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Abstract 

Many empirical studies support the necessity of public funding of science, but 

endogenous growth models do not necessarily do so. In this paper, I distinguish between 

investments in research and development (R&D) for “discovery” and “invention” in a 

framework of an endogenous growth model and show that there is the optimal ratio of 

discovery to invention in the sense that the highest productivity of producing knowledge 

is achieved. Because discovery generally does not generate profit, investments in R&D 

for discovery have to be publicly financed. Therefore, a government has the responsibility 

to maintain an optimal ratio of discovery to invention to keep the highest rate of 

endogenous economic growth. 
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1  INTRODUCTION 

 

Much scientific research is publicly financed, particularly by governments. The 

traditional rationale for public funding is that the market for research and development 

(R&D) suffers from market failure, which causes an undersupply of investments in R&D 

(Arrow, 1962). In the study of research policy, there are two different basic views of the 

nature of scientific knowledge. The traditional view is that it is a public good because it 

is non-rival and non-exclusive information; the alternative view is that the knowledge is 

tacitly obtained and thus its transfer requires close interaction, exposure to direct 

experience, and face-to-face contact (Salter and Martin, 2001). However, regardless of 

which view is adopted, it is true that investments in discovery of scientific knowledge do 

not always easily create profits for investors. In this paper, I primarily adopt the traditional 

view, but this does not necessarily mean that the alternative view is incorrect (see Balconi 

et.al., 2010). 

 Many empirical studies have concluded that publicly financed R&D enhances 

economic growth through various channels (Griliches, 1958; Economic Insight, 2015; 

Becker, 2015; Sussex et al., 2016; Szarowská, 2017; Ziesemer, 2021), and the necessity 

of public funding of science is widely supported from an empirical perspective. However, 

predictions of endogenous growth models that escape from “scale effects” are 

inconclusive and rather negative for the proactive role of government (Segerstrom, 1998; 

Dinopoulos and Syropoulos, 2007; Perez-Sebastian, 2007; Şener, 2008).  

 One reason for this inconclusiveness is that most of these models do not 

distinguish between investment in R&D for “discovery” and that for “invention”. R&D 

for discovery corresponds to scientific research conducted largely by universities or 

public institutions, and R&D for invention largely corresponds to engineering 

development conducted by private firms. The output of the former (discovery) cannot be 

protected by patents, but those of the latter (invention) generally can. Hence, the nature 

of public goods is apparent for discovery but not for invention, and a large part of public 

funding is directed toward discovery. Therefore, unless investments in R&D for 

discovery and invention are well distinguished in endogenous growth models, the nature 

of public goods may not be well captured. In addition, in these endogenous growth models, 

the marginal products of capital and knowledge (or technology) are not linked through 

arbitrage in markets. Thus, the nature by which public funding of science affects the 

marginal product of capital is not well modeled, which may lead to various and often 

opposite conclusions.  

 In this paper, I distinguish between investments in R&D for discovery and 

invention. I then examine the difference in their natures. Discovery and invention are both 
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important ingredients of knowledge and are used to produce capital, as well as in the 

consumption of goods and services. However, in the production of capital or consumption 

of goods and services, the difference in the nature of the two types of knowledge seems 

to be indifferent to produced quantities. Therefore, this difference has traditionally been 

ignored in studies of economics. However, I show that in the production of new pieces of 

knowledge, this difference can affect the quantity of knowledge produced because it 

directly affects the intelligence of laborers (researchers) involved in the knowledge 

production process. 

 In addition, I use an endogenous growth model developed in Harashima (20131) 

that not only escapes the problems associated with “scale effects” but also incorporates 

the link between the marginal products of capital and knowledge through arbitrage in 

markets. A key parameter that determines the rate of endogenous growth in this model is 

the productivity of knowledge production. To examine the nature of this productivity, I 

assume a knowledge production function that explicitly consists of inputs of the two 

ingredients (discovery and invention).  

 Using the endogenous growth model and knowledge production function, I show 

that there is an optimal ratio of discovery to invention in the sense that the highest 

productivity of producing knowledge is achieved. Because discovery generally does not 

create profits, a large part of investment in R&D for discovery is publicly financed, 

particularly by governments. Because the highest endogenous growth rate is achieved 

when the productivity of producing knowledge is highest, a government that finances a 

large part of investments in R&D for discovery takes on the responsibility to maintain the 

optimal ratio of discovery to invention. That is, sustained and sufficient amounts of public 

funding of science are very important and indispensable to achieve and maintain the 

highest rate of endogenous economic growth. 

 

2  ENDOGENOUS GROWTH MODEL 

 

2.1  Model 

In this section, I briefly explain the endogenous growth model developed in Harashima 

(2013).  

 

2.1.1  Production of technologies 

Outputs are equal to the sum of consumption, the increase in capital, and the increase in 

knowledge such that 

 

1 Harashima (2013) is also available in Japanese as Harashima (2019). 
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𝑌𝑡 = 𝐶𝑡 + 𝐾̇𝑡 + v𝐴̇𝑡 ,                                                (1) 

 

where Yt, Ct, Kt, and At are output, consumption, capital, and knowledge in period t, 

respectively. v (> 0) is a parameter, and a unit of Kt and v−1 of a unit of At are equivalent; 

that is, they are produced using the same quantities of inputs (capital, labor, and 

knowledge). This means that new pieces of knowledge are produced with capital, labor, 

and knowledge in the same way as Ct and Kt. By equation (1), 

 

𝑘̇𝑡 = 𝑦𝑡 − 𝑐𝑡 −
v𝐴̇𝑡

𝐿𝑡
 ,                                                 (2) 

 

where Lt is labor input and assumed to be constant and sufficiently large, 𝑘𝑡 =
𝐾𝑡
𝐿𝑡

, 𝑦𝑡 =

𝑌𝑡
𝐿𝑡

, and 𝑐𝑡 =
𝐶𝑡
𝐿𝑡

.  

 

2.1.2  Substitution between investments in Kt and At 

For any period,  

 

  

𝑚 =
𝑀𝑡

𝐿𝑡
 

                            

 

is kept, where Mt is the number of firms (which are assumed to be identical) and m (> 0) 

is a constant. In addition,  

 

𝜕𝑦𝑡

𝜕𝑘𝑡
=

𝜛

𝑚v

𝜕𝑦𝑡

𝜕𝐴𝑡
                                                       (3) 

 

is always kept, where 𝜛(> 0) is a constant. Because  

 

  
𝜛

𝑚v

𝜕𝑦𝑡

𝜕𝐴𝑡
=

𝜕𝑦𝑡

𝜕𝑘𝑡
⇔

𝜛𝛼

𝑚v
𝐴𝑡

𝛼−1𝑘𝑡
1−𝛼 = (1 − 𝛼)𝐴𝑡

𝛼𝑘𝑡
−𝛼 , 

 

then 
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𝐴𝑡 =
𝜛𝛼

𝑚v(1 − 𝛼)
𝑘𝑡                                                  (4) 

 

where α (0 < α < 1) is a constant. 

 

2.1.3  Balanced growth path 

The production function is  

 

𝑦𝑡 = 𝐴𝑡
𝛼𝑘𝑡

1−𝛼 .                                                      (5) 

 

By equations (4) and (5),  

 

𝑦𝑡 = (
𝜛𝛼

𝑚v
)

𝛼

(1 − 𝛼)−𝛼𝑘𝑡                                              (6) 

 

and  

 

𝐴̇𝑡 =
𝜛

𝑚v
(

𝛼

1 − 𝛼
) 𝑘̇𝑡 .                                                (7) 

 

By equations (2), (6), and (7), 

 

  𝑘̇𝑡 = 𝑦𝑡 − 𝑐𝑡 −
v𝐴̇𝑡

𝐿𝑡
= (

𝜛𝛼

𝑚v
)

𝛼

(1 − 𝛼)−𝛼𝑘𝑡 − 𝑐𝑡 −
𝜛

𝑚𝐿𝑡
(

𝛼

1 − 𝛼
) 𝑘̇𝑡 ; 

 

thus, 

 

𝑘̇𝑡 =
𝑚𝐿𝑡(1 − 𝛼)

𝑚𝐿𝑡(1 − 𝛼) + 𝜛𝛼
[(

𝜛𝛼

𝑚v
)

𝛼

(1 − 𝛼)−𝛼𝑘𝑡 − 𝑐𝑡]  .                     (8) 

 

Because 𝐿𝑡 is sufficiently large, by equation (8), approximately 

 

𝑘̇𝑡 = (
𝜛𝛼

𝑚v
)

𝛼

(1 − 𝛼)−𝛼𝑘𝑡 − 𝑐𝑡 .                                            (9) 

 

 The optimization problem of the representative household is to maximize the 

expected utility 
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𝐸 ∫ 𝑢(𝑐𝑡)
∞

0

exp(−𝜃𝑡)𝑑𝑡 

 

subject to equation (9), where u(•) is a constant relative risk aversion utility function, θ is 

the rate of time preference, and E is the expectation operator. By solving this 

maximization problem, the balanced growth path is  

 

lim
𝑡→∞

𝑦̇𝑡

𝑦𝑡
= lim

𝑡→∞

𝐴̇𝑡

𝐴𝑡
= lim

𝑡→∞

𝑐̇𝑡

𝑐𝑡
= lim

𝑡→∞

𝑘̇𝑡

𝑘𝑡
= 𝜀−1 [(

𝜛𝛼

𝑚v
)

𝛼

(1 − 𝛼)−𝛼 − 𝜃]  ,       (10) 

 

where 𝜀 is the degree of risk aversion.  

 

2.2  Productivity of producing At 

As shown in Section 2.1, a unit of Kt and v−1 of a unit of At are equivalent in the sense 

that they are produced using the same quantities of inputs (Kt, Lt, and At). If v−1 is larger, 

smaller quantities of Kt, Lt, and At are needed to produce a unit of At. This means that v−1 

represents the productivity of producing At (see Harashima, 2022).  

 

3  INVESTMENTS IN R&D FOR DISCOVERY 

AND INVENTION  

 

3.1  Discovery and invention 

At is usually interpreted to be knowledge, technology, or the level of science and 

technology, and it is assumed to be incorporated or integrated in machines, tools, facilities, 

etc. As noted in the Introduction, there are two elements of At: discovered At and invented 

At. Let the former be AD and the latter be AI. In U.S. patent law, a discovery is defined as 

the act of finding something new, and an invention is the act of creating something new. 

Both kinds of At are products of R&D.  

 A fundamental difference between AD and AI lies in patentability, that is, the ease 

of uncompensated knowledge spillovers. Investors can obtain profits by investing in 

patentable AI, but they cannot by investing in non-patentable AD. Considerable parts of 

the fruits of investments in patentable AI can be monopolized by investors of AI, but 

almost all of the fruits of investments in non-patentable AD spill over without 

compensation to other researchers and investors. Unlike AI, therefore, AD possesses the 

nature of non-excludability and non-rivalry and is similar to public goods; thus, few firms 

will invest in pure AD.  
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 Note, nevertheless, that some pieces of AI are not practically patentable. Even if 

a creation is clearly an invention, it may not be practically and effectively profitable. For 

example, it may take a very long time for an invention to be profitable, if at all, and that 

may be far after the expiration of its patent. In such a case, obtaining a patent will be 

essentially useless. These kinds of AI may be seen as a part of AD.  

 Note also that most investments in At will consist of both elements of AD and AI 

simultaneously because creating an invention may require some kinds of discovery. The 

ratio of produced AD to produced AI in an investment will differ by investment. Thus, 

investments in At possess a gradual or continuous variation with regard to the ratio of 

produced AD to AI.  

 

3.2  Difference in production between At and the other products 

(Ct and Kt) 

Even if AD and AI can be differentiated, does this difference matter in terms of production 

of Ct, Kt, and At? Traditionally, this difference has been ignored in most economic studies, 

and knowledge has been represented solely by At in production functions. This 

assumption may be reasonable because the difference is probably not important to 

production in terms of Ct and Kt. Laborers use machines, tools, and facilities that 

incorporate or integrate At to produce Ct and Kt, but they are indifferent to which type of 

A is more largely incorporated or integrated into those pieces of equipment. As Harashima 

(2009 2 , 2012 3 ) showed, the intelligence of laborers is important to fix unexpected 

problems that occur with regard to the machines, tools, and facilities they use, but 

unexpected problems will equally occur regardless of which of AD and AI is more 

incorporated or integrated in each of AD and AI. The difference between AD and AI 

therefore will not directly affect the performances of laborers in producing Ct and Kt.  

 In contrast, the difference between AD and AI will matter to producing new pieces 

of At because in producing At, laborers (researchers) directly access AD and AI by using 

their intelligence and will utilize them differently. Simply put, AD represents theories and 

AI represents practical applications or techniques. A researcher first makes a hypothesis 

and then verifies it by conducting experiments, and repeats this process again and again. 

To make a hypothesis, theories are necessary, and to conduct an experiment, practical 

applications and techniques are necessary. That is, to effectively conduct research, one 

needs a well-balanced mix of theories, practical applications, and techniques. Too many 

pieces of AD compared to AI or the opposite will hinder production of At. In this sense, AD 

 

2 Harashima (2009) is also available in Japanese as Harashima (2016). 

3 Harashima (2012) is also available in Japanese as Harashima (2020). 
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and AI function differently in producing At; that is, they work as different factor inputs for 

producing At. 

 

3.3  Knowledge production function 

Considering the examination in Section 3.2, suppose that producing At requires inputs of 

Kt, Lt, AD, and AI (i.e., it is not simply represented by At), and furthermore suppose that 

the marginal products of AD and AI diminish in a similar manner to Kt, Lt, and At. Given 

these suppositions, assume a simple production function for the production of At (ignoring 

the factor inputs Kt and Lt for simplicity) such that  

 

𝛾𝐴̃ = 𝐴𝐷
𝜇 𝐴𝐼

1−𝜇  ,                                                  (11) 

 

where 𝐴̃ = 𝐴𝐷 + 𝐴𝐼 , 𝛾(> 0)  is a variable, and 𝜇 (0 < 𝜇 < 1)  is a constant. This 

production function means that, when inputting 𝐴𝐷 and 𝐴𝐼, the quantity of output (i.e., 

the newly produced quantity of At) is 𝛾𝐴̃ [= 𝛾(𝐴𝐷 + 𝐴𝐼)]. As will be shown below, 𝛾 

varies depending on the ratio of inputted quantities of 𝐴𝐷 to those of 𝐴𝐼. Note that this 

production function is clearly homogeneous of degree one. 

 A larger value of 𝛾 means a larger quantity of output 𝛾𝐴̃ [= 𝛾(𝐴𝐷 + 𝐴𝐼)] for 

the same quantity of inputted units of knowledge 𝐴̃(= 𝐴𝐷 + 𝐴𝐼) . In this sense, 𝛾 

reflects an aspect of the productivity of producing At. Note that equation (11) is a very 

simplified production function of At, and the productivity of producing At will actually 

also be affected by other factors. 

 Here, let 

 

𝑅𝐷 =
𝐴𝐷

𝐴̃
 (> 0)                                                    (12) 

 

and 

 

𝑅𝐼 =
𝐴𝐼

𝐴̃
 (> 0) ;                                                  (13) 

 

thus, 𝑅𝐼 + 𝑅𝐷 = 1. By equations (11), (12), and (13),  

 

𝛾 = 𝑅𝐷
𝜇𝑅𝐼

1−𝜇 = 𝑅𝐷
𝜇(1 − 𝑅𝐷)1−𝜇 .                                     (14) 
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Equation (14) indicates that there is the optimal value of 𝑅𝐷 in the sense that it gives the 

largest value of 𝛾. The optimal value is achieved when 
𝑑𝛾

𝑑𝑅𝐷
= 0 is satisfied; that is,  

 

𝑅𝐷 = 𝜇 ,                                                         (15) 

 

where 𝜇 is a constant and 0 < 𝜇 < 1 as shown above. This means that the value of 𝛾 

differs depending on the composition of 𝐴̃ even if the quantity of 𝐴̃ is unchanged.  

 

3.4  Optimal ratio of discovery to invention 

An important point is that, although the production of Ct and Kt is not affected by the 

composition of At as indicated by equation (5) in which inputted knowledge for producing 

Ct and Kt is simply described by At, the production of At is greatly affected by the 

composition of At as shown in Section 3.3. This means that the value of v differs 

depending on the composition of At (i.e., the value of 𝑅𝐷) because a unit of Kt and v−1 

of a unit of At are equivalent (i.e., they are produced using the same quantities of inputs 

as shown in Section 2.1). As long as the quantities of inputs At, Kt, and Lt are unchanged, 

the produced quantities of Ct or Kt are also unchanged, but the quantity of newly produced 

At can change if the composition of the At inputs changes.  

 Because 𝛾 reflects an aspect of the productivity of producing At, v−1 (which 

represents the productivity of producing At) is probably positively proportionate to 𝛾. If 

other factors that can differentiate the production of At, Ct, and Kt are unchanged, v−1 

will be the greatest when 𝛾 is the greatest. As shown in Section 3.3, when equation (15) 

is satisfied, 𝛾 takes its highest value; thus, at this time, v−1 will be also the largest (i.e., 

the productivity of producing At will be the highest). That is, there is the optimal ratio of 

discovery to invention (
𝑅𝐷

𝑅𝐼
 = 

𝑅𝐷

1−𝑅𝐷
 = 

𝜇

1−𝜇
) in the sense that the rate of endogenous 

growth is made highest because this ratio ensures that 𝛾 and v−1 take the highest values.  

 

4  OPTIMAL PUBLIC FUNDING 

 

4.1  Publicly financed investments in AD 

Investments in 𝐴𝐷 are an exogenous variable outside markets because a large part of 

them is undertaken or financed arbitrarily by a government like other public goods. 

Nevertheless, not all investments in 𝐴𝐷 are undertaken or financed by a government 

because, as mentioned in Section 3.1, there is a gray zone in investments in At with regard 

to AD and AI. On the other hand, a government may undertake investments in 𝐴𝐼 because 
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of, for example, political or military reasons. Hence, as public goods are not necessarily 

equal to goods and services that a government produces, 𝐴𝐷 is not necessarily equal to 

the fruits of R&D a government undertook or financed, and 𝐴𝐼 is not necessarily equal 

to those firms undertook.  

 In this paper, however, it is assumed for simplicity that investments in AD are 

undertaken or financed only by a government, and those in AI are undertaken or financed 

only by private firms because conceptually investments in AD provide few profits in 

contrast with AI. Furthermore, it is assumed for simplicity that funds for research with 

regard to 𝐴𝐷 undertaken by universities or other non-profit organizations are financed 

only by government either directly or indirectly (i.e., they are publicly financed).  

 

4.2  Stable point 

The optimal value of 𝑅𝐷 is not naturally realized because a government can arbitrarily 

undertake or finance investments in AD, and it is not necessarily guaranteed that a 

government behaves so as to keep equation (15) satisfied (i.e., to keep the optimal ratio 

of discovery to invention). Hence, the value of v−1 does not necessarily always take the 

highest and optimal value.  

 Let the growth rates of 𝐴𝑡, 𝐴𝐷, and 𝐴𝐼 be 

 

  gt =
𝐴̇𝑡

 𝐴𝑡
 , 

 

  g
D, t =

𝐴̇𝐷,𝑡

 𝐴𝐷,𝑡
 , 

 

and 

 

  gI, t =
𝐴̇𝐼,𝑡

 𝐴𝐼,𝑡
 , 

 

respectively, where 𝐴𝐷,𝑡 and 𝐴𝐼,𝑡 are 𝐴𝐷 and 𝐴𝐼 in period t, respectively; g
D, t is an 

exogeneous variable that is given by a government; and gt and gI, t  are endogenous 

variables. In addition, let g̃ be gt on a balanced growth path on which the optimal value 

of 𝑅𝐷 is achieved and kept.  

 The curve in Figure 1 indicates the relationship between gt and 𝑅𝐷. When 𝑅𝐷 

is low, gt  increases as 𝑅𝐷  increases because 𝑅𝐷 < 𝜇  and thus v−1  increases, but 
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after 𝑅𝐷  reaches 𝜇 , gt  decreases as 𝑅𝐷  increases because 𝑅𝐷 > 𝜇  and thus v−1 

decreases. At the point 𝑅𝐷 = 𝜇, gt = g̃ (i.e., the balanced growth rate is highest because 

v−1 is largest).  

 

     gt 

 

       g̃  

 

 

     g
D, t 

 

  

 

  

 

 

 

 

 

 

 

        0                 𝑅𝐷,𝐴        𝜇       𝑅𝐷,𝐵                RD 

 

Figure 1: Relationship between gt and RD. All terms are defined in Section 4.2. 

 

 Suppose that a government keeps a constant value of g
D, t that is smaller than 

g̃, as shown in Figure 1. In this case, as the arrows in Figure 1 indicate, (1) if 𝑅𝐷 < 𝑅𝐷,𝐴, 

then gt increases because 𝑅𝐷 increases because gt < g
D, t and v−1 increases because 

𝑅𝐷 < 𝜇, (2) if 𝑅𝐷,𝐴 < 𝑅𝐷 ≤ 𝜇, then gt decreases because 𝑅𝐷 decreases because gt >

g
D, t  and v−1  decreases because 𝑅𝐷 < 𝜇 , (3) if 𝜇 < 𝑅𝐷 < 𝑅𝐷,𝐵 , then gt  increases 

because 𝑅𝐷 decreases because gt > g
D, t and v−1 increases because 𝜇 < 𝑅𝐷, and (4) 

if 𝑅𝐷,𝐵 < 𝑅𝐷 , then gt  decreases because 𝑅𝐷  increases because gt < g
D, t  and v−1 

decreases because 𝜇 < 𝑅𝐷. 

 Note that if a government sets g
D, t  such that g̃ < g

D, t , 𝑅𝐷  continues to 

increase and eventually almost 𝑅𝐷 = 1 , and thus v−1  and gt  will be very low. 

EA EB 
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However, before reaching this miserable state, a government will usually notice that 𝑅𝐷 

and g
D, t are too high and will decrease g

D, t until gt again begins to increase. 

 There are two points at which gt = g
D, t is satisfied (i.e., points EA and EB in 

Figure 1). As indicated by the arrows in Figure 1, point EA is stable but point EB is not 

stable in the sense that gt  continues to deviate from g
D, t  if even a very small 

disturbance occurs. Hence, if a government keeps a value of g
D, t , eventually gt 

converges on g
D, t  (i.e., point EA) unless initially 𝑅𝐷,𝐵 < 𝑅𝐷 . Note that if initially 

𝑅𝐷,𝐵 < 𝑅𝐷 , 𝑅𝐷  continues to increase and thus v−1  and gt  will be very low, but a 

government will notice this miserable situation and then decrease g
D, t until 𝑅𝐷 < 𝑅𝐷,𝐵 

is satisfied. 

 Clearly, at EA, 𝑅𝐷 = 𝑅𝐷,𝐴 < 𝜇 ; thus, v−1  is not the highest value and gt =

g
D, t < g̃. Even though it is not the highest or optimal value, point EA is stable. Thus, the 

value of v−1 is fixed at this value. Accordingly, by equation (10), the economy proceeds 

on a balanced growth path at the rate g
D, t(= gt), which is lower than g̃ unless the 

government changes g
D, t. 

 

4.3  Behavior of government 

As shown in Section 4.2, the rate of endogenous growth (gt) eventually stabilizes at g
D, t, 

which a government arbitrarily sets. Nevertheless, how does a government set g
D, t? If a 

government desires high economic growth rates and thinks that the growth of economy 

depends on investments in 𝐴𝐷 , it will increase g
D, t  as high as possible to make its 

economy grow faster.  

 If an economy is at EA (Figure 1), an increase in g
D, t makes EA shift upwards, 

and gt increases. Therefore, a government that desires as high economic growth rates as 

possible will increase g
D, t  until it reaches g̃ . However, after reaching g̃ , a further 

increase in g
D, t  decreases gt  because this increase increases 𝑅𝐷  beyond 𝜇  (i.e., 

makes v−1  decrease). The government will notice that gt  is decreasing despite the 

increased g
D, t, realize that 𝑅𝐷 and g

D, t are currently too high, and then begin to lower 

g
D, t until gt again begins to increase (i.e., until 𝑅𝐷 reaches 𝜇 and gt becomes equal 

to g̃). This process will be repeated until g
D, t eventually reaches around g̃.    

 However, the effect of a change in g
D, t on gt will take a long time to be clearly 

recognized by a government because 𝑅𝐷 is a kind of stock variable. Thus, 𝑅𝐷, v−1, and 

gt will change very gradually after a change in g
D, t. Hence, fluctuations of gt caused 
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by changes in g
D, t  will manifest as long-period oscillations, which means that the 

government may not immediately recognize when g
D, t becomes too high or too low. 

 

5  COMPENSATION 

 

5.1  Taxes 

Eventually, a government will finance the costs of investment in AD using tax revenues. 

It is able to finance investments in AD even though they do not make any profit because 

it can obtain rewards, profits, or compensation indirectly through taxes. The amount of 

tax revenues needed for a government to finance investments in 𝐴𝐷 in period t (𝑇𝑡) is 

implicitly  

 

  𝑇𝑡 = v𝐴̇𝐷,𝑡 . 

 

Note that most taxes are collected as general revenues and usually are not explicitly 

collected specifically to finance investments in AD.  

 

5.2  Distribution 

Through arbitrage in markets, equation (3) always holds for firms because they can obtain 

rewards on investments in AI directly in markets, similar to the rewards they obtain from 

investments in Kt. Similarly, equation (3) can also hold implicitly for a government 

because it can obtain a reward on investments in AD indirectly through taxes. The rewards 

can be interpreted to be equal to 𝑇𝑡 on a balanced growth path because At, Ct, Kt, and Tt 

constantly grow at the same rate on this path. Hence, at point EA (i.e., on a balanced 

growth path), all the rewards obtained from investments in At (= AD, t + AI, t) can be 

interpreted to be distributed exactly to their investors (i.e., firms and the government) 

because equation (3) equally holds for both. 

 

5.3  International knowledge spillover without paying taxes 

Because AD has the nature of public goods, any firm can freely use any piece of AD without 

compensation; that is, it is possible for firms located in foreign countries to free-ride a 

piece of AD without paying any tax as an implicit compensation to the country that 

financed the investment in this piece of AD. How should a government respond to this 

problem?  

 Suppose that all governments in the world equally desire the highest possible 

economic growth rates and think that economic growth depends on investments in 𝐴𝐷. 
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Furthermore, suppose for simplicity that there are only two countries (country 1 and 2) 

that are identical and initially both countries are equally at point EA in Figure 1. Now 

suppose that the g
D, t of only country 1 increases, which means that firms in country 2 

can free-ride.  

 Noticing country 2 is free-riding, the government of country 1 may want to 

decrease its investments in AD and g
D, t to the same level as country 2, but this behavior 

makes gt decrease, as shown in Section 4. On the other hand, the government of country 

2 may want to increase its investments in AD and g
D, t even though the benefits of free-

riding diminish because gt can be made higher, as also shown in Section 4. If the desire 

for high economic growth rates overwhelms the benefits or losses of free-riding, the 

government of country 1 will not decrease its investments in AD and g
D, t , and the 

government of country 2 will increase its investments in AD and g
D, t.  

 Hence, if the desires for high growth rates are sufficiently strong, the levels of 

investments in AD will eventually become identical across countries, and all governments’ 

g
D, t will become almost equal to g̃ by the mechanism shown in Section 4. As a result, 

international knowledge spillover becomes equally reciprocal for any country. That is, 

the problem of international knowledge spillover without paying taxes will be solved if 

any government’s desire for high economic growth rates is sufficiently strong.  

 Furthermore, as shown in Section 1, there is an alternative view of the nature of 

knowledge that views knowledge as tacitly obtained; thus, its transfer requires close 

interaction, exposure to direct experience, or face-to-face contact. According to this view, 

AD can have a nature of nationality to some extent because close interaction, exposure to 

direct experience, and face-to-face contact can be more easily realized for a piece of AD 

within the country where it is discovered. Conversely, according to this view, knowledge 

can less easily spillover internationally. Hence, if a government desires the highest 

possible economic growth rates, it will increase investments in “national” AD as much as 

possible. If all governments desire as high economic growth rates as possible, therefore, 

such behavior will consequently function as another driving force that eventually makes 

the level of investments in AD identical across countries and all government’s g
D, t 

almost equal to g̃.  

 

6  CONCLUDING REMARKS 

 

Many empirical studies have concluded that publicly funded R&D enhances economic 

growth through various channels, and the necessity of public funding of science is widely 

supported empirically. However, predictions of endogenous growth models are 
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inconclusive and rather negative for the proactive role of government because these 

models do not distinguish between AD and AI, and the marginal products of capital and 

knowledge are not linked through arbitrage in markets.  

 In this paper, I clearly distinguished between AD and AI, and examined the 

difference in their natures. Unlike the case of producing Kt or Ct, this difference can make 

the produced quantity differ in the production of At because it directly affects the 

intelligences of laborers (researchers) in the process of producing new pieces of At. Then, 

I assume a production function of At that explicitly consists of inputs of AD and AI. In 

addition, I used an endogenous growth model developed in Harashima (2013) that not 

only escapes “scale effects” but also incorporates the link between the marginal products 

of capital and knowledge through arbitrage in markets.  

 On the basis of the production function of At and the endogenous growth model, 

I showed that there is an optimal ratio of discovery (AD) to invention (AI) in the sense that 

the productivity of producing At is highest. Because the highest endogenous growth rate 

is achieved when the productivity of producing At is highest, a government that finances 

a large part of investments in AD takes on the heavy responsibility of maintaining the 

optimal ratio of discovery to invention. That is, sustained and sufficient amounts of public 

funding of science are indispensable to achieve and maintain the highest rate of 

endogenous economic growth. 
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