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Abstract    

The purpose of this paper is to introduce a new production function that takes into account self-

learning AI, which can improve itself and therefore productivity without any additional human 

capital or labor, even though it still requires physical capital. The difference between my 

production function and any other existing production function is that my production function 

separates technologies into self-learning and non-self-learning technologies. The value of 

exponent for the self-learning technologies depends on the value of its base and this is the unique 

recursive feature of my production function. Unlike in the Mankiw-Romer-Weil production 

function, in my production function, technology and labor force are separated and this is allowed 

because I make the technology endogenous. My production function leads to only two possibilities, 

which are an economy that is in balanced growth path (BGP), and an economy that is in 

accelerating growth path. The determining factor that decides whether an economy is in BGP or 

not is the exponent for the self-learning technologies in my production function. If the sum of all 

exponents is less or equal to 1, then the economy is in BGP, which is consistent with Mankiw-

Romer-Weil (1992). If the sum of all exponents is greater than 1, then the economy is in 

accelerating growth path, which is consistent with Romer (1986). There is no steady state in my 

production function. I also rule out the possibility of singularity. I support my production function 

with empirical evidences that confirm that my production function is quite accurate and quite 

useful for cross-countries comparison. Furthermore, I conduct simulations that show how the U.S 

economy will transition from balanced growth path to accelerating growth path.  
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1. Introduction 
Existing production functions are insufficient for an economy with deployed self-learning AI. Self-

learning AI already exist but the deployments of self-learning AI are still rare. However, in the 

future, I expect that there are widespread uses of self-learning AI among general public. I am 

confident about this assumption because most experts share the same belief. Some experts even 

go beyond self-learning AI, and they speak about AGI (Artificial General Intelligence). In this 

paper, I do not discuss AGI because AGI does not exist yet and AGI is still only theoretical. 

Because of the lack of production function that adequately takes into account the effect of self-

learning technologies in the existing literature, in this paper, I introduce a production function that 

I believe to be adequate in taking into account the effect of self-learning technologies on the total 

output of an economy. The world (or at least certain parts of the world, the United States and 

China) is definitely in the process of becoming the world, in which self-learning AI are being used 

by general public. 

 What distinguishes self-learning AI from non-self-learning technologies is that self-

learning AI can improve itself and become more productive, without additional human capital or 

labor, even though it still needs additional physical capital to function optimally. This means that, 

with deployed self-learning AI, output is expected to increase disproportionately relatively to 

inputs. With deployed self-learning AI, output that increases at increasing rate is possible.  

Below, I first discuss the Literature Review, which is followed by my model’s assumptions. 

Then, I propose the new production function; I also provide the justifications for the production 

function and explain why this production function is good for an economy, in which self-learning 

AI become increasingly important for the total output. Furthermore, I discuss the growth rates in 

my production function. Moreover, I discuss that, with my production function, an economy is 

either in the balanced growth path or in the accelerating growth path, with singularity being ruled 
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out; I also discuss the condition that leads to the balanced growth path and the condition that leads 

to the accelerating growth path. In addition, I present empirical evidences that confirm that my 

production function is quite accurate and useful, especially for cross-countries comparisons. 

Moreover, using empirical data, I conduct simulations that show how the U.S economy will 

transition from balanced growth path to accelerating growth path. Finally, I finish with the 

Conclusion section.   

 

2. Literature Review 
Current existing growth theories either have not taken into account AI’s ability to self-learn or do 

not have sufficient model to accurately calculate total output (Y) that is useful for cross-countries 

comparisons, in the world where self-learning AI become increasingly important. The significant 

older models, including Solow (1956), Mankiw, Romer and Weil (1992), Lucas (1988), Romer 

(1990) and Jones (1995), do not take into account AI’s ability to self-learn. Table 1 summarizes 

the mathematical representations of total output in five foundational growth models: Solow (1956), 

Mankiw, Romer and Weil (1992), Lucas (1988), Romer (1990), and Jones (1995).  

Table 1 Total Output Functions 

Model Y (Total Output) 

Solow (1956) Y =	Ka (AL)1-a 

MRW (1992) Y =	Ka Hb (AL)1-a-b 

Lucas (1988) Y = AKa (uHL)1-a 

Romer (1990) Y = (ò xiadi) LY1-a 

Jones (1995) Y = Ka (ALY)1-a  

 

Where: 

Y: Total Output (in all models) 

K: Physical capital (in all models) 

L: Labor (in all models) 

A: Technology (in all models) 

a: Capital’s share in total output (in Solow, Lucas and Jones) 

H: Human capital (in all models) 
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a, b: Output elasticities of capital and human capital, respectively (in MRW) 

u: Fraction of human capital allocated to production (while the rest goes to learning) (in Lucas) 

xi: Amount of intermediate input i used (in Romer) 

N: Number of available intermediate inputs (in Romer) 

LY: Labor allocated to final goods production (in Romer and Jones) 

a: Output elasticity of intermediate inputs (in Romer)  

All of the models discussed above do not distinguish between technologies that possess 

autonomous learning capabilities from those that do not. This distinction is crucial because self-

learning technologies exhibit fundamentally different behaviors with significant implications for 

total output. Unlike conventional technologies that lack this capacity, self-learning AI can improve 

its capabilities and, consequently, its productivity without requiring additional human capital or 

labor input. This is a core feature of self-learning AI technologies that is not captured by existing 

frameworks. As such, all of above existing models are insufficient, especially in cross-countries 

comparisons, for forecasting total output in an economy where the contributions of self-learning 

AI are increasingly central to economic growth. Therefore, to accurately model output in the 

future, it is essential to disaggregate these two types of technology and account for their distinct 

effects. 

Even some of the more recent important papers still have not adopted AI’s self-learning 

capabilities into their models. For example, in Acemoglu’s working paper The Simple 

Macroeconomics of AI (2024), AI’s self-learning capabilities is not included in the model 

(Acemoglu, 2024). Acemoglu’s paper treats AI as usual traditional capital, which do not self-learn 

(Acemoglu, 2024). Another recent paper that does not take into account AI’s ability to self-learn 

is the paper by Jacobo-Romero, Carvalho and Freitas. In this paper, total output (Y) is defined as 

the following: Y = (L + AX)a × H1-a (Note: Y is total output; L is low-skilled labor; H is high-skilled 

labor; X is automation input; A is automation substitution factor; a is output elasticity of (L + AX)) 

(Jacobo-Romero et al., 2022). This paper does not model AI’s self-learning capabilities. 

Furthermore, this paper treats AI as a static automation tool that substitutes for labor in certain 

tasks, without modeling learning, adaptation or recursive improvement. Another more recent paper 

that does not take into account AI’s ability to self-learn is the paper by Wang, Sarker, Alam and 

Sumon. In this paper, AI is treated like ordinary machines, which are static and do not have self-
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learning capabilities (Wang et al., 2021). This paper’s model allows AI to increase growth, affect 

wages and shift labor demand but, in this paper, AI cannot self-learn.       

There are recent papers that have adopted AI’s self-learning capabilities into their model. 

One of the most notable papers that have adopted AI’s self-learning capabilities into their model 

is the paper by Trammell and Korinek. In this paper, Trammel and Korinek introduce the following 

equations (Trammell & Korinek, 2023): 

A	̇t = AtF	[(CtKt)r + (DtStLt)r]l/r 

A	̇t: Rate of change of productivity (technological progress) 

AtF:	Recursive feedback from current knowledge stock (this is the self-learning) 

At: Technology level 

Ct: Capital-augmenting tech 

Dt: Labor-augmenting tech 

Kt: Capital used in R&D 

Lt: Total labor supply  

St: Share of labor allocated to R&D 

l: Returns to scale in research 

r: Substitution between capital and labor in research 

Above equation allows AI to recursively accelerate its own development.  

Yt = At (1 – St) Lt 

Yt depends on At and, therefore, it is clear that total output is significantly affected by AI’s ability 

to self-learn. Despite the incorporation of AI’s ability to self-learn in the model, Trammel and 

Korinek’s model has a weakness that needs to be addressed. The weakness is that, in this model, 

self-learning AI are not separated from non-self-learning AI. In the real world, there are self-

learning AI and non-self-learning AI; self-learning AI can improve without additional human 

capital or additional labor while non-self-learning AI cannot. This important difference has major 

implication on the total output. That is why Trammel and Korinek’s model still needs to be 

improved. 

 Another paper that has incorporated AI’s ability to self-learn is authored by Julia 

Puaschunder. In her paper, the total output (Y) is defined as followed (Puaschunder, 2022): 

Y(t) = [A(t)K(t)]a × [A(t)L(t)]b [A(t)I(t)]1-a-b 

Y(t): Total output at time t 
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A(t): Technology level 

K(t): Capital 

L(t): Labor 

I(t): Information stock (derived from AI’s self-learning capabilities, big data, Internet access, etc.) 

a, b: Output elasticities of capital and labor 

Clearly, this model takes into account AI’s ability to self-learn by multiplying A (technology level) 

by I (information stock). Just like the Trammel and Korinek’s model, the weakness of Puaschunder 

model is that technologies that self-learn are not separated from technologies that do not self-learn.  

 Another more recent significant paper that has taken into account AI’s ability to self-learn 

is the paper by Besiroglu, Emery-Xu and Thompson. In this paper, Y (total output) is defined as 

followed: Y(t) = [(1 - ak)K(t)]a × [A(t)(1 - al)L(t)]1-a (Besiroglu et al., 2023). 

Y(t): Total output at time t 

K(t): Total capital stock 

L(t): Total labor force 

ak: Share of capital allocated to R&D 

al: Share of labor allocated to R&D 

a: Output elasticity of capital 

A(t): Technology 

This paper also introduces the following equation: A	̇t = B × (akK(t))b × (alL(t))g × A(t)q (Besiroglu 

et al., 2023) 

A	̇t: Rate of technological progress 

B: Constant multiplier/productivity shift 

akK(t): Capital allocated to R&D 

alL(t): Labor allocated to R&D 

b: Elasticity of idea production with respect to R&D capital 

g: Elasticity of idea production with respect to R&D labor 

q: Recursive self-improvement parameter 

The AI’s self-learning capabilities are captured by the A(t)q term. When q > 0, past knowledge 

increases future innovations, which means self-learning exists. Just like Trammel and Korinek 
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paper and Puaschunder paper, Besiroglu et al. paper does not separate self-learning AI from non-

self-learning AI.  

 Another more recent paper that has taken into account AI’s ability to self-learn is the paper 

by Farach, Cambon and Spataro. In this paper, total output (Y) is a function of capital (K), human 

labor (L) and digital labor (D); Y(t) = F(K, L, D) (Farach et al., 2025). Digital labor is defined as 

the cognitive work performed by AI systems, such as chatbots, code assistants and diagnostic 

agents (Farach et al., 2025). Only some digital labors, such as certain diagnostic agents, self-learn; 

not all digital labors self-learn. Again, the authors of this paper made the same mistake as the 

authors mentioned earlier; this model does not separate digital labors that self-learn from digital 

labors that do not self-learn.  

 Another more recent paper that has taken into account AI’s ability to self-learn is the paper 

by Aghion, Jones and Jones. In this paper, the authors introduce the following equation (Aghion 

et al., 2017): Yt = At × (bt1-r Ktr + (1 - bt)1-r Ltr)1/r 

Yt: Total output 

At: Total Factor Productivity (TFP) 

bt: Fraction of tasks that have been automated 

Kt: Capital input 

Lt: Labor input 

r: Substitution parameter between capital-automated and labor-performed tasks 

Furthermore, the authors introduce the following equation (Aghion et al., 2017):  

A	̇t = AtF [(BtKt)r + (CtSt)r]1/r 

A	̇t: Rate of change of TFP 

At: TFP 

F: Recursive exponent 

Bt: Capital-augmenting efficiency 

Kt: Capital input used in R&D 

Ct: Labor-augmenting efficiency 

St: Effective labor allocated to research 

r: Elasticity of substitution parameter 

The term AtF captures AI’s self-learning capabilities. Despite the sophistication of this paper’s 

model, this model does not separate self-learning AI from non-self-learning AI.  
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3. Model Assumptions 
Self-learning AI already exist today, and the examples are AlphaZero, MuZero and AutoML 

systems. AlphaZero can self-learn to master complex games through self-play without any prior 

human knowledge, except the game rules (Silver et al., 2017). MuZero not only can self-learn to 

master complex games but also it can do it without even being given the game rules (Schrittwieser 

et al., 2020). Furthermore, MuZero can self-learn how the world works in certain fields, such as 

physics (Schrittwieser et al., 2020). ChatGPT, Gemini, Perplexity, Claude and many other AI, on 

the other hand, are often mistakenly believed to be self-learning AI but the reality is that they are 

not self-learning AI. ChatGPT, Gemini, Perplexity and Claude do not update their knowledge after 

deployment; for these AI, knowledge update requires explicit action by engineers or researchers. 

These statements are confirmed by the famous Apple paper, “The Illusion of Thinking”, which 

shows that Claude 3.7 Sonnet, DeepSeek-R1, DeepSeek-V3 and o3-mini (by OpenAI) simulate 

thinking via pre-programmed patterns but do not adapt or improve in the way a self-learning AI 

would (Shojaee et al., 2025). Self-learning AI are not currently being used by general public. Self-

learning AI are currently being used by only specific institutions (such as high-ranking universities, 

including Stanford University and UC Berkeley), labs and companies (such as Google, Amazon 

and Tesla) that have the expertise to use them safely. However, the fact that self-learning AI already 

exist means that it is only a matter of time before mass deployment to the general public. In the 

future, it is expected that the uses of self-learning AI will be widespread. When Internet first existed 

in the late 1960s, only researchers and scientists used it. Now, the uses of Internet are very common 

and widespread; the same will happen for self-learning AI. Once a new technology, which can 

increase productivities and profitability very significantly, already exists, it is only a matter of time 

before there are widespread adoptions and uses of that technology. The amount of gains from 

improving and spreading such technology is just simply too great for any party to stop the 

developments and the spreading of such technology. Companies always seek greater profitability, 

and they have the lobbyists, the money and the resources to ensure the developments and the mass 

deployments of such technology are not meaningfully disrupted. Moreover, there is the following 

attitudes among companies and lawmakers: “If we do not do it, then somebody else (or another 

country) will do it”. Many scientists support the idea that Artificial General Intelligence (AGI) is 

inevitable. While the timing of the first AGI varies depending on which expert is being asked, the 
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majority of the scientific community believe in the inevitability of AGI. Whether AGI will come 

into existence or not, self-learning AI already exist, and self-learning AI will only become more 

capable and more powerful. What is definitely inevitable is the widespread uses of self-learning 

AI in any field, including physics, biology, finance, etc. The last two statements are very important 

assumptions of this paper. To the best of my knowledge, for the purpose of economic analysis 

(including cross-countries analysis), existing production functions in the current literatures have 

not properly incorporated AI’s ability to self-learn. This paper is intended to provide a production 

function that addresses this issue.  

 

4. The Proposed Production Function 
My proposed production function is built from MRW (Mankiw-Romer-Weil) production function, 

which is the following (Mankiw et al., 1992): Y(t) = K(t)a H(t)b [A(t)L(t)]1-a-b 

Y(t): Total output at time t 

K(t): Physical capital stock at time t 

H(t): Human capital stock at time t 

A(t): Level of technology at time t 

L(t): Total labor force at time t 

a: Output elasticity of physical capital 

b: Output elasticity of human capital 

Self-learning AI is not incorporated properly in the MRW production function, and I intend to 

improve it. To be fair, deployed self-learning technology did not exist in 1992. As time passes, 

there is always a need of improvement due to changes in technologies. My proposed production 

function is partly a result of changes in technologies; it is not a criticism for MRW production 

function because MRW production function is good for its time.  

Here is how I construct my production function. For each independent variable in the MRW 

production function, I will separate it based on either self-learning capability or AI-specific. My 

proposed production function is as followed:  

Y(t) = (T(t)l × [S(t) × D(t)]q(t)) × (KAI(t)a1 × KNAI(t)a2) × (LAI(t)Æ1 × LNAI(t)Æ2) × (HAI(t)¶1 × HNAI(t)¶2) 

Y(t): Total output 

T(t): Stock of deployed non-self-learning technologies, which includes non-self-learning AI and 

non-AI technologies 
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l: Output elasticity of non-self-learning technologies 

S(t): Stock of deployed, self-learning AI technologies 

D(t): Volume and quality of data available for learning 

q(t): Recursive learning exponent 

KAI(t): Physical capital invested specifically for AI technologies, such as GPUs and data centers 

a1: Output elasticity of AI-specific physical capital 

KNAI(t): Physical capital invested for everything, except for AI technologies  

a2: Output elasticity of non-AI physical capital 

LAI: AI-specific labor forces 

Æ1: Output elasticity of AI-specific labor forces 

LNAI: Non-AI labor forces 

Æ2: Output elasticity of non-AI labor forces 

HAI: AI-specific human capital 

¶1: Output elasticity of AI-specific human capital  

HNAI: Non-AI human capital 

¶2: Output elasticity of non-AI human capital 

Note: Each exponent in the proposed production function > 0. 

Table 2 MRW vs. Proposed Production Function 

 MRW Proposed Production Function 

Technologies Part [A(t)]1-a-b T(t)l × [S(t) × D(t)]q(t) 

Physical Capital Part K(t)a KAI(t)a1 × KNAI(t)a2 

Human Capital Part H(t)b HAI(t)¶1 × HNAI(t)¶2 

Labor Force Part [L(t)]1-a-b LAI(t)Æ1 × LNAI(t)Æ2 

 

Unlike in MRW where A (technology) and L (total labor force) cannot be separated because, in 

MRW, both A and L are exogenous, in my proposed production function, technology and total labor 

force can be separated because technology is endogenous. Like Romer (1990), who broke the 

Uzawa’s restriction by making A endogenous, I am doing the same thing with my proposed 

production function. In MRW production function, A is exogenous and grows at constant rate. In 

an economy with deployed self-learning AI, A can grow at increasing rate while L can still grow 

at constant rate. This is why, in an economy with deployed self-learning AI, A and L have to be 
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separated. To make the separation “legal”, I make A endogenous, and this is exactly what Romer 

(1990) did also.     

4.1 Justifications for the “Self-Learning Technology” Part of the Proposed Production 

Function  

I model the effective self-learning signal in production as the product S(t) D(t). The multiplicative 

form captures strong complementary between deployment scale and data. If either deployed self-

learning capacity or useable data is near zero, then effective self-learning is near zero. This mirrors 

evidence and theory that treat data as a nonrival input that raises returns when combined with 

algorithms and scale (Jones & Tonetti, 2020), and that data accumulation interacts with firm scale 

to amplify performance (Farboodi et al., 2019). Formal models of data externalities also show that 

one unit of data’s value rises with the presence of other data and learning users (Ichihashi, 2021). 

Economically, S belongs in the signal because only deployed systems generate usage and feedback 

loops that create and exploit data (Acemoglu & Restrepo, 2018; Farboodi et al., 2019). D belongs 

because the volume and quality of usable data condition how much the deployed systems can learn 

from their environment (Jones & Tonetti, 2020; Ichihashi, 2021). The multiplicative SD term is 

thus not ad hoc; it encodes the complementarity that theory predicts, and the scaling evidence 

corroborates. 

My production function properly reflects the importance of high-quality large amount of 

data on the capabilities and productivities of self-learning AI, and therefore the total output. The 

greater the amount and the quality of the data that are used by self-learning AI, the greater the 

productivities of self-learning AI and therefore the total output. This claim is supported by many 

works, including the paper by Mohammed et al; in this paper, the authors provide a large-scale 

empirical study which shows that 20%-30% data degradation causes drops in performances by as 

much as 10%-40% (Mohammed et al., 2025).   

How fast the self-learning AI improve depends on q(t), the recursive learning exponent. 

q(t) is calculated as followed: q(t) = q0 + r × log(S(t) × D(t)). q0 is the baseline learning capacity 

and r is the sensitivity of recursive improvement, which measures how strongly scale leads to 

smarter AI. The log is used to create diminishing returns from scale, which is common in AI 

capability scaling laws. This formulation mirrors observed empirical regularities in AI scaling: 

each doubling of compute or training data raises effective capability by roughly a constant 

increment in log-space (Hestness et al., 2017; Kaplan et al., 2020; Hoffmann et al., 2022; Bahri et 
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al., 2024). In my production function, q(t) is the only exponent whose value is determined by its 

base, which is SD. This fact is what makes it recursive, a distinct feature of self-learning AI. The 

MRW production function does not have an exponent whose value is determined by its base and, 

therefore, the MRW does not have a recursive component. In my production function, for the 

following part: [S(t) × D(t)]q(t), the larger the base SD, the larger the exponent q(t); the smaller the 

base SD, the smaller the exponent q(t).    

An important implication of this specification, q(t) = q0 + r × log(S(t) × D(t)), is that the 

recursive block generates a quadratic term in log(SD). To see this, note that the self-learning 

component enters as [S(t) × D(t)]q(t). Taking logs yields q(t) log(SD). Because q(t) itself is defined 

as q0 + r × log(SD), substitution gives q(t) log(SD) = q0 log(SD) + r [log(SD)]2. Thus, any 

regression or empirical specification derived from the model must include both the linear and 

quadratic terms in log(SD). The presence of this quadratic is not arbitrary but rather the unique 

empirical signature of the recursive exponent. It captures the curvature implied by recursive 

learning: output rises with log(SD) but at a rate that itself grows with the scale of deployed systems 

and data.   

4.2 Further Explanations about the Proposed Production Function and Growth Rates 

In MRW, A(t) is defined as followed: A(t) = A0 × egt (Mankiw et al., 1992). Therefore, the 

growth rate of A(t) in the MRW is g. In my production function, the growth rate contribution of 

T(t)l is the following: 
!
!"

 log (T(t)l) = l × !
!"

 log T(t) = l × #(")
̇

#(")
 = l × gT   

The growth rate contribution of [S(t) × D(t)]q(t) is: r(gS + gD) × log(SD) + q(t) × (gS + gD). Below is 

the calculation. 

Let’s define the following: SL(t) = [S(t) × D(t)]q(t); note: SL stands for Self-Learning. 

gSL(t) = '((")
̇

'((")
  

log SL(t) = q(t) × log[S(t) × D(t)] 
!
!"

 log SL(t) = q̇(t) × log (SD) + q(t) × !
!"

 log(SD) 

Since: 
!
!"

 log(SD) = !
!"

 log S + !
!"

 log D = '̇
'
 + )̇

)
 = gS + gD 
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q̇(t) = r × !
!"

 log(SD) = r × (gS + gD) 

gSL(t) = r(gS + gD) × log(SD) + q(t) × (gS + gD) 

T consists of non-AI technologies and non-self-learning AI. T = TNAI + TAI (Note: TNAI is 

non-AI technologies; TAI is non-self-learning AI). TAI is a function of AI-specific human capital, 

AI-specific labor and AI-specific physical capital. TAI = g(HAI, LAI, KAI). TAI is defined as 

followed: TAI(t) = t0 × KAI(t)Á × HAI(t)Ã × LAI(t)V. 

t0: Scale parameter, converting units of inputs into the units of TAI and capturing baseline 

technology efficiency in deployed non-self-learning AI; note: t0 > 0. 

Á, Ã, V: Output elasticities of AI-specific physical capital, AI-specific human capital and AI-

specific labor, respectively, for non-self-learning AI; note: Á, Ã, V > 0. 

The rate of change of TAI(t) is: TAI(t) × [ Á (K̇AI(t)/KAI(t)) + Ã (ḢAI(t)/HAI(t)) + V (L̇AI(t)/LAI(t))]. 

The growth rate of TAI(t) is: ṪAI(t)/TAI(t) = Á (K̇AI(t)/KAI(t)) + Ã (ḢAI(t)/HAI(t)) + V (L̇AI(t)/LAI(t)) 

= gTAI. 

TNAI(t) = TNAI(0) × egNAIt, and gNAI ≥ 0. 

The growth rate of TNAI(t) is: ṪNAI(t)/TNAI(t) = gNAI. 

Therefore, I have the followings: 

T(t) = TNAI(t) + TAI(t) = TNAI(0) × egNAIt + t0 × KAI(t)Á × HAI(t)Ã × LAI(t)V. 

The growth rate of T(t) is: gT = [(TNAI(t)/T(t)) × gNAI] + [(TAI(t)/T(t)) × gTAI]. 

S is also a function of AI-specific human capital, AI-specific labor and AI-specific physical 

capital. S = f(HAI, LAI, KAI). S(t) is defined as followed: S(t) = s0 × KAI(t)t × HAI(t)v × LAI(t)G.  

s0: Scale parameter, converting units of inputs into the units of S(t) and capturing baseline 

technology efficiency in deployed self-learning AI; note: s0 > 0. 

t, v, G: Output elasticities of AI-specific physical capital, AI-specific human capital and AI-

specific labor, respectively, for self-learning AI; note: t, v, G > 0. 

The rate of change of S(t) is: S(t) × [t (K̇AI(t)/KAI(t)) + v (ḢAI(t)/HAI(t)) + G (L̇AI(t)/LAI(t))]. 

The growth rate of S(t) is: gS = t (K̇AI(t)/KAI(t)) + v (ḢAI(t)/HAI(t)) + G (L̇AI(t)/LAI(t)). 

 Unlike the technology part, which is categorized by self-learning capability, the physical 

capital (K) part, the human capital (H) part and the labor forces (L) part are categorized based on 

AI-specific or not. For the physical capital part, this is because all AI (self-learning and non-self-

learning) require many of the same physical capital, such as GPUs and data centers; furthermore, 
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non-self-learning AI can be improved and become self-learning AI; this makes separating physical 

capital based on self-learning capabilities almost impossible. For the human capital part, the 

categorization, which is based on AI-specific or not, is justified by the fact that many of the 

necessary skills to build self-learning AI are also the necessary skills to build non-self-learning AI; 

this makes categorization based on self-learning capability impossible. For the labor force part, the 

categorization is justified by the fact that many of engineers, who can build non-self-learning AI 

but not self-learning AI, can improve their skills so that they can build self-learning AI and, the 

timing of when an engineer becomes a self-learning AI engineer is very blurred and almost 

impossible to be determined. The growth rate of KAI is: gKAI = K̇AI /KAI. The growth rate 

contribution of KAIa1 is: !
!"

 log KAIa1 = a1 × gKAI. The growth rate of KNAI is: gKNAI = K̇NAI /KNAI. The 

growth rate contribution of KNAIa2 is: !
!"

 log KNAIa2 = a2 × gKNAI. The growth rate of HAI is: gHAI = 

ḢAI /HAI. The growth rate contribution of HAI¶1 is: !
!"

 log HAI¶1 = ¶1 × gHAI. The growth rate of HNAI 

is: gHNAI = ḢNAI /HNAI. The growth rate contribution of HNAI¶2 is: !
!"

 log HNAI¶2 = ¶2 × gHNAI. The growth 

rate of LAI is: gLAI = L̇AI /LAI. The growth rate contribution of LAIÆ1 = Æ1 × gLAI. The growth rate of 

LNAI is: gLNAI = L̇NAI /LNAI. The growth rate contribution of LNAIÆ2 = Æ2 × gLNAI.  

Table 3 Summary of Growth Rates Contribution in My Production Function 

My Production Function: 

Y(t) = (T(t)l × [S(t) × D(t)]q(t)) × (KAI(t)a1 × KNAI(t)a2) × (LAI(t)Æ1 × LNAI(t)Æ2) × (HAI(t)¶1 × HNAI(t)¶2) 

The Part in My Production 
Function 

The Growth Rate Contribution of the Part 

T(t)l l × gT = l × [(TNAI(t)/T(t)) × gNAI] + [(TAI(t)/T(t)) × gTAI].  

[S(t) × D(t)]q(t) r(gS + gD) × log(SD) + q(t) × (gS + gD) 

KAIa1 a1 × gKAI 

KNAIa2 a2 × gKNAI 

LAIÆ1 Æ1 × gLAI 

LNAIÆ2 Æ2 × gLNAI 

HAI¶1 ¶1 × gHAI 

HNAI¶2 ¶2 × gHNAI 
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From Table 3, it is clear that, in my production function, only the following part: [S(t) × D(t)]q(t) 

has a growth rate that depends on the current state of the part, which is [S(t) × D(t)] in this case. 

This means that, in an economy in which deployed self-learning AI exist, among all parts that 

contribute to the total output, only self-learning AI that provides contribution (towards the total 

output) with a growth rate that depends on the current state of the self-learning AI itself. This 

means that the greater the SD, the greater the growth rate contribution of the self-learning AI 

towards the total output. This means that an economy with a much larger SD can easily widen the 

gap between its total output and the total output of a smaller economy with the smaller SD. 

Furthermore, the widening of the gap can happen very fast, given the recursive nature between the 

current state of the self-learning AI and its growth rate contribution towards the total output.      

 To the best of my knowledge, in existing literatures, production functions, such as the 

MRW, do not have anything (that contributes towards total output) that has a growth rate 

contribution (towards the total output), which depends on its current state, while separating 

technologies into self-learning and non-self-learning technologies and treating each of them 

differently. When I first introduced my production function earlier in this paper, I define q(t) as the 

“recursive learning exponent” and I define every other exponent in my production function as 

“output elasticity” of its base. However, q(t) can also be viewed as “output elasticity of self-

learning technologies”; it is just this output elasticity is unique and different from every other 

output elasticity. q(t) is an output elasticity whose value depends on its base, which is the self-

learning technologies and the volume and quality of the data that can be used to improve the self-

learning technologies. In the history of the world, there has never been anything like self-learning 

technologies, which can become smarter, more sophisticated, more capable and more productive 

without any additional human capital or labor (even though self-learning technologies still need 

additional physical capital to perform optimally); furthermore, in the history of the world, self-

learning technologies is the first contributor to total output that has a growth rate contribution 

(towards the total output) that is determined by the current state of the self-learning technologies 

itself. Because in the existing literatures, there is no production function that addresses the 

uniqueness of self-learning technologies and its effect on total output while separating technologies 

into self-learning and non-self-learning technologies and treating each of them differently, I am 

writing this paper to address it by introducing my production function and justifying why the 

proposed production function is appropriate. Because the value of q(t) depends on the value of SD, 
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there is a possibility that q(t) becomes large enough to make an economy exiting balanced growth 

path and being in accelerating growth path.       

 

5. Balanced Growth Path (BGP), Accelerating Growth Path or Singularity. 
In my production function, whether an economy is in balanced growth path or accelerating growth 

path, it depends on the value of q(t), the recursive learning exponent. In my production function, 

the sum of all exponents, excluding q(t), is the following: l + a1 + a2 + Æ1 + Æ2 + ¶1 + ¶2 < 1. If 

the sum of all exponents, including q(t), is equal or less than 1, then the economy is in balanced 

growth path. This is in-line with Solow (1956) and Mankiw, Romer and Weil (1992). If the sum of 

all exponents, including q(t), is greater than 1, then the economy is in accelerating growth path. 

This is in-line with Romer (1986). Romer (1986) confirms that, in a Cobb-Douglas-form 

production function, if the sum of all exponents is greater than 1, then total output increases at 

increasing rate and, therefore, the economy is in accelerating growth path. Aghion, Jones and Jones 

explicitly support that self-learning AI increase productivity at increasing rate over time (Aghion 

et al., 2017). Trammell and Korinek also explicitly support the idea that sufficiently advanced self-

learning AI lead to increasing productivity at increasing rate (Trammell & Korinek, 2023). Since 

my production function results in the possibility of increasing total output at increasing rate and, 

therefore, the situation in which the key ratios never settle, there is no steady state in my production 

function.   

Table 4 Balanced Growth Path or Accelerating Growth Path 

Sum of all exponents Returns BGP or Accelerating 
Growth Path 

Less than 1 Diminishing BGP 

Equal to 1 Constant BGP 

Greater than 1 Increasing Accelerating Growth Path 

 

Singularity is not possible in my production function. By definition, singularity must 

satisfy the following: lim
"	®	"∗

𝑌(𝑡) = ¥ in finite time, which is not possible. In my production 

function, the only block that could in principle drive an explosion is the self-learning term SL(t) = 

[S(t) × D(t)]q(t) with q(t) = q0 + r × log(S(t) × D(t)). Let W(t) = log(S(t) × D(t)). This means: log SL(t) 

= q(t) × W(t). Using q̇(t) = rẆ(t) together with Ẇ(t) = gS(t) + gD(t), I get the following differential 
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identity: !
!"

 log SL(t) = Ẇ(t) [q0 + 2rW(t)]. Because S(t) = s0 × KAI(t)t × HAI(t)v × LAI(t)G, its growth 

rate is a finite linear combination of the finite growth rates of KAI, HAI and LAI; hence, gS is finite. 

D(t) is treated with an ordinary finite growth rate gD. Let Ẇ(t) = r(t). This means: Ẇ(t), which 

equals to: gS(t) + gD(t), is bounded on every finite horizon by some r̅ < ¥. Integrating, W(t) = W(0) 

+ ∫ rt	dt"
,  ≤ W(0) + r̅t. Substituting this bound back gives: !

!"
 log SL(t) ≤ r̅ [q0 + 2r(W(0) + r̅t)] = 

A + Bt for constants A, B. A single integration yields: log SL(t) ≤ log SL(0) + At + -
.
 t2 = c0 + c1t 

+ c2t2. Therefore, SL(t) ≤ exp(c0 + c1t + c2t2); the self-learning block can accelerate (quadratic 

exponent) but cannot blow up at any finite time. Since SL(t) ≤ exp(c0 + c1t + c2t2) on any finite 

horizon, and all remaining multiplicative factors are standard Cobb-Douglas or exponential terms 

with finite growth rates, every term is finite on [0, T]. Therefore, Y(t) is finite for all finite t, and 

the proof of non-singularity in my production function is conclusive.  

 

Proposition 1: If the sum of all exponents (output elasticities) in my production function is less or 

equal to 1, then an economy is in balanced growth path. This is in-line with MRW (1992). 

Proposition 2: If the sum of all exponents (output elasticities) in my production function is greater 

than 1, then an economy is in accelerating growth path. This is in-line with Romer (1986). 

Proposition 3: Singularity is not possible. 

 

6. Empirical Evidences 
To support the usefulness of my production function, I now show the empirical evidences, and I 

use the data from the United States and Germany in the year 2024. The United States, which is a 

rich country that produces a lot of AI (including self-learning AI), is compared with Germany, 

which is also a rich country but produces much lesser AI. The choice of comparing 2 rich countries 

that produce different level and different amount of AI (including self-learning AI) is deliberate to 

show that self-learning AI produce great amount of productivities. If a comparison is made 

between one rich country and one poor country, then the difference in productivity can be mostly 

attributed to other things, such as human capital, and not necessarily self-learning AI. My 

production function is as followed: Y(t) = (T(t)l × [S(t) × D(t)]q(t)) × (KAI(t)a1 × KNAI(t)a2) × (LAI(t)Æ1 × 

LNAI(t)Æ2) × (HAI(t)¶1 × HNAI(t)¶2). 
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6.1 The Value of T and l 

For the value of T, I use “net fixed assets” as proxy. For the United States, the “net fixed assets” 

in 2024 is: $70.3 Trillion (stated in 2024 USD) (Table 6.1, BEA Fixed Assets Accounts). For 

Germany, the “net fixed assets” in 2024 is: 10.4 Trillion Euro (in 2015 price), which equals to 

$11.26 Trillion (stated in 2024 USD) (German Council of Economic Experts (GCEE), 2023, Table 

19, ‘Potential Output, Labour, and Capital Aggregates’, Appendix, values for 2024).    

For both the United States and Germany, I use 0.14 as the value of l (output elasticity of 

non-self-learning technologies). This is consistent with the estimate reported in Hu & Jefferson 

(2001, Table 4) and widely used value for any country in the empirical literature.  

6.2 The Value of S, D and q 

As already mentioned, I define: S(t) = s0 × KAI(t)t × HAI(t)v × LAI(t)G. For both the United States and 

Germany, I set s0 = 1 by normalization. The value of KAI, HAI and LAI for both the United States 

and Germany have been obtained, and the details are in below sections (Section 6.3, Section 6.4 

and Section 6.5). I set the value of t to be 0.06. This 0.06 value is directly estimated in a leading 

cross-country panel study by Strauss and Samkharadze (2011), which regresses sectoral output on 

multiple inputs for 13 economies and 22 sectors using EU KLEMS data. Their econometric 

estimation yields an output elasticity for ICT capital (the best empirical proxy for the value of t) 

of 0.06 (Strauss & Samkharadze, 2011, Table 1). 

 According to Strauss and Samkharadze (2011), the output elasticity of for high-skilled 

labor, which is the most widely used empirical proxy for AI-specific human capital and labor, is 

0.135. Since Strauss and Samkharadze do not separate human capital from labor, in my equation 

S(t) = s0 × KAI(t)t × HAI(t)v × LAI(t)G, v + G = 0.135. A typical MRW calibration is as followed: Y = 

K0.3 H0.2 (AL)0.5 (Mankiw et al., 1992). If A is separated from L by making A endogenous, then A’s 

exponent is 0.2 and L’s exponent is 0.3 (Note: the justifications and explanations for the 0.2 and 

0.3 exponent value are in Section 6.4). The following is MRW production function, if A is 

separated from L: Y = K0.3 H0.2 A0.2 L0.3. The exponent for H is 0.2, and the exponent for L is 0.3. 

v is the exponent for HAI and G is the exponent for LAI. Therefore, the value of v and G are as 

followed: 

v: [0.2/(0.2 + 0.3)] x 0.135 = 0.054 

G: [0.3/(0.2 + 0.3)] x 0.135 = 0.081 
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At this point, the value of S (for both the United States and Germany in 2024) can already be 

determined since, for both the United States and Germany, the value of s0, KAI, HAI, LAI, t, v and 

G have been determined. For the United States, KAI is $112.2 Billion; HAI is 1; and LAI is 5,985,734. 

To avoid unit problems and huge magnitudes, I use scaled variables. KAI is divided by $100 Billion 

and LAI is divided by 1 Million. Therefore, for the United States, S is as followed: S = s0 × KAIt × 

HAIv × LAIG = 1 x 1.120.06 x 10.054 x 5.990.081 = 1.16. For Germany, KAI is $679 Million; HAI is 0.5; 

and LAI is 50,000. Germany’s KAI must also be divided by 100 Billion, and Germany’s LAI must 

also be divided by 1 Million. Therefore, for Germany, S is as followed: S = s0 × KAIt × HAIv × LAIG 

= 1 x 0.006790.06 x 0.50.054 x 0.050.081 = 0.56.  

 For the value of D, I use national data-center capacity as the proxy. For Germany, the 2024 

national colocation data-center capacity is 1.3 GW, which represents 70% of the Germany’s total 

national data-center capacity (German Datacenter Association (GDA), 2024). Therefore, 

Germany’s 2024 national data-center capacity is 1.86 GW. For the United States, 2024 national 

data-center capacity is 21 GW (CleanBridge, 2025, “United States,” CleanBridge Global Data 

Center Market Report 2025). Therefore, the value of D for Germany in 2024 is 1.86, and the value 

of D for the United States in 2024 is 21. 

Self-learning AI’s capabilities depend on both S and D, but the importance of S is different 

from the importance of D. Therefore, simply multiplying S with D in their current state is improper; 

some adjustments must be made. Kaplan et al. (2020) show that “performance penalties” depend 

on the ratio N0.74/D, where N is model size/compute and D is dataset size, implying that, for my 

production function, capabilities scale approximately as S0.74 D0.26 (Kaplan et al., 2020). 

“Performance penalties” means how much worse the model’s loss becomes when the balance 

between model size and data is not optimal; if model size N is scaled up without increasing data 

D enough, then “performance penalties” increases (Kaplan et al., 2020). I decide to update the 

value of both S and D for both the United States and Germany. For the United States, the revised 

value of S in 2024 is the following: S = 1.160.74 = 1.12; the revised value of D for the United States 

in 2024 is the following: D = 210.26 = 2.21. For Germany, the revised value of S in 2024 is the 

following: S = 0.560.74 = 0.65; the revised value of D for Germany in 2024 is the following: D = 

1.860.26 = 1.18. For both the United States and Germany, with the revised values, I can just multiply 

S with D to get the value of SD, and this is proper because I have taken into account how much S 

contributes to the capabilities of self-learning AI and how much D contributes to the capabilities 
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of self-learning AI. For the United States, the value of SD = S x D = 1.12 x 2.21 = 2.48. For 

Germany, the value of SD = S x D = 0.65 x 1.18 = 0.77. 

 For the value of q, as already mentioned earlier in this paper, q(t) = q0 + r × log(S(t) × D(t)). 

For both the United States and Germany, I have obtained the value of SD. There is no existing 

empirical data that can be used to represent q0 and, therefore, q0 must be calibrated. The value of 

q0 is the same between the United States and Germany. Since self-learning AI are not currently 

being used by general public, and self-learning AI are currently being used by only specific 

institutions (such as high-ranking universities), labs and companies (such as Google and Tesla) 

that have the expertise to use them safely, I set q0 to be very low, which is 0.005. For the value of 

r, I set it to be equal to 0.05 (for both the United States and Germany). This means that any 

difference in the value of q between the United States and Germany must come from SD. I set r = 

0.05 because this value fits today’s economies. For example, with r = 0.05, the United States’ 

economy is in balanced growth path, which it is until at least now. Until now, not even the United 

States has experienced explosive growth due to AI yet. Furthermore, with r = 0.05, for the United 

States, the sum of all exponents in my production function is less than 1 but quite close to 1; this 

reflects the reality as the United States’ economy is not in accelerating growth path yet. If the 

United States wants its economy to be in accelerating growth path, then it has to increase its SD. 

This makes perfect sense since I argue that self-learning AI have the potential to make an economy 

to be in accelerating growth path. The value of q for the United States is as followed: q(t) = q0 + r 

× log(S(t) × D(t)) = 0.005 + (0.05 x log(2.48)) = 0.05. The value of q for Germany is as followed: 

q(t) = q0 + r × log(S(t) × D(t)) = 0.005 + (0.05 x log(0.77)) < 0. Since I cannot have exponent that 

is less than 0 and the following part: (0.05 x log(0.77)) is the part that makes q < 0, I treat this part 

{(0.05 x log(0.77))} to be equal to 0. With this treatment, Germany’s q is just the value of q0, 

which is 0.005.   

6.3 The Value of KAI, KNAI, a1 and a2 

For KAI, I use total private AI investments plus total public AI investments as the proxy. The total 

private AI investments for the United States in 2024 is $109.1 Billion (Maslej et al., 2025, Chapter 

4 “Economy”). The total public AI investments for the United States in 2024 is $3.1 Billion 

(National Science and Technology Council (NSTC), 2023). Therefore, for the United States, KAI 

= $109.1 Billion + $3.1 Billion = $112.2 Billion. For Germany, the closest figure for total private 
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AI investments is the total VC investments in AI, which is $138 Million (Note: this is 2023 figure, 

as the 2024 figure is not yet available) (OECD, 2024). In this paper, the $138 Million is treated as 

2024 total private AI investments in Germany because this is the best and the closest figure for the 

representation. The total public AI investments for Germany in 2024 is 500 Million Euro, which 

is $541 Million USD (Matthews, 2023). Therefore, for Germany, KAI = $138 Million + $541 

Million = $679 Million.  

 For KNAI, I use Gross Fixed Capital Formation minus KAI as the proxy. This is because 

Gross Fixed Capital Formation already includes KAI. For the United States, the 2024 Gross Fixed 

Capital Formation is $1,593,871 Billion USD (in 2024 price level) (CEIC Data, 2025, indicator 

“United States – Gross Fixed Capital Formation”). Therefore, for the United States, KNAI = 

$1,593,871 Billion - $112.2 Billion = $1,593,758.8 Billion. For Germany, the 2024 Gross Fixed 

Capital Formation is 19,394 Billion Euro (in 2015 price level), which is $27,210 Billion USD (in 

2024 price level) (German Council of Economic Experts (GCEE), 2023, Table 19, “Summary of 

the results of the long-term projection”). Therefore, for Germany, KNAI = $27,210 Billion - $679 

Million = $27,209.3 Billion.    

A typical MRW calibration is as followed: Y = K0.3 H0.2 (AL)0.5 (Mankiw et al., 1992). In 

my production function, the sum of exponents for AI and non-AI physical capital (a1 + a2) follows 

the typical MRW calibration. This means: a1 + a2 = 0.3. The 0.3 is allocated according to physical 

capital value shares following Jorgenson & Stiroh (2000). To reiterate, the United States’ 2024 KAI 

is $112.2 Billion and Germany’s 2024 KAI is $679 Million; the United States’ 2024 KNAI is 

$1,593,758.8 Billion and Germany’s 2024 KNAI = $27,209.3 Billion. Therefore, the value of a1 

and a2 for the United States are as followed:  

a1: [KAI/(KAI + KNAI)] x 0.3 = [$112.2 Billion/($112.2 Billion + $1,593,758.8 Billion)] x 0.3 = 

0.00002 

a2: [KNAI/(KAI + KNAI)] x 0.3 = [$1,593,758.8 Billion/($112.2 Billion + $1,593,758.8 Billion)] x 

0.3 = 0.29998 

The value of a1 and a2 for Germany are as followed: 

a1: [KAI/(KAI + KNAI)] x 0.3 = [$679 Million/($679 Million + $27,209.3 Billion)] x 0.3 = 0.000008 

a2: [KNAI/(KAI + KNAI)] x 0.3 = [$27,209.3 Billion/($679 Million + $27,209.3 Billion)] x 0.3 = 

0.299992 
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6.4 The Value of LAI, LNAI, Æ1 and Æ2 

For the United States, LAI is 5,985,734 people (Note: this is actually figure for 2022, but this is the 

latest available figure and, therefore, is treated as the 2024 figure) (Rathinam, 2024). Data 

regarding Germany’s is very limited. However, according to the OECD Artificial Intelligence 

Review of Germany (2024), Germany’s LAI can be reasonably proxied from aggregate program 

and labor market data. In 2023, Germany had more than 50 AI-focused degree programs, more 

than 150 new AI professorships (since 2018), and some of the largest tech hubs that employed tens 

of thousands of engineers (OECD, 2024). The OECD Artificial Intelligence Review of Germany 

(2024) implies that Germany’s LAI is between 40,000 and 60,000 professionals. For the purpose 

of providing empirical evidences, I set 2024’s Germany’s LAI to be 50,000, which is the exact 

middle of the implied range. To reiterate, in 2024, the United States’ LAI is 5,985,734 and the 

Germany’s LAI is 50,000. 

 Since Total L = LAI + LNAI, for the United States, LNAI = 5,985,734 x (96.3%/3.7%) = 

155,790,860 (Note: United States’ LAI represents only 3.7% of total employed) (Rathinam, 2024). 

According to World Bank (2025) Germany’s Total L is 43,772,213. Therefore, Germany’s LNAI = 

43,772,213 – 50,000 = 43,722,213.  

 A typical MRW calibration is as followed: Y = K0.3 H0.2 (AL)0.5 (Mankiw et al., 1992). I 

follow the typical MRW calibration and, therefore, l + q + Æ1 + Æ2 = 0.5 (since the sum of 

technology exponents in my production function is: l + q; the sum of labor force exponents in my 

production function is: Æ1 + Æ2; and the typical exponent for AL is 0.5 in MRW). Out of the 0.5, 

I decide that the labor part gets 0.3 and the technology part gets 0.2. Here are the justifications. 

According to Gollin (2002), “since 1935, the employee compensation shares of GDP has remained 

in the range of 65-75 percent of GDP” (Gollin, 2002). Adjusting for the well-documented post-

1980s decline in the labor share, 0.55-0.60 is the more appropriate range for the labor share 

(Karabarbounis & Neiman, 2013). Furthermore, MRW (1992) attributes 0.2 to human capital and, 

therefore, labor gets 0.35-0.4. I give the labor part 0.3 and the technology part 0.2, instead of giving 

the labor part 0.35 or 0.4, because technologies are increasingly becoming more capable in very 

rapid paces. For the labor part, Æ1 + Æ2 = 0.3. For the technology part, l + q = 0.2. The 0.3 (for 

the labor part) is allocated according to labor numerical headcounts shares following Jorgenson & 

Stiroh (2000). For the United States, in 2024, LAI is 5,985,734 and LNAI = 155,790,860. Therefore, 

for the United States, the value of Æ1 and Æ2 are as followed: 
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Æ1 = [LAI/(LAI + LNAI)] x 0.3 = [5,985,734/(5,985,734 + 155,790,860)] x 0.3 = 0.01 

Æ2 = [LNAI/(LAI + LNAI)] x 0.3 = [155,790,860/(5,985,734 + 155,790,860)] x 0.3 = 0.29 

For Germany, the value of Æ1 and Æ2 are as followed: 

Æ1 = [LAI/(LAI + LNAI)] x 0.3 = [50,000/(50,000 + 43,722,213)] x 0.3 = 0.0003 

Æ2 = [LNAI/(LAI + LNAI)] x 0.3 = [43,722,213/(50,000 + 43,722,213)] x 0.3 = 0.2997 

6.5 The Value of HAI, HNAI, ¶1 and ¶2 

For the value of HAI in both the United States and Germany, I use AI skill penetration rate as the 

proxy. From 2015 to 2024, the United States had AI skill penetration rate of 2.6, which was the 

highest in the world, and Germany had AI skill penetration rate of 1.3 (Maslej et al., 2025, Chapter 

4 “Economy”). For the purpose of providing empirical evidences, I assume the United States’ 2024 

AI skill penetration rate to be 2.6, and Germany’s 2024 AI skill penetration rate to be 1.3. 

 For the value of HNAI in both the United States and Germany, I use Human Capital Index 

as the proxy. Human Capital Index represents all human capital, not only HNAI. However, as 

already presented earlier in this paper, for both the United States and Germany, the value of LAI is 

only a very small fraction of the value of LNAI and, therefore, I use Human Capital Index as the 

proxy for HNAI. The latest available data for Human Capital Index are from the year 2020 and, in 

this paper, I treat these 2020 data as 2024 data because the 2020 data are the best and the closest 

data for the representation. This strengthens the argument that Human Capital Index can be used 

as the proxy for HNAI because, in 2020, the value of HAI must be much lower than 2024’s HAI. 

According to the World Bank (2025), 2020 Human Capital Index for the United States is 0.7 and 

for Germany is 0.75. To reiterate, since I treat the 2020 data as 2024 data, the United States’ 2024 

HNAI is 0.7 and Germany’s 2024 HNAI is 0.75.  

 At this point, I have the value of both HAI and HNAI for both the United States and Germany, 

but the proxy used for HAI is different from the proxy used for HNAI. Therefore, some adjustments 

must be made before ¶1 and ¶2 can be calculated. Since Human Capital Index, the proxy for HNAI, 

has a value between 0 and 1, I make AI skill penetration rate, which is the proxy for HAI, to also 

have a value between 0 and 1. Since the United States has the highest AI skill penetration rate in 

the world, I convert the United States’ AI skill penetration rate, which is 2.6, into 1. Germany has 

AI skill penetration rate of 1.3, which is half of the United States’ 2.6. Therefore, I convert 

Germany’s AI skill penetration rate, which is 1.3, into 0.5, which is half of the United States’ newly 
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converted value. At this point, the value of the United States’ HAI is 1 and the value of Germany’s 

HAI is 0.5. 

 Now, I have all of the necessary data to compute ¶1 and ¶2. To reiterate, United States’ HAI 

= 1; United States’ HNAI = 0.7; Germany’s HAI = 0.5; and Germany’s HNAI = 0.75. A typical MRW 

calibration is as followed: Y = K0.3 H0.2 (AL)0.5 (Mankiw et al., 1992). Since I follow the typical 

MRW calibration, ¶1 + ¶2 = 0.2. The 0.2 is allocated according to human capital shares following 

Jorgenson & Stiroh (2000). The value of ¶1 and ¶2 for the United States and Germany are as 

followed: 

For the United States: 

¶1 = [HAI/(HAI + HNAI)] x 0.2 = [1/(1 + 0.7)] x 0.2 = 0.12 

¶2 = [HNAI/(HAI + HNAI)] x 0.2 = [0.7/(1 + 0.7)] x 0.2 = 0.08 

For Germany: 

¶1 = [HAI/(HAI + HNAI)] x 0.2 = [0.5/(0.5 + 0.75)] x 0.2 = 0.08 

¶2 = [HNAI/(HAI + HNAI)] x 0.2 = [0.75/(0.5 + 0.75)] x 0.2 = 0.12 

6.6 The value of Y 

In my production function, the value of the bases, at this point, are measured in different metrics. 

Some of the base values are already in the final values that will be used to calculate the value of 

Y. In order to calculate the value of SD and q, KAI, LAI and HAI have gone through their final 

adjustments (See Section 6.2 and Section 6.5). In Table 5, in addition to KAI, LAI and HAI, SD is 

also stated in its final value.  

Table 5 Values of Bases in the Proposed Production Function 

The Base in My Production 
Function 

The Value for the United 
States 

The Value for Germany 

T $70.3 Trillion (before final 
adjustment) 

$11.26 Trillion (before final 
adjustment) 

SD 2.48 0.77 

KAI 1.12 0.00679 

KNAI $1,593,758.8 Billion (before 
final adjustment) 

$27,209.3 Billion (before 
final adjustment) 

LAI 5.99 0.05 

LNAI 155,790,860 (before final 
adjustment) 

43,722,213 (before final 
adjustment) 

HAI 1 0.5 
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HNAI 0.7 (Note: this does not need 
any adjustment) 

0.75 (Note: this does not need 
any adjustment) 

 

The bases that still need adjustment are T, KNAI and LNAI. The bases that are stated in U.S dollar, 

which are T and KNAI, are treated the same way as KAI (which was also stated in U.S dollar 

originally, before the final adjustment) is treated. Therefore, the value of both T and KNAI are each 

divided by $100 Billion. LNAI is treated the same way as LAI is treated and, therefore, the value of 

LNAI is divided by 1 Million. Table 6 has the final values of each base in my production function 

for both the United States and Germany. 

Table 6 Final Values of Bases in the Proposed Production Function 

The Base in My Production 
Function 

The Value for the United 
States 

The Value for Germany 

T 703 112.6 

SD 2.48 0.77 

KAI 1.12 0.00679 

KNAI 15,938 272 

LAI 5.99 0.05 

LNAI 155.79 43.72 

HAI 1 0.5 

HNAI 0.7 0.75 

   

The Y for the United States in 2024 is as followed: 

Y(t) = (T(t)l × [S(t) × D(t)]q(t)) × (KAI(t)a1 × KNAI(t)a2) × (LAI(t)Æ1 × LNAI(t)Æ2) × (HAI(t)¶1 × HNAI(t)¶2) 

Y = (7030.14 x 2.480.05) x (1.120.00002 x 15,9380.29998) x (5.990.01 x 155.790.29) x (10.12 x 0.70.08) = 

204.25 

The Y for Germany in 2024 is as followed: 

Y(t) = (T(t)l × [S(t) × D(t)]q(t)) × (KAI(t)a1 × KNAI(t)a2) × (LAI(t)Æ1 × LNAI(t)Æ2) × (HAI(t)¶1 × HNAI(t)¶2) 

Y = (112.60.14 x 0.770.005) x (0.006790.000008 x 2720.299992) x (0.050.0003 x 43.720.2997) x (0.50.08 x 

0.750.12) = 29.46 

According to the World Bank (2025), the United States’ GDP in 2024 is $29.18 Trillion. According 

to the World Bank (2025), Germany’s GDP in 2024 is $4.66 Trillion. According to my production 

function, Germany’s 2024 GDP is 14.42% (Note: The calculation is: 29.46/204.25) of the United 
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States’ 2024 GDP. According to the World Bank, Germany’s 2024 GDP is 15.97% of the United 

States’ 2024 GDP. These data show that my production function is quite accurate; 14.42% is quite 

close to 15.97%. Just like MRW production function, my production function is intended primarily 

for cross-countries comparisons, and not for calculating the actual Y.  

 It is also important to notice that, for the United States, in my production function, the sum 

of all exponents is: 0.14 + 0.05 + 0.00002 + 0.29998 + 0.01 + 0.29 + 0.12 + 0.08 = 0.99, which is 

less than 1. This means that the United States’ economy is still in balanced growth path, which it 

is. For Germany, in my production function, the sum of all exponents is 0.945, which is less than 

1, confirming that Germany’s economy is also in balanced growth path, which it is. Notice that, if 

self-learning AI become more capable, then SD increases and, therefore, q increases, which may 

lead to the sum of all exponents in my production function to be greater than 1; if the sum of all 

exponents > 1, then the economy is in accelerating growth path.  

In the next part of this paper, with simulations that are based on existing empirical data, I 

will show how self-learning AI can cause an economy to be in accelerating growth path.  

 

7. Simulations 
Self-learning AI have resulted in high productivity gains when they are being applied to R&D 

sectors where experimentation is expensive, time-consuming or physically complex.  

7.1 Examples of Gain from Self-Learning AI 

In pharmaceuticals and biotechnology industry, self-learning AI have resulted in around 14 

times efficiency gain in assay optimization, which allows pharmaceutical companies to validate 

drug targets using significantly fewer reagents and plates; 21 tests with self-learning AI achieve 

the same result as 294 tests without self-learning AI (Note: 294/21 = 14) (Tom et al., 2024, p. 

9683). Furthermore, in the same industry, self-learning AI build the “map” in Materials Science 

100 times faster than traditional methods (Tom et al., 2024, p. 9679). Moreover, in the same 

industry, instead of testing millions of variants, self-learning AI can guide researchers to the most 

stable and active proteins with minimal lab work; self-learning AI allow researchers to reduce the 

number of samples required by more than 99% (Tom et al., 2024, p. 9687).    

 In energy industry, self-learning AI increase discovery rate for electrolyte formulation by 

6 times; the 6 times faster discovery rate is vital for the EV industry (Tom et al., 2024, p. 9704). 

Furthermore, self-learning AI increase performance in photocatalysts by 10 times; this directly 
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benefits the energy industry by identifying materials that can split water into hydrogen fuel more 

efficiently using sunlight, a key step for decarbonization (Tom et al., 2024, p. 9665). In 

semiconductor and electronics manufacturing, self-learning AI provide the ability to map phase 

boundaries 100 times faster; this is important in developing new semiconductor materials (Tom et 

al., 2024, p. 9679). 

 In chemical manufacturing and formulation, self-learning AI enable more than 50 times 

speedup in reaction optimization, which allows chemical plants to rapidly determine the most cost-

effective manufacturing routes for new polymers, agrochemicals or fragrances (Tom et al., 2024, 

p. 9653). Furthermore, self-learning AI cause 14-fold improvement in hit discovery for droplet 

formulations; this is very helpful in creating stable emulsions for lotions, shelf-stable food 

products, or paints (Tom et al., 2024, p. 9686).  

7.2 The Simulations 

 The current self-learning AI technologies, if used much more broadly, should be sufficient 

to transition an economy from balanced growth path to accelerating growth path. The problem is 

that the current uses of self-learning AI are still very limited. Self-learning AI are currently used 

by only specific organizations, such as universities and technology companies. For an economy to 

be in accelerating growth path, q has to be large enough and, therefore, SD also has to be large 

enough. I use the U.S economy in 2024, as the starting point, for the following simulations, in 

which I show how self-learning AI transition the U.S economy from balanced growth path to 

accelerating growth path.  

In 2024, the U.S economy has the following figures in my production function: 

Y(t) = (T(t)l × [S(t) × D(t)]q(t)) × (KAI(t)a1 × KNAI(t)a2) × (LAI(t)Æ1 × LNAI(t)Æ2) × (HAI(t)¶1 × HNAI(t)¶2) 

Y = (7030.14 x 2.480.05) x (1.120.00002 x 15,9380.29998) x (5.990.01 x 155.790.29) x (10.12 x 0.70.08) = 

204.25 

In 2024, the sum of all exponents is: 0.14 + 0.05 + 0.00002 + 0.29998 + 0.01 + 0.29 + 0.12 + 0.08 

= 0.99, which is less than 1. Just like in the MRW production function, in theory, for year-to-year 

comparison, exponents in my production function remain the same across different years, with the 

exception of q, because q is the only exponent whose value is determined by its base, and the base 

is different across different years. For the U.S economy to be in accelerating growth path, the value 

of q must increase by anything larger than 0.01. An increase of 0.01 in the value of q will result in 

the sum of all exponents to be equal to 1, which means that the economy is still in balanced growth 
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path. An increase of any value that is larger than 0.01 in q will result in the sum of all exponents 

to be larger than 1, which means that the economy is already in accelerating growth path.  

 To increase the value of q, the value of SD must increase. As reminder, S(t) = s0 × KAI(t)t × 

HAI(t)v × LAI(t)G.  

7.2.1 Increasing the Value of D 

In traditional R&D without self-learning AI, generating high-quality experimental data is slow. As 

mentioned earlier, self-learning AI provide the ability to map phase boundaries 100 times faster. 

This means that self-learning AI can generate 100 times as much high-quality data in the same 

amount of time. 

7.2.2 Increasing the Value of S 

As the following equation S(t) = s0 × KAI(t)t × HAI(t)v × LAI(t)G has shown, to increase the value of 

S, KAI, HAI and/or LAI must increase. Let’s assume that all KAI, HAI and LAI increase as AI-related 

physical capital investments keep increasing; engineers keep improving their skills and innovating; 

and demand for LAI increases (which results in higher wages for AI engineers and, therefore, higher 

LAI). With s0, t, v and G remain unchanged, increase in KAI, HAI and LAI result in higher S. 

 As mentioned earlier, self-learning AI increase performance in photocatalysts by 10 times. 

Moreover, self-learning AI result in around 14 times efficiency gain in assay optimization. I use 

conservative approach and, therefore, I use 10, instead of 14. Based on empirical data mentioned 

in this paragraph, S is effectively multiplied by 10.  

7.2.3 The Necessary Increase in SD to Achieve the Accelerating Growth Path      

For the United States in 2024, q(t) = q0 + r × log(S(t) × D(t)) = 0.005 + (0.05 x log(2.48)) = 0.05. 

As mentioned earlier, an increase of any value that is higher than 0.01 on the value of q is necessary 

for a transition into accelerating growth path. I set the target of increase of 0.011, which is higher 

than 0.01, on the value of q. Therefore, target q is 0.061. This means that I need to find the value 

of SD that satisfies the following equation: 0.061 = 0.005 + (0.05 x log(SD)). The solution is: SD 

= 3.065. In 2024, the value of SD is 2.48. Therefore, for the U.S economy to be in accelerating 

growth path, the value of SD needs to be increased from 2.48 to 3.065. 

7.2.4 Achieving the Accelerating Growth Path 

According to the empirical evidences mentioned earlier, S can be increased by 10 times and D can 

be increased by 100 times. Annual 30% increase in S is expected (Brynjolfsson, Korinek, & 

Agrawal, 2025, p. 5). This means that, after 8-9 years, S will be increased by 10 times. Annual 
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30% increase in D is also expected (Brynjolfsson, Korinek, & Agrawal, 2025, p. 5). This means 

that, after 17-18 years, D will be increased by 100 times. To solve when U.S economy is predicted 

to be in accelerating growth path, I use the following equation: (1.3a) x (SD in year 2024) = Target 

SD. Solving the value of a will give the timing of when U.S economy transitions into accelerating 

growth path. (1.3a) x 2.48 = 3.065. The solution is: a = 0.81. This means that it will take the U.S 

economy only 0.81 year (counting from the end of 2024) to be in accelerating growth path. By the 

end of 2025, the U.S economy is predicted to be already in accelerating growth path. However, 

this is the case if the annual 30% increase is true. But what if the annual increase is much smaller, 

such as 3%? In such case, I need to solve for b in the following equation: (1.03b) x 2.48 = 3.065. 

The solution is: b = 7.2. It all depends on the rate of adoption of self-learning AI. If the rate of 

adoption of self-learning AI is 30% annual increase, then it will take only 0.81 year to reach 

accelerating growth path. If the rate of adoption of self-learning AI is 3% annual increase, then it 

will take 7.2 years to reach accelerating growth path. In such case, the U.S economy will transition 

from balanced growth path to accelerating growth path in year 2032 (Note: End of 2024 + 7.2 

years = Early 2032).         

 

8. Conclusion 
This paper introduces a production function for economies, in which deployed self-learning AI 

becomes pervasive among general public. The key innovations of this paper are: (1) A separation 

of technologies into non-self-learning technologies and self-learning technologies; (2) A 

disaggregation of factors, which include physical capital, human capital and labor, into AI-specific 

and non-AI; and (3) An endogenous recursive learning exponent q(t) that links deployed self-

learning AI and data available for learning to the elasticity of the self-learning block. These 

elements yield transparent regime conditions: when the sum of all exponents ≤ 1, the economy is 

in a balanced growth path; when the sum of all exponents > 1, the economy is in an accelerating 

growth path. Singularity has been proven to be impossible. The proposed production function is 

fully supported by empirical data, which show that my production function is accurate and useful. 

Simulations, which use empirical data, have been performed and the simulations show how self-

learning AI transition the United States’ economy from being in balanced growth path to being in 

accelerating growth path. The timing of when the United States’ economy transitions from 

balanced growth path to accelerating growth path depends on the rate of adoption of self-learning 
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AI. What this paper has shown have major implications for all countries in the world. The 

productivity gaps between the countries that can develop and deploy the most productive self-

learning AI and the countries that cannot, will be widened. Greater inequalities among different 

countries across the entire world should be expected, due to self-learning AI.  
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