MPRA

Munich Personal RePEc Archive

Efficient two-stage estimation of cyclical
ARCH models

Aknouche, Abdelhakim and Bentarzi, Mohamed

Qassim University, University of Science and Technology Houari
Boumediene

20 December 2025

Online at https://mpra.ub.uni-muenchen.de/127417/
MPRA Paper No. 127417, posted 23 Dec 2025 04:40 UTC


http://mpra.ub.uni-muenchen.de/
https://mpra.ub.uni-muenchen.de/127417/
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Abdelhakim Aknouche and Mohamed Bentarzi
Qassim University and USTHB

Abstract

Two estimation algorithms for Periodic Autoregressive Conditionally Heteroskedas-
tic (PARCH ) models are developed in this work. The first is the two-stage weighted
least squares (2S-WLS) algorithm, which adapts the ordinary least squares method for
use in the periodic ARCH framework. The second, 25-RLS, is an adaptation of the
former for recursive online estimation contexts. Both algorithms produce consistent
and asymptotically normally distributed estimators. Furthermore, the second method
is particularly well-suited to capturing the dynamic characteristics of financial time
series that are increasingly being observed at high frequencies. It also enables effective
monitoring of positivity and periodic stationarity constraints.

Keywords: Periodic ARCH, recursive online estimation, two-stage weighted least

squares, two-stage recursive least squares, asymptotic normality.

1 Introduction

Periodic ARCH (PARCH) models are an extension of Engle’s ARCH model (Engle, 1982)
to cases where parameters vary periodically over time. These models are designed to model

time series exhibiting high instantaneous volatility as well as periodicity in their dynamic

*An earlier version of this manuscript was completed in 2004.



structures. They use stochastic conditional variance to capture the characteristics of instan-
taneous volatility, while accounting for periodicity in the distribution structure by periodi-
cally varying the conditional variance coefficients and the innovation distribution (see Engle,
1982; Bollerslev, 1986; Bollerslev and Ghysels, 1996; Ghysels and Osborn, 2001; Franses and
Paap, 2004; Bentarzi and Aknouche, 2005-2006).

A variety of estimation methods have been suggested for PARCH models and their ex-
tended periodic GARCH (PGARCH) versions. These include, in particular, the (Gaussian)
quasi-maximum likelihood estimator (QMLE, Aknouche and Bibi, 2009), the generalized
QMLE (Aknouche et al., 2018), the least squares estimator (Bibi and Lescheb, 2010), the
moment estimator (Bibi and Aknouche, 2010), and Bayesian Markov chain Monte Carlo
(MCMC) techniques (Aknouche et al., 2020). Recently, Fourier- and wavelet-based adap-
tations of QMLE were proposed by Davis and Balakrishna (2025) to reduce the number of
parameters in periodic GARCH and periodic autoregressive conditional duration (PACD)
models (Aknouche et al., 2022).

Although all of the aforementioned estimation methods for the PARCH model are highly
iterative, the model’s conditional variance is linear in the parameters. This linearity can be
exploited to derive a weighted least squares-based method with a closed form while having
the same asymptotic properties as the Gaussian QMLE under minimal moment conditions
(see Aknouche, 2012-2014; Aknouche and Al-Eid, 2012).

Furthermore, all aforementioned estimation methods are offline in nature, as they deal
with fixed-size time series. However, many application areas of time series analysis, such
as transmission, telecommunications, signal processing, image processing and meteorology,
now require a real-time estimation procedure capable of handling an ever-increasing sample
size. This is particularly true for financial time series, for which GARCH models are widely
used. In particular, (G)ARCH models are also used to approximate continuous-time models
for which data are available at a high frequency basis (cf. Nelson, 1990; Francq and Zakoian,
2019; Dimitrakopoulos et al., 2026). In fact, QML-, OLS- and Bayesian MCMC-based

methods are ill-suited to the context of real-time data availability mainly because their ap-



plications require start-from-scratch computations for each new available observation, which
is costly in terms of temporal complexity. This is why online recursive estimation methods
(also known as recursive identification methods in the engineering literature, see Ljung and
Soderstrom, 1983; Adams and Goodwin, 1995; Ljung, 1999; Belister, 2000; Pollock, 2003;
and Moulines et al., 2005; Dahlhaus and Subba Rao, 2007 among others) are valuable for
reducing computation time and saving memory space. The main advantage of a recursive
online algorithms is that the recursive estimate updates with each new observation, so that
the number of operations and memory usage depend only on the selected model and do not
increase with the sample size (cf. Ljung, and Soderstrom, 1983; Kierkegaard et al., 2000;
Aknouche and Guerbyenne, 2006a-2006b).

This study aims to develop two estimation methods for the PARCH parameters based on
the two-stage weighted least squares (25-WLS) scheme (Aknouche, 2012-2014; Aknouche et
al., 2011; Aknouche and Francq, 2023; Aknouche and Scotto, 2024; Aknouche et al., 2026).
Following this principle, a WLS estimate is first obtained, weighted by a function of the
conditional variance, arbitrarily evaluated. This initial estimate is then used to estimate the
conditional variance, which serves as a weight in a second-stage WLS estimator. The first
method we propose is an offline 2S-WLS procedure inspired by Aknouche (2012) (see also
Pantula, 1988; Bose and Mukherjee, 2003; Aknouche and Francq, 2023). The second method
adapts the offline 25-WLS method for use in an online (or adaptive) context resulting in a
two-stage recursive (weighted) least squares (25-RLS) procedure. Both methods produce
estimators that are asymptotically normally distributed and, under conditional normality,
asymptotically efficient. Furthermore, the second adaptive method is particularly well-suited
to capturing the dynamic characteristics of time series that are increasingly observed at high
frequencies (e.g. Aknouche and Guerbyenne, 2006a).

The following Section provides an overview of the PARCH model and its key properties.
Section 3 extends the two-stage offline least squares (25-WLS) estimation method to address
the estimation problem of PARCH models. The fourth section develops a two-stage recursive

(weighted) least squares (2S-RLS) algorithm for estimating the PARCH parameters. Section



5 illustrates the introduced algorithms via a short simulation study. Section 6 concludes,

with the main proofs being deferred to an appendix.

2 Periodic ARCH model

All random variables, vectors and sequences considered here are defined on a probability
space (2, F, P). Let {(;, t € Z} be a sequence of independent and identically distributed
(iid) real-valued random variables with mean zero and unit variance. A real-valued random
sequence {e;, t € Z} is called a periodic ARCH(q) of order g and period S (PARCHg(q), for
short) if it is given by

er = V¢ t

q (2.1)
he =y + Y. auel,, teZ,
i=1

where h; = E(&?|F;_1) is the conditional variance and F; is the o-algebra generated by
{€t—u,u > 0}. The parameters ay; are S-periodic in ¢ (i.e. apyrsi = i, 0 <i <gq, t, k €Z),
and satisfy a0 >0 and ay; >0 (1 <i<gq,t € 7).

Define the martingale difference term v, = €2 — h, = hyn,, where n, = ¢? — 1, and let
t =nS+r with1 <r <S5 and n € Z. Then equation (2.1) can be written as a periodic

autoregression (PAR) in terms of the squared process {e?, t € Z}:
(1—a,(L))elg,, = Qo+ Ungyr, L <7< Sandne€Z, (2.2)

q , ,
where a, (L) = Y a,;L' and L denotes the backward operator defined as L7e} = &7 ;, j € N.
i=1

2.1 Stability conditions

Bollerslev and Ghysels (1996) (see also Bibi and Aknouche, 2008) obtained a necessary
and sufficient condition for PARCHg(1) model to be second-order periodically stationary
using Gladyshev’s theorem (1961). As this approach seems tedious in the general case,

two simpler Markov representations of the PARCHg(¢q) model (2.1) are used instead: one



based on a squared version of (2.1), and the other on the PAR equation (2.2). These two
representations are used to analyze the stability properties of the PARCH model (2.1)-(2.2).
Model (2.1) can be expressed as a random coefficient representation in terms of the

squared process:

q
5? = O{togf + Z atict?gf—i’ t - Z (23)

i=1
Define the g-vectors Y; = (¢7,...,&7_ 1)  and B; = (auo(}, 0{,_1)x1)'> and the ¢x g-random ma-
trix A; as (cf. Aknouche and Bentarzi, 2008; Aknouche and Bibi, 2009; Bibi and Aknouche,
2008-2009)
atlgf atQC? at,q—lC? Oft,qC?

Ig-1)x(-1) O(g-1)x1
Q. gy ... Qg Qi g

Op-1)xq

where 0,,x, and [,x, stand for the m x n null matrix and the n x n identity matrix,

respectively. Then (2.3) can be expressed as a Markov recurrence equation
}/; - At}/;g_l "‘ Bt, t € Z, (24)

where the input sequence {(A;, B;), t € Z} is independent and periodically distributed (ipd).
Aknouche and Bibi (2009) proposed a necessary and sufficient condition for (2.4) to have a
strictly periodically stationary and periodically ergodic solution of (2.4). See Aknouche et
al. (2020) and Aknouche (2024) for definitions of strict periodic stationarity and periodic
ergodicity. Let

75 (A) = inf LE{log||4psAns—1... A1}, (2.5)

be the top Lyapunov exponent associated with the ipd sequence of matrices A := {4, t € Z}.
Then model (2.1), or equivalently (2.4), has a unique strictly periodically stationary and pe-
riodically ergodic (causal) solution {&;, t € Z} satisfying

oo k—1

e; = (1, Ol(q—l)xl)lyt and Y, = Z I_IAtﬂBt"C + B, 1€, (26)

k=1 j=0



where the latter series converges almost surely, if and only if
7 (A) <0 (2.7)

(cf. Aknouche and Bibi, 2009). As a consequence of the latter log-moment condition,
Aknouche and Bibi (2009) showed that a moment of some positive order for the PARCH
process exists. In other words, if v° (A) < 0, then there exists a 7 > 0 such that E (h7) < oo
and E (¢¥7) < oo for all r € {1, ..., S}.

Using the same representation (2.4), Aknouche and Bentarzi (2008) derived a necessary
condition for the existence of a unique strictly periodically stationary and periodically ergodic
solution of (2.1) that has finite higher-order moments. Assuming that E ( fm) is finite for

some positive integer m, they showed that equation (2.4) has a strictly periodically stationary

and periodically ergodic solution (given by (2.6)) with a finite F (¢7™), if and only if

p (ﬁE (A%TM)) <1 (2.8)

In (2.8), the symbol p(A) denotes the spectral radius of the matrix A and A®™ is the

Kronecker product, A® A® ---® A, of m factors. In particular, for m = 2, (2.8) reduces to

p <HE(AST+1)> < 17 (29)

which is a necessary and sufficient condition for the existence of a strictly periodically sta-
tionary and periodically ergodic solution with a finite second moment.

Next, we derive another sufficient condition for the existence of a second-order periodic
stationarity. This is done using a recurrence equation with rather non-random coefficients

(see Bentarzi and Hallin, 1994; Bentarzi, 1998). For T' € 7Z, define the g-vectors

2 2 2 / o /
€r = (5Tq> ETq—la ) 8Tq—q—i—l) , Ur = (UTqa VUTg—15 s Uququl)

!
aro = (CYqu,OéTq—l,o,---,CYTq—q+1,o)



and the following S-periodic matrices:

1 _aTq,l _aTq,2 o _aTq7q—1
0 1 —Qrg-11 " —QTg-14-2
Cro =
I —org—g+21
0 - - 0 1
QTqq 0 0 ce 0
ATg—1,q-1 ATg—1,4 0
Cry =
ATq—q+22 QTq—q+23 “°  OTg—q+2g 0
ATq—g+1,1 ATq—q+12 " OTg—q+l,g-1 ATq—q+1q

Using these notations, model (2.2) can be cast in the following recurrence equation
€T = CTGT,1 -+ DT + VT, (210)

where Cpr = C’iéC’TJ, Dy = C’i(l)a;m, and Vr = C’ié'vT. Note that the inputs {Cr, T € Z}
and {Dp, T € Z} of (2.10) are non-random and S-periodic, while {Vy, T € Z} is a {Fr}-
martingale difference, but not independent. In contrast, the coefficients {(A;, By), t € Z} in
equation (2.4) are independent and periodically distributed.

From the recurrence equation (2.10), a second-order periodic stationarity condition is
now provided.

Proposition 2.1 The PARCHg(q) model (2.2) admits a second-order periodically sta-

tionary solution given by

oo k—1 k—1
€r = Z H Cr—jDrx + H Cr—jVr_y+Dp +Vp, t € Z, (2.11)
k=1 j=0 =0

where the latter series converges in mean square, if

p <H CSTH) <1. (2.12)

r=1



Proof See Appendix A.
For the particular PARCHg(1) model (2.2) corresponding to ¢ = 1, both conditions (2.12)
and (2.9) coincide and reduce to Bollerslev and Ghysels’s (1996) condition:

S S S
HCSfTJrl = HE (AsfrJrl) = Harl <L
r=1 r=1 r=1

Note that the second-order periodic stationarity condition (2.12) does not guarantee
strict periodic stationarity or periodic ergodicity for the PARCH model (2.1). However,
the second-order periodic stationarity condition (2.9) does imply these properties. See also

Aknouche (2007) for further comments on representation (2.10).

3 Two-stage weighted least squares estimator of the

periodic ARCH model

Aknouche (2012) introduced a two-stage weighted least squares procedure for estimating the
parameters of an ARCH model. This method involves solving two systems of linear equations
to yield the estimators in closed form. The author showed that the resulting second-stage
estimator has the same asymptotic variance as the QMLE, and can even outperform it for
short time series. This section proposes a version of this method for estimating the PARCH

model. To achieve this, consider the following observation (g + 1)S-vector:

(1783157"'7531qu+170,""70,), Zf?" - 1
Ensir =4 (0,011,826, 1,26 0, 0) if 2< 7 <S—1 (3.1)
(0,7"'70,7178?LS+S—17"‘7€72’LS+S—(])/ Zf T:S,

where 0 denotes the null vector with 1+ ¢ components. Rewrite model (2.2) in the following

linear regression

5? = 52040 + hi(ao)ny, (3.2)

which is driven by the martingale difference sequence {h;(co)n;,,t € Z}. Here hy(ag) = &,

. . ’ ’ ’ .
and o is the true parameter given by ag = (f , a3, ..., ag) with a; = (), a2, ..., a),)

8



(r=1,...,5). Let €3,£2,...,e% be an observed series arising from (2.1). Assume, without loss
of generality, that 7' = NS for some positive integer /N, which denotes the channel size. To
estimate the parameter ap, first ignore the presence of hi(cy) in the martingale difference
term hy(ag)n,, disregarding its dependence on the unknown parameter a. In this situation,

the weighted least squares method based on (3.2) provides the following first-stage estimator:

a(T) = (Z mﬁk&) > @;Tfékgz' (3.3a)

k=1 k=1

Here, o, is a fixed, known parameter value, and the start-up values 8%7q, ...,€% are chosen
arbitrarily. Including the square of the (arbitrarily evaluated) conditional variance (E;Ca*)2
as a weighting factor guarantees the convergence of the estimator a (7') without any moment
requirement on the observed process {¢;, t € Z} (Aknouche, 2012). This is analogous to the
QMLE of a GARCH model (see Francq and Zakoian, 2019).

Clearly, the estimator a (T") does not account for the heteroskedasticity of the error term
hi(ag)n, since, unless o, = @y, hi(a,) is not the true conditional variance. Hence, unless
o, = ap, the estimate a (T) is less efficient than the QMLE. To improve the asymptotic

relative efficiency of a (T), first rewrite model (3.2) in the normalized form

e2 1 /
ht(,tlo) = ht(ao)ﬁkao + My,

which is rather driven by the iid sequence {n,,t € Z}. Then replace the unknown parameter

o in hy (o) with its first-stage estimator a (7'). This yields the following "quasi" linear

regression model

2
€t

1
) = maa ek +

Applying the weighted least squares method to the latter regression gives the second-stage
estimator

T -1 7
a(T) = <Z msks;) stkei. (3.3b)

k=1 k=1

To study the asymptotic properties of the two-stage WLS estimators & (T') and e (T), con-



sider the matrices

Ro= YR (ee) (3.4a)

r=1
S 2
R o= Y (k) (3.48)
r=1
S
Bo= Y E( (g,rio)Qng;), (3.4¢)

which exist and are finite under the following assumptions:

A1 The PARCH process (2.1) is strictly periodically stationary and periodically ergodic,
i.e. (2.7) is satisfied.

A2 E((}) <ooforalll <r < 8.

Similar assumptions were considered by Aknouche (2012) in the context of the standard
ARCH model. As such, the two-stage estimators (a (T"),a (T")) do not require any moment
conditions on the observed process. The following result establishes the consistency and

asymptotic normality of the above estimators.

Theorem 3.1 i) Under A1

T—o00
it) If, in addition, A2 holds true, then
VT(&(T) — o) Tﬂ N(0,SE () F{ ' FyFY) (3.5)
VT (& (T) — ) Tﬂ N(0,SE (n2) F5). (3.6)

Proof See appendix B.

It can be seen that the second-stage estimate a (t) is more asymptotically efficient than
the preliminary estimate a (t). Aknouche and Al-Eid (2012) established the consistency and
asymptotic normality of a similar (but in a single stage) estimator for the first-order unstable

PARCHs(1) model when assumption A1 is not satisfied, i.e. when the 4° (A) > 0.

10



4 Two-stage Recursive (weighted) Least Squares algo-
rithm

Offline estimators (& (7"),a (7)) are impractical for online data because computations for
the entire sample are required with each new observation, which can be extremely computa-
tionally intensive, especially for continuously available series. Online estimation methods can
therefore be advantageous (see, for example, Ljung and Soderstrom, 1983; Kushner and Yin,
1997; Ljung, 1999; Belister, 2000; Pollock, 2003; and Aknouche and Guerbyenne, 2006a).
This section adapts the recursive least squares (RLS) estimation algorithm to the PARCH
model (2.1). Before presenting the recursive estimation schemes, the system of equations
(3.3) is first modified to obtain the form appropriate for recursive resolution.

Let o := a(t) be the first-stage recursive estimator based on the dataset e’ = (e1, £5..., &)

up to time ¢. Then (3.3a) can be written as

(Z mﬁk&) ay = Z mfzﬁi- (4.1a)

k=1 k=1
By analogy with (3.3b) and based on the dataset €', the second-stage recursive estimator

is defined as . .
;2 ! a = ;2 62. 4.1b

Note that while a; = & (t), the main difference between the second-stage estimators a; and
a (t) in (4.1b) and (3.3b), respectively, is that the weight @ L 7 in (4.1b) varies with k and is
KOk
based on the progressive dataset €* up to time k (1 < k < t). In contrast, the weight W,
+ Xt

which is based on the entire data set €', remains constant for all terms of the sums in (3.3b).

Nevertheless, it will be shown that a; and a () have the same asymptotic distribution.

Equations (4.1a)-(4.1b) are solved recursively using the recursive least squares method
- t
(cf. Plackett, 1950). Letting R; = > ﬁék&, equation (4.1a) can be solved recursively
k=1 \Sk=
via the RLS algorithm (e.g. Ljung and Séderstrom, 1983, p. 17). This provides the following

11



recursions

& = &1+ R, 15}5%21) (4.2a)

R, = Rt,1 + mftét t>1, (4.25)

with starting values EO = €., and o = Ro e - ( 5 3 provided that RO is nonsingular.

R t

To solve (4.1b) recursively, set Ry = > WS &5~ The same derivation as above yields
k=1 \Sk%k
the following recursive equations

~ £tat 1)

o = at 1—|—R St(W (426)

Et — Rt—l + 5,5,527 t Z 1 (42d)
(&toxt)

with starting values Ry = m&oﬁg and &y = Ry 150(666730)’ provided that R; is nonsingu-
lar. To avoid the singularity problem of }N%O_ I and }A%g ! the start-up values oy, Qi, }N%O and }A%O
are set to make the recursive estimators (4.2) as close as possible to the offline solutions (4.1).
Starting from the recursive equations (4.2a) and (4.2¢), we will (approximately) find (4.2).
Multiplying both sides of (4.2a) by R, using (4.2b), and summing the resulting equations

side by side (for k =1 to t) gives

(Ro+z (€ 2£k§k> & = Rodg +Z €k N 2€k k- (4.3a)

Similar manipulations applied to (4.2¢) and (4.2d) yield

(RO + Z G )2’5k5k> &, = Ro@uo + Z GenEls (4.3b)

For the estimates in (4.3) to be close to those given by (4.1), a reasonable choice for the
starting values is then
Qo =0dp=0and Ry = Ry = M1,
where M is a large enough positive real and [ is the identity matrix of order 1 + q.
The numerical complexity of the recursions (4.2) can be still improved while considering
P, = R;" and P, = R;’" and then using the matrix inversion lemma of Plackett (1950) (see
e.g. Solo, 1979). This gives the following algorithm.

12



Algorithm 4.1 The two-stage recursive (weighted) least squares algorithm (2S-RLS), for

estimating PARCH models, is given by the following set of recursions:

( 4
v = ¢&; — §ra

~ ]~

Uy =ef — &0y
Pt—lét’ﬁt

(&10u)” + &, P&,
Pt—lgtggpt—l

ﬁt—lét@/t

(&)’ + &P 1€,
Pt—l&tﬁ:tpt—l

o = oy + o = 1 +

(4.4)

Pt:Ptfl_ P 2 P Pt:Ptfl_ PURND) = .
A (§ron)” + & Pag, o\ (§rou)” + & P&, )
ﬁrst‘srtagc sccon?irstagc

where oy = g = 0, Py=Dy=MI.
Assuming A1 and A2, the following result shows that the recursive estimators in (4.3)

possess the same properties as their offline counterparts in (3.3).

Theorem 4.1 i) Under A1
ay t(g' O

-~ a.s.
oy — Q.

t—o0

i) If, in addition, A2 is satisfied, then

Vi(ey — o) HB; N(0,SE () F{ FFY) (4.5)
Vi(ay — o) t_—l?;o N (0,SE (m3) F5') (4.6)

where Fy, Fy and F3 are given by (3.4).

Proof See Appendix C.

From (4.5) and (4.6), it can be concluded that the asymptotic variances of the online
estimators a; and @ coincide with those of the offline estimators e (¢) and & (t), respectively.
Furthermore, a; is more (asymptotically) efficient than a;. Finally, the two-stage WLS
estimates given by (3.3) and (4.3) do not require any moment conditions on the observed
process {&;,t € Z}. In contrast, the two-stage least squares estimators proposed by Aknouche
and Guerbyenne (2006a, 2006b) for the standard ARCH model (corresponding to model
(2.1) with S = 1) require E (%) to be finite. This considerably and undesirably reduces the

parameter space.

13



When implementing the 2S-RLS algorithm, the admissibility of the estimates (o, @)
obtained at each time point must be verified. These estimates may be negative, which would
violate the stability constraint. To address this, the admissibility of the current estimates
is tested using the method described by Ljung and Soderstrom (1983). If the estimates are
not admissible, they are projected into the admissibility domain. The strict condition for

periodic stationarity is then verified at each iteration using equation (2.7).

5 Numerical illustration

This section evaluates the performance of the aforementioned two-stage methods on finite
samples through simulation experiments. To this end, 1,000 replications were generated
from the conditionally Gaussian, two-periodic PARCH,(1) model, with parameters ay =
(010, 11, 29, 21)’ = (0.05,0.7,0.3,0.1)" (see Table 5.1). The sample sizes were chosen from
the set {80,120, 160,200}. The starting values of the recursive parameters are set to zero
with Py and Py fixed at 100000/. The weighting parameter a, is set to (0.2,0.3,0.5,0.6)".
Further unreported simulations using different orders and periods are available from the
authors.

Table 5.1 reports the mean, standard deviation (StD) and asymptotic standard errors
(ASE) of the two-stage estimates over the 1,000 replications. The offline estimates are
denoted by a,; (T') (i, = 1, 2) and the online counterparts by a,; . The asymptotic standard

errors are obtained from Theorems 3.1-4.1, and are identical for both estimates. Note that

14



only the second-stage estimators are shown.

T a(T) au(T) a(T) axn(T) | awr  aur  dor  Qar

Mean .0613 .6642 2784 1397 0628 .6652 2702 .1400
80 StD .0034 1055 .0662 .0392 .0029 1079 0587 .0426
ASE .0029 .0808 .0476 0211 .0029 .0708 .0476 0211

Mean 0378 .6803 2894 1249 .0488 6793 2841 1384
120 StD .0025 .0949 0328 .0233 .0019 .0915 0333 0272
ASE .0018 .0746 .0389 .0194 .0018 .0746 .0389 .0194

Mean .0585 .6879 2951 1198 .0550 .6853 2867 .1209
160  StD .0017 .0802 0313 .0181 .0018 0877 0278 .0205
ASE .0011 .0644 .0299 .0152 .0011 .0644 .0299 .0152

Mean .0554 .6892 3171 1103 .0505 .6986 2887 .0895

200  StD .0011 .0610 .0220 .0122 .0012 .0676 .0198 0111
ASE .0008 .0612 .0182 0117 .0008 .0612 0182 0117

Table 5.1. 25-WLS and 2SW-RLS estimates for 1000 PARCH2(1) series with sample-size 7.

As can be seen in Table 5.1, the recursive estimate ar performs well and is comparable
to its homolog the offline estimate e (T'), even for small samples. Both estimates conform to
asymptotic theory, as their biases and standard errors (StD and ASE) decrease as the sample
size increases. In addition ASE and StD values are quite close to each other. However, the
online estimate ar is faster to compute than a (7'), albeit at the cost of slight inaccuracy.
Finally, unlike the offline a (7T'), which can take negative values, the online estimate ar

allows for effective control of positivity and periodic stationarity constraints.

6 Conclusion

Two methods for estimating the PARCH model were proposed in this work. Both are based
on the two-stage weighted least squares method. The resulting estimates are consistent

and asymptotically Gaussian, regardless of any moment conditions on the observed process,
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which is a desirable property. Furthermore, one method is suitable for datasets with a fixed
sample size, while the second is recommended in the context of increasingly available data.
While the latter follows the least-squares method (Aknouche and Guerbyenne, 2006a; Cipra
and Hendrych, 2018; Hendrych and Cipra, 2018), it can also be considered as following other
approaches, such as stochastic approximation (Bottou and Bousquet, 2007; Gerencsér and
Orlovits, 2012; Werge and Wintenberger, 2022) and the Bayesian framework (Ljung and
Soderstrom, 1983; Aknouche, 2017). In addition to estimation purposes, a condition for
the PARCH model to have a finite second moment was also provided. Note that the above
monitoring procedure can slow down the speed of the algorithm due to its Newton—Raphson
nature. Consequently, using constrained least squares estimators seems much more useful
(see also Pantula, 1988, and Wang et al., 2004). Furthermore, extending these methods to
PGARCH models appears promising.

7 Appendix Proofs

7.1 Appendix A: Proof of Proposition 2.1

Iterating (2.10) gives

-1

m—1 J J
er = Dy + Z H Cr_i11Dr—; + H Cr_i11€r—m + Vp + H Cr_i11Vr—j, (A1)
=1 1=1

=1 j=1 I=1

3

where m is a positive integer. Taking the conditional expectation with respect to Fr_,, on

both sides of (A.1) gives

E(er|Fr—m)=Dr+>_

-1
7j=1

J
HCT 1+1 D7 +HCT 1+1€T—m- (A.2)
=1

Let T = r™) 4 nMS and m = hS + r, where r™) r € {1,2,...,S} and T, h € Z. Then the
S-periodicity of the matrix sequence {Cr,T" € Z} implies that

m S h r
[[Cra = <H CT(T)—l-i-l) || (R (A.3)
=1 =1 =1
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In view of (A.3), taking the Euclidian norm of both sides of (A. ) entails

S r
= H Crm i1 H Crm)_141€T7—m
=1 =1

m—1 J
E (ep|Fr_m) — Dr — Z H Cr_i41Dr_;
=1 1=1

Since ||[] A, _i41|| does not depend on h, a sufficient condition for the following equality
=1
to be true
m—1 J
li_liﬂ E <€T’fT—m) — Dy — Z H CT—l+1DT—j =0
meee j=1 I=1
is that
g h
hhigo HAT(DZH =0,

which is exactly (2.12).

7.2 Appendix B: Proof of Theorem 3.1

i) Combining (3.3a) and (3.2) yields

a(T)— o = (% > mﬁkéz) Y & é";n) (B.1)

k=1

Hence, under A1, the strong consistency of & (T') follows from the ergodic theorem and the

fact that

A similar argument proves the strong consistency of a (7).
it) If welet T'= NS and k =7+ Sm, then 1 < k < NS is equivalent to 1 < r < S and
0 <m < N — 1. Therefore, (B.1) becomes
-1 s N-1
@ -an= (14T i) 3 T e
=1  m

g mS+4r -0 mS+r&

Under A1, the cyclo-ergodic theorem (e.g. Aknouche, 2024) entails

N-1
1N @5 ( ) B2
¥ 2 ey omstrbmstr = B \gay s (B:2)
N-1 2
E[m r& 377, T a.s. :
% €m5’+r£;n$’+r ( (5;; 0)a77)45'+ - E ( r (gl o) ) (B?))
m=0 mS—4r*
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for all » = 1,...,S. In view of (B.3), the martingale central limit theorem (cf. Hall and

Heyde, 1980) yields

fzsmﬁ SN (0.8 () B (g€ 152 )). (B.4)

Combining (B.1) to (B.4), proves (3.5).
Next, to prove (3.6), combining (3.2) and (3.30) gives

-1 g N-1
T o o I S e
m= mS+r r=1 -0 mS+r&
A Taylor expansion of the function g(a (7)) = ——2—— around ayq entails (see also

( 'IrnS+ra(T))

Aknouche, 2015; Aknouche et al., 2026 and the proof of (C.2) below)

s N-1
Z % Z ((g;ﬂs+ja(T))2 - (¢ : )2) s ir&msir = 0p(1) (B.5)

mS+7‘a0

and

S N-1
Z \/LN Z ((g' s 1&(T))2 (¢ : )2) &ns4rO0Nms e = 0p(1), (B.6)
mS+r

( mS+TaO

where 0,(1) denotes a term converging in probability to zero. Therefore,
oy gm 'r' m T m r&07m T
vT(a(T) - E E = S* E i E éms+r S,* T+ 0p(1).
5 S+r OL() +T¢10)

Applying again the martlngale central limit theorem (cf. Hall and Heyde, 1980) proves (3.6).

7.3 Appendix C : Proof of Theorem 4.1

Only part i) of the theorem is proved, since part i) is obtained in a similar way. Equations

(4.3a) and (4.1a) are asymptotically equivalent, meaning that the estimators they produce

have the same asymptotic distribution. Therefore, result (4.5) follows immediately from

(3.5). The same argument shows that equation (4.3b) is asymptotically equivalent to (4.1b).

The asymptotic properties of the estimator obtained from the latter equation are now
analyzed. Combining (4.10) and (3.2) yields

t
Vi@ — ag) = (t_l Z (€a )2€k€k) 2 ZEk gg,oion’“ : (C.1)

k=1
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As with (B.5) and (B.6), if the the following limiting equalities

tz( L i) 6= o) ©2)

(€ka)

and .

~1/2 | oy = 0, .
t Z <(§§€5¢k)2 (52&0)2> RT3 (1) (C.3)

k=1

hold true, then

t

V@ — ap) = (tl > msksz) WZ& °‘°”'z +0,(1).

k=1
According to the martingale central limit theorem (cf. Hall and Heyde, 1980), it can be
concluded that (4.6) is true.

To prove (C.2), the function g(ay) = (5,1 7 can be expanded using a Taylor series
Bk

around ay, giving

t

t I = (G—x0)'€y,
%Z ((%;k)Q - (&;;0)2) &&= 7 Z Wﬁkﬁk —285,, (C.4)

k=1 k=1

where a, is between oy, and aq. From (C.4), we have

1S < 2t~ IZ”O‘ — oyl ||€”£kH||
[Xe 7%

. 1/2
— _ 6
(t_leO% _a0”2> <t ' ||§”’€Z”||6>] :

k=1 k=1 7K

Since [|a — ay| ktﬁi 0, the Toeplitz lemma entails
— 00

IN

t
—1 ~ 2 a.s
1Y G — ol 2 0
k=1
and under A1, the ergodic theorem gives
lim¢ ! _l&d® (i) < 00, a.s.
t—o0 Z lekea]” 7 \ g T
which proves (C'.2).
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Regarding (C.3), we use again the Taylor expansion of around «g, which yields

1
(&ra)”

_ d _ d & (ar—ao) (&0 )
3 ((e;;kf ~ (G )(5’“0"“) e = 22D (szai)g .

k=1 k=1
= —215_651575

for some § such that 0 < § < 1. To prove (C.3), it is sufficient that

def —1/2+6 Z & (ap—ao) €k0¢0)77k£k _ Op(l).

5’ au

However, if
E (||Sus])?) < o0

then the Markov inequality implies that

Pt |Ssl> = n) = P (ISl = ),

E (||Seal’
PUS) _ )

IN

which is exactly (C.3). Now, (4.5) implies that k2 (&, — o) = O,(1), where O,(1) is a term

bounded in probability. Therefore

E(ISul?) < CrE Y kp ((“,k) )Ew

k=1 Erex
< Ol 7 log (¢)

< 00,

where C' is such that k'/2 ||y, — ap|| < C in probability. Thus (C.3) is established and the

proof is complete.
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