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Abstract

The purpose of this paper is to identify patterns of fiscal sustainability among
Brazilian states, considering regime changes. To this end, we employ two dis-
tinct approaches: the Markov-switching autoregressive (MSAR) model and k-
means clustering. Our dataset comprises quarterly data on the primary balance
of Brazilian states. Our results show that Brazilian states transition between two
fiscal regimes characterized by positive or negative fiscal results. Furthermore,
Brazilian states can be grouped based on their shared characteristics. Finally, we
demonstrate important correlations between fiscal sustainability variables, such
as performance in a given fiscal regime and transition probabilities. These results
will contribute to a more accurate assessment of the fiscal dynamics of Brazilian
states.
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1 Introduction

This paper assesses the fiscal sustainability of Brazilian states. Debt-to-GDP or
debt-to-revenue ratios are typically used to evaluate the fiscal soundness of Brazilian
subnational entities (Fontenele et al., [2015; |Luduvice and Pires, 2025). The fiscal con-
text of the Brazilian states in the last few decades is characterized by the predominance
of fiscal fragility periods, driven by elements such as variations in interest and exchange
rates, local economic conditions, and debt renegotiation rules between the federal and
state governments (Mora and Giambiagi, 2007; |Giambiagi and Ronci, 2004; Rocha
and Picchetti, [2003; |Luduvice and Pires, 2025). Policies aimed at fiscal stability have
been discussed within different frameworks, such as fiscal reaction functions. |De Mello
(2008)), for example, examined monthly data from 1995 to 2004 and concluded that
the primary budget surplus target is the key adjustment variable in the face of changes
in indebtedness. Simulations have also been used to to forecast fiscal outcomes and
propose fiscal policies, as in the studies of [Horta (2018) and |Pessoa and Santos| (2016)).

However, one unanswered question is how regime changes affect the empirical anal-
ysis of Brazil’s fiscal sustainability. The impact of regime changes on fiscal dynamics
has been recognized in the seminal work of [Wilcox| (1989). The author found that U.S.
fiscal policy from 1960 to 1984 could not be treated as homogeneous because there
was strong evidence of a structural break in 1974. Parameter shifts caused by regime
changes lead to inaccurate forecasts and misleading policy implications (Gabriel and
Sangduan), 2011). Regime changes naturally give rise to different fiscal regimes, in
which the policy response to debt increases is not symmetric (Zapata-Quimbayo and
Chamorro-Narvaez, 2024). For example, Owusu et al| (2023) examined the primary
balance’s reaction to changes in public debt and discovered that the estimated reaction
coefficient in the Eurozone differs between the two found fiscal regimes: statistically
insignificant for the low-debt regime and positive and statistically significant for the
high-debt regime.

The purpose of this paper is to identify patterns of fiscal sustainability among
Brazilian states taking into account regime changes. To achieve this, we use two dif-
ferent approaches. First, we apply a Markov-switching autoregressive (MSAR) model
to time series data on the primary balances of Brazilian states. The main advantage of
this approach is its flexibility; structural breaks are not predetermined by the modeler
but are instead estimated by the model itself. Our analysis covers quarterly data from
2008 to 2024. We assume that Brazilian states transition between two fiscal regimes
(e.g., low-debt and high-debt). The final result show, for each Brazilian state, how the
primary balance dynamics behaved according to each fiscal regime.

Second, we apply an unsupervised learning technique, the k-means clustering. This

approach clusters Brazilian states according to metrics computed in the previous step,



such as time spent in each fiscal regime and average primary balance. This will help us
identify patterns of fiscal sustainability within the Brazilian states during the analyzed
period.

Our main results are the following: i) the Brazilian states transition between two
different regimes, the "deficit regime" (characterized by negative fiscal results) and the
"surplus regime" (positive fiscal results). Estimated transition probabilities suggest
that the deficit regime is more persistent than the surplus regime; ii) Brazilian states
can be clustered into three different groups: the first one mainly characterized by poor
performance in the deficit regime but a higher persistence of the surplus regime, the
second one that exhibits a good performance in the surplus regime but a relatively
bad performance in the deficit regime, and a third cluster characterized by a good
performance in the surplus regime but a higher persistence of the deficit state; iii) a
better performance in the deficit regime is associate to a better performance in the
surplus regime and a higher persistence of the deficit regime (yet these correlations
does not hold for the second cluster) and the performance in the surplus regime is
positively correlate to the persistence of the deficit regime.

The rest of this paper is organized as follows. The data set and the methodology are
discussed in Section [2| Section [3] brings the results. Finally, some concluding remarks

are drawn in Section [l

2 Data and Methodology

Data. We use normalized quarterly data on the primary balance of the Brazilian
states from the Brazilian National Treasury. The sample period runs from March 2008
to December 2024. Further information on the dataset can be found in Appendix [A]

The MSAR. For estimating the fiscal regime in each Brazilian state, we apply the
Markov-switching autoregressive model (MSAR) method developed by Hamilton| (1989)
and discussed in more details in [Hall et al.|(1997)). Be y; the primary balance at period
t. We assume that the system transits between two regimes. At period t, the system
is at regime S; € {1,2}. The dynamics of y; according the MSAR of first order with

two regimes is represented by the following equation:

Y = s, + ¢St(yt—1 - ,ust_l) + 05,6,

where ¢g, is the autoregressive coefficient of regime S; and ¢; is an independent, identi-
cally distributed random variable with zero mean and variance 1. The state-dependent

average [ig, and variance og, of the primary balance are given respectively by

ps, = p1Sea + po(l — Sea)



os, = 01511 + 02(1 — St1),

where S, is equal to 1 if the system is at regime 1 at ¢t and 0 otherwise.
S is generated by an unobservable discrete-regime Markov process with transition

matrix

P = (Py),

where p;; = P(S; = j|Si—1 = i) is the probability of switching to regime j at t given
that the system was in regime ¢ at t — 1.

The conditional density of ¥, is estimated through the log likelihood function. It is
assumed that the conditional density function is f(y:|y:—1; ©), where © is the vector

of parameters to be estimated. The log likelihood is given by

T

L®) = fuly-1;©).

t=1
The MSAR provides us with estimated regimes for each state. The fiscal patterns
we seek to identify and analyze are further estimated by combining the results from
the econometric model with a unsupervised method for grouping observations, in our
case, Brazilian states.
Classification of Fiscal Patterns. K-means clustering (Chong, |2021)) is an unsu-
pervised learning technique whose purpose is to cluster observations according to a
set of features. Let z;; be the value of the jth feature of the i¢th observation. An
initial random set of k centroids is created, where ¢;; is the value of the jth feature in
the ith centroid. First (1), the distance between every observation to every centroid
is computed and each observation is assigned to its closest centroid. Considering the

Euclidean distance, the distance between observation n to cluster k is equal to

F

dnt, = Z(xm - Cm‘)2,

i=1
where F' is the number of features. Next, the centroids are recomputed according to
the average of the observations assigned to it. The new value of the jth feature of the
kth centroid will be
_ DienTij
Crj = =,
N,

where ny, is the number of observations assigned to the kth centroid. Steps (1) and (2)
are repeated until no more changes in the computed centroids are observed.

The silhouette method is used to find the optimal number of clusters. The silhouette



score of the ith observation is computed as

bi—ai
S; =

(1)

where a; stands for the intra-cluster cohesion, which is the average distance between 17

mazx|a;, b;]’

and the other points in its cluster. The inter-cluster cohesion b; is the average distance
between ¢ and the points in the closest cluster. A high average s; indicates a well-
defined clustering, where points are close to those belonging to the same cluster and
far from those in other clusters. The optimal k is the value that maximizes the average

S;.

3 Results

3.1 MSAR model

The results of the MSAR model are presented in Table [I] Beside the average and
standard deviation of each regime, we computed the probability of permanence in each
regime, the autoregressive component of each regime, the average duration of sequential

periods in a given regime (d; and ds), and the fraction of periods spent in regime 1

(1)



State  pi1 po o1 O2 1 2 o1 gy M d; ds
AC 089 097 057 028 -0.34 0.25 0.36 096 0.47 2.13 2.57
AL 1.00 092 0.28 0.38 -0.23 1.04 0.62 0.61 0.68 4.60 2.00
AM 0.82 090 -0.14 -0.12 -1.15 0.80 0.48 0.42 0.47 1.68 2.00
AP 072 000 068 -0.71 -0.17 0.41 0.65 0.77 047 123 1.33
BA 097 093 -0.26 -0.18 -0.83 1.10 0.60 0.48 049 2.36 2.33
CE 0.62 085 -0.36 -0.08 -1.50 0.52 0.37 0.61 0.49 1.74 1.75
DF 0.00 0.16 0.66 -0.09 0.22 -0.10 0.58 1.04 0.52 1.09 1.03
ES 083 0.77 -0.06 -0.18 -0.67 1.04 0.56 0.63 054 1.68 141
GO 092 048 0.00 -0.18 -0.30 2.06 0.65 0.61 0.52 1.67 1.57
MA 0.89 087 045 0.10 -024 042 0.49 1.17 0.57 3.90 2.90
MG 0.86 0.62 0.13 0.04 -045 137 0.54 0.56 0.59 1.90 1.33
MS 096 0.88 -0.14 0.11 -0.33 0.64 059 1.27 0.68 9.20 3.67
MT 090 0.71 0.03 -0.14 -0.50 1.60 048 0.50 0.57 2.17 1.61
PA 0.77 0.76 -0.09 -0.06 -0.87 0.89 0.47 0.49 0.50 1.89 1.89
PB 052 0.81 1.00 0.28 -0.00 -0.01 0.03 0.97 035 1.71 293
PE 0.76 0.73 -0.10 0.15 -0.92 0.86 0.42 0.40 0.57 2.05 1.45
PI 075 0.88 -0.19 0.23 -1.18 0.54 0.48 0.59 0.57 195 1.45
PR 086 0.35 -0.10 -0.14 -0.42 1.69 0.56 0.51 0.56 2.00 1.50
RJ 096 097 050 027 -0.38 046 0.39 091 0.52 3.50 3.30
RN 068 0.71 0.02 0.00 -086 080 053 052 047 1.68 1.80
RO 0.86 0.77 0.04 -0.10 -0.50 0.97 0.56 0.92 0.56 2.24 1.88
RR 081 0.62 -0.09 -0.10 -0.59 1.27 0.56 046 052 1.67 1.65
RS 093 0.90 -0.00 -0.10 -0.80 0.91 0.60 0.54 049 194 1.94
SC 096 079 -0.14 -0.13 -0.36 2.18 0.56 0.58 0.62 191 1.18
SE 0.81 088 0.02 0.01 -097 069 0.54 056 0.54 195 1.63
SP 096 074 0.10 -0.11 -0.26 2.05 0.63 098 0.66 2.81 1.44
TO 0.64 0.76 -0.11 -0.14 -1.12 0.75 0.39 0.49 0.50 1.70 1.70

Table 1: Results of the MSAR model

In all cases (except for DF), p; (u2) is negative (positive). It means that the first
regime is characterized by fiscal deficits and the second one, by positive fiscal results.
Hereafter they will be called "deficit regime" and "surplus regime", respectively. The
high values of p;; and pgs reveal a strong persistence of both regimes: once a state
finds itself in a given regime, it is more likely that this state will remain in this regime
in the next periods. The average pi; (0.802) is higher than the average pas (0.729),
suggesting that the deficit regime tend to be more persistent than the surplus regime.

The Brazilian states exhibit significant heterogeneity in their debt dynamics. Some

states, such as Paraiba (PB) and Distrito Federal (DF), present a strong positive serial
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correlation in the deficit regime, as measured by ¢4, such as Paraiba (PB) and Distrito
Federal (DF). In other states, however, this value is low or even negative. The values of
¢o tend to be much smaller, suggesting that serial correlation is stronger in the deficit
regime.

As can be seen from the values of d; and dy in Table [T} states typically spend only
a few consecutive quarters in the same regime. A typical regime transition dynamic is
that of Sao Paulo (SP), as depicted in Figure[l], panel (a). However, there is also some
variation in the speed with which states switch regimes. For example, Mato Grosso
do Sul (MS) typically remains in the same regime for several consecutive quarters,

particularly the deficit regime (Figure |1} panel [b]).

Figure 1: Regime transition of two selected states
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3.2 K-means clustering analysis

To help us to identify patterns in the states’ debt dynamics, we applied the k-means
clustering algorithm to the data presented in Table[I} Prior to this, we normalized the

dy and dy variables by dividing them by the total number of quarters. Varying the



number of clusters from 2 to 12, we observed that the maximum silhouette scores were
obtained when k is equal to 3 and 4 (Figure . For our analysis, we considered k = 3.E|
Due to the stochastic nature of the k-means clustering, the cluster assigned to each

state corresponds to the mode of 50 realizations of the algorithm.
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Figure 2: Silhouette score

The results are presented in Table 2] The first cluster is the more numerous and is
mainly characterized by a harsh deficit regime, as can be seen by the low values of p;
in Figure |3 panel (a). However, the surplus regime is more persistent for this cluster
than for the others (Figure , panel b). The average pso of cluster 1 is 0.81, against
0.66 for cluster 2 and 0.62 for cluster 3.

The second cluster is composed by states that perform better than other states
during the deficit regime. This can be seen by the relatively high values of p; (Figure
, panel a). However, they usually present the worst performance during the surplus
regime, evidenced by the low values of y, in panel (b) of Figure[3] The average y in
cluster 2 is -0.18 (against -0.87 and -0.38 for clusters 1 and 3, respectively) and the
average fi2, 0.29 (against 0.87 and 1.82 in clusters 1 and 3). Figure |4]in panels (c) and
(d) shows that they are also characterized by high values of autoregressive coefficients.

The states in the third cluster exhibits a better performance during the surplus
regime (Figure , panel b). However, the deficit regime is relatively more persistent
for this cluster and the surplus regime, relatively less persistent, as can be observed in
Figure 4| (panels a and b). Consequently, this group spend more periods in the deficit
regime than the other clusters (Figure |5, panel a). The average m; for clusters 1, 2,
and 3 is, respectively, 0.53, 0.51 and 0.59.

'We also performed an analysis considering k = 4. However, due to the small number of Brazilian
states (27), some clusters contained very few components in this case.



Cluster 1 Cluster 2 Cluster 3

AL AC GO
AM AP MG
BA DF MT
CE MA PR
ES MS SC
PA PB SP
PE RJ

PI

RN

RO

RR

RS

SE

TO

Table 2: Clustering of Brazilian states

Figure 3: Boxplots - mean and standard deviation
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Figure 4: Boxplots - transition probabilities and autoregressive coefficients

(a) p11 (b) p22

10



Figure 5: Boxplots - fraction in the first regime and durations
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There are some tradeoffs faced by one or more clusters. First, there is, in general, a
positive relationship between p; and po. It means that states with a good performance
in the deficit regime also perform well in the surplus regime. However, this correlation
does not hold for states in the second cluster (Figure |§|, panel a). Second, as shown
by Figure |§|, panel (b), there is a positive correlation between the performance in the
deficit regime and the persistence of this regime. Again, this is not true for cluster 2.
Finally, a good performance in the surplus regime implies a greater persistence of the
deficit state (Figure[6] panel c).
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Figure 6: Scatter plots
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4 Conclusion

In this paper, we assessed the fiscal sustainability of the Brazilian states. Our aim
was to identify patterns of debt dynamics of Brazilian states considering the occurrence
of regime changes. Indeed, regime changes arise naturally from structural breaks,
causing parameter shifts that can lead to inaccurate forecasts and misleading policy
implications.

To accomplish this task, we resort to two approaches: the Markov-switching autore-
gressive (MSAR) model and the k-means clustering, an unsupervised learning technique
used to group akin observations. The main advantage of the MSAR model is that it is
flexible, estimating structural breaks rather than assuming they are predetermined by
the modeler.

We applied the MSAR model to quarterly time series data on the primary balances
of Brazilian states from 2008 to 2024. The metrics computed at this step were than
used by the k-means clustering algorithm in order to group Brazilian states holding
similar characteristics.

We have shown that Brazilian states transition between two fiscal regimes: the
"deficit regime’, characterized by negative fiscal results, and the 'surplus regime’, char-
acterized by positive fiscal results. According to the estimated transition probabilities,
the deficit regime is more persistent than the surplus regime. Furthermore, Brazilian
states can be grouped into three clusters: the first characterized mainly by poor per-
formance in the deficit regime but higher persistence of the surplus regime; the second
exhibiting good performance in the surplus regime but relatively poor performance
in the deficit regime; and the third characterized by good performance in the surplus
regime but higher persistence of the deficit regime. Finally, there are some important
correlations among the computed variables. Better performance in the deficit regime
is associated with better performance in the surplus regime and higher persistence of
the deficit regime. However, these correlations do not hold for the second cluster. Ad-
ditionally, performance in the surplus regime is found to be positively correlated with
persistence in the deficit regime.

This study makes a significant contribution to the analysis of the fiscal sustain-
ability of Brazilian states. We have discussed the differences in the behaviour of
Brazilian states in different fiscal regimes, as well as the dynamics of transition be-
tween these regimes. Despite the significant heterogeneity, we have demonstrated that
Brazilian states can be grouped together based on shared characteristics. Finally, we
have demonstrated the correlation between certain fiscal sustainability variables, such
as performance in a given fiscal regime and transition probabilities. We hope that these
results will contribute to a more accurate assessment of the fiscal dynamics of Brazilian

states.
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A Appendix: Data

For the Markov Switching estimation, we use quarterly data of the primary balance
of the Brazilian states from March 2008 to December 2024. The list of Brazilian states is
presented in Table[ATI] For each state, the series of the primary balance was winsorized
at the 1% level and normalized. Finally, the data has been normalized according to

Yie — i
= (2)

Yit = )
%

where y;; is the value of the normalized primary balance of state ¢ at period ¢, Y} is
the current value of the primary balance of state i at ¢, and p; and o; are the average

and the standard deviation, respectively, of the primary balance of state i.

17



State name Acronym
Acre AC
Alagoas AL
Amazonas AM
Amapéa AP
Bahia BA
Ceara CE
Distrito Federal DF
Espirito Santo ES
Goias GO
Maranhao MA
Minas Gerais MG
Mato Grosso MT
Mato Grosso do Sul MS
Para PA
Paraiba PB
Parana PR
Pernanmbuco PE
Piaui PI
Rio de Janeiro RJ
Rio Grande do Norte RN
Rio Grande do Sul RS
Rondonia RO
Roraima RR
Santa Catarina SC
Sao Paulo SP
Sergipe SE
Tocantins TO

Table Al: List of Brazilian states

18



	Introduction
	Data and Methodology
	Results
	MSAR model
	K-means clustering analysis

	Conclusion
	a

