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Abstract

We examine the implications of extending the queueing and scheduling prob-
lems from the single-server to the multiple-server cases. In particular, we discuss
three assumptions on job divisibility: jobs can be assumed to be indivisible (must
be processed continuously on a single server), discretely divisible (a job can be
divided in a series of unit-length tasks that can be processed simultaneously on
multiple servers) or continuously divisible (a job can be divided in intervals as
small as desired). We examine if the corresponding optimistic and pessimistic cost
functions (in which we assume that a group is served first and last, respectively)
satisfy the properties of convexity/concavity and 2-additivity. Our results show
that with multiple servers, while all properties hold under continuous divisibility,
they largely fail otherwise. In particular, 2-additivity does not carry over, and
pessimistic functions are no longer concave. Optimistic functions retain the con-
vexity property in most cases. These negative results indicate that multi-server
problems require fundamentally new analytical approaches, as single-server tech-
niques do not generalize. We also establish that the anticore of the optimistic
function is always a non-empty subset of the core of the pessimistic function,
providing bounds even when classical properties fail.
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1 Introduction

Waiting line problems are particularly interesting for economists: agents arrive to obtain

a service but, due to limited resource availability and processing capacity, are forced to

wait. Such delays generate real economic and psychological costs for both customers

and businesses. Waiting lines are often managed on a first-come, first-served basis

(FCFS). Although simple and perceived as somewhat fair, FCFS lacks the flexibility

to account for heterogeneity in job lengths and sensitivities to waiting times, making

it inefficient in complex settings.1 However, improving efficiency might compromise on

fairness: agents served later experience longer waits and larger costs. Hence, selecting

appropriate cost-sharing mechanisms becomes critical to ensuring that the optimal cost

burden is shared fairly between agents.

While the operations research literature has focused on the efficiency question, economists

have been interested by the equitable distribution component. The question has mostly

been studied for two interesting subclasses: The class of queueing problems, in which

all agents have identical job lengths but differ in their per-unit-time waiting costs, and

the class of scheduling problems, in which agents differ in their job lengths, while their

per-unit-time waiting costs are assumed to be identical. Both of these classes have been

mostly studied under the assumption of a single server.

In the single server queueing case, two notable compensation schemes, namely, the

“minimum transfer rule” (Maniquet (2003)) and the “maximum transfer rule” (Chun

(2006b)) have been proposed. Both rules are derived from Shapley value solutions

of cost-sharing games, wherein the coalition function is defined optimistically in the

former and pessimistically in the latter. Under the optimistic approach, the cost of

a coalition is the minimum waiting cost of serving its members if they are always

the first to get access to the server. Under the pessimistic approach, the cost of a

coalition is the minimum waiting cost when its members are served last, after the

non-coalitional members. The optimistic and pessimistic functions also have many

interesting mathematical properties. They are respectively convex and concave, and

are also 2-additive, meaning that the externalities are coming from interactions within

pairs of agents (Chun and Hokari, 2007). In scheduling problems, Moulin (2007, 2008)

uses optimistic and pessimistic approaches to define scheduling problems as cost-sharing

1For instance, divisions of a firm moving to a new building, installation of software programs,
and servers of different units waiting to be repaired at the maintenance division. Efficiency entails
minimizing the total cost of waiting by prioritizing critical tasks.
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games.

While the single-server case is a natural first step to examine, many applications realis-

tically involve more than one server. We investigate if these mathematical properties of

the single-server problem extend when we move to queueing and scheduling problems

with multiple servers. In such settings, it is essential to specify assumptions on the

divisibility of the jobs. We examine three assumptions. A first assumption is that jobs

are indivisible: they must be processed from start to finish on a single-server. Examples

of indivisible jobs include 1) surgical procedures in hospitals (each operation must be

completed fully before the next can begin), 2) aircraft takeoff/landing at an airport

(each takeoff or landing is a complete, indivisible operation).

Alternatively, we can suppose that jobs are divisible. We can then divide the jobs in

subtasks that can be processed simultaneously on multiple servers. A natural assump-

tion is that there is a minimum size under which a task is not divisible anymore: we call

this case the discretely divisible case, and we normalize length such that a unit-length is

that minimum size. Examples of divisible jobs include: 1) data processing in cloud com-

puting (large tasks can be split and processed across multiple servers simultaneously),

2) parallel manufacturing processes (an order of m objects to be manufactured can be

split among various facilities, but the production of each object has to be done in a sin-

gle facility), 3) streaming large files over a network (files are broken down into smaller

packets and sent simultaneously over different routes). There are multiple applications

of discrete job splitting applications in the operations research literature, covering tex-

tile, circuit board and automotive piston manufacturing (Kim et al., 2004; Wang et al.,

2013; Lee et al., 2021). Other applications include packet switching in computer net-

works, in which a message consists of a number of indivisible packets (Kleinrock, 1972),

and the provision of so-called micro-services, in which a job is divided in a series of

small tasks that can be processed in any order (Bao et al., 2019).

A simpler version supposes continuously divisible jobs, in which we can divide a job

in as many fragments as desired, with fragments of size as tiny as desired. While in

practice this is a simplification, there are many applications in which the size of the

load to be divided is immense compared to the unit length (terabytes of data divisible

up to bytes, dividing millions of credit card transactions over processors), making the

continuous assumption a very good approximation. The literature on Divisible Load

Theory formally examines the case (Robertazzi, 2003).
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In this work, we formally define the optimistic and pessimistic coalitional cost functions

for queueing and scheduling problems with multiple servers, under the various divisi-

bility assumptions described above. We then examine various mathematical properties

of these functions, notably verifying if they are concave/convex functions and if they

are 2-additive.

Our results are summarized in the table below.

Table 1: Mathematical properties of cost functions: Comparison across divisibility
assumptions and problem classes

Divisibility Assumption
Queueing Problems Scheduling Problems

Opt. Convex Pess. Concave Opt. Convex Pess. Concave

Single-Server ✓ ✓ ✓ ✓
Continuously Divisible (M) ✓ ✓ ✓ ✓
Indivisible (M) ✓ × ✓ ×
Discretely Divisible (M) ✓ × × ×
✓= Property holds; × = Property fails; M = Multi-server

2-Additivity: Holds for continuously divisible and single-server; fails for indi-
visible and discretely divisible in multi-server cases.

The results suggest that the study of multi-server queueing and scheduling problems will

require new techniques and results, as the single-server results do not carry through. We

can also expect to have more success with the optimistic approach than the pessimistic

one and with the indivisibility assumption compared to the discrete divisibility assump-

tion. The scheduling problem, with jobs of different lengths, also seem to provide more

challenges than queueing problems, where length is not a factor.

It is well known that the concavity of a cost function implies that the Shapley value

is in its core (no group pays more than its stand-alone cost). In the same way, if a

cost function is convex, its Shapley value is in its anticore (no group pays less than its

stand-alone cost). Thus, in single-server settings, the Shapley value of the optimistic

cost function is in its anticore, implying that all groups pay at least as much as the

lower-bound obtained from the optimistic function. Similarly, the Shapley value of

the pessimistic game is in its core; thus all group pay no more than the upper-bound

obtained from the pessimistic function.

In multi-server settings, with the concavity/convexity disappearing, we are no longer

sure whether the Shapley values retain these properties. However, we do provide impor-

tant insights. Building on the results of Atay and Trudeau (2026) on the relationships
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between optimistic and pessimistic approaches in general settings, we show that the

anticore of the optimistic function is always a subset of the core of the pessimistic

function. In addition, both sets are always non-empty, even if the functions are neither

concave nor convex.

1.1 Literature

There is a rich economics literature on queueing, scheduling, and waiting line problems

with a single server, drawing from both strategic and normative perspectives. For

queueing and waiting line problems, see Chun (2006a), Chun et al. (2014), Chun et al.

(2019), Chun and Mitra (2014), Kayı and Ramaekers (2010); Banerjee and Mitra (2021),

Banerjee et al. (2024), De and Mitra (2017, 2019). For scheduling see Moulin (2007,

2008).

There are only a few papers in the economics literature that study the multi-server

case. The closest to this paper is Chun and Heo (2008), who examines the structure of

the queueing problem with two servers. Other papers examine slightly different ques-

tions. Mitra (2005) study the effects of agents holding private information about their

costs. Mitra and Mutuswami (2021) studies envy-freeness and Pareto optimality. Atay

and Trudeau (2024) examines a queueing problem in which agents can buy additional

servers to reduce the aggregate waiting costs. Additionally, there is an older literature

that studies sequencing problems but where there is an initial queue. We are then

interested in the cost savings generated by a reordering of that initial queue. Some of

the contributions are in the context of multiple servers (Hamers et al., 1999; Calleja

et al., 2002).

None of these papers use the assumption that jobs are continuously divisible. As all

of them suppose that all jobs are of unit-length, and that a server can process one

unit of length per period, the assumptions of indivisibility or discrete divisibility are

equivalent. We generalize these approaches by not only studying continuously divisible

problems, but also by supposing that jobs can be longer than unit-length, in which case

indivisibility and discrete divisibility no longer coincide.

Chun and Heo (2008) show the convexity of the optimistic game in their 2-server model.

We extend these results to all number of servers in Theorem 3i) and Theorem 4i).

To our knowledge, while scheduling problems with multiple servers have been studied
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from an operations research point of view, there are no studies from a game-theoretic

point of view.

2 Model

2.1 Sequencing problems

A finite set of agents N = {1, 2, . . . , n} arrive at a service facility with their jobs. Each

agent has one job to process, but the length of jobs can vary between agents. Let li ∈ N
be the job length of agent i. For S ⊆ N , we write lS to denote

∑
i∈S li. Let wi ∈ R++

be the per-unit-time waiting cost of agent i (to be referred to as the “unit waiting cost”

of i). An agent i waits at the facility until his job is fully processed and then leaves. If

agent i exits the facility at time ti ∈ N, his waiting cost becomes tiwi ∈ R++, which we

assume is measured in monetary terms.2 Let k ∈ N be the number of identical servers

in the facility. Each server can process one unit length of a job per period.

A sequencing problem is P = (N,w, l, k) where l := (l1, l2, . . . , ln) ∈ Nn is the vector of

job lengths and w := (w1, w2, . . . , wn) ∈ Rn
++ the vector of unit waiting costs. In this

paper, the agent set N is fixed. Hence, we omit it from the definition of a problem and

instead write P = (w, l, k). Let Θ be the set of all sequencing problems (for player set

N).

We focus our attention on the special cases of queueing and scheduling problems. If all

agents have identical job lengths, that is, for each i ∈ N , li = l0, we call it a queueing

problem. Let P = (w, l0, k) be a queueing problem and Q be the class of queueing

problems. If all agents incur identical unit waiting costs, that is, for each i ∈ N ,

wi = w0, we call it a scheduling problem. Let P = (w0, l, k) be a scheduling problem

and S be the class of scheduling problems.

We study various assumptions on the divisibility of jobs. One possibility is to suppose

indivisibility: a job has to be processed from start to finish on a single server. More

precisely, for each agent i ∈ N , we need to assign (κi, si, fi), where κi ∈ {1, ..., k} is a

server, si ∈ N is a starting time and fi = si + li is the finishing time.

2The literature has usually assumed that an agent suffers a disutility until its job starts processing.
This simplification is without consequence if jobs are not divisible, but matters otherwise. If jobs are
divisible, an optimal strategy would be to start processing all jobs without finishing to process them,
so that all agents would stop experiencing waiting costs. Thus, to uniformize the treatment across
cases, we suppose that waiting costs are experienced until the agent’s job is fully processed.
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If we allow jobs to be divisible, two possibilities arise: the jobs can be continuously or

discretely divisible. If a job is continuously divisible, then we assign for each agent Mi

processing intervals, each defined by xi,m = (κi,m, si,m, fi,m), for m = 1, ...,Mi, with the

constraints that fi,m > si,m and that
∑Mi

m=1 fi,m−si,m = li. For discretely divisible jobs,

we have the additional constraints that jobs can only be divided in intervals of length

one. Thus, a job of length l can be divided into l jobs of unit length. More precisely,

we add that constraint that fi,m − si,m ∈ N for all m = 1, ...,Mi.

Let xi be the set of intervals for agent i and let x = {xi}i∈N be the sequencing plan.

In all cases, a sequencing plan must be such that the intervals scheduled for a given

server do not intersect: there must not exist xi,m and xj,m′ such that κi,m = κj,m′ and

[si,m, fi,m[ ∩ [sj,m′ , fj,m′ [ ̸= ∅. For P ∈ Θ and r ∈ {C,D, I}, let X (P, r) be the set of

eligible sequencing plans, given the problem P and the divisibility assumption r.

Suppose that an agent has a job of length 3, and that we have two servers. If the job

is continuously divisible, then we can process it simultaneously on both servers until

the job is complete, finishing after 1.5 periods (in which case we have xi,1 = (1, 0, 1.5)

and xi,2 = (2, 0, 1.5)). If the job is discretely divisible, then it can be seen as 3 parts of

unit lengths. We can process two of them in first period, and one of them in the second

period (on one of the two servers), and thus the agent has to wait 2 periods for the job

to be fully processed (as we have xi,1 = (1, 0, 2) and xi,2 = (2, 0, 1)). Finally, if the job

is indivisible, then we can only use one server, and the job is processed after 3 periods

(we then have xi = (m, 0, 3), with m ∈ {1, 2}).

Throughout, we assume that the goal of the cooperation is to achieve efficiency: agents

will be organized in a manner that minimizes the aggregate waiting costs. The criterion

for obtaining an efficient order is well established in the literature (see Smith et al.

(1956)). Minimizing aggregate waiting cost requires ranking agents in a non-increasing

order of their job priorities and process their jobs in that order, subject to the divisibility

constraints. With continuously divisible jobs, it is optimal to fully process the job of the

first ranked agents on all servers simultaneously until it is completed, before moving

to the second-ranked job. With discretely divisible jobs, we process all unit-jobs of

the first-ranked agent before moving on to the second-ranked agent. Finally, in the

indivisible case, agents can only be assigned to a single server. If we have k servers, we

first assign the agents ranked in position 1 to k to them, then assigning agent k + 1 to

the first server that becomes available, and so on.
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Without loss of generality, we assume that wi

li
≥ wi+1

li+1
for 1 ≤ i ≤ n− 1. For queueing,

since li = l0, it implies that agents are ordered in a non-increasing order of their waiting

costs, wi ≥ wi+1 for 1 ≤ i ≤ n−1. For scheduling, since wi = w0, it implies that agents

are ordered in a non-decreasing order of their job lengths, li ≤ li+1 for 1 ≤ i ≤ n− 1.

For each i ∈ S ⊆ N , let S≤i = {j ∈ S|j ≤ i}. Let ri(S) = |S≤i| be the rank of agent i

in S.

We provide an example that illustrates how agents (with both divisible and indivisible

jobs) are assigned to servers in each period and what constitutes an efficient order. The

formal definitions are given in Section 2.2.

Example 1. Let N = {1, 2, 3} , l = (1, 2, 3), w = (1, 1, 1) and k = 2.

• If the jobs are discretely divisible, an example of an ordering is as follows:

m1 3 1 2

m2 3 3 2
.

Agent 3 is served first, followed by 1, and finally 2.

Agent 1 is served on m1 in the second period. The job of agent 2 is split into two

unit-length jobs, and both are processed simultaneously on servers m1 and m2 in

the third period. The job of agent 3 is divided into three unit-length jobs, such

that two parts of the job are processed in the first period and the remaining part

in the second period.

The waiting times are 2, 3 and 2, respectively. The total waiting cost is 2(1) +

3(1)+2(1) = 7. It is possible to reduce this cost further by rearranging the agents

in the following manner:

m1 1 3 3

m2 2 2 3
.

Agent 1 is served first, followed by 2, and finally 3.

The waiting times for the agents are 1, 2 and 3, respectively. The total waiting

cost is 1(1) + 2(1) + 3(1) = 6.

• If the jobs are continuously divisible, we can improve on that schedule by process-

ing the job of agent 1 simultaneously on both servers on the interval
[
0, 1

2

[
, the

job of agent 2 in the interval
[
1
2
, 3
2

[
, and the job of agent 3 in the interval

[
3
2
, 3
[
.
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The waiting times for the agents are 1
2
, 3
2
and 3, respectively. The total waiting

cost is 1
2
(1) + 3

2
(1) + 3(1) = 5.

• If the jobs are indivisible, it is impossible to split an agent’s job and process it

simultaneously on servers. In this case, an example of an ordering is as follows:

m1 1 3 3 3

m2 2 2

Server 1 runs for a total of four periods. First, it serves agent 1 and finishes his

job in one period. Then, it serves agent 3 by running continuously for the next

three periods. Server 2 runs for two periods to process agent 2’s job.

The waiting times for the agents are 1, 2, and 4, respectively. The waiting cost is

1(1) + 2(1) + 4(1) = 7. This is indeed the minimum waiting cost.

2.2 Cooperative game preliminaries and coalitional games

For a set of players N = {1, ..., n}, a coalitional cost function C : 2N → R+ describes a

cost for each coalition S ⊆ N with the convention that C(∅) = 0.

We say that a coalitional cost function is concave (convex) if for all S ⊂ T ⊂ N and

i ∈ N \ T we have C(S ∪ {i})− C(S) ≥ (≤)C(T ∪ {i})− C(T ).

There are two standard ways to define a coalitional cost function from the general

sequencing problem. As per the optimistic cost function, a coalition S supposes that

N \ S is absent and the members of S are the first to get access to the servers. By

contrast, the pessimistic cost function supposes that S gets served after the members

of N \ S have optimally used the servers. Given the constraints, the coalition chooses

its respective assignment to minimize their joint waiting cost in both these cases.

We generally define the optimistic cost function in the following way, for divisibility

assumption r ∈ {C,D, I} and S ⊆ N :

Cr
o(S, P ) = min

x∈X (PS ,r)

∑
i∈S

max
xi,m∈xi

fi,mwi,

where PS is the problem P restricted to S ⊆ N . Let xS be (one of) the optimal

sequencing plan for that problem.
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We generally define the pessimistic cost function in the following way, for divisibility

assumption r ∈ {C,D, I} and S ⊆ N :

Cr
p(S, P ) = min

x∈X (P,r)

xN\S=xN\S

∑
i∈S

max
xi,m∈xi

fi,mwi.

In words, we find a sequencing plan in which the agents in the complement set have

their optimistic sequencing plan. It is easy to see that Cr
o(N,P ) = Cr

p(N,P ).

Before providing closed-form expressions for these functions in different divisibility

cases, we examine the core and anti-core of these functions.

Since the optimistic cost function provides a best-case scenario for coalition S, it is

reasonable to ask them to pay at least as much as this lower bound. We are thus

interested in the anticore of Cr
o . For P ∈ Θ and r ∈ {C,D, I},

A(Cr
o(·, P ) = {y ∈ RN :

∑
i∈S

yi ≥ Cr
o(S, P ) for all S ⊂ N and

∑
i∈N

yi = Cr
o(N,P )}.

Similarly, since the pessimistic cost function provides a worst-case scenario for coalition

S, it is reasonable to ask them to pay no more than this upper-bound. We are thus

interested in the core of Cr
p . For P ∈ Θ and r ∈ {C,D, I},

C(Cr
p(·, P ) = {y ∈ RN :

∑
i∈S

yi ≤ Cr
p(S, P ) for all S ⊂ N and

∑
i∈N

yi = Cr
p(N,P )}.

Following Atay and Trudeau (2026), we have the following:

Theorem 1. For all P ∈ Θ and r ∈ {C,D, I}, ∅ ≠ A(Cr
o(·, P )) ⊆ C(Cr

p(·, P )).

The proof follows exactly the approach of Atay and Trudeau (2026). The inclusion

follows from the fact that if y ∈ A(Cr
o(·, P )), then Cr

o(S, P )) ≤
∑

i∈S yi ≤ Cr
o(N,P ))−

Cr
o(N \ S, P )), while if y ∈ C(Cr

p(·, P )), then Cr
p(N,P )) − Cr

p(N \ S, P )) ≤
∑

i∈S yi ≤
Cr

p(S, P )). Showing that the bounds are tighter amounts to showing that Cr
o(N,P )) =

Cr
p(N,P )) ≤ Cr

o(S, P )) + Cr
p(N \ S, P )), which is true by definition, as the sequential

minimization obtained by first minimizing for S then for N \S cannot yield a cost that

is lower than when we directly minimize for N .

The non-emptiness comes from the fact that the “no-transfer rule” is always in the op-
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timistic anticore: if xN is an optimal sequencing plan for N , then ynti = maxxi
m∈xi f i

mwi,

which assigns to all agent their actual waiting cost, always entails a larger cost for a

coalition than if they were alone using the servers.

3 Queueing problems

As discussed in Section 2, the set of queueing problems is Q, with P = (w, l0, k) being

a typical problem. Recall that the ordering of agents implies a non-increasing order of

their waiting costs: w1 ≥ w2 ≥ ... ≥ wn.

We first examine single-server and continuously divisible problems, before moving to

indivisible and discretely divisible problems. Note that if l0 = 1, there is no distinction

between supposing that the jobs are discretely divisible or indivisible. If l0 > 1 however,

the problems are distinct.

Note that the proofs, except those relying on counterexamples, are provided in the

appendix.

3.1 Single-server and continuously divisible cases

Let Q1 be the set of queueing problems with a single-server. Then, the (in)divisibility

of the jobs is irrelevant. We thus write Co ≡ CC
o = CD

o = CI
o and Cp ≡ CC

p = CD
p = CI

p .

For all P ∈ Q1 we have Co(S, P ) =
∑

i∈S ri(S)wil0 and Cp(S, P ) =
∑

i∈S(n − |S| +
ri(S))wil0.

If the jobs are continuously divisible, then for all P ∈ Q we have CC
o (S, P ) =

∑
i∈S

ri(S)wil0
k

and CC
p (S, P ) =

∑
i∈S

(n−|S|+ri(S))wil0
k

. Thus, continuously divisible functions share the

same mathematical properties as the single-server functions. One can view moving

from one server to k servers in the same way as if the single server had increased its

processing time from one unit of length per period to k units per period.

The following result is immediate.

Theorem 2. i) For all P ∈ Q1, Co(·, P ) is convex and Cp(·, P ) is concave;

ii) For all P ∈ Q, CC
o (·, P ) is convex and CC

p (·, P ) is concave.
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3.2 Queueing problems with indivisible jobs

For an optimal assignment, we begin by serving the first k agents whose jobs get

processed after l0 periods. We then serve agents k + 1 to 2k, and continue in this

manner.

The optimistic cost for any S ⊆ N is,

CI
o (S, P ) =

∑
i∈S

⌈
ri(S)

k

⌉
wil0.

As for the pessimistic cost, since agents in S are served after agents in N \ S, we have,
for any S ⊆ N ,

CI
p (S, P ) =

∑
i∈S

⌈
n− |S|+ ri(S)

k

⌉
wil0.

The cost for the grand coalition similarly simplifies to CI(N,P ) =
∑n

i=1

⌈
i
k

⌉
wil0.

Theorem 3. i) For all P ∈ Q, CI
o (·, P ) is convex;

ii) There exists P ∈ Q for which CI
p (·, P ) is not concave.

Proof. i) See Appendix A.

ii) Consider P ∈ Q such that N = {1, 2, 3}, l0 = 1 and k = 2. We show that for any w

such that w1 > w2 ≥ w3, C
I
p (·, P ) is not concave.

It is easy to see that CI
p ({1}, P ) = 2w1, C

I
p ({1, i}, P ) = w1 + 2wi for i ∈ {2, 3}, and

CI
p (N,P ) = w1 + w2 + 2w3. Then, CI

p ({1, 2}, P ) − CI
p ({1}, P ) = 2w2 − w1 < w2 =

CI
p (N,P )− CI

p ({1, 3}, P ) and the function is not concave.3

3.3 Queueing problems with discretely divisible jobs

We now suppose that jobs are discretely divisible. We fully process the job of agent 1

before we begin to process the job of agent 2, etc. If l0 < k, we can start processing

the job of agent 2 in period 1, otherwise, we wait.

3Remark that the function is also not convex, as CI
p ({2}, P ) = 2w2 > 2w2 − w1 = CI

p ({1, 2}, P )−
CI

p ({1}, P ).
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Given identical job lengths, the total job length of an agent’s predecessors is simply the

number of predecessors times l0. This allows us to simplify the expressions. For any

P ∈ Q, the optimistic cost for any S ⊆ N is,

CD
o (S, P ) =

∑
i∈S

⌈
ri(S)l0

k

⌉
wi.

The pessimistic cost for any S ⊆ N is,

CD
p (S, P ) =

∑
i∈S

⌈
(n− |S|+ ri(S))l0

k

⌉
wi.

For the grand coalition, the cost simplifies to CD(N,P ) =
∑n

i=1

⌈
il0
k

⌉
wi.

The cost functions are almost identical when jobs are indivisible. The only difference is

that l0 is now inside the ceiling function. The results of the previous section immediately

follow.

Theorem 4. i) For all P ∈ Q, CD
o (·, P ) is convex;

ii) There exists P ∈ Q for which CD
p (·, P ) is not concave.

4 Scheduling problems

As discussed in Section 2, the set of scheduling problems is S, with P = (w0, l, k) being

a typical problem. Recall that the ordering of agents implies a non-decreasing order of

their job lengths: l1 ≤ l2 ≤ ... ≤ ln.

4.1 Single-server and continuously divisible cases

Let S1 be the set of scheduling problems with a single-server. Then, the (in)divisibility

of the jobs is irrelevant. We thus write Co ≡ CC
o = CD

o = CI
o and Cp ≡ CC

p = CD
p = CI

p .

For all P ∈ S1 we have Co(S, P ) =
∑

i∈S(|S|−ri(S)+1)w0li and Cp(S, P ) =
∑

i∈S(|S|−
ri(S) + 1)w0li +

∑
i∈N\S |S|w0li.

If the jobs are continuously divisible, then for all P ∈ S we have CC
o (S, P ) =

∑
i∈S

(|S|−ri(S)+1)w0li
k

and CC
p (S, P ) =

∑
i∈S

(|S|−ri(S)+1)w0li
k

+
∑

i∈N\S
|S|w0li

k
. Again, continuously divisible

functions share the same mathematical properties as the single-server functions.

13



The following result is immediate.

Theorem 5. i) For all P ∈ S1, Co(·, P ) is convex and Cp(·, P ) is concave.

ii) For all P ∈ S, CC
o (·, P ) is convex and CC

p (·, P ) is concave.

4.2 Scheduling problems with indivisible jobs

If the jobs are indivisible, we start by serving the first k agents (those with the shortest

jobs). Once the job of agent 1 is fully processed first (l1 being the shortest length), we

begin processing agent k+1’s job on the same server that was assigned to agent 1, and

continue similarly for other agents.

For the optimistic cost function, we first specify how a server is assigned to each agent.

If ri(S) ∈ {1, ..., k}, agent i is assigned to server ri. If ri(S) ∈ {k + 1, ..., 2k}, agent i is
assigned to server ri(S) − k, etc. Thus, the number of followers of agent i (excluding

herself) on its server is given by ⌊ |S|−ri(S)
k

⌋. The optimistic cost of a coalition S ⊆ N is,

CI
o (S, P

S) =
∑
i∈S

(⌊
|S| − ri(S)

k

⌋
+ 1

)
w0li.

Unfortunately, the pessimistic cost function does not offer significant simplifications.

For the grand coalition, we define the cost as CI(N,P S) =
∑n

i=1

(⌊
n−i
k

⌋
+ 1

)
w0li.

Theorem 6. i) For all P ∈ S, CI
o (·, P ) is convex;

ii) There exists P ∈ S such that CI
p (·, P ) is not concave.

Proof. i) See Appendix.

ii) Consider P ∈ S such that N = {1, 2, 3}, w0 = 1 and k = 2. We show that for any l

such that l1 < l2 ≤ l3, C
I
p (·, P ) is not concave.

It is easy to see that CI
p ({1}, P ) = l1 + l2, C

I
p ({1, i}, P ) = 211 + li for i ∈ {2, 3}, and

CI
p (N,P ) = 2l1 + l2 + l3. Then, CI

p ({1, 2}, P ) − CI
p ({1}, P ) = 11 < l2 = CI

p (N,P ) −
CI

p ({1, 3}, P ) and the function is not convex.4

4Remark that the function is also not concave, as CI
p ({2}, P ) = l1 + 12 > l1 = CI

p ({1, 2}, P ) −
CI

p ({1}, P ).
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4.3 Scheduling problems with discretely divisible jobs

If the jobs are divisible, we begin by processing all of agent 1’s subjobs of unit-length.

We move to the agent with the second shortest job only when all of agent 1’s subjobs

have been assigned to servers. We similarly continue for all subsequent agents.

For P ∈ S, the optimistic cost of coalition S ⊆ N is,

CD
o (S, P ) =

∑
i∈S

⌈
lS≤i

k

⌉
w0.

For P ∈ S, the pessimistic cost of coalition S ⊆ N is,

CD
p (S, P ) =

∑
i∈S

⌈
lN\S + lS≤i

k

⌉
w0.

For the grand coalition, the total cost is CD(N,P ) =
∑

i∈N

⌈
lN≤i

k

⌉
w0.

Theorem 7. There exists P ∈ S such that

i) CD
o (·, P ) is not convex;

ii) CD
p (·, P ) is not concave.

Proof. Let N = {1, 2, 3, 4} , w0 = 1, l = (12, 20, 40, 45) and k = 95. The total cost is⌈
12
95

⌉
+

⌈
32
95

⌉
+

⌈
72
95

⌉
+

⌈
117
95

⌉
= 1 + 1 + 1 + 2 = 5. For other coalitions, we obtain the

following values for the optimistic and pessimistic games.

S CD
o (S) CD

p (S) S CD
o (S) CD

p (S)

{1} 1 2 {2, 3} 2 3

{2} 1 2 {2, 4} 2 3

{3} 1 2 {3, 4} 2 3

{4} 1 2 {1, 2, 3} 3 4

{1, 2} 2 4 {1, 2, 4} 3 4

{1, 3} 2 3 {1, 3, 4} 4 4

{1, 4} 2 3 {2, 3, 4} 4 4

Notice that CD
o ({1, 2, 3, 4})− CD

o ({2, 3, 4}) = 1 < 2 = CD
o ({1, 3, 4})− CD

o ({3, 4}), and
thus CD

o (·, P ) is not convex.
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Notice that CD
p ({1, 2, 3, 4})− CD

p ({1, 2, 4}) = 1 > 0 = CD
p ({1, 2, 3})− CD

p ({1, 2}), and
thus CD

p (·, P ) is not concave.

5 2-additivity

Another property satisfied by single-server queueing and scheduling problems is 2-

additivity (Grabisch (1997)), as shown by Chun and Hokari (2007).

To define 2−additivity, for S ⊆ N , the Harsanyi dividend of S is ∆C(S) =
∑

T⊆S(−1)|S|−|T |C(T ).

A game C is k−additive if ∆C(S) = 0 for all S such that |S| > k.

Theorem 8. i) For all P ∈ Q ∪ S, CC
o (·, P ) and CC

p (·, P ) are 2-additive.

ii) For r ∈ {D, I} there exists P ∈ Q \ Q1 such that Cr
o(·, P ) and Cr

p(·, P ) are not

2-additive.

iii) For r ∈ {D, I} there exists P ∈ S \ S1 such that Cr
o(·, P ) and Cr

p(·, P ) are not

2-additive.

Proof. Part i) follows from the fact that CC
o and CC

p have the same mathematical form

as their single-server counterparts.

ii) Consider a problem P with N = {1, 2, 3}, with k = 2, l0 = 1 and a generic w. Since

l0 = 1, CI
o (·, P ) = CD

o (·, P ) and CI
p (·, P ) = CD

p (·, P ).

We first consider CI
o (·, P ). We have that CI

o (S, P ) =
∑

i∈S wi for all S ̸= N and

CI
o (N,P ) = w1 +w2 + 2w3. It is easy to check that ∆CI

o
({i}) = wi, ∆CI

o
({i, j}) = 0 for

all i, j ∈ N and ∆CI
o
(N) = w3. Thus, C

I
o (·, P ) and CD

o (·, P ) are not 2-additive.

For the same problem, we have that CI
p ({i}, P ) = 2wi, C

I
p ({i, j}, P ) = wi + 2wj, for

all i < j and CI
p (N,P ) = w1 + w2 + 2w3. It is easy to check that ∆CI

p
({i}) = 2wi,

∆CI
p
({i, j}) = −wi for all i < j and ∆CI

p
(N) = w2. Thus, C

I
p (·, P ) and CD

p (·, P ) are not

2-additive.

iii) We start with the assumption that jobs are indivisible. Consider a problem P with

N = {1, 2, 3}, with k = 2, w0 = 1 and a generic l. We first consider CI
o (·, P ). We have

that CI
o (S, P ) =

∑
i∈S li for all S ̸= N and CI

o (N,P ) = 2l1 + l2 + l3. It is easy to check

that ∆CI
o
({i}) = li, ∆CI

o
({i, j}) = 0 for all i, j ∈ N and ∆CI

o
(N) = l1. Thus, C

I
o (·, P ) is

not 2-additive.
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For the same problem, we have that CI
p ({1}, P ) = CI

p ({2}, P ) = l1 + l2, C
I
p ({3}, P ) =

l1+ l3, C
I
p ({1, i}, P ) = 2l1+ li for i ∈ {2, 3}, CI

p ({2, 3}, P ) = l1+ l2+ l3 and CI
p (N,P ) =

2l1 + l2 + l3. It is easy to check that ∆CI
p
({i}) = CI

p ({i}, P ), ∆CI
p
({1, i}) = −l2 for

i ∈ {2, 3}, ∆CI
p
({2, 3}) = −l1 and ∆CI

p
(N) = l2. Thus, C

I
p (·, P ) is not 2-additive.

We now suppose that jobs are discretely divisible. Consider the example in the proof

of Theorem 7ii). We have that ∆CD
o
({2, 3, 4}) = ∆CD

p
({2, 3, 4}) = 1 and thus CD

o (·, P )

and CD
p (·, P ) are not 2-additive.

6 Concluding remarks

Our results show that the extension of the queueing and scheduling problems to multi-

server settings is far from trivial. First, as discussed, there are (at least) three natural

assumptions on the divisibility of the jobs, each with its own implications on the math-

ematical properties of the cost functions.

Second, it is obvious from our analysis that the pessimistic cost function is more sensitive

to this extension than the optimistic cost function. This is not particularly surprising,

as it supposes that the complement set of agents has first access to the servers. This

yields a non-trivial optimization problem to find how to queue the remaining agents

after them.

Third, the discretely divisible assumption is slightly more damaging than the indivisi-

bility assumption, as the latter implies counting the number of predecessors/successors

on a server. With discretely divisible jobs, it is more complex to count the number of

tasks before/after an agent.

Fourth, scheduling problems are more likely to lose mathematical properties than queue-

ing problems. This is explained by the fact that the jobs of identical lengths in queueing

problems simplifies the functions, as the problem reduces to finding the number of suc-

cessors/predecessors.

Finally, the 2-additivity property disappears. This shows that with multiple servers

the externalities are much more complex. While in single-server problems we can focus

on pariwise externalities, with multiple servers the effects of adding an agent are more

complicated, and might create a cascading effect on multiple servers with asymmetric
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impacts on a large number of agents.

Overall, our results show that unless we think that the continuously divisible assumption

reasonably corresponds to our application, we must not take for granted that single-

server results carry over to the multiple-server case.
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A Proofs for Section 3 (Queueing problems)

Theorem 2. i) For all P ∈ Q1, Co(·, P ) is convex and Cp(·, P ) is concave;

ii) For all P ∈ Q, CC
o (·, P ) is convex and CC

p (·, P ) is concave.

Proof. i) It is easy to see that for P ∈ Q1, S ⊂ T ⊂ N and i ∈ N \ T ,

Co(S ∪ {i}, P )− Co(S, P ) =
∑

j∈S:j>i

wjl0 + ri(S ∪ {i})wil0

≤
∑

j∈T :j>i

wjl0 + ri(T ∪ {i})wil0

= Co(T ∪ {i}, P )− Co(T, P )

which shows that Co(·, P ) is convex.

We also have that

Cp(S ∪ {i}, P )− Cp(S, P ) =
∑

j∈S:j<i

−wjl0 + (n− |S| − 1 + ri(S ∪ {i}))wil0

≥
∑

j∈T :j<i

−wjl0 + (n− |T | − 1 + ri(T ∪ {i}))wil0

= Cp(T ∪ {i}, P )− Co(T, P ),

as ri(T ∪ {i})− ri(S ∪ {i}) ≤ |T | − |S|, which shows that Cp(·, P ) is concave.

Part ii) follows as the functions have the same form as in part i).

Theorem 3. i) For all P ∈ Q, CI
o (·, P ) is convex;

ii) There exists P ∈ Q for which CI
p (·, P ) is not concave.

Proof. i) Fix P = (w, l0, k). When there is no confusion, we write CI
o (S) instead of

CI
o (S, P ).

We have:

CI
o (S ∪ {i})− CI

o (S) =
∑

m∈S:m>i

(⌈
rm(S) + 1

k

⌉
−
⌈
rm(S)

k

⌉)
wml0 +

⌈
ri(S ∪ i)

k

⌉
wil0
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and similarly, supposing, without loss of generality, that j < i

CI
o (S∪{i, j})−CI

o (S∪{j}) =
∑

m∈S:m>i

(⌈
rm(S) + 2

k

⌉
−
⌈
rm(S) + 1

k

⌉)
wml0+

⌈
ri(S ∪ i) + 1

k

⌉
wil0.

Thus, we must show that:

∑
m∈S:m>i

(⌈
rm(S) + 1

k

⌉
−

⌈
rm(S)

k

⌉)
wml0 ≤

∑
m∈S:m>i

(⌈
rm(S) + 2

k

⌉
−
⌈
rm(S) + 1

k

⌉)
wml0

+

(⌈
ri(S ∪ {i}) + 1

k

⌉
−
⌈
ri(S ∪ {i})

k

⌉)
wil0.

If {m ∈ S : m > i} is empty, the inequality is clear, as⌈
ri(S ∪ {i}) + 1

k

⌉
−
⌈
ri(S ∪ {i})

k

⌉
≥ 0.

.

Otherwise, label the members of {m ∈ S : m > i} as {s1, ..., sM}, in order of their

ranks. For p = 2, ...,M , the agent sp appears in the LHS with the same coefficient as

sp−1 in the RHS. In addition, s1 appears in the LHS with the same coefficient as i in

the RHS. Thus, each agent appearing in the LHS is paired with an agent in the RHS

that has a unit waiting cost at least as long (as an agent is paired with one that has

a lower rank). There is one unpaired agent (sM) in the RHS; since all coefficients are

positive, we conclude that the inequality is satisfied.

Theorem 4. i) For all P ∈ Q, CD
o (·, P ) is convex;

ii) There exists P ∈ Q for which CD
p (·, P ) is not concave.

Proof. i) The proof of Theorem 3 (i) applies with minor changes, given the similarities

in the cost functions.

ii) Consider the counterexample for Theorem 3(ii). Since l0 = 1, it is also an example

of a non-concave function for divisible jobs.
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B Proofs for Section 4 (Scheduling problems)

Theorem 5. i) For all P ∈ S1, Co(·, P ) is convex and Cp(·, P ) is concave.

ii) For all P ∈ S, CC
o (·, P ) is convex and CC

p (·, P ) is concave.

Proof. Let us fix P = (w0, l, k) ∈ S1 and write Co(S) instead of Co(S, P ). Take i ∈ N

and S ⊂ T ⊆ N\i.

We have,

Co(S ∪ {i})− Co(S) =
∑

j∈S:j<i

lj + (|S|+ 2− ri(S ∪ {i}))li

and

Co(T ∪ {i})− Co(T ) =
∑

j∈T :j<i

lj + (|T |+ 2− ri(T ∪ {i}))li.

First, as S ⊂ T it immediately follows that∑
j∈S:j<i

lj ≤
∑

j∈T :j<i

lj.

Second, because ri(T ∪ {i})− ri(S ∪ {i}) ≤ |T | − |S|, we can write

(|S|+ 2− ri(S ∪ {i})) ≤ (|T |+ 2− ri(T ∪ {i})).

Combining, we get Co(S ∪ {i})− Co(S) ≤ Co(T ∪ {i})− Co(T ).

Let us fix P = (w0, l, k) ∈ S1 and write Cp(S) instead of Cp(S, P ). Take i ∈ N and

S ⊂ T ⊆ N\i.

We have

Cp(S ∪ {i})− Cp(S) =
∑

j∈S:j<i

lj +
∑

j∈N\S

lj + (1− ri(S ∪ {i}))li.

Similarly,

Cp(T ∪ {i})− Cp(T ) =
∑

j∈T :j<i

lj +
∑

j∈N\T

lj + (1− ri(T ∪ {i}))li.
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First, since S ⊂ T , it immediately follows that

∑
j∈N\T

lj ≤
∑

j∈N\S

lj.

Second, since li ≥ lj for all j < i we have,∑
j∈T :j<i

lj −
∑

j∈S:j<i

lj ≤ (ri(T ∪{i})−1− (ri(S∪{i})−1))li = (ri(T ∪{i})− ri(S∪{i}))li

Combining, we get Cp(T ∪ {i})− Cp(T ) ≤ Cp(S ∪ {i})− Cp(S).

Part (ii) follows because the cost functions have identical forms as in part (i).

Theorem 6. i) For all P ∈ S, CI
o (·, P ) is convex;

ii) There exists P ∈ S such that CI
p (·, P ) is not concave.

Proof. i) Fix P = (w0, l, k). When there is no confusion, we write CI
o (S) instead of

CI
o (S, P ).

The case k = 1 corresponds to Theorem 6. We show the case k > 1.

Let i, j ∈ N and S ⊆ N \ {i, j}. Without loss of generality, suppose that ri < rj. We

show that CI
o (S ∪ {i})− CI

o (S) ≤ CI
o (S ∪ {i, j})− CI

o (S ∪ {j}).

To illustrate what happens when i joins a group, consider the following example. Sup-

pose that S = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}, and that agents have increasing lengths in that

order. Agent i’s job ranks between the jobs of agent 7 and 8, while j’s job ranks be-

tween 9 and 10. Suppose that we have 3 servers, labeled a, b, c. Figure 1 illustrates

what happens when i joins S and S∪{j}.5 The additional cost when i is added is equal

to the number of successors of i, times w0li, and w0 times the length of agents who sees

their number of successors increase. When i is added to S, that is w0(2li + l2 + l5).

When i is added to S ∪ {j}, that is w0(2li + l3 + l6). Since l3 ≥ l2 and l6 ≥ l5, it is

immediate that adding i to S ∪ {j} is at least as costly.

5The queues are represented horizontally, showing the order in which agents are being served on
each server.
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Adding i to S

a

b

c

∣∣∣∣∣∣∣∣∣
1 4 7 10

2 5 8

3 6 9

→
a

b

c

∣∣∣∣∣∣∣∣∣
1 4 7 9

2 5 i 10

3 6 8

Adding i to S ∪ j

a

b

c

∣∣∣∣∣∣∣∣∣
1 4 7 j

2 5 8 10

3 6 9

→
a

b

c

∣∣∣∣∣∣∣∣∣
1 4 7 9

2 5 i j

3 6 8 10

Figure 1: Case 1: the same number of agents are affected.

The above case represents the case in which the same number of agents in S and S∪{j}
see their number of successors increase. This might not be the case, as shown in Figure

2. The only change is that now the job of agent i ranks between the jobs of agents 8 and

9. We can see that when added to S, agents 2, 5 and 8 see their number of successors

increase by 1. However, when i joins S ∪ {j}, only agents 3 and 6 see their number

of successors increase. But, agent i also has a different number of successors: only 1

(himself) when joining S and 2 when joining S ∪ {j}. Thus, when i is added to S, the

additional cost is w0(li+ l2+ l5+ l8). When i is added to S ∪ j, that is w0(2li+ l3+ l6).

Since l3 ≥ l2, l6 ≥ l5 and li ≥ l8 it is immediate that adding i to S ∪ {j} is at least as

costly.

We formalize these cases below, with SN and {S ∪ j}N being the agents that see their

number of successors increase.

We have that

CI
o (S ∪ {i})− CI

o (S) =
∑
m∈S
rm<ri

(⌊
|S|+ 1− rm(S)

k

⌋
−

⌊
|S| − rm(S)

k

⌋)
w0lm

+

(⌊
|S|+ 1− ri(S ∪ i)

k

⌋
+ 1

)
w0li
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Adding i to S

a

b

c

∣∣∣∣∣∣∣∣∣
1 4 7 10

2 5 8

3 6 9

→
a

b

c

∣∣∣∣∣∣∣∣∣
1 4 7 9

2 5 8 10

3 6 i

Adding i to S ∪ j

a

b

c

∣∣∣∣∣∣∣∣∣
1 4 7 j

2 5 8 10

3 6 9

→
a

b

c

∣∣∣∣∣∣∣∣∣
1 4 7 9

2 5 8 j

3 6 i 10

Figure 2: Case 2: a different number of agents are affected.

We need to show that this is no larger than

CI
o (S ∪ {i, j})− CI

o (S ∪ {j}) =
∑
m∈S
rm<ri

(⌊
|S|+ 2− rm(S)

k

⌋
−
⌊
|S|+ 1− rm(S)

k

⌋)
w0lm

+

(⌊
|S|+ 2− ri(S ∪ i)

k

⌋
+ 1

)
w0li

Next, remark that for any z ∈ N,
(⌊

z+1−rm(S)
k

⌋
−
⌊
z−rm(S)

k

⌋)
= 1 if z+1−rm(S)

k
∈ N and

0 otherwise. Thus, let SN =
{
m ∈ S≤i :

|S|+1−rm(S)
k

∈ N
}
.

We then have that

CI
o (S ∪ {i})− CI

o (S) =
∑
m∈SN

w0lm +

(⌊
|S|+ 1− ri(S ∪ i)

k

⌋
+ 1

)
w0li

and

CI
o (S ∪ {i, j})− CI

o (S ∪ {j}) =
∑

m∈{S∪j}N
w0lm +

(⌊
|S|+ 2− ri(S ∪ i)

k

⌋
+ 1

)
w0li.

Notice that agents in SN are such that rm(S) ∈ {aS, aS + k, ..., aS + bSk} , bS =
⌊
|S<i|−aS

k

⌋
.
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Notice that agents in {S ∪ j}Nare such that rm(S) ∈ {aS + 1, aS + k + 1, ..., aS + bS∪jk + 1} ,
bS∪j =

⌊
|S<i|−aS−1

k

⌋
.

Notice that
∣∣SN

∣∣ = bS + 1 ≥ bS∪j + 1 =
∣∣∣{S ∪ j}N

∣∣∣ . If bS = bS∪j, then to each agent in

SN is associated the agent with a rank in S larger by 1; that agent has at least as long

of a job, and thus ∑
m∈SN

w0lm ≤
∑

m∈{S∪j}N
w0lm

Combined with the fact that(⌊
|S|+ 1− ri(S ∪ i)

k

⌋
+ 1

)
w0li ≤

(⌊
|S|+ 2− ri(S ∪ i)

k

⌋
+ 1

)
w0li

we conclude that CI
o (S ∪ {i})− CI

o (S) ≤ CI
o (S ∪ {i, j})− CI

o (S ∪ {j}) as desired.

If bS > bS∪j, it must be that bS = bS∪j + 1. This can only happen if the last agent in

S≤i, with rank |S≤i| is such that
|S|+1−|S≤i|

k
∈ N. Then, notice that⌊

|S|+ 1− ri(S ∪ i)

k

⌋
=

⌊
|S|+ 1− |S≤i| − 1

k

⌋
= bS − 1

while ⌊
|S|+ 2− ri(S ∪ i)

k

⌋
=

⌊
|S|+ 2− |S≤i| − 1

k

⌋
= bS.

Thus,
(⌊

|S|+2−ri(S∪i)
k

⌋
+ 1

)
w0li −

(⌊
|S|+1−ri(S∪i)

k

⌋
+ 1

)
w0li = w0li.

Thus, now while SN contains one more agent than {S ∪ j}N , we also have one extra

w0li on the RHS of our inequality. Let {S ∪ j}N+ = {S ∪ j}N ∪ {i} .

We can pair the agents in SN with agents in {S ∪ j}N+ , and pairwise, the agent in

{S ∪ j}N+ has a job at least as long as his counterpart in SN, allowing us to conclude

that CI
o (S ∪ {i})− CI

o (S) ≤ CI
o (S ∪ {i, j})− CI

o (S ∪ {j}) as desired.
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