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Disequilibrium Inflation

Yoko FURUKAWA'

Abstract

I construct a model that examines the behavior of the inflation rate considering multiple functions of
money. The model demonstrates that Taylor Rules are effective when the inflation rate moves to
the same direction with regard to money as a medium of exchange and a storage of value. Under
deflation, these two functions of money diverge oppositely and that leads to a liquidity trap which

the economy struggles to escape.

1. Introduction

Money has four functions, a medium, a measure, a standard, a store. Each function of money
represents different feature of money. For example, money’s function as a medium of exchange
matters the relative price of money compared to consumption goods at the same time point. On
the other hand, money’s function as a storage of value matters the inter-temporal relative price of
money. A single price of money represents multiple characters. This induces complexity of
forecasting and understanding the behaviour of money prices, i.e., the inflation rates.

Although the behavior of the inflation rate is significant in stabilizing an economy, or a society
itself, we do not clearly know how to control it. One seminal attempt is well known as “Taylor
Rules” that John Taylor proposed in 19932  Taylor Rules contributed a lot in central banks’

decisions in attempts for controlling the inflation rates, however, these also prevailed cases where

! T am indebted to Katsuhito Iwai for helpful comments and encouragement. The comments and
suggestions of Yoshinori Kurokawa and Fumio Akiyoshi are gratefully acknowledged. All errors are,
of course, my own. My full name is Yoko Tsuda-Furukawa.

2 Refer Taylor (1993).



these are not valid. A typical case is that of deflation together with liquidity trap. Much literature
states this fact and a series the papers proposed by Benhabib et al.> may be benchmarks. These
papers, however, turn a blind eye to the cases where Taylor Rules are valid.

This paper shows why the inflation rate tends to float without control under the situation of
deflation.  This is because money has multiple features and each feature are likely to behave
differently. In some cases, the inflation rate converges to the designated level according to Taylor
Rules, but the behavior of the inflation rate is unknown because each feature moves oppositely in
other cases. In the latter cases, we do not know which feature exceeds the others. This paper
shows in which cases Taylor Rules are valid/invalid and under the situation of deflation, we do not
know where the inflation rate is heading. In this case, disequilibrium situation prevails in inflation
rate determination.

The remainder of this paper is organized as follows. Section 2 constructs the basic model that
describes disequilibrium behavior of the inflation rate as the result of the combination of multiple
aspects of money. Section 3 explores some policy implications regarding deflation and liquidity

traps. Section 4 offers concluding remarks.

2. Basic Framework

Consider an economy with a large number of identical infinite-lived agents. Time is considered
to be continuous and ¢ €[0,00). There is no population growth in this economy.  The
representative agent derives utility solely from consumption, c. Consuming goods yields utility u.
The function u(.) is positive, increasing, strictly convex, and differentiable, that is, u(.)>0, u(.)’>0,
and u(.)’<0. Let denote the rate of time preference as r, which refers to the real interest rate. The

representative agent then has the following utility function

3 Refer Benhabib et al. (2001), (2002).



j: e "u(c(t))dt.

No storage technology is available for consumption goods in this economy. Alternatively, the
representative agent is able to possess fiat money and/or a unique interest-bearing bond so that they
can maximize their utility across time. The fiat money is an object that no one ever consumes and
can be thought of as a collection of pieces of paper with no intrinsic value. The interest-bearing
bond is provided by the central bank of the economy and with its nominal interest rate is denoted i.
The nominal interest rate is set to be non-negative. Both the fiat money and the bonds are divisible
and those enable the agents to carry over their wealth without explicit costs depending on their
preference. Let m(t) the amount of money holding and a(t) the amount of money and the interest
bearing bond held by the representative agent.

The prices of consumption goods differ across time. Let P the price of the consumption goods
and n the inflation rate. The quantity of output, Y, and y, the output per capita, are exogenously
given but affected by the inflation rate.  This can be interpreted as the fact that the cost of
production rises and then the output declines accordingly when the inflation rate is high. To
simplify the model, let y() be positive, decreasing, differentiable, and -1<y’ /y<0. The budget
constraint for the representative agent is given by

cta=(i-m)a—i-m+y

Assume that a financial authority in this economy such like the central bank controls the
non-negative nominal interest rate i. At the same time, the central bank decides the quantity of the
fiat money that it supplies to the economy, that is, money supply M. In order to explore plausible
monetary policies for the central bank, particularly under the economy of specific situations such
like Liquidity Traps and hyper inflation, I keep both of the variables i and M independent of each
other. The representative agent are also subject to a transversality condition as well as a borrowing

limit of the form



tim, e M 40y =0,

t—0

which prevents her from engaging Ponzi games.
Considering the assumptions described above, the representative agent optimize her utility by

solving the first order conditions provided below;

u'(c)y=4 ,
(M

Zzﬂh+ﬂ—ﬂ
)
where A is a Lagrange multiplier associated with the instant budget constraint. From equation (1),
A is decreasing in ¢. Combining the feedback rule with (1) and (2), we obtain the following

relationship describing the equilibrium dynamics of inflation as follows, that is,

u'(c)

c':—[r+7r—i]

ull(c)

€)

Equilibrium in the good market requires that demand for consumption goods be equal to the

supply (output),

c=y “)
From the assumption and (4), we have
é=y(m)a ®

Together with (3) and (5), we have

u'(c)

”:—u”(c)-y'(ﬂ)[r-i_ﬂ_i] (6)

Because u’ is always positive, u” and y’ are always negative, the sign of the left hand side of (6) is

the same to the sign of r+m-i.  Figure 1 shows the inflation dynamics implied by equation (6),



monetary aspect of the inflation dynamics.

The discussion above illustrates the financial aspect of money demand and supply. That is,
Equation (6) describes the saving strategy of the representative agent, and it solely shows the
limited aspect of fiat money. As is known, money has four functions, a medium, a measure, a
standard, a store. The financial aspect of money, or the function of storage of values in other
words, is a necessary but not sufficient condition that consists money. The other three functions
are motivated by transactions of goods, and considering them enables us to complement the
conventional understanding of money.

Next, we investigate the inflation dynamics with regard to the aspect of the method of transaction
of goods. I borrow the framework of quantity theory of money that is well known as Fisher
equation. In terms of the medium of transactions, price level, or inflation rate, is determined by
money supply and money demand. As is described before, the central bank decides the quantity of
money supply, M. Money demand is clearly defined by the nominal output, that is, the real output
level multiplied by the price level. Traditionally, if we consider the velocity of money circulation
as V, market equilibrium of money supply and demand can be described as follows.

PY=VM . )
Left hand side of Equation (7) shows money demand and right hand side of it represents the
aggregate quantity of money supply circulated in the economy. Since the velocity of money
circulation does not fluctuate easily across time, we treat V as a constant parameter in this model.
Define the growth rate of money supply as p.  Since there is no population growth in this economy,
Y / Y =y'(x)-7/y and then the inflation rate can be described in the following way,

= 77(,u), ®)
where 7'>0. Suppose the case where money demand and money supply do not match in the

market of money as medium of exchange. When the price level is higher than the equilibrium,



money demand is larger than money supply. Since P indicates the price level of consumption
goods, the relative price of money should be shown as 1/P. Therefore, an excess demand of money
leads to an increase of the relative price of money, which indicates a decline of P.  Price
mechanism of money as medium of exchange clearly induces 7 >0 when 7 <7 and vice
versa.

We have investigated two ways of the analyses regarding the dynamics of inflation rate, one is
financial aspect of money, or the function of store, and the other is the aspect of money as the
medium of transactions. Figure 1 illustrate the behavior of the inflation rate combining the two

aspect of money.

Proposition 1.  If the prevailing inflation rate m; satisfies 7 <z <i—r , inflation rate declines

until it converges to 7 .

Proof. From Equation (6), inflation rate © is decreasing in time when 7 <i—r . Equation (8)

also implies that inflation rate declines in time when 7 > 7. Q.E.D.

Proposition 1 implies that under the circumstance that the prevailing inflation rate declines in some

circumstances by both the aspects of money; the medium of transactions and the method of store

values. The same discussion can be conducted in the opposite case.

Proposition 2.  If the prevailing inflation rate 7 satisfies {—7» < < 7 , inflation rate increases

until it converges to 7 .

Proof. From Equation (6), inflation rate m; is increasing in time when 7 >2i—7r . Equation (8)



also implies that inflation rate rises in time when 7 <7 . Q.ED.

Proposition 1 and 2 indicate that the inflation rate converges to the ideal level if and only if the
prevailing inflation rate and the nominal/real interest rates satisfy the certain conditions. As is
shown in Figure 1, the inflation rates both in the view of financial aspect and the aspect of money as
the medium of transactions move forward to the same direction, under the certain conditions
provided in Proposition 1 and 2.

Some readers may have already witnessed that the certain conditions described in Proposition 1
and 2 involves well-known empirical rules, i.e., Taylor rules.  Proposition 1 and 2 provide a
theoretical background of Taylor rules. If the central bank sets the interest rate accordingly to
Taylor rules, the inflation rate converges to the accurate level, 7 .

Despite Proposition 1 and 2 prove the theoretical background of Taylor rules, the model
constructed in this paper simultaneously confronts us with the fact that whether the inflation rate

converges to the certain level is unknown under some circumstances.

Corollary. The growth rate of the inflation rate can be positive and negative when 7 <7 and

m<i—-r,or 7>7 and w>i—r.

This is because the inflation rate moves to the opposite directions in terms of financial aspect of
money, or the function of store, and the other is the aspect of money as the medium of transactions.
The inflation rate that prevails in the economy depends on which effect overcomes the other effect;
financial aspect of money that is the function of store, and the aspect of money as the medium of
transactions.

Since the nominal interest rate is non-negative, Corollary states that under the economy where the



inflation rate is too low such as the situation of deflation, any levels of the nominal interest rate
promise the economy to push up the prevailing inflation rate. This is a desperate scenario for the
central bank that seeks a way to deviate from deflation. Therefore, some central banks may try
another monetary policy called “quantity expansion” under the economies of deflation. The model
constructed in this paper also give us some intuition about the quantity expansion and its outcome.

Next, I will show effectiveness and intuition about the quantity expansion under deflation.

3. Quantity Expansion and Inflation Behavior

In the previous chapter, I provided a basic framework for considering the behavior of the inflation
rate. Now, I will investigate in the effectiveness of a “quantity expansion” under deflation using
the model constructed in this paper. Although a quantity expansion tries to control the inflation
rate not via the nominal interest rate but via money supply, the model in this paper is applicable for
its investigation.

Recall the equation (8) that shows the relationship between the inflation rate and the growth rate
of money supply in terms of transaction aspect of money. From the equation (8), the ideal
inflation rate in terms of the method of transactions rises when the central bank adopts a quantity
expansion, that is, a high u. The model in this paper, however, also cares about the financial aspect
of money, and the combination of two aspect of money induces the “integrated” inflation rate as a
result. Figure 1 shows that even if the ideal inflation rate in terms of the method of transactions
rises, it is not sure if the integrated inflation rate increases. It is because the behavior of the
integrated inflation rate determines which effect exceeds the others; the medium of exchange and
the method of storage. This means that Corollary provided in the previous chapter still valid even
though a quantity expansion is ongoing in order to deviate from deflation.

The intuition behind Corollary is desperate for central banks. Under deflation, they have no



definite policy to apply for to run away from deflation that is likely to come along with a liquidity
trap. The behavior of the inflation rate determines which aspect of money exceeds the other;
financial aspect or transaction aspect.  Quantity expansion only pushes up 7 that is the
equilibrium inflation rate that might never approach.  The situation prevails disequilibrium
inflation.

Taylor Rules are effective from Proposition 1 and 2.  Corollary, however, proves that there are
cases where Taylor Rules do not work as expected. This indicates that Taylor Rules are effective
in some cases but not in other cases, that is for example, the combination of deflation and a liquidity
trap.

The model provided in this paper easily explains why the situation where deflation and liquidity
trap emerge simultaneously and also its difficulty to get out of.  Since the nominal interest rate is
always non-negative, deflation indicates that the economy easily falls into the situation that satisfies
Corollary in most cases. In this case, money’s behavior as the media¥um if transaction ¥s and as
the financial aspect differ each other. As the result, the inflation rate will not automatically

converge to the “ideal” inflation rate 77, which means liquidity trap.

4. Conclusive Remark

This paper provides the mechanism of desequilibrium inflation. The model described in this
paper also shows in which situations Taylor Rules work or not.  This is because a single money has
multiple functions and each function works differently. Only we can see the “integrated” inflation
rate. In order to capture the behavior of the inflation rate, we have to investigate each function of

money and integrate them into one, which may has a vague figure.
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