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DYNAMIC OBSERVABILITY OF LATENT CONTAGION
SEQUENTIAL REVELATION AND OBSERVABLE SCREENING

J. VIDAL LLAURADO

ABSTRACT. This paper asks what remains of latent cross-asset contagion once information
is revealed sequentially and only observable filtrations are available. The setting is the same
bivariate Gaussian Volterra model as in the companion threshold paper, but the question is
different. The threshold paper separates pricing visibility from path-space detectability. Here
the issue is the dynamic bridge between those static notions and feasible inference.

Three results organize that bridge. First, in the smoothing regime Hxy > Hy, the relative
covariance operator generates a canonical finite-resolution Gaussian experiment. Its exact
likelihood, Kullback—Leibler, Hellinger, and Bayes-error formulas recover the path-detectability
boundary Hxy = Hy + % as the critical rate at which evidence accumulates with resolution.
Second, at the oracle latent-driver level, short-horizon prediction is governed by a different
threshold. The dynamic boundary is Hxy = Hy: rougher contagion improves prediction at
leading order, smoother contagion is dynamically latent at leading order, and the boundary case
mixes the two channels on the same scale.

Third, the observable problem is not the oracle problem. Passing from latent drivers to
observed Gaussian channels reduces dynamic information to a hidden transfer operator. In
the rougher regime 0 < Hxy < Hy < %7 a structural screening theorem is first proved under
an h®-stable boundary-cutoff hypothesis, and the later exact-correction closure verifies that
hypothesis for the model classes treated here under the paper’s C? regularity framework. In the
resulting closed theorem, the leading oracle rough gain is screened by the target’s own past:

| Fenlles = o(hX¥),  Gxoy(t,h) = o(h**¥).

Taken together, these results identify the three-layer visibility structure that the econometric
paper will target: pricing visibility, path-space detectability, and dynamic observability need
not coincide.

1. INTRODUCTION

The question of this paper is sequential rather than static. Once the threshold paper has
separated pricing visibility from path-space detectability [29], the next issue is what remains
when information arrives over time and one is restricted to observable filtrations. Does a latent
contagion channel improve short-horizon prediction? How fast does evidence accumulate with
resolution? And after conditioning on the target asset’s own past, how much of the oracle signal
survives? Those are the questions of dynamic observability.

The setting remains the same bivariate Gaussian Volterra model, which keeps the covariance
structure explicit enough to permit exact reductions. That matters because the paper is not
offering another abstract equivalence criterion for Gaussian laws. It is building the dynamic layer
needed between threshold theory and econometrics. The relevant background comes from the
Gaussian experiment tradition of Le Cam [20], Le Cam and Yang [21], van der Vaart [31], and
Ibragimov and Has'minskii [I8], together with fractional LAN benchmarks such as Dahlhaus [9]
and Brouste-Fukasawa [4]. On the prediction side, the paper connects to the fractional filtering
literature of Gripenberg and Norros [17], Kleptsyna and Le Breton [19], Nuzman and Poor [23],
Cai, Chigansky, and Kleptsyna [6], and Afterman, Chigansky, Kleptsyna, and Marushkevych [I].
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The observable reduction is then carried by Volterra operator methods in the sense of Gripenberg,
Londen, and Staffans [16], trace-ideal estimates in the sense of Simon [26], and the spectral
perspective on fractional covariance operators of Dzhaparidze and van Zanten [13].

Within the trilogy, this paper plays the dynamic bridge. The threshold paper identifies the
latent contagion regime and the boundaries that separate pricing visibility from path-space
detectability. What matters here is what survives under sequential revelation and observable
screening. The econometric paper then turns the surviving screened object into projected-score
inference [30]. In that sense, this paper supplies the missing link between threshold theory and
econometrics.

The main message is that dynamic observability has its own structure. Three results organize
the paper. The first is Theorem which converts the static path-space threshold into a finite-
resolution Gaussian experiment. In the smoothing regime Hxy > Hy, the relative covariance
operator still controls the comparison, and the exact likelihood, Kullback-Leibler, Hellinger, and
Bayes-error formulas recover

Hxy = Hy + §
as the critical evidence-accumulation boundary.

The second is Theorem which turns from static evidence to prediction. At the oracle
latent-driver level the relevant threshold is not Hy + % but

Rougher contagion improves short-horizon prediction at leading order, smoother contagion is
dynamically latent at leading order, and the boundary case mixes the two channels on the same
scale.

The third result is the paper’s culmination. The observable problem is subtler than the oracle
problem because the target past is itself contaminated by the contagion channel, so the source
cannot simply be appended as an independent predictor. The structural screening theorem,
Theorem |32.8] isolates the mechanism once h*-stable boundary cutoffs are available. The later
exact-correction closure theorem, Theorem [33.52] verifies that cutoff hypothesis for the model
classes treated in the paper under the standing C? regularity framework. In the rougher regime
0< Hxy < Hy < %, the closed theorem yields

H‘Ft,hH@I — O(hHXY) and éX%Y(t’h) — O(hQHXY)-

Pricing visibility, path-space detectability, and dynamic observability therefore need not coincide.

That hierarchy matters beyond narrative organization. Recent work on rough-volatility
inference has sharpened the statistical benchmark for what can be learned from high-frequency
Gaussian or rough observations [4, 8, [7]. What this paper adds is the dynamic object that
remains after target-only screening, and it does so before any econometric procedure is chosen.
The point is not only that a rough channel may exist, but that its observable content can be
materially smaller than either its pricing signature or its oracle predictive content.

Theorem Roadmap. The argument is easiest to read in the same order in which its public
results are proved. The finite-resolution Gaussian experiment comes first. It shows that the
path-detectability threshold from the threshold paper is not merely qualitative; it determines
the exact rate at which statistical evidence accumulates with observation resolution.

The oracle prediction theorem comes next. It isolates the dynamic threshold Hyxy = Hy and
shows that the short-horizon predictive question is genuinely different from the path-space one.
This is where the dynamic layer of the trilogy becomes mathematically distinct from the first
paper.

The observable screening block is the culmination. It answers the question that matters for
the rest of the program: which part of the oracle signal survives after one conditions on the
target channel and insists on observable information only? The earlier results prepare that
block. The finite-resolution experiment explains the evidence scale. The oracle theorem explains
the latent predictive benchmark. The structural screening theorem under A%-stable boundary
cutoffs isolates the mechanism, and the later exact-correction closure theorem, Theorem
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removes that auxiliary cutoff hypothesis for the model classes treated here. That closed theorem
identifies the observable object that the econometric paper will estimate.

How the Argument Is Built. Section [2| develops the finite-resolution Gaussian experiment
and its information functionals in the smoothing regime. Sections [3] and [4] formulate the oracle
and observable short-horizon prediction problems. After that the proof infrastructure takes
over. Sections [5| through [I§ build the exact Volterra reduction and the frozen fractional model.
Sections [19| through [32] establish the structural screening theorem under h®-stable boundary
cutoffs. The final sections verify those cutoffs through exact correction, close the observable
theorem in the model classes treated here, and return to the paper’s public output in Section

2. FINITE-RESOLUTION INFORMATION GEOMETRY
The threshold paper [29] identifies the positive compact relative covariance operator
~1/2 —-1/2
T =Cy 2 (Cy - co)ey
and proves that, in the smoothing regime,
™ (T) =< n=%, 6:=Hxy — Hy >0,

where 7,,(T") denotes the nth eigenvalue of T" in decreasing order.

This section extracts from 7" the canonical finite-resolution Gaussian experiment and quantifies
how statistical evidence accumulates with the resolved dimension NN or, equivalently, with an
observation scale A such that Na =< AL,

Definition 2.1 (Canonical N-mode experiment). Let {7, },>1 be the eigenvalues of T', repeated
with multiplicity and ordered decreasingly. For each N € N, define the centred Gaussian laws

N N
Vo,N ::®N(0,1), V1,N 2:®N(0,1+Tn)
n=1 n=1
on RV, We call
En = (RN, VO.N,VI,N)
the canonical N-mode experiment associated with T.

Remark 2.2 (Interpretation of the normal form). Definition is the spectral normal form
associated with the relative covariance operator 7. In the Gaussian comparison problem, standard
whitening and diagonalisation of the pair (Cp, C1) identify the finite-resolution comparison in
terms of the same eigenvalue profile {7, }. For the present sequel, all finite-resolution information
quantities depend only on that profile, so the experiment £y is the canonical object to analyse;
see, for example, Le Cam [20], Le Cam and Yang [21, Ch. 2], van der Vaart [31], and Ibragimov
and Has'minskii [18].

Proposition 2.3 (Likelihood ratio in normal form). For every N € N, the law vy n is absolutely
continuous with respect to vy n, with Radon—Nikodym derivative

dl/lN N —1/2 1 N Tn 9 N
(1) 7’(1'):1_[(1—1—771) /exp<z :L'), x=(x1,...,zy) € R™.

dl/()7N el 2 el 1+7, "
FEquivalently,
(2) lo dyl’N(a:):—}g:lo (1+7’)+1§: T2
gdl/QN 2= & " 2414+ "
Proof. For one coordinate,
dN(0,1+ 7,) 1 2 x?
bl et Sl 74 (1 /2 —___"mn 4 7n
N, 1) @) = ) el mom e
for 7,, > 0. Since
1 1 Tn
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the one-dimensional density ratio is

1 —1/2 < n 2) '
(Lt m) = exp{ gy o
Independence of the coordinates under both product laws gives , and taking logarithms
yields . O
Proposition 2.4 (Exact divergence functionals). For every N € N:
(i) the two Kullback-Leibler divergences are

1
(3) KL(v1 v || von) = 52( —log(1+ 7)),
~ :
(4) KL(vov || 1.57) = 22<1og1+7n —1+Tn>;

(ii) the Hellinger affinity is

dvi N dyo Ny V2 (1 + Tn)1/4
(5) A= [ H ﬁ

(iii) if T denotes the optimal Bayes misclassification probability for equal priors, then

(6) %(1—\/1—A?V)§7T7V§%AN.
Proof. For item (i), a centred Gaussian law N(0, 02) satisfies
KL(N(0,0%) || N(0,1)) = %(02 —1—logo?).
Applying this coordinatewise with 02 = 1 + 7, and using independence yields . Likewise,
KL(N(0,1) || N(0,6%)) = % (10g02 + % - 1) ,

which gives after substituting 02 = 1 + 7, and simplifying

1 Tn

1+m7, 147,
For item (ii), in one dimension the Hellinger affinity between N'(0,02) and N(0,0%) is

20‘001
\/ 0(2) + 0%'
With 0g = 1 and o1 = +/1 + 7, this becomes
V2 (14 7,)V/4
(2+7)2 7

Multiplying over independent coordinates gives .
For item (iii), the optimal Bayes error with equal priors is

1
W}kv = 5(1 — TV(VI,N7 V07N)).

dvin  [dwN dVl,N+ dvo N d
dx dx dx dx .

TV(vin,von) < /1 — A%,

Also,

1

TV(vi N, voN) = 3

By Cauchy—Schwarz,
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which gives the lower bound in @ For the upper bound, using min(a,b) < vab for a,b > 0,

. / . (dV1 N dl/o N / dVl N dVo N g
2ny = min ,
RN d$ RN

This proves @ . O

Lemma 2.5 (Quadratic control of the divergence profiles). There exist constants 0 < ¢; < ¢g <
oo such that for every T € [0,1],

(7) i< 71— log(l+7) < cot?,
(8) o’ < log(1+71) — 1—1—% < co7?,

2 V2(1+7) 2
(9) care < log< CERSITE < coT”.

Proof. Define
o1(7) =7 —log(l +7), oo(7) :==log(l1+7) —

I

1+7
and
V2 (14 7)1/4
P(T) = —log<(2+7)1/2 :
All three functions vanish at 7 = 0 and satisfy
1 1 1
B =500, go(r) =5+ OGY),  lr) = 17+ 00

as 7 | 0. Therefore the quotients
¢1(7) ¢o(7) ¥(7)

2 7 2 7 2

extend continuously to 7 = 0 with positive finite limits. By continuity on the compact interval
[0, 1], each quotient is bounded above and below by positive constants, which proves f@. O

Theorem 2.6 (Sharp information accumulation at resolution N). Assume there ezist ng € N,
0 >0, and constants 0 < c_ < ¢4 < o0 such that

(10) cn <, < c+n*2‘5, n > ng.

Then there exist constants 0 < C7 < Cy < 0o such that for all N > ny:

N N

(11) 4 Z n~4 < KL(VLN H 1/07]\7) < (9 Z n*4‘5,
n=1 n=1
N N

(12) Cl Z TL_45 S KL(U()’N H Vl,N) S 02 Z n_45,
n=1 n=1
N N

(13) C1Y n < —log Ay < Cy Y n®
n=1 n=1

Consequently, as N — oo,

—46 1

NI 0<s<
(14) KL(v1n | vo,n), KL(von [ 1,n), —log Ay < {logN, & =1,
1, 5> 1.

Proof. Because 7, — 0, the upper bound in implies 7, < 1 for all sufficiently large n.
Increasing ng if necessary, we may assume that 7,, € [0, 1] for every n > ny.
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Applying Lemma termwise in the exact formulas 7, there exist constants 0 < Cf <
C4 < oo such that

N N
C1 Y T <KL(nnllvon) <Cy > 70,

n=no n=no
N N
C1 Y T <KL(won|lvin) <Cy > 7o,
n=no n=no

N N
Ci > 7 <—log Ay <Ch Y 77,

n=ngo n=no

Using , we obtain

N N N
2 Z n—4 < Z 7',% < ci Z n_45,

n=ng n=ngp n=ng
which yields f after absorbing the finitely many initial terms into the constants.
The phase classification is then the standard p-series asymptotic:

— 1
NI=# 0<g5< i

N
Zn*“x log N, 5:%, O
= 1 5> 1
Corollary 2.7 (Observation-scale formulation). Let A € (0,1) be an observation scale and set
Np = [A7L).
Under the assumptions of Theorem[2.6]
A=) g <5< 1
(15) KL, [vons), KL(Mon, [[v1,n, ), —log An, < log(A7Y), &=,
1, 5> 1,
as A ] 0.
Proof. Since Na < A™! as A | 0, the claim follows immediately from (14)). O

Corollary 2.8 (Finite-resolution discrimination threshold). Under the assumptions of Theo-
rem the optimal Bayes error wy satisfies:

(i) if 0 <8 < %, then Ay — 0 and therefore
my — 0 as N — o00;
(i) if § > 1, then Ay — A for some A € (0,1], and

1
. . * - _ _ 2
I}Hglowa > 2(1 V1 Aoo) > 0.
Proof. If 0 < < %, then implies —log Ay — oo, hence Ay — 0. The upper bound in @
then yields 73 — 0.
Ifo> i, then shows that —log Ax remains bounded as N — oo. Since Ay is decreasing
in IV, it converges to a limit Ay € (0, 1]. The lower bound in (6] therefore gives

1
. . * - _ _ 2
l}\rfgloréwa > 2(1 /1 .AOO>.
Because 7, > 0 for all sufficiently large n, each corresponding Hellinger factor
V2 (14 ) V4
(2 + 7)1/2

is strictly smaller than 1, so Ay < 1 for all sufficiently large N. Hence A, < 1, and the
right-hand side is strictly positive. O
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3. SHORT-HORIZON SEQUENTIAL PREDICTION

We now return to the bivariate Volterra structure underlying latent contagion and extract
an intrinsic time-dynamic prediction theorem. The central observation is that the competition
between the idiosyncratic exponent Hy and the contagion exponent Hxy already appears in
the short-horizon prediction risk, before any pricing argument is invoked. For the prediction
and filtering viewpoint behind this section, see in particular Gripenberg and Norros [17],
Kleptsyna and Le Breton [19], Nuzman and Poor [23], and Afterman, Chigansky, Kleptsyna,
and Marushkevych [I].

Assumption 3.1 (Bivariate Volterra volatility factor). Fix T > 0. Let W+ and WX be
independent standard Brownian motions. For i € {Y, XY} let H; € (0,%) and let L; be defined
on
Ar:={(t,s) € [0,T]>:0< s <t<T},

with the following properties:

(i) L; extends to a C! function on a neighbourhood of Ar;

(ii) L; and its first partial derivatives are bounded on Ar;

(iii) Li(t,t) > 0 for every t € [0,T].
Define the kernels

1 .
Ki(t,s) == (t — s)™i 2Li(t, s)1{0<s<t<T} ie{Y,XY}.

Let vy > 0 and 1 > 0, and define the Gaussian volatility factor
¢ t

(16) Vi = l/y/ Ky(t,s) dW; + n/ Kxy(t,s) dWZX,  0<t<T.
0 0

Definition 3.2 (Oracle intrinsic information filtrations). For 0 < ¢ < T, define
G =o(Wl:0<s<t), GV =o(WE WX 0<s <)

For0<t<t+h<T,set
Ahyt = yt+h -V

The associated mean-square prediction risks are

(17) Ry (t,h) == E[(AY, — E[AY | 67))°]
(18) Ryy (t,h) = E[(Ahyt —E[ALY) | gf‘»y])ﬂ .
We also write

(19) Gx_y(t,h) == Ry (t,h) — Rxy(t,h)

for the prediction gain generated by the contagion channel.

Remark 3.3 (Oracle character of the intrinsic filtration block). The filtrations of Definition
separate the idiosyncratic latent driver from the enlarged latent filtration that also contains the
contagion driver up to time t. They are not yet the sigma-fields generated by observable asset
prices or realised-volatility proxies. The point of the present section is to identify the intrinsic
short-horizon prediction gain that is available when the cross-asset latent channel is resolved
exactly. This gives a rigorous benchmark for the harder observable-filtration problem.

Definition 3.4 (Universal short-horizon constants). For H € (0, 3), define

1
(20) AH = 5
and
o) 2
(21) by = / ((1 —}—u)H_% - uH_%> du.
0
Also set

(22) qy ‘= ag + by.
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Lemma 3.5 (Finiteness of the past-resolving constant). For every H € (0, %) one has by €
(0, 00).

Proof. Near u = 0, since H — % <0,
2
((1 + u)H_% - uﬂ_%) = 2t

and w271 is integrable at 0 because 2H — 1 > —1.
As u — o0, the mean value theorem gives

1+uwf2 —uf2 = (H —~ 1) & 2
for some &, € (u,u+ 1), hence
2
((1 _i_u)H—% _ uH—%) < y2H-3,

and u273 is integrable at oo because 2H — 3 < —2. The integrand is not identically zero, so

bg > 0. O
Proposition 3.6 (Exact oracle projection formulas for the prediction risks). Fiz 0 <t <t+h <
T. Then
t+h t+h
(23) Rxy(t,h) = v} Ky (t+h,s)* ds+n° Kxy(t+h,s)? ds,
t t
t+h
(24) Ry (t,h) = & Ky (t + h,s)* ds +n* Var(Ap Zy),
¢
t
(25) Gy (t,h) = /0 (Kxy(t+ h.s) — Kxy(t.s))? ds,
where .
Zy ::/ KXy(t, 8) dWSX
0
FEquivalently,

t t+h
(26) Var(Ath) = / (KXy(t + h, S) — ny(t, S))2 ds + KXy(t + h, 8)2 ds.
0 t

Proof. Define
¢ ¢
Vt::/ Ky(t,s) dWE,  Z ::/ Kxvy(t,s) dWX.
0 0

By (16),
ARy = vy ARV + nAp Zy,
where
¢ t+h
ALV, = / (Ky(t+h,s) — Ky(t,s)) dW; + Ky (t+h,s) dW:,
0 ¢
and

t t+h
Ath = / (KXy(t+h, S) —ny(t, S)) dWSX + KXy(t+h, S) dWSX
0 t

Conditioning on G;** , the integrals over [0, ] are measurable, while the integrals over (¢, t+ h]
are independent centred Gaussians. Therefore

Xy t+h 1 t+h x
ApYe —E[A | G | = vy Ky(t+h,s) dW; +n Kxy(t+h,s) dW:.
t t

Applying It6 isometry and independence yields ([23)).
Conditioning instead on QtY , the entire cross term ApZ; is independent of QtY and centred, so
t+h

AV —E[AD | GY ] = vy t Ky(t+h,s) AWt +nAyZ,.
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Again by independence and It isometry,

t+h
Ry (t,h) = v} Ky (t 4 h,8)% ds +n* Var(ApZy),
t
which is .
Finally, subtracting from (24]) and using the decomposition of Ay Z; into the past-resolved
and future-innovation pieces gives (125)) and . O

Proposition 3.7 (Innovation variance asymptotics). Let H € (0,3) and let L satisfy the

2
reqularity assumptions of Assumption[3.1 Define

1
Ku(t,s) = (t—s)" 2 L(t, $)1fo<sct<T}-
Then for every fized t € [0,T),

t+h
(27) Ky (t+h,s)* ds = L(t, t)%agh*™ +o(h*"),  h 0.
t

Proof. By the change of variables s =t + h — hu,
t+h

1
Ky(t+h,s)? ds = hQH/ WL+ byt + b — hu)? du.
0
Since L is continuous on a neighbourhood of the diagonal,
L(t+ h,t +h — hu) — L(t,t) for every u € [0,1]

as h ] 0, and the integrand is dominated by Cu?#~" for some constant C' < co. Because u
is integrable on (0, 1), dominated convergence yields

2H-1

t+h 1
h*QH/ Ky(t+h,s)? ds — L(t,t)2/ w1 du = L(t,t)%ap.
t 0

This proves . O

Proposition 3.8 (Past-resolved variance asymptotics). Let H € (0, 3) and let L satisfy the
regularity assumptions of Assumption[3.1. Define Ky as in Proposition[3.7. Then for every
fized t € (0,7,

(28) /Ot (Kp(t+h,s) — Ky(t,s))* ds = L(t, t)%bgh® 4 o(h*1), h 0.

Proof. Write o := H — % € (—%, 0) and change variables u =t — s. Then

I = /Ot(KH(t +h,s)— Ky(t,s))? ds = /Ot((u +R)OL(t + h,t —u) — u®L(t,t — u)>2 du.

Split Ij, = I;** + I,fzar, where

h1/2 t
Ipear ::/ () du, I ::/ (-+)? du.
0 hl/2

Near-diagonal part. Since L is C', there exists C' < oo such that for all small ~ and all
u € [0, h/?],

|L(t 4+ h,t —u) — L(t, )| + |L(t, t —u) — L(t, t)| < C(h+u) < 2Ch/2.

Hence
(u+ h)*L(t+ h,t —u) —u“L(t,t —u)
= L(t,t)((u+ h)* —u®) + rp(u),
with
()] < ORY2((u+ )® + u).
Therefore

hl/2
peer — L(t,t)Q/ ((u + h)™ —u®)? du + o(h2T),
0
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because
hl/2 hl/2
[ m? dush [* (s mP ) du = O = o),
0 0

and the corresponding cross term is controlled by Cauchy—Schwarz.

Now substitute © = hv in the main term:

hi/2 9 h—1/2 9
/ (w+h)* —u®)" du= hQH/ (1 +v)* —vY)" dv.
0 0
By Lemma the integrand is integrable on (0, 00), so
h2Hppear s L(t, )by
Far-from-diagonal part. For v > h/?, define
Fp(u) := (u+ h)*L(t + h,t — u).

The mean value theorem in h gives

|Fp(u) — Fo(u)| < hoiggh 10r (w+7r)*L(t + 7t —u))l.

Since v > hY/? and L, L are bounded,
[Eh(w) — Fo(u)| < Ch(u" 4+ )

for some constant C'. Consequently,

IﬁarShZAl/(QaQ )
_ooﬁ 2H3d>+oﬁ
hl/2
= O(R'™) + O(h?) = o(h?H),

because H < %
Combining the near and far parts proves . O

Corollary 3.9 (Short-horizon increment asymptotics). Under the assumptions of Propositz’on
(29) Var(Xeyn — Xy) = L(t, 1) 2 quh®" + o(h*'7), h 10,

for the Gaussian Volterra process
t
X; ::/ Kg(t,s) dWs.
0

Proof. Decompose X1, — X; into its past-resolved and future-innovation parts exactly as in
, then combine Propositions and O

Lemma 3.10 (Off-diagonal pointwise increment bound). Let H € (0,1) and let L satisfy the
regularity assumptions of Assumption [3.1 Define Kg as in Proposition[3.7. Then for every
fized t € (0,T) there exist constants C < oo and hg € (0,t] such that for every 0 < h < hy and
every s € [0,t — hl,

(30) \Kp(t+h,s) — Kpg(t,s)| < Ch((t — )75 + (t — s)72).
Proof. Write o := H — 1 € (—3,0) and define
F(r,s) = (r—s)*L(r,s), 0<s<r<T.

Fix ¢t € (0,7) and choose

ho € (0, min{¢t, T —t,1}].
By the regularity assumptions on L, there exists C' < oo such that for all 0 < s < t and all
r € [t,t + ho] with r > s,

|L(r,s)|+ [01L(r,s)| < C.


https://orcid.org/0009-0002-1918-5458

DYNAMIC OBSERVABILITY OF LATENT CONTAGION 11

For s € [0,¢ — h], the mean value theorem gives
Ky(t+h,s)— Ku(t,s)=F(t+h,s)— F(t,s) =h0o1F(£,s)
for some £ € (t,t + h). Because s <t — h < &, one has
OIF(6,5) = a6 — )" 1L(E, ) + (€ — )" L(E, 5),
and therefore
DP9 < C((E - )2 + (- 9)"3).

Since H — % <0and H — % < 0, while £ — s > t — s, we may absorb the resulting comparison
into the constant and obtain

1F(E,5)| < C((t— )3 + (t — 5)1 7).
Multiplying by h proves . U
Lemma 3.11 (L?-continuity of Volterra channels). Under the assumptions of Proposition
the Gaussian Volterra process

t
X, ::/ Kult,s) dW,, 0<t<T,
0

is continuous from [0,T] into L?(£2).
Proof. For t € [0,T], define
k’t(S) = KH(t, 8)1{0§s§t}7 0<s< T.
Then X; = fOT ki(s) dWs, so by It isometry
1 X = XellF2() = Iku = kel 2207
It therefore suffices to show that ¢ ~ k; is continuous in L?([0, T).
If t = 0, Proposition [3.7] gives
u
kallisgoimy = [ Ko, ds = 10,0 %™ + o) — 0

as u | 0.
Fix now ¢ € (0,7] and let v — t. Choose ¢ € (0,t) so small that u € [t — d,t+ 6] N [0,T] for
all u sufficiently close to t. Then
t—9

2
Ik = killfagomy = | (Kau.s) = Kn(t,5)* ds
max{u,t}
+ 5 (ku(s) — /<;t(s))2 ds.
t_

On [0,t — 0], the map (r,s) — Kg(r,s) is continuous and bounded on the compact set [t — ,t +
9] x [0, — 4], so dominated convergence yields

/()t_(S(KH(u, s) — Kg(t, s))2 ds — 0.

For the near-diagonal part, there exists C' < oo such that for all r € [t — d,¢ + ] N[0, 7] and
all s < r,
|Kp(r,s)] < C(r — )73
Hence

t

max{u,t} 9 max{u,t} 9 5
/ (ku(s) — ky(s))® ds < 2 / k()2 ds+2 [ ku(s)? ds
-6 -5 -5

max{u,t}
< C’/ S ((u— )21 4 (1 —5)271) ds
t—

< 0§,

Taking limsup,,_,, and then letting § | O proves ||ky — ktl[2(jo,r)) — O- O
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Theorem 3.12 (Oracle dynamic prediction threshold). Assume the bivariate Volterra model of
Assumption . Fizt € (0,T). Then, as h ] 0,

31 Rxy(t,h) = v¥ Ly (t,t)%am, R + 0?Lxy (t,t)%ap ., hR2IXY 4+ o R2Hy 4 p2Hxy)
Y Y XY
32)  Gxoy(t,h) = n*Lxy (t,1)%bg g, B2 4 o(R*1XY),
XY

(33)  Ry(t.h) = v Ly (t,0)%am, W2 + 1P Ly (1,02 gy, W75+ oY 4 217 ),
Consequently,

b

q]ii’ Hxy < Hy,

XY
G t,h
I it P L T A
b v& Ly (t,t)2am, +n2Lxy (t,t)%qm, ’
07 HXY > Hy.

In particular, the dynamic prediction threshold is exactly
Hxy = Hy :

below it the contagion channel improves prediction at leading order, at it the gain is of leading
order but mized with the idiosyncratic term, and above it the gain is asymptotically negligible at
leading order.

Proof. The exact formulas 7, together with Propositions and give the asymptotic
expansions f.

If Hxy < Hy, then h?xv decays more slowly than h*HY | so the contagion contribution is
the leading term in Ry (¢, h) and

Ry (t,h) = n*Lxy (t,£)2qu o, KXY (1 4+ 0(1)).

Combining this with yields the first limit in .

If Hxy = Hy, both terms are of the same order and the second limit in follows
immediately by dividing numerator and denominator by h2fv .

If Hxy > Hy, then

Ry (t,h) = vi Ly (t, t)%am, B> (1 + o(1)),
while G x_y (t, h) = O(h?x¥). Therefore

Gx_y(t,h)
RY <t7 h)

This proves . O

Remark 3.13 (Interpretation of the oracle prediction block). Theorem is the time-dynamic
analogue of the pricing threshold from the first paper [29] at the oracle latent-driver level. Tt
shows that, at short horizons, the usefulness of the contagion channel for prediction is governed
by the same exponent comparison Hxy versus Hy: rougher contagion is dynamically visible at
leading order, smoother contagion is dynamically latent at leading order, and the boundary case
mixes the two channels on the same scale.

_ o)y

Remark 3.14 (Size of the leading-order gain). Since ag > 0 and by > 0, one has

b
O<£<1, qg = ag + by.
4H
Thus in the rougher-contagion regime Hyy < Hy, the enlarged oracle filtration removes a
nontrivial but not total fraction of the leading-order prediction risk: the future innovation on

(t,t + h] remains unpredictable even after the past contagion driver is revealed.
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4. OBSERVED-CHANNEL GAUSSIAN REDUCTION

Section [3]identifies the intrinsic prediction threshold once the latent contagion driver is directly
resolved. The present section passes from the latent source driver to an observed Gaussian
source channel and identifies the exact posterior-variance problem induced by observing the
target past alone.

Assumption 4.1 (Observed-channel identifiability). Let Hx € (0, 5) and let Lx satisfy the
same regularity conditions as in Assumption [3.1} Define

_1
K (t,s) o= (t — )X 72 Lx (t, 8)L{p<sct<T}
and the observed source channel
(35) Xobs = / KPs(t,s) dwX, 0<t<T.
For each t € (0,71, let

K3 = L2([0,1]) — L2([0,1])
be the associated Volterra operator

(ICObS / Obs f(s) ds, 0<r<t.
Also, for each t € (0,77, let
Kys: L2(0,4]) = L2([0,4]),  (Kyof)(r / Ky (r,5)f(s) ds.
Assume that both ICObb and Ky, are injective for every t € (0,7].

Remark 4.2 (Interpretation of the identifiability hypotheses). Injectivity of ICC’]DS means that
the observed source channel does not lose first-chaos information about the source driver on
[0,t], while injectivity of y; means that once the contagion component is removed from the
target, the remaining idiosyncratic channel still determines the past Brownian driver W+ on
[0,t]. These are exactly the hypotheses needed to identify the enlarged observed filtration with
the enlarged oracle filtration.

Lemma 4.3 (Closedness of measurable L? subspaces). Let F be a sigma-field on Q. Then
L*(F) := {X € L*(Q) : X admits an F-measurable ver’sion}
is a closed linear subspace of L*(f)).
Proof. Linearity is immediate. To prove closedness, let X,, € L?(F) and suppose that
X, =X inL*Q).
Choose F-measurable versions X,, of X,. Since X, — X in L?(92) as well, there exists

a subsequence (X'nk) converging to X almost surely. The almost-sure limit of F-measurable
random variables is F-measurable, so X admits an F-measurable version. Hence X € L*(F). O

Lemma 4.4 (Gaussian first-chaos criterion). Let {Gq}aca and {Hg}gep be centred Gaussian
families on the same probability space, and let

e =span{G, : a € A}, 9y :=span{Hg: § € B}
be the corresponding closed subspaces of L*(Q). If Hg = Hy, then
0(Go:a€e A)y=0(Hg: € B) mod P.
Proof. Every finite linear combination of the G, is measurable with respect to o(G, : @ € A),
so Lemma [4:3] implies that the closed span $)¢ is contained in
L*(0(Gy : a € A)).
Therefore
o(Hg) Co(Ga:a e A).
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The reverse inclusion is immediate because each G, € H¢, so
0(Gy:a€A)=0(H5).
The same holds for . Hence if H5 = Hp, the two sigma-fields coincide modulo null sets. [

Lemma 4.5 (L?-continuous families and integral spans). Let t > 0 and let G : [0,t] — L?(Q) be
continuous. Then

L2(Q)

spant” @ {G(r) - 0<T<t}—{/f )drs £ € L2(0.1) }

Proof. Every Bochner integral fo f(r)G(r) dr belongs to the closed linear span of {G(r) : 0 <
r < t}, so only the reverse inclusion needs proof.

Fix ro € [0,¢]. Choose a sequence of intervals I, C [0,t] such that ro € I, |I,| > 0, and
|I,] | 0. Let

17,(r)
fu(r) = ==,
| I
Then f, € L*([0,t]) and
1
/ fu(r )dr=— [ G(r) dr.
‘In‘ I
By Jensen’s inequality and L2—c0nt1nu1ty of G at ry,
— [ G(r)dr— / G(r)—G(r dr — 0.
I ) ey ar—ct)| <o [ 166) - ool
Hence each G(r¢) lies in the closed hnear span of the integral family, proving the claim. O

Proposition 4.6 (Single-driver Volterra filtration transfer). Fiz t € (0,7, let B be a standard
Brownian motion, and let

Ki 2 L*([0,1]) — L*([0,1])

be a Volterra operator of the form
(ICef)(r / K(r,s) 0<r<t.
Assume that Ky is injective, and define
Ur::/OTK(r,s)st, 0<r<t.
Assume in addition that r — U, is continuous from [0,t] into L*(Q2). Then
(36) oU,:0<r<t)=0(B,:0<r<t) mod P.
Proof. Let
=[5y aB. re (o).

By Itd isometry, I” is an isometric isomorphism from L2([0,#]) onto the first chaos generated by
{B,:0<r <t}
For f € L?([0,]), Fubini’s theorem for square-integrable stochastic integrals gives

/Otf(r)Ur dr = /Otf(r) /OTK(T,S) dB; dr
_ /Ot (/:f(r)K(r, 5) dr) dB,

=17 (K} f).

Lemma [4.5] therefore gives
span” (U, 0<r <t} =1IF (Ran(K})).
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Because K; is injective, the Hilbert-space identity

Ran(K}) = (ker K;)*
implies

Ran(K7) = L*([0,1)).
Therefore the first chaos generated by {U, : 0 < r < t} equals the first chaos generated by
{B,:0<r <t}. Lemma[f.4 now yields (36). O
Definition 4.7 (Observed-channel filtrations). For 0 <t < T, define

V.= o(Vr:0<r<t), ftx’y = J(Xﬁbs,yrzogrgt).

For 0 <t <t+ h <T, define the observed-channel prediction risks

(37) Ry (t,h) := E[Var(As | 7)),
(38) Rxy (t,h) := E[Var(A, 2, | 7)),
and the associated gain

(39) Gx_y(t,h) :== Ry (t,h) — Rxy(t, h).

Definition 4.8 (Past-state operators). Fix t € (0,T] and write H; := L?([0,t]) and H;” :=
H; & H;. Define the truncated Volterra operators

ICth / Ky 7" 8 dS (ICXYtg / KXY 7“ 8 ) ds
for 0 < r < ¢, and the observation operator
(40) O, : HY — Hy, Ou(f,9) == vy Ky f +1Kxv 9.

Let
/ fls) dWE + / ) dwX

be the isonormal map on H’.
ForO0<t<t+h<T,set

(41) gyen(s) == Ky(t +h,s) = Ky (L, s),
(42) gxvin(s) = Kxy(t+h,s) — Kxy(t,s),
and define the increment test vector
(43) Ve = (Vygvien N9xven) € HY.
Let II; denote the orthogonal projection in H;” onto

Ran(Oy),
and let
(44) INRES IHt@ — I1;.

Remark 4.9 (Interpretation of ¥;). The operator ¥, is the posterior covariance operator of
the hidden two-component past state (I/V[ét]7 W[é(t]) after observing the target past filtration

FY . The exact observed-channel gain will turn out to be the quadratic form of ; against the
past-resolved increment vector 7 j,.

Proposition 4.10 (Exact observed-channel reduction). Assume Assumptions and[4.1 Fiz
0<t<t+h<T and define the past-resolved term
(45) Py =17 ()

and the future innovation

t+h t+h
(46) My, == vy Ky(t+h,s) dWE 417 Kxy(t+ h,s) dWZX.
t t

Then:
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(i)
(47) ApYy = P+ My,
with My, independent of FY and of .7:tX’Y;
(i)
~ t+h t+h
(48) Rxy(t,h) = v} Ky (t+h,s)* ds+n Kxy(t+h,s)? ds;
¢ t

(iii) the target-past first chaos is
(49) span” (DY, : 0 < r <t} = I? (Ran(0}));

(iv) the observed-channel prediction gain is exactly
(50) Gxovy (1) = E|[Var(Pn | )| = ISevealye-

Proof. By the definitions of gy, and gxytn,

t t
Pt,h = Vy/ (Ky(t + h, 8) — Ky(t, 8)) dWSJ' + 77/ (KXy(t + h, S) - ny(t, S)) dWSX,
0 0

S0 follows by splitting the increment Ap); into its past-resolved and future-innovation parts.
The future innovation M, depends only on the Brownian increments on (t,t + h|, hence is
independent of the sigma-field generated by

(Wt wX.o0<s<tl,
and therefore of both F} and .7-"tX v
To prove , first note from Lemma applied to the observed source channel that

7+ X is continuous from [0, #] into L?(Q). Proposition |4.6/ applied to that channel therefore
yields

F =oWX, Y. :0<r<t) mod P.

Hence the past contagion process
ZT:Z/OTKX}/(T,S) dw¥, 0<r<t,
is ftX Y _measurable. Since
Vo= ViknZe Vo [ Ky(ns) awy,

it follows that the full idiosyncratic past process {V, : 0 < r <t} is also .FtX Y _measurable. By
Lemma the map r +— V; is continuous from [0,¢] into L?(£2). Applying Proposition [4.6 to
the channel {V;, : 0 < r < t} and the Brownian motion W+, and using the injectivity of Ky
from Assumption [{.T} we obtain

o(V,:0<r<t)=c(Wt:0<r<t) mod P.
Hence
FY =Wt wX.o<r<t)=6"" mod P.
Therefore P j, is ]:tX ¥ _measurable. Using and independence of M,
Var(ApY; | F°F) = Var(M, 1),

almost surely. 1t6 isometry gives @
For , first note from Lemma [3.11|applied to the two Volterra components of Y that r — ).
is continuous from [0,t] into L?(Q2). For f € Hy,

t t T t r
/0 fr)r dT‘:I/y/O f(r)/o Ky(r,s) dWt dr—i—n/o f(r)/o Kxy (r,s) dWX dr
=17 (07 f),
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where
O; f = (v K1 £,y f)-
Lemma therefore implies that the closed first chaos generated by the target past equals
I?(Ran(O;)).
Finally, because M, j, is independent of FY,

Var(ApY; | FY) = Var(P,y, | FY) + Var(M, ).
Taking expectations and subtracting gives
Gxoy(th) = E[Var(P | 7).
Now P, j, = IfB('yuh) lies in the hidden first chaos I;”(H;’), while the target-past first chaos is
I?(Ran(05)). By Lemma
F, =o(IP(h): h € Ran(Of))  mod P.
Therefore the orthogonal projection formula for Gaussian conditional expectation yields
E(P | F'l = 1P (W),

and hence
E|Var(Poy | F)] = 1Ty = Tvenllfye = 1Z0wmle-
This proves ([50)). O

5. DETERMINISTIC GEOMETRY OF THE OBSERVED GAIN

Section [4] reduces the observable prediction problem to a deterministic distance computation in
the hidden past-state space. The present section makes that distance explicit in both variational
and nullspace form, thereby isolating the exact geometric obstruction that prevents the target
past from reproducing the enlarged oracle gain.

Definition 5.1 (Normal operator and score vector). Fix ¢ € (0, T]. Define the positive self-adjoint
operator

(51) Cr = 0,0F = vy Ky Ky, + 1" KxviKixy,
on H; = L?([0,t]). For 0 <t < t+ h < T, define the score vector
(52) Ten = Oy = Ve Kygyn + 12 Kxyidxvin-

Proposition 5.2 (Variational representation of the observed gain). Assume Assumptions
and[{1l Fix0<t<t+h<T. Then

(53) Gy (t:h) = inf {05 llgven =Kl + Pllaxyin = Kyl lin }
FEquivalently,
(54) Gx_y(t,h) = ||"Yt,h||§{t@ - fsg}]? {20rep, F)m, — Cef fm, }-

t

Proof. By Proposition
Gxoy(t,h) = ||Zt7t,h||§{t@-

_—
Since ¥ is the orthogonal projection onto Ran(Oj) ", this equals the squared distance from ~; j,

to Ran(Of). Therefore
Gy (t:) = nf e — O}y
Using and , we obtain
Ve — OF f = (v (gvien — Ky f), n(gxvien — Ky f)),
which gives (53)).
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Expanding the square,
I = O3 £ = leallZe — 2000 O fiys + 107 £
= H%,hH?{t@ = 2(0veh, fa, + (OO £, fm,
= H’Yt,h”?r{t@ = 2(rtns £, + (Cof s £,
Taking the infimum over f yields . O

Proposition 5.3 (Nullspace representation of the observed gain). Assume Assumptions
and[{1l Fix0<t<t+h<T. Then

(55) ker O; = {(u,v) € HY : vy Kyu +nxy v = 0} .
Moreover,
(56) Gy (t,h) = sup { (v, w) ol w0 € ker Oy, ] o =1}

Proof. Identity is just the definition of the kernel of O;. Because
(Ran(07))t = ker O,
the orthogonal projection ¥; is precisely the projection onto ker O;. Hence
Gxoy(t h) = ”Zt%,hH?{t@B'
For any orthogonal projection P on a Hilbert space and any vector x,
| P2l = sup {|(z,w)|? : w € Ran(P), | =1}
Applying this with P = ¥; and Ran(X;) = ker O, gives (506)). O

Corollary 5.4 (Zero-gain criterion). Assume Assumptions and . FizrO<t<t+h<T.
Then the following are equivalent:

(i) Gx_y(t,h) = 0;

(71) v € Ran(Of);
(iii) there exists a sequence (f,) in H; such that

KY.ifn = gvin NKXyfn = n9gxvin
in Hy.
Proof. By Proposition [£.10]
Gxoy(t,h) = Hzt'Yt,hH?{t@‘
Hence éXHy(t, h) = 0 if and only if ¥ = 0, which is equivalent to v ) € W. This

proves the equivalence of (i) and (ii).
Condition (ii) is equivalent to the existence of f,, € H; such that

O:fn — Vt,h in I{te9
Using the explicit form of Of and 7, this is exactly condition (iii). O

Remark 5.5 (Interpretation of the geometric reduction). Section 4| gave an exact probabilistic
reduction. Section [] turns that reduction into a deterministic geometry problem: the observable
gain is the distance of the increment vector 7; 5 from the subspace Ran(Oy), or equivalently the
energy of its component along the hidden null directions of the target-past observation operator.
Any future asymptotic theorem must therefore identify whether the near-diagonal increment
vector approaches that subspace or retains a nontrivial projection on ker O; as h | 0.
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6. TRANSFER-OPERATOR REDUCTION

The nullspace of the observation operator still lives on the two-component hidden state space
Ht@. Because the idiosyncratic Volterra operator is injective, one can compress that nullspace
onto the contagion component alone. This produces a single closed operator whose graph is
exactly the hidden cancellation geometry behind the observed gain.

Definition 6.1 (Hidden transfer operator). Assume n > 0 and fix ¢t € (0,7]. Since Ky is
injective, its inverse
IC;}S : Ran(le,t) — Ht
is well defined. Define the domain
(57) D(S;) :={v € H;: Kxyw € Ran(Ky4)},
and the transfer operator

(58) St : D(St) C H — Ht, Stv = IC;;ICXYJU.

This is the operator-theoretic form of the observable screening problem. Its Volterra-equation
background is standard [16], while the compactness and graph arguments later in the paper are
carried in trace-ideal terms [26].

Proposition 6.2 (Closedness and graph form of the hidden nullspace). Assume Assumptions
and and let n > 0. Fixt € (0,T]. Then S; is a linear closed operator on Hy, and

(59) ker O; = {(—nStv, v) v e D(St)} .
vy

Proof. Linearity of S; is immediate from the linearity of Kxy; and of IC;/; on Ran(KCy).

To prove closedness, let v, € D(S;) satisfy

Up — U, Sivn, — u
in H;. Since Kxy,; and Ky, are bounded,
Kxvivn = Kxvyv, Ky 1Sivn, — Kypu
in Hy. But Ky;Sivn, = Kxvy,v, for every n, so passing to the limit gives
Kxvv = Ky u.

Hence Kxyv € Ran(Kyy), so v € D(S;), and injectivity of Ky, yields Spv = u. Thus S; is
closed.
Now let (u,v) € H{?. By definition of Oy,

(u,v) € ker Oy <= vyKyu+nKxyw = 0.
Since i > 0, this is equivalent to

Vy
ICXY,tU = — WK:YJU'

Therefore v € D(S;) and

_1 Vy
St’U = ICY’t’CXY,t/U = —WU,

that is,

U= —iStv.
vy

This proves one inclusion in (59). The reverse inclusion is immediate: if v € D(S;) and
u = —(n/vy)Siv, then
vy Kyu + nxy v = —nKySv + nxy,v = 0.

Hence (u,v) € ker O;. O
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Proposition 6.3 (Transfer-operator formula for the observed gain). Assume Assumptions
and[{.1), let n >0, and fir 0 <t <t+h <T. Then
2
(gxvien V) E, — (9vith St0) H, |
2
veD(S)\{0} ol + ISl

(60) Gx_y(t, h) =n?

9

with the convention that the supremum is 0 if D(S;) = {0}.

Proof. 1f D(S;) = {0}, then Proposition |6.2| gives ker O, = {0}. Proposition [5.3| therefore yields
éx_w(t, h) = 0, which agrees with the convention in (60)).

Assume now that D(S;) # {0}. By Proposition every nonzero vector in ker O; can be
written uniquely as

Wy = <—n8tv, v) , v € D(S) \ {0}

Its norm is

2 772 2 2
(61) lwollze = @\IStUIIHt + [loll%, -
Using ,

(e, wo) o = <<’/Y9Y,t,h7779XY,t,h)a <_V://Stv7 U>>

®
Ht

(62) = 77(<9XY,t,h, V)i, — {9yt St”)Ht>-
Applying Proposition and parametrising unit vectors in ker O; by w, /||w,|| HE gives
’<7t,h7 U}’U>}[tEB |2

C~¥X_>y(t, h) = sup 5
vED(S:)\{0} [y ||er9

Substituting and yields . O

Corollary 6.4 (Transfer-operator zero-gain criterion). Assume Assumptions and let
n>0,and it 0 <t <t+h<T. Then the following are equivalent:

(i) Gx—y(t,h) =0;
(ii) for every v € D(S),
(63) (9xVt.hs V) H, = (GYith, StV) Hy
(iii) for every (u,v) € ker Oy,
(64) vy {9yt W H, + 1(IX Y805 V) H, = 0.

Proof. 1f D(S;) = {0}, then Proposition gives Gx_y (t,h) = 0, and both (ii) and (iii) are
vacuous. So suppose D(S;) # {0}.

By Proposition Gx_y(t,h) =0 if and only if
(9xv,t,hs V) H, — {9Vt 0> StV)H, = 0

for every v € D(S;), which proves the equivalence of (i) and (ii).
For (ii) versus (iii), Proposition [6.2] says that every (u,v) € ker O, is of the form

(u,v) = <—Vz/$tv, v)

with v € D(S;). Substituting this identity into gives exactly (63)), so (ii) and (iii) are
equivalent. O

Remark 6.5 (Interpretation of the transfer-operator reduction). The operator S; maps a contagion-
side hidden direction into the unique idiosyncratic hidden direction that cancels it in the target
past. Thus the observable gain is controlled by a single mismatch functional,

v = (gxvth, V) H, — (9y.t.h StU) H,,
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on the graph domain of S;. The asymptotic analysis therefore reduces to the near-diagonal
action of Sy on the singular increment profiles gy, and gxy n-

7. GRAPH-SPACE BLOW-UP FOR THE UNBOUNDED REGIME

The bounded-transfer case describes the situation in which the cancellation operator acts on
all of H;. In the expected rougher-contagion regime, however, the transfer operator should be
unbounded. The correct ambient space is then the graph space of S, and the first step is to
rewrite the observable gain as the dual norm of a graph-space functional. The second step is to
identify the universal near-diagonal profiles carried by the increment kernels themselves.

Definition 7.1 (Graph space and graph functional). Assume 7 > 0 and fix t € (0,7]. Let

®t = D(St)
equipped with the graph inner product
2
(65) (v, W)e, := (v,w)p, + Z—Q(Stv,Stw>Ht, v, w € Gy
Y
For 0 <t <t+ h <T, define the graph functional
(66) Fin(v) = (gxv,t.h V), — (9Vt.hs St0) H, v € Gy

Proposition 7.2 (Exact graph-space dual formula). Assume Assumptz'ons and let n > 0,
and fir 0 <t <t+h <T. Then:

(i) (&, (-,)e,) is a Hilbert space;
(i1) Fip is a continuous linear functional on &;;
(iii) the observed gain satisfies

(67) Gx oy (th) = || Finllss: -

Proof. Because S; is closed by Proposition its graph is closed in H;”. Therefore the graph
norm

2 2 n 2
llle, = llvllz, + 5 ISl
Y
makes &; into a Hilbert space, proving (i).
For v € &, Cauchy—Schwarz gives

|Fen() < llgxvenllmlvla, +llgyenlm Sl

) el

vy
< (HgXY,t,hHHt =+ ?HQY,t,h

so Fip € &}, proving (ii).
Finally, Proposition [6.3| states that

~ Fo (v 2
GX—>Y (t? h) = 772 Sup | tjh(g )|
ve®G\{0} ”UHQﬁt
which is exactly (67)). This proves (iii). O

Definition 7.3 (Dilation and universal profile). For t € (0,7 and h € (0, ], define the dilation
map

(68) (Denf)(u) = hM2F(t — hu)ligmy(u),  u>0,

from L2([0,]) into L*(R4).
For H € (0,1), define the universal profile

(69) V) = 1+w) 2z —uf2,  u>o0,
viewed as an element of L?(Ry). This is legitimate by Lemma
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Lemma 7.4 (Dilation isometry). Fizt € (0,T] and h € (0,t]. Then Dyp, : Hy — L*(R4) is a
linear isometric embedding. More precisely, for every f,g € Hy,

(70) (Denf,Deng) 2w,y = (f,9) 1,
Proof. Linearity is immediate. For f,g € Hy, the change of variables s =t — hu yields
t/h
(Dinf, Deng) 2,y = h f(t — hu)g(t — hu) du
. / s
>Ht
This proves ([70)). O

Proposition 7.5 (Universal profile limit for the increment kernels). Assume Assumption .
Fizt € (0,T) and let i € {Y,XY}. Define

(71) i =h""Dypgivn € L*(Ry), O0<h<t.
Then

(72) Gith — Li(t, 1), in L*(Ry)

as h 0.

Proof. Fix i € {Y, XY}, write H := H;, L := L;, and set o :== H — % € (—%,0). For u € (0,t/h)
one has

Gian(u) = W~ (Kt + hyt — hu) — Kit ¢ — hu))

(73) = (14 u)®L(t + h,t — hu) — u®L(t,t — hu).
Also, g +.n(u) = 0 for u > t/h.
Let
up = Y2,
We split

”./g\i,t,h - (t t)wHHLz(]R ) near + 2Ifar + ZItall
where

I '—/ Gitn (1) — L(t, )y (w)]* du,

far .__ t/h
LY = G0 (u \du
u

h

1= D0 [ () d

Uh

Near-diagonal region. For u € [0, up], one has 0 < hu < h'/2. Since L is C* near the diagonal,
there exists C' < co such that

|L(t + h,t — hu) — L(t,t)| + | L(t,t — hu) — L(t,t)| < C(h + hu) < 2Ch*/2.
Hence by ,
it h(w) = Lt ) Yn (u) = (14 u)* A p(u) — u®Ag p(u),
with [Ay g (u)] 4 |Agp(u)| < 2ChY2. Therefore
|Gien(w) — Lt t)bg (u)| < CRY2((1 4 u)® + u®),
and so

Inear < h/ 2H 1 +’LL2H_1) du = O(hl—H) — 0.

Far region. Since hY/2 > h for 0 < h < 1, Lemma yields a constant C' < oo such that for
all sufficiently small & and all s € [0, — h'/?],

|Ki(t + h,s) — Ki(t,s)| < Ch((t — S)H—g (- S)H_%)_
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Since u — t — hu maps [up,t/h] onto [0,t — h'/?], it follows that
f th 2
e I
up,
t—h1/2 9
— p2H / (K;(t+ h,s) — K;(t,s))" ds
0

t—h1/2
< hz—zH/O ((t— )23 4+ (t — )271) ds
= O ") + O(n* %) — 0.
Tail of the limit profile. Since vy € L*(R,) by Lemma one has
0  ashlo.
Combining the three terms proves . U

Corollary 7.6 (Profile pairing limit). Under the assumptions of Proposition for every
¢ € L*(R.) one has

(74) (it D) 2,y — Li(t,t) (Vm;, 0) 2wy
as h 0.
Proof. This is immediate from the L? convergence in Proposition O

8. FRACTIONAL MODEL CANCELLATION

The profile block identifies the raw singular shapes carried by the increment kernels. This
section determines which operator can cancel those shapes at leading order in the expected
unbounded regime. On the tangent half-line, the natural candidate is a fractional derivative
of order Hy — Hxy. The aim here is not yet to prove that the true transfer operator has that
blow-up, but to isolate the exact model cancellation identity that any such blow-up must satisfy.

Definition 8.1 (Liouville-Weyl fractional derivatives). Let 5 € (0,1). For ¢ € C2°(R), define

(75) ®L0)a) = sy | @~ o)
(76) ®0)e) =~y as |, @) e

We extend @i to distributions by duality:
(77) @1U,¢) = (UD%¢), UeD(R), ¢ecCIR).
Finally, for a € R, let 7, denote translation by

(Taf)(2) = f(z + a).

Lemma 8.2 (Adjointness and translation invariance). Let § € (0,1).
(i) For every f,g € C(R),

(78) [@1D@g(a)de = [ @)@ g)(x)do.
(ii) For every a € R and every f € C°(R),
(79) DL (7af) = 7a(DLS):

Proof. For f € C>(R), set

O D@ = g [ @ =0 ) d
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so that @if = (ﬁi_'gf)’. Likewise, for g € C2°(R),
(9@ = w [ =0 () d
)= ——— - ,
g ra-p /) W 9(y) dy
so that 97 g = —(317g)".
Because f and g are compactly supported, 3}[5 f and
vanish at +o0o. Hence integration by parts gives

[ @ @) de == [ @)@ @) da
1 z _ ,
= _M/R/oo(m — )P f(y)g (z) dy da.

Fubini’s theorem applies because the integrand is absolutely integrable. Therefore

[@ @)z =~z [ 1) ([~ =0 g @y o)

After the change of variables x = y + r,
1

r1-2)
so the last display equals

L0 0 @) dy= [ 1)@ 9)w) dy.
R R

jl__Bg are absolutely continuous and

/ Y@ — )P () dr = jy(ﬁl—ﬁgxy),

which proves .

For translation invariance, let a € R. A change of variables gives

@)@ = s o [ @ ta-2) () ds
+\Ta T T(1-B)dr J o
= (@11 ().
The proof for D7 is identical.
By duality, extends from test functions to distributions. (|

Proposition 8.3 (Fractional derivative of the one-sided power kernel). Let H € (0,3) and
B € (0,H+ 3). Define

-1
(80) kg(x) =2, 2, z e R.
Then, in D'(R),

I'(H+3)
81 Dk =— 20 k4

Proof. Write \ := H + % € (0,1). For x < 0, both sides of are zero. For x > 0, one has
~1-8 _ 1 / * —B. A1
I Pkp)(x) = =——— T — d
A1
=0 1—r) %A Ldr
A
_ T s
F'A+1-75) '
by the Beta-function identity. Differentiating yields
_ Y asr L(H + 3) LB
(A —B) L(H—B+3)
Both sides are locally integrable on R, so the almost-everywhere identity extends to the distribu-
tional identity . O

(@ k) (x) 3, x> 0.
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Proposition 8.4 (Exact fractional cancellation of the universal profiles). Assume
0< Hxy < Hy < 3, B := Hy — Hxy € (0, Hy).
Fiz t € (0,T) and define the model transfer coefficient

L LXy(t,t) F(HXY + l)
(&2) = Lol THy 1)

For ¢ € C°((0,00)), set

(83) (TE99) (u) == ¢, (@7 ¢)(w),  u> 0.
Then for every ¢ € C°((0,00)),
(84) Ly (6 0) Wbty - ) 2y = Ly (0:0) (o TER9) -

Proof. For H € (0, %) and u > 0, gives
Yr(u) =ku(u+1) —kp(u) = ((n — Dkg)(u),
with kg as in (80). By Proposition and the translation invariance from Lemma
DﬁwHy = (11 — I)@ﬁk}[},
B I'(Hy + %)
I'(Hy — 5+ %)

I'(Hy + %)
= 1 dJHXY
1—\(I{XY + 5)

(Tl - I)kHY*ﬁ

in D'((0,00)).
Now let ¢ € C2°((0,00)). Since ¢ is compactly supported away from the boundary, P ¢ €

L?(R,). Hence the first and last pairings below are ordinary L? integrals, while the middle one
is distributional. Using the duality ,

- Ct<wHy 5 ©€¢>

= (D Yu,, 0)
F(Hy + %
INHxy + %)

_ Lxy(t,1)
= m(¢nya 2R,

<¢Hy, 7;Ié°d¢>

L2(Ry)

=Ct <wHXY7 ¢>L2(R+)

which is exactly . O

Corollary 8.5 (Vanishing of the model leading functional). Under the assumptions of Proposi-
tion define

(5)  FUO) = Ly (60 Diage,) — Dy () (v TH00) L
for ¢ € C2°((0,00)). Then
fglﬁod((p) =0 for every ¢ € C°((0,00)).

Proof. This is exactly Proposition O
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9. DIRECTIONAL CANCELLATION UNDER FRACTIONAL BLow-UP

The preceding model analysis identifies the only plausible leading-order cancellation law. The
present section transfers that identity to the original graph functional along localized smooth
profiles. The conclusion is therefore directional rather than uniform over the graph unit ball.

Definition 9.1 (Localized profile lift). Fix t € (0,7) and h € (0,t]. For ¢ € L?(R.), define
_ t—s

Lemma 9.2 (Dilation-lift duality). Fiz t € (0,T) and let ¢ € C°((0,00)). Then for all
sufficiently small h > 0 such that supp(¢) C (0,t/h), one has:

(i) Lend € Hy and
1Lendlla, = 9llLe®,);
(ii) for every f € Hy,

(87) (f, Lond) i, = (Denf, O r2m,);
(iii) for eachi € {Y, XY},
(88) WG Lon®) e = (Gitns B) 12 (R, )-

Proof. Choose h > 0 so small that supp(¢) C (0,¢/h). Then

2 t -1 t—s\? t/h 2 2
ILendll, = [ B |6 ds = [o(w)|” du = [9ll72r )
0 h 0 +

because ¢ vanishes outside (0,¢/h). This proves (i).
For f € Hy, the change of variables u = (t — s)/h gives

(f, Lend)m, = /tf(S)hl/%(T) ds

0

t/h
= /0 RY2f(t — hu)p(u) du
= (Dinf, ®) r2ry)s
which proves (ii). Finally, substituting f = g; ;5 into and using yields (iii). O
Definition 9.3 (Localized fractional blow-up at time ¢). Assume
0< Hxy < Hy < 3, B :=Hy — Hxy.

We say that the hidden transfer operator has localized fractional blow-up at time t if, for every
¢ € C°((0,00)), there exists hy € (0,t] such that

Lino € D(Sy) for all 0 < h < hy,

and
(89) WDy (SiLind) — TP%¢  in L*(Ry)
as h | 0.

Theorem 9.4 (Directional leading-order cancellation). Assume Assumptions and let
7 >0, and fixrt € (0,T). Suppose

0<ny<Hy<%

and that S has localized fractional blow-up at time t in the sense of Definition[9.3. Then for
every ¢ € C2°((0,00)),

(90) WY By (Long) — 0 as h 0.
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Proof. Fix ¢ € C2°((0,00)) and let h > 0 be small enough that £, ,¢ € D(S;). Set
Vp, 1= [,t’hgf), Zh = hﬁ'Dt’h(Sﬂ)h) € LQ(R+).
By , Lemma and the identity Hxy = Hy — §3,

WY Fyn(on) = K™Y (gxevns on) i, — B (gyin, Ston) m,

—Hy+5<

= (Gxvith Q) r2ry) — I 9Y.t.h> StUR) H, -

Applying Lemma to the second term and using the definitions of gy, and zj, gives

therB <gY,t,h7 StUh>Ht = <h*HYDt,h9Y,t,h, h'BDt,h(StUh)> 9

LRy (Gvt.hs 20) 12 (R,

SO
WY Fy(on) = (@xvien O) r2m.) — Gvins ) 2R, )-
By Corollary
(Oxvien O 2wy — Lxy (6,0 (WHyy s O) 2y )-

Also, Proposition gives

Gvien — Ly (6, ), in L*(Ry),
while Definition [0.3] gives

zp — 7?7%0(1(;5 in L*(R,).
Since (2,) is therefore bounded in L?(R),
[(@Gv,ens 2n) L2(m ) — Ly (6,0 @y, TO) 12 )|
<|gvitn — Ly (&, )%y | L2r oy 120l L2 ()

+ Ly (t, O)l1vay 2@ l2n — TEE 4l 2R, )

and the right-hand side tends to 0. Hence

<§Yﬂf7h’ Zh>L2(]R+) — Ly (t,1) <1/}HY7 7Z%Odgb>L2(]R_~_)'
Applying Proposition to the limiting terms gives . O

10. UNIFORM SUPPRESSION FROM NEAR-DIAGONAL COERCIVITY

Directional cancellation alone does not control the graph-space supremum in Proposition [7-2}
A first uniform theorem can nevertheless be obtained from an independent coercive input: if
graph-unit vectors cannot concentrate too much L? mass inside the h'/2 boundary layer near
t, then the rough contagion increment loses its oracle scale uniformly. The far part of that
increment is already of higher order and needs no additional structure.

Definition 10.1 (Near/far localization on Hy). Fix t € (0,7) and h € (0,t]. Define the
orthogonal projections

(91) AR )(s) := ()L sz g (s),
(92) (IE51) (5) == f ()10, 1—pr/ey (3),
for f € H; = L?([0,1]).

Lemma 10.2 (Far-zone estimate for the increment kernels). Assume Assumption . Fiz
t € (0,T) and leti € {Y,XY}. Then

1+H;

(93) L85 Gi el 11, = O(R >

) as h | 0.
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Proof. Write H := H;. By Lemma there exist constants C' < oo and hg € (0, ¢] such that
for all 0 < h < hg and all s € [0, — h'/2],

i (s)| < Ch((t — )72 + (t — 5)12).

Therefore
; t—hl/2
Ifganlie = [ louen(s)ds

t—ht/2
< h2/ ((t — )73 4 (t — 5)?H 1) ds.
0

With the change of variables u =t — s, this becomes

t

Ihgienls S B2 [ @20 4 a2) du.
’ hl/2

Since H € (0, 1),

t t
/ w73 du = O(RH 1), / w1 du = 0(1),
hl/2 hl/2

and hence
1T gi.0nll7, = OB ) + O(R?) = OB ),
Taking square roots proves , -

11. EXACT VOLTERRA LOCALIZATION OF THE TRANSFER OPERATOR

The boundary-layer mechanism is still phrased through abstract cutoff and blow-up hypotheses.
The Volterra structure lets us replace part of that abstraction by exact local operators. Because
the transfer operator is causal, right-end boundary cutoffs are automatically stable in graph
norm. After local dilation to the unit interval, the true transfer operator induces a rescaled
family whose kernels converge to the frozen fractional model, reducing the analysis to a concrete
local transfer convergence problem.

Definition 11.1 (Boundary-layer subspace and unit-interval dilation). Fix t € (0,7, « € (0,1),
and h € (0,t]. Define the boundary-layer subspace

Hyjy'e = {f € Hy:supp(f) C [t — A% ¢]}.

Let
E = L*([0,1]).
Define the unit-interval dilation and lift by
(94) (DS f)(w) == h2f(t - h®w),  0<u<l,
a o t—s
(95) (Lg,h)gi))(s) = h /2¢< ha ) 1[t*ho‘,t](8)7 O S S S t,

for f € Hyj%, and ¢ € E.

Lemma 11.2 (Unit-interval dilation isometry). Fizt € (0,7), o € (0,1), and h € (0,t]. Then
DY) BN E

is an isometric isomorphism with inverse Lga). In particular, for every f € H" and ¢ € E,

(96) 1D 5 = 1112,
(97) (LS, = (D) f. 8.
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Proof. The change of variables s =t — h®u gives

1 t
D511 = [ helse—renfde= [ p)Rds = 171

because f is supported in [t — h®,t]. The same change of variables gives . It is immediate
from the definitions that Dﬁ)ﬁﬁ) = Ig and Eg?l)ﬁ) =1 on Hfza; O

Proposition 11.3 (Support preservation on boundary-supported inputs). Assume Assump-
tions [3.1] and [4.1), let n > 0, fix t € (0,T), let @ € (0,1), and set a :=t — h*. Ifw € &,
satisfies

supp(w) C [a, t],
then

(98) supp(Siw) C [a, t].
Proof. Let w € &, satisfy supp(w) C [a,t], and set u := S;w. Then
Kyiu = Kxy,w.
Because w is supported in [a, t], the Volterra form of Kxy yields
(Kxytw)(r) =0 for 0 <r <a.

Hence
(Kyu)(r) =0 for 0 <r <a.
Equivalently,

/ Ky (r,s)u(s)ds =0 for0 <r<a.
0

This means exactly that the truncated operator Ky,, annihilates u][o,a]. By Assumption
Ky,q is injective, so uljg, = 0 almost everywhere. Therefore holds. U

Definition 11.4 (Frozen right-sided Volterra model on the unit interval). For H € (0, 3), define

(99) @uo)w) = [ w=w)Tto@dv,  0<u<l

for ¢ € E = L*([0,1]).

Definition 11.5 (Localized exact Volterra operators). Fix t € (0,7), « € (0,1), h € (0,¢], and
i € {Y, XY}. Define the operator

Q»[i’tJL’a EF— F
by

(100)  (Qiznad)w) = [ - WP L — Bt — Beo)e) do,  0<u<l.

Proposition 11.6 (Exact localized representation and frozen-kernel limit). Assume Assump-

tion[3.1 Fizte (0,T), a € (0,1), and let i € {Y,XY}. Then:
(i) for every ¢ € E,

(101) Dﬁ)l@,tﬁgf’,% = hM;
(ii) there exists C < 0o, depending only on t,a,i, such that
(102) Hmi,t,h,a - Ll(ta t):JHl H,C(E) S Ch”

for all sufficiently small h > 0.
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Proof. Fix ¢ € E and write £ = EEC,?, D= D,EC;L). For0 <u <1,

t—h%u t—s

(DK 1L6)(u) = h*/? /

Ki(t — h%u, s) ha%(
0

h_Oé ) 1[t7ho‘,t}(8) dS

_ho he
With the change of variables s =t — h®v, this becomes

_ pa/2 t=hu _pa,,  NHi—i7 4 o —a/2 t—s
=h (t —h%u—s)""2L;(t — h®u,s)h 0] ds.
t

(DKt LP)(u) = pot /l(v — u)Hi*%Li(t — h%u,t — h®v)¢(v) dv

= ROHi (A 4 o) (1),

which proves ((101])
To prove (102)), note that the difference kernel is

1
Righalu,v) = (v —u)72 (Li(t — b, t — h*v) — Li(t, 1)) 1{o<u<p<1}-
Because L; is C' near the diagonal, there exists C' < oo such that
|Li(t — h%u,t — h®v) — L;(t,t)] < Ch® for0 <u<wv<1.

Hence )
| R t,ha(u,v)] < Ch* (v — U)Hi_gl{OSuSvSI}'

1 v
/ / (v —uw) it dudv < 0o
0o Jo
for H; > 0, the Hilbert—Schmidt norm of the difference is O(h®). This implies (102)). O

Definition 11.7 (Exact local transfer family). Assume Assumptions and let n > 0, fix
te (0,7), a € (0,1), and h € (0,t]. Define
ik, = Di5) (8N HYS%) C E.
The exact local transfer operator is
(103) T 1O CE B, Typae:=h W -H)pls, £y,

Proposition 11.8 (Exact localized transfer identity). Assume Assumptions and let
n>0, firte (0,T), a€(0,1), and let h > 0 be sufficiently small. Then:

(1) Tt ha is a well-defined closed operator on E;
(i) for every ¢ € G5,
(104) Ayt ha(Tehad) = Axyihad.

Proof. Well-definedness follows from Proposition [11.3} if ¢ € &2?" | then w := 5570,2)@%) e 6N

t,h,a
HPS™  so Sw € HYS™ and DY) Syw € E.
To prove closedness, let ¢, = ¢ in E' and Ty p o¢n — ¢ in E, with ¢, € &35, . Applying the

isometric lifts gives

Since

Wy, 1= £i(f;l)¢n — W= ﬁéo/;% in Hy
and
poHy —Hxy) Gy — L‘ﬁ)%,h,a% — ﬁg?;l)w in Hy.

Since S; is closed, w € &; and Ay —Hxy)Sp = Ego,‘l)w. Since w = [I,EO;Z)Q one already has
w e HYS™ 50 ¢ = DiYw € &5 and Typa¢ = . Thus Ty q is closed.
Now let ¢ € &%, and set w := £§§‘L)q§. Set
p:=Hy — Hxy.

By definition,
ICy,tStw = ICXy’tw.
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Applying Proposition to both sides and using Hy — Hxy = [ gives
YAy (Dﬁ)é}w) = h YAy ha (Dt(f;?w)
= RHXY Ayt oo
Multiplying by h®8—aHy = p=aHxy yields
QlYtha(h BD( )Stw) QlXY,t,h,a¢7
which is exactly . O

Definition 11.9 (Finite-interval right fractional integral and derivative). For A € (0,1) and
¢ € E = L?([0,1]), define

1 1
(105) (32 10)(u) = F(A)/u (v—uw)lpw)dv, 0<u<l.
For g € (0,1) and ¢ € C2°((0,1)), define
(106) (©° 16)(u) = —% {ml_ﬂ) /:(v _u)yPew)dv|, O<u<l.

These are the standard right-sided Riemann—Liouville operators; see Samko, Kilbas, and
Marichev [25, Ch. 2].

Lemma 11.10 (Unit-interval semigroup and injectivity). Let A, € (0,1) with A + p < 1.
(i) For every ¢ € E,

(107) AT 0=,
(ii) For every H € (0, ) the operator g of Definition satisfies
~ 1\ .=
(108) JH—F(H"i’z) j%

and s injective on E.

Proof. Let ¢ € E. For almost every u € [0, 1], Fubini’s theorem gives

(3)‘ gt 19)(u) / / (r —u) v — )" Lo (v) dv dr

:I‘()\)IF(,u)/u </u (r —u)* (v —T)“_ldr) ¢(v) dv.

With r = u + (v — u)f, the inner integral becomes

(’U - u)/\—l-,u—l Al 9)\—1(1 _ 6));1,—1 do = (U _ u))\—l-u—l?((i)—l;(:j)) )

Substituting this identity proves ((107]).
Identity (108]) is immediate from the definitions with A\ = H + % To prove injectivity, let

Jud =0. Set)\ = H + 3 € (0,1). By (10g),
3 9=0.
Applying with g =1— A yields
I e=3" 9=0.
But .
@)W = [ o v,

so differentiating almost everywhere gives ¢ = 0 almost everywhere. Thus Jp is injective. [
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Definition 11.11 (Frozen transfer operator on the unit interval). Assume

O<ny<Hy<%, ﬁ::Hy—ny.
Fix t € (0,T). Define the domain
(109) D(EN) = {p € E: Jpy, ¢ € Ran(Jm, )},

and the frozen transfer operator

Lxy(t,t) .1 ~

(110) TDE)CE=E U= I S ¢

Proposition 11.12 (Finite-interval fractional representation of the frozen transfer). Assume
0< Hxy < Hy <1, B := Hy — Hyy,
and fix t € (0,T). Then:
(i) for every ¢ € D(TI),

(111) Ly (t,6)3 1, (T1'6) = Ly (t,1)Jbyy ¢
(ii) for every ¢ € C°((0,1)),
(112) o=, 07 10,

where ¢; is the coefficient from ;
(iii) if ¢ denotes the zero extension of ¢ € C°((0,1)) to R, then

(113) Qé,ﬁb = (®€$)|(0,1)'

Proof. Part (i) is exactly the definition of TI' and injectivity of Jg,, from Lemma [11.10
For part (ii), let ¢ € C2°((0,1)) and set
b=, D7 1.

Since ¢ is compactly supported away from the boundary, 1) € E. Using (108)), the semigroup
identity (107)), and the left-inverse property

d
~L—B~ ~1 ~
WP =0ty 0= ae,

we obtain

H~y 4L H 1
I8 o =30,

Multiplying by the Gamma factors gives

- 1\ ~Hy+1
Ly(t,t)‘iji/J = Ly(t,t)ctr <Hy + 2) JiY 233?71(?

1 1
= LXy(t,t)F<HXY + 2> 3Ij§Y+2
= Lxy (t,t)Jtyy ¢-

By part (i) and injectivity of Jg, , this proves (112)).
For part (iii), if ¢ is the zero extension of ¢, then for u € (0, 1),

p(ll_ﬁ) /:O(U —u) Pg(v) dv = P(ll_ 5) /ul(v —u)Pg(v) dv.
Differentiating yields . O
Proposition 11.13 (Weak local convergence under a uniform local bound). Assume Assump-
tions and letn>0, firt € (0,T) and a € (0,1), and suppose
0< Hxy < Hy < 3.
Let ¢ € C((0,1)). Assume that:
(i) ¢ € &5, for all sufficiently small h > 0;
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(it) there exists Cy < oo such that

(114) [Fthadlle < Cy
for all sufficiently small h > 0.
Then

(115) Tihat® — T weakly in E = L*([0,1])
as h | 0.

Proof. Let hy | 0. By (114]), the sequence (%, o¢) is bounded in E, so after passing to a
subsequence we may assume

t hna® — U weakly in F
for some ¢ € F.
By Proposition [T1.§]
QlY,uhn,a (St,hn,agb) = Q‘Xy7t7hma¢-

The right-hand side converges strongly in F to

Lxy (t,t)3Hxy @
by Proposition [I1.6] On the left-hand side, decompose

Ayt o (Tt hn,a®) = Ayt hpa — Ly (60T 1y ) (Tt by a®)
+ Ly (6, )38y (Tehnad)-

The first term tends to 0 strongly in F because (102]) gives operator-norm convergence and the
sequence (% p,. o¢) is bounded in E. Therefore

Ly (t, )3ty (Tt hn.a?) — Lxy () Jryy @ strongly in E.
Since Jp, is bounded on E, weak convergence of T 3, ¢ implies
Jiy (Zthn.a®) = Iy ¥ weakly in F.
Because the same sequence converges strongly, its weak limit must equal its strong limit, so
Ly (t, )3y = Lxy (t, 1) I by O-
By Proposition (1) and injectivity of Jg, , this implies
Y =3¢
Thus every weakly convergent subsequence has the same weak limit, and follows. O

Definition 11.14 (Local and frozen graph norms). Assume Assumptions [3.1] and let n >0,
fix t € (0,7), let « € (0,1), and suppose

0< HXY < Hy < %
For h > 0 sufficiently small and ¢ € &3, define

2
n
(116) IllG0e = 181IE + ~5 [Tt n,adllE-
t,h,a I/Y

For ¢ € D(TI), define
2
n T
(117) I8l13e = llll% + @ll‘fi SlI%-

Proposition 11.15 (Weak graph compactness of the exact local transfer family). Assume
Assumptions and[{.1] let n >0, fir t € (0,T) and o € (0,1), and suppose

0< Hxy < Hy < %
Let hy, | 0 and let
Pn € Oy a
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be such that

(118) sup ||on||goe < 0.
nZl t,hn,x

Then there exist a subsequence, still denoted (¢y,), and some

¢ € D(T})
such that
(119) On — & weakly in F,
(120) T hnabn — TG weakly in E.
Moreover,
(121) 9l < liminf 6l

Proof. By ([118) and Definition [11.14] both sequences (¢,,) and (% p,, o¢n) are bounded in E.
Since F is a Hilbert space, after passing to a subsequence we may assume

¢n - ¢a ‘It,hn,oﬂsn - 77[) Weakly in £
for some ¢, € F.
By Proposition
Ayt b o (Zthn,a®n) = AxV.ih.aPn
We claim that
(122) AXY it haPn — Lxy () Iuyy @ weakly in E,
(123) QLY,t,hn,oz ((Zt,hn,a¢n) — Ly(t, t):ijl/J Weakly in F.
Indeed, by Proposition [11.6
Axy it hno = (Axvithna — Lxy ()T myy ) + Lxy () Iryy

where the first term converges to 0 in operator norm by (102]). Because (¢,) is bounded in
E, the contribution of the first term converges strongly, hence weakly, to 0; the second term
converges weakly to Lxy (t,t)Jm, ¢ because Jp, is bounded on E. This proves (122]). The

proof of (123) is identical.
Passing to the weak limit in the exact identity therefore gives

Ly (t,t)3my ¥ = Lxy () IHyy -

Since Ly (t,t) > 0 by Assumption this shows that Jp,, ¢ € Ran(Jp, ), hence ¢ € D(TI) by
Definition [11.11] By Proposition [L1.12(i) and injectivity of Ju, ,

v =0,
This proves (119)) and ((120]).

Finally, weak lower semicontinuity of the norm in E yields
.. £ ..
olle <lminf[¢nlz, %0l = [[¢]e < lIminf [T 5, odnlle-
Squaring both inequalities, adding them with weight 1%/ 1/52/, and using
lim inf(a,, + b,) > liminf a,, + lim inf b,,
n—oo n—oo n—oo
for nonnegative sequences gives
2 o 2
||¢||®£T < hnIgloIéf ||¢n||q5i0,clncx

Taking square roots proves ([121)). O
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Corollary 11.16 (Unit local graph balls converge to the frozen graph). Under the assumptions
of Proposition let hy | 0 and let

Pn € (‘5?,%&:,&
satisfy
HQZ)nH@iO}clna S 1 fOT’ every n.

Then some subsequence converges weakly in E to an element

¢ € D(T})
with
6l < 1.
Proof. This is Proposition [11.15( with sup,, H¢"H®}fﬁn,a <1 O

Definition 11.17 (Local graph recovery core). Assume Assumptions and let n > 0, fix
t € (0,7) and « € (0,1), and suppose
0< HXY < HY < %
A linear subspace
Cio C D(TM)
is called a local graph recovery core if:
(i) Cto is dense in D(TI) with respect to the frozen graph norm || - Heﬁgr;
(ii) for every ¢ € Cyq, there exists hy € (0,t] such that
¢ € &5 for all 0 < h < hg;

(iii) for every ¢ € Cya,

(124) 1%t hat — Trllg — 0 ash]O.

Theorem 11.18 (Recovery sequences from a local graph recovery core). Assume the hypotheses
of Proposition and suppose that there exists a local graph recovery core Cy o in the sense

of Definition[11.17. Let hy, | 0, and let
¢ € D(TY).

Then there exists a sequence
near
¢n e ®tvhn70é

such that
(125) |én — llz — 0,
(126) I1Zehsabn — T 0lE — 0,
and consequently
(127) H(Z)”H@?ﬁn,a — |8l gt
Proof. By Definition [I1.17|(i), choose a sequence
Ym € Cra, m > 1,
such that
(128) [Ym = @llg + | THwm — THolp <27 for every m > 1.
For each m, Definition [11.17](ii)(iii) yields a number 7,, € (0,] such that for every 0 < h < 1y,
(129) Ym € B and [ Tenathm — T mlle <27

After shrinking if necessary, we may assume that (7,,) is nonincreasing.
For each n, define
m(n) :=max{m € {1,...,n}: h, <nn}.
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This set is nonempty for all sufficiently large n because h,, | 0 and 71 > 0. Moreover, m(n) — oo:
for every fixed M, one has h,, < ) for all sufficiently large n, hence m(n) > M eventually. Set

On = @Z}m(n)
for all sufficiently large n, and define the remaining finitely many terms by ¢, := 0. By

construction, ¢, € By | for every n.
b k)

Using ,
lén = &l = ¥m@m) — dlle < 27" — 0,
which proves (125)). Likewise, by and ,
It hnadn = T OB < |Fehnatmin) — T vmm |2
+ 1T Yy — T ¢l
< g7mn) L g=mn) 0,

which proves (|126)).
Finally,

Iule = I0llE,  Tth,adnle = 1T 6lE,
by (125)) and (126]). Substituting into Definition [11.14] and (117)) proves (127]). O

Corollary 11.19 (Sequential Mosco convergence of the local transfer graphs). Assume the
hypotheses of Theorem [11.18. For h > 0, define the graph

Il = {(6.Tihat) € B} C Ex E,
and define the frozen graph

Iy = {(6,%¢) : ¢ € D(T)}.

loc

thy .o CONVETgE tO I in the sequential Mosco

Then along every sequence hy, | 0, the graphs T’
sense [22]:
(1) if (bns Tt hp,aPn) € F}fﬁma s bounded in E x E, then some subsequence converges weakly
in E X E to an element of F{r;
(ii) every (¢, T ¢) € T admits a sequence (Dn, Tt ha®n) € F}f”ﬁma converging strongly in
E x E to (¢, % o).
Proof. For item (i), boundedness in E x E implies boundedness of H(ﬁanjmma by Deﬁnition
Proposition therefore gives a subsequence and a limit ¢ € D(‘Z?) such that

b0 — & Fihabn — T

weakly in E. This is exactly weak convergence in E x E toward an element of T'fT.
Item (ii) is exactly Theorem [11.18 O

12. STRONG LocAL CONVERGENCE ON THE SMOOTH CORE

The preceding block isolates the correct abstract local graph limit. We now return to the
exact Volterra operators and verify the strong local convergence mechanism on the concrete
smooth core C2°((0,1)). This does not yet prove graph density of that core in the frozen graph
norm, but it does prove the hard analytic part of the recovery-core hypothesis: exact local
solvability and strong convergence for fixed smooth profiles.

Proposition 12.1 (Conjugated target-side operator). Assume Assumption fizt € (0,7T)
and o € (0,1), and set

1
For h > 0, define

aytha(u,v) = Ly(t — h%u,t — h%v), 0<u<wv<l.
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Then there exists a bounded operator

%Y,t,h,a € E(E)

such that:
(i) for every ¥ € E, the function I~ (QlYt hat) is absolutely continuous on [0, 1], and
I
1 1 _ ,
( 30) 1—\()\) @_’1 (Q[Y,t,h,a¢) %Y,t,h,awa
(ii) there exists C < 0o, depending only on t,«, such that
(131) H%Y,t,h,a — Ly(t, t)IEHL(E) < Ch*

for all sufficiently small h > 0.
Proof. For ¢ € E, set

In = Ay hat
Using (105]) with order 1 — A, Fubini’s theorem gives for almost every u € [0, 1],
ER ) = s [ [ 020 = aranalnou) dodr
= / Fy (s, 0)ib(v) do,
u
where
1 b A1
Fy i na(u,v) = I‘(l—)\)/o s (1= 8)" Taythalut+ (v—u)s,v)ds.
Since Ly is C', the function Fy i 1, is continuous on Ay, and
1 1
N Fyina(u,v) = F(l—>\)/0 s - s))‘alay7t7h7a(u + (v —u)s,v)ds

exists and is bounded. Therefore u — (31__1)‘ frn)(u) is absolutely continuous and differentiation
under the integral sign yields

1
DM | fi (1) = D(N)aay:g (1 )t (1) — /u Gyt (0, 0)(v) do

for almost every u € [0, 1], where

F()\)_ ) /01 51— 8) Oray s pa(u+ (v —u)s,v) ds.

Gyt ha(u,v) = TOOT(1 =N

Define
(Byt,h,at)(u) —aYtha( ,w)Y(u

T —A) /‘/ At

X Olaxt7h7a(u + (v —u)s,v)ds(v) dv
This proves .
To prove ([131]), note first that
layiha(u,u) — Ly (t,t)| < Ch® for 0 <wu <1,
because Ly is C'. Also,
O1aythalz,v) = —h%01 Ly (t — h%x,t — h®v),

0 |O1ay ¢ oz, v)| < Ch* uniformly on Ay. Therefore By p o — ayvihal,)diag/E has integral
kernel bounded by Ch®1{g<y<y<1}- This kernel has Hilbert-Schmidt norm O(h®), which proves
(131). O
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Corollary 12.2 (Uniform invertibility of the conjugated target operator). Under the assumptions
of Pmposz’tion there exist hy € (0,t] and Cy < oo such that for every 0 < h < hy,

%Y,t,h,a E— F
is invertible and
(132) 1By 1 halleE) < Cr
Proof. By Assumption Ly (t,t) > 0. Proposition [12.1] gives

1 C

H’BY,t,h,a —1Ig o < Iy 0)

Ly (t’ t)
For h small enough the right-hand side is < 1/2, so the Neumann series gives invertibility and
(1132)). O

he.

Proposition 12.3 (Conjugated source asymptotics on the smooth core). Assume Assumption
firt € (0,T) and a € (0,1), and suppose

0<ny<Hy<%.

Set
)\::Hy—ké, u::HXy—i-%, B8:=Hy — Hxy.
Let ¢ € C°((0,1)). Then there exists Cy < 0o such that for all sufficiently small h > 0,
(133) | @ @vanad) - Iy (e, 05t \E < e
Proof. Define
axytha(u,v) = Lxy(t —h%u,t — h®v), 0<u<wv<l.

Using (105)) and the change of variables r = u 4 (v — u)s, one obtains for almost every u € [0, 1],

1 d 1 _
(139 B 2 venad)w) = — 2o [ 0 =0 gl v)ow) do,
where
1 b 1
Gt.h,a(U,v) = 1“()\)I‘(1—)\)/0 s (1 =)' axyina(u+ (v—u)s,v)ds.
Because Lxy is C', one has
(135) Igtna — 9t lcr(ay) < Ch?,
where
gfr - LXY(ta t)F(,u)
LT -p)’
Now write

1
Ry honp(u) == ng,l(QlXY,t,h,aﬁb)(U) — Ly (t, )T ¢(u).
Using (134)), the constancy of g!", and Proposition [11.12(ii), this becomes
d [ . i
Renao() = =2 [ (0= 07 (gunalu,) - gF)é(0) o

Since ¢ is compactly supported in (0,1), the boundary term at v = 1 vanishes, and the
substitution v = u + r yields

1—u
Ry pop(u) = _/o r? {(31 + ) (gm0 — 98F) (w,u + 1) d(u+7)

+ (910 — 95 (o u+7) ' (u+7)] dr.
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By (135), the bracketed term is Og4(h®) uniformly in w and r. Because 5 € (0,1),

1—u 1
/ r_ﬁdrgli for 0 <u<1.
0

Hence ”Rt,h,a,quLoo([O,l}) < C¢ha, which implies " O

Theorem 12.4 (Strong local convergence on the smooth core). Assume Assumptions and
letn >0, fixt € (0,T) and a € (0,1), and suppose

0< HXY < HY < %
Then for every ¢ € C°((0,1)) there exist hy € (0,t] and Cy < 0o such that for every 0 < h < hg,

¢ € B
and
(136) T hat — T llE < Coh®.
Proof. Set

1
)\Z:Hy+§, B8:=Hy — Hxy.
Fix ¢ € C2°((0,1)). For h > 0 sufficiently small, define

1
Gt b, = ng,ﬂ?‘xxt,h,a@ ceE.
By Corollary the operator By j,  is invertible for small h, so we may set
Un = By palthas € E.
Using Proposition [12.3] Proposition and (132)),
1 —
I = SFl5 < 1874 alece) (lanas — Ly (B OTES]
+I(Ly (t.6) T — By )T S]5)
< Cph”.
Let

Th = Ayt ha¥h — Axvth,ad-
By the definition of vy, Proposition and the definition of g 4 .4,

D)1, =0  in E.

Therefore ’Jl__lArh is absolutely continuous with zero derivative, so it is constant. Since

(ﬁl_jl)‘rh)(l) = 0, that constant is 0. By injectivity of 31_*71)‘, proved in Lemma [11.10

rp = 0.
Thus
(137) Ayt han = Axv,th,a?-
Now define
w = L) € B, wy = ho0 L)y, € H,

By Proposition and ,
D) Kypun = h™9DS) Ky L35 v
= poPrally oy by
= hHXY QU y i o)
= DE?L)KXy7twh.

Both Ky up and Kxytwy, are supported in [t — h*,t], so Lemma implies

Ky up = Kxy,iwp.



40 J. VIDAL LLAURADO
Hence wy, € D(S;) and Sywyp, = uy. By Definition
0= Djj)wn € B},
and
Tt,h,aéb = hOéB'DiEfz)St'wh = haﬁpt(:;?uh = ”L/}h.
Combining this identity with the estimate on ¢, — ¢ proves (136). O

Corollary 12.5 (Smooth core as a recovery core). Under the assumptions of Theorem the
space C°((0,1)) satisfies items (ii) and (iii) of Definition|11.17. In particular, if C°((0,1)) is
dense in D(Z) with respect to || - qu?, then it is a local graph recovery core.

Proof. Theorem [12.4] gives items (ii) and (iii) directly. If C°((0,1)) is also graph dense, then
item (i) of Definition [11.17] holds as well. O

Definition 12.6 (Intrinsic exact local graph on the unit interval). Assume Assumptions
and[d.1] let n > 0, fix t € (0,T), a € (0,1), and choose h > 0 sufficiently small that Corollary
applies. Define

Ffﬁ,’fyx ={(¢,¥) € EXE: Ay p ot =Axythad}-

Proposition 12.7 (Closed exact local solver on the unit interval). Assume the hypotheses of
Definition [12.6, Then:

(i) Fio,i’zx is a closed linear subspace of E x E;
(i1) Ay ha: E— E is injective;
(iii) there exists a unique closed linear operator
loc,ex | loc,ex
Tiha D((Zt,h,a J)CE—EFE

whose graph is FLO,S’ZX.

Proof. Since Uy ;o and Axy s p.o are bounded on E, the map
(6,0) — Ayt no? — Axyishad

is bounded from E x F to E. Therefore FLO,CLZX, being its kernel, is a closed linear subspace. This
proves (i).
To prove injectivity, let ¢ € E satisfy

Ayt hat) = 0.
Proposition [12.1] gives
1 1

Byt hal) = mgi,ﬂﬂw,h,a@ =0, A= Hy + 3

By Corollary Byt ha is invertible, so ¢ = 0. This proves (ii).

Part (iii) now follows exactly as in Proposition by (ii), for each ¢ € E there is at most
one 1) € E such that (¢,v) € Fio,f’zx. Hence the closed linear subspace Fiolf’gx is the graph of a
unique closed linear operator. o o O

Proposition 12.8 (Intrinsic and transfer-defined local graphs coincide). Assume the hypotheses
of Definition|12.0 Then

(138) D(‘Iio}fzx) = B, Tioffgxgb =Tinatd for every ¢ € GG,
In particular,

Fi?}jzzx = {(qﬁ, Tihad) ¢ E 6?5224} '
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Proof. Let ¢ € &5, and set

"/] = zt,hngb-
Proposition [11.8((ii) gives

QlY,t,h,oﬂ/) = QlXY,t,h,aQZ)?

s0 (¢, 1) € T, Hence

b C D(The)
and

TG = Typat  for every ¢ € B,
Conversely, let
¢ € D(THe)

and set
=T
Then
Ayt nath = Axyi ha®-
Define

wi= L6 € His ui= pmoUy i) plo)y, e proear
Applying Proposition to both sides of the exact local identity gives
DY Kyu = k=@ ~Her)pScy o9y
- h—a(HY—HXY)+aHYQ[Yt hath
= hHXY Uyt o)
= DE’O;L)ICXY,tw.
Both Ky u and Kxyw are supported in [t — h®,t], so Lemma implies
Kyiu = Kxy,w.
Hence w € D(S;) and S;w = u. By Definition m
¢ =D%w e &y5,
and
Ty pat = WY XD S0y = oty ~Hx)pla)y = o),
This proves (|138]). U

Proposition 12.9 (Conjugated local commutator operators on the unit interval). Assume
Assumption[3.1] fiz t € (0,T), a € (0,1), and suppose

0<ny<Hy<%.

Let
x€C=(0,1]), 0<x<=1,

and define

X(U)—X(U)7 0<u<v<l,

Oy (u,v) == v—u

X' (u), 0<u=v<1

For © € E, define
1

(139) (Qﬁgﬂ)’%h’a%@)(u) = / (v— u)A_l(X(v) — x(w)) Ly (t — h®u,t — h*0)O(v) dv,

(140) (05002 ) (1) = [ (0= () = X)) iy (¢ = Wt = )0 (0) do

where

1 1
A= H — =H —.
Y+27 H XY‘“2
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Then there exist bounded operators
1 1
Q{/)E,h,a,xﬁ Q)%CY,t,h,mX S E(E)
such that for every © € E,

1 .
(141) F()\) Qi, (ml}e,i,h,a X ) Q%?(i:fha X m E7
1 oc oc .
(142) F()\) :D (QU}X'Y,t,h a,X ) = Q{XY,t,h,a,X@ in E.

Moreover, there exists Cy < oo such that

(143) [ nan] ) |28 ]y < Cellirllenian,  Ari={0<u<v<y,

for all sufficiently small h > 0.
Proof. For the target side, write

1
(20, ) () = / (0 — )8y (u, v) Ly (¢ — h%u, t — h®0)O(v) dv.
Exactly as in the proof of Proposition [I9.8] Fubini’s theorem gives
1
TS 01 0) (1) = [ (0= WP (0, 0)O() do

where F{?fh an 18 C' on A;. Differentiating under the integral sign yields

1
O (0 ©) (1) = (10000 — [ KD (1:0)0(0) do
for almost every u € [0, 1], where
K55 hon (1 0) = By o (0,0) + (0 = w)OLFY g (1,0).

This defines the bounded operator Qlyo7i7h7 a
Because Ly is C! and 6, € C1(A;), the same Beta-integral formula shows

153 hanclleran < Celldylloran
uniformly for small h. Since A; has finite measure, the corresponding multiplication term and
integral term are bounded on E, with norm bounded by C¢||dy[lc1(a,)-
For the source side, write

1
(ml)%c}f,t,h,a,x@) (u) = /u (v —u)*dy(u, v) Lxy (t = h%u,t — h*v)O(v) dv.

Exactly as in Proposition [I9.8] one obtains

1
T W 0n @) () = [ (0= 0] P (0,0)O) do

where f:= Hy — Hxy and F}?)C/thax is C! on A, with

lorar) < Celldxlleray-
Since 1 — 8 > 0, differentiation under the integral sign gives

1 1
F O O anO) (1) = —(1 = 8) [ (0 =) P g 0,0)O(0)

1
||F)?}C’,t,h,a,x

1
[ 0= W) PO oy (1, 0)0 () do
u
Because 8 < %, the kernels
(v —u)_ﬁlAl(u, v), (v —u)l_ﬂlAI(u,v)

are Hilbert—Schmidt on A;. Hence the right-hand side deﬁnes a bounded operator Ql}%%’,t,h, ax €
L(E) with norm bounded by C|[dy|lc1(a,)- This proves and (143).
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Theorem 12.10 (Smooth localization of an exact local pair). Assume Assumptions and
letn >0, fixt € (0,T), « €(0,1), and suppose

0< Hxy < Hy < 3.
Let h > 0 be sufficiently small that Corollary[12.3 applies, let
x€C>([0,1]), 0<x<1,
and let
(6,9) €T

Define the conjugated local defect

(144) }fo}i a,x<¢ w) 1}(/J?f,h,oe,xw - Ql)%(;/,t,h,oz,x(ﬁ € E?
and the corrected output
(145) WX = XU~ By o1 oy (6:9)-
Then:
(i)

1 X
(X %) € Ty
(i) there exists Cy < 0o such that

(146) 10 = xvlle < Celldylloray (Il + 1vE);
(iii) consequently,
n oc n
(147) Il + L1l < Gt + Iddcran) (19l + Llvls)

Proof. Because (¢,1)) € Fio}f ¥, one has

Ay thot = Axv.h,00-

Multiplying by x(u) and subtracting gives, for almost every u € [0, 1],

1
Ryt ha (X)) (1) = Axyit ha(XP)(u KY (u,v) dv —/ Kxy(u,v) dv,

u

where
Ky (u,0) = (v = ) (x(v) = x(w)) Ly (t = h%u, t — h*v)(v),
Kxy (u,v) := (v —u)*" 1 (x(v) — x(v)) Lxy (t — h®u,t — h*v)¢(v).
By the definition of the local commutator operators, this identity can be rewritten as
Ayt ha(XV) = Axvina(XO) = WY 40 — WS 11 an®-
Applying Proposition [12:9) and then Proposition [12-]] yields

Byt ha(XY) = F(l)\)g)‘, (Axyina(xe)) + Si?ﬁ,a,x(ﬁﬁ,w) in F.

By the definition of ¢loc

1 .
%Y,t,h,aw;m = WQ/:J(QLXY,Lh,a(X(Z))) in E.

Applying Proposition [12.1] again shows that
2t (QLY,t,h,awloc —Axyenalxe) =0  inE.
Exactly as in the proof of Theorem injectivity of J1- )‘ implies
Ayt pathC = QlXY,t,h,a(X(ﬁ),
o (xo, @ZJ;?C) € Ffz”zx This proves (i).
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For (ii), Corollary and (|143]) give
19 = xvlle < 1By allem) [Sokax(s:9)|
< Cilldylloran (1012 + 1vlle),

which proves (146)).
Finally, |x| <1 and (146) imply

n n n
Ixolle + —[10¥°lle < llolle + —IIx¢lle + ——llvy® — xvlle
vy Vy vy

n
< C(L+ Iy lleray) (qu + annE) |

which is (147)). O

Corollary 12.11 (Smooth cutoffs preserve boundary-supported local graph elements). Assume
the hypotheses of Theorem [12.10, Let

x€C>(01), 0<x=1,
and define

t—s
Xt hal(8) = X( ha ) 1_pag(s), 0<s<t.

Then for every
near
w E ®t m t,h,a’
one has
near

Xt,haW € &N Hyp,
and there exists Cy < 00, independent of w and h, such that

U -
(148) Ixt,hawll m, + ;h“(HY )8, (xthaw) < Co(1+ I8 lleran) e,

Proof. Set
¢ :=DYwedin, =T pa0c€E.
By Proposition [12.8]
1 X
(.9) €Ty
Apply Theorem [12.10] to obtain
1 X
(X, y) €TS8
and

n n
Ix8lle + —— 1N < Ce(1 + 16y llcran) (|¢IIE + IIwIIE> :
vy vy
Now define
@i= L5 (x0),  @i= hOU ) iy loc,
By Proposition the exact local pair relation implies
w e &N He, S = 1.
Since
_ _ t—s t—s
w(s) =h a/2X<ha> ¢<h0‘> 1[t—ha,t](5) = Xt,h,a(s)w(s)v
we have W = x4 pqw. Finally, Lemma [TT.2] gives

8¢l g, = b~ =)l oe g,

@, = lIx¢lle,
while
lwlla, = l1¢lle, — ISawllm, = = =) |||,
Therefore the preceding bound is exactly . O
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Proposition 12.12 (Slow variation of a fixed time-side cutoff on the micro scale). Fiz o € (0,1),
" x € C=([0,1]),  0<x<1,
and assume that for some 0, € (0,1),
Xx=1onl0,1-4,].
For h € (0,1], set
Eha = hl=e, Xh,alr) = X(eh@r)l[()’s;’}l](r), r>0.
Define, on
A ={0<r<g<e},

the quotient kernel

Xh,o(q) = Xn,a(r)

, 0<r<g<en,,

0% (r,q) :== q—r
h,a ~ —1
Xho(T), 0<r=q<¢,,
Then:
(i)
0< %h,a <1, )zh,oc =1on [O’ (1 - 5*)5};}1] ) Supp %h,a - [075};&];
(1) there exists Cy, < oo, depending only on x, such that
(149) |’5§h,aHCI(AE—1 ) < CxEha for every h € (0,1].
h,a

Proof. Item (i) is immediate from the definition of X4 q.
F0r0§r<q§5,;i, set

€ = ¢€hnha-
Then
5o (rg) = x(eq) = x(er) _ _x(eq) = x(er)
ha q—r €q — €T
Hence, if
x(y)—x(w)’ 0<a<y<l,
5X(xa y) - y—
X' (), O<z=y<l,
then

6§h,a (r,q) = € dy(er,eq) on A, 1.
Since x € C°°([0,1]), one has &, € C*(A;). Therefore
Hé%,a”L“(Asfl) < el|dx [l oo (ay)-
Differentiating the identity above yields
0,05, (r,q) =200y )(er,eq), B0, (r,q) = e%(Dady)(er,q),

9" Xh,a
and thus
Va5, Nzea, ) < IVallzean < ellVaxlean,
because ¢ < 1. This proves (149). .

Proposition 12.13 (Frozen domain as a fractional-integral range). Assume
0< Hxy < Hy < 3, B:=Hy — Hxy,

and fix t € (0,T). Then

(150) D(T}) =92 1 (B).

More precisely:
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(i) if ¢ € D(TI), then
(151) 6=c; "9 1 (TV0);
(ii) if g € E and
0:=c;'7 g,
then ¢ € D(TI) and
(152) o =g.
Proof. Set
1 1
= H — =H —
A y + 9’ 2 Xy + 9’
so that A = pu+ . Let ¢ € D(TI), and write
g =%,
By Proposition [11.12(i) and Lemma [11.10
Ly (t,)T'(NIX 1g = Lxy (£, )T (1) 1 ¢
= Ly (t,t)T(N)c; 3% 1 ¢.
Hence
jﬁ,l(ﬁb - 0;136,19) =0,

because J* 13[1 1= 3’171. Since 3" | is injective by the same argument as in Lemma [11.10} this

proves (151]).

Conversely, let g € E and set ¢ :=c; 158

~19- Then
e =c 17 g
Multiplying by the Gamma factors built into c; gives
Lxy (t, )0 (1)3" 1¢ = Ly (t,)['(\)3* g,
that is,
Lxy (¢, )30y ¢ = Ly (¢, 8) 1y 9-
Therefore ., ¢ € Ran(Jp, ), so ¢ € D(T) and (152) follows from Proposition [11.12](i) and
injectivity of Ja, . O
Definition 12.14 (Finite-interval fractional Sobolev space). Let 8 € (0, 5). We write H?((0,1))
for the Bessel potential space on the interval (0,1), endowed with its standard Hilbert norm.

Theorem 12.15 (Density of the smooth core in the frozen graph). Assume
0< Hxy < Hy < 1, B :=Hy — Hxy,
and fix t € (0,T). Then:
(i) D(TI) = HP((0,1)) as sets;
(ii) the frozen graph norm is equivalent to the HP((0,1)) norm;
(iii) C((0,1)) is dense in D(TI) with respect to the frozen graph norm.

Proof. By Proposition [12.13
D(EF) =37 ().
For 3 € (0, %), the classical finite-interval Riemann—Liouville isomorphism theorem identifies
i 1(F) with the right-sided fractional Sobolev space H, g ((0,1)), and the inverse is the right-sided
derivative D 1 in the L? sense. Since 3 < %, one has
Hg((0,1)) = H((0,1)),

so item (i) follows. We use this standard finite-interval fractional-Sobolev identification here as
an imported analytic input; see [25, Ch. 13] and [28, Ch. 2].
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Let ¢ € D(ZM), and set g := T¢. Proposition [12.13| gives

¢ = Ct_lj[i,lg-

Applying the inverse o7 1 on the range 37 1(E) therefore yields
Qé,ﬁf’ =c'g.
By the same classical isomorphism, there exist constants ¢y, co > 0, depending only on 3, such
that
a(lolle + 192 18lle) < 6llaeo1y < c2(l¢lle + 197 16l15)-

Since ©” 10 =cp 1l this is equivalent to

161l 5 (0.1 = N0llE + I1FFSllE = [6lls-

where the implicit constants depend only on 3, n/vy, and |c;|. This proves item (ii).
Finally, because 8 < %, the standard density theorem for Bessel potential spaces on bounded
intervals yields

Feorrn Ty 2P ((0,1))
Ce((0,1)) = H%((0,1)).
See [28, Ch. 2]. By item (ii), this is equivalent to density in the frozen graph norm, proving
item (iii). O
Corollary 12.16 (Smooth core as a local graph recovery core). Assume Assumptions and
letn >0, fixt € (0,T) and a € (0,1), and suppose
0< Hxy < Hy < %
Then C°((0,1)) is a local graph recovery core in the sense of Definition |11.17.
Proof. By Theorem [12.15, C2°((0,1)) is dense in D(Z!") with respect to the frozen graph norm.

By Theorem it also satisfies items (ii) and (iii) of Definition[11.17, Hence it is a local graph
recovery core. O

Corollary 12.17 (Unconditional local recovery and Mosco convergence). Under the assumptions

of Corollary the conclusions of Theorem and Corollary hold without any

additional recovery-core hypothesis.

Proof. Apply Corollary [12.16] inside Theorem [I1.18] and Corollary [I1.19 U

13. FROZEN BUFFERED LOCALIZATION

Before returning to the exact Volterra family, we record the decisive structural property of
the frozen model: because the frozen transfer is a right-sided fractional derivative, its action
inside a boundary layer depends only on the input on a slightly larger boundary layer. On the
frozen side this localization is exact, not asymptotic.

Proposition 13.1 (Global fractional representation of the frozen transfer). Assume
O<ny<Hy<%, ﬁ::Hy—ny,
and fix t € (0,T). Then for every

6 € D),
one has
(153) Wo=c¢,0" ¢ nE.
Proof. Let
g =T,
By Proposition [12.13]

¢ = Ct_ljﬁ 19-

]
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Applying Dé 10 which is the inverse of 35{ 1 on its range by the finite-interval Riemann—Liouville
isomorphism used in Theorem [12.15] gives
951(25 =c, g,
Multiplying by c; proves ({153)). O
Definition 13.2 (Buffered cutoff pair on the unit interval). Let 0 < pin < pout < 1. A pair
(Xin, Xout) € C*([0,1]) x C>([0,1])

is called a buffered cutoff pair with inner radius pi, and outer radius pout if

(154) 0 < Xiny Xous <1 on [0,1],
(155) supp Xin C [1 — pin, 1, supp Xout C [1 — pout, 1],
(156) Xout = 1 on [1 — pi, 1].
Proposition 13.3 (Smooth cutoffs preserve the frozen graph space). Assume
0< Hxy <Hy <%, jB:=Hy—Hxy,
and fir t € (0,T). Let x € C*(]0,1]). Then multiplication by x maps
D(%})
into itself, and there exists Cy < 0o such that
(157) IX0llesr < Cxlldller  for every ¢ € D(TY).

Proof. By Theorem [12.15] one has
D(T}) = HY((0,1)),

and the frozen graph norm is equivalent to the H%((0,1)) norm. Since x € C°°(]0,1]), the
standard smooth-multiplier theorem on Bessel potential spaces gives

Xl 60,1y < Cullollms(oy — for every ¢ € HP((0,1)).
See [28, Ch. 2]. Returning to the frozen graph norm via Theorem [I2.15[ii) proves (157). O
Lemma 13.4 (Terminal vanishing propagates to the frozen transfer). Assume
0< Hxy < Hy <1, B := Hy — Hyy,
and fir t € (0,T). Let ¢ € D(T), and suppose that for some a € (0,1),
$p=0 a.e. on [a,1].

Then
(158) e =0 a.e. on |a,1].
Proof. Set
g9:=c¢;'T'¢.
By Proposition [12.13
¢ = o 19

Applying the semigroup identity gives
~l— ~
J_716¢ = J1—,19-

Now fix u € [a,1]. Since ¢(v) = 0 for almost every v € [u, 1], the integral formula for jl_jlﬁqﬁ
yields

Hence 1

(3L 19)(u) = / g(v)dv=0  for every u € [a,1].

u
The function u — 31_’1 g(u) is absolutely continuous, so differentiating almost everywhere on
[a, 1] gives g = 0 almost everywhere on that interval. Multiplying by c; proves (|158]). O
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Theorem 13.5 (Exact buffered localization for the frozen transfer). Assume
0<Hxy <Hy <%,  B:=Hy—Hxy,
fizt € (0,T), and let (Xin, Xout) be a buffered cutoff pair in the sense of Definition[13.3 Then:
(i) for every ¢ € D(TW),
Xout® € D(T});
(ii) there exists Couy, < 00 such that

(159) ||Xout¢||®£r < Cout”‘b”@ir fOT every ¢ € D(‘Egr)a
(iii) for every ¢ € D(TM),
(160) Xinngfrd) = Xin‘zgr(Xoutqb) in E.

Proof. Parts (i) and (ii) are exactly Proposition with X = Xout-
For part (iii), set
Y= (1 - Xout)¢'
By (156]), one has 1 = 0 on [1 — pin, 1]. Since xout¢ € D(TF) by part (i), also
¥ = ¢ — Xoud € D(T}).
Lemma with a = 1 — p;, therefore gives
Ty =0 a.e. on [1 — pin, 1].
Because supp xin C [1 — pin, 1], this implies
Xin‘zftrqb = 0.
Since
w = ¢ - Xout¢7
we conclude that
Xinggrgb - Xin‘:{?(XothZ)) = Xingirw =0,
which is exactly (160)). O
Corollary 13.6 (Inner-supported frozen graph functionals reduce to buffered profiles). Assume
the hypotheses of Theorem[13.5. Let a,b € E satisfy
supp a C supp Xin, supp b C supp Xin,
and define
A(@) = (a.d)p + (0, T o)p, ¢ € D(TY)
Then A is continuous on &, and for every ¢ € D(T),

(161) A(¢) = Alxout®)-
Consequently,
(162) IA[l @iy < Coutrsup {|A(¥)] : v € D(TF), suppth C supp Xour, [[¢llgr < 1},

where Coyt 1S the constant from ([159)).

Proof. Continuity follows from Cauchy—Schwarz and Definition Since a and b are supported
in supp Xin, one has

<CL, ¢>E = <CL, XOut¢>E‘7

because Xout = 1 on supp Xin, and Theorem m(iii) gives
XinT 6 = XinT( (Xout®)-
Therefore
<b7 ‘Iirgb)E = <b7 z?(Xoutqs»E)
because b is supported in supp xin. Hence (161)) holds. For ¢ € D(Sﬁr) with |]¢H6£r <1, set
¥ := Xout®- Then supp ) C supp Xout, and by Theorem [13.5((ii),
H@Z’H@gr < Cout-
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Hence
A@)] = [A@)] < Consup {|AWD)] : 9 € D(TF), suppd C supp xoue, [[les <1},
and taking the supremum over graph-unit ¢ proves ((162]). O

14. TwWoO-SCALE FACTORIZATION OF THE SINGULAR FUNCTIONAL

The exact local transfer family on the unit interval captures the graph geometry of boundary-
layer vectors at the coarse scale h®. The gain functional itself is more singular: once one restricts
to that boundary layer, the increment profiles still concentrate on the smaller micro-scale

gh,a = hl_a

near the endpoint u = 0 of the unit interval. A second dilation inside the already localized layer
identifies the exact micro-local operator induced by the local transfer family and shows that the
singular coefficients recover the same universal half-line profiles as in the original hA-dilation.

Definition 14.1 (Micro-dilation and micro-lift on the unit interval). For ¢ € (0, 1], define
0.: F— LQ(R+), (0:0)(r) == 51/2(15(574)1[0,5*1](74)7
for ¢ € E = L*([0,1]). Also define

L:LPRy) = B, (1) (u) = 5—1/2<1><Z> ,  0<u<l,
for ® € L2(R,). Finally, let
pe s L*(Ry) — L*(Ry), (pe®)(r) := @(r)Lg -1y(r),
denote truncation to the interval [0,e71].

Lemma 14.2 (Micro-dilation isometry and truncation identities). Let € € (0,1]. Then:
(i) 0c : E — L*(R.) is a linear isometric embedding;
(ii) for every ¢ € E and ® € L*(R,),

(163) (0:0, @) r2(r ) = (&, P) ;
(iii)
(164) (0. = I, 0:le = pe.

Proof. For ¢ € E,

et 1
0-6leeyy = [ clolenPar = [ lo(wdu =0l

which proves (i). Likewise, for ¢ € E and ® € L*(R,), the change of variables u = er gives

—1

€ 1
00,0y = [ 0@ dr = [ ot e( ) du= (0,10},
0 0
which is (163|). Finally,
(:0:0)(u) = 5_1/251/2¢(u) = ¢(u), 0<u<l,
while
(0:L:2)(r) = /2720 (r) 1 .1y (r) = (p=®)(r).
This proves (164)). O
Proposition 14.3 (Second dilation inside the h* boundary layer). Fizt € (0,7), a € (0,1),
and h € (0,t], and set
Eha = hl=e.
Then:
(i) for every f € Ho

(165) Dinf =0, (Dt(fi)f )i
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(ii) for every ® € L*(R,),
[0}
(166) L3l ® = Lonpe, . ®:

(iii) if ® € L*(R.) satisfies
ey @ € &30,
then
(167) e en o (Tenale . ®) = WD uSLLppe, , ©,
where §:= Hy — Hxy .

Proof. For f € Hy}*, and r > 0,
(00, DI ) (1) = €4/ ah®* (£ = henar) 1 o (7)
=h'2f( - hr) g ey (r)-

Because f is supported in [t — h®,t], the right-hand side vanishes for r > 5}7,}1 = h®~!. Hence it

equals Dy p, f(r), proving (165)).
For ® € L(Ry) and 0 < s < t,

t—s
h%h’a> 1[t—ha,t](3)

_ t—s
= h 1/2<I)< h )1[tha’t](8).

(EE?;L) [Eh,aq>) (s) = h_a/25;,2/2(1)<

On the other hand,

_ t—s
(Linbe,o®)(s) =h UQ@( h ) Logt-s)/nzer 2} (5) 110, (5)-

But
t—s

h
so this is exactly the same expression. Therefore (166 holds.
For part (iii), Definition [11.7] gives

Tunalen.® = DS L)L, @,
Applying 557 Ve, and using (165) and (166) yields

e oo (Sthalen o ®) = ep JhPDLSL1 e, P

0<

<gl = t-h*<s<t,

«

= hB,Dt,hStEt,hpeh’a(Iﬂ
because 557 ,h?# = hP. This proves (167). O

Definition 14.4 (Micro-dilated exact and frozen Volterra operators). Fix t € (0,7), o € (0,1),
let i € {Y, XY}, and let h > 0 be sufficiently small that h* <t. Set

Eha = e,
The micro-dilated exact Volterra operator is
o L2(Ry) = LA(R4),
defined by

1

. s_a
168) (@5, 0)0) = [ g AL~ e b @@ da 720
Also define the frozen half-line Volterra operator

Tih : C2((0,00)) = L*(Ry)
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by
o0 1
(169) (W) (1) i= Lit.t) [ (- Fe()dg, 0.

Proposition 14.5 (Second blow-up of the localized Volterra operators). Assume Assumption .
Fizt € (0,T), « € (0,1), and let i € {Y,XY}. For every sufficiently small h > 0 and every
@ € I3(Ry),

(170) 0 Uit hale, o ® = 000, @ in L*(Ry).
In particular,
(171) supp (U745, o @) C [0,{5};10{] for every ® € L*(R,).
Proof. Fix h > 0 sufficiently small and abbreviate ¢ := €, . For r > 0,
(0 1 h.ale®)(r) = gl/2 (i t.haleP) (er)Lje—1)(7)
— 2 /1@ — er)HTR Lt — Wt — how) e V20 (v /) dv 101 (r).
er
With the change of variables v = €q, and using h®e = h, this becomes

—1

- [E 1
(0=t pale®) (r) = ™ / (¢ — )2 Li(t — hr,t — hq)®(q) dg 1jg .—1)(r)
'
= " (WYY, o ®) (1),
which proves ((170f). The support statement (171)) is immediate from (168)). O

Corollary 14.6 (Exact micro-transfer identity through the micro-Volterra pair). Assume
Assumptions and let n >0, firt € (0,T), and let « € (0,1). Then for every sufficiently
small h > 0 and every

® € DT,
one has
(172) VP o (TEha®) = TR, 0@
Proof. Set € := €p, 4. By Definition
TP = 70Ty ol P
Hence, using [.0. = Ig from Lemma
VY o (T, P) = e M0y 4 pale (€70:Tp ol D)
= IR Ay s haTinale®.
By the exact local transfer identity ,
Ayt haZthale® = AxvinaleP.
Since 8 = Hy — Hxy, it follows that
P (T, ®) = e Y0 Axyy pale®
= %gl(iYc,t,h,a‘I%
where the last step is Proposition [I4.5] O

Proposition 14.7 (Frozen half-line limit on compactly supported profiles). Assume Assump-
tion[3.1l Fizte (0,T), a € (0,1), leti € {Y, XY}, and let & € C°((0,00)). Then

(173) mie, o — VN in L*(Ry)
as h | 0.
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Proof. Choose R > 0 such that supp ® C [0, R]. For h sufficiently small one has E}:}l > R and
hR < t,so for 0 <r <R,
: R 1
(W5, ®) (1) = [ (a =) FLalt = byt — h)@(q) da,

while U ®(r) = 0 for r > R. Likewise,

R
(Whe) () = Litt,t) [ (q— 0" 30lg)dg. 70,
'
Since L; is continuous near (¢,t), one has pointwise convergence
( ﬂifh?a@) (r) — (SZ]%@) (r) for every r > 0.
Moreover, for 0 < r < R,

. R 1
(W ®) 0| < € [ (a =0T da
with C independent of h. The right-hand side belongs to L?([0, R]), because the kernel (q —
T)Hﬁél{ogrgqg ry is Hilbert—Schmidt. Therefore dominated convergence gives (173]). O

Definition 14.8 (Micro-dilated local profiles and transfer family). Fix ¢t € (0,7), a € (0,1),
and h € (0,¢], and set
Eha = hl=e.

For i € {Y, XY}, define the micro-dilated local increment profile
(174) 5 = 0, (h DI, ) € L3R
Also define the micro-dilated local transfer operator by
(175) Irfr,liizc,a : D( glilz(,:a) - LQ(R-F) - LQ(R+)7 gtn}l:aq) = ‘Sgﬂash,a (‘Zt,h,a[ah,a Q))?
with domain .

D(T,) = {@ € LA(Ry) : L., ® € &35 |

Proposition 14.9 (Exact micro-local identities). Assume Assumptions and let n >0,
fixt € (0,T), and let a € (0,1). Then for every sufficiently small h > 0:

(i) forie {Y, XY},
(176) Oitha = Gitn Ly i LA(Ry),

where g; 11, s defined in ;
(ii) for every ® € D( ?,‘fa),

(177) TPe @ = hPDy ySiLipb-, , P
(iii) for every ® € D( in;fa),
(178) h*HXY‘F' (E @) — mic i) _ mic mic )
t,h (Lt hPep o 9XY,th,as L2(Ry) 9Yt,har *t,ha L2(Ry)

Proof. For i € {Y, XY}, I, g; 1 1, is supported in [t — h*,t], so Proposition 14.3(i) gives
O . (Dt(i)ﬂ?,%“’agi,t,h) = D pIL5" " gt -
Multiplying by eggih*aH" = h~H yields
g?,lti,ch,a = hiHiDt,hHEZar’agi,t,h-
Because
supp(I1;'" “gien) C [t —h%, 1],
its h-dilation is supported in [0,e; L]. Therefore

—H; near,o N
h Dt,thyh gith = Gith 1[075}71 I
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which proves ((176]).
Part (ii) is exactly Proposition [14.3((iii).
For part (iii), set

Vp = £t,hpsh,aq)-
By (|166]), one also has
vy = ng,? le) o P

Since ¢ € D( Elffa), the right-hand side belongs to &;, so F; (vy) is well-defined. By Defini-
tion Lemma Lemma and part (ii),

WY Fyw(on) = b (gxyns va) i, — b7 (gyn, Stvn) 1,
= (Oxvith Pen o @ 2 ) — Gyvith TS0 ®) 12(R ) -

Indeed, the first term uses with pe, ,®, while for the second term one computes

p—Hxy (9y.t.n> Stvn) H, = <h—HyDt7th,t,h, th'Dt,hStUh>L2(R+) )

and then applies (177). Because gxy,, and 9§§,t,h,a agree on [0,6}72] by (176)),

<:q\XY7t,h’ th,aq)>L2(R+) = <g§1§’,t,h,av ¢>L2(R+) )

and the same argument with ¢ =Y gives
mic

~ mic _ mic
<gY,t,h7Tt,h,aq)>L2(R+) - <ngt7h7a7 t’h’a(p>L2(]R+) '

This proves (178)). O

Theorem 14.10 (Micro-profile limit inside every h® layer). Assume Assumption . Fix
€ (0,7), let « € (0,1), and let i € {Y,XY}. Then

(179) 0% 0 — Li(t, 0w, in L*(Ry)
as h ] 0.
Proof. By Proposition [14.9(i),

05 = @',t,hl[oﬁ};})]-

Hence

9?,127%,04 - Li<t7 t)sz ) < H/g\i,t,h - Li(ta t)¢Hz HLQ(RJr)

L2(Ry

’ +
The first term tends to 0 by PropositionSince 5,:’1 = h*! = oo and g, € L*(Ry), the
179)

o
second term also tends to 0. This proves (| . O

Remark 14.11 (Interpretation of the two-scale analysis). The exact local transfer family on
the unit interval is not yet the true asymptotic object for the gain functional. After the first
localization to a boundary layer of width A%, the singular coefficients still collapse onto the
smaller internal scale €, o = h'=® near v = 0. Proposition m shows that the only operator
that matters for the singular gain is therefore the micro-dilated family fl;fa, not T; p, o alone,
and Corollary [14.6] shows that this family is governed exactly by the micro-dilated Volterra pair

( §r}‘tch o m?ﬁ%t,h, ). The argument therefore compares ;n,‘fa with the half-line fractional model

72%0(1 on graph-bounded families and then lifts that micro-local control to the global supremum
in Proposition
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15. STRONG MICRO-LocAL CONVERGENCE ON THE SMOOTH CORE

The micro-Volterra analysis identifies the correct operator-level tangent problem. The present
section shows that this tangent problem controls the exact micro-transfer family on fixed smooth
compactly supported profiles. It is the half-line analogue of the unit-interval smooth-core theorem
from Section [12

Definition 15.1 (Half-line right fractional integral on compact support). For A € (0,1) and
f € L*(Ry) with compact support, define

(180) (O F)(r) = F(IA) [T t@de o

Lemma 15.2 (Half-line semigroup and injectivity on compact supports). Let A, u € (0,1) with
A+ p <1, and let f € L*(Ry) have compact support. Then:

(i)
(181) A f =T
(ii) if 3X f = 0, then f =0 almost everywhere.

Proof. For almost every r > 0, Fubini’s theorem gives

D0 =m0 a9 @ dads
1 <[

- F(A)F(u)/ (/ (=) g =9 ds) flaya

With s = r + (¢ — )6, the inner integral is
-1 LT (1)

(g—r) Tt 1)
which proves .
For injectivity, assume J* f = 0. Applying with p =1 — X yields
tf=o.
Since

@ = [ " Fq)da,

the function JL f is absolutely continuous with derivative —f. Hence f = 0 almost everywhere.
O

Proposition 15.3 (Conjugated target-side micro operator on fixed compact supports). Assume
Assumptz’on fixt € (0,T), a € (0,1), and R > 0, and set

1
\:=Hy + - €(0,1), Er := L*([0,R]),

2
identified with its zero extension to L*(Ry). Then for all sufficiently small h > 0 satisfying
hR < t, R<el,

there exists a bounded operator ‘
BYihar € LIER)
such that:
(i) for every U € Eg, the function J7( }nfl,it(jh,a‘lj) is absolutely continuous on [0, 00), and

1 mi mi .
(182) m@i(‘nxﬁh,a‘l’) =By harY  in Eg;

(i) there exists Cy g < 0o such that
(183) |B¥inan = Ly (.05, |, | < Corh

for all sufficiently small h > 0.
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Proof. For 0 <r < g < R, define
Ay, h(ra Q) = LY(t - h?",t - hQ)
Let ¥ € Er. Because ¥ is supported in [0, R] and R < eha, 8) gives

. R
(W, 0) () = [ (= Laventr W@ dg, 720,

with the understanding that the right-hand side is 0 for r > R.
Set

Jn = gl,itc,h,alll'
For 0 < r < R, Definition [I5.1] and Fubini’s theorem give

R rR
(jlfiAfh)(’l") = 1_‘(11_>\) /7» /5 (5 - T)_A(q - S)A_laY,t,h(sv Q)\Ij(q) dq ds
R .
= [ B0 ¥(0) da

where

1 1
M/O s ML= ) avan(r + (g = 7)s.q) ds.

Since Ly is C', the function F{/ngch R is continuous on Apr := {0 < r < ¢ < R}, and its first

FPS r(r,q) =

derivative in 7 is bounded. Therefore J'~* fn is absolutely continuous on [0, R], vanishes on
[R,0), and differentiation under the integral sign yields for almost every r € [0, R],

A _ B R oic
O f3() = TN avea(r.r)¥(r) = [ GY n(r ) ¥(q) da

where )

mlC F )\ —
Vinr(T:q) = F(/\)F((1>—>\)/0 s (1 = s)*Orayn(r + (g —r)s,q) ds.
Define

(BYEha,rY) (1) == ayn(r, r)\Il(
1_ / / 1 —5) 51ay¢7h('r+(q—7~)3’q) ds ¥(q) dg

for 0 < r < R. This proves .
To prove ((183]), note first that

lay s pn(r,7) — Ly (t,t)] < Cyph  for 0<r <R,
because Ly is C'. Also,
Oray ¢ p(x,q) = —h 01 Ly (t — ha,t — hq),

so |Oray ¢ (2, q)| < Cpgh uniformly on Ag. Set

Dipg = %rir/l,igh,a,R —ay,t (s ) diag[ER-
Then Dy j r has integral kernel bounded by Cy rhla,. Its Hilbert-Schmidt norm is O r(h),
which proves (183)). O

Corollary 15.4 (Uniform invertibility of the conjugated micro target operator). Under the
assumptions of Proposition there exist hg € (0,t] and Cyr < oo such that for every
0 < h < hy,

mic .
%Y,t,h,oc,R : ER — ER

1s tnwvertible and

(184) |BYEnar) |, < Cor
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Proof. By Assumption Ly (t,t) > 0. Proposition m gives
Cir
L(ER) N LY(t7t)

mic

1
HW%Y,t,h,a,R - IER h.

For h small enough the right-hand side is < 1/2, so the Neumann series gives invertibility and
(1184)). O

Proposition 15.5 (Conjugated micro source asymptotics on the half-line smooth core). Assume
Assumption[3.1], fixt € (0,T), o € (0,1), and suppose

0< Hxy < Hy < 1.
Set
Ai:HY‘i’%, /«L::HXY"‘%, p:=Hy — Hxy.
Let @ € C°((0,00)), and choose R > 0 such that
supp® C [0, R).
Then there exists Cp ¢ r < 00 such that for all sufficiently small h > 0 with hR <t and R < 5,;}%,

1 .
(185) | (O )~ Ly (60T < Copnh
L'(A) L2(R,)
Proof. Define
axyn(r,q) = Lxy(t — hr,t — hq), 0<r<g<Rh.

For 0 <r <R,

. R
(VXY 1. 1.a®)(r) :/ (g — )" Laxyn(r,q)®(q) dg,

and the left-hand side vanishes for r > R.
Using Definition and the change of variables s = r + (¢ — r)#, one obtains for almost
every r € [0, R],
1 A mic d R —fB mic
(186) W’D,( X¥tna®) (1) = 0 (g —7)"" g nr(r,q)®(q) dg,
T

where
1

mic 1 — —
Because Lxy is C', one has
(187) ng{?}l:R - gl{llncl(AR) < Ct,Rh’

where
hl o _ LXY(t7t)F(/~‘) _ LY(tvt)Ct
9T TN -8) T TA-8)

Now write )
o () = g 02 (TR a®) () = Ly (1O ().
Using (186)), the constancy of g/, and , this becomes

mic d R — mic
Qina(r) = —%/ (¢ —7) P (g5%%(r, @) — g") ®(q) da.

Since supp ® C [0, R), there is no boundary term at ¢ = R. With ¢ =r + u,
) R—r )
() == [ (0 + 0 abicn — ) v+ ) B0+ )

+ (gf‘;il‘fR — gfl) (r,r 4+ u) ®'(r + u)} du.
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By (187)), the bracketed term is Og ¢ r(h) uniformly in 7 and u. Since 5 € (0, 1),

R—r 1-8
/ u_'BduSR for 0 <r <R.
0 1-p

Hence ||le}ilc7q>||Loo([07R]) < Co ¢ rh, which proves (185). O
Theorem 15.6 (Strong micro-local convergence on the half-line smooth core). Assume Assump-
tions and letn>0, firt € (0,T), a € (0,1), and suppose

0< Hxy < Hy < %

Then for every ® € C°((0,00)) there exist Ry < 00, hg € (0,t], and Cp < oo such that for
every 0 < h < hg, )
supp® C [0, Rg), ® € D(TVha);

‘Z?}iﬁa(ﬁ[) is supported in [0, Rg], and
(188) |z, @ — o)

L2(Ry) < Coh.

Proof. Set
)\::Hy—Q—%, B:=Hy — Hxy.
Fix ® € C2°((0,00)), and choose R¢ < oo such that
supp® C [0, Rg).
For h > 0 sufficiently small, define

. 1 .
The = iy 2 (VR una®) € Ery.

By Corollary m the operator SB?‘tCh a.Ry 18 Invertible for small , so we may set
Uy, = (%%C,h,aﬁq,) U no € Erg,

again identified with its zero extension to L?(R,).
Using Proposition Proposition and (184)),

H‘I'h - %Odq)HE% = H(%?itcvhva’%)_lugw%) (’

* H(LY(t,t)IERCD - %)@,it?h,a,Ré)ﬁ%OdéHER@)

ais — Dy (LOT |
Ry

< Cgh.
Since %Odq) is supported in [0, Rg], this already gives
_ od
(189) | wn — T Lo,y < ol
Now set

Th = m?,itc,h,oz\llh - mf)n(i)c/,t,h,aq)‘
Because both ¥, and ® are supported in [0, Rg], so is r;,. By the definitions of ¥}, and q{f’,if(b,
together with Proposition [15.3

1 i i .
m@i?‘h = %?lﬁh@,}zq)\l’h — qglﬁ?q) =0 in Eg,.
Hence, by Proposition for the first term and the proof of Proposition for the second,

3172, is absolutely continuous with zero derivative, so it is constant on [0,00). Since 1y, is

compactly supported, one has

(352r) (1) =0 for r > Rg,
and therefore 3"*rj, = 0. By Lemma this implies
rh =0,
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that is,
(190) YinaVh = VXY, 10 ®

Set € := gp o. Since Rg < e~! for h small, Proposition and give

0y hale W = eMBEL, ) = P Axy e nal®.

Applying [ and using [.9. = I from Lemma [I4.2] yields
(191) Ayt ha(E P LTL) = AxynalD

Now define

wy = L@ € HESS wy = h L) (e70Lwy,) € B
Using Proposition and ,
D Kypun = h™ Py, o (e701.05)

= R QU ey ol ®

= D]g’o;b)lcxwwh.
Both Ky up and Kxytwy, are supported in [t — h*,t], so Lemma implies
Ky up = Kxy,iwp.
Hence wy, € D(Sy), Stwy, = up, and
D = D3 w, € GBI,
Therefore ® € D(T}C,), and by Definitions m and
T, @ = 0.yl ®
=50, (E’ﬁlglllh)
=0:[Up = pWp = Wp,
because supp ¥y, C [0, Re] C [0,71]. Combining this identity with proves (188). O

16. FIXED-WINDOW MICRO GRAPH THEORY

The half-line micro family remains globally nonlocal because the right-sided transfer law
sees the entire future tail. On every fixed window [0, R], however, the exact micro family
closes: inputs supported in [0, R] produce outputs supported in [0, R], and the problem becomes
a finite-interval graph convergence problem. This isolates tail leakage as the only nonlocal
obstruction to a global theorem.

Corollary 16.1 (General support preservation near the terminal time). Assume Assumptions
and[4.1) let n >0, fiz t € (0,T), and let a € (0,¢). If w € &, satisfies

supp(w) C [a,t],

then
supp(Siw) C [a,t].

Proof. The argument is identical to that of Proposition applied to the truncated operator
Kya. O

Definition 16.2 (Fixed-window half-line Volterra model and graph norm). Assume
O<ny<Hy<%, ,BZZHY_HXYa

fix t € (0,7), and let R > 0. Set
ER = L*([0, R]),
identified with its zero extension to L?(R4.). For H € (0, 3), define

R 1
Ju.r: Er — ER, (Ju,r®)(r) := / (q—r)H2d(q) dg, 0<r<R.
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Define the fixed-window model transfer domain
D(TiR) = {® € Er: Juyy,r® € Ran(Juy 1)},
and the corresponding transfer operator

Lxy(t,t) .

Tk D(TR) C Er = Er,  Tp® = Ity mIHxy RE.
) ) ) Ly(t7 t) Y,

For ¢ € D(T?}R), define the fixed-window model graph norm
2 2 T el g2
(192) 1®llgm, = I1®llz, + EHTt,R(I)HER‘

Theorem 16.3 (Fractional-derivative representation of the fixed-window half-line model).
Assume the hypotheses of Definition[16.2. Then:

(i) for every ® € C((0, R)),
(193) TR® =T in Eg;
(i) D(TEIR) = HP((0,R)) as sets;
(iii) the graph norm || - ||®?1R is equivalent to the H?((0, R)) norm;
. o0 . . hl . .
(iv) C((0, R)) is dense in D(T} ) with respect to || ”6?}3’
Proof. Define the unitary scaling map
Ur:Er— E=1L%*[0,1), (Ug®)(u):= RY?®(Ru), 0<u<l.

For H € (0, %) and ® € ER, a change of variables gives
(194) UrdmrUz' = R 23y,

In particular, Jg g is injective because Jy is injective by Lemma [11.10, Hence ® € D(S?}R) if
and only if Ur® € D(ZM), and in that case

(195) UrTyrUR" = RP
Now let ® € C2°((0,R)). Then Ur® € C°((0,1)), so Proposition [11.12(ii) gives
TH(UR®) = ¢; D7 | (Ur®).

Because ® vanishes near R, a direct change of variables in the definition of the right-sided
derivative yields

D7 | (Up®) = R*T3UR(D° ®).
Combining this with (195 gives
UR‘Z?}R@ = R*BC{}DQJ(UR@) = ctUR(@E(I)) — UR(,];%Od(I)),

which proves (|193)).
Items (ii)—(iv) follow from ({195)), Theorem [12.15, and the fact that Ug is a topological
isomorphism between H?((0, R)) and H?((0,1)). O

Corollary 16.4 (Fixed-window model functional vanishes on the full graph domain). Assume
the hypotheses of Theorem [16.3. Define

A?}R(q)) = LXY(t’ t)<¢HXY7 (I)>L2(]R+) - LY(tv t) <¢HY’S?,IR(I)> ) P e D(‘I?}R)

L2(Ry)
Then A?}R is continuous on Qi?}R, and

A?}R((I)) =0 for every ® € D(‘I?,IR)
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Proof. Continuity follows from Cauchy—Schwarz, ¥y, € L*(R4.), and (192). By Theorem m(iv),
choose ®@,, € C°((0, R)) such that
H‘% — (I)HQSEIR — 0.
By Theorem [16.3(1), one has
TR, = T3,

so Corollary gives A?}R(q)n) = 0 for every n. Passing to the limit by continuity proves the
claim. (]

Definition 16.5 (Exact micro graph space on a fixed window). Assume Assumptions and
let n >0, fixt € (0,7), a € (0,1), R > 0, and h > 0 such that

hR<t,  R<e,..
Define the exact micro graph space
Piar = {® € D(TF,) :supp® C [0, R] .

For @ € (’Sﬁfaﬂ, define
2 2 Ui i 2
(196) e R o i
For i € {Y, XY}, define the fixed-window exact micro Volterra operator
’Ziglfﬁwﬁ : ER — ER
by
. R 1
(Veha,r®)(r) = / (q = )" 72 Li(t — hr,t — hq)®(q)dg,  0<r <R
r

Proposition 16.6 (Exact micro transfer closes on every fixed window). Assume the hypotheses
of Definition . Then for every ® € &%°, -

(i)
(197) supp(Tihia®) C [0, Bl;

(it)
(198) VP h 0 (S0 ®) = VXY, 4o n® in Ep.
Proof. Set € := g}, o, and define

wy, = Ly p®.
Because supp ® C [0, R] and R < £~ !, one has
pe® =9

and therefore, by ({166)),

wy, = Lo,® = L1310,
In particular, wy, € &, and

supp(wy) C [t — hR, .
Corollary with a =t — hR therefore gives

supp(Sqwy,) C [t — hR, t].

By Proposition [14.9(ii),

T, @ = WDy Spwy,.
Since Sywy, is supported in [t — hR, t], its h-dilation is supported in [0, R], proving (197).

Corollary gives
VP 0T ®) = VRY 1@ in L2(Ry).

Because both ® and Tﬁl,ifaq) are supported in [0, R], the operators on both sides coincide with
their fixed-window restrictions on Eg, which proves (198)). O
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Proposition 16.7 (Operator-norm freeze of the exact micro Volterra pair on fixed windows).
Assume Assumption firt€ (0,T), « € (0,1), and R> 0, and let i € {Y, XY}. Then there
exists Cy p < 00 such that for all sufficiently small h > 0 with hR < t,

(199) H?Ugltich,%R — Lz(t; t)aHi’RHE(ER) < C@Rh.
Proof. The difference kernel is
1
itnr(rq) = (g — r)H 72 (Lt — byt — hq) — Li(t, t))Lo<r<q<r}-
Because L; is C! near (t,t), one has
|Li(t — hr,t — hq) — Li(t, t)| < Ct.rh for0<r<q¢g<R
when hR < t. Hence

‘ err

1
K7 r(r @) < Corh(q — m) "2 o< <q<ny-

Since this majorant is Hilbert—Schmidt on Apg, the Hilbert—Schmidt norm of the difference is
Oy r(h), which proves (199). O

Proposition 16.8 (Weak graph compactness of the exact micro family on fixed windows).
Assume Assumptions and letn>0, firt € (0,T), «€(0,1), R> 0, and suppose

0< Hxy < Hy < %
Let hy, } 0 with hyR <t and R < 5};}& for every n, and let
Cn € O a.R
satisfy
sup [Pnllgpe < o0

Then there exist a subsequence, still denoted (®,), and some

® € D(T}'R)
such that
¢, — @ weakly in ER,
wrt?iili,aq)n - T?}RCI) weakly in ER.
Moreowver,

H‘I)HqsglR < linn_1>i£f H(ID”H@??LZ,Q,R'

Proof. By Definition m and Proposition [16.6{(i), both (®,) and ( E‘éﬁ,a‘l’n) are bounded in
FE'r. Passing to a subsequence, assume

o, — @, P o®pn =¥ weakly in Ep
for some ¢,V € Ep.
By Proposition [16.6(ii),
m?it(fhn,a,}%( glfiLi,a(I)n) = m%%g,t,hn,a,Rq)n'
Using Proposition exactly as in the proof of Proposition [I1.15] one obtains
VXYt har®n = Lxy (6,8)J0ygy,r®  weakly in Ep
and ‘ .
‘Z]Iﬁlt‘fhmaﬁ( 21,127(1(1)”) — Ly (t,t)Jmy rY weakly in ER.
Passing to the weak limit in the exact identity gives
Ly (t,t)3ny,RY = Lxy (t,)Iyy RP-
By Definition this means ® € D(‘I?}R), and by injectivity of Ju, g,

U =30
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Weak lower semicontinuity of the norm in Er then yields the graph-norm liminf exactly as in
Proposition [I1.15 O

Corollary 16.9 (Fixed-window micro Mosco convergence). Assume the hypotheses of Proposi-
tion . Let hy, | 0 with h,R <t and R < 6};}’(1 for every n. Define

Fglfiliuaﬁ = {(q)>‘zglfizi,aq)) 1P e gliili“aﬁ} C Er x Ep,
and define the fixed-window model graph
Ty = {(<I>525%<1>) D€ D(S};}R)}.

Then Fffn,‘fn oR I‘]tan in the sequential Mosco sense.

Proof. The weak-compactness direction is Proposition [16.8] For the recovery direction, Theo-
rem [16.3(iv) gives density of C2°((0, R)) in the fixed-window model graph norm, while Theo-

rem |15.6[ gives strong convergence of fl,l;ca to 7?%“1 on that smooth core, which coincides with

T?}R'by Theorem |16.3{(i). The same diagonal argument as in Theorem [11.18] and Corollary [11.19
therefore yields the Mosco recovery property on Er x Eg. ]

17. BUFFERED MICRO TAIL FORCING

The fixed-window theory isolates the remaining nonlocal obstruction. If one truncates a global
micro pair at an outer radius R, the exact Volterra identity fails on an inner window [0, Ry| only
through the tail beyond R. This section writes that defect exactly and shows that, after the
same right-sided fractional conjugation used in Section the resulting forcing is quantitatively
small.

Definition 17.1 (Buffered micro tail operators). Assume Assumption fix t € (0,7),
a € (0,1), and suppose
0< HXY < Hy < %
Set . )
)\iIHy+§, Miszy+§, B :=Hy — Hxy,

and let 0 < Ry < R. For h > 0 sufficiently small that hR < t and R < 5}22, define
Fh,R = LQ([R7 6}:;])3

identified with its zero extension to L*(R.). For © € Fj, g, define the target-side and source-side

buffered micro tail operators on L?(R) by
—1

: Eh,a _
00)  (Wan e )= [ (@ et ha)O() da
-1
. Eh,a _
) @ nan w0 )= [ (T (et~ 1Ol dg

for r > 0. On the inner window [0, Rp], these reduce to (200]) and (201]) with lower limit R, since
Ry < R.

Proposition 17.2 (Conjugated target-side buffered tail forcing). Assume the hypotheses of
Definition [17.1 Then for every sufficiently small h > 0 there exists a bounded operator

tail
Q¥4 hooio.r € L(Fn,Rr, ERy)

such that for every © € Fy, g,

1 i i .
(202) mgi (W k0 k0.©) = QP tnaro,r® i B

Moreover, there exists Cy g, < oo such that

il -1 Ha
(203) H’Q%vh@vR07RHth i S Comoly/eity = R < Cuoh™
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for all sufficiently small h > 0.
Proof. For 0 <r < Ry and q € [R, 5,;;], define

ayn(r,q) == Ly (t — hr,t — hq).
Since ¢ — r > R — Ry > 0, the function

A—1

kY,t,h,q(r) =(q—r) GY,t,h(ﬁ q)

is C1 in 7 on [0, Ry]. The same computation as in the proof of Proposition now with fixed
upper endpoint ¢, gives

m@iky,t,h,q(r) = K{%lh(r q) for 0 < r < Ry,

where
Ktall o 1 ! - 1 — )\a . d
Yt h(r C_[) F()\)P(l — )\) 0 S ( 8) 1aY’t’h(’f‘ + (q T)S’ q) S.

Hence Fubini’s theorem yields

1 al al
mgi(wgﬁtl,ha Ro,R© / K%’,t}h (r,9)©(q) dq

for almost every r € [0, Rp]. This defines the bounded operator
—1

. €h,a
(Qggltl,h,a,Ro,Re)(T) = /R Kgfaélh(r q)©(q) dg, 0 <r < Ry,

and proves (202)).

Because Ly is C1,
Oray i n(x,q) = —h 01 Ly (t — hx,t — hq),

SO |81(1Y,t,h($a q)\ < Cih uniformly on {0 <z<qg< 5}:}1} Therefore
K@l (rq)| <Cih - for 0<r <Ry, R<q<e,bh.

The kernel is Hilbert—Schmidt, with

L2([o, Ro]X[ngl]) Ct Roh\/ Ehoc R

which proves the first bound in (203]). Since 5}: L = ho"!, one also has

tail
Y,t,h

1+«

hyerl — R<hyfeyl = n's,
which proves the second bound. O

Proposition 17.3 (Conjugated source-side buffered tail forcing). Assume the hypotheses of
Definition [17.1. Then for every sufficiently small h > O there exists a bounded operator

tail
QXVtharer € LUFnR; ERy)

such that for every © € Fy, g,

L a il il :
(204) mgf(fm?lxt,h,aﬂoﬂ@) = O i haror® i Er,.
Moreover, there exist Cy py < 0o and Ci Ry, < 00 such that

. 1+a
(205) Hgg?lilf,t,h,a,Ro,RH < Cury(R—Ro) P+ Crpyah

L(Fy r,ERg)

for all sufficiently small h > 0.
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Proof. For 0 <r < Rpand q € [R,E}:}X], define
aXY,t,h(’ra q) = LXY(t - h’l“,t - hq)
Exactly as in the proof of Proposition [I5.5, but with fixed upper endpoint ¢, one obtains

7©A ((q — ) laxyen( Q))(T) = K§a(r,9), 0 <7 < Ry,

I'(A)

where
K n(rq) o= Blg =)' (r,a) — (a = ) Pongi3 (r, )
and
gta};l( q) := - /1 0721 — 0)* Laxyn(r + (g —17)8,q) db.

t (N1 =) Jo o ’

Therefore Fubini’s theorem yields
1 ai ai
mgi(ﬂngﬂl/,t,h,aﬁo, / Kgﬂl’,t,h L q)@( ) dq

for almost every r € [0, Ro]. This defines the bounded operator

(Qg?iil/,t,h,a,Ro,R@)(T) = R Ktailt h(7" Q)@(Q) dg, 0 <r < Ry,

and proves (204)).
Since Lxy is C', one has

|gta11 ’l“ q)| < Ct, lalgtaﬂ 7“ q ‘ < Cth
uniformly for 0 <r < Ry and R < ¢ < sh . Accordingly, write
1 1 2
Kg?i/,t,h = Kg(z/,t,h + Kg{%ﬂt,hv

with
1 - 2 _
K n(ra)| < Cla—r) Y, K, 1(r )| < Cihlg —r) .

For Kgg,’t’h, Schur’s test gives

—1

€hia 1
sup [ (=) dg < S(R— o)
0<r<Ro /R B
and
Ro 1
sup / (q—r)_ﬁ_1 dr < —(R—Ro)_ﬁ
R<q<e; 1, 70 B
Hence
_ -8
(206) HKXY’t’hHL(Fh,R,ERO) = C't,Ro(R Ry)

For Kgg/,t,hv use the Hilbert—Schmidt bound:

2 9 Ry 5}7,}1 25
§ o
r(o Rolx ety = Ol / / (g =r)"dqdr

1-2
< Ct7Ro,ah2€hEX 5)7

|75
XYith

because 23 < 1. Since €y o = ',

1-26 1_(=a)(1-28) lta

hs}:cf =h" 2 <hz for 0 < h <1.
Therefore
(2) < 1ta
(207) HKXY,t,th:(Fh,R,ERO) < Cuomoah 2

Combining (206 and (| proves | -
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Theorem 17.4 (Buffered truncation defect for a global exact micro pair). Assume Assump-
tions and letn>0, firt € (0,T), a € (0,1), and suppose

0< Hxy < Hy < %
Let 0 < Ry < R, choose h > 0 sufficiently small that hR <t and R < E}:}l, and let
Qe D( Zlfi;a)v U= slrfr,lfl:a :

Define
<R ._ R ._ <R ._ R ._
=Bl M= @y, =Wy, =1,
Then:
(i) the windowed truncation defect satisfies
L i R i R il R il R
(208) mgf (m%fh,a,}z‘l’g - m?&t,h,a,}z‘bg ) = QB?IY,t,h,a,RO,Rq)> - 5~3§§flt,h,a,1%,R‘l’>
in ER,;
1) there exists Ci g, o < 00 such that
510,
1 A mi <R mi <R
‘ WQ— (mY,tC,h,a,R\Il_ — VXYt har® )
Eg,

(209) < CiRrpa ((R — Ro) PN 2y ) + he (12"l 2wy + ||‘I’>RHL2(R+))) :
Proof. Because ¥ = g‘,if?a@, Corollary gives
VinaV =T0RY, 5.2 in LX(Ry).
Set € := ep,4. By Proposition [14.9((ii),
U = hPD,y 8Ly npe?.

Since p.® is supported in [0,e71], the lift £;,p.® is supported in [t — he™1 t] = [t — h%,t].
Corollary [16.1] therefore implies

supp (SeLenpe®) C [t — b, 1],
and hence
supp(¥) C [0,
Splitting the exact Volterra identity at ¢ = R therefore gives, in EpR,,
i <R i <R il R il R
Vina R VS = OV, 10 RS = WY g0 ko m® " — WV ko, r Y

Applying Propositions and proves (208]). The norm estimate (209) follows immediately
from (203)), (205)), and the triangle inequality. O
18. INTRINSIC EXACT FIXED-WINDOW SOLVER

The fixed-window graph spaces from Section [L6| were defined by restricting the global micro
transfer to compactly supported inputs. The present section recasts the exact finite-window
problem intrinsically. It shows that the exact windowed Volterra relation itself determines
a unique closed solver, and that this intrinsic solver coincides with the previously defined
supported-global graph.

Definition 18.1 (Intrinsic exact fixed-window graph). Assume Assumptions and let
n>0,fixte (0,T), a€(0,1), R> 0, and choose h > 0 such that

hR<t, R<e,..
Define the intrinsic exact fixed-window graph by

P = {(®,) € Ep x Eg : DR, p0 = V%5, 50.2® -
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Proposition 18.2 (Closed exact fixed-window solver). Assume the hypotheses of Deﬁm’tz’on
and suppose in addition that h > 0 is small enough for Corollary[15.4) to apply on the window
[0, R]. Then:
(1) TP a.r s a closed linear subspace of Ep X ER;
(ii) the operator th har Er = Eg is injective;
(iii) there exists a unique closed linear operator
;);L,CM,R : D( te,);z,a,R) C Er — Ep
whose graph is I'}}, |, -
Proof. The map . .
(@, 9) — VY1 0 Y — VXYt ha P

is bounded from Er x Er to ER, because both fixed-window Volterra operators are bounded.

Therefore I'y R being its kernel, is a closed linear subspace. This proves (i).
To prove 1nJect1v1ty, let ¥ € Ep satisfy

mic _
mY,t,h,a,R\Ij =0.

Since ¥ is supported in [0, R|, Proposition gives

. 1 . .
BYiharY = in(m%fh,a‘l’) =0  in FEg,
where A\ = Hy + % Corollary implies ¥ = 0. This proves (ii).
Part (iii) is now immediate: by (ii), for each ® € Epr there is at most one ¥ € Eg such
that (®, V) € I'f} ‘h.o,r- Hence the closed subspace I'f}, , p is the graph of a unique closed linear
operator. O

Proposition 18.3 (Intrinsic and supported-global exact graphs coincide). Assume the hypotheses
of Proposition[18.2. Then

(210) D(TPha.r) = Olhia s Thar® = Tiha®  for every @ € B5°, p.
In particular, the graph of T ha.r is exactly
Tpier = {(2.T0®) : @ € &7, 1| C Bg x Br.
Proof. Let ® € ?;‘fa Ry and set
U= T;?,fa
By Proposition m(i), ¥ € FER. By Proposition m(ii),
Yenar? =T har® in Ep.
Hence (@, W) € I'}3, , g» SO
iho.r C D(Tih.a.R)

and ) )
f?}ha’R(I) = in;fa for every ® € ?,lilL?a,R‘
Conversely, let
S D( t, h QX R)
and set
\P = 1?270[7]{@ € ER
Then
(211) Yenar? =T har® in Ep.

Since ® and V¥ are supported in [0, R] C [0, 5,;3], one has
pé:h,oé(b = ¢7 th,a\Il = \II
Set € := €. By Proposition
0 Q[Yt haleV = sHYQJ%Ch o DEQ(XY,t,h,O([E(p = 5nym§i}9,t,h,aq>'
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Multiplying ([@211]) by v, using f = Hy — Hxy, and then applying [, together with [0, = I
from Lemma [14.2] yields

(212) Ay s ha(EPLT) = Ay pale P
Now define
wy = L@ € HESS oy = hoP L) (e7PLw) e Hpg
Using Proposition and ,
D Kypun = b0y o (e7PLW)
= R Uy y ol P
= Dg’o;L)ICXy,twh.
Both Ky up and Kxytwy, are supported in [t — h*,t], so Lemma implies
Ky up = Kxy wp.
Hence wy, € D(S;), Stwp, = up, and
D = D} wy € GBI,
Therefore ¢ € Qiin,lfa r- Moreover, by Definitions |11.7| and
Tha® = 70Ty pal®
= %, (5_[3[5\11)
— 0L =p U= T,
because supp ¥ C [0, R] C [0,e7!]. This proves the reverse inclusion and completes (210). O
Corollary 18.4 (Intrinsic exact fixed-window graph norm). Under the hypotheses of Proposi-
tion define

2
n
[ @0 = B3, + T r®lB @ € DT 0n)-
s, o ]/Y

Then D(T7}, o r)s equipped with this norm, is a Hilbert space, and the identification in (210) ds
isometric:

1P lee

Pon = I1@logy,,  for cvery @ € 8

Proof. Since T, , p is closed by Proposition its graph norm defines a Hilbert space. The
isometric identification is exactly Proposition together with Definition [16.5 U

19. ExacT FIXED-WINDOW REGULARITY

To turn the intrinsic windowed solver into a usable analytic object, we need a concrete
description of its domain. This is the one place where the current argument benefits from a small
extra smoothness assumption on the slowly varying amplitudes: with one additional derivative,
the source-side conjugated operator splits into a diagonal multiplier times the fractional model
derivative plus a genuinely bounded lower-order remainder.

Definition 19.1 (Extra amplitude regularity on a fixed time horizon). We say that Assump-
tion [3.1] holds with second-order amplitude regularity if each

extends to a C? function on a neighbourhood of Ar.
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Lemma 19.2 (Distributional model derivative on a fixed window). Assume
0< Hxy < Hy < 3, B:=Hy — Hxy,
firt € (0,T), and let R > 0. For ® € Ex = L?([0, R]), define

R
@r®)r) = [ (a=r)P0(@)dg,  0<r<R

and let J
DFRP = ——Jp P
8.R R
in D'((0,R)). Then:
(i) ® € HO((0, R)) if and only if DFH® € Eg;
(ii) in that case,

C
(213) T = 171

04td  in Ep,
r(1—p)~ 7"

where ¢; is defined in .

Proof. The equivalence in item (i) is exactly the classical finite-interval Riemann—Liouville
characterization of H?((0, R)) by the right-sided derivative, i.e. the rescaled version of the
analytic input invoked in Theorem In particular,

HP((0,R)) = {<I> € Ep: D30 ¢ ER},
and the map ¢ — @g%@ is bounded from H?((0, R)) to Eg.
For ® € C2°((0, R)), Definition [8.1] and the proof of Theorem [16.3 give
Cy d R -8
o 4 ) Pe
T —5)dr /T (g —1r)""®(q) dg,

which is exactly (213 on the smooth core. Since C2°((0, R)) is dense in H?((0, R)) by Theo-
rem m(iv)7 Z}}}R is closed with domain H#((0, R)), and ® ’D%ij%@ is bounded on H?((0, R)),
the identity extends to every ® € HA((0, R)). This proves item (ii). O

T?}R(D = Ct@é@ = -

Proposition 19.3 (Source-side conjugated decomposition on a fixed window). Assume Assump-
tion with the extra regularity from Definition[19.1, Fizt € (0,T), o € (0,1), R > 0, and
suppose

0< Hxy < Hy < %

Set
1 1
)\:ZHy—|—§, M::ny+§, 8 :=Hy — Hxy,
and define on Ap :={0<r <q< R}
. 1 1

win = [ 01— Lxy(t—h —1)8),t — hq) db.

SRR ) = FoyEr =y ) 070~ O B (= R+ (g = 1)6), 1~ D)
Also define

g Lo GO Lyt te
" TI(A-8) - T -B)
Then there exist ho € (0,t], Cr.r < 0o, a multiplier
X]}izr,la,R € ‘C(ER)? ( Z;LI}&,R(I))(T) = mt,h,a,R(T)q)(r)’

and a bounded remainder operator

ha.r € L(ER),
such that for every 0 < h < hy:
(i)

(214) M na.r = Lero,ry < Ctrh
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(it)
(215) IRl c(Er) < Crrb;
(iii) for every ® € C°((0, R)),
1 mic win win .
(216) ng (VY 1, ®) = Ly (6 )M gTR® + &0 r® in Eg.

(iv) for every ® € Eg,

1 mi LY (t, t)Ct win i win .
(217) m@i (VXY 4 h,0,r®P) = T = @) he ROFRD + /YN, r®  in D'((0, R)),

Here the left-hand side denotes the distributional derivative of 31:’\(%?{}’1%7&,}{@).

Proof. Because Lxy is C?, the function gX’,ian is C? on Apg, and

(218) ”gtW}ILnR gt ||02(AR) < Cirh
for all sufficiently small A > 0. Define
WIin T, r
Mt o, R(T) = gtL(), 0<r<R
gt

Then (214)) follows immediately from (218)).

For 0 <r < q<R,set

gwR(r,q) — gig(r, )
bt,h,o, (T Q) = p— ;

and extend continuously to the diagonal by
beha,r(T,T) = 3292"7'};’13(7‘, T).

By (218]), one has

(219) 10t,h,0,Rllc1 (A R) < CtRrD.
Now let ® € C2°((0, R)). The proof of Proposition [15.5] gives

1 mic d r —B win
mgi( XY,t,h,a,R(I)) (r) = —5/1" (g—r) Bgt,h,R(Tv 7)®(q) dq

for almost every r € [0, R]. Decomposing

9 (r @) = gl (rr) + (¢ — )by pa,r(r, Q)

we obtain
1 A mic win d R -8
WQ—( XY,t,h,a,R(I’)(T) = —gt,h,R(Ta 7")5/71 (q—r)""®(q)dg
_ R
~ g ) [ g =) ") dg
d (B,
- [ =D ot ) ®(0) o
Since
) Ly (t,t)c
R ) = a8 ) = T (),
Lemma [19.2] yields

~gtiatrr) o [ )P0l dg = Ly (OB TR0
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win
Define &), r by

. R
(R, 1 ®) (1) = — (DrgP i) (1, 7) / (q— )P D(g) dg

d [k 1-3
- [ @) (. 0)2(0) do

This proves (216]) on the smooth core.
win

It remains to show that 8"}, p extends boundedly to Er with norm O(h). For the first term,
and the Hilbert-Schmidt property of the kernel (¢ —7)~%1x  give an O(h) operator bound.
For the second term, the lower endpoint contributes no boundary term because 1 — § > 0, so
differentiation under the integral sign yields

d R - rem
—5/ (g — ) Pbs o r(r, Q)P (q) dg —/ ther(T, @) ®(q) dg,
where
thor( @) = —(1—=B)(q — ) by ha,r(r, @) — (@ — 1) PObyp e r(r, 9).
By (219),

Ko r(r )| < Corh((g =) + (g =)' 77)1a,(r,q),
and the right-hand side is Hilbert-Schmidt on Apr because < % Hence (215) follows.
To prove (217)), first note that the same Fubini computation as above shows that for every
® € Ep,

. R 1
O 0n®) () = [ (0= 1) P )P s 0<r<R
T

win

Because the kernel (¢ — r)_ﬂgt wr(T @) 1A (7, q) is square-integrable on Ap, the map
® — ITNURY g 0 P

is bounded from Er to ER, hence the left-hand side of defines a continuous linear map
Er — D'((0, R)) after distributional differentiation. By the boundedness of Jg r on Epg, the
definition of @dls , and , the right-hand side of is also continuous from Epr to

D'((0,R)). Slnce COO((O, R)) is dense in Er and coincides with on the smooth core
by Lemma the distributional identity extends to every ® € Eg. O

Theorem 19.4 (Fractional Sobolev characterization of the exact fixed-window solver). Assume

Assumptions and and suppose that Definition holds. Let n > 0, fixt € (0,T),
€ (0,1), and R > 0, and suppose

0< Hxy < Hy < %
Then there exist ho € (0,t] and Cy g < 0o such that for every 0 < h < hy with

hR < t, R<e,b,
the following hold:
(i)
(220) D(TFha,r) = HO((0, R));

(ii) there exist bounded operators
thio ks Ria,r € L(ER)

such that Ql?’,llna R s invertible,

(221) Hmzﬁln'“z IERHL(ER + H%Z\’,}LI’IO"RHE(ER) < Cirh,

and

(222) Phor® = Wil TR + R0 p®  for every @ € HY((0, R));
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(iii) the exact graph norm is uniformly equivalent to the H® norm:

(223) Coill®llmsory < 1®less < Cy RH‘I’HHB (o,r))  Jor every ® € H((0,R)).

t,h,a,R —

Proof. Let hy be small enough that Proposition [19.3] and Corollary both hold for every
0 < h < hg. For such h, define

. -1 : ; -1
ok = ( ?lt‘fh,a,R) LY(t, RN hor = (BVEhar) Rhar:
By (183), (184), (214), and (215)), one has
R TR N
after possibly shrinking hg. In particular X’;ln% R is invertible Wlth umformly bounded inverse,

which proves (221)).

Now let ® € C¢°((0, R)), and define
Uy, = A0 rTUR® + R 1D € ER.

By construction and Proposition [19.3

. . 1 .
B0 rYh = Ly (6O, pTir® + K30 p® = =D (VYY1 0 rP)

I'(A)
in Fr. Exactly as in the proof of Theorem both
gl},it(jh,a,R\I/h and mglciic/,t,h,a,R‘I)

are compactly supported in [0, R], have the same conjugated A-derivative, and therefore coincide.
Hence

((I)7‘Ilh) € ?ﬁl,a,R’
so by Proposition [18.2

thor® =Y for every ® € C2°((0, R)).

Thus holds on the smooth core.

Since C2°((0, R)) is dense in H?((0, R)) and EEIR is closed with domain H?((0, R)),
defines a closed operator on H?((0, R)). Passing to the limit along smooth approximations and
using the boundedness of Q]Yt ‘ho.r and Q?%iﬁt h.a,re We conclude that

HP((0,R)) C D(T5,.0.7)
and (222)) holds for every ® € H?((0, R)).

For the reverse inclusion, let
P € D(ThaR); V=37, o.r® € ERg.
Then (@, ¥) € T'{}, , g, s0
VY0 rY = Tt har®  in Eg.
Proposition [15.3](i) and Proposition [19.3(iv) therefore give

Ly (t7 t)ct wi d st
1mn 1 @ WIH
F(l _/3) t,h,aR + haR

in D'((0,R)). Since SBYIHWR\I/ € Er and }”,izna r® € FEg, the multiplier S)JT“IWR, being
boundedly invertible for small h, shows that @dlStCD € Er. Lemma [19.2| then yields & &
H?((0, R)). This proves , and - ) follows from the uniqueness part of Proposition m

Finally, (222)), (221)), and the boundedness of ( f}tna R)_l imply
1T5h0.8® 5 < CLr(IZER® 5, + (] 22),
e P 2r < Cor(I1F0h0,8®Er + [Pl 55)

for every ® € H?((0, R)). Combining these bounds with Theorem m(iii), which identifies the
model graph norm with the H?((0, R)) norm, proves (223). O

mic _
%Y,t,h,a,R\Ij -
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Proposition 19.5 (Conjugated characterization of the exact fixed-window graph). Assume the
hypotheses of Theorem [19.4. Then for every

® e H((0,R)), V€ Ep,
the following are equivalent:

(1) (®,9) € TP, o ri

(ii)
(224) Y arY = Ly (t, )M, gTPR® + &1, z®  in Eg.
Proof. If (®,¥) € 'Y}, , g, then
¥ =% ar®
by Proposition 2l Applying from Theorem and then the definitions of Qt‘t”}lna r and
Wma R gives l-i

Conversely, suppose ([224)) holds. Since ® € H?((0, R)), Theorem yields

\I/* = T?E,a,R(I) S ER

and
VenarYs = Ly (6, )M, TR + 815 p®

in Fr. Subtracting from (224)) gives

Yhar(¥—0,)=0.
Corollary [15.4] therefore implies ¥ = ¥,. Hence

((I)7\I/) € FthaRv

which proves (i). O

Theorem 19.6 (Stable correction of a full-window conjugated defect). Assume the hypotheses
of Theorem[19.4 Then there exists Cyr < 00 such that for every

e H((0,R)), Ve Eg,
the conjugated defect

(225) St h,o, R( ) = %?it(fh,a,R\I/ - LY (t’ t) X}izr,la,Rz?,lI%@ R‘twillna R(I) € ER
satisfies the exact correction formula
i -1
(226) thar® =Y = (BY nar) Sihar(®P),
and the stability estimate
(227) |7~ <han®|, < Cin|88ar@ ),
Proof. Let

[ =3 har(® V)€ ER,
and define
Ui=W— (BYS, ) f€ER.
By construction,
B, 0 rY = Ly (L, OMR, TR® + 810,z in Ep.
Proposition therefore implies
((I)aifj) S FthaR:
hence
U =T, pd.
This proves . The bound then follows immediately from . O
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Definition 19.7 (Smooth buffered cutoff on the micro half-line). Let 0 < Ry < R; < Rz < 0.
A function

x € C%([0,00))
is called a smooth buffered cutoff with radii (R, R1, R2) if
0<x<1 on]l000), x =1 on [0, Ry], supp x C [0, Ra].

Proposition 19.8 (Full-window commutator forcing for a smooth cutoff). Assume Assump-
tion[3.1], fix t € (0,T), a € (0,1), and suppose
0< Hxy < Hy < 1.
Set . )
)\::Hy+§, MiZHXY+§7 B:=Hy — Hxy.
Let 0 < R1 < Ry, let
x € C™([0,00)), 0=<x<1,  suppx C [0, ],

and choose h > 0 sufficiently small that

hRy <t,  Ry<e,,
For © € L*(Ry), define on Eg, = L*([0, Ra]) the commutator Volterra operators

—1
ah,cx _
(228) (WY h,an©)(r) == / (¢ =) (x(q) = x(r)) Ly (t — hr,t — hq)©(q) dq,
-1
Eh,oz _
(220) (0@ )= [ (0= 1" (@) - X)Ly (t bt~ hg)O(q) dg
for 0 <r < Ry. Then there exist bounded operators
??h,a,x? S?ir?,t,h,oc,x € ‘C(LQ(R-F): ERz)

such that for every © € L2(Ry),

1 . n .
20 O (000 8) = Aon® 1 B
(231) Wg)_\ (wgé)?t’hyohxe) = Qg??t,h,a,)(@ in ERQ'
Proof. Set € :=¢epqo. For 0 <r < ¢ < e~ ! define
x(q) — x(r)
5)( (T’ q) = q77“7
and extend continuously to the diagonal by 0, (r,7) := x/(r). Since x is smooth and compactly

supported in [0, R], the function &, is C' on
AR27E = {0 S r S q S 871}7

with finite C'' norm.
For the target-side commutator, write

—1

(W50 @) (1) = [ (g =), (r.)Ly (¢ — hrt = hg)Oa) da

Exactly the same Fubini computation as in Proposition now with exponent \ instead of
A — 1, shows that

—1

TN W 01O () = [ (@ 1)Franalr0)0(a) da

where Fy; . is C'on A R, ,e- Differentiating under the integral sign therefore yields

1 . m
F07 22 (1h.ar @) (1) = Frena(r, 10 n- [ K 0)O(0) dg
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for almost every r € [0, Rz], with bounded kernel

com

Ky (1@) = Fypnx(1,0) + (@ = 1)1 Fy e x (7, 0)-

Since Ap, . has finite measure, this defines a bounded operator Yihany € L(L*(Ry), ER,),

proving (230).

For the source-side commutator, write

-1

(WEar®) () = [ (@ =10, 0) Ly (t = hrt = ha)O(q) da

Exactly as in Proposition the same Beta-function computation gives

-1

3
TN oy @) = [ (@ = 1) P (r,)0(@) da.

where Fxy s p, is C'on A Ro,e- Because 1 — 3 > 0, differentiation under the integral sign yields

—1

F(l)‘)gi( g??t,h,oe,x@) (T) = _(1 - ﬁ) /: (q - 7")_,BFXY,t,h,X("47 q)@(Q) dq

—1

- / (g — 7)1 Fxyny(r,q)O(q) dg

for almost every r € [0, Ry]. Since 8 < % and Ag, . has finite measure, both kernels are square-
integrable on Ag, .. Hence this defines a bounded operator QY ) ,, € L(L*(R,), Eg,),

proving ([231)). O

Theorem 19.9 (Smooth buffered localization of a global exact micro pair). Assume Assump-

tions and[{-1, let n >0, fir t € (0,T), a € (0,1), and suppose
0< Hxy < Hy < %

Let 0 < Ry < Ry < Ra, let x be a smooth buffered cutoff with radii (Ro, R1, R2), and choose
h > 0 sufficiently small that

hRy <t,  Ry<e,..
Let
e D(TMS),  Wi=TPC,0.
Then:
(i) x® € HP((0, Ry)), and the localized pair satisfies the full-window defect identity
(232) Sihoka X2 XW) = QP 0 ¥ — QX i han® i ERy;

(ii) on the inner window [0, Ry], the full-window defect reduces exactly to the buffered tail
forcing:

(233) Lo ro) S50 (X XT) = Q%Y 1 oy (1=X)2) =22, 4 o ry (1=X)T) in ERy;

(i) there exists Cy gy < 00 such that

[t6080878 0, 5200,

Ro
_ 1fa
(234) < Cproa((Ri—=Ro) P+ 172 ) (I|(1 =)@ r2, ) + 11 = )Pl 2r.));
(iv) defining
corr mic —1lhex
(235) \IIX = X\Ij - ( Y,t,h,oe,RQ) St,h,oe,Rg (Xq)a X\Ij)7
one has

(X®@, ) € Th o Ry
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Proof. Set € := €}, 4. Since x is supported in [0, Ra], one has
x®,xV € ER,.

By Corollary [14.6] .

DU YYina®  in LA(Ry).
Multiplying by x(r) and subtracting from the Volterra operators applied to x® and xV¥ gives,
on [0, Ra],

mic com

m?fh,a,RQ(X‘I’) - mXY,t,h,a,Rg (x®) = Y,t,h,a,qu - Qﬂg??t,h,a,qu
Applying Proposition and the distributional source-side decomposition (217)) from Proposi-
tion [19.3] therefore yields

; Ly(t, t)Ct dist
rlrfl,lt(fh,a,Rg(X‘I’) = W Z,V;Lr,la,Rzgﬁlst( ®)
+ ’ﬁtwilzna RQ( ) + gg?h,a,qu - ggﬁnfl,t,h,a,xq)

in D/((O,Rg)). Since the rightmost two terms belong to Fg,, Lemma implies x® €
H?A((0, Ry)). This proves the regularity claim in (i), and is now exactly the definition of
the defect §¢7, , g, (x®, x¥).
For 0 < r < Ry, one has x(r) = 1. Since x = 1 on [0, R;], (1 — x)© vanishes on [0, R;] for
every ©. Therefore

—1

(WP an V) (1) = — /Ra (q— 7))Ly (t — hr,t — hg)(1 — x(q)) ¥ (q) dg

and similarly
-1

(O an®) ) = = [ (0= )" Loy (¢ = bt = ha) (1= (@) (q) da.

Because ® and ¥ are supported in [0,e7!], the functions (1 — x)® and (1 — x)¥ belong to Fj, g, .
Thus, on [0, Ry,

Prhan¥ =~ ha,ro ks (1= 2)P),
and likewise for the source side. Applying Propositions and proves (233). The bound

- follows immediately from , and the triangle inequality.
6

Finally, part (iv) is exactly Theore 19.6| applied with ® replaced by x® and V¥ replaced by
xV. O

20. QUANTITATIVE FIXED-WINDOW LOCALIZATION

The smooth-buffer theorem above is global in spirit: it starts from a global exact micro
pair and produces an exact corrected pair on the localized window. For the final stage of the
argument, however, the first genuinely reusable stability statement is the fixed-window version.
On a finite window, the commutator created by a smooth cutoff is controlled quantitatively
by the width of the transition layer, and therefore exact fixed-window graph elements can be
localized with an explicit loss.

Lemma 20.1 (Quantitative smooth buffered cutoffs). There exists a universal constant C, < oo
such that for every
O0< R <Ry <@

there exists a smooth buffered cutoff

XR1,Re € COO([O7OO))
with
0 < XRi,R, <1, XRi,r: =1 on [0, R1], SUPP XRy,R, C [0, Ra],
and

C C
236 ! oo e —— " oo < —X
( ) ||XR1,R2||L Ry) = Ry _Rlv ||XR1,R2HL Ry) = (R2 — R1)2
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If
XR1,R2\q) — XRy,R2\T
Ry, Ry (1, Q) = = 2(;—r v ), 0<r<q<Ry,
with continuous extension dgr, g, (r,r) == X’Rth (1), then

1 1
237 ommalloran < O (g * i W) . Apm={0<r<q<R}

Proof. Choose ¥ € C*°(R) such that
0<9 <1, ¥ =1on (—o0,0], ¥ =0 on [1,00).
For 0 < Ry < Ro, define
T — R1
=9 =, > 0.
XR17R2 (T) <R2 _ Rl) r=
Then xr, R, is a smooth buffered cutoff with the required support and plateau properties, and
(236|) follows immediately by the chain rule.
For 0 < r < g < Ry, the mean-value theorem gives
‘5R17R2 (r, Q)’ < HXlRl,Rg HL°°(R+)7
so the first term in (237) follows from (236)). Moreover,

XRi,Rs (@) = XR1,R (T) = XRy r, (1) (@ — 7)
(q—r)? ’
and the analogous formula holds for d,0r, r,. Taylor’s theorem therefore implies

87"51?4,32 (Ta Q) =

1
10r0 Ry, Ry (7, @)| + |00 Ry, Ry (1, @)| < 9 ”X/I,%LRQ ‘|L°°(R+)7
which extends continuously to the diagonal. Combining this with (236)) proves (237]). O

Proposition 20.2 (Quantitative commutator control on a fixed window). Assume Assump-
tion[3.1], fir t € (0,T), a € (0,1), and suppose
0< Hxy < Hy < %

Then for every Ry < oo there exists Cy g, < 0o such that the following holds. Let x be a smooth
buffered cutoff with support in [0, Ra], define

x(q) — x(r)

5x(7'7 q) = ?, Ay ry = H6x||Cl(AR2)a
and choose h > 0 sufficiently small that
hRy <t,  Ry<e,..
Then for every © € Eg, = L*([0, Ra]),
(238) [astane],, +|9mar®],, < CurdinlOlrn,.

Er,

Proof. Let © € Eg,. Since O is supported in [0, Rz], the formulas in the proof of Propositionm
reduce to integrals over the fixed triangle Ag,.

On the target side, the kernel Fy; ; , appearing there depends linearly on d, and its first
derivatives, multiplied by bounded C' coefficients coming from Ly (t — hr,t — hq). Hence

HFY,t,h,XHCq(ARQ) < CtyRQAX,RQ’
and therefore the kernel Ky, | from (230) satisfies
B hx Lo (ary) < Ctra Ay Ry

Since Ap, has finite measure, the corresponding integral operator is bounded from Eg, to itself
with norm at most Cy r, Ay Rg,-
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On the source side, the proof of Proposition [19.8| gives a conjugated kernel of the form
(q - T)_/BFXY,Lh,X(Tv Q) + (q - r)l_ﬁalFXY,t,h,x(rv q)a (Ta Q) € ARQa
with
1Exvenxllcrag,) < CrrayRs-

Because § < %, the kernels

(q - T)_BlARQ (T’, Q), (q - r)l_ﬁ]-ARz (Tu CI)

belong to L?(Ag,). Hence the source-side conjugated commutator operator is Hilbert—Schmidt
on Eg,, with norm bounded by C¢ r,A, g,. Combining the two bounds proves (238)). O

Theorem 20.3 (Quantitative smooth localization of an exact fixed-window pair). Assume the
hypotheses of Theorem [19.4 Then for every Ry < oo there exists Cy g, < 0o such that the
following holds whenever h > 0 is sufficiently small and

0<Ri<Ry<e,,, hRy<t.
Let x be a smooth buffered cutoff with support in [0, Rs|, and let

((I)v \Ij) € ?,);L,OL,RQ'

Define
x(q) — x(r)
Oy (1, q) == BETE Ax.ry = ||5x||cl(AR2)-

Then:

(i) x® € HP((0,Ry)), and the localized pair satisfies
(239) Sg,);b,a,Rg (X(I)a X\Ij) = Qgﬁ?glh,a,xq} - Qg??,t,h,a,xq) in ER,;

(ii) the corrected output

- -1
(240) U =XV — (BYihar)  Sihar X2, XT)
satisfies

(Xq)v \Ijix) € ?,);’L,O(,RQ;
(#ii) one has the quantitative correction bound

(241) o = xv], < Cmors (181, + 1%, ):

(iv) consequently,

(242) IX®llog, o < Crio(T+ Ar, ) [ @llegs -
If x = XR,,Rr, 5 chosen as in Lemma then
1 1
ex _ < ex
(243) H\I’XR17R2 XR17R2\I’HER2 — CtaRQ <R2 _ Rl + (R2 _ R1)2> ”¢H®t,h,a,R2'

Proof. By Proposition [18.3
Vot =T,

with both ® and ¥ supported in [0, Ry]. Repeating the proof of Theorem m(i), but now with
no outer tail contribution because ®, ¥ € Er,, yields x® € H?((0, Rz)) together with the defect

identity (239)).
Part (ii) is exactly Theorem [19.6| applied to the pair (x®, xV¥). For part (iii), combine the
correction estimate (227) with :239 and then invoke Proposition m
8% e (X X)) |
Ra

< Ct,RZAX:RQ(H(I)HERQ + H\IJ”ERQ)

o —xe,,, <G

This proves ([241)).
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Finally,
tha, Ry (XP) = W
by part (ii), so using |x| < 1 and (241) gives

n x
@, ., < 120m0, + 50 (Wl + 195~ x¥]5s,)

t,h,a,Ro

n
< Cumy(1+ M) (10, + 22 1¥l, )

which is exactly (242)).
If X = XRy,R, is the cutoff from Lemma [20.1} then (243|) follows from (241)), (237)), and the
trivial bound

1PN ry + 1R, < Crpo [Pl .

thaR2

21. FIXED-WINDOW DuUAL COLLAPSE AND ABSTRACT GLOBAL REDUCTION

The previous sections now contain all of the local ingredients needed for the final reduction.
What remains is to pass from the global micro graph to exact fixed windows. Before attacking
that final localization theorem directly, it is useful to record the two consequences that are
already fully proved:

(i) on every fixed window, the exact micro dual norm collapses to 0 as h | 0;
(ii) any global localization principle reducing graph-unit micro sequences to fixed windows
would force the full observable micro dual norm to collapse as well.

Definition 21.1 (Global and fixed-window exact micro functionals). Assume Assumptions
and let n >0, fix t € (0,7), a € (0,1), and suppose

O<ny<Hy<%.

For
® € D(TPS,),

define the global micro graph norm

(244) 1@ = 191 e, + H e, o

L2(Ry)’

and the global exact micro functional
(245) P (®) = (08 ®) L, — (OFh e T ®
For R > 0 with hR <t and R < q;é, and

® € D(T),0.r):

>L2(R+).

define the fixed-window exact functional

(246) Phar(®) = (08 im0 ®) )~ (e Thar®) L
Finally, define the corresponding dual norms

(247) e = sup { AT (®)] : @ € DT, 19 ]opye, <1},
(248) Pan = sup { AT 0 £(®)] : @ € D(TF 0 p)s [@]ers, ., <1}

Proposition 21.2 (Continuity of the global and fixed-window exact functionals). Assume the
hypotheses of Definition [21.1]. Then:
(i) Agl,ilfa is continuous on Xl}i:a;

(ii) if R > 0 with hR <t and R < eg’la, then AY}, , r is continuous on &y} | p.
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Proof. Since g%if/’t’h’a, g%c’h,a € L%(R, ), Cauchy-Schwarz gives

AT ()] < 0% e nall 219012 + 1055 a2z [ SHi 2,

which proves item (i) via (244). The fixed-window statement is identical, using (246 and
Corollary [18.4] O

Theorem 21.3 (Fixed-window exact dual norms collapse). Assume Assumptions cmd
letn >0, fixt € (0,T), « € (0,1), R> 0, and suppose

0<ny<Hy<%.

|12

Then
(249) thanr — 0 ash 0
along every sequence with hR <t and R < E}IL.

Proof. Suppose the claim fails. Then there exist ¢y > 0, a sequence h,, | 0 with
hmR<t,  R<eg!,,
and elements
®n € D(Th, 0.R)
such that
<1,

|®ullegs (@) > €o.

By Corollary and Proposition we may regard ®, as elements of jSn,lli a,r With the
same norm bound. Proposition therefore yields a subsequence, still denoted (®,,), and some

® € D(T}'R)

such that

(250) o, ~ @ weakly in ERg,

251 ox P, =~ T.d  weakly in Fp.
t,hn,a, R t,R

By Theorem [14.10
Oit .o — Li(t,0)Ym, strongly in L?(R,)
for i € {Y, XY}. Since ®,, and T a.rPn are supported in [0, R], the pairings in (246]) may be
taken over Er. Combining the strong profile convergence with (250)—(251]) gives
AT 0. (®n) = Ly (6 0) iy ® ey = Ly (60) (Y THRD) o
The right-hand side is exactly AER(Q), which vanishes by Corollary Hence
Ah0,r(Pn) =0,
contradicting |Ag}, , p(Pn)| > €o. O

Theorem 21.4 (Abstract global reduction from exact fixed-window localization). Assume the
hypotheses of Definition[21.1]. Suppose the following localization property holds:

for every sequence hy, | 0, every sequence
QueDT L) with  [Pallgme <1,
and every € > 0, there exist R < 0o, ng € N, and elements
@0 € D(Tham) (02 m0)
such that
(252) 1D, e <1+4e,

t,hn,,R —

(253) ’Afﬁi’a(@n) - ?,};zn,a,R((in)’ <e for every n > nyg.
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Then
(254) O, — 0  ashlO.
Proof. Suppose fails. Then there exist ¢g > 0 and h,, | 0 such that
?‘}‘fna > 4e for every n.
By Definition choose
O, € D(T]) 0)
with
[@allome <1, [A7E o(®0)] > 260
Apply the localization property with € = ¢g. Then there exist R < oo, ng, and
B € DT 0n) (0> mo)
such that
||&)n||®;xhn,a,R < 1+eo,
and
A 0 (@n) = A, cr(®n)] < o
Hence, for every n > ny,
AT ar(@0)] > 0.
After normalizing by 1 + ¢q, this implies
€0
1+ €9
which contradicts Theorem 21,3 O

?,);Ln,a,R > for every n > ng,

22. UNIFORM PROFILE TAILS AND GOOD BUFFERS

The abstract reduction theorem above isolates one global missing step: graph-unit micro
sequences must be localized onto one common finite window without losing the functional. Before
attacking that final bridge directly, it is useful to record two preparatory facts that are already
consequences of the existing theory:

(i) the micro profiles are uniformly tight in L?(R,) as h | 0;
(ii) every graph-unit sequence admits, after subselection, one common annulus on which
both the input and output masses are arbitrarily small.

Proposition 22.1 (Uniform tail tightness of the micro profiles). Assume Assumption fix
t€(0,T) and a € (0,1), and let

ie{Y,XY}.
For every e > 0, there exist R. < co and he > 0 such that
(255) Hl(Rs,oo)ggl,tli,a’ LRy <e for every 0 < h < h.

Moreover, R. and he may be chosen simultaneously for i =Y and ¢ = XY.

Proof. Fix € > 0. By Theorem
gzr'l;fi,ch,a — Li(ta t)¢H1 in LQ(R-F)
as h | 0. Since L;(t,t)yy, € L?>(Ry), there exists R. < oo such that

€

Then choose h. > 0 such that

|75, = Lit by,

€
LR, < 3 for every 0 < h < h,..



82 J. VIDAL LLAURADO

Therefore, for 0 < h < he,

mic ‘

Hl(Re,oo)gi,t,h,a

gf;,%,a - Li(t> t)sz L2(Ry)

<|
L2(Ry)
+H1(Rs700)Li(tat)¢)Hi L) S

This proves (255). The simultaneous statement for i = Y and ¢ = XY follows by taking the
larger of the two radii and the smaller of the two h-thresholds. U

Proposition 22.2 (Annular low-mass buffer selection for graph-unit vectors). Assume the
hypotheses of Definition[21.1], let
DT, =T

and suppose
[®llgpe < 1.

Fir A>0,0>0, and M € N, and define the disjoint annuli
Ii:=[A+ (j —1)¢, A+ j/], j=1,...,M.
Then there exists j. € {1,..., M} such that

2
(256) 1912, + 2 ¥, < 57
Proof. Summing over j = 1,..., M and using the disjointness of the I; gives
M 2 2
> <||<1>uiz(m + ZQH\IJH%M.)) <@l aqr,) + o 19132,y = [l < 1.
i=1 Y Y o
Hence at least one summand is at most 1/M, which is exactly . O

Corollary 22.3 (Common low-mass buffers along graph-unit sequences). Assume the hypotheses
of Definition[21.1 Let hy, | 0, and for each n let

(P’I’L € D( glfizi,a% \I/n = ;I’l}i]j“a(pn, ||(pn‘|®in;7’c N S 1
Fir A>0,¢>0, and M € N, and define
I :=[A+(j —1)¢, A+ jt], j=1,...,M.

Then there exist an index j. € {1,..., M} and a subsequence (ny) such that
2
2 n 2 1
(257) [Pl Z2(1,,) + gH‘I’nka(IH) <o Joreveryk.

Proof. For each n, Proposition 22.2] gives an index
Jgn€{l,....,M}

such that
2 n* 2 1
192120, + ¥, < 57
Since {1,..., M} is finite, one index j. occurs infinitely often. Passing to that subsequence gives
(1257)). (]

Corollary 22.4 (Profile-tight common buffers). Assume the hypotheses of Definition |21.1]. Let
hn, 1 0, and let

BEDEE ) V=Tt [Pl <1

[e3

Fize>0,0>0, and M € N. Then, after passing to a subsequence, there exist finite radii
0< Ry < Ri1 <Ry

such that
Ry — Ry > ¢, Ry — Ry =¢,

and:
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(i) forie {Y,XY},
(258) [ERERST S

(ii) the common transition annulus satisfies

<e for every n;
L2(R4) ’

2
n 1
(259) 1@l 2y, rop) + @H‘I’nH%Z([Rl,RQ]) <qf foreveryn.

Proof. By Proposition after discarding finitely many indices there exists Ry < oo such that
(258) holds for both i =Y and i = XY for every remaining n. Set
A:=Ry+ V1.

Applying Corollary 22.3] with this A, the same ¢, and the same M, and then relabeling the
resulting subsequence, yields an index j,. € {1,..., M} such that

2 n 2 1
H(I’n”maj*) + g”\PnHLZ(Ij*) < i for every n,

where
= [A+ (e — 1)t A+ 5]
Now define
Ri:=A+ (]* — 1)5, Ry := A+ j./L.
Then Ry — Ry =¥, R1 > A = Rg + ¢, and therefore R — Rg > £. The annulus estimate is
exactly the displayed bound above. O

23. NON-ESCAPING SEQUENCES AND FUNCTIONAL CONCENTRATION

The previous section identifies common low-mass buffers, but it is also important to isolate
the trivial case in which no localization theorem is needed at all: if a graph-unit micro sequence
escapes to infinity, then the micro functional vanishes automatically because the profiles are
uniformly tight. Thus the only genuinely difficult regime is the non-escaping one, where a fixed
amount of graph mass remains on some common finite window.

Proposition 23.1 (Escape to infinity forces functional collapse). Assume the hypotheses of
Definition [21.1 Let h,, | 0, and let

€D ) =T aPar [Pl <1
Assume moreover that for every R < oo,
(260) [@nllz2(o.r) + ¥nllL2o.r)y — 0 asn — oo
Then
(261) Azl,il‘jl’a(‘l)n) —0 as n — oo.

Proof. Fix € > 0. By Proposition 22.1] there exist R. and n. such that for every n > n.,
(262) 15 0008855, | <e forie{Y,XY}.
By (260)), after increasing n. if necessary, we may also assume that for every n > n.,

(263) [®nllL2(j0,r7) + 1¥nllL2(0,r.)) < &
Using ([245)), split both pairings at R.. For n > n.,

L2(Ry)

mlC mlC
’At hy (P ‘ < Hl[o ROXY t b,

12 1®@nllL2(o,ra))

, 1®nll2® )

mic
+ Hl (Re,00) 8X Yt i, a’

+ Hl 0ROV L2 1¥nllz2 (o, R2)

, ¥l 2w, )

mlC
+ Hl (Re,00) Yt hncx ‘
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The full L? norms of the micro profiles are uniformly bounded for large n by Theorem [14.10
Also,

vy
CHTRRES N | AP

because H(I)”H@?‘;f < 1. Combining these bounds with (262) and (263) yields

lim sup’ ?ﬁ‘;a(cﬁn)) < Cipuy€-

n—oo

Since € > 0 was arbitrary, (261]) follows. O

Corollary 23.2 (Non-escaping alternative for nonvanishing functional sequences). Assume the
hypotheses of Definition |21.1] Let h, | 0, and let

¢, € D( gliizi,a)v v, = Sinfll(; a ||®n||®;n;f N <1
Suppose that

(264) lim sup [AFSS (®,)] > 0.

n—0o0

Then there exist R, < 00, 6, > 0, and a subsequence, not relabeled, such that
(265) 1®nllz2(0,r.)) + [Wnllz2(o,r.)) = 0« for every n.

Proof. If no such R, and 4, existed, then after passing to a subsequence one would have (1260))
for every R < oco. Proposition would then imply AY}° | (Pn) — 0, contradicting (264). O

Corollary 23.3 (Structured reduction of the global localization problem). Assume the hypotheses
of Definition [21.1. To verify the localization hypothesis in Theorem [21.7), it is enough to treat
graph-unit sequences

@, D). Wu =T B [Pl <1,
for which, after passage to a subsequence, there exist:
(i) a finite radius R, < oo and a constant §, > 0 such that
1Pnllz2(0,r)) + [¥nllL2(o,pa) 2 0« for every n;
(ii) for every prescribed € > 0, £ > 0, and M € N, finite radii
0<Ry< Ry <Ry

such that
Ry — Ry > ¢, Ry — Ry = ¢,
and the profile-tail and good-buffer bounds (258) and (259) hold.
Proof. Tt ¢ (®,,) — 0 already, then the localization hypothesis in Theorem is trivial:

for any € > 0, taking ®,, := 0 on any fixed window gives
[Pnllees =0<1+4¢
and, for large n,
AT o(@0) = A o r(®n)| = [AI o(@0)| <.

Thus only sequences satisfying (264]) need to be considered. For such sequences, Corollary
gives the non-escaping head bound, and Corollary then gives the common profile-tight
buffers after passing to a further subsequence. O
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24. LOCALIZATION FROM FULL-WINDOW DEFECT CONTROL

The final global reduction can be stated concretely. Once a smoothly truncated global exact
micro pair has a small full-window conjugated defect on one common finite window, the correction
theorem and the profile-tightness estimates upgrade that truncated pair to an exact fixed-window
approximant with both small norm loss and small functional loss.

Theorem 24.1 (Exact fixed-window localization from a small full-window defect). Assume the
hypotheses of Definition|21.1. Let h,, | 0, and let

P, € D(TFC ), Uy, =T O, |®nlgme < 1.
Fiz radii
0< Ry < R < Ry < o0,

and let x be a smooth buffered cutoff with radii (Ry, R1, R2). Assume that for some € > 0 and
all sufficiently large n,

(266) Hl(Rl,oo)gzr'?ti,chn,a‘ L2(Ry) = Jord e (v, ¥
(267) [855 s x|, <.
Rg
Define
- : ~1ex

(268) W= W — (B, 0m) S (0P X o).
and set ~

b, = X(I)n-

Then there exists Cy gy, < 00 such that, for all sufficiently large n,

(1)

((I>n7 \Ijn) € F?En,a,RQ;

(i)

(269) [Pnllees, . n <1+ Crromoyes
(iii)
(270) AT a(®0) = A aore (Pn)| < Compman .

Proof. Part (i) is exactly Theorem applied to the pair (x®,, x¥p).
For part (ii), |x| < 1 gives

1®nllr, < 1®all2@,) < 1.

By Theorem and (267)),
[¥n — X\I’nHER2 < Oyt

Since |x| <1 and ||®n‘|®infilc <1,

Vy
IXUnllEr, <I1¥nllr2@,) < —

n
Therefore using || @2 me < 1,
®t,hn,a
2 12 G 2
18l . g, = 1Bl + T Tl

2
n 2

<@l Zom,) + VT(H‘I’nHLZ(RJr) + Ct,R,¢)
Y

2
2 Ui 2
< 1®nllze@.) + 5 1¥nllz2e,) + Crromove
Y

<1+ CthQW:VY&"
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After enlarging the constant if necessary,

H(i)nHQ‘Sex <1+ Ct,Rz:n,Vygv

t,hn,a,RQ -

which proves (269).
For part (iii), using (245)), (246)), and part (i), one has

() = AT, 0o () = (8%F 00 (1= X)) L, 0
— (000 (1= X)W )

— (0P, 00 U — XU

L2(Ry)

”> L2(Ry)
Because (1 — x) is supported in [Ry,00), the first two terms are bounded by

mic
Hl(RLoo)gXY,t,hn,a’

Using (266]) and

2 [®@nllz@y) + H]-(Rl,oo)g?},it(jhn,a’ Lo 1l 2y

Vy
[®nllz2®,) <1, [Pnllr2@®,) < ES
these terms are at most (), ,, €. For the correction term, the full L?-norm of g?}}‘jhm o, is uniformly

bounded for large n by Theorem [14.10, while Theorem and ([267)) give
H\Tjn - X\I]TLHERQ < O, Ryt
Hence the third term is also bounded by C g, 5. €, which proves (270). O

Corollary 24.2 (Reduction of abstract localization to full-window defect control). Assume the
hypotheses of Definition[21.1l To verify the localization hypothesis in Theorem [21.7), it is enough
to prove the following statement:

for every sequence hy, | 0 and every graph-unit sequence

(pn € D( ;fl}i;;“a), \I/TL = zgl}iﬁ“a@n’ H(pn‘|®g‘;£ha < 17

which satisfies the structured reduction of Corollary[23.3, and for every e > 0, there exist common
radii

O0<Ry<Ri <Ry <
and one smooth buffered cutoff x with radii (Ro, R1, R2) such that, after passing to a subsequence

if needed, (266 and (267]) hold.

Proof. By Corollary it is enough to treat non-escaping sequences with a common head
window and common profile-tight buffers. For such sequences, if and hold, then
Theorem produces exact fixed-window approximants on the common window [0, Rg| with
arbitrarily small losses in both graph norm and functional value. This is exactly the localization
property required in Theorem O

25. ANNULUS-OUTER SPLITTING OF THE FULL-WINDOW DEFECT

The full-window defect decomposes exactly into a transition-annulus term and an outer-tail
term. Because the cutoff is constant on [0, R1], the commutator does not see any input mass
below Rj. Thus the annulus [R;, Ro| is the only local contribution, and its size is reduced to an
explicit quantitative bound. The complementary contribution is the outer tail (Rz, c0).

Proposition 25.1 (Annulus-outer decomposition of the full-window defect). Assume the hy-
potheses of Definition [21.1] Let

0< Ry < Ri < Ry < 0,
let x be a smooth buffered cutoff with radii (Ry, R1, R2), and let
Qe D( i?fiz(,:a)v U= ‘Ilrfr,lfl:a :
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Assume in addition that

hRy < t, Ry < 6;:;.

Define

M .= ®1[R1,R2]7 q)out = q)l(Rg,m)? A . — \I/]_[R17R2], \I/OUt = \I]]-(Rg,oo)'
Then
(271) %ﬁ,);l,a,RQ (x®, xV) = ?,I}lzr,la,x(q): o) + Ql?,l}lzﬁa,x(q)v o) in By,
where
(272) (8, 0) 1= Q0 T O 0 B
(273) Q‘?,lllzt,a,x(q)’ \Ij) = gg?,lh,a,xll’om - g?ll}l,t,h,a,xcbom‘

Moreover, there exists Cy g, < 00 such that
(274) 2@ ), < Comacra (1] 2 a + 1¥ 22 1)
2

where
Ap, = Hx(q) —x(r)

, Apr, ={0<7r<q< Ry}

q—-r Cl(ARg)
If x = XR,R, 15 the canonical cutoff from Lemma then
(275)
. 1 1
[ @ D), < Cos (g + ) (1M + 1z )
Proof. By Theorem [19.9(i),
%ﬁﬁz,a,Rg (X(I), X\Ij) = ({fglh@,x\lf - S?{}ft,h,a’x@ in ER2.

Since
b = (I)]‘[CLRﬂ + dann + CI)out7 U — \111[07]%1] + Jann + \IJOUt7

linearity gives

Sty (XD, X V) = (Q?glh,a,x(‘l’l[o,m]) - Qg??t,h,a,x(q’l[o,m]))
+ A2 (D, W) + AN (D, V).

t,h,a,x t,h,a,x

It therefore remains to show that the first bracket vanishes.
Let © € L?(R,) be supported in [0, R1]. If the integrand in (228) or (229) is nonzero, then

r<gq< R

Because xy =1 on [0, R;], one has x(q) — x(r) = 0. Therefore

gg?vlhvay)(@ = S??t,h,a,xe =0 on [0, RQ]
Applying (230) and (231)) gives
ggglh,a,x@ = g(()?/i,t,h,a,xe =0 in ER,,

which proves (271)).
For (274)), note that ®*"* U*"™ ¢ Epr . so Proposition applies:

2652 0

com ann
HQYt,h,a,x‘I’

com ann
b QR ax®
Ra

Er, — Er,

< Crro D my (1™ 2, + 197 [ 25, )
which is exactly (274). The width estimate (275)) follows from (274]) and Lemma O
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Proposition 25.2 (Uniform control of the annulus commutator). Assume Assumption[3.1], fix
t€(0,T7), a €(0,1), and suppose
0< Hxy < Hy < 3.
Fiz £ > 0. Then there exists Cyy < oo such that the following holds. Let
0 <R <Ry <o, Ry — Ry =/,

let x := XR, R, be the canonical cutoff from Lemma and choose h > 0 sufficiently small
that

hRy<t,  Ry<eyl.
Then for every © € L*([R1, Ra)),
com com
<
(276) HQY,t,h,a,XGHERZ N HQXYyt,h,a,x@HERQ < Crell®ll 21y, ra))-
Consequently, for every
e D(TN.), U= T0N0,

one has
(277) [ @0 < Coall@l e o + 1l ).
2

Proof. Let
So:=(R1 — 0)+, J =[S0, Ra].

Then |J| < 2¢, and the support of every © € L?([R1, Rz]) lies inside J.
We first control the output on the local strip J. Since © is supported in [Ry, Ro] and x = X R, R,
satisfies the derivative bounds (236)), the proof of Proposition restricted to the strip J,

gives
(278) HlJ s‘2’?’1’“LW<G)HERZ + Hl‘] S?Qtvh’a:X@HERQ < Ct7€‘|@HL2([RlaR2})’

because the output interval has length at most 2¢, the input interval has length ¢, and the
singular integrals in the source-side estimate are therefore taken over a set whose size is controlled
solely by £.

It remains to control the far-left part [0, Sp]. If Sy = 0, there is nothing to prove, so assume
So > 0, equivalently R; > ¢. For 0 <r < Sy and ¢ € [R1, Ra], one has x(r) = 1, hence

x(q) = x(r) = =(1 = x(9))-
Therefore, for every © € L?([R1, Ra]), defining
© = (1-x)© € L*([Ry, Ry)),
the commutator Volterra terms reduce on [0, Sp] to

com _ tail O
Kt7h7a7X@ - _QHY,t,h,OC,S(),Rl@?

com _ tail
XVt hax©® = =WXVt ha,50,R O

The proofs of Propositions and now apply with the additional information that &)
is supported in the interval [Ry, R2] of length ¢. On the target side, the conjugated kernel is
uniformly O(h), so

H]_[O’SO}Q%EI}L’O"XGHERQ < Cth\/ S()e HGHLQ([R1,R2])'
Since Sy < Ry < 5,;}1 = ho‘_l, this gives

(279) Hl[o,SoPQCY??f‘h,a,x@HERZ) < Cuel®llz2(ry,Ra)-
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On the source side, the proof of Proposition [I7.3] yields a decomposition of the conjugated
kernel into a main term bounded by Cy(q —7)™#~! and an error bounded by C;h(q —r)~?. Since
r < Sy =Ry —{ and q € [Ry, Ry], one has

q—1r >4
Schur’s test therefore bounds the contribution of the main kernel by

Crell®ll L2((R1,Ra))-

For the error kernel, the Hilbert—Schmidt estimate gives

1_
Ceh/So 027710 L2 ((ry ) < CollOll 2[Ry Ra)) -

Hence
(280) | 1050288 h.0n® . < Crellllzms o,
2
Combining (278)), (279)), and (280) proves (276)). The pair estimate (277) is immediate from
the definition (272)) and the triangle inequality. (]

Corollary 25.3 (Good buffers imply annulus control). Assume the hypotheses of Definition|21.1,
For every e > 0 and every £ > 0, after passing to a subsequence, there exist common radii

0< Ry < Ri < Ry < o, RQ_RIZE,

such that:
(i) forie {Y,XY},

mic .
Hl(RLoo)gi,t,hn,a‘ L2®,) <e for every n;
(i) for the canonical cutoff X, R,
(281) HQl?,I}lzr;,a,XRLRQ (D), \I/n)HER <e  for everyn.
2

Proof. Let Cyy be the constant from Proposition [25.2 and choose M € N so large that
Cie (1 + VY) M—1/2 <e.
n
Applying Corollary with this M, with this ¢, and with the same €, and then relabeling the
resulting subsequence, yields common radii
0<R0<R1<R2<OO, Rl—Roze, RQ—R1:£,
such that the profile-tail estimate beyond Ry holds and

n 1
H<I>n”%2([31’32]) + VTH\I’nH%Z([Rl’Rﬂ) < i for every n.
1%

Since Ry > Ry, the same profile-tail bound holds beyond R;, which proves (i). The annulus
mass bound implies

vy _
[l + 1l < (1+22) 12

and after discarding finitely many terms we may also assume
h,Ro < t, Ry < 5,;}706 for every n.

Proposition then gives (281)). O

Lemma 25.4 (Uniform separated buffered tail bounds). Assume the hypotheses of Defini-
tion[I7.1l. Then there exist constants

C} < 00, Ct,a < 00
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such that for every sufficiently small h > 0,

(282) [l oy S G

< Ci(R — Ry) P + Cy ohoTF=oB,

(283) HQt)?i)lf,t,h,a,Ro,R

Proof. The target-side estimate follows from (203]) and the proof of Proposition since
Ry<R<el,

‘L(Fh,RaERO)

1+

hyferh = R<hyfel =h3" <h® (0<h<1),

which proves (282)).
For the source side, the main term is exactly (206]), hence bounded by C¢(R — Ro)*ﬁ . For the

error term, the proof of Proposition [17.3] gives

@ |

< 2 —(1-28)
Hny,t,h’ L2(0 Rol < [Rey ) = Cth"Ro ey, .

«

Since Ry < 6}:;, one obtains

%55l e

which proves (283)). O

Proposition 25.5 (Separated part of the outer-tail commutator). Assume the hypotheses of
Definition (21.1, Let

< Cyh 6};(1_6) _ Ct’aha-i-ﬁ—ocﬁ’

«

0<R1<R2<OO, £2:R2—R1,
let x := XR,,r, be the canonical cutoff from Lemma and let

O eDE,),  i= T,

Assume
hRy <t,  Ry<gjl.
Then
il il .
(284) 1[07R1]Ql?71;Lt7a7X((b’ \P) = Qg?lll/zt’h»a7RlyR2 @OUt - Qg%;ﬂh»a7R17R2 \IIOUt n ERI’
and there exist constants Cy < 0o and Ci oy, < 00 such that
(255) [tom 2 an (@ 9], < T 4 Crayun b

2

for all sufficiently small h > 0.
Proof. For 0 < r < Ry and ¢ > Rp, one has x(r) = 1 and x(¢q) = 0. Hence

x(q) — x(r) = —1.
Therefore, on [0, R;],

com out __ tail out
Y7t7h7a7X\Il - thvhvaleaRQ‘Il )
and similarly 1
com out __ tai out
th7h7a7X(I) - XY7t7h7a7R17R2(I) :

Applying (230)), (231), (202)), and (204) yields ([284).
Now use Lemma with Rp = Ry and R = Ry:

out tail out tail out
“1[07R1]2‘t7h7a,x(‘1’7‘I’)HER < |9 h o, ® . | Q0 T
2 1

< (Cul™P + Crah® P 0) |02 L2,y + CLR T 2 my -

E ERr,

Since
v

%
1% N r2ry) < NP2y <1, 10" 2@,y < N¥M2w,) < o

and hotF=aB < b for 0 < h < 1, this proves (285). O
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Corollary 25.6 (Localization reduces to boundary-strip outer-tail control). Assume the hy-
potheses of Definition[21.1. To verify the localization hypothesis in Theorem[21.7), it is enough
to prove the following statement:

for every sequence hy, | 0, every graph-unit sequence
¢, € D(Sglilzi,a)v v, = T?flzi,aq)n’ Hq)nH@;“;f N <1,

which satisfies the structured reduction of Corollary[25.5, and every e > 0, there exists £ > 0
such that after passing to a subsequence and firing the common radii

0< Ry < Ry < Ry < o, RQ—Rlzf,
and the canonical cutoff X = XR, r, supplied by Corollary[25.3, one has

(286) HI[R1,R2]Ql?,l;ztn,a,x(q)n’ \Iln)HER <e for every n.
2

Proof. Choose ¢ > 0 so large that
C P <e,

where Cy is the constant from Proposition 25.5] By Corollary [25.3] after passing to a subsequence
we may assume that the common profile-tail bound holds beyond R; and that

HQlann (P, \Ifn)HE <e for every n.

t,hn,a,x Ry
After discarding finitely many terms one also has
h, Ry < t, Ry < 6;“3,()( for every n,

and
Ctamuyhn <€ for every n.

Hence Proposition [25.5] gives

H]‘[07R1]Ql?,l}lltn,a,x(¢n7 \Ifn)H . <2 for every n.
2

If also holds, then
HQlout (P, \Ifn)H < 3e for every n.

t,hn 0, x
Ro
Together with the annulus bound and Proposition this gives
H%f,xmm& (xPn, X\I’n)HE < 4e for every n.
Ra

The profile-tail bound beyond R; and Theorem therefore give exact fixed-window approxi-
mants with arbitrarily small losses in norm and functional value. By Corollary this verifies
the localization hypothesis in Theorem O

Remark 25.7 (Explicit form of the annulus term). Proposition removes the annulus contri-
bution from the list of hidden unknowns: it is the explicit operator hooy and Proposition
and Corollary now show that this annulus term can indeed be made uniformly small along
structured non-escaping sequences. Thus the remaining global work is reduced to the strip
contribution 1(g, RZ}Q@},‘;Q’X. As Section shows, this is no longer a genuinely tail-driven

quantity once the exact micro transfer identity is used.

26. FLAT OUTER-EDGE STRUCTURE OF THE CANONICAL CUTOFF

The boundary-strip term is created precisely where the canonical cutoff meets the outer edge
Rs. The key structural fact is that this cutoff is not merely C? there: because the profile used
in Lemma is identically zero on [1,00), the rescaled cutoff is flat to every order at Ry. This
flatness is the input that softens the conjugated commutator kernels in the strip analysis below.
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Lemma 26.1 (Arbitrary-order flatness at the outer edge). For every pair of integers m > 0
and k € {0,1,2}, there exists a constant

Cx,m,k < 0

such that for every 0 < Ry < Ry < 0o, the canonical cutoff xXr, r, from Lemma satisfies

(k) (R —r)™
(87 w0 < Comi (=

Proof. Recall from the proof of Lemma that

r— Ry
XR1,Ro (7") = 19(R2—Rl> s r >0,

for every r € [Ry, Ra).

for some fixed ¥ € C*°(R) such that
v =1on (—o0,0], ¥ =0on [1,00).

Hence, for every k € {0, 1,2}, the derivative 9(¥) vanishes identically on [1,00), and therefore all
one-sided derivatives of 9*) at 1 vanish. Since 9(*) is smooth on a neighborhood of 1, Taylor’s
theorem at the point 1 shows that for every m > 0 there exists C ,, 1 < oo such that

’19(’“) (u)’ < Cymp(l—uw)™ for every u € [0, 1].

Now let
r— R1
= —>¢€ [0, 1].
Then
(k) _ 1 k
XR,.Ry (T) (Rg—Rl)kﬂ( ) (u),
and
| —ue Ry — 7
Ry — Ry
Substituting these identities into the previous bound yields (287)). O

Corollary 26.2 (Boundary-strip decay of the cutoff quotient). Let 0 < R} < Rp < oo, set
0 := Ry — Ry, and let xR, Rr, be the canonical cutoff from Lemma W For r € [R1, Ra] and
q = Ry, define

_ XRi1,R2 (Q) — XRi1,R2 (T) _XRl,R2 (7")

5R1,R2<ra Q) = q—r - q—r
Then, for every integer m > 0, there exists Cy n, < 00 such that
(Ry —r)™
288 OR R (T )| < Cxom~—7—"+,
( ) | 1 2( )| X gm(q _ 7“)
(Rg—r)™  (Ro—m)™
(289) ‘aT(sRl,Rz (r,q)| + |aq5317R2 (rg|<C 1 <£m+l(q —r)  4m(q— 7-)2 )
Proof. The identity
XRi,Ry (T)
6R1,R2 (TJ Q) = _ﬁ

is immediate because xr, r,(q) = 0 for ¢ > Rs. The bound (288) then follows from (287)) with
k=0.
For the derivatives, direct differentiation gives

X/Rl,Rz (T) XR1,R2 (7") __ XR1,Rs (T)
q—r (q—r)?" Oudr 1z (1. 4) = (q—r)?"

Applying (287) with £ = 0 and k = 1 yields (289)). O

8T5R1,R2 (T7 q) =
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27. CROSSING-SEGMENT GEOMETRY AT THE OUTER EDGE

The remaining boundary-strip term is produced by Volterra segments that start at a point
r € [Ry, Ro] in the transition annulus and end at a tail point ¢ > Rs. Since the canonical cutoff
vanishes identically once the segment crosses Ro, every such weighted Beta-average only samples
the initial fraction of the segment

Ry —7r

q—r
The strip analysis combines this geometric truncation with the exact conjugated Volterra
formulas.

PR Ry (T, q) = € [0,1].

Lemma 27.1 (Weighted segment truncation across the outer edge). Let a < 1, b > —1, m € Ny,
and k € {0,1}. Then there exists a constant

C’a,b,m,k < 00
such that for every 0 < R1 < Ry < oo, with ¢ := Ry — Ry, the canonical cutoff xr, r, from
Lemma [20.1] satisfies

(290) / 671 — 6)° ‘Xg?,RQ(T + (¢ — 7“)9)‘ d0 < Copm i 0™ F(Ra — 7)™ pRy.Ry (1, @) °
for every r € [R1, Ra] and every q > Ra.
Proof. Fix r € [R1, Rg] and q > Ra, and set p := ppr, r,(7,¢). Then
r+(g—r)0 > Ry whenever 6 > p.
Because xR, g, vanishes identically on [Rs, 00), the integrand in is zero for 6 > p. Hence

omarr — gy [y W o) ldo= ["oe — gy |y W — 10| do
01— 8) Xp, mo(T + (¢ —7)0)|db = o106 Xi, mo(T + (g —1)8) | d6.

For 0 < 6 < p, the point
x:=r+(qg—r)d
lies in [R;, R, and
Ry—x=Ry—r—(q—r)0=(qg—r1)(p—10).

Therefore Lemma [26.1] gives

(R — )™ (q—r)"(p—0)"
‘XRLRZ (36)‘ < Cxmok ik ik etk
for every 0 < 6 < p. Hence
“oe(1— 0 [ M) 0)| a0 < C “po 0)™ do
07— 0)" i)l + (0= )6)| dB < i Wk "(p— o)™
—rym m+1 —a 1 . m
X;m,k ¢ g)mfk /0 u” (1 — pu)’(1 — u)™ du.

If b >0, then (1 —pu)® < 1. If =1 < b < 0, then 1 — pu > 1 — u, hence (1 — pu)® < (1 — ). In
both cases

1
0

Since (g — r)™p™ = (Ra — )™, this proves (290)). O
Proposition 27.2 (Outer-edge Beta averages for the canonical cutoff). Assume Assumption
fixt € (0,T), and suppose

0< Hxy < Hy < %
Set

1 1
A= H — =H —.
Y+27 H XY‘“2
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Let 0 < Ry < Ry < 00, let XR,,r, be the canonical cutoff from Lemma set £ := Ry — Ry,
fix m € Ny, and define for r € [R1, Ra], ¢ > Ro,

edge ) 1 LA A
9ih Ry Ro (T @) = I‘()\)I‘(l_)\)/o 07 (1 — 0) xR, ro(7 + (¢ —7)0)

(291) - Ly(t — h(r + (g —7)0),t — hq) db,
e 1 Lo _
gggxg/t hRy Ry (T2 Q) = TV =N /0 071 — 0)"'XR, Ro(r + (¢ —1)0)
(292) - Lxy(t = h(r + (g = )0),t — hq) d.
Then there exists Cy,, < 0o such that

(293)

d dge — )
gitgi Ry (T Q)‘ + ggag/tth,&(T q)’ < Con 07" (R2 = 7)™ PRy, R, (1, 0)"

for every r € [Ry, Ro], every q > Ra, and every sufficiently small h > 0 such that hRs < t.
Proof. Because Ly and Lyy are continuous on compact subsets of {0 < s < u < T}, one has
|Ly(t — h(r+ (¢ — )0),t — hq)| + |Lxy(t — h(r + (¢ — r)0),t — hq)| < C}
uniformly for the indicated range of parameters. Apply Lemma with
a=A, b=\, m=m, k=0
to , and with
a =\, b=pu—1, m=m, k=0
o} . Since A < 1 and g — 1 > —1, both choices are admissible and yield . O

Proposition 27.3 (Derivative bounds for the outer-edge Beta averages). Assume the hypotheses
of Proposition . Then there exists Cy,,, < 0o such that for every r € [Ry, Ra], every ¢ > Ra,
and every sufficiently small h > 0 such that hRy < t,

edge

-
8rg}/tth 32(7" Q)‘ + =

(294)

6Tg§?§g’,et,h,R1,R2 (T7 q)’ < Ct,m(g_l + h)g_m(RQ - T)mpRth (7’, q)
Proof. Differentiate (291]) under the integral sign. Since
O(r+(g—r)0)=1-9,

one obtains

87"9;3;}52 R1,R2 (T q) 1 _ / 0 A+1 /R RQ(T + (q - T)@)
«Ly(t — h(r + (g —1)0),t — hq) do
- / 07 (1= 0) Xy mo(r + (g — 7)0)

01 Ly(t — h(r + (g — r)8),t — hq) d6.

Because Ly and 0y Ly are uniformly bounded on the relevant compact set, applying Lemma
with
a =\, b=A+1, m

Il
3
>

Il

to the first integral and with
a =\, b=X+1, m=m, k=0

to the second gives

Ongr 1y (12 @) < Com (€ 4+ RYE™ (By = 7)™ piey ey ()
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The source-side estimate is identical. Differentiating (292)) yields

edge 1 1 Y
aTgX}g/,t7h,R1,R2 (r7 q) = F()\)F(]. o )\) A 0 (1 - G)MX/Fll,RQ(T + (q - 7’)9)

- Lxy(t — h(r+ (¢ —r)0),t — hq) do
h N )
B F()\)I‘(l—)\)/o 01— 0) xR, mo(r + (g —1)0)
- Lxy(t = h(r+ (g —r)0),t — hq) df.
Now apply Lemma 27.1] with

a= A, b=pu, m=m, k=1

and

a =\, b= u, m=m, k=0.
Since p > 0, both choices are admissible, and they give the same bound for 8rg§§1}g,et h.Ri R
Combining the two estimates proves ([294]). O

Proposition 27.4 (Exact strip kernel representation for the outer-tail term). Assume the
hypotheses of Definition [21.1] Let

0<R1<R2<OO, E:ZRQ—Rl,
let X := XRy,R, be the canonical cutoff from Lemma[20.1, and let
e D(TMS,),  Wi=TPC,0.

Fiz m € Ng. Assume

hRy <t,  Ry<e,..
Then there exist integral operators
d d 2 —1
Q;EZ7R1,R2’Q§({€3:’%R1,R2 = 'C(Fh7R2’ER2)’ Fi,py =L ([RQ’eh,a])’
such that
t d t d, t .
(295) 1[R17Rz]2l§,lilz,a7x(¢’v V) = Q;E;RLRQ\POH o Q(;(;g/,eth,Rl,qu)ou in Ep,.

Moreover, these operators admit kernels Kf,?f;RhRQ and Kggg/?t,h,Rl,Rzi supported in
{(T, Q) Ry <r< R27 q= RQ}a
such that for r € [Ry, Re] and q > R,

(296) ’K;S/(,itg,z,Rl,RQ (r, q)‘ < Ctm(gil + )" (Ry — T)mpRLRQ (r, Q)liAa
‘K)e?}%;h’RLRQ (T7 Q)‘ < Ct,mg_m(RZ - T)m(q - T)_B_lpRl,Rz (7", C])l_)\
(297) + C't,m(fl + )" (Ry — 1) (q — 7')*ﬁpR1,R2 (r, q)lf)‘.

Proof. For r € [Ry, R2] and ¢ > Rs, one has x(¢) = 0. Hence
x(q) = x(r) = =x(7).

Therefore, when restricted to the outer tail ¢ > Rs, the commutator Volterra operators from
Proposition |19.8] are exactly

(W0 V) (1) = = |

Ro

-1
sh,ce

(¢ — 1) 'x(r)Ly (t — hr,t — hq)¥°™(q) dg,

-1
“hoe - ou
(W @) (1) = = [ (g =) () Loy (¢ = byt = h) 8 (q) do.
2

Applying (230)) and (231]), and then restricting to [R1, Ra], gives (295 with the corresponding
strip operators.
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For the target-side bound, fix ¢ > Rs and set

d,
a’(;/,tg,(;z,Rth (T’, q) = _X(T)LY(t - h?”, t— hq)
The same fixed-q computation as in Proposition yields

K (1) = W(ML—M / 61— 00 (g — )6, q) db.
Since
81a§f}§;Rl’R2 (x,q) = —X'(x)Ly (t — ha,t — hq) + hx(x)d1 Ly (t — hx,t — hq),
Lemma applied with
a =\, b=, m=1m, k=1
to the first term and with

to the second, gives (296)).
For the source side, the same fixed-g computation as in Proposition gives

d —B—1 ed — d,
Ky ,m, (1 @) = Bla —7) g IVt R Ry (T @) — (@ —7) ﬁf)?“gg(%?t,h,Rl,RQ (r,q).

Now combine Proposition with Proposition to obtain (297)). This completes the
proof. O

Remark 27.5 (Interpretation of the strip analysis). Proposition identifies the first unavoidable
geometric factor in every outer-strip computation:

Ry — 7\
1-X _ 2
PR1,Ry (75 q) = ( q—r ) .

Proposition 27.4) makes this more precise: after retaining arbitrary-order flatness, every strip
kernel carries the extra factor £~™(Rgo — 7)™, but the source strip kernel still contains the singular
prefactors (¢ —r) —A-1 and (¢ — 7“)*5 . So the unresolved boundary-strip estimate is no longer
about cutoff regularity alone; it is about how that boundary vanishing interacts with those
source-side singularities and, ultimately, with the target/source cancellation inside the full defect.

28. EXACT STRIP REDUCTION TO ANNULUS DATA

The explicit edge kernels above still make the strip term look like a genuine outer-tail object.
For a global exact micro pair, however, the boundary-strip outer-tail contribution is determined
entirely by the transition annulus [R;, Ra]; the true tail (R2, 00) disappears once the exact micro
transfer identity is used.

Definition 28.1 (Annulus-driven preconjugated strip discrepancy). Assume the hypotheses of
Definition RT.1l Let
0< R1 < Ry < o0,
set
1 1
)\::Hy—|—§, /L::ny—l-i.
Let x := XR,,r, be the canonical cutoff from Lemma and let

Ox, Oy € L*([R1, Ry)).
Define the annulus-driven preconjugated strip discrepancy by

(298) (400 Ry, R, (Ox, OY)) (1) == x() /TRQ(q — ) 'Ly (t — hr,t — hq)®y (q) dq

for r € [Ry, Rg], minus

Ro
X(r) [ (@ =1 Ly (0 = et = h)Ox (q) da.
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and set
thoRy Ry (Ox,0y)(r) =0 for r ¢ [R1, Ra].

Proposition 28.2 (Exact strip outer-tail reduction to annulus data). Assume the hypotheses of

Definition (21.1, Let

0 <Ry < Rg <oo, X ‘= XRi1,Ra»
and let ) )
® € D(Tiha)s U= 15,9
Define
ke @1[R1,RQ]’ (I)OUt = ¢1(R2,E;jl]7
W= WlR, R, pout .— \Ill(Rg,s;L]'
Assume |
hRy < t, Ry < E};(ll.
Then
(209) Ly (550 U™ — A B = Sy, (O )i

In particular, the boundary-strip outer-tail defect

1[R1,R2] ?,lfl;,a,x(q)’ \I’)

depends only on the annulus restrictions ®*" and W™,

Proof. Set € := ¢, o. By Corollary
mﬂn},it(jh,a\p = %iYC,t,h,aq) in L2(R+)
Fix r € [Ry1, R2]. Since
J — pann 4 \I/out and Pd = pamn 4 (I)out
on [r,e71], and there is no contribution from [0, R;] because ¢ > r > Ry, the exact micro transfer

identity gives

6—1

Ra
/" (q — ) 1Ly (t — hr,t — hq) ¥ (q) dg + (q — ) 1Ly (t — hr,t — hq)¥°"(q) dg
r Ro

Ro
= [l Iy (t = et = b)) dg

E_l

- (q—r)!
Ro

x Lxy(t — hr,t — hq)®°"(q) dq.
Rearranging yields

-1

X0) [ (a0 Ly (= Bt~ ha) 0 g) dg

X0 [ (=) (e~ bt~ hg) 8 ) dg
Ry ’
= X(0) [ @ =P Lyt bt = he) ¥ ) dg

Ro
~x() [ = Ly e~ Bt h) 8 (q) da
Because x(q) = 0 for ¢ > Ry, the left-hand side is exactly

(ngh,a,x\yom - CXOQt,h,a,X(EOUt)(T)ﬂ
while the right-hand side is
(S5 h Ry Ry (7, W) (7).
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This proves (299)) for almost every r € [Rj, Rs], and both sides vanish outside [Ry, R2] by
definition.

Finally, 1, RQ}QI% o X((IJ, ) is obtained from the left-hand side of (299) by the fixed conju-

gation formulas and (231]). Therefore it is completely determined by ®*"" and ¥?"" as
claimed. 0]

Corollary 28.3 (Reduction of the strip problem to annulus-local data). Assume the hypotheses
of Corollary[25.6. Then the localization hypothesis in Theorem [21.3) will follow once one proves
the following statement:

for every structured non-escaping graph-unit sequence and every € > 0, there exist common radii
O0<Ry<Ri <Ry <

and the canonical cutoff xR, r, such that, after passage to a subsequence,
t
(300) Hl[Rl,R2]Ql?,lflln,a,XR1,RQ (P, ¥y) HER2 <e€ for every n,

with the understanding from Proposition [28.9 that the left-hand side is now a functional only of
the common annulus restrictions

(I)nl[Rl,Rg]v \Ilnl[Rl,Rg}'
In particular, no genuine outer-tail degree of freedom remains in the final strip estimate.
Proof. This is exactly Corollary [25.6] combined with Proposition The new point is the

structural one: the term (286]) is not a tail-forcing quantity anymore once the exact micro
transfer identity is used, but an annulus-local quantity. U

Definition 28.4 (Admissible annulus traces and exact strip operator). Assume the hypotheses
of Definition RT.1l Let
0 <Ry <Rz <oo, X = XRi,Ro-
Define the admissible annulus-trace class
Uhauri, Ry © LP([Ra, Ra]) x L*([Ry, Ry))
to consist of all pairs (Ox, ©y) for which there exists
e D(TL): V=T

such that
@X — ¢1[R1,R2]7 @Y - \IJ]'[Rl,RQ]'
For every (Ox,0y) € tho.Ri Ry define
(301) ?,Illzl,la,Rl,Rg (@Xv G)Y) = 1[R1,R2]Ql1?,lilzt,a,x(q)> \P) € ER27

where (®, V) is any global exact micro pair realizing the annulus traces (O x,©y).

Proposition 28 5 (Well-definedness of the exact annulus strip operator). Assume the hypotheses
of Definition . Then the definition (3 is independent of the chosen realizing global exact
micro pair. In other words,

ann

tha,Ry Ry © Abha, Ry Ry — ERy
is well-defined.
Proof. Let (&M, ¥(M) and (#®), () be two global exact micro pairs with the same annulus
traces:
oW1 gy =P 1g gy TWg gy = @1 g,
Then Proposition applies to both pairs and gives

Lipy, mog A H o (@M, 0W) = gzin o o (@1, gy, TR, py),
1[R1,R2}Ql?,1fll‘ia,x(q)(2 ) u?h oa,R1,R2 (q>( )1[R1,R2}7 \11(2)1[R1,R2]) .

The right-hand sides are equal because the annulus traces agree. Hence the two realizations of

301)) coincide. O
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Theorem 28.6 (Annulus-strip boundedness reduces the global problem). Assume the hypotheses
of Definition [21.1]. Suppose that the following annulus-strip boundedness property holds:

for every £ > 0 there exists Cyy < 0o such that for every sufficiently small h > 0, every pair of
radii

0< R < Ry < 00, Ry — Ry =Y,
and every admissible annulus trace

(Ox,0y) € Ak, Ry Ry

one has

(302) | &5 (Ox.0¥)|| . < CoellOx l2(im ) + 1O llz2(ir ).
2

Then the localization hypothesis in Theorem holds. In particular,
(303) O, — 0  ashlO.

Proof. By Theorem [21.4] it is enough to verify the localization hypothesis. By Corollary 24.2] it
is enough to verify the full-window defect control required there. By Corollary 23.3] it is enough
to treat structured non-escaping graph-unit sequences

P, € D( ?ﬁi,a): Wy = {erfr,lfiil,aq)na H‘bnuqsf‘;f o <L
Fix € > 0. Choose ¢ > 0 so large that
Cl P <e,

where CY is the constant from Proposition Let C, be the constant from the annulus-strip
boundedness hypothesis (302]), and choose M € N so large that

Ctj (1 + V’I}]/) M71/2 S E.

Applying Corollary with this M, this ¢, and this ¢, and then relabeling the resulting
subsequence, yields common radii

0< Ry < Ri < Ry < 00, Rl—R()ZE, RQ—Rlzg,

such that
H1(Ro,oo)g£f¥filn,a gy S forie {Y.XY}
and
1@ 17 + w12 <
nllL2([Ry,Ro]) T 2 ¥ llL2([R1,R2)) = or every n.
Y

Since R; > Ry, the same profile-tail bound holds beyond R;. Also,

v\
1Pnll 2Ry ro]) + 1¥nllL2((Ry Ry < (1 + 77) M2

After discarding finitely many terms, we may also assume
hpRe < t, Ry < e,jnla, Ctanwyhy <€ for every n,

where Cy a5y 18 the constant from Proposition [25.5]
By Corollary [25.3]

Hm?fflzll,mxmﬂg (P, \I/n)H o <e for every n.
By Proposition
H1[0,1'%1]Ql;t),l/lztn,a,xﬁl7R2 (®ns ‘I’n)H < 2e for every n.

Er,
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Finally, Definition Proposition and the boundedness hypothesis (302]) give

_ H Gann

Ly, Rz (Pn HRLRﬂ7Wn1UthDHER
2

< Cre(I®nll2(ry,ro)) + 1¥allL2((gy,R))

out
H 1[R1,R2}Qlt,hn,a,XRl,R2 (CPTM \Ijn) HE

<e for every n.
Therefore
’ ng,%,tn,a,XRl,Rz (P, \I/n)H o < 3e for every n,
and Proposition [25.1] gives
Hggj;zn,aﬂz (XRy, Ry Pns XRI’R2\IJTL)HERQ < 4e for every n.

By Theorem [24.7] this yields exact fixed-window approximants with arbitrarily small loss in
norm and functional value. Hence the localization hypothesis in Theorem [21.4] “ holds, and ( .

follows.

29. FIXED-WIDTH NORMALIZATION OF THE ANNULUS PROBLEM

The relevant strip quantity always lives on one annulus of fixed width £ = Ry — R;.

translation, it becomes a single operator family on the fixed window [0, ¢].

Definition 29.1 (Translated annulus traces and fixed-width strip operator). Assume the

hypotheses of Definition 28.4] Let
0< R < Ry < 00, {:= Ry — R;.
For © € L?([R1, Rz]), define the translation isometry
(TR, 0)(u) := O(Ry1 + u), 0<u</.

Define the translated admissible trace class

AN rye © L2([0,€]) x L2([0,4])
by

(éXa éY) € «‘Tzrflf,la,m,e

if and only if

(Tr,0x: T, Ov) € Ao ry
For such a pair, define

(304) S hy (X, Oy) == T, &P k) 1, (Tri Ox, Tyt Oy) € L*([0,4]).

Proposition 29.2 (Fixed-width normalization of the annulus-strip problem). Assume the

hypotheses of Definition[29.1. Then:
(i) the canonical cutoff translates to the fixed profile

l

where ¥ is the fixed template from Lemma |20. 1)
(ii) for i € {Y, XY}, the translated coefficients

~ U
Xe(w) == XRy,Ro (R1 +u) = 19() , 0<u<l,

L—,t,h,Rhg(u, v) := L;i(t — h(Ry +u),t — h(R1 +v)), 0<u<wv<ld,

are uniformly C' on Ay := {0 < u < v < £}, with bounds depending only on t and ¢,

provided h(Ry + ) < t;
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(iii) for every admissible translated trace pair
(GXa @Y) € ?,Illzr,la,Rl,év
the fixed-width strip operator is given by the same change of variables applied to the

annulus-driven discrepancy:

(girilzr,louRl,é(éXy (:)Y))(u) = Xe(u) /Z(U - u))\_liY,t,h,Rl,f(uv U)éY(U) dv

l - ~
(305) — xe(u) / (v — )" Ly nre(u,v)Ox (v) dv,

and proving either (302)) or (300) is equivalent to proving the corresponding statement
for the family &%, g, , on the fized window [0, €].

Proof. Ttem (i) is immediate from the construction in Lemma [20.1}

() ()
XRl,RQ(R1+u)—19< R R =d0(7)

For item (ii), the bounds on ELt’h’ Ry,¢ and their first derivatives follow from Assumption
the condition h(R; + ¢) < t, and the fact that (u,v) € A, ranges over a set of fixed diameter
£. Differentiation in v or v only produces one factor of h, which is uniformly controlled for
0<h<1.

For item (iii), let

Ox = ‘Zﬁiéx, Oy = ‘I}jéy.
By Definition [29.1]
(@X? @Y) € A?’,I;ZI?O(,RLRQ'

Applying Proposition on the annulus [R;, Ry, and then changing variables r = R; + u,
q = R1 + v, gives exactly (305)). The operator identity (304) is just the same translation at the

conjugated level. Since Tp, is an L?-isometry, every estimate on S e R, R, 18 equivalent to the

corresponding estimate on (‘NS?I;LHQ R, ¢» and likewise for the sequence-level condition (1300)). O

30. FROZEN LIMIT OF THE NORMALIZED ANNULUS DISCREPANCY

The fixed-width normalization isolates the last varying component of the argument: once the
annulus width ¢ is fixed, only the slowly varying coefficients Ly and Lxy still depend on the
underlying global location R; and on h. On common finite buffers, those coefficients freeze to
their diagonal values. The following theorem identifies the corresponding constant-coefficient
limit of the annulus-driven discrepancy.

Definition 30.1 (Frozen normalized annulus discrepancy). Assume the hypotheses of Defini-
tion and fix £ > 0. For

1 1
)\::Hy+§, /M:HXYﬁLQa

and
(éx,éy) € LQ([()?g]) X LQ([O7£])7

define the frozen normalized annulus discrepancy by

(6, 83) () = Xe) Ly (1,1) [ (v = P By (0)
4

(306) — Se(w) Ly (4, ) / (v — )" B x (v) dv

u

for 0 < u < ¢, where Xy is the fixed cutoff profile from Proposition [29.2(1).
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Theorem 30.2 (Strong freezing on each fixed annulus width). Assume Assumption fix
t€(0,T7), a €(0,1), and suppose

0< Hxy < Hy < %
Fiz £ >0 and R, < co. Then there exist hg € (0,1] and Cy ¢ r, < 0o such that for every
OSngR*, 0<h§h0, h(R1+€)<t,

and every
(Ox,0y) € L([0,4]) x L*([0,4]),
one has
(307) ‘ {3 R 0(Ox,0y) — 45O, Oy) L0 < Cror. R(1Ox |l z2j0.0) + 1Oy [l z2(0.9))-

In particular, for every fized (©x,Oy) € L2([0,£]) x L*([0,]),
(308) @50,y (Bx.6y) — W6, 6y)  in L2([0,)
uniformly for Ry € [0, R.].
Proof. Choose hg € (0,1] so small that
ho(R« +€) < t.
By Proposition [29.2[(iii),

&k o(Ox,0y) — Ul (Ox, Oy)
= Xe(-) /Z(U — P Y Lyun g o(,v) = Ly (t,1))Oy (v) dv
— Xe(") /Z(” — P YLy pi e v) — Lxy (8, 1) Ox (v) dv.

Since Ly and Lxy are C' on compact subsets of {0 < s <u < T}, and
t—h(Ry+u) €[t—ho(Re+0),t], t—h(Ry +v) €[t—ho(R«+1),t],

the mean-value theorem gives

(309) sup ‘EY,t,h,Rl,z(uy’v) - LY(t,t)’ < Cir.4eh,
('U,,?})EAE
(310) sup | Lxcviun () = Ly (68)| < Cup,peh
(u,v)eN,

Define Volterra kernels on Ay := {0 <u < v < ¢} by

Ky o(u,v) == Xe(u)(v — u)’\_l, Kxy(u,v) := Xe(u)(v — u)“_l.
Because
1 1 1 1
“1=Hy —=>—- 1=Hyy—>>-=
A Y 9 > 27 M XY 9 > 27

both kernels belong to L?(Ay). Hence the corresponding Volterra operators are Hilbert-Schmidt
on L2([0,/]), and there exists Cy < oo such that

(311) < Coll fllz2(0,07)

L2([0.4])

I4
) [ =) do

12) %O [y

< Cell fll 22 (10,0
L2([0,4])

Combining (309)), (310)), (311)), and (312) yields (307). The convergence statement (308]) follows
immediately. O
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Remark 30.3 (Role of the frozen strip estimate). Theorem identifies the strip contribution
with a fixed constant-coefficient model on every common finite buffer, but only at the preconju-
gated level. The subsequent conjugated-strip analysis upgrades this freezing statement to the
functional relevant for , where the exact admissibility of the annulus traces enforces the
cancellation used in the global collapse argument.

31. CONJUGATED FREEZING OF THE NORMALIZED STRIP OPERATOR

The observable strip term is not the preconjugated discrepancy from Section but its image
under the same right-fractional conjugation that appears throughout the paper. On a fixed-width
annulus this conjugated problem is again stable: after freezing the slowly varying coefficients,
the exact strip operator differs from a frozen constant-coefficient strip operator by O(h).

Definition 31.1 (Normalized annulus Volterra pieces and frozen strip operator). Assume
Assumption fix t € (0,7), and suppose

0<ny<Hy<%.

Set

1 1
Ni=Hy+g, p=Hxy+g, (>0, Ey = L*([0,4)).

For R; > 0 and h > 0 satisfying h(R; + £) < t, define on Ej
~ ¢ ~
(313) (B5221,,00) () i= Kolw) [ (0= 0 Ly ol 0)O) do

u
1

(314) (T ,00) (1) = Xelw) [ (0= 0" Ly ol 0)O () do

u

and the frozen counterparts

15) (B5,,0)(0) = Ly (%) [ (v~ up O (w)do,
l

(316) (Dhy,0)(w) i= Ly (E0Telw) [ (0= w)~1O(w) do.

u

Whenever the bounded operators

Sann ~Sann i Sir
Vinr oo QAXvVinme Qyie Qxyis

are defined by right-fractional conjugation of these Volterra pieces, define the frozen normalized
strip operator by

(317) ége(éx, Oy) = ﬁfyr,t,eéY - ﬁgr(Y,t,ZéX'

Theorem 31.2 (Conjugated freezing on each fixed annulus width). Assume Assumption
with the extra reqularity from Definition m Fizt € (0,T), a € (0,1), and suppose

0< Hxy < Hy < 1.
Fiz ¢ >0 and R, < co. Then there exist hg € (0,1] and Cy ¢ r, < 0o such that for every
0 < Ri; <R,, 0 < h < hyg, h(R1 +0) < t,
the following hold:

(i) there exist bounded operators on Fy,

Sann ann Sfr Sfr
Vinre QAXVinre Qe QAxvie
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such that for every © € Ey,

(318) mgi( Vi r1,0©) = QVih r, O,
1 A ann Sann
(319) F(}\)@ ( XY,t,h,Rl,Z@) = QXY,t,h,Rl,e@)a
(320) WQA (D%,,0) = Q¥ O,
1 N+ fr Sfr

(321) mgi (D%y1,0) = Q%y,1(0;

(ii) these operators satisfy the uniform freezing bounds
(322) Hﬁ?/?ﬁm}h’g YtgH L(Ey) < CtZR*h
(323) Hﬁ%g},t,h,}%l,f - QXY,t,ZHL(EZ) < Ctur.Ny

(iii) for every admissible normalized annulus trace pair
Q) o ann
(©x,0y) € Ao ry 0o
one has

(324) |} p,(Ox.6v) ~ 6l (6x.0v)| . < Crenh(Ox ], + 16y ,).

Proof. Choose hg € (0,1] so small that

Set
byt h,Ry,e(u,v) := Xe(u) Ly p.ry 0 (0, v), b4 o(u,v) = Xe(u)Ly (t,t),
and
bXY,t,h,Rl ,f(uv U) = XK(U)LXY,t,h,Rl,f(u7 U)v bgr(Y,t,Z(ua U) = XE(U)LXY (ta t)'
By Proposition m(n) and the smoothness of Xy, there exists Cy ¢ r, < oo such that
fr
— <
(325) Hby,t,h,Rl,e bY,t,E‘ clay = C,r. I
_pfr
(326) bey,t,h,Rl,e bxy,,;g‘ c2ay = < Ci,r.h

Item (i) for the target side follows by applying the proof of Proposition with R = ¢ and
coefficient by p, r, ¢, and again with the frozen coefficient bgﬁﬂ. Because the difference of these
coefficients is O(h) in C*(Ay), the same proof gives (322)

For the source side, apply the proof of Proposition with R = ¢, replacing Lxy (t—hr,t—hq)
by bxy.thr, (7, q), and again with the frozen coefficient bgr(Yt Z(r q). The C? control (326)) yields
the operator-norm estimate (323]). This proves item (i) and item (ii).

For item (iii), let

(Ox,0y) € AP Ry 0
By Definition choose the corresponding unshifted traces
Ox =%p0x, Oy :=%;'0y,
so that
(@X, @Y) S ./4?71}1:&7}%17]%2, R2 - Rl + E
Applying Proposition on [Ry, Ry], then translating to [0, ¢], shows that

~ann Pt Pt _ SNann Pt Sann o
t hyo, Ry 0 (9Xa Oy) = QVih g, Oy — QXY i hr Ox-

Subtracting (3 , using and -, gives | - O
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Remark 31.3 (Reduction to frozen admissibility). Theorem reduces the final step from the
exact normalized strip operator to a fixed frozen strip operator on [0, ¢]. The issue is no longer
coeflicient-freezing, but the admissible trace class of the frozen model. The subsequent annulus
and localization sections show that these frozen admissibility constraints are exactly what drives
the strip contribution to zero.

Corollary 31.4 (Boundedness of the frozen normalized strip operator). Under the assumptions
i

of Definition there exists Cffe < 0o such that
(327) |Sk6x.06v)|, < Cl6x]e, +16viE)
for every

(éx, éy) € Ey x Ey.

Proof. This is immediate from Definition and Theorem [31.2(i): the frozen strip operator is
the difference of two bounded operators on Ej. O

Theorem 31.5 (Bounded-buffer strip smallness). Assume Assumptions and[{.1, and assume
in addition the extra reqularity from Definition|19.1. Fizt € (0,T), o € (0,1), and suppose

0< Hxy < Hy < 3.
Let hy, 1 0, and let
Cn € D(Thea) =T a®n  [Pallgme <1
Then for every € > 0, after passage to a subsequence there exist common radii
0< Ry< Ri <Ry <0
and the canonical cutoff xR, Rr, such that
Ry — Ry > Ry — Ry,
and

o 8 O], <2 ooy
2

Proof. Fix € > 0, choose £ > 0 arbitrarily, and set
A:=20
Let C’tfff be the constant from Corollary Choose M € N so large that

CE, (1 T VY) M2 < £
’ n

fi— 4 .
Applying Corollary with this A, this ¢, and this M, and then relabeling the resulting
subsequence, yields one index j, € {1,..., M} such that for every n,
2 n? 2 1
[Pnllzoc,,y + @H‘I’num(zj*) <
where
L, =[A+ (Js — )0, A+ j.0).
Set
Ry = A+ (5. — 1), Ry = A+ 5.4, Ry:=A— /.
Then
0< Ry < Ri < Ry < 00, RQ—R1:£, Ry — Ry > /.
Also,
vy _
(329) [Pl L2((Ry,Ro)) + H“I’nHL?([Rl,Rz]) < <1 + 77> M2 for every n.
Set

R, := A+ M¢.
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Let Ct e R, be the constant from Theorem Since R < R, and h, ] 0, after discarding
finitely many more terms we may also assume for every remaining n that

h,Ry < t, Ry < 8,;1170[, Cior.In (1 + V:;) M—1/2 < %

Define normalized annulus traces by
Ox,n = Tn, (Pnl(r, Ry)); Oyin == Tr, (Unlip, o) € Er

By Definition [29.1 N B N
(Oxn,Ovn) € AL 0 Ry for every n.

Moreover, gives
(330) 1©x e, + 1Oyvalle, < (1 T V:;) M2,
By Definition [29.1
Hl[Rl,Rz}Qlthn, axmy,my (Prs ¥ H = Hé?ﬁ‘;’aﬁhe(éxm@W)H

Using Theorem [31.2{iii), Corollary [31.4] m, and ( -, we obtain

ann O
H t st R0 (Ox ., ®Y,n)’

B,

E,
< letBen

~?7r}l£“a7Rl7£(éX,na éY,n) - 6gf£(éX,n7 éY,n)‘
cy (HéXnHEz +©yvulle,) + Crorha(1Oxnl B + Oyl e,)

4+1—
This proves . O

Corollary 31.6 (Global micro dual collapse). Under the assumptions of Theorem the
localization hypothesis in Theorem holds. Consequently,

(331) Py — 0 ashlO.
Proof. Theorem furnishes the strip-smallness statement (300]) required in Corollary

Hence the localization hypothesis in Theorem follows. The convergence (331]) is then the
conclusion of Theorem 1.4l O

E,

32. FrRoM MICRO DUAL COLLAPSE TO OBSERVABLE SCREENING

The micro-local analysis yields collapse of the leading boundary-layer dual norm without any
further localization hypothesis. This section translates that result back to the original observable
functional F; . The first result identifies the global micro dual norm exactly with the dual
norm of F;j, restricted to one h® boundary layer. A second result combines this with a mild
cutoff-stability assumption to recover the global screening statement for the observable gain.

Proposition 32.1 (Exact identification of the micro dual norm with the near-layer dual norm).
Assume the hypotheses of Definition |21.1. Fix o € (0,1). Then for every sufficiently small
h >0,

(332) D, = sup {hY | Fy ()] s v € 80 HEES, olls, <1}

Proof. Fix h > 0 sufficiently small.
Because
[Eh,apsh,a = [Eh,oﬂ

the definitions of ‘I?l,lfa and Af‘}‘fa imply that for every
® € D(T}h)

one has
mic __ rmic mic __ A mic
thaPena® =%0ha®, thoPeo ®) = Al (P).
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Since pe, , is an orthogonal projection on L3(Ry),
Hpah,a@H@gj}fQ < H‘I)H@gl}ilc’a.

Hence the supremum defining Y{n,lfa may be restricted to profiles satisfying

Pep P =
Let .
® € D(Tihn)
with pe, @ = @, and set
V= Ct’hpgh’aq).
Since
ey @ € &%,
Definition and Proposition [14.3]ii) give
v=L1, ® e N HE,
By Proposition [14.9[(iii),
(333) h Y Fyp(v) = AP, ().
Also, by Lemma Proposition ii), and Proposition m(ii),

[olla, = [Py o @2 = 12l L2Ro)

while .
T, @ = hPDy S,
Because Spv € Hy'j,, Proposition W(l) and Lemma [7.4] yield

|z, = Sl

L2(Ry)
Hence
(334) [@lome. = ol

Conversely, let

ve & NH,.
Set
¢:=DYvedist, =0, 6L (Ry).

By Lemma [14.2]

[5h7a® = ¢’
so ® € D( ;n,llca) Since ¢ is supported in [0, 1], one has
Pep P =2,

and Proposition [14.3]ii) gives
Lippe, @ = L{5)0=v.
Applying Proposition M(iii) therefore yields

(335) h Y Fyp(v) = A, ().
The same norm calculation gives
(336) [ lleme = oo,

The two constructions are inverse to one another, and (333)—(336) identify the two suprema.
This proves ([332)). O

Corollary 32.2 (Near-layer screening at every boundary-layer scale). Assume the hypotheses of
Corollary[31.6 Fiz oo € (0,1). Then

(337) sup { X | By (u)] sv € 8 N HES, Jolle, <1} -0 ash L0,
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Proof. This is exactly the combination of Corollary [31.6] and Proposition [32.1] O

Definition 32.3 (h“-stable boundary cutoffs). Assume n > 0, fix t € (0,7), and let « € (0, 1).
We say that S; has h®-stable boundary cutoffs at time t if there exist

0y € (07 1)7 C'scut,oz < 00, hO,a S (Oat]
such that for every 0 < h < hg there exists a cutoff
Xh,o ©[0,t] = [0,1]
with
0<xXha <1, Xha =1 on [t — (1 —0,)h% ], SUpp Xh,o C [t — h*, 1],
and such that for every v € &,
(338) Xh,aV € th and HXh,avHQit < Cscut,oa”””@y

Remark 32.4 (Why the cutoff lives on [0,t). ] The cutoff is used only as a multiplier on
H; = L?([0,t]) and on the graph space &;. What matters in Deﬁnitionis the boundary-layer
support, the plateau near ¢, and the graph-norm stability in . No ambient smooth extension
beyond [0, t] is needed for the screening argument.

Definition 32.5 (Far/strip localization on an h® layer). Fix ¢t € (0,7), let « € (0,1), let
h € (0,t], and let § € (0,1). Define the orthogonal projections on Hy = L?([0,¢]) by

(339) (I £)(5) = £(5) 1[0, 1—noy(s),
(340) (IG5 ) (5) i= £(8)Lj—pe, o (1-syne] (3)-

Lemma 32.6 (Far-zone estimate on an h* buffer). Assume Assumption . Fizt e (0,T), let
i €{Y, XY}, and let a« € (0,1). Then

(341) ”H%i?agz;uh”m = O(’"Ll_a(l_H")) as h | 0.

Proof. Write H := H;. By Lemma , there exist constants C' < oo and h; € (0,t]. After
shrinking h; if necessary, depending only on ¢, «, and the constants from Lemma |3.10, we may
assume h; < 1. Since h* > hfor 0 < h < 1and « € (0,1), every s € [0,¢t — h?] satisfies s <t —h
for 0 < h < hy. Hence

gian(s)| < Ch((t— )72 4 (t—s)F~2)  for0< s <t—h°
Therefore
t—h
e A (e e L
With u =t — s, this becomes

t
I gscalr, S 02 [ (@172 w2 du,

~Y ha
Since H € (0, 3),
t t
/ w3 gy = 0 (h200-1)) / w1t du = 0(1).
Hence
I gianll, = O(h272207M) 4 O(h?) = O(h*=220=1)) |
and taking square roots proves (341]). O

Lemma 32.7 (Old-edge strip estimate on an h® layer). Assume Assumption . Fiz t €
(0,7), leti € {Y, XY}, let « € (0,1), and fir § € (0,1). Then the projection Hit,rllp’a’é from
Definition [32.5 satisfies

(342) I3 g i, = O(872R20=H0)  as b L0,
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Proof. Write H := H;. Lemma yields C' < oo and hy € (0,t]. After shrinking h; if necessary,
depending only on t, «, §, and the constants from Lemma [3.10], we may assume h; < 1 and
h%_o‘ < 1—4. Then for every 0 < h < hq,
h <(1—20)h".
Hence every
se[t—h% t—(1—0)h"],
satisfies s <t — h, so Lemma [3.10] gives
91 ()] < Ch((t = )77 + (¢ = )" 72).

Therefore

i s t—(1—-8)h™

I gl S 12 [ (6= 9P (= 9 ds,
’ t—ho

With u =t — s, this becomes

o

. h
||Hit;?p7a’59i,t,h |%It < hz/ (WH=3 4 2B gy,
’ (1—=8)he

Since H € (0, 1), the second integral is O(6h**H), while
h* 1
/ W2H3 gy — h72a(1fH)/ p2H=3 g O<5h72a(17H)) 7
(1—6)he 1-6

because 72773 is bounded on [1 — §,1] for fixed & € (0,1). Hence
157 g1l = O 20=1)
and taking square roots proves (1342]). O

Theorem 32.8 (Observable screening under h%-stable boundary cutoffs). Assume Assump-

tions and assume the extra reqularity from Definition let n >0, and fiz t € (0,T).
Suppose

0<ny<Hy<%.

Fix a € (0,1), and assume S; has h®-stable boundary cutoffs at time t in the sense of Defini-
tion[32.3. Then

(343) I Fenlle; = o(h)  ash 0,
and consequently
(344) Gx_y(t,h) =oh*x¥)  ashlo.

Remark 32.9 (Role of the cutoff hypothesis). Theorem is the structural screening statement
once h%-stable boundary cutoffs are available. The remainder of the paper is designed to verify
that cutoff hypothesis for the model classes covered by the exact-correction analysis, so the
theorem should be read as the public interface of a proof chain that is closed later rather than
as a free-standing black-box assumption.

Proof. Let 04, Cscut,a, and hg be given by Definition For 0 < h < hgo and v € &; with
|v||e, <1, define

Wh = Xh,av, Th = U — Wk.
Then
wp, € G N HEGY, lwnlle, < Cscut,a
and
Ty € Oy, Irnlle, < 1+ Cscut,a-

Since Fp, is linear,
[Fen()| < [Fen(wn)] + [Fenlrn)l.
By Corollary there exists wq(h) — 0 such that
(

‘ft,h(wh” < Wa h)hHXYHwhH@t < Cscut,awa(h)hHXY'



110 J. VIDAL LLAURADO

Because xp,o = 1 0n [t—(1—04)h®, t] and supp xp,o C [t—h®, t], the remainder 7}, is supported
in
[0, t — (1 —0.)h?] =10, t—h*]U[t — h%, t — (1 — 0.)h"].
Hence .
TR = H?,ﬁ’arh + Hij:}l;lp,a,é* Th.

Using Cauchy—Schwarz, Lemmas [32.6| and [32.7, we obtain

f: i O
gxvin rn)a ] < I axyenllmrnl a, + TG gxvnl vl g,

-0 (hl—a(l—HXY)> ,

because || ||g, < ||7nlle, < 1+ Cscuto- Likewise,

v Sern)a| < NgvanllmISerallm, = O™,
using Proposition [3.8  and the graph norm inequality. Therefore

[Fon(ra)] = O(p1=20=10)) L ORI,
Combining the near and remainder bounds gives

sup | Fip(v)] < Coeut,awa(R)AXY 4 O(R1=00-H00) 1 O(nt),

lvlle, <1
Because e < 1 and Hy > Hxy,
l—a(l—ny)>HXy, Hy>ny,

so the two remainder terms are o(hfx¥). This proves (343). Then Proposition gives
(1344). O

33. REDUCTION OF SMOOTH GRAPH LOCALIZATION TO EXACT MICRO CORRECTION

We now isolate the last missing reduction step in a form that is intrinsic to the micro analysis.
A smooth time-side cutoff near ¢ becomes a slowly varying cutoff on the moving micro window
[0, 5,:106], and the observable graph-localization problem is first reduced to producing one exact
corrected micro output on that window with the correct weighted boundary-layer control.

Proposition 33.1 (Exact full h-scale trace identity for a graph element). Assume Assump-
tions and letn>0, firt € (0,T), and suppose
0< Hxy < Hy < %
Set
p:=Hy — Hxy.
Fori e {Y, XY}, define the full h-scale Volterra operator

Vi LP(Ry) — L*(Ry)

by
t/h )

(345) (THn0) (r) == / (q—r)"2Li(t — hr,t —hq)O(q)dg,  r>0.
Then:

(i) for every f € Hy,
(346) Dy pKinf = hH“‘Ug,utl,lh (Di.nf) in L*(Ry.);

(ii) for every v € By, if
(347) @, 5 = Do, W, 1, := WDy S,

then
4 full @ ggfull g in L2(R.L):
(348) Q]Y,t,h v,h_mXY,t,h v,h in L*(Ry);
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(iii) if x € C°([0,1]), 0 < x <1, and
X=1on[0,1-04] for some 6, € (0,1),
then with Xp.o from Proposition
- bdr bdr t—s

(349) Lin(Xna®oh) = Xna Vs Xna (8) = X(ha> Ljp—pe g (8)-
Proof. Fix i € {Y, XY} and f € H;. For 0 <r <t/h,

t—hr

(Donkiof)(r) = b2 / (t = hr — s)F =S Li(t — b, 5) f () ds.
0

With the change of variables s =t — hq, ds = —h dq, this becomes

t/h .
(Duakia ) (r) = b [ (g = r) B3 Life — hrt = ha) W2 £ (¢~ hq) dg

T

= WD, (D pf)) ().
For r > t/h, both sides vanish. This proves (346]).
Now let v € &;. Since Ky;Siv = Kxy, v, applying (346) with f = Syv and f = v gives

WY, (D pSpw) = WYY (Dr o).

Since § = Hy — Hxy, this is exactly (348)).
Finally, for 0 < s <,

- 1/9~ t—s t—s
(Le.n(Xn,a®Pop))(s) =h 1/2Xh,a( N ) ‘%,h( N ) 1jo,4(s)

— e () 104 (o)

By Proposition [12.12]

- t—s t—s t—s
Xh,a T =X €h,aT I{OS%SEE,L} =X hT 1[t—ha,t](5)-
This proves ([349)). U

Theorem 33.2 (Scaled exact micro-correction criterion for boundary localization). Assume
Assumptions and letn >0, firt € (0,T), and suppose
0< Hxy < Hy < 3.
Fiz o € (0,1), choose x € C*([0,1]) with
0< <1, X=1on[0,1-4,]

for some 6, € (0,1), and let X be the corresponding moving micro cutoff from Proposition|12.12
Assume in addition that there exist

Cmc,a < 00, hO,a S (O,t]
such that for every 0 < h < hg o and every v € &, setting
D, := Dy pv,

there exists N
U, € L*(Ry)

with
(350) supp(Wy ) C 0,650 D¥E 0 Vo = DRV 0 (Xna®on)
and
- 2 n”? = |2 2 2
(351) HXh,aq)v,h||L2(R+) + @ H\I’uh’ L2(R,) < CmC,a”UH@t'

Then, with the time-side cutoff
. bdry
Xh,a = Xh,a
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from (349), one has for every 0 < h < hy o and every v € &,

(352) Xh,a¥ € & N HG
and
2 772 2 2 2 2
(353) IXhavl, +5h 1St (xXhat) I, < CocallvllE,-
Y

Proof. Fix 0 < h < hg o and v € &;, and define

(bv,h = )zh,aq)v,lr
Set

Gt = ley Pun € B, thupi=epile, Vop € F.

Applying Proposition m to (350), and using [, ¢, , = [p from Lemma m gives

Ayt haoh = AxythaPoh-
Hence
(Guns o) € TR
By Proposition [12.8
Wy p 1= Eﬁ)%,h € & N H

Because &)v,h and \Ilv,h are supported in [0, 5}72], Proposition m(u) gives
ﬁﬁ)%,h = Lip®y )

so Proposition yields
Wy = Lip®op = X]ngyv-
By Proposition [12.8]
Siwy p = h_aﬂﬁﬁ)%,h = PL Uy,

where we also used ¢y, o = h'=®. Lemma therefore gives

2 2
2 4 1 p28 2 _ |8, g,
(354) lweallt, + b ISmwonlll = [unll e+ T2 [Pon] e,

Combining (351) with (354)) yields
X € 6,0 B,
and
2
bdr, n bdr,
Ixha vl + -5 h* 1St O0na 0l < Cheallvlle,-
Y

By construction,

bdr, t—s
Xia' (8) = X( ha ) Lj—po g (s),
SO
0<xe <1 g =lon[t—(1-6)h% 1, suppx;y”

This proves (352)) and (353]).

C [t —h*,t].
U

Remark 33.3 (Exact micro correction and smooth localization). Theorem supplies the

scaled boundary-localization mechanism used in the closing reduction.

It already gives the

correct time-side cutoff in the boundary-layer norm, and isolates the only missing upgrade to
Definition the factor A in front of ||S;(xn.av)|#,. By Proposition , the full-h trace
pair is exact before cutoff, so that upgrade is encoded entirely by the moving exact-cutoff defect.
The later sections resolve it by passing to the growing-window exact defect and comparing that

object with its frozen commutator model.
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Definition 33.4 (Moving exact-cutoff defect for a graph element). Assume Assumptions
and let n >0, fix t € (0,7, let « € (0,1), and suppose
0< Hxy < Hy < %
Set
B:=Hy — Hxy.
Let x € C*°([0,1]) satisfy
0<x <1, X =1on[0,1—0,]

for some 9, € (0,1), and let X o be the associated moving micro cutoff from Proposition [12.12
For v € &; and h > 0, define the exact full-h traces

Py = D pv, Uy p o= W7Dy pSpv,
and the corresponding moving exact-cutoff defect by
(355) mgl,lfg,a = m%%g,t,h,a (%h,a(bv,h) - r}I/l,it(fh@ ()NCh,a\IIv,h)-

Proposition 33.5 (Exact commutator-tail decomposition of the moving exact-cutoff defect).
Assume the hypotheses of Definition [35.4) Let v € &, let 0 < h <t satisfy h* < t, and set

€1=Epq = e,

With @4 1, Yy n, and Xpo as above, define
671 1
(356) (€ na)(r) = / (g — )" "2 (Xn,a(q) — Xn,a(r)) Lxy (t — hr,t — hq) @, 4 (q) dg,

-1

(357) (€ pa)(r) = /: (q—r)r—s (Xn,a(@) = Xn,a(r)) Ly (t — hr,t — hq) ¥, 1(q) dg,

for r >0, and define the old-tail forcing by

t/h 1
(358) (922) () i= L) [ (@ =)™ F Lyt~ hryt = h)Won(a)
g
1
—(¢— T)HXY*§ny(t — hrt — hq)@v’h(q)} dg.
Then:
(i) one has the exact decomposition
(359) mf}?ls,oz = Q:gél{’,v,h,a - Cg’l,lf),h,a + 56’740402{;11701 in L2 (RJr);
(ii) defining the unit-interval traces
(360) o=y €E, Y, = LT, B,
and the rescaled old-tail source
(361) wily o =M LOY | € B,
one has
(362) ley,t,h,agzﬁf,ﬁ - Q[Y,t,h,a"(/}gh = wgfﬁ,a in E;
(7i1) with the same cutoff x on [0,1] used to define Xp q,
(363) VIR = Winanbin ~ Winaxun t Xelha in B

Proof. For r > 71, all terms in (359)) vanish, so it is enough to work on 0 < r < e~'. There,
6_1 1
Riha(r) = / (q =)™ "2 Ly (t = hr,t — hq)Xn,a(@)®un(q) dg
T

-1

- / (q— 1) 2Ly (t — byt — hq)Xna(Q)Wun(q) dg.
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Adding and subtracting Xp, o(r) inside both integrals gives

Rihal(r) = Cpnalr) — € palr)
-1

€
+ Xh,a(r) [/ (q— T)HXY?%LXY(t — hr,t — hq)@v,h(q) dq

—1

€
— / (¢ — T)HY*%Ly(t — hr,t —hq)V, 1(q)dq|.

By Proposition [33.1{(ii),
t/h ) t/h )
/ (q =)™ 72 Ly (t = hr,t — hq)®y4(g) dg =/ (q =) "2 Ly (t — hr,t — hq) ¥, 4 (q) dg.

Subtracting the common tail from ¢ = =1 to ¢ = t/h yields

g1 1
/ (q—r)ftr=2
X Lxy(t — hr,t — hq)®, n(q) dq

e—1
—/ (q—r)rz
X Ly (t — hr,t — hq)¥, n(q) dg
= O5.a(r),

which proves (359).
For item (ii), Proposition m gives
DEQ[XY,t,h,OcQS?)’h = 5HXY€Z]§139,t,h,a<I>U»h’
and, since 8 = Hy — Hxy,
0 QlYthawvh == Bmmlthoz v,h =€ Xymmltha‘l’ e
Therefore
e (QLXY,t,h,ad)E;,h - Q[Y,t,h,a¢g7h) = e (URE 0@ — BV 0 Vo).
By the full-tail identity established in the proof of item (i), the bracket on the right is exactly
O°d - Applying I and using [.0. = I from Lemma proves (362]).

v,h,a

For item (iii), Proposition [12.12| gives
[ (Xh oz(I)U h) =X va h [5 ()zh,oc\pv,h) = 56)( d)g’h
Applying Proposition [I4.5] to these two identities yields

eflxy LR, = QlXY,t,h,a(XQZ)?;,h) - QlY,t,h,a(Xq/’g,h)'
Now expand the right-hand side by adding and subtracting x2 m,h,aqbf,,h and XQ[Y,t,h,adjg,h:
Q[XY,t,h,a(nggj,h) - QlY,t,h,oz(quﬁj,h) = (Q[vahva(x‘bi,h) - X%th’h’a(ﬁi’h)
— Ayena(cth ) = X Avenath )

+ x(ley,t,h,aéf)f,,h - QLY,t,h,Oé¢g,h)‘
By the definitions ([139)—(140|), the first two brackets equal

1 |
m)%%/7t,h7a,x¢zﬂ;,h7 Qnﬁi,h,a,xwrg’hv
respectively. Using (362) for the last term gives (363)). m

Definition 33.6 (Unit-interval source for the moving cutoff problem). Under the hypotheses
and notation of Proposition [33.5] define the unit-interval source term by

(364) Ecut = ml)%%/t h,« Xd) inﬁei,h,a,xwg,h + X WOId €k

v,h,a v,h,a
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Theorem 33.7 (Unscaled exact-correction criterion for boundary graph localization). Assume
Assumptions and let n >0, firt € (0,T), and suppose
0< Hxy < Hy < %
Fiz o € (0,1), choose x € C*(]0,1]) with
0<x <1, X=1on[0,1-4]

for some §, € (0,1), and let Xp o be the associated moving micro cutoff from Proposition |12.12,
Assume that there exist

Ctail,a < 00, hO,a € (07t]
such that for every 0 < h < hg o and every v € &, with ®, 4, ¥, 1, and R as in Defini-

v,h,a
tion [33.4), there exists
6'u,h € LZ(R-i-)

satisfying

(365) supp(€op) C (06 0)s  VPEnaCon = Ri%a
and

(366) 1€ nll2,) < Craitah’|v]le,-

Then S; has h®-stable boundary cutoffs at time t in the sense of Definition[32.3. More precisely,
there exist

Cscut,a < oo, hl,a c (O,t]
such that for every 0 < h < hyq, the cutoff

t—s
Xh,a(s) = X<ha> 1[t—hoc,t](5)

satisfies
0<Xna<1l,  Xpna=Llon[t—(1=06)h%1t,  suppxna C[t—h"1],
and for every v € By,
(367) Xhav €6 and  [[xnavlle, < Cscutallvle,-
Proof. Set

Fix 0 < h < hgo and v € &;, and abbreviate

EIv)v,h = ih,aq)v,ha \I/v,h = ih,a\pv,h + Q:v,h~
By (365) and Definition [33.4]

PinaVoh = Tt haPo
Moreover,
supp(®, 1) C [0,5};}1], supp(¥,, ) C [O,E,:L],
because X, and €, are supported in [0, 5,:}1]
By Lemma [7.4] B
[@onllzzry) < [Ponllrzr,) = vl < llvle,-
Likewise,

- vy
IXna Yo nllrz@,) < 1Wonlr2@,) = h2lISwllH, < 7h5HU||®t-
Combining this with (366)) yields

(365) Folzz < (2 + Cuana ) B0l
Hence there exists Ciye,o < 00 such that

2
~ /’7 _ ~
(369) D0l Z2r, ) + gh PN pllizm,) < Cheallvlls, -
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Set
Goh = ley Pun € B, thypi=epile, Vop € E.
Applying Proposition W to the exact micro identity above, and using I, .0, , = Ig from
Lemma [14.2] gives

QlY,t,h,ocwv,h = QlXY,t,h,ongv,h-
So
l b
(Gv,hs Yu,n) € T
By Proposition [12.8]
W = LY bup € BN HES
and
Stwv,h = h_aﬁﬁﬁ)%,h

Because &)v’h and \T/v,h are supported in |0, 5,;L], Proposition m(n) gives
ﬁﬁ)%,h = Lin®on, ﬁﬁ)%,h =, 0 LinTun.
Since ep.q = 1= it follows that
Siwyp = h™PLip Ty .

Also, Proposition gives
Wy h = Lt hPoh = Xh,at-
Therefore xp,av € &;. Using Lemma [7.4}

2
N
Ixnavlle, = lwonlt, + 25 [ Srwonll,
Y

2
~ T’ _ ~
= 1ol 72w, ) + gh 2N nl T2,
< Cheallvlle,

by (369). This proves (367)).
Finally, by definition,

t—s

Xh,a(S) = X( ho > 1[t7h°‘,t}(3)7

so the stated support and plateau properties hold. Thus Definition [32.3] is satisfied with
hl,a = hO,a and Cscut,a = Cmc,oc- O

Corollary 33.8 (Unit-interval sufficient criterion for boundary graph localization). Assume the
hypotheses of Proposition|33.5. Fiz

xeC>([0,1]), 0<x<1, x=1on0,1-0]

for some 6, € (0,1), and let Xp o be the associated moving micro cutoff. Assume that there exist

Cloc,a < 00, hoo € (0,1]
such that for every 0 < h < hg o and every v € &;, with Eg"‘ﬁ’a from Definition there exists
ek
such that
(370) Ay nalih = Soha M E
and
(371) IG5 < Cocah®|vlle,,  B:= Hy — Hxy.

Then the conclusion of Theorem[33.7 holds. In particular, S; has h*-stable boundary cutoffs at
time t, and the screening conclusions (464])—(465) hold.
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Proof. Fix 0 < h < hg o and v € &;, and set

€i=Epq = hl=e.
Define the micro correction
(372) €y o= M0 € L2(Ry).

By Lemma [14.2]
supp(€, ) C [0,e7"]
and
[€0nllzze) = °GR 1e < & Clocah™ ltlle, = Cuoc.al 0]
By Proposition [T4.5
%?itc,h,ae:ﬂvh = EiHYDEQlY,t,h,a[a (Eﬁaeg%)
- g_Hy+f30€Q[)/’t7h7a<5:1}Lt

—-H cut
=& XYDEEU’]%O“

where we used [.0. = Ip and f = Hy — Hxy. By ,
S_HXYDEE;:)’H}ZO( = m&l};a’
Hence
B haCon = R o
So the hypotheses f of Theorem are satisfied. The conclusion now follows from
that theorem together with Corollary [33.53] O

Corollary 33.9 (Exact fixed-window defect criterion on the unit interval). Assume the hypotheses
of Proposition [33.5 and the extra regularity from Definition[19.1 Fiz

x € C*(]0,1)), 0<x<1, X=1o0n[0,1—0d,]
for some 6, € (0,1), and let Xp o be the associated moving micro cutoff. Assume that there exist
Clet,a < 00, ho,o € (0,1]
such that for every 0 < h < hg o and every v € &, with ¢i,h and 1/137,1 from , one has
Xéh, € HP((0,1)),  f:= Hy — Hxy,
and
(373) |88 an 0chpoxvl )| < Cactah™ 0]l

Then the hypotheses of Corollary[33.8 are satisfied. In particular, S has h®-stable boundary
cutoffs at time t, and the screening conclusions (464)— (465) hold.

Proof. Fix 0 < h < hg o and v € &;. Since
Xin € HY((0,1)),  x¥i, €,
Theorem with R = 1 applies to the pair
(X(Z)E),h? Xw?;,h)‘

Define
0 ) = Tohan (X ) € B,
Then
(x0h i 000) € Tihat,
and
(374) [0 = xwb ], < Co[[585 0 (x0hp x| -

by (227). Set
U=, —xul, €.
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Using (373]) in (374)) yields

1€ 12 < CraClactah® vl e, -
Because (qui B Jﬁ 1) € I, o1, One has
QlY,uh,ocigh = QlXY,t,h,a(Xﬁbi,h) in E.
Therefore
Ayt nabeh = Axvina(X0, ) — Vv, awﬁ h>.
Now add and subtract x2xyp aqﬁv nand xRy p, awv n, and use . This gives
Ayt halsh = (lext,h,a(x%,h) - XQLXY,t,mach,h)
- (Qly,t,h,a(xl/fgh) - X%Y,t,h,awgh)
+ X (Axvienadh hT mY,t,h,a?/)g,h)

_ loc loc f old
- mXYt h,a x¢ QI]Yt,h,t)c,xwfu,h, +X w’u,h,oc
= Z;’fﬁ’a in E,

where the last identity is Definition Thus (370) and (371) hold with
Cloc,oc = Ct,lcdef,a-
Corollary now gives the conclusion. U

Corollary 33.10 (Source only fixed-window criterion on the unit interval) Assume the hy-
potheses of Proposition and the extra regularity from Definition[19.1]. Fix

XECOO([Oal])7 0<x<1, X=1on|0,1—4,]
for some d, € (0,1), and let Xp,o be the associated moving micro cutoff. Let
p:=Hy — Hxy.

Assume that there exist

Csrc,a < 0, hO,a € (O)t]
such that for every 0 < h < hg o and every v € &, with qﬁfm and wﬁ p, Jrom (360)), the distribution
Ly (t,t)es

(375) 6%,“}5,04 = *m Xj}izr,la 1 dlSt (X(Z5 ) VY;Lr,la,l (X@bg,h)

belongs to E = L*([0,1]) and satisfies
(376) |8tk < Coreah®®0]s,-

v,h,a
Then the hypotheses of Corollary([33.9 are satisfied. In particular, S has h®-stable boundary
cutoffs at time t, and the screening conclusions (464)— (465) hold.

Proof. After shrinking hg o if needed, we may assume that Theorem [19.4] and Proposition
both apply with R =1 for every 0 < h < hoq-
Fix 0 < h < hgo and v € &, and set

@Xh'fxqﬁ nEE.

By (373),
LY (t7 t)Ct wi w .
A Ot g DY, = S — Wl D(0.1)
The right- hand side belongs to E, because Gf}?ﬁ,a € E by assumption and Zvlllnal € L(E) by

Theorem Since 9)?}”;3%1 is boundedly invertible for small h, it follows that
di;
DFT0Y, € E.
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Lemma i) therefore gives

xdh € HP((0,1)).

Now define

vY, =yl , € E.

By (225), the exact fixed-window defect of the pair (@f’h, \Ififh) is
3’t h,a, 1( v,h? \Iji;(,h) = gl,it(fh,a,l\pif,h + Ggl,llz,oc in E.

Therefore
(377) 85501 Ol ) | < [ B0 Ol )|, + 655

By Proposition m(u), there exists C; < oo such that

|-

T R
Also,
wai,h hHE = Eh H\I’v nll e ([0 D)

Using ¥, j, = hﬁDt7hStv, Lemma and g, o = '~ we get
vy
195 alli < &5, eh ISl = h Sl < = ol

Hence U
i Y
|2 00 0i) [, < O R ol
Combining this with (377)) and (376) proves (373). Corollary now gives the conclusion. [

Definition 33.11 (Conjugated old-tail source on the unit interval). Under the hypotheses of
Proposition [33.5] set

1
For v € &, and 0 < h < t, define the conjugated old-tail source by
: 1
conj . _ A old D 1
(378) Dv,h,a F()\)Q (vaha) € ((07 ))7

where wﬁ}}dl,a is given by (361]).

Proposition 33.12 (Exact conjugated decomposition of the unit-interval defect). Assume the
hypotheses of Proposition [33.5 and the extra regularity from Definition [19.1. Let v € &, let
0 < h <t satisfy h* < 't, and suppose

X‘bi,h e H((0,1)), p:=Hy — Hxy.
Then, in D'((0,1)),
(379) Fhan (X X)) = Q5 0 W) — Q%S han @b — OO

In particular, if
Ql)%%”,t,h,a,xqﬁiﬁ),h + DCOHJ € E7

v,h,a
then O™ ¢ E and (379) holds in E = L2([0,1]).

v,h,a

Proof. Because X¢§) n €H ((0,1)) and X@/}i 5, € I, the exact fixed-window defect

8ha (X0 o XV 1)
is well-defined by (225)). By (363]),

1 il 1
QlXY,t,h,a(X@%ﬁ) - QlY,t,h,a(Xd}g,h) = m)%%’t h,a x¢ mﬁei,h,a,xqﬁg,h + Xwg,g,a
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in E. Applying (I'(A))™'®2 | in the distributional sense gives

1
7©i,1 (Qly7t9hza(xw’lﬁ),h) - Q’LXY,t,h,CM (X(bg),h)) lYO,(é,h Oé,XwU h

L'(A)
1 f conj
- Q)%%’,t,h,a,xqbv,h Dv h,a?

where we used Proposition and Definition [33.11] On the other hand, Proposition [I9.5] with
R =1 identifies the left-hand side exactly with

§55 01 (X XUl L)

in D’((0,1)). This proves
If the d1splayed sum belongs to E, then the right- hand side of (| - is an FE-distribution

minus D" | while the left-hand side belongs to E by (225)). Hence O:°" € E, and the identity

vha’ v,h,a

holds in E. O

Corollary 33.13 (Reduction to source-old-tail cancellation on the unit interval) Assume the
hypotheses of Proposition and the extra regularity from Definition[19.1]. Fix

x € C*([0,1)), 0<x<1, X=1on[0,1—4]
for some 6, € (0,1), and let Xp o be the associated moving micro cutoff. Assume that there exist
Chail,a < 00, ho.a € (0,1]
such that for every 0 < h < hg o and every v € &;, with ¢i,hr ¢g,h’ and DZ?,ILI;]Q as above, one has
X¢, € HO((0,1)),  B:= Hy — Hxy,
and
(380) 1955 e h @+ D5 | < Clannah®lolle,-

Then the conclusion of Corollary[33.9 holds. In particular, S; has h*-stable boundary cutoffs at
time t, and the screening conclusions (464])— (465]) hold.

Proof. After shrinking hg o if needed, Proposition applies for every 0 < h < hg . Fix such
an h and v € &;. By Proposition [33.12

l 1 j
St h,a,1 (X(Z)i,h’ quﬁj,h) {/ﬁ,h mxw ( )%%Ct,h,quﬁgz,h + Df}?]?&)

in F.
By ((143]), there exists Cy < oo, depending only on ¢ and the fixed cutoff x, such that
1
HQYOih»avXHL(E) <G
Also,

_ _ vy
105 4llE = enallPonll o)) < enah’ISw]a, = ho?|Swm, < 2 1l
using U, j, = h/’)Dt’hStv, Lemma and €, = h'=. Therefore
1 vy
|25 hantin]|, < R0l
n
Combining this with (380)) gives

85500 (0 x|, < Crah®lolle
for some Cf , < co. Corollary now gives the conclusion. 0

Definition 33.14 (Preconjugated source-old-tail discrepancy on the unit interval). Under the
hypotheses of Proposition [33.5] define

(381) e o= Uxviena(X0h ) — X Ayenattl, € E.
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Proposition 33.15 (Exact source-old-tail recombination on the unit interval). Assume the
hypotheses of Proposition and the extra reqularity from Definition[19.1] Let v € By, let
0 < h <t satisfy h* < t, and suppose

qug),h e H((0,1)), p:=Hy — Hxy.

Then:
(i) one has the exact preconjugated identity
(382) Vo = WS hax P + X Wil in B
(i) in D'((0,1)),
1 . 1
(383) 791,12)3%@ = Qg%%’,t,h,a,x¢§;7h + Df}?hfa’ A= HY + =
r'(\) 2
(iii) consequently,
X 1 r .
(384) 13:te,h,oz,l (XQSg;,ha X¢§;,h) = Qll(/),?f,h,a,x'(bg,h - F(}\)Qi,ligi,z,a m D,((O’ 1))

If the right-hand side of (383)) belongs to E, then (383)) and (384) both hold in E = L?([0,1]).
Proof. By definition of in)%%/,t,h,a,x’

Axyiha(XSh ) = WS 1 hax®n + X Axvinads,  inE.

Using (362),

i g _  old :
AxvithaPypn = Withalyp = Wohae 0 E.

Subtracting XQLY,t,h,ai/Jg’h proves 1)

Applying (T’ ()\))_1@)‘ 1 to , Proposition and Definition 1| gives (3
Finally, substituting (383] 1nto 379) from Proposmlonmylelds 1.' If (383) belongs to E,
then the left-hand side of is an E distribution, so (| - holds in . Since Q?§7h7a’xwi’h €k,

the right-hand side of 1} also belongs to F, and therefore (384]) holds in E as well. O

Proposition 33.16 (Automatic HP-regularity from the preconjugated source discrepancy).
Assume the hypotheses of Proposition[33.5 and the extra regularity from Definition[19.1]. Fiz

x € C¢*°([0,1]), 0<x<1, X=1o0n[0,1—4d,]

for some 6, € (0,1), and let Xn be the associated moving micro cutoff. Then there exist
hoa € (0,t] and Crqo < 0o such that for every 0 < h < hg o and every v € &, if

(385) F(lA)@Ayl o EE, A= Hy + %
then
Xd)i,h e H°((0,1)), p:=Hy — Hxy,
and
(356) |2 (et (H LD+ |v||@t> -

Proof. After shrinking hg , if needed, Theorem Proposition and Proposition all
apply with R =1 for every 0 < h < hg 4.
Fix such an h and v € &;. Set
Y, =xoh, €B, Y, =y, €E.
By Definition [33.14] and the identity

loc i
mY,t,h,a,X¢v h — QlYt h, OC\II - X QlYt h Oﬂl}v ho

one has

src loc i :
v = Axyitha®) n— Aviha¥ x 7TV hanPon in E.



122 J. VIDAL LLAURADO

Applying (F()\))_I’Di,l, using Proposition W( i) for U v.n, and Proposition for the commu-
tator term, yields
1
o R

(387) F(}\)g (QlXYt h,a™y, h)
in D'((0,1)).

The first term on the right-hand side belongs to E by (385)). The other two terms also belong
to F, because

A src mic X loc
02 1Doha T BYiha1Yor — Qina XT/JU h

(>\)

Xn},itc,h,a,lv Ql}g,i,h,a,x € E(E)
for small h. Hence the right-hand side of (387]) belongs to E.
Now apply the distributional source decomposition (217 from Theorem with R =1 to
@Y, . This gives

1 Ly(t t)ct W d w
WQ (QlXY,t,h a(pgh) m ;Lna 133 IStq)xh + ‘ﬁt ;Lna 1 v h

in D'((0,1)). Since X’}L“al € L(F) and X’}L“al is boundedly invertible for small A, (387]) implies
that
di
DFT0Y, € E.

Lemma [19.2(i) therefore yields
Xy, € H((0,1)).
Moreover, the same identity gives

dist 33X src
H© (I)v h < <H v,h,a

+H‘I’ all + 115l + 12 MIE)

Now [@X,llz < 16} 4l = vl < [[v]le,, while

vy
1 e < &, ah? ISl = hP S g, < 2 ho8vlle, < WHUH%

and the same bound holds for || ¥ lle. This proves O

Corollary 33.17 (Reduction to a single preconjugated source discrepancy) Assume the hy-
potheses of Proposition and the extra regularity from Definition[19.1]. Fix

for some 0, € (0,1), and let Xp o be the associated moving micro cutoff. Assume that there exist

Cpre,a < 00, h(]’a € (O,t]
such that for every 0 < h < hg o and every v € &y,
1 A\ . 1
(388) HF(A)Q—J f},(i:z,a p < Cpre,ah‘)ﬂHUH@t? A= Hy + 5

Then the conclusion of Corollary[33.9 holds. In particular, S; has h*-stable boundary cutoffs at
time t, and the screening conclusions (464])— (465]) hold.

Proof. After shrinking hg, if needed, Proposition applies for every 0 < h < hgq, and
Proposition [33.16| applies as well. Fix such an h and v € &;. By Proposition [33.16| and (388)),

X¢i,h e HP((0,1)), p:=Hy — Hxy.

By Proposition [33.15],

1
Q! A
gt h,a,1 (qui,h’ X¢g7h) )%%,h a dev h ()\) @,71 ?)f(f:L,a
in F.
By ([143)), there exists Cy < 0o, depending only on ¢ and the fixed cutoff y, such that

< (.

9% <

Y7t7h7a7x
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Also, as in the proof of Corollary [33.13]
— vy
15alle < & oh ISl = b2 Siwlm, < = 2hP ol

Therefore y
Y
H’Qlﬁ?,h,a,xd’i,hHE < CchOCBH/UHQ%'

Combining this with (388) gives
8550 el x| < Clah™ 0o
for some Cj , < oo. Corollary now gives the conclusion. O

Definition 33.18 (Separated old-tail pieces on the unit interval). Under the hypotheses of
Proposition set

1 1
€= 5h7a:h1_a, A= HY+§, M= HXY+§-
For v € B, and 0 < h < ¢, define

389 9 o SHxyy g K ALy (t — hr,t — hq)¥ d
(389) Vo = Ve Loy [ (g =7)"" Ly (t =t — hq) Wy n(q) dg |,
£

t/h
(390) 193%%/71)7,170( = gHxv, [1[0,51] / X (¢ — r)“_lLXy(t — hr,t — hq)®, 1(q) dq] .
-

Proposition 33.19 (Full-h source realization of the preconjugated discrepancy). Assume the
hypotheses of Proposition [33.9, Let v € &; and let 0 < h <t satisfy h* < t. With Xp,a from
Definition[33.]], define the full-h source discrepancy by

(391) o = OV (Xna®un) = Xna XY, nPon € LP(R).
Then:
(1) 335, is supported in [0,5;;[];
(ii) one has
1d 1d 1d .
(392) wg,h,a = ﬁ%,v,h,a - 19_0)(Y,v,h,oz m E;

(iii) one has the exact scaled source identity

Hxy stc __ qyiloc # old . .
(393) eh,a [€h,a v,h,a QnXY,t,h,a,x(bv,h - XﬁXY,v,h,a m E’

(iv) consequently,

T H T .
(394) e = e ey 3 0 XIS e in B

v,h,a v,h,a

Proof. Set € := e}, o. For r > e~ ! one has Xh,a(r) =0, and for ¢ > r also Xp,(q) = 0. Hence
both terms in vanish, proving (i).

Item (ii) is immediate from , ([361)), and Definitions ([389)—(390).

For 0 < r < ¢!, expanding (391)) gives

—1

vhal(r) = /: (¢ —r)" ' Lxy (t — hryt — hq)(Xn,a(q) — Xn,a(r)) on(q) dg

t/h

—Tnalr) [ =V Lyt = Byt = b)) dg

-

Applying X[, using Proposition [12.12/ and the definition (390]), yields (393).
Finally, combining (393) with (392)) gives

H src old _ loc i old old
grxy [Esv,h,a +X ﬂY,v,h,oc - QnXYﬂf,h,oc,X(z)uh - XﬁXY;UJ'L,Oz +X ﬁY,v,h,oz

o loc f old
=WXV,thaxPon T XWohar

which is exactly 93¢ by (382). This proves (394)). O

v,h,a
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Corollary 33.20 (Reduction to full-h source discrepancy plus target old tail). Assume the
hypotheses of Proposition[33.5 and the extra regularity from Definition[19.1]. Fix
x € C*([0,1]), 0<x <1, X=1on[0,1-4,]
for some 0, € (0,1), and let Xp,o be the associated moving micro cutoff. Assume that there exist
Csre,a < 00, Cigt,a < 00, ho.a € (0,1]
such that for every 0 < h < hg o and every v € &,

1 H
(395) \“ eha enauha \ < Corcah™ [0]le
F()\) , ( h, €h, Sh, ) 5 H t
1 o o 1
(396) HF(A)WJ(wé%,h,a) | < Cwah®lolle, A= Hy 4.

Then the conclusion of Corollary[33.17 holds. In particular, S; has h®-stable boundary cutoffs at
time t, and the screening conclusions (464])— (465]) hold.

Proof. By Proposition

D = Eha o i TX N pa 0 E
Applying (I'(A)) 1D} 1 and using (395)) together with (396) yields
1 A ST
H]‘—Wg_’ 27%704 E S (CSI‘C,CM + Ctgt:a)haﬁHUH@t'
Corollary now gives the conclusion. O

Definition 33.21 (Flat outer-edge profile for the endpoint cutoff). Let
x € C*°([0,1]), 0<x<1, X =1on[0,1—0,]
for some §, € (0,1). We say that x is flat at the outer edge if
™ (1) =0 for every m € NU {0}.

Definition 33.22 (Full-h target old-tail commutator). Assume the hypotheses of Proposi-
tion and let y be as in Definition [33.21] For v € &; and 0 < h < t, define

t/h
(397) (@000 = [ 0= fnal@) = Xnalr) Ly (t = hr,t = ha)¥,(q) da
Eh,a
where .

Proposition 33.23 (Exact full-h commutator representation of the target old tail). Assume
the hypotheses of Definition|33.29. Then:

(i) Cg}g’h@ is supported in [0,¢, 1 ];
(ii) one has the exact identity

old _ Hxy old .
(398) XﬂY,v,h,a - _Eh@ [Eh,aQ:Y,v,h,a in E.

Proof. Let € := €, o. Because Xp, o is supported in [0,£7!], one has Xp o(r) = 0 for r > 71, and
the integrand in (397) also vanishes for » > ¢~!. This proves (i).
Now fix 0 <7 < e~!. Since Yp.a(q) =0 for ¢ > 71, the definition (397) reduces to

t/h
€ o) = —Xnalr) /—1 (¢ =)Ly (t — hrt — hq) W, 4(q) dg.
App]ying eHxy [ and using

(leXn.a)(w) = x(u)  for u €0, 1]
gives exactly (398)), by (389). O
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Lemma 33.24 (Crossing-region quotient bounds for the flat micro cutoff). Assume the hypotheses
of Definition and suppose in addition that x is flat at the outer edge in the sense of

Definition [33.21]. Set
t
Eh,azz{oysqgsfzsh}.
Define on X,

old ( ) — )Zh,a(Q) - thc(?”)_

0
Y,h,« q—r
Then there exists C, < oo, depending only on x, such that
1d
(399) Pl Gz S Oxtha forall0<h<t.

Proof. Let € := €, 4. Since ¢ > ™!, one has Xp..(q) =0, so
5old (7“ (]) )zhﬂ(r) X(ET)

= Shoa-

Because x is flat at 1, Taylor’s theorem at the outer edge gives
@) <C1-2?% K@ <C-2) forzelol].
Also, for (r,q) € ¥p.q,
q—rz=e¢ r=
€
Therefore ( 2
501d <C —ér C
Yhoz( )‘ - X(l ET)/€ x€
Next,
a 5old o q X(&T) ’
Y,h, ( ) (q _ T)Q
so the same bounds imply
old (1 —er)? 2
‘8 0V .0 (T, Q)‘ < Cx (1 =er) )2 < Cye” < Cye

Finally,

/

9,601 —ex/(er)(g — ) — x(er)
Y,h, a(r Q) q— T‘)2 ’
hence
o elx/(er)l(g —r) + |x(er)|
M alra)] < —5
(g—r)
< C’XE(l —er)-(1—er)/e+ (1 —er)?
(1—er)/e)?
< Oye? < Cpe.

This proves ((399). O

Proposition 33.25 (a-scale realization of the target old tail). Assume the hypotheses of Defini-
tion and suppose moreover that x is flat at the outer edge in the sense of Definition|33.21].
Set

,8 = Hy — ny, € =Eha = hl_a, Rhu = th™ .

Define the extended a-scale tail trace by

~ 1
(400) \I]g}%,a(Q) = 57(5+§)\I]1},h (Z) 1[1,Rh,a] (Q)a q > 0.
Then:
(i) one has
=~ _ vy o
(401) [ #0802y = = 1%0nllzaes oy < -1 lvlles
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(ii) if
Rh,a
(402) @B(;’ktli?oax )(u) == X<u)/1 (¢ — u) Ly (t — h%u,t — h®q)O(q) dg, 0<uc<l,
then
(403) XYY o = PWYR WOS in B

(iii) for every sufficiently small h > 0, there exists
old,«
QYthaXE‘C( ([LRh,a]):E)
such that for every © € L*([1, Rp4)),

1 1d, 1d .
(404) F(A)giﬁl(ﬂn&tﬁ,a,x ) Qg’,tﬁa,x in E,
and there exists Cy, < 0o, independent of h, such that
old,«
) < .
(405) HQth»h’“vXHz:(L%u,Rh,a]),E) < Cix
Consequently,
vy _l-a
(406) || < €25 o
E

Proof. For item (i), the change of variables ¢ = s/e gives

2 Ry, o
_ 281 : q
L2(R ) =€ / \II’U h< >
t/h
_ 5—%/ U, () ds < e 20| Syl %,

Since £ = h'=@, this is exactly (& .
To prove item (ii), let u € [0, 1]. Using (389)), (347)), and the change of variables ¢ = s/e, we
obtain

gold _ Hyy -1 [ A71L R he) O d
X (WY o) = x(u)e 2 q- y(t=hZ,t=hq ) Vun(e)dg

—1

Ry o o A—1 d
— x(w)efxy =z / (q u) Ly (t — h®u,t — h*q) U, , (Z) =
1

9 9

2
dgq

Jyold
v,h,a

Rh,a
— Hxy—A- X( )/1 (g — u)/\_lLy(t — h%u,t —h%q) ¥y p (g) dq.
Since )\:Hy—l-% and 8 = Hy — Hxy,
a1 q _
o by, (1) =128 o),

This proves (403)).

For item (iii), extend x by zero to a function
X € C7([0,00)),
which is possible because x is flat at the outer edge. For ¢ € [1, R}, o], define
ay it hox (U, q) == X(uw) Ly (t — h%u,t — h“q), 0<u<ayq.
Fix © € L%([1, Ry 4]). Exactly as in the proof of Proposition Fubini’s theorem gives

1 A old,« Rh,a old.«v
ROy O (a0 ) = [ K (00Ol do

for almost every u € [0, 1], where

old, 1 LY A
Ky,th a,X(U q) = _T‘()\)I‘(l—)\)/o s (1 = 8) Ohay thax(u+ (g —u)s,q)ds.
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. 1d
This defines the operator 9y "

To bound its norm, split
Oay i hax =X (1) Ly (t — %, t — h%q) — h®X(-)01 Ly (t — h*-,t — h*q).

For the first term, the support of Y’ is contained in [0, 1], so the integral in s is effectively
restricted to

1—u

q—u

Using the change of variables x = u + (¢ — u)s, one obtains

0<s<p(uq):=

p(u,q)
K3 (0, 0)] < Crlg = w)™ /0 s ds < Cra(1—u)' Mg —u)" Y,

Since 2 — A > 1, this kernel is Hilbert—Schmidt on [0, 1] x [1,00), hence the corresponding
operator is bounded from L?([1, Ry 4]) to E, uniformly in h.
For the second term,

p(u,q)
‘th{h’a,x(u, q)‘ < Ct,xha/o sMds < Ciyh™(1 - ) Mg —u)T0Y,
Its Hilbert—Schmidt norm is bounded by

(2) 2 2a/1 - 2(1_>\)/Rh,a i
| | i) = Cox i (1= w) - dg du

Yit,h,o,x L2(
< Ct XhzaR}?/\ 1 < Ct,xa

because 2\ — 1 = 2Hy € (0,1) and Rp o = th™®. Thus the second operator is also bounded
uniformly in h. This proves (405)).
Finally, combining (403)), (404}, (405)), and (401)) gives

1 A ( old )

) Il v [ Lo

Ktvhvoévx v h «
which is (406)). O

Corollary 33. 26 (Explicit bound for the flat-edge target commutator). Under the hypotheses
of Proposition [3

(407) H;;x o, 4,0

WY pas—132
L2(Ry) Ct,X n h 2 ”UH@t?

<G o,
E n

where A\ = Hy + 5.
Proof. By Proposition [33.23

Xﬁ(}?}%ha:_‘ghxy[€ha€§)}%ho¢ n E.
Taking (T'(A\))~'©* 1, then applying (406)), gives - O

Remark 33.27 (Limitation of the isolated target estimate). Proposition [33.25| shows that the
target old tail does admit a explicit a-scale realization, but it also makes the obstruction explicit:
after the first full-h dilation and the second a-scale zoom, the target remainder carries an

12 _ p—(1-a)/2.

unavoidable prefactor Eh So the separate target-side route produces, at best, the

weaker scale h#—(1-a)/ 2. This is exactly why the paper cannot close the endpoint by bounding
the target old tail in isolation: the genuinely relevant endpoint has to preserve the source-target

coupling encoded by ff‘;l o, or, equivalently, by the corrected full-h realization gpair

Definition 33.28 (Full-h truncated-target realization of the preconjugated discrepancy). Assume
the hypotheses of Proposition [33.5] For v € &, set

1 1
A= Hy—|-§, W= ny+§, €= €h7a:h1_a,
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and for 0 < h <'t, define

pair

_ full ~
oha = 10,17 | Bxyen (Xna®Po,n)

(408)

—1

— Xha(") /E ((q — P Ly (t—het — hq)\I’v,h(q)) dq} € L*(Ry).

Proposition 33.29 (Exact full-h realization of the preconjugated discrepancy). Assume the
hypotheses of Definition |35.28. Then:

(i) CE?;:Q is supported in [O,E,;(ll];

(ii) one has
(409) Tha =Cha ke i E.
Proof. Let € := €, . Since Xp,q is supported in [0, £71], the second term in ([408)) vanishes for
r > e~1. The first term also vanishes there because Xp o®, 5 is supported in [0,7!] and the full
Volterra integral starts at ¢ = r. This proves (i).

By Proposition
Uxviena(xhy) =MLY (Rna®on),

because X, Py 4 is supported in [0, 6*1].

For the target term, using 1/J§} h= afﬁlg\llv,h, A= Hy + %, 8 = Hy — Hxy, and the change of

1

variables ¢ = ¢~ v, one gets for u € [0, 1],

1
XAy et () = x(@) [ (0= 0 Ly (b= Kot = 0, (o) do

u

E_l

= () [ (e I b b (a) da
[
-1

Tnal) [ (=M Ly (e~ hrot — ha)Won(a) da ).

= z-:HXY[6

Subtracting the two identities proves (409). O

Proposition 33.30 (Exact split of the corrected full-h realization). Assume the hypotheses of
Definition [33.28. Then

(410) = 3 — e in LA(Ry),
where f}r};a is the full-h source discrepancy from (391) and Q‘{}’%,h@ is the target old-tail com-
mutator from (397)).

Proof. Let € := €}, 4. For r > ¢!, all three terms in (410]) vanish, so it is enough to work on
0<r<el By definition,

e (1) = B, (RnaPon) ()
1

(3
el [ g =P Ll — byt = h)Wan(a) da

Adding and subtracting

t/h
Tnalr) [ (@ =1 Ly (t = bt = h)@un(q) da
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and using the exact full-h identity (348) gives

nga}ira( ) = ijXulil/'t h(f(h aq)v,h) (T)

t/h
— Thalr) / (¢ — )" Ly (t — hr,t — ha)®, 1 (q) da
'

t/h
+ Tnalr) [ @=Ly (= et = ha)Von(a) do.
3

The first two lines are exactly 3¢ _(r), while the last line is _Qg)’l,%,h, o(r) by (397)). This proves

v,h,a

(@10). O

Corollary 33.31 (Endpoint reduction to the corrected full-h realization). Assume the hypotheses
of Proposition[33.5] and the extra regqularity from Definition [19.1]. If there exist

Cpair,a < 00, h0,0t € (0’ t]
such that for every 0 < h < hg o and every v € &y,
ir 1
@y | )| < Comah®lolle, A=y,
I'(A) E 2

then the conclusion of Corollary holds. In particular, Sy has h®-stable boundary cutoffs at
time t, and the screening conclusions (464])— (465]) hold.

Proof. By Proposition [33.29

src Hxy pair .
vha =€ha ena@oha in B.

Applying (T'(\))~1D* 1 and using (411)) gives (388 - Corollary [33.17|now gives the conclusion. [J

Definition 33.32 (Coupled a-scale endpoint traces). Assume the hypotheses of Definition |33.28
Set

8 :=Hy — Hxy, €'=¢Epa = hlfa, Rh@ = th™ .
Define
Efo=TL*[0,Rnal),  E}o=1L0,Rnal),  Epo=L*[1, Rpal).

For v € &, define the extended a-scale source trace and the a-scale target traces by

(412 Bona0) = 200 (1) Lo, 1 (0)
(413) Tl (g) =Dy, (s) Lo,y ,)(9);
~ . 1 q
(414 (o) =0 D0 () 105,000
Finally, define the admissible coupled a-scale trace class by
(415) /E)’a,;lfa = {(@vﬁ?a, @8}%’(1) (v € Q5t} C Ei{a X E;:Eld‘

Proposition 33.33 (Exact full a-scale pair on the growing window). Assume the hypotheses of
Definition [33.39. Then for every
vE®B;, 0<h<t, he < t,
the pair
((I)v,h,om ‘Ilf;l,l]lml,a)

belongs to the exact fixred-window graph

ex

t,h,a,Rh@ ‘
Equivalently,

(416) TR o Puha = VI

v,n, ’U,h,Ol‘
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Moreover,

A7 & 2 n? gl 2 < Inl2
( ) v,h,a ERh’a + E v,h,« = HUH&:'

-

Proof. Let € :=€p,o and R := Ry o = te/h. By (348)),
VYL Uy p = VY, P in LP(Ry).

For 0 < r < R, Proposition with the change of variables ¢ = s/e gives

, . R
(TEh 0 r Vi) (1) = / (q— )™ 2Ly (t— hor t — hoq)ePF2)w, (g) dq

H full r
= £ XY (%Y,t,hqjvah) (5) 5
because h®* = e¢h and § = Hy — Hxy. The same computation gives
mic £ _ _H full r
(VXY 1 hoRPuha) (1) = €7 (Ty 1, Pon) <€) :
Hence
mic Tfull  _ gymic S .
mY,t,h,a,R\Ijv,h,a = QjXY,t,h,a,R<I>v,h,oc in Eg,
S0
S T, full ex
((I.%h,a?\llv,h,a) €lihaR

by Definition [16.5] Proposition then gives (416]).

Finally, by the change of variables ¢ = s/e,

[®unal 5, = 120nll oo ym = 0l

while
gy full —
|#5ha ‘ER = e ol oy = h*7ISe0llm, < ISev] .-
Combining these with the definition of |[v||es, proves (417)). O

Definition 33.34 (Coupled a-scale endpoint operator). Under the hypotheses of Definition [33.32
set

1 1
)\3:HY‘|‘57 pi=Hxy + .

2
For R R
@X S Eé{a? @y € E}};’Zld,
define .
W} oy (Ox,Oy) € E = L2([0,1])
by
(WFhia (Ox, ©)) (u) = WS 0y (Oxfo.0) ()
—1/2 Bh.o A—1 a e’
Fendxw [ @ = uP Ly heu = 10y (g)
(418) — (g = w" Ly (t = h*u, t — h*q)Ox(q)] dg,
for 0 < wu < 1. Also define the conjugated distributional realization by
: 1 :
pair,« L A pair,« /
(419) QP (Ox,0) = [y DA (Ox, Ov) € D'((0.1)).

Proposition 33.35 (Exact coupled a-scale realization of the preconjugated discrepancy).
Assume the hypotheses of Definition[33.33. Then for every

v E By, 0<h<t, he <t,
one has
ira (& Fold -
(420) z“;m = Qﬁ?ifafyx(@uhw qjg’,w) in E.
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Consequently, in D'((0,1)),

1 ira (& =old
(421) m AIRD) = O (Punas Voha)-
Proof. Let € := ¢}, and R := Ry, . By Proposition |33.19
1 1d 1d :
21:2,04 :m])%CY,t,h,a,xd)i,h - OXY'U h,a +X ﬁg’,v,h,a in E.
Since
B ol = 0 s

it remains to identify the two old-tail pieces. For the target contribution, (389)), (414)), and the
change of variables g = s/e give

R ~
(122) XU = 8’1/2x(u) / (0= ) Ly (£ = hut = hq) B34, () do

for 0 < wu <1, because A = Hy ndﬁ Hy — Hxy.
For the source contribution, -, and the change of variables ¢ = s/e give

old H t/h u\ ! u
XI5 () = X(w)e / (6-2)" Luv(t-n2e—ha) Bunle)da

e—1

R _ p—1 d
— y(u)etxy—3 / (q “) Ly (t — h%u,t — haq)q>v,h(q) 4
1 3 g 9

R ~
= 6_1/2X(u)/1 (¢ — w)" ' Lxy (t — h%u,t — h*q)Py p.a(q) dg,
because = Hxy + % Combining this with (422)) proves (420). Applying (F(A))*lﬁi’l gives
@21). 0

Proposition 33.36 (Exact defect realization of the coupled a-scale endpoint). Assume the
hypotheses of Proposition [33.33, and suppose moreover that x is flat at the outer edge in the

sense of Definition[33.21]. Let

v Jx(@, 0<q¢<1,
X(q) ==
0, 1<q¢<Rpa

Then x € C>([0, Ry, o)), and for every v € &; one has
X®una € H((0,Rua)), Xk € Er, .,

v,h,a
and
(423) 1[0,1]32);@01,]%;1, (X (I)v Jha X \I’vu}zl a) in;;ra?[x( v,h,a \I]g{%,a) in E.
Proof. Set

R:=Rhn,  ®:=0yp,, =0l

v,h,at

By Proposition [33.33]
((I)7 \II) € 1—‘t h,a,R"

Since ¥ € C°°([0, R]) and ® € H?((0, R)) by Theorem one has
x® e H°((0, R)).
Because (®,V) is an exact fixed-window pair, the proof of Theorem applied on the
window [0, R] gives
g?ﬁz,a,R(y Y \Il) = (}:/Oinh «a X\II Q%?t,h,a,ié in Ep.
Restrict now to r € [0, 1]. Since X(r) = x(r), while X(¢) = 0 for ¢ > 1, the two commutator
integrals split exactly into:

e the local unit-interval commutator on [r, 1];
e the coupled tail contribution on [1, R].
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Using \II\[L r =Y, h o this is precisely the distributional definition of
At (Ponar U5 0)
on E = L%([0,1]). This proves (423). O

Corollary 33.37 (Endpoint reduction to a growing-window exact defect). Assume the hypotheses
of Proposition and the extra regularity from Definition and suppose moreover that x

is flat at the outer edge in the sense of Definition [33.21). If there exist
C’ . < oo, ho.o € (0,1]

pair,a

such that for every 0 < h < hg o and every v € &y,

(424) 10,0885 a0y TP YR | < Chairah® 0]

then the hypothesis of Corollary[33.31) is satisfied. Consequently, the conclusion of Corollary[353.31]
follows.

Proof. By Proposition [33.36
=~ =1 — 2 — G full .
Qfé}l:l:lax( v,h,as 2%04) = 1013?);“1]%;1&()( (I)thﬂ?X\Ilvlfh,oc) in E.

Proposition [33.35 identifies the left-hand side with

1 . )
in,l@Z,%,a in D'((0,1)),
and Proposition [33.29] gives
f}r% a T EhHXY [Eh acgaiira in E.
Hence the assumed bound (424)) is exactly the hypothesis of Corollary [33.31] which then yields
the conclusion. (]

Definition 33.38 (Normalized growing-window endpoint traces). Assume the hypotheses of
Definition [33.32] For v € &, set

(425) ZM = hmotell e By
and
(426) ZgN = bRl e By

Proposition 33.39 (Normalized growing-window exact pair). Assume the hypotheses of Defini-
tion[33.538. Then for every

v E By, 0< h<t, h* <t,
one has
(427) Z;};"vath,aivyhva - haﬁqu}lllOU
and
(428) [ 28], = (14 25 vl
o ERh, ERry o Vy
In particular,
(429) |12 = Sl < =Hlolle,-
Rh,a 7]

Proof. Equation (427)) is just (416) together with (425)). The first bound follows from (417)) by

taking square roots and using
vVaz+b2<a+b for a,b > 0.
Finally, (429) is exactly the computation already used in the proof of Proposition [33.33

7~full fll
|2, = e, = ISl
‘h,a

Rh,a
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O

Definition 33.40 (Normalized growing-window exact defect). Assume the hypotheses of
Proposition [33:36] For

R>1, @€ H((0O,R)), Z¢€Eg,
define
(430) o (@, Z) = h ™10 1§ 0 r (X @ hPX Z) € E,
where % denotes the zero extension of x from [0, 1] to [0, R].
Proposition 33.41 (Endpoint bound is a uniform normalized-defect estimate). Assume the
hypotheses of Proposition[33.5 and the extra reqularity from Definition[19.1], and suppose moreover
that x is flat at the outer edge in the sense of Definition|33.21] Then (424) is equivalent to the

statement that there exist
Chorm < oo, hoo € (0,1]

pair,a

such that for every 0 < h < hg o and every v € &,

(431) €, P Z00a) |, < Cpatalvlle,

pair,a

Proof. By Definition [33.40| and (425)),
B Z00) = W L0800y (TP T TS

Therefore (424) and (431)) are the same statement with a different normalization of the left-hand
side. 0

Definition 33.42 (Normalized frozen growing-window defect). Assume
0< Hxy < Hy < 3, B:=Hy — Hxy,

fix t € (0,7), fix e € (0,1),let 0 < h <t, let R>1,and let x € C*([0,1]). Extend x by zero
to [0, R], still denoted . For

® € H?((0,R)), Z € Ep,

define the normalized frozen localized defect by
(432) arn (@ 2) = 1y Ly (1,8) (X Z = ™ Sl (x @) € B.

Proposition 33.43 (Normalized frozen localized defect is a commutator). Assume the hypotheses
of Definition |353.44 Then if
TR® = h*Z,

then
(433) Chanry(®,2) =1Ly (t,t) P [x,T)z]®  inE.
FEquivalently, if one defines the normalized frozen defect by

Sthar(®,0) == Ly (t,t) (¥ — h=*PTp®), &€ HP((0,R)), ¥ € Ep,
then
(434) 1011820, (X P X Z) = €0y (B, 2).
Proof. Since T?IRQ = h*¥Z, one has

XZ —h™ P (x @) = h P Ted — h™ aﬂzhl (X ®) = h™ C“B[x,i ] ®.

Multiplying by Ly (t,t) and restricting to [0, 1] gives . The identity (434]) is simply the
definition of St h.a.R" O

Definition 33.44 (Finite-window right fractional integral). For R > 0, A € (0,1), and f €
r = L?([0, R]), define

(435) @ D) = s [ =@, 0srsr
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Lemma 33.45 (Finite-window right fractional integral inverts the frozen transfer). Assume

O<ny<Hy<%, ,BizHY_HXYa
fixt € (0,T), and let R > 0. Then:
(i) for every f € Ep,

(436) oY%’ wf)=F  in Eg;

(ii) for every f € Eg, one has

3 wf € H((O,R));

(iii) for every f € Eg,

(437) TR pf)=cf  inEg,

where c; is defined in ,'
(iv) consequently, if ® € H°((0,R)) and Z € Eg satisfy

(438) TR® = rZ,
then
(439) o =c; 03’z i H((0,R)).

Proof. For A\, u € (0,1) with A + g < 1, the same Fubini and Beta-function computation as in

Lemma [T1.10] gives the finite-window semigroup identity
(440) PRI =0T on Ep.

)

Applying (440) with A =1 — 5 and p = 3 yields

R
S =Tt G0 = [ f@da

Since

@dlst d -5

8,RY = _?J‘ RY

by definition, differentiating the previous identity gives . It also follows that @d“t(

EgR, so Lemma i) gives 77 rl € HP((0, R)), proving ( i).
Now combine 436 with Lemma [19.2{(ii):

T R(3’ rf) = ﬁ%{%(ﬁ,aﬂ =cif.

This proves (437)). Finally, if T?}R@ = h*PZ, then (@37) shows that

T (@ — ¢ 'h3” 1 2) = 0.

rf) €

By Definition and the injectivity of Ju, r proved in , T? R 1s injective, so

follows.

D

Theorem 33.46 (Uniform growing-window bound for the normalized frozen defect). Assume
the hypotheses of Definition [33.43, and suppose moreover that x is flat at the outer edge in the

sense of Definition [33.21 Then there exists Cy < oo such that for every
0<h<t, R>1, ®cH’(0,R), ZcEg
with
TR® =h*Z,
one has

(441) €t 0@ 2)| < Conl Z
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More precisely, for almost every r € [0,1],

(442) (€@ 2)0) = Dy (e.1) [ K5 ()7 (a) o

where

1
(443) KT p(r,q) == F(l—lﬁ)F(m/o 0-P(1-60)°Y (r+8(g—r))df, 0<r<1,r<q<R,

and

(444) KE r(rno)| <Coy  0<r<q<,
1—r\ 78

(445) ‘ erq‘<Cﬁx< ) , 0<r<1,1<q<R.
qg—r

Proof. Because x is flat at the outer edge and vanishes identically on (1, R], its zero extension ¥
belongs to C*°([0, R]). By Lemma |33.45(iv),

o =c; '3 L7,
Hence, using Lemma [19.2[(ii),

CthaR,x((I)a Z) =1Ly (t,t) (YZ - w@gm}%(X c, 9’ RZ)>
1 1
(446) = 11 Ly (t,1) (yz - m@‘“ﬁ( ﬁRZ)).
Fix r € [0, 1]. Since Y is supported in [0, 1], Fubini’s theorem yields
O AR R 2)0) =t [ - R - 97 20 dgds

- / Ason(r0)2(q) da.

where

Ag\.r(r,q) = L /1 9—5(1 — 0)5—1y(r +60(qg—r))do.

I'(1=pB)I(B) Jo
Because Y € C°°([0, R]), the map Ag, g is C' on {0 <r <1, r < ¢ < R}, and
Apxr(r,r) =X(r).

Differentiating under the integral sign gives

00 Asr(r:0) = Fr— s o 07— 0P+ 80 = 1) d0 = K o)

Therefore
1

. d (R
mi?d‘fé(zﬁfiw ) == / s nl(r0)Z(a) dg

1= [ K )20 da

Substituting this identity into (446|) proves .
Now fix 0 <7 < ¢ < 1. Since Y’ is bounded on [0,1], (443]) gives (444]). Next fix 0 <r <1<
q < R. Because Y’ = 0 on [1, R], the integrand in (443)) vanishes unless
1—r

r+60(g—r)<1 = 0 <
q—T

Hence

1%l oo (0,1 ar
K Al < ((0.1) /0

- B B 1—r\17P
S T - /() 07" (1—-6) d@SCfg,X<q_T) )

which proves (445)).



136 J. VIDAL LLAURADO

Split the operator in (442)) into the local part ¢ € [r, 1] and the tail part g € [1, R]. By (444),
the local kernel is bounded on the ﬁnite triangle {0 < r < ¢ < 1}, hence Hilbert—Schmidt from
L2([0,1]) to E. For the tail part, ([445) gives

1— -B)
// ‘K7XR7"q‘ dqdr<C/3X// (q—i) dq dr.

Because 8 < 5, the last integral is finite:

0o 1— 28—1
[Plamny s gy U
1
/ (I —=r)dr < oco.

1-28
// ( >1m@”_r4ﬁo

Thus the tail kernel is also Hilbert—Schmidt, with norm bounded independently of R > 1. The
two Hilbert—Schmidt bounds combine to give

|t ra (@ 2)||, < CinlZllm;
which is . O

Corollary 33.47 (Normalized growing-window exact pairs satisfy the frozen bound). Assume
the hypotheses of Proposition and suppose moreover that x is flat at the outer edge in the
sense of Definition . Then there ewists Cy, < 0o such that for every 0 < h <t with h® <t
and every v € Gy,

(447) |0t 0 P ZE00) |, < Crnllvle-
Proof. Apply Theorem 6 with
R=Ruar  ®=%ypa, Z=2

v,h,a

SO

The exact relation

St Rh &\)v,h,a _ haﬁzfull
is Proposition |33.39, The bound ) then gives
Stull ly
< —
\ Zv,h,aHERh < Xolles
which proves (447]). O
Lemma 33.48 (Uniform head-window bound for the finite-window fractional inverse). Assume
1
0<pB<3.
Then there exists Cg < oo such that for every R > 1 and every f € ER,
(448) |07 £, < Collfllze
Proof. For 0 <r <1, split
1

1 1 R
02 wD)0) = gz | 0= @ dat g [ o= (@) da = (510 + Ty
For the local part, extend f|[o71] by zero to R and set
ka(s) :=T(B)'s" 1 g1)(s).
Since kg € L'(R), Young’s inequality gives

1L flle < ksl @)l fllz2q0,1)) < CsllfllEg-
For the tail part, the kernel

Ktaﬂ( q) =T(B) " (q- T)ﬁ_ll{ogrg, 1<q<R}
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is Hilbert—Schmidt uniformly in R > 1, because

// ‘ talqu dqdr<Cg// 22 dqdr
1

(1—7r)2"Ldr < oo,

71—2,8

since § < % Hence

1%s,rflE < Call fllEn
with C3 independent of R. Combining the local and tail estimates proves (448]). O

Lemma 33.49 (Head-window compatibility for cutoff-supported inputs). Assume the hypotheses
of Theorem let R> 1, and let x € C*°([0,1]) with zero extension X to [0, R]. For

¢ e HB((OvR))a RS ER7

set

¢ = @[ 1), z = Zlo11-
Then on E = L*([0,1]),
(449) 1BV har(XZ) = Y,tfh a1(Xx2),
(450) 1o T R(X®) = T (x9),
(451) Lo M, RI r(XP) = Zvina 1 ,11(X¢)7
(452) Lo & r(X®) = &1 1 (X®).
Consequently,

101185508 (X2, h°X Z) = BPE, 01 (x2)
— Ly (t,t) if}fa,ﬂ?,ll(h“ﬁx@
(453) — A1 (X®).

Proof. Since YXZ is supported in [0, 1], the explicit Volterra formula from the proof of Proposi-
tion shows that for 0 <r <1,

( ?itc,h,a,R(YZ»(T)
depends only on the values of XZ on [r, 1], with the same kernel Ly (¢t — hr,t — hq) as in the

window R = 1. This proves (449).
Likewise, because Y& is supported in [0, 1], one has for 0 <r <1

R 1
Is.r(XD)(r) = /r (¢ —7)""x(q)®(q) dg = /7« (¢ —7)Px(a)d(q) dg = J5,1(x®)(r).

Taking the distributional derivative on (0,1) and using Lemma [19.2(ii) gives (450)).
For (451)), note first that (450|) identifies the two inputs on [0, 1]. Moreover, the definition
M
gt
and the formula defining gz’V}LnR in Proposition imply

mthaR( )

ginr(ria) = gl (rg)  for0<r<gq<1,
hence mthaR( ) = Mepa(r) for 0 <r < 1. This is exactly ([451).
For , use the explicit formula from Proposition [19. 3L On [0, 1], both terms defining

win

t,h,a,R(Y(I)) integrate only over ¢ € [r, 1], because Y® vanishes on (1, R]. Since

win win
9th,R = Jth1s bt h,a,R = bt ha1 on Ay,

the two remalnder formulas agree there Wthh proves (452]).

Finally, (453|) is just the definition combined with . . O



138 J. VIDAL LLAURADO

Theorem 33.50 (Exact-to-frozen perturbation on normalized growing-window exact pairs).
Assume the hypotheses of Proposition[353.5 and the extra regularity from Definition[19.1), and
suppose moreover that x is flat at the outer edge in the sense of Definition [33.21. Then there
exist ho o € (0,t] and Cy o < 00 such that for every

0<h<hpa with h® <t,
and every v € Gy,

(454) e, @unar Z500) — € @ona 20| < Crandllvle

Proof. Shrink hg o, depending only on t, o, x, and the R = 1 regularity thresholds entering
Theorem if necessary so that for every 0 < h < hq q,

h <1, he < t, 1<e b
and Theorem applies on the fixed window R = 1. Fix such an h, let
R:=Rpa, O:=0yp,  Z:=2%,,

v,

and write
¢ = |01, z:=Zljp)-
By Lemma [33.49] (225)), (430), and (432]) reduce on [0, 1] to
(455) €9 e (@, 2) = BELh 01 (x2) — Ly (6, )M, (h™ P T (xd) — b= P& 1 (x9),
(456) €y (8,2) = Ly(t,) (x2 — 0T (x9)).
Subtracting (456|) from (455]) gives
G?,%r,ran,R,X(q)? Z) - e:gh,a,R,x(q)v Z) - (%irr/l,itc,h,a,l - LY(t7 t)IE) (XZ)
— Ly (6, ) 01 — Ie)h™ T (x9)

(457) — B PR 1 (XD).
For the first term, (183)) with R =1 gives
(458) (B a0 — Ly (018) (2| < Cohllz]s

For the second term, implies
W= PT (x0) = xz = Ly (6,1) '€y o r o (@, 2),
so by with R = 1 and Corollary
| Ly () @R 1 — )P T (x9) | < Coch (2] + || €f5h 0 (@ 2))|,)

(459) < Craxhlvle,

For the third term, Proposition and Lemma [33.45(iv) give

®=c;'h*?3° ,z  in HP((0,R)).
Hence
h=Px¢ = e 'x 10,137 R Z.
Using with R =1 and Lemma
[ s )], < Con [P,
< Cuxh|[ton?? 2],

(460) < Craxhl|Z]ep < Craxhlvle,-

Finally, gives

vy
I2lle < 1Z]leg < Wllvllast-

Combining this with (457)), (458), (459), and (460) proves (454)). O
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Corollary 33.51 (Normalized growing-window endpoint bound). Assume the hypotheses of
Proposition [33.5 and the extra regularity from Definition [19.1, and suppose moreover that x
s flat at the outer edge in the sense of Definition . Then there exist hoo € (0,t] and
Cta,x < 00 such that for every

O<h<hoa with h*<t

and every v € Gy,

(461) |essm o P Z00) | < Cranllvle,-
In particular, (431)) holds.
Proof. Combine Theorem [33.50] with Corollary O

Theorem 33.52 (Observable screening after exact-correction closure). Assume Assumptions
and assume in addition the extra reqularity from Deﬁm’tion letn >0, firt € (0,7)
and a € (0,1), and suppose
0< Hxy < Hy < %

Choose

x € C*([0,1]), 0<x <1, X=1on[0,1—4,]
for some 4, € (0,1), and assume moreover that x is flat at the outer edge in the sense of
Definition[33.21 Then S; has h®-stable boundary cutoffs at time t, and

(462) | Fenlle; = o) ash |0,
and consequently
(463) Gx_y(t,h) = o(h¥xv)  ash |0,

Proof. By Corollary |33.51} (431]) holds. Proposition [33.41] therefore gives (424]), and Corol-
lary [33.37| yields the conclusion. The displayed screening estimates are exactly (464) and

(65). O

Corollary 33.53 (Unconditional screening from unscaled exact correction). Assume the hy-
potheses of Theorem [33.7. Then

(464) | Fenlle; = o(h>)  ash |0,

and consequently

(465) Gx_y(t,h) =oh*x¥)  asho.

Proof. Theorem [33.7] proves that S; has h®-stable boundary cutoffs at time ¢. The conclusion
now follows immediately from Theorem [32.8] U

34. CONCLUSION

This paper supplies the dynamic bridge of the trilogy. The threshold paper [29] separates
pricing visibility from path-space detectability in the smoothing regime. What is added here is a
third layer. Dynamic observability has its own thresholds and its own screening mechanism.

At the finite-resolution level, the canonical Gaussian experiment generated by the relative
covariance operator recovers

Hxy = Hy + %
as the critical boundary for evidence accumulation with resolution. At the oracle latent-driver
level, the relevant threshold is instead

Hxy = Hy,

which is the sharp criterion for leading-order short-horizon prediction gain. At the observable
level, even that oracle gain need not survive. In the rougher regime 0 < Hxy < Hy < %, a
structural screening theorem is first proved under an h%-stable boundary-cutoff hypothesis, and
the later exact-correction closure theorem verifies that hypothesis for the model classes treated
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here under the present second-order amplitude regularity framework. In that closed theorem the
target asset’s own past screens the dominant oracle contribution.

Together, the threshold paper and this one identify a three-level visibility structure for latent
contagion. Pricing visibility, path-space detectability, and dynamic observability need not
coincide. The gap between them is governed by the geometry of Volterra covariance operators,
Gaussian experiments, and the hidden transfer operator that mediates observable screening.

That is also why it is indispensable for the econometric sequel. Paper 3 does not estimate
the oracle object from the dynamic theorem. It estimates the screened observable object that
remains after the transfer-operator reduction [30]. It is therefore the place where the inferential
target is identified.

Several directions remain open. The current observable screening theorem is obtained under
a C? amplitude regularity framework together with the cutoff-stability mechanism verified later
in the paper, and it would be natural to understand how far those ingredients can be weakened.
More broadly, the analysis remains entirely Gaussian. Extending the same observability questions
to nonlinear, non-Gaussian, or jump-driven rough models would require new tools beyond the
Gaussian comparison and exact Volterra localization arguments used here.
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