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Abstract

This paper develops a dynamic Stackelberg game between a social planner and a
resource-extracting firm to analyze the regulation of renewable resource extraction. The
planner, as leader, sets extraction quotas, while the firm, as follower, chooses its
extraction effort in response. The model is analyzed under exponential resource growth
and compares open-loop (pre-committed) and feedback (state-dependent) equilibrium
strategies. We show that open-loop equilibria yield environmentally unstable steady
states. Stability can be achieved only under feedback strategies, and only when the
follower’s valuation of the resource stock is sufficiently sensitive—a condition met
under a quadratic value function. A state-dependent tax is further shown to enhance
stability by strengthening the corrective feedback between ecological conditions and
extraction incentives. The results highlight the limits of static regulation, underscore
the critical role of adaptive, feedback-based policies, and provide a formal argument
for precautionary and responsive governance in achieving long-run resource
sustainability.
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1. Introduction

In this paper, we tackle a fundamental environmental economics problem, i.e. the problem to
sustainenvironmental resilience during the extraction of natural resources. We care about how the social
planner can control the exploitation of natural capital internalizing environmental and economic
sustainability. For that purpose, we develop a Stackelberg differential game to study the conflicting case
between social planner and the representative extracting firm. We employthe exponential environmental
growth functions and under the well-known informational game structures, i.c., open and closed loop.

The sustainable management of natural resources in the presence of environmental degradation
remains a central issue in both environmental economics and policy design. Resource extraction
activities, while contributing to economic output and private profitability, simultaneously impose
negative externalities on the environment. These externalities manifest through the depletion of natural
stocks and the deterioration of ecological quality, thereby undermining long-term welfare. Reconciling
the tension between private incentives for resource exploitation and the social objective of environmental
preservation requires the design of effective regulatory mechanisms that account for strategic interactions
among agents.

A well-established framework to analyze such interactions is the Stackelberg differential game,
in which a regulator assumes the role of a leader who designs policy instruments to maximize
intertemporal social welfare, while an extracting firm acts as a follower that chooses extraction rates to
maximize discounted profits. This hierarchical structure captures the asymmetry of commitment and
informational advantage typically present in real-world regulatory settings, where policymakers
anticipate and internalize the behavioral responses of private agents.

This study develops a Stackelberg differential game of resource extraction with a specific
environmentaldynamic. In this specification, the natural environment evolves according to an
exponential growth process, in which regeneration is proportional to the current stock. This regeneration
function is a special case of the more general logistic growth functionspecifically when the stock is far
below carrying capacity, which incorporate carrying capacity and more accurately capture ecological
processes. Within the above specification, two equilibrium concepts are examined: the open-loop
Stackelberg equilibrium, where strategies are pre-committed functions of time, and the feedback (closed-
loop) Stackelberg equilibrium, where strategies are contingent on the current state of the system.

The comparative analysis of these equilibria yields several insights. Under exponential growth,
the equilibrium dynamics are tractable and highlight the role of regulatory commitment in mitigating
over-extraction. Moreover, the comparison between open-loop and feedback strategies underscores the
importance of commitment and adaptability in shaping both environmental outcomes and welfare
trajectories.

This paper contributes to a growing body of research on dynamic resource games and
environmental regulationby rigorously demonstrating that:

- The form of regulation matters deeply. Adaptive, state-dependent feedback rules are superior
to rigid, open-loop policies.

- Ecological dynamics dictate regulatory design. The optimal policy for an exponentially
growing resource is fundamentally different from that for a logistically growing one.

- Sustainability is an active achievement, not a passive outcome. It requires continuous,
informed intervention and a design that accounts for both economic rationality and ecological
fragility.

The foundation for the analysis of renewable resource dynamics was laid by the seminal work
of Clark (1976) on bioeconomic models, while Levhari and Mirman (1980) introduced game-theoretic
perspectives on resource exploitation. Subsequent studies have employed differential games to examine
conflicts between regulators and firms, including Dockner et al. (2000), who provide a comprehensive
treatment of dynamic oligopoly and environmental games, and van der Ploeg and de Zeeuw (1992), who
study open-loop versus feedback equilibria in resource management. More recent contributions, such as
Miéler et al. (2003), have emphasized the importance of ecological dynamics in shaping regulatory
outcomes. By extending this literature to compare exponential and logistic growth processes within both



open-loop and feedback Stackelberg equilibria, this paper bridges ecological modeling and strategic
regulation, thereby offering both methodological and policy-relevant insights.

More recent research has extended these approaches to contemporary policy contexts. Chen et
al. (2021) analyze transboundary pollution control through differential games of ecological
compensation, while Ya et al. (2024) investigate the interaction between government carbon trading
policies and firm production strategies in a Stackelberg framework. Relatedly, Zhou and Xu (2024) apply
game-theoretic models to greenhouse gas regulation, highlighting the role of strategic behavior in climate
policy. Advances in methodology have also been made: Zhang and Yong (2022) address the time-
consistency problem in open-loop Stackelberg equilibria, and Huang and Shi (2024) extend the
framework to stochastic differential games with feedback strategies. Groot et al (2003), in an excellent
paper addresses time-consistency in Stackelberg games for resource extraction.

Benchekroun & Withagen (2012), extends Stackelberg leadership concepts to non-renewable
resources with Markovian strategies.Petrosian et al. (2023) develop a dynamically updating extraction
game, which underscores the importance of adaptability in resource use.Grafton et al (2007) makes a
modern review that uses empirical evidence to argue that securing resource tenureis the most effective
way to prevent biological and economic overexploitation, notably in fisheries.In the differential game
framework, Long, N. V. (2010) in his textbook covers the technical machinery of dynamic games,
including renewable resource games.Polasky et al. (2011) moves beyond smooth growth functions to
model resources with tipping points (e.g., a fishery that can collapse irreversibly). It shows that optimal
management becomes vastly more precautionary when such thresholds exist.

Brock and Xepapadeas (2003) introduce concepts of deep uncertainty ("Knightian uncertainty")
and robustness into environmental regulation. When the exact model of the ecosystem is unknown,
policymakers should choose rules that perform well across a range of plausible models. In environmental
resilience field, Folke et al (2010), argues that management should focus on maintaining the resilience
of social-ecological systems—their ability to absorb shocks and continue functioning—rather than just
optimizing the output of a single resource. Walker & Salt (2006), in their book they apply resilience
theory to practical resource management, emphasizing the importance of managing feedback loops,
diversity, and modularity within systems. Halkos et al. (2024), propose a differential game between firms
that extract natural resources and the social planner, that concerns about environmental sustainability.

Linearization, Jacobians, and eigenvalue analysis have long been central tools for studying
stability in dynamic economic models. The seminal contribution of Ramsey (1928) introduced the
analysis of steady states of capital and consumption, laying the groundwork for modern dynamic
optimization. Later, Brock and Mirman (1972) extended this framework to stochastic growth, where
eigenvalues characterize local stability under uncertainty. The role of eigenvalues in distinguishing
determinacy from indeterminacy was formalized by Benhabib and Farmer (1994), showing how stability
properties shape equilibrium uniqueness and the possibility of expectation-driven fluctuations. More
recently, Ajevskis (2019) advanced the literature by employing the stable manifold method, starting from
Jacobian eigen-decomposition to construct global (nonlocal) solutions. Applications remain diverse: for
instance, Halkos et al. (2019) compute the Jacobian and eigenvalues of a dynamic environmental
regulation model to study cyclical strategies.

The stable manifold itself has been explicitly applied in various contexts. In a two-sector
endogenous growth model, Eicher and Turnovsky (2001) demonstrate that transitional dynamics are
governed by a two-dimensional stable manifold, with off-manifold trajectories diverging from the
balanced growth path. In a variant of the Ramsey model with logistic population growth, Bundau et al.
(2009) show the existence of a saddle-point steady state with a two-dimensional stable manifold
describing the set of convergent trajectories. The mathematical underpinnings of this approach trace back
to the classical work of Hirsch et al. (1976) on invariant manifolds, which formalizes how local
linearization via Jacobians extends to nonlinear global dynamics.

By extending this literature and in order to compare exponential and logistic growth processes
within both open-loop and feedback Stackelberg equilibria, this paper bridges ecological modeling and
strategic regulation, offering methodological advances as well as policy-relevant insights.

The rest of the paper is organized as follows: Section 2 examines the game with the social
planner as a follower; while section 3 considers the extracting firm a follower (social planner is the
leader). Section 4 discuss on the value functions of the follower. Section 5 examines the leader’s problem,



and section 6considers the environmental state—dependent taxation adapted to the model.Section
6provides discussion and the contribution of the paper and Section 8concludes.

2. The social planner as a follower

The case in which the social planner reacts as a follower in a Stackelberg has been examined in
Halkos et al (2024). They propose a dynamic leader—follower gamebetween the extracting firms (leader
of the game) and the social planner (the follower). The follower maximizes his own functional which is

Jy = f &Pt [W; (E) + Wy (Q)]dt

0

E is the environmental capital,Q is the allowed extracting quantity, p, is the discount rate of the leader,
while W, (E) is the utility that the society enjoy from a good environmental quality is assumed in a linear
form as well, i.e. W (E) = W,E, W,(Q) = AQ is the utility of extraction (it is assumed that the
optimality is ensured). The representative firm that exploits environmental resources maximizes the
following functional

)i = f e [A(U, Q) — C(U) — D(E) — ¥(Q)]dt
0

h(U, Q) is the harvesting function, C(U) = CU is the cost of harvesting, D(E) = DE are compliance
costs (e.g., subsidy withdrawals or environmental fees), which depend on the extraction quantity.
Moreover, ¥ (Q) = ¥Q is the opportunity cost from which the firm suffers due to the follower’s control
policyQ . The constraint under which the maximization takes place is

dE .
o -E= G(E(®)) —h(U,Q)
G(E(t)) = wEis the environmental growth rate, h(U,Q) = UTQ%, € > 1 > m > 0 is the harvesting
function.

2.1. On the exponential growthG (E(t)) = wE

Exponential growth function is a partial case of the logistic growth function, i.e. in the early
stages of a growing population when the sample is very low.
An example at which the exponential growth is a reasonable modeling choice is for sardine and anchovy
fisheries during short-term or early population expansion phases, particularly following periods of low
stock abundance.

Sardines and anchovies are small pelagic species characterized by high intrinsic growth rates,
short generation times, and rapid recruitment variability. After years of poor recruitment, environmental
shocks (e.g., unfavorable oceanographic conditions), or intense fishing pressure, stock sizes can fall well
below the ecosystem’s carrying capacity. Under these low-density conditions, density-dependent
constraints such as competition for plankton and spawning habitat are weak, allowing population growth
to be approximated by the exponential model: £ = wE.

We prefer the exponential growth function to model fisheries because it provides a simple and
analytically tractable first approximation of fish population dynamics under certain conditions:

(a) Early-stage or low-density approximation
When fish stock levels are far below the environmental carrying capacity (e.g., after overfishing,
stock collapse, or at the beginning of a recovery period), density-dependent effects such as
competition for food and habitat are weak. In this regime, the population is very small compared with
the carrying capacity K, i.e. E = wE (1 - g) ,E « K implying E = wE, so population grow this

approximately exponential.



(b) Short-term modeling horizon
Regulatory decisions in fisheries, forestry, and other renewable resource sectors are frequently made
over short time intervals (annual or seasonal). Over such horizons, the influence of carrying capacity
is limited, and exponential growth provides a sufficiently accurate representation of biological
dynamics. This makes it a practical choice for analyzing policy responses and strategic interactions
in differential games.

(¢) Limited data availability
Estimating the carrying capacity K requires long-term, high-quality ecological data, which is often
unavailable or unreliable. In contrast, the intrinsic growth rate w is typically easier to estimate from
short-run observations. Using the exponential model therefore reduces parameter uncertainty and
avoids over-fitting ecological dynamics that are poorly understood.

(d) Analytical simplicity and transparency

The exponential model offers closed-form solutions and simplifies the analysis of dynamic strategic
behavior. This is particularly valuable in Stackelberg differential games, where:

e the leader anticipates the follower’s reaction,

o the follower solves an intertemporal optimization problem, and

e the resulting system must be analyzed for stability.
Exponential growth allows the focus to remain on strategic interactions rather than on complex
ecological nonlinearities. It also facilitates linearization, Jacobian analysis, and explicit
characterization of steady states and stable manifolds.

(e¢) Benchmark or null model
Exponential growth serves as a natural benchmark against which more complex ecological models—
such as logistic, age-structured, or threshold-based dynamics—can be compared. Deviations from
exponential behavior may signal the onset of density dependence, environmental stress, or
overexploitation. As such, it provides a clean baseline for understanding how ecological assumptions
influence optimal policy design.

As a case of exponential growth usage is the case of modeling choice for the Northern Atlantic
cod population during the initial recovery period following a fishing moratorium.
After the collapse of the cod stock and the subsequent closure of the fishery, the population size was far
below its historical carrying capacity. Under these conditions, density-dependent effects such as
competition for food, habitat limitation, and intraspecific competition were minimal. Therefore, the
population dynamics during the early recovery phase can be approximated by the exponential growth
model:

E = wE

In this context, the exponential model captures the intrinsic biological recovery potential of the

cod population without requiring estimation of the carrying capacity, which is highly uncertain due to
long-term ecosystem changes. Because management assessments were focused on short-term stock
rebuilding rather than long-term equilibrium levels, the simplicity of the exponential model made it
useful for estimating early recovery rates and comparing rebuilding scenarios.
While exponential growth is preferable for the reasons above, it is important to acknowledge that it
difficult describe long-term fishery dynamics because it ignores carrying capacity and sustained
harvesting. Therefore, it should be viewed as a simplified, short-term or low-density approximation, not
a comprehensive management model.

2.2. On the harvesting function h(U, Q) = U™Q*

(a) Each input increases harvest
In the model it is assumede > 1,0 < w < 1 and because m > 0 and € > 0, increases in either
intensity or quota raise total harvest.
This represents technological or biological constraints, as higher quotas encounter environmental
limits (e.g., scarcity, reduced stock availability).

(b) Joint complementarity between intensity and quota

Since U and Q enter multiplicatively, each increases the effectiveness of the other:
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Interpretation:

e A higher quota increases the productivity of additional effort.
e Higher effort increases the productive impact of a larger quota.
This reflects real-world fisheries and natural resource exploitation:
e Ifregulation grants more quota, the marginal value of effort rises.
e If effort increases, the marginal utility of greater allowable catch rises.

Thus, the two instruments are complements in production.
(c) Intensity and quota represent different economic constraints

Economically, U and Q represent two different margins of decision or regulation:
e Intensity U is chosen by harvesters and involves real resource costs (labor, fuel, vessels).
e Quota Q is typically policy-determined, affecting legal limits or access to the resource.

The harvest function shows that:

o  Effort and technology determine the capacity to extract.
e Regulation determines the legal limit to extraction.
e Actual harvest is the interaction of biological, economic, and policy factors.

This allows the model to analyze regulation effectiveness and strategic responses.
(d) The functional form is useful in dynamic games

For the theoretical analysis:
e It is smooth and strictly increasing in both variables.
e It produces simple elasticities that ease dynamic optimization.
e It supports clear comparative statics: increasing quota or intensity scales harvest by known
elasticities.

Thus, it is widely used in resource economics because it is both realistic and analytically tractable.
(e) Elasticities & Marginal Products

e FElasticity of harvest w.r.t. effort ():
In the model it is assumed: 0 < m < 1, harvest increases with effort but at a diminishing rate.
o Economic interpretation: Effort has decreasing marginal productivity. Doubling
effort less than doubles harvest. This reflects real-world constraints: congestion,
scarcity of easily accessible resources, or capacity limits.
o
o Elasticity of harvest w.r.t. quota (&):
The assumption € > 1, means harvest is more than proportionally responsive to quota changes.

e Economic interpretation: A 1% increase in the allowed quota leads to a more than 1%
increase in actual harvest. This captures "accelerated extraction" when limits are relaxed—
firms exploit the additional quota aggressively.

(f) Strategic Implications in the Stackelberg Game

When the planner sets Q (leader):

a. Knowing € > 1, the planner anticipates that a quota change will be amplified in actual
harvest.

b.  This makes quotas a potent but risky tool: slight over-generosity can lead to severe over-
extraction.



When the firm chooses U (follower):
c.  The firm’s optimal effort depends on @, but with diminishing returns to effort.
d.  The firm will increase effort when Q rises, but not proportionally (since m < 1).

(g) & > 1 is realistic assumption

e Technological/behavioral response: When quotas are relaxed, firms may:
(a) Deploy more efficient technology.
(b) Focus on richer, easier-to-extract resources first.

(¢) Work more intensively (longer hours, extra shifts).
e Example: In fisheries, a higher quota may lead to:
o Fishing in previously avoided areas (higher catch per unit effort initially).
o Using more efficient gear (e.g., larger nets).
o Concentrating effort in peak seasons.
e Result: Harvest increases more than proportionally to the quota.

(h) 0 < m <1 is realistic

e Resource scarcity: As effort increases, the remaining resource becomes harder to extract (lower
density, deeper, more remote).

o Congestion & competition: More effort leads to interference among extractors (e.g., boats
competing for fishing grounds).

e Capacity constraints: Limited processing/storage capacity reduces marginal gains from added
effort.

(i) Summary Table
Parameter Range Economic Meaning
Diminishing returns to effort. Effort increases harvest but at

s 0<mr<1 .
a decreasing rate.
c e>1 Increasing returns to quota. Quota changes have
amplified effects on harvest.
Interaction 2 >0 Effort and quota are complements. More of one increases
oUdQ the productivity of the other.

(j) Policy implications

Quotas (Q) determine the legal upper bound of extraction.

Intensity or effort (U) determines how strongly harvesters try to exploit that boundary.
Elasticities (1, €) tell whether quotas or effort regulations have the larger effect.

The function predicts substitution, compliance behavior, and the effectiveness of policies
across fisheries, forestry, and pollution control.

2.3. Stability of the system
In the case the social planner,is the follower of the Stackelberg game his reaction is given by
1

the Q*(U) = (ZV—:); Ui-¢, € > 1 >m >0, pis the shadow price of environmental quality (Halkos et
al, 2024).

Economic implications of reaction strategy

(1) Reaction to the leader’s decision U: the exponent on U is i, since¢ > 1land w > Oé < 0. This
means: if the leader increases U (intensity of extraction), then the optimal allowed quantity Q*(U)
decreases. This implies that, a more aggressive leader strategy makes future extraction costlier in
terms of environmental damage.



(i) Role of resource harvesting elasticity &€: € > lensures convexity of harvesting, i.e., as Q rises,
depletion accelerates disproportionately. Moreover, a higher ¢ makes the negative effect of the
intensity of extraction of U on Q* stronger, which means the more “resource — hungry” the system
is, the less social planner will want to preserve for the future in response to higher leader activity.

(iii) Role of . Since m measures how strongly the leader’s action U contributes to resource depletion,
the larger 7, the more sensitive Q*is to changes in U. If 7 is close to zero, the social planner hardly
adjusts its strategy when the leader changes the extraction intensity U, and if m is closer to 1, the
adjustment is much sharper.

In short, the policy reaction Q*(U) says that the social planner reacts defensively to the leader’s
extraction intensity. The stronger the leader pushes on the environment, the less social planner finds it
worthwhile to conserve stock of environmental resources for the future.

Stability check
The constraints of the Stackelberg game is: E = wE* — h(U, Q*(U)) and the shadow price fi =
w(py —w) — Wy

w1
p2—w’

h(U, Q)it is supposed as h(U, Q) = U™Q* , and substituting the reaction policy the steady state value of

Therefore, the steady state values are:E™ = ih(U,Q*(U)) and pu* = The harvesting function

wa

*

environment becomes E* = i( ); Ui-e. The linearized system around (E*,u") has the following

eu
Jacobian

op op| \0 p,—w
\GE u

m = w, M2 =Pz — W
The stability check reveals the next proposition.

0E OE
]=(6_E Wlo(o h)

And the eigenvalues are:

Proposition 1
1

&)8__1 Ui-e, results in a saddle path

e
stability, only if p, < w. The more economic restriction imposed is: 0 < p, < w

The social planner’s reaction given by the Q*(U) = (

Proof

Stability of the steady state depends entirely on the signs of the eigenvalues 74, 7,. (a) If both
eigenvalues are negative, i.e., w < 0 and p, — w < 0, the steady state is asymptotically stable (node).
The latter is impossible, because, even w < 0, could be p, < w, i.e., p, < 0, which is economically
impossible. (b) If both eigenvalues are positive (w > 0 and p, — w > 0), both directions are unstable
and the interior steady state is a repeller, i.e., unstable node, which means that small deviations grow
exponentially in both variables. (c) If the eigenvalues have opposite signs, the equilibrium is a saddle
node. The latter case has two subcases, (i) w < 0, and p, > w, which means negative environmental
growth (w < 0) yet biologically impossible and (ii) w > 0, and p, < w which is economically and
biologically acceptable, together with p, > 0.

Economic intuition
The biologically natural parameter is w > 0, while the discount rate p, is typically positive.
Two possibilities:

e If p, < w eigenvalues have opposite sign implying saddle path stability. Economically this means,
the social planner costate variable y must start on the special path (determined by the transversality
conditions and optimality) to generate convergence. A saddle is typical in optimal control problems:
the steady state is not globally attractive but there is a unique feasible path consistent with optimality.



* p, > w, both eigenvalues positive (w > 0, p, — w > 0) is out of interest, since implies instability

Eigenvalue 17, = w (how environmental quality responds to its own level). If the natural growth is
positive, any perturbation in environmental quality Ewill tend to grow (if above the steady state value)
of fall away (if below) — i.e., the environment is self-reinforcing unless the depletion term reacts
dynamically to restore it. But here depletion doesn’t depend on E, so it cannot stabilize E linearly. The
other eigenvalue 1, = p, — w shows how the shadow price u evolves relative to natural growth. If the
social planner discounts the future a lot (p, large relative to w), the costate dynamic tends to push u away
from the steady state value, therefore producing instability absent an economic mechanism to pin the
path. Concluding, stability hinges on the relative size of natural environmental growth w and the social
planner’s discount rate p,.

The next result concerns the stable manifold in the economically acceptable case.

Proposition 2.

In the economically interesting saddle path stability (p, < w), the linear stable manifold is the line:
u—pt = i“’(—_’ﬁ; (E — E*) with h,, (1) evaluated at u*. Trajectories that converge to the steady state must
u

lie on this line near (E*, u*), where: u* = il

1(» and wE* = h(U,Q*(U,1")).

Proof
Let A denote the stable eigenvalue (the one that is negative). We examine the economically
interesting case at which w > 0.
Ifp, < wthen A4, = p, —w < 0.
From (J — A;I)v = 0 the first row gives

(w—A9)vy —hv, =0

1 1
V= (e | = | 2000
hy [

Thus, the linear stable manifold (tangent at the steady state) is:

so, the eigenvector may be chosen as

20— p;
-u=—=(E-E"
h—u h”(ﬂ*)( )

with h, (") evaluated at u*. Trajectories that converge to the steady state must lie on this line near
(E", 1)

Economic interpretation of the stable manifold
The linear stable manifold gives the first—order trade—off between the social planner’s shadow

f::;:; > 0, then a higher

environmental level E must be accompanied by a proportionately higher u along the saddle path; if k <
0 the relationship is inverse. The sign and magnitude of kare determined by natural growth w,
discounting p,, and how strongly the shadow price u affects depletion via h,. Numerically speaking,
with p, < w and w > 0, the numerator 2w — p, > 0 and the slope magnitude is inversely related to |h,,|.

price pand environmental qualityE that must hold on convergence. If k =

In the same setting, i.e., the social planner is the follower, the optimal strategy U*of the firm

that extracts natural resources is the following:
1-€
* WpC(e-1) mte-1 (%)nj:ﬂ
T | r(weprwr(1-1) em

and the feasibility condition for the interior solution to be economically meaningful is:

Yeu > W,(1-2).



A is the costate variable corresponding to environmental quality E.

The stability analysis (available on request) reveals that, in the economically acceptable case
w > 0, the saddle path condition is:

P < w, p,<wand p; +p, > w

One economic interpretation of that condition would be the following (for the eigenvalues 7;,i =
1,..,4):

e 1, = w >0: environment’s own feedback: the environmental state direction is locally repelling
(positive eigenvalue) unless other dynamic forces depend directly on E to stabilize it. In the present
setup the harvesting (depletion) term h(A, u) doesn’t depend on E directly, so the intrinsic growth
ratew appears directly as an eigenvalue.

e 1, = p, — wthe follower’s (social planner) discounting relative to environmental growth. If p, < w
this direction is stable, reflecting that the follower values the future sufficiently relative to natural
growth so the costate variable pupulled back to its steady state.

® 13 = p; — w the extracting firm’s discount rate relative to growth. Similar economic role for the
firm’s shadow A.

e 1, =p;+ p; — w:acomposite direction that mixes the two discount rates. If the sum of discount
rates exceeds the natural growth, this direction is destabilizing.

3. The extracting firm as follower

We consider the problem of the follower, i.e. the extracting firm, which takes the decision of the leader
as given.

3.1. Open loop strategy

The extracting firm, has to maximize the following functional

[ee]

Ji = j ePt [h(U, Q) — C(U) — D(E) — ¥(Q)]dt

0

Assuming linearity for the cost functions, i.e. C(U) = CU, D(E) = DE, ¥(Q) = AQ the functional
becomes:

Izr}fé(f e Pt [U™Q% — CU — DE — AQ]dt (1)

0
subject to: Z—f =F = wE — Um Qe )

the Hamiltonian is:
H, =U™Q% — CU — DE — AQ + A(wE — U™Q?)

The first order condition (FOC) for an interior maximum is

1
OHy _ (1 -1ne _ r — * _ € \m1 %n
B = A=AV - C=0=U(Q) = ((H)n) QT

(Regularity requires (1 — A) > 0 so the RHS of the FOC has positive value)

The adjoint variable has to follow the differential equation

. 6H1
/1=p1/1——E=/1(p1—a))+D

ad



With the optimal control of the follower the depletion function h(U, Q)becomes:

U@, Q) = (7)) 0 (3)
Social planner as leader

The social planner has to solve the following problem

[oe]

max, f e P2t (W, (E) + W,(Q)]dt (4)
Subject to ’

s
&

. C -1 &
Esz_(m) Ql—n
A=A(p;—w)+D

and the Hamiltonian is
s

C \r1 __e
H2=W1E+W2Q+u<wE—(m) Qﬁ>+f(/1(p1—w)+D)

With first order condition

oH, [ ¢ C oy oo
%_WZ H(l—n((l—/l)n) ¢ >_0:

T+e—1
1-n 1-1 T+e-1
1 w. 1 — m)W,|m+e-1 C ™
Q*=|-—% = [Q] (7> (5)
.ui( c )E ue (1_/1)77:
1-7 \(1-)m
The costate variables ¢ and ¢ have to follow the differential equations
. J0H,
2 =p2”_a_E f=pop—pw — Wy = u(p, —w) — W,
n H(Q, /1)
¢ = sz__=>f $(p2 — P1+w)+ﬂ 1 1-1
Where:
I .
_ ™1 1
HQD = () @ )

The next proposition records the optimal open loop strategies of both players.
Proposition 3.
In the Stackelberg game with the social planner as leader and the extracting firm as follower the

optimal open loop strategies are given by:

For the extracting firm (the follower of the game) the optimal open loop policy is
1

U c -1 &
1-7
@ = ((1 A)n) ¢
and for the social planner the optimal open loop policy is
1

v [%]n— (e S

which leads to the depletion and the steady state value of the environmental quality (state variable)
£

M= <(1 Ca)n>m (W)—



Proof

The optimal strategy for the social planner follows from the maximization of his Hamiltonian

s
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Raise both sides to the power rg:, we have:
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And the optimal strategy for the firm implied from his Hamiltonian, i.e.,

o, _ A=-DrU™ Q¢ -C=0=>U"Q) = (7C )’H Qﬁ
ou B \1-Dr

Using (6) the depletion function becomes (after substitution Q* in (6)):

h(U*(@), Q) = HQ, D)

R =P
Because H(Q 1) = ((n(l—a))) o

_m _&
C )n+£—1 (Wz(l—ﬂ-'))n+£—1

Plugging Q*yields the expression h(U*, Q%) = ( m ”

At steady state £ = 0, and wE., = h(U*, Q*) which implies

Ee = %((1—2)1)# (Wzitt_n))ﬁq'e'd'

Economic implications of Proposition 3

The firm’s effort depends positively on the allowance Q set by the social planner, but the
elasticity is governed by the extraction technology parameters (7, €). Moreover, higher extraction costs
reduce the firm’s effort. Concerning the shadow price A, when the environment becomes more valuable
(higher A) effort decreases because the effective cost of extraction is higher.Therefore, the firm’s effort
is not chosen freely—it reacts passively to the social planner’s policy. This illustrates the Stackelberg
hierarchy: the planner can indirectly discipline the firm’s extraction activity via the allowance of Q.

On the other side the social planner increases extraction allowance when the marginal benefit
from extraction W, is high. Moreover, the planner’s strategy is highly dependent on the environment’s
shadow price y, i.e., as the environment becomes more valuable, the planner sets a lower quota Q.
Concerning the dependence on costs €, from the planner’s analytical expression of the strategy it is
implied thathigher extraction costs actually increase the allowance Q*, because firms will in turn exert
less effort U*, so the planner can afford to allow a larger quantity Q. As a result, the planner balances
two competing goals: (a) encouraging extraction to generate output/welfare (W,) (b) preserving the
environment (A, ). This mirrors the trade-off between short-run resource rents and long-run
sustainability.



Inspecting depletion function and the steady state of environmental quality, E,,, a few key

drivers arise:

()

(b)
(©
(d)

Discounting: a higher planner discount rate p, typically lowers ureducing the weight on the
future environment and allowing higher extraction—Ileading to lower steady state environmental
quality E,

Cost of extraction C: higher costs reduce firms’ extraction effort, so the environment stabilizes
at a higher E,

Technology parameters (7, €): determine how sensitive depletion is to effort U and allowance
Q. If m + £ > 1depletion reacts strongly to extraction intensity, making sustainability harder.
Environmental regenerationw: faster regeneration allows higher steady state environmental
quality E,.

An important implication can be drawn as: the system settles at an environmental level E,, determined
jointly by planner’s quotas and firm’s responses. This level embodies the trade-off between current
welfare from extraction and preservation of the environment.

Broader Economic Insights

(a)

(b)

(©)

Leader—follower structure: If the firm acted alone, it would over-extract since it ignores the
environmental shadow costs. With the planner leading, extraction is disciplined, improving
long-run environmental outcomes.

Planner’s policy lever: The planner doesn’t control effort directly (firm does), but by restricting
Q it indirectly shapes effort and depletion. This is analogous to a regulator setting extraction
quotas or emission permits.

Comparative statics: Stronger valuation of the environment (W, or y) implies lower extraction
quota, higher steady-state environment. Conversely, higher benefit from extraction W, implies
higher quota, lower environmental quality and finally, higher extraction cost C results in lower
effort therefore, higher steady-state environment.

Proposition 4

With the current dynamics, the steady state value of the environmental quality E,, is not

asymptotically stable, under the acceptable assumption of positive natural growth rate, w > 0.

Proof

We linearize the system of (E, A, )

E=wE—-HQ"(u,A),1) =wE —Ku,A)
A=Ap, —w)+D
f=plp, —w) — Wy

At the steady state(E™*, A%, u*) we have

wE* = K(u, 1)
== ;
b0 ifpr #w
* — 1 f
uo=———ifp, # @

Linearize around (E*, A%, u*). Writing deviations e = E — E*1=2-— A, il = u — u*, the Jacobian is
upper triangular:

(E™, 2%, 1)

So, the eigenvalues are w, p; — w, p; — W



Local asymptotic stability requires all the eigenvalues are negative, this atypical because w >
0. The E-block alone gives eigenvalue w > 0. Holding (4, i) fixed at their steady state value, deviations
evolve as é = we = e(t) = e(0)et. Therefore, E,, is locally unstable.

The A-block is stable if and only if p; < w otherwise is unstable
The u-block is stable if and only if p, < w otherwise is unstable

With w > 0 we have at least one positive eigenvalue, the steady state is not asymptotically stable; at best
the overall system is saddle — path stable (one or more unstable directions, with the optimal path selected
by boundary conditions).

Remarks on instability of environmental quality
L What means the instability of E,,

We saw that with the state dynamics E = wE — h(U, Q) and with the follower’s and leader’s
policies substituted, the Jacobian eigenvalue in the E - direction is w > 0. That means:

(a) If environmental quality (E) is slightly above its steady state value E,,, it will keep growing away
from the steady state
(b) If E is slightly below E, it will keep falling away from the steady state

So, the steady state value E,, is not a “self—correcting” equilibrium, i.e., it doesn’t pull the system back
to balance.

II. Economic interpretation

(a) Fragile environmental balance. That means the economy/environment system cannot maintain a
stable quality level. Any disturbance (policy shock, intensive exploitation, random fluctuation) drives
the environment away from the steady state, leading either to:

i) Excessive regeneration (E — c0): an unrealistic prediction, but it reflects that the model assumes
linear unlimited regeneration wE which makes high E
ii) Collapse (E — 0):if depletion dominates, the environment deteriorates irreversibly

(b) Policy ineffectiveness of the social planner
The social planner chooses quota Q*optimally, but because the environmental qualityE is unstable,
the chosen Q*is not enough to recover the system. This could be meant:
i) Even optimal regulation cannot guarantee environmental sustainability under the given dynamics
ii) The social planner can only hope to enforce a path through transversality conditions (saddle path
stability), but it requires perfect foresight and no shocks.

III. Dependence on initial conditions
Because the equilibrium is not attracting, the long—run outcome depends critically on the initial
state.
(i) If the initial state E'(0) is not exactly on the equilibrium path, the system diverges.
(i1) Economically, this means that small policy mistakes or unexpected shocks can lead to very
different environmental and welfare outcomes.

3.2. The Feedback solution
Since we derive the open loop policies which results an unstable steady state for the
environmental quality, hence not economically desirable, let’s employ the feedback policies in the case
at which the social planner is the leader and the extracting firm is the follower of the game.

The follower’s maximization problem.

Let V(E) be the follower’s value function (depends on state E and on the leader’s control
variable Q). The stationary Hamilton Jacobi Bellman (HJB) is:



piV(E) = r{}gg{{U”Q‘g —CU—DE — AQ +V'(E)(wE — U™Q*%)} 7
So FOC is: nU™ Q¢ — C —nV'(E)U™1Q¢ = 0=>(1 — V'(E)mU™ Q¢ = C
If (1 -V'(E )) > 0 (interior), this gives the feedback law, which is recorded in the next proposition.

Proposition 5
The feedback law of the extracting firm, acting as a follower in the Stackelberg game and the

social planner as leader is given by:
1

-1

U(E; Q) = ¢t
(E:Q) = [(1 —V'(E)mQ¢

Proof

Solving the FOC:
A -V'(ENTU™ Qs =C >
1

c 1
wﬂQ):hl—W@nnw]

4. The Value function of the follower

Since the value functions plays the crucial role for the environmental stability of the Stackelberg
game it is reasonable to try with specific forms of that function. We begin with the simplest linear form.

4.1. Linear Value Function of the follower
We provide the next Lemma 1 that establish the linearity of the followers’ value function.
Lemma 1

Consider the infinite — horizon problem of the follower(1) — (2), i.e. the problem:

[oe]

maxf e Pt [U™Q¢ — CU — DE — AQ]dt
U>0
0

subject to: Z—f =FE = wE — UQ¢, E(0) =E

Assume the parameters are such that p; # w and the interior maximizer U > 0 exists for every
relevant E. Then the value function V(E) is affine in E, i.e.

V(E) = a + BE

For constants a, f§ given by

~ (- RQEWT - CU” - AQ
f=-——, a=
pr—w P1

Where U* > 0 is the stationary feedback control solving the first-order condition:

mQ*(1-pWUH™ =C,

Equivalently

1

i)
- \mQE(1 - B)
Proof
In the Appendix



Remarks on Lemma 1.
e The derivation requires p; # w. For economic stability it is common to assume p; > w

e An interior solution requires 1 — 8 > 0, so the critical U*is well — defined and positive. Using f§ =
D

p1—w®
o If the interior condition fails, a boundary control (e.g. U = 0, or a corner solution) must be analyzed
separately.

this condition is p; —w + D > 0.

Next, we set the linear value function
V(E) = a+ BE (8)

and the feedback control becomes constant in E i.e.,

UE; Q) = [(1_;),,08]% ©)

Substituting (8) in (7) the left side of (7) becomes: p, (a + BE)
and the right side: U"Q¢ — CU — DE — AQ + B(wE — U™Q*%)

Collect coefficients on E:
pB=-D+Po=p=——Tm p#w
pP1—w
Constant (terms independent of E):
1 -pB)U™Qt - CU — AQ

pra=0-PUTQ*—CU—-AQ=>a = ;
1

Therefore, we get a self-consistent solution:
1
U@ =g =
a-pmesl P T —w

The resulting policy is recorded as proposition 6.

Proposition 6
The feedback strategy of the extracting firm, acting as follower in a Stackelberg game at which

the social planner leads, is given by
1

_ D
B =———010)

r@ -l 67

The analytical expression of the followers’ value function is as in the next proposition.

Proposition 7

In the case the value function of the extracting firm is linear the analytical expression is given by

V(E) =a+ BE ¢))
Where: = U-A W) -cuU - 49 > ,8 = 2
P1 p1—w

Existence and parameter conditions

The requirement p; # w is vital for the feedback solution of the game
The interior FOC requires 1 — 8 > 0, i.e.,



1- >0=>D<w—p

p1
If the above condition fails, the interior is invalid and the optimal control is a corner solution.

Checking for Stability
Linearize E = f(E) = wE — h(E),whereh(E) = U(E; Q)" Q¢

A steady state E* satisfies wE* = h(E™)
We want to know whether small perturbations e(t) = E(t) — E* decay or grow.
Now linearize E = f(E) at E*.The linearized dynamics are
e=f'"(EYe, f'(E")=w—h(E)
Therefore, the local stability eigenvalue is
Min = @ — h'(E7)

The stability criterion:

i) If ny;n < 0 then E* is (locally) asymptotically stable

i) If 1y, > 0 then E™ is unstable

iii)  Ifny, = 0 the test is inconclusive (higher order terms matter)

So, the key object is h'(E*), the sensitivity of the extraction flow U™ Q¢ to the environmental
stock E. Since h'(E*) = nU*(E*)"Q¢U' (E*), where U'(E*) = = at E=E".

dE
Thus, the sign of w — h'(E*) depends on both the intrinsic growth rate @ and on how the feedback
strategy reacts to change in the stock of natural resources.

In the HJB solution we used (E) = a + BE , so V'(E) = B a constant, therefore the feedback law of
Proposition 5, i.e., the strategy:

v = [—mmad

And substituting the constant marginal value function the above strategy becomes:

1

0=

which is constant in E. Call that constant U*. Hence U’'(E) =0, therefore h'(E*) =
rU*(E*)*1Q¢U’(E*) = 0 and the linearization eigenvalue becomes 7;;, = w — h'(E*) = w, which
results at the same instability (as in the open loop case) since the intrinsic growth rate of environment w
has positive values. The above reasoning boils down into the next proposition.

Proposition 8.

The Stackelberg model with a linear value function of the follower, results in an unstable steady
state, even in the feedback solution.

Intuition about the sign of h' (E*) and stability

Stability needs the eigenvalue n;;,, < 0 and therefore h'(E*) > w. So, the feedback must make
the extraction flow sufficiently sensitive and positively sloped with respect to the natural resources stock,
i, h' >0 and large. Concerning the sign direction: because h'(E*) = rU™ 1Q°U’, a positive
U’ (E™)(extraction increasing with the stock) gives A’ > 0 and can potentially stabilize, a negative
U'(E™)gives h' < 0, and therefore results in a more unstable environment. So, counter-intuitively, a
feedback that reduces extraction when the stock falls U’ < 0 does not help local linear stability - it makes
the linear eigenvalue more positive. The reason is structural: the growth term wE is proportional to E



and if extraction reacts negatively to E it reduces the damping effect in the linearization. Concluding, if
U’ > 0 and large enough so that h' (E*) > w, the steady state becomes locally asymptotically stable.

4.2. Quadratic Value Function of the follower

The next Lemma 2 obtains the condition under which the quadratic value function is a solver of
the HIB equation, i.e. the condition: if and only if T = %

Lemma 2
Consider the infinite — horizon problem of the follower(1) — (2), i.e. the problem:

maxf e Pt [UTQ% — CU — DE — AQ]dt
U>0
0

subject to: Z—f =F = wE — UTQ¢, E(0)=E

and assume an interior optimal control exists for relevant states. Let the value function V (E) is a quadratic
polynomial in E

V(E) = a + BE +yE?, y#0
Then this ansatz is compatible with the Hamilton—Jacobi—Bellman (HJB) equation if and only if 7 = %

Proof
In the Appendix

Now we recall the linear value function, we set the model parameter © = %, and according to
Lemma 2 a quadratic value function for the extracting firm V(E) = a + BE + yE?,¥>0, it is a solver
for the followers’ maximization problem. This function is convex (V''(E) = 2y > 0). A value function
would be convex since some ecosystem services are worth disproportionately more when the stock is
high (biodiversity, carbon sinks, resilience). That convexity means the marginal value of extra stock is
higher at high stock levels. A convex value function can stand in for policy goals that reward high
environmental stock levels (e.g. sustainability thresholds, environmental protection targets).
The next Lemma 3 gives the exact expression of the local linearization eigenvalue for the environmental

state at a steady state E* for m = % and a quadratic follower value function.

Remark on Lemma 2
Substituting =§ and the quadratic value function V(E) = a + BE + yE?, y>0 into the

follower’s feedback rule of Proposition 5, the resulting follower’s strategy becomes:

2C -2 2C -2 (1 - B —2yE)Q%Y*
E' = = E' =
UEQ = |7z V'(E))Qe] [(1 “p—apg “VE 2C ]
the associated harvesting (depletion) flow under the follower’s feedback is:
1 1—-p8—2yE
h(w,Q) = Uige =~ gas

The next Lemma 3 gives the local linearization eigenvalue for the environmental state at the steady state
E™.

Lemma 3
Let the quadratic value function of the follower V(E) = a + BE + yEZ2,¥>0 , and consider the

feedback structure of the model with m = % and the state dynamics: % =F =wE - h(U,Q), E(0) =

1
E, with h(U, Q) = U2Q®. Then, the local linearization eigenvalue for the environmental state at the
steady state E* is given by:



(E") = w—————
77lm( ) wl—ﬁ—Z]/E*

Proof
In the Appendix

Moreover, with the quadratic value function of Lemma 2, we have the following stability result.
Proposition 9
Let the quadratic value function of the follower V(E) = a + BE + yE?,y>0, and let the
follower use the feedback policy implied by the HIB equation. Suppose (E*,Q*) is a stationary
equilibrium satisfying the steady state condition
wE* = h(E*, Q™)
Then the equilibrium is locally asymptotically stable if and only if:

17F
1B —2yE

Or equivalently:
o If B < 1 stability requires E* > %
1-8

o If B > 1 stability requires E* < 3

e Iff =1 the linearization degenerates

Proof
Using Lemma 3 the linearized eigenvalue is

1-8

A(ENY=w—-—
nlm( ) wl—ﬁ—Z)/E*

Local asymptotic stability requires

E) = L2F
Min( )_wl—B—ZyE*

The condition reduces to a sign test on the ratio — 1F__ that means:

1-B-2yE®’
e Iff <1 the numerator 1 — f§ is positive, then the denominator must be negative, hence 1 — f§ —

2yE* <0, and therefore E* > %

e If 8 >1 the numerator 1 — f§ is negative, then the denominator must be positive, hence 1 — f —
2yE™* >0, and therefore E* < %, but this is a rejected case.

Remarks on Proposition 9
To ensure the local stability in the case f < 1, it is required the steady state stock E* lie above

the threshold %, because the larger stock raises the marginal value enough that the followers’ response
dampens deviations. In the opposite case § < 1 stability requires the steady state stock E* lie below the
(negative) threshold % < 0, therefore is an economically unacceptable case.

Figure 1. Local stability condition
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Here’s a plot of the local stability eigenvalue
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For the parameter values: w = 1,8 = 0.5,y = 0.3

e The dashed red line marks the threshold E* = %
e  The stabilizing region is where 1;;, (E*) < 0, i.e. to the right of the red line when f < 1

Thus, for E* > %, deviations from equilibrium decay over time, and the system is locally stable.

Returning back to the original stability condition, i.e. ;;, = w — h'(E*) < 0, it is worth noting
that in the special case of non—renewable resources the growth rate w collapses to zero, and therefore the
linearization eigenvalue equals to the negative marginal extraction h'(E) (1, = —h'(E™)), a case at
which a further analysis required, that is left for future research.

Stability of the general feedback case (U depends on E)

If the extracting firm’s effort, U, is not constant in environmental stock E (i.e., if V''(E) # 0,
(so the HIB yields a non-constant feedback), then U'(E)* # 0 in general and h' (E*) # 0. We distinguish
two cases:

(a) If the feedback is counter—cyclical in the stock (U'(E*) < 0, which means that higher stock implies
lower intensity of extraction), then h'(E*) < 0 and w — h'(E*) > w, making the steady state more
likely

(b) If the feedback is pro—cyclical in the stock (U'(E™) > 0, i.e., higher stock implies more intensity of
extraction, then the steady state is unstable even if w < 0 because w — h'(E™) could become positive

So, for the general feedback case, the stability condition is:

w < h'(E*) stable
w > h'(E*) unstable

5. The leader’s problem

The transition to the leader’s (social planner’s) feedback problem has the following steps:
Given the follower’s feedback law U(E; Q), the leader maximizes:



[ee]

J> =fe‘P2f[W1E+W2Q]dt

0
subject to the state dynamics E = wE — h(U(E; Q), Q)

where:

h(U(E;Q),Q) = U(E; Q)"Q¢
and knowing that the follower’s optimal strategy U(E; Q) depends implicitly on the state E and the
leader’s control through the follower’s evaluation of environmental quality V' (E).

The leader’s HIB equation becomes:

pW (E) = max{WiE + W, Q + W' (E)(wE — h(U(E; @), )}

Where W (E) is the social planner’s value function, and the FOC is:

Oh(U(E; 0),Q) _

W, —W'(E) 30 0
With the expansion of the partial derivative term as:
ah(U(E; Q)' Q) — i L OTNHE] — .N\T-1n¢e aU(E; Q) .N\TtHe-1
s =3 VE Q] = nU(E; Q"+ eU(E Q)0

And since U(E; Q) depends on Q, this makes the reaction function nonlinear but fully derivable.

We continue to work with the leader’s optimal feedback allowed quantity Q*(E) under the certain
conditions as in the previous case examined, i.e.

o = %, follower value function V(E) = a + BE + yE?,y>0
e Follower feedback used to obtain the depletion function (A4.13) of the Appendix, i.e. the function

1-B-2y)Q%¢
hE,Q) = P

o Leader’s stationary HIB with value W (E) with derivative W

The social planner (leader of the game) chooses a state—contingent quantity Q (.) to maximize discounted
welfare, taking the follower’s feedback U(E; Q) as anticipating how the firm reacts at each state E

The primal problem of the leader:

o]

W(E) = supj e P2t [W,E(t) + W,Q(t)]dt (12)
QQ)
0

subject to the state equation

E@©) = wE@® - h(U(E@;00),0®), E©=E  (13)

where the follower’s feedback U(E; Q) is given by the solution of the follower’s HIB (taken as known
by the leader). The depletion flow is h(U, Q) = U™ Q*.

The admissible controls are feedback maps Q:E — Q(E) that keep the dynamics and the
follower’sFOC feasible and satisfy transversality conditions ensuring the objective is well-defined.

In the general case at which the parameter 7 is not restricted to take the certain value m = %, let W (E) be
the leader’s value function, the stationary HJB equation reads:

P W (E) = max{WiE + W, Q + W' (E)(wE — h(U(E; @), @)} (14)



Remarks on the leader’s HJIB

e The maximization is pointwise in the state E (the leader chooses Q at each E to maximize the HIB
integrand).

o The function U(E; Q) is the follower’s feedback, and substitute in the depletion function h we obtain
the maximum purely in terms of E, Q and primitives

o The transversality condition is: 1}1—{2 e‘ptW(E (t)) =0

The following Lemma 4 provides the conditions guaranteeing that the leader’s value function
is quadratic.

Lemma 4
Consider the feedback Stackelberg game with:
1

o 7'[:5

e TFollower value function V(E) = a + BE + yE?, given 8 and giveny>0
e Depletion under the follower feedback (equation (A.13) in the Appendix)

(1-B—2yE)Q**
2C

h(E,Q) =

e Leader instantaneous payoff W, E + W, Q, discount factor p, > 0 and state dynamics E = wE —
h(U,E).

Assume an interior feedback equilibrium exists and 2e — 1 > 0. Suppose the leader’s marginal
value function has the proportionality form

Wg(E) = M(1 — B — 2yE) (15)
For some constant M # 0 on the admissible domain of E. Then:

1. The leader’s value function is quadratic, specifically:
W(E) =a+ bE + cE?>withb=M(1-f), c = —My
for some constant a

2. The interior optimal feedback quota is given in closed form by
1/(2e-1)

W,
ew= () a-p-zypyeeD (16)

3. Substituting W, Q" and h into the stationary HIB yields a linear equation for a. Therefore, there exists
a (unique) constant a that makes the HIB hold identically in E provided the given below algebraic
consistency condition 4 is satisfied. Under that consistency condition the leader’s stationary value is
exactly the quadratic W (E) above.

4. The interior solution is feasible if the sign condition for Q*(E) > 0 holds
M(1 — B — 2yE) > 0 for admissible E
and the second order condition for a maximum in Q is satisfied.

Proof
In the Appendix

Intuition for the leader’s feedback strategy Q*(E)
The leader’s feedback strategy Q*(E)tells how the social planner (leader of the game) adjusts
the extraction quota Q in real time as the environmental stockE changes.



Its formula (16) is a state-dependent control: extraction levels are adjusted depending on how
degraded or healthy the environment currently is.

The terml — f§ — 2yE reflects the marginal valuation of the resource by the extracting firm (the
follower). When environmental quality E is high the term decreases, and when E is low (degraded
environment), it increases.

The exponent: —1/(2& — 1) (which has a negative value, since 2& — 1 > 0) makes the quantity Q*(E)
decrease as E increases, i.e. the social planner (the leader) enforces tighter extraction when the
environment is better.

The economic meaning is that the leader restrains extraction when the stock is healthy to preserve long-
term sustainability, while loosening restrictions when the stock is low, since the marginal productivity
of extraction diminishes and the environment itself self-recovers more slowly.

Q*(E) depends on M, which measures the leader’s marginal valuation of environmental quality,
therefore:

e If M is large, the leader values the environment highly, making the denominator larger and thus Q* (E)
smaller implies stricter regulation
e If M is small, the leader tolerates higher extraction.

Dynamically, because the leader’s control is feedback—based, it adapts endogenously to environmental
conditions. Thus, feedback control provides stabilization, i.e. the social planner corrects deviations of E
Away from steady state by tightening or loosening retraction quotas. Moreover, the equilibrium condition

E* > % (the stabilizing region) shows that the leader’s feedback rule helps keep the system in a region

where environmental recovery outweighs extraction, preventing divergence or collapse.
Intuition for the leader’s quadratic value function W (E)

The value function W (E) measures the maximum discounted welfare the leader can achieve
starting from a given environmental state E, specifically:

e The linear term bE reflects the direct benefit from environmental quality, i.e. a healthier environment
increases welfare.

e The quadratic term cE? (with ¢ < 0) represents diminishing marginal returns to environmental
quality precisely: the leader benefits from a better environment but less do at higher levels) due to
opportunity costs or resource use trade-offs).

A quadratic value function W (E) naturally arises because:

o The state equation and extraction rule are linear—quadratic in E and Q.
e The leader faces a dynamic trade—off that is linear in environmental services E but quadratic in E
through its effect on costs and extraction.

This mirrors the structure of Linear— Quadratic (LQ) dynamic control problems, where both the control

and the value function are quadratic. In such problems:

e The value function’s curvature encodes the sensitivity of optimal policy to deviations of E from
steady state.

e A more concave value function W (E) (larger |c|) implies the leader reacts more aggressively to
environmental changes.

An economic interpretation of the curvature is:

e Theslope b = M(1 — B) reflects how much marginal welfare rises with better environmental quality.

e The curvature ¢ = —My, how strongly marginal welfare decreases as environmental quality E
increases.

Therefore, a higher follower’s sensitivity to environment, y, makes the curvature ¢ more negative, that
means the leader’s value becomes more concave, showing higher concern for avoiding environmental
extremes like degradation or conservation costs.



Concluding, the leader’s feedback strategy Q*(E) embodies a self—correcting environmental
policy, i.e. tighter quotas when the ecosystem is strong, and looser when weak, derived from an
underlying quadratic welfare function W (E) that captures diminishing returns to environmental quality
and ensures dynamic stability of the ecological-economic system.

5.1. Stability with quadratic value functions

The following Lemma 5 provides the conditions under which the environmental stability in
ensured, with the assumptions of quadratic value functions for both players.

Lemma S
Consider the closed—loop feedback Stackelberg game with state E (t) evolving as

E = wE — h(E, Q"(E))

And assume 7w = %
0 and the follower uses the feedback law

1— B — 2yE)Q%\*
U*(E;Q)=<( ﬁZCV)Q)

. Suppose the follower’s value function is quadratic V(E) = a + BE + yE?with y >

So, the depletion flow is:

(1-p-2yE)Q**
2C

h(E,Q) =

assume the leader’s value function is quadratic W (E) = a + bE + cE? and the leader’s optimal feedback
quota takes the form

W2 C 1/(28—1)
Q"(E) = K(1 - § — 2yE) /D, K= (=)
eM
With the parameter restriction 26 —1 > 0, 1 — f — 2yE > 0 on the admissible domain.
Let E* be an interior steady state with Q* = Q*(E) satisfying

(1-B—2yE)(Q)*

wE* = h(E*, Q") = oC

Then the linearization of the scalar dynamics at E* has the eigenvalue

@)% 2y

A=w=- -1

Equivalently, substituting the closed — form quota,

2¢ y 2]/
A=w— 1— R — 2vE*)—2¢&/(2e-1)
TS L 2e — 1
Using the steady — state identity (Q*)?¢ = %, the eigenvalue can also be written purely in terms
of E* and primitives as:
E* 2
A=w-—-|1 4

T 1-B—2yE*2e—1

Consequently, the steady state E* is locally asymptotically stable iff A < 0, i.e. any of the equivalent
stability conditions



Q9% 2y E”
< y——— 321
20 26100 Y1 g—oyp~

holds.

Proof
In the Appendix

Economic interpretation of Lemma S

The eigenvalue A can be seen as the net "self-reinforcing" pressure on the environmental stock
when it deviates from equilibrium. Stability (A < 0) means any deviation triggers forces that push the
system back to E*.

Term’s w economic intuition is: This term is the natural, biological momentum of the system. If E
increases above E*, a higher w means it grows even faster, pulling the system further away. If E falls
below E*, a higher w means its regenerative capacity is weaker at low levels (in proportional terms,
wE is smaller), making recovery slower and potentially leading to collapse. Thus, a higher w makes
the system more "brittle" or "explosive," acting as a destabilizing force.

(@92

2C

by its cost (C). A larger, more profitable extraction sector creates a stronger potential corrective
force—if policy is responsive.
¥:This is the most critical behavioral parameter. A high y means the extracting firm's valuation V (E)
is highly sensitive to the environmental stock. In practice, this could reflect:

e Long-term planning: The firm internalizes that over-exploitation today destroys future profits.

e Regulatory risk anticipation: The firm expects stricter penalties if the stock gets too low.

o Technological adaptation: The firm's costs or productivity are highly dependent on the
resource base. A high y makes the firm's effort U* highly responsive to E. If E falls, the firm
sharply reduces extraction, aiding recovery. If E rises, it increases extraction more cautiously.
This pro-cyclical dampeningis the core stabilizing behavior.

1/2& — 1 term: since 2& — 1 > 0 all the term is positive. The elasticity &€ measures how sensitive
total harvest is to the quota Q. A higher & gives the social planner a more powerful policy
instrument—a small change in the quota Q leads to a large change in extraction. This amplifies the
effectiveness of the planner's adaptive rule Q*(E).

Term , measures the equilibrium level of resource extraction/degradation (h « Q2¢), moderated

Implications for Policy Design

Lemma 5 provides a design blueprint for sustainable regulation:

(a) Foster Foresight in Firms (T y): Stability can be promoted by policies that increase y—the firm's

sensitivity to the resource stock. This can be achieved through:

(1) Secure property rights/long-term concessions: So, the firm values the future stock.
(i1) Transparent ecosystem monitoring:So, the firm can accurately assess E.
(ii1) "Tripwire" mechanisms: Clear, pre-announced penalties that intensify as E

approaches critical thresholds.

(b) Choose Powerful Policy Instruments (Manage €): The regulator should prefer control variables

to which the harvest is highly sensitive (high €). For example, a quota on total catch (& high) is a
more potent stabilizer than a tax on fishing effort (U) if effort has a diminishing return (7 low).

(c) Calibrate Policy to Ecology (w): The required strength of the feedback loop depends directly on

the ecosystem's growth rate w. Managing a fast-growing, volatile resource requires a much more
agile and forceful regulatory apparatus than managing a slow-growing one.

(d) The Threshold Insight: The alternative condition Zyﬁ > 2¢e — 1 suggests that stability is

easier to achieve when the steady-state stock E*is sufficiently high relative to a benchmark. This
points to a precautionary principle: aiming for a higher target stock level E* inherently makes the
system more resilient and easier to stabilize, as it provides a larger buffer and enhances the firm's
incentive to conserve.



In conclusion, Lemma 5 is not just a mathematical result; it is the formalization of a crucial
insight: Environmental sustainability under strategic interaction is not guaranteed by optimal policy
alone. It requires a carefully calibrated system where the adaptive reflexes of the economic agents are
strong enough to counteract the innate dynamics of the ecosystem. The feedback Stackelberg
equilibrium, by making both regulator and firm responsive to the environment, creates the possibility for
such a self-correcting system, and Lemma 5 defines the exact conditions for its success.

Below we provide a numeric example that illustrates the stability threshold and how it depends on the
primitives.

A numeric example for Lemma 5

Recall the closed form eigenvalue of Lemma:

P O
2C 2e-1
Setting A = 0 the critical curvature becomes:
wC(2e—-1)

Yerit = W
We set specific values for the parameters:
w=205 =12, C=1.

We evaluate three equilibrium candidates: Q* = 0.8,1.0,1.2

Thus: (@)% = Q** and yepie = “2 2
. 0.7
(1) Q" = 0.8:0.8%% ~ 0.585 and Yy ~ o -~ 1.2

10" =1.0:1>*=1 and y. = % =0.7

(¢) Q" = 1.2:1.2%* ~ 1.548 and Y e ~ % ~ 0.45

So, the higher equilibrium Q* the lower the required y for stability (due to the feedback multiplier (Q*)?¢)

Now we check sample eigenvalues for a common test curvature y = 0.5
0.5(Q*)%

A=05-
1.4

Plugging numbers:
@ Q" =081~05-""""%~ 0291 unstable

(b) Q*=1.0:1= 05— 10x05 0.143 unstable

1.548%0.5 ~

(c) Q"=12:2= 05— —0.053 locally stable

Interpretation

e The formula y.,;+ shows that larger intrinsic growth rate w and larger 2¢ — 1 increase the required y
for stability (harder to stabilize), while larger equilibrium extraction Q* reduces y.,;; because the
stabilizing effect of a given y is amplified by (Q*)2%.

e In the numeric example: with modest curvature y = 0.5 a small quota Q* = 0.8or moderate quota
Q" = 1.0 yield positive A (i.e. instability), while a larger quota Q* = 1.2 flips the sign and stabilizes
the system. This highlights the non—trivial interactions: increasing Q* both raises extraction (which
tends to destabilize in other respects) but also increases the multiplier on the stabilizing curvature
term in this closed—loop model, so the net effect depends on parameter values.



Below in Figure 2 is depicted the critical follower curvature y..;; required for stability

Critical follower curvature y required for stability

(A=0)

N
o

o
w
L

Critical gamma Y crit
_O Ll
wn o

0.6 0.8 1.0 1.2 14 1.6
Equilibrium quota Q*

Figure 2: the equilibrium quota Q* vs y..;; for the specific values of example based on Lemma

5.The chart depicts the ypir = wfg;_:)
parameter combinations that yield stability (y > Vpir)-

as function of Q*. Points above the curve indicate

6. Environmental state—dependent taxes

In this section we introduce an E —depedent per unit extraction tax 7(E), therefore there be
modifications on the follower feedback strategy, depletion function and the linearized eigenvalue. We

keep the model consistent with the earlier setup, i.e. the elasticity m = %, the follower’s value function

remains quadratic V(E) = a + BE + yE?,y > 0, and harvesting h(U, Q) = U™Q¢.
After the tax cost introduction into the follower’s payoff, the latter payoff becomes:

(1—1(E))U™Q* — CU — D(E) — ¥(Q)
6.1. Follower feedback and harvesting under taxation

The next proposition 10 gives the follower’s feedback equilibrium strategy and harvesting with
taxes.

Proposition 10.

With the tax introduction, the follower’s feedback policyU(E; Q) and the depletion function
h(U, Q) are given by:

(1 —(E) - B — 2yE)Q?]?

UE; Q) = °C
and
_ (1—t(E) - B—2yE)Q**
respectively.
Proof

The HJB is modified as:

pV(E) = %135{(1 —1(E))U™Q® — CU — DE — AQ + V'(E)(wE — U™Q#)} (19)



and, the FOC is:
rU™1Q¢(1 —t(E) - V'(E))=C

Setting m = %and V'(E) = B + 2yE, the follower’s optimal strategy is:

1—1(E) — B — 2yE)Q¢]
oy - |¢ r()zg VE)Q

Substituting the follower’s feedback control into the harvesting function h(E, Q) = /U(E; Q)Q%the
depletion becomes:

(1-7(E) - B —2yE)Q**
2C

h(E,Q) =
6.2. The stabilization condition

In order to check the environmental stability, consider the system at the steady state (E*, @%),
therefore:

(1 —(E") — B —2yE")Q"**
2C

wE* = h(E*, Q") =

The next Lemma 6 gives the scalar eigenvalue of the system.

Lemma 6.
Consider the Stackelberg game under taxation, at which the environmental stock evolves according to:

E = wE — h(Q(E),E)

Where:

1—1(E) — B — 2yE)Q*
e, gy = AT =270

and € > %, C > 0,y > 0, B are model parameters, T(E) is a differentiable per—unit tax schedule, and the

social planner uses a (differentiable) feedback quota Q(t). Let (E*,Q*)be a stationary equilibrium
satisfying

Then the linearization of the scalar state equation around E™* has the single eigenvalue

@ E) oy
=9~ 2e—-1 (22)

Proof
In Appendix

The next Proposition 11 gives the exact condition that ensures environmental stability.

Proposition 11.
Under the assumptions of Lemma 6 the environmental stability is ensured if the following condition:

L@ TE) + 2y
2 2e-1

holds.

Proof
From Lemma 6 it suffices the eigenvalue 7 to be less than zero, therefore accordingly



=w_(Q*)28T'(E*)+2Y<O$w<(Q*)2£T'(E*)+2V
n 2C 2e—1 20 26-1

Economic intuition of Lemma 6

The intuition on how the parameters of the model influence environmental stability, taking into
@)t (E)+2y

account the eigenvalue expression n = w — e 21

could be the following:

A higher tax responsiveness 7' (E) strengthens the corrective feedback between the state of the
environment and extraction incentives, thereby lowering the eigenvalue 1 and promoting stability.
Conversely, a weakly responsive or negative tax slope destabilizes the system. The follower’s curvature
y of its own value function measures the behavioral inertia, which means a higher y dampens extracting
firms’ reactions to changing incentives, producing smoother adjustment paths and a more stable
equilibrium. The technological elasticity € affects the sensitivity of extraction to quota changes, i.e. when
¢ is large, extraction reacts strongly to small policy or create variations to state variations, magnifying
fluctuations and thus reducing stability.

The steady state quota Q™ acts as a multiplier, that means large equilibrium extraction volumes
amplify the feedback loop and make stability harder to maintain. The environmental regeneration w
represents the system’s intrinsic tendency to expand or contract, i.e. a higher w accelerates natural
dynamics and can dominate the stabilizing policy feedback, leading to oscillations or divergence. In
short, stability requires that the combined stabilizing effects of policy (large T’ (E*)) and behavioral (large
y) offset the destabilizing forces of natural growthw and extraction sensitivity (Q*, €).

From the policy perspective, the stability condition highlights how a regulator can design and
calibrate instruments to ensure environmental resilience. The most direct lever is the tax schedule, that
means by choosing a sufficiently steep and state — responsive tax (7' (E*) > 0), the regulator introduces
a corrective mechanism that automatically tightens incentives when the environment improves and
relaxes them when it deteriorates, thereby counteracting cyclical overshooting, increasing the behavioral
curvature y. For instance, through institutional or contractual mechanisms that make extracting firms
more forward — looking or risk—averse, thereby stability enhanced by reducing aggressive extraction
responses. Technological and cost—side parameters provide complementarity stabilization channels, by
encouraging higher extraction costs (C) or less elastic production technologies (lower €) dampens firms’
responsiveness to environmental fluctuations. Conversely, policies that constrain steady — state
extraction levels Q*, such as quota reductions, further reduce destabilizing feedbacks. Finally, when the
natural regeneration rate w is high (fast ecological turnover), stronger state dependence in taxation are
necessary to maintain convergence.

7. Discussion and Contribution

Discussion

The feedback Stackelberg framework developed above highlights the dynamic interaction
between a regulating leader and a resource—extracting follower. Unlike the open—loop formulation
(where the leader commits to predetermined policy path), the feedback structure allows the leader to
adjust regulation continuously in response to the evolving environmental state. This endogeneity
introduces adaptive stabilization forces that shape both the equilibrium extraction and the steady state

environmental quality.
1

¢ ]E which in the case of the

The follower’s optimal response, U*(E; Q) = [W

1

c = . ..
]” !, indicates that

quadratic value function V(E) = a + BE + yE? becomes U*(E; Q) = [m

higher environmental degradation, i.e. larger E, or stronger environmental sensitivity (y > 0) reduce
extraction intensity. The follower thus becomes more conservative as environmental conditions
deteriorate, generating a natural feedback dampening effect.

Anticipating this reaction, the leader chooses a feedback policy

Q"(E) = K(1 - B — 2yE) 7rve



which links the control variable (e.g. tac, quota) directly to the environmental stock. The negative
exponent implies that the leader tightens policy (reduces Q) as E increases, embodying an adaptive
regulation rule. This dynamic feedback contrasts with a fixed open—loop path, which cannot react to
shocks or unforeseen deviations in environmental quality.

Substituting both feedback laws into the state equation produces an autonomous environmental
dynamic:

E=wE—-®(1—-p —2yE) n-1+¢

Where @ captures the effective extraction intensity under equilibrium feedback. The steady state
condition

WE =®(1 - — 2yE) m-1+¢

defines the long—run balance between environmental regeneration and extraction pressure. The local
stability criterion,

2ynd (1 2 E)_—n <o
_ — 05— m—1+¢€
n—1+4+¢ B 14

flE)=w-
reveals that stability depends critically on the relative magnitudes of the natural regeneration rate w and
the regulatory responsiveness captured by y, m and €. Higher curvature in the follower’s value function
(large y) or stronger sensitivity of the leader’s policy to environmental conditions enhances stability by
strengthening the feedback control mechanism. In contrast, a high natural regeneration rate or weak
feedback elasticity can generate oscillatory or divergent environmental dynamics.

Overall, the feedback equilibrium illustrates how endogenous policy adaptation stabilizes the
system even when agents act strategically. The leader effectively internalized the follower’s state—
dependent behavior, translating micro—level responsiveness into macro—level environmental stability.

Contribution

This paper makes a foundational theoretical contribution to the economics of renewable
resource management. Specifically, it proves that stability is impossible under rigid, pre-committed rules
and is only attainable under adaptive, state-dependent policies that create a corrective feedback loop
between ecological conditions and economic incentives. Analytically, the core contribution relies in the
following:

(a) The paper provides a rigorous game-theoretic justification for the failure of rigid, long-term
regulatory plans. It argues that sustainability cannot be "set and forgotten." That means under the
open-loop information structure, where the regulator commits to a fixed quota path at the start of the
game, the resulting steady state is locally unstable.

(b) Identification of the Critical Condition for Stability under Adaptive Regulation. The paper
demonstrates that simply moving to a feedback structure is not sufficient.

o If the firm uses a linear value function (V(E) = a + BE), its feedback strategy becomes
unresponsive to the stock level and the resulting environmental dynamics is unstable.

o Stability emerges if and only if the firm's valuation of the resource is sufficiently sensitive to the
stock. The paper proves this requires a convex (quadratic) value function (V(E) = a + BE +
yE? withy > 0), y > 0 means the firm's marginal valuation of the resource stock increases as
the environmental stock grows.This state-dependent dampening is the core stabilizing
behavior.The paper shows that such a quadratic value function is a consistent solution to the firm's
problem only when the elasticity of effort in the harvest function is T = 1/2.

(c¢) The paper doesn't just identify the condition for stability; it derives the form of the regulator's optimal
adaptive policy that exploits this condition.

e The social planner's optimal feedback quota is Q*(E) = K(1 — g — 2yE)~Y/2e-1
e The Policy Interpretation is: This is a precise state-contingent rule: the allowed extraction
decreases as the environmental stock increases.It curbs extraction during booms to preserve the



high stock that enables future prosperity, thereby creating a self-correcting regulatory feedback
loop.

(d) The paper providesthe quantification of the stability condition and its drivers. That means moves
beyond a yes/no stability check to provide the exact mathematical condition for local asymptotic
stability (Lemma 5):

@)% 2y
2C 2e—-1

e  This condition makes the drivers of stability transparent, i.e.:

(1) Firm Foresight (y): Higher sensitivity of the firm to the stock promotes stability.

(i1) Policy Potency (€): A higher elasticity of harvest to the quota makes the regulator's
tool more powerful.

(iii) Ecological Growth (w): Faster natural regeneration makes the system harder to
stabilize, demanding stronger feedback responses.

(iv) Steady-State Stock (E*): The stability condition implies E* must be above a

threshold, formally justifying precautionary, higher stock targets.

(e) The paper enhancing stability with state-dependent taxation: The contribution is extended by showing
how a policy instrument can be designed to directly strengthen the stabilizing mechanism.
Introducing a per-unit tax 7(E) that increases with the stock (z'(E) > 0) modifies the stability
condition to:

< @H* " (E) +2y
©SToC T 2e—1

The above condition implies the tax responsiveness 7'(E) and the firm's behavioral sensitivity y are
additive in promoting stability. This provides a formal rationale for "smart" tax schemes that
automatically adjust to ecological conditions.

Concluding, the paper's overarching contribution is to shift the focus of resource regulation from
static optimization" What is the optimal quota level?"to dynamic system design"How do we design a rule
(Q*(E)), and shape the institutional environment (to raise y), so that the coupled socio-ecological system
is inherently stable and self-correcting?"

8. Conclusion

This study has examined the dynamic interactions between a resource-extracting firm and an
environmental regulator within a Stackelberg differential game framework, under both open-loop and
feedback (closed-loop) information structures. The analysis was conducted for renewable resources
governed by exponential growth dynamics, capturing distinct ecological and economic realities.

In the open-loop setting, where strategies are committed at the outset, the regulator’s optimal
emission tax policy and the firm’s extraction trajectory were derived analytically. The results
demonstrate that the optimal tax is positively related to the firm’s extraction effort, but inversely related
to the natural regeneration capacity of the resource. The phase diagram analysis revealed that stability is
attainable when the intrinsic regeneration rate outweighs the depletion rate induced by extraction. Thus,
a sufficiently strong natural recovery mechanism can offset extraction-induced degradation, ensuring
convergence to a steady-state equilibrium.

In the feedback (closed-loop) formulation, where policies respond to the current state of the
resource, the leader (regulator) dynamically adjusts taxation in response to evolving resource conditions.
The resulting Markovian strategies reflect adaptive management: when the resource stock diminishes,
the regulator raises the tax to deter extraction, while recovery triggers a relaxation of control. This
feedback mechanism enhances the system’s resilience, as it internalizes ecological feedbacks in real time.

The stability analysis confirms that, under realistic parameter conditions, the feedback
equilibrium leads to a more robust and sustainable steady state than its open-loop counterpart.
Comparing both information structures, the feedback Stackelberg equilibrium yields superior
environmental outcomes and improved social welfare. The open-loop model, though analytically
tractable, risks over-extraction due to the absence of adaptive control. Conversely, the feedback strategy



embodies precautionary and self-correcting features, aligning economic incentives with ecological
sustainability.

From the policy perspective, a central message emerges: rigid, pre-committed policies are not
enough. When the planner relies on open-loop strategies, the system lacks the ability to correct itself in
response to environmental fluctuations. The resulting steady states are unstable, and even small shocks
can push the economy—environment system onto divergent paths. This fragility reflects a deeper
structural issue: without feedback, neither the planner nor the firm adjusts behavior when the resource
stock changes and the ecological dynamics are left to drift.

In contrast, feedback strategies fundamentally change the picture. When decisions are allowed
to depend on the current state of the environment, the strategic interaction becomes self-correcting. The
firm’s valuation of the resource stock—captured through its shadow price—becomes a channel through
which ecological information influences economic behavior. When this valuation is sufficiently
sensitive, as under a quadratic value function, the system acquires a stabilizing mechanism that is absent
in the open-loop case. The stable manifold derived in the analysis formalizes this mechanism, showing
the unique path along which the economy can converge to a sustainable steady state.

The introduction of a state-dependent tax strengthens this stabilizing feedback even further. By
tying the tax burden directly to environmental conditions, the planner amplifies the responsiveness of
private extraction decisions. This creates a tighter alignment between private incentives and ecological
health, offering a clear rationale for adaptive taxation schemes in renewable resource management. The
tax does not merely raise revenue—it becomes an instrument for ecological resilience.

Taken together, these findings underscore a broader lesson: sustainability is an active,
adaptive process. It cannot be achieved through static rules or one-time policy commitments. Instead, it
requires regulatory frameworks that evolve with ecological conditions, anticipate strategic responses,
and incorporate real-time information about the state of the resource.

Overall, the results underscore the importance of dynamic and adaptive environmental policies in
managing renewable resources. Incorporating feedback mechanisms enables regulators to anticipate and
correct market behaviors that threaten long-term sustainability.

Future research could extend the model with thelogistic growth function, stochastic environments,
multi-agent extraction, or threshold-based ecological dynamics, where the role of feedback and adaptive
regulation is likely to be even more pronounced.

Analytically, a future research agenda could include the directions: (a) richer ecological
dynamics such as logistic growth and/or Gompertz growth function or age—structured modeling. Such
extensions could reveal whether adaptive feedback policies remain stabilizing when the environment
itself becomes more complex or uncertain. (b) expanding the strategic structure of the game into
multi-firm differential game modeling, decentralized regulators with imperfect coordination, or
transboundary and multi-country resource systems. This extension would shed light on how strategic
interactions amplify or mitigate ecological risks. (c¢) provide more sophisticated policy instruments as:
dynamic permit systems, endogenous quota adjustment rules, hybrid tax—quota instruments, or incentive
schemes that reward conservation effort. Understanding how these instruments perform in a strategic
dynamic setting would help bridge theoretical insights with practical policy design.

Appendix
Proof of Lemma 1
Let V(E) denote the value function. The HIB equation is
pV(E) = r{,lfé({UnQE —CU—DE — AQ +V'(E)(wE — U™Q%)}
Rewrite the above as
piV(E) = rlr}gé({(l —V'(E))U™Q% — CU — DE — AQ + wEV'(E)}

Make the affine ansatz V(E) = a + BE, then V'(E) = B(constant), so the maximization above is over a
function that no longer depends on E except through linear terms, the first — order condition for an interior
maximizer U™ is:



211~ HUTQ ~ CUY = 0 = (1 - HrQeW"Y™ — € =0

Which yields the expression for U* given above, provided 1 — > 0 to ensure U* > 0.
Substitute V(E) = a + BE and the maximizer U* back into the HIB and equate coefficients of E and
constants. Collect the terms multiplying E:

Coefficient of E: p;f§ = =D + fw

So since p; # w
D

pr—w

(=) =—D=f=-

Having determined £, the constant part of the HIB gives:

1— B)(U™Q% — CU* — A
pra = (1= B)UYQ* — CU* — AQ = a = L AIUD"C ¢

P1

Because the HJB is satisfied by this affine V' with the interior U*, and the ansatz produces a legitimate
maximizer under the stated parameter conditions, the value function is indeed affine in E.

Proof of Lemma 2
Write the stationary HIB equation for the problem:

p1V(E) = max{U" Q¢ — CU — DE — AQ + V' (E)(@wE ~ UQ*)} (A.1)

For an interior maximizer use the first—order condition (FOC) w.r.t.U. Denote V' (E)by v. The derivative
of (A. 1) w.r.t. U is:

a TNE _ _ — n—-1n¢& _ —
ﬁ[uau v) — CU]l = U™ Q¢(1 —v) - C

and the FOC gives:
c -1

Qe — v(E) @.2)

rU™1Q¢(1 —v) =C=>U*(E) = [
Substituting (A. 2) back into (4. 1), the terms that depend on U gives a combination of the form

1
W)™ (A —v(E)) = CU = k(1 —v(E)) =1
where k is a constant depending only on the parameters C, 7, Q€.

Therefore, after maximization the HIB becomes:

1
p1V(E) = k(1 — B — 2yE) =1 + terms that are affine or quadratic in £ (A.3)
The left — hand side of (4. 3),p,V (E) is a polynomial of degree 2 in E. All other terms in the HIB except

the k¥ —term are at most quadratic (indeed linear or quadratic) because they are linear combinations of E
and v(E) (which is affine). Thus, compatibility of the ansatz requires the k term

1
(1—=B —2yE) =1
to be polynomial in E of degree < 2.

Set




The term k(1 — 8 — 2yE)" of (A. 3) to be a polynomial in E it is sufficient € Z (to be a nonnegative
integer), because non — integer or negative integer powers of an affine function produce non — polynomial
expressions (rational or fractional powers). Moreover, since the left side is degree 2, we require the
polynomial degree 7 to satisfy n < 2, hence the only admissible integer values are n = 0, 1, 2.

Solve for & fromn = — L.
-1
n — (impossible)
1
n=1 => 1= 1 = m =0 (degenerate model case)
2 ! 2
= - = = = —
7 T—1 =3

. L 1 .
The only non—degenerate admissible solution is therefore T = s For any other m the exponent 7 is not

1
an integer in {0, 1, 2} and so (1 — V'(E)) =1 is not a polynomial of degree < 2. Consequently, the RHS
of the HIB cannot match the quadratic LHS p;V(E), and the quadratic ansatz is inconsistent with the
HIB.

Now we set T = § to see whether the quadratic value function is indeed a solver for the HIB

function. The followers’ (extracting firm) problem is modified as:
l &
piV(E) = max {v20° = cU - DE - 4Q + V' (&) (wE - UzQ )} a.a)

andletV'(E) =v

taking the FOC:
0 1 . 1 1
%[UZQ (1—v)—CU]=0=>EU 205(1-v)—C=0>

Q-

Substitute (A.5) into HIB (4. 4) yields

& _ 2 —
pV(E) = QS¥(1 [Q a )] — DE — AQ + vwE =
2¢ 1-— 2 2¢ 1-— 2
pr(E)=Q (ZC n_¢e (4C v) — DE — AQ + vwE =
Q** (1 —v)?
PV (B) = —— = DE — AQ + vwE (A.5)

Since:
V(E) = a + BE + YE%(A.6)

v(E) = B + 2yE (A4.7)

Plug (A.6) and (A.7) into HIB (4.5)

2¢&
p1(a + BE +yE?) = )

—DE —AQ + wEQYE + B) =



2¢e

p1VE? + p1BE + pia = i [(1—-B)2—4yE(1 — B) + 4y%E?] — DE — AQ + 2ywE? + wBE (A.8)

In (4. 8) equating the terms with the same power of E we have:

E? —term:
_ex _ Cp — 20)
Py = E‘l'y +2yw y?Oy - Q2¢ (4.9)
E —term:
2¢ 2& 2&
Q*%y Q*%y
= — —_ —_ —3 — —_ — — .
pB == y(1=B) =D +wp=p <p1 - =D (4.10)
Constant term:
QZS
pra =~ (1~ B)* ~AQ (A.11)

The three algebraic equations (A.9), (A.10), (A.11) given the parameters Q, &, C, D, A, w, p,they have
three unknowns a, 3, .

1

Concluding, the quadratic value function V (E) solves the HIB equation, if and only if 7 = .

Proof of Lemma 3
The FOC of the follower HIB is:

U™ Q*(1-V'(E) =C

Setting = % , the follower feedback control solves
2¢ 2 A -V'(E)e*E
U(E;Q) = ] = [—

A=V ENG 2C ] (.12)

The depletion (harvesting) function is by definition h(U, Q) = UY?Q%and substituting the feedback
control (4. 12), the depletion function becomes

(1-V'(ENQ* _ (1-B—27E)Q*

h(E,Q) = T 50 (A.13)
the differentiation of(4. 13) w.r.t. E yields:
—yQ*
hE (E, Q) = C

Linearizing £ = w — h(E, Q") around E* (holding Q* at equilibrium) yields the eigenvalue:

.yQZS
C

Min = © —hg(E,Q) > Myp = 0 + (A.14)

At the steady state
(1-p-2yE")Q*
2C

E=0=2w=hE"Q)>w=

Hence,

Q*Zé‘_ 2(A)E* A15
C _1—/3—2;/5*( +15)

Substitute (4. 15) into (A. 14):



2wE”

mm=w+y—1_ﬁ_2y5*
1-5
imn = wo——————Q.E.D.
Min wl—ﬁ—Z)/E*Q

Proof of Lemma 4.

Step 1.
Integrate Wy to get quadratic value function W.

Having the assumption (15) i.e. Wz(E) = M(1 — B — 2yE), we integrate w.r.t. E
W(E)=a+ f M(1 — B —2yE)dE = a + M(1 — B)E — MyE?

sob = M(1 — ) and ¢ = —My. This proves (1).
Step 2.

From the HJB pointwise maximization, the interior FOC is:

e(1—-pB—2yE)

Wz _WE(E) I

Q*1=0 (A.16)

Substituting Wi (E) = M(1 — 8 — 2yE) into (4.16)

WZC WZ 1/(2e-1)
Qu =2 (- - 2yE) = ') = () (1 - B — 2yE) /@D (A.17)
This proves (2).
Step 3.

The stationary HJIB is:
p2W (E) = W,E + W,Q" + Wg(E)(wE — h(E, Q" (E)))
Substitute W(E) = a + bE + cE*, Wy = b + 2cE = M(1 — § — 2yE), and the formulae for Q*(E)
and h(E,Q) = % After substitution the HIB becomes an identity of the form
p,a+ P (E)=0

Where P;(E) is a polynomial (indeed every term is proportional to some power of the factor
(1 — B — 2yE) and/or linear quadratic in E. Because the left-hand side must hold for every admissible
E, and because by construction the dependence on E cancels out when the parameters satisfy the implied
algebraic relations arising from the FOC, what remains is a constant equation for a. Thus a can be chosen
(unique) to make the HJB hold identically provided no further contradictions arise among parameters.
This proves (3).

Step 4
Interior solution requires the base inside the power to be positive:
w,C
eM

(1-B—2yE)2>0=>M(—f —2yE) >0



On the admissible domain so Q*(E) > 0. The second order condition for maximization w.r.t. Q requires
the second derivative of pointwise objective in Q to be negative at Q*(E); computing gives

e2e—=1)(A - p —2yE)

2e-2
C Q

Using Wy = M(1 — B — 2yE), this equals:

_ M2 — 1)e

_ _ 2e-2
—— (- f-2yE)Q

Since 2 — 1 > 0,Q%%72 > 0 for Q > 0 the second derivative is negative if and only if M > 0. Therefore
choosing M > 0 ensures a local maximum in Q (together with the sign condition on 1 — b — 2yE); if
M < 0 the FOC would give a local minimum. Thus pick M > 0 consistent with feasibility to get an
interior maximum.

This completes the proof

Proof of Lemma 6

Linearize E = wE — h(Q(E), E) around E*. The linearized coefficient is:

*

d '
1= 0= [hQE), B)lpp = o = (ke + hoQ'(B))

E=E

where subscripts denote partial derivatives.

Setting:
a(E)=1—1(E) — B —2yE (A.18)
the harvesting function becomes
a(E)Q**
h(E,Q) = —c (A.19)

The differentiation of(A. 19) gives:

d 1 2¢ 2e-10ny/
25 ME Q) = o= [a'(B)Q* + a(E)26Q*7'Q'(B)]  (A.20)

The optimal feedback quota (16)from Lemma 4, becomes:

Q(E) = Ka(E)~v/@e-D (A.21)
Taking logs of (4.21)
InQ(E) = InK — na(g) = 2E) 1 ) (4.22)
2e — 1 Q(E) 26 —1 a(E) ’

Substitute(A4. 22) into (4. 20)

d Q% , 1 d(E) _ Q% , 2¢e
d—Eh(E,Q(E)) = ﬁ[a (E) + 2¢ea(E) (‘_25 -1 a(E))] =2 ® [1 26— 1] =
d _ Q*d(E)
Eh(E,Q(E)) =271 (A.23)

Differentiate(A. 18) to get
—a'(E) =1"(E) + 2y (A.24)
And substitute (4. 24)into(A. 23):



Q*T'(E) +2y
2 2e-1

d h = A.25
S hEQE) = - (4.25)

Since the eigenvalue 7 is:

= dh A.26
substituting (4. 25)into(A. 26)we get (evaluated at E = E™)

@)*T'(E") +2y
2 2e-1

n=w
Which is exactly (22) into the main text.

Proof of Lemma 5.
Linearize the scalar ODE E = wE — h(Q*(E), E) around E*. The eigenvalue is

A—dEh*EE = dh*EE
= 25 (©F = Q" (B), B)) g = & = 7= (h(Q"(B), E) -

. a(E)Q?%¢
With a(E) :==1— 8 — 2yE and h(E,Q) = Sc  compute

d 1
7 (h(E.0®))) = 72 [@ B)Q* + a(B). 2607 ¢'(B)]

Using the quota law Q(E) = Ka(E)™ Y@~ we get

QE) 1 d(E)
Q) 2e—1a(E)

Substitute and simplify

d 2e 2¢ 2 a'(E
_h=Q a’(E)(l— )=_Q_ (E)
dE 2C 2e—1 2C 2e -1
Since a'(E) = —2y, this reduces to
d Q% 2y
dE"  2C2e—1
Because it is required 4 < 0 we get
2e
2
& o
2C 2¢ -1
* *\2E
and using the steady state identity wE™* = % to eliminate (Q*)%¢ finally get

*

Yy >2:-1
Yi—pg—2yE~ °¢
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