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Abstract

The paper provides significant simplifications and extensions of results obtained by Gorsich, Gen-
ton, and Strang (J. Multivariate Anal. 80 (2002) 138) on the structure of spatial design matrices. These
are the matrices implicitly defined by quadratic forms that arise naturally in modelling intrinsically
stationary and isotropic spatial processes. We give concise structural formulae for these matrices, and
simple generating functions for them. The generating functions provide formulae for the cumulants
of the quadratic forms of interest when the process is Gaussian, second-order stationary and isotropic.
We use these to study the statistical properties of the associated quadratic forms, in particular those
of the classical variogram estimator, under several assumptions about the actual variogram.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction

In modelling spatial data—in general in d dimensions—observed at sites labelled by
points in some subset of RY, it is often assumed that the process is intrinsically stationary and
isotropic (see below and [6]). Such models are then—intuitively at least—generalizations
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of familiar stationary time series models defined on the line (the case d = 1), and, we shall
see that there is quite a formal structure that reflects this relationship (Theorem 1 below).

In this paper, as in the recent paper by Gorsich et al. [10] (hereafter abbreviated to GGS),
we assume that the observational sites are located on a uniform grid in RY, with n sites on
each of d axes. Sites may then be labelled by elements of the set I' = I'(n, d) of sequences
o= (a(l), ..., a(d)) of non-negative integers satisfying 0 < a(i) <(n—1) fori =1, ...,d,
and, to avoid ambiguity, we order the sequences in I" lexicographically. Extensions to the
case of a rectangular grid are straightforward, but for simplicity we confine our results to
the hypercubic grid.

Denoting the observed process by {Z(«); « € I'}, intrinsic stationarity entails the as-
sumptions that E(Z(x)) is constant, and that, for o« # B, y(a, p) = Var(Z(x) — Z())
depends on (a, 5) only through (o — f3), and the isotropy assumption that y(o, ) depends
on (, ) only through & = || — f3||?, the squared Euclidean distance between the sites o
and f. In that case the function 2y(h) defined by

2y(h) = Var(Z(x) — Z(p)) ey

is called the variogram of the process Z(«). Note that, here and throughout, we use 4 to
denote the squared Euclidean distance |lo — f||> = Zle(oz(i ) — B(i))? between sites,
rather than (as is more common) |jo. — f3]| itself. This is notationally more convenient later.
Henceforth we take / to be strictly positive unless otherwise indicated.

The natural estimator for 2y(%) is based on the function

an =Y _ (@) —z(B)*, )

N(h)

where z(o) denotes the observed value of Z(a), and N (k) is the set of (unordered) pairs
(o, B) satisfying ||« — B||> = h. Note that both 7(0) = 0 and gy = 0. Statistics of this form
are also of interest more generally in the context of modelling spatial processes.

For i > 0 the expression on the right in (2) may be written as a quadratic form

gn =7 Lpz = 7 (Dy — Ap)z, 3)

where z = (z(«); o € I') denotes the N-dimensional vector of observations, Ly and Ay, are
symmetric, and Dy, is a diagonal matrix. Here and throughout N = n? = |I'|, the cardinality
of I', denotes the total sample size. The matrix of this quadratic form, Lj, is the N x N
spatial design matrix at distance v/h, and Dy, and — A}, are, respectively, the diagonal and
off-diagonal parts of L;. By expanding the right side of (2) it is easy to see that Aj has
a one in positions labelled by pairs (a, ) satisfying || — f||> = h, and zeros elsewhere,
and that the diagonal element in row o of Dj, is the number of sequences f§ € I” satisfying
o — BII* = h, i.e., the sum of the elements in row o of A;,. The matrices L, = L, (n, d)
in (3) are, in GGS, denoted by A@ (n?, h), with h = ||o — f||. The matrix A;, may be
interpreted as the adjacency matrix of a graph G (I, h) with vertex set I" and edges the pairs
(a, B) € I x I for which ||o.— f||> = k. In that context Ly, is known as the Laplacian matrix
of the graph G (I, h) (see [17], for instance). Statistics of the type (2) have been studied
extensively for the case d = 1, beginning with von Neumann et al. [19].
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As already mentioned, an important application of the quadratic forms gj, is to the esti-
mation of the variogram in geostatistics. Let N, = | N (h)| denote the cardinality of the set
N (h). The statistic 29(h) = qj,/ Ny, is an unbiased estimator of 2y(h), and is often referred
to as the classical variogram estimator (see Section 3.2 below, and GGS and the references
therein). However, for other purposes it is also of interest to consider the statistics

g =2 2@z(p) =7 Az, )

N(h)

based on just the off-diagonal part of L. To give just a few examples: (i) the statistic q,’f,
normalized by z'z, is used to test for spatial autocorrelation at distance Vh (see [18]); (ii)
if the covariance matrix of the process belongs to the linear span of (some of) the matrices
Ay, that is, if the spatial process is not only intrinsically stationary and isotropic, but also
second-order stationary, the statistic g; /(2N,) is (when the process has zero mean) an
unbiased estimator of the covariance function at distance ~/% (see Section 3.2); (iii) if the
process is assumed to be Gaussian with precision matrix (inverse covariance matrix) that is
a linear combination of matrices Iy and {A;, h € H)}, where H), contains p distinct values
of hand Iy denotes the N x N identity matrix, then a pth order conditional autoregression
is obtained [4]. The matrices Ay, h € H,, play the role of spatial weights matrices, and the
quadratic forms (z'z, q}*l , h € Hp), are minimal sufficient statistics for the parameters of
the model, and thus form the basis for inference on those parameters.

The problem of interest here is to give structural formulae for the matrices Ay, and
thereby for D;, and Lj,. Thus, we continue the work of GGS, whose aim was to analyze
the eigenstructure of the matrices Lj, with a view to deducing the properties of statistics
like g, and g}/, or more specifically of the variogram estimator 2j(h). It is well-known that
under Gaussian assumptions (and also more generally) the properties of g5 and g; depend
upon Lj, and Ay, respectively, only through their eigenvalues. Our purpose in the present
paper will be to simplify and extend the results given in GGS.

In Section 2, we first provide a complete structural representation of the matrices A, and
Ly, and then give generating functions that make their computation straightforward with a
standard symbolic computation package. In principle this completely solves the eigenvalue
problem, but in practice, since N is usually quite large, direct computation of the eigenvalues
would be unreliable. And, as we shall see, except in special cases, both A, and L are sums
of non-commuting matrices. Since, in this case, it is generally not possible to express the
eigenvalues of the sum in terms of those of the summands, general explicit formulae for the
eigenvalues are unlikely to be accessible.

Fortunately, our generating function results do permit the computation of the cumulants
of the statistics of interest very simply and directly. In Section 3, we use these expressions
to study the properties of the statistics g, and ¢; under the assumption that the process
{Z (), « € I'} is Gaussian, second-order stationary, and isotropic. In particular, in Section
3.3 we show that the earlier results can be applied to the study of the properties of the
classical variogram estimator 23 (/) under a variety of assumptions on the actual variogram
2y(h).
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2. The matrices A;, D, and Ly,

In this section we give the main structural results for the matrices Ay, D), and L. The
elements of these matrices, indexed by pairs («, f) € I' x I', are completely determined
by n, d and h. The results express these matrices in d > 1 dimensions in terms of sums of

Kronecker products of the corresponding matrices in dimension d = 1. We begin with the
key result—a very simple structural formula for the matrices Aj,.

2.1. Off-diagonal part

The matrices Aj, are defined by

_[Uif la=pIP=h,

(An)ap = { 0 otherwise. )
Evidently, setting Ao = Iy, ), >0 Ay = Jy, where J, is the g x ¢ matrix with all elements
one. In dimension d = 1 we denote the n x n matrices A,> by F,.,r =0,1,...,n — 1.
That is,

- rifli—jl=m,
(Fr)ij = {O otherwise. ©)

Since Y"Z) F, = J,, we have that

d d n—1
Iv=Q) =) (Z F) = (Fat) ® Fu2) ® -+ ® Fuqay) (7
1

1 r=0 el
by the multilinearity of the Kronecker (or direct) product ‘®’. Note that the elements of
F2 =Fy1)® Fuy) ® -+ ® Fya) (3)

are zeros and ones, so exactly one term Fy® on the right in (7) has a one in any given position
(B, 0). In view of (7), the following result is not surprising:

Proposition 1. Let I'y, = {o € I : ||o||> = h}. Then:

Ap=Y FP. ©)

otEFh

Proof. For each pair (,0) € I' x I', define o € I" by (i) = |f(i) — o(i)|, i = 1,...,d.
From the definition of Ay, (A)p,s = 1 if and only if l|?> = h, or o € I'),. On the other
hand, the (8, 0) element of (Fy (1) ® Fy2) ® - - - ® Fy(q)) is one if and only if

IBG) — ()| = (i), fori=1,...,d. (10)

Summing the F$ over I';, must therefore yield Aj by the remark following (8). O
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For example, if 7 = 1, I'] consists of d sequences containing a single one and d — 1
zeros, so that

d
A=) L® - QF® QI

i=1

with F7 in the ith position in the ith term (see the discussion of Eq. (9) in GGS). Likewise,
for h = 2, I'> consists of the (‘21) sequences that contain 2 ones and d — 2 zeros, so in the
corresponding expression for A; each term in the sum contains F; twice. Notice that, in
both of these low-order cases, all the sequences that appear in I';, are permutations of a
single sequence.

An alternative proof of Proposition 1 based on known graph-theoretic results is worth
recording, because it shows immediately how to generalize the result to cover index sets more
complex than the uniform grid I', e.g., the rectangular grid mentioned in the Introduction.
We refer the reader to Cvetkovi€ et al. [7] for more on the graph-theoretic details.

Given graphs G;(V;, E;),i = 1, ..., d, with vertex sets V; and edge sets E;, the direct
product of the G;, G| x --- x G4 is the graph G;, say, defined as follows. The vertex
set of G; is the Cartesian product V,* = V| x --- x V; of the V;, and if x;, y; € V; for
i=1,...,d,(x1,...,xq9) and (y1, ..., yq) are adjacent in G; if and only if (x;, y;) € E;
fori =1, ...,d.Inour case, the matrices F,., r =0, ..., n— 1, are the adjacency matrices
of the (so-called distance) graphs G, with common vertex sets V, =V ={0,...,n — 1},
and with edge sets defined by: fori, j € {0,...,n—1}, (i, j) € E, only when |i — j| =r.
Then, de = I, and for each « € I' we may define a product G; (o) of the graphs G
as above. It is known that G; () has adjacency matrix F (Cvetkovi¢ et al. [7, Theorem
2.21]). Thus, for any subset U of I', the union of the graphs G;j (o) has adjacency matrix
Ay =Y ,cy F2. Proposition 1 gives the case U = I'j,.

Call two sequences (f3, ) h-neighbors if the sequence o defined in (10) is in I'j,. This
definition of neighbors—based on the Euclidean distance between points—is natural in
some contexts, but in others a neighborhood structure based, say, on the Li-norm (the
length of the shortest walk connecting f3 to ) may be more appropriate. The observation in
the previous paragraph makes it straightforward to extend the results to follow to this case
(and to neighborhood structures defined by other L ,-norms), but we omit the details.

2.2. Diagonal part

The matrices Dy, in (3) are diagonal matrices with diagonal elements Dy, () equal to the
number of h-neighbors of «. In dimension d = 1 define, foreachr = 0,...,n — 1, the
diagonal matrix M, with ith diagonal element the ith row sum of F;, and then define, for
ael,

M(S? = My1) @ My) ® - - @ My(a). (11)

It is straightforward to prove:

Proposition 2. D =), r M.
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Notice that t7[ Dy, ] is the total number of non-zero elements in Ay, so thattr[Dy] = 2Ny,.
We have now established:

Theorem 1. The spatial design matrix at distance ~/h is given by

Ly= Y (M7 —FD), (12)

ael’y

where M? and Ff’ are as defined in (11) and (8).

The above expressions for the matrices A, Dy, and Lj involve summing over the set
I',. We next examine this set more closely, and give formulae for these matrices that do not
involve I'y,.

2.3. Generating functions

Since & must be a sum of squares of d of the integers (0, 1, ...,n — 1), not all values of
h<d(n — 1)? are feasible. This is so even when d >4, notwithstanding Lagrange’s four-
square theorem [11, Section 20.5], because no term in the decomposition of / can exceed
n— 1)2. Thus, I'y, in Proposition 1 can be empty, and in that case we define Ay, Dy, and
Ly, to be zero matrices.

The values of /4 that yield non-vanishing matrices L, can be read off from the expansion
of the polynomial

d(n—1)*
2 2
A+t+t5 4+t DY = Z mpt", (13)
h=0

in which the coefficient my, is evidently the number of ways in which & can be expressed
as a sum of squares of d of the integers (0, 1,...,n — 1), i.e., m; = |I'}| is the number of
h-neighbors of the origin. Except for the restriction 4 <d(n — 1)?, the m, evidently depend
on d but not directly on n. Letting f,(t) = Z’:;é t 2, and using Wilf’s [20] notation, we
may write

my = ["1(f ()4, (14)

where ["] means “the coefficient of ¢” in the expansion of the following function in powers
of 7. Note that [¢"] is identical to the operator (h))~! @/ ﬁt)h|,=0, and, as an operator, is
therefore linear. A cumbersome formula for the m, can be deduced from (14), but using a
modern symbolic computing package it is a simple matter to compute m, from (14) without
having to rely on such formulae.

Similarly, letting b, (1) = Zf;ét’zxr, where the x; are labels for the integers 0, 1, ..., n—
1, obeying the usual rules of multiplication, we see that, from the formal expansion of

(bn(1))4,

d
("1 = {1‘[ xm}. (15)

acly li=1
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Thus, the sequence o belongs to I', only if the product Hflzl Xg(i) appears on the right in
(15).

The key to obtaining a simple representation for the matrices Aj, Dy, and hence L, is
to notice that the scalar generating function (b, (t))d can be generalized in such a way that,
when expanded, the coefficient of 1" is precisely Aj,. To see this, define the matrix

n—1

Byt)=Y 1" F,, (16)
r=0

an n x n Toeplitz matrix with (i, j) element ¢~/ 2, By direct expansion of the dth Kronecker
power B,;g’ (t) = ®,11 B, (1), it is clear that Ay, is the coefficient of " in the expansion of
B2(t) in powers of ¢. That is,

An = [1"1B2(1). (17)

Similarly, letting

n—1

C) =Y "M, (18)

r=0
and C2(1) = ®‘11 C, (1), we see that
Dy = ["1C2 (). (19)
We therefore have the simple generating-function representation for Lj given in:

Theorem 2. The spatial design matrix at distance ~/h is given by
Ly = ["I(CP @) — B (1)) (20)

These results evidently do not require knowledge of I'j: it is built in to the generating
function. On the other hand, the matrices appearing in these representations of Ay, Dy, and
Ly are N x N, and likely to be high-dimensional, so it might seem that these results would
be of little practical value. On the contrary, we will see in the next section that they provide
both analytically and computationally convenient information about the statistics g; and
g, discussed in the Introduction, and hence about the properties of the variogram estimator
2%(h). Before doing so we note some further implications of these results.

It is clear that, if o € I';, so is every permutation of the elements of o. Thus, I';, must be
aunion of one or more orbits in I" under the action of the symmetric group S, (the group of
permutations of d objects). A set of orbit representatives is provided by the set 2 = Q(d, n)
of non-decreasing sequences w = (w(l), ..., w(d)) € I', with o(1) <o)< --- <w(d).
LetQ, ={we Q: |w|?>=~h},and,for j =0,...,n — 1, o € Q, let ky,(j) denote the
lIlnslllll;pg'(:iy 1ofj in w, so that Z;';(l) ko (j) = d, and write v(w) = ]_['};(l) ke (j)!, with, as
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With this notation it is easy to see that mj = d! Z(uth (v(w))~!, and since I'y, = {ow :
w € Qp, 0 € S;}, where g denotes the permutation ¢ of @, we have that

1
Ap = —FF,
h Z v(w) w

wth

where Fj;, = ZaeSd F?}U is a symmetric function of the matrices Fyy1), ..., Fu). By an
obvious extension of this argument to the off-diagonal part, and setting Mg, = > ;s M, g
we can state:

Theorem 3. The spatial design matrix at distance ~/h is given by

1 * *
Ly = % m(Mw — FY). Q21
welly

For many values of /& Eq. (15) reveals that I'j, consists of a single orbit, which is to say
that €2, has a single element, say my,. In that case mj;, = d!/v(wy,), and Theorem 3 gives the
very simple result that Ly = (v(wy)) -1 (M;‘,h —F ;’;h ). In the example following Proposition
1, for instance, h = 1, w1 = (0, .., 0, 1) and v(w;) = (d — 1)\

Using these results we may also obtain the following generalization and simplification of
Lemma 6.1 and Theorem 6.1 in GGS, which give upper bounds on the largest eigenvalues
of Ly, and A, (for sets €, with low cardinality), and hence upper bounds for the normalized
statistics z'Lpz/7'z and 7' Apz/7'z.

Lemma 1. Let ., and w;, denote the largest eigenvalues of Ap and Ly, respectively, and

d—ke(0) ,
letup = d! Zwth 21(—(0)) Then iy <uy, and py, <2up.

Proof. Let g5, = max,c; Dp(2) denote the maximum number of A-neighbors for any
point in the grid I'. The number m), is the number of /-neighbors of the origin, so that
gn =>my. Under the condition that no sequence « € I', contains an element o(i) > n/2,
we have g, = uy,. To see this, suppose first that €;, contains just the single sequence wj,.
If ke, (0) =0, gn = 29my, because, under the stated condition, max,e Dy, (x) occurs at a
sequence o for which the h-neighbors in all 2¢ directions enter Dy, (), and m;, counts just
the h-neighbors f in the direction for which the vector § — o has only positive components.
If k¢, (0) > 0, only 24=ko, O gigtinct directions are needed. Repeating the argument for
each w € Qy, proves the claim g, = uy,. Finally, when the condition that no «(i) exceeds /2
is dropped, it is clear that g, <uj,. The assertions A, <up, py, <2uj, follow by Gershgorin’s
theorem (see [16]). [

If ), contains only the single sequence wj,, which contains only one non-zero term (so I'j,

contains only what GGS call “non-diagonal directions”), the matrices in the sum ) _ r, F ®

are pairwise commutative, so the eigenvalues of Aj are simple functions of those of the
single matrix F, (r = ~/h) involved. Under the same condition, L;, = ((d — 1)!)"'L*

wp?
with L7, =) s, L%, . which is also a sum of pairwise commutative matrices. Thus, as
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GGS note in Lemma 5.1, in the case of non-diagonal directions the eigenvalues of L are
simple functions of those of the matrix (M N F ﬁ).

The necessary and sufficient conditions required to ensure pairwise commutativity of the
summands in Theorem 3 are that €2;, contains only the single sequence w;,, and w;, contains
no more than one (possibly repeated) non-zero integer. Note that w; may correspond to
what GGS would call “diagonal directions”, and that these conditions are always satisfied
for h = 1,2, 3 (for any d > h), but otherwise clearly hold only for special values of 4.

3. Applications

In this section, we use the results established above to study the properties of the statistics
q; =7 Apzand gy, = 7' Ljz. We consider first the case in which z ~ N (0, Iy), butin Section
3.2 show how our earlier results can be used to deal with the more general case z ~ N (0, %),
assuming the process is second-order stationary and isotropic.

3.1. Properties of the quadratic forms q;; and qj,

Under the assumption z ~ N (0, 1), the distributions of the quadratic form ¢ = 7z’ Az, and
its normalized form ¢ = 7’ Az/zz, can certainly be obtained (see [14] for the former, and
[13] for the latter), but both are sufficiently complicated as to inhibit their use for practical
study of, and/or tabulation of, the distribution. On the other hand, it is well known that the
cumulants of ¢ = 7' Az under the assumption z ~ N (0, X) are given by

Kp =277 (p — DItr[(AD)P1, p=1,2,... (22)

(see [15] Chapter 3 for the definition of cumulants, and Chapter 15 for the result given in Eq.
(22)). The results in Section 2 allow these cumulants to be computed quite straightforwardly
when 2 = [y and the matrix A in (22) is either A, or Lj,. These results are given next. First,
for comparison, we summarize the properties of the analogue of ¢; for the case d = 1.

In the case d = 1 the properties of the statistics Q% = y'F,y, r = 1,...,n — 1,
with y ~ N (0, I,), have been extensively studied. The following Lemma summarizes some
elementary properties of the statistics Q, all of which are either given in, or are easily
deduced from, the comprehensive results in [2]:

Lemma 2. Forr =1,...,n—1,let Q% = y'F,y, and assume that y ~ N (0, I,,). Then:
E(Q)) =tr[F:1=0, and
var(QF) = 2tr[F,2] =2tr[M,] =4(n —r).

All odd cumulants of Q vanish, so the density of Q} is symmetric about zero, and for
r1 # ra, Q5 and Q7 are uncorrelated.

3.1.1. Properties of the q;
With A = Ay, and X2 = I in (22) we obtain the cumulants, K;; po Of q;l". Much of Lemma
2 generalizes easily to this case:
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Lemma 3. Forh>1,anyd>1,and z~ N (O, Iy),
E(qp) = tr[Ap] =0,
var(qf) = 21r[A2] = 2tr[ Dy,
and, for hy, ho>1, hy # hy, q;‘l‘l and q;l“z are uncorrelated.

Proof. The first two cumulants are straightforward. To show that cov(q,’;‘1 , ‘1;:2) = 2tr
[Ap, Ap,]1 =0, consider a diagonal element of Ay, Ap,:

(Am Anaa = Y (An)gp(Any)pao €l
pel’

The product (Ap, )y, g(An,)p,o vanishes unless both [jo — B> = hy and || — ||®> = hy,
which is impossible. Hence, for each o € I', every term in the sum on the right here
vanishes. [

Now, with the help of the generating function C2 () for Dy, it is straightforward to obtain
a generating function for the variances var(g;;), since

var(qy) = 2tr[Dy] = 21r{[!"1C2 (1)} (using (19))
= 2[Mer{C® (1)}
= 20"t (Cu (1)), (23)

The last step here follows from a standard property of the trace operator for Kronecker
products, and the penultimate step from the fact that the operator [t"] commutes with the
trace operator. Noting that tr[Moy] = n, and tr[M,] = 2(n —r), r = 1,...,n — 1,1t
follows from the definition of C, (¢) that

tr(Ca() = (1 +2(n = Di 4 +200 = 1) 4 - 426070, (24)

Since 2N, = tr[Dy], these formulae provide simple and efficient methods for computing
the values Ny, : setting g, (¢) = tr(C, (1)) we have

2Ny = [1"1(gn (1)), (25)

In general, for d > 1, the density of g, is not symmetric about zero. The analogue of the
symmetry result for the case d = 1 in Lemma 2 is the weaker result given in:

Lemma 4. [fphisoddtr[A }': 1 = 0 (independently of d). Hence, for h odd, the distribution
of q;; (and also its normalized form q;f = q; /7'z) is symmetric about zero.

Proof. Consider a diagonal element of AZ :

(A ao = Z (An)ap, (Andg,.p, - (Andp, ., (An)g, 0 2 €T
Bi.Bases ﬁpfler
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This is non-zero only if
loe=Bil> = 1B = Ball> =+ = 1B ,—y — all* = .

Expanding each term ||B; — B 111 as 811> + I1Bi1 1> — 2(B;, Biy1) and adding the p
terms gives (with fy = f8, = o):

p—1 p—1
2 e+ Y 0B =D (Bis Bia) | = ph
i=1

i=0

The left side is certainly an even integer, so when p/ is odd we obtain a contradiction. Thus,
when ph is odd, every term in the expression above for (Af )a.o Vanishes, for all o € I,
implying tr[A,";] =0. O

The following result is also of some interest:

Lemma 5. Ford = 2 and every h > 1, tr[Ai] =0.

Proof. The diagonal element of Az labelled by (o, o) is given by

(ADoa =Y (AW p(An)p.5(An)s
p.yel
and is non-zero only if there are f3, d € I satisfying

oo — BI> = 1IB — SII> = 16 — «ll® = .

This equation asserts that (o, 5, ) must be the vertices of an equilateral triangle in RZ,
and it is well-known that there is no equilateral triangle with vertices in a two-dimensional
integer grid (see, for instance, [3]), so this condition cannot be met for any aifd =2. 0O

Hence, ifd =2, x} , = Str[Az] = 0. The analogous result for dimensions d > 2 fails
because in that case there are equilateral triangles in a uniform grid.

3.1.2. Properties of the qp,

‘We now deal with the case A = Ly, and 2 = Iy in (22). Since Lyly = 0 (where [y is
an N x 1 vector of ones), the results to follow continue to hold under the assumption that
z~N(ulyn, In), i.e., that the Z(«) have an unknown constant mean yu. We have, in either
case, for the cumulants of g, Ky, = 2”_1F(p)tr[Lg], p=1,2,....Thus:

Lemma 6. When z~ N(uly, Iy),
E(qn) =tr[Ly] =tr[Dy] = 2Ny (26)
and

var(qy) = 2tr[L3] = 2(tr[D3] + tr[Dy]). (27)
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The result for the variance uses the facts that tr[D,A,] = 0 and tr[A%] = tr[Dy]. The
computation of #r[Dj] has been discussed above, and we can compute the term tr[Di]
from the formula:

tr[D7] = tr[[t"1[s"1CE (1) CE (5)] = [(£5)"1(tr[Co (1) Cr (5)])".

Thus:
var(gn) = 2{[(t)"1tr[Co()Ca ()N + 2Np}. (28)
From the definition of C, (1), tr[C(1)Ca(s)] = Y1) o 1715”2 1r[M,, My, and it is easy

to check that tr[Mg] =npnand, for1<rn<mn<n—1,

4(n —ry) —2ry ifry +rp<n,

2(n —rp) otherwise. (29)

tr[Mr] Mrz] = {

Thus, we again have a simple generating function for the variances of the statistics g;, and
hence for the variance of the variogram estimator in the “null” case (2 = I) (see Section
3.3 below).

Higher-order cumulants and product cumulants (e.g., covariances) for both the ¢; and
the g;, can be obtained by obvious extensions of these methods. For instance,

trlA ] = [(t1 - - )" 1r[Bu(t1) - - Ba (1)) (30)
and
cov(qn,» ny) = 2tr[Ly, Ly, ] = 2tr[ Dy, Dy, 1 = 2[t" 1[s"21(tr [Ci (1) Co ()] (31)

The generating functions in these expressions may, of course, simplify (as above), and this
reduces the computational problem considerably. We leave other such extensions to the
reader.

3.2. Second-order stationary isotropic processes
Under the assumption that the process is second-order stationary and isotropic—which
is stronger than the intrinsic stationarity assumption mentioned in the introduction (see

[6])—we have, as an obvious consequence of Eq. (17):

Proposition 3. If the process {Z(x); o € I'} is second-order stationary and isotropic, its
covariance matrix X has the representation

3= Z c(h) Ay, (32)
heH
where H is a some set of values of h containing zero (recall that Ay = Iy), and the

coefficients {c(h); h € H} must be such that X is positive definite. Thus, from (17), X =
[Sy (z‘)]B,;8> (1), where

St =Y e, (33)

heH
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The operator [Sg (#)] constructs a linear combination, with parameters c(h), of the coef-
ficients of the powers t". h € H, that occur in the expansion of the function to which
it is applied. Like the ["] themselves, [Sy ()] is clearly linear. If we now assume that
z~N(0, 2), with 2 as in (32), and take & > 0, we easily see that:

. htr[Dy] ifh € H,
Eg)) = rlAnZ1 = 3 ckiriAn Ayl = {g< i < (34)
keH
And (since tr[Aj,] = tr[DiAp] = 0),
E(qn) = trlLpZ] = *tr[Dy] = Y c(R)tr[AnAil
ke H\{0}
[ {e® —c))trIDy] ifh € H, 35)
| ¢%tr[Dy] otherwise,

where we have put ¢(0) = 2. Since, under these assumptions, y(h) = o2 — ¢(h), this
shows that 2)(h) = g;/Np, is an unbiased estimator of the true variogram 2y(h), for all
h > 0, as is well-known [6]. Obviously, to compute the unbiased estimator 29(/) one needs
to know the correct scale factor Ny, and this has hitherto been unavailable for the isotropic
case in general; Eq. (25) gives a simple general procedure for computing it, generalizing
the special case given in Lemma 7.1 in GGS.

The variances and covariances of the statistics g}’ and g, for several values of & are often
needed in applications. For instance, the entire covariance matrix of a vector of statistics
qn at a set of values of & is required for variogram fitting by generalized least squares
[9,6, Section 2.6.2], and this has previously been unavailable for the isotropic case. The
covariances cannot easily be written down in closed form, but when 2 has the form (32) are
easily represented in generating function form using the operators [ Sy (¢)] defined in (33).
Thus we easily obtain:

Lemma 7. Suppose z~ N(0, X), with X of the form (32). Then, for any h1 > h»:
cov(q;,kl,q;’l‘z) = 2tr[Ap, 2 Ap, 2]

= 2[5} 10532 1Sa (t)1[Sk (1)1l (51, 52, 11, 12) (36)
and
cov(qn,, qn,) = 2tr[Lp, XLp,2]
= 2[5} 15521081 () () IV, (51, 52, 11, 12), (37)
where
v? (51, 52, 11, 12) = (t7[ By (51) B (11) Bu (52) Bu (12)])* (38)
and

VA (s1, 52,11, 12) = v2 (51,52, 11, 122) + (tr[Cr(51) Bu (1) Cr (52) B (22) 1)
—2(tr[Cy (52) By (12) B (51) B (11) . (39)
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Fig. 1. The variance of the classical estimator 2} (h) as a function of 7 and d : d = 1 (diamond), 2 (cross), 3
(square), 4 (line); N = 212 3 = Iy.

Note that cov(q,’:1 , q;‘l‘z) = 0 when iy # hy and h, h, ¢ H, and that the elements of
the matrix defining vf,’ (s1, 82, 11, t2) are positive. Thus, if the c(h) in (32) are positive and
non-decreasing in | H |, an increase in | H | must increase cov (g ;l“] ,q ;1‘2 ). Extensions to higher-
order cumulants are obvious, but, as in the case 2 = [, will entail a larger computational
burden. Finally, we note that the approach used here can also be extended to the case where
the precision matrix ~ -1 , rather than 2 itself, is a linear combination of the Aj,.

3.3. Properties of the classical variogram estimator

The above results for g, provide the tools for studying the properties of the classical
variogram estimator for a second-order stationary and isotropic process under virtually any
specification for the c(%). We do not intend to study the detailed properties of the variogram
estimator here, but will show that the above results can be used to study the properties
of 29(h) under a variety of specifications for the variogram 2y(h) (for the intrinsically
stationary, but non-isotropic case, see [5]).

We first consider the variance of 29(h) = g5 /Ny as a function of & and d, assuming
2 = Iy. In Fig. 1 we plot var(29(h)) = var(q)/N?, computed using Egs. (25) and
(28), ford = 1,2,3,4,and h = 1,..., 16, with N held fixed at N = 2!2, so that, for
d=1,2,3,4wehave n = 212, 26, 24, 23 respectively.

Fig. 1 shows that: (a) for each fixed dimension d > 1, the variance is quite volatile as
h varies; and (b) the variance is not monotonic in d for fixed & (see for instance the value
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Fig. 2. The variance of the classical estimator 29 (/) when the variogram is spherical. In (a) h = 2,in (b) h = 4.
The variance is plotted for many values of the range r from 0 to 10, N = 212, d = 2 (thin line), d = 3 (thick line).

h = 9). Thus, in contrast to Fig. 4 in GGS (where the variance could only be computed
for “non-diagonal” directions), our results show that when “diagonal” directions are taken
into account—as it is natural to do under the assumption of isotropy—uvar(2y(h)) is no
longer monotonic either in d or in /. The volatility and non-monotonicity of the variances
is attributable to variation in Ny, my,, and the structure of 2, as & varies. The explanation is
purely number theoretic: the number of decompositions of a particular % as a sum of squares
is not related in any simple way to the values n and d.

The variance of the classical variogram estimator when 2 is of the form (32) can be
computed using (37) with Ay = h,. Using this formula, one can study the behavior of
var(29(h)) under various specifications for the true variogram 2y(h), i.e., of the c(h) in
(32). In Fig. 2 we plot the variances for the case of a spherical variogram with sill 1, nugget
0 and range r, so that the c(k) in (32) are given by

1— @Vh/r+ (Vh/r)?)/2 if0<h<r?,

0 ifh > r2. (40)

cthy=c(h,r) = {

The value of N is kept fixed, as above, at N = 212 we plot the variances for d = 2 and
d = 3 as a function of the range r (the variogram is not valid for d > 3). In Fig. 2(a) we
display the results for 1 = 2 (note that this is a diagonal direction in the sense of GGS—for
any d), and in Fig. 2(b) for h = 4. The corresponding figure for 4 = 1 is equivalent to Fig.
7 in GGS, which was produced by simulation for N = 28 (note that GGS appear to have
omitted a factor 2).

In Fig. 3 we repeat this exercise for the case of an exponential variogram with sill 1,
nugget 0 and (practical) range r, so that the c(h) in (32) are given by

c(h) = c(h, r) = exp{—3vh/r}, h>0. 1)

In this case, all feasible values of & will appear in Eq. (32), presenting a much larger compu-
tational task for the evaluation of var(2)(h)). Nevertheless, by exploiting the structure of
the generating function (39) to streamline the computation, the variances can be computed
efficiently. In Fig. 3(a) we plot the variances as a function of  for # = 2, and in Fig. 3(b)



16 G. Hillier, F. Martellosio / Journal of Multivariate Analysis 97 (2006) 1—-18

0.0025 ] 0.005 ;
0002 oo+
0.0015 ] 0.003 1
0.001 | 0.002 1
0.0005 1 0.001 1
O Y S e 7§ 5 d0 T 3 3 4 5 6 7 8 9 10

(a) r (b) ) T

Fig. 3. The variance of the classical estimator 27(/) when the variogram is exponential. In (a) 2 = 2, in (b) h = 4.
The variance is plotted for many values of the (practical) range r from 0 to 10, N = 212, d = 2 (thin line), d = 3
(thick line), d = 4 (dashed line).

those for 2 = 4, in both cases for d = 2, 3, and 4 (the exponential variogram is valid for
all d).
With a fixed number, N, of i.i.d. observations, we expect the variance to decrease, at

least for small h (h< N 5) as d increases, because the number of pairs of points available
to estimate 2y(h) (for fixed &) cannot decrease as d increases, and usually increases. But,
as dependence in the data increases, or / increases, one anticipates that this effect might be
overturned. Both Figs. 2 and 3 show that these expectations are correct: the variances are
not monotonic in r, sometimes increasing with r initially, then decreasing. And the non-
monotonicity is more pronounced for larger %, and for the case of a spherical variogram. Note
that the lack of smoothness for low values of r evident in Fig. 2 arises because the spherical
variogram itself is not smooth. For sufficiently large values of —the values most likely to
be used in applications—the variance for fixed £ is increasing in d for both variograms—as
suggested by GGS.

Of course, the usefulness of Lemma 7 is in providing a means to compute var (27 (h)) (and
covariances) exactly in applications. For the exponential this is not a trivial computation,
because as we note above, c(h) # 0 for all feasible values of &, so that [Sg (#)] in (33)
contains all feasible values. In practice, however, perfectly satisfactory accuracy can be
achieved by truncating the c(k, r) at some point.

4. Concluding remarks

We have provided simple formulae and generating functions for the spatial design ma-
trices implicitly defined by quadratic forms that arise in the analysis of isotropic spatial
models on uniform grids, extending and simplifying the results in [9,10]. Such models are a
natural generalization of familiar time series models—the one-dimensional case—and the
structural results we have derived reflect this relation. These results show that in general
these matrices are sums of non-commuting matrices—Kronecker products of their coun-
terparts for the one-dimensional case—and hence that their eigenvalues are unlikely to be
expressible in terms of those of the summands.
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Fortunately, to study the properties of the associated quadratic forms the eigenvalues
themselves are not needed: the generating functions for the matrices themselves induce
generating functions for their cumulants. We provide detailed results on the means, variances
and covariances of these statistics. As an important application of these results, we give
simple formulae for the normalizing constant needed to produce an unbiased estimator of
the variogram, and, assuming second-order stationarity, the covariance matrix needed to
implement generalized least squares procedure for variogram estimation (see [6, Chapter
6]). Finally, we briefly study some properties of the classical variogram estimator for the
cases of some popular choices of the actual variogram.

For the purposes of hypothesis testing the normalized statistics g, = z'Apz/z'z and g, =
7'Lyz/7'z are of greater interest. But since exact distribution theory for such statistics is
difficult, various techniques for approximating the distributions based on just the low-order
cumulants have been developed (see, for instance, [1,8,12]). Although we do not implement
them here, the results in Section 3 make such techniques quite straightforward. It is easily
seen that, under the assumption that z ~ N (0, > Iy)—usually the null hypothesis—the
ratios g; and g, are independent of their denominator, so that the moments of the ratios are
ratios of the moments. Hence the cumulant results for g; and g, given in Section 3 can also
be used to study or approximate the properties of g; and g;, under this assumption.

It is, of course, both analytically and computationally convenient if the eigenvalues, or
good approximations to them, of L;, and A, are known. One possible device for developing
approximations in the case d = 1 is to replace the F, by their circular counterparts (see
[2, Chapter 6.5]), and our results allow that approach to be adapted to higher dimensional
cases straightforwardly. We will report our work on that subject elsewhere.
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