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The Phase Diagram of Debt-to-GDP Ratio and Debt-Financing of 
Interest 

 

Jack Xu1 

Abstract:  

This paper proposes an alternative way of assessing government debt sustainability – instead 
of focusing on the absolute level of debt-to-GDP ratio, compute the time it takes before the 
government is compelled, if ever, to finance debt interest with additional debt, a condition I refer 
to as “Defit” (Debt-Financing of Interest), to distinguish it from Default.  Defit occurs when the 
government’s annual revenue falls short of annual debt interest obligation, which is equivalent 
to the debt-to-GDP ratio reaching the threshold 𝑥/𝑟, where 𝑥 is the effective tax rate of the 
government revenue and 𝑟 the average interest rate on outstanding debt. The paper derives the 
sufficient and necessary conditions of Defitting, and the formula for time to Defit in terms of 
observable economic and fiscal inputs. The present analysis departs from the prior literature as 
it models the joint dynamics of government cash and debt balances, establishing a link between 
the debt-to-GDP ratio and the debt-to-cash ratio. This approach yields a more precise 
characterization of debt-to-GDP divergence, particularly in relation to the differential 𝑔 − 𝑟 , 
where 𝑔 is the nominal GDP growth rate. The result replaces the absolute level of primary surplus 
with the differential 𝑠 − 𝑟, where 𝑠 is the ratio of primary surplus to primary outlays. 

 

1 Background 

It is not an exaggeration that all existing literature on government finance assumes the 
following identity: 

 𝑑௧ = (1 + 𝑟)𝑑௧ିଵ − (𝑅௧ − 𝑂௧) (1) 

where 𝑑௧ is the level of debt at time 𝑡, 𝑟 is the average interest rate of outstanding debt, 𝑅௧ is 
the government’s receipts received between time 𝑡 − 1  and time 𝑡  (period 𝑡 ) and 𝑂௧  is the 
primary outlay during period 𝑡. 

Equation (1) is an accounting identity over a single discretized period that describes 
essentially the balance of payments of the government. There are several implicit assumptions 
in this equation associated with the discretization that are often taken for granted. I will explore 
these assumptions in the next section and serve them as the key departing point of the present 
analysis.  

It is more convenient to express (1) relative to the nominal GDP 𝐺௧ of period 𝑡: 
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 𝐷ீ,௧ = ൬
1 + 𝑟

1 + 𝑔
൰ 𝐷ீ,௧ିଵ − 𝑆ீ,௧ (2) 

where 𝐷ீ,௧ ≡ 𝑑௧/𝐺௧ is the debt-to-GDP ratio, 𝑆ீ,௧ ≡ (𝑅௧ − 𝑂௧)/𝐺௧ is the primary surplus to GDP 
ratio,  and 𝑔 is the nominal GDP growth rate. As 𝐷ீ,௧ is the ratio of a state variable over an annual 
flow variable, it can in theory be unbounded over time. On the other hand, 𝑆ீ,௧ is a ratio of two 
annual flow variables and must be a bounded quantity. As a bounded quantity, it is reasonable 
to approximate 𝑆ீ,௧ with a constant 𝑆ீ. 

Assuming both 𝑟 and 𝑔 are also constant, (2) is easily solvable to yield:  

 𝐷ீ,௧ = ൬
1 + 𝑟

1 + 𝑔
൰

௧

൬𝐷ீ,଴ −
1 + 𝑔

𝑟 − 𝑔
𝑆ீ൰ +

1 + 𝑔

𝑟 − 𝑔
𝑆ீ (3) 

Clearly, 𝐷ீ,௧  diverges if 𝑟 > 𝑔, and converges otherwise. But importantly, the sign of the limit 
can be either positive or negative. We can divide the 2-dimensional space (𝑆ீ , 𝑔)  into four 
regions for the different phases of the 𝐷ீ,௧ limit - negative finite, positive finite, positive infinite, 
and negative infinite. Figure 1 shows the four regions separated by two dashed lines and two 
blue solid lines.  

Figure 1. The phase diagram of the limit 𝐷ீ,ஶ (𝑟 = 5%) 

 

The region 𝑔 > 𝑟 comprises two sub-regions of finite 𝐷ீ,௧  limit, both equal to ଵା௚

௥ି௚
𝑆ீ , but 

with limit in positive values in the 𝑆ீ < 𝑟 sub-region representing stabilizing debt-to-GDP ratio, 
and the limit in negative values in the 𝑆ீ > 𝑟 sub-region representing total paydown of debt and 
stabilizing asset-to-GDP ratio. The region 𝑔 < 𝑟 comprises of two sub-regions of diverging limits 
that can be either positive or negative. The +∞ limit represents the scenario of explosive debt 
over GDP ratio, a region of unsustainable government finance, while the −∞ limit implies total 
paydown of debt and explosive investment assets of the government, a region of fiscal richness. 
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The two regions of diverging limit are separated by a lower boundary given by 𝑆ீ =
𝐷ீ,଴(𝑟 − 𝑔)/(1 + 𝑔) and 𝑔 < 𝑟.  

The phase diagram captures the current debate over the impact of 𝑟 < 𝑔  to public debt 
sustainability. Under 𝑟 < 𝑔, even a permanent deficit, 𝑆ீ < 0, would still lead to the limit of 
debt-to-GDP stabilizing to a positive finite value ଵା௚

௥ି௚
𝑆ீ  - the “free lunch” (Blanchard, 2019). 

Under this condition, the debt-to-GDP ratio may still rise if the current debt-to-GDP level is below 
the presumed limit. Furthermore, the lower boundary between +∞ and −∞ is dependent on 
the debt-to-GDP level – it moves toward higher value of 𝑆ீ  under higher debt-to-GDP ratio. 
Therefore, the opponents of the “free lunch” view argue that if one day 𝑟 < 𝑔 becomes 𝑟 > 𝑔, 
it would require higher primary surplus to prevent debt-to-GDP ratio from exploding (Dahlby, 
Ferede, & Fuss, 2020) (Mauro & Zhou, 2020) (Crowe, Haas, Millot, Rawdanowicz, & S, 2022). 

Take the example of a 5% deficit to GDP, thus 𝑆ீ = −5% , and 𝑔 − 𝑟 = 2% . 𝐷ீ,௧  will 
converge to ~ 250% if the conditions persist. Nevertheless, suppose 𝐷ீ  is currently 100%, then 
𝐷ீ  would increase in one year by roughly 𝜕𝐷ீ,௧ = −2% ∗ 100% + 5% = 3%. As 𝐷ீ,௧ rises the 
lower boundary swings further to the higher 𝑆ீ  side. If 𝑔 − 𝑟 reverses from 2% to −2% after 
one year, the breakeven 𝑆ீ required to ensure that 𝐷ீ,௧ limit does not become +∞ would be 
higher by roughly 𝜕𝐷ீ,௧ ∗ (𝑟 − 𝑔) = 3% ∗ 2% = 6 bps. By the same logic, if the 𝑔 − 𝑟 reversal 
happens after 5 years, the breakeven 𝑆ீ would be heightened by about 30 bps. 

This paper improves these results in two ways.  

1. A more precise phase diagram of the limits of 𝐷ீ,௧ is derived by modeling both the cash 
and debt balance of the government. 𝑆ீ is replaced by a new rate variable 𝑠, the primary 
surplus rate defined as the primary surplus divided by the primary outlay, which serves as 
“the rate of return” of the government spending. The analysis demonstrates that the 
relative differential of 𝑔 − 𝑟  and 𝑠 − 𝑟 , rather than the absolute primary surplus 𝑆ீ , 
determine the long-term limit of 𝐷ீ,௧. 

2. The paper shows that not all finite limits of converging 𝐷ீ,௧ are fiscally equivalent. Any 
limits above the threshold 𝑥/𝑟, even if finite, correspond to the fiscal condition that the 
government would eventually be compelled to service debt interest with additional debt 
- a condition referred to as “Defit” (Debt-Financing of Interest). Defitting is an observable 
event and is proposed here as a more practical criterion for identifying unsustainable 
public debt than the mere divergence of 𝐷ீ,௧. Nonetheless, the analysis also shows that 
Defitting is “almost” equivalent to the divergence of 𝐷ீ,௧  - convergence above 𝑥/𝑟 
happens only under rare conditions. 

The rest of the paper is organized as the following: Section 2 sets up the model equations of 
cash and debt balance over discrete fiscal periods. Section 3 provides the general solutions of 
cash and debt balance under constant parameter values and provides the resulting conditions 
and the time of Defit. Section 4 derives the limits of debt-to-GDP ratio within six different regions 
of the phase space (𝑠, 𝑔); Section 5 applies the analysis to the U.S. historical data and shows the 
historical fiscal trajectories as projected by the model. Section 6 concludes the paper. Appendix 
A discusses the widely accepted equivalence of intertemporal budget constraint and the no-Ponzi 
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condition, arguing that their equivalence is an artifact of diverging infinite sums. Appendix B 
shows the results when the model is applied to OECD countries. 

 

2 The Balance Sheet Model 

2.1 A closer look at the single period equation (1) 

Equation (1) states a precise relation on the conservation of cash (or balance of payments): 
the change in cash balance must equal to the net cash inflow and outflow. However, the equation 
is true only after several idealizations. To understand these conditions, consider the 
government’s cash balance 𝑐௧ at the instant 𝑡. The change in cash balance from 𝑡 − 1 to 𝑡 is given 
by:  

 𝑐௧ = 𝑐௧ିଵ + 𝜕𝑑௧ − 𝑟𝑑௧ିଵ + (𝑅௧ − 𝑂௧) (4) 

where 𝜕𝑑௧ ≡ 𝑑௧ − 𝑑௧ିଵ is the new debt borrowed within the period from 𝑡 − 1 to 𝑡.  

This equation expresses the change in cash balance in terms of the cash inflow (receipt and 
new debt) and outflow (outlay and interest payment) that have occurred during the period. 
However, a few idealizations have already been made. In practice, the cash flow included in the 
expression can occur daily. To capture exactly the interest paid or received during the period 
requires knowing the precise timing of all the flows. This is impossible. When discretizing 
continuous variables, the flows are idealized as occurring in a single instant. For example, (i) We 
have assumed that the entire new debt 𝜕𝑑௧ is borrowed at the end of the period, the instant 𝑡, 
and therefore has not accrued any interest. (ii) As the interest payment 𝑟𝑑௧ିଵ  accrues the 
interest rate 𝑟 for a whole period, we have assumed that interest payments occur all at once too 
at the end of the period.  

Equation (1) assumes that the cash balance 𝑐௧ is constant for all 𝑡. For simplicity, this constant 
is taken to be zero, implying that there is no opening or closing cash balance for each period. In 
practice, governments may have sustainable cash balance in their accounts. For example, the U.S. 
Treasury General Account (TSA) holds hundreds of billions of dollars in any given day, and the 
reported balance has increased substantially on average over the recent decades. Does this 
invalidate equation (1)? Not from a modeling standpoint. Cash balance fluctuates much more 
drastically than debt as the government normally receives large lump sum in revenue and draws 
large sum on spending. This is evidenced by the U.S. Treasury’s weekly TSA reports. Such volatility 
renders the cash balance effectively unobservable in any discrete model with a period longer 
than one week. It is reasonable to assume that the government always spends its entire available 
cash balance on outlays - the balance becomes zero immediately following expenditure. 
Accordingly, when discretizing continuous time into discrete periods, it can be assumed that 
primary outlays occur at the end of each period, resulting in a closing cash balance of zero.  

To make this view more concrete,  we can assume the following sequence of cash flows all 
occurring at the end of a period: first, receipts 𝑅௧ is collected, followed by the inflow from new 
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debt 𝜕𝑑௧, followed by the outflow of interest payment 𝑟𝑑௧ିଵ, and finally, the entire remaining 
balance of cash is spent as primary outlay 𝑂௧ to render the cash balance zero. 

In summary, equation (1) is a special case of the exact balance of payments that assumes zero 
cash balance at the end of each period. This is one, but not the only, way of discretizing 
continuous financial flows. Alternative ways of discretization that incorporate the cash balance 
alongside debt offer analytical advantages. Although the model cash balance is not directly 
observable, modeling the full government balance sheet reveals structural relationships that are 
invisible in the conventional approaches. The cash balance leads to a previously missing fiscal 
interpretation and a finite benchmark for assessing debt unsustainability. From a practical 
standpoint, while the cash balance serves as an intermediary in deriving the results, none of the 
final conclusions regarding the debt-to-GDP ratio rely explicitly on it.  

2.2 Basic assumptions on government debt 

This paper assumes a fiat monetary system for the modeled country. Thus, money is freely 
created or annihilated in the central and commercial bank system without consuming any 
conserved quantity of resources. The central bank can act as the buyer of last resort on 
government debt with freely created central bank money. The government can then refinance 
any maturing debts indefinitely, independent of the demand of bond investors. For modeling 
convenience, all the government’s debts then have infinite maturity without the need of 
refinancing. However, the government is assumed to be able to reduce debt by borrowing 
negative amounts of debt. The debt balance is also allowed to be negative, which is interpretated 
as net lending (or investment) by a government.  

It’s further assumed that a government does not default in its own debt in the sense of failure 
of payments. It can finance any payments, including debt interest, with additional debt. Thus, 
even if cash balance is allowed to be negative, the shortfall is assumed to be financed in the 
following period without invoking failure of payments or default. This modeling choice is made 
to extend mathematically the debt-to-GDP ratio for all time 𝑡. It does not necessarily imply that 
such conditions are sustainable forever practically. 

As both primary outlay and nominal GDP are annual flow quantities, it is assumed that their 
ratio is at least a bounded quantity. For modeling purposes, the primary outlay is assumed to be 
maintained at a constant ratio to nominal GDP. This is equivalent in assuming that the growth 
rate of the primary outlay matches the nominal growth rate of GDP. Another interpretation of 
the assumption may be that the government targets a specific GDP growth rate with a fixed fiscal 
multiplier in mind. (Bohn, 1998) and (Greiner, Koller, & Semmler, 2007) assumed that the 
government targets surplus to counteract the debt level. In comparison, the present model 
assumes growth targeting by overall spending.  

The goal of this paper is to derive the conditions for the long-term convergence of debt-to-
GDP assuming the fiscal and economic conditions are kept as they are today and demonstrate 
the connection of long-run limit of debt-to-GDP to a government’s fiscal condition. It is important 



 

6 
 

to stress that the current model does not address the dynamic interactions between growth, 
interest rate and surplus. The current model treats them as separate independent input variables. 

2.3 Model equations 

The model discretizes time into annual periods like the conventional approach. However, the 
present approach discretizes the continuous financial flows differently so to obtain specifically 
non-zero cash balance at the end of each period. 

The model discretizes a fiscal period with four fiscal actions – at the beginning of a fiscal year, 
(i) the government increases or decreases the cash balance by issuing or redeeming debt 𝜕𝑑௧, 
then (ii) spends the entire cash balance through primary outlay 𝑂௧. At the end of the period, (iii) 
the government collects a tax of the GDP as primary receipt 𝑅௧ and then (iv) pays interest 𝑟𝑑௧ on 
the outstanding debt. Unlike in equation (1), the present flows lead to non-zero cash balance at 
the end of each period, and new debt 𝜕𝑑௧ accruing interest over the full period. 

Figure 2. Discretization schemes of equation (1) and the present model 

Equation (1) 

 

 

 

 

Present model 

 

 

 

 

 

Let 𝑐௧, 𝑑௧ denote the cash and debt balance respectively at the end of a fiscal year 𝑡. Based 
on the assumed fiscal actions, we have: 

 𝑐௧ = 𝑅௧ − 𝑟𝑑௧ 
(5)                                           

𝑑௧ = 𝜕𝑑௧ + 𝑑௧ିଵ  

Note that  𝑐௧ does not depend on the primary outlay 𝑂௧ because the cash balance is assumed 
to be zero immediately after the spending. The cash balance becomes zero or negative only if the 
revenue 𝑅௧ falls below the interest obligation 𝑟𝑑௧.  

t-1 t 

t-1 t 

Flows between t-2 and t-1 Flows between t-1 and t 

Flows between t-1 and t 
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Define the effective tax rate 𝒙 as 𝑅௧ = 𝑥𝐺௧  where 𝐺௧ is the nominal GDP of the period 𝑡. 
Then, 

 𝑐௧ = 𝑥𝐺௧ − 𝑟𝑑௧  (6) 

 𝑐௧ ≤ 0 is referred to as the condition of Defit (debt-financing of interest). Clearly, if 𝑐௧ = 0, 
we have the debt-to-GDP ratio equals the ratio of the tax rate divided by the interest rate, i.e. 
𝐷ீ ≡ 𝑑௧/𝐺௧ = 𝑥/𝑟. 

By the assumption that the government spends the entire available cash balance in primary 
outlay 𝑂௧, we have 𝑂௧ =  𝑐௧ିଵ + 𝜕𝑑௧. Now defining the fiscal multiplier 𝜞2 as 𝐺௧ = Г ∗ 𝑂௧ , we 
have 

 𝑐௧ = 𝑥Г(𝑐௧ିଵ + 𝜕𝑑௧) − 𝑟𝑑௧ 

We replace 𝜕𝑑௧  by defining a new debt multiple to cash 𝑳𝒕  as 𝜕𝑑௧ = 𝐿௧𝑐௧ିଵ . When cash 
balance is positive, 𝐿௧ > 0 if the government issues new debt, and 𝐿௧ < 0 if the government 
redeems debt. This then leads to the following equations for cash and debt positions. 

 𝑐௧ = (1 + 𝐿௧)𝑥Г𝑐௧ିଵ − 𝑟𝑑௧ , 𝑑௧ = 𝐿௧𝑐௧ିଵ + 𝑑௧ିଵ  

Define the primary surplus rate 𝑠 ≡  𝑥Г − 1 = 𝑅௧/𝑂௧ − 1. Thus, 𝑠 > 0 if the government 
runs a primary surplus and 𝑠 < 0 if the government runs a primary deficit. For brevity, I will use 
the term surplus rate or surplus in the rest of the paper for 𝑠. 

Equation (5) now is transformed to  

   𝑐௧ = (1 + 𝐿௧)(1 + 𝑠)𝑐௧ିଵ − 𝑟𝑑௧                                              
𝑑௧ = 𝐿௧𝑐௧ିଵ + 𝑑௧ିଵ  

(7) 

Finally comes the important step. We assume that the primary outlay grows at the nominal 
GDP growth rate 𝒈 , i.e. 𝑂௧ = (1 + 𝑔)௧ିଵ𝑂ଵ . Thus, let 𝐿ଵ  be a constant given by the initial 
condition,   

(1 + 𝐿௧)𝑐 ௧ିଵ = (1 + 𝑔)௧ିଵ(1 + 𝐿ଵ) 𝑐 ଴ 

Substituting this expression of (1 + 𝐿௧) in (7), we arrived at the following inhomogeneous 
linear equation under the vector notation 𝐶௧ ≡ ( 𝑐௧, 𝑑௧). We set the initial condition as 𝑐଴ =
1, 𝑑଴ = 𝐷. 

𝑪ሬሬ⃗ 𝒕 = ቀ
𝒓 −𝒓

−𝟏 𝟏
ቁ 𝑪ሬሬ⃗ 𝒕ି𝟏 + (𝟏 + 𝑳𝟏)(𝟏 + 𝒈)𝒕ି𝟏 ൬

𝟏 + 𝒔 − 𝒓

𝟏
൰ (8) 

 

 
2 This is a mild abuse of terminology, as fiscal multiplier normally means the marginal ratio of GDP and outlay. 
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2.4 Relation between debt-to-GDP 𝑫𝑮,𝒕 and debt-to-cash 𝑫𝒕 

Before solving equation (8) for 𝑐௧ and 𝑑௧, we shall establish the correspondence between the 
debt-to-cash ratio and the debt-to-GDP ratio. Let 𝐷௧ ≡ 𝑑௧ 𝑐௧⁄  be the debt-to-cash ratio at time 𝑡 
and 𝐷ீ,௧ ≡ 𝑑௧ 𝐺௧⁄  be the debt-to-GDP ratio at time 𝑡, then equation (6) leads to 

 
𝐷ீ,௧ =  

𝑥𝐷௧

1 + 𝑟𝐷௧
    𝐷௧ =  

𝐷ீ,௧

𝑥 − 𝑟𝐷ீ,௧
 (9) 

Figure 3 shows the dual relationship between the two ratios. Each ratio possesses a 
singularity, where the ratio diverges to +∞ and −∞. The singularity of each ratio corresponds to 
a regular point of the other ratio, at 𝐷௧ = −1/𝑟 and 𝐷ீ,௧ = 𝑥/𝑟. As will be shown later, the two 
singularities correspond to the two transition boundaries between Defitting and non-Defitting 
regimes. 

 
Figure 3. Debt-to-GDP versus Debt-to-Cash  

 
Taking the derivative of 𝐷ீ,௧  with respect to 𝐷௧  shows that 𝐷ீ,௧  and 𝐷௧ are monotonically 

related. Furthermore, the two ratios are approximately linear to each other, with 𝑥 as the slope, 
when 𝐷௧  is well behaved. 

 
 𝜕𝐷ீ,௧

𝜕𝐷௧
=

𝑥

(1 + 𝑟𝐷௧)ଶ
 (10) 
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3 General Solution and Conditions to Defit 

3.1 Solutions of 𝒄𝒕 and 𝒅𝒕 

Assuming constant s, 𝑟, 𝑔, the solutions for (8) with the initial conditions 𝑐଴ = 1, 𝑑଴ = 𝐷 > 0 
are given by: 

𝒄𝒕 = 𝑨𝒄(𝟏 + 𝒓)𝒕ି𝟏 + 𝑩𝒄(𝟏 + 𝒈)𝒕ି𝟏 
𝒅𝒕 = 𝑨𝒅(𝟏 + 𝒓)𝒕ି𝟏 + 𝑩𝒅(𝟏 + 𝒈)𝒕ି𝟏 

(11) 

where  

𝐴௖ ≡ 𝑟(1 − 𝐷) + 𝑟∆,     𝐵௖ ≡ (1 + 𝑠 − 𝑟)(1 + 𝐿ଵ) − 𝑟∆  

𝐴ௗ ≡ −𝐴௖/𝑟 = (𝐷 − 1) − ∆,     𝐵ௗ ≡ (1 + 𝐿ଵ) + ∆     

∆≡ (1 +  𝐿ଵ)(𝑠 − 𝑟)/(𝑟 − 𝑔)  

 
Without loss of generality, it is assumed that 1 + 𝑠 − 𝑟 > 0 and 𝑐௧ does not become negative 

immediately at 𝑡 = 1. An observation of (11) shows that both 𝑐௧ and 𝑑௧ grow with the dual rates 
𝑟 and 𝑔. Except under trivial conditions, both cash and debt diverge in time, either positively or 
negatively.  

In case of 𝑐௧ or 𝑑௧ diverging to −∞, it must necessarily become 0 first. The time when 𝑐௧ = 0 
is termed as the time of Defit 𝑻𝑫, and the time when 𝑑௧ = 0 is the time of zero-debt 𝑻𝒁. 

Solution (11) exists for all values of 𝑡 and can be both positive and negative in 𝑐௧ and 𝑑௧. The 
negative cash level corresponds to the payment shortfall between a government’s annual receipt 
and debt interest. In practice, this cash shortfall is financed by additional debt before the interest 
is due. Mathematically, it is useful to track the shortfall as negative cash balance at the end of a 
fiscal period to track a government’s fiscal condition. Note that this implies that the government 
must finance the interest shortfall and the entire primary outlay by debt in the next period. 

Similarly, if a government has sufficient excess cash to redeem all debt, it is useful to model 
the government investing the remaining excess cash to earn interest. The investment is 
expressed as negative debt earning interest 𝑟. Note that investment is not a spending and hence 
it does not impact the GDP in the model.  

3.2 Conditions of Defit  

Defit does not occur if and only if   

𝒈 > 𝒓 +
𝒓(𝒓 − 𝒔)

𝟏 + 𝒔 − 𝒓
, 𝒔 < 𝒓 (12) 

𝒐𝒓, 𝒈 < 𝒓, 𝒔 > 𝒓 +
(𝒓 − 𝒈)(𝑫 − 𝟏)

𝟏 + 𝑳𝟏
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Geometrically in the phase space (𝑠, 𝑔), the Defit condition can be expressed in terms of two 
boundaries, both emanating from the point (𝑠 = 𝑟, 𝑔 = 𝑟) as shown in Figure 4. The Defitting 
region is colored orange while the non-Defitting region is colored blue. 

The upper Defit boundary is independent, while the lower boundary is dependent, on the 
initial debt-to-cash ratio 𝐷  and the initial debt-to-GDP 𝐷ீ . The lower boundary swings right 
toward higher 𝑠 and 𝑔 under increased 𝐷 and 𝐷ீ . When 𝐷 < 1, or 𝐷ீ < 𝑥/(1 + 𝑟), the lower 
boundary satisfies 𝑠 < 𝑟, while for 𝐷 > 1, or 𝐷ீ > 𝑥/(1 + 𝑟), the lower boundary satisfires 𝑠 >
𝑟. The lower boundary approaches the segment (𝑔 = 𝑟, 𝑠 > 𝑟) when the initial value 𝐷 → ∞, or 
the initial 𝐷ீ → 𝑥/𝑟. 

Figure 4. The phase diagram of Defit in (𝑠, 𝑔) space 

 

3.3 Discussion of Defit conditions in 𝒈, 𝒔, 𝒓.  

 The primary surplus rate is higher than the interest rate (𝑠 > 𝑟):  

The condition of Defit depends on the current debt-to-GDP ratio 𝐷ீ . 

o If the current 𝐷ீ < 𝑥/(1 + 𝑟), a level surpassed by most countries, government never 
Defits regardless of the GDP growth rate 𝑔. 
 

o If the current 𝐷ீ > 𝑥/(1 + 𝑟), then the government will Defit if   
 

𝑔 < 𝑟 −
(1 + 𝐿ଵ)(𝑠 − 𝑟)

𝐷 − 1
 (13) 

Note that Defit does not occur for any growth rate 𝑔 < 𝑟. The lower the current 𝐷 or 𝐷ீ , the 
more the growth rate 𝑔 can fall below 𝑟 without Defitting in the future. 

 The primary surplus rate is lower than the interest rate (𝑠 < 𝑟):  

𝒈 = 𝒓 +
𝒓(𝒓 − 𝒔)

𝟏 + 𝒔 − 𝒓
 

𝒈 = 𝒓 −
(𝟏 + 𝑳𝟏)(𝒓 − 𝒔)

𝟏 − 𝑫
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Defit can be avoided through either high or low growth, but the low growth option is only 
available if the current 𝐷ீ < 𝑥/(1 + 𝑟). 

o High growth 
 

Defit is avoided if growth is slightly higher than interest rate. 
 𝑔 > 𝑟 + 𝑟(𝑟 − 𝑠)/(1 + 𝑠 − 𝑟) (14) 

This condition leads to several results. First, 𝑔 > 𝑟 is not sufficient to avoid Defit, but the 
minimal gap required for 𝑔 above 𝑟 is only at the order of 𝑟ଶ. Second, the minimal gap is 
insensitive to the actual value of 𝑠, rising under decreasing 𝑠 at a slow rate of ~𝑟. Third, the 
minimal gap is independent of the current level of debt-to-GDP. Overall, this implies that in 
the case 𝑠 < 𝑟, the predominate determinant of Defit is 𝑔 − 𝑟, NOT the absolute level of the 
deficit, NOR the current level of debt-to-GDP. 

 
o Low growth  

If the current 𝐷ீ < 𝑥/(1 + 𝑟), or 𝐷 < 1, Defit can be avoided if the growth rate is sufficiently 
lower than the interest rate:  

 
𝑔 < 𝑟 −

(1 + 𝐿ଵ)(𝑟 − 𝑠)

1 − 𝐷
 (15) 

Under this condition, slower growth leads to a reduced pace of debt accumulation and a 
lighter debt service burden — but only if the existing burden is not already so large that it 
requires rapid revenue growth to remain sustainable. 

3.4 Time to Defit and Time to zero-debt 

The time of Defit 𝑇஽ and the time of zero-debt 𝑇௓, whenever applies, can be computed by 
setting 𝑐௧ = 0 and 𝑑௧ = 0 in (11) respectively. 

 𝑇஽ = logଵା௚
ଵା௥

൬−
𝐴௖

𝐵௖
൰ + 1 (16) 

 𝑇௓ = logଵା௚
ଵା௥

൬−
𝐴ௗ

𝐵ௗ
൰ + 1 (17) 
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4 The limits of the Debt-to-GDP ratio 

Let 𝐷ஶ ≡ 𝑙𝑖𝑚௧→ஶ𝐷௧   as the limit of the debt-to-cash ratio, and 𝐷ீ,ஶ ≡ 𝑙𝑖𝑚௧→ஶ𝐷ீ,௧  as the 
limit of the debt-to-GDP ratio. It is straightforward to verify from (11) the following: 

 
𝒈 > 𝒓:   𝑫ஶ =

𝒈 − 𝒔

𝒈(𝟏 + 𝒔 − 𝒓) − 𝒓
,    𝑫𝑮,ஶ =

𝒙(𝒈 − 𝒔)

(𝟏 + 𝒔)(𝒈 − 𝒓)
=

𝒈 − 𝒔

𝚪(𝒈 − 𝒓)
 

𝒈 < 𝒓:   𝑫ஶ = −
𝟏

𝒓
,    𝑫𝑮,ஶ = ±∞ 

(18) 

The outcomes divide the (𝑠, 𝑔) phase space into six regions, I through VI, as shown in Figure 
5. Table 1 summarizes the boundary of each region and the range of 𝐷ீ,ஶ within each. It also 
characterizes each region in terms of high or low growth and surplus based on their magnitudes 
relative to the interest rate. 

Figure 5. Divided regions in the (𝑠, 𝑔) space for 𝐷 < 1 and 𝐷 > 1 

 

 

Table 1. Characteristics of the phase diagram regions 

Region  Growth Surplus 

I Between the lower Defit boundary and (𝑔 =
𝑟, 𝑠 > 𝑟 ) 

Low High* 

II Between I and (𝑔 = 𝑠, 𝑠 > 𝑟 ) High High 

III Between II and (𝑔 > 𝑟, 𝑠 = 𝑟) High High 

IV Between III and the upper Defit boundary High Low 

V Between IV and (𝑔 = 𝑟, 𝑠 < 𝑟) ~Even Low 

VI Between V and the lower Defit Boundary Low Low** 

* Can also be Low if 𝐷 < 1 𝑜𝑟 𝐷ீ < ~𝑥. ** Can also be High if 𝐷 > 1 𝑜𝑟 𝐷ீ > ~𝑥. 

+∞ 
−∞ 

(−∞, 0) (𝑥/(1 + 𝑟), 𝑥/𝑟) 

(0, 𝑥/(1 + 𝑟)) 

(𝑥/𝑟, +∞) 
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Table 2 summarizes in each region whether the government will Defit or fully pay down debt, 
the debt-to-GDP growth trend, and the range of values for the limit of debt-to-GDP. In region I 
and II the government will make full debt paydown and 𝐷ீ  approaches a negative limit, diverging 
to −∞ in region I and converging to negative but finite limit in region II. In region III and IV, the 
government will neither Defit nor pay down debt, with debt growing unbounded but debt-to-
GDP 𝐷ீ  converging to a finite limit between 0 and 𝑥/𝑟. In region V and VI, the government will 
Defit and with 𝐷ீ  diverging to +∞ in VI, but converging to a limit above 𝑥/𝑟  in the small region 
V. 

Table 2. Fiscal future and long-term limit of debt-to-cash and debt-to-GDP 

Region Defit Full Debt 
Paydown 

Debt-to-GDP Trend Range of Debt-to-GDP Limit 

I Never 𝑇௓ Decreasing −∞ 

II Never 𝑇௓ Decreasing ( −∞ , 0 ) 

III Never Never Decreasing for most ( 0 , 𝑥/(1 + 𝑟) ) 

IV Never Never Increasing for most ( 𝑥/(1 + 𝑟) , 𝑥/𝑟 ) 

V 𝑇஽ Never Increasing ( 𝑥/𝑟 , +∞ ) 

VI 𝑇஽ Never Increasing +∞ 

Comparison to the phase diagram in Figure 1  

The previous phase diagram Figure 1, which is derived from equation (1), is plotted in the 
phase space of the growth rate 𝑔 and the primary surplus to GDP ratio 𝑆ீ. By definition, 𝑆ீ is 
related to the primary surplus rate 𝑠 as 𝑆ீ = 𝑠/Γ = 𝑥𝑠/(1 + 𝑠) ≈ 𝑥𝑠. 

The critical point where all regions of different phases meet has moved from the point (𝑠 =
0, 𝑔 = 𝑟) in the previous diagram to the point (𝑠 = 𝑟, 𝑔 = 𝑟) in the current diagram. Additionally, 
a new region emerged in the present diagram that does not exist in the previous diagram: in case 
the initial 𝐷 < 1 or 𝐷ீ < 𝑥/(1 + 𝑟), it is possible to avoid Defitting and positive divergence of 
𝐷ீ,௧ with growth rate below the interest rate (𝑔 < 𝑟). Furthermore, the boundary separating 
positive finite and negative finite 𝐷ீ,ஶ is also moved from (𝑠 = 𝑟, 𝑔 > 𝑟) to (𝑠 = 𝑔, 𝑔 > 𝑟). 

The converging finite limits of 𝐷ீ,ஶ have different values in region IV between the previous 
and present diagram. However, the two limits approximate each other when 𝑠 is significantly 
greater than 𝑔 . Overall, one can verify that the previous diagram approximates the present 
diagram in the case 𝑠 ≫ 𝑟, 𝑔. 

“Practical” equivalence between Defitting and 𝑫𝑮 divergence 

The occurrence of Defit is a necessary but not strictly sufficient condition to the divergence 
of 𝐷ீ,௧, because in region V, Defit occurs, but 𝐷ீ,௧ converges to finite value above 𝑥/𝑟. However, 
region V represents a small area in the (𝑠, 𝑔)  space, with 𝑔  tightly bounded with a range 
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approximately equal to 𝑟ଶ. Thus, within practical precisions, the onset of Defit is equivalent to 
the divergence of 𝐷ீ,௧. 

Discontinuous phase transition and critical point 

The limit of 𝐷ீ,௧  changes smoothly across different regions except for the two Defit 
boundaries. The transition across the upper Defit boundary from region IV to V is “almost” 
discontinuous given the small width of region V. The transition across the lower Defit boundary 
between region VI and I is a true discontinuity, where the limit of 𝐷ீ  changes from ∞ to −∞ 
under an infinitesimal change of 𝑠 or 𝑔. Furthermore, at the critical point 𝑠 = 𝑟 = 𝑔, the fiscal 
trajectory and the limit of debt ratio become maximally unpredictable.  

Debt-to-GDP limits under deficit  

It is of particular interest to look closely at 𝐷ீ,ஶ near the upper Defit boundary under outright 

deficit, i.e. 𝑠 < 0. In this case, the upper Defit boundary 𝑔 =  𝑟 +
௥(௥ି௦)

ଵା௦ି௥
 determines the outcome 

of 𝐷ீ,ஶ. We can measure how far 𝑔 is from the boundary in multiples of ௥(௥ି௦)

ଵା௦ି௥
 by defining 𝜖 > 0 

such that 𝑔 =  𝑟 + 𝜖
௥(௥ି௦)

ଵା௦ି௥
. Thus, 𝜖 < 1 is below the boundary and 𝜖 > 1 is above. Following (18), 

the limit of the debt-to-cash ratio near the boundary is given by: 

𝐷ஶ =
1 + 𝑠 + (𝜖 − 1)𝑟

𝑟(𝜖 − 1)(1 + 𝑠 − 𝑟)
≈

1

(𝜖 − 1)𝑟
 

Using (9) again, we have: 

 𝐷ீ,ஶ ≈
𝑥

𝜖𝑟
 (19) 

 

Since 𝑠 is normally a few multiples larger than 𝑟, we can approximate 𝜖 ≈ (𝑔 − 𝑟)/(−𝑟𝑠). 
Thus, near the upper Defit boundary, the debt-to-GDP limit is inversely proportional to the 
multiple of (𝑔 − 𝑟)  to −𝑟𝑠 . If 𝜖  is replaced by its definition, we then have the following 
approximated limit which agrees with the limit previously derived from equation (1): 

 𝐷ீ,ஶ ≈ 𝑥
−𝑠

𝑔 − 𝑟
  

The option cost of deficit (𝒔 < 𝟎) 

The discussion above may seem to imply a “free lunch” when (𝑔 − 𝑟) > 𝑜(𝑟), whereas even 
a permanent deficit rate 𝑠 < 0 does not lead to Defit or diverging 𝐷ீ . Technically this is true, but 
𝐷ீ  nevertheless is likely to increase because the limit (19) is generally higher than the current 
debt-to-GDP in most countries. There is an adverse impact associated with higher 𝐷ீ  that is not 
reflected under constant 𝑔, 𝑠 and 𝑟. 

The key is that the lower Defit boundary depends on 𝐷ீ . Under rising debt-to-GDP 𝐷ீ , the 
lower boundary swings toward higher values of 𝑠 and 𝑔. Thus, being in region IV reduces the 
fiscal flexibility or option if one day the growth rate 𝑔  does fall below 𝑟 . The impact can be 
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quantified by the lower default boundary. For a typical change in 𝐷ீ , we can approximate 
𝜕𝐷~𝜕𝐷ீ/𝑥. Then, 

 𝜕𝑠

𝜕𝐷ீ
≈

𝑟 − 𝑔

𝑥
 

 

Take the example of 𝑟 − 𝑔 = 2%, 𝑥 = 30%, then each 10% increase in 𝐷ீ  requires a 0.3% 
increase in surplus rate 𝑠 to avoid fiscal Defit. Again, this approximation agrees with the result 
previously derived from equation (1). 

Comparisons with Intertemporal Budget Constraint (IBC) and No-Ponzi Condition (NPC) 

It is interesting to compare the present results with the intertemporal budget constraint (20) 
and the no-Ponzi condition (21), the two mostly widely accepted sustainability criteria. In testing 
these two conditions, the equality in IBC is replaced by ≤, and the limit in NPC is broadened to 
include all negative values, including −∞, to fit them into the present model.  

Let 𝑆௧ be the amount of primary surplus. Then 𝑆௧ = 𝑠𝑂௧ = 𝑠𝑂ଵ(1 + 𝑔)௧. We can replace 𝑂ଵ 
by (1 + 𝐿ଵ). Then 

෍
𝑆௧

(1 + 𝑟)௧

ஶ

௧

= 𝑠(1 + 𝐿ଵ) ൬
1 + g

r − g
൰   if 𝑟 > 𝑔 

In case of 𝑟 < 𝑔, the infinite sum diverges to +∞ if 𝑠 > 0 and −∞ if 𝑠 < 0. Likewise, the limit 
of discounted debt level can be easily derived from equation (11). 

Table 3 below lists whether the two constraints are satisfied or violated in each region of the 
phase diagram. Although there are regions where the present model overlaps with the two 
constraints, neither Defitting nor the divergence of 𝐷ீ  is equivalent to the violation of IBC or NPC. 
Furthermore, the two conditions themselves are not equivalent to each other under all 
circumstances. As discussed later (Appendix A), the equivalence of IBC and NPC is a mathematical 
artifact caused by diverging infinite sums. Under different ways of discretization or grouping the 
infinite terms, the two conditions are not equivalent as accepted. 

Table 4. Comparisons with IBC and NPC within different regions 

Region 
Growth 

Rate 
Surplus 

Rate 
Initial Debt ෍

𝑺𝒕

(𝟏 + 𝒓)𝒕

ஶ

𝒕

 

Initial Debt  

≤ ෍
𝑺𝒕

(𝟏 + 𝒓)𝒕

ஶ

𝒕

 
𝒍𝒊𝒎
𝒕→ஶ

𝒅𝒕

(𝟏 + 𝒓)𝒕

≤ 𝟎   

I 𝑔 < 𝑟 𝑠 > 𝑟* 0 < 𝐷 <
𝑠(1 + 𝐿ଵ)

𝑟 − 𝑔
 𝑠(1 + 𝐿ଵ)

1 + 𝑔

𝑟 − 𝑔
 True True, 𝐴ௗ < 0 

II 𝑔 > 𝑟 𝑠 > 𝑟 As above +∞ True True, −∞ 

III 𝑔 > 𝑟 𝑠 > 𝑟 As above +∞ True False, +∞ 

IV 𝑔 > 𝑟 𝑠 < 𝑟 𝐷 > 0 and arbitrary  
+∞ if 𝑠 > 0, 
−∞ if 𝑠 < 0 

True if 𝑠 > 0     
False if 𝑠 < 0 

False, +∞ 



 

16 
 

V 𝑔 > 𝑟 𝑠 < 𝑟 As above As above As above False, +∞ 

VI 𝑔 < 𝑟 𝑠 < 𝑟** As above 𝑠(1 + 𝐿ଵ)
1 + 𝑔

𝑟 − 𝑔
 True or false if 𝑠 >

0. False if 𝑠 < 0 
False, 𝐴ௗ > 0 

*Can be 𝑠 < 𝑟 if 𝐷 < 1 𝑜𝑟 𝐷ீ < ~𝑥.  ** Can be 𝑠 > 𝑟 if 𝐷 > 1 𝑜𝑟 𝐷ீ > ~𝑥. 
 

5 U.S. Data 

The current model is applied to the U.S. data from 1960 to 2024. Majority of the data are 
taken from Bloomberg, with total outlays from the index FDEBOUTL, total deficit from the index 
FDEBTY, and total interest paid on publicly held debt from index FDEBINTR. The nominal GDP 
levels and publicly held US treasury debt levels are obtained from publicly available sources. The 
interest rate 𝑟 is computed from the interest paid and the level of debt. The nominal growth rate 
𝑔 is computed from the nominal GDP levels. Primary outlay and primary surplus are computed 
by subtracting from the total outlay and total surplus the interest paid. The surplus rate 𝑠 is then 
calculated from primary surplus divided by the primary outlay. 

Figure 6. U.S. historical 𝑔, 𝑟, 𝑠 and the phase diagram regions 
 

 

  
 
Figure 6 shows the historical values of 𝑔 and 𝑠 against 𝑟. It also shows the region of the phase 

diagram the data fall into. The historical period can be divided into five regimes. (1) 1960 - 1980, 
the U.S. was generally in region IV of high growth and low surplus. The model predicted avoidance 
of Defit and slow growth of the debt-to-GDP to finite limits below the 𝑥/𝑟 threshold. (2) 1981 - 
1993, the U.S. was generally in region VI of low growth and low surplus. The model predicted 
Defit in finite years and increasing debt-to-GDP ratio. (3) 1994 - 2001, the U.S. was in region I of 
low growth and high surplus. The model projected full debt paydown in finite years and 
decreasing debt-to-GDP ratio. (4) 2002 – 2011, the U.S. was in region VI again. But compared to 
the previous period, the U.S. was in much lower growth and with higher deficit and the model 
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projected much shorter time to Defit and more rapid increase of debt-to-GDP. (5) 2011 – present, 
the U.S. is in region IV again with high deficit but also high growth. However, compared to period 
(1), the growth rate is much lower. The model projected the avoidance of Defit (except for year 
2020 during Covid) but the debt-to-GDP rising to a higher limit below the Defit threshold 𝑥/𝑟. 
Note that the deficit of the current period is significantly higher than during period (1). However, 
as proven before, the deficit does not impact on the Defit condition as significantly as the growth 
rate. 

It is interesting to observe that over the past 60 years, the U.S. fiscal condition made a full 
round trip on the phase diagram from region IV to VI to I, and then back to VI back to IV. However, 
it was never in regions II and III both high growth and high surplus (Figure 7). This phenomenon 
seems to be generic among other countries as well, with the exception to a few countries when 
their debt-to-GDPs were still below their respective effective tax rate (implying 𝐷 < 1). 

Figure 7. U.S. Historical Fiscal Conditions (5-year back-rolling average) 

 

Figure 8 shows the projected fiscal outcome at each historical year. A red bar indicates a 
projection for Defit, and the length of the bar corresponds to the inverse of time to Defit (the 
longer the bar, the shorter the time)3. A green bar indicates a projection for full debt paydown, 
and the length of the bar corresponds to the inverse of time to full debt paydown. The years 
without any bars are projected to have both cash and debt grow unbounded but with debt-to-
GDP converging under 𝑥/𝑟.  

During the two periods (1981 – 1993 and 2002 – 2011) when the U.S. was within region VI, 
the model projected time to Defit ranging from a benign 400 years in 1989 to a severe 17 years 
in 2009. The shortest time to Defit was projected in the 2020 Covid epidemics at 13 years. During 
the period (1994 – 2001) when the U.S. was within region I, the model projected time to full debt 
paydown ranging from 50 years to 11 years. The actual directions of change of debt-to-GDP were 
consistent with the model’s projections. The debt-to-GDP increased more rapidly under short 
time to Defit than under long time to Defit. 

Figure 8. U.S. government debt-to-GDP data and projected Time to Defit (red) 
and Time to Full Debt Paydown (green) expressed in 100x inverse of years 

 
3 If the value on the chart is 8, the Time to Defit is 100 / 8 = 12.5 years. 

-5%

0%

5%

10%

-35% -25% -15% -5% 5% 15% 25% 35%

g 
-r

s - r

1970
2024 



 

18 
 

 
Figure 9 includes the projected converging limits of debt-to-GDP when the data implied 

unbounded debt growth without Defit. Prior to 1980, the converging limits were mostly below 
70%, but after 2012, the converging limits were mostly above 100% with the highest at 387% in 
2015. As of 2024, the data implied convergence of debt-to-GDP to 190%. 

Note that when the projected limit was below the current debt-to-GDP value, debt-to-GDP 
decreased in the following years. Otherwise, it increased in the following years. This is consistent 
with the model’s prediction. 

Figure 9. Projected long-term limit of debt-to-GDP under neither Defit nor full debt 
paydown 

 

 

6 Conclusion 

This paper refines the existing literature on debt-to-GDP divergence by incorporating 
government cash balances into the analytical framework. The model confirms two known 
divergence boundaries: a static boundary at 𝑔 =  𝑟  under negative primary surplus, and a 
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dynamic boundary at 𝑔 <  𝑟 under positive surplus, which shifts upward with both surplus and 
the debt-to-GDP ratio. The model advances prior results by demonstrating that long-term debt 
sustainability depends not on the absolute level of primary surplus, but on the differential 
between the primary surplus rate and the interest rate (𝑠 −  𝑟). More importantly, the inclusion 
of cash dynamics reveals that finite limits of the debt-to-GDP ratio do not necessarily imply fiscal 
sustainability. Specifically, the threshold 𝑥/𝑟 emerges as a bifurcation point: when exceeded, it 
signals the onset of “Defit” — a regime in which interest payments must be financed through 
additional debt issuance. The framework thus offers a computable and observable metric of fiscal 
unsustainability: the time to Defit 𝑇஽. 
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Appendix A: The Non-Equivalence of IBC and NPC  

IBC 𝑑଴ = ෍
𝑆௧

(1 + 𝑟)௧

ஶ

௧ୀ଴

 (20) 

NPC 𝑙𝑖𝑚
௧→ஶ

𝑑௧

(1 + 𝑟)௧
= 0 (21) 

IBC and NPC are widely accepted as mutually equivalent (Barro R. , 1979) (Bohn, 1998) 
(Cuddington, 1997) (Hamilton & Flavin, 1986) because of the following equation: 

 
𝑑଴ = 𝑙𝑖𝑚

௧→ஶ

𝑑௧

(1 + 𝑟)௧
+ ෍

𝑆௧

(1 + 𝑟)௧

ஶ

௧

 (22) 

Note that (22) states that 𝑑଴ ≥ ∑
ௌ೟శೕ

(ଵା௥)ೕ
ஶ
௝ୀ଴ , i.e. government’s current debt balance can only 

be greater than or equal to the net present value of a government’s future lifetime surpluses. 
This is absurd since the current debt level is an initial condition while the future surpluses are 
completely arbitrary as of today. There should be no a priori restrictions on their relative 
magnitudes.  

This problem is caused by operating diverging infinite sums as if they are finite. To better 
understand this mathematical artifact, we trace how equation (22) is derived using single period 
equation (1). Substituting iteratively 𝑑௜ with 0 ≤ 𝑖 ≤ (𝑡 − 1) into 𝑑௧ leads to 

 𝑑௧ = (1 + 𝑟)௧𝑑଴ − (1 + 𝑟)௧(𝑅଴ − 𝑂଴) − (1 + 𝑟)௧ିଵ(𝑅ଵ − 𝑂ଵ) − ⋯
− (1 + 𝑟)(𝑅௧ିଵ − 𝑂௧ିଵ) − (𝑅௧ − 𝑂௧) 

(23) 

Given any finite 𝑡, equation (23) of 𝑑௧  has no ambiguity. However, it becomes ill-defined 
when we set 𝑡 = ∞. Consider the expression of an infinite sum: 1 − 2 + 3 − 4 + 5 + ⋯ This 
expression in fact does not specify without ambiguity what the infinite sum is. The outcome of 
the infinite sum obviously depends on how the terms are grouped, e.g. as 1 +  (−2 + 3)  +
 (−4 + 5)  + ⋯, as (1 − 2) +  (3 − 4) +  (5 − 6) + ⋯, or as (… ((((1 − 2) + 3) − 4) + 5) + ⋯. 

If the infinite sum converges to a finite value, the different ways of grouping will lead to the 
same result. However, even the NPC itself does not prevent 𝑑௧ from diverging under 𝑡 → ∞. In 
general, the infinite sum in (23) diverges. As a basic rule in calculus, manipulating algebraically 
diverging expressions leads to unreliable conclusions. 

For the sake of argument, let’s pretend we can operate diverging quantities as if they are 
finite, but we specify the infinite sum (23) differently. We can re-index the receipt 𝑅 such that 
𝑅௧ → (1 + 𝑟)𝑅௧ିଵ, and define the surplus 𝑆௧ ≡ 𝑅௧ − 𝑂௧ under the new index. Then we have the 
following expression for 𝑑௧  

 𝑑௧ = (1 + 𝑟)௧𝑑଴ − (1 + 𝑟)௧ାଵ𝑅ିଵ − (1 + 𝑟)௧(𝑅଴ − 𝑂଴) − (1 + 𝑟)௧ିଵ(𝑅ଵ − 𝑂ଵ)
− ⋯ − (1 + 𝑟)(𝑅௧ିଵ − 𝑂௧ିଵ) + 𝑂௧ 
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Dividing both sides by (1 + 𝑟)௧ 
 

𝑑଴ =
𝑅ିଵ

1 + 𝑟
+

𝑑௧ − 𝑂௧

(1 + 𝑟)௧
+ ෍

𝑆௜

(1 + 𝑟)௜

௧ିଵ

௜ୀ଴

 

Now if we set 𝑡 = ∞, we formally have  

 
𝑑଴ =

𝑅ିଵ

1 + 𝑟
+ 𝑙𝑖𝑚

௧→ஶ

𝑑௧

(1 + 𝑟)௧
+ ෍

𝑆௧

(1 + 𝑟)௧

ஶ

௧ୀ଴

− 𝑙𝑖𝑚
௧→ஶ

𝑂௧

(1 + 𝑟)௧
 (24) 

Unlike (22), (24) allows the sum of all future surpluses to be either greater or less than the current 
debt, as it should be, because the last term is negative in its value. Furthermore, even if IBC is 
imposed, it leads to the following: 

 
𝑙𝑖𝑚
௧→ஶ

𝑑௧

(1 + 𝑟)௧
= 𝑙𝑖𝑚

௧→ஶ

𝑂௧

(1 + 𝑟)௧
−

𝑅ିଵ

1 + 𝑟
 

 

 

The right side can be any finite or infinite value. Hence IBC does not lead to NPC. 

Appendix B: OECD Countries 

OECD country data sourced or implied from OECD dataset 

 

Surplus 
/GDP 

Revenue/
GDP 

Interest 
rate (2023 
Actual) 

Long-term 
interest 
rate 

Growth 
rate (2023 
Actual) 

Growth 
2026 
Forecast 
(OECD) 

debt-to-
GDP % 

Australia -2.10% 36.5% 2.74% 4.21% 1.14% 4.08%        54.6  

Austria -2.62% 50.1% 1.46% 2.84% -0.23% 2.21%        82.5  

Belgium -4.10% 49.2% 1.91% 2.93% 1.39% 3.06%      104.8  

Canada 0.07% 42.9% 3.08% 3.34% 1.39% 3.55%      104.0  

Chile -2.10% 26.1% 5.79% 5.79% 6.29% 7.66%         43.2  

Czechia -3.73% 40.2% 2.64% 3.98% 4.18% 4.22%         48.7  

Denmark 3.43% 50.1% 1.70% 2.30% -4.83% 5.38%         39.0  

Estonia -3.13% 40.5% 1.22% 3.55% -2.24% 4.26%         29.5  

Finland -2.89% 53.0% 1.44% 2.85% 0.60% 2.32%         80.7  

France -5.37% 51.6% 1.60% 2.97% 4.08% 2.40%      116.5  

Germany -2.46% 45.9% 1.37% 2.32% 0.74% 2.76%         63.8  

Greece -1.35% 48.2% 1.88% 3.35% 5.67% 6.14%      180.2  

Hungary -6.75% 42.4% 5.82% 6.50% 3.08% 7.39%         81.4  

Iceland -2.37% 43.0% 7.78% 2.60% 3.84% 5.59%         69.1  

Ireland 1.52% 24.3% 1.46% 2.72% -5.56% 6.40%         46.3  

Italy -7.24% 46.7% 2.47% 3.71% 2.94% 2.81%      148.2  
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Japan -2.25% 38.3% 0.54% 0.92% 5.27% 3.33%      228.1  

Korea -0.71% 34.5% 2.58% 3.22% 1.78% 3.80%         48.9  

Latvia -2.37% 41.3% 1.35% 3.29% 4.78% 4.80%         54.5  

Lithuania -0.69% 36.7% 1.54% 2.88% 0.82% 7.47%         38.5  

Luxembourg -0.78% 46.2% 0.96% 2.76% 0.85% 6.18%         30.9  

Mexico -4.62% 22.8% 5.27% 5.27% 6.63% 4.85%         54.5  

Netherlands -0.36% 42.8% 1.38% 2.62% -0.17% 4.64%         49.7  

New Zealand -3.21% 40.8% 4.38% 4.56% 0.42% 3.46%         53.4  

Norway 16.49% 63.2% 1.71% 3.58% -18.45% 2.08%         50.2  

Poland -5.27% 41.6% 3.34% 5.53% 1.51% 7.16%         62.2  

Portugal 1.21% 43.5% 1.97% 2.96% 6.79% 4.43%      104.7  

Slovak Rep. -5.19% 42.8% 3.47% 3.47% 6.84% 4.17%         63.4  

Slovenia -2.59% 43.9% 3.11% 3.11% 5.70% 5.91%         70.5  

Spain -3.52% 41.9% 3.15% 3.15% 5.39% 4.78%      111.0  

Sweden -0.85% 48.6% 1.70% 2.20% 0.83% 4.26%         42.1  

Switzerland 0.20% 33.4% 0.69% 0.57% -1.14% 2.80%         39.2  

United Kingdom -6.04% 41.1% 3.27% 4.14% -1.07% 4.89%         98.2  
United States -7.58% 31.6% 3.62% 4.21% 5.71% 4.98%      121.3  

Using actual 2023 nominal GDP growth rate and debt interest rates implied from 2023 
government interest payments: 

Figure 10. Non-Defitting countries and debt-to-GDP limits 

 
Figure 11. Defitting countries and Time to Defit 𝑇஽ (years) 

Convergence Current Level
1876% 



 

23 
 

 
Using OECD forecast for 2026 GDP nominal growth rate and current Long-term interest rate 

Figure 12. Non-Defitting countries and debt-to-GDP limits 

 

Figure 13. Defitting countries and Time to Defit 𝑇஽ (years) 

 

 

Convergence Current Level

1509 
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