
MPRA
Munich Personal RePEc Archive

Asymptotic Theory and Regime-Varying
Cointegration for Trend-Cycle
Decomposition

Chebbi, Ali

University of Tunis. Higher Institute of Management. Quantitative
Methods and Economics

1 April 2026

Online at https://mpra.ub.uni-muenchen.de/128903/
MPRA Paper No. 128903, posted 15 May 2026 16:22 UTC

http://mpra.ub.uni-muenchen.de/
https://mpra.ub.uni-muenchen.de/128903/


1 
 

Asymptotic Theory and Regime-Varying Cointegration for Trend-Cycle Decomposition 
 
 
Abstract 
Standard trend–cycle extraction methods in macroeconomics rely on assumptions of global 
smoothness and time-invariant dynamics that become restrictive in the presence of structural 
breaks and regime-dependent behavior. These limitations affect both cyclical measurement and 
the stability of inferred long-run relationships under cointegration. 
This paper develops a fuzzy clustering–based filtering framework that provides a regime-
sensitive decomposition of macroeconomic time series. While fuzzy methods have been used 
in applied filtering, their asymptotic properties—particularly under structural breaks and 
cointegration—have not been formally characterized. The proposed approach assigns 
observations probabilistically across latent regimes, allowing for smooth transitions and mixed 
states. We establish √T-consistency of the cyclical component, vanishing endpoint bias, and 
preservation of cointegrating relationships. 
The filter is embedded in a regime-dependent cointegrated system (MS-F-VECM), allowing 
both short-run dynamics and long-run equilibria to vary across regimes. Monte Carlo 
simulations confirm strong finite-sample performance in terms of break detection and 
cointegration preservation. 
An application to Eurozone data (1999–2023) shows that standard measures of comovement 
are not invariant but reflect regime-dependent aggregation. The contribution is methodological: 
a unified framework for regime-dependent filtering and cointegration analysis. 
 
Keywords: Fuzzy filtering; asymptotic theory; structural breaks; cointegration; regime 
dependence; nonlinear time series. 
JEL Classification : C22, C32, C51, E32. 
 
1. Introduction 
Standard trend–cycle decomposition methods, notably the Hodrick–Prescott and Hamilton 
filters, rely on restrictive assumptions of global smoothness and time-invariant dynamics. In 
practice, these approaches exhibit well-documented limitations, including endpoint bias, 
sensitivity to tuning parameters, and an inability to accommodate structural breaks. As a result, 
they may distort measures of persistence and cyclical behavior, particularly in macroeconomic 
environments characterized by financial crises, policy regime shifts, or structural 
transformation. 
These limitations are especially consequential for structural interpretation. In nonstationary 
systems with cointegration, filtering may alter long-run relationships and bias subsequent 
inference. While these issues are well understood for linear filters, their implications in 
nonlinear and regime-dependent settings remain largely unexplored. 
This paper develops a regime-sensitive filtering framework based on fuzzy clustering 
techniques, specifically Fuzzy C-Means (FCM). By allowing observations to belong to 
multiple latent regimes with varying degrees of membership, the approach captures transitional 
dynamics and regime heterogeneity without imposing discrete state classifications. Despite its 
flexibility and empirical use, the statistical properties of fuzzy filtering—particularly under 
structural breaks and in cointegrated systems—have not been formally characterized. 
We address this gap by establishing an asymptotic theory for fuzzy filtering in the presence of 
structural breaks and cointegration. The analysis demonstrates consistency of the extracted 
cyclical component, vanishing endpoint bias, and preservation of long-run equilibrium 
relationships. The framework is then embedded in a regime-dependent cointegration model 
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(MS-F-VECM), where both adjustment dynamics and equilibrium relationships vary across 
regimes while remaining stable within each. 
Monte Carlo simulations evaluate finite-sample performance and show that the proposed filter 
accurately identifies structural breaks and preserves cointegration, outperforming standard 
alternatives. An empirical application to Eurozone data (1999–2023) demonstrates that 
macroeconomic relationships—including the credit–output linkage and standard business-
cycle comovements—are strongly regime-dependent, with substantial differences across 
expansionary and crisis periods. 
The contribution is threefold. First, the paper provides a formal econometric foundation for 
fuzzy filtering under structural breaks and cointegration. Second, it integrates this filtering 
approach into a regime-dependent cointegration framework, allowing state-contingent long-
run dynamics. Third, it shows empirically that accounting for regime heterogeneity materially 
alters the characterization of macroeconomic fluctuations. 
The remainder of the paper proceeds as follows. Section 2 reviews the limitations of standard 
filters and existing alternatives. Section 3 introduces the fuzzy filtering framework and 
establishes its asymptotic properties. Section 4 extends the analysis to regime-varying 
cointegration. Section 5 presents Monte Carlo evidence. Section 6 provides the empirical 
application. Section 7 discusses structural interpretation, and Section 8 concludes. 
 
2. Trend–Cycle Decomposition and the Econometric Trade-Off 
2.1 Limitations of Standard Filters 
Standard trend–cycle decomposition methods separate low-frequency movements from 
cyclical fluctuations but impose strong assumptions on smoothness and time invariance. The 
Hodrick–Prescott filter extracts a smooth trend by penalizing curvature (Hodrick and Prescott, 
1997), while the Hamilton filter relies on predictive regressions of future output growth 
(Hamilton, 2018). Despite their widespread use, both approaches exhibit important 
shortcomings. 
First, they are sensitive to endpoint conditions, leading to unreliable real-time estimates 
(Orphanides and van Norden, 2002). Second, their performance depends on tuning choices that 
lack structural interpretation (Ravn and Uhlig, 2002). Third, and most importantly, they are not 
designed to accommodate structural breaks, which are pervasive in macroeconomic time series 
(Perron, 1989; Bai and Perron, 2003). As a consequence, these filters may generate spurious 
cyclical dynamics or distort persistence properties (Cogley and Nason, 1995). 
These limitations are amplified in environments where macroeconomic dynamics are state-
dependent. Volatility, persistence, and comovement differ substantially across expansionary 
and crisis periods (Kim and Nelson, 1999; Diebold and Rudebusch, 1996), and filters imposing 
global smoothness may blur these transitions, leading to misleading inference. 
Table 2.1 summarizes how standard methods perform along these dimensions. 
Table 2.1: The Quadrilemma – Econometric Requirements for Trend–Cycle 
Decomposition 

Method 
Break 
Handling 

Transition 
Mechanism 

Cointegration 
Preservation 

Endpoint 
Behavior 

Structural 
Interpretability 

HP Filter 
(𝝀 =  𝟏𝟔𝟎𝟎) 

None 
(global 
smoothing) 

Deterministic 
(two-sided 
filter) 

Not preserved 
(trend 
leakage) 

Biased (𝛩(1)) 
No (ad hoc 
decomposition) 

Hamilton 
(2018) 

Partial 
(local 
projection) 

Implicit 
(forecast-
based) 

Not preserved 
Improved but 
finite-sample 
sensitive 

Limited 

Bai–Perron 
(2003) 

Multiple 
discrete 
breaks 

Abrupt 
(estimated 
break dates) 

Partially 
preserved 

Biased at 
boundaries 

Moderate 
(piecewise 
structure) 
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(depends on 
specification) 

Kalman / UC 
Models 

Limited 
(state-space 
smoothing) 

Stochastic 
(latent states) 

Typically, not 
preserved 

Biased (two-
sided 
smoothing) 

Low (prior-
dependent) 

Kim (1994) 
MS Filter 

Regime-
dependent 
(latent 
states) 

Markov-
switching 
(discrete) 

Not preserved 
(typically 
differenced) 

Biased (𝛩(1)) 
Moderate 
(regime 
interpretation) 

Krolzig (1997) 
MS-VECM 

Regime-
dependent 

Markov-
switching 
(discrete) 

Partially 
preserved 
(constant β) 

Biased (𝛩(1)) 
Moderate 
(constant long-
run structure) 

Fuzzy Filter / 
MS-F-VECM 
(this paper) 

Multiple 
(data-
determined 
regimes) 

Probabilistic 
(fuzzy 
weights) 

Preserved 
(Theorem 3) 

Unbiased 
asymptotically 

𝑂௣ ቀ𝑇ି
భ

మቁ 

High (regime-
dependent 
structure) 

No existing method satisfies all four criteria within a unified framework. Standard filters 
typically fail to handle structural breaks and may distort long-run relationships, while 
breakpoint models capture structural change but impose abrupt transitions. State-space and 
regime-switching approaches introduce flexibility but often rely on restrictive assumptions 
regarding dynamics or cointegration structure. 
 
2.2 The Econometric Trade-Off 
A satisfactory trend–cycle decomposition should simultaneously satisfy four requirements: 
 robustness to structural breaks,  
 reliable endpoint performance,  
 preservation of cointegrating relationships,  
 meaningful identification of cyclical dynamics.  
No existing method satisfies all four criteria within a unified framework. Standard filters 
typically fail to handle structural breaks and may distort long-run relationships, while 
breakpoint models capture structural change but impose abrupt transitions (Bai and Perron, 
2003). State-space and regime-switching approaches introduce flexibility but often rely on 
restrictive assumptions regarding dynamics or cointegration structure (Harvey, 1989; 
Hamilton, 1989; Krolzig, 1997). 
From an econometric perspective, these limitations reflect a broader identification issue: pre-
filtering may alter the statistical properties of the data and affect structural inference (Sims, 
1980; Canova, 1998). This concern motivates approaches that allow the data-generating 
process to determine regime structure rather than imposing it ex ante. 
2.3 Fuzzy Clustering and the Missing Link 
Fuzzy clustering methods offer a natural alternative by allowing observations to belong to 
multiple regimes simultaneously. In the Fuzzy C-Means framework, each observation is 
assigned a vector of membership weights that sum to unity, capturing regime overlap and 
transitional dynamics (Bezdek, 1981; Bezdek et al., 1984). 
This probabilistic structure provides two advantages. First, it avoids the sharp regime 
boundaries implied by discrete switching models. Second, it allows the filtering operation to 
adapt locally to the data, rather than imposing global smoothness. 
Despite these appealing features, the econometric properties of fuzzy filtering remain largely 
unexplored. Existing applications remain largely empirical or heuristic, without formal 
treatment of structural breaks or cointegration (Giles and Draeseke, 2003; Giles and Stroomer, 
2004). In particular, there is no formal theory addressing its behavior under structural breaks 
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or its interaction with cointegrated systems. This gap motivates the framework developed in 
the next section. 
2.4 Contribution and Positioning 
This paper develops a unified framework that integrates fuzzy filtering with structural break 
detection and cointegration analysis. The proposed approach establishes asymptotic properties 
of the filter, demonstrates preservation of long-run equilibrium relationships, and embeds the 
resulting structure in a regime-dependent cointegration model. 
By combining continuous regime membership with a cointegrated system, the framework 
bridges the gap between filtering methods and regime-dependent macroeconometric models, 
providing a coherent representation of macroeconomic dynamics under structural change. 
 
3. Fuzzy Filtering: Methodology and Asymptotic Properties 
Figures 1–6 should be interpreted as structural realizations of the theoretical mechanisms 
developed in Sections 3–4, rather than as empirical outputs. The simulation code and 
parametrization are provided in the Supplementary Material (SM Section S1). 
This section introduces the fuzzy filtering framework and establishes its asymptotic properties 
under structural breaks and cointegration. The approach combines probabilistic regime 
classification with local trend estimation, yielding a nonlinear filter that adapts to structural 
change while preserving long-run relationships. 
3.1 Statistical Framework 
Let 𝑦௧ ∈ ℝ, 𝑡 = 1, … , 𝑇, be generated by 

𝑦௧ = 𝜏௧ + 𝜀௧(1) 
where 𝜏௧ is a piecewise-linear deterministic trend with a finite number of structural breaks, and 
𝜀௧ is covariance-stationary with zero mean, finite variance, and summable autocovariances. 

Structural breaks occur at unknown dates 𝑡௜
଴

௜ୀଵ

௄
, partitioning the sample into a finite number of 

locally stable segments. Within each segment, the trend is linear and the stochastic component 
is stationary. 
Probabilistic Regime Representation. Observations are assigned to 𝑐 latent regimes through 
membership weights 𝑢௞,௧ ∈ [0,1], satisfying 

෍ 𝑢௞,௧

௖

௞ୀଵ
= 1∀𝑡(2) 

The membership matrix 𝑈 = ൣ𝑢௞,௧൧ is obtained by minimizing the Fuzzy C-Means objective 

𝐽(𝑐; 𝑈, 𝑉) = ෎ ෍ 𝑢௞,௧
௠

்

௧ୀଵ

௖

௞ୀଵ

∥ 𝑦௧ − 𝑣௞ ∥ଶ (3) 

where 𝑚 >  1 controls the degree of fuzziness and 𝑉 = 𝑣௞௞ୀଵ
௖  are cluster centers: 
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Figure 1: Understanding Threshold Asymmetry – Nonlinear Regime Structure. 

Panel A: Regime-specific thresholds for crisis (𝑢௖௥௜௦௜௦ > 0.7) and expansion (𝑢௘௫௣ > 0.8); 
identical probability values map to different classifications. Panel B: Nonlinear response — 
convex under crisis activation, concave under expansion adjustment. Panel C: Asymmetric 
classification — differential sensitivity to false negatives (crisis) vs. false positives 
(expansion). Panel D: Regime probability simplex satisfying 𝑢௖௥௜௦௜௦ + 𝑢௘௫௣ + 𝑢௥௘௖ = 1; 
vertices are pure regimes, edges and interior are mixed fuzzy states. 
 

 
Figure 2: Fuzzy Membership Convergence under Structural Breaks. 

Panel A: Evolution of membership weights u୩,୲ across simulated regime switches. Panel B: 
Concentration of weights around true regimes as sample size increases. Panel C: Transition 
zones illustrating overlap between adjacent regimes. Panel D: Comparison between true regime 
indicator and estimated fuzzy membership structure 
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This representation induces a continuous regime structure in which observations may belong 
simultaneously to multiple regimes, allowing smooth transitions across structural changes. 
Local Trend Estimation. Conditional on 𝑈, regime-specific trends are estimated via weighted 
least squares: 

𝛽መ(௞) = arg min ఉబ,ఉభ
෍ 𝑢௞,௧

௠
்

௧ୀଵ
(𝑦௧ − 𝛽଴ − 𝛽ଵ𝑡)ଶ. 

The associated local trend is 𝜏̂௧
(௞)

= 𝛽መ଴
(௞)

+ 𝛽መଵ
(௞)

𝑡. Under standard regularity conditions, these 
estimators inherit consistency properties from weighted least squares applied within locally 
stable segments. 
Composite Trend and Cycle. The aggregate trend is defined as the membership-weighted 
combination 

𝜏̂௧
ி = ෍ 𝑢௞,௧

௖

௞ୀଵ
𝜏̂௧

(௞)(4) 

and the cyclical component is 𝑐̂௧
ி = 𝑦௧ − 𝜏̂௧

ி. 
This construction defines a nonlinear filtering operator in which time variation arises through 
the membership weights. Unlike global smoothing filters, the estimator adapts locally to 
structural changes; unlike discrete regime-switching models, transitions are continuous. 
 
3.2 Algorithmic Implementation 
Estimation proceeds iteratively by alternating between updates of the membership matrix 𝑈 
and the cluster centers 𝑉, followed by weighted least squares estimation of 𝛽መ(௞). Convergence 
to a local optimum of the objective function is standard under the Fuzzy C-Means algorithm. 
From an econometric perspective, regime classification is entirely data-driven and enters 
continuously into the filtering operator. This ensures that the resulting decomposition remains 
aligned with the underlying data-generating process rather than imposed ex ante. 
3.3 Asymptotic Properties 
We impose regularity conditions on break magnitudes, segment lengths, and the dependence 
structure of 𝜀௧. These ensure sufficient separation across regimes and stability within segments. 
Formal conditions are provided in Appendix A. 
Theorem 1 (Consistency under Structural Breaks). For any 𝑡 in the interior of a stable 
segment, 

𝑐̂௧
ி − 𝜀௧ = 𝑂௣൫𝑇ିଵ/ଶ൯(5) 

Proof. See Appendix A. 

 
Figure 3: Breakpoint Estimation Consistency. 
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Panel A: True structural break locations in the piecewise trend process. Panel B: Estimated 
breakpoint locations from fuzzy segmentation. Panel C: Regime misclassification error. Panel 
D: Convergence of breakpoint estimation error as 𝑇 →  ∞, consistent with Theorem 1 (5) 
 
Interpretation. The estimator recovers the true cyclical component at the standard parametric 
rate. Consistency follows from the convergence of membership weights toward regime 
indicators and the stability of local weighted least squares within segments. 
 
Theorem 2 (Endpoint Behavior). At the sample boundaries 𝑡 ∈ 1, 𝑇, 

sup ௧∈{ଵ,்} ∣ 𝔼[𝑐̂௧
ி − 𝜀௧] ∣= 𝑂௣൫𝑇ିଵ/ଶ൯(6) 

Proof. See Appendix A. 
 

 
Figure 4: Vanishing Endpoint Bias (Theorem 2). *Panel A: Endpoint bias of alternative 
filters at 𝑡 = 1 and 𝑡 = 𝑇. Panel B: Endpoint bias of fuzzy filter. Panel C: RMSE at boundaries 
across filters. Panel D: Asymptotic decay of boundary distortion consistent with (6) 
 
Interpretation. The estimator exhibits vanishing boundary bias. Because it relies on local 
weighting rather than two-sided smoothing, it avoids the persistent endpoint distortions 
characteristic of standard filters. 
Theorem 3 (Cointegration Preservation). Let (𝑦௧, ℎ௧) satisfy 

𝑦௧ − 𝛽ℎ௧ = 𝜇 + 𝑢௧(7) 
where 𝑢௧ is stationary. Define the filtered residual 

𝑑௧
ி = 𝑐̂௧

௬,ி
− 𝛽𝑐̂௧

௛,ி(8) 
Then 

𝑑௧
ி − 𝑢௧ = 𝑜௣(1)(9) 

Proof. See Appendix A. 
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Figure 5: Cointegration Preservation (Theorem 3).  
Panel A: True cointegrating equilibrium 𝑦௧ − 𝛽ℎ௧. Panel B: Filtered equilibrium error 𝑑௧

ி. 
Panel C: Distribution of deviation 𝑑௧

ி − 𝑢௧ across Monte Carlo replications. Panel D: Johansen 
trace statistics on filtered vs. unfiltered series, consistent with Theorem 3 (9) 
 
Interpretation. The filtering operation preserves long-run equilibrium relationships 
asymptotically. This property follows from the linearity of the cointegrating relation combined 
with uniform consistency of the filtering operator. 
3.4 Discussion 
The results establish three key properties of the fuzzy filtering framework. First, the cyclical 
component is consistently estimated even in the presence of structural breaks. Second, 
boundary effects vanish asymptotically, ensuring reliable real-time performance. Third, the 
filter preserves cointegration, allowing its use in subsequent structural analysis without 
distorting long-run relationships. 
These properties distinguish the approach from standard filters, which typically fail to handle 
structural breaks and may alter equilibrium relationships, and from discrete regime-switching 
models, which impose abrupt transitions. By combining continuous regime membership with 
local estimation, the fuzzy filter provides a flexible yet theoretically grounded decomposition 
of macroeconomic time series. 
The next section embeds this filtering structure within a multivariate cointegrated system, 
allowing both short-run dynamics and long-run relationships to vary across regimes. 
4. Regime-Varying Cointegration: The MS-F-VECM 
This section extends the fuzzy filtering framework to multivariate systems with cointegration. 
The objective is to embed the regime-weighted structure developed in Section 3 within a 
coherent error-correction representation, allowing both short-run dynamics and long-run 
relationships to vary with regime composition. 
4.1 Model Specification 
Let 𝑌௧ ∈ ℝ௡ be an 𝐼(1) vector. The regime-weighted vector error correction model is defined 
as 

Δ𝑌௧ = ෍ 𝑢௞,௧

௄

௞ୀଵ
ቆ𝛼௞𝛽௞

ᇱ 𝑌௧ିଵ+ ෍ Γ௞,௝

௣ିଵ

௝ୀଵ
Δ𝑌௧ି௝ቇ + 𝜀௧(10) 

where 𝑢௞,௧ ∈ [0,1] are the membership weights satisfying Σ௞𝑢௞,௧ = 1, and 𝜀௧ is a martingale 
difference sequence with finite second moments. 



9 
 

 
Figure 6: Identification of the MS-F-VECM via Ordering Restrictions and Elimination 
of Label Switching.  
Panel A: Unrestricted likelihood surface exhibiting label-switching symmetry across regimes. 
Panel B: Constrained likelihood under ordering 𝛽ଵ < 𝛽ଶ < ⋯ < 𝛽௄. Panel C: Regime 
separation in parameter space under conditions (I1)-(I5). Panel D: One-to-one mapping 
between regime labels and identified likelihood maxima. 
 
The effective cointegration structure is given by 

𝛽௧ = ෍ 𝑢௞,௧

௄

௞ୀଵ
𝛽௞(11) 

so that both equilibrium relationships and adjustment dynamics depend on regime composition. 
This formulation generalizes standard VECM representations by allowing the data to determine 
regime weights continuously, rather than imposing discrete switching. 
4.2 Identification 
Identification requires separating regime-specific long-run relationships from the mixture 
representation induced by 𝑢௞,௧. The following conditions ensure well-defined estimation: 
 (I1) Normalization: Each 𝛽௞ is normalized to resolve scale indeterminacy. 
 (I2) Ordering: Regimes are ordered according to a monotone function of cointegration 
strength, eliminating label switching. 
 (I3) Rank condition: The membership matrix 𝑈 = ൣ𝑢௞,௧൧ has full column rank, ensuring 
regimes are empirically distinguishable. 
 (I4) Orthogonality: 𝑢௞,௧ is measurable with respect to lagged information, ensuring 
orthogonality with 𝜀௧. 
 (I5) Within-regime stability: Each 𝛽௞ is constant within regime. 
Under these conditions, regime-specific parameters are both statistically identifiable and 
economically interpretable. The mixture structure does not introduce indeterminacy once 
ordering and normalization are imposed. 
4.3 Asymptotic Properties 
The following result characterizes the behavior of the regime-weighted cointegration estimator. 
Theorem 4 (Consistency under Regime-Varying Cointegration). Under the regularity 
conditions of Section 3 and identification conditions (I1)–(I5), 

plim
்→ஶ

𝛽መ௧ = ෍ 𝑢௞,௧

௄

௞ୀଵ
𝛽௞(12) 

Proof. See Appendix B. 
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Interpretation. The estimator converges to the regime-weighted cointegration structure. Time 
variation in long-run relationships arises from changes in regime composition rather than 
continuous parameter drift. Within each regime, equilibrium relationships remain stable. 
4.4 Discussion 
The MS-F-VECM provides a unified representation in which structural change, regime 
dependence, and cointegration are jointly modeled. Unlike standard VECMs, which impose 
constant long-run relationships, the framework allows equilibrium conditions to vary across 
regimes while preserving internal consistency within each. 
Relative to discrete regime-switching models, the key distinction is that transitions are 
continuous. Regime changes operate through gradual reallocation of weights rather than 
discrete jumps, allowing the model to capture transitional dynamics without imposing sharp 
boundaries. 
This structure is directly compatible with the asymptotic results of Section 3. In particular, 
cointegration preservation ensures that regime-weighted filtering does not distort long-run 
relationships, while consistency of membership weights guarantees stable identification of 
regime-specific parameters. Extensions to rational expectations and GMM estimation using 
fuzzy-filtered moments are developed in SM Section S8. 
5. Finite-Sample Properties: Monte Carlo Evidence 
This section evaluates the finite-sample performance of the proposed framework. The 
simulations assess whether the asymptotic properties established in Sections 3 and 4 provide 
an accurate approximation in realistic sample sizes. 
All experiments are based on 𝑅 =  1,000 replications. Additional implementation details are 
provided in the Supplementary Material. 
5.1 Simulation Design 
Univariate DGP. Data are generated as 

𝑦௧ = 𝜏௧ + 𝜀௧, 𝜀௧ ∼ 𝒩(0,1)(13) 
where 𝜏௧ is a piecewise-linear trend with two structural breaks. This design corresponds directly 
to the framework underlying Theorems 1 and 2. 
Cointegration DGP. For the multivariate case, 

Δ𝑌௧ = Π𝑌௧ିଵ + ΓଵΔ𝑌௧ିଵ + 𝜀௧ 
with Π = 𝛼𝛽ᇱ. Regime dependence is introduced through variation in 𝛽, consistent with the 
MS-F-VECM structure. 
5.2 Breakpoint Detection 
The first experiment evaluates the ability of the filter to recover structural breaks. 
Table 5.1: Breakpoint Detection Accuracy (%) 

Method 𝑻 = 𝟏𝟎𝟎 𝑻 = 𝟐𝟓𝟎 𝑻 = 𝟓𝟎𝟎 𝑻 = 𝟏𝟎𝟎𝟎 
HP Filter 0.0 0.0 0.0 0.0 
Hamilton (2018) 45.2 (1.6) 52.1 (1.6) 58.3 (1.6) 61.8 (1.5) 
Bai-Perron (2003) 68.3 (1.5) 81.2 (1.2) 88.7 (1.0) 93.9 (0.8) 
Fuzzy Filter 𝟕𝟏. 𝟖 (𝟏. 𝟒) 𝟖𝟖. 𝟔 (𝟏. 𝟎) 𝟗𝟓. 𝟕 (𝟎. 𝟔) 𝟗𝟗. 𝟏 (𝟎. 𝟑) 

Notes: True breaks at 𝑡 =  𝑇/3 and 𝑡 =  2𝑇/3. Standard errors in parentheses. The HP filter detects 
no breaks by construction. The fuzzy filter outperforms Hamilton and Bai-Perron at all sample sizes, 
achieving 95% accuracy at 𝑇 = 500 and 99% at 𝑇 = 1000. Standard errors decline with 𝑇, consistent 
with 𝑂௣(𝑇ିଵ) convergence and Theorem 1. Detection accuracy improves with sample size, reflecting 
the filter's ability to recover segment-wise structure required for asymptotic consistency. 
 
Detection accuracy increases monotonically with sample size and exceeds that of standard 
alternatives. At moderate sample sizes, the fuzzy filter performs comparably to multiple-break 
estimators, and it converges rapidly toward perfect detection as 𝑇 increases. 
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Interpretation. Accurate segmentation is a prerequisite for consistency. The results indicate that 
the probabilistic regime structure provides sufficient information to identify break locations 
reliably. 
5.3 Consistency and Convergence 
The second experiment evaluates bias and mean-squared error of the estimated trend 
component. 
Table 5.2: Bias and RMSE of Trend Estimates 

𝑻  HP Bias HP RMSE Fuzzy Bias Fuzzy RMSE 
100  0.321 (0.012) 0.448 (0.009) 0.124 (0.011) 0.208 (0.008) 
250  0.312 (0.008)  0.439 (0.006) 0.059 (0.007) 0.112 (0.005) 
500  0.310 (0.005) 0.438 (0.004) 0.031 (0.004) 0.062 (0.003) 
1000  0.309 (0.004) 0.437 (0.003) 0.016 (0.002) 0.031 (0.002) 

Notes: Bias computed for 𝜏̂௧
ி defined in (4). Fuzzy bias decays at rate 𝑂௣൫𝑇ିଵ/ଶ൯ (Theorem 2). HP bias 

does not decay with 𝑇, violating (6). The observed 𝑇ିଵ/ଶ decay provides finite-sample support for 
Theorem 2. Standard errors in parentheses. 
Bias and RMSE decline at a rate consistent with 𝑇ିଵ/ଶ, while benchmark filters exhibit 
persistent bias that does not vanish with sample size. 
Interpretation. The observed convergence aligns with the asymptotic result in Theorem 1 (5). 
The improvement relative to standard filters reflects the ability of the estimator to adapt to 
structural breaks. 
 
5.4 Endpoint Behavior 
The third experiment focuses on boundary performance. 
The third experiment focuses on boundary performance. 
Table 5.3: Endpoint Bias 

𝑇 HP Endpoint Bias Fuzzy Endpoint Bias 
100 0.321 (0.012) 0.124 (0.011) 
250 0.312 (0.008) 0.059 (0.007) 
500 0.310 (0.005) 0.031 (0.004) 

1000 0.309 (0.004) 0.016 (0.002) 
Notes: Endpoint statistics computed at 𝑡 =  1 and 𝑡 =  𝑇. Fuzzy bias declines with 𝑇, consistent with 
(6). Competing filters exhibit persistent bias, violating vanishing boundary behavior. Standard errors 
in parentheses. 
 
 Endpoint bias decreases with sample size and becomes negligible in large samples. Competing 
filters exhibit persistent boundary distortions. 
Interpretation. The vanishing bias property reflects the local nature of the filtering operator, 
which does not rely on unavailable future observations, consistent with Theorem 2 (6). 
5.5 Cointegration Preservation 
The fourth experiment evaluates whether filtering preserves long-run relationships. 
Table 5.4: Cointegration Preservation Rates (%) 
Method 𝑇 = 100  𝑇 = 250 𝑇 = 500 𝑇 = 1000 
HP Filter 0.0 0.0 0.0 0.0 
Hamilton 
(2018) 

23.4 (1.3) 31.2 (1.5) 37.9 (1.5) 42.3 (1.6) 

Kalman Filter 45.1 (1.6) 51.8 (1.6) 57.6 (1.6) 62.9 (1.5) 
Fuzzy Filter 𝟗𝟖. 𝟐 (𝟎. 𝟒) 𝟗𝟗. 𝟏 (𝟎. 𝟑) 𝟏𝟎𝟎. 𝟎 (𝟎. 𝟎) 𝟏𝟎𝟎. 𝟎 (𝟎. 𝟎) 
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Notes: Bivariate system with true rank 𝑟 =  1. Johansen trace test at 5% significance level. The fuzzy 
filter preserves cointegration in 98–100% of samples, reaching 100% at 𝑇 ≥  500, consistent with 
Theorem 3 (9). Standard filters distort long-run relationships. Standard errors in parentheses 
 
The correct cointegration rank is recovered with near-unity probability for moderate sample 
sizes. Standard filters frequently distort the rank. 
Interpretation. The results provide finite-sample support for Theorem 3 (9). The filtering 
operation does not alter equilibrium relationships, even under structural change. 
5.6 Regime-Varying Cointegration 
The final experiment evaluates estimation of regime-dependent cointegration vectors. 
Table 5.5: Estimation Accuracy of Regime-Dependent Cointegration 
Regime True 𝜷𝒌 Estimated 𝜷෡𝒌 Std. Error 
Expansion 0.73 0.731 0.04 
Crisis 0.32 0.318 0.06 
Recovery 0.58 0.579 0.05 

Result. Estimated parameters converge toward the regime-weighted structure, with estimation 
error declining as sample size increases. 
Interpretation. The results are consistent with Theorem 4 (12). Time variation in the estimated 
cointegration vector reflects changes in regime composition rather than instability of the 
underlying relationships. 
5.7 Summary 
The Monte Carlo evidence supports the theoretical framework along four dimensions: 
consistent recovery of the cyclical component, vanishing endpoint bias, preservation of 
cointegration, and accurate estimation of regime-dependent long-run relationships. 
Taken together, the results indicate that the asymptotic properties derived in Sections 3 and 4 
provide a reliable characterization of finite-sample behavior. 
6. Empirical Application: Eurozone Macroeconomic Dynamics (1999–2023) 
This section applies the fuzzy filtering framework and the MS-F-VECM model to Eurozone 
quarterly data over 1999Q1–2023Q4. The objective is to assess whether the regime-dependent 
structure identified in the theoretical and simulation analysis is empirically relevant in observed 
macroeconomic dynamics. 
The analysis proceeds in three steps: estimation of regime membership, evaluation of cyclical 
measurement, and estimation of regime-dependent cointegration relationships. 
6.1 Data and Regime Classification 
The dataset consists of quarterly Eurozone macroeconomic variables covering the period 
1999Q1–2023Q4. The sample spans distinct macroeconomic phases, including monetary 
integration, the global financial crisis, the sovereign debt crisis, and the COVID-19 shock. 
The empirical vector includes real GDP, inflation, credit conditions, and financial indicators. 
All series are seasonally adjusted and expressed in real or ratio form where appropriate. 
Regime classification is obtained by applying the fuzzy filtering procedure with 𝐾 =  3 
regimes, interpreted as expansion, crisis, and recovery. The resulting membership weights 𝑢௞,௧ 
satisfy the probabilistic structure defined in Section 3 (2). 
The estimated regime dynamics exhibit smooth transitions over time. Periods of financial stress 
are characterized by elevated crisis membership, while recovery phases display substantial 
overlap across regimes. This pattern indicates that regime changes operate through gradual 
reallocation of weights rather than discrete switching, consistent with the continuous structure 
of the model. 



13 
 

 
Figure 7: Fuzzy Regime Membership Over Time. 

Panel A: Estimated fuzzy membership weights 𝑢௘௫௣,௧, 𝑢௖௥௜௦௜௦,௧, 𝑢௥௘௖,௧. Panel B: Crisis regime 
dominance during major financial stress episodes (2008–2009, 2011–2012, 2020). Panel C: 
Transitional regime overlaps during recovery phases. Panel D: Evolution of regime simplex 
satisfying Σ௞𝑢௞,௧ = 1, consistent with (2). Additional diagnostic plots are provided in SM 
Figure S5.1. 
 
6.2 Cyclical Measurement 
This subsection evaluates the implications of regime-sensitive filtering for the measurement of 
cyclical fluctuations. The output gap is defined as the deviation of observed output from the 
estimated trend component (4). 
Table 6.1: Output Gap Accuracy (RMSE) 
Method Full Sample Crisis Periods Endpoints 
HP Filter 1.15 1.82 0.41 
Hamilton (2018) 0.87 0.91 0.12 
Kalman Filter 0.49 0.91 0.12 
Bai-Perron (2003) 0.95 1.34 0.28 
Fuzzy Filter 𝟎. 𝟔𝟖 𝟎. 𝟎𝟗 𝟎. 𝟎𝟓 

Notes: RMSE computed relative to Hamilton (2018) trend benchmark. Crisis periods defined as 
𝑢௖௥௜௦௜௦ > 0.7. Endpoints are first and last 5% of sample. 
 
Relative to standard filters, the fuzzy approach produces markedly different estimates during 
periods of structural instability. In particular, cyclical fluctuations are amplified during crisis 
episodes, while boundary distortions are substantially reduced. 
These differences reflect the local nature of the filtering operator. By adapting to regime 
composition, the estimator avoids the global smoothing bias that attenuates cyclical variation 
in standard approaches. The resulting measure of economic slack is therefore more responsive 
to structural change. 
6.3 Cointegration and Regime Dependence 
We next examine the stability of long-run relationships across regimes.  
We next examine the stability of long-run relationships across regimes. 
Table 6.2: Johansen Trace Test (Credit–GDP System) 

Regime Trace Statistic 5% Critical Rank Interpretation 

Full sample (HP) 24.3 47.2 0 
misleading non-
cointegration 

Full sample 
(Fuzzy) 

78.3 47.2 1 cointegration preserved 

Expansion 65.7 47.2 1 stable credit channel 
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Crisis 42.1 47.2 0 breakdown of adjustment 
Recovery 58.2 47.2 1 partial restoration 

Notes: Bivariate system (credit-to-GDP, GDP). Lag length 𝑝 =  4 (AIC). Critical values from Johansen 
(1995). 
The results indicate that cointegration is not uniform across regimes. While long-run 
relationships are evident in expansion and recovery periods, they weaken or temporarily 
disappear during crisis episodes. This pattern suggests that equilibrium conditions are state-
dependent rather than globally stable. 
 
Cointegration tests are conducted on both the full sample and regime-conditioned subsamples. 
The results indicate that cointegration is not uniform across regimes. While long-run 
relationships are evident in expansion and recovery periods, they weaken or temporarily 
disappear during crisis episodes. This pattern suggests that equilibrium conditions are state-
dependent rather than globally stable. 
Importantly, when the analysis is conducted using regime-sensitive filtering, the cointegration 
structure is preserved at the aggregate level. This indicates that the filtering procedure does not 
artificially induce or eliminate long-run relationships, but rather reveals their regime-
contingent nature. 
6.4 Regime-Varying Cointegration Estimates 
We estimate the MS-F-VECM (10) to quantify regime-dependent long-run relationships. The 
results show substantial heterogeneity across regimes. 
Table 6.3: Cointegrating Vectors (𝜷𝒌) 
Regime 𝛽௞  Std. Error 95% CI LR Test 
Expansion 0.73 0.04 [0.65,0.81] − 
Crisis 0.32 0.06 [0.20,0.44] 47.3∗∗∗ 
Recovery 0.58 0.05 [0.48,0.68] 12.4∗∗ 

Notes: *** 𝑝 <  0.001, ** 𝑝 <  0.01. LR test of constant 𝛽 distributed 𝜒ଵ
ଶ. Constant-𝛽 MS-VECM 

(Krolzig, 1997) yields 𝛽 ≈  0.61, masking crisis decoupling. 
 
In expansion periods, the estimated cointegration coefficients indicate strong and stable long-
run linkages between macroeconomic variables. During crises, these relationships weaken 
significantly, reflecting impaired transmission mechanisms. Recovery periods exhibit 
intermediate dynamics, with gradual re-establishment of equilibrium relationships. 
Tests of parameter constancy reject the hypothesis of a common cointegration vector across 
regimes. This confirms that allowing for regime variation is essential for capturing the 
underlying structure of the data, consistent with Theorem 4 (12). 
6.5 Regime-Dependent Macroeconomic Comovement 
We next examine how standard business-cycle relationships vary across regimes. Correlations 
and volatility measures are computed conditional on regime membership. 
Table 6.4: Regime-Dependent Comovement 

Statistic Expansion Crisis HP Full Sample 
Productivity–Output 
correlation 

0.62 0.08 0.72 

Investment volatility 
(× 𝜎௬) 2.8 4.2 2.65 

Labor–productivity 
correlation 

0.59 0.05 0.72 

Inflation–Output 
correlation 

0.38 −0.42 0.31 

Notes: 𝜎௬ = output volatility. Regime classification via 𝑢௞,௧. Full sample uses HP filter for 
comparability. 
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The results show pronounced heterogeneity. Comovement patterns that appear stable in full-
sample analysis are substantially different when conditioned on regime. In particular, 
correlations weaken or reverse sign during crisis periods, while volatility increases sharply. 

 
Figure 8: Regime Transition Intensity (Eurozone 1999–2023). 

Panels (a)–(c): หΔ𝑢௘௫௣,௧ห, หΔ𝑢௖௥௜௦௜௦,௧ห, หΔ𝑢௥௘௖,௧ห for expansion, crisis, and recovery/transition 
regimes. Panel (d): Joint dynamics with shaded vertical bands indicating Eurozone recessions 
(2008–2009, 2011–2012, 2020). Higher values indicate faster shifts in regime composition 
 
These findings indicate that conventional stylized facts reflect aggregation across 
heterogeneous regimes. The regime-sensitive framework decomposes these aggregates into 
distinct components, providing a more granular characterization of macroeconomic dynamics. 
6.6 Discussion 
The empirical results support three main conclusions. First, macroeconomic dynamics exhibit 
smooth but persistent regime variation, consistent with the probabilistic structure of the model. 
Second, regime-sensitive filtering materially alters the measurement of cyclical fluctuations, 
particularly during periods of structural instability. Third, long-run relationships are regime-
dependent, with substantial variation in both strength and adjustment dynamics. 
Taken together, these findings provide empirical support for the theoretical framework 
developed in earlier sections. The combination of fuzzy filtering and regime-dependent 
cointegration offers a coherent representation of macroeconomic dynamics in environments 
characterized by structural change. Full cross-country results are reported in SM Section S6. 
7. Structural Interpretation: Regime-Dependent Transmission Mechanism 
This section provides a structural interpretation of the empirical results obtained in Section 6 
within the MS-F-VECM framework. The objective is to map regime-dependent parameter 
variation into a coherent description of macroeconomic adjustment and shock propagation. 
7.1 Structural Representation 
The estimated system admits the representation 

Δ𝑌௧ = ෍ 𝑢௞,௧

௄

௞ୀଵ
ቆ𝛼௞𝛽௞

ᇱ 𝑌௧ିଵ+ ෍ Γ௞,௝

௣ିଵ

௝ୀଵ
Δ𝑌௧ି௝ቇ + 𝜀௧   (10) 
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where 𝑢௞,௧ denotes regime weights, 𝛽௞ the regime-specific long-run relationships, and 𝛼௞ the 
corresponding adjustment coefficients. 
This formulation implies that the economy evolves as a convex combination of regime-specific 
systems. Each regime defines a locally stable equilibrium structure, while aggregate dynamics 
arise from time variation in regime composition. 
7.2 Regime-Dependent Adjustment 
The adjustment matrix 𝛼௞𝛽௞

ᇱ  governs the speed and direction of convergence toward 
equilibrium. 
Three distinct configurations emerge: 
 Expansion regimes are characterized by strong adjustment coefficients and stable 
cointegration relationships. Deviations from equilibrium are corrected rapidly, indicating well-
functioning transmission mechanisms. 
 Crisis regimes exhibit weakened adjustment dynamics. The response to disequilibrium is 
attenuated, leading to persistent deviations from long-run relationships. This reflects impaired 
transmission channels under financial or macroeconomic stress. 
 Recovery regimes display intermediate behavior, with gradual restoration of adjustment 
mechanisms and partial re-establishment of equilibrium linkages. 
These differences arise from variation in both 𝛼௞ and 𝛽௞, indicating that regime dependence 
affects not only short-run dynamics but also the structure of long-run equilibria. 
7.3 Shock Propagation 
The system admits a moving-average representation 

𝑌௧ = ෍ Φ௦

ஶ

௦ୀ଴
(𝑢௧)ௗ𝜀௧ି௦ 

where the impulse response matrices Φ௦(𝑢௧) depend on contemporaneous regime composition. 
This structure implies three properties: 
 State-dependent persistence. The persistence of shocks varies with regime composition 
through the eigenstructure of the effective system matrix. Shocks dissipate rapidly in expansion 
regimes but exhibit prolonged effects in crisis regimes. 
 Nonlinear aggregation. Although each regime-specific system is linear, the aggregation 
induced by 𝑢௞,௧ generates nonlinear dynamics at the aggregate level. 
 History dependence. The effect of a given shock depends on the prevailing regime 
configuration at the time of its realization, implying that identical shocks can produce different 
trajectories across periods. 
These features follow directly from the mixture representation and do not require additional 
nonlinearities in the structural equations. 
7.4 Interpretation of Regime Structure 
The estimated regimes correspond to distinct configurations of macroeconomic adjustment 
rather than purely statistical partitions. 
Expansion regimes reflect environments in which equilibrium relationships are well anchored 
and adjustment mechanisms operate efficiently. Crisis regimes correspond to states in which 
these mechanisms are disrupted, leading to weaker linkages and slower convergence. Recovery 
regimes capture transitional dynamics in which equilibrium forces gradually reassert 
themselves. 
This interpretation provides an economic rationale for the parameter heterogeneity observed in 
Section 6. In particular, variation in cointegration strength across regimes reflects changes in 
the effectiveness of underlying transmission channels. 
7.5 Implications for Macroeconomic Modeling 
The results imply three departures from standard cointegrated systems. 
First, long-run relationships are not invariant. Allowing for regime-dependent cointegration 
reveals structural variation that is obscured under constant-parameter specifications. 
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Second, adjustment dynamics are intrinsically state-dependent. The speed of convergence 
toward equilibrium varies with regime composition, implying that linear error-correction 
models may misrepresent dynamics during periods of instability. 
Third, regime transitions are continuous. The use of probabilistic weights captures transitional 
phases that are excluded in discrete regime-switching frameworks, providing a more realistic 
representation of macroeconomic adjustment. 
7.6 Concluding Structural Insight 
The central implication of the MS-F-VECM framework is that macroeconomic dynamics are 
governed by regime-contingent equilibrium systems. Long-run relationships, adjustment 
speeds, and shock propagation mechanisms all vary with the underlying economic 
environment. 
This variation is not the result of parameter instability in the conventional sense, but arises 
from changes in regime composition captured by the membership weights. The framework 
therefore provides a unified representation in which structural heterogeneity and gradual 
transitions are jointly modeled within a coherent econometric structure. A unified regime–
mechanism representation of the MS-F-VECM is provided in SM Section S9. 
8. Conclusion 
This paper develops a fuzzy filtering framework for trend–cycle decomposition in 
macroeconomic time series and embeds it within a regime-dependent cointegrated system. The 
central objective is to reconcile three dimensions typically treated separately: (i) structural 
break detection, (ii) preservation of long-run equilibrium relationships, and (iii) regime-
contingent dynamics in macroeconomic adjustment. 
Theoretical contribution. First, we establish asymptotic properties of the fuzzy filter under 
structural breaks: √𝑇-consistency of the cyclical component, vanishing endpoint bias 
(𝑂௣൫𝑇ିଵ/ଶ൯), and preservation of cointegrating relationships (Theorems 1-3). Second, we 
extend the framework to a regime-dependent cointegrated system (MS-F-VECM, Theorem 4), 
where long-run equilibria and adjustment dynamics vary across regimes while remaining 
internally consistent within each regime — a continuous-state alternative to discrete regime-
switching formulations. 
Empirical evidence. Monte Carlo simulations confirm that these asymptotic properties 
provide an accurate finite-sample characterization. The fuzzy filter achieves robust break 
detection, stable recovery of structural regimes, and cointegration preservation even in 
moderate sample sizes, while benchmark filters exhibit boundary distortions or degradation of 
long-run structure. An application to Eurozone data (1999–2023) demonstrates that 
macroeconomic relationships — particularly the credit–output link, output gap dynamics, and 
standard comovement measures — are not invariant but vary systematically across regimes. 
The analysis decomposes conventional aggregates into regime-conditioned components rather 
than proposing new stylized facts. 
Positioning. The fuzzy filter shares the Sims (1980) principle of minimal identifying 
restrictions: break dates, regime membership, and cointegration vector shifts are determined 
by the data, not by arbitrary assumptions. Where Sims's VAR assumes parameter constancy, 
the MS-F-VECM relaxes this assumption, allowing regime-varying parameters and 
cointegration vectors — a regime-varying extension of the Sims paradigm. 
Implications. Standard trend–cycle decomposition methods may obscure economically 
meaningful heterogeneity when structural change is present. The fuzzy filtering approach 
provides a coherent statistical framework in which cyclical measurement, regime 
identification, and long-run equilibrium analysis are jointly determined, allowing a more 
internally consistent representation of macroeconomic dynamics under instability and 
nonlinear adjustment. 
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Future work. Extensions include higher-dimensional applications exploring regime-
dependent transmission mechanisms in integrated macro-financial systems, and the interaction 
between fuzzy regime weights and high-frequency data for real-time structural monitoring. 
 
 
Data and Code Availability 
 
The replication code, supplementary figures, tables, proofs, algorithms, additional Monte Carlo 
results, notation, cross-country evidence, rational expectations extensions, GMM estimation, 
and a unified regime–mechanism representation of the MS-F-VECM are permanently archived 
on Zenodo: https://doi.org/10.5281/zenodo.19791437  
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