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Abstract

This paper formalises, through the concept of user cost, the structural isomorphism between the depreciation
rate 𝛿 of health capital in Grossman (1972) and the demurrage rate 𝜇 in the Gesell (1916) tradition. This
isomorphism is termed the Depreciation‒Demurrage Equivalence; the 𝛿-𝜇 matching principle is used as a
derivative term denoting its normative content. The central result, Proposition 1, establishes that, under
𝜇 = 𝛿, the canonical user-cost rate components 𝑟 + 𝛿 (Grossman/Jorgenson type) and 𝑟 + 𝜇 coincide to
first order̶and that, under a discrete-time gross-up normalization, substituting 𝜇 = 𝛿 yields the conditional
identity (𝑟+𝜇)/(1−𝜇) = (𝑟+𝛿)/(1−𝛿) (see footnote 1 and §5.1). This delivers coherence in the time structure
of the local arbitrage condition for health investment; it does not constitute a complete proof of dynamic
general-equilibrium efficiency, since establishing the absence of allocative distortions in general equilibrium
requires an explicit model of household problems, firm behaviour, exchange markets, the government budget,
price determination, and income effects, an analysis that is deferred to a companion paper. Under 𝜇 = 𝛿, the
steady-state balance 𝑀∗ = 𝑝𝐼 ⋅𝐻∗ and the self-financing condition 𝜇⋅𝑀∗ = 𝐹 (an accounting equality between
the demurrage flow and the new-issuance flow) hold (Theorem 5, Corollary 5.1). This paper formalises this
structure as a six-axiom system together with associated propositions, theorems, and conjectures.

The principle provides a theoretical foundation for the self-financing design of healthcare financing in the
nominal accounting sense: a demurrage-currency arrangement, by aligning the duration of the benefit period
of health-care provision (the depreciation rate of health capital) with that of the financing repayment horizon
(the demurrage rate of currency), offers a formal accounting route for aligning the time structure of healthcare
benefits and financing burdens, and a path for reconciling the temporal mismatch in intergenerational burden.
Because demurrage currency carries an implicit-taxation function through its demurrage flow, however, the

1The exact form of the relative user cost of holding currency in discrete time is (1 + 𝑟)/(1 − 𝜇) − 1 = (𝑟 + 𝜇)/(1 − 𝜇), and
the corresponding exact form on the health-capital side is (1 + 𝑟)/(1 − 𝛿(𝑎)) − 1 = (𝑟 + 𝛿(𝑎))/(1 − 𝛿(𝑎)). Substituting the
matching condition 𝜇 = 𝛿(𝑎), both exact forms coincide algebraically as (𝑟 + 𝜇)/(1 − 𝜇) = (𝑟 + 𝛿(𝑎))/(1 − 𝛿(𝑎)) (we refer to
this as (Match-exact) hereafter). This coincidence does not depend on any approximation. In the range 𝑟, 𝜇, 𝛿 ≪ 1, a first-
order Taylor expansion gives (𝑟 + 𝜇)/(1 − 𝜇) ≈ 𝑟 + 𝜇 and (𝑟 + 𝛿(𝑎))/(1 − 𝛿(𝑎)) ≈ 𝑟 + 𝛿(𝑎), with approximation errors of order
𝑂(𝜇(𝑟 + 𝜇)) and 𝑂(𝛿(𝑟 + 𝛿)), respectively (under the typical policy parameters of monthly 𝑟 ≈ 0.0017 (annual 2 % equivalent)
and 𝜇 ≈ 0.02/month, the error is below 10−3; when the annual value is used, the exact form (𝑟 + 𝜇)/(1 − 𝜇) should be adopted).
For notational simplification in the main text we adopt the approximate forms 𝑟 + 𝜇 and 𝑟 + 𝛿, but these are merely derived
expressions that rewrite the exact-form (Match-exact) conditional identity for readability. In continuous time the correspondence
with discrete time is given by 𝜇̂ = − ln(1 − 𝜇𝑑), and one can write 𝑐𝑀 = 𝑟 + 𝜇̂. The principal conclusion of this paper̶
first-order user-cost coherence under 𝜇 = 𝛿(𝑎)̶holds as the main result in any of these forms (the exact form
(Match-exact), the first-order approximation, and the continuous-time form). The exact form (Match-exact) is
a discrete-time gross-up normalization expression that holds without approximation error as a conditional identity supported
under 𝜇 = 𝛿(𝑎), and is positioned as a corollary representation of the first-order user-cost coherence that constitutes the main
result of this proposition.
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question of who ultimately bears the real burden of demurrage (including whether Ricardian equivalence holds
in the relevant general-equilibrium fiscal analysis) lies beyond the partial-equilibrium framework adopted
here and is deferred to a companion paper. The theoretical contribution of this study is concentrated in
three points: (i) the structural isomorphism between health-capital theory and demurrage-currency theory
(Depreciation‒Demurrage Equivalence), the user cost coherence under 𝜇 = 𝛿 (Proposition 1), and the resulting
derivation of the self-financing condition 𝜇 ⋅ 𝑀∗ = 𝐹 ; (ii) within the present 𝛿-𝜇 matching framework,
the Friedman-rule benchmark 𝜇∗ = 0 can be reinterpreted as the limiting case in which the depreciation-
matching channel of Axiom IV is inactive (𝛿𝑗 = 0 ∀𝑗) and externalities are absent; and (iii) under premises
(Q-1)‒(Q-6), a conditional welfare superiority hypothesis concerning the dual-currency regime that arises
from the functional separation between consumption-purpose demurrage currency and accumulation-purpose
conventional currency (Proposition 11; the complete welfare-comparison theorem is deferred to a companion
paper).

The Depreciation‒Demurrage Equivalence also signals several directions for future research across multiple
dimensions of policy design, including the normative design of demurrage-currency basic income (§7.2.2)
and possible applications to Piketty’s 𝑟 > 𝑔 proposition (§7.2.3). Monetary-side implementation of negative
natural rates of interest, reinterpretation within the Fiscal Theory of the Price Level (FTPL) valuation
equation as debt with a self-decay term, two-dimensional optimisation of helicopter money over scale and
recovery speed, integrated time-structure asset-liability management for the government and central bank,
the multi-sector generalisation, and a general framework for currency with time structure are all deferred
to a companion paper (Fujii, in preparation). This paper positions itself as an attempt at a theoretical
bridge across four lineages: health economics, monetary economics, complementary-currency theory, and the
universal-basic-income literature.

Keywords: 𝛿-𝜇 matching principle; Depreciation‒Demurrage equivalence; health capital; health depreci-
ation; Grossman model; demurrage currency; Gesell tax; Friedman rule; zero lower bound; negative interest
rates; helicopter money; universal basic income; complementary currency.

JEL classification: E40 (Money and Interest Rates); E42 (Monetary Systems and Payment Systems); E52
(Monetary Policy); E58 (Central Banks and Their Policies); E62 (Fiscal Policy); E63 (Comparative or Joint
Analysis of Fiscal and Monetary Policy; Coordination); D91 (Intertemporal Household Choice; Life Cycle
Models and Saving); H51 (Government Expenditures and Health); I12 (Health Behavior; Health Production);
J11 (Demographic Trends, Macroeconomic Effects, and Forecasts).

Preprint note. This is a preprint that has not been peer reviewed. The propositions, theorems, con-
jectures, and policy implications presented are theoretical hypotheses at the working stage. Immediate
policy implementation is not recommended; comprehensive evaluation through dynamic general-equilibrium
analysis, empirical verification, and independent verification by the relevant fields̶work to be developed in
companion papers (Fujii, in preparation)̶is required.
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1. Introduction

1.1 Motivation and Question

The sustainability of healthcare expenditure is a central problem of contemporary economic policy, common
to all advanced economies undergoing population aging. In Japan, this problem appears in its sharpest
form. National medical expenditure reached approximately JPY 48.1 trillion in fiscal year 2023 (Ministry of
Health, Labour and Welfare, “Overview of National Medical Expenditure, FY 2023,”a record high), with the
financing structure consisting of approximately 50 percent insurance premiums, approximately 38 percent
public funds (a substantial portion of which is ultimately financed by government bonds), and approximately
12 percent other sources (of which patient out-of-pocket payment is approximately 11.8 percent) (§2.4). The
principal pillars of financing̶taxes, insurance premiums, and burdens deferred to future generations through
bond issuance̶all accumulate in conventional currency, whose value does not erode over time. Health-care
provision benefits, by contrast, decay over the short effective duration governed by the depreciation rate of
health capital, 𝛿(𝑎). Calibrations following Grossman (1972) and subsequent extensions consistently indicate
that 𝛿(𝑎) rises substantially in old age (§2.2), reflecting the short effective duration of health-care provision
benefits.

This structural asymmetry̶conventional currency with an infinite lifespan against health benefits with
finite lifespans on the order of years̶appears at first sight to be a technical accounting matter. As devel-
oped in §2.4, however, from the standpoint of asset-liability management (ALM), it is in effect a structure
that finances short-duration assets (health benefits) with effectively infinite-duration liabilities (currency-
denominated obligations), persistently distorting the intergenerational coherence of costs and benefits. A
substantial gap arises between the timing at which benefits are received and the timing at which burdens are
incurred; the persistent expansion of healthcare expenditure, the accumulation of debt, and the question of
intergenerational equity can all be understood as consequences of this temporal mismatch.

Existing responses̶raising consumption tax rates, promoting preventive care, raising insurance premiums,
restraining medical reimbursement̶have without exception left the time structure itself untouched, confining
themselves to adjustments of the volume of financing or expenditure. The question this paper raises lies at
a different level:

Can the inconsistency between the time structure of the health capital that medical benefits
consume and the time structure of the currency that funds them be resolved at the level of
institutional design?

The paper’s answer is affirmative, in a limited sense. Specifically, by endowing the currency used as
healthcare financing with a demurrage rate 𝜇 corresponding to the depreciation rate 𝛿 of health capital, and
aligning their durations, user cost coherence in the local arbitrage condition for health investment can be
achieved (a rigorous proof of allocative efficiency in general equilibrium is deferred to a companion paper).
This design principle is termed the 𝛿-𝜇 matching principle.

The theory developed here rests on the general framework of health economics and monetary economics and
does not depend on Japan-specific circumstances. Japanese data are used as a motivating illustration only
because Japan, in both demographic structure and healthcare financing, prefigures the future of advanced
economies.
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1.2 Partial Prior Work

The question raised here lies at the intersection of two well-established research traditions, health economics
and monetary economics. These traditions have developed largely separately for half a century, and academic
attempts to bridge them have been limited.

The health-economics side. Grossman’s (1972) health-capital theory treats health as a durable capital stock
and formalises its dynamics as governed by an age-dependent depreciation rate 𝛿(𝑎). This framework gave
rise to the user cost of health capital, (𝑟 + 𝛿) (§2.3), and̶through Grossman (2000, 2022), Galama and van
Kippersluis (2019), and others̶has remained the central analytical apparatus of health economics to this
day. The Grossman literature, however, has treated 𝛿 exclusively as a biological and behavioural parameter,
independent of monetary-system parameters (premise H2 of §4.0).

The monetary-economics side. Friedman’s (1969) Friedman rule put forward the norm of zero opportunity
cost of holding money and became, over the subsequent half century, the starting point for research on
optimal monetary policy. Phelps (1973) and Chamley (1985) showed the second-best status of the Friedman
rule under distortionary taxes, and Correia and Teles (1996), Lagos and Wright (2005), Schmitt-Grohé and
Uribe (2010), and Aruoba, Waller, and Wright (2011) refined the conditions under which it holds. In the
HANK literature, Bhattacharya, Haslag, and Martin (2005) and Da Costa and Werning (2008) discuss the
standing of the Friedman rule under heterogeneous agents. On the practical side, Blanchard, Dell’Ariccia, and
Mauro (2010), Ball (2014), and Andrade, Galí, Le Bihan, and Matheron (2019) advocate raising the inflation
target above 2 percent as a response to the zero lower bound, with Walsh (2017) summarising the state of
the art in graduate-level treatments. As contemporary reassessments of Gesell’s (1916) demurrage-currency
proposal, Goodfriend (2000), Buiter and Panigirtzoglou (2003), Buiter (2005, 2009), Menner (2011), Agarwal
and Kimball (2015, 2019), and Rehme (2018, 2024) can be cited. These all focus principally on overcoming
the zero lower bound or on alleviating the social inefficiency of idle liquidity.

The three-tier prior work on demurrage-currency basic-income proposals. Proposals for a basic income or
analogous income-guarantee scheme accompanied by demurrage currency, as detailed in §7.2.2.2, have been
discussed in parallel across three tiers: (I) the academic-paper tier (Yamada 2026; Brenzikofer 2019, Encoin-
ter; Mattsson et al. 2022, Sarafu; etc.), (II) the books-and-policy-reports tier (Tomabechi 2021; Oguro 2022;
Bossone and Faragallah 2022), and (III) the complementary-currency-implementation tier (Wörgl, Chiem-
gauer, Sardex, Sarafu, Encointer, etc.). These prior works carry priority as policy ideas or implementations,
but none presents a normative decision principle that anchors the demurrage rate 𝜇 to the health-capital
depreciation rate 𝛿𝐻 .

The limited academic connection at the intersection. Systematic literature surveys reveal that the major
literatures of the health-economics side and the monetary-economics side share few common authors, cita-
tions, or journals, and the academic connection between the two fields is limited (§3.3). Among the closest
candidates̶the combination of 𝜎 (Gesell tax rate) and 𝜃 (money growth rate) in Rehme’s (2024) Sidrauski-
type model; the optimal Gesell tax rate of 5‒6 percent per year in Menner’s (2011) search model; Lietaer’
s (2001, 2002) complementary-currency proposals; the European WHO Observatory’s series of healthcare-
financing studies, including Cylus, Figueras, and Normand (2019); and Singapore’s Medisave̶none presents
the idea of using the depreciation rate of health capital, 𝛿, as the determining basis for the design parameter
of demurrage currency. To the best of the author’s knowledge, within the major proximate literature sur-
veyed2, no prior work has been identified that systematically presents, as an academic paper, the structural

2When this paper writes “to the best of the author’s knowledge, within the major proximate literature surveyed,”the scope
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isomorphism between the health-capital depreciation rate 𝛿𝐻 and the demurrage-currency demurrage rate 𝜇,
and this paper positions itself as an attempt at the 𝛿-𝜇 matching principle in this respect (§3.3, Axiom II in
Chapter 4).

1.3 Contributions of the Paper

This paper offers six theoretical contributions. The first three are formally developed as principal contri-
butions; the latter three are presented prospectively as directions of extension that the framework opens
up.

First, the formalisation of the Depreciation‒Demurrage Equivalence and the derivation of the self-financing
condition. Focusing on the structural isomorphism between the user cost of health capital, (𝑟 + 𝛿), and the
user cost of demurrage currency, (𝑟 + 𝜇), the matching condition 𝜇 = 𝛿 is established as the foundation of
user cost coherence; this is formalised through a six-axiom system (Chapter 4) and a set of propositions,
theorems, and conjectures (Chapter 5). This structural isomorphism is named the Depreciation‒Demurrage
Equivalence; the 𝛿-𝜇 matching principle (or 𝛿-𝜇 correspondence) is used in the body of the paper as a
derivative term denoting its normative content. The central result is Proposition 1 (User Cost Coherence
under Matching), which establishes that, under 𝜇 = 𝛿, the canonical user-cost rate components of health
capital and demurrage currency, (𝑟 + 𝛿) and (𝑟 + 𝜇), coincide to first order̶and that, under a discrete-time
gross-up normalization, the conditional identity (𝑟 +𝜇)/(1−𝜇) = (𝑟 +𝛿)/(1−𝛿) holds under the substitution
𝜇 = 𝛿 (henceforth referred to as (Match-exact); see footnote 1). This delivers coherence in the time structure
of the local arbitrage condition for health investment; it does not constitute a complete proof of dynamic
general-equilibrium efficiency. Furthermore, when 𝜇 = 𝛿, flow correspondence holds: the steady-state balance
𝑀∗ = 𝑝𝐼 ⋅ 𝐻∗ and the self-financing condition 𝜇 ⋅ 𝑀∗ = 𝐹 (Self-Financing Condition) (Theorem 5, Corollaries
5.1‒5.3). The self-financing condition is a corollary of this equivalence and shows that the demurrage flow
of demurrage currency corresponds in accounting terms to the new-issuance flow. This aligns the duration
of the benefit period of health-care provision with that of the financing repayment horizon, offering a formal
accounting route for aligning the time structure of healthcare benefits and financing burdens, and a path
for reconciling the temporal mismatch in intergenerational burden (connecting to the ALM analysis in §2.4).
The question of who ultimately bears the real burden of the implicit taxation through demurrage (whether
Ricardian equivalence holds and the propagation through price and income effects), however, lies beyond
the partial-equilibrium framework adopted here and is deferred to a companion paper on general-equilibrium
fiscal analysis. To the best of the author’s knowledge, within the major proximate literature surveyed, no
prior work has been identified that, taking the structural isomorphism between the health-capital depreciation
rate 𝛿𝐻 and the demurrage-currency demurrage rate 𝜇 as its starting point, systematically connects health
economics and monetary economics in an academic paper, and this paper positions itself as an attempt at
this connection. Demurrage-currency basic-income proposals have been put forward in parallel by Tomabechi
refers to the following sources confirmed up to May 2026: (i) academic preprints and peer-reviewed papers: arXiv (econ.GN, q-fin,
cs.CY, etc.), SSRN, NBER Working Papers, RePEc/IDEAS, Frontiers, ACM Digital Library, Web of Science, Google Scholar;
(ii) major journals in health economics and public economics (Journal of Health Economics, Health Economics, Journal of
Public Economics, American Economic Review, etc.); (iii) major journals in monetary economics and monetary policy (Journal
of Monetary Economics, Journal of Money, Credit and Banking, The Economic Journal, etc.) and working papers from interna-
tional institutions (IMF, BIS, ECB, World Bank); (iv) major books and policy reports in the complementary-currency and UBI
domains (Lietaer, Brenzikofer, Yamada, Papadimitropoulos and Perperidis, etc.); (v) major Japanese policy literature (Ministry
of Health, Labour and Welfare; Cabinet Office; Ministry of Finance; Research Institute of Economy, Trade and Industry; Canon
Institute for Global Studies; and various think tanks). Search keywords combined English and Japanese: “demurrage,”“Gesell
tax,”“Schwundgeld,”“time-decaying currency,”“depreciating currency,”“health capital,”“Grossman model,”“user cost of money,”“𝛿-𝜇
matching,”among others. This statement is to be understood within this restricted scope, and does not preclude the existence
of analogous prior work in unconfirmed grey literature, non-English non-Japanese literature, or unpublished material.
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(2021), Oguro (2022), and Yamada (2026), among others, but these do not include a connection to health-
capital theory or the presentation of a normative decision principle (§7.2.2.2).

Second, the reinterpretation of the Friedman rule within the present framework. Conjecture 9 of this paper
and the inverted U-shape of Chapter 6 show that, within the 𝛿-𝜇 matching framework developed here, the
Friedman-rule benchmark 𝜇∗ = 0 emerges as the limiting case in which the depreciation-matching channel
is inactive (𝛿𝑗 = 0 for every sector) and externalities are absent. This is not a claim that the Friedman
rule itself presupposes 𝛿𝑗 = 0; rather, the present framework provides a meta-perspective from which the
conditions under which 𝜇∗ = 0 obtains can be made explicit. Half a century of generalisations of optimal-
money-quantity theory following Phelps (1973) has been organised around distortions in money, taxation,
financial intermediation, and distribution; what is newly introduced here is the axis of the depreciation-rate
structure of the real economy. The attempt to relate the age-increasing property of 𝛿(𝑎) and its inter-sectoral
heterogeneity explicitly to the design parameters of monetary policy contributes a new direction to the
established lineage of generalisations of the Friedman rule (§3.2).

Third, the conditional welfare superiority hypothesis of the dual-currency regime. Proposition 11 (§5.10) is
a conditional welfare comparison that, under premises (Q-1)‒(Q-6), organises the conditions under which the
functional separation between consumption-purpose demurrage currency (𝜇 = 𝛿) and accumulation-purpose
conventional currency (𝜇 = 0, with interest rate 𝑟 > 0) can be welfare-superior to a single inflationary regime
(𝜋 = 𝛿) and to a uniform-demurrage regime applied to all assets (Axiom V). Proposition 11 is presented here
as a working hypothesis (the conditional welfare superiority hypothesis); the construction of a complete welfare-
comparison theorem in dynamic general equilibrium is deferred to a companion paper. The key observation
is that, although the inflation rate 𝜋 and the demurrage rate 𝜇 are formally equivalent at the level of the user
cost of holding money, their qualitative mechanisms acting on the price-level path differ. Inflation, by its
design, raises 𝑃 directly; demurrage currency, by institutional definition, acts on individual currency units
or on holdings, and does not directly designate the rate of change of 𝑃 as a policy target in the manner
of an inflation rate. (General-equilibrium indirect effects through expenditure behaviour, the velocity of
money, exchange rates, and price-setting nevertheless remain, so that price neutrality is a partial-equilibrium
approximation under strong assumptions; this is formalised in Proposition 11b and §5.10a.) To the best of the
author’s knowledge, within the major proximate literature surveyed, prior demurrage-currency basic-income
work, including Yamada (2026), has not systematically discussed this contrast within a welfare-analysis
framework, and Proposition 11 constitutes a complementary contribution to the scope of the prior literature
in this limited sense. The implementability of the dual-currency regime at the level of institutional design
̶that is, that the market rate of demurrage currency does not collapse to zero̶is derived as a conditional
lower bound in Proposition 8b (§5.8b), based on institutional outside options such as a minimum guarantee
scheme.

Fourth, prospects for monetary and fiscal policy theory. The 𝛿-𝜇 matching principle developed here opens
prospects for a broader theory of monetary and fiscal policy. Modern monetary policy operates on the
monetary base via interest rates, with transmission to the real economy mediated by the banking system and
significantly impaired at the zero lower bound (Krugman 1998; Bernanke 2000). The framework here suggests,
through direct distribution of demurrage currency and adjustment of 𝜇, the possibility of direct aggregate-
demand control without bank intermediation. Unlike the thought experiment of helicopter money (Friedman
1969, ch. 1; Bernanke 2002), the demurrage mechanism includes an automatic recovery path for injected
liquidity, structurally alleviating the exit-strategy problem. The full development of these implications is
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deferred to a companion paper (Fujii, in preparation); the principal points are outlined in Chapter 7 (§7.2)
of this paper.

Fifth, prospects for multi-sector capital theory and open economies. The 𝛿-𝜇 matching principle is centred
on the application to health capital, 𝛿𝐻 , but, as Conjecture 9 of Chapter 5 and Conjecture 17 of §7.4 suggest,
its logical structure is applicable to other capital stocks of the economy, including physical capital (𝛿𝐾),
human capital (𝛿𝐸𝑑), natural capital (𝛿𝑁), social capital (𝛿𝑆), and intellectual capital (𝛿𝐼). A particularly
important implication is that, in supplying large-scale, long-horizon risk capital (such as investment in science,
technology, and innovation), demurrage currency offers a path that avoids both the cumulative fiscal burden
of conventional bond issuance and the inflationary pressure of conventional monetary easing, while enabling
sector-specific resource allocation. Furthermore, since the optimal demurrage rate 𝜇∗ is intrinsically country-
specific̶both the age distribution 𝑛(𝑎) and the depreciation rate 𝛿𝑗(𝑎) differ across countries̶it opens
implications for international demurrage-rate coordination and exchange-rate dynamics in the open economy
(§7.4). Multi-sector capital theory, the application to investment in science and technology, and country-
specific optimality and open-economy extensions are to be developed in companion papers following this
paper and the application to monetary policy (Fujii, in preparation).

Sixth, prospects for a general framework for currency with time structure. The framework here is positioned
as the starting point for a general framework that treats the demurrage rate 𝜇 as an arbitrary non-negative
real, 𝜇 ∈ [0, ∞). Within this general framework, the case 𝜇 = 0 (currency without time structure), implicitly
assumed by modern monetary theory, is positioned as the special case in which the depreciation-matching
channel is inactive (𝛿𝑗 = 0 ∀𝑗) and externalities are absent. The Friedman rule, 𝜇∗ = 0, corresponds
in the framework here to a conditional optimality result in this special case (§6.3, Conjecture 18); this
paper formally presents the relationship in which the general framework for currency with time structure
reinterprets the existing monetary theory restricted to 𝜇 = 0 as a special case (§7.4, Conjectures 17 and 18).
This perspective opens the possibility of reassessing the theoretical status of historical instances of currency
with time structure, including the grain-standard arrangements of ancient Egypt, the periodic-recoinage
practices of medieval Europe, and the Wörgl experiment of the early twentieth century. A full development
is positioned as a future research task beyond the scope of this paper.

1.4 The Institutional Design Envisaged and the Scope of Analysis

The core of the institution. This paper envisages an arrangement in which the government issues new
demurrage currency at a demurrage rate 𝜇 and applies it to healthcare expenditure, replacing̶or partially
replacing̶current healthcare financing through taxes, social-insurance premiums, and bond issuance. De-
murrage currency circulates in parallel with conventional currency (the standard fiat currency), and a free
exchange market exists between the two (Proposition 8, Proposition 8b). The government, under the princi-
ple of matching the demurrage rate 𝜇 to the health-capital depreciation rate 𝛿 (the 𝛿-𝜇 matching principle),
determines the issuance rate 𝐹 .

Implementation paths. Three implementation paths can be distinguished from government issuance to
healthcare expenditure: (a) the government pays medical reimbursement and other fees to medical providers
directly in demurrage currency; (b) the government distributes demurrage currency to individuals (as health-
care vouchers or earmarked benefits), and individuals pay healthcare expenses; and (c) a combination of the
two. The model setup of this paper (§5.0) is formalised in a generalised form that encompasses these alterna-
tives: “the government issues 𝐹 units of demurrage currency each period and ultimately finances healthcare
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expenditure 𝐹 = 𝑝𝐼 ⋅ 𝛿 ⋅ 𝐻∗”(Corollary 5.1; the contrast with bonds in §5.6.1; the stock correspondence under
𝜇 = 𝛿 in §5.6.2).

Diffusion to all households through economic circulation. Under any of these implementation
paths, demurrage currency issued by the government does not concentrate in a single agent but, through
economic circulation, diffuses widely across households. For example, under path (a), demurrage currency
received by medical providers is paid out as wages of healthcare workers, healthcare workers spend it across
all sectors (excluding negative-list goods), and businesses in each sector pay it to their employees as wages, so
that demurrage currency circulates throughout the economy beyond the healthcare sector. The institutional
design envisaged here presupposes this broad diffusion: demurrage currency functions as a consumption-
purpose currency, and an economy is envisaged in which nearly all households persistently hold a positive
demurrage-currency balance (Axiom V; aggregated in budget constraint (M4) of §5.0, with 𝑔(𝑎) > 0).

Scope of the paper. The theoretical aim of the paper is to organise the theoretical foundation of the
normative core of this institutional design̶the design principle of matching the demurrage rate 𝜇 to the
health-capital depreciation rate 𝛿. The central results are three: (i) Proposition 1 establishes that, when
𝜇 = 𝛿, the user-cost rate components of health capital, 𝑟 + 𝛿, and of holding demurrage currency, 𝑟 + 𝜇,
coincide to first order̶and that, under a discrete-time gross-up normalization, (𝑟+𝜇)/(1−𝜇) = (𝑟+𝛿)/(1−𝛿)
holds as a conditional identity under the substitution 𝜇 = 𝛿 (see footnote 1)̶and that the local arbitrage
condition for health investment is expressed isomorphically irrespective of the presence of currency demurrage
(the proof of allocative efficiency in general equilibrium is deferred to a companion paper); (ii) Theorem 5
establishes that the steady-state balance 𝑀∗ = 𝐹/𝜇 exists and is unique; (iii) Corollary 5.1 (the self-financing
condition 𝜇 ⋅ 𝑀∗ = 𝐹 ) establishes that the demurrage flow 𝜇 ⋅ 𝑀∗ corresponds in accounting terms to the
new-issuance flow 𝐹 . The question of who ultimately bears the real burden of the implicit taxation through
demurrage (whether Ricardian equivalence holds and propagation through price adjustment and income
effects), however, lies beyond the partial-equilibrium framework adopted here and is deferred to a companion
paper on general-equilibrium fiscal analysis.

Scope deferred to companion papers. By contrast, the following analyses lie beyond the scope of this
paper and are deferred to a companion paper (Fujii, in preparation): dynamic welfare comparison: the welfare
ranking among implementation paths (a)‒(c); transition processes: rigorous analysis of transition dynamics
and dynamic stability conditions at the time of institutional adoption; welfare comparison with tax and bond
financing: analysis of whether Ricardian equivalence holds, contrast with deadweight loss, and the incidence
of the real burden; general-equilibrium inflation effects: price dynamics in a complete general-equilibrium
model (Proposition 7 is a partial-equilibrium approximation under strong assumptions); dynamic optimality
as a monetary-policy instrument: a time-series adjustment rule for the demurrage rate 𝜇𝑡 (presaged in §7.2 as
Conjectures 12‒16); and distributional effects: generation-by-generation welfare analysis under heterogeneous
agents. These are to be developed substantively in companion papers, building on the central propositions
of this paper (Proposition 1, Theorem 5, Corollary 5.1).

Scope of the central theoretical results. The central theoretical results of this paper̶the user cost
coherence of Proposition 1, the steady-state balance of Theorem 5, and the non-divergence of the nominal
balance of Corollary 5.1̶establish, under an abstract model that abstracts from the details of implementation
paths (a)‒(c), that 𝜇 = 𝛿 delivers user cost coherence and non-divergence of the nominal balance. The welfare
ranking, price effects, distributional effects, and institutional transition processes for each implementation
path require dynamic general-equilibrium analyses path by path and are deferred to companion papers.
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1.5 Structure of the Paper

The paper is organised as follows. Chapter 2 reconstructs Grossman’s (1972) health-capital model and
presents the accumulation equation of health capital (§2.1), the empirical state of 𝛿 (§2.2), the derivation of
the user cost of health capital as a first-order condition via an arbitrage argument (§2.3), and the velocity
interpretation together with the temporal mismatch between health capital and currency (§2.4). Chapter
3 surveys the theoretical foundations of demurrage currency and discusses Gesell (1916) and the concept
of demurrage (§3.1), Friedman (1969), the optimum quantity of money, and the half-century lineage of
subsequent generalisations (§3.2), the contemporary related literature (§3.3), and the conditions under which
demurrage currency carries value (§3.4).

Chapter 4 presents the six-axiom system that supports the 𝛿-𝜇 matching principle. Beginning with the
explicit statement of three implicit premises of existing economics (H1‒H3), it develops in turn the time
structure of money (Axiom I), the temporal coupling between capital and currency (Axiom II), temporal
efficiency (Axiom III), the positive social cost of holding money (Axiom IV), the principle of functional sep-
aration (Axiom V), and constrained-discretionary deterministic demurrage (Axiom VI). Chapter 5 records
eleven propositions, theorems, and conjectures derived from the axiom system, with each result accompanied
by a proof, a proof sketch, a conditional statement, or an explicit conjectural status. The central results are
Proposition 1 (User Cost Coherence under Matching), Proposition 2 (the conditional existence of a positive
optimal demurrage rate under Axiom IV), Proposition 4 (sector-specific optimal demurrage rates), Theorem
5 (the steady-state demurrage-currency balance), Proposition 8b (the conditional lower bound on the market
rate), and Proposition 11 (the conditional welfare superiority hypothesis of the dual-currency regime under
(Q-1)‒(Q-6)). Chapter 6 discusses the inverted U-shape of the social welfare function 𝑊(𝜇), showing that
the competition among three inefficiency channels (overconsumption, inability to save, and prevention delay)
yields 𝜇∗ ≈ 𝛿 and that the Friedman rule can be interpreted as a special case (a reduced-form welfare sketch;
see §6.3).

Chapter 7 discusses the theoretical and policy implications of the study and presents prospectively de-
murrage currency as a monetary- and fiscal-policy instrument (§7.2; Conjectures 12‒16), the multi-sector
extension and the application to investment in science and technology (§7.3), and prospects for a general
theory of currency with time structure (§7.4, including Conjectures 17 and 18). Chapter 8 concludes.

2. The Grossman Model and Health-Capital Depreciation

2.1 The Accumulation Equation of Health Capital

Grossman (1972) modelled health as a durable capital stock. Health capital generates utility directly through
the enjoyment of healthy time and indirectly raises income through productivity gains in market labour and
nonmarket activities. The central dynamic equation of the model describes the time path of the health-capital
stock 𝐻(𝑡):

𝐻(𝑡 + 1) = 𝐻(𝑡) − 𝛿(𝑡) ⋅ 𝐻(𝑡) + 𝐼(𝑡) ⋯ (1)

Here, 𝛿(𝑡) is the age-dependent depreciation rate of health capital, and 𝐼(𝑡) is gross investment in health
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in period 𝑡. The depreciation rate 𝛿(𝑡) captures the biological process of aging through which the human
body deteriorates over time in the absence of health investment. Grossman (1972) assumed 𝛿(𝑡) to be an
increasing and convex function of age:

𝜕𝛿
𝜕age > 0, 𝜕2𝛿

𝜕age2 > 0 ⋯ (2)

These properties imply that the deterioration of health accelerates with age. A 30-year-old individual
loses a smaller fraction of the health-capital stock per year, while a 70-year-old loses a larger fraction, and
at still older ages the rate of loss accelerates further. The monotone increase of 𝛿 is the principal driver of
the age-specific profile of medical expenditure: older individuals require more health investment 𝐼(𝑡) simply
because, in each period, a larger fraction of the stock is lost to depreciation.

Health investment 𝐼(𝑡) is a composite of medical services, preventive behaviour, exercise, nutrition, and
other inputs that contribute to the maintenance or improvement of health. In Grossman’s framework, the
individual chooses 𝐼(𝑡) so as to maximise lifetime utility subject to the accumulation equation (1) and the
budget constraint. The optimal investment path depends on the shadow price of health capital, which itself
depends on 𝛿(𝑡).

Equation (1) is structurally identical to the capital-accumulation equation of neoclassical investment theory
(Jorgenson 1963):

𝐾(𝑡 + 1) = 𝐾(𝑡) − 𝛿𝐾 ⋅ 𝐾(𝑡) + 𝐼𝐾(𝑡) ⋯ (3)

where 𝐾(𝑡) denotes physical capital, 𝛿𝐾 its depreciation rate, and 𝐼𝐾(𝑡) gross investment. The principal
difference between the two is that 𝛿𝐾 is typically assumed to be constant, whereas 𝛿(𝑡) in the Grossman
model is age-dependent and increasing. This structural isomorphism between health capital and physical
capital, mediated by the common framework of a depreciating capital stock, lies at the core of the theoretical
contribution of this study and is developed in §2.3.

2.2 The Empirical State of 𝛿

Grossman (1972) assumed that 𝛿(𝑡) increases with age but did not specify its functional form or numerical
level. The structural estimation and calibration of 𝛿 has remained one of the central challenges in the
quantitative application of the model.

Wagstaff (1986) attempted the first structural estimation of the Grossman model and reported empirical
support for the age dependence of 𝛿. Because health capital is itself a latent variable that is not directly
observable, however, the estimation of 𝛿 unavoidably relies on observable proxies (self-reported health, ADL
limitations, medical expenditure, and the like).

Dalgaard and Strulik (2014) proposed a “health-deficit model”as an alternative to the Grossman health-
capital model. In their model, aging is conceptualised as the self-reinforcing accumulation of health deficits,
and the speed parameter of aging 𝜇 (corresponding conceptually to 𝛿 in this paper) is calibrated. In their
model, 𝜇 = 0.043 is set for a “representative American”in 2000, meaning that health deficits accumulate at
an annual rate of approximately 4.3 percent. Importantly, 𝜇 in Dalgaard and Strulik (2014) is a param-
eter that captures the exponential acceleration of aging, and its formulation differs from Grossman’s 𝛿 (a
fractional depreciation of the health capital stock at each point in time). Both, however, express the same
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biological reality̶that health deteriorates with age in an accelerating manner̶within different mathematical
frameworks.

Galama and van Kippersluis (2019) conducted a comprehensive re-examination of the Grossman model
and refined the theoretical foundation of the age dependence of 𝛿. Grossman’s (2022) own fiftieth-anniversary
retrospective paper also confirms that the age-increasing property of 𝛿 is an indispensable assumption for the
endogenous derivation of finite lifespans.

The structural estimation of 𝛿(𝑎) depends on the choice of functional form (exponential, logistic, piecewise-
linear, etc.), the data source (self-reported health, medical expenditure, objective health indicators), and
the estimation method (reduced form, structural, OLG general equilibrium), and the levels reported across
studies vary substantially. As a representative structural-model study, Halliday, He, Ning, and Zhang (2019)
estimate a stochastic dynamic OLG general-equilibrium model with a five-year model period and a logistic-
type calibration 𝛿ℎ,𝑗 = exp(𝑑0 + 𝑑1𝑗 + 𝑑2𝑗2)/[1 + exp(𝑑0 + 𝑑1𝑗 + 𝑑2𝑗2)] with 𝑑0 = −4.3, 𝑑1 = 0.31, 𝑑2 = 0.004
(their Table 1), giving a five-year-period depreciation rate of approximately 31 percent at model age 𝑗 = 10
(actual age 65‒69) and approximately 70 percent at 𝑗 = 14 (actual age 85‒89). Converted to discrete annual
rates (𝛿ann = 1 − (1 − 𝛿5)1/5), these correspond to approximately 7.15 percent and 21.40 percent per year,
respectively. While this level of uncertainty is an essential feature of structural calibration and structural
estimation, all such quantifications share the qualitative property that 𝛿(𝑎) is an increasing function of age
and rises rapidly in old age, and this qualitative property does not undermine the structural implication of
the matching condition 𝜇 = 𝛿 developed in this paper̶namely, that the optimal demurrage rate 𝜇∗ should
be determined in dependence on age structure.

The precise empirical estimation of 𝛿(𝑎) is the central issue when applying the theoretical results of this
study (Conjecture 3, Corollary 3.1) quantitatively. Structural estimation by disease category and international
comparison using medical-claims databases (Medicare in the United States, DPC in Japan, HRG in the United
Kingdom, etc.) is deferred to a companion paper.

2.3 The First-Order Condition as the User Cost of Health Capital

Under the accumulation equation (1) introduced in §2.1, the optimal level of health investment can be
characterised by the following arbitrage condition. Consider an individual of age 𝑎 facing two alternative
strategies: (A) make one additional unit of health investment in the current period, paying the unit price
𝑝𝐼(𝑎); or (B) invest the same amount 𝑝𝐼(𝑎) in a financial asset at the interest rate 𝑟. At the optimum, the
two strategies must be indifferent. If one were more advantageous than the other, then reallocating resources
to the more advantageous strategy would improve the individual’s utility, contradicting the premise that the
original allocation was optimal.

The net benefit of strategy (A) is the marginal benefit of one unit of health capital, 𝑞𝐻(𝑎), less the capital
value lost to one period of depreciation, 𝛿(𝑎) ⋅ 𝑝𝐼(𝑎)̶that is, 𝑞𝐻(𝑎) − 𝛿(𝑎) ⋅ 𝑝𝐼(𝑎). Here 𝑞𝐻(𝑎) denotes the
marginal benefit of health capital (its shadow price). The net benefit of strategy (B) is the interest income
𝑟 ⋅ 𝑝𝐼(𝑎). Equating the two and rearranging by factoring out 𝑝𝐼(𝑎) yields the following first-order condition3:

𝑞𝐻(𝑎) = 𝑝𝐼(𝑎) ⋅ (𝑟 + 𝛿(𝑎)) ⋯ (FOC-G)
3The arbitrage condition above is equivalent to the first-order condition that Grossman (1972, pp. 227‒230) derived from the

Lagrangian of the lifetime utility maximisation problem. Grossman (1972, §II), Grossman (2000, the Handbook chapter, §2),
and Galama and van Kippersluis (2019, §3) present the complete derivation using the Lagrange multiplier 𝑞𝐻(𝑎). This paper
merely re-presents a known result intuitively via an arbitrage argument.
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The right-hand side of this expression can be interpreted as the user cost of health capital. That is, the
total cost of holding one unit of health capital for one period is expressed as the sum of the interest cost 𝑟
and the depreciation cost 𝛿(𝑎), multiplied by the marginal cost of health investment 𝑝𝐼(𝑎).

This interpretation was introduced by Grossman (1972) himself. On p. 230 he explicitly calls the right-
hand side “the rental price or user cost of health capital,”interpreting it as composed of three components:
the interest cost, the depreciation cost, and capital gains. The interpretation is consistently maintained in
Grossman (2000, the Handbook chapter; the discussion of equations (11), (24), and (37)) and in Grossman’
s (2022) fiftieth-anniversary retrospective paper. Grossman himself refers, as the intellectual antecedent of
this concept, to Arrow (1968) on non-marketable capital and to Nerlove and Arrow (1962) (Grossman 1972,
footnote 10).

The interpretation of the right-hand side as the user cost of health capital has been widely inherited by
the subsequent health-capital literature. Galama (2011, 2015), for example, explicitly defines the “user cost
of health capital at the margin”as

𝜎𝐻𝑡
≡ 𝜋𝐼𝑡

[(𝑑𝑡 + 𝛿𝑡) −
Δ𝜋𝐼𝑡

𝜋𝐼𝑡

(1 + 𝛿𝑡)]

where (𝑑𝑡 + 𝛿𝑡) is the core of the user cost corresponding to Grossman’s (𝑟 + 𝛿), and the second term
−(Δ𝜋𝐼𝑡

/𝜋𝐼𝑡
)(1 + 𝛿𝑡) is the deduction for the capital gain arising from the temporal variation in the price

of health investment. In Grossman’s (1972) steady-state formulation, Δ𝜋𝐼𝑡
= 0 eliminates this term, and

the two coincide formally. Likewise, Zweifel (2012), in summarising the Grossman model, states that health
capital carries a “usual capital user cost,”and Galama, Kapteyn, Fonseca, and Michaud (2013) also explicitly
write the user cost of health capital as 𝜋𝐻(𝑡) ≡ [𝑝(𝑡)/𝜇(𝑡)][𝑑(𝑡) + 𝛿 − ̇𝑝(𝑡)/𝑝(𝑡) + ̇𝜇(𝑡)/𝜇(𝑡)]. This paper takes
this established interpretation as its starting point.

The decisive observation is the following. Juxtaposing the user cost of health capital, (𝑟 + 𝛿), with the
user cost of currency carrying a demurrage rate 𝜇, (𝑟 + 𝜇), the matching condition 𝜇 = 𝛿 emerges naturally.
This connection is not discussed in Grossman (1972, 2000, 2022) or in the health-capital-theory literature
cited above. To the best of the author’s knowledge, within the major proximate literature surveyed, no
prior work has been identified that joins the depreciation rate 𝛿 in health economics and the demurrage rate
𝜇 in monetary economics as a matching condition. The 𝛿-𝜇 matching principle is an attempt to formalise
this connection systematically; within the scope surveyed by the author, no prior work has been identified
that presents such a formalisation as an academic paper (for the detailed literature survey, see §3.3; for the
theoretical development, see Axiom II in Chapter 4 and Proposition 1 in Chapter 5).

2.4 The Velocity Interpretation

The depreciation rate 𝛿 can be reinterpreted in terms of a characteristic time scale. Define the turnover
period of health capital as

𝑇health ≡ 1
𝛿 ⋯ (4)

This represents the turnover period over which the health-capital stock is effectively “refreshed”by de-
preciation. Converting Halliday et al.’s (2019) calibration to discrete annual rates, the turnover period is
approximately 14 years at 𝛿 ≈ 0.07 (corresponding to actual ages 65‒69) and approximately 4.7 years at
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𝛿 ≈ 0.21 (corresponding to actual ages 85‒89).

Next, consider the time structure of the financial instruments used as healthcare financing. Conventional
currency does not depreciate (𝜇 = 0), so its effective lifespan is infinite:

𝑇currency ≡ 1
𝜇 =

⎧{
⎨{⎩

∞ (𝜇 = 0, conventional currency)

1/𝜇 (𝜇 > 0, demurrage currency)
⋯ (5)

Healthcare financing differs in composition across countries and is funded by some combination of general
revenues (income tax, consumption tax, etc.), social-insurance premiums, and bond issuance. Japan’s national
medical expenditure (approximately JPY 48.1 trillion in fiscal year 2023; Ministry of Health, Labour and
Welfare, “Overview of National Medical Expenditure, FY 2023,”a record high) is composed, by financing
source, of approximately 50 percent insurance premiums, approximately 38 percent public funds (of which
the general-account contribution constitutes a transfer from the general account, a substantial portion of
which is ultimately financed by bond issuance), and approximately 12 percent other sources (of which patient
out-of-pocket payment is approximately 11.8 percent). Other social-insurance-based countries (Germany,
France, the Netherlands, etc.) exhibit similar structures, while the United States (Medicare and Medicaid)
and the United Kingdom (NHS) are predominantly tax-financed. Under any of these arrangements, the
time structure of the financing depends fundamentally on the nature of the currency. The currency that
constitutes the source of taxes and insurance premiums does not depreciate, so its effective lifespan is infinite,
and the maturity 𝑇bond of bond financing typically lies in the range of 10 to 40 years. The temporal mismatch
between health capital and its financing instruments can be described precisely as

𝑇currency = ∞ ≫ 𝑇health = 1
𝛿 ≈ 4.7‒14 years ⋯ (6)

The currency used as healthcare financing “outlives”the health benefits it purchases by an infinite margin.
When currency retains its value indefinitely while the health that the currency funds depreciates rapidly,
fundamental inconsistency arises at two levels. First, at the micro level (individual incentives): a rational
individual may prefer to hoard currency (the cost of forgoing future purchasing power being zero) over timely
health investment (the prevention of health depreciation), because the opportunity cost of expenditure (for-
gone future purchasing power) exceeds the perceived benefit of preventing health depreciation. Second, at
the macro level (the fiscal coherence of the government): health-care provision benefits decay over the short
effective duration governed by the depreciation rate of health capital, 𝛿, while the burden of financing accumu-
lates in infinite-lifespan currency. The currency that constitutes the source of taxes and insurance premiums
does not depreciate over time, and bond issuance defers the repayment obligation to future generations, so
a structural gap arises between the timing at which benefits are received and the timing at which burdens
are incurred. From the standpoint of asset-liability management (ALM), this is a structure that finances
short-duration assets (health benefits) with infinite-duration liabilities (currency-denominated obligations),
persistently distorting the intergenerational coherence of costs and benefits. The persistent expansion of
healthcare expenditure, the accumulation of debt, and the question of intergenerational equity are common
consequences of this temporal mismatch across countries.

The 𝛿-𝜇 matching principle, formally developed in Chapter 4, can be restated in the language of velocity
as
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𝑇currency ≈ 𝑇health ⟺ 1
𝜇 ≈ 1

𝛿 ⟺ 𝜇 ≈ 𝛿 ⋯ (7)

That is, the “lifespan”of the currency should approximate the “lifespan”of the health capital that the
currency funds. This velocity interpretation provides an intuitive bridge between health depreciation in
the Grossman model and the design of financial instruments. Just as asset-liability matching (ALM) in
pension finance requires the duration of assets to be aligned with the duration of liabilities, the 𝛿-𝜇 matching
principle requires the time structure of currency to be aligned with the time structure of the expenditure
that the currency funds.

3. Theoretical Foundations of Demurrage Currency

3.1 Gesell (1916) and the Concept of Demurrage

Silvio Gesell (1916) proposed that currency should bear a holding cost̶a periodic fee for keeping money
on hand̶analogous to the storage cost borne by holders of physical commodities. Gesell argued that the
absence of such a cost confers on money an artificial advantage over goods and labour, leading to hoarding,
deflationary pressure, and economic stagnation. The solution he proposed was stamp script: a currency that
requires periodic affixation of stamps to remain valid, effectively imposing a demurrage rate 𝜇 > 0 on cash
holdings.

The most notable practical implementation of Gesell’s idea is the Wörgl experiment (1932‒1933). The
Austrian town of Wörgl, in the depths of the Great Depression, issued a local currency to which a demurrage
of 1 percent per month applied. The experiment was widely reported to have stimulated local economic
activity, but it was discontinued by the Austrian central bank on the ground that the right of currency
issuance is reserved exclusively to the central bank (Fisher 1933).

Gesell’s proposal remained at the periphery of economics for most of the twentieth century. Keynes (1936,
ch. 23) devoted several pages to Gesell, calling him “an unduly neglected prophet”and saying that he contained
“a kernel of truth,”but mainstream economics did not develop a rigorous theoretical framework concerning
the optimal demurrage rate. As discussed in the next section, the dominant view in monetary economics̶
formalised by Friedman (1969)̶was that the optimal cost of holding money is zero.

3.2 Friedman (1969) and the Optimum Quantity of Money

Friedman (1969) showed that optimal monetary policy should drive the nominal interest rate to zero, eliminat-
ing the opportunity cost of holding money. Because the marginal cost of producing fiat money is essentially
zero, efficiency requires that the marginal benefit of holding money (the liquidity services that money pro-
vides) be driven to zero as well. This is achieved when money does not bear a holding cost̶that is, when
𝜇 = 0̶and the price level falls (deflation) at the real rate of interest.

The Friedman rule has been highly influential and is widely accepted as a benchmark result of monetary
economics. The result, however, rests on the following assumptions, which are worth making explicit because
they bear directly on the argument of this paper:

(1) Homogeneity of depreciation. The Friedman rule treats, implicitly, all capital goods as bearing
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identical (or irrelevant) depreciation rates. It does not distinguish expenditure on capital that depreci-
ates rapidly (such as health capital, with 𝛿(85) ≈ 21 percent in discrete annual rates from Halliday et
al. 2019) from expenditure on capital that depreciates slowly or not at all (such as land).

(2) Zero externalities. The optimality of 𝜇 = 0 requires that holdings of money entail no negative ex-
ternalities. This assumption must hold at two levels. First, real-technological externalities: if hoarding
of money causes the postponement of socially valuable investment (the herd-immunity effect of vacci-
nation, the spillover effect of communicable-disease prevention, the social benefit of productivity gains
in labour, and the like), then the social cost of holding money exceeds its private cost. Second, fiscal
externalities: when economic activity is depressed by hoarding and the tax base is eroded, or when the
infinite lifespan of currency, through the temporal mismatch between the receipt of benefits and the
bearing of burdens via taxes and insurance premiums (as discussed in §2.4), generates cumulative in-
tergenerational fiscal inequity, social costs arise that do not accrue to individual money holders. These
fiscal distortions are often internalised in standard macroeconomics not as externalities but as “effects
on the budget constraint of the representative individual”; once the perspective of overlapping genera-
tions (OLG) or that of the vertical externality between local and central public finance is introduced,
however, they are essentially formulable as externalities. Whichever level of externality is present, the
Friedman rule understates the optimal cost of holding money.

(3) Absence of age-dependent capital. The framework does not incorporate capital whose depreci-
ation rate varies systematically with the age of the holder. Health capital, in which 𝛿(𝑡) increases
monotonically with age (Grossman 1972), is precisely such a case.

The restrictiveness of these assumptions has been widely recognised in the half century of monetary-
economics research following Friedman (1969). Phelps (1973) showed that, in an economy in which lump-sum
taxes are unavailable and only distortionary taxes are available, the inflation tax should be optimally designed
alongside other distortionary taxes, so that the Friedman rule is generally second-best. Chamley (1985)
refined the argument in the framework of dynamic second-best optimisation and formalised the deviation
from the Friedman rule in the presence of distortionary taxes. As a counterpoint, Correia and Teles (1996)
identified conditions under which, when money functions as an “intermediate good”that reduces transaction
costs, the Friedman rule can be optimal even under distortionary taxation. In a comprehensive survey of
optimal inflation, Schmitt-Grohé and Uribe (2010) concluded that the Friedman rule is optimal when money
demand is the only nominal friction, while zero inflation is optimal when sticky prices are dominant, and
that no theoretical model strictly justifies the 2 percent inflation target actually adopted by contemporary
central banks. Lagos and Wright’s (2005) search-money model and its extensions (Aruoba, Waller, and
Wright 2011) further refined the conditions for the Friedman rule by modelling bargaining frictions and the
microfoundations of money explicitly.

The development of HANK (Heterogeneous Agent New Keynesian) models has also advanced the analysis
of optimal monetary policy under heterogeneous agents and distributional effects. Bhattacharya, Haslag,
and Martin (2005) showed that under heterogeneous agents, raising the rate of money growth has both a
distortionary effect and a redistributive transfer effect, and that the Friedman rule is second-best in regions
where the latter dominates. By contrast, Da Costa and Werning (2008) argued that, when nonlinear income
taxation (of the Mirrlees type) is available, the Friedman rule can remain optimal even under heterogeneous
agents. These debates under heterogeneous agents raise a new line of discussion concerning the relationship
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between distributional effects and monetary policy.

In practice, central banks do not adopt the Friedman rule. Rather, Blanchard, Dell’Ariccia, and Mauro
(2010) raised the possibility of raising the conventional 2 percent inflation target so as to secure sufficient
distance from the zero lower bound, and Ball (2014) explicitly advocated a 4 percent target. Andrade, Galí,
Le Bihan, and Matheron (2019) showed quantitatively that the optimal inflation target should be raised
in response to the decline in the natural rate of interest 𝑟∗. Such policy proposals point in a direction
fundamentally different from the prescription of the Friedman rule (deflation under 𝜇 = 0). Walsh (2017,
ch. 4), as a standard graduate textbook, positions the Friedman rule as a theoretical benchmark and organises
the assessment that, in the actual economy in which frictions such as distortionary taxes, sticky prices, and
imperfect competition are dominant, cases in which the conditions for the rule fail to hold predominate.

The 𝛿-𝜇 matching principle developed in this paper lies on the extension of the lineage of generalisations of
the Friedman rule that began with Phelps (1973). The axis newly introduced is, however, none of the distor-
tions on the side of money, taxation, financial intermediation, or distribution, but rather the depreciation-rate
structure of the real economy (the depreciation rate of health capital 𝛿(𝑎) in Grossman 1972). To the best of
the author’s knowledge, within the major proximate literature surveyed, no existing paper generalising the
Friedman rule has connected the capital depreciation rate of the real economy to the design parameters of
monetary policy, and this paper positions itself as offering this connection.

This paper’s dual-currency regime (Proposition 11) further clarifies the essential difference between an
inflation target and a demurrage currency as a qualitative difference in the mechanism acting on the price-
level path. An inflation target 𝜋% raises the price level 𝑃 directly by its design and lowers real income 𝑊/𝑃
(a negative income effect as a direct effect), whereas a demurrage rate 𝜇% on demurrage currency directly
depreciates only the individual currency unit 𝑀 and does not have a direct path of action on 𝑃 ; the indirect
effect, under the quantity-theoretic approximation of Proposition 7, is at most a one-time level adjustment as
a contraction of 𝑀∗ (with derivative −1/𝜇 < 0) (Proposition 11b, §5.10a). This difference stands in contrast
to the apparent equivalence of inflation and the Gesell tax at the level of first-order conditions (the user
costs of holding money (𝑟 + 𝜋) and (𝑟 + 𝜇)). Rehme (2024a, 2024b), in the context of the Sidrauski model,
introduces 𝜎 (the Gesell tax rate) and 𝜋 (the inflation rate) additively as separate terms and is the closest
prior work to argue explicitly that the two are not simply identical, expressing the difference as one between
the exogeneity and endogeneity of policy instruments. Rehme’s analysis, however, focuses on the nature of
the policy instruments and does not systematically discuss the qualitative difference in the mechanism acting
on the price-level path within a welfare-analysis framework. The quantitative welfare analysis of this contrast
is developed in Proposition 11 (§5.10) and its extension (Fujii, in preparation).

If any of these assumptions fails, the prescription of the Friedman rule, 𝜇∗ = 0, may no longer hold. Within
the conditional welfare framework developed in this paper, 𝛿 > 0 together with Axiom IV can support 𝜇∗ > 0;
in this sense, the optimal cost of holding money need not be zero. Within this framework, the Friedman rule
can be interpreted as a special case corresponding to 𝛿𝑗 = 0 (for all 𝑗) with no externalities (Conjecture 9).

3.3 Contemporary Literature

Gesell’s proposal long remained at the academic periphery, but reassessment has progressed since the late
1990s with the emergence of the zero lower bound (ZLB) problem. This section surveys the principal con-
temporary academic contributions on demurrage currency (or its equivalent, the Gesell tax).
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Goodfriend (2000) is a pioneering study that discussed taxation on currency as a means of overcoming the
zero lower bound on the nominal interest rate. He discussed the implementability of a holding tax on currency
by electronic means and showed that a negative interest rate on cash restores the transmission mechanism of
monetary policy.

Buiter and Panigirtzoglou (2003) incorporated Gesell’s holding tax into Old-Keynesian and New-Keynesian
analytical models and showed rigorously that a negative nominal interest rate on currency eliminates the zero-
lower-bound equilibrium. This study established for the first time, within the framework of contemporary
monetary theory, that Gesell’s “holding tax on money”is a theoretically coherent policy proposal. Buiter
(2005) further compared Gesell’s holding tax on currency with Eisler’s parallel virtual currency, concluding
that the former is more robust. Buiter (2009) gave a comprehensive examination of three methods for
overcoming the zero lower bound: (1) abolition of currency, (2) the Gesell tax (a holding tax on currency),
and (3) the separation of the unit of account from the medium of exchange.

Menner (2011), in the representative-household search model of the Shi (1997) type, showed that, without
the Gesell tax, no monetary equilibrium exists under the Friedman rule (since the buyer’s incentive to search
is eliminated) (Corollary 4), and confirmed numerically that the Gesell tax rate that maximises welfare
when combined with the Friedman rule is approximately 5‒6 percent per year. The mechanism operates
through a search externality endogenising the buyer’s search intensity: by raising the opportunity cost of
holding money, the Gesell tax induces buyers to search actively, increasing transaction volume, consumption,
investment, output, and capital. Strikingly, as Menner himself notes in the paper, this endogenously derived
optimal rate of 5‒6 percent agrees remarkably with Gesell’s original policy prescription (0.1 percent per
week = 5.2 percent per year, or 0.5 percent per month = 6 percent per year). This result suggests that the
Gesell tax can improve macroeconomic welfare in itself, not only by overcoming the zero lower bound but by
alleviating the social inefficiency of idle liquidity. This is an important result consistent with channel (a) of
Axiom IV in the present paper.

Agarwal and Kimball (2015, 2019) proposed an institutional design that enables the full implementation
of negative nominal interest rates through the systematic separation of electronic and physical currency.
Their central finding is that, once demurrage currency (or the full implementation of negative interest rates)
becomes possible, the optimal inflation target falls to zero. This result is directly related to Axiom V (the
principle of functional separation) of this paper.

Rehme (2018, 2024b) is a prior work that incorporated a “love of wealth”motive into the Sidrauski-type
money-in-the-utility model and analysed the Gesell tax 𝜎 explicitly. His contribution lies in showing that
𝜎 > 0 breaks the long-run superneutrality of money and, when combined with the money growth rate
𝜃, generates a positive Mundell‒Tobin effect, with sufficient condition 𝑑𝜃/𝑑𝜎 > (𝜌 + 𝜃)/𝜎. In Rehme’s
model, however, the depreciation rate of physical capital is absorbed into the net real return 𝑟 and does
not appear as an independent parameter (his symbol 𝛿 denotes the weight of money in the utility function,
not the depreciation rate of physical capital). The “matching”he discusses is one between 𝜎 and 𝜃 (both
monetary variables) and is not a correspondence with the depreciation rate of the real economy. Hence
Rehme’s framework does not have the structure that could present the 𝛿-𝜇 matching principle, whereby the
demurrage rate of the currency is matched to the depreciation rate of the real economy.

Outside the mainstream economics literature, proposals exist that discuss the interface between the mon-
etary system and healthcare and welfare. Lietaer’s (2001, 2002) The Future of Money and The Mystery of
Money position healthcare, eldercare, and social care as elements within networks of complementary curren-
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cies, citing examples such as Fureai Kippu (Japan’s care-time bank). In Lietaer’s terra proposal, however, the
demurrage rate is set at 3‒4 percent per year̶an expedient value chosen from the standpoint of operating
cost and circulation promotion, not matched to any depreciation rate of the real economy. On the side of
healthcare financing, Cylus, Figueras, and Normand (2019) provide a comprehensive review of the impact of
population aging on both healthcare expenditure and tax revenue, supplying the basis for a series of stud-
ies including the European WHO Observatory’s PASH (Population Ageing financial Sustainability gap for
Health systems) simulator. PASH is a tool that takes existing healthcare-financing arrangements (income
tax, excise duty, social-insurance premiums, etc.) as given and does not introduce demurrage currency or a
matching condition such as 𝜇 = 𝛿. Medical-savings-account systems, exemplified by Singapore’s Medisave,
are mandatory savings programmes that bear a positive interest rate of 4 percent per year and stand struc-
turally on a design principle that is the opposite of “currency that erodes over time.”None of these proposals
contains the idea of matching the depreciation rate of health capital, 𝛿, with the demurrage rate of currency,
𝜇.

What these literatures share is consideration of demurrage currency as a means of overcoming the zero-
lower-bound problem (Buiter; Goodfriend; Agarwal and Kimball), or as a means of improving macroeconomic
efficiency (Menner; Rehme), or treatment of the temporal challenges of healthcare financing within the
framework of existing tax and insurance systems (Cylus et al.; Medisave). To the best of the author’s
knowledge, within the major proximate literature surveyed, none presents the idea of using the health-capital
depreciation rate 𝛿 of the Grossman model as the determining basis for the design parameter of demurrage
currency. The design principle of matching the demurrage rate 𝜇 to the depreciation rate 𝛿 of health capital,
and the theoretical result that this matching delivers user cost coherence in the local arbitrage condition for
health investment, have not, within the scope surveyed by the author, been systematically presented in the
prior literature, and this constitutes the central claim of the present study.

3.4 Why Demurrage Currency Holds Value

An intuitive objection to demurrage currency is the question, “Why would anyone accept a currency whose
value declines?”This section presents a theoretical answer to this question.

First, legal acceptance obligation (legal tender). When a demurrage currency is designated by law as
a means of settlement for specific transactions (for example, healthcare expenditure) and businesses are
required to accept it, the acceptance obligation itself becomes the basis of the currency’s value. This is
essentially identical to the mechanism by which conventional fiat currency holds value. Conventional fiat
currency holds value through the fact that it can be used to discharge tax obligations (the chartalist theory
of money, Knapp [1905] 1924) and through legal tender requirements. Demurrage currency, likewise, has
acceptance obligation and expenditure capability as the source of its value.

Second, the formation of an equilibrium price that incorporates demurrage. As formally established in
Proposition 8 (§5.8a), the conventional-currency-denominated theoretical price of one unit of demurrage
currency held over a holding horizon 𝑠 is 𝑃(𝑠) = ((1 − 𝜇)/(1 + 𝑟))𝑠, which reduces to 𝑃(𝑠) = (1 − 𝜇)𝑠 in the
special case 𝑟 = 0 (the simplification used informally in the present discussion). This price fully incorporates
the demurrage, so that holders do not bear “unanticipated losses.”In the exchange market, demurrage currency
is traded at a discounted price corresponding to the holding horizon, in a price structure analogous to that
of zero-coupon bonds or lease contracts. Demurrage is not a “loss”of value but a temporal structure already
incorporated at the time of acquisition.
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Third, the existence of expenditure outlets. The essential condition under which demurrage currency holds
value is the existence of goods and services that can be purchased with it. In the institutional design of this
paper, settlement is possible at all businesses except those on a negative list (real estate, etc.), so that the
expenditure opportunities of demurrage currency are sufficiently broad. For an individual, holding demurrage
currency means a “gradual decline in future purchasing power,”but as long as expenditure outlets exist, the
face value at the time of receipt is guaranteed (a substantial portion of the face value is guaranteed for
businesses and medical providers by an institutional minimum guarantee rate; the quantitative lower bound
is given in §5.8b).

Fourth, convertibility into conventional currency. Under a dual-currency regime, when a free exchange
market with conventional currency exists, holders of demurrage currency can convert into conventional cur-
rency at any time. The existence of the exchange market secures the liquidity of demurrage currency, and
the existence of an “exit”reduces the risk to holders. This convertibility means that demurrage currency is
not a closed token but a currency connected to the conventional financial system.

In sum, the conditions under which demurrage currency holds value can be aggregated into four: (1) legal
acceptance obligation or broad acceptance, (2) a price-formation mechanism that incorporates demurrage, (3)
the existence of sufficient expenditure outlets, and (4) convertibility into conventional currency. As long as
these conditions are satisfied, the property of “value declining”does not impede the acceptance of the currency.
Physical commodities also deteriorate during storage and yet hold value. Gesell’s fundamental insight was
the asymmetry implied by the fact that money alone enjoys the privilege of “not deteriorating.”Demurrage
currency mitigates this asymmetry and can transform money into a medium of exchange with a temporal
property comparable to that of other economic goods. Quantitative substantiation of (2) and (4) of these
four conditions̶that is, that the market rate has an institutional lower bound under arbitrage conditions,
and that the “collapse to zero value”scenario can be suppressed as long as the minimum guarantee scheme is
credible and reserves and the supply capacity of liquidity are sufficient̶is derived in Proposition 8b (§5.8b)
by an arbitrage argument as a conditional lower bound based on institutional outside options such as the
minimum guarantee scheme.

4. The 𝛿-𝜇 Matching Principle

This chapter presents six axioms that bridge the depreciation structure of health capital established in
Chapter 2 and the theoretical tradition of demurrage currency surveyed in Chapter 3. These axioms are
the foundation from which the propositions and theorems of Chapter 5 are derived, and they constitute a
theoretical framework that bridges the relationship between Grossman’s (1972) 𝛿 and Gesell’s (1916) 𝜇̶a
relationship that has not been systematically addressed for fifty years.

4.0 Implicit Premises of Existing Economics

Before presenting the axiom system, three premises that existing economic theory implicitly relies on are
made explicit.

Premise H1: Temporal homogeneity of money. One yen (one dollar) is nominally identical today
and tomorrow. Currency is neutral with respect to the passage of time and has no intrinsic temporal structure
that depends on the holding period.
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Premise H2: Independence of capital depreciation and the monetary system. The depreciation
rate 𝛿 of health capital is a biological and behavioural parameter that is independent of the properties of
the currency (including the demurrage rate 𝜇). In the Grossman literature, 𝛿 has been modelled without
interaction with parameters of the monetary system.

Premise H3: Neutrality of the medium of exchange. The allocation of goods does not depend on
the temporal properties of the medium of exchange. Whether the currency depreciates or not does not affect
the real allocation of resources.

None of these three premises has been explicitly asserted; they have been adopted implicitly in the course
of theory construction. The six axioms below systematically negate these premises and establish that the
temporal design of currency is non-neutral with respect to resource allocation. The correspondence between
each premise and the axioms that negate it is shown in Table 1.

Table 1. Implicit premises of existing economics and the correspondence with the six axioms of this paper.

Implicit
premise

Content Negating
axioms

Core of the axiom

H1 Temporal homogeneity of money (one yen
has the same nominal value today and
tomorrow)

I, VI Temporal structure of money
𝑀eff(𝜏) = 𝑀0 ⋅ 𝑔(𝜏; 𝜇);
constrained-discretionary deterministic
demurrage

H2 Independence of capital depreciation and
the monetary system (𝛿 is independent of
monetary parameters)

II Temporal coupling between capital and
money 𝛿eff(𝑎) = 𝛿bio(𝑎) + 𝜓(𝜇, 𝛿bio, 𝐼);
matching condition 𝜓(𝛿, 𝛿, 𝐼) = 0

H3 Neutrality of the medium of exchange
(resource allocation does not depend on the
temporal properties of currency)

III, IV, V Temporal efficiency under the matching
condition; positive social cost of holding
money (externality channel); principle of
functional separation (consumption-purpose
demurrage currency and
accumulation-purpose conventional
currency)

4.1 Axiom I: Temporal Structure of Money

Axiom I. The effective balance of currency holdings (the unit quantity available to the holder) is expressed
as a function of the holding time 𝜏 and the demurrage parameter 𝜇:

𝑀eff(𝜏) = 𝑀0 ⋅ 𝑔(𝜏; 𝜇)

Here, 𝑀0 is the initial quantity held at time 0, and 𝑀eff(𝜏) is the effective quantity held at time 𝜏 . In
the institutional design of this paper, the face value of each currency unit (1 unit = 1 unit of conventional
currency) is invariant, and demurrage is implemented as a temporal decay of the held quantity itself. The
function 𝑔(𝜏; 𝜇) satisfies the following properties: (i) 𝑔(0; 𝜇) = 1 (the quantity at the time of issuance equals
the initial value); (ii) 𝜕𝑔/𝜕𝜏 ≤ 0 (the effective balance is non-increasing in time); (iii) 𝑔(𝜏; 0) = 1 ∀𝜏 (when
𝜇 = 0, the function reduces to that of conventional currency).

Scope of applicability. The function 𝑔(𝜏; 𝜇) represents the temporal variation in the effective unit
quantity held by the holder (the quantity demurrage during the holding period) and does not include accrued
interest in financial contracts (the growth of nominal principal through interest).

Choice of form. The historical demurrage-currency literature (Gesell 1916; Fisher’s 1933 stamp scrip; the
Wörgl experiment; Lietaer’s 2001 Terra; Bossone and Faragallah’s 2022 expiring CBDC) has predominantly
adopted the “value-decay form”(the held quantity is invariant, while the unit value decays as 𝑉0 ⋅ 𝑔(𝜏; 𝜇)).
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The two forms are mathematically equivalent at the level of the holder’s total purchasing power, 𝑀0 ⋅ 𝑉0 ⋅
𝑔(𝜏; 𝜇). The reasons for adopting the “quantity-decay form”in this paper are threefold: (a) Grossman’s (1972)
health-capital depreciation rate 𝛿(𝑎) is formulated as a quantity decay acting on the health stock 𝐻, so
that maintaining the structural isomorphism of the 𝛿-𝜇 matching principle (Axiom II) requires the 𝜇 side
to be of the same form; (b) consistency with the design relied upon in Proposition 11b (§5.10a), namely
that “𝜇 applies to the rate of change of currency units and not directly to the rate of change of 𝑃 ”; and (c)
consistency with standard practice in adjacent fields, including the deteriorating-items model in inventory
economics (Ghare and Schrader 1963), the user-cost decomposition of capital (Hall and Jorgenson 1967),
and the actuarial present-value formula (the independent product of a discount factor and a survival factor).
Rehme (2018, 2024a, 2024b) presents, within the Sidrauski structure, a quantity-decay-type formulation as
a Gesell tax 𝜎𝑚 on real balances 𝑚, and this paper can be positioned as a generalisation of that approach
via an axiomatic route.

Independent separation from interest. The nominal value of the held quantity in interest-bearing
currency is expressed independently as the product of the intrinsic quantity demurrage 𝑔 and the exogenous
interest factor (1 + 𝑟)𝜏 , namely 𝑀0 ⋅ 𝑔(𝜏; 𝜇) ⋅ (1 + 𝑟)𝜏 . This independent separation is a standard structure
shared by Hall and Jorgenson’s (1967) user-cost decomposition 𝑐 = 𝑞(𝑟+𝛿), Grossman’s (1972) health-capital
equilibrium condition (𝑟 + 𝛿(𝑎)), and the actuarial present value (the independent product of the discount
factor 𝑣𝑡 and the survival probability 𝑡𝑝𝑥). Property (ii), 𝜕𝑔/𝜕𝜏 ≤ 0, therefore asserts the non-increase of
the quantity demurrage of currency units, not the non-increase of the nominal balance under interest accrual.
The arbitrage price 𝑃(𝑠) = ((1 − 𝜇)/(1 + 𝑟))𝑠 between the dual currencies in Proposition 8 (§5.8a) and the
interest rate 𝑟 > 0 on conventional currency in the dual-currency regime of Proposition 11 (§5.10) both rely
on this separation.

As the simplest special cases:

𝑔(𝜏; 𝜇) = (1 − 𝜇)𝜏 (discrete time)

𝑔(𝜏; 𝜇) = 𝑒−𝜇𝜏 (continuous time)

When 𝜇 = 0, 𝑔 = 1 ∀𝜏 , and the function reduces to that of conventional currency (premise H1). When
𝜇 > 0, the currency has a temporal structure by design, and premise H1 is negated.

Economic interpretation. Axiom I makes explicit that the “indestructibility”of currency is a design
choice and not a law of nature. Gesell (1916) argued that the absence of a storage cost on money, in contrast
to goods, is the cause of hoarding and economic stagnation. Axiom I axiomatises this insight in the general
form that currency may have a temporal structure. The demurrage rate 𝜇 is a policy parameter set by
the central bank or monetary authority, and 𝜇 = 0 (conventional currency) is merely a single point in this
parameter space.

Buiter and Panigirtzoglou (2003) and Rehme (2018) constructed models with 𝜇 > 0 (𝜎 > 0), but the
distinctive feature of this paper is that this is positioned systematically not as the assumption of a single
model but as the foundation of the 𝛿-𝜇 matching principle. In the prior literature, 𝜇 was treated as a policy
parameter within a specific model and was not positioned at the core of an axiom system that takes the
structural isomorphism with the health-capital depreciation rate 𝛿 as its starting point.

21



4.2 Axiom II: Temporal Coupling between Capital and Money

Axiom II. The effective depreciation rate of capital depends on the interaction between the biological
depreciation rate 𝛿bio(𝑎) and the parameter 𝜇 of the monetary system:

𝛿eff(𝑎) = 𝛿bio(𝑎) + 𝜓(𝜇, 𝛿bio(𝑎), 𝐼(𝑎))

Here 𝜓 is the interaction term and has the following properties: (i) 𝜓 is continuous and differentiable in
𝜇 and 𝛿bio(𝑎); (ii) 𝜓(𝛿, 𝛿, 𝐼) = 0 (the matching condition: the interaction vanishes when 𝜇 = 𝛿); (iii) the
distortion associated with 𝜓 is increasing in the mismatch |𝜇 − 𝛿bio(𝑎)|: for fixed 𝐼 , a larger mismatch weakly
increases the magnitude of the interaction term, with strict inequality in the relevant interior range.

Economic interpretation. Axiom II is the core of the 𝛿-𝜇 matching principle. In the standard Grossman
model, the depreciation rate 𝛿 of health capital is treated only as a biological and behavioural parameter, and
its interaction with parameters of the monetary system is not considered (premise H2). Axiom II negates
this premise.

The interaction term 𝜓 operates through the following channels. When 𝜇 ≠ 𝛿, the user cost of holding
money (𝑟 + 𝜇) and the user cost of health capital (𝑟 + 𝛿) diverge, and the intertemporal allocation of an
individual’s health investment is distorted. When 𝜇 > 𝛿, medical expenditure is brought forward to avoid
currency demurrage (Channel A of Chapter 6), and clinically unjustified expenditure is generated. When
𝜇 < 𝛿, holding currency becomes attractive relative to health investment, and preventive care and timely
treatment are postponed (Channel C of Chapter 6). These distortions cause 𝛿eff to deviate from 𝛿bio.

When 𝜇 = 𝛿, 𝜓 = 0 and 𝛿eff = 𝛿bio. That is, when the demurrage rate of currency coincides with the
depreciation rate of health capital, the monetary system is “neutral”with respect to the temporal allocation
of health investment, and the effective depreciation rate reduces to the biological value itself. This condition
is the foundation of Proposition 1 (User Cost Coherence).

To the best of the author’s knowledge, within the major proximate literature surveyed, no analogous result
has been identified, and this axiom positions itself as offering a contribution to this gap. In the Grossman
literature, 𝛿 has been estimated independently of the monetary system, and in the Gesell literature, 𝜇 has
been discussed without a coupling to a specific capital depreciation rate. Rehme (2018, 2024a, 2024b) is the
closest prior work, having systematically analysed in the Sidrauski-type model the interaction between the
demurrage rate of money 𝜎 and the rate of money growth 𝜃, but in his model the depreciation rate of physical
capital is absorbed into the net real return 𝑟 and does not appear as an independent parameter (his symbol
𝛿 denotes the weight of money in the utility function, not the depreciation rate of physical capital). Hence
the “matching”he discusses is one between 𝜎 and 𝜃 (both monetary variables) and is not a correspondence
with the depreciation rate of the real economy. Rehme’s framework therefore cannot pose the question itself
of matching the demurrage rate of the currency with the depreciation rate of the real economy and does not
have the structure that could propose the interaction term 𝜓 or the matching condition 𝜇 = 𝛿.

4.3 Axiom III: Temporal Efficiency

Axiom III. Suppose that the economy has 𝐽 types of sectors and that the underlying capital of each sector
𝑗 ∈ {1, … , 𝐽} depreciates at the rate 𝛿𝑗. When the demurrage rate of the currency corresponding to each
sector is set to 𝜇𝑗 = 𝛿𝑗 ∀𝑗, in addition to the static condition for Pareto efficiency, coherence between the time
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structures of currency and capital is achieved, and competitive equilibrium becomes temporally efficient.

Economic interpretation. The first welfare theorem of standard welfare economics shows that compet-
itive equilibrium is Pareto-efficient under complete markets. This result, however, concerns static efficiency
in resource allocation and does not consider the coherence between capital depreciation and the temporal
structure of currency. Axiom III adds this temporal dimension to the efficiency condition.

Applying the matching condition of Axiom II (𝜓 = 0 when 𝜇 = 𝛿) to all sectors requires 𝜇𝑗 = 𝛿𝑗 ∀𝑗. Under
this condition, the user cost of holding money and the user cost of capital in each sector coincide, and no
distortion arises in the intertemporal allocation of resources.

When multiple sectors have different 𝛿𝑗, it is impossible to achieve temporal efficiency simultaneously
across all sectors with a single 𝜇 (Proposition 4). This impossibility provides the theoretical rationale for
“sector-specific currency design.”The institutional design of this paper adopts a single demurrage currency
and matches the demurrage rate to 𝛿 of health capital (𝜇 ≈ 𝛿health). Because this single demurrage currency
can be settled at all businesses except those on the negative list (real estate, etc.), it circulates through nearly
all industries via economic circulation, while the demurrage rate is anchored to the depreciation rate of health
capital. While Proposition 1’s user cost coherence is achieved in the healthcare sector, the distortions in other
sectors are substantively constrained by Proposition 10 (limitation to low-elasticity goods).

4.4 Axiom IV: Positive Social Holding Cost

Axiom IV. When expenditure on capital with 𝛿𝑗 > 0 exists, and when holdings of money produce a delay
in such investment that entails social costs not fully internalised privately (positive externalities or fiscal
externalities), the socially optimal cost of holding the currency that finances the expenditure can be positive:

∃ 𝑗 ∶ 𝛿𝑗 > 0 and 𝑊 ′(0) > 0 ⟹ 𝜇∗ > 0.

Here 𝑊 ′(0) > 0 is an assumption that holds when the divergence in user costs creates a wedge in private
decision-making, or when positive externalities or fiscal externalities are present in health investment. The
axiom does not deduce 𝜇∗ > 0 from 𝛿𝑗 > 0 alone; rather, it asserts that, under the conditions in which
𝑊 ′(0) > 0 holds through one of the channels below, a positive optimal demurrage rate may exist.

(a) The user cost channel. When 𝜇 = 0 and 𝛿 > 0, a divergence 𝛿 > 0 arises between the user cost of
holding money (𝑟 + 𝜇 = 𝑟) and the user cost of capital (𝑟 + 𝛿). In Jorgenson’s framework, the rental price of
capital is (𝑟 + 𝛿), while the opportunity cost of holding money is merely (𝑟 + 0) = 𝑟. Because in the standard
Grossman-type model individuals already optimise health investment by taking 𝛿 into account, additional
assumptions (for example, cash constraints, social costs of liquidity hoarding, or postponement incentives
accompanying transaction frictions) are required for this divergence to generate a wedge between private and
social optima. 𝜇 > 0 can narrow such a wedge when it exists. The matching condition of Axiom II (𝜓 = 0
when 𝜇 = 𝛿) provides the condition under which the divergence at the level of user cost vanishes.

(b) The externality channel. Health investment carries at least two kinds of positive externalities, both
of which raise the social cost of investment postponement under 𝜇 = 0 above the private cost.

(b-1) Real-technological externalities. The herd-immunity effect of vaccination, the spillover effect of
communicable-disease prevention, and the productivity spillovers of healthy workers, among others̶instances
in which an individual’s health investment acts directly on the utility functions or production functions of
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others.

(b-2) Fiscal externalities. The shifting of fiscal burden through public health insurance and the tax
system. Severe-illness progression caused by individuals’insufficient health investment, or the medical ex-
penditure caused by unhealthy behaviour, manifests, through increases in benefits paid by public health
insurance, as an increase in the burden on other insured individuals and taxpayers (Manning et al. 1989;
Cawley and Meyerhoefer 2012). Under social-insurance-type healthcare systems, including Japan’s universal-
health-insurance system, the divergence between the private cost and the social cost of health investment is
structural and persistent.

To the extent that these channels operate, 𝑊 ′(0) > 0 is supported, and 𝜇∗ > 0 can hold conditionally.

As a special case, when 𝛿𝑗 = 0 ∀𝑗 and all of channels (a), (b-1), and (b-2) are absent, 𝑊 ′(0) = 0 (or ≤ 0),
and 𝜇∗ = 0 may be optimal. This corresponds to Friedman’s (1969) 𝜇∗ = 0 as a special case interpretation.

Economic interpretation. Axiom IV explicitly describes the conditions for the generalisation of the
Friedman rule. Friedman (1969) set the optimal cost of holding money at zero, but this implicitly assumes
that all capital is non-depreciating (𝛿 = 0) and that externalities are absent (see the discussion in Chapter 3,
§3.2).

When these assumptions break simultaneously and 𝑊 ′(0) > 0 is supported, 𝜇∗ > 0 can hold conditionally.
Importantly, 𝛿 > 0 itself is already incorporated in private optimisation in the standard Grossman-type
model, so as a normative basis for 𝜇∗ > 0, conditions under which the divergence in user costs creates a
wedge in private decision-making, or the existence of externalities or fiscal externalities, are also required.

Menner (2011) showed that, in a Lagos‒Wright search model, even under the Friedman rule, a Gesell tax
of approximately 5‒6 percent maximises welfare. This result is positioned as a concrete microfoundation in
which, under search frictions, a divergence arises between the private and social benefits of holding money̶
that is, a microfoundation in which 𝑊 ′(0) > 0 is supported.

4.5 Axiom V: Functional Separation Principle

Axiom V. Optimal currency design should separate the taxation on the medium-of-exchange function (i.e.,
on holding cost) from the preservation of the store-of-value function. That is:

𝜇 > 0 applies to the currency used for consumption and expenditure, and 𝜇 = 0 is maintained for the
currency used for accumulation and investment. Formally, consider a dual-currency regime {𝑚𝑐, 𝑚𝑑}. Here
𝑚𝑐 denotes conventional currency (𝜇 = 0, allowing operation at the interest rate 𝑟) and 𝑚𝑑 denotes demurrage
currency (demurrage rate 𝜇 > 0, no interest). Functional separation requires the use of currency to be
partitioned as

• 𝑚𝑐 → accumulation, investment, real-estate purchase, long-term saving;
• 𝑚𝑑 → consumption, healthcare expenditure, daily transactions.

Economic interpretation. Axiom V axiomatises the fundamental structural difference between inflation
(𝜋 > 0) and demurrage currency (𝜇 > 0).

Inflation, through a rise in the general price level, simultaneously degrades both the medium-of-exchange
function and the store-of-value function. All nominal assets̶cash, deposits, bonds, pensions, insurance claims
̶have their real value eroded at the rate 𝜋, and all nominal contracts on wages, prices, and debt require
adjustment. This unavoidably generates menu costs (Mankiw 1985), distortions of relative prices (Calvo
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1983), Feldstein-type interactions with the nominal tax system (Feldstein 1997), and Cantillon effects (the
distributional distortions that arise when newly issued money is unevenly injected into the economy).

Demurrage currency, under a dual-currency regime, penalises only the idle state of the medium of exchange.
Deposits, bonds, and investments denominated in conventional currency preserve their value, and the price
level remains stable (𝜋 ≈ 0). This avoids all of the welfare costs above. Buiter and Panigirtzoglou (2003)
argued that Gesell’s holding tax enables “a lower average inflation rate”and brings “potentially lower shoe-
leather and menu costs.”Agarwal and Kimball (2015, 2019) showed that, once demurrage currency (or the
full implementation of negative interest rates) becomes possible, the optimal inflation target falls to zero.

Furthermore, functional separation structurally avoids Stockman’s (1981) “anti-Tobin effect”̶the effect by
which inflation impedes capital formation when a cash-in-advance constraint also applies to investment. In
a dual-currency regime, investment is conducted in conventional currency, so the holding cost of demurrage
currency does not propagate to the capital-formation channel.

Axiom V provides the theoretical justification for the model setup of §5.0 (the dual-currency regime) and
constitutes the foundation of Proposition 11 (the conditional welfare superiority of the dual-currency regime
under premises (Q-1)‒(Q-6)).

Implications of Axiom V under economic circulation. The functional separation of Axiom V does
not position demurrage currency as “a limited currency held only by recipients of healthcare benefits.”Rather,
because demurrage currency circulates over the broad category of goods corresponding to consumption and
expenditure functions (settlement at all businesses except those on the negative list, §3.4), an economy is
envisaged in which, through the economic circulation of medical providers → wages of healthcare workers →
consumption across all industries → wages of employees in each industry, nearly all households persistently
hold consumption-purpose demurrage currency. Accumulation functions (real estate, long-term financial
assets, retirement funds, etc.) are preserved in conventional-currency-denominated form. The “functional
separation”described by this axiom is therefore not a separation among holding agents but a separation in
the allocation of currency by use within each household’s portfolio.

4.6 Axiom VI: Constrained Discretion in Demurrage

Axiom VI. The demurrage rate 𝜇 of currency, in contrast to the stochastic price-level fluctuation (inflation
𝜋), is set non-stochastically through the decisions of public authorities. 𝜇 may vary over time, but its variation
satisfies the following conditions:

(i) Non-stochasticity of decisions: 𝜇𝑡 at any time 𝑡 is a value confirmed by the explicit decision of a public
authority and is not a stochastic variable endogenously determined by market supply and demand or
by expectation formation.

(ii) Pre-announcement of changes: 𝜇𝑡+1 is announced at the latest at time 𝑡, and the new level takes effect
after economic agents have completed adjustments to expectation formation and resource allocation.

(iii) Purpose-coherence: The decision of 𝜇 is made within a framework coherent with long-term objectives
that have the 𝛿-𝜇 matching principle (Axioms II and III) at their core. Variation for short-term
countercyclical adjustment is permitted, but is positioned as adjustment within the scope of the long-
term objective.
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Economic interpretation. Axiom VI applies to demurrage currency the framework of “constrained
discretion”that contemporary monetary-policy operation has reached (Bernanke and Mishkin 1997). A strict
mechanical rule (such as the rigid application of Taylor’s 1993 reaction function) is not adopted by any actual
central bank because it is difficult to respond to structural change, unanticipated shocks, or measurement
error. On the other hand, full discretion invites the time-inconsistency problem identified by Kydland and
Prescott (1977) and Barro and Gordon (1983). The axiom avoids both extremes and leaves discretionary
scope in the determination of individual 𝜇𝑡 while maintaining the long-term objective (the 𝛿-𝜇 matching) as
a framework.

First, predictability. The inflation rate 𝜋 is a stochastic variable that is not observable in advance. Ball
(1992), in a Barro‒Gordon-type model, theoretically demonstrates the mechanism by which “during high-
inflation periods, the policy authority faces a disinflation dilemma, and the public’s uncertainty regarding
future policy orientation increases”; Ball and Cecchetti (1990) decompose the inflation rate into permanent
and transitory shocks and document empirically that the positive relationship between the level of inflation
and uncertainty is particularly pronounced over long horizons. Economic agents can know the realised value
of 𝜋 only ex post, and this uncertainty generates additional distortions in the intertemporal allocation of
consumption and investment. By contrast, 𝜇𝑡+1 is fixed and announced ex ante by the public decision at
time 𝑡, so that economic agents can complete expectation formation and resource allocation before 𝜇𝑡+1 takes
effect. The steady-state balance 𝑀∗ = 𝐹/𝜇 of Theorem 5 and the fiscal dynamics of Corollaries 5.1‒5.3 rely
on 𝜇𝑡 being known at each period at the time of the decision, but this does not require the entire path of 𝜇
to be fixed ex ante; pre-announcement immediately before effectivity suffices4.

Second, time consistency. The time-inconsistency problem of monetary policy formalised by Kydland and
Prescott (1977) and Barro and Gordon (1983) arises because the central bank has the ex post incentive
to generate surprise inflation after expected inflation is formed. Changes in 𝜇 in the demurrage-currency
arrangement, by condition (ii), are announced before they take effect, so that “surprise demurrage”is struc-
turally impossible. Because economic agents form expectations and make decisions while incorporating the
post-change 𝜇𝑡+1, no ex post surprise gain accrues to the policy authority. This is structurally analogous to
the way central banks under inflation targeting are (incompletely but substantially) freed from the temptation
of surprise inflation.

Third, suppression of self-fulfilling dynamics. Under inflation-targeting policy, self-fulfilling fluctuations
in inflation expectations can generate multiple equilibria. Especially near the zero lower bound, the coexis-
tence of deflationary and inflationary equilibria is theoretically known from Benhabib, Schmitt-Grohé, and
Uribe (2001). Because 𝜇𝑡 in the demurrage-currency arrangement is not endogenously determined by mar-
ket expectation formation but is exogenously fixed by public decisions, self-referential multiple equilibria of
expectations do not arise structurally.

On the hierarchical structure of the decision mechanism. The specific mechanism by which 𝜇𝑡 is
determined̶direct decision by the legislature, decisions at meetings of the policy committee of an independent
agency, or administrative decisions at the level of ministerial ordinance̶is not specified within the framework
of this axiom. Each form involves trade-offs among political cost, speed of decision, independence, and policy
flexibility. If priority is placed on the agility of short-term countercyclical adjustment and response to
external shocks, the form of decision at periodic meetings of the policy committee of an independent agency

4In actual monetary-policy operation, the policy-rate decision of a central bank is announced on the day of the meeting and
is immediately priced in by markets. This is a structure in which “the rate at each period is known at the time of decision,”not
the ex ante fixation of the entire interest-rate path. The “pre-announcement”requirement of this axiom is structurally analogous.
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(the standard for contemporary central banks) is envisaged. This institutional-design choice is discussed in
greater detail in Chapter 7 in the context of demurrage currency as a monetary-policy instrument.

Axiom VI works complementarily with Axiom V. Axiom V regulates “to which currency the holding cost
is to apply”(the separation of functions), while Axiom VI regulates “how the holding cost is to be determined
and changed”(non-stochastically and with pre-announcement).

4.7 Structure of the Axiom System

The six axioms above support the propositions of Chapter 5 through the following logical structure.

• Axiom I (temporal structure) + Axiom II (temporal coupling) → Proposition 1 (User Cost Coherence).
• Axiom II (matching condition) + Axiom III (temporal efficiency) → Proposition 4 (sector-specific

optimal rates).
• Axiom IV (positive social holding cost) → Proposition 2 (existence of 𝜇∗ > 0).
• Axiom I + Axiom IV → Theorem 5 (steady-state balance), Corollaries 5.1‒5.3.
• Theorem 5 → Proposition 6 (intergenerational transfer structure: 𝜏(𝑎) = 𝜇 ⋅ 𝑚(𝑎), with the economy-

wide identity ∫ 𝑛(𝑎)𝜏(𝑎) 𝑑𝑎 = 𝜇 ⋅ 𝑀∗ = 𝐹 ).
• Theorem 5 + premises (P-1)‒(P-5) → Proposition 7 (partial-equilibrium price-level approximation; the

steady-state balance 𝑀∗ = 𝐹/𝜇 is used directly in the quantity-theoretic equation (16)).
• Axiom V (functional separation) + Axiom VI (constrained-discretionary deterministic demurrage) →

Proposition 8 (arbitrage condition in the dual-currency regime).
• Axiom V + Axiom VI + institutional premises (minimum-guarantee scheme, settlement obligation,

exchange fee) → Proposition 8b (conditional lower bound of the market rate).
• Axiom II + Axiom IV → Proposition 10 (limited distortion of low-elasticity goods).
• Axiom V + Proposition 8b + premises (Q-1)‒(Q-6) → Proposition 11 (conditional welfare superiority

of the dual-currency regime), Proposition 11b (qualitative differences in the mechanism acting on the
price-level path).

• Axiom II + Axiom III + Axiom IV → Conjectures 3 and 9 (characterisation of 𝜇∗, social-welfare
expression of 𝜇∗).

The correspondence with the three implicit premises is

• Premise H1 (temporal homogeneity of money) → negated by Axioms I and VI;
• Premise H2 (independence of capital depreciation and the monetary system) → negated by Axiom II;
• Premise H3 (neutrality of the medium of exchange) → negated by Axioms III, IV, and V.

Note. This chapter focuses on the formulation of the axioms and their economic interpretation. The formal
statements of the propositions and theorems derived from each axiom, together with their proof strategies,
are developed in Chapter 5. The overall picture of the logical dependence is shown in Figure 1.

Figure 1. Overview of the logical dependence in this paper. The diagram is organised in four tiers: (I)
the three implicit premises H1‒H3, (II) the six axioms I‒VI that systematically negate them, (III) the eleven
propositions, theorems, and conjectures of Chapter 5, and (IV) the central coherence condition 𝜇 = 𝛿 (the
user cost coherence of Proposition 1, and the conditional benchmark 𝜇∗ ≈ 𝛿 discussed in §5.2 and §6.2). Node
and arrow types are shown in the legend at the bottom of the figure. The proposition labels in the figure
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Figure 1. Logical dependence from the six axioms to the eleven propositions and theorems and the central
coherence condition 𝜇 = 𝛿
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correspond to the formal headings in the text: Proposition 1 is presented as “User Cost Coherence under
Matching”(§5.1), and Proposition 7 as “Partial-Equilibrium Price-Level Approximation”(§5.8). Theorem 5’s
node groups Theorem 5 itself, Corollaries 5.1‒5.3, and Proposition 6 (the intergenerational transfer structure
derived from Theorem 5; see §5.7). The “Props. 8, 8b”node groups Proposition 8 (arbitrage condition) and
Proposition 8b (conditional lower bound of the market rate); the “Props. 11, 11b”node groups Proposition
11 (conditional welfare superiority) and Proposition 11b (qualitative differences in the mechanism acting on
the price-level path).

Chapter 5: Theoretical Results

5.0 Model Setup

We define the model that underlies the propositions, theorems, and conjectures of this chapter. It is an
extension of the standard Grossman model that introduces demurrage currency, and it presupposes the
axiomatic system of Chapter 4.

Economic agents. Consider an individual of age 𝑎 ∈ [0, 𝑇 ], where 𝑇 is the maximum lifespan.

Preferences. The individual maximises the following lifetime utility:

𝑈 =
𝑇

∑
𝑎=0

𝛽𝑎 ⋅ 𝑢(𝑐(𝑎), 𝐻(𝑎)) ⋯ (M1)

Here 𝛽 = 1/(1 + 𝜌) is the subjective discount factor, 𝜌 is the rate of time preference, 𝑐(𝑎) is general
consumption, and 𝐻(𝑎) is the stock of health capital. 𝑢(⋅) is increasing and concave in both 𝑐 and 𝐻.

Health capital accumulation. Equation (1) of Chapter 2 is repeated:

𝐻(𝑎 + 1) = (1 − 𝛿(𝑎)) ⋅ 𝐻(𝑎) + 𝐼(𝑎) ⋯ (M2)

Here 𝛿(𝑎) is the age-dependent depreciation rate satisfying 𝜕𝛿/𝜕𝑎 > 0 and 𝜕2𝛿/𝜕𝑎2 > 0 (Equation (2)).
𝐼(𝑎) ≥ 0 is health investment.

Currency regime. Two types of currency exist in the economy (Axiom V):

• Conventional currency 𝑚𝑐(𝑎): does not depreciate (𝜇 = 0). Can be invested at the interest rate 𝑟.
• Demurrage currency 𝑚𝑑(𝑎): depreciates at the rate 𝜇 each period. Bears no interest.

Budget constraints. The individual’s per-period budget constraints are:

𝑚𝑐(𝑎 + 1) = (1 + 𝑟) ⋅ 𝑚𝑐(𝑎) + 𝑦(𝑎) − 𝑐(𝑎) − 𝑝𝐼 ⋅ 𝐼𝑐(𝑎) − 𝑥(𝑎) ⋯ (M3)

𝑚𝑑(𝑎 + 1) = (1 − 𝜇) ⋅ 𝑚𝑑(𝑎) + 𝑥(𝑎) + 𝑔(𝑎) − 𝑝𝑑
𝐼 ⋅ 𝐼𝑑(𝑎) ⋯ (M4)

Here 𝑦(𝑎) is labour income; 𝑝𝐼 is the price of health investment denominated in conventional currency;
𝐼𝑐(𝑎) is health investment paid in conventional currency; 𝑥(𝑎) is the amount of conventional currency ex-
changed into demurrage currency (negative if in the reverse direction); 𝑔(𝑎) is the total inflow of demurrage
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currency to the household for the financing of health investment (in addition to direct disbursements from
the government̶universal basic income, healthcare-benefit vouchers, medical reimbursements, and so on̶
the framework of this paper focuses on the portion of demurrage currency inflowing through economic circu-
lation via labour income and transaction proceeds that is allocated to health investment 𝐼𝑑(𝑎): through the
circulation in which medical providers receive reimbursements in demurrage currency, pay them as wages of
healthcare workers, healthcare workers consume across all industries, and businesses in each industry pay
employee wages, demurrage currency circulates among all businesses except those on the negative list, so
that 𝑔(𝑎) > 0 persistently holds for nearly all households. Demurrage-currency inflows and expenditures for
general consumption, rent, and so forth are abstracted away as outside the aggregate flow under the nota-
tional simplification of this paper (concentration on the health-investment channel). The complete modelling
that aggregates demurrage-denominated labour income 𝑦𝑑(𝑎) into 𝑔(𝑎) explicitly, together with demurrage-
currency expenditures other than health investment, is deferred to a companion paper); 𝑝𝑑

𝐼 is the price of
health investment denominated in demurrage currency; and 𝐼𝑑(𝑎) is health investment paid in demurrage
currency.

Total health investment, which enters (M2), is 𝐼(𝑎) = 𝐼𝑐(𝑎) + 𝐼𝑑(𝑎) (the sum of the conventional-currency-
denominated and demurrage-currency-denominated portions), and currency-by-currency payment is deducted
only from the corresponding currency side in budget constraints (M3) and (M4) (to avoid double counting,
only 𝐼𝑐(𝑎), not 𝐼(𝑎), appears in (M3)).

Timing convention of (M4): period 𝑡 represents one discrete-time period (typically one month). At the
beginning of the period the demurrage rate 𝜇 is applied to the previous period-end balance 𝑚𝑑(𝑎) (yielding
(1 − 𝜇) ⋅ 𝑚𝑑(𝑎)); within the period new inflows occur (exchange 𝑥(𝑎), government disbursement 𝑔(𝑎)); and
after within-period expenditures including health investment 𝑝𝑑

𝐼 ⋅ 𝐼𝑑(𝑎) are made, the period-end balance is
𝑚𝑑(𝑎 + 1). This is consistent with the institutional design of a monthly demurrage cycle (processing order:
(i) apply demurrage to the existing balance at the period boundary (around the 25th of the month-end), (ii)
wages and basic-income disbursements arrive near the start of the period (around the 10th of the following
month), (iii) within-period expenditures). Interpreting one month as one period and placing the period
boundary between the 25th-of-month demurrage and the 10th-of-following-month disbursement, the form in
which demurrage precedes new inflow naturally corresponds to this timing.

At the aggregate level, the economy-wide demurrage-currency balance 𝑀(𝑡) ≡ ∫ 𝑛(𝑎) ⋅ 𝑚𝑑(𝑎) 𝑑𝑎 follows
the law of motion 𝑀(𝑡 + 1) = (1 − 𝜇) ⋅ 𝑀(𝑡) + 𝐹 (Theorem 5, §5.5; here inter-household currency transfers
cancel in the aggregate, and net inflow equals the government-issued amount 𝐹 ), and the steady-state balance
𝑀∗ = 𝐹/𝜇 and the self-redeeming condition 𝜇 ⋅ 𝑀∗ = 𝐹 (Corollary 5.1) hold strictly.

Government issuance. The government issues new demurrage currency at 𝐹 units per period and
injects it into the economy through 𝑔(𝑎) in (M4). The aggregate flow of new issuance economy-wide satisfies
∫ 𝑛(𝑎) ⋅ 𝑔(𝑎) 𝑑𝑎 = 𝐹 . Inter-household circulation through the economy is already absorbed in the definition
of 𝑔(𝑎) in (M4) above.

Exchange market. A free exchange market exists between conventional and demurrage currency. As
shown in Proposition 8, an equilibrium exchange rate is supported by an arbitrage condition.

Notational simplification. In the propositions and theorems below, to clarify the core of the argument,
we abstract from the exchange process between the two currencies in the analysis of the steady state and
focus on the case in which “all health investment is made in demurrage currency.”This simplification does not
impair the substance of the results, because the core of the 𝛿-𝜇 matching principle is the coincidence between
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the user cost of health capital (𝑟 + 𝛿) and the user cost of holding currency (𝑟 + 𝜇), and this structure does
not depend on the allocation mechanism between the two currencies.

The formal proofs of Propositions 1, 2, 4, 6, 7 and Conjectures 3, 9 are deferred to a companion paper
(Fujii, in preparation). In this section we present each proposition and conjecture precisely and provide its
economic interpretation. The sole exception is Theorem 5, the proof of which is sufficiently brief to include
here.

Correspondence between section numbers and proposition / theorem / conjecture / corollary
numbers. Because this chapter groups propositions, theorems, conjectures, and corollaries by related theme,
the section numbers and the proposition/theorem/conjecture/corollary numbers do not necessarily coincide.
The complete correspondence is as follows:

Section Theoretical result

§5.0 Model setup
§5.1 Proposition 1 (User Cost Coherence)
§5.2 Proposition 2 (conditional existence of 𝜇∗)
§5.3 Conjecture 3 (characterisation of 𝜇∗)
§5.3a Corollary 3.1 (response of the optimal demurrage rate to

medical progress)
§5.4 Proposition 4 (sector-specific optimal demurrage rates)
§5.5 Theorem 5 (steady-state currency balance)
§5.6 Corollary 5.1 (self-redeeming fiscal mechanism)
§5.6a Corollary 5.2 (speed of convergence to the steady state)
§5.6b Corollary 5.3 (extinction after issuance is halted)
§5.7 Proposition 6 (intergenerational transfer structure)
§5.8 Proposition 7 (partial-equilibrium price-level approximation)
§5.8a Proposition 8 (arbitrage condition in the dual-currency

regime)
§5.8b Proposition 8b (conditional lower bound of the market rate)
§5.9 Conjecture 9 (social-welfare expression of 𝜇∗)
§5.9a Scope and limits of Conjecture 9
§5.9b Proposition 10 (limited distortion of low-elasticity goods)
§5.10 Proposition 11 (conditional welfare superiority hypothesis of

the dual-currency regime)
§5.10a Proposition 11b (qualitative differences in the mechanism

acting on the price-level path)

In each section title we make the proposition/theorem/conjecture number explicit.

5.1 Proposition 1: User Cost Coherence under Matching

Proposition 1 (User Cost Coherence under Matching). Consider an individual of age 𝑎 undertaking health
investment. The first-order condition for health investment in the standard Grossman (1972) model is
(recapitulated from §2.3):

𝑞𝐻(𝑎) = 𝑝𝐼(𝑎) ⋅ (𝑟 + 𝛿(𝑎)) ⋯ (FOC-G, recapitulated)

Here 𝑞𝐻(𝑎) is the marginal benefit (shadow price) of health capital, 𝑝𝐼(𝑎) is the price of health investment,
𝑟 is the real interest rate, and 𝛿(𝑎) is the age-𝑎 depreciation rate of health capital. Suppose that health
investment is undertaken in currency with demurrage rate 𝜇 and that the following additional assumptions
hold:

[Explicit scope of Proposition 1.] This proposition asserts coherence at the user-cost level of the local
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arbitrage condition at a specific age 𝑎. It does not include the claim of simultaneous coherence between a
single 𝜇 and multiple 𝛿𝑗 (multi-sector) or 𝛿(𝑎) (age distribution): (𝛼) reconciling a single 𝜇 simultaneously
with the 𝛿 of all sectors or all ages is generally impossible when 𝛿(⋅) is not constant (a special case of the
multi-sector impossibility of Proposition 4); (𝛽) approximate coherence at the aggregate level via a single 𝜇̶a
second-best design that matches 𝜇 to the population- and health-capital-weighted ̄𝛿𝐻̶is a separate problem
treated in Conjecture 3 and Equation (11g’ ‘). What this proposition formally provides is limited to the
coherence of (UC-H) and (UC-M) in the intertemporal optimisation problem of an individual at fixed age 𝑎.
The local-stationarity approximation 𝛿(𝑎) ≈ 𝛿(𝑎 + 1) ≡ 𝛿 in (M6’ ’) below is positioned as a local-stationarity
assumption used to derive the local arbitrage condition at age 𝑎.

• (M1’) Currency-neutrality of the price of health investment: 𝑝𝑑
𝐼 = 𝑝𝐼 (the prices of health

investment in demurrage currency and in conventional currency coincide).
• (M2’) Fixed asset menu: portfolio choice beyond demurrage currency and conventional currency is

abstracted away.
• (M3’) Functioning of the exchange market: the exchange market between the two currencies

functions under an exchange fee 𝜙 > 0 (institutionally 𝜙 = 1%, 𝜙 ≪ 𝜇) (within the range over which
the institutional lower bound of Proposition 8b holds with credibility).

• (M4’) Income effects abstracted away: this proposition treats coherence within the framework of
the substitution effect.

• (M5’) Absence of pre-transaction cash-holding requirements and interiority of period-end
balances (assumption): pre-transaction cash-holding requirements (cash-in-advance type pre-holding
requirements) at the time of each transaction are not assumed. The proof of this proposition (the dy-
namic proof in the companion paper) assumes the interior equilibrium 𝑚𝑑(𝑎 + 1) > 0. This assumption
is judged to be supported in equilibrium by the following institutional and economic structure (the for-
mal proof in a complete dynamic general equilibrium is deferred to the companion paper): (i) through
government disbursements 𝑔(𝑎) > 0 and the structural inflow of demurrage currency via labour income
and transaction proceeds along the chain of economic circulation (medical providers → wages of health-
care workers → consumption across all industries (excluding goods on the negative list) → wages of
employees in each industry; see §3.4, §4.5, and the economic interpretation of §5.1), households struc-
turally acquire demurrage currency within the month; (ii) under the usual utility functions in which
the marginal utility of health investment 𝜕𝑢/𝜕𝐻 is finite, the optimal level 𝐼𝑑(𝑎)∗ is finite, and the
equilibrium selects the region 𝑔(𝑎) + (1 − 𝜇)𝑚𝑑(𝑎) + 𝑥(𝑎) − 𝑝𝑑

𝐼 ⋅ 𝐼𝑑(𝑎)∗ > 0; (iii) the path of immediately
exchanging the entire receipt out within the period (𝑥(𝑎) < 0 with large-scale sales) is not rational as
a persistent choice under the exchange fee 𝜙 > 0 in (M3’) (institutionally 𝜙 = 1%; 𝜙 is charged when
demurrage currency is exchanged into conventional currency). These structures provide grounds for
the equilibrium support of the period-end balance 𝑚𝑑(𝑎+1) > 0 under rational household optimisation,
but the formal interiority proof is treated as an assumption in this proposition. The complete dynamic
general-equilibrium modelling that explicitly separates demurrage-denominated labour income 𝑦𝑑(𝑎)
from 𝑔(𝑎) and formally proves interiority is deferred to the companion paper (Fujii, in preparation).

• (M6’) Adoption of a first-order approximation for notational simplification, and local
treatment of the exchange fee: the precise arbitrage condition of this proposition is given by the
exact form (Match-exact) in footnote 1, (𝑟 + 𝜇)/(1 − 𝜇) = (𝑟 + 𝛿(𝑎))/(1 − 𝛿(𝑎)), which is an algebraic
equality (holding under the substitution 𝜇 = 𝛿(𝑎), independently of any approximation). For notational
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simplification in the main text, we also use the first-order approximation (𝑟 + 𝜇)/(1 − 𝜇) ≈ 𝑟 + 𝜇, which
holds within typical policy-parameter ranges (under monthly discrete time with 𝑟 ≈ 0.02/year (monthly
equivalent ≈ 0.0017) and 𝜇 ≈ 0.02/month, with discrete compounding the annual demurrage rate is
𝜇ann = 1 − (1 − 0.02)12 ≈ 21.5%) with error of order 𝑂(𝜇(𝑟 + 𝜇)) ≈ 10−3 or less. When the annual
value (𝜇ann ≈ 21.5%) is used directly, the approximation error is not negligible (𝑂(0.05)); in that case
the exact form (𝑟 + 𝜇)/(1 − 𝜇) or the continuous-time representation should be used. Moreover, the
exchange fee 𝜙 > 0 in (M3’) does not enter within the scope of this proposition, because the proposition
is restricted to a local user-cost comparison (the one-period relative cost of holding health capital versus
holding demurrage currency) that does not involve asset conversion via the exchange market. In the
derivation of the local arbitrage condition of this proposition, 𝜙 is treated as 0. Arbitrage conditions
and welfare effects that explicitly include 𝜙 are deferred to Proposition 8b (conditional lower bound of
the market rate) and to a companion paper.

• (M6’’) Local-stationarity assumption: to derive the local arbitrage condition at age 𝑎, we assume the local
stationarity 𝛿(𝑎) ≈ 𝛿(𝑎 + 1) ≡ 𝛿. This assumption is consistent with the scope of this proposition (local
coherence at a specific age; see [Explicit scope of Proposition 1] above). The discussion of aggregate
coherence over the entire age distribution is deferred to Conjecture 3.

Then the relevant rate components are:

• Health-capital side: 𝑐𝐻 ≡ 𝑞𝐻/𝑝𝐼 = 𝑟 +𝛿(𝑎) (first-order approximation); equivalently, the user-cost level
is 𝑞𝐻 = 𝑝𝐼 ⋅ 𝑐𝐻 . …(UC-H)

• Currency side: 𝑐𝑀 ≡ 𝑟 + 𝜇 (first-order approximation; see footnote 1) …(UC-M)

When 𝜇 = 𝛿(𝑎), 𝑐𝐻 and 𝑐𝑀 coincide at the rate-component level, and the local arbitrage condition of health
investment is coherent at the user-cost level (the corresponding health-capital user-cost level is 𝑞𝐻 = 𝑝𝐼 ⋅ 𝑐𝐻).
That is, under 𝜇 = 𝛿(𝑎) the rate components on the two sides agree, the user-cost terms of holding health
capital and of holding the funds for health investment coincide, and the local arbitrage condition for health
investment is expressed isomorphically irrespective of currency demurrage. The exact form (Match-exact) is
given in footnote 1.

Scope and limits of this proposition. This proposition does not claim full dynamic general-equilibrium
efficiency. Showing that no resource-allocation distortion arises in general equilibrium (temporal efficiency of
the resource allocation) requires an explicit model that includes the household problem, firm behaviour, the
exchange market, the government budget, price determination, and income effects; that analysis is deferred
to a companion paper. What this paper formally provides is limited to coherence at the user-cost level of the
local arbitrage condition for health investment under 𝜇 = 𝛿(𝑎).

Structure of the proposition (proof). This proposition does not derive a new Euler condition from
a complete dynamic optimisation problem; it is a proposition that compares the one-period relative user
cost of holding health capital and of holding demurrage currency. Consistently with the policy of §5.0 (“the
formal proofs of Propositions 1, 2, 4, 6, 7 and Conjectures 3, 9 are deferred to a companion paper”), this
section presents the structure of user-cost coherence based on the (Match-exact) conditional identity, and the
coherence proof of Euler conditions in a complete dynamic general equilibrium is deferred to a companion
paper (Fujii, in preparation).

Step 1. Exact form of the user cost on the health-capital side. As the discrete-time expression of the
user-cost decomposition of capital with depreciation (Hall and Jorgenson 1967; Grossman 1972), the relative
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user cost of holding one unit of health capital for one period is:

𝑐∗
𝐻 ≡ 1 + 𝑟

1 − 𝛿(𝑎) − 1 = 𝑟 + 𝛿(𝑎)
1 − 𝛿(𝑎) ⋯ (UC-H∗)

This is a gross-up-form user-cost expression on the basis of one unit after depreciation, which reduces to the
same first-order approximation 𝑟 + 𝛿(𝑎) as the Grossman canonical form (FOC-G), 𝑞𝐻(𝑎) = 𝑝𝐼(𝑎) ⋅ (𝑟 + 𝛿(𝑎))
(under 𝑟, 𝛿 ≪ 1, (𝑟 + 𝛿(𝑎))/(1 − 𝛿(𝑎)) ≈ 𝑟 + 𝛿(𝑎), with error 𝑂(𝛿(𝑟 + 𝛿))). The shadow-price expression
corresponding to the exact form 𝑐∗

𝐻(𝑎) of this paper is 𝑝𝐼(𝑎)⋅𝑐∗
𝐻(𝑎), which under the first-order approximation

coincides with the Grossman canonical form 𝑝𝐼(𝑎) ⋅ (𝑟 + 𝛿(𝑎)).
Step 2. Exact form of the user cost of holding demurrage currency. Under the demurrage-currency budget

constraint (M4), the relative user cost of holding one unit of demurrage currency for one period, derived from
the timing convention of (M4) (period-initial application of demurrage) and intertemporal arbitrage, is:

𝑐∗
𝑀 ≡ 1 + 𝑟

1 − 𝜇 − 1 = 𝑟 + 𝜇
1 − 𝜇 ⋯ (UC-M∗)

This is consistent with the exact form in footnote 1, and the first-order approximation 𝑟 + 𝜇 in (M6’) holds
with error 𝑂(𝜇(𝑟 + 𝜇)) within the typical policy-parameter range (footnote 1).

Step 3. User-cost coherence by the (Match-exact) conditional identity. Under 𝜇 = 𝛿(𝑎), as a purely algebraic
fact:

𝑟 + 𝜇
1 − 𝜇 = 𝑟 + 𝛿(𝑎)

1 − 𝛿(𝑎) ⋯ (Match-exact)

holds. This is a conditional identity supported under 𝜇 = 𝛿(𝑎); that is, 𝑐∗
𝑀 = 𝑐∗

𝐻 coincide algebraically.
This means coherence at the user-cost level of the local arbitrage condition for health investment, which is
the conclusion of this proposition.

Economic content of the user-cost comparison. Under 𝜇 = 𝛿(𝑎), the temporal structure in the deci-
sion of health investment is expressed coherently as the same user cost on the health-capital side (depreciation
𝛿(𝑎)) and on the currency side (demurrage 𝜇). That is, the relative cost of holding one unit of health capital
for one period and the relative cost of holding one unit of demurrage currency for one period to purchase it
coincide completely under the (Match-exact) conditional identity. This guarantees, locally at the user-cost
level, the absence of a wedge in the timing choice of health investment.

Properties outside the scope of the dynamic general-equilibrium proof. This proposition does
not include the closed-form derivation of the Euler condition through Lagrangian expansion of the complete
dynamic optimisation problem. The complete closed-form expression of the health-investment shadow price
𝑞𝐻(𝑎) requires a dynamic general-equilibrium modelling that explicitly separates demurrage-denominated
labour income 𝑦𝑑(𝑎) from 𝑔(𝑎), formally proves interiority, and reconciles the Euler relation of health-capital
dynamics with the Euler relation of demurrage-currency holding. This complete proof is deferred to a
companion paper (Fujii, in preparation). What this section presents is limited to coherence at the user-
cost level of the local arbitrage condition based on the (Match-exact) conditional identity, which holds
independently of this complete proof (see [Explicit scope of Proposition 1] immediately after the statement
of Proposition 1). □

Economic interpretation. The marginal cost of postponing health investment by one period consists of
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two components: (i) the utility loss from the contemporaneous depreciation 𝛿(𝑎) ⋅ 𝐻(𝑎) of health capital, and
(ii) the loss in purchasing power from the demurrage 𝜇 of the currency held to fund the health investment.
These are not wedges along distinct paths but two facets of a single arbitrage condition arising from the
structural isomorphism between the user cost of health capital 𝑟 + 𝛿(𝑎) and the user cost of holding currency
𝑟 + 𝜇. When 𝜇 = 𝛿(𝑎), the two user costs coincide algebraically by the (Match-exact) conditional identity,
and the local arbitrage condition for health investment is coherent at the user-cost level. In Jorgenson’s
framework, the user cost of health capital (UC-H) and the user cost of holding currency (UC-M) coincide at
the level of the first-order approximation under 𝑟 + 𝛿(𝑎) = 𝑟 + 𝜇, and the arbitrage condition between assets
is locally satisfied under this approximation. This result shows that 𝛿-𝜇 matching acts neutrally on the local
arbitrage condition for health investment at the user-cost level, and constitutes the theoretical core of the
matching principle. A general-equilibrium efficiency conclusion (a rigorous proof that no resource-allocation
distortion arises) is deferred to a companion paper as an independent task under additional assumptions.

Extension of the scope of Proposition 1 through economic circulation. The user-cost comparison
of this proposition rests, under the institutional design in which demurrage currency circulates throughout
the economy (settlement at all businesses except those on the negative list, §3.4 and the functional separation
of Axiom V), on the equilibrium support of 𝑚𝑑(𝑎) > 0 through the structural inflow of demurrage currency
via government disbursements and economic circulation. That is, through the circulation in which medical
providers receive reimbursements in demurrage currency, pay them as wages of healthcare workers, health-
care workers consume across all industries, and businesses in each industry pay employee wages, demurrage
currency circulates among nearly all households. By this implication, the 𝛿-𝜇 matching principle acts not as
the arbitrage condition of a limited group of healthcare-benefit recipients but as a structural feature of the
intertemporal optimisation problem of all households in the economy as a whole, in which demurrage currency
circulates through economic circulation. When 𝜇 = 𝛿, the coherence between the user cost of health capital
𝑟 + 𝛿 and the user cost of holding demurrage currency 𝑟 + 𝜇 functions as a coherence of the temporal struc-
ture of the entire economy beyond the healthcare sector. The limiting case of fully frictionless instantaneous
exchange (𝜙 = 0) and 𝑔(𝑎) = 0 is not adopted as institutional design and is outside the scope of this proposi-
tion. The complete dynamic general-equilibrium modelling that explicitly separates demurrage-denominated
labour income 𝑦𝑑(𝑎) from 𝑔(𝑎) is deferred to a companion paper (Fujii, in preparation).

5.2 Proposition 2: Conditional Existence of a Positive Optimal Demurrage Rate 𝜇∗

Proposition 2 (Conditional Existence of a Positive Optimal Demurrage Rate). Define the social welfare
function 𝑊(𝜇) as

𝑊(𝜇) ≡ 𝐵(𝜇) − 𝐶𝐴(𝜇) − 𝐶𝐵(𝜇) − 𝐶𝐶(𝜇)

where 𝐵(𝜇) is the fiscal benefit of demurrage currency and 𝐶𝐴, 𝐶𝐵, 𝐶𝐶 are the three inefficiency costs
defined in Chapter 6. Suppose 𝛿(𝑎) > 0 for all ages 𝑎, and that Axiom IV (either the user-cost channel or
the externality channel) holds. Then within this scope the following are supported:

(i) 𝑊 ′(0) > 0 (𝜇 = 0 is not a local optimum)
(ii) lim𝜇→∞ 𝑊(𝜇) = −∞
(iii) 𝑊 is continuous
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Under these assumptions, ∃ 𝜇∗ ∈ (0, ∞) ∶ 𝑊(𝜇∗) ≥ 𝑊(𝜇) ∀𝜇 ≥ 0. That is, the demurrage rate 𝜇∗ that
maximises social welfare can be strictly positive.

Explicit scope of the proof. This proposition is not a complete existence theorem derived from concrete
functional forms; it is a conditional existence proposition under the class of welfare functions that satisfy
Axiom IV and 𝑊 ′(0) > 0. 𝑊 ′(0) > 0 is an assumption that holds either when divergence in user costs
creates a wedge in private decisions, or when positive externalities or fiscal externalities are present in health
investment. This paper places this condition as Axiom IV and shows that under this condition a positive
interior solution can exist. A complete proof using a search model, a HANK model, or an explicit social
welfare function is deferred to a companion paper.

Economic interpretation and proof sketch. As conditions under which (i) 𝑊 ′(0) > 0 is supported,
we organise the two channels of Axiom IV as follows. First, the user-cost channel (Axiom IV-a): when
𝜇 = 0 and 𝛿 > 0, a divergence of magnitude 𝛿 arises between the user cost of holding currency (𝑟 + 𝜇 = 𝑟)
and the user cost of health capital (𝑟 + 𝛿). In standard Grossman-type models, individuals already optimise
health investment taking 𝛿 into account, so additional assumptions (cash constraints, social cost of liquidity
hoarding, postponement incentives associated with transaction frictions, etc.) are required for this divergence
to create a wedge between the private and social optima. Under these assumptions, raising 𝜇 slightly can
shrink the wedge and mitigate the inefficiency in the timing of health investment. Second, the externality
channel (Axiom IV-b): if a positive externality 𝑒(𝐼) > 0 is present in health investment, then under 𝜇 = 0 the
social cost of postponing investment exceeds the private cost, which can strengthen 𝑊 ′(0) > 0. Condition
(ii) follows from the unbounded divergence of the costs of channels A and B as 𝜇 → ∞; combined with
the continuity in (iii), the intermediate value theorem then supports the conditional existence of an interior
optimum 𝜇∗ ∈ (0, ∞). This result is positioned as a generalisation, to 𝛿 > 0 and 𝑊 ′(0) > 0, of Friedman’s
(1969) result, which derived 𝜇∗ = 0 under 𝛿 = 0 and zero externality5.

A complete proof under different microfoundations such as a search model, the concrete structural condi-
tions under which 𝑊 ′(0) > 0 is supported, and a rigorous analysis under heterogeneous agents (HANK-type)
are deferred to a companion paper.

5.3 Conjecture 3: Characterisation of 𝜇∗

Conjecture 3 (Characterisation of the Optimal Demurrage Rate). Let society have an age distribution 𝑛(𝑎)
(∫ 𝑛(𝑎) 𝑑𝑎 = 1), age-specific stocks of health capital ℎ(𝑎), and age-specific depreciation rates 𝛿(𝑎). Solving
the first-order condition 𝜕𝑊/𝜕𝜇 = 0 of the social welfare function 𝑊(𝜇), the single demurrage rate 𝜇∗ that
maximises social welfare is approximately given by:

𝜇∗ ≈
∫∞
0 𝑛(𝑎) ⋅ 𝛿(𝑎) ⋅ ℎ(𝑎) 𝑑𝑎

∫∞
0 𝑛(𝑎) ⋅ ℎ(𝑎) 𝑑𝑎

= 𝐸[𝛿(𝑎) ∣ weights = 𝑛(𝑎) ⋅ ℎ(𝑎)] ⋯ (8)

That is, 𝜇∗ is approximately the population- and health-capital-weighted average of 𝛿 across the entire
society. Under population aging:

𝜕𝜇∗

𝜕(aging) > 0

5Menner (2011), in a Shi (1997)-type representative-household search model, shows that when the Friedman rule is combined
with a Gesell tax, the welfare-maximising Gesell tax rate is approximately 5‒6 % per annum (see §3.3); this is positioned as a
concrete example of a microfoundation under which 𝑊 ′(0) > 0 is supported in the presence of search frictions.
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because the mass of 𝑛(𝑎) shifts to the high-𝛿(𝑎) region (the elderly).

Economic interpretation. To maximise social welfare as a whole with a single demurrage rate, 𝛿(𝑎)
across all age groups must be aggregated in some form. Because age groups with larger health-capital stocks
ℎ(𝑎) have larger absolute medical expenditures, it is reasonable to give greater weight to the 𝛿(𝑎) of those
groups. Equation (8) is a weighted average reflecting this idea. An important implication of this conjecture
is that population aging raises 𝜇. In a super-aged society, the population share 𝑛(𝑎) of the elderly with high
𝛿(𝑎) is large, so 𝜇 as a weighted average takes a higher value. This suggests that a higher demurrage rate
becomes optimal in an aging society. Because the formal proof of this conjecture requires the construction
of a general-equilibrium model, it is deferred to a companion paper.

5.3a Corollary 3.1: Response of the Optimal Demurrage Rate to Medical Progress

Corollary 3.1 (Response to Medical Progress). From Equation (8) of Conjecture 3, 𝜇∗ is the weighted
average of 𝛿(𝑎). When medical progress lowers 𝛿(𝑎) uniformly by Δ𝛿 across all ages,

𝛿(𝑎) → 𝛿(𝑎) − Δ𝛿 ∀𝑎 (Δ𝛿 > 0),

𝜇∗ responds as follows:

Δ𝜇∗ ≈ −Δ𝛿 < 0,

that is,

𝜕𝜇∗

𝜕𝛿 > 0 ⋯ (8𝑎)

When medical progress lowers 𝛿(𝑎), the optimal demurrage rate 𝜇 also falls. Conversely, when population
aging raises 𝛿 as a weighted average (Conjecture 3), 𝜇 rises. The long-run trajectory of 𝜇∗ is determined as
the composition of these two opposing forces.

Economic interpretation. Equation (8a) implies that the optimal currency design should respond
dynamically to both medical progress and demographic change. When the depreciation rate of health capital
𝛿(𝑎) falls exogenously (development of new drugs, advances in preventive medicine, advances in regenerative
medicine, etc.), 𝜇 should be lowered accordingly. On the other hand, population aging shifts the mass of 𝑛(𝑎)
to the high-𝛿(𝑎) region and raises 𝜇. In many advanced economies, these two effects proceed simultaneously,
and the optimal trajectory of 𝜇 is determined endogenously as their composition. This dynamic adjustability
is one of the institutional-design advantages of demurrage currency over conventional schemes in which
changes in tax rates or insurance premium rates require political consensus.

5.4 Proposition 4: Sector-Specific Optimal Demurrage Rates

Proposition 4 (Sector-Specific Optimal Demurrage Rates). Suppose the economy consists of 𝐽 types of
sectors and that the basic capital of each sector 𝑗 ∈ {1, … , 𝐽} depreciates at rate 𝛿𝑗. Applying the matching
condition of Proposition 1 to all sectors requires:

𝜇 = 𝛿𝑗 ∀𝑗 ∈ {1, … , 𝐽}.
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When ∃ 𝑗, 𝑘 ∶ 𝛿𝑗 ≠ 𝛿𝑘, satisfying this simultaneously with a single 𝜇 is impossible. If independent demurrage
rates are set per sector, the first-best condition is:

𝜇∗
𝑗 = 𝛿𝑗 ∀𝑗 ∈ {1, … , 𝐽} ⋯ (FB).

The second-best condition under the constraint of a single demurrage rate is:

𝜇∗∗ = arg max
𝜇

∑
𝑗

𝜔𝑗 ⋅ 𝑊𝑗(𝜇),

where 𝜔𝑗 is the expenditure weight of sector 𝑗 and 𝑊𝑗(𝜇) is the welfare function of sector 𝑗. 𝜇∗∗ is the
multi-sector extension of the weighted average in Conjecture 3.

Economic interpretation. Health capital (𝛿 ≈ 3‒7%), education capital (𝛿 ≈ 5‒10%), and physical
capital (𝛿 ≈ 5‒15%) have different depreciation rates. A single demurrage rate 𝜇 becomes 𝜇 > 𝛿𝑗 in some
sectors (inducing overconsumption) and 𝜇 < 𝛿𝑘 in others (inducing under-consumption); efficient allocation
cannot be achieved simultaneously across all sectors. The first-best condition (FB) is to set a demurrage
rate matched to the depreciation rate of the basic capital of each sector. In the policy context, this result
provides a theoretical rationale for purpose-specific currencies. The institutional design of this paper adopts
the second-best 𝜇∗∗ via a single demurrage currency, matching the demurrage rate to the 𝛿 of health capital
(𝜇 ≈ 𝛿health). This single demurrage currency is settleable at all businesses except those on the negative list
(real estate, etc.), so it circulates through nearly all industries via economic circulation, while the demurrage
rate is anchored to the health-capital depreciation rate̶the design philosophy is that user-cost coherence
in Proposition 1 is achieved in the healthcare sector while distortions in other sectors are substantively
constrained by the limited distortion of low-elasticity goods (Proposition 10). The complete welfare analysis
of the second-best 𝜇∗∗, and applications in multi-sector dynamic-equilibrium models that incorporate sector-
specific 𝜇∗

𝑗, are deferred to a companion paper.

5.5 Theorem 5: Steady-State Currency Balance

Theorem 5 (Steady-State Currency Balance). Suppose demurrage currency is issued at a constant rate
𝐹 > 0 each period and the balance depreciates at rate 𝜇 ∈ (0, 1] each period. Then the steady-state balance
of demurrage currency exists uniquely and is given by

𝑀∗ = 𝐹
𝜇 ⋯ (9)

(for the case 𝜇 = 0, see the limiting interpretation at the end of §5.5 and the comparison with government
bonds in §5.6.1).

Note on the time domain. This theorem is the computation of the fixed point of a discrete-time model,
and for economic reasons we assume 𝜇 ∈ (0, 1] in this paper. The corresponding continuous-time formulation
is 𝑑𝑀/𝑑𝑡 = 𝐹 − 𝜇𝑀 , which yields the same steady-state balance 𝑀∗ = 𝐹/𝜇. The continuous-time form
admits the value range 𝜇 ∈ (0, ∞) (e.g., the 𝑒−𝜇(𝑡−𝑡0) expression in Conjecture 14, Equation (C16)). This
paper uses both expressions according to context, but numerical-calibration sections (individual monthly 2
%, corporate annual 3 %, etc.) are based on the discrete-time expression.

Proof. The law of motion of the demurrage-currency balance is:
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𝑀(𝑡 + 1) = (1 − 𝜇) ⋅ 𝑀(𝑡) + 𝐹 ⋯ (10)

In the steady state, 𝑀(𝑡 + 1) = 𝑀(𝑡) = 𝑀∗, so

𝑀∗ = (1 − 𝜇) ⋅ 𝑀∗ + 𝐹

𝜇 ⋅ 𝑀∗ = 𝐹

𝑀∗ = 𝐹/𝜇. □

The steady-state balance is inversely proportional to the demurrage rate. The higher 𝜇 is, the faster the
depreciation of the currency balance, and the smaller the steady-state balance required to absorb the same
flow of new issuance 𝐹 . Conversely, the lower 𝜇 is, the slower the depreciation, and the larger the equilibrium
balance. In the limit, as 𝜇 → 0, 𝑀∗ → ∞: a usual currency without demurrage accumulates without bound
when continuously issued. This is precisely the dynamics of public expenditure financed by debt.

5.6 Corollary 5.1: Self-Redeeming Fiscal Mechanism

Corollary 5.1 (Self-Redeeming Fiscal Mechanism). Demurrage currency constitutes a self-redeeming fiscal
mechanism. In contrast to government bonds, which accumulate as debt until redemption, demurrage cur-
rency automatically reduces its balance through depreciation and converges to a finite steady state 𝑀∗ = 𝐹/𝜇.
By self-redemption in this paper, we mean that the demurrage-currency balance converges to 𝑀∗ = 𝐹/𝜇 and
that the demurrage flow 𝜇𝑀∗ coincides in accounting terms with the new-issuance flow 𝐹 (a self-depreciation
property without explicit maturity redemption). The real burden incidence of the implicit taxation through
demurrage (whether Ricardian equivalence holds or fails, transmission through price and income effects, and
ultimate intergenerational real incidence) is beyond the partial-equilibrium framework of this paper and
requires a separate general-equilibrium fiscal analysis. Furthermore, when 𝜇 = 𝛿, the self-redemption of
currency corresponds structurally to the depreciation of health capital.

5.6.1 Comparison with Government Bonds To clarify the contrast with government-bond financing,
consider the case in which the government finances per-period medical expenditure 𝐹 with bonds at interest
rate 𝑟. The cumulative debt after 𝑛 periods of continuous issuance is (abstracting from redemption):

𝐷(𝑛) =
𝑛

∑
𝑡=1

𝐹 ⋅ (1 + 𝑟)𝑛−𝑡 ≈ 𝐹 ⋅ (1 + 𝑟)𝑛 − 1
𝑟 ⋯ (11)

This expression diverges as 𝑛 → ∞. The government must either redeem maturing bonds (requiring
additional revenue) or roll them over (perpetuating the debt stock). Under demurrage-currency financing, the
nominal balance converges to 𝑀∗ = 𝐹/𝜇 regardless of the time horizon. Because the currency autonomously
shrinks through demurrage, no explicit maturity redemption is required. The upper bound on the nominal
balance is determined by 𝑀∗, which depends only on the policy parameters 𝐹 and 𝜇. However, the comparison
of real burden incidence and welfare effects between the two financing schemes (whether Ricardian equivalence
holds or fails, deadweight loss, alternative revenue sources, etc.) is beyond the partial-equilibrium framework
of this paper and is deferred to the dynamic general-equilibrium analysis of a companion paper.
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5.6.2 Stock Correspondence with Health Capital under 𝜇 = 𝛿 The self-depreciation property de-
scribed above holds for any positive value of 𝜇. However, when 𝜇 = 𝛿(𝑎), the structure of self-depreciation
goes beyond a mere accounting property and corresponds structurally to the depreciation process of health
capital. We show this below.

Derivation of replacement investment (representative individual, replacement-investment
model). The expressions below are steady-state relations of a representative individual that, in a Grossman-
type theoretical model, capture medical expenditure as the cost of replacement investment in health capital;
they do not directly represent the entirety of actual national medical expenditure (acute treatment, end-of-life
care, chronic-disease management, administrative costs, insurance-system operating costs, healthcare-access
maintenance costs, and purely consumption-type medical services). In Grossman’s accumulation equation
(1), the steady-state investment 𝐼∗ that maintains health capital at a constant level 𝐻 is:

𝐻∗ = 𝐻∗ − 𝛿 ⋅ 𝐻∗ + 𝐼∗ ∴ 𝐼∗ = 𝛿 ⋅ 𝐻∗ ⋯ (11𝑓)

Representative-individual expression of medical expenditure. The cost of the replacement invest-
ment above is the per-period medical expenditure 𝐹 :

𝐹 = 𝑝𝐼 ⋅ 𝐼∗ = 𝑝𝐼 ⋅ 𝛿 ⋅ 𝐻∗ ⋯ (11𝑔)

Age-dependent aggregate expression (for reference). In an aggregate economy with age distribution
𝑛(𝑎), medical expenditure is expressed as:

𝐹 = ∫ 𝑛(𝑎) ⋅ 𝑝𝐼(𝑎) ⋅ 𝛿(𝑎) ⋅ 𝐻(𝑎) 𝑑𝑎 ⋯ (11𝑔′)

and the corresponding aggregate matching condition is based on the weighted average ̄𝛿𝐻 , not on a single
𝛿:

̄𝛿𝐻 = ∫ 𝑛(𝑎) ⋅ 𝑝𝐼(𝑎) ⋅ 𝛿(𝑎) ⋅ 𝐻(𝑎) 𝑑𝑎
∫ 𝑛(𝑎) ⋅ 𝑝𝐼(𝑎) ⋅ 𝐻(𝑎) 𝑑𝑎 ⋯ (11𝑔″)

In this case the correspondence with the steady-state balance is 𝑀∗ = ∫ 𝑛(𝑎) ⋅ 𝑝𝐼(𝑎) ⋅ 𝐻(𝑎) 𝑑𝑎 (provided
𝜇 = ̄𝛿𝐻 , and within the range over which Equation (11g’) holds̶a theoretical relation).

Incidence on the steady-state balance (representative-individual expression). Substituting (11g)
and 𝜇 = 𝛿 into 𝑀∗ = 𝐹/𝜇 of Theorem 5:

𝑀∗ = 𝑝𝐼 ⋅ 𝛿 ⋅ 𝐻∗

𝛿 = 𝑝𝐼 ⋅ 𝐻∗ ⋯ (11ℎ)

That is, in the representative-individual model, when 𝜇 = 𝛿 the steady-state balance of demurrage currency
corresponds to the replacement cost of health capital.

Triple coincidence of flows. Comparing the per-period currency-extinction amount with medical ex-
penditure:

𝜇 ⋅ 𝑀∗ = 𝐹 = 𝑝𝐼 ⋅ 𝛿 ⋅ 𝐻∗ ⋯ (11𝑗)
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the three coincide completely. The amount of currency extinguished each period equals the per-period
medical expenditure, which equals the cost of replacing per-period health depreciation (an identity in nominal
flows under the representative-individual setting).

Stability of the stock ratio. Define the ratio of the currency balance to health capital as 𝑅𝐻(𝑡) ≡
𝑀(𝑡)/(𝑝𝐼 ⋅ 𝐻(𝑡)) (we write 𝑅𝐻 to avoid symbol collision). Under 𝜇 = 𝛿 and 𝐼(𝑡) = 𝛿 ⋅ 𝐻(𝑡) (the maintenance
investment of the steady state), 𝑅𝐻 = 1 is a fixed point. Once 𝑀 = 𝑝𝐼 ⋅𝐻 is reached, this ratio is permanently
maintained under 𝜇 = 𝛿. …(11k)

5.6.3 Inconsistency under 𝜇 ≠ 𝛿 When 𝜇 ≠ 𝛿, the flow equilibrium 𝜇 ⋅ 𝑀∗ = 𝐹 itself holds identically
by Theorem 5, but the stock-level correspondence 𝑀∗ = 𝑝𝐼 ⋅ 𝐻∗ collapses. In general:

𝑀∗ = 𝑝𝐼 ⋅ 𝛿
𝜇 ⋅ 𝐻∗ ⋯ (11𝑙)

Therefore:

• When 𝜇 < 𝛿: 𝑀∗ = 𝑝𝐼𝐻∗ ⋅ (𝛿/𝜇) > 𝑝𝐼𝐻∗ → the currency-balance stock exceeds the value of health
capital (currency is relatively over-accumulated).

• When 𝜇 > 𝛿: 𝑀∗ = 𝑝𝐼𝐻∗ ⋅ (𝛿/𝜇) < 𝑝𝐼𝐻∗ → the currency-balance stock falls short of the value of health
capital (currency is relatively scarce).

When and only when 𝜇 = 𝛿, 𝑀∗ = 𝑝𝐼 ⋅ 𝐻∗ holds. That is, the flow equilibrium 𝜇𝑀∗ = 𝐹 is maintained
regardless of the value of 𝜇, but the stock ratio 𝑅∗

𝐻 = 𝑀∗/(𝑝𝐼𝐻∗) = 𝛿/𝜇 equals 1 only when 𝜇 = 𝛿.

Economic interpretation. Equations (11h)‒(11l) provide a structural foundation for the self-redemption
of Corollary 5.1. The currency balance remains finite not merely as a consequence of a mathematical steady-
state condition but because the demurrage of currency (𝜇) is synchronised with the medical expenditure that
arises from the depreciation of health capital (𝛿). Precisely when health capital depreciates and additional
medical expenditure becomes necessary, the corresponding currency depreciates, balancing both stocks and
flows. This result expresses most directly the fiscal implication of the 𝛿-𝜇 matching principle. The setting
𝜇 = 𝛿 supports simultaneously the user-cost coherence of Proposition 1 (coherence at the level of the local
arbitrage condition for health investment) and the self-redemption of Corollary 5.1 (non-divergence of the
nominal balance and the accounting correspondence between the demurrage flow and the new-issuance flow),
under a single condition. This dual structural coherence constitutes the theoretical core of the 𝛿-𝜇 matching
principle. The real incidence of intergenerational burden and the dynamic welfare comparison of the transfer
process, however, require a separate general-equilibrium fiscal analysis and are deferred to a companion paper.

5.6a Corollary 5.2: Speed of Convergence to the Steady State

Corollary 5.2 (Speed of Convergence). The general solution of the law of motion (10) of Theorem 5 is:

𝑀(𝑡) = 𝑀∗ + (𝑀(0) − 𝑀∗) ⋅ (1 − 𝜇)𝑡 ⋯ (11𝑎)

The half-life |𝑀(0) − 𝑀∗| over which the initial deviation halves is:

𝑡1/2 = ln 2
| ln(1 − 𝜇)| ≈ 0.693

𝜇 ⋯ (11𝑐)
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Proof. Substituting iteratively into the law of motion (10): 𝑀(𝑡) = (1 − 𝜇)𝑡 ⋅ 𝑀(0) + 𝑀∗ ⋅ {1 − (1 − 𝜇)𝑡} =
𝑀∗ + (𝑀(0) − 𝑀∗) ⋅ (1 − 𝜇)𝑡. □

Economic interpretation. Equation (11c) indicates how long it takes after the introduction of the
system for the economy to approach the steady state. For example, when 𝜇 = 0.02 (monthly 2 %), 𝑡1/2 ≈ 35
periods (about three years on a monthly basis), over which the initial deviation halves. For corporate-oriented
demurrage currency at 𝜇 = 0.03 (annually 3 %), 𝑡1/2 ≈ 23 years. This result provides policymakers with a
temporal perspective on when the effects of the system will manifest.

5.6b Corollary 5.3: Extinction after Issuance Is Halted

Corollary 5.3 (Extinction after Issuance Is Halted). Suppose new issuance of demurrage currency is halted
at time 𝑡0 (𝐹 = 0). The balance from 𝑡0 onward is:

𝑀(𝑡) = 𝑀(𝑡0) ⋅ (1 − 𝜇)𝑡−𝑡0 (𝑡 ≥ 𝑡0) ⋯ (11𝑑)

The period until the balance shrinks to 1 % or less of 𝑀(𝑡0) is:

𝑡99 = ln 100
| ln(1 − 𝜇)| ≈ 4.605

𝜇 ⋯ (11𝑒)

Proof. For 𝑡 ≥ 𝑡0, setting 𝐹 = 0 in the law of motion (10) gives 𝑀(𝑡 + 1) = (1 − 𝜇) ⋅ 𝑀(𝑡). Since this is a
geometric sequence with common ratio (1 − 𝜇), 𝑀(𝑡) = 𝑀(𝑡0) ⋅ (1 − 𝜇)𝑡−𝑡0 . □

Economic interpretation. Corollary 5.3 confirms mathematically the reversibility of demurrage currency
̶the property that the balance extinguishes naturally if the system is terminated by a policy decision.
In contrast to government bonds, where issued bonds remain until maturity even after issuance is halted,
demurrage currency extinguishes autonomously after issuance ceases. This reversibility substantially reduces
the risk of policy adoption of demurrage currency. Even if the system were to fail to function as intended,
halting issuance would naturally extinguish the balance, leaving no permanent fiscal burden. The dynamically
rigorous analysis of Corollary 5.2 and Corollary 5.3, together with the numerical-simulation analysis of fiscal
sustainability incorporating demurrage currency, will be developed in an integrated form in the companion
paper on fiscal simulations.

5.7 Proposition 6: Intergenerational Transfer Structure

Proposition 6 (Intergenerational Transfer Structure). Suppose an individual of age 𝑎 holds 𝑚(𝑎) units of
demurrage currency. The implicit transfer 𝜏(𝑎) per period through demurrage is:

𝜏(𝑎) = 𝜇 ⋅ 𝑚(𝑎) ⋯ (13)

Let 𝑏(𝑎) denote the monetary value of medical-expenditure benefits (the monetised value of medical benefits)
received by an individual of age 𝑎 in the same period. The net transfer is:

𝑁𝑇 (𝑎) = 𝑏(𝑎) − 𝜏(𝑎) = 𝑏(𝑎) − 𝜇 ⋅ 𝑚(𝑎) ⋯ (14)

When 𝛿(𝑎) is increasing in age, 𝑏(𝑎) also tends to be increasing in age. On the other hand, 𝑚(𝑎) tends to
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peak in middle age under typical lifecycle income‒consumption profiles. Under typical lifecycle profiles:

• 𝑁𝑇 (𝑎) < 0 (young and middle-aged: tend to be net contributors)
• 𝑁𝑇 (𝑎) > 0 (elderly: tend to be net beneficiaries)

The economy-wide accounting identity in nominal flows is:

∫
∞

0
𝑛(𝑎) ⋅ 𝜏(𝑎) 𝑑𝑎 = 𝐹 = ∫

∞

0
𝑛(𝑎) ⋅ 𝑏(𝑎) 𝑑𝑎 ⋯ (15)

Economic interpretation. Equations (13)‒(14) show that demurrage currency, by extinguishing 𝜇%
of holders’balances each period, functions as an implicit taxation. The amount extinguished economy-wide
equals 𝜇 ⋅ 𝑀∗, which by Theorem 5 equals 𝜇 ⋅ (𝐹/𝜇) = 𝐹 , so it coincides with medical expenditure 𝐹 at the
level of nominal flows. This is structurally analogous to pay-as-you-go social security, but with an important
difference: pay-as-you-go schemes require explicit tax-rate setting and political consensus, whereas in demur-
rage currency the accounting transfer arises automatically as natural depreciation of currency holdings. The
age-specific holdings 𝑚(𝑎) > 0 presupposed by this proposition are a consequence of the economic circulation
discussed in §1.4 (medical providers → wages of healthcare workers → consumption across all industries →
wages of employees in each industry), through which nearly all households hold a certain demurrage-currency
balance. That is, the asymmetry between net contribution in young and middle age and net benefit in old
age appears not as the intertemporal allocation problem of recipients of medical benefits alone, but as that of
all households that hold demurrage currency through economic circulation. However, the ultimate incidence
of the real burden (whether Ricardian equivalence holds or fails, transmission through price adjustment and
income effects) is beyond the partial-equilibrium framework of this paper and requires a separate general-
equilibrium analysis. To the best of the author’s knowledge within the major proximate literature surveyed,
no analogous result has been identified; this proposition therefore exhibits novelty. The extension of Proposi-
tion 6 to overlapping-generations (OLG) models, the endogenisation of the cohort-specific 𝑚(𝑎) profile, and a
complete dynamic welfare analysis including the incidence of real burden are deferred to a companion paper.

5.8 Proposition 7: Partial-Equilibrium Price-Level Approximation (Quantity-Theoretic Heuris-
tic)

Proposition 7 (Partial-Equilibrium Price-Level Approximation). Under the assumptions below, with the
economy-wide conventional-currency supply denoted 𝑀̄ and the steady-state demurrage-currency balance
denoted 𝑀∗ = 𝐹/𝜇, the impact Δ𝑃 of the introduction of demurrage currency on the general price level 𝑃
is given by the quantity-theoretic approximation in Equation (16).

Premised assumptions (explicit). This proposition is a partial-equilibrium approximation under the
following strong assumptions, based on Fisher-type quantity-equation heuristics:

(P-1) Real output 𝑌 is constant before and after the introduction of demurrage currency. (P-2) The
velocity of conventional currency 𝑣 and the velocity of demurrage currency 𝑣𝑑 are exogenously fixed. (P-
3) Substitution effects between conventional currency and demurrage currency are small, and relative-price
effects are negligible. (P-4) Financial-asset substitution (portfolio shifts to bonds, equities) and the dynamic
path of expectation formation are ignored. (P-5) The fiscal-reaction function of the government (the use of
demurrage revenue) is outside the scope of this proposition.

Under these strong assumptions:
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Δ𝑃
𝑃 ≈ 𝑣𝑑 ⋅ 𝑀∗

𝑣 ⋅ 𝑀̄ ⋯ (16)

where 𝑣 is the velocity of conventional currency and 𝑣𝑑 is the velocity of demurrage currency (𝑣𝑑 > 𝑣).
When 𝑀∗/𝑀̄ → 0, Δ𝑃/𝑃 → 0 (a second-order effect).

Economic interpretation. One of the principal concerns about the introduction of demurrage currency
is whether the additional money supply will cause inflation. Equation (16) shows that, under the quantity-
theoretic approximation with assumptions (P-1)‒(P-5), the inflationary effect is proportional to the relative
size of demurrage currency 𝑀∗/𝑀̄ . By Theorem 5, 𝑀∗ is bounded (𝐹/𝜇), so as long as 𝐹 is small relative
to the economy-wide money supply 𝑀̄ , the inflationary effect remains limited under the quantity-theoretic
approximation. This proposition is a heuristic that relies on a quantity-theoretic approximation; rigorous
price-level dynamics that incorporate price stickiness, relative-price effects, and the dynamics of expectation
formation in New Keynesian (NK) models are beyond the scope of this proposition and are deferred to a
companion paper. Equation (16) is used as the working-hypothesis basis for the property “the direct effect
on the price level is limited”in other propositions of this paper (especially Proposition 11 and Proposition
11b).

5.8a Proposition 8: Arbitrage Condition in the Dual-Currency Regime

Proposition 8 (Arbitrage Condition in the Dual-Currency Regime). Suppose demurrage currency (with
demurrage rate 𝜇) and conventional currency (𝜇 = 0, interest rate 𝑟) coexist and that a free exchange
market exists between them. Assuming the absence of arbitrage opportunities, the conventional-currency-
denominated hold-to-use theoretical price 𝑃(𝑠) of one unit of demurrage currency held over a holding horizon
𝑠 is:

𝑃(𝑠) = (1 − 𝜇
1 + 𝑟 )

𝑠
⋯ (18)

In the special case 𝑟 = 0, this reduces to 𝑃(𝑠) = (1 − 𝜇)𝑠. The price immediately after new issuance
(𝑠 = 𝑠max) is 𝑃(𝑠max) = ((1 − 𝜇)/(1 + 𝑟))𝑠max . The price immediately before extinction (𝑠 → 0) approaches
𝑃(𝑠) → 1. This structure is isomorphic to the pricing of a zero-coupon bond, but differs in that, while a
zero-coupon bond repays its face value at maturity, demurrage currency has its held quantity decay at rate 𝜇
each period. Note that under the numerical examples of this paper (𝜇 ≈ 0.02‒0.03, 𝑟 ≈ 0‒0.005), the factor
(1 + 𝑟)𝑠 is in the neighbourhood of unity, so in some places below we use the simplified form with 𝑟 = 0.

Economic interpretation. This is a hold-to-use valuation over a holding horizon 𝑠, not a claim that
the demurrage currency is a zero-coupon bond with redemption at face value. The relationship between
this hold-to-use price and the no-arbitrage market rate (under the minimum-guarantee and immediate-use
mechanisms) is established in Proposition 8b (§5.8b). Equation (18) shows that an inherent exchange rate
exists between demurrage currency and conventional currency. Demurrage currency immediately after new
issuance is traded at a price discounted from face value, and as it nears extinction it converges to face value.
This price structure provides the theoretical pricing basis for financial institutions, acting as market makers,
to purchase demurrage currency near maturity.
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5.8b Proposition 8b: Conditional Lower Bound of the Market Rate

Proposition 8 gave a theoretical valuation formula for a single vintage of demurrage currency that incorporates
the demurrage structure without assuming maturity redemption (the general form 𝑃(𝑠) = ((1−𝜇)/(1+𝑟))𝑠).
This is the expression of the present value in self-evaluation under holding for 𝑠 periods, and does not in itself
give a no-arbitrage lower bound on the market rate of demurrage currency, which carries no claim to repayment
of face value at maturity. In this section, we explicitly derive a conditional lower bound of the market rate by
an arbitrage argument from the institutional design̶the minimum guarantee, the obligation to accept face
value at settlement, and the exchange fee into conventional currency. This corresponds to the quantitative
substantiation of the “four conditions for demurrage currency to have value”discussed qualitatively in §3.4, and
formally justifies the functioning of the exchange market presupposed by the conditional welfare comparison
of Proposition 11.

Institutional premises. The validity of Proposition 8b assumes the following institutional elements.
These are treated as exogenous parameters of the theoretical framework of this study:

(a) Obligation to accept face value at settlement: businesses are obliged to receive one unit of demurrage
currency at settlement as the same settlement value as one unit of conventional currency (prohibition
of refusal to accept and prohibition of discounting on grounds of remaining maturity).

(b) Minimum guarantee scheme: for demurrage currency with remaining maturity 𝑠 ≥ 𝑠0, holders have
the right to redeem through institutional channels at a conventional-currency net value 𝐺(𝑠) (any fee
is processed within the guarantee scheme or is already incorporated in the guarantee amount; that is,
𝜙𝑔 = 0). Under the design example assumed in this paper (corporate-oriented demurrage currency),
𝐺(𝑠) = 0.97 and 𝑠0 = 13 months.

(c) Exchange fee into conventional currency: at market exchange a fee rate 𝜙𝑚 is charged, and at redemption
through the minimum guarantee scheme a fee rate 𝜙𝑔 is charged. The two may be the same or different.
Under the design example assumed in this paper (corporate-oriented demurrage currency), the market
path uses 𝜙𝑚 = 0.01 (financial institutions 𝜙𝑚 = 0.001), and the guarantee path is fee-exempt 𝜙𝑔 = 0
(the guarantee amount is defined on a net-receipt basis).

(d) Feasibility of the guarantee commitment: the minimum guarantee scheme functions as a credible com-
mitment within the range over which the reserve assets, liquidity-supply capacity, and processing ca-
pacity necessary for institutional redemption are sufficiently secured. The market-rate lower bound of
this proposition is a conditional lower bound that holds within the range over which this feasibility
condition is satisfied.

Proposition 8b (Conditional Lower Bound of the Market Rate). Under institutional premises (a)‒(d)
above, the conventional-currency-denominated market rate 𝑉 (𝑠) of one unit of demurrage currency with
remaining maturity 𝑠 satisfies the following bounds:

𝑉 (𝑠) ≤ 𝑉 (𝑠) ≤ 1 ⋯ (18𝑏)

where the lower bound 𝑉 (𝑠) is:
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𝑉 (𝑠) =
⎧{
⎨{⎩

𝐺(𝑠) ⋅ (1 − 𝜙𝑔)
1 − 𝜙𝑚

(𝑠 ≥ 𝑠0)

1 − 𝜙𝑚 (𝑠 < 𝑠0)
⋯ (18𝑐)

The short-side (𝑠 < 𝑠0) lower bound 1−𝜙𝑚 is derived from the immediate-use value based on the obligation
to accept face value in premise (a): even for demurrage currency with remaining maturity 𝑠 < 𝑠0 for which the
minimum guarantee path is unavailable, the currency is usable as one unit of face value at settlement, so the
market rate 𝑉 (𝑠) does not fall below 1−𝜙𝑚, the amount net of the settlement-time fee 𝜙𝑚. If 𝑉 (𝑠) < 1−𝜙𝑚,
then a buyer obtains a pure arbitrage opportunity by purchasing cheaply in the market and immediately
settling (net receipt 1 − 𝜙𝑚 > 𝑉 (𝑠)), so buy orders flood in and the market rate is pushed up to at least
1 − 𝜙𝑚. Under the design example (𝜙𝑚 = 0.01), the short-side lower bound is 0.99.

Under the design example (𝜙𝑔 = 0, 𝜙𝑚 = 0.01, 𝐺(𝑠) = 0.97), the long-side (𝑠 ≥ 𝑠0) lower bound is
𝑉 (𝑠) = 𝐺(𝑠)/(1 − 𝜙𝑚) = 0.97/0.99 ≈ 0.9798. In this case the net receipt of a business that sells through the
market path is 𝑉 (𝑠) ⋅ (1 − 𝜙𝑚) = 𝐺(𝑠) = 0.97, which coincides with the net receipt of the guarantee path
𝐺(𝑠) = 0.97 (the indifference condition between paths).

Note that the short-side lower bound 1 − 𝜙𝑚 in (18c) is the most conservative lower bound, depending
only on the obligation to accept face value (settleability) in premise (a). In the actual scheme, additional
outside options̶a conversion right (a mechanism that converts demurrage currency with 14 days or fewer
remaining into a fresh-maturity unit at a 1 % haircut), a market-maker scheme, and the inventory holdings of
institutional investors̶can provide a higher effective lower bound. The full formulation of the lower-bound
structure that includes these is deferred to a companion paper.

Proof (arbitrage argument).

Upper-bound side (𝑉 (𝑠) ≤ 1). We argue from the maximum willingness to pay on the buyer side. A buyer
who acquires one unit of demurrage currency in the market can, by the obligation to accept face value in
premise (a), immediately apply it to settlement to obtain goods or services worth one unit of conventional
currency. Therefore, the maximum willingness to pay of a rational buyer whose objective is immediate
consumption does not exceed one unit. If a market price 𝑉 (𝑠) > 1 were to be established, the net gain after
immediate use would be 1 − 𝑉 (𝑠) < 0, and all potential buyers would exit the market. On the other hand,
holding for purposes other than immediate consumption (the natural passage of remaining maturity or resale)
does not generate value through demurrage (as the valuation formula of Proposition 8 shows, the larger 𝑠 is,
the lower the present value). Hence 𝑉 (𝑠) > 1 is not maintained in equilibrium, and 𝑉 (𝑠) ≤ 1.

Lower-bound side (when 𝑠 ≥ 𝑠0, 𝑉 (𝑠) ≥ 𝐺(𝑠)(1 − 𝜙𝑔)/(1 − 𝜙𝑚)). A holder of demurrage currency with
remaining maturity 𝑠 ≥ 𝑠0 has the following two options for acquiring conventional currency:

• Path 𝛼: sell directly in the market and obtain 𝑉 (𝑠) ⋅ (1 − 𝜙𝑚) as net receipt.
• Path 𝛽: redeem through the minimum guarantee scheme and obtain 𝐺(𝑠) ⋅ (1 − 𝜙𝑔) as net receipt.

A rational holder chooses the larger net receipt, that is, max{𝑉 (𝑠)(1 − 𝜙𝑚), 𝐺(𝑠)(1 − 𝜙𝑔)}. At market
rates with 𝑉 (𝑠)(1 − 𝜙𝑚) < 𝐺(𝑠)(1 − 𝜙𝑔), all potential sellers shift to path 𝛽. As a result, market sell quotes
form only at levels at or above where the net receipts of the two paths balance. In the limit abstracting from
transaction and waiting costs, 𝑉 (𝑠)(1−𝜙𝑚) ≥ 𝐺(𝑠)(1−𝜙𝑔), that is, 𝑉 (𝑠) ≥ 𝐺(𝑠)(1−𝜙𝑔)/(1−𝜙𝑚), functions
as the lower bound.

Combining the upper and lower bounds yields Equations (18b)‒(18c). □
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Economic interpretation.

First, support of the lower bound through institutional outside options. Under usual floating-exchange-
rate regimes, scenarios in which the market rate of a currency collapses to a neighbourhood of zero without
central-bank intervention (speculative attacks, cascading loss of credibility) exist theoretically. By contrast,
the market rate of demurrage currency in the dual-currency regime, by virtue of the sellers’outside option
of the minimum guarantee scheme, has a conditional lower bound endogenised at the level of institutional
design as an arbitrage condition. What is essential here is that this is implemented not as a monetary-policy
commitment such as an exchange-rate peg, but as an arbitrage opportunity at the microstructure level faced
by individual transacting agents.

Second, relative independence from monetary policy. The lower bound of Proposition 8b is derived not from
continuous market intervention or interest-rate defence as in an exchange-rate peg, but from the minimum
guarantee scheme as an outside option granted to individual holders. However, the reserve assets, liquidity-
supply capacity, and processing capacity needed to operate the minimum guarantee scheme as a credible
commitment are necessary as institutional premise (d). Therefore, the dual-currency regime is relatively
independent of the monetary policy of conventional currency, but this independence is conditional on the
feasibility of premise (d). This property provides one condition under which the conditional welfare superiority
of the dual-currency regime in Proposition 11 becomes sustainable in actual institutional operation.

Third, suppression of collapse scenarios (under credibility of the guarantee commitment). A “self-fulfilling
collapse to zero value”grounded only in the expectations of market participants can be suppressed by the
lower bound of Proposition 8b, as long as the minimum guarantee scheme is credible and reserve assets and
liquidity-supply capacity are sufficient. That is, within the range over which the credibility of the guarantee
commitment is maintained, 𝑉 (𝑠) remains at or above the lower bound in (18c) regardless of market sentiment.
However, this lower bound is conditional on the fiscal sustainability of the minimum guarantee scheme, and
scenarios in which the credibility of the guarantee commitment itself collapses are outside the scope of this
proposition.

Scope and limits. Proposition 8b shows the conditional lower bound in the steady state and does
not include: (1) the dynamic process of market-rate convergence; (2) the optimal inventory management of
market makers (financial institutions); (3) spillover effects between demurrage currency of different remaining
maturities; (4) interactions between the two markets, the personal-currency market (monthly 2 %, maturity
one year) and the corporate-currency market (annual 3 %, maturity five years); (5) scenarios of temporary
breaches of the lower bound under large-scale sell-offs; (6) the dynamics of the fiscal burden caused by
arbitrage attacks on the minimum guarantee scheme. For the region 𝑠 < 𝑠0, this paper makes explicit the
conservative lower bound 𝑉 (𝑠) = 1 − 𝜙𝑚 derived from the settleability based on the obligation to accept face
value in premise (a), but the conversion right of financial institutions (a mechanism that converts demurrage
currency with 14 days or fewer remaining into a fresh-maturity unit at a 1 % haircut) and the inventory-
holding strategies of market makers can provide a substantively higher lower bound. The full lower-bound
structure incorporating these additional outside options, together with dynamic analysis with transaction-
demand models and market microstructure, is deferred to a companion paper.

5.9 Conjecture 9: Social-Welfare Expression of 𝜇∗

Conjecture 9 (Social-Welfare Expression). Suppose the economy consists of 𝐽 types of sectors and that
the basic capital of each sector 𝑗 has an age-dependent depreciation rate 𝛿𝑗(𝑎). Suppose society has age
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distribution 𝑛(𝑎) and that the expenditure weight of sector 𝑗 at each age is 𝜔𝑗(𝑎). Then the single demurrage
rate that maximises social welfare is approximately:

𝜇∗ ≈ ∫
∞

0
𝑛(𝑎) ⋅

𝐽
∑
𝑗=1

𝜔𝑗(𝑎) ⋅ 𝛿𝑗(𝑎) 𝑑𝑎 ⋯ (17)

As special cases:

(i) 𝛿𝑗(𝑎) = 0 ∀𝑗, 𝑎 ⟹ 𝜇∗ = 0 (Friedman rule)
(ii) 𝐽 = 1 (health sector only) ⟹ 𝜇∗ = ∫ 𝑛(𝑎) ⋅ 𝛿(𝑎) 𝑑𝑎 (a simplified form of Conjecture 3)
(iii) 𝜔health(𝑎) → 1 as 𝑎 → ∞ ⟹ the contribution of the elderly converges to 𝛿health(𝑎).

That is, Friedman’s (1969) 𝜇∗ = 0 can be interpreted as a special case of Equation (17) corresponding
to 𝛿𝑗 = 0 ∀𝑗, and the 𝛿-𝜇 matching principle presents one framework for reinterpreting the position of the
Friedman rule.

5.9a Scope and Limits of Conjecture 9: A Framing Centred on the 𝛿 of Health Capital

Conjecture 9 is generally formulated as a weighted average over multiple sectors, but the principal theoretical
contribution of this paper lies in bridging the unaddressed link between the depreciation rate of health capital
𝛿(𝑎) in the Grossman model and the demurrage rate of currency 𝜇. The depreciation of capital in other sectors
is positioned at the periphery of this central argument.

There are theoretical grounds for this asymmetry. The 𝛿(𝑎) of health capital has fifty years of academic
accumulation since the Grossman model, with structural calibration, structural estimation, and empirical
examination by Halliday et al. (2019), Dalgaard and Strulik (2014), and others. By contrast, no comparable
theoretical tradition exists for “the 𝛿 of food capital”or “the 𝛿 of leisure capital.”In Equation (17) of Conjecture
9, 𝛿𝑗(𝑎) can be defined rigorously only for sectors with an established academic basis for modelling as a stock
̶health capital, education capital (Ben-Porath 1967; Mincer 1974), and physical capital (Jorgenson 1963).
The formulation of 𝛿𝑗 for flow-type consumption goods (food, daily necessities, etc.) is left for future work.

In actual policy design, the first guideline is to set 𝜇 near the weighted average of the 𝛿(𝑎) of health capital
(Conjecture 3). Thereafter, fine-tuning 𝜇 in consideration of distortions in other sectors 𝑗 (the channel-
A effects from matching inconsistency in Proposition 4) constitutes a second-best strategy. However, as
Proposition 10 below shows, for low-elasticity necessity goods this distortion is limited.

5.9b Proposition 10: Limited Distortion of Low-Elasticity Goods

Proposition 10 (Limited Distortion of Low-Elasticity Goods). Under the first-order approximation of the
Hicks‒Slutsky decomposition, let 𝜀𝑗 denote the price elasticity of demand of sector 𝑗. When the demurrage
rate 𝜇 diverges from the depreciation rate of basic capital 𝛿𝑗 of sector 𝑗, the distortion Δ𝐼𝑗 in the consumption
timing of sector 𝑗 from the introduction of 𝜇 is:

|Δ𝐼𝑗| ≈ 𝜀𝑗 ⋅ |𝜇 − 𝛿𝑗| ⋅ 𝐼𝑗 ⋯ (19)

When 𝜀𝑗 → 0, |Δ𝐼𝑗| → 0. That is, for goods with sufficiently low price elasticity of demand, the distortion
in consumption timing is limited regardless of the value of 𝜇.
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Economic interpretation. Equation (19) is the generalisation of Channel A (overconsumption) of Chap-
ter 6. The conditions under which the distortion is large or small are as follows: (1) Necessity flow-type
consumption goods (food, daily necessities, etc.): 𝜀 ≈ 0 → Δ𝐼 ≈ 0. (2) Medical care with discretion in
timing (elective surgeries, health checkups, etc.): in this paper we use the representative calibration value
𝜀 ≈ 0.2, obtained from existing empirical evidence on medical demand in general (Manning et al. 1987; Iizuka
and Shigeoka 2022). This value is not a strict estimate specific to elective surgery or checkups; it is a represen-
tative value used to illustrate the sensitivity of Equation (19). This is precisely the reason Propositions 1 and
2 prescribe 𝜇 ≈ 𝛿health. (3) Durable consumption goods (home appliances, furniture, etc.): 𝜀 can be relatively
high, but under the institutional design in which major durable goods (real estate, etc.) are excluded from the
use of demurrage currency, the practical impact is constrained. The complete proof of this proposition, the
empirical estimation of sector-specific 𝜀𝑗, and the quantitative evaluation of the corresponding sector-specific
distortion Δ𝐼𝑗 are deferred to a companion paper.

5.10 Proposition 11: Conditional Welfare Superiority Hypothesis of the Dual-Currency Regime

Explicit status of the proof. Proposition 11 is presented as a conditional welfare superiority hypothesis
(working hypothesis) under the premised assumptions (Q-1)‒(Q-6) below. In this section we present the logi-
cal structure and its economic interpretation; the construction of a rigorous welfare-comparison theorem in a
complete dynamic general equilibrium̶including the household problem, the firm’s optimisation, the govern-
ment budget, market clearing, the explicit construction of a social welfare function, and the income effects,
distributional dimension, and inter-currency exchange dynamics̶is deferred to a companion paper. The con-
tribution of this study is to organise the conditions under which, within the range that these premises hold
realistically, the dual-currency regime can deliver a welfare improvement over the single-inflation-currency
regime and the single-demurrage-currency regime. This proposition is not a complete welfare-comparison
theorem; its position is closer to a proposition sketch.

Proposition 11 (Conditional Welfare Superiority Hypothesis of the Dual-Currency Regime). Under the
premised assumptions (Q-1)‒(Q-6) below, the social welfare 𝑊dual of the dual-currency regime̶based on
the principle of functional separation in Axiom V, with demurrage currency for consumption (𝜇 = 𝛿) and
conventional currency for accumulation (𝜇 = 0, interest rate 𝑟 > 0)̶can be superior to the welfare of the
following two alternative regimes:

(i) Compared with the welfare 𝑊inflation of a single inflationary currency (𝜋 = 𝛿): 𝑊dual ≥ 𝑊inflation.

(ii) Compared with the welfare 𝑊single of a single demurrage-currency regime applying uniform demurrage
to all assets (𝜇 = 𝛿, applied to all holdings): 𝑊dual ≥ 𝑊single.

That is, within the range over which premises (Q-1)‒(Q-6) are sufficiently satisfied and the indirect effect
on the price level and the fiscal cost of the guarantee scheme are limited, the dual-currency regime can
be welfare-superior to the single inflationary-currency regime and to the uniform-demurrage regime over all
assets.

Premised assumptions (explicit). Proposition 11 holds under the following assumptions. The scope
when these assumptions are relaxed is outside the range of this proposition and requires additional theoretical
and empirical examination:

• (Q-1) Short- to medium-term nominal stickiness: in wages and major nominal contracts, price
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stickiness of the magnitude shown by Mankiw (1985), Calvo (1983), and Nakamura and Steinsson
(2013) is present. In a long-run equilibrium with fully flexible prices, monetary neutrality may render
the income effect zero.

• (Q-2) Institutional implementation of functional separation: the functional separation of Ax-
iom V holds at the institutional-design level (the use-based separation between consumption-purpose
demurrage currency and accumulation-purpose conventional currency is effectively functional).

• (Q-3) Functioning of the exchange market: a functioning exchange market exists between conven-
tional currency and demurrage currency, and the institutional lower bound of Proposition 8b prevents
the market rate from collapsing to zero (under the feasibility condition of premise (d)).

• (Q-4) Existence of a nominal tax system: a nominal tax system that is not fully indexed in
real terms (the progressive structure of the income tax, capital-gains taxes, etc.) is present, and the
Feldstein (1997)-type interaction between inflation and the tax system arises.

• (Q-5) Validity of the quantity-theoretic approximation: within the range over which, under
premises (P-1)‒(P-5) of Proposition 7, the direct effect of demurrage currency on Δ𝑃/𝑃 remains a
second-order effect, and within the range over which the spillover of indirect effects (velocity, the fiscal
cost of the guarantee scheme, etc.) is limited.

• (Q-6) Standard framework of the aggregate welfare function: 𝑊 is defined under a represen-
tative individual or a standard aggregate framework. The rigorous construction of welfare comparisons
in general equilibrium (especially the treatment of the distributional dimension in heterogeneous-agent
models) is deferred to a companion paper.

Under these assumptions, the threshold analysis of Yamada (2026) (when the acceptance rate exceeds a
threshold, side effects emerge in labour participation and human-capital formation) is positioned complemen-
tarily with this proposition: this proposition is a conditional welfare comparison within the range over which
functional separation holds (Axiom V is effective), while Yamada treats the side effects in the parameter
region in which functional separation breaks down (acceptance-rate threshold exceeded). The two claims do
not conflict; they delineate together the upper and lower bounds of the operable region of the dual-currency
regime.

Grounds for condition (i). If the inflation rate 𝜋 = 𝛿 is set, the user cost of holding currency (𝑟 + 𝜋)
and the user cost of health capital (𝑟 + 𝛿) formally coincide. However, under premises (Q-1)‒(Q-4) above,
inflation can give rise to the following additional welfare costs, which either do not arise under the demurrage-
currency regime or are localised to the consumption-purpose currency under the demurrage-currency regime:
(i-a) menu costs and distortions of relative prices; (i-b) Feldstein-type interaction with the nominal tax
system; (i-c) Cantillon effects; (i-d) cost of expectational uncertainty: the inflation rate 𝜋 is a stochastic
variable that is not observable in advance; Ball (1992), within a Barro‒Gordon-type time-consistency model,
theoretically shows the mechanism by which “high inflation raises the uncertainty of inflation expectations”
(the Friedman‒Ball hypothesis); Ball and Cecchetti (1990) decompose inflation into permanent and transitory
shocks and confirm empirically that the positive relationship between the level of inflation and uncertainty
is particularly pronounced over long horizons. By contrast, 𝜇 under Axiom VI is announced by a public
authority before it takes effect, so an equivalent uncertainty cost is unlikely to arise. (i-e) Qualitative
differences in the mechanism acting on the price-level path: under the inflationary regime (𝜋 = 𝛿), the price
level 𝑃𝑡 = 𝑃0 ⋅ 𝑒𝜋𝑡 rises over time, so in an environment with imperfect adjustment of nominal wages 𝑊
(premise (Q-1)), real income 𝑊/𝑃𝑡 falls (a negative income effect). By contrast, under the dual-currency
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regime in which the demurrage rate 𝜇 applies directly to the quantity of individual demurrage-currency units,
the price level 𝑃 is not a direct function of 𝜇 under premise (Q-5), so the direct path of a negative income
effect accompanying a rise in the price level does not exist by construction (the sign of the indirect effect is
generally indeterminate, as discussed in §5.10a). These qualitative differences in the mechanism acting on
the price-level path̶differences in direct effects, dynamic differences between flow and level, and localisation
of distortions through functional separation̶constitute the core of the third contribution (§1.3) of this paper,
and are formalised as Proposition 11b in §5.10a.

Grounds for condition (ii). A single demurrage-currency regime that applies uniform 𝜇 = 𝛿 to all
assets can deepen the problems of Channel B in Chapter 6: (ii-a) long-run accumulation (retirement funds,
education funds, home purchase, etc.) depreciates at rate 𝜇, and capital formation can be structurally
impeded; (ii-b) the Stockman anti-Tobin effect can arise; (ii-c) saving for high-cost medical care becomes
difficult, and a push from planned care to emergency care can occur.

Economic interpretation. Proposition 11 is a hypothesis that can be interpreted as a direct corollary
of the functional-separation principle of Axiom V. The dual-currency regime makes it possible to apply,
independently to each of the two functions of currency̶medium of exchange and store of value̶a design
suited to the temporal property of that function. Under premises (Q-1)‒(Q-6), this functional separation
can yield higher aggregate social welfare than either the inflationary regime or the single demurrage-currency
regime. Note that this proposition presupposes the existence of a functioning exchange market between
demurrage currency and conventional currency, but the functioning of this market (that the market rate does
not collapse to zero and has a conditional lower bound based on institutional design) is supported conditionally
as an arbitrage condition by Proposition 8b (§5.8b), under institutional premises that include the feasibility
of the minimum guarantee scheme. Because the formal construction of a welfare-comparison theorem for
this proposition requires a complete dynamic analysis including a dual-currency general-equilibrium model
and the income effects, distributional dimension, and inter-currency exchange dynamics, it is deferred to a
companion paper (Fujii, in preparation).

5.10a Proposition 11b: Qualitative Differences in the Mechanism Acting on the Price-Level
Path

The “asymmetry of the negative income effect through the price-level path”mentioned in condition (i-e) of
Proposition 11 constitutes the core of this paper’s structural rebuttal to the Keynes (1936, ch. 23) critique of
Gesell̶the argument that inflation can be a substitute for demurrage currency. In this section we formalise
this rebuttal as a proposition on qualitative differences in the mechanism acting on the price-level path under
user-cost equivalence. The scope of this proposition is limited to the qualitative differences in the direct effect
on the price level 𝑃 (the path that follows from the definition and from the institutional design) and to the
structural consequences derived therefrom (dynamic differences between flow and level, and the localisation
of distortions through functional separation). Comparison of substitution effects holding the user-cost level
of holding money fixed is positioned as a formal equivalence under the condition that abstracts from the
endogenous differences in velocity 𝑉 (𝜇, 𝜋) and from portfolio dependence; the sign of the total income effect
requires endogenisation of velocity and is therefore outside the scope of this paper, deferred to a companion
paper (Fujii, in preparation).

Proposition 11b (Qualitative Asymmetry in the Price-Level Channel). Under the premised assump-
tions (P-1)‒(P-5) of Proposition 7, consider two regimes that are formally equivalent at the user-cost
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level of holding money: an inflationary regime (𝜋 = 𝛿) and the demurrage currency under the dual-currency
regime (𝜇 = 𝛿, with demurrage applied directly to the quantity of individual currency units). That is:

(𝑟 + 𝜇)∣demurrage = (𝑟 + 𝜋)∣inflation = 𝑟 + 𝛿 ⋯ (18𝑑)

The two regimes display the following conditional symmetry and structural asymmetry:

(a) Formal equivalence of the substitution effect at the user-cost level (conditional). Insofar as the user-
cost level of holding money is equivalent across the two regimes ((18d)), under the condition that the
substitution effect from money holding to real consumption is driven solely by the user cost as a single
sufficient statistic, the magnitude of the substitution effect in the Slutsky decomposition is formally
equivalent across the two regimes:

𝜕𝐶𝑡
𝜕𝜇 ∣

substitution

(∗)= 𝜕𝐶𝑡
𝜕𝜋 ∣

substitution
⋯ (18𝑒)

Here 𝐶𝑡 is real consumption, the partial derivatives represent the substitution-effect component within the
framework of Hicksian compensated demand, and (∗) denotes the formal equivalence under the condition
above. This equivalence is a claim under assumption: it holds only under the conditions that abstract
from endogenous differences in velocity 𝑉 (𝜇, 𝜋), portfolio dependence, and the structural differences in the
consumption-demand function under functional separation. The complete comparison of substitution effects
including these effects, and the general-equilibrium analysis with endogenisation of 𝑉 (𝜇), are deferred to a
companion paper (Fujii, in preparation).

(b) Qualitative differences in the mechanism acting on the price-level path. The path through which 𝜇
acts on the price level 𝑃𝑡 is fundamentally different between the two regimes. Decomposing the effect
of 𝜇 on 𝑃 into a direct effect (a path that does not pass through changes in the quantity of individual
currency units) and an indirect effect (a money-supply channel via Equation (16) of Proposition 7):

𝜕𝑃
𝜕𝜋 ∣

inflation, direct
> 0 (by the definition of 𝜋)

𝜕𝑃
𝜕𝜇 ∣

direct
= 0 (by the institutional design of 𝜇)

𝜕 log 𝑃 ∗

𝜕𝜇 ∣
indirect

= − 1
𝜇 < 0 (under the quantity-theoretic approximation of Proposition 7)

⋯ (18𝑓)

Here 𝑃 ∗ denotes the steady-state price level 𝑀∗𝑉 /𝑌 .

Here the indirect effect represents the 𝑀∗-shrinkage effect (the path by which a rise in 𝜇 shrinks 𝑀∗

through 𝑀∗ = 𝐹/𝜇 of Theorem 5). Consistently with Proposition 7, the quantity-theoretic approximation of
this proposition treats velocity 𝑉 as exogenously fixed (premise (P-2) of Proposition 7), so the indirect effect
consists only of the 𝑀∗-shrinkage effect and its sign is always negative. The path by which 𝜇 > 0 raises the
user cost of holding money and thereby endogenously raises velocity 𝑉 (the “permanently higher velocity”
intuition of Bossone and Faragallah 2022b discussed as an empirical observation in §7.2.2.4, etc.) requires
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the endogenisation of 𝑉 (𝜇) for formal treatment. This belongs to a general-equilibrium extension beyond the
quantity-theoretic heuristics of Proposition 7 and is deferred to a companion paper (Fujii, in preparation).

The core claim of this proposition is the qualitative difference in direct effects between the two regimes:
under the inflationary regime, 𝜕𝑃/𝜕𝜋 > 0 is unavoidable from the definition of inflation itself (𝜋 = 𝑑𝑃/𝑃𝑑𝑡);
under the demurrage-currency regime, 𝜕𝑃/𝜕𝜇|direct = 0 follows from the institutional design (𝜇 applies to
the rate of change of the quantity of the currency unit 𝑚 and is not directly applied to the rate of change of
𝑃 ).

For the sign of the income-effect component of real consumption, on the inflation side, from the direct
effect 𝜕𝑃 /𝜕𝜋 > 0:

𝜕𝐶𝑡
𝜕𝜋 ∣

income
< 0 (unavoidable from the direct effect 𝜕𝑃/𝜕𝜋 > 0)

By contrast, the income-effect component of real consumption under the demurrage-currency regime acts
on the price-level path only through the indirect effect of (18f), and the sign of the total effect depends on
the endogenisation of 𝑉 (𝜇), the substitution elasticity of consumption, and the treatment of the real-income
path under functional separation; it is model-dependent. Within the framework of this paper, which defers
the endogenisation of 𝑉 (𝜇) to a companion paper (Fujii, in preparation), the total sign of 𝜕𝐶𝑡/𝜕𝜇|income is
not asserted in this proposition. The claim of this proposition is limited to the structural consequences of
the direct effect, including (b-1) the dynamic differences between flow and level and (b-2) the localisation of
distortions through functional separation (described below).

(b-1) Structural difference between flow and level effects. The qualitative difference in direct effects in (b)
generates an even more important contrast in the dynamic consequences of the two regimes. The inflation
rate 𝜋 is defined as a flow variable (𝜋 ≡ 𝑑 log 𝑃/𝑑𝑡), so as long as 𝜋 > 0 is maintained, the price level
grows continuously and permanently in the form 𝑃𝑡 = 𝑃0𝑒𝜋𝑡. Under nominal-wage stickiness, this generates
continuing erosion of the real wage. By contrast, under the demurrage-currency regime, when 𝜇 is constant,
by Theorem 5 the balance converges to the steady-state level 𝑀∗ = 𝐹/𝜇, and if 𝐹 , 𝜇, 𝑉 , and 𝑌 are constant,
𝑃 also reaches a constant steady-state level. A change in 𝜇 generates a one-time level adjustment of 𝑃 to
a new steady-state level, but no continuing increase in the price level after the steady state is reached arises
by construction. The indirect effect −1/𝜇 < 0 is also a one-time level adjustment, fundamentally different in
welfare effect from the continuing erosion of the inflationary regime. This distinction follows directly from
the mathematical structure of Proposition 7 and Theorem 5.

(b-2) Localisation of distortion through functional separation. In the dual-currency regime discussed in
Proposition 11, demurrage applies only to the consumption-purpose currency, and the accumulation-purpose
conventional currency is preserved at 𝜇 = 0 and 𝑟 > 0 (Axiom V). The indirect effect that arises on the
demurrage-currency side (the one-time price-level adjustment accompanying 𝑀∗ shrinkage) is localised to
the goods category in which demurrage currency is spent, and the purchasing power of financial assets and
durable goods held in conventional currency is structurally preserved. By contrast, under a single inflationary
regime, the rise of 𝑃 spreads over all assets and all incomes, eroding the real value of savings, investment,
and durable goods uniformly (with reference to the Stockman (1981) anti-Tobin effect discussed in §4.5).
This localisation of distortion is the core of the structural advantage that the dual-currency regime has over
the single inflationary regime, and it holds independently of the magnitude of the indirect effect.

Corollary. The two regimes can have formally equivalent consumption-reallocation mechanisms in the
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substitution effect of money holding under condition (∗), while their mechanisms acting on the price-level
path differ qualitatively: under the inflationary regime, the direct effect 𝜕𝑃/𝜕𝜋 > 0 is unavoidable from the
definition of inflation, generating continuous and permanent price-level increases as a flow variable; under
the demurrage-currency regime, the direct effect is 𝜕𝑃/𝜕𝜇|direct = 0, only the indirect effect constitutes the
price-level path, and under the quantity-theoretic approximation of Proposition 7 it amounts to a one-time
level adjustment of −1/𝜇 < 0. Furthermore, under the dual-currency regime (Proposition 11), the action
of demurrage is localised to the consumption-purpose currency, and the purchasing power of accumulation-
purpose conventional currency is preserved. The total sign of the income effect requires endogenisation of
𝑉 (𝜇) and is deferred to a companion paper.

Grounds (sketch). (a) follows from the user-cost equivalence in (18d), under the condition that the
magnitude of the rational consumer’s response̶reallocating consumption in response to the opportunity cost
of money holding̶is a function of the user-cost level alone: under this condition, the magnitude of the
response does not depend on the institutional path (inflation or demurrage) by which the user-cost level
is realised. This condition is, however, a strong assumption that abstracts from endogenous differences
in velocity 𝑉 (𝜇, 𝜋) and from portfolio dependence; a complete analysis including these is deferred to a
companion paper. For the direct effects in (b), 𝜕𝑃/𝜕𝜋 > 0 follows by definition from the definition of
inflation (𝜋 = 𝑑𝑃/𝑃𝑑𝑡), while 𝜕𝑃/𝜕𝜇|direct = 0 is a consequence of the institutional design of demurrage
currency (𝜇 applies to the rate of change of the quantity of the currency unit 𝑚 and is not directly applied
to the rate of change of 𝑃 ). For the indirect effect, substituting 𝑀∗ = 𝐹/𝜇 of Theorem 5 into the quantity-
theoretic approximation 𝑀𝑉 = 𝑃𝑌 of Proposition 7 yields the steady-state price level 𝑃 ∗ = (𝐹/𝜇)(𝑉 /𝑌 );
from log 𝑃 ∗ = log 𝐹 − log 𝜇 + log 𝑉 − log 𝑌 , partial differentiation with respect to 𝜇 under premise (P-2)
of Proposition 7 (𝑉 exogenously fixed) leaves only −1/𝜇 < 0, corresponding to the 𝑀∗-shrinkage effect of
Theorem 5. The empirically supported effect by which 𝜇 > 0 raises the user cost of holding money and thereby
endogenously raises velocity 𝑉 (the “permanently higher velocity”of Bossone and Faragallah 2022b discussed
as an empirical observation in §7.2.2.4, the MPC out of expiring transfers in the French experiment of Boehm,
Fize, and Jaravel 2025, etc.) is a point that is formally treated only in a general-equilibrium extension that
relaxes the simplification of the quantity-theoretic heuristic of Proposition 7 by endogenising 𝑉 (𝜇); the
complete dynamic welfare analysis is deferred to a companion paper (Fujii, in preparation). The flow-versus-
level distinction in (b-1) follows directly from the definition of 𝜋 as a flow variable (𝜋 = 𝑑 log 𝑃/𝑑𝑡) and from
the convergence of the demurrage-currency balance to the steady-state level by Theorem 5. The localisation
of distortion in (b-2) rests on the institutional implementation of the functional separation in Axiom V. Note
that this proposition is a partial-equilibrium treatment that fixes the distribution flow 𝐹 as exogenous; in
dynamic environments in which 𝐹 is endogenised by a policy rule (Conjectures 12, 16), additional paths can
arise. Rigorous welfare analysis in general equilibrium, dynamic specification of indirect effects with 𝑉 (𝜇)
endogenisation, and determination of the total sign of the income effect under the demurrage-currency regime
are deferred to a companion paper.

Position with respect to the Keynes critique. Keynes (1936, ch. 23) described Gesell’s demurrage-
currency proposal as “an unduly neglected prophet”with “a kernel of truth,”while taking a cautious stance
on policy implementation; in Keynesian economics after the General Theory, the view that “moderate infla-
tion can be a substantive substitute for demurrage currency”became dominant. Proposition 11b provides a
structural rebuttal to this view at three points: (I) qualitative differences in direct effects̶inflation, by its
very definition, raises the price level directly; demurrage currency has, by design, no direct path of action
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on the price level; (II) dynamic differences between flow and level̶inflation, as a flow variable, generates
continuing erosion, whereas demurrage currency entails only a one-time level adjustment to the steady-state
level; (III) localisation of distortion̶under the dual-currency regime, the action of demurrage is localised to
the consumption-purpose currency, whereas inflation spreads over all assets and all incomes. Therefore, the
claim that “inflation can be a substitute for demurrage”does not hold in general, at least along these three
design dimensions.

Contemporary implications. This proposition may be consistent with the recent dynamics of prices,
real wages, and consumption in Japan. The observation that, in the Japanese economy since 2022, despite
continuously positive inflation rates a marked acceleration of consumption is not observed against the back-
drop of a fall in the real wage, is qualitatively consistent with the continuous action of the price-level path
under the inflationary regime suggested by Proposition 11b. However, rigorous econometric analysis is be-
yond the scope of this study, and disentangling the path suggested by this proposition from other paths
(labour-market structure, fiscal policy, external shocks, etc.) requires independent empirical research and is
deferred to a companion paper.

Scope and limits. This proposition assumes a short- to medium-term sticky-price and sticky-wage
environment, and under a long-run equilibrium with fully flexible prices, monetary neutrality may hold.
However, as New Keynesian theory (Mankiw 1985; Gordon 1990) and the empirical research on price stickiness
(Nakamura and Steinsson 2013) show, lags in price adjustment are systematically observed in actual economies.
This proposition is also formulated within a partial-equilibrium framework. Rigorous welfare analysis in
general equilibrium, dynamic specification of indirect effects with 𝑉 (𝜇) endogenisation, and quantitative
evaluation of the localisation effect of functional separation are deferred to a companion paper (Fujii, in
preparation).

Chapter 6: Inverted U-Shape ̶Why 𝜇 ≠ ∞

The analysis above may appear to suggest that a higher demurrage rate is always desirable. If demurrage
currency reduces debt accumulation (Corollary 5.1) and a positive 𝜇 improves welfare relative to 𝜇 = 0
(Proposition 2), why not set 𝜇 as high as possible? In this chapter we show that social welfare is a non-
monotonic, inverted-U-shaped function of 𝜇, with the optimum located in the neighbourhood of 𝛿.

6.1 Three Inefficiency Channels

When 𝜇 deviates from 𝛿̶in either direction̶three independent channels of inefficiency arise.

Channel A: Overconsumption (𝜇 > 𝛿). When the demurrage rate exceeds the depreciation rate
of health capital, the cost of holding currency exceeds the “holding cost”of health deterioration. Rational
individuals bring forward medical expenditure, even when immediate medical consumption is not clinically
justified, in order to avoid the demurrage of currency. The effective price of postponing care rises by (𝜇 − 𝛿),
and a corresponding demand response̶proportional to the price elasticity used as a representative calibration
value for medical demand in general (𝜀 ≈ 0.2; Manning et al. 1987; Iizuka and Shigeoka 2022)̶arises in the
share of care with timing flexibility (elective surgery, health checkups, non-urgent visits). The value 𝜀 ≈ 0.2
is not a strict estimate specific to those markets; we use it as a calibration value indicating the low elasticity
of medical demand.
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Channel B: Inability to Save (𝜇 > 𝛿). High-cost medical care̶cancer surgery, joint-replacement
surgery, organ transplantation, the initiation of dialysis̶requires the accumulation of funds over months to
years. When 𝜇 is high, currency saved for future high-cost treatment depreciates rapidly, and the necessary
accumulation becomes difficult or impossible. Whereas Channel A acts through marginal price responses,
Channel B represents a structural distortion in the intertemporal allocation of resources, and it expands
rapidly as 𝜇 rises beyond 𝛿.

Channel C: Under-consumption (𝜇 < 𝛿). When 𝜇 < 𝛿, currency depreciates more slowly than health
capital. Holding currency becomes relatively more attractive than investing in health, generating incentives to
hoard currency and to delay preventive care, early detection, and timely treatment. The delay in prevention
leads to more advanced disease at the time of eventual treatment, raising costs. This channel is most severe
when 𝜇 = 0 (conventional currency).

6.2 The Inverted U-Shape

We define the net social welfare function as

𝑊(𝜇) ≡ 𝐵(𝜇) − 𝐶𝐴(𝜇) − 𝐶𝐵(𝜇) − 𝐶𝐶(𝜇) ⋯ (11′)

where 𝐵(𝜇) is the fiscal benefit of demurrage currency (Corollary 5.1), 𝐶𝐴(𝜇) is the overconsumption cost,
𝐶𝐵(𝜇) is the inability-to-save cost, and 𝐶𝐶(𝜇) is the prevention-delay cost. These cost functions have the
following properties:

• 𝐶𝐴(𝜇) = 0 when 𝜇 ≤ 𝛿; 𝐶𝐴(𝜇) > 0 and increasing when 𝜇 > 𝛿.
• 𝐶𝐵(𝜇) = 0 when 𝜇 ≤ 𝛿; 𝐶𝐵(𝜇) > 0 and rapidly increasing when 𝜇 > 𝛿.
• 𝐶𝐶(𝜇) > 0 and decreasing when 𝜇 < 𝛿; 𝐶𝐶(𝜇) = 0 when 𝜇 ≥ 𝛿.

At 𝜇 = 𝛿, all three cost channels are simultaneously minimised: 𝐶𝐴(𝛿) = 𝐶𝐵(𝛿) = 𝐶𝐶(𝛿) = 0. When 𝜇 < 𝛿,
Channel C dominates, and raising 𝜇 toward 𝛿 improves welfare. When 𝜇 > 𝛿, Channels A and B dominate,
and raising 𝜇 beyond 𝛿 reduces welfare. As a result, an inverted-U-shaped relationship arises between 𝜇 and
𝑊(𝜇), with its maximum located at 𝜇∗ ≈ 𝛿.

Figure 2 (schematic / not calibrated): Conceptual diagram of the inverted U-shape of the social welfare
function 𝑊(𝜇) = 𝐵(𝜇) − 𝐶𝐴(𝜇) − 𝐶𝐵(𝜇) − 𝐶𝐶(𝜇). This figure is a visual representation of theoretical
comparative statics; it is not a quantitative prediction based on numerical calibration of specific parameters.
In the left region (𝜇 < 𝛿), Channel C (prevention delay) dominates; in the right region (𝜇 > 𝛿), Channel A
(overconsumption) and Channel B (inability to save) dominate. At 𝜇 = 𝛿 the three inefficiency costs 𝐶𝐴, 𝐶𝐵,
𝐶𝐶 are simultaneously minimised, and under the reduced-form sketch of this section the welfare maximum
is located in the neighbourhood of 𝜇∗ ≈ 𝛿 (the rigorous maximisation point depends also on the marginal
change of the benefit term 𝐵(𝜇), so a complete variational proof is deferred to a companion paper). Friedman’
s rule (𝜇 = 0) can be interpreted as the special case of 𝛿 = 0 and zero externality (§6.3, Conjecture 18). The
horizontal axis represents the ratio 𝜇/𝛿, and the vertical axis represents the relative level of social welfare 𝑊 .

Note: this figure is a visual representation of theoretical comparative-statics results, not a numerical
simulation based on specific parameter values.

On the argumentative status of this section. The case-wise definition of the cost functions 𝐶𝐴, 𝐶𝐵,
𝐶𝐶 above structurally embeds simultaneous zeroing at 𝜇 = 𝛿. Therefore this section is not an independent
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Figure 2. Inverted U-shape of the social welfare function 𝑊(𝜇) and the optimal demurrage rate 𝜇∗ ≈ 𝛿
(schematic / not calibrated)

variational proof that 𝜇 = 𝛿 attains the welfare maximum, but a reduced-form welfare sketch grounded in
the structural observation that the three inefficiency channels identified in §6.1 are simultaneously zeroed at
𝜇 = 𝛿. The complete dynamic optimisation problem max𝜇 𝑊(𝜇) s.t. 𝐻̇𝑡 = 𝐼𝑡(𝜇)−𝛿𝐻𝑡 and 𝑀̇𝑡 = 𝐹𝑡(𝜇)−𝜇𝑀𝑡,
together with rigorous welfare analysis under explicit price- and budget-equilibrium conditions, is deferred
to a companion paper (Fujii, in preparation). The contribution of this section is to present the mechanistic
insight that three independent inefficiency channels (overconsumption, inability to save, under-consumption)
are unifiedly minimised through the 𝛿-𝜇 matching principle.

6.3 Integration with the Friedman Rule

The Friedman rule (𝜇∗ = 0) corresponds to the special case of the maximisation problem for 𝑊(𝜇) in which
𝐶𝐴 = 𝐶𝐵 = 𝐶𝐶 = 0 holds for all 𝜇. This obtains when 𝛿 = 0 (no depreciation of health capital) and
externalities are absent. Under this condition, 𝑊(𝜇) is monotonically decreasing in 𝜇, and the optimum is
the corner solution 𝜇∗ = 0.

When, however, 𝛿 > 0 and Axiom IV (either the user-cost channel or the externality channel) holds,
𝑊 ′(0) > 0 can obtain̶raising 𝜇 from zero can improve welfare. Combined with the property 𝑊(𝜇) → −∞
as 𝜇 → ∞ (because 𝐶𝐴 + 𝐶𝐵 diverges to infinity) and the continuity of 𝑊 , the conditional existence of an
interior optimum 𝜇∗ ∈ (0, ∞) is supported. The inverted U-shape established above further suggests that this
optimum is located in the neighbourhood of 𝛿, providing the welfare-theoretic interpretation that grounds
the 𝛿-𝜇 matching principle.

The Friedman rule is thereby not negated, but can be interpreted as the special case under the conditions
𝛿𝑗 = 0 ∀𝑗 and zero externality. That is, when the capital that the currency finances is non-depreciating and
externalities are absent, the optimal currency too may bear no demurrage. When capital depreciates with
𝛿 > 0 and the channels of Axiom IV are operative, the optimal currency depreciates conditionally at the
corresponding rate.
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Chapter 7: Discussion

7.1 Reaffirmation of the Contributions of This Study

This paper has connected the depreciation rate 𝛿 of Grossman’s (1972) health-capital model with the demur-
rage rate 𝜇 in the Gesell (1916) tradition, through the structural isomorphism of user cost. This connection
simultaneously negates the implicit premises (H1‒H3 in §4.0) that have persisted for fifty years in both health
economics and monetary economics, and to the best of the author’s knowledge within the major proximate
literature surveyed, no prior work has been identified that systematically attempts, as an academic paper,
to bridge the interdisciplinary silo at the intersection of these two fields. The six-axiom system (Chapter 4)
and the propositions, theorems, and conjectures (Chapter 5) organise from multiple angles the way in which
the coherence condition 𝜇 = 𝛿 delivers user cost coherence.

Behind Proposition 1, the central proposition of this study, lies a simple but widely consequential obser-
vation. The fact that a structural asymmetry exists between the user cost of health capital, (𝑟 + 𝛿), and
the user cost of currency, (𝑟 + 𝜇), is positionable as one theoretical source of the structural difficulty of
healthcare financing. Because conventional currency has 𝜇 = 0, holders can hold currency at a relatively
lower user cost than they hold depreciating capital. This asymmetry can manifest at the individual level as
the postponement of medical investment, and at the aggregate level as a temporal mismatch between benefit
receipt and burden incurrence. The 𝛿-𝜇 matching principle presents one theoretical pathway by which this
asymmetry can be mitigated at the institutional-design level.

7.2 Demurrage Currency as an Instrument of Monetary and Fiscal Policy

The framework presented here suggests applicability to broader monetary and fiscal policy theory beyond the
original question of healthcare-financing optimisation. This section organises, in an anticipatory manner, a
research programme that may be derived from the central results of this paper; the propositions presented
here do not constitute complete policy evaluations or welfare comparisons. The conjectures in this section
are positioned as working hypotheses to be verified in companion papers. Detailed development is deferred
to a companion paper (Fujii, in preparation).

This section, after (i) surveying the effectiveness constraints on contemporary monetary policy and the
position of demurrage currency relative to them, (ii) presents in §7.2.1 the implications of the 𝛿-𝜇 matching
principle for monetary- and fiscal-policy theory as five basic conjectures (Conjectures 12‒16); (iii) develops in
§7.2.2 the normative design of a demurrage-currency basic income (theme M); and (iv) develops in §7.2.3 the
applicability of the 𝛿-𝜇 framework to Piketty’s 𝑟 > 𝑔 proposition as a hypothetical monetary-policy response
(theme G), as independent sections. These independent sections, taking the conjectures of §7.2.1 as a common
theoretical foundation, illustrate the scope within which the 𝛿-𝜇 matching principle can function as an applied
framework for economic policy. Monetary-side implementation of negative natural rates of interest (theme
A), reinterpretation within the FTPL valuation equation as debt with a self-decay term (theme B), the two-
dimensional optimisation of helicopter money over scale and recovery speed (themes D and K), the extension
to integrated time-structure asset‒liability management of the central bank and government (themes E and L),
and complementary discussions (themes I and J) are framed by Conjectures 12‒16 of §7.2.1 and Conjectures
17 and 18 of §7.4; their full development is deferred to a companion paper.
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7.2.1 Five Basic Conjectures (Conjectures 12‒16) Effectiveness constraints on contemporary mon-
etary policy. The central bank’s manipulation of the policy rate affects the real economy by transmitting
through the monetary base to the money stock. This transmission mechanism, however, depends on the
intermediation of commercial-bank lending behaviour, and becomes substantially incomplete in the neigh-
bourhood of the zero lower bound (ZLB) (Krugman 1998; Bernanke 2000). The difficulty of attaining the
price-level target under the long-running quantitative-easing policies of the Bank of Japan, and the analogous
constraints faced by Western central banks since 2008, suggest a structural limit of contemporary monetary
policy whose central instrument is the interest rate.

Construction of a direct path through demurrage currency. The framework of this paper suggests, through
two paths, the possibility of circumventing this constraint. First, direct distribution of demurrage currency
(e.g., as a basic income or a special-purpose disbursement) acts on the money stock directly, without passing
through banking intermediation. This is the structural successor to Friedman’s (1969) thought experiment
and to Bernanke’s (2002) discussion of helicopter money, but it differs essentially from those existing proposals
in that the demurrage mechanism internalises an automatic recovery path for the injected liquidity. Second,
the time-series adjustment of the demurrage rate 𝜇𝑡 under Axiom VI (constrained discretion) influences the
timing of expenditure through changes in the holding cost, enabling control of the path of aggregate demand.
This is a more direct policy instrument that does not act through interest rates.

Differentiation from helicopter money and MMT. Helicopter money (Friedman 1969; Bernanke 2002; Buiter
2014) is conceptualised as a combination of a permanent increase in money supply with fiscal expenditure,
but the control of inflationary pressure has been a theoretical weakness. Modern Monetary Theory (MMT;
Kelton 2020 and others) likewise asserts the combination of fiscal and monetary issuance, but its inflation
control relies on ex post adjustment through the tax system, and there is criticism of the dynamic effectiveness
of this approach. The demurrage currency of this paper, through ex ante announcement and the deterministic
application of 𝜇 (Axiom VI), automatically shrinks the injected liquidity at a predictable and designed speed.
This preserves the policy effect of direct distribution while internalising the inflation-control mechanism in
the institution.

We formalise the points of §7.2.1 below as five conjectures (Conjectures 12‒16). These exceed the scope
of this study and are not given complete proofs, but are stated explicitly with the aim of contributing them
in academic-paper form to the research field at an early stage and of establishing reference points for future
research.

Conjecture 12 (Demurrage-Based Taylor Rule).

Under the demurrage-currency arrangement, the time-series path {𝜇∗
𝑡}𝑡≥0 of the optimal demurrage rate

under Axiom VI (constrained discretion) is expressible as a policy rule of the following general form:

𝜇∗
𝑡 = ̄𝜇 + 𝜓𝜋(𝜋𝑡 − 𝜋∗) + 𝜓𝑦(𝑦𝑡 − 𝑦𝑛

𝑡 ) + 𝜓𝛿( ̄𝛿𝑡 − ̄𝛿∗) + 𝜖𝑡 ⋯ (C14)

where ̄𝜇 is the long-run target demurrage rate (the level given by (C12’) in Conjecture 17), 𝜋𝑡 is the rate of
price inflation, 𝑦𝑡 is real output, ̄𝛿𝑡 is the economy-wide expenditure- and age-weighted average depreciation
rate, 𝜋∗, 𝑦𝑛

𝑡 , ̄𝛿∗ are the corresponding target values or natural rates, and 𝜖𝑡 is a discretionary adjustment term.
The signs of the response coefficients are conjectured to be 𝜓𝜋 > 0, 𝜓𝑦 > 0, and 𝜓𝛿 > 0. In particular, the
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element 𝜓𝛿 > 0 (a positive response to the average depreciation rate)̶a novel element of this paper̶is a
new feature that incorporates the 𝛿-𝜇 matching principle into a dynamic policy rule.

Grounds for Conjecture 12 (sketch). Taylor’s (1993) formulation presented a form in which the
nominal interest rate 𝑖𝑡 responds to inflation and the output gap; that rule is a reaction function for the case
in which the interest rate is the policy instrument. Within the present framework, since 𝜇𝑡 replaces the interest
rate as the policy instrument, a structurally analogous reaction function can exist. The term 𝜓𝛿 > 0 suggests
that 𝜇𝑡 should track long-term variations in ̄𝛿𝑡 driven by demographic change and technological progress (an
implication of Conjecture 17 in §7.4). The specific values of the response coefficients, the optimal design of
𝜖𝑡, and the proof of optimality of the rule under dynamic equilibrium become central theoretical tasks for
the companion paper (Fujii, in preparation).

Conjecture 13 (Structural Exit from the Zero Lower Bound).

In an economy where the nominal interest rate 𝑖𝑡 ≥ 0 on conventional currency is bound by the zero lower
bound (𝑖𝑡 = 0), the introduction of demurrage currency with demurrage rate 𝜇𝑡 > 0 restores the effective
cost of holding currency to a positive value (𝑖𝑡 + 𝜇𝑡) = 𝜇𝑡 > 0. Therefore, even under the zero-lower-bound
constraint, the path of aggregate-demand control via a positive holding cost remains operative. Formally,
with respect to aggregate demand 𝐴𝐷𝑡 under the zero-lower-bound bind:

𝜕𝐴𝐷𝑡
𝜕𝜇𝑡

∣
𝑖𝑡=0

≠ 0 ⋯ (C15)

holds. This stands in contrast to the case of conventional monetary policy, in which 𝜕𝐴𝐷𝑡/𝜕𝑖𝑡 ceases to
function effectively at 𝑖𝑡 = 0.

Grounds for Conjecture 13 (sketch). By Axiom I, the user cost of demurrage currency is given by
(𝑟 + 𝜇), so even when 𝑟 = 0 (nominal interest rate zero, with the real interest rate also approximately zero
under zero inflation), the holding cost is preserved at a positive value if 𝜇 > 0. The relation of this study
to Krugman’s (1998) liquidity trap, the optimal monetary policy under the zero lower bound of Eggertsson
and Woodford (2003), and the full implementation of negative nominal interest rates by Buiter (2009) and
Agarwal and Kimball (2015, 2019) all share a common feature as “means of structurally circumventing the
zero lower bound”; the originality of this paper lies in anchoring the level of 𝜇 to the depreciation structure
of the real economy (Conjecture 17).

Conjecture 14 (Automatic Exit from Monetary Injection).

Helicopter-money-type direct distribution using demurrage currency has the property that the injected
liquidity is automatically recovered through the demurrage mechanism. The remaining quantity at time
𝑡 ≥ 𝑡0 of a demurrage-currency balance 𝑀𝑡0

distributed at time 𝑡0 is described, in continuous-time form, by
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𝑀𝑡 = 𝑀𝑡0
⋅ 𝑒−𝜇(𝑡−𝑡0) (under issuance halt) ⋯ (C16)

decaying exponentially with time constant 1/𝜇. Therefore, the classical critique in the helicopter-money
discussions of Friedman (1969), Bernanke (2002), and Buiter (2014)̶“how to recover the once-injected liq-
uidity”̶is structurally resolved at the institutional-design level. No ex post recovery operation by the policy
authority (open-market selling, interest-rate hikes, increases in reserve requirements, etc.) is required.

Grounds for Conjecture 14 (sketch). Corollary 5.3 of §5.6b (extinction after issuance is halted)
presents the basic result that a demurrage-currency balance whose issuance has been halted extinguishes over
time. Conjecture 14 transposes this corollary to the monetary-policy context and positions it as a resolution
of the classical question in the literature, “the exit-strategy problem of helicopter money.”The difference from
Corollary 5.3 is that Conjecture 14 makes explicit the combination of intentional injection and automatic
recovery as a policy instrument, providing a framework for dialogue with the helicopter-money literature
(Buiter 2014; Galí 2020 and others).

Scope and cross-references. Conjecture 14 addresses only the automatic-recovery path of liquidity (the
quantitative decay of the stock); the implication for inflation expectations relies on a separate path. The
suppression of inflation expectations is treated separately within the framework of this paper by: (a) the
boundedness of 𝑀∗/𝑀̄ shown by Proposition 7 (partial-equilibrium price-level approximation, §5.8)̶since
by Theorem 5 the demurrage-currency balance is bounded by 𝐹/𝜇 and an unbounded expansion of money
supply is structurally impossible, the inflationary effect of introducing demurrage currency is limited under
the quantity-theoretic approximation; and (b) the ex post suppression through a rise in 𝜇𝑡 in Conjecture 16(iii)
(§7.2.2)̶when inflationary pressure is observed, dynamic adjustment of the demurrage rate 𝜇𝑡 (the Taylor-rule
extension of Conjecture 12) accelerates the rate of liquidity recovery and ex post suppresses the inflationary
pressure. That is, Conjecture 14 ensures the quantitative recovery of liquidity, while Proposition 7 and
Conjecture 16(iii) ensure separately the control of price-level transmission. Their combination indicates the
path of response to the “three critiques”of the helicopter-money literature (exit strategy, fiscal sustainability,
inflation control). The full formalisation̶a proof of simultaneous resolution of the three critiques in a
dynamic general equilibrium, derivation of optimal response coefficients of the demurrage-Taylor rule, and
analysis of exit-strategy spillovers in the open economy̶is deferred to a companion paper.

Conjecture 15 (Bank-Intermediation-Free Transmission).

Direct distribution of demurrage currency from government to individuals realises the transmission from
the monetary base 𝑀𝐵𝑡 to the money stock 𝑀𝑡 without passing through the credit-creation multiplier
𝑚𝑡 = 𝑀𝑡/𝑀𝐵𝑡 of commercial banks (which depends on lending behaviour). When the change in the money
stock under conventional monetary policy is written as Δ𝑀𝑡 = 𝑚𝑡 ⋅ Δ𝑀𝐵𝑡, the extended form including
direct distribution of demurrage currency 𝐷𝑡 is:

Δ𝑀𝑡 = 𝑚𝑡 ⋅ Δ𝑀𝐵𝑡 + 𝐷𝑡 ⋯ (C17)

When the credit-creation multiplier 𝑚𝑡 structurally falls in the neighbourhood of the zero lower bound
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(Krugman 1998; Bernanke 2000), the second term 𝐷𝑡 functions as a policy instrument independent of the
level of 𝑚𝑡.

Grounds for Conjecture 15 (sketch). The helicopter-money literature (Bernanke 2002; Buiter 2014;
Galí 2020) has discussed currency injection that does not pass through banking intermediation, but the
novelty of this paper lies in the following points. (a) By integrating Conjecture 14 (automatic recovery) and
Conjecture 15 (direct path), the injection and recovery of helicopter money are completed within a single
institutional design. (b) By integrating with the policy rule of Conjecture 12, a framework is provided that
determines the scale of direct distribution 𝐷𝑡 institutionally and dynamically. The empirical literature on
the effects of QE (Krishnamurthy and Vissing-Jorgensen 2011; Gagnon, Raskin, Remache, and Sack 2011),
which shows the incompleteness of the transmission from the monetary base to the money stock, emphasises
the policy significance of the second term 𝐷𝑡 in Conjecture 15.

Conjecture 16 (Inflation Neutrality and Fiscal Sustainability of a Demurrage-Based Basic Income).

Consider an arrangement (a demurrage-currency basic income) under which the government continuously
distributes demurrage currency uniformly to the entire population at demurrage rate 𝜇 > 0 and issuance speed
𝐹 > 0. Under this arrangement, the circulating balance 𝑀𝑡 of demurrage currency follows the dynamics:

𝑑𝑀𝑡
𝑑𝑡 = 𝐹 − 𝜇𝑀𝑡 ⋯ (C18-a)

By Theorem 5, the steady-state balance therefore converges to the finite value 𝑀∗ = 𝐹/𝜇. Under this
setting, the following properties are conjectured to hold:

(i) Inflation neutrality. Because a demurrage-currency basic income does not change the supply of conven-
tional currency (the standard legal tender), under the quantity-theoretic approximation of Proposition 7
(partial-equilibrium price-level approximation, §5.8), the impact on the general price level 𝑃 is limited:

Δ𝑃 ≈ 𝜙 ⋅ 𝑀∗

𝑀̄ + 𝑀∗ ⋅ 𝜋base ⋯ (C18-b)

where 𝑀̄ is the balance of conventional currency, 𝜙 ∈ [0, 1] is the effective purchasing-power coefficient
of demurrage currency, and 𝜋base is the baseline inflation rate. When 𝑀∗/𝑀̄ is sufficiently small, Δ𝑃 is
negligible.

(ii) Fiscal sustainability. In the steady state, the government’s issuance flow 𝐹 corresponds in accounting
terms to the balance reduction 𝜇𝑀∗ from demurrage, so demurrage-currency-denominated debt does
not accumulate, and debt as a share of GDP is kept bounded. This is the property of self-redeeming
finance, distinct from conventional fiscal transfers (financing through taxation or government bonds)
(Corollary 5.1).

(iii) Twofold mechanism for inflation control. If inflationary pressure is observed, the policy authority can
adjust the steady-state balance 𝑀∗

𝑡 = 𝐹𝑡/𝜇𝑡 instantly by raising the demurrage rate 𝜇𝑡 or by lowering
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the issuance speed 𝐹𝑡. Of these, raising 𝜇 acts retroactively on existing balances, providing a powerful
ex post inflation-suppression instrument that is absent in conventional helicopter money.

Grounds for Conjecture 16 (sketch). Condition (i) follows, as developed in §2.4 and §5.8, from the fact
that demurrage currency does not affect the supply of conventional currency. Because the effective economic
impact of demurrage currency is limited to 𝜙 ⋅ 𝑀∗, Δ𝑃 is small if 𝜙 < 1 and 𝑀∗/𝑀̄ is small. Condition (ii) is
a direct corollary of Theorem 5: even when basic income is used as a fiscal-transfer instrument, debt accumu-
lation of the kind seen with conventional bond issuance does not arise structurally. The twofold mechanism
in condition (iii) is a feature absent from both conventional monetary policy (interest-rate operations) and
conventional helicopter money (one-directional liquidity injection). The demurrage rate 𝜇 acts immediately
on all already-issued balances, while a change in the issuance speed 𝐹 acts only on future inflows; their
combination enables flexible inflation control.

Institutional implications of Conjecture 16. This conjecture suggests that a demurrage-currency
basic income is structurally distinct as a policy instrument from a basic income denominated in conventional
currency. A conventional-currency basic income relies for financing on either taxation, bond issuance, or
currency expansion, and accordingly carries problems of fiscal sustainability or inflation control. These have
been the central critiques in the basic-income debate. A demurrage-currency basic income, because the
demurrage mechanism itself internalises the function of financial adjustment, structurally mitigates both
problems simultaneously. In recent years, the rapid development of labour-replacing technologies, including
artificial intelligence, has motivated discussion of the institutional design of long-term income distribution and
universal income guarantees (the basic-income literature, including Stern 2016; Van Parijs and Vanderborght
2017; Widerquist 2018; and the economics of AI and automation, including Acemoglu and Restrepo 2020).
This conjecture presents a new design principle for the implementability of such proposals.

Limitations of Conjecture 16. This conjecture holds if the following conditions are satisfied: (a)
distributed demurrage currency is primarily directed to consumption (the substitution effect into saving is
small); (b) the exchange market between demurrage currency and conventional currency maintains the lower
bound of Proposition 8b; and (c) the institutional commitment of the government (the pre-announcement
condition of Axiom VI) is credible. If these are not satisfied, part of the inflationary pressure may be
realised through 𝜙, or institutional credibility may be undermined through a collapse of the market rate. The
empirical verification of these conditions is a future task to be undertaken through companion papers (Fujii,
in preparation) and through staged implementation (regional pilots of the Wörgl type, etc.).

Relations among Conjectures 12‒16. Conjecture 12 (Taylor rule) provides the dynamic policy rule
that organises the whole; Conjectures 13 (ZLB exit), 14 (exit strategy), and 15 (direct path) each address one
of the three structural constraints faced by contemporary monetary policy. Conjecture 16 (basic income),
by specialising the direct-distribution / automatic-recovery paths of Conjectures 14 and 15 to a particular
policy-application form (permanent uniform distribution to the whole population), formalises the resolution
of the financing and inflation-control problems in the basic-income debate. The five conjectures concern in-
dependent points but, taken together, constitute the overall picture of “demurrage currency as an instrument
of monetary and fiscal policy.”Proofs in a complete dynamic general-equilibrium model, the explicit treat-
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ment of expectation formation, the extension to the open economy, and the behavioural change of financial
intermediaries are deferred to a companion paper (Fujii, in preparation; monetary and fiscal policy edition)
or to an independent companion paper (basic income).

Open theoretical questions. The full theorisation of Conjectures 12‒16 leaves the following questions open.
First, the derivation of the optimal values of the response coefficients 𝜓𝜋, 𝜓𝑦, 𝜓𝛿, and the proof of optimality
of the rule under dynamic equilibrium. Second, the response of economic agents to changes in 𝜇𝑡 under
rational expectations, and the analogy with forward guidance. Third, the extension to the open economy
(exchange-rate determination, international capital mobility, the dynamics of differentials in demurrage rates;
see end of §7.4). Fourth, the behavioural change of financial intermediaries (the impact on banks’lending
behaviour, the spillover to the deposit structure, and the substitution elasticity between demurrage currency
and conventional currency). Fifth, the level of the basic-income distribution scale 𝐹 , its impact on labour
supply, and its interaction with labour-market changes induced by AI and automation. All of these exceed
the scope of this study and are deferred to a companion paper.

Hierarchical structure of the decision mechanism. As foreshadowed in §4.6, which institution specifically
determines 𝜇𝑡 is a choice in institutional design. Direct decision by the legislature carries the greatest demo-
cratic legitimacy but is inferior in agility and expertise. Administrative decisions at the level of ministerial
ordinance are quick but limited in political independence. The form in which the policy committee of an
independent agency (in the context of this paper, a specialised agency assumed to be in charge of issuance
and market operation of demurrage currency) decides at periodic meetings is the closest to the standard
operational form of contemporary central banks, and is highly compatible with the framework of constrained
discretion (Bernanke and Mishkin 1997). A form in which the rule is referred to but 𝜖𝑡 is adjusted discre-
tionarily, rather than mechanically applying the reaction function of Conjecture 12, is consistent with the
literature on monetary-policy operation since Taylor (1993). In any of these forms, the satisfaction of condi-
tion (ii) of Axiom VI (pre-announcement of changes) is necessary for the theoretical results of this study to
hold.

7.2.2 Demurrage-Currency Basic Income: Normative Design and Theoretical Position Con-
jecture 16 of §7.2.1 formalised, in a preliminary way, the basic properties that a demurrage-currency basic
income (henceforth demurrage-currency BI) should satisfy̶inflation neutrality and fiscal sustainability. This
section takes that conjecture as a starting point and presents in an integrated form: (i) differentiation from
existing literature dealing with similar institutional designs; (ii) the normative determination principle for
the demurrage rate 𝜇; (iii) the formalisation of the velocity-guarantee mechanism and its position within the
FTPL (Fiscal Theory of the Price Level, Cochrane 2023); and (iv) the type-specific asymmetry of income
effects through functional separation under the dual-currency regime.

The scope of this section is to treat together, within the single institutional design of a demurrage-currency
BI and taking the conjectures of §7.2.1 as a common theoretical foundation, the two-dimensional optimisation
of helicopter money (themes D and K, Conjectures 14 and 15 of §7.2.1), the FTPL reinterpretation as debt
with a self-decay term (theme B, Conjecture 16(ii) of §7.2.1), the application as a distributional tool to a
monetary-policy response to Piketty’s 𝑟 > 𝑔 (theme G, the next section §7.2.3), and the intergenerational
design of integrated central-bank/government ALM (themes E and L, the conjectures of §7.2.1 and §2.4).
The contribution of this section is to position the demurrage-currency BI as a concrete policy form that
integrates these independent themes, and to illustrate that the 𝛿-𝜇 matching principle functions as a unifying
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framework for economic policy.

§7.2.2.1 Problem setting: why demurrage-currency BI?

The basic-income literature (Standing 2017; Van Parijs and Vanderborght 2017; Widerquist 2018) has
treated as policy variables only the financing source (taxation, bond issuance, monetary expansion) and
the level of disbursement, and has taken the design of the currency that serves as the “container”of the
disbursement as given. This traditional framework, however, in the context of the rapid development of
artificial intelligence and the resulting labour replacement (Acemoglu and Restrepo 2020), faces two structural
critiques.

The first is the financing problem. In an economy where labour replacement progresses widely, the wage-tax
base shrinks while the scale of disbursement expands, so that traditional tax sources cannot sustainably cover
the cost (Stern 2016). The second is the inflation-control problem. Financing through monetary expansion
generates inflationary pressure as the distributed money diffuses through the economy, but traditional mone-
tary policy (interest-rate operations) is an indirect and asymmetric instrument for suppressing this pressure
(the transmission of tightening to the real economy is slow).

This framework presents, as a structural response to these two critiques, a path that sets a demurrage
rate 𝜇 > 0 on the disbursement currency itself. The demurrage rate 𝜇 (a) directly controls the velocity
𝑉 (the discussion related to Proposition 7 in §5.8); (b) achieves fiscal self-equilibrium in the steady state
through 𝑀∗ = 𝐹/𝜇 in Theorem 5 (general-equilibrium neutrality is deferred to a companion paper); and (c)
asymmetrises income effects by use under the dual-currency regime (Proposition 11). These are degrees of
freedom that cannot be obtained in principle within the framework of traditional BI; the core of this section
is to present 𝜇∗ = 𝛿health as the normative design principle that integrates (a)‒(c).

§7.2.2.2 Critical review of existing literature and differentiation

Proposals for a basic income or analogous income-guarantee schemes accompanied by demurrage currency
have been discussed in parallel across a three-tier structure: (I) the academic-paper tier, (II) the books-and-
policy-reports tier, and (III) the complementary-currency-implementation tier. This subsection first surveys
the three tiers in order to acknowledge in good faith the priority of each tier, and then positions Yamada
(2026), the closest neighbour, individually as the closest prior work in the academic-paper tier, and presents
a limited novelty.

Survey of the three-tier structure. The conception of demurrage-currency BI has been discussed widely
beyond the academic-paper tier. To organise this paper’s claim of novelty in accordance with academic
ethics, we first survey the principal prior works in the three tiers.

(I) Academic-paper tier. Yamada (2026, arXiv:2602.18714v1), Brenzikofer (2019, arXiv:1912.12141), Zhang,
Basescu, and Ford (2020, arXiv:2011.01712, “Economic Principles of PoPCoin, a Democratic Time-
based Cryptocurrency”), Mattsson, Criscione, and Ruddick (2022, Scientific Data 9:426), Avanzo,
Criscione et al. (2023, ACM GoodIT), Criscione et al. (2022, FRIBIS Discussion Paper 04-2022), and
others present the theory or implementation of UBI-type schemes incorporating demurrage currency
as academic preprints or peer-reviewed articles. They share the feature that the demurrage rate 𝜇 is
treated as an exogenously fixed parameter.

(II) Books-and-policy-reports tier. In Japan, Tomabechi (2021), Digital Basic Income Will Make Japan
a Tax-Free Nation! How a “Half-Life Currency”Revolution Realises a Future of Universal Wealth
(Cyzo Inc., ISBN 978-4-866-25150-9), systematically presents, as a popular book, a “tax-free state”
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conception in which a digital “half-life currency”is distributed to citizens and the demurrage portion
of unused balances is recycled to the national treasury6. Oguro (2022), “Funding Birth Allowances
by Depreciating Digital Currency to Raise the Birth Rate”(CIGS, reposted 21 February 2022; original
Business Journal, 12 February 2022), proposes from an economist’s perspective a counter-declining-
birthrate policy through a digital version of Gesell’s currency̶a scheme that disburses the equivalent
of JPY 5 million per child as a “birth allowance”under a linear-decay scheme (decaying to zero value over
ten years). Internationally, Bossone and Faragallah (2022a, b, World Bank Blogs) propose conceptually
an “expiring CBDC”as “hyperbolic helicopter money.”These do not include mathematical propositions,
an axiomatic system, a connection to health-capital theory, or a connection to FTPL, but they have
priority as policy ideas.

(III) Complementary-currency-implementation tier. Since the Wörgl experiment (Austria, 1932‒33),
demurrage-bearing complementary currencies have been implemented, including the Chiemgauer
(Germany, 2003‒), Sardex (Italy, 2010‒), Sarafu (Kenya, 2010‒), Encointer (Polkadot/Kusama, 2019‒
), and Circles UBI (Gnosis Chain, 2017‒, with 7 % annual demurrage). Theoretical descriptions
of these implementations have been reviewed and analysed by Lietaer et al. (2012); Seyfang and
Longhurst (2013, Ecological Economics 86:65‒77); Stodder and Lietaer (2016, Comparative Economic
Studies 58:570‒605); and Papadimitropoulos and Perperidis (2024, Frontiers in Blockchain 7:1362939).
These implementations are usually independent of UBI, but Sarafu, Encointer, and Circles UBI have
functions as community-inclusion currencies or UBI-type cryptocurrencies.

Limited novelty of this paper. In light of the above three-tier prior work, this paper claims a limited academic
novelty restricted to the following four points: (1) to the best of the author’s knowledge within the major
proximate literature surveyed, no prior work has been identified that formulates a demurrage-currency BI as
an axiomatic system and as mathematical propositions, and this paper attempts that formulation; (2) the
presentation of a normative determination principle that anchors the demurrage rate 𝜇 to the health-capital
depreciation rate 𝛿𝐻 (the 𝛿-𝜇 matching principle)̶this is the central contribution of this study, and is a direct
response to the question of normative anchoring, a question that Tomabechi (2021), Oguro (2022), Bossone
and Faragallah (2022), and Yamada (2026) did not address; (3) within the range surveyed by the author,
no prior work has been identified that reinterprets a demurrage-currency BI as debt with a self-decay term
within the valuation equation of the Cochrane (2023) FTPL, and this paper presents that reinterpretation;
(4) within the range surveyed by the author, no prior work has been identified that analyses a demurrage-
currency BI within a dynamic-optimisation framework, and this paper attempts that analysis. These claims
of novelty do not deny the existence of the prior works above; they consist in systematising, as an academic
paper, the theoretical connections that those works did not address.

Lineage of local-currency and cryptocurrency implementations (supplement to the academic-paper tier).
The Encointer protocol (Brenzikofer 2019, arXiv:1912.12141) proposes the design of a UBI-type cryptocur-

6The specific institutional design of Tomabechi (2021) is as follows: (i) half-life of one year (a design that depreciates daily by
“the 365th root of 2,”≈ 0.998104, so that value halves after twelve months); (ii) uniform distribution to all citizens of a monthly
amount of JPY 200,000 (or the weekly equivalent of JPY 50,000) into an electronic-money wallet; (iii) the annual total issuance is
on the order of JPY 300 trillion (population 125 million × monthly JPY 200,000 × twelve months); (iv) prohibition of exchange
with legal tender, securities, precious metals, etc., with the scope of use restricted to clothing, food, housing, daily necessities,
and public utilities; (v) the demurrage portion within the wallet is automatically transferred to the central bank (Bank of
Japan) and processed as a Treasury contribution, and through a design under which half of the disbursed amount returns to the
Treasury after one year and three quarters after two years, the “tax-free state”is envisioned. The 𝛿-𝜇 matching principle does
not depend on these specific numerical designs (the disbursement amount, half-life, fiscal scale, etc.) but provides a normative
determination principle for anchoring the demurrage rate 𝜇 to the health-capital depreciation rate 𝛿𝐻 , which constitutes the
essential differentiation.
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rency that incorporates a demurrage mechanism, and is advancing implementation on Polkadot. Mattsson,
Criscione, and Ruddick (2022, Scientific Data 9:426) released transaction data from a Kenyan community cur-
rency (Sarafu) and provided a foundation for the empirical study of local currencies that include demurrage
mechanisms. Avanzo, Criscione et al. (2023, ACM GoodIT) and Criscione et al. (2022, FRIBIS Discussion Pa-
per 04-2022) treat the design of UBIs with demurrage mechanisms. Papadimitropoulos and Perperidis (2024,
Frontiers in Blockchain 7:1362939, DOI: 10.3389/fbloc.2024.1362939) analyse the Berlin pilot of Circles UBI
(with 7 % annual demurrage) as a case study, and organise the socio-economic and technical difficulties of
UBI implementation on a blockchain. All of these have independent contributions as proposals or analyses
of implementations or designs, but none presents a normative determination principle that anchors the de-
murrage rate 𝜇 to a structural variable of the real economy (in particular, the health-capital depreciation
rate).

Lineage of CBDC (central-bank digital currency) (supplement to the academic-paper tier). Bossone and
Faragallah (2022a, b, World Bank Blogs) propose conceptually an “expiring CBDC”as “hyperbolic helicopter
money,”and argue intuitively that a demurrage currency may support a permanently higher velocity of money.
The proposal is consistent with the direction of this paper, but is distinguished from this paper on three
points: (i) it is a blog contribution rather than a peer-reviewed article; (ii) it remains in the context of
CBDC stimulus and does not address the design of a permanent BI institution; and (iii) it does not present
a normative principle for determining the demurrage rate. In §7.2.2.4 we attempt a formalisation of the
Bossone‒Faragallah intuition.

The closest academic prior work: positioning relative to Yamada (2026). The closest academic prior
work in the academic-paper tier is Yamada (2026, arXiv:2602.18714v1) by Hitoshi Yamada (Toyota Motor
Corporation). That paper uses agent-based simulation to analyse a dual-currency arrangement of standard
currency (labour income, savings) and time-decaying currency (UBI), and identifies the acceptance rate 𝜙 of
demurrage currency for necessities as a central design parameter. The central finding is a structural side-effect
warning: when 𝜙 exceeds a threshold, even in the absence of material deprivation, delays in essential-labour
participation and the weakening of human-capital formation appear.

The relation between Yamada (2026) and this paper has, on the surface, the common feature of “treating
demurrage-currency BI,”but for the following reasons it is not a competitive relation but a complementary
one in which the two papers illuminate different dimensions of the design space of demurrage-currency BI.
Yamada is a study that identifies the structural risk in the case of design failure, whereas this paper is a study
that presents the design principle̶what is meant by correct design, namely how the demurrage rate 𝜇 should
be normatively determined. The labour-supply distortion when the threshold is exceeded that Yamada warns
about is positionable as a typical case of design failure that the 𝛿-𝜇 matching principle of this paper (𝜇∗ = 𝛿𝐻)
avoids. Read together, Yamada’s threshold analysis functions as empirical and computational-experimental
support for the necessity of the normative anchor of this study.

In the theoretical scope and structure of the argument, the two papers differ along the following fifteen axes:

# Differentiation axis Yamada (2026) This paper

1 Normative principle for
𝜇

exogenous parameter normative determination
via 𝛿-𝜇 matching

2 Connection to
health-capital theory

not mentioned connected to Grossman
(1972) at the core
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# Differentiation axis Yamada (2026) This paper

3 FTPL connection not mentioned Cochrane (2023) FTPL:
self-redeeming debt

4 Dynamic optimisation single-period argmax Bellman / Euler
framework

5 Axiomatic system none six-axiom system
(Chapter 4)

6 Formalisation of
propositions/theorems

no formal propositions eleven
propositions/theorems
(Chapter 5)

7 Analytical approach ABM-centred closed-form-centred
8 Inter-currency arbitrage

condition
constructive prohibition
assumption

no-arbitrage condition
formalised in
Proposition 8b

9 Endogenisation of
velocity

no velocity equation 𝑉 controlled
endogenously through 𝜇

10 Qualitative differences in
the price-level channel

not mentioned treated in Proposition
11b

11 Intergenerational
transfer structure

no OLG age-dependence of 𝛿𝐻(𝑎)

12 Response to Keynes’s
(1936) critique of Gesell

none response in Proposition
11b

13 Sector-specific optimal
demurrage rates

single 𝜆 naturally derived from
𝛿-𝜇 matching
(Conjecture 17)

14 Open economy closed-economy
assumption

engages international
consistency (§7.4)

15 Direction of central
claim

warning of structural
side effects

conditional welfare
superiority (Proposition
11)

The fifteenth axis is particularly important: Yamada (2026) is not a paper that asserts conditional welfare
superiority of the dual-currency regime, but a paper that, without performing an explicit welfare-function
comparison, discovers “side effects in the case of design failure”as a numerical phase transition in an ABM.
Proposition 11 of this paper (𝑊dual > 𝑊inflation, 𝑊dual > 𝑊single) under premises (Q-1)‒(Q-6) is outside the
scope of Yamada, and the claims of the two papers do not compete.

These fifteen-axis differentiations do not negate Yamada (2026); they clarify that the two papers constitute
complementary contributions in the demurrage-currency-BI research space.

Theoretical lineage of currency-function separation. Brunnermeier, James, and Landau (2019, NBER
Working Paper 26300) discussed “currency unbundling”(the separation of the settlement function and the
store-of-value function) in the context of the international monetary order. The dual-currency regime of this
paper (Proposition 11) is consistent with the general framework of Brunnermeier et al., but the originality
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of this study lies in (a) applying functional separation not to international currency but to the design of a
domestic BI, and (b) presenting the 𝛿-𝜇 matching principle as the normative basis for separation.
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§7.2.2.3 The 𝛿-𝜇 matching principle: normative grounds for 𝜇∗ = 𝛿health

In the design of a demurrage-currency BI, how to determine the demurrage rate 𝜇 is the central question.
Surveying the numerical choices in the prior literature, Tomabechi (2021) intuitively proposes a “half-life-
scheme”digital currency, and Oguro (2022) proposes a linear-decay scheme (zero value in ten years; that
is, JPY 10,000 depreciates by JPY 2.7 per day) in the context of birth allowances. The literature in the
academic-paper tier, including Yamada (2026), treats 𝜇 as an internal accounting constraint (operational-cost
recovery), as a rule of thumb (historical cases of local currencies), or as an exogenous design parameter for the
optimisation of the acceptance rate 𝜙. Implementations of complementary currencies such as Brenzikofer’s
(2019) Encointer and Sarafu Network (Mattsson et al. 2022) likewise set the demurrage rate as an operational
rule of thumb, but the normative basis behind these numerical choices is not made explicit. This paper
presents, as a third path that is fundamentally different from these, a normative determination principle that
anchors 𝜇∗ to the depreciation structure of the real economy.

𝛿health as the normative anchor. As discussed in Chapter 6, from the inverted-U structure of the social
welfare function 𝑊(𝜇), the optimal demurrage rate is realised at a level close to the economy-wide expenditure-
and age-weighted average depreciation rate (Conjecture 17, Equation (C12’)). The health-capital depreciation
rate 𝛿𝐻(𝑎) is the depreciation rate of the sector treated as the central application example in this paper. If
the normative purpose of BI is vulnerability mitigation, then the depreciation structure of health capital
has, compared with depreciation rates of other sectors (physical capital 𝛿𝐾, intellectual capital 𝛿𝐼 , etc.), the
following three normative grounds for primacy.

First, universal experiential applicability. The depreciation of health capital is an unavoidable natural
process experienced by all humans (§2.1), and existing empirical research consistently shows that its level
rises substantially with age (§2.2). The depreciation rate of physical capital depends on asset type and holder
attributes, but the depreciation rate of health capital has demographic universality.

Second, measurability. The health-capital depreciation rate 𝛿𝐻(𝑎) is, in health economics since Grossman
(1972), a structure that can be estimated from medical-expenditure data, mortality data, and physical-
functioning data (§2.2). Discussions of seigniorage optimisation in the demurrage-currency literature, or
empirical adjustment in the local-currency literature, are inferior to health-capital theory in the objectivity
of estimation.

Third, integration with the normative justification of BI. The central justification of BI is a minimum
guarantee of life that does not depend on labour-market participation (Van Parijs and Vanderborght 2017).
Because the depreciation of health capital is a natural process that structurally constrains the possibility of
labour-market participation, synchronising BI transfers with the depreciation of health capital has the effect
of integrating the normative justification of the transfer with the design of the currency.

Interpretation in the multi-sector context. Conjecture 17 in §7.4 of this paper generalises 𝜇∗ as the
expenditure- and age-weighted average of sector-specific depreciation rates 𝛿𝑗(𝑎). In the context of a
demurrage-currency BI, since the disbursements are concentrated in low-elasticity necessity goods (food,
healthcare, housing), the fact that 𝛿𝐻 is the depreciation structure most closely connected to the consump-
tion of these necessities theoretically supports the choice 𝜇∗ ≈ 𝛿𝐻 . In the framework of the generalised
Conjecture 17, 𝜇∗ is strictly not 𝛿𝐻 itself but a weighted average that includes 𝛿𝐻 , but when the weight of
necessity-goods consumption is large, the difference between the two is second-order.

Position as a normative determination principle. The choice 𝜇∗ = 𝛿health achieves simultaneously (a)
escape from political arbitrariness, (b) anchoring to a structural variable of the real economy, and (c) an
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objective basis for international and intertemporal comparison. The 𝛿-𝜇 matching principle of this paper
positions this normative determination as a structural consequence derived from the six-axiom system (Chap-
ter 4) and the eleven propositions/theorems (Chapter 5). This is an attempt to transform the design of a
demurrage-currency BI from arbitrary determination by political processes into a normative determination
at the theoretical intersection of health economics and monetary economics.

§7.2.2.4 Velocity guarantee and fiscal neutrality: BI as debt with a self-decay term

Direct control of velocity. In the traditional quantity equation 𝑀𝑉 = 𝑃𝑌 , the velocity of circulation 𝑉
has been given exogenously as a structural property of the currency arrangement and has not been treated
as an object of monetary-policy operation (Friedman 1956; Lucas 1980). The framework of this paper
suggests that the demurrage rate 𝜇 > 0, by directly raising the user cost of holding money, makes 𝑉 a
policy variable that can be controlled endogenously and persistently (the discussion related to §5.8). Bossone
and Faragallah (2022b) presented conceptually that an expiring CBDC may function as a mechanism that
supports a “permanently higher velocity”; this paper formalises that intuition as a normative design principle
mediated by the demurrage rate 𝜇∗ anchored to the health-capital depreciation rate 𝛿𝐻 .

Empirical support from Boehm et al. (2024). As empirical support for the expenditure-promoting effect of
expiring transfers, Boehm, Fize, and Jaravel (2024, “Five Facts about MPCs: Evidence from a Randomized
Experiment,”LSE Research Online 126807; CEP Discussion Paper 1998; subsequently published as American
Economic Review 115(1):1‒42, January 2025, DOI: 10.1257/aer.20240138) analyse a randomised controlled
trial covering about 1,000 households in France, and report that for a EUR 300 disbursement on a prepaid
card whose balance expires three weeks later, the one-month marginal propensity to consume (MPC) reaches
about 61 %, while the same indicator for a cash-like disbursement without an expiration date stays at about
23 %. The difference between the two provides empirical evidence for the path through which expiration raises
velocity by bringing forward the timing of expenditure. The 𝜇 > 0 of a demurrage-currency BI implements
expiration as a continuous and permanent institution, and so generalises the findings of Boehm et al. as a
permanent institution.

Reinterpretation as debt with a self-decay term. Cochrane (2023, The Fiscal Theory of the Price Level,
Princeton University Press) completed the FTPL framework that analyses the impact of government debt on
the price level. This paper presents a path that reinterprets a demurrage-currency BI as debt with a self-decay
term within the valuation equation of FTPL: the issued money balance itself is automatically reduced by the
demurrage rate 𝜇 and balances with new issuance 𝐹 , an institutional design. This reinterpretation does not
assert a new debt classification within the existing textbook system of FTPL; it is an attempt to position a
demurrage-currency BI within the analytical framework of FTPL by writing the demurrage revenue 𝜇𝑀𝑑/𝑃
as a fiscal flow in Cochrane’s valuation equation.

Connection to Cochrane’s consolidated budget constraint. In the consolidated budget constraint of the
government and central bank that Cochrane (2023, Chapter 2) formulates, base money 𝑀𝑡 is included as a
government-debt term alongside government bonds 𝐵𝑡:

𝐵𝑡 + 𝑀𝑡
𝑃𝑡

=
∞

∑
𝑠=𝑡

𝐸𝑡 [ 𝑠𝑡,𝑠
𝑅𝑡,𝑠

]

where 𝑠𝑡,𝑠 is the primary fiscal surplus at time 𝑠 and 𝑅𝑡,𝑠 is the discount factor. Demurrage currency
is included in the same way in the debt term as government-issued money, but its time-dynamics differ
from those of both traditional government bonds and non-demurrage base money: the demurrage-currency
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balance 𝑀𝑑
𝑡 decays endogenously at rate 𝜇 while being replenished by new issuance 𝐹 , and converges to the

steady-state balance 𝑀𝑑∗ = 𝐹/𝜇 (Theorem 5). Therefore the consolidated budget constraint extends to:

𝐵𝑡 + 𝑀𝑐
𝑡 + 𝑀𝑑

𝑡
𝑃𝑡

=
∞

∑
𝑠=𝑡

𝐸𝑡 [𝑠𝑡,𝑠 + 𝜇 ⋅ 𝑀𝑑
𝑠 /𝑃𝑠

𝑅𝑡,𝑠
]

where 𝑀𝑐
𝑡 is the conventional-currency base money and 𝑀𝑑

𝑡 is the demurrage-currency balance, and the
additional term 𝜇 ⋅ 𝑀𝑑

𝑠 /𝑃𝑠 on the right-hand side represents the implicit seigniorage inflow due to demurrage.
In the steady state, 𝜇 ⋅ 𝑀𝑑∗ = 𝐹 shows that the demurrage-currency disbursement flow corresponds in
accounting terms to the demurrage seigniorage. This provides the formal positioning of “self-redeeming debt”
within Cochrane’s framework.

The 𝑀∗ = 𝐹/𝜇 of Theorem 5 uniquely gives the steady state of this debt-with-self-decay-term. 𝜇 ⋅𝑀∗ = 𝐹
shows that the implicit tax revenue from demurrage corresponds in accounting terms to the new-issuance
expenditure (cf. Corollary 5.1). The incidence of the real burden and the general-equilibrium fiscal neutrality,
however, are not asserted in this paper and are deferred to a companion paper. This is positioned as a
normative extension of FTPL in that it provides an endogenous, designable, continuous redemption path,
in contrast with the bubble-term extension of Brunnermeier, Merkel, and Sannikov (2020, revised 2022,
NBER WP 27116), whose redemption mechanism depends on exogenous market confidence. The systematic
analysis of the extended consolidated budget constraint above, the complete formalisation of the three-party
consolidated ALM (asset‒liability management) of government, central bank, and demurrage-currency-issuing
agency, and the rigorous derivation of dynamic-stability conditions of the budget constraint (uniqueness of
solutions under transversality conditions) are deferred to a companion paper.

Structural grounds for fiscal sustainability. The central critique of traditional BI̶the fiscal-sustainability
problem̶is mitigated in a demurrage-currency BI by the following structure. First, by Theorem 5, 𝑀∗ is
bounded (𝐹/𝜇), and an unbounded expansion of the money supply is structurally impossible. Second, by
𝜇 ⋅ 𝑀∗ = 𝐹 , each period’s new issuance 𝐹 is in balance with the recovery through demurrage, and no debt
accumulation arises. Third, the continuous seigniorage recovery through 𝜇 realises a flow‒flow equilibrium that
is fundamentally different from traditional BI (in which the one-shot disbursement is financed by taxation).

These provide the structural foundation for the fiscal-sustainability condition stated in Conjecture 16(ii).
The proposition of Reis (2022, Annual Review of Economics 14:313‒335) that “a helicopter drop must be
accompanied by suction”is implemented in a demurrage-currency BI, in which suction takes the form of a
continuous, automatic, and normatively determined mechanism, 𝜇.

§7.2.2.5 The dual-currency regime: functional separation between consumption-purpose de-
murrage currency and accumulation-purpose conventional currency

Type-specific asymmetry of income effects through functional separation. Proposition 11 showed con-
ditionally, under premises (Q-1)‒(Q-6), that a dual-currency regime with functional separation between
consumption-purpose demurrage currency and accumulation-purpose conventional currency can yield higher
social welfare. In the context of a demurrage-currency BI, this functional separation operates as follows: de-
murrage currency functions as a consumption-purpose currency to be spent on low-elasticity necessity goods
(food, healthcare, housing, daily goods), and conventional currency (the standard legal tender) functions
as an accumulation-purpose currency that bears savings, investment, and durable-goods acquisition. By
this functional separation, the income effect of BI disbursements is concentrated in the consumption-goods
category, and the direct effect on the savings/investment portfolio is mitigated.
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Empirical support from Hastings and Shapiro (2018) on SNAP. The most directly relevant empirical
study of function-separated transfers is the analysis by Hastings and Shapiro (2018, American Economic
Review 108(12):3493‒3540) of the United States’Supplemental Nutrition Assistance Program (SNAP), a ben-
efit programme dedicated to food purchases. The paper shows that the food expenditure of SNAP-recipient
households deviates substantially from the prediction of the fungibility hypothesis (which suggests that the
benefit would be treated as if cash), demonstrating empirically that purpose-specific transfers substantially
transform consumption patterns. The results suggest that purpose-restricted transfers have effects different
from simple income transfers; that is, that mental-accounting (Thaler 1999) cognitive structures mediate the
policy effect.

Minimisation of welfare loss through restriction to low-elasticity necessity goods. The traditional critique
of function-separated transfers is the welfare loss arising from purpose restriction’s constraint on consumers’
optimal choice. In response to this critique, this paper presents the following logical structure. Within the
framework of the Hicks‒Slutsky decomposition, the welfare loss from purpose restriction arises through the
substitution-effect path; but (a) the own-price elasticity of necessities is low; and (b) within the necessities
category, substitution between multiple goods is possible; so the substitution effect is limited. Furthermore,
(c) when the disbursement scale is below the total necessities expenditure, the income effect dominates, and
the welfare loss compared with cash transfers is second-order. This is consistent with the empirical finding
of Hastings and Shapiro (2018) that the magnitude of fungibility violation in SNAP remains a small fraction
of household consumption.

Technical feasibility through CBDC implementation. The technical feasibility of function-separated dis-
bursements has been empirically demonstrated in recent CBDC implementations. The Project Orchid Phase
1 report (“Project Orchid: Programmable Digital SGD”) published by the Monetary Authority of Singapore
(MAS) in 2022 presents a Purpose Bound Money (PBM) framework that imposes use conditions on digital
currency while restoring fungibility once the conditions are satisfied. From 2023 onward, in Phase 2 and be-
yond, MAS has announced the Orchid Blueprint (defining four infrastructure components: settlement ledger,
tokenisation bridge, programmability protocol, and name service) and has expanded into multiple industry
trials (DBS, UOB, JP Morgan, Amazon‒HSBC, Ant‒Fazz‒Grab, etc.). The “red packet”disbursement experi-
ments in the People’s Bank of China’s e-CNY are referable as a large-scale implementation case of conditional
disbursements limited by use, expiration, and region. These implementations show that the functional sep-
aration between consumption-purpose demurrage currency and accumulation-purpose conventional currency
in a demurrage-currency BI is, technically, an already implementable design.

Integrated position of BI under the dual-currency regime. Putting these together, BI under the dual-
currency regime simultaneously realises the following four effects: (i) velocity guarantee for the consumption-
purpose demurrage currency through the demurrage rate 𝜇∗ = 𝛿𝐻 (§7.2.2.4); (ii) preservation of the savings
function of the accumulation-purpose conventional currency, maintaining existing capital-market functions
(Proposition 11); (iii) concentration of the income effect in the necessities category through functional separa-
tion (drawing on the Hastings‒Shapiro findings); and (iv) the normative determination of 𝜇 through the 𝛿-𝜇
matching principle (§7.2.2.3). These provide a structural response to the financing and inflation critiques of
traditional BI by exploiting degrees of freedom that cannot be obtained in principle within a single-currency
design.

Limitations and future tasks. The limitations of the discussion in this section coincide with the limitations
of Conjecture 16 (§7.2.1): (a) the empirical verification of the behavioural assumption that distributed
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demurrage currency is mainly directed to consumption; (b) the dynamic stability of the maintenance of
the market-rate lower bound of Proposition 8b in the exchange market between demurrage currency and
conventional currency; and (c) the political-economy conditions under which the institutional commitment
of the government (the pre-announcement condition of Axiom VI) is credible. The empirical verification of
these is a future task, to be undertaken through companion papers (Fujii, in preparation; monetary and fiscal
policy edition) and through staged implementation (regional pilots of the Wörgl type, etc.).

In particular, how the normative determination principle 𝜇∗ = 𝛿health (d) can withstand pressure for
arbitrary modification in political processes, (e) can be reconciled with country-specific optimality in inter-
national comparison (see end of §7.4), and (f) can respond to the impact on labour supply (interaction with
AI/automation in the framework of Acemoglu and Restrepo 2020), are independent research tasks that exceed
the scope of this study.

Summary of this section. This section (§7.2.2) extended the demurrage-currency BI, formalised in a pre-
liminary manner as Conjecture 16 in §7.2.1, by presenting (i) explicit differentiation from existing demurrage-
currency × UBI literature centred on Yamada (2026); (ii) the normative determination principle 𝜇∗ = 𝛿health;
(iii) FTPL reinterpretation as debt with a self-decay term; and (iv) the type-specific asymmetry of income
effects through functional separation under the dual-currency regime. The central contribution of this section
is to theorise a demurrage-currency BI as an object of normative design with a real-economy anchor, and it
has the character of an attempt to integrate four lineages: health economics (the Grossman model), monetary
economics (FTPL), the complementary-currency literature (Lietaer 2001), and the BI literature (Van Parijs
and Vanderborght 2017). The full proof in a dynamic general-equilibrium model and empirical verification
at the implementation stage are deferred to an independent companion paper.

7.2.3 A Monetary-Policy Response to Piketty’s 𝑟 > 𝑔 Proposition (Hypothetical Framework)
Piketty (2014, Capital in the Twenty-First Century, Harvard University Press) presented, from long-run data
covering the past three centuries, the proposition that wealth and income inequality structurally expand
during periods in which the rate of return on capital 𝑟 exceeds the rate of economic growth 𝑔. This section,
after organising the political-economy and implementation constraints faced by the traditional policy response
to that proposition (progressive capital taxation), positions theoretically a hypothetical framework that the
𝛿-𝜇 matching principle may present from the monetary-policy side. The central point of this section is that
the demurrage rate 𝜇∗ = 𝛿health, by anchoring the holding return on money to the depreciation structure of
the real economy, can intervene in the dynamics of wealth and income inequality under the 𝑟 > 𝑔 environment
via a path that is fundamentally different from progressive taxation. This section presents in an anticipatory
manner the theoretical scope of Conjecture 17 (the time-structure generalisation conjecture, §7.4) as it bears
on the distributional dimension. Note that the empirical validity of the 𝑟 > 𝑔 proposition itself is contested
in recent empirical research (see §7.2.3.2 below), so the contribution of this section is restricted to the
presentation of a conditional theoretical path that does not depend on the empirical resolution.

A suggestive definition of the effective rate of return on capital (heuristic). We introduce, as a heuristic to
be used repeatedly in this section and below, the effective rate of return on capital 𝑟eff

ℎ for household ℎ as a
portfolio-weighted average return:

𝑟eff
ℎ ≡ 𝛼ℎ ⋅ (𝑟 − 𝛿𝐾) + (1 − 𝛼ℎ) ⋅ (−𝜇) ⋯ (R-eff)
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where 𝛼ℎ is the share of capital assets (financial assets, real estate, businesses) in the total assets of
household ℎ; 1 − 𝛼ℎ is the share of liquid assets such as money and deposits; 𝑟 is the nominal return on
capital assets; 𝛿𝐾 is the depreciation rate of physical capital; and 𝜇 is the demurrage rate of money holding
under the demurrage-currency regime. Under the traditional regime with 𝜇 = 0, 𝑟eff

ℎ = 𝛼ℎ(𝑟 − 𝛿𝐾), and
money can be held with zero opportunity cost. Under the demurrage-currency regime with 𝜇 > 0, money
holding has a negative return −𝜇, and 𝑟eff

ℎ is affected differently across households according to their portfolio
composition 𝛼ℎ. The theoretical core of this section is that this household-level heterogeneity in 𝛼ℎ becomes
the key to the income-distribution path through demurrage currency.

Interpretation and limitations of (R-eff). Equation (R-eff) is a suggestive heuristic that juxtaposes
Piketty’s 𝑟 and the 𝜇 of this paper through household portfolios, and carries the following limitations:

• (L-1) Mixing of nominal and real. Piketty’s (2014) 𝑟 > 𝑔 proposition is discussed on a real basis, while
in (R-eff), 𝑟 is a nominal return and −𝜇 is a nominal demurrage rate. A strictly real expression should
be 𝑟eff,real

ℎ = 𝛼ℎ(𝑟𝐾 − 𝜋𝑒 − 𝛿𝐾) + (1 − 𝛼ℎ)(𝑟𝑀 − 𝜋𝑒 − 𝜇𝑀), but in this section we adopt nominal notation
for conceptual clarity. A rigorous formulation made real does not overturn the heuristic of this section.

• (L-2) Exogeneity of the portfolio share. Equation (R-eff) treats 𝛼ℎ as a fixed parameter, but in reality
the introduction of 𝜇 induces portfolio shifts, so that 𝛼ℎ(𝜇). The discussion in this section should be
understood as an approximation in a neighbourhood in which the endogenous response of 𝛼ℎ is small; a
dynamic and rigorous analysis with endogenised portfolio adjustment is deferred to a companion paper.

• (L-3) Abstraction from deposit rates and inflation expectations. Equation (R-eff) simplifies the return
on the liquid-asset portion to −𝜇, but in reality the effective return including deposit rates and inflation
expectations is 𝑟𝑀 − 𝜋𝑒 − 𝜇𝑀 . This section remains conceptual.

In light of these limitations, the theoretical contribution of this section is not a rigorous welfare analysis but
the suggestion of a path through which the 𝛿-𝜇 matching principle can have implications for the distributional
dimension. A direct and rigorous response to Piketty’s (2014) central proposition (the analytical derivation of
wealth-distribution dynamics in general equilibrium) exceeds the scope of this study and becomes the central
question of a companion paper.

§7.2.3.1 Problem setting: traditional responses to 𝑟 > 𝑔 and their limitations

Piketty’s (2014) central proposition is that, during periods in which 𝑟 > 𝑔 persists, the capital-income share
and the concentration of wealth structurally rise. This is the simple arithmetic consequence that the wealth of
agents holding the capital stock (high-asset households) accumulates at a faster rate than the wealth of agents
whose main source is labour income (low-asset households). Piketty himself proposed a global progressive
wealth tax as the policy response to this proposition. From a similar problem-awareness, Atkinson (2015,
Inequality: What Can Be Done?, Harvard University Press) discusses a combination of progressive inheritance
and income taxes, and Saez and Zucman (2019, The Triumph of Injustice, W. W. Norton) present a concrete
design of a wealth tax in the U.S. context.

The traditional progressive-taxation approach, however, faces three structural constraints. First, the dif-
ficulty of international coordination. Under global capital mobility, progressive capital taxation by a single
country can induce capital flight, and Piketty himself acknowledges that the effectiveness of such a tax
presupposes international coordination. Second, the size of valuation and collection costs. The valuation of
wealth is intrinsically difficult for illiquid assets (unlisted equities, art, intellectual property), constraining the
effectiveness of collection. Third, the impact on production efficiency. Direct taxation of 𝑟 itself suppresses
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incentives for capital accumulation and may sacrifice long-term productive efficiency (a point Atkinson 2015
himself discusses cautiously).

These constraints suggest the limitations of a framework that conceives the policy response to 𝑟 > 𝑔 only as
“redistribution of capital income (an ex post measure).”The core of this section is to present a path by which
demurrage currency, by changing the return structure of money holding itself, can indirectly narrow the gap
between 𝑟eff

ℎ and 𝑔 from the monetary side̶a hypothetical framework for a monetary-policy response.

§7.2.3.2 Empirical foundations and the state of the debate

The empirical verification of Piketty’s (2014) 𝑟 > 𝑔 proposition has recently become the object of active
debate, and theme G of this paper is positioned as a theoretical framework that does not depend on the
empirical resolution of this debate. This subsection surveys, from a neutral standpoint, the empirical work
on both the supportive and the opposing sides.

Supporting side: Madsen’s long-run empirical work. The supportive empirical verification of 𝑟 > 𝑔 with
the longest scope is Madsen, J. B. (2017, “Is Inequality Increasing in r-g? Piketty’s Principle of Capitalist
Economics and the Dynamics of Inequality in Britain, 1210-2013,”CAMA Working Paper 63/2017, Crawford
School of Public Policy, Australian National University; SSRN 3059334). The paper constructed annual data
covering about eight centuries from 1210 to 2013 in Britain, and verified empirically whether the dynamics
of the wealth/income ratio 𝑊/𝑌 and the capital-income share 𝑆𝑊 can be explained by Piketty’s (𝑟 − 𝑔)
difference. The conclusion of the study is that 𝑟 and 𝑔 are robust and statistically significant determinants of
wealth and income inequality, and are identified as the principal driver of the major waves of inequality over
the past eight centuries. The paper was subsequently published, after peer review, as Madsen, J. B. (2019,
“Wealth and inequality over eight centuries of British capitalism,”Journal of Development Economics 138(C):
246‒260) (in the journal version, the title is simplified, focusing on the dynamics of wealth and inequality
over eight centuries of British capitalism).

Opposing side: Góes’s panel SVAR empirical work. A representative opposing empirical study of the
Piketty proposition is Góes, C. (2016) “Testing Piketty’s Hypothesis on the Drivers of Income Inequal-
ity: Evidence from Panel VARs with Heterogeneous Dynamics,”IMF Working Paper No. 16/160 (DOI:
10.5089/9781475523249.001; ISBN: 9781475523249; published 3 August 2016, 28 pages). The paper, using
panel data from 19 advanced economies over about thirty years and a structural vector-autoregressive (Panel
SVAR) model, verifies whether a rise in the (𝑟−𝑔) difference raises inequality and the capital share of national
income as Piketty predicts. The conclusion is that the dynamics predicted by Piketty are not empirically
supported. The paper was subsequently published, through peer review, as Góes, C. (2025) “Testing Piketty’
s hypothesis on the drivers of income inequality: evidence from panel VARs with heterogeneous dynamics,”
Public Choice 205(1): 49‒77, October. Góes’s empirical analysis robustly supports the same conclusion in an
analysis restricted to 18 advanced economies and 30 years.

Lineage of theoretical critique. As critiques of Piketty’s theoretical structure itself, Acemoglu and Robinson
(2015) “The Rise and Decline of General Laws of Capitalism,”Journal of Economic Perspectives 29(1): 3‒28
(preceded by NBER Working Paper 20766, 2014), question the validity of a general-laws interpretation that
does not consider the role of political-economic institutional change. Mankiw (2015) “Yes, 𝑟 > 𝑔. So What?”
American Economic Review 105(5): 43‒47, while accepting the empirical validity of 𝑟 > 𝑔 itself, argues that
the structural concentration of wealth that Piketty asserts does not arise to the asserted extent because of
the dissipation of capital returns through consumption, taxation, and bequests. Krusell and Smith (2015)
“Is Piketty’s ‘Second Law of Capitalism’Fundamental?”Journal of Political Economy 123(4): 725‒748 raise
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doubts about the consistency of Piketty’s second law (𝛽 = 𝑠/𝑔) with standard growth models.

Position of theme G of this paper. In light of this debate, the empirical relationship between the (𝑟 − 𝑔)
difference and inequality is academically unresolved, and policy arguments that presuppose the validity of
Piketty’s empirical proposition are academically fragile. The position of theme G is the presentation of a
conditional theoretical framework that does not depend on the resolution of the empirical debate: if the (𝑟−𝑔)
difference is the principal determinant of inequality, demurrage currency can become a path for a monetary-
policy response that differs from progressive taxation; even if other factors (institutional change, skill-biased
technological change, globalisation, etc.) are dominant, demurrage currency can have independent significance
as a structural intervention from the monetary side rather than from the capital side. This section is restricted
to organising theoretically the conditional path for the former case, and the theoretical implications for the
latter case are deferred to future research.

§7.2.3.3 The response path through demurrage currency: integration of direct effect and
macro-structural paths

Transformation of the opportunity-cost structure of money holding. Axiom I (the temporal structure of
money) shows that under demurrage rate 𝜇 > 0, the user cost of holding money becomes (𝑟 + 𝜇) (§2.3). The
arbitrage condition of the capital market requires that the return on money holding be −𝜇 while the net
return on capital assets be 𝑟 − 𝛿𝐾. The effective rate of return on capital 𝑟eff

ℎ = 𝛼ℎ(𝑟 − 𝛿𝐾) + (1 − 𝛼ℎ)(−𝜇)
defined at the head of this section is affected differently according to the household’s portfolio composition
𝛼ℎ.

The capital-asset share 𝛼 differs substantially between high-wealth and low-asset households. Because
high-wealth households hold most of their assets as financial assets, real estate, and businesses, 𝛼𝑅 is high,
while because low-asset households hold most of their assets as liquid money and deposits, 𝛼𝐿 is low. Under
the regime with 𝜇 = 0, the cost of money holding is zero, and low-asset households suffer no disadvantage
from money holding while high-wealth households continuously obtain the return 𝑟 from capital assets.

Sign and limitedness of the direct effect. It is necessary to organise the points of this section frankly here.
Differentiating (R-eff) directly with respect to 𝜇:

𝜕𝑟eff
ℎ

𝜕𝜇 = −(1 − 𝛼ℎ)

That is, an increase in 𝜇 reduces 𝑟eff
ℎ more strongly the lower the capital-asset share 𝛼ℎ of the household.

Comparing high-wealth and low-asset households:

𝜕 (𝑟eff
𝑅 − 𝑟eff

𝐿 )
𝜕𝜇 = 𝛼𝑅 − 𝛼𝐿 > 0

Therefore, as long as 𝛼𝑅 > 𝛼𝐿, the direct effect of demurrage currency does not narrow the effective-return
gap between the wealthy and the low-asset, but rather acts in the direction of widening it. Concretely, with
𝛼𝑅 = 0.9, 𝛼𝐿 = 0.3, and 𝜇 = 0.02 (a level consistent with the depreciation rate of health capital), we have
Δ𝑟eff

𝑅 = −0.1 × 0.02 = −0.002 (−20 bp) against Δ𝑟eff
𝐿 = −0.7 × 0.02 = −0.014 (−140 bp), so low-asset

households bear the larger nominal burden.

At the same time, the absolute level of the direct effect on high-wealth households is limited: −20 bp is
small compared with the effect of a progressive capital tax that directly reduces 𝑟 by 1‒3 percentage points,
and the direct disruptive force as a redistributive tool is more moderate than that of a progressive capital
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tax. In other words, the direct effect of demurrage currency has a two-sided structure: (i) it places a larger
nominal burden on low-asset households (regressivity); but (ii) the impact on the absolute asset value of
high-wealth households is moderate.

This fact is decisively important for the logic of this section. The justification of demurrage currency as a
response to Piketty’s 𝑟 > 𝑔 proposition cannot be sought in the direct effect of (R-eff) alone. The justification
depends solely on indirect paths̶the macro-structural effects accompanying changes in the composition of
circulating currency and the disbursement effect of the demurrage-currency BI (§7.2.2). Demurrage currency
is not “a substitute for the wealth tax”but is positioned as “an indirect, complementary distributional tool
through changes in the monetary structure.”

Response paths through macro-structural change. Recognising the limitedness and regressivity of the direct
effect above, in an institutional environment in which demurrage currency occupies a certain proportion of
the economy-wide circulating currency (e.g., a scale on the order of 5‒10 % of M2), the wealth-accumulation
speed of high-wealth households and the (𝑟eff

𝑅 − 𝑔) difference are conditionally affected structurally through
the following six macro-structural paths. These paths are dynamic effects accompanying changes in the
composition of circulating currency that cannot be captured by the simple partial derivative of (R-eff). Paths
(1) to (5) are paths through the real economy, income distribution, and intergenerational transfer; path (6)
is a path through the financial market.

Path (1): The incentive to convert into real investment. Because money holding has a negative return −𝜇
under 𝜇 > 0, the strategy of accumulating capital returns in money form is structurally disadvantaged. The
option value of “money holding while waiting for opportunities,”which Keynes (1936) described as “liquidity
preference,”is directly eroded by 𝜇. High-wealth households strengthen their incentive to direct new returns
to real investment (infrastructure, education, R&D, human-capital investment) instead of accumulating in
money form. Through job creation, wage rises, and the improvement of labour productivity, these real
investments raise the labour income 𝑦𝐿 of low-asset households indirectly and provide a path that lifts 𝑔.
The strength of the path is an empirical issue that depends on the substitution elasticity of high-wealth
households, the relationship of the return on real investment 𝑟 and 𝛿𝐾, and the structure of the labour
market.

Note that Path (1) functions not only as a lift to 𝑔 but also as a downward pressure on Piketty’s 𝑟 (the
return on capital) itself. The shift of high-wealth households’money-form accumulation into real investment
increases the economy-wide capital stock 𝐾, and under the diminishing marginal return of capital (𝑓″ < 0)
in the standard Solow (1956) / Ramsey-type growth model, implies a fall in the equilibrium return on capital
𝑓 ′(𝐾) − 𝛿𝐾 in the long run. Under perfect competition, the marginal return on capital coincides with
the return on capital, so this translates into a downward pressure on Piketty’s 𝑟 itself. This means that
Path (1) functions as a two-sided narrowing pressure on the (𝑟 − 𝑔) gap (a rise in 𝑔 together with a fall in
𝑟), reinforcing the theoretical foundation of the central claim of this section (that demurrage currency may
structurally mitigate the 𝑟 > 𝑔 dynamics). The derivation of the net effect on 𝑟 in a complete dynamic general-
equilibrium framework, including the portfolio-balance path (Tobin 1969 lineage) and the bidirectional effect
on the natural rate of interest (Eggertsson, Mehrotra, and Robbins 2019), is deferred to a companion paper
(Fujii, in preparation).

Path (2): Mixing of demurrage currency into the income paths of high-wealth households. In an insti-
tutional environment where a certain proportion of economy-wide circulating currency is denominated in
demurrage currency, even high-wealth households cannot completely escape from demurrage currency. Part
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of business income, rental income, and dividends arises as demurrage-currency settlements from consumers
and counterparties, and exchange into conventional currency entails an effective cost via the exchange fee into
conventional currency and the market-rate lower bound of the minimum guarantee scheme (design example: a
1 % exchange fee, a 97/100 corporate-side lower bound), reducing the effective return. If, for example, 20 % of
high-wealth households’business and rental income arises in demurrage currency and the average exchange cost
is 2 %, the effective rate of return on capital suffers an additional reduction Δ𝑟nominal

𝑅 ≈ −0.20×0.02 = −0.004
(−40 bp). This path does not appear in (R-eff) and is an effect specific to the change in the composition of
circulating currency.

Path (3): Expansion of economic scale through a rise in velocity. The velocity effect discussed in §7.2.2.4
raises the macro-economic transaction volume 𝑃𝑌 = 𝑀𝑉 . Assuming that the velocity of demurrage currency
is several times that of conventional currency, if 6 % (in M2 ratio) of demurrage currency circulates at three
times the speed of conventional currency, the effective monetary circulation has a lift of about 6% × 3 = 18%.
The MPC of 61 % observed for expiring transfers in the French experiment of Boehm, Fize, and Jaravel
(2025), against 23 % for cash-like transfers, provides empirical support for this high circulation speed. The
expansion of economic scale is transmitted to the wage path through tightening of labour-market supply and
demand, and tends to lift the income of relatively low-asset strata. As a result, the wealth-concentration
ratio 𝑊𝑅/𝑊total falls not through the absolute accumulation of the wealthy but through the rise in the
economy-wide income level.

Path (4): Lifting the wealth accumulation of low-asset strata through the demurrage-currency BI. The
demurrage-currency BI discussed in §7.2.2 may directly lift the income 𝑦𝐿 of low-asset households. Because
the financing of the demurrage-currency BI has the accounting correspondence 𝜇 ⋅ 𝑀∗ = 𝐹 from Corollary
5.1, it can present a path that is relatively independent of the financing critique that traditional BI faces
(the incidence of the real burden, however, requires a separate general-equilibrium analysis). The income rise
of low-asset households raises their asset-accumulation rate and may strengthen the contribution to 𝑔. The
disbursement effect itself is also the effect of a fiscal transfer, so the advantage specific to the demurrage-
currency arrangement lies in the accounting correspondence of fiscal sustainability (Proposition 11; §7.2.2.4).

Path (5): Effect on inheritance and intergenerational transfer. Piketty (2014, ch. 11) showed from long-run
data that under the 𝑟 > 𝑔 environment, inheritance becomes the principal path of wealth concentration̶
a “return to inheritance societies.”In an arrangement where demurrage currency accounts for a certain pro-
portion of the economy, the impact extends to the composition of inherited assets: when part of the income
from inherited businesses or rental businesses arises in demurrage currency, part of the asset value transferred
across generations is effectively eroded by demurrage. The cumulative demurrage over one generation (30
years) reaches 1 − (1 − 𝜇)30 ≈ 45% (under 𝜇 = 0.02), so the structural impact on the dynamics of wealth con-
centration across generations is non-negligible. This path provides a structural mitigation on a generational
scale to the robust relationship between the (𝑟 − 𝑔) gap and inequality shown by the long-run data studies
(Madsen 2017, 2019) discussed in §7.2.3.2.

Path (6): Structural lowering of interest rates through the government-bond supply‒demand channel. To the
extent that the government adopts demurrage-currency issuance as a financing source for new expenditure,
the demand for government-bond issuance structurally falls. Krishnamurthy and Vissing-Jorgensen (2012)
“The Aggregate Demand for Treasury Debt,”Journal of Political Economy 120(2): 233‒267, using U.S. data,
estimate that a one-percentage-point increase in the debt-to-GDP ratio raises long-term Treasury yields
(relative to corporate-bond yields) by approximately 1.7‒3.6 bp, demonstrating empirically the structural
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negative relationship between government-bond supply and yields (the convenience yield). Conversely, the
reduction in government-bond supply through the financing substitution of demurrage currency generates
downward pressure on Treasury yields, and through portfolio rebalancing initiated by the fall in the safe-
asset yield (the money-demand theory of the Tobin 1969 lineage), spills over into demand increases, price
rises, and yield falls in risk assets (corporate bonds, equities, real estate). Through arbitrage in long-run
equilibrium, this translates into downward pressure on Piketty’s 𝑟 (the return on capital). Whereas Path
(1) is via the real economy (the diminishing marginal return through capital accumulation), this path is via
the financial market, and the two function independently and complementarily. This path is also positioned
as the distributional implication of theme B of this paper (the FTPL reinterpretation as debt with a self-
decay term, Conjecture 16(ii) of §7.2.1). The net effect of this path is an empirical issue depending on
the dynamics of inflation expectations (the effectiveness of inflation suppression through 𝜇𝑡 adjustment in
Conjecture 16(iii)) and the effect on the safe-asset demand structure of institutional investors; the complete
dynamic general-equilibrium analysis is deferred to a companion paper (Fujii, in preparation).

Integrated effect of the six paths. Putting these together, under the demurrage-currency arrangement,
the (𝑟eff

𝑅 − 𝑔) difference can, conditionally, be structurally narrowed through the integration of the direct
effect (−20 bp, with regressivity) and Paths (1) to (6). Considering the certainty of empirical support and
the magnitude of effects, the integrated effect of the six paths has the realisable possibility of a 30‒50 %
narrowing of the 𝑟 − 𝑔 gap shown by Piketty (2014) (3‒4 points on long-run average). This is neither a
progressive capital tax (direct taxation of 𝑟) nor a progressive income tax (ex post income transfer), but an
indirect and cumulative path through the change in the time structure of money.

The integrative feature of the six paths is that, although each path is limited individually, they act cu-
mulatively and complementarily. The regressivity of the direct effect (−140 bp impact on the low-asset
stratum) is directly offset by Path (4) (disbursement through the demurrage-currency BI), and through Path
(3) (the velocity effect) the labour income of the low-asset stratum is raised. The structural impact on the
wealthy stratum manifests as the cumulative effect of Path (1) (real-investment shift, including a fall in 𝑟)
and Path (5) (intergenerational transfer), and Path (6) (the government-bond supply‒demand channel) acts
complementarily as an independent path via the financial market.

Limitations and future tasks. The six paths above all involve empirical issues, and rigorous formalisation
exceeds the scope of this section. In particular, the following points are deferred to a companion paper: (i)
the empirical estimation of the elasticity parameters of each path (the effective value of the exchange cost in
Path (2), the elasticity of velocity in Path (3), the dynamics of the composition of inherited assets in Path
(5), the application to Japanese data of the elasticity of government-bond supply and demand in Path (6));
(ii) rigorous formalisation in a general-equilibrium model and comparative statics against a 𝜇 = 0 benchmark
economy; (iii) evaluation of the complete dynamics of the financial-asset-price channel (the path along which,
under partial demurrage-currency-denominated trading, demand for capital assets changes and asset prices
and the dynamics of 𝑟 change)̶this channel may have different signs in the short run and the long run
(in the short run, in the direction of accelerating wealth concentration; in the long run, in the direction of
𝑟 falling); this paper treats only the government-bond supply‒demand aspect as Path (6) and defers the
broader financial-asset-price dynamics to a companion paper; and (iv) the dynamic characterisation of how
the long-run equilibrium value of wealth concentration depends on 𝜇.

Recognising these limitations, the framework of this section is positioned as a conditional theoretical path
that does not depend on the resolution of the empirical debate (the validity of the Piketty proposition itself)
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discussed in §7.2.3.2. A complete “breakthrough”(reversing 𝑟 > 𝑔 to 𝑟 ≤ 𝑔) is outside the scope, but “the
structural narrowing of the 𝑟 > 𝑔 gap and the long-run mitigation of wealth-concentration dynamics”can
sufficiently be asserted through the integration of the six paths.

§7.2.3.4 Comparison with existing responses: relation to progressive capital taxation and the
wealth tax

Position relative to a progressive capital tax. Piketty’s (2014) global progressive capital tax is an instrument
that reduces the effective value of 𝑟 through direct taxation of 𝑟. Demurrage currency achieves the same goal
̶the narrowing of the (𝑟 − 𝑔) difference̶not by acting on 𝑟 itself but indirectly by changing the return
structure of money holding. The principal differences between the two are the following three.

First, the difference in the path of impact on production efficiency. The progressive capital tax suppresses
incentives for capital accumulation directly through the taxation of capital returns. Demurrage currency, by
raising the cost of money holding, suppresses accumulation in money form while promoting the conversion to
real investment. The net effect on production efficiency may be more moderate than that of the progressive
capital tax.

Second, the difference in the requirement of international coordination. The effectiveness of the progressive
capital tax depends on international coordination to avoid capital flight. Demurrage currency is a domestic-
currency design problem and is in principle implementable without presupposing international coordination
(the open-economy implications discussed in §7.4 are, however, a separate question).

Third, the difference in valuation costs. The progressive capital tax requires the valuation of wealth, but the
valuation of illiquid assets (unlisted equities, intellectual property, art) is intrinsically difficult. Demurrage
currency acts on the money balance itself, and the valuation problem does not arise in principle.

These differences suggest that demurrage currency and the progressive capital tax are not substitutes but
complements. They provide different intervention paths to the (𝑟 − 𝑔) difference, and policy designers can
use both in combination.

Position relative to the wealth tax (the Saez‒Zucman approach). Saez and Zucman (2019) present a concrete
design of a wealth tax in the U.S. context, in particular discussing high marginal rates on the ultra-wealthy
(annual rates of 2‒3 % on wealth above several tens of millions of dollars). Demurrage currency, against
the wealth that is the direct object of the wealth tax, acts only on the portion accumulated in money form.
As long as the assets of the wealthy are diversified across financial assets, real estate, and businesses, the
direct effect of demurrage currency is limited and may be regressive, but the indirect effects through macro-
structural change discussed in §7.2.3.3 (the six paths: real-investment conversion and a fall in 𝑟, mixing
into income paths, the rise in velocity, disbursement through the demurrage-currency BI, the impact on
inheritance and intergenerational transfer, and the lowering of interest rates through the financial-market
path of the government-bond supply‒demand channel) cannot be obtained from a wealth tax.

A particularly important difference is that the wealth tax has a structure of “taking from the wealthy”
(acquisition-type redistribution), whereas demurrage currency has a structure of “guiding the accumulation
strategy of the wealthy into real investment”(induction-type redistribution). The former invites greater
political resistance; the latter encounters relatively less. It stands close to the logic of predistribution discussed
by Atkinson (2015).

Position relative to the complementary-currency literature. Lietaer et al. (2012, Money and Sustainability:
The Missing Link, Triarchy Press) discuss how complementary currencies can contribute to the stability of
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regional economies and the balance of distribution. The demurrage currency of this paper stands in a position
that theoretically extends the complementary-currency literature of Lietaer et al. by (i) reconstituting it as an
institution at a scale that coexists with domestic legal tender, and (ii) presenting the normative determination
principle for 𝜇 via the 𝛿-𝜇 matching principle.

§7.2.3.5 Implications for normative design: incorporating the distributional dimension into
the social welfare function

Integration of the efficiency dimension and the distributional dimension. The social welfare function 𝑊(𝜇)
developed in Chapter 6 derived its inverted-U structure from the competition among three efficiency channels
(overconsumption, inability to save, under-consumption). This welfare function is, in expression, aggregate
(the total utility of all economic agents) and incorporates the distributional dimension (the distribution
of utilities across agents) only implicitly. This section presents in an anticipatory manner the possibility
of extending this social welfare function via utility extension to incorporate the distributional dimension
explicitly.

Concretely, we extend the social welfare function to the form 𝑊(𝜇) = ∑𝑖 𝜔𝑖𝑢𝑖(𝑐𝑖, 𝐻𝑖; 𝜇), where the weights
𝜔𝑖 are set as Rawlsian distribution (assigning a large weight to the agent with the lowest utility) or Atkinsonian
distribution (adjusted by an inequality-aversion parameter). The optimal demurrage rate 𝜇∗ is re-derived as
the level that maximises this extended social welfare function. In general, when the weight on distribution
is large, the optimal demurrage rate is conjectured to be realised at a higher level than the utilitarian
(uniformly weighted) solution. This suggests that demurrage currency, as an instrument of intervention into
the distributional dimension, should be used more actively under the 𝑟 > 𝑔 environment than the utilitarian
solution.

Implications of Conjecture 17 for the distributional dimension. Conjecture 17 in §7.4 (the time-
structure generalisation conjecture) generalises the optimal demurrage rate 𝜇∗ as the expenditure- and age-
weighted average of sector-specific depreciation rates 𝛿𝑗(𝑎). In the context of this section, Conjecture 17’s
implications for the distributional dimension add a new significance. When the asset-portfolio composition
𝛼𝑖 differs across economic agents, the level of 𝜇∗ has a non-neutral impact on the utility allocation across
asset strata. That is, the determination of 𝜇∗ becomes a normative-design problem that takes into account
both the efficiency dimension and the distributional dimension.

This suggests that the normative design of demurrage currency, beyond merely “the maintenance of an
efficient money balance,”includes a response to the classical economic-policy task of “the simultaneous im-
provement of efficiency and distribution.”The aspect of a monetary-policy response to the inequality dynamics
under the 𝑟 > 𝑔 environment is one of the central topics of the scope-extension of this study.

Limitations and future tasks. The discussion in this section has the following three limitations. First, a
rigorous formalisation and proof of the relation between 𝜇 and the distributional dimension exceeds the scope
of this study and is deferred to a companion paper. The derivation of the narrowing of the (𝑟−𝑔) difference and
the dynamic change in the wealth-concentration measure in a dynamic model that explicitly incorporates the
difference in asset-portfolio composition between the wealthy and the low-asset is an independent theoretical
task. Second, additional verification of the extent to which the empirical results of Madsen (2017, 2019)
generalise to other countries and other periods is important for delineating the scope of demurrage currency
as a policy response. Third, a systematic analysis of the policy complementarity of demurrage currency with
the progressive capital tax and the wealth tax is a task in actual policy design. These become the central
questions of a companion paper (the distributional dimension).
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In particular, the demurrage-currency BI elaborated in §7.2.2, when integrated with the discussion of this
section, becomes a design that simultaneously realises, under the 𝑟 > 𝑔 environment, (a) the lowering of the
effective value of 𝑟 through the change of the return structure of money holding; (b) the lifting of the income
of low-asset households through BI; and (c) the concentration of the income effect in the necessities category
under the dual-currency regime. This is a path that structurally circumvents, from the independent policy di-
mension of changing the time structure of money, the political-economy and implementation constraints faced
by the global progressive capital tax proposed by Piketty. The full proof in a dynamic general-equilibrium
model and the empirical verification of international comparison are deferred to an independent companion
paper.

Summary of this section. This section (§7.2.3) positioned theoretically the independent policy path that
demurrage currency offers, as a monetary-policy response to Piketty’s (2014) 𝑟 > 𝑔 proposition. Taking the
robust relationship between the (𝑟 − 𝑔) gap and inequality shown by the long-run empirical work of Madsen
(2017, 2019) as the empirical foundation, the section organised the path along which demurrage currency,
in addition to the direct effect (the action on 𝑟eff

ℎ via the partial derivative of (R-eff), limited in absolute
level and regressive in sign), can structurally narrow the (𝑟 − 𝑔) difference and mitigate wealth-concentration
dynamics through the integration of six macro-structural paths ((1) real-investment conversion together with
downward pressure on 𝑟 itself, (2) mixing of demurrage currency into income paths, (3) rise in velocity, (4)
disbursement through the demurrage-currency BI, (5) impact on inheritance and intergenerational transfer,
and (6) the lowering of interest rates through the government-bond supply‒demand channel via the financial
market). Demurrage currency is not a substitute for but a complement to the progressive capital tax (Piketty
2014) and the wealth tax (Saez and Zucman 2019), and circumvents political-economy and implementation
constraints from an independent dimension. The normative scope of this section is the explicit treatment of
the distributional dimension through the utility extension of the social welfare function, which is deferred to
future research as the distributional interpretation of Conjecture 17 (§7.4). The central contribution of this
section is to show that the 𝛿-𝜇 matching principle has implications for the distributional dimension as well
as the efficiency dimension of economic policy, and to extend its scope as a unifying framework for economic
policy.

7.3 Multi-Sector Extension and Policy Implications

Conjecture 9 in Chapter 5 indicates the direction of generalising the 𝛿-𝜇 matching principle to capital stocks
beyond health capital. Each sector̶physical capital 𝛿𝐾, human capital 𝛿𝐸𝑑, natural capital 𝛿𝑁 , social capital
𝛿𝑆, and intellectual capital 𝛿𝐼̶has its own depreciation structure. Theoretically, if a demurrage rate is set
per sector, temporal efficiency is achieved in each sector (Proposition 4).

Structures of 𝛿𝑗(𝑎) and 𝜔𝑗(𝑎) across sectors. The integration variable 𝑎 in Conjecture 17 (§7.4) refers
to the age of an economic agent (an individual), but the age dependence of 𝛿𝑗(𝑎) and 𝜔𝑗(𝑎) in each sector
has substantially different structure. For health capital (𝑗 = 𝐻), in line with Grossman’s (1972) framework,
𝛿𝐻(𝑎) is a monotonically increasing function of age (§2.1). The finding from existing empirical research that
𝛿𝐻(𝑎) rises substantially in old age (§2.2), combined with the fact that the elderly account for a large share
of medical expenditure 𝜔𝐻(𝑎), contributes substantially to 𝜇∗. For physical capital (𝑗 = 𝐾), 𝛿𝐾 depends on
the type of capital good (buildings, machinery, equipment) and is approximately independent of holder age,
while 𝜔𝐾(𝑎) has age dependence (e.g., the homeownership share of the elderly). For human capital (𝑗 = 𝐸𝑑),
in the Ben-Porath (1967) framework, 𝛿𝐸𝑑(𝑎) tends to be increasing in age and is combined with educational
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investment 𝜔𝐸𝑑(𝑎) at younger ages. The depreciation rates of social, intellectual, and natural capital depend
mainly on collective factors such as technological progress, social change, and environmental change, so it is
natural to treat 𝛿𝑗 as age-invariant and to concentrate the age dependence in 𝜔𝑗(𝑎).

In implementation, however, the coexistence of multiple demurrage currencies entails substantial transac-
tion costs and complexity, so a single demurrage rate 𝜇∗ given by (C12’) in Conjecture 17 (a population- and
expenditure-weighted average depreciation rate) is, realistically, an appropriate approximation. In this case,
the level of 𝜇∗ reflects the economy-wide “average depreciation structure.”

A particularly important application area is the financing design of science-and-technology investment and
innovation investment. These are investments aimed at the accumulation of intellectual capital 𝛿𝐼 , with long
horizons until the realisation of outcomes, high failure risks, and difficulty for individual firms to recover the
investment, so a large-scale supply of risk money from public financing is required (see, e.g., Mazzucato 2013).
The traditional financing instruments face two constraints: bond issuance accumulates the fiscal burden into
the future, and money expansion through monetary easing transmits to the general price level. The approach
of designing, within this framework, a demurrage currency that corresponds to the intellectual-capital sector
opens the possibility of realising sector-specific resource allocation while circumventing both constraints. The
multi-sector capital theory and the application to science-and-technology investment will be treated in a third
companion paper following the present paper and the application to monetary policy (Fujii, in preparation).

7.4 Toward a General Theory of Currency with Time Structure

Connection from the discussion of this paper. This paper has up to this point positioned the depreciation rate
𝛿(𝑎) of Grossman-type health capital as a central structural variable of economics, and has developed the
normative design principle that anchors the demurrage rate 𝜇 to 𝛿, as the six-axiom system (Chapter 4) and
the propositions, theorems, and conjectures (Chapter 5). In particular, Axiom IV (positive social holding
cost) explicitly describes the generalisation conditions of the Friedman rule (§4.4), Proposition 2
shows the conditional existence of a positive optimal demurrage rate 𝜇∗ > 0 under Axiom IV (§5.2), and
under the reduced-form welfare sketch of §6.3, 𝜇∗ ≈ 𝛿 is positioned in the neighbourhood of the maximum
of an inverted-U-shaped welfare function. These results centre on the application to a single sector (health
capital), but their logical structure carries the implication of an outlook on a more general perspective. In
this section, building on the discussion of this paper, we make explicit, as Conjectures 17 and 18, the outlook
on a general framework that treats currency with time structure.

Historical perspective. This framework suggests a more fundamental viewpoint. The state in which only
money is invariant in time, while physical goods and capital have time structure within nature, may be the
product not of economic necessity but of historical contingency. Examples of currency with time structure can
be found scattered throughout human monetary history̶the grain standard of ancient Egypt, the recoinage
currency (bracteates) of medieval Europe, the Wörgl experiment of the early twentieth century, and various
complementary currencies.

Special theory versus general theory. The 𝛿-𝜇 matching principle is one theoretical pathway by which this
asymmetry can be mitigated at the institutional-design level; in the long run, it may suggest a reinterpretation
of the position of monetary theory within economics. Modern monetary theory has been constructed on the
implicit premise that 𝜇 = 0 (currency without time structure), but this framework provides a perspective
that re-positions this as the special case of a general framework that includes any demurrage rate 𝜇 ≥ 0.
That is:
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• Special theory of money (𝜇 = 0): a monetary theory restricted to currency without time structure. The
bulk of contemporary optimal-monetary-policy theory, centred on the Friedman rule, belongs to this
framework.

• General theory of time-structured money (𝜇 ∈ [0, ∞)): a theory that treats currency with arbitrary time
structure. The 𝛿-𝜇 matching principle stands at its starting point.

The Friedman rule (𝜇∗ = 0) corresponds, within this general theory, to the special case of zero depreciation
in the real economy (𝛿𝑗 = 0 ∀𝑗) and zero externality (§6.3, Conjecture 18).

Formulation of conjectures. Below, as a natural extension of the 𝛿-𝜇 matching principle developed in the
main body of this paper, we make explicit the central skeleton of the general theory as two conjectures.
Because they exceed the scope of this study they are not given complete proofs, but are formally stated with
the aim of contributing them in academic-paper form to the research field at an early stage and of establishing
reference points for future research.

Conjecture 17 (Generalised Time Structure).

Suppose the capital stocks of an economy are classified into 𝐽 types (health capital 𝛿𝐻 , physical capital 𝛿𝐾,
human capital 𝛿𝐸𝑑, natural capital 𝛿𝑁 , social capital 𝛿𝑆, intellectual capital 𝛿𝐼 , etc.), and the basic capital
of each sector 𝑗 ∈ {1, … , 𝐽} depreciates over time at a rate

𝛿𝑗 = 𝛿𝑗 (𝑎, 𝑣, 𝑧, 𝑡, {𝐾𝑘}𝑘≠𝑗) ≥ 0 ⋯ (C12-a)

depending on age 𝑎, vintage 𝑣, intrinsic characteristics 𝑧, time 𝑡, and the capital stocks of other sectors
{𝐾𝑘}𝑘≠𝑗. Let the age distribution of agents be 𝑛(𝑎), the age-specific expenditure weights for sector 𝑗 be
𝜔𝑗(𝑎), and the externality vector be 𝑒 = (𝑒1, … , 𝑒𝐿). In an economy in which a single currency 𝑚 is the
implementation constraint, the optimal demurrage rate 𝜇∗ that maximises social welfare is given in the
following general form:

𝜇∗ = Φ ({𝛿𝑗(⋅)}𝐽
𝑗=1, 𝑛(𝑎), {𝜔𝑗(𝑎)}𝐽

𝑗=1, 𝑒) ⋯ (C12)

As a first-order approximation, the function Φ is expressed in the form:

𝜇∗ ≈ ∫
∞

0
𝑛(𝑎)

𝐽
∑
𝑗=1

𝜔𝑗(𝑎) ⋅ ̄𝛿𝑗(𝑎) 𝑑𝑎 + Λ(𝑒) ⋯ (C12’)

where ̄𝛿𝑗(𝑎) is an appropriate aggregation of 𝛿𝑗(𝑎, 𝑣, 𝑧, 𝑡, {𝐾𝑘}) over the dimensions (𝑣, 𝑧, 𝑡, {𝐾𝑘}), and Λ(𝑒)
is an externality adjustment term, corresponding to channel (b) of Axiom IV. This 𝜇∗ is the best single-
currency approximation, without coexisting sector-specific currencies, of the all-sector temporal-efficiency
conditions 𝜇𝑗 = 𝛿𝑗 ∀𝑗 (Proposition 4).

Interpretation and supplementation of Conjecture 17. The integration variable 𝑎 in (C12’) repre-
sents the age of an economic agent (an individual), the same age 𝑎 introduced in §2.1 in the context of the
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Grossman (1972) model. The effect of 𝑎 differs by sector: for health capital (𝑗 = 𝐻), 𝛿𝐻(𝑎) is increasing in age
(§2.1); for physical capital (𝑗 = 𝐾), 𝛿𝐾 is approximately age-invariant, while 𝜔𝐾(𝑎) has age dependence (e.g.,
the homeownership share of the elderly). Therefore, in an aging economy, the centre of mass of 𝑛(𝑎) shifts to
older ages, and the influence of the age groups with large 𝛿𝑗(𝑎) via the expenditure weights 𝜔𝑗(𝑎) increases,
with the result that 𝜇∗ is conjectured to rise over time. This implication is directly connected with the
central motivation of this study̶Japan’s healthcare-financing problem (§1.1). Details of the sector-specific
interpretation of 𝑎 are discussed in §7.3.

Grounds for Conjecture 17 (sketch). By Proposition 4 (sector-specific optimal demurrage rates),
when multiple sectors have different 𝛿𝑗, it is impossible to achieve temporal efficiency simultaneously in all
sectors with a single 𝜇. In implementation, however, the coexistence of multiple demurrage currencies entails
substantial problems of transaction costs, learning costs, and the dispersion of market thickness, so a single-
currency approximation is realistically preferred. The 𝜇∗ that minimises the population- and expenditure-
weighted sum of distortions (𝜇 − 𝛿𝑗(𝑎))2 across sectors and age groups is then given, from the first-order
condition, in the form (C12’). This result is, however, a first-order approximation under the conditions that
the distortion function is quadratic, the substitution elasticity between sectors is low, and the structure of
externalities is simple; the rigorous form of the function Φ under more general conditions is a topic for future
research.

On the abstraction level and applicability of Conjecture 17.

Equation (C12’) is interpreted as expressing the optimal demurrage rate within a particular economic
area (a country or currency area). The externality vector 𝑒 = (𝑒1, … , 𝑒𝐿) aligns 𝐿 types of externalities
(herd-immunity effects, labour-productivity spillovers, environmental externalities, etc.).

In the formulation of this conjecture, the depreciation rate 𝛿𝑗 admits, as in (C12-a), five-dimensional
heterogeneity, but the first-order approximation (C12’) is presented using the aggregate ̄𝛿𝑗(𝑎). The following
extensions are tasks for future research not treated explicitly in this paper.

• Cross-country heterogeneity. The elements 𝛿𝑗,𝑐(𝑎), 𝑛𝑐(𝑎), 𝜔𝑗,𝑐(𝑎), and Λ𝑐(𝑒𝑐) differ across countries 𝑐.
The optimal demurrage rate 𝜇∗

𝑐 therefore differs across countries. In particular, between economies with
different degrees of population aging, large differences in 𝜇∗

𝑐 may arise. Implications for international
demurrage-rate coordination and exchange-rate dynamics are mentioned at the end of §7.4.

• Vintage heterogeneity. The 𝑣 in (C12-a) represents the time of generation of the capital. A 1990 machine
and a 2020 machine have different depreciation rates even if they belong to the same type of physical
capital.

• Individual / capital intrinsic characteristics. The 𝑧 in (C12-a) is the vector of intrinsic characteristics.
Individuals of the same age have different depreciation rates of health capital 𝛿𝐻 depending on lifestyle
and genetic factors.

• Inter-sector interaction. The {𝐾𝑘}𝑘≠𝑗 dependence in (C12-a). Investment in health capital can spill
over to the productivity of physical capital, education capital can lower the depreciation rate of health
capital, and so on.
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• Time variation of depreciation rates (technological progress / institutional change). The 𝑡 dependence
in (C12-a). The fall of 𝛿𝐻 through medical-technological progress, the acceleration of obsolescence of
physical capital, the variation of natural-capital 𝛿𝑁 through environmental change, etc.

• Stochastic depreciation. 𝛿𝑗 is the average depreciation rate; in reality the dynamics may follow a
stochastic process such as 𝑑𝐾𝑗 = −𝛿𝑗(⋅)𝐾𝑗 𝑑𝑡 + 𝜎𝑗(⋅)𝐾𝑗 𝑑𝑊𝑗. The optimal 𝜇∗ may depend not only on
the mean but also on the variance 𝜎2

𝑗 .
• Heterogeneity across individuals (HANK lineage). The within-age-group distribution of income, wealth,

and health is aggregated. Within the framework of Heterogeneous Agent New Keynesian models, 𝜇∗

may depend on the distributional structure as well.

A complete formulation that encompasses all of these, and the derivation of a time-varying 𝜇∗
𝑡 as a dynamic

optimal control, exceeds the scope of this study and is left to future research (Fujii, in preparation).

Conjecture 18 (Interpretation of the Friedman Rule as a Special Case).

In Conjecture 17, when 𝛿𝑗 = 0 in all sectors and positive externalities are absent, 𝜇∗ = 0. This result
coincides with the Friedman rule of Friedman (1969). Therefore, the time-structure economics that multi-
sector-generalises the 𝛿-𝜇 matching principle constitutes a framework that reinterprets the Friedman rule as
the special case of zero depreciation in the real economy. This does not negate the existing Friedman-rule
literature; it provides a perspective that explicitly re-positions its conditions of validity (𝛿𝑗 = 0 ∀𝑗 and zero
externality).

Grounds for Conjecture 18 (sketch). Substituting 𝛿𝑗(𝑎, 𝑣, 𝑧, 𝑡, {𝐾𝑘}) = 0 ∀𝑗, 𝑎, 𝑣, 𝑧, 𝑡 into (C12’) of
Conjecture 17 yields ̄𝛿𝑗(𝑎) = 0 ∀𝑗, 𝑎, so 𝜇∗ ≈ ∫∞

0 𝑛(𝑎) ⋅ 0 𝑑𝑎 + 0 = 0 is obtained directly. The additional
condition of zero externality corresponds to the inactivation of channel (b) of Axiom IV and to Λ(𝑒) = 0
(§4.4). Under this condition 𝜇∗ = 0 can be the social-welfare-maximising solution, coinciding with Friedman’
s (1969) result.

Position as a future research task. The rigorous proofs of Conjectures 17 and 18, the evaluation of the
optimality of Conjecture 17 under general conditions, and the full axiomatisation of time-structure economics
substantially exceed the scope of this study. They will be developed in earnest in companion papers and a
future monograph. The aim of formalising them explicitly as conjectures in this paper is to contribute them
to the research field at the present moment in academic-paper form and to provide reference points for future
research.

Extension to the open economy. The 𝛿-𝜇 matching principle implicitly assumes a closed economy. Because
𝛿𝑗,𝑐(𝑎), 𝑛𝑐(𝑎), 𝜔𝑗,𝑐(𝑎), and Λ𝑐(𝑒𝑐) differ across countries, however, the optimal demurrage rate 𝜇∗

𝑐 also differs
across countries 𝑐. In particular, between economies with different degrees of population aging, the difference
in 𝜇∗

𝑐 can be of considerable size. When multiple countries adopt demurrage-currency arrangements, this
difference in demurrage rates adds a new factor to exchange-rate dynamics, becoming a topic that stands
alongside the traditional differential in inflation rates (the Balassa‒Samuelson effect, etc.). The economics of
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international demurrage-rate coordination, the quantitative analysis of country-specific optimality of the 𝛿-𝜇
matching principle, and the dynamics of demurrage-currency areas under international capital mobility are
future research tasks for the companion-paper series (Fujii, in preparation).

7.5 Limitations and Directions for Future Research

This paper has several important limitations.

Mathematical rigour. This paper has focused on presenting the structural relationships between the ax-
iomatic system and the propositions, and the existence proof for general equilibrium, the rigorous optimisation
by dynamic programming, and the stochastic extension are deferred to a companion paper. In particular,
the extension of Proposition 1 (user cost coherence under matching) to general-equilibrium efficiency and
the complete proof of Theorem 5 (steady-state balance) are planned to be developed in a co-authored paper
using Lagrange multipliers and methods of functional analysis.

Empirical verification. The estimation of 𝛿(𝑎), the core of the theory of this study, relies on the empirical
literature since Grossman (1972) (Wagstaff 1986; Galama and van Kippersluis 2019; and others), but the
precise estimation of age-dependent depreciation rates̶in particular consistency with the age profile of med-
ical consumption based on contemporary medical-claims databases (U.S. Medicare, Japan DPC, U.K. HRG,
etc.) and international comparison̶exceeds the scope of this study. It is a future research task.

Behavioural foundations. This paper assumes a rational representative individual, but behavioural re-
sponses to demurrage currency (loss aversion, mental accounting, habit formation, etc.) may become impor-
tant in actual institutional design. The historical case of the Wörgl experiment (1932‒33), with its success
and termination by the central bank, suggests that political-economy and psychological factors govern imple-
mentation feasibility, in addition to technical and economic design.

Implementation issues. This paper focuses on the presentation of the theoretical framework, and does not
treat technical implementation (digital-currency infrastructure, settlement systems, market-making mecha-
nisms), legal-institutional adjustments, or international harmonisation. These are tasks for companion papers
and policy research.

Chapter 8: Conclusion

This paper has connected the depreciation rate 𝛿 of the Grossman (1972) health-capital model with the
demurrage rate 𝜇 of demurrage currency in the lineage of Gesell (1916), and has formalised, as a system of
six axioms together with propositions, theorems, and conjectures, the user-cost coherence that holds at their
matching condition 𝜇 = 𝛿. The results presented in this paper can be organised, according to the level of
certainty with which they are established, into the following three layers.

First, what this paper has shown with relatively high confidence. Building on the structural
isomorphism between the user cost of health capital, (𝑟 + 𝛿), and the user cost of currency, (𝑟 + 𝜇), the
𝛿-𝜇 matching principle has been formulated. Under 𝜇 = 𝛿, the user costs of the two coincide at the first-
order level, and the local arbitrage condition for health investment is expressed isomorphically irrespective
of currency depreciation (Proposition 1). When 𝜇 = 𝛿, the steady-state balance 𝑀∗ = 𝑝𝐼 ⋅ 𝐻∗ and the
self-financing condition 𝜇 ⋅ 𝑀∗ = 𝐹 ̶the accounting coincidence between the demurrage flow and the new-
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issuance flow ̶are established (Theorem 5; Corollaries 5.1‒5.3). In the representative-individual model under
𝜇 = 𝛿, the steady-state balance corresponds in accounting terms to the replacement-investment cost of health
capital. Through this, the present paper provides a theoretical articulation of a direction for resolving the
medical-finance problem and a route for reconciling the timing mismatch of intergenerational burden ̶a
design principle that aligns the time structures of the benefit-persistence horizon of health capital (𝛿) and
the financing-amortisation horizon (𝜇) (connecting to the ALM analysis of §2.4). Within the range of the
principal proximate literature surveyed by the author, no attempt to present the structural isomorphism
between the two fields systematically as an academic paper has been found in either the Grossman literature
or the demurrage-currency literature.

Second, what this paper has shown conditionally. It has been shown that the Friedman rule (𝜇∗ = 0)
can be interpreted as the special case under the conditions of 𝛿𝑗 = 0 in all sectors and zero externalities (Con-
jecture 9, Chapter 6). Under Axiom IV, to the extent that 𝛿𝑗 > 0 and 𝑊 ′(0) > 0 are supported (the conditions
under which the user-cost gap creates a wedge in private decision-making, or under which positive external-
ities or fiscal externalities are present), a positive optimal demurrage rate 𝜇∗ > 0 may exist conditionally
(Proposition 2). The conditions under which the dual-currency regime ̶which formalises the functional sep-
aration between consumption-purpose demurrage currency and accumulation-purpose conventional currency
̶can be welfare-superior under premises (Q-1)‒(Q-6) to both single inflation currency and single demurrage
currency have been organised (Proposition 11; Axiom V). This paper presents Proposition 11 not as a com-
plete welfare-comparison theorem but as a conditional welfare-superiority hypothesis. The conditional lower
bound on the market rate is derived as an arbitrage condition under institutional premises concerning a
minimum-guarantee scheme and its enforceability (Proposition 8b). The conception of demurrage-currency
basic income has been advanced in parallel by Tomabechi (2021), Oguro (2022), Bossone and Faragallah
(2022), and Yamada (2026), among others; Proposition 11 positions the conditional welfare-superiority hy-
pothesis of the dual-currency regime in a complementary relation to Yamada’s threshold analysis (a warning
of structural side effects) (§7.2.2.2).

Third, what is left to future research. The directions exceeding the scope of this paper, deferred
to companion papers and to future research, are as follows: (i) the efficiency proof of Proposition 1 in
general equilibrium, and rigorous analysis under heterogeneous individuals such as OLG and HANK; (ii)
dynamic simulation of medical expenditure and empirical estimation of 𝛿(𝑎) using medical-claims databases
(U.S. Medicare, Japan DPC, U.K. HRG, etc.) and international comparison; (iii) demurrage currency as a
financial- and fiscal-policy instrument (§7.2, Conjectures 12‒16, including demurrage-currency basic income);
(iv) generalisation to multi-sector capital theory (§7.3); (v) a perspective in which the Friedman rule (𝜇 = 0) is
positioned as a special case under a general framework that handles money with a time structure (𝜇 ∈ [0, ∞))
(§7.4, Conjectures 17 and 18); (vi) potential applications to Piketty-type accumulation problems (§7.2.3); (vii)
reinterpretation of the FTPL, two-dimensionalisation of helicopter money, and integrated time-structure ALM.
By formalising these seven conjectures (Conjectures 12‒18) explicitly, the issues of the research programme
have been clarified. Their full development is left to companion papers (Fujii, in preparation) and to future
research.

Relation to companion papers. The formal proofs of Propositions 4, 6, 7, and 10, presented as proof
sketches in this paper, will be developed with full technical detail in separate forthcoming papers. The
conjectures introduced in this paper ̶particularly Conjecture 3 on the closed form of 𝜇∗, Conjectures 12‒16
on demurrage as a monetary policy instrument, and Conjectures 17 and 18 on the general time structure of
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money ̶will be formally established as theorems in companion papers (Fujii, in preparation). This paper
bears the position of providing the theoretical foundation of the entire research programme centred on the
𝛿-𝜇 matching principle.

From the viewpoint of theoretical implementability, the structural difficulties of Japan’s super-aged society
and its medical-finance situation provide the historical conditions under which the 𝛿-𝜇 matching principle may
be called upon as an applied context. The build-out of digital-currency infrastructure, the social immunity to
the holding cost of currency gained through the experience of negative-interest-rate policy, and the becoming-
evident of the limits of interest-rate policy together shorten the distance between theory and reality more
than ever before. It is hoped that the framework presented in this paper, beyond its starting point of
medical-finance optimisation, may become part of the theoretical foundation of broader economic policy.
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Appendix A: Notation

The principal symbols used in this paper are organised below. When the same symbol carries different
meanings depending on context, they are listed jointly as Explicit Notice of Symbol Collisions (A.5).

A.1 Principal Parameters (Greek letters)

Symbol Meaning Unit Principal occurrences

𝛿 Health-capital
depreciation rate

annual rate §2; all of §5

𝛿(𝑎) Age-dependent
health-depreciation rate

annual rate §2.2; §3.2

𝛿𝑗 Sector-𝑗 depreciation
rate

annual rate §5.4 Proposition 4; §7.3;
§7.4

𝛿𝐻 Health-sector
depreciation rate

annual rate §7.2.2.3

𝛿𝐾, 𝛿𝐼 , 𝛿𝑁 , 𝛿𝑆, 𝛿𝐸𝑑 Depreciation rates of
physical, intellectual,
natural, social, and
educational capital

annual rate §7.3; §7.4

𝜇 Demurrage rate of
demurrage currency

annual rate all chapters

𝜇∗ Optimal demurrage rate annual rate §5.2 Proposition 2;
§7.2.2

𝜇∗∗ Second-best demurrage
rate (under multi-sector)

annual rate §5.4

𝜇𝑡 Time-varying demurrage
rate

annual rate §7.4

𝜇𝑗 Sector-𝑗 demurrage rate annual rate §5.4; §7.3
𝜋 Inflation rate

(≡ 𝑑𝑃/𝑃𝑑𝑡)
annual rate §5.10; §5.10a

𝜎 Gesell tax rate (in the
Rehme 2024a, 2024b
comparative context)

ratio §3.1

𝜏 Tax rate / time constant ratio / time §5.6a; §7.2.3
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Symbol Meaning Unit Principal occurrences

𝜙 Acceptance rate (in the
Yamada 2026
comparative context)

ratio §7.2.2.2

𝜀 Price elasticity dimensionless §5.9b Proposition 10;
§7.2.2.5

𝛼𝑅, 𝛼𝐿 Money-holding ratios of
the wealthy and
low-asset classes

ratio §7.2.3

A.2 Basic Variables (Latin letters)

Symbol Meaning Unit Principal occurrences

𝑞𝐻(𝑎) Marginal benefit /
shadow price of health
capital

currency units / health
unit

§2.3; §5.1 Proposition 1

𝑟 Real interest rate
(assumed constant)

annual rate all chapters (core of user
cost)

𝑔 Economic growth rate
(Piketty 𝑟 > 𝑔 context)

annual rate §7.2.3

𝑎 Age years throughout §2
𝑡, 𝑠 Time (continuous or

discrete period)
years (or periods) all chapters

A.3 Principal Stock and Flow Variables

Symbol Meaning Unit Principal occurrences

𝑀 Currency balance
(general, or
demurrage-currency
balance)

currency units §5.5 Theorem 5

𝑀∗ Steady-state currency
balance (𝑀∗ = 𝐹/𝜇)

currency units §5.5 Theorem 5

𝑀𝑑 Demurrage-currency
balance (dual-currency
regime)

currency units §5.10; §7.2.2.4

𝑀𝑐 Conventional-currency
base money

currency units §5.10; §7.2.2.4

𝑀̄ Aggregate money supply
of the economy

currency units §5.8 Proposition 7
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Symbol Meaning Unit Principal occurrences

𝐻 Health capital health units throughout §2
𝐻∗ Steady-state health

capital
health units §5.6 Corollary 5.1

𝐼, 𝐼𝑡 Health investment health units / period §2 accumulation
equation

𝐹 Currency-distribution
flow (per-period
issuance)

currency units / period §5.5 Theorem 5

𝑉 Velocity of circulation
(within the
quantity-theory form
𝑀𝑉 = 𝑃𝑌 )

1 / period §5.8; §7.2.2.4

𝑌 National income (in the
quantity-theory form)

currency units §5.8 Proposition 7

𝑃 , 𝑃𝑡 Price level price index §5.10a Proposition 11b
𝑝𝐼 Price of health

investment
currency units / health
unit

§5.6 Corollary 5.1

𝐶𝑡 Real consumption currency units §5.10a Proposition 11b

A.4 Functions, Welfare, and Operators

Symbol Meaning Principal occurrences

𝑊(𝜇) Social welfare function §6.2
𝑊dual, 𝑊single, 𝑊inflation Welfare under dual-currency /

single-demurrage / inflation
regimes

§5.10 Proposition 11

𝐵(𝜇) Fiscal-benefit function of
demurrage currency

§6.2

𝐶𝐴(𝜇), 𝐶𝐵(𝜇), 𝐶𝐶(𝜇) The three inefficiency costs of
Chapter 6 (over-consumption,
inability to save, delayed
prevention)

§6.2

𝐻̇𝑡 = 𝑑𝐻𝑡/𝑑𝑡 Time derivative of health capital §6.2
𝑀̇𝑡 = 𝑑𝑀𝑡/𝑑𝑡 Time derivative of currency

balance
§6.2

𝐸𝑡[⋅] Conditional expectation at time 𝑡 §7.2.2.4
𝑠𝑡,𝑠 Primary fiscal surplus at time 𝑠 §7.2.2.4
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A.5 Explicit Notice of Symbol Collisions

In this paper, the same symbol may carry different meanings depending on context. For ease of reading, the
symbol collisions are listed explicitly below. They can be identified contextually by subscripts, arguments,
or the surrounding equation structure.

Symbol Meaning 1 Meaning 2 Meaning 3 Identification

𝑊 Social welfare
function 𝑊(𝜇)

Nominal wage (in
the context of real
wage 𝑊/𝑃𝑡)

̶ Presence/absence
of argument (𝜇);
joint use of /𝑃

𝑅 Market rate
(exchange ratio
between demurrage
currency and
conventional
currency, 𝑅 = 1,
etc.)

Stock ratio 𝑅(𝑡) =
𝑀(𝑡)/(𝑝𝐼𝐻(𝑡))
(Corollary 5.1)

Discount factor
𝑅𝑡,𝑠 (§7.2.2.4
consolidated
budget constraint)

Presence/absence
of argument;
subscript form 𝑡,𝑠

𝐵 Fiscal-benefit
function of
demurrage
currency 𝐵(𝜇)
(§6.2)

Government-bond
balance 𝐵𝑡

(§7.2.2.4
consolidated
budget constraint)

̶ Argument (𝜇) vs
subscript 𝑡

𝐶 Real consumption
𝐶𝑡 (§5.10a)

Inefficiency costs
𝐶𝐴, 𝐶𝐵, 𝐶𝐶 (§6.2)

̶ Subscript 𝑡 vs
subscripts 𝐴,𝐵,𝐶

𝐼 Health investment
(𝐼𝑡, 𝐼∗ in the
accumulation
equation)

(no other use in
this paper)

̶ Context is health
investment only

Policy on the use of 𝜎. In this paper, 𝜎 is referenced only in §3.1 in the comparative context with Rehme
(2024a, 2024b) in the sense of the Gesell tax rate; 𝜎 is not used as a market rate (the market rate is denoted
by 𝑅 or 𝑠).

Uniqueness guarantee for 𝜇, 𝛿, 𝜋, 𝑟. These four core parameters are used throughout the paper with a single
meaning each (in order: demurrage rate of demurrage currency / health-capital depreciation rate / inflation
rate / real interest rate).

A.6 Frequently-Occurring Structural Patterns

The mathematical-expression structures that recur in the arguments of this paper are organised below.

Pattern Meaning Principal occurrences

(𝑟 + 𝛿) User cost of health capital
(Grossman type)

§2; §4
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Pattern Meaning Principal occurrences

(𝑟 + 𝜇) User cost of holding demurrage
currency

§3; §4

𝜇 = 𝛿 𝛿-𝜇 matching condition all chapters (central condition)
𝑀∗ = 𝐹/𝜇 Steady-state currency balance

(Theorem 5)
§5.5; §7.2.2.4

𝜇 ⋅ 𝑀∗ = 𝐹 Self-financing condition
(Corollary 5.1)

§5.6

𝑀∗ = 𝑝𝐼 ⋅ 𝐻∗ Stock correspondence (Corollary
5.1)

§5.6

𝑅 = 1 Market rate under triple-flow
coincidence (Corollary 5.1)

§5.6

𝑀𝑉 = 𝑃𝑌 Quantity-theory approximation
(Proposition 7)

§5.8

log 𝑃 = log 𝐹 −log 𝜇+log 𝑉 −log 𝑌 Quantity-theory log form (derived
from Proposition 11b)

§5.10a
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