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Abstract

This paper considers the robustness of equilibria to a small amount
of incomplete information, where players are allowed to have heteroge-
nous priors. An equilibrium of a complete information game is ro-
bust to incomplete information under non-common priors if for every
incomplete information game where each player’s prior assigns high
probability on the event that the players know at arbitrarily high or-
der that the payoffs are given by the complete information game, there
exists a Bayesian Nash equilibrium that generates behavior close to
the equilibrium in consideration. It is shown that for generic games,
an equilibrium is robust under non-common priors if and only if it is
the unique rationalizable action profile. Set-valued concepts are also
introduced, and for generic games, a smallest robust set is shown to
exist and coincide with the set of a posteriori equilibria. Journal of
Economic Literature Classification Numbers: C72, D82.

KEYWORDS: incomplete information; robustness; common prior
assumption; higher order belief.
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1 Introduction

One important research program in game theory has been to examine the
robustness of Nash equilibria of a given complete information game to incom-
plete information, i.e., whether the predictions generated by Nash equilibria
are still valid in “nearby” incomplete information games obtained by per-
turbing the complete information game (see, e.g., Fudenberg, Kreps, and
Levine (1988) and Kajii and Morris (1997)). There, most existing ap-
proaches (Kajii and Morris (1997), Ui (2001), and Morris and Ui (2005),
among others) assume that players share a common prior belief in perturbed
incomplete information games, as do most work in other fields in game the-
ory and information economics. In this paper, we characterize equilibria
that remain valid in perturbed incomplete information games dropping the
common prior assumption (CPA, henceforth), i.e., allowing players to have
heterogeneous subjective prior beliefs. This enables us to assess the role of
the CPA in examining the robustness of equilibria to incomplete informa-
tion.

To explain our framework, consider an analyst who plans to model some
strategic situation by a particular complete information game g. While he
believes that the environment is well described by this game, he is also
aware that each player faces a small amount of payoff uncertainty, so that
players may play some incomplete information game in which their ex ante
subjective payoffs are close to their payoffs in g, where he does not assume
that the players share a common prior. We want to ask whether the analyst’s
prediction based on the complete information game is not different from
the ex-ante average equilibrium behavior of the real incomplete information
game.

Our key assumption to formalize closeness between incomplete infor-
mation games and the complete information game g is that the analyst is
restricted to incomplete information games where with high ex ante (sub-
jective) probability, players know that the game is g up to arbitrary but
finite orders of knowledge. The ideal situation with complete information
assumes that it is common knowledge among players that the game played
is g. Intuitively speaking, this says that everyone knows that the game is g
(the game is mutual knowledge), everyone knows that everyone knows that
the game is g (the game is mutual knowledge at order two), and so on. In
our setting, in contrast, the analyst does not know the entire hierarchy of
knowledge. Indeed, he is confident in his model up to a certain extent so
that he believes that with a high probability players mutually know that
the real game is g up to a finite level (possibly very large). To be specific,
an incomplete information game is an (e, N)-perturbation of g if the action

This “ex ante” perspective is the one adopted in the purification literature
(Harsanyi (1973)). A standard interpretation of correlated equilibrium also follows this
perspective (see, e.g., Aumann (1987)).



sets are same as those of g and each player’s prior assigns probability at
least 1 — ¢ on the event that the players know at order IV that the payoffs
are given by g. In (g, N)-perturbations of g with small ¢, ex ante payoffs
(computed according to each player’s prior) are close to payoffs in g. An
equilibrium of g is robust to incomplete information under non-common pri-
ors in g if there exist € > 0 and N > 0 such that every (e, N)-perturbation
of g has a Bayesian Nash equilibrium? under which the ex-ante probability
that each player assigns to any action profile is approximately given by the
equilibrium of g. This guarantees that under this Bayesian Nash equilib-
rium, the ex-ante (subjective) payoff of each player is approximately given
by the equilibrium payoff in g.?

Our first main result shows that for generic games, an action distribution
is robust under non-common priors in g if and only if the game is dominance
solvable and the distribution assigns probability one on the unique rational-
izable action profile of g. Its sufficiency follows from the assumption that in
incomplete information perturbations close to g, the real game is mutually
known to be g up to high enough order (at least the number of the dom-
inance iteration rounds needed to reach the single action profile in g). To
show the necessity, which is the main part of this paper, we obtain a conta-
gion result for a posteriori equilibria:* for any a posteriori equilibrium of a
generic game and for any € > 0 and N > 0, we construct a dominance solv-
able (e, N)-perturbation whose unique rationalizable strategy profile gener-
ates an action distribution that can be arbitrarily close to this a posteriori
equilibrium. From the result by Brandenburger and Dekel (1987), we know
that if more than one action profile is rationalizable, then there are several
a posteriori equilibria. Hence, if more than one actions survive iterative
elimination of actions that are never best responses, then our result shows
that no action profile is robust.

Brandenburger and Dekel (1987) show that for any a posteriori equilib-
rium of a given complete information game, one can add payoff-irrelevant
types to have an incomplete information game with non-common priors
whose Bayesian Nash equilibrium generates the distribution of the a pos-
teriori equilibrium. In contrast, our contagion result used for our neces-
sity result shows that (in generic games) when we allow for payoff-relevant
(“crazy”) types that have vanishingly small prior probability, the Bayesian
Nash equilibrium that generates this distribution can indeed be the unique
rationalizable strategy profile of a dominance solvable incomplete informa-

20ur results would remain unchanged when the solution concept considered is given
by any non-empty refinement of interim correlated rationalizability.

3We choose a formulation of our robustness test in terms of (subjective) equilibrium
action distributions rather than in terms of equilibrium payoffs for comparison with the
previous literature (in particular with Kajii and Morris (1997)).

4An a posteriori equilibrium is a refinement of subjective correlated equilibrium intro-
duced and studied in Aumann (1974) and Brandenburger and Dekel (1987).



tion game. We note that it is crucial for our result as well as for the result
of Brandenburger and Dekel (1987) to drop the CPA.

Our second main result concerns set-valued robustness. Since many
games have more than one rationalizable outcomes and hence have no ro-
bust equilibrium under non-common priors, it is natural to ask if a set of
action distributions is robust. Indeed, Kohlberg and Mertens (1986) propose
making set of equilibria the object of a theory of equilibrium refinements.
Following their program as well as Morris and Ui’s (2005), we also inves-
tigate the robustness of set of equilibria. A set of equilibria of a complete
information game is robust to incomplete information under non-common
priors if there exist € > 0 and N > 0 such that any (e, V)-perturbation has
a Bayesian Nash equilibrium whose behavior can be approximated by some
action distribution in this set.® If a robust set is a singleton, then its element
is a robust equilibrium in the previous sense. A set of action distributions is
called a smallest robust set if it is robust and is contained in any robust set.
We show that for generic games, a smallest robust set exists and coincides
with the set of a posteriori equilibria. When the smallest robust set is a sin-
gleton, the condition reduces to the uniqueness of a posteriori equilibrium,
so that the result on set-valued robustness covers our result on point-valued
robustness.

Kajii and Morris (1997) introduce the notion of robustness of equilibria
to incomplete information under common prior. They consider incomplete
information perturbations of a given complete information where the players
share a common prior. They show in particular that a p-dominant equilib-
rium® with p sufficiently small is robust to incomplete information under
common prior. Following Kajii and Morris (1997), papers by Ui (2001),
Morris and Ui (2005), and Oyama and Tercieux (2004) provide sufficient
conditions for a Nash equilibrium to be robust to incomplete information
under common prior. Our result shows that when we relax the CPA, none
of the existing sufficient conditions implies robustness under non-common
priors.

Weinstein and Yildiz (2007) consider a notion of interim robustness.” A
Nash equilibrium a* is interim robust in g if for some N > 0 and for any
incomplete information game with (or without) common prior where the
action sets are same as those of g, there exists a Bayesian Nash equilibrium,
say o, such that in any state of the world at which it is mutually known up
to order N that g is the true game, a* is played under o. They show that for
generic games, a Nash equilibrium is interim robust in g if and only if it is the
unique rationalizable action profile of g. Contrary to that for our robustness
concept, this characterization remains unchanged even if we restrict our

5 As noted previously for the point-valued test, this robustness test can be written in
terms of sets of equilibrium payoffs rather than sets of equilibrium action distributions.

5See Morris, Rob, and Shin (1995) and Kajii and Morris (1997).

"See also their working paper version, Weinstein and Yildiz (2004).



attention to incomplete information games with common prior. This result
follows from a result of Lipman (2003, 2005), which says that given any
partition model with non-common priors (under certain conditions) and
any state of the world in the model, for any finite N one can construct a
partition model with a common prior such that there is a state in that model
at which all the same facts about the world as well as all the same statements
about beliefs and knowledge of order less than N are true. Thus, in an
interim context where the analyst has to make a prediction given interim
beliefs of the players, imposing the CPA does not alter the set of robust
predictions. On the other hand, we conclude that in an ex ante context
in which the analyst has no information about the players’ interim beliefs
and is interested in the ex ante behavior so that he may need to know the
average behavior over the state space, the CPA has a real bite and allowing
for models with heterogeneous priors has important strategic consequences.

To prove their main result, Weinstein and Yildiz (2007) show that for
any complete information type in the universal type space (see Mertens and
Zamir (1985) and Brandenburger and Dekel (1993))® and any rationalizable
action profile a* of this game, there exist a dominance solvable incomplete
information game and a sequence of types drawn from this game such that
(1) these types are arbitrarily close to the complete information type (i.e.,
this sequence converges to it with respect to the product topology in the
universal type space) and (2) each type of the sequence plays a*.® Roughly
speaking, the former condition requires that changes of interim beliefs be
small. To establish our results, on the contrary, we construct a dominance
solvable incomplete information game such that (1) changes of ex ante be-
liefs are arbitrarily small and (2’) the profile of ex ante subjective payoffs
of the unique rationalizable strategy profile is arbitrarily close to the profile
of expected payoffs. Hence, we may say that the same type of statement as
that by Weinstein and Yildiz (2007) is obtained by our ex ante approach,
provided that the CPA is dropped.

The point behind our contagion argument used in the proofs is that,
under non-common priors, a small (ex ante) probability event can have a
larger impact on higher order (interim) beliefs than under common prior.
The “critical path result” of Kajii and Morris (1997, Proposition 4.2) shows
that, under common prior, small changes in prior beliefs impose some restric-
tions on interim beliefs. This implies that the impact of a small probability
event is not large enough in the sense that, in some games and for some strict

8 A complete information type is a (degenerate) type in the universal type space where
it is common knowledge that payoffs are given by the complete information game. Note
that Weinstein and Yildiz (2007) do not necessarily restrict their attention to complete
information types.

90ne can construct such a dominant solvable incomplete information so that it satisfies
the CPA. As shown in Oyama and Tercieux (2005), however, in this case it need not be
an (e, N)-perturbation for £ small and N large.



Nash equilibrium, a small amount of payoff uncertainty cannot induce this
equilibrium to be played everywhere on the state space (i.e., it is not conta-
gious). For instance, in 2 x 2 coordination games, the risk-dominated equi-
librium cannot be contagious, and indeed the risk-dominant one is robust
under common prior. In a companion paper (Oyama and Tercieux (2005)),
we demonstrate, in contrast, that with non-common priors, any strict Nash
equilibrium can be contagious. In that paper, for two-player incomplete in-
formation games with non-common priors, we study the strategic impact of
an event using the notion of belief potential (Morris, Rob, and Shin (1995)).
We find a measure of discrepancy from the CPA such that the belief potential
of a small probability event has an upper bound that is an increasing func-
tion of this measure. Indeed, in order for any strict Nash equilibrium to be
contagious, this measure of discrepancy has to be large. In the present paper,
we extend this observation and show that for any a posteriori equilibrium
of any complete information game to be induced by a unique rationalizable
strategy of some nearby dominance solvable incomplete information pertur-
bations, this measure of discrepancy from the CPA in these perturbations
need to be arbitrarily large, due to the fact that a bound on the measure
would impose restrictions on interim beliefs.!”

The remainder of the paper is organized as follows. Section 2 presents
our notions of nearby incomplete information games and robustness. Sec-
tion 3 states and proves our characterization of robust equilibria, while ro-
bust sets are studied in Section 4. Section 5 discusses alternative notions of
robustness, in particular as those studied by Kajii and Morris (1997) and
Weinstein and Yildiz (2007).

2 Framework

2.1 Complete Information Games

A complete information game consists of the set of players, Z = {1,2,...,1},
the finite set of actions, A;, for each player i € 7, and the payoff function,
gi: A — R, for each player i € Z. Throughout our analysis, we fix a complete
information game, simply denoted by g = (¢;)iez-

For any at most countable set S, we denote by A(S) the set of all prob-
ability measures on S. We call elements in A(A) action distributions. For
a € A, we write [a] for the element in A(A) that assigns weight one to a.
For £ € A(A) and a; € A;, we denote £(a;) = EaiieAif(ai,a_i), and if
€(a;) > 0, we define {(-[a;) € A(A—;) by &(a—i[a;) = £(ai,a—;)/E(ai). We
measure the distance between any two elements £, € A(A) by |€ — ¢ =

107f we first fix a given a posteriori equilibrium of a complete information game, then we
can find a finite upper bound of the measure for the incomplete information perturbations
to generate the a posteriori equilibrium. Note that the same comment applies to the result
of Brandenburger and Dekel (1987).



maxgea |(a)—E& (a)|. For § > 0, we denote V5(§) = {¢ € A(A) | |¢'=&] < 6}
for € € A(A) and V5(E) = {&' € A(A) | [¢/ —&] < ¢ for some £ € 2} for
E C A(A). With abuse of notation, we also write |p — p'| = max;e7 |p; — 115
for 1 = (i)iezs i’ = (1})iex € (A(A))! and |y~ = max,_,ea_, Imi(a—)—
mi(a—;)| for m, w, € A(A;).

Given g, let br;: A(A_;) — A; be the best response correspondence in
pure actions for player i € Z:

bri(m;) = arg max g;(a;, m;)
CLZ'EAZ'

for m; € A(A_;), where g;(a;,-) is extended to A(A_;) in the usual way. We
define correlated rationalizability (e.g., Brandenburger and Dekel (1987)).
For each i € Z, set S?[g] = A;. Then, for k = 1,2,..., define S¥[g] recur-
sively by

Sf[g] = {ai € A; | a; € bri(m;) for some m; € A(Sf;l[g})},

where we denote S*;'[g] = [T SE~1g]. The set of all rationalizable
actions for player i € T is S®[g] = (3o, SF[g]. We denote S>®[g] =
[Ticz S5°[g] as well as S*[g] = [[;c7 SFlg] for k > 1. We say that g is
dominance solvable if S*°[g] is a singleton set. We also define the set of ac-
tions that survive iterative elimination of actions that are never strict best
response.!! For each i € Z, set W [g] = A;. Then, for k = 1,2, ..., define
WF[g] recursively by
Wkg] = {ai € A; | {a;} = bri(m;) for some m; € A(Wf;l[g})},

where we denote W¥ 'lg] = [] ki Wrlgl. Finally, let We[g] =
Nico Whig). We denote W>®[g] = [[,cz W°lg] as well as Wk[g] =
[Ticz WFg] for k > 1. Note that S*[g] is always nonempty, while W*°[g]
may be empty (consider, e.g., games where the payoff functions are con-
stant). But the set of normal form games g for which these sets coincide,
S*®[g] = W|[g], is generic in the set of finite games. Our main result will
be proved for this generic class of games.

We also use the following notions due to Aumann (1974) and
Brandenburger and Dekel (1987). First, let us review the definition of sub-
jective correlated equilibrium.

Definition 2.1. A profile of action distributions (u;)ier € (A(A))! is a
subjective correlated equilibrium of g if for all i € 7 and all a; € A;,

pi(ai) > 0= a; € bri(pi(-lai))-

1To the best of our knowledge, this notion has been first defined by Weinstein and
Yildiz (2004).



As in Brandenburger and Dekel (1987), our analysis employs the refine-
ment of subjective correlated equilibrium called a posteriori equilibrium.

Definition 2.2. For non-negative integer N, a profile of action distributions
(ti)ier € (A(A))! is an N-subjective correlated equilibrium of g if it is a
subjective correlated equilibrium of g and p;(S™[g]) = 1 for all i € T.

A profile of action distributions (1;)ier € (A(A)) is an a posteriori equi-
librium of g if it is a subjective correlated equilibrium of g and 1;(S*[g]) = 1
for all ¢ € 7.

Denote by £V[g] the set of N-subjective correlated equilibria of g and
by £[g] the set of a posteriori equilibria of g. Observe that £V[g] and &|g]
are product sets (EV[g] = [[;c7 & [g] with each £V[g] C A(A)) and closed
sets in (A(A)).

We introduce further refinements of a posteriori equilibrium.

Definition 2.3. (a) For non-negative integer N, a profile of action dis-
tributions (u;)iezr € (A(A))! is an undominated N -subjective correlated
equilibrium of g if it is an IN-subjective correlated equilibrium such that
pwi(Whg]) =1 for all i € T.

(b) (:)ier € (A(A)) is an undominated a posteriori equilibrium of g if
it is an a posteriori equilibrium such that p;(W>[g]) =1 for all i € Z.

(¢) (i)iez is a strict a posteriori equilibrium if it is an undominated
a posteriori equilibrium such that for all ¢ € Z and all a; € A;,

piai) >0 = {as} = bri(pi(-|ai)).

We denote by £"[g] the set of undominated a posteriori equilibrium of
g, which is again a product set. If W[g| # ), then £%[g] # 0. For generic
games where S*°[g] = W[g], we have &[g] = E%g].

2.2 Incomplete Information Perturbations

We would like to consider incomplete information games that are close to
complete information game g.

An incomplete information game U consists of the set of players, Z;
their action sets, Ai,...,Ar; a countable state space, ;2 a prior prob-
ability measure on the state space, P;, for each player i € Z; a parti-
tion of the state space, Q;, for each i € 7; and a bounded payoff func-
tion, u;: A x Q@ — R, for each i € Z. The incomplete information game
U = (9 (P)ier, (Qi)iez, (ui)iez) is said to be an incomplete information
perturbation of g (recall that U shares the player set and the action sets with
the complete information game (Z, (A;)icz,8g)). In order to incorporate an

12 Assuming countability allows us to avoid measurability issues, in particular regarding
existence of Bayesian Nash equilibria (cf. Simon (2003)).



outsider analyst’s viewpoint, we also explicitly consider his prior belief. A
pair (U, Py) of an incomplete information game as described above, U, and
a probability measure on the state space for the analyst, Py, is called an
incomplete information elaboration of g.

Subsets of €2 are called events. For each i € Z, we write F; for the sigma
algebra generated by Q;, i.e., the set of unions of events in Q; together with
the empty set. We say that an event E' C Q is simple if £ = ;.7 E; where
each E; € F;. We write Q;(w) for the element of Q; containing w. We assume
that P;(Qi(w)) > 0 for all i € 7 and w € Q. Under this assumption, the
conditional probability of any w’ given Q;(w), Pi(w'|Q;(w)), is well defined
by P;(w'|Qi(w)) = P;j(w")/Pi(Qi(w)) whenever w’ € Q;(w).

We sometimes impose restrictions of possible priors as in Lipman (2003,
2005).

Definition 2.4. {P,};c7 is said to have common support if supp(F;) =
supp(P;) for all 4,5 € 7.

Definition 2.5. For £ > 1, {P,;},cz is said to satisfy L-tail consistency if

1 Pz(w)
7 < P, (w) <L

for all 4,5 € Z and all w € Q with Pj(w) > 0.

By a slight abuse of language, we say that an incomplete information
game U satisfies common support or L-tail consistency.

Definition 2.6. U/ is said to satisfy the CPA if P, = P; for all 4,j € 7.

We now define the solution concepts we use for incomplete information
games. Given an incomplete information game U, a (behavioral) strategy
for player i is a Q;-measurable function o;: @ — A(A4;). Denote by ¥; the
set of player i’s strategies, and let X = J[;.7%; and X_; = [[;,;X;. We
write o;(a;|w) for the probability that action a; € A; is chosen at w € Q
under o; € ¥;, and denote o_;(a—|w) = [];,; 0j(a;|lw) for o—; € ¥_; and
a_i € A_jaswell as o(alw) = [[;e7 0i(ailw) for 0 € Y and a € A. Foro € ¥
and P; € A(R), we write op, € A(A) for the induced action distribution with
respect to P, i.e., op(a) = > cq Pi(w)o(alw) for a € A.

For player ¢ € 7 and action a; € A;, we write the expected payoff against
a conjecture v; € A(2 x A_;) as

Ui(ai,w):z Z vi(w,a—;) ui(a;, a_;,w).

weNa_;€A_;
The set of i’s (pure) best responses against v; € A(Q2 x A_;) is denoted by

BR;(v;) = argmax U;(a;, v;).
CLZ'EA»L'

8



For ¢ € 7 and o_; € X_;, we denote by 0% € A(Q2 x A_;) the induced
conjecture at Q; € 9;:

0% (w, as) = Pi(w|Qi)o—i(a—i|w).
Note that marg, U%f = P,(:|Qi).

Definition 2.7. A strategy profile ¢ is a Bayesian Nash equilibrium of U if
for all 7 € Z,

ai(ai|w) > 0= a; € BR; (U?;(w)>
for all a; € A; and w € Q.

We also define interim correlated rationalizability. For each i € Z, let
RYQ;] = A; for all Q; € Q;. Then, for each i € Z, and for Q; € Q; and for
k=1,2,..., define RF[Q;] recursively by

dy; € A(Q X A,l) :
RMQ = { as € 4;| il@ra-) | ai € RETLI}) = 1
’ margg v; = P;(-|Q:);
a; € BRi(Vi)

where we denote RF'w] = [ R;-“_l[Qj(w)]. Let R®[Q;] = Ny RE[Q:).
Definition 2.8. A strategy o; € X; is a rationalizable strategy of player 4
in U if

ai(ai|w) >0=a; € RSO[QZ(LU)]
for all a; € A; and w € Q.

This definition states that player i’s strategy is rationalizable if it is in the
convex hull of R?®[Q;] for all Q; € Q;. While this is weaker than the stan-
dard definitions (Battigalli and Siniscalchi (2003), Dekel, Fudenberg, and
Morris (2007)), our results would remain valid under any stronger notion.

Note that a Bayesian Nash equilibrium is a rationalizable strategy profile.
We say that incomplete information game U is dominance solvable if R°[Q;]
is a singleton set for all i € Z and Q; € Q;.

We then restate the standard definition of knowledge operator which
is used in defining our main concept of robustness. Fix the information
system part of an incomplete information game, (9, (P;)icz, (Qi)icz). The
knowledge operator for player i, I(;: 2 — 2 is defined by

That is, K;(FE) is the set of states where player i knows that event F is
true. Let K.(E) = (\;er Ki(E) be the set of states where it is mutual
knowledge that event E is true, i.e., where every player knows that event E
is true. At a state w, an event E is said to be mutual knowledge at order N
if w e N, [K.]"(E), where [K,]"(-) is defined recursively by [K.]"(E) =
K.([K,"Y(E)). Finally, at state w, an event E is said to be common
knowledge if w € (o2, [K.]"(E).



2.3 Robustness

In this subsection, we introduce our concept of robustness of equilibria to
incomplete information under non-common priors. Given an incomplete
information perturbation U of g, let Qg be the set of states where the payoffs
of player ¢ € 7 are given by g; and he knows his payoff:

Qg ={we Q| u(,w)=g() forall ' € Q;(w)}.
Denote Qg = ;e Qb
Definition 2.9. An incomplete information game U is an (g, N)-
perturbation of g if Pi(ﬂg:l[K*]"(Qg)) >1—cforallieZ.

Observe that since K.(E) C E for any event E, we have that [K,]" (Qg)
is decreasing in N and thus ﬂnNzl[K*]”(Qg) = K.Y (Qg) C Q. Note also
that if & < ¢ and N’ > N, then an (¢/, N')-perturbation is an (g, N)-
perturbation.

We define our robustness concept for action distribution profiles, where
each action distribution in a profile is generated by the corresponding
player’s prior.

Definition 2.10. A profile of action distributions p = (11;)iezr € (A(A))!
is N-robust to incomplete information under non-common priors, or simply,
N-robust, if for all § > 0, there exists € > 0 such that any (¢, N)-perturbation
of g, U, has a Bayesian Nash equilibrium o such that |p; — op,| < ¢ for all
1.

A profile of action distributions u € (A(A))! is robust to incomplete
information under non-common priors, or simply, robust, if there exists N >
0 such that p is N-robust.

Observe that if u is N-robust, then it is N’-robust for all N’ > N.

This concept is most relevant in the following situation. Imagine an
analyst who considers an equilibrium of a particular complete information
game. He is interested in the profile of equilibrium payoffs of this game
(e.g., because of some welfare criterion he cares about). This analyst has
a lack of confidence in his model. Hence, he would like to check whether
the equilibrium payoff profile he considers is not sensitive to the assumption
of common knowledge of payoffs. If the profile is robust in this sense, then
ex ante (subjective) expected payoffs of each player in nearby incomplete
information games will not change significantly from the complete informa-
tion game situation. We do not define directly robustness for (subjective)
ex ante expected payoff profiles since the ex ante payoff of each player 7 is
immediately obtained from the action distribution p; by >, . 4 pi(a)gi(a)
(whenever ¢ is vanishingly small.).

We also propose another robustness concept, which incorporates the an-
alyst’s possible priors.

10



Definition 2.11. A pair (U, Fy) of an incomplete information game U and
a prior distribution Py on  is an (e, N)-elaboration of g if U is an (g, N)-
perturbation of g and Po(N [K.]"(Qg)) > 1—c.

n=1

Definition 2.12. An action distribution £ € A(A) is N-robust to incomplete
information under non-common priors, or simply, N -robust, if for all § > 0,
there exists ¢ > 0 such that for any (e, V)-elaboration of g, (U, Fy), U has
a Bayesian Nash equilibrium o such that | —op,| < 6.

An action distribution & € A(A) is robust to incomplete information

under non-common priors, or simply, robust, if there exists N > 0 such that
¢ is N-robust.

This concept is relevant in a situation where the analyst is interested in
ex ante expected behavior of the players, but the expectation is taken with
respect to his own prior distribution, which is not necessarily equal to the
priors the players may have.'3

We will show that in generic games, a profile of action distributions
(1i)iez (an action distribution ¢, resp.) of g is robust to incomplete infor-
mation under non-common priors if and only if (u;);ez (€, resp.) consists of
the unique rationalizable action profile of g.'* We want to underline that
our main result will stay unchanged if we modify these robustness notions
in various directions. In particular, since the nontrivial result is the “only
if” part, we want to show that we can weaken this concept in many respects
keeping our characterization.

Remark 2.1. In the definition of robustness, we use the notion of Bayesian
Nash equilibrium to be consistent with that by Kajii and Morris (1997) ex-
cept for dropping the CPA. One might find it questionable to use Bayesian
Nash equilibrium when players do not share a common prior (Dekel,
Fudenberg, and Levine (2004)). However, our results would be unchanged if
we changed the solution concept to the weaker concept of interim correlated
rationalizability.'® Indeed, all the lemmata that are used to prove our main
result are stated with rationalizable strategies.

Remark 2.2. In Definition 2.9, we could have defined an (¢, N)-
perturbation to be an incomplete information perturbation such that
Pi(ﬂivzl[Bi_e}”(Qg)) > 1 —¢ for all i € Z, where the mutual knowledge
operator K, is replaced with the mutual (1 — ¢)-belief operator B!~ (see

13Kajii and Morris (1997) offer a motivating story of this type for their robustness
concept under common prior, where the analyst shares a common prior with the players.

14The two robustness concepts a priori have no logical link and indeed are distinct if
we consider their set-valued extensions, as we will see in Section 4. In games that have
a unique rationalizable action profile, both versions of robust sets collapse to a singleton,
and therefore the two point-valued concepts share the same characterization, showing their
equivalence.

150ur results would be actually unchanged if we use any non-empty refinement of interim
correlated rationalizability.
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Subsection 5.2 for its formal definition). The formulation of Kajii and
Morris (1997) would then become equivalent to ours with common priors
(due to Lemma B of Kajii and Morris (1997)), while this equivalence breaks
down under non-common priors. Our results would remain unchanged with
this formulation.

If, in addition, we dropped the measurability of the set €}y with respect
to the information partitions and defined it by Qg = {w € Q | (-, w) =
gi(+) for all i € T}, then our characterizations of robustness, which apply
to a generic class of games, could extend to the set of all finite games
(with the assumption that payoffs are uniformly bounded over all incomplete
information perturbations).

Remark 2.3. Another way to weaken our test would be to restrict our at-
tention to specific (g, N)-elaborations of g. Natural restrictions would be to
require that each (¢, N)-elaboration U satisfies common support and LY-tail
consistency for some £Y > 0. Here again, our results would stay unchanged.
2.4 Preliminary Results

We conclude this section with two preliminary observations.

Lemma 2.1. For any N > 1, any rationalizable strategy profile o of any
incomplete information perturbation of g satisfies

Z oi(alw) =1 for alli € T and w € [K )N 71(Qg).
a;€SN [g]

Proof. We prove by induction that for alln=1,..., N,
R [Qi(w)] C SP[g] for all i € T and all w € [K.]" 1 (Qg), (%)

where [K,]%(Qg) = Qg. First, since for all i € Z, u;(-,w) = g;(-) for all
w € Qg, (¥1) is true.
Assume (%,,). Consider any i € 7 and any w € [K,]"(fg), and take any

conjecture of i, v; € A(Q2xA_;), such that v;({(w', a—;) | a—; € R",[W']}) =1
and marggv; = Pi(-|Q;(w)). Note that [K,]"1(g) C Qg since Qg is a
simple event. By the assumption of (), for all ' € [K.]""1(Qyg), R[] C

"
57,[g]. Since w € K;([K.]"!(Qg)), we have (marg,_, 1;)(S™;[g]) = 1. Since
Ui(ai,vi) = gi(a;, marg,_, v;), it follows that BR;(v, ) br (margA v;) C

S; ! g), implying (#n41). 1
This lemma has the following implication.

Lemma 2.2. Fiz N > 0. Suppose that ¥ — 0 as k — oo, that each U is
an (¥, N)-perturbation of g, and that each (U%)iez € (A(A))! is a profile of
equilibrium action distributions of U*. Then, a subsequence of {(a%)ig}k
converges to some (N + 1)-subjective correlated equilibrium of g.

12



Proof. 1t is simple to show that a subsequence of {(O’E)iez}k converges to
some subjective correlated equilibrium of g (see, e.g., Kajii and Morris (1997,
Lemma 3.4 and Corollary 3.5)). Lemma 2.1 completes the proof. |

3 Point-Valued Robustness

In this section, we present and prove our first main result. For a € A, we
denote by ([a])! the profile of action distributions (p;)ier € (A(A))! such
that p; = [a] for all i € 7.

Theorem 3.1. Suppose that S®[g] = W>[g]. Then, g has a robust equi-
librium if and only if g is dominance solvable.

When g is dominance solvable and a* is the unique rationalizable ac-
tion profile (i.e., S¥[g] = {a*}), ([a*])! ([a*], resp.) is the robust action
distribution profile (robust action distribution, resp.) in g.

Dominance solvability is obviously a very strong condition. For instance,
the theorem does not guarantee that a unique Nash equilibrium is robust.
Indeed, as proved by Kajii and Morris (1997), there exists an open set
of games with a unique Nash equilibrium that is not robust.'® On the
other hand, it is well known that in supermodular games, a unique Nash
equilibrium is necessarily a unique rationalizable action profile, and hence a
robust equilibrium under non-common priors.

In the first subsection that follows, we discuss a simple two-player two-
action example to illustrate our results. We then prove the sufficiency and
the necessity parts of Theorem 3.1 respectively in Subsections 3.2 and 3.3.
While the former follows from Lemma 2.1 in a straightforward way, in prov-
ing the latter we will utilize our key lemma on contagion of a posteriori
equilibria (Lemma 3.4). This lemma will also be crucial in proving the
result on set-valued robustness (Theorem 4.2).

3.1 Example

In this subsection, we illustrate the necessity result in Theorem 3.1 by using a
simple example of complete information matching pennies game. In particu-
lar, we sketch our key construction of dominant solvable (e, N)-perturbation
provided in the proof of Lemma 3.4.

The game g is given by

16While the robustness concept introduced by Kajii and Morris (1997) is different from
ours, one can easily show that their example goes through if we use our formulation of
robustness.
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Hi | 1,-1]-1, 1
T | -1, 1] 1,-1

where each player i € 7 = {1,2} plays H; or T; so that A = {H;,T1} %
{H2,T>}. This game has a unique Nash equilibrium which is the unique (ob-
jective) correlated equilibrium. By Kajii and Morris (1997), we know that
this equilibrium is robust under the assumption that players share a com-
mon prior in nearby incomplete information perturbations. However, this
game is clearly not dominance solvable, and hence, according to our Theo-
rem 3.1 we claim that no equilibrium is robust once the CPA is dropped. To
see this, it will be sufficient to show that any strict a posteriori equilibrium
(recall Definition 2.3) can be played as a unique rationalizable strategy in
some nearby incomplete information perturbations.

Let us fix any strict a posteriori equilibrium (u1,pu2) € A(A) x A(A)
with full support. Verify that, being strict and having full support, it must
satisfy

0<m(Hi,To) < pi(Hi, Ho) <1, 0<u(Th,H2) < pa(Th, 1) <1,

(3.1)
0< MQ(Hl,HQ) < ,LLQ(Tl,HQ) < 1, 0< ,LLQ(Tl,TQ) < ,LLQ(Hl,TQ) < 1,

and thus p, # pg. Pick any € > 0 and N > 0. We construct a dominance
solvable (e, N)-perturbation such that the strict a posteriori equilibrium
(1, p2) becomes “contagious”: that is, under the unique rationalizable strat-
egy profile, say o, the ex ante probability that each player ¢ € 7 assigns to
any action profile a € A is given by u;(a), i.e., P,({w | o(a|lw) = 1}) = pi(a).

The construction is as follows.!” Let Q@ = T x Z, x A = {1,2} x
{0,1,2,...} x {H, T} x {Hy,T5}. Denote & = 1 — (1 — &)"/N+1)_ For
each player i € Z, define P; € A(Q) by

Pi(i,k,a) = &(1 — &)* pui(a)

and
Pi(—i,k,a) =0

where a € {Hy,T1} x {Hz,Ty}.'® Let each Q; consist of the events

E’?HZ = {(_Z7 07 Hi? H—i)7 (_Z7 07 Hi’ T—i)};

17Contagion of strict (a fortiori, pure strategy) Nash equilibria can be obtained with a
simpler construction. See the companion paper Oyama and Tercieux (2005) for such a
construction in an example of 2 X 2 coordination games.

18For simplicity, we here assume extreme heterogeneity in the prior distributions P; and
Ps: to each state, one player assigns strictly positive probability, while the other assigns
probability 0. This is not necessary for the result to hold, and one may in fact perturb
the priors so that they have common support. See the proof of Lemma 3.4.
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E?Ti = {(_i7 0,73, H*i)7 (_iv 0,75, T,i)},
and all the events of the form

EzkHl = {(Z7k - lvHivH—i)7 (iv k — 17Hi7T—i)7 (—i,k,Hi,H_i), (_ivkaH’iaT—i)}v
Eszi = {(Z) k — 17Ea H—i)a (/Lv k— 15E7T—i)7 (_7’7 ka Ea H—i)a (_Za k)E7T—i)}7

for each £ > 1. Finally, at any state w € Ez'OH,- (w e E?Ti’ resp.), player
i’s (ex post) payoffs are given by a game where playing H; (7; resp.) is a
strictly dominant action, while at any other state, (ex post) payoffs are given
by the complete information game g, and thus Qg = {(i,k,a) € Q | k >
1, i € Z, a € A}. One can check that ﬂflvzl[K*]”(Qg) ={(i,k,a) € Q| k>
N+1,i€eZ, ae A} and P(N)_,[K.]*(Qg)) = (1 — )N+ =1 —¢ for each
i € 7, so that this incomplete information game is an (¢, N)-perturbation of
g.

Now let ¢ be any rationalizable strategy profile of this incomplete in-
formation game. We want to show that for all ¢ € 7 and each action
a;, oi(a;lw) = 1 for all w € Efai and all k& > 0. Note that this implies
that for all @ € A, o(al(i,k,a)) = 1 for all i € Z and all £ > 0. Hence,
Pi{w | o(alw) = 1)) = P(U;er Ul k. a)}) = Y50 PG kva) = pifa)
as claimed.

First, by construction, o;(a;|w) =1 for all w € E?ai and all i € Z. Let us
then check the claim for £ = 1. Consider any w € Ezlaz By construction of
the state space and by definition of P;, we have

‘Pi((i707ai7a—i))
Pi((i,O,ai,H_i)) + Pl-((z',O,aZ-,T_i))
B € X pias,a_;)

o £ X ,ul-(ai,H_i) +z’§ X ,ui(ai,T_i)
= pi(a—ila;)

P;((3,0,a;,a-)|Qi(w)) =

Thus, at state w € Eilai, for any rationalizable strategy, player i assigns prob-
ability p;(H_;|a;) to his opponent playing H_; and u;(7T—;|a;) to his oppo-
nent playing T_;. Therefore, by definition of strict a posteriori equilibrium,
we must have 0;(a;|w) = 1. In this way, one can indeed show by induction
that for all £ > 1, P;((i,k,a;,a—;)|Qi(w)) = pi(a—ila;) for w € Efajl.
Hence, in the (g, N)-perturbation above, the unique rationalizable strat-
egy profile o is such that P;({w | o(a|lw) = 1}) = p;(a) for all i € 7 and
all @ € A" Since € and N have been fixed arbitrarily, this shows that
any action distribution profile other than (i1, u2) is not a robust equilib-
rium. Clearly, this game has multiple strict a posteriori equilibria (in fact,
there are a continuum of distributions satisfying (3.1)), so that the above

9This may be seen as “iterative dominance purification” of the a posteriori equilibrium
(1, p2). See Corollary 3.5.
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construction can be done for (u}, uh) # (1, p2), which shows in particular
that (1, pe) too is not robust. Hence, we conclude that this game g has no
robust equilibrium.

For general games, we know by Brandenburger and Dekel (1987) that
whenever a game has several rationalizable outcomes, there are several a
posteriori equilibria. In the generic class of games g such that S*®[g] =
WIg], one can show that multiplicity of rationalizable outcomes implies
multiplicity of strict a posteriori equilibria. Lemma 3.4 performs a similar
construction as the one above to show that a generic game with multiple a
posteriori equilibria has no robust equilibrium, which concludes the proof of
the necessity part in Theorem 3.1.

3.2 Sufficiency

In this subsection, we show the sufficiency part of Theorem 3.1: that if
an equilibrium is a unique rationalizable action profile, then it is robust to
incomplete information under non-common priors. By the finiteness of A,
there exists N* > 0 such that S"[g] = SV [g] for all n > N*. Recall that if
action distribution profile u (or action distribution ) is (N —1)-robust, then
it is N’-robust for all N’ > N — 1. Hence, it suffices to show the following.

Proposition 3.2. Let N* > 1 be such that S™[g] = SN [g] for all n > N*.
If SN [g] = {a*}, then ([a*])! ([a*], resp.) is (N* — 1)-robust in g.

Thus, in order for a unique rationalizable outcome a* to be robust, mu-
tual knowledge of order N* about the event “the payoffs are given by g” is
needed, where N* is the number of necessary elimination iteration rounds
to reach the singleton {a*}.

Proof of Proposition 3.2. Suppose that SV [g] = {a*}. Fix any 6 € (0,1).
Now take € > 0 such that ¢ < §. Consider any (¢, N* — 1)-perturbation U
and any Bayesian Nash equilibrium of I/, o. Then, we have for all 1 € Z,

or(a) = P (1K) ()
=P (MY K@) 21— 215,

where the first inequality follows from Lemma 2.1 and the second last in-
equality from the definition of (¢, N* — 1)-perturbation. A similar reasoning
holds when considering (g, N* — 1)-elaboration. |

3.3 Necessity

In this subsection, we show the necessity part of Theorem 3.1: the dominance
solvability is a necessary condition for a complete information game to have
a robust equilibrium under non-common priors.
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This shows that replacing common knowledge by mutual knowledge at
an arbitrary high (but finite) level has far reaching consequences in partic-
ular when we drop the CPA. Indeed, under the CPA, several wider classes
of games have been known in which a robust equilibrium exists (see the
references cited in the Introduction). The result below shows that all these
results heavily depend on the CPA.

Proposition 3.3. Suppose that W>[g] # 0. If u* € (A(A))! (€* € A(A),
resp.) is robust in g, then u* = ([a*])! (£* = [a*], resp.) for some a* € A
such that W>[g] = {a*}.

The following lemma is sufficient to prove the proposition. The proof of
the lemma relies on a contagion argument for rationalizable action profiles
or, to be more specific, for a set having the (strict) best response property
(rather than for a single strict Nash equilibrium as often performed in the
literature). Using this technique, in Corollary 3.5 we prove a result on
what we call iterative dominance purification of (undominated) a posteriori
equilibria, which allows us to prove the necessity part. It will also play a
central role in the proofs for the set-valued robustness results in Section 4.

Recall from Definition 2.3 that a profile of action distributions (u;)icz €
(A(A))! is a strict a posteriori equilibrium if for all i € Z, pu;(W>[g]) = 1,
and all a; € A;,

piai) >0 = {a;} = bri(pi(-|ai)).

Lemma 3.4. Let (u;)ier € (A(A))! be a strict a posteriori equilibrium
such that supp(u;) = supp(p;) for all i,j € Z. Then, for any € > 0 and
N > 0 there exists an (e, N)-perturbation of g such that there is a unique
rationalizable strategy profile o and it satisfies op, = p; for alli € I.

Proof. Let (u;)ier € (A(A))! be as above. Denote S = supp(u;) (C W[g])
and S; = {a; | wi(a;) > 0}.

Given e € (0,1) and N >0, let £ =1 — (1 — &)/N+1, For each i € T
and a; € S; , there exists n;(a;) > 0 such that for all m; € A(A_,), if
|mi — pi(lai)| < mi(a;), then {a;} = bri(m;), which is well defined by the
continuity of g;. Let 7 = min;e7z ming,es, 7i(a;). Then, take any r > 1 large
enough so that r/{r+ (I —1)(1 —&)} >1—n.

We now construct an (g, N)-perturbation UV as follows. Let Q =
T x Z4 x S and define P; € A(Q) for each ¢ € Z by

. r ~ -
Pi(i,k,a) = mg(l —&)*ui(a)
and 1
Pi(j, k,a) = mg(l — &) pi(a)

for j # i. Let each Q; consist of (i) the events

E’Loai = {(jvoaa’iaa—i) ‘,7 7é i; (CLZ‘,CL_Z‘) S S},
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and (ii) all the events of the form

Ezkai:{(i’k_lvaia ) (]7k ai, a ) |l77é (ala )GS}
for each k& > 1. Finally, define each u;: A x 2 — R by
gi(ai,a_i) if w ¢ U E?a,_,
ui((aj,a—;),w) =<1 ifwe EO

1a;

0 ifwe E?a; for a} # a;.

Verify that Qg = {(i,k,a) | k> 1,i € T and a € S} and (2_,[K.]"(Qg)
{(i,k,a) | k> N+ 1,i € T and a € S}, so that B(mfj:l[ () =
(1—-&Ntl=1—¢cforalicT.

We first show that U5 constructed above has a unique rationalizable
strategy (recall Definition 2.8). For this, we prove by induction that for all
k=1,2,...,

RE [Ezkajl] = {a;} for all i € 7 and all a; € S;. (*k)

First, (*1) holds true by construction.

Assume (x;). Fix any ¢ € 7 and a; € S;, and take any conjecture of
i, v € A(Q x A_;), such that v;({(«';a—;) | a—y € R* [w']}) = 1 and
margg v; = H(!Efal), where RF [w] = [Tz R?[Qj(w’)]. We show that
|marg s, vi — pi(-|ag)| < n.

Consider the states in Efai of the form (i,k — 1,a4,(a;);j-;). By con-
struction, such a state belongs to EJIZI for all j # 4. Since R;? [EJIZI] =
{a;} by the induction hypothesis, the conjecture v; must satisfy v;((i,k —
1,ai,a-;),a’";) =0 for all ’_; # a_,;. Hence, we have

(marg,_, v;)(a—;)

=vi((i,k — Lana_s),azi)+ Y > vi((jk,ai,d’;),a-3), (3.2)

a’ , j#i
and
vi((i,k —1,a5,a-),a—;) = (margq v;)(i, k — 1,a;,a—;)
- ‘PZ((Z)k_ 17aiaa—i)‘Efai)- (33)
Now, by the construction of the state space,
Pi((i.k —1,a1,a-:)| EX,)
- ((’L k-1 , Ajy A— z))
Za’ii P’L((Z7k 1 y iy @ —z))+2 Z];ﬁz ((]7k ai, a ))

Tﬂz(am a— z)

T+ T-Da-ar T, mland)

= cpila—i|a;), (3.4)
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and hence v;((i,k — 1,a;,a_;),a_;) = c pi(a—ila;) by (3.3), where we denote
c=r/{r+{-1)(1 -8} Since 3, vi((i,k—1,a;,d";),d" ;) = ¢, it
therefore follows from (3.2) that, for all a_;,

(marg,_, vi)(a—i) < cpi(a—ila;) + (1 =),

so that

[(margy_, vi)(a—i) = pi(ailai)] < (1 = ¢)(1 = pi(a—ilai))
S 1—c¢c S m,

where the last inequality follows from the choice of r. We thus have
|margy_, v; — pi(lai)| <.

Thus by the definition of p; and the choice of 1, we have BR;(v;) =
bri(marg, . v;) = {a;}. Since v; has been taken arbitrarily, it follows that
R+ [Efal] = {a;}, hence (*j11).

Finally, if o is the unique rationalizable strategy of U®Y, we have
op,(a) = pi(a) for all @ € A by construction. |

Note that the (e, N)-perturbation constructed above satisfies common
support and L-tail consistency for some £ > 1 (where £ depends on ¢ and
N).

As a corollary of Lemma 3.4, we obtain the iterative dominance purifi-
cation result, that we can purify any undominated a posteriori equilibrium
by a unique rationalizable strategy profile of a dominance solvable (g, N)-
perturbation.

Corollary 3.5. Let (ui)icz be any undominated a posteriori equilibrium.
For any 6 >0, € > 0, and N > 0, there exists an (g, N)-perturbation of g
such that there is a unique rationalizable strategy profile o and it satisfies
lop, — pi| <9 forallieT.

Proof. Let (p;)icr be an undominated a posteriori equilibrium. Fix 6 > 0.
By the continuity of g;’s, we can take a strict a posteriori equilibrium (u})iez
with supp(p;) = W[g] for all i € 7 such that |u; — p;| < 6. Hence by
Lemma 3.4, for any € > 0, and N > 0 there exists an (¢, N)-perturbation of
g such that a unique rationalizable strategy profile o satisfies op, = ) and
hence |op, — pi| < for all 4 € Z, which completes the proof. |

Note that this corollary in fact proves that in the generic class of games
where W>[g] = S°°[g], any a posteriori equilibrium can be purified in the
previous sense.

We now prove the necessity part for our robustness result.

Proof of Proposition 3.3. Suppose that W>[g] # (0 and that (u});ez (€%,
resp.) is robust. Observe that the set of strict a posteriori equilibria (u;)iez
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such that supp(u;) = W[g] for all i € Z is nonempty. Take any such strict
a posteriori equilibrium (p;);ez of g. Then, by Lemma 3.4, for any € > 0 and
N > 0 there exists an (g, N)-perturbation where the unique rationalizable
strategy profile o satisfies op, = ; for all ¢ € Z. Hence, it must be true that
pi = pf foralli € Z (p; = & for all i € Z, resp.). This implies that (1) )icz
((€")!, resp.) is the unique strict a posteriori equilibrium, so that W[g]
is a singleton set, say, {a*}, and thus p; = [a*] for all i € T (§* = [a*],
resp.). |

Let us relate our results to previous studies. Weinstein and Yildiz (2007)
show that for any complete information type in the universal type space®®
and any rationalizable action profile a* of this game, there exist a dominance-
solvable incomplete information game and a sequence of types drawn from
this game such that (1) this sequence converges to the complete information
type (with respect to the product topology in the universal type space) and
(2) each type of the sequence plays a*. Our construction in Lemma 3.4
shows that such a dominance solvable incomplete information game can be
an (¢, N)-perturbation (where € can be arbitrarily small and N arbitrarily
large). In addition, Corollary 3.5 shows that the unique equilibrium of
this (e, N)-perturbation can be fully characterized by using the notion of
a posteriori equilibrium. Whenever a* is a strict Nash equilibrium, the
unique equilibrium of this dominance-solvable game will play a* everywhere.
However, when a* is not a strict Nash equilibrium, this is not possible: a*
cannot be played everywhere (as the proof of Lemma 3.4 demonstrates,
action profiles different from a* have also to be contagious). In proving
our complete characterization result, the use of our iterative dominance
purification argument that relies on a posteriori equilibrium becomes crucial.

If, as in Kajii and Morris (1997), one considers (g, N)-perturbations of
g that satisfy the CPA, then any equilibrium action distribution of such an
(e, N)-perturbation must be close to some objective correlated equilibrium
of g when ¢ is small (Corollary 3.5 in Kajii and Morris (1997)). In contrast,
with non-common priors, equilibrium action distributions are close to sub-
jective correlated equilibria (Lemma 2.2 in Subsection 2.4). The former fact
allows Kajii and Morris (1997) to establish that if g has a unique objective
correlated equilibrium, then it is a robust equilibrium under common priors,
while, as our result shows, it is not robust under non-common priors unless
g itself is dominance solvable (or equivalently, g has a unique a posteriori
equilibrium).

Lipman (2003, 2005) shows that given any partition model with non-
common priors (and tail consistency) and any state w in the model, for any
finite N one can construct a partition model with a common prior such that

20Recall that a complete information type is a (degenerate) type in the universal type
space where it is common knowledge that payoffs are given by the complete information
game.
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there is a state in that model that has the same higher order beliefs up
to order N as those at w. Lipman’s (2005) construction can be applied as
well to our (e, N)-perturbation in the proof of Lemma 3.4 to have a further
incomplete information perturbation with a common prior. One might then
ask whether we could use the further perturbation with a common prior
so obtained for the purpose of Lemma 3.4. It is, however, not true; for,
when the given a posteriori equilibrium is not a robust equilibrium under
common prior (as in the example in Subsection 3.1), it is not possible, for
vanishingly small €, to have an (e, N)-perturbation such that (1) it has a
common prior, (2) it is dominance solvable, and (3) the unique rationalizable
strategy profile generates an action distribution arbitrarily close to that
a posteriori equilibrium. The additional constraints that the CPA imposes
on perturbations are discussed further in Section 5.

4 Set-Valued Robustness

Given that many games possess no robust equilibrium, it is natural to con-
sider a set-valued robustness concept. Such an idea can be found for instance
in Morris and Ui (2005) where the common prior is assumed. In the fol-
lowing, we define robustness for sets of action distribution profiles as well
as those of action distributions. We give a separate treatment to these
two notions since, contrary to their point-valued versions, they lead to dis-
tinct characterizations. We then show our second main result. that for any
generic game g in which S*°[g] = W>]g], a smallest robust set of action
distribution profiles (action distributions, resp.) exists and coincides with
the set of a posteriori equilibria of g (the convex hull of S*°[g], resp.).

4.1 Robust Sets of Action Distribution Profiles

Let us first define the robustness of sets of action distribution profiles.

Definition 4.1. A product set of action distribution profiles M =
[Tiez Mi C (A(A))! is N-robust to incomplete information under non-
common priors, or simply, N-robust, if it is closed, and for all § > 0, there
exists € > 0 such that any (e, N)-perturbation of g has a Bayesian Nash
equilibrium o such that for all i € Z, there exists y; € M; with |p; —op,| <.

M is robust to incomplete information under non-common priors, or
simply, robust, if there exists N > 0 such that M is N-robust.

Observe that if M is (N-)robust, then any M’ D M is (N-)robust. In
particular, (A(A))! is N-robust for all N > 0 and thus robust. We say
that M is a minimal (N-)robust set if it is an (/N-)robust set and no proper
subset of it is an (IN-)robust set; and that M is a smallest (N-)robust set if
it is an (N-)robust set and is contained in any (NN-)robust set.
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The following proposition establishes that minimal robust set is well
defined for all finite games, while we will show that a smallest robust set
actually exists for generic games.

Proposition 4.1. Any game has a minimal N -robust set for each N > 0
and a minimal robust set.

Proof. We show the existence of a minimal N-robust set; the existence of a
minimal robust set can be proved analogously.

Let (M, C) be the (nonempty) collection of N-robust sets partially or-
dered by set inclusion. We show that (M, C) has a minimal element. Take
any totally ordered subset of M and denote it by M'. Let M* = ;2 M.
Since each M € M’ is nonempty and closed in a compact set (A(A))?, so is
M*. We want to show that M™* is N-robust and therefore is a lower bound
of M’ in M. Then, it follows from Zorn’s lemma that M has a minimal
element.

Fix any 6 > 0. By the compactness of (A(A))?, we can take an M’ € M’
such that M’ C Vj/o(M*). By definition, there exists ¢ > 0 such that any
(e, N)-elaboration has a Bayesian Nash equilibrium o such that for some
(uh)ier € M', |, — op,| < /2 for all i € Z. But we can take (y1;)ier € M*
such that |p; — pi| < /2 for all i € Z, and hence |pu; —op,| < 6 for all i € 7.
This implies that M™ is N-robust, completing the proof. |

In characterizing robust sets of action distribution profiles, the concept
of a posteriori equilibrium is the key notion. Recall that a profile of action
distributions (u;)ier € (A(A))! is an a posteriori equilibrium (N-subjective
correlated equilibrium, resp.) of g if it is a subjective correlated equilibrium
of g and 1;(S*®[g]) = 1 (u;(SV[g]) = 1, resp.) for all i € Z, and that
Elg] (EN][g], resp.) denotes the set of a posteriori equilibria (N-subjective
correlated equilibria, resp.) of g. We show that for generic games, a smallest
robust set of action distribution profiles exists and coincides with &[g].

Theorem 4.2. Suppose that S®[g] = W>I[g|. Then, £[g] is the smallest
robust set of g.

The proof proceeds in two steps. We first show that EV[g] is (N — 1)-
robust, which implies that £[g] is robust. Then we show that any robust set
contains the set of undominated a posteriori equilibria, £"[g].

From Lemma 2.2 in Subsection 2.4, we immediately have the following.?!

Proposition 4.3. £V¥[g] is (N — 1)-robust.

2ILemma 2.2 in fact implies a stronger result that for all § > 0, there exists ¢ > 0
such that for any Bayesian Nash equilibrium o of any (e, N)-elaboration, there exists
(pi)iez € EN[g] such that |u; — op,| < 6 for all i € T (recall that our robustness test only
requires that there exist such a Bayesian Nash equilibrium).
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Since £"[g] coincides with £[g] whenever S*[g] = W™[g], the next
proposition is sufficient to complete the proof of Theorem 4.2.

Proposition 4.4. If M is robust in g, then E%[g] C M.

Proof. Let M = [],c; M; be robust in g. Take any (u)icz € £%[g]. By
Corollary 3.5, for each i € Z, Vs(u;) N M; # () for any 6 > 0. By the
closedness of M, it follows that p; € M; for each i € Z. |

4.2 Robust Sets of Action Distributions

As for the point-valued robustness concept, we consider the following alter-
native concept.

Definition 4.2. A set of action distributions = C A(A) is N-robust to
incomplete information under non-common priors, or simply, N-robust, if
it is closed, and for all 6 > 0, there exists € > 0 such that for any (¢, N)-
elaboration of g, (U, Py), U has a Bayesian Nash equilibrium o such that
there exists £ € = with |£ —op,| < 6.

A set of action distributions = C A(A) is robust to incomplete informa-
tion under non-common priors, or simply, robust, if there exists N > 0 such
that = is N-robust.

Observe that if = is (N-)robust, then any ' D = is (N-)robust. In
particular, A(A)) is N-robust for all N > 0 and thus robust. We say that =
is a minimal (N-)robust set if it is an (/N-)robust set and no proper subset
of it is an (N-)robust set; and that Z is a smallest (N-)robust set if it is
an (N-)robust set and is contained in any (N-)robust set. The existence of
minimal robust set can be verified in the same way as in Proposition 4.1.

We show that for generic games, a smallest robust set of action distri-
butions exists and coincides with the convex hull of the set of rationalizable
action profiles of g.

Theorem 4.5. Suppose that S¥[g] = W>[g]. Then, A(S*[g]) is the small-
est robust set of g.

Note that the elements of the convex hull A(S*°[g]) represent the mod-
eler’s predictions over A generated via his own subjective prior Py in (¢, N)-
elaborations, and thus some elements may not be part of any a posteriori
equilibrium, since Py may be unrelated to the players’ priors (provided that
it assigns probability at least 1 — e to the event that (g is mutually known
up to order N).

The proof proceeds in two propositions. The first proposition implies
that A(S*[g]) is (N* — 1)-robust, where N* is such that A(S*[g]) =
A(SN[g]), which is well defined by the finiteness of A. The second proves
that any robust set contains A(W[g]).
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Proposition 4.6. For any N > 1, A(SV[g]) is (N — 1)-robust.

Proof. Fix any N > 1 and any § > 0. Now take € > 0 such that ¢ < §.
Consider any (¢, N — 1)-elaboration (U, Py) and any rationalizable strategy
profile of U, o. Then, we have

ap, (SN[gl) > Po ([K.JV ()
. (ﬂfj;f [K*]"(Qg)> >1-e>1-4,

where the first inequality follows from Lemma 2.1 and the second last in-
equality from the definition of (¢, N — 1)-elaboration. Hence, we have that
lop, — &| < 6 for some ¢ € A(SN(g)), which shows that A(SN[g]) is N-
robust. |

Proposition 4.7. If = is robust in g, then A(W™>[g]) C =.

Proof. Suppose that Z is a robust set, which is closed by definition, and
let N > 0 be such that = is N’-robust for all N/ > N. Assume that
W[g] # () and take any £ € A(W[g]) with supp(§) = W°[g]. We show
that for all ¢ > 0, there exists an (&, N)-elaboration (U, Py) such that any
rationalizable strategy profile o of U satisfies op, = £. Then, this implies
that V5(&) NE # 0 for all 6 > 0, so that £ € E due to the closedness of E.

Take any € > 0, and any strict a posteriori equilibrium (u;);c7 such that
supp(u;) = W[g] for all i € Z. Then, let U5V be the (¢, N)-perturbation
as in the proof of Lemma 3.4, and let Py be defined by

Po(Lk,a) =~ (1 - ) €(a)
and 1
Po(j, k,a) = mé(l —&)"¢(a)

for j # 1. By Lemma 3.4, we know that the unique rationalizable strat-
egy profile o of USN satisfies o(a|(j, k,a)) = 1 for all (j,k,a) € Q. By
construction, Py (ﬂﬁ;l[K*]”(Qg)) >1—candop, =¢.

Now we have that the set of distributions with support equal to W°[g]

is contained in E. But the closure of this set is actually A(W*°[g]). Hence,
since Z is closed, we must have A(W>[g]) C E. 1

5 Discussion

In this section, we examine the critical assumptions for our results to hold.
We also discuss the relationship with other robustness notions as defined in
Weinstein and Yildiz (2004, 2007).
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5.1 N-Robustness

In Subsection 3.2, we showed that if a* is a unique rationalizable action
profile in g and if an incomplete information game U is an (g, N* — 1)-
elaboration of g, where N* is such that SV" [g] = {a*}, then in any Bayesian
Nash equilibrium of U, a* is played with high probability with respect to
any player’s prior (whenever ¢ is small with respect to these priors). In
this subsection, we show that mutual knowledge of {}; at high order is
also necessary for such an action profile a* to be played in Bayesian Nash
equilibria. To see this, we examine the concept of N-robustness.

Proposition 5.1. Suppose that S [g] = W[g]. Then, EN[g] is the small-
est (N — 1)-robust set of g.

In the sequel, we say that a profile of action distributions (u;)iez €
(A(A)) is a strict N-subjective correlated equilibrium if it is an undominated
N-subjective correlated equilibrium and for all ¢ € 7 and all a; € A;,

pi(ai) > 0= {a;} = bri(pi(-a;)).

Lemma 5.2. Fiz any N > 1. Let (u])iez € (A(A))! be a strict N-
subjective correlated equilibrium. Then, for any § > 0 and ¢ > 0, there
exists an (e, N — 1)-perturbation of g such that any rationalizable strategy
profile o satisfies |op, — pi| < d for alli € T.

Proof. See Appendix. |

As in Subsection 3.3, we can derive the following corollary, which is
analogous to Corollary 3.5.

Corollary 5.3. Fix any N > 1. Let (p;)iez be an undominated N -subjective
correlated equilibrium. For any 6 > 0 and € > 0, there exists an (¢, N —
1)-perturbation of g such that any rationalizable strategy profile o satisfies
lop, — il <0 forallieT.

Using the same argument as in Section 4, we can complete the proof of
Proposition 5.1.

Remark that if we consider O-robustness as an extension to heterogeneous
priors of the robustness test defined in Kajii and Morris (1997), we obtain
that for a generic class of games, a profile of action distribution (u;)icz is
robust a la Kajii and Morris (1997) without a common prior if and only
if y; = [a*] for all ¢ € T where af is a strictly dominant action for each
player i € Z.22 This result generalizes Proposition 12 in Weinstein and

22 A same result would hold if we considered robustness of action distributions instead of
profiles of action distributions. In the case of sets of action distributions, the proposition
analogous to Proposition 5.1 would state that for generic games, the smallest (N — 1)-
robust set coincides with A(S™ [g]).
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Yildiz (2004). Indeed, as Weinstein and Yildiz (2007, Section 8) point out,
without common prior, the restriction only on the prior probabilities of {2
has no implication for conditional beliefs beyond second order.

5.2 Uniform Bound on Posteriors

In Subsection 3.3, we showed that if g has more than one rationalizable
action profiles, then for each such profile, we can construct an (g, N)-
perturbation whose Bayesian Nash equilibrium plays this profile with prob-
ability zero. The crucial point for this result is that relevant posterior prob-
abilities can be arbitrarily close to one simultaneously for the players (see
(3.4) in the proof of Lemma 3.4) by choosing heterogenous priors sufficiently
different from each other.

In this subsection, we examine how the results change if we require that
the elaborations uniformly satisfy £-tail consistency (uniformly over elabo-
rations of a complete information game). Indeed, when such an assumption
is made, given L there are generic games with multiple rationalizable action
profiles that have a robust equilibrium. To extract the effect of this re-
striction, we consider e-perturbation (i.e., (¢,0)-perturbation), whereas the
result below would hold if we considered (e, N)-perturbations. Given an
e-perturbation, let

Pi(w)
P;); = max su
P(( z)ZGI) i weg f)](w)
with a convention that ¢/0 = oo for ¢ > 0, and 0/0 = 1. Note that
p((P)iez) < oo only if (P;)jcr has common support.

Definition 5.1. An action distribution (1;);er € (A(A))! is r-robust if for
all & > 0, there exists € > 0 such that any e-perturbation of g such that
p((Pi)iez) < r has a Bayesian Nash equilibrium o such that |u; —op,| <6
for all 1 € 7.

We use p-belief operators as defined in Monderer and Samet (1989). For
any number p € (0, 1], the p-belief operator for player i, BY: 28, 28 g
defined by

Bj(E) = {w € Q| K(E|Qi(w)) > p}-

That is, BY(E) is the set of states where player ¢ believes E with probability
at least p (with respect to his own prior P;). Let BY(E) = (;,er BY(E)
be the set of states where F is mutually p-believed, i.e., where every player
believes E with probability at least p. Finally, an event E is common p-belief
at state w if w € CP(E) = o [BL]"(E).

Observe that for any event E., we have by definition of knowledge oper-
ators that K,(E) C E. On the other hand, this inclusion is not necessarily
true when replacing knowledge operators by p-belief operators. The follow-
ing lemma shows that this inclusion remains true for simple events.
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Lemma 5.4. For any simple event E and any p € (0,1], BYZ(E) C E.

Proof. Let E be a simple event, and E = ﬂiEI E; where E; € F; for each i €
Z. Observe that BY(E;) = E; for any p > 0. By the monotonicity of BY(-),
we have BY(E) C BY(E;) = E;. It follows that (\,c; BY(E) C ez Ei, as
claimed. |

The following result, which corresponds to the critical path result of Kajii
and Morris (1997, Proposition 4.2) in our context with non-common priors,
shows that with a uniform bound on posteriors, the ex ante probability
(with respect to any player’s prior) of the event CP(FE) is bounded from
below uniformly in all information systems.

Proposition 5.5. For anyr > 0, if p < 1/{1 +r(I — 1)}, then in any in-
formation system IS = [Q, (P;)ie1, (Qi)icz] with p((PZ-)ig) <7, any simple
event E satisfies

Lop max(1— B(E))  (5.1)

PACHED) 2 1= o ) B

forallj e T.
Proof. See Appendix. |

Conversely, if p > 1/{1 + r(I — 1)}, then one can find an information
system with p((P;)iez) < r and a simple event E such that (5.1) does not
hold. Indeed, one can show that the information system given in the proof
of Lemma 3.4 is such an example.

To give a sufficient condition for r-robustness, we use the notion of p-
dominant equilibrium as introduced by Morris, Rob, and Shin (1995) and
Kajii and Morris (1997).

Definition 5.2. Let p € [0,1]. Action profile a* € A is a p-dominant
equilibrium in g if for all i € 7,

af S b?“z'(ﬂ'i)
holds for all m; € A(A_;) with m;(a*;) > p.

We also use the following lemma, a straightforward corollary of Kajii
and Morris (1997, Lemma 5.2), which relates the notion of common p-belief
to that of p-dominance.

Lemma 5.6. Suppose that action profile a* is a p-dominant equilibrium of
g. Consider any incomplete information perturbation U of g. Then, U has a
Bayesian Nash equilibrium where o;(af|w) =1 for alli € T andw € CP({g).

Proposition 5.7. Suppose that action profile a* is a p-dominant equilibrium
of g where p < 1/(1+r(I —1)). Then, [a*]! is r-robust.

27



Proof. Let a* be a p-dominant equilibrium with p < 1/(1+r(I—1)). Fix any
0 > 0. By Proposition 5.5, we can choose £ > 0 such that for any information
system and any simple event E, P;(F) > 1 — ¢ implies P;(CP(E)) > 1 — 6.
Thus, by the choice of ¢, for any e-perturbation i/ of g with P((Pz‘)iez) <r,
we have Pj(CP(€Qg)) > 1 — 6. By Lemma 5.6, it follows that there exists
a Bayesian Nash equilibrium o of U with op,(a*) > P;(CP(Qg)) > 1 — 6,
meaning that [a*] is r-robust. ||

5.3 Interim Robustness

We discuss the robustness concept due to Weinstein and Yildiz (2004, Defi-
nition 10).%

Definition 5.3. (U,w) is an N-perturbation of g if w € N2_, (K.)"(Qg).

Definition 5.4. a* € A is interim robust to incomplete information in g
if there exist N > 0 such that for any N-perturbation of g, (U,w) such
that U satisfies the CPA, U has a Bayesian Nash equilibrium ¢* such that
o*(w) = [a*].

Note that it is not required that P({0g) be large in U, where P is the
common prior.
Weinstein and Yildiz (2004, Proposition 11) showed the following.?*

Proposition 5.8. Suppose that S>®[g] = W>I[g|. Then, a* is interim
robust in g if and only if S*°[g] = {a*}.

Let us prove that we can derive this result from our previous results.

Lemma 5.9. For anye >0 and N > 0, there exists an (¢, N)-perturbation
of g with a common prior such that for all a € W™|g|, there exists w €
N (K™ () such that o(w) = [a] for any rationalizable strategy profile
.

Proof. Let (u;)iez € (A(A))! be a strict a posteriori equilibrium such that
supp(p;) = W>®[g] for all i € Z. Consider the (¢, N)-perturbation U5V as
built in Lemma 3.4 but where r > 1 is chosen large enough so that for all
i€,

i, a_;)
1_¢7 > (L= n)pi(ailas)

pi(a;) + — > i M (ai)

for all a; € W and a—; € W (where 7 is chosen as in Lemma 3.4). In

addition, the common prior over Q = 7 x Z; x W|[g], P, is defined as

23Note that the exact definition in Weinstein and Yildiz (2004, Definition 10) uses Bi ¢
instead of K.. One can show that our proofs would work with their formulation.
240ne can also show this result using Lemma 3.4 and Lipman (2005, Theorem 1).
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follows. For each i € Z and a € W[g], let

P(i, k,a) = }5(1 _€~>k,ui(a)

T

for all k < N +2. Observe that 3,c7 S 37 S cppoepg Pi: by a) < 1. Then,
for all K > N + 3, define P(i, k, a) so that P(Q2) = 1.

Now let o be any rationalizable strategy profile of 445" . We show that
for all i € 7 and all a; € W[g], oi(ailw) = 1 for all w € U;CV:+02 Efal By
construction, o;(a;lw) =1 for all w € E?ai and all i € Z. Then suppose that
fok < N+1, gi(ajlw) =1 for all w € Efai and all © € Z. Consider any

w € E;f;_“l. By the construction of the state space, we have

P((ivk7ai7a—i)‘Qi(w))
_ P((i,k,ai,a,i))
ZaLi P((Za k? @i, a/—z)) + Eal,i Zj;éi P((]v k + L, a, a/—z))
pi(ai, a—i)

1-¢ ’
pi(a;) + — > i M (aq)

so that

|P((i, ky aiy a—)|Qi(w)) — pila—ilay)| < npila—slas) <,

where the last inequality follows from the choice of . Thus, by the def-
inition of u; and the choice of n as well as the induction hypothesis, we
have o;(a;lw) = 1. The proof is completed observing that (i, N + 1,a) €

Ef(\llj'2 N ﬂ#i EJJ-YI;H, so that a is played at (i, N + 1,a) at any rationalizable

strategy profile and that (i, N 4+ 1,a) € (_, (K.)™"(Qg). |

Proof of Proposition 5.8. The sufficiency part follows from Lemma 2.1. To
show the necessity, assume that a* is interim robust to incomplete informa-
tion. Take any a € W [g]. Note that the set of strict a posteriori equilibria
(14i)iez such that supp(u;) = W[g] is nonempty. Consider any such (1;)iez.
Then, by Lemma 5.9, we have that for all € > 0 and N > 0, there exists
an (g, N)-perturbation of g, =" such that (1) it satisfies the CPA; and (2)
there is some w € NA_;[K+]"(Qg) where o(w) = [a] for any rationalizable
strategy profile o. Since (U4*V,w) is an N-perturbation of g satisfying the
CPA, we must have that |IW*[g]| = 1 and hence W™®[g] = {a*}. 1

In the constructed perturbation with a common prior P, when P(Qg)
becomes close to one,?® then op(a*) must in some cases (e.g., when a* is
the risk-dominated equilibrium of a 2 x 2 coordination game) be vanishingly
small. We explore this point in detail (in two-player games) in Oyama and
Tercieux (2005).

250bserve that this is the case in the perturbation in the proof of Lemma 5.9.
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6 Conclusion

Following Kajii and Morris (1997), the present paper has investigated the
question of ex ante robustness of action distributions of complete infor-
mation games to a small amount of incomplete information. Contrary to
previous work in this literature, we postulated that in our incomplete in-
formation perturbations, players may have heterogeneous prior beliefs. We
demonstrated that dropping the common prior assumption (CPA) has far
reaching consequences. Our first result shows that an action distribution of
a generic complete information game is robust under non-common priors if
and only if the game is dominance solvable and the action distribution as-
signs weight one on the unique action profile surviving iterative deletion of
strictly dominated actions. This implies that the robustness test that allows
for incomplete information perturbations without common prior is substan-
tially stronger than the one with common prior as considered by Kajii and
Morris (1997).

Our approach in this paper is an ex ante one, where the outside analyst
has no information about interim beliefs of the players and thus is concerned
with the ex ante average behavior of the players. On the contrary, Weinstein
and Yildiz (2007) consider a similar robustness question with an interim
approach where the analyst is given a hierarchy of interim beliefs and is
concerned with the behavior the players may have at this specific hierarchy.
They show that an equilibrium is interim robust if and only if it is the unique
action profile surviving iterative deletion of strictly dominated strategies.
Importantly, by the result of Lipman (2003), this characterization remains
valid even when players are assumed to share a common prior in incomplete
information perturbations. Our characterization, in contrast, does not hold
under the CPA. This is due to the fact that, as the critical path result of
Kajii and Morris (1997) establishes, under the CPA the restrictions on prior
beliefs also impose restrictions on interim (higher order) beliefs.

We also investigated the question of robustness of sets of action distribu-
tions. Our second result, which generalizes our result on point-valued robust-
ness, shows that in generic games, a smallest robust set exists and coincides
with the set of a posteriori equilibria. Given the result by Brandenburger
and Dekel (1987), this means that even if the analyst uses any refinement of
rationalizability such as Nash equilibrium, in order to obtain robust predic-
tions he cannot reject any outcome from the set of rationalizable outcomes
when he takes into account the possibility that the players may not share a
common prior in nearby incomplete information perturbations. For the set
of robust predictions to be sharpened further, the analyst has to have more
information about the actual situation, to impose some more restrictions on
prior beliefs than the present paper assumes. As an example, we provided a
measure of disagreement among the players’ prior beliefs such that a bound
on this measure may lead to a shaper robust prediction (Proposition 5.7).
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Appendix

A.1 Proof of Lemma 5.2

Proof. The proof mimics the proof of Lemma 3.4. Fix § > 0 and £ > 0. For
each k=0,--- ,N — 1, let (u¥)iez € (A(A))! be a strict k-subjective corre-
lated equilibrium such that supp(uF) = I/Vikﬂ[g] x WF.[g].26 By continuity
of gi's, we can take for each k = 0,--- , N, (fi¥)icr € (A(A))! such that for
each i € Z, (1) |aF — pk| < §/2; (2) supp(iif) = A; and (3) for some 7; > 0,
and all a; € A; with p¥(a;) > 0, {a;} = br;(m;) for all m; € A(A_,;) satisfying
|mi(a—;) — iF(a—i|a;)| < n; for all a_; € W* [g].

Set n = mingezn; > 0, and take an » > 0 such that 1/(1 4+ r) < 7.
Let € € (0,1), which will be taken to be small depending on £ and r. We
now construct an (¢, N — 1)-perturbation 45V~ as follows. Let Q = T x
{0,--- ,N+1} x A and define P, € A(Q) foreachi € Zand k=0,--- ,N —
1,N+1 by

Py(isk,a) = ré(I — 1)jif ()

and
Py(i,N,a) = (1 —&(I — 1)(r(N + 1) + N +2)) ¥ (a).

In addition, for eachi € Z and k=0,--- ,N +1
P,(j,k,a) = ;" (a)

for j # i where by convention, [L;l = .
Let each Q; consist of (i) the events

Ep, ={(4,0,ai,a_) | j # 1, a_y € A},
(ii) all the events of the form
Ef = {(i,k—1,a;,a_;), (j.k,ai,a_) | j #14, a_y € A}
for each k =1,--- ,N +1, and (iii) the events
Eﬁ;+2 ={(i,N+1,a;,a—;) | a; € A_;}.
Finally, define each u;: A x 2 — R by

gi(ai,a_;) ifwé Ua; E?a;,
ui((aj,a—),w) =11 if we EY

a;)

: 0
0 ifwe Emg for a} # a;.

26Any strict k-subjective correlated equilibrium (pf)igz must satisfy supp(u,’f) -
Wl [g] x WE,[g] for all i € T.
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Verify that Qg = {(¢,k,a) | k > 1,7 € Z and ﬂff;ol[K*]”(Qg) ={(i,k,a) |
k> N,i € T and a € A}. Simple algebra shows that for £ small enough,
PN K (Qg)) > 1 — ¢ for all i € T.27

Now let o be any rationalizable strategy profile of U5V ~1. We show
that for all k = 0,..., N, all i € Z and all a; € W}[g], 04(a;|w) = 1 for all
w€E Elkaz By construction, for all i € Z, and a; € W?[g], oi(a;|w) = 1 for all
w € EJ) . Then suppose that for all i € Z, and all a; € Wkigl, oi(ai|lw) =1
for all w € Ezkal Consider any i € Z, a; € W} [g] (i.e., a; € A; such that
1k (a;) > 0) and w € Efatl. By construction of the state space, we have for
k=1,...,N—1

B((i7k7ai7a—i)‘Qi(w))
_ Pi((i,k:,ai,a_i))
ZaLi Pi((i, k, ai,a’;)) + Zagi Zj;éi Pi((j.k+1,a5,a",))

Tﬂf(aiv a—i) r

&
1) (a1t
so that
. - 1
Py((i, k, ai,a—)|Qi(w)) — fif (a—ila;)| < e (a—ila;)
< 1
—r+1 " "

where the last inequality follows from the choice of an appropriate (large
enough) r. For k = N, again, by the choice of an appropriate (small enough)
€, a same reasoning applies and we obtain

| Pi((i, N, a5, a-3)[Qi(w)) — il (a—ilai)] <.

Thus, by the induction hypothesis, the choice of 1, as well as the condi-
tion (3) in the definition of ji¥, we have o;(a;|w) = 1.

Finally, for & > 0 small enough, we have by construction |op,(a) —
i¥(a)] < /2 for all @ € A and so |op,(a) — pMN(a)] < 6 for all a € A
by construction. ||

Remark A.1.1. Three remarks on the above proof are in order. First,
the (¢, N — 1)-perturbation constructed in the proof is not an (e, NV)-
perturbation. Second, contrary to the construction in Lemma 3.4, this
(e, N — 1)-perturbation need not have a unique rationalizable strategy pro-
file. Finally, the proof is rather tricky compared to the proof of Lemma 3.4,
in that the prior probability of each player will put almost all its mass only
on a small number of states.

2"By convention [K*]O(Qg) = Q.
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A.2 Proof of Proposition 5.5

Fix an information system [, (P;)iez,(Qi)icz] and a simple event E =
ﬂiez FE;,, each E;, € F;. We use the same labeling as in Kajii
and Morris (1997, Lemma C). Fix K > 0, and define inductively
{BF,... E¥, BF}EAY as follows: E} = E;, and EF = (,.; and EF! =
BP'(E*). By convention, let EY = Q. Then let DF = EF\ EF! for
k=0,1,...,K, and DiK'H = EiK“. Observe that {Df}kK:Jf)l is a parti-
tion coarser than Q;. Writing n = (ni,...,ns) for a typical element of
{0,1,..., K+1} we denote by min(n) the smallest number in {n1,...,ns}.
Define L(n) = (;cz D} and m;(n) = Pi(L(n)) for n € {0,1,..., K + 1}/
Note that for all k = 0,1,..., K +1and i € 7, D} = ﬂn:ni:n L(n) and
E" =Ny pion L(n).
Let 2;(4,0) = 0 and

xj(i, k) = Z mj(n)
n: n;=min(n), 0<min(n)<k

for k=1,..., K, and

Yj = Z mj(n).

n: n; >0, min(n)=0

Lemma A.2.1. Foralli €l and k > 1,

PN (b k1) +

1—=pi heti

i, k) < S— (A1)

1_pz

Proof. For alli € 7 and k > 1,

k
:L'Z(Z,k) = Z Z m-(n)

(=1 n:n;=¢, min(n)=~

<y mm)

=1 " ning=t, min(n)<¢

IN

-
'S

3
(]
(]
3
B

1 —p;
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IN

3 SIS DR

h#i m=1n:n;>m, np=m, min(n)=m

- g m;i(n)
1 —pi A
n:n; >0, min(n)=0

(b k — — Vi,
i — i
as claimed. |

Lemma A.2.2. Forall j € Z and m > 0,

> ICVERN > 7i(n)

n: n;>m, min(n)=m i#j n:n;>m, min(n)=m

<y Y m(n). (A.2)

i#j n:min(n)=
Proof. Let J be a typical element of 2/ \ {(}. For all j € T and m > 0,

> mim)+7y > mi(n)

n: nj>m, min(n)=m i#j n:n;>m, min(n)=m

= Y > mj(n)

J#0: j¢J n: min(n)=m, arg min(n)=J

Ty 2 mi(n)

i#j J#0:i¢J n: min(n)=m, arg min(n)=J

<. 2 2. mj(m)

i#j J#0: j¢J,i€J n: min(n)=m, arg min(n)=J

OB 2 mi(n)

i#j J#0:i¢J n: min(n)=m, arg min(n)=J

Y Y S

i#j J#0: j¢J,i€J n: min(n)=m, arg min(n)=J

try D, > mi(n)

i#j J#0:i¢J n: min(n)=m, arg min(n)=J

= 2 D mi(n)

i#j \J#0: j¢J,i€J n: min(n)=m, arg min(n)=J

> 2 mi(n)

J#0:i¢ J n: min(n)=m, arg min(n)=J
s 2. m

i#j n:min(n)=m
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as claimed. |

In the following, we consider the case where p; = p for all ¢ € 7.
Let z;(k) = > ;crx;(i, k) and

x(k) = (21(k), 22(k), .., z1(k)).
Lemma A.2.3. Ifp;, =p for alli € Z, then

x(k) < (rR)x(k — 1) + e(rR)1’
Proof. By Lemma A.2.1,

zj(k) =2;(j, k —|—ij i, k)

i#j
<x]j, —|—Zmlzk
i#j
<5 prjhk p.yj
Jh;ﬁj J
T
15 9] (AL P S L
iz \" P ’
< PNk — 1)+ 2y
1-— p]h# 1—pj

+Z "Pi szhk p-yi

i#] TP

= 7"p ZZ]}lhk +7p y]-I-TZyz

z;é]hGI i1#£]
Tp
S Rl
175] i#]

where by Lemma A.2.2,

vty yi= > mi(m) +ry > 7i(n)

i#£] n: n; >0, min(n)=0 i#j n:n;>0, min(n)=0

<r Z mi(n)

i#j n: min(n)=0
<(I—1)re

Hence, we have

Tp Zmz -1) 1) p
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for all j € Z, or
x(k) < (rR)x(k — 1) + e(rR)1’

as claimed. |

Proposition A.2.4. Let P;(E°) <e. If p; = p for alli € I, then
= P((BYS(B) <e[(T+ R+ + (rR)") 1,

foralljeX.

Proof. By Lemma A.2.3,

x(K) < (rR)x(K — 1) + ¢(rR)1’
< (rR) ((rR)x(K — 2) + e(rR)1") + e(rR)1’
= (rR)*x(K — 2) + ¢ (rR + (rR)?)

< (’I”R)Kx(O) + € (TR—|— (TR)2 I (TR)K) 1/
=c (’I”R-l- (TR)2 4o (T‘R)K) 1/

Hence, we have

1 - Pi([BY"(E)) = mm)+ Y mn)
n: min(n)=0 n: 0<min(n)<K
<e+uz;(K)
<e+e[(rR+(R)>+-- + (rR)") 1],

=e[(I+rR+---+ (TR) )1’]].,
as claimed. |

Theorem A.2.5. Let P;(E°) <e. If {14+r(I—1)}p <1, then

P10 l-p
= BBI*(E) < {1

foralljeX.
Proof. Observe first that

(rR)kl’:{(I—l) P }kr.

If {1+r(I—1)}p <1, then

K k
[(T+ 7R +--- + ('R)X) 1’]j:2{(1—1) P }



converges as K — oo to
1 1—0p

1—(1—1)% BRI )T

Hence, by Proposition A.2.4 we have the desired inequality. |

References

AUMANN, R. J. (1974). “Subjectivity and Correlation in Randomized
Strategies,” Journal of Mathematical Economics 1, 67-96.

AUMANN, R. J. (1987). “Correlated Equilibrium as an Expression of
Bayesian Rationality,” Econometrica 55, 1-18.

BATrTIGALLI, P. AND M. SINISCALCHI (2003). “Rationalization and Incom-
plete Information,” Advances in Theoretical Economics 3, Article 3, 1-44.

BRANDENBURGER, A. AND E. DEKEL (1987). “Rationalizability and Cor-
related Equilibria,” Econometrica 55, 1391-1402.

BRANDENBURGER, A. AND E. DEKEL (1993). “Hierarchies of Beliefs and
Common Knowledge,” Journal of Economic Theory 59, 189-198.

DEekKEL, E., D. FUDENBERG, AND D. LEVINE (2004). “Learning to Play
Bayesian Games,” Games and Economic Behavior 46, 282-303.

DEKEL, E., D. FUDENBERG, AND S. MORRIS (2007). “Interim Correlated
Rationalizability,” Theoretical Economics 2, 15-40.

FUDENBERG, D., D. KrREPS, AND D. LEVINE (1988). “On the Robustness
of Equilibrium Refinements,” Journal of Economic Theory 44, 354-380.

HARSANYT, J. C. (1973). “Games with Randomly Disturbed Payoffs: A New
Rationale for Mixed-Strategy Equilibrium Points,” International Journal of
Game Theory 2, 1-23.

Kaji, A. AND S. MORRIS (1997). “The Robustness of Equilibria to Incom-
plete Information,” FEconometrica 65, 1283-1309.

KOHLBERG, E. AND J.-F. MERTENS (1986). “On the Strategic Stability of
Equilibria,” Econometrica 54, 1003-1037.

Lipman, B. L. (2003). “Finite Order Implications of Common Priors,”
Econometrica 71, 1255-1267.

Lipman, B. L. (2005). “Finite Order Implications of Common Priors in
Infinite Models,” mimeo.

37



MERTENS, J.-F. AND S. ZAMIR (1985). “Formulation of Bayesian Analysis
for Games with Incomplete Information,” International Journal of Game
Theory 14, 1-29.

MONDERER, D. AND D. SAMET (1989). “Approximating Common Knowl-
edge with Common Beliefs,” Games and Economic Behavior 1, 170-190.

Morris, S., R. RoB, AND H. S. SHIN (1995). “p-Dominance and Belief
Potential,” Econometrica 63, 145-157.

MoRrRris, S. AND T. Ur (2005). “Generalized Potentials and Robust Sets of
Equilibria,” Journal of Economic Theory 124, 45-78.

OvamA, D. AND O. TERCIEUX (2004). “Iterated Potential and Robustness
of Equilibria,” forthcoming in Journal of Economic Theory.

OvaMmA, D. AND O. TERCIEUX (2005). “On the Strategic Impact of an
Event under Non-Common Priors,” mimeo.

SIMON, R. S. (2003). “Games of Incomplete Information, Ergodic Theory,
and the Measurability of Equilibria,” Israel Journal of Mathematics 138,
73-92.

Ur, T. (2001). “Robust Equilibria of Potential Games,” Econometrica 69,
1373-1380.

WEINSTEIN, J. AND M. YILDI1Z (2004). “Finite-Order Implications of Any
Equilibrium,” MIT Department of Economics Working Paper 04-06.

WEINSTEIN, J. AND M. YILDIZ (2007). “A Structure Theorem for Ratio-
nalizability with Application to Robust Predictions of Refinements,” Fcono-
metrica 75, 365-400.

38



