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E¢ cient two-stage estimation of cyclical ARCH models�

Abdelhakim Aknouche and Mohamed Bentarzi

Qassim University and USTHB

Abstract

Two estimation algorithms for Periodic Autoregressive Conditionally Heteroskedas-

tic (PARCH ) models are developed in this work. The �rst is the two-stage weighted

least squares (2S-WLS) algorithm, which adapts the ordinary least squares method for

use in the periodic ARCH framework. The second, 2S-RLS, is an adaptation of the

former for recursive online estimation contexts. Both algorithms produce consistent

and asymptotically normally distributed estimators. Furthermore, the second method

is particularly well-suited to capturing the dynamic characteristics of �nancial time

series that are increasingly being observed at high frequencies. It also enables e¤ective

monitoring of positivity and periodic stationarity constraints.

Keywords: Periodic ARCH, recursive online estimation, two-stage weighted least

squares, two-stage recursive least squares, asymptotic normality.

1 Introduction

Periodic ARCH (PARCH) models are an extension of Engle�s ARCH model (Engle, 1982)

to cases where parameters vary periodically over time. These models are designed to model

time series exhibiting high instantaneous volatility as well as periodicity in their dynamic

�An earlier version of this manuscript was completed in 2004.
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structures. They use stochastic conditional variance to capture the characteristics of instan-

taneous volatility, while accounting for periodicity in the distribution structure by periodi-

cally varying the conditional variance coe¢ cients and the innovation distribution (see Engle,

1982; Bollerslev, 1986; Bollerslev and Ghysels, 1996; Ghysels and Osborn, 2001; Franses and

Paap, 2004; Bentarzi and Aknouche, 2005-2006).

A variety of estimation methods have been suggested for PARCH models and their ex-

tended periodic GARCH (PGARCH) versions. These include, in particular, the (Gaussian)

quasi-maximum likelihood estimator (QMLE, Aknouche and Bibi, 2009), the generalized

QMLE (Aknouche et al., 2018), the least squares estimator (Bibi and Lescheb, 2010), the

moment estimator (Bibi and Aknouche, 2010), and Bayesian Markov chain Monte Carlo

(MCMC) techniques (Aknouche et al., 2020). Recently, Fourier- and wavelet-based adap-

tations of QMLE were proposed by Davis and Balakrishna (2025) to reduce the number of

parameters in periodic GARCH and periodic autoregressive conditional duration (PACD)

models (Aknouche et al., 2022).

Although all of the aforementioned estimation methods for the PARCH model are highly

iterative, the model�s conditional variance is linear in the parameters. This linearity can be

exploited to derive a weighted least squares-based method with a closed form while having

the same asymptotic properties as the Gaussian QMLE under minimal moment conditions

(see Aknouche, 2012-2014; Aknouche and Al-Eid, 2012).

Furthermore, all aforementioned estimation methods are o­ ine in nature, as they deal

with �xed-size time series. However, many application areas of time series analysis, such

as transmission, telecommunications, signal processing, image processing and meteorology,

now require a real-time estimation procedure capable of handling an ever-increasing sample

size. This is particularly true for �nancial time series, for which GARCH models are widely

used. In particular, (G)ARCH models are also used to approximate continuous-time models

for which data are available at a high frequency basis (cf. Nelson, 1990; Francq and Zakoian,

2019; Dimitrakopoulos et al., 2026). In fact, QML-, OLS- and Bayesian MCMC-based

methods are ill-suited to the context of real-time data availability mainly because their ap-
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plications require start-from-scratch computations for each new available observation, which

is costly in terms of temporal complexity. This is why online recursive estimation methods

(also known as recursive identi�cation methods in the engineering literature, see Ljung and

Söderström, 1983; Adams and Goodwin, 1995; Ljung, 1999; Belister, 2000; Pollock, 2003;

and Moulines et al., 2005; Dahlhaus and Subba Rao, 2007 among others) are valuable for

reducing computation time and saving memory space. The main advantage of a recursive

online algorithms is that the recursive estimate updates with each new observation, so that

the number of operations and memory usage depend only on the selected model and do not

increase with the sample size (cf. Ljung, and Söderström, 1983; Kierkegaard et al., 2000;

Aknouche and Guerbyenne, 2006a-2006b).

This study aims to develop two estimation methods for the PARCH parameters based on

the two-stage weighted least squares (2S-WLS) scheme (Aknouche, 2012-2014; Aknouche et

al., 2011; Aknouche and Francq, 2023; Aknouche and Scotto, 2024; Aknouche et al., 2026).

Following this principle, a WLS estimate is �rst obtained, weighted by a function of the

conditional variance, arbitrarily evaluated. This initial estimate is then used to estimate the

conditional variance, which serves as a weight in a second-stage WLS estimator. The �rst

method we propose is an o­ ine 2S-WLS procedure inspired by Aknouche (2012) (see also

Pantula, 1988; Bose and Mukherjee, 2003; Aknouche and Francq, 2023). The second method

adapts the o­ ine 2S-WLS method for use in an online (or adaptive) context resulting in a

two-stage recursive (weighted) least squares (2S-RLS) procedure. Both methods produce

estimators that are asymptotically normally distributed and, under conditional normality,

asymptotically e¢ cient. Furthermore, the second adaptive method is particularly well-suited

to capturing the dynamic characteristics of time series that are increasingly observed at high

frequencies (e.g. Aknouche and Guerbyenne, 2006a).

The following Section provides an overview of the PARCH model and its key properties.

Section 3 extends the two-stage o­ ine least squares (2S-WLS) estimation method to address

the estimation problem of PARCHmodels. The fourth section develops a two-stage recursive

(weighted) least squares (2S-RLS) algorithm for estimating the PARCH parameters. Section
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5 illustrates the introduced algorithms via a short simulation study. Section 6 concludes,

with the main proofs being deferred to an appendix.

2 Periodic ARCH model

All random variables, vectors and sequences considered here are de�ned on a probability

space (
;F ; P ). Let f�t; t 2 Zg be a sequence of independent and identically distributed

(iid) real-valued random variables with mean zero and unit variance. A real-valued random

sequence f"t; t 2 Zg is called a periodic ARCH(q) of order q and period S (PARCHS(q), for

short) if it is given by 8><>:
"t =

p
ht�t

ht = �t0 +
qP
i=1

�ti"
2
t�i; t 2 Z;

(2:1)

where ht = E("2t jFt�1) is the conditional variance and Ft is the �-algebra generated by

f"t�u; u � 0g. The parameters �ti are S-periodic in t (i.e. �t+kS;i = �it, 0 � i � q, t; k 2 Z),

and satisfy �t0 > 0 and �ti � 0 (1 � i � q; t 2 Z).

De�ne the martingale di¤erence term vt = "2t � ht = ht�t, where �t = �2t � 1, and let

t = nS + r with 1 � r � S and n 2 Z. Then equation (2:1) can be written as a periodic

autoregression (PAR) in terms of the squared process f"2t ; t 2 Zg:

(1� �r (L)) "2nS+r = �r0 + vnS+r; 1 � r � S and n 2 Z; (2:2)

where �r (L) =
qP
i=1

�riL
i and L denotes the backward operator de�ned as Lj"2t = "

2
t�j; j 2 N.

2.1 Stability conditions

Bollerslev and Ghysels (1996) (see also Bibi and Aknouche, 2008) obtained a necessary

and su¢ cient condition for PARCHS(1) model to be second-order periodically stationary

using Gladyshev�s theorem (1961). As this approach seems tedious in the general case,

two simpler Markov representations of the PARCHS(q) model (2:1) are used instead: one
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based on a squared version of (2:1), and the other on the PAR equation (2:2). These two

representations are used to analyze the stability properties of the PARCH model (2:1)-(2:2).

Model (2:1) can be expressed as a random coe¢ cient representation in terms of the

squared process:

"2t = �t0�
2
t +

qX
i=1

�ti�
2
t "
2
t�i; t 2 Z: (2:3)

De�ne the q-vectors Yt = ("2t ; :::; "
2
t�q+1)

0 andBt = (�t0�
2
t ;0

0
(q�1)�1)

0, and the q�q-randomma-

trix At as (cf. Aknouche and Bentarzi, 2008; Aknouche and Bibi, 2009; Bibi and Aknouche,

2008-2009)

At =

0BBBBBB@
�t1�

2
t �t2�

2
t : : : �t;q�1�

2
t �t;q�

2
t

I(q�1)�(q�1) 0(q�1)�1

�t1 �t2 : : : �t;q�1 �t;q

0(p�1)�q

1CCCCCCA ;

where 0m�n and In�n stand for the m � n null matrix and the n � n identity matrix,

respectively. Then (2:3) can be expressed as a Markov recurrence equation

Yt = AtYt�1 +Bt; t 2 Z; (2:4)

where the input sequence f(At; Bt); t 2 Zg is independent and periodically distributed (ipd).

Aknouche and Bibi (2009) proposed a necessary and su¢ cient condition for (2:4) to have a

strictly periodically stationary and periodically ergodic solution of (2:4). See Aknouche et

al. (2020) and Aknouche (2024) for de�nitions of strict periodic stationarity and periodic

ergodicity. Let


S (A) = inf
n�1

1
n
E flog kAnSAnS�1:::A1kg ; (2:5)

be the top Lyapunov exponent associated with the ipd sequence of matricesA := fAt; t 2 Zg.

Then model (2:1), or equivalently (2:4), has a unique strictly periodically stationary and pe-

riodically ergodic (causal) solution f"t; t 2 Zg satisfying

"2t =
�
1;00(q�1)�1

�0
Yt and Yt =

1X
k=1

k�1Y
j=0

At�jBt�k +Bt; t 2 Z; (2:6)
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where the latter series converges almost surely, if and only if


S (A) < 0 (2:7)

(cf. Aknouche and Bibi, 2009). As a consequence of the latter log-moment condition,

Aknouche and Bibi (2009) showed that a moment of some positive order for the PARCH

process exists. In other words, if 
S (A) < 0, then there exists a � > 0 such that E (h�r) <1

and E ("2�r ) <1 for all r 2 f1; :::; Sg.

Using the same representation (2:4), Aknouche and Bentarzi (2008) derived a necessary

condition for the existence of a unique strictly periodically stationary and periodically ergodic

solution of (2:1) that has �nite higher-order moments. Assuming that E
�
�2mt
�
is �nite for

some positive integerm, they showed that equation (2:4) has a strictly periodically stationary

and periodically ergodic solution (given by (2:6)) with a �nite E ("2mt ), if and only if

�

 
SY
r=1

E
�
A
mS�r+1

�!
< 1: (2:8)

In (2:8), the symbol �(A) denotes the spectral radius of the matrix A and A
m is the

Kronecker product, A
A
 � � � 
A, of m factors. In particular, for m = 2, (2:8) reduces to

�

 
SY
r=1

E (AS�r+1)

!
< 1; (2:9)

which is a necessary and su¢ cient condition for the existence of a strictly periodically sta-

tionary and periodically ergodic solution with a �nite second moment.

Next, we derive another su¢ cient condition for the existence of a second-order periodic

stationarity. This is done using a recurrence equation with rather non-random coe¢ cients

(see Bentarzi and Hallin, 1994; Bentarzi, 1998). For T 2 Z, de�ne the q-vectors

�T = ("2Tq; "
2
Tq�1; :::; "

2
Tq�q+1)

0; vT = (vTq; vTq�1; :::; vTq�q+1)
0

�T;0 = (�Tq;0; �Tq�1;0; :::; �Tq�q+1;0)
0
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and the following S-periodic matrices:

CT;0 =

0BBBBBBBBB@

1 ��Tq;1 ��Tq;2 � � � ��Tq;q�1
0 1 ��Tq�1;1 � � � ��Tq�1;q�2
...

...
. . . . . .

...
...

...
. . . 1 ��Tq�q+2;1

0 � � � � � � 0 1

1CCCCCCCCCA

CT;1 =

0BBBBBBBBB@

�Tq;q 0 0 � � � 0

�Tq�1;q�1 �Tq�1;q 0 � � � ...
...

...
. . . . . .

...

�Tq�q+2;2 �Tq�q+2;3 � � � �Tq�q+2;q 0

�Tq�q+1;1 �Tq�q+1;2 � � � �Tq�q+1;q�1 �Tq�q+1;q

1CCCCCCCCCA
:

Using these notations, model (2:2) can be cast in the following recurrence equation

�T = CT�T�1 +DT + VT ; (2:10)

where CT = C�1T;0CT;1, DT = C
�1
T;0�T;0, and VT = C

�1
T;0vT . Note that the inputs fCT ; T 2 Zg

and fDT ; T 2 Zg of (2:10) are non-random and S-periodic, while fVT ; T 2 Zg is a fFTg-

martingale di¤erence, but not independent. In contrast, the coe¢ cients f(At; Bt); t 2 Zg in

equation (2:4) are independent and periodically distributed.

From the recurrence equation (2:10), a second-order periodic stationarity condition is

now provided.

Proposition 2.1 The PARCHS(q) model (2:2) admits a second-order periodically sta-

tionary solution given by

�T =
1X
k=1

k�1Y
j=0

CT�jDT�k +
k�1Y
j=0

CT�jVT�k +DT + VT ; t 2 Z; (2:11)

where the latter series converges in mean square, if

�

 
SY
r=1

CS�r+1

!
< 1: (2:12)
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Proof See Appendix A.

For the particular PARCHS(1)model (2:2) corresponding to q = 1, both conditions (2:12)

and (2:9) coincide and reduce to Bollerslev and Ghysels�s (1996) condition:

SY
r=1

CS�r+1 =

SY
r=1

E (AS�r+1) =

SY
r=1

�r1 < 1.

Note that the second-order periodic stationarity condition (2:12) does not guarantee

strict periodic stationarity or periodic ergodicity for the PARCH model (2:1). However,

the second-order periodic stationarity condition (2:9) does imply these properties. See also

Aknouche (2007) for further comments on representation (2:10).

3 Two-stage weighted least squares estimator of the

periodic ARCH model

Aknouche (2012) introduced a two-stage weighted least squares procedure for estimating the

parameters of an ARCHmodel. This method involves solving two systems of linear equations

to yield the estimators in closed form. The author showed that the resulting second-stage

estimator has the same asymptotic variance as the QMLE, and can even outperform it for

short time series. This section proposes a version of this method for estimating the PARCH

model. To achieve this, consider the following observation (q + 1)S-vector:

�nS+r =

8>>><>>>:
(1; "2nS; :::; "

2
nS�q+1;0

0; :::;00)0 if r = 1

(00; :::;00; 1; "2nS+r�1; :::; "
2
nS+r�q;0

0; :::;00)0 if 2 � r � S � 1

(00; :::;00; 1; "2nS+S�1; :::; "
2
nS+S�q)

0 if r = S,

(3:1)

where 0 denotes the null vector with 1+ q components. Rewrite model (2:2) in the following

linear regression

"2t = �
0
t�0 + ht(�0)�t, (3:2)

which is driven by the martingale di¤erence sequence fht(�0)�t; t 2 Zg. Here ht(�0) = �0t�0
and �0 is the true parameter given by �0 = (�0

0
1 ;�

00
2 ; :::;�

00
S )

0 with �0r = (�
0
r0; �

0
r1; :::; �

0
rq)

0
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(r = 1; :::; S). Let "21; "
2
2; :::; "

2
T be an observed series arising from (2:1). Assume, without loss

of generality, that T = NS for some positive integer N , which denotes the channel size. To

estimate the parameter �0, �rst ignore the presence of ht(�0) in the martingale di¤erence

term ht(�0)�t, disregarding its dependence on the unknown parameter �0. In this situation,

the weighted least squares method based on (3:2) provides the following �rst-stage estimator:

e� (T ) =  TX
k=1

1

(�0k��)
2�k�

0
k

!�1 TX
k=1

1

(�0k��)
2�k"

2
k. (3:3a)

Here, �� is a �xed, known parameter value, and the start-up values "21�q; :::; "
2
0 are chosen

arbitrarily. Including the square of the (arbitrarily evaluated) conditional variance (�0k��)
2

as a weighting factor guarantees the convergence of the estimator e� (T ) without any moment
requirement on the observed process f"t; t 2 Zg (Aknouche, 2012). This is analogous to the

QMLE of a GARCH model (see Francq and Zakoian, 2019).

Clearly, the estimator e� (T ) does not account for the heteroskedasticity of the error term
ht(�0)�t since, unless �� = �0, hk(��) is not the true conditional variance. Hence, unless

�� = �0, the estimate e� (T ) is less e¢ cient than the QMLE. To improve the asymptotic
relative e¢ ciency of e� (T ), �rst rewrite model (3:2) in the normalized form

"2t
ht(�0)

= 1
ht(�0)

�0k�0 + �t;

which is rather driven by the iid sequence f�t; t 2 Zg. Then replace the unknown parameter

�0 in ht (�0) with its �rst-stage estimator e� (T ). This yields the following "quasi" linear
regression model

"2t
ht(e�(T )) = 1

ht(e�(T ))�0k�0 + �t.
Applying the weighted least squares method to the latter regression gives the second-stage

estimator

b� (T ) =  TX
k=1

1

(�0k e�(T ))2�k�0k
!�1 TX

k=1

1

(�0k e�(T ))2�k"2k: (3:3b)

To study the asymptotic properties of the two-stage WLS estimators e� (T ) and b� (T ), con-
9



sider the matrices

F1 =

SX
r=1

E
�

1

(�0r��)
2�r�

0
r

�
(3:4a)

F2 =
SX
r=1

E
�
(�0r�0)

2

(�0r��)
4�r�

0
r

�
(3:4b)

F3 =
SX
r=1

E
�

1

(�0r�0)
2�r�

0
r

�
; (3:4c)

which exist and are �nite under the following assumptions:

A1 The PARCH process (2:1) is strictly periodically stationary and periodically ergodic,

i.e. (2:7) is satis�ed.

A2 E
�
�4r
�
<1 for all 1 � r � S.

Similar assumptions were considered by Aknouche (2012) in the context of the standard

ARCH model. As such, the two-stage estimators (e� (T ) ; b� (T )) do not require any moment
conditions on the observed process. The following result establishes the consistency and

asymptotic normality of the above estimators.

Theorem 3.1 i) Under A1

e� (T ) a:s:!
T!1

�0:

b� (T ) a:s:!
T!1

�0:

ii) If, in addition, A2 holds true, then

p
T (e� (T )��0) D!

T!1
N (0; SE

�
�20
�
F�11 F2F

�1
1 ) (3:5)

p
T (b� (T )��0) D!

T!1
N (0; SE

�
�20
�
F�13 ). (3:6)

Proof See appendix B.

It can be seen that the second-stage estimate b� (t) is more asymptotically e¢ cient than
the preliminary estimate e� (t). Aknouche and Al-Eid (2012) established the consistency and
asymptotic normality of a similar (but in a single stage) estimator for the �rst-order unstable

PARCHS(1) model when assumption A1 is not satis�ed, i.e. when the 
S (A) � 0.
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4 Two-stage Recursive (weighted) Least Squares algo-

rithm

O­ ine estimators (e� (T ) ; b� (T )) are impractical for online data because computations for
the entire sample are required with each new observation, which can be extremely computa-

tionally intensive, especially for continuously available series. Online estimation methods can

therefore be advantageous (see, for example, Ljung and Söderström, 1983; Kushner and Yin,

1997; Ljung, 1999; Belister, 2000; Pollock, 2003; and Aknouche and Guerbyenne, 2006a).

This section adapts the recursive least squares (RLS) estimation algorithm to the PARCH

model (2:1). Before presenting the recursive estimation schemes, the system of equations

(3:3) is �rst modi�ed to obtain the form appropriate for recursive resolution.

Let e�t := e�(t) be the �rst-stage recursive estimator based on the dataset "t = ("1; "2:::; "t)
up to time t. Then (3:3a) can be written as 

tX
k=1

1

(�0k��)
2�k�

0
k

! e�t = tX
k=1

1

(�0k��)
2�k"

2
k: (4:1a)

By analogy with (3:3b) and based on the dataset "t, the second-stage recursive estimator b�t
is de�ned as  

tX
k=1

1

(�0k e�k)2�k�0k
! b�t = TX

k=1

1

(�0k e�k)2�k"2k: (4:1b)

Note that while e�t = e� (t), the main di¤erence between the second-stage estimators b�t andb� (t) in (4:1b) and (3:3b), respectively, is that the weight 1

(�0k e�k)2 in (4:1b) varies with k and is
based on the progressive dataset "k up to time k (1 � k � t). In contrast, the weight 1

(�0te�t)2 ,
which is based on the entire data set "t, remains constant for all terms of the sums in (3:3b).

Nevertheless, it will be shown that b�t and b� (t) have the same asymptotic distribution.
Equations (4:1a)-(4:1b) are solved recursively using the recursive least squares method

(cf. Plackett, 1950). Letting eRt = tP
k=1

1

(�0k��)
2�k�

0
k, equation (4:1a) can be solved recursively

via the RLS algorithm (e.g. Ljung and Söderström, 1983, p. 17). This provides the following

11



recursions

e�t = e�t�1 + eR�1t �t ("2t��0te�t�1)(�0t��)
2 (4:2a)eRt = eRt�1 + 1

(�0t��)
2�t�

0
t t � 1; (4:2b)

with starting values eR0 = �0�00 and e�0 = eR�10 �0 "20
(�01��)

2 , provided that eR0 is nonsingular.
To solve (4:1b) recursively, set bRt = tP

k=1

1

(�0k e�k)2�k�0k. The same derivation as above yields
the following recursive equations

b�t = b�t�1 + eR�1t �t ("2t��0tb�t�1)(�0te�t)2 (4:2c)bRt = bRt�1 + �t�
0
t

(�0te�t)2 ; t � 1 (4:2d)

with starting values bR0 = 1

(�00e�0)2�0�00 and b�0 = bR�10 �0 "20
(�00e�0)2 , provided that bR1 is nonsingu-

lar. To avoid the singularity problem of eR�10 and bR�10 , the start-up values e�0; b�0; eR0 and bR0
are set to make the recursive estimators (4:2) as close as possible to the o­ ine solutions (4:1).

Starting from the recursive equations (4:2a) and (4:2c), we will (approximately) �nd (4:2).

Multiplying both sides of (4:2a) by eRt, using (4:2b), and summing the resulting equations
side by side (for k = 1 to t) gives eR0 + tX

k=1

1

(�0k��)
2�k�

0
k

! e�t = eR0e�0 + tX
k=1

1

(�0k��)
2�k"

2
k: (4:3a)

Similar manipulations applied to (4:2c) and (4:2d) yield bR0 + tX
k=1

1
(�0k e�k)2�k�0k

! b�t = bR0b�0 + tX
k=1

1
(�0k e�k)2 �k"2k: (4:3b)

For the estimates in (4:3) to be close to those given by (4:1), a reasonable choice for the

starting values is then e�0 = b�0 = 0 and eR0 = bR0 =M�1I;

where M is a large enough positive real and I is the identity matrix of order 1 + q.

The numerical complexity of the recursions (4:2) can be still improved while consideringePt = eR�1t and bPt = bR�1t and then using the matrix inversion lemma of Plackett (1950) (see

e.g. Solo, 1979). This gives the following algorithm.
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Algorithm 4.1 The two-stage recursive (weighted) least squares algorithm (2S-RLS), for

estimating PARCH models, is given by the following set of recursions:8>>>>>>><>>>>>>>:

evt = "2t � �0te�t�1
e�t = e�t�1 + ePt�1�tevt

(�0t��)
2
+ �0t ePt�1�tePt = ePt�1 � ePt�1�t�0t ePt�1

(�0t��)
2
+ �0t ePt�1�t| {z }

�rst stage

;

8>>>>>>><>>>>>>>:

bvt = "2t � �0tb�t�1
b�t = b�t�1 + bPt�1�tevt

(�0te�t)2 + �0t bPt�1�tbPt = bPt�1 � bPt�1�t�0t bPt�1
(�0te�t)2 + �0t bPt�1�t :| {z }

second stage

(4:4)

where e�0 = b�0 = 0, eP0 = bP0 =M I.

Assuming A1 and A2, the following result shows that the recursive estimators in (4:3)

possess the same properties as their o­ ine counterparts in (3:3).

Theorem 4.1 i) Under A1

e�t a:s:!
t!1

�0

b�t a:s:!
t!1

�0:

ii) If, in addition, A2 is satis�ed, then

p
t(e�t ��0) D!

t!1
N (0; SE

�
�20
�
F�11 F2F

�1
1 ) (4:5)

p
t(b�t ��0) D!

t!1
N
�
0; SE

�
�20
�
F�13

�
; (4:6)

where F1, F2 and F3 are given by (3:4).

Proof See Appendix C.

From (4:5) and (4:6), it can be concluded that the asymptotic variances of the online

estimators e�t and b�t coincide with those of the o­ ine estimators e� (t) and b� (t), respectively.
Furthermore, b�t is more (asymptotically) e¢ cient than e�t. Finally, the two-stage WLS
estimates given by (3:3) and (4:3) do not require any moment conditions on the observed

process f"t; t 2 Zg. In contrast, the two-stage least squares estimators proposed by Aknouche

and Guerbyenne (2006a, 2006b) for the standard ARCH model (corresponding to model

(2:1) with S = 1) require E ("6t ) to be �nite. This considerably and undesirably reduces the

parameter space.
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When implementing the 2S-RLS algorithm, the admissibility of the estimates (e�t; b�t)
obtained at each time point must be veri�ed. These estimates may be negative, which would

violate the stability constraint. To address this, the admissibility of the current estimates

is tested using the method described by Ljung and Söderström (1983). If the estimates are

not admissible, they are projected into the admissibility domain. The strict condition for

periodic stationarity is then veri�ed at each iteration using equation (2:7).

5 Numerical illustration

This section evaluates the performance of the aforementioned two-stage methods on �nite

samples through simulation experiments. To this end, 1,000 replications were generated

from the conditionally Gaussian, two-periodic PARCH2(1) model, with parameters �0 =

(�10; �11; �20; �21)
0 = (0:05; 0:7; 0:3; 0:1)0 (see Table 5.1). The sample sizes were chosen from

the set f80; 120; 160; 200g. The starting values of the recursive parameters are set to zero

with bP0 and eP0 �xed at 100000I. The weighting parameter �� is set to (0:2; 0:3; 0:5; 0:6)0.
Further unreported simulations using di¤erent orders and periods are available from the

authors.

Table 5.1 reports the mean, standard deviation (StD) and asymptotic standard errors

(ASE) of the two-stage estimates over the 1,000 replications. The o­ ine estimates are

denoted by b�ri (T ) (i; r = 1; 2) and the online counterparts by b�ri;T . The asymptotic standard
errors are obtained from Theorems 3.1-4.1, and are identical for both estimates. Note that

14



only the second-stage estimators are shown.

T b�10(T ) b�11(T ) b�20(T ) b�21(T ) b�10;T b�11;T b�20;T b�21;T
80

Mean

StD

ASE

:0613

:0034

:0029

:6642

:1055

:0808

:2784

:0662

:0476

:1397

:0392

:0211

:0628

:0029

:0029

:6652

:1079

:0708

:2702

:0587

:0476

:1400

:0426

:0211

120

Mean

StD

ASE

:0378

:0025

:0018

:6803

:0949

:0746

:2894

:0328

:0389

:1249

:0233

:0194

:0488

:0019

:0018

:6793

:0915

:0746

:2841

:0333

:0389

:1384

:0272

:0194

160

Mean

StD

ASE

:0585

:0017

:0011

:6879

:0802

:0644

:2951

:0313

:0299

:1198

:0181

:0152

:0550

:0018

:0011

:6853

:0877

:0644

:2867

:0278

:0299

:1209

:0205

:0152

200

Mean

StD

ASE

:0554

:0011

:0008

:6892

:0610

:0612

:3171

:0220

:0182

:1103

:0122

:0117

:0505

:0012

:0008

:6986

:0676

:0612

:2887

:0198

:0182

:0895

:0111

:0117

Table 5.1. 2S-WLS and 2SW-RLS estimates for 1000 PARCH2(1) series with sample-size T .

As can be seen in Table 5.1, the recursive estimate b�T performs well and is comparable
to its homolog the o­ ine estimate b� (T ), even for small samples. Both estimates conform to
asymptotic theory, as their biases and standard errors (StD and ASE) decrease as the sample

size increases. In addition ASE and StD values are quite close to each other. However, the

online estimate b�T is faster to compute than b� (T ), albeit at the cost of slight inaccuracy.
Finally, unlike the o­ ine b� (T ), which can take negative values, the online estimate b�T
allows for e¤ective control of positivity and periodic stationarity constraints.

6 Conclusion

Two methods for estimating the PARCH model were proposed in this work. Both are based

on the two-stage weighted least squares method. The resulting estimates are consistent

and asymptotically Gaussian, regardless of any moment conditions on the observed process,
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which is a desirable property. Furthermore, one method is suitable for datasets with a �xed

sample size, while the second is recommended in the context of increasingly available data.

While the latter follows the least-squares method (Aknouche and Guerbyenne, 2006a; Cipra

and Hendrych, 2018; Hendrych and Cipra, 2018), it can also be considered as following other

approaches, such as stochastic approximation (Bottou and Bousquet, 2007; Gerencsér and

Orlovits, 2012; Werge and Wintenberger, 2022) and the Bayesian framework (Ljung and

Söderström, 1983; Aknouche, 2017). In addition to estimation purposes, a condition for

the PARCH model to have a �nite second moment was also provided. Note that the above

monitoring procedure can slow down the speed of the algorithm due to its Newton�Raphson

nature. Consequently, using constrained least squares estimators seems much more useful

(see also Pantula, 1988, and Wang et al., 2004). Furthermore, extending these methods to

PGARCH models appears promising.

7 Appendix Proofs

7.1 Appendix A: Proof of Proposition 2.1

Iterating (2:10) gives

�T = DT +
m�1X
j=1

jY
l=1

CT�l+1DT�j +
mY
l=1

CT�l+1�T�m + VT +
m�1X
j=1

jY
l=1

CT�l+1VT�j; (A:1)

where m is a positive integer. Taking the conditional expectation with respect to FT�m on

both sides of (A:1) gives

E (�T jFT�m) = DT +
m�1X
j=1

jY
l=1

CT�l+1DT�j +
mY
l=1

CT�l+1�T�m: (A:2)

Let T = r(T ) + n(T )S and m = hS + r, where r(T ); r 2 f1; 2; :::; Sg and T; h 2 Z. Then the

S-periodicity of the matrix sequence fCT ; T 2 Zg implies that

mY
l=1

CT�l+1 =

 
SY
l=1

Cr(T )�l+1

!h rY
l=1

Cr(T )�l+1. (A:3)
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In view of (A:3), taking the Euclidian norm of both sides of (A:2) entails




E (�T jFT�m)�DT �
m�1X
j=1

jY
l=1

CT�l+1DT�j






 =







 

SY
l=1

Cr(T )�l+1

!h rY
l=1

Cr(T )�l+1�T�m







 :
Since





 rQ
l=1

Ar(T )�l+1





 does not depend on h, a su¢ cient condition for the following equality
to be true

lim
m!1






E (�T jFT�m)�DT �
m�1X
j=1

jY
l=1

CT�l+1DT�j






 = 0
is that

lim
h!1







SY
l=1

Ar(T )�l+1







h

= 0;

which is exactly (2:12).

7.2 Appendix B: Proof of Theorem 3.1

i) Combining (3:3a) and (3:2) yields

e� (T )��0 =  1
T

TX
k=1

1

(�0k��)
2�k�

0
k

!�1
1
T

TX
k=1

�k
�0k�0�k

(�0k��)
2 : (B:1)

Hence, under A1, the strong consistency of e� (T ) follows from the ergodic theorem and the

fact that
1
T

TX
k=1

�k
�0k�0�k

(�0k��)
2

a:s:!
T!1

1
S

SX
r=1

E

�
�k

�0k�0

(�0k��)
2

�
E (�k) = 0:

A similar argument proves the strong consistency of b� (T ).
ii) If we let T = NS and k = r + Sm, then 1 � k � NS is equivalent to 1 � r � S and

0 � m � N � 1. Therefore, (B:1) becomes

p
T (e� (T )��0) =  1

S

SX
r=1

1
N

N�1X
m=0

�mS+r�
0
mS+r

(�0mS+r��)
2

!�1 SX
r=1

1p
N

N�1X
m=0

�mS+r
�0mS+r�0�mS+r

(�0mS+r��)
2 :

Under A1, the cyclo-ergodic theorem (e.g. Aknouche, 2024) entails

1
N

N�1X
m=0

1

(�0mS+r��)
2�mS+r�

0
mS+r

a:s:!
N!1

E
�

1

(�0r��)
2�r�

0
r

�
(B:2)

1
N

N�1X
m=0

�mS+r�
0
mS+r

(�0mS+r�0)
2
�2mS+r

(�0mS+r��)
4

a:s:!
N!1

E
�
�20
�
E
�
�r�

0
r
(�0r�0)

2

(�0r��)
4

�
(B:3)
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for all r = 1; :::; S. In view of (B:3), the martingale central limit theorem (cf. Hall and

Heyde, 1980) yields

1p
N

N�1X
m=0

�mS+r
�0mS+r�0�mS+r

(�0mS+r��)
2

D!
N!1

N
�
0; E

�
�20
�
E
�
�r�

0
r
(�0r�0)

2

(�0r��)
4

��
: (B:4)

Combining (B:1) to (B:4), proves (3:5).

Next, to prove (3:6), combining (3:2) and (3:3b) gives

p
T (b� (T )��0) =  1

S

SX
r=1

1
N

N�1X
m=0

�mS+r�
0
mS+r

(�0mS+r e�(T ))2
!�1 SX

r=1

1p
N

N�1X
m=0

�mS+r
�0mS+r�0�mS+r

(�0mS+r e�(T ))2 :
A Taylor expansion of the function g(e� (T )) = 1

(�0mS+r e�(T ))2 around �0 entails (see also
Aknouche, 2015; Aknouche et al., 2026 and the proof of (C:2) below)

SX
r=1

1
N

N�1X
m=0

�
1

(�0mS+r e�(T ))2 � 1

(�0mS+r�0)
2

�
�mS+r�

0
mS+r = op(1) (B:5)

and
SX
r=1

1p
N

N�1X
m=0

�
1

(�0mS+r e�(T ))2 � 1

(�0mS+r�0)
2

�
�0mS+r�0�mS+r = op(1); (B:6)

where op(1) denotes a term converging in probability to zero. Therefore,

p
T (b� (T )��0) =  1

S

SX
r=1

1
N

N�1X
m=0

�mS+r�
0
mS+r

(�0mS+r�0)
2

!�1 SX
r=1

1p
N

N�1X
m=0

�mS+r
�0mS+r�0�mS+r

(�0mS+r�0)
2 + op(1):

Applying again the martingale central limit theorem (cf. Hall and Heyde, 1980) proves (3:6).

7.3 Appendix C : Proof of Theorem 4.1

Only part ii) of the theorem is proved, since part i) is obtained in a similar way. Equations

(4:3a) and (4:1a) are asymptotically equivalent, meaning that the estimators they produce

have the same asymptotic distribution. Therefore, result (4:5) follows immediately from

(3:5). The same argument shows that equation (4:3b) is asymptotically equivalent to (4:1b).

The asymptotic properties of the estimator obtained from the latter equation are now

analyzed. Combining (4:1b) and (3:2) yields

p
t(b�t ��0) =  t�1 tX

k=1

1

(�0k e�k)2�k�0k
!
t�1=2

tX
k=1

�k
�0k�0�k

(�0k e�k)2 : (C:1)
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As with (B:5) and (B:6), if the the following limiting equalities

t�1
tX

k=1

�
1

(�0k e�k)2 � 1

(�0k�0)
2

�
�k�

0
k = op(1) (C:2)

and

t�1=2
tX

k=1

�
1

(�0k e�k)2 � 1

(�0k�0)
2

�
�0k�0�k�k = op(1) (C:3)

hold true, then

p
t(b�t ��0) =  t�1 tX

k=1

1

(�0k�0)
2�k�

0
k

!
t�1=2

tX
k=1

�k
�0k�0�k

(�0k�0)
2 + op(1).

According to the martingale central limit theorem (cf. Hall and Heyde, 1980), it can be

concluded that (4:6) is true.

To prove (C:2), the function g(e�k) = 1

(�0k e�k)2 can be expanded using a Taylor series
around �0, giving

1
t

tX
k=1

�
1

(�0k e�k)2 � 1

(�0k�0)
2

�
�k�

0
k =

�2
t

tX
k=1

(e�k��0)0�k
(�0k�u)

3 �k�
0
k := �2St; (C:4)

where �u is between e�k and �0. From (C:4), we have

kStk � 2t�1
tX

k=1

ke�k ��0k k�kk3

k�0k�uk3

� 2

" 
t�1

tX
k=1

ke�k ��0k2! t�1 tX
k=1

k�kk6

k�0k�uk6

!#1=2
.

Since ke�k ��0k a:s:!
k!1

0, the Toeplitz lemma entails

t�1
tX

k=1

ke�k ��0k2 a:s:!
t!1

0,

and under A1, the ergodic theorem gives

lim
t!1

t�1
tX

k=1

k�kk6

k�0k�uk6
= E

�
k�kk6

k�0k�uk6
�
<1, a.s.,

which proves (C:2).
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Regarding (C:3), we use again the Taylor expansion of 1

(�0k e�k)2 around �0, which yields

t�1=2
tX

k=1

�
1

(�0k e�k)2 � 1

(�0k�0)
2

�
(�0ke�k) �k�k = �2t�1=2

tX
k=1

�0k(e�k��0)(�0k�0)�k
(�0k�u)

3 �k

: = �2t��St;�

for some � such that 0 < � < 1
2
. To prove (C:3), it is su¢ cient that

St;�
def
= t�1=2+�

tX
k=1

�0k(e�k��0)(�0k�0)�k
(�0k�u)

3 �k = op(1):

However, if

E
�
kSt;�k2

�
<1;

then the Markov inequality implies that

P
�
t�2� kSt;�k2 � �

�
= P

�
kSt;�k � t2��

�
;

�
E
�
kSt;�k2

�
t2��

= op(1);

which is exactly (C:3). Now, (4:5) implies that k
1
2 (e�k ��0) = Op(1), where Op(1) is a term

bounded in probability. Therefore

E
�
kSt;�k2

�
� Ct�1=2+�

tX
k=1

k�1E

�
k�kk6

(�0k�u)
6

�
E j�kj

2

� C k�0k2 t�1=2+� log (t)

< 1;

where C is such that k1=2 ke�k ��0k � C in probability. Thus (C:3) is established and the
proof is complete.
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