NP-hardness of the problem, while for the YES-instances

of the 3-PARTITION problem, verification is done by calculating the aggregate cost in
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polynomial time, proving membership in the NP-class. Thus the decision version of

the problem is shown to be NP-complete.

3.3.1 3-Partition

Definition 11 (3-PARTITION) Given a multiset X = {x1,...,z3,} of positive integers with

3r

B B )

Z<x¢<§, Vi, ;xi:rB,
i=

decide whether X can be partitioned into r disjoint triples each summing exactly to B.

3-Partition is strongly NP-complete.

3.3.2 Reduction to KSP

Given a 3-PARTITION instance X, we construct a KSP instance as follows:

Jobs: J ={1,...,3r}.
® Processing times: s; = x;.

e Unit waiting-costs: 0; = ax; for some fixed o > 0.

Shift length: T'= B.

Total load: 327 s, = rB.

Thus exactly r shifts of length B suffice to process all jobs; we do not claim yet
that such an order is efficient.
3.3.3 Equal Urgency Ratios

Since
01' ax;

s @
all jobs share the same urgency index. Within any shift, the job order is immaterial.
Within shifts, the sum of unit waiting cost equals the load of the shift; every exact-

load shift has the sum of unit waiting cost aB. So, exact load shifts are placed before
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(in any mutual order) non-exact load shifts. The non-exact load shifts must be in
non-increasing order of their loads. Such sorting is easily achieved in polynomial time.
Therefore, once a partition of jobs into r-shifts is found, rearranging jobs and shifts is

trivial to find the aggregate-cost-minimising order.

3.3.4 Cost Identity

Since the objective is not to maximise utilities but only aggregate waiting costs, we
do not bother about monetary transfers in the exercise below. For a sequence, let

S¢ = 3 ;co i denote the load of shift £. Expanding completion times yields

zi:oisi - %Z (sg +Zx§) +a2€:(€— 1)BS,. (6)

J4 i€l

The three terms correspond to:

. . . . . . 2
1. job-intrinsic contributions § . x7,
2. quadratic-in-load terms %552,

3. inter-shift offsets a(£ — 1)B.S,.

3.3.5 YES Instances

If the 3-Partition instance is YES, then we can partition into r triples each summing
to B, so Sy = B for all £. The ordering of jobs within shifts, and the ordering of jobs is
immaterial. The aggregate cost CYFS is invariant. Plugging into (6) gives the baseline

cost C'YES;

-1 1
O =3 s = 4B O e o U g 25 WO D e (g
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3.3.6 NO Instances

In a NO instance, at most r — 2 shifts can be exact fills. Consider the most efficient

possible NO schedule, where exactly one job j (with z; € (B/4, B/2)) spills into the

(r + 1)-st shift, and the last two shifts have slacks 6,1, 6, > 0:'°

Sr—l :B*(Sr—la Sr:B*(sm ST+1 = Ty,

with conservation

57‘71 + 67" =Tj.

Since shifts are ordered by non-increasing loads, we have

6r—1 S 67‘-

3.3.7 Cost Difference

Subtracting CYES from (6), we obtain

A(6;-1,6,) = CNO = OV = a(a? = 6,-10, + Bd,_1).

i

Substituting 0, = x; — 6,1 gives

@((57-_1) = OL(?E? + 6?_1 + (B — xj)&_l).

Since z; < B/2, we have B — x; > 0, and thus

(I)/(éT,l) = 0[(257«,1 + (B — l'j)) >0, Vo,_1 € [0,5%/2]

151f more than one jobs spillover it certainly increases the aggregate cost. It suffices to lower bound the

CNO instances with only one job spilling over.
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Hence @ is strictly increasing, and

inf A(Jr_l,xj - 51“—1) = lim (I)((Sr_l)

0<8r—1<x;/2 0r—110

Thus for every feasible 6,1 > 0,

A(Sp—1,0,) > ax?.

3.3.8 Threshold Separation

Let zmin = min; z;. Define
._ YES a2
K:=C + S Tmin-

Then:

e If the instance is YES: CYES < K.

® If the instance is NO: CNO > CYES 4 > CYFS 4

Therefore, the KSP instance has a schedule with cost < K (inequality is never strict)

if and only if the 3-Partition instance is YES.

3.3.9 Conclusion

We have given a polynomial reduction from 3-Partition to KSP. Since 3-Partition is

strongly NP-complete with bounded item sizes, we conclude:

min

_ 2
= Oél'j.

> K.

Theorem 1 The Knapsack Sequencing Problem is strongly NP-hard.

Proof Proof sketch: We have shown a reduction from the 3-PARTITION (NP-complete) prob-
lem to the decision version of the KSP above. The verification involves calculation the
aggregate cost ), 0;5; using the solution of the 3-PARTITION problem with job ordering and

shift ordering being irrelevant. Hence, the decision version of the KSP is in the NP class.
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Therefore, the decision version is itself NP-complete. The optimisation problem is therefore,

NP-hard. O

Remark (Intuition).

The core intuition is simple: in a YES-instance, the r jobs groups exactly fill r shifts of
length B, incurring no slack. In any NO-instance, some job must spill into an (r+1)-st
shift, creating unavoidable slack. Because waiting costs accumulate linearly with time,
r consecutive full shifts are strictly cheaper than 41 partially filled shifts. The detailed
slack analysis above quantifies this gap precisely, but the essential phenomenon is that
additional shifts always increase cost once the urgency ratios are equal. This is not
the case in Example 1.

Given these complexities in determining efficient sequences, it becomes essential

to design mechanisms that are robust to strategic manipulation by agents.

4 Strategy-proofness and Efficient Sequencing Rule

While we do not have an algorithm to construct or identify an aggregate cost-
minimising feasible sequence for KSP, such a sequence exists by definition. A brute
force search over the set of all subsets of the set of agents can discover the efficient
sequence(s). Properties 1, 2, and 3 in Subsection 3.2 can serve as heuristics to reduce
the search space. From the mechanism design perspective, the challenge arises in imple-
menting such an efficient sequence because the waiting costs of jobs are the agents’
private information. For strategy-proof mechanisms to exist, the sequencing rule o

needs to be a non-increasing (NI) sequencing rule!®.

16For sequencing problems, the non-increasingness property is actually the weak monotonicity (or two-
cycle monotonicity) property. On any convex domain (like our convex domain R’ ), weak monotonicity
(W-Mon) is both necessary and sufficient for implementability in dominant strategies of a deterministic
social choice rule. See Bikhchandani et al (2006).

28



Definition 12 Non-Increasing (NI) Sequencing rule: A sequencing rule o(f) is a non-
increasing sequencing rule if V0 € Rf_i_,w € N, the job completion time S;(o(6)) is non-

increasing in 6;.

The non-increasingness of sequencing rules is both necessary and sufficient for
strategy-proofness in the sequencing problem context, as noted in De and Mitra (2019);
however, for a KSP, the result needs to be re-established. To analyse the strategy-

proofness of the efficient sequencing rule, we first establish its non-increasing property.

Lemma 1 The efficient sequencing rule o* is a non-increasing sequencing rule.

Proof We prove Lemma 1 by contradiction. Suppose there exist profiles (0;,0_;) and
(0;,0_;) where 6 > 6;, and an agent-i such that the efficient sequences are o*(6;,0_;)
and o*(0},0_;), and agent-i’s job completion times are S;(c*(6;,0_;)) and S;(c*(0,0_;))

respectively, satisfying S; (o™ (05,0_;)) > S;(0*(05,0_;)).

Let the aggregate cost of serving agents in the sequence o*(0;,0_;) when agent-
i’s unit waiting cost is 6; be C(0*(0;,0_;);6;). If agents are served in the sequence
c*(0;,0_;) when agent-i’s unit waiting cost is 92, then the aggregate cost is given by

C(0™(0;5,0—4);0;) = C(c™(05,0—3);6;) + (0; — 0;)Si(0™ (65,60—5)).

The aggregate cost of serving agents in the sequence o*(6},0_;) when agent-i’s unit
waiting cost is 0} is given by C(c* (6}, 6_;); 0%), and if agent-i’s unit waiting cost is ;, then the
aggregate cost of serving agents in the sequence o*(6},0_;) is given by C(o™(6},0_;);6;) =
C (o™ (6;,0-1); 07) — (65 — 0:)S; (0™ (65, 0—)).

C(o*(8:,0-4); 07) C (o™ (0;,0-4):6;)
+(9§*9i)5i(0*(9i’9—i)ﬁ T+(‘9§—9i)5i(0*(9§x9—i))
C(o™(65,0-);0;) C(o™ (67, 0-1);0:)

IN

IN
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By definition of the efficiency of the sequence o*(6;,0_;) : C(o*(0;,0_;);60;) <

C(U*(Q;,G_i); 0;). Also, C(U*(Gg,ﬁ_i);ﬁg) > C(U*(ﬁg,ﬁ_i);ﬁi).

Since S;(0*(05,0_;)) > S;(c*(8;,0—;)), therefore: C(a*(0;,0_;);0%) < C(a™*(05,0_;);65).

This contradicts the definition of the efficiency of the sequence o™ (8}, 60_;).

This completes the proof. O

We define the family VCG rules below.

Definition 13 VCG Transfer rule The VCG transfer rule is defined as 7(0), where Vi € N,
V6 € R}, , and arbitrary h;(6_;) : R’_ﬁ_l - R:

7(0) == 0;8;(c™(0)) + hi(0—s), (12)
JF#i

Building on Lemma 1, we demonstrate that the VCG transfer rule ensures strategy-

proofness in the following proposition 1.

Proposition 1 Consider any instance of a knapsack sequencing problem with the set of
agents N, any T' € Ry, and some vector of processing times s € R | such that >, s; >
T. If the transfer rule 7 is the VCG transfer rule 7, then the mechanism (¢, 7) is strategy-

proof.

Proof The sequencing rule o* () serves agents within each shift in non-increasing order of
their urgency indices. We denote by S;(o(0)) the completion time of agent-i’s job in the
sequence o(6). Consider any agent-i € N. Fix the report of all other agents at any 6_; €
!N\ | Consider a mechanism u = (o,7). When the true unit waiting cost of agent-i is
0; and the report of agent-i is éi, strategy-proofness of p = (o,7) requires that V@i,éi €

Ryy,VO_; € ]Ri:_l, and every s € R, such that >, s > T

ui((0(0:,0-41),7(0:,0-:));0:) > u;((0(0;,0-4),7(0;,0-4)); 0;) (13)
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When the true type of agent-i is 0; (respectively él), Condition 13 demands Condition

14 (respectively Condition 15):

—0157,(0'*(07,,971)) + TZ(QZ,Q ) 0 S ( (9 971)) + Ti(éi,efi) (14)

—0;8;(0™ (03,0—3)) + 7i(0:,0—3) > —0;S; (0™ (0;,0—7)) + 7 (6;,0_;) (15)

Conditions 14 and 15 together demand Condition 16

0:(S:(c*(0:,0-3)) — Si(a™ (0;,0-4))] > 74(0:,0—;) — 75(0;,0—;)

> 0;[Si(0"(0;,0—3)) — Si(0"(6;,6-3))]  (16)

Without loss of generality, let éi > 0;. The existence of any solution requires that (éi —
91‘)[31'(0'*(91‘,9,1‘)) — Si(U*(éi,Q,Z‘))] >0, or SZ‘(G*(Qi,Q,i)) > Si(a*(éi,e,i)), which is true

because of Lemma 1. Using Equation 12, we get:

7i(0,0-3) = = > _0;S;(07(0:,0-3)) + hi(6_s) (17)
J#i
7i(05,0-5) = = _0;5;(0” (6:,0_)) + hi(6_;) (18)
J#i
7i(05,0-1) = 7i(0:,0—i) = ) 0;5i(07(05,0-0)) = Y 0;S;(0" (6:,6-1)) (19)
J#i VE)

We need to show that Equation 19 satisfies Conditions 14 and 15. If Equation 19 satisfies
Condition 14, then the following must be true:
> 0;85(0" (0:,0-5)) = Y 0;S;(0"(05,0-4)) > 05[Si (0 (65,0_3)) — Si(0™(6:,6—0))]
J#i J#i
which is equivalent to demanding:
> 0585(0™ (0:,0-3)) = Y 0;8;(0"(05,0-4)) (20)
JEN JEN
Condition 20 is true by the definition of the efficient sequencing rule o*(6). Similarly, by the
definition of the efficient sequencing rule O'*(éi, 0_;), Equation 19 satisfies Condition 15.

This completes the proof. O
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4.1 First Best Mechanism for Knapsack Sequencing Problem

While strategy-proofness is crucial, achieving first best outcomes requires mechanisms
that are also efficient and budget-balanced. In this section, we explore the possibility

of first best mechanisms for the KSP.

In a sequencing problem with costs linear in time, Suijs (1996) has shown that first
best mechanisms exist. By first best mechanisms, we mean mechanisms that satisfy
the efficiency of decision, which in our case means an efficient sequence, implementa-
tion in dominant strategies (strategy-proofness), and budget balance, which demands
that the sum of transfers to the agents add up to zero. Mitra (2002) has shown that
among a larger class of sequencing problems, linear cost Sequencing problems with
at least three agents are the only ones allowing for the existence of first best mecha-
nisms. It is not obvious that knapsack sequencing problems should allow for first best
mechanisms. Budget-balancedness is a desideratum of mechanisms stemming from the
fact that such mechanisms do not require the existence of a mechanism designer to
either finance the mechanism or collect surplus from it. Budget-balanced mechanisms
can also be modelled as transferable utility games between the agents, and hence the
proposed solution can be obtained as an equilibrium in cooperative game-theoretic
approaches to the same problem. Additionally, this implies that there are no welfare

losses from the private information setting.

We begin by examining the simplest case of two agents to understand the

limitations of first best mechanisms in KSP.

4.2 Two-Agent KSP

In this subsection, we show an impossibility result 7.

17See Remark 3.2 in Mitra (2002) for the same result in a sequencing problem set-up.
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Proposition 2 For any KSP with only two agents, no first best mechanisms exist.

Proof Let the shift duration be denoted by T. Let N = {1,2} with profile 6 = (61, 02)
and vector of job processing times s = (s1, s2) such that s; + sg > T. Let the tie-breaking
rule be =pp:= 1 >=7p 2. Without loss of generality, let 61 > 62. The efficient sequence
serves agent-1 in the first shift and agent-2 in the second shift. The VCG transfers are
71(0) = —T62 4+ h1(02) and 12(0) = ha(01). Budget-balance requires 71(6) + m2(6) = 0.
Thus h1(02) + ha(61) = TH3. Suppose this is true at the profile . Consider another profile
(61,0%) where 02 > 6. Then the efficient sequence is the same, and VCG transfers are
T1(61,05) = —T05 + h1(05) and 12(01,05) = ha(61). From budget-balancedness at profile
(01,0%), h1(05) + ho(61) = T0%. Therefore, hi(02) — h1(05) = T(02 — 65). The function
h1(62) for all 62 < 67 is a line with slope T. If h1(0) = C for some constant C, then
h1(02) = C + TO3. Therefore, 71(0) = C and m2(0) = —C for all profiles where 67 > 03. The

utility of agent-1 is uj(¢*(0),7(0)) = —0151 + C.

Similarly for all profiles (67,62) where 6] < 62, the efficient sequence serves agent-1 in
the second shift and 71(67,62) = C’ for some constant C’. The utility of agent-1 is given by
w1 (a* (0], 02),7((01,02))) = =01 (T+s1)+71(01,02) = —01(T+s51)+C’. For a mechanism with
such transfers to remain strategy-proof, —0)s1+C < —07(T+s1)+C" is required. Therefore, it
must be true that T9/1 < C'—C. Similarly, —01s1+C > —6; (T+51)+C' — T6, >C'-C.
For every 0, we have 61 > 62 > 6}, and for constant C and C’, we need T6; > C' —C > T¥},
which cannot be true for all 61, 6.

This completes the proof. O

To generalise our findings and explore the feasibility of first best mechanisms in

broader contexts, we utilise Walker’s Cubical Array Lemma.

4.3 Walker’s Cubical Array Lemma

In a transferable utility environment where utility functions of agents are quasilinear,

Walker (in Walker (1980)) has shown that if the transfer rule is a VCG rule or a
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Groves’ Scheme ( Groves (1973) ), and the public decision function maximises aggre-
gate valuation (for our purposes the sequencing rule minimises the aggregate cost,
i.e., is an efficient sequencing rule) and the transfers are budget-balanced, then the
mechanism satisfies a certain Combinatorial Property. We define the Combinatorial
Property (CP) demanded by Walker for our setting and restate Walker’s result as it

applies to the present model in consideration.

As before, N is the set of n-agents, c*(-) denotes an efficient sequencing rule, 7
denotes the VCG transfers (which are Groves’ transfer scheme and satisfy Condition-
G in Walker (1980)), and 3(N) denotes the infinite set of all possible sequences. Let

6,0" € R’ | denote two profiles over the set X(IV).

Definition 14 Cubical Array For any ordered pair (6,0) of profiles (on the set Z(N)),

the Cubical Array generated by (6,6') is the set

(0,0) = [T10:.00)
=1

For each subset S of N, the S-vertex of €(6,6") is the profile (S) = (0s,0_g) in
which 0;(S) = 6; if i € S and 0;(S) = 6} if i ¢ S. We denote by C(c(6),8) the aggregate
cost of the sequence O'(é) when the true profile is 6 and o is any sequencing rule.
In particular, C(c*(6(S5)),0(S)) denotes the aggregate cost of the sequence o*(6(.5))

when the true profile is 6(.9).

Definition 15 Let o : Rl ; — X(N) be any sequencing rule. The budget balancing criterion

for o is the function Fy : Rt ; x R, — R defined by

Fo(0.0) = Y (=1)*lc(e(0(5)), 0(5)).

SCN

C(0(0(5)),0(S)) denotes the aggregate cost of sequencing rule o at the S-vertex of

the Cubical Array €(6,6’). Now, we come to the Cubical Array Lemma, which states
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that a sequencing rule o will admit budget-balanced VCG transfer rules only if F}, has

the value zero on the Cubical Array €'(0,6’).

Lemma (Walker (1980)) Cubical Array Lemma Let (V) be the set of sequences; let
n > 2;and let 0,60" € R” , be two profiles. If a mechanism p = (0, 7) is such that the transfer
rule is the Groves’ transfer rule 7 and Y, 7:(6(S5)) = 0 on the Cubical Array €'(6,6'), then
Fr(0,0") =

Proof We have:

Fp0,0") = > (-1)*lc(a(6(5)),60(5))

SCN

= S0 y) Do

SCN ieN

1
e 'S'( )Zh CENGRLNEY

) S (1) i (B 1y B gay)
iEN SCN

( ) > {Z hil0s (i) Oon) = D hi(‘)S\{i}v@’S\{i})}
eEN -SeE

Se0

=(n71)2[2h (514 = X mo(s\ ()|

i€N -SeE Se0

where E := {S C N : |S|iseven } and O := {S C N : |S| is odd }. We will show that the

expression in square brackets is zero for each agent-i € N.
Let i € N, and fix any agent-i for the remainder of the proof. We partition the sets E
and O into those sets that contain agent-i and those that do not:
Eoy={Se€E:i¢ S} ,E; ={Se€E:ie S}

0y={S€0:i¢S},0,={Sc0:icS8}

Two lemmas will be needed to prove the Cubical Array Lemma. The first one is obvious.
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Lemma (Walker (1980)) A The map from E; to Qg that carries S to S\ {¢} is a one-to-
one correspondence from E; to Qg. The map from Eg to Q1 that carries S to S U {i} is a

one-to-one correspondence from Eg to Q1.

Lemma (Walker (1980)) B For each S C N, the three (n—1) tuples 8((S\{i})\{3}), 6(S\
{i}), and 6((S U {i}) \ {i}) are equal: (9(3\{1‘})\{2‘}792_5\{1-})\{1'}) = (95\{1'}79/_5\{1'}) =

/

(9<su{i}>\{i}79 (su{m\{i})'

Proof For the components of tuples coming from 0: (S\ {i})\ {i} = S\ {i} = (SU{i})\ {¢}.
For the components from ¢': —(S\{i})\{i} = (=SU{iPD\{i} = =S\ {i} = (-=-S\ i)\ {i} =
—(SU{ih\{i}.

Lemma B is proven. O

Now we need to show: Y g hi(0(S)) — X gep hi(0(S)) = 0.

We have:

D hi(0(S) = D hi(0(S) + Y hi(0(S))

SeE S€eE, S€eEy
= > hi(0(S\{i})) + > hi(0(SU{i})), by Lemma A
Se0o Se0,
= > hi(0(S) + > hi(6(S5)), by Lemma B
Se0g Se0y
=Y hi(0(5))
Se0

Whenever a sequencing rule o is defined on the Cubical Array %(6, '), we will say that
both the array and the pair (6,60’) are balanced if Fi(6,6’) = 0, and they are unbalanced
if Fy(6,0") # 0. We have just shown that unbalanced arrays do not admit VCG transfers
that are budget-balanced because no functions defined for all agents ¢ € N as h;(0_;) exist

satisfying the condition (n — 1),y hi(0—;) = C(a(0),6).
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We may now apply the Cubical Array Lemma on the efficient sequencing rule to check if

budget-balanced VCG transfers are possible for a KSP. (]

In subsection 4.4, we apply Walkers Lemma to a subclass of KSPs where no two
agents can be served together in a shift and show that such KSPs admit first best

mechanisms.

4.4 First Best Mechanism for n-shift KSP

We now consider KSPs with more than two agents n > 2, where Vi,j € N, s;+s; > T.
This restriction means all non-empty feasible shifts are maximal by definition, and
every NUWCS ordering of shifts is efficient. As an implication of the necessity of
NUWCS ordering of shifts, the efficient sequencing rule is simple: agents are served
in a non-increasing order of their unit waiting costs. This sequencing rule is the Just*
sequencing rule identified in De and Dube (2023), which generalises the two-step tie-

breaking rule of the Just sequencing rule identified in De and Mitra (2017).

Definition 16 Just* Sequencing rule o/*(6): A sequencing rule o7* : R — ¥ is called
the Just* sequencing rule if for any profile § € R’} the chosen order o7*(s,0) satisfies the
following property: for any 4,5 € N 6; > 6; = ol*(s,0) < 03-]* (s,0).
We use the following tie-breaking rule for the Just* sequencing rule: al*.

TB(J*): There is a linear order 75 on N such that if 0; = 6; and i >7p j then (J‘ZJ*(S, 0) <

o*(s,0).

The externality of each agent is that he causes every agent served after him to wait

for T units of time more. The VCG transfer rule in its pivotal form simplifies to:

O = =T Y 0+ hi(0-s),

JEF;(a7*)
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where h;(0_;) : R4+ — R is arbitrary.

Proposition 3 All n-shift KSPs admit first best mechanisms.

Proof To prove the claim, we only need to show that n-shift KSPs satisfy Walker’s Lemma.

Consider two profiles 0,6’ € R% , satisfying:
01 >0>...>0), >0 >0>...>0n.

For any subset S C N, 6(S) denotes a profile where for all agents-i, 6;(S) = 6} if i € S
and 6;(S) = 6; if i ¢ S. We can consider such a profile because the domain of agent types
is unrestricted. We check using Walker’s Cubical Array Lemma if the budget-balancing

criterion Fy« is balanced on the Cubical Array generated by 6 and 6’.

To check for the budget-balancing criterion, we need to calculate the aggregate cost of
the only '® efficient queue C(c*(0(S))) for all 2" profiles 6(S) corresponds to each of the
2™ subsets S C N. Let us denote by w;, the job completion time for every queue position
k € {1,...,n}. If agent-i is in position k in any queue, he bears a waiting cost wy6;, when

his unit waiting cost is 6;.

Let us calculate the sum of waiting costs of agent-1 (with (_1)|S\) in all 2" queues.

1. He is first in the queue o*(#) and bears the cost w;f;. He is also first in 27!
queues o*(0(S)) whenever 1 € S and bears the cost w;f}. Out of the 271

subsets S containing agent-1, exactly half have |S| = odd and |S| = even. So

w107 ZSQN:leS(*l)‘S‘ =0.

18The efficient queue in all profiles 0(S) is unique since there are no ties by design.
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2. Vk € {2,...,n}, he is in queue position-k in (2:}) number of queues and bears

waiting cost wg6;. Fix any-k. The sum of agent-1’s cost in this position is equal to:

o0 (1w

and therefore the sum of agent-1’s cost in all positions (with (—1)!%!) is equal to:
i n—1 =, n—1
0> (R =6 (D
e (G S (" e

Let us calculate the sum of waiting costs of agent-n (with (—1)/°!) in all 2" queues.

1. He is last in the queue o*(¢’) and bears the cost w,#/,. He is also last in 277!

queues o*(6(S)) whenever n ¢ S, and bears the cost wy,0,,. Out of the 2! sub-

sets S not containing agent-n, exactly half have |S| = odd and |S| = even. So
wyOn, ZSQN:ngES(_]')lsl =0.
2. Vk € {1,...,n— 1}, he is in queue position-k in (Z:}) number of queues and bears

waiting cost wf,. Fix any-k. The sum of agent-n’s cost in this position is equal to:

-1
6, (-1 ("
() )
and therefore the sum of agent-n’s cost in all positions (with (—1)!°) is equal to:
- n—1 = n—1
/ k - _ g k+1 -
13 (e = 0 D (7 s

Consider any agent i(# 1,n) € N. If i ¢ S, 6;(S) = 6;, and there are i — 1 agents with
unit waiting cost strictly more than that of agent-i, therefore o (6(S)) > ¢ — 1. Similarly, if

i€ 8, 0;(S) = 0. There are n — 4 agents with unit waiting costs strictly less than that of
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agent-i and must be his followers in the efficient queue. So, if i € S, then o (6(S)) < i. Let

us calculate the sum of waiting costs of agent-i(# 1,n) (with (—1)‘3‘) in all 2" queues.

1. He is first in the efficient queue o*(0(S)) whenever i € S and Vj € {1,...,i —
1},7 ¢ S. There are 2"~ such queues with an equal number of subsets S satisfying
|S| = odd or |S| = even. Agent-i bears the cost w16} in the first position. So,
Vi€ {1, i =1} wil Y ge nies jes(—DI = 0.

2. Vk € {2,...,i— 1}, if 0f(6(S)) = k, then ¢ € S and exactly k — 1 agents from
{1,...,i— 1} are included in S. In this position, agent-i bears a cost of w8, and

i—1

there are 2"~% x (,7]

) such queues with an equal number of subsets S satisfying
|S| = odd or |S| = even. Fix any-k. The sum of agent-i’s cost in this position is

equal to:

(i1 151y, —
(2 S w0
SCN:i€S,k — 1 agents from {1,..., i—1} €S

3. If 07((0(9))) = i, and i € S, then {1,...,i} C S. There are 2"~¢ such queues
with an equal number of subsets S satisfying |S| = odd or |S| = even. The cost
borne by agent-i in such a queue is 0jw;. The total cost, with (—1)|S|7 is equal to
0 S senr. s (— D)o = 0. T o7 ((6(S))) = i, and i ¢ S, then {i+1,....,n}U
S = ¢. There are 2¢=! such queues with an equal number of subsets S satisfying
|S| = odd or |S| = even. The cost borne by agent-i in such a queue is @jw;. The
total cost, with (—1)°l is equal to 6! ngN:{i,i-s-L...,n}us:(z;(*1)|S‘wi =0.

4. Vk € {i+1,...,n}, if 07 (0(S)) = k, then i ¢ S and exactly k — ¢ agents from
{i+1,...,n} are included in S. In this position, agent-i bears a cost of wy6;, and
there are 2¢71 x (Z:z) such queues with an equal number of subsets S satisfying

|S| = odd or |S| = even. Fix any-k. The sum of agent-i’s cost in this position is
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equal to:

o) S e

SCN:i¢S,k — i agents from {i +1,...,n} € S

We have shown that no agent other than agent-1 and agent-n makes a non-zero

contribution to the budget-balancing criterion. From the above calculations,

n—1 n—1
n—1 n—1
Foe(6,0') =01 (—1)k< 1 )wk+1+92 > (—1)k+1< i >wk+1
k=0 k=0

n—1 n—1
=60y (-1 (" v 1) (KT +s1) + 05, Y (1) (“ N 1) (KT + sn)

k=0 k=0
e n—1 s n—1
= (snb), — $101)T 2(1)’”%( B ) = (snb), — $101)T 2(1)“%( B )
k=0 k=1
n—1 A n—1 n—2 v n—1
/ -1 — 7 ’ —
= (snbp — $101)T Z(_l) </€ . 1> = (snbp — s101)T Z (=1 < 12 )
k=1 k’=0
n—2 A n—29
= (snfp — 5100)T(n— 1) > _ (-1)F < W )
k’=0
The budget-balancing criterion demands that Fy+(6,6') = 0. For n =

2,02 (-1 (") = (§) = 1. But for n > 3, Y023 (-DF (%) = 0.

We have shown that n-shift KSPs with at least three agents always satisfy the Cubical

Array Lemma, and therefore such n-shift KSPs admit first best mechanisms.

This completes the proof. O

On the one extreme, n-shift knapsack sequencing problems admit first best
mechanisms, while on the other extreme, 1-shift knapsack sequencing problems also
admit first best mechanisms. De and Mitra (2019) investigate such mechanisms for
the (1-shift) sequencing problem. One such family is the Balanced-VCG mechanism

characterised in Chun et al (2023).
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However, checking whether the intermediate sub-classes of KSPs allow for the
existence of first best mechanisms remains a difficult open problem. We cannot apply
Walker’s Lemma because it involves calculating the cost for each agent in the efficient
sequence over two profiles. However, we do not have a closed-form solution for the
efficient sequencing rule in the intermediate cases. Changing the problem from n-shift
to n — 1 shift, where only one pair of agents can be served as a feasible shift, already
fine-tunes the sequencing rule from the Just* rule of De and Dube (2023) to the Just

sequencing rule of De and Mitra (2017), requiring two steps in tie-breaking.

The impossibility result established in Dube (2025) for first best mechanisms for
the intermediate cases of the queueing (s; = 1,Vi € N) problems with capacity con-
straints, implies that no first best mechanisms exist for the unrestricted intermediate

classes of KSPs.

Despite the negative result for KSPs, which follows as an implication of the impos-
sibility of first best mechanisms for the entire class of KQPs whenever the server sits
idle while agents have to wait, it is necessary to understand why first best is too much
to ask for in a KSP setting. In the following section, we demonstrate through an exam-
ple that enforcing an efficient sequence based on agents’ reports and forcing a budget

balanced VCG rule violates strategy-proofness.

4.5 Characterisation Result for n-shift KSPs

The efficient sequencing rule for n-shift KSPs is the Just* sequencing rule defined in
Definition 16. It generalises the tie-breaking rule of the Just sequencing rule in De

and Mitra (2017).
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In generic mechanism design frameworks with multidimensional signals and inter-
dependent valuations, Jehiel et al (2006) have shown that the only deterministic
social choice functions that are ex-post implementable are those rules for which the
same alternative is chosen irrespective of agents’ signals; that is, the outcome should

be independent of the interdependent signals.

The Just* sequencing rule is independent of the vector of job processing times of
the agents. Therefore, if we have a two-dimensional incentive problem, where every
agent’s unit waiting cost as well as processing time are both private information,
then it is possible to implement the Just* sequencing rule in an ex-post sense. If the
agent’s processing times are private information, we have a mechanism design prob-
lem under interdependent valuation when studying the sequencing problems without
capacity constraints. But no such interdependence arises when studying n-shift KSPs.
Even the VCG transfer rules do not incorporate individual job processing times of
the agents. Hence, even when both processing time and unit waiting costs are private
information, the VCG rule implements the efficient sequencing rule (the Just* rule)
in dominant strategies, i.e., the mechanism is strategy-proof. Such is the strength of

the VCG mechanism for the particular case of n-shift KSPs.'?

Theorem 2 Consider any n-shift KSP with the set of agents N, where |[N| > 3. A mechanism
w = (o, 7) is first best (efficient sequencing rule, strategy-proof, and budget balanced) if
and only if the transfer rule 7 is a Symmetrically Balanced VCG rule 5B , where for all
agents ¢ € N, all possible feasible vectors of jobs processing times s € R}, all profiles

0_; € Ri;l, and for every 0; € Ry, g;(0_;) : R 5 R are arbitrary functions satisfying

9With a different objective of minimising the sum of transfers in two-dimensional private information,
Hoeksma and Uetz (2016) also find such mechanisms. In De and Mitra (2017), the ICJ mechanism is shown
to be ex post incentive compatible with two-dimensional private information. Here, our mechanism is DSIC
because valuations are not interdependent in n-shift KSPS as they are in a sequencing problem.
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2ien 9i(0—i) = 0.

(05(0) - 1) n—o;(0)
JEP; (0*(8)) JEF;(0*(0))

Proof In order to prove the theorem, we need to show that the transfer rule TZSB (0) is in the
class of VCG transfer rules in definition 13. Then, we need to show that the symmetrically
balanced rule is budget-balanced and any budget-balanced VCG rule can be written as a

symmetrically balanced VCG rule.

In definition 13, the following substitution can be used to convert the VCG rule into a class
larger than the symmetrically balanced VCG rules with arbitrary g;(0—;) : Rr_ﬁ_l — R. This
proves that the symmetrically balanced VCG rule is in the class of VCG rules, and therefore

the necessity and sufficiency parts for efficiency and strategy-proofness are completed.

. -1, 4
hi(0—i) = Gi(0—i) + > _Ojsi+ Y Z_ 5 (07 (0) = 1)T0;
Vial JEP;(o*(0))

R A ]

+ n—2

T@j
JEF;(0*(0))

We need to show the necessity and sufficiency of the symmetrically balanced VCG rule
for budget balancedness to complete the proof. Suppose there is a VCG rule that is budget-

balanced. Then:
> hi(0—i) = (n—1) Y _[(7(0) — )T + 5,16,
iEN JEN

Computing the left-hand side:

Z{Z‘%swr PO CHORR TN S (n = D0;0) =2) ry.

: — . ) n—2
iEN “j#i JEP; (% (0)) JEFi(o*(0))

(D SRR S SR CHO RN

iEN i€N jEP;(0*(0))

Yy (n—l)(0§(9)—2)T9j

: n—2
iEN jEF;(a*(0))
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= (=) Y s+ 0 S (= 03 (0))((6) ~ 1T,

ieN JEN

Ly oy ooy,

: n—2
€N jEF;(o*(0))

N Z — D —1)(s5(6) —2)

p—" T0;

JEN

= (= 1) fusi + oy S (0= 0 (6)) + (0 (6) — D]} (6) ~ )T

ieN jEN

:(n—1)29i8i+n_
iEN JEN

=(n-1) Z 0;si +(n—1) Z(a;(e) — 1)T6;

ieEN JEN

=(n—1) > 1(05(0) = DT +5;10;

JEN

n — 2](c7(8) — 1)T0,

Using the substitution above, we have:

ST hi(0—) = (n—1) Y _[(07(0) = DT + :]0; + > 5:(0—
i€EN iEN iEN
If a budget-balanced VCG transfer rule exists, then:
> ha (n—1) Y _[(o(0) = VT + 5510,
ieN JEN
This implies that g;(0_;) may be any arbitrary functions, but they must satisfy:
> Gi(0-)=0
i€EN
This is exactly the definition of the symmetrically balanced VCG rules. This completes

the proof of necessity. The sufficiency is easy to verify, hence omitted.

This completes the proof. O
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We have characterised the class of first best mechanisms for n-shift KSPs. This is

optimal from the utilitarian point of view.

5 Three-Agents: Efficiency and Budget-balance
Make the Mechanism Not Strategy-proof

We begin by defining the i-reduced KSP.

Definition 17 i-reduced KSP Given any instance of the knapsack sequencing problem
with the set of agents N and vector of processing times s € R}  , the i-reduced KSP is defined

as the KSP with the set of agents N\ {¢}, profile 6_;, and the vector of processing times s_;.

With regards to a KSP with the set of agents N, o*(f) denotes an efficient
sequence for the problem, and Vi € N, 0*(0_;) denotes an efficient sequence for the i-

reduced KSP. The sequencing rules o*(6) and o*(6_;) use the same tie-breaking rule.

We intend to use a budget balanced VCG rule in Example 2. We borrow the
definition of the B-VCG mechanism from Chun et al (2023), which delivers first best
allocations in a sequencing problems setup without capacity constraints. The B-VCG
transfer rule can easily be verified to be always budget balanced. In sequencing prob-
lems, the rule also makes the efficient sequence implementation strategy-proof. This,
however, is no longer the case in the KSP setting. Demanding a budget balanced rule

implementing the efficient sequence makes the mechanism manipulable.

Let E(#) denote the set of aggregate cost-minimising (efficient) sequences at profile
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Definition 18 (Definition 3.1 in Chun et al (2023)) A mechanism u = (0*,75) is the

balanced VCG mechanism (or B-VCG mechanism) if for any 6§ € R} | 20 5* € E(0), and for

any ¢ € N,
0;X;i(0 0;Y;;:(0
Loy= Y WO s ) (22)
JEP(o*(0)) JEFi(o(6))
where
1.
1
Xj‘(@:si"‘ﬂ[ Z S, — Z | sk]7and
keP;(a=(0)) keF; (a* (0)\{i}
2.

1
in(9)=5i+ng[ dooosm— D, Sk]
kEF;(o*(0)) kEP; (a* (9))\{i}
For the three-agent case we discuss in Example 2, we do not need the complicated
form of the transfer rule. We propose a specific 3-agent definition of the rule, which

is easier to work with.

Suppose N = {p, ¢, 7} with the vector of job processing times s = (s, ¢, 5r), let
the profile  be such that the efficient sequence o*(#) is such that agent-p is served

first, followed by agent-g, and finally agent-r.

* ¢ =Fy(07(0)), and F,(0"(0)) = {q,7}
{p} = Py(07(0)), and Fy(o™(0)) = {r}.
{p,q} = P(c7(0)), and F,(07(0)) = ¢.

Calculating the X;; and Y;; parameters for the efficient sequence, we get:

1. Xqp(0) and X,,(9) are not defined. Yy, (0) = sp + s, and Y, (0) = s, — 5.

2. Xpg(0) = sq — s, and X,4(0) is not defined. Y,.,(0) = sy — s;, and Y;.,(#) is not
defined.

3. Xpr(0) = s — sq, and Xy, (0) = s, + 5p. Yy (0) and Y, (0) are not defined.

20Chun et al (2023) define the rule for profiles 6 € R’ . However, the change is inconsequential to the
present objective.
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Calculating the transfer for the three agents:

_ 0Yop _ 0rYep Oq(sp +5r)  0r(sp — sq)

5o =— - 2
() =75 2 2 2 (23)
0,X 0,Y, 0,(sq — s, 0.(sq — s
TL]B(Q) — PQ:Dq _ 5 q _ p( q2 ) _ ( q2 ;D) (24)
TrB(e) _ 917*;(1"’ + eq;(qr _ 9p(8r2— Sq) + eq(sr;‘ Sp) (25)

It is easy to see that the sum of transfers is zero. Therefore, a mechanism com-
prised of the efficient sequencing rule and the B-VCG transfer rule is efficient and

budget balanced.

Consider the following three-agent example of a KSP.

Example 2 Consider a KSP with shift duration 7' = 10. Let N = {1,2,3} be the set of
agents. Let the job processing times be s; = 7,52 = 3, and s3 = 4. For any profile, a shift
serving all three agents together, or serving agent-1 and agent-3 together, is infeasible. Let

the true profile be 6 = (61, 62,03) = (21,8,11).

The efficient sequence serves agent-1 and agent-2 in the first shift, with agent-1 preceding

agent-2. The second shift serves agent-3.

It can be verified that the agents in shift-1 are ordered in non-increasing order of their
urgency indices. It can also be checked that shift-1 cannot accommodate agent-3; hence it
is a maximal shift. The sum of unit waiting costs of agents in shift-1 is 21 +8 = 29 > 11,
which is the sum of agents in shift-2. Therefore, the shifts are in NUWCS order. The efficient

sequence satisfies the necessary properties.

Note, however, that the efficient sequence obtained is not the same as dictated by the
efficient sequencing rule for a sequencing problem without capacity constraints, which would

order the agents in non-increasing order of their urgency indices. Here, agent-3 has an
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urgency index %, which is more than the urgency index of agent-2 % Still, agent-2 precedes
agent-3 as a result of the infeasibility of beginning to serve agent-3 when agent-2’s job begins

processing, i.e., at time ¢t = 7.

The job completion times are S1(6*(f)) = 0+ 7 = 7,52(6"(#)) = 7+ 3 = 10, and
S5(c*(0)) = 10+ 4 = 14.

We define the externality of an agent-i as the difference between the aggregate waiting
cost of all agents other than agent-i in the efficient sequence and the aggregate cost of all
other agents in the efficient sequence of the i-reduced problem.

The externality of agent-1 is —134, while agent-2 and agent-3 have zero externality.

The waiting costs are:

e Agent-1: —21(7) = —147
e Agent-2: —8(10) = —80.
o Agent-3: —11(14) = —154.

The aggregate waiting cost is 147 + 80 + 154 = 381.

We know from Proposition 1 that if the mechanism uses a transfer rule from the VCG
family of rules, then it is strategy-proof. But we also need a budget balance. Hence, we use
the B-VCG transfer rule from Chun et al (2023), simplified for three agents in Equation 23,

Equation 24, and Equation 25.

In our present example, agent-1 takes the role of agent-p, agent-2 takes the role of agent-q,

and agent-3 takes the role of agent-r.

B . 92Y21(9) _ 93Y31(9) . —92(51 + 83) _ 93(51 — 82) B 1165 _ % _

1 (0) = 5 5 = 3 5 =3 5 = 66 (26)
By _ 1 X12(0)  63Y3p(0)  Oi(sa—s3) O3(s2—s1)  —61 463

2 (0) = = 5 = 3 5 =t =115 (27)
Bp) = €1X;3(0) i 92X;3(0) _ 01(3327 52) " 6’2(332+ 51) _ %1 n 112(92 “515  (28)
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However, we do not know the true profile. We have to take the agent’s reports and

allocate bundles according to the reports.

Let the true profile be 6 = (01, 62,03) = (21,8, 11), but suppose that agent-3 manipulates
his report to ég = 21 instead of 63 = 11. Then, we do the allocation based on the profile

6= (21,8,21).

The efficient sequence serves agent-3 and agent-2 in the first shift, with agent-3 preceding
agent-2. The second shift serves agent-1.

It can be verified that the agents in shift-1 are ordered in non-increasing order of their
urgency indices. It can also be checked that shift-1 cannot accommodate agent-3; hence it
is a maximal shift. The sum of unit waiting costs of agents in shift-1 is 21 + 8 = 29 > 21,
which is the sum of agents in shift-2. Therefore, the shifts are in NUWCS order. The efficient

sequence satisfies the necessary properties.

The efficient sequence obtained is not the same as dictated by the efficient sequencing
rule for a sequencing problem without capacity constraints. Agent-1 has an urgency index of
%, which is more than the urgency index of agent-2 %. Still, agent-2 precedes agent-1 as a
result of the infeasibility of beginning to serve agent-1 when agent-2’s job begins processing,
i.e., at time t = 4.

The job completion times are S1(c*(0)) = 10 +7 = 17,52(c*()) = 4+ 3 = 7, and

S3(0*(8)) = 0+ 4 = 4.

The externality of agent-3 is —186, while agent-2 and agent-1 have zero externality.

The waiting costs are:

e Agent-1: —21(17) = —357.
e Agent-2: —8(7) = —56.
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e Agent-3: —11(4) = —44, based on his true type, not his report.

The aggregate waiting cost is 357 4+ 56 + 44 = 457, which is more than the aggregate
disutility (which equals aggregate waiting cost because of the budget-balanced mechanism)
of 147 + 80 + 154 = 381, had agent-3 not manipulated his report. Agent-3 has been able to

reduce his waiting cost by 154 — 44 = 110.

Given the new efficient sequence o* (ZO)), agent-3 takes the role of agent-p, agent-2 takes

the role of agent-q, and agent-1 takes the role of agent-r.

B _ 02Y3(0)  61Yi3(0)  —Oa(ss+s1)  Oi(ss—s2)  —116 01

50)=="= 2 2 2 T2 5 = 45 (29)
B _ 03Xs2(0)  61Y12(0) _ Os(s2 —s1) Oi(sa—s3)  —403 0y

2 (0) = = 5 = 3 5 =— -+t 5 —3815 (30)

) = 93X;1(9) " 92X;1(6') _ 03(3127 52) n 92(312+ s3) _ % n 11202 _s6. (31)

Finally, we compare the utility obtained by agent-3 under both of his reports and see

that agent-3 can manipulate his report to 65 = 21 when his true type is 03 = 11.

ug(if (0); 03) = us(S3(0™(0)), 74 (0); 03) = —11(14) 4 54.5 = —99.5

uz(1d (0);05) = us(S3(0*(8)), 74 (); 63) = —11(4) — 54.5 = —98.5

He loses in terms of transfer 72 (9) — 72 (6) = 54.5 — (—=54.5) = 109. But, in terms of the

waiting cost he saves 0353(c*(0)) — 03S53(c™(0)) = 03(14 — 4) = 1003 = 110. He gains more
than he loses, and hence he can strategically misreport his type, and hence the mechanism

is manipulable.

This completes the example.

In Example 2, we examine a knapsack sequencing problem (KSP) with a shift
duration of T'= 10 and three agents, each with distinct job processing times and unit
waiting costs. The example illustrates the application of the Vickrey-Clarke-Groves
(VCG) mechanism, enhanced with the B-VCG transfer rule, to achieve efficiency

and budget balance. However, the robustness of the mechanism is tested through
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strategic manipulation. Manipulation by agent-3 reveals a critical vulnerability in the
mechanism, demonstrating that even with the B-VCG transfer rule, certain agents
can strategically misreport their types to achieve more favourable outcomes, thereby
undermining the mechanism’s strategy-proofness. Overall, Example 2 underscores the
complexities involved in designing mechanisms for KSPs that are first best. Pareto-
optimal allocations are hence not possible for the class of all KSPs. While the VCG
mechanism provides a foundation for incentivising truthful reporting and maintain-
ing budget balance, the example highlights the challenges in fully eliminating strategic

manipulation in cases other than n-shift KSPs.

6 Conclusion

This paper studied the knapsack sequencing problem (KSP), a new class of sequenc-
ing problems where the server operates in fixed-duration shifts. We identified three
necessary properties that any efficient sequencing rule must satisfy, and showed that
for the two-agent and three-agent cases these properties are sufficient to characterise
the efficient sequences. We then proved that, in general, finding the efficient sequence
is strongly NP-hard (Theorem 1), highlighting the computational barrier to solving
KSP exactly.

On the mechanism design side, we showed that the VCG transfer rule implements
efficient sequencing in dominant strategies, but budget balance may fail. For a subclass
of n-shift KSPs with n agents, we established the existence of first best mechanisms
that simultaneously satisfy efficiency, strategy-proofness, and budget balance. By con-
trast, our three-agent example demonstrated that requiring budget balance together
with efficiency can compromise strategy-proofness, pointing to inherent trade-offs in
this environment.

Taken together, our results highlight both the structural and computational chal-

lenges in extending classical sequencing models to settings with shift constraints. While
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strong intractability rules out general solutions, the characterisations for small cases
and the subclass admitting first-best mechanisms provide a foundation for further
investigation. Future research could explore approximation mechanisms, restricted
domains that preserve tractability, or randomised transfers to better balance efficiency,

incentives, and feasibility in knapsack sequencing environments.
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