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Abstract

The Maastricht convergence criteria set constraints on both monetary and fiscal policies in the EMU
Accession Countries. This paper uses a DSGE model of a two sector small open economy with distortionary
taxes to address the following question: How do the Maastricht convergence criteria modify an optimal
monetary and fiscal policy mix in an economy facing domestic and external shocks?

We find that targets of the unconstrained optimal monetary and fiscal policy are similar to those of the
optimal monetary policy alone. The constrained policy is characterised by additional elements that penalize
fluctuations of monetary and fiscal variables around the new targets which are different from the steady
state of the unconstrained optimal monetary policy.

Under the chosen parameterization (which aims to reflect the Czech Republic economy) the optimal
monetary and fiscal policy violates three Maastricht criteria: on the CPI inflation rate, the nominal interest
rate and deficit to GDP ratio. Both the stabilization component and deterministic component of the con-
strained policy are different from the unconstrained optimal policy. Since monetary criteria play a dominant
role in affecting the stabilization process of the constrained policy, CPI inflation and the nominal interest
are characterised by a smaller variability (than under the unconstrained policy) at the expense of a higher
variability of deficit to GDP ratio. The constrained policy is characterised by a deflationary bias which
results in targeting the CPI inflation rate and the nominal interest rate that are lower by 1.3% (in annual
terms) than the CPI inflation rate and the nominal interest rate in the countries taken as a reference. The
constrained policy is also characterised by targeting surplus to GDP ratio at around 3.7%. As a result the
policy constrained by the Maastricht convergence criteria induces additional welfare costs that amount to
60% of the initial deadweight loss associated with the optimal policy.
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1 The introduction

Monetary policy has been used as the main stabilization tool in many countries. Interestingly, EMU accession
countries, on their way to EMU, face the Maastricht criteria that put serious constraints on their monetary
policies (as it was analyzed in Lipifiska (2008)). Specifically, the countries should achieve a high and durable
degree of price stability, which is, in quantitative terms, reflected in low inflation rates and low long term interest
rates. Additionally, nominal exchange rates of the EMU accession countries versus the euro should stay within
normal fluctuation margins. At the same time, fiscal policy that could be seen as an additional stabilization tool
is bound by the restrictions imposed in the Stability and Growth Pact. Accordingly, these countries should be
characterized by a sustainable government financial position which is defined in terms of upper limits on deficit
to GDP ratio and debt to GDP ratio. At the moment many EMU accession countries do not satisfy some of
the criteria.!

In this context a number of questions arise: Can fiscal policy serve as an additional stabilization tool in the
presence of restrictions set on monetary policy? How does this ability of fiscal policy to mitigate business cycles
change when faced with fiscal constraints as well? In general, what should be the optimal monetary and fiscal
policy that satisfies all the Maastricht criteria? And finally, which criteria: fiscal or monetary ones put stronger
constraints on stabilization macroeconomic policies?

To this purpose, we develop a DSGE model of a small open economy with nominal rigidities, distortionary
taxation and government debt exposed to both domestic and external shocks. The model is an extension of the
framework constructed by Lipinska (2008) where fiscal policy does not issue any debt and taxes are assumed to
be lump sum. Importantly, as in Lipinska (2008) the production structure is composed of two sectors: nontraded
and home traded sector. In that way, we want to take into account recent empirical literature both on OECD and
EMU Accession countries that highlights the role of sector specific shocks in explaining international business
cycle fluctuations (see e.g. Canzoneri et al. (1999), Marimon and Zilibotti (1998), Mihaljek and Klau (2004)).
Finally, following Benigno and Woodford (2003) and Benigno and De Paoli (2006) monetary and fiscal policy
is conducted in a fully coordinated way by a single policy maker.

In this framework we characterize the optimal monetary and fiscal policy from a timeless perspective (Wood-
ford (2003)). As in Lipinska (2008), we derive the micro founded loss function using the second order approx-
imation methodology developed by Rotemberg and Woodford (1997) and Benigno and Woodford (2005). We
find that the optimal monetary and fiscal policy (unconstrained policy) should not only target inflation rates
in the domestic sectors and aggregate output fluctuations but also domestic and international terms of trade.
Subsequently, we present how the loss function changes when the monetary and fiscal policy is constrained by
the Maastricht convergence criteria. We derive the optimal monetary and fiscal policy that satisfies all the
Maastricht convergence criteria (constrained policy). Importantly, the Maastricht convergence criteria are not
easily implementable in our model. Here we take an advantage of the methodology developed by Rotemberg
and Woodford (1997, 1999) for the analysis of the zero bound problem and adapted by Lipifiska (2008) for the
analysis of the monetary criteria. This method enables us to verify whether a given criterion is satisfied by only

computing first and second moments of a variable for which the criterion is set.

I Lipifiska (2008) reports that Bulgaria, Estonia, Hungary, Latvia, Lithuania, Romania and Slovakia fail to fulfill the CPT inflation
rate criterion (see Figures A.2 and A.3 in Appendix A). Moreover, Hungary and Romania also violate the nominal interest rate
criterion (see Figures A.4 and A.5 in Appendix A). Moreover, the nominal exchange rate fluctuations of Polish Zloty, Slovakian
Koruna and Romanian Lei versus the euro exceed the band set by the nominal exchange rate criterion (see Figure A.6 in Appendix
A). Additionally, deficit to GDP criterion is not satisfied by the Czech Republic, Hungary, Poland and Slovakia (see Figure A.7 in
Appendix A). Finally, only Hungary is characterised by an excessive debt to GDP ratio according to the limits set by the Maastricht

criteria.



Under the chosen parameterization (which aims to reflect the Czech Republic economy) the optimal monetary
and fiscal policy violates three Maastricht convergence criteria: on the CPI inflation rate, the nominal interest
rate and deficit to GDP ratio. Both the stabilization component and deterministic component of the constrained
policy are different from the unconstrained optimal policy. The constrained policy leads to a smaller variability
of the CPI inflation and the nominal interest rate and at the same time higher variability of deficit to GDP
ratio. This reflects an active stabilization role of fiscal policy in the presence of direct constraints on monetary
instrument. Moreover, as in Lipinska (2008) the constrained policy is characterized by a deflationary bias which
results in targeting the CPI inflation rate and the nominal interest rate that are lower by 1.3% (in annual terms)
than the CPI inflation rate and the nominal interest rate in the countries taken as a reference. Importantly,
the constrained policy is also characterized by targeting surplus to GDP ratio at around 3.7%. This result is
determined by a relative dominance of the monetary criteria over the fiscal ones in affecting the stabilization
process. Accordingly the constrained policymaker uses actively fiscal instruments and in order to comply with
all the criteria has to assign a relatively high surplus to GDP ratio target. As a result, the policy constrained by
the Maastricht convergence criteria induces additional welfare costs that amount to 60% of the initial deadweight
loss associated with the optimal unconstrained policy. These welfare costs have their origin in conflicting interest
of monetary and fiscal criteria and also relatively poor performance of fiscal policy as an additional stabilization
tool.

The literature on the macroeconomic policies in the EMU Accession countries concentrated so far on the
analysis of the monetary criteria and their impact on the appropriate choice of the monetary regime. In
particular, Devereux and Lane (2003), Ferreira (2006), Laxton and Pesenti (2003) and Natalucci and Ravenna
(2007) study this issue in a framework of open economy DSGE models.?

The issue of a proper design of fiscal policy in the EMU Accession countries has not been studied up till
now. However, theoretical literature addressed already the problem of a joint optimal monetary and fiscal
policy both in the closed, open economy and monetary union environment. Schmitt-Grohe and Uribe (2004)
and Benigno and Woodford (2003) study the design of optimal monetary and fiscal policy in the closed economy
environment, while Benigno and De Paoli (2006) derive the optimal monetary and fiscal policy for a small open
economy. These papers find that variations in fiscal instruments should serve the same objectives as those
in the optimal monetary policy design, i.e. stabilization of inflation and the output gap that measures total
distortion of the level of economic activity. Ferrero (2005), Gali and Monacelli (2008) and Pappa and Vassilatos
(2005) are examples of papers that study optimal monetary and fiscal policy in a monetary union. In particular,
Ferrero (2005) shows that regional fiscal policies that respond to a measure of real activity perform better in
terms of welfare than balanced budget rules. Gali and Monacelli (2005) find that the lack of regional monetary
instrument generates a stabilization role for regional fiscal policies. Interestingly, Pappa and Vassilatos (2006)
examine how general fiscal rules that are designed to satisfy fiscal criteria affect macroeconomic stability and
welfare in a two-region monetary union. They find that some flexibility in compliance with fiscal criteria can
be welfare improving.

We take advantage of these theoretical studies and characterize an optimal monetary and fiscal policy mix
in a model which tries to reflect some of the characteristics of the EMU Accession countries. Then we analyze
the effects of the Maastricht criteria on the optimal policies. In that way we can set guidelines on the way
monetary and fiscal policy should be conducted in the EMU Accession countries.

The rest of the paper is organized as follows: the next section describes the model. Section 3 explains

2Lipiniska (2008) provides a detailed discussion of both empirical and theoretical papers on the monetary policy in the EMU
Accession Countries.



derivation of the optimal monetary and fiscal policy. Section 4 presents the way we reformulate the Maastricht
convergence criteria in order to implement them into our framework. Section 5 is dedicated to derivation of
the optimal policy constrained by the Maastricht convergence criteria. Section 6 compares the unconstrained
optimal monetary and fiscal policy with the optimal monetary and fiscal policy constrained by the Maastricht

convergence criteria under the chosen parameterization of the model. Section 7 concludes.

2 The model

Our modelling framework is based on a two-sector SOE model of Lipifiska (2008) and one-sector SOE models of
De Paoli (2004) and Benigno and De Paoli (2006). Following De Paoli (2004), we model a small open economy
as the limiting case of a two-country problem, i.e. where the size of the small open economy is set to zero. We
consider two highly integrated economies where asset markets are complete. In each of the economies, there
are two goods sectors: nontraded goods and traded goods. Each of the sectors (domestic and foreign) features
heterogeneity of goods and monopolistic competition. Labour is the only factor of production and is mobile
between sectors in each country and immobile between countries. We assume the existence of home bias in
consumption which, in turn, depends on the relative size of the economy and its degree of openness. Although
the law of one price holds, existence of home bias leads to deviations from the purchasing power parity.

As far as the monetary and fiscal policy is concerned we follow Benigno and Woodford (2003) and Benigno and
De Paoli (2006) and assume that the policies are conducted in a fully coordinated way by a single policymaker.
The role for monetary policy arises through the introduction of monopolistic competition and price rigidities
with staggered Calvo contracts in all goods sectors. The model features complete pass-through as prices are set
in the producer’s currency. We abstract from any monetary frictions by assuming cashless limiting economies.?
The fiscal policy issues a one period nominal non-state contingent debt which is financed only through the
distortionary revenue taxes collected in both domestic sectors. On the contrary to Lipifiska (2008) the lump
sum taxes are not available.

Finally, the stochastic environment of the small open economy is characterized by asymmetric productivity
shocks originating in both domestic sectors, preference shocks, foreign consumption shocks and government

expenditure shocks.

2.1 Households

The world economy consists of a continuum of agents of unit mass: [0,n) belonging to a small country (home)
and [n, 1] belonging to the rest of the world, i.e. the euro area (foreign). There are two types of differentiated
goods produced in each country: traded and nontraded goods. Home traded goods are indexed on the interval
[0,n) and foreign traded goods on the interval [n, 1], respectively. The same applies to nontraded goods. In
order to simplify the exposition of the model, we explain in detail only the structure and dynamics of the
domestic economy. Thus, from now on, we assume the size of the domestic economy to be zero, i.e. n — 0.
Households are assumed to live infinitely and behave according to the permanent income hypothesis. They
can choose between three types of goods: nontraded, domestic traded and foreign traded goods. C} represents
consumption at period t of a consumer i and L! constitutes his labour supply. Each agent i maximizes the

following utility function:*

3See Woodford (2003).
4In general, we assume U to be twice differentiable, increasing and concave in Cy and V to be twice differentiable, increasing
and convex in L.



max Ey, {i g (U (Cf,By) =V (L})] } : (1)

t=to
where E,, denotes the expectation conditional on the information set at date g, 3 is the intertemporal discount
factor and 0 < 8 < 1, U(+) stands for flows of utility from consumption and V'(-) represents flows of disutility from
supplying labour.> C' is a composite consumption index. We define consumers’ preferences over the composite

consumption index Cy of traded goods (Cr) (domestically produced and foreign ones) and nontraded goods
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where ¢ > 0 is the elasticity of substitution between traded and nontraded goods and p € [0,1] is the share
of the nontraded goods in overall consumption. Traded good consumption is a composite of the domestically
produced traded goods (Cg) and foreign produced traded goods (Cr):

]
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where 6 > 0 is the elasticity of substitution between home traded and foreign traded goods, and A is the degree of
openness of the small open economy (A € [0,1]).5 Finally, C; (where j = N, H, F') are consumption sub-indices
of the continuum of differentiated goods:
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where o > 1 represents elasticity of substitution between differentiated goods in each of the sectors. Based on
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the above presented preferences, we derive consumption-based price indices expressed in the units of currency

of the domestic country:
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>We assume specific functional forms of consumption utility U (C}), and disutility from labour V (L%): U (C}) = (‘)1%,

i1+
\% (Li) = (th_)“:—] with p (p > 0), the inverse of the intertemporal elasticity of substitution in consumption and n (n > 0), the
inverse of labour supply elasticity and By , preference shock.

6Following de Paoli (2004) and Sutherland (2002), we assume home bias (v) of the domestic households to be a function of the
relative size of the home economy with respect to the foreign one (n) and its degree of openness (A) such that (1 —v) = (1 —n)A
where A € [0, 1]. Importantly, the higher is the degree of openness, the smaller is the degree of home bias. Since n — 0, we obtain

that v =1 — A.



Although we assume the law of one price in the traded sector (i.e. p(h) = Sp*(h) and p(f) = Sp*(f) where
S is the nominal exchange rate), both the existence of the nontraded goods and the assumed home bias cause

deviations from purchasing power parity, i.e. P # SP*. The real exchange rate can be defined in the following
=25 =

Pre and the ratio of nontraded

manner: RS . Moreover, we define the international terms of trade as T’

to traded goods’ prices (domestic terms of trade) as T = I;—ITV.
From consumer preferences, we can derive total demand for the generic goods — n (home nontraded ones),

h (home traded ones), f (foreign traded ones):

i = [H0] (L] o), ®)
Y (h) = [%EZ)] - [1;’;] N (1= \)(Cr +Gr) + [p;(;)] e (ifz)_e* MNCh + G5, )
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yi(f) = {

where variables with an asterisk represent the foreign equivalents of the domestic variables. Moreover, G
and G™ denote exogenous aggregate government expenditures which have the same composition as the private
consumption. Accordingly, Gr and G%. denote government expenditure in the tradable sector. Importantly,
since the domestic economy is a small open economy, demand for foreign traded goods does not depend on
domestic demand. However, at the same time, demand for domestic traded goods depends on foreign demand.

Households get disutility from supplying labour to all firms present in each country. Each individual supplies

labour to both sectors, i.e. the traded and the nontraded sector:
; i, H i, N
Ly=Ly" + Ly, (11)
We assume that consumers have access to a complete set of securities-contingent claims traded internation-
ally. Each household faces the following budget constraint:

iy di [Ty ,di
: o

PC; + E{Qu441Dei1} < Dy + Wip Liy , + Wi Liy, + ° —t (12)

where at date ¢, D11 is nominal payoff of the portfolio held at the end of period (t), Q¢ ¢+1 is the stochastic
discount factor for one-period ahead nominal payoffs relevant to the domestic household, Il ; and Ily; are
nominal profits from the domestic firms. Moreover, consumers face no Ponzi game restriction.

The short-term interest rate (R;) is defined as the price of the portfolio which delivers one unit of currency

in each contingency that occurs in the next period:”

Ry = EB{Qu11}. (13)

The maximization problem of any household consists of maximizing the discounted stream of utility (1)
subject to the budget constraint (12) in order to determine the optimal path of the consumption index, the

labour index and contingent claims at all times. The solution to the household decision problem gives a set

"Following the literature, we assume one period to be one quarter.



of first-order conditions.® Optimization of the portfolio holdings leads to the following Euler equations for the

domestic economy:

_ P,
Uc(Cy, By) = BE: {UC(Ct-'rla Bt+1)Qt,t1+1Pt1} . (14)
T+

There is a perfect sharing in this setting, meaning that marginal rates of consumption in nominal terms are
equalized between countries in all states and at all times.? Subsequently, appropriately choosing the distribution

of initial wealth, we obtain the risk sharing condition:

Uc(Cy, By) = -1
Uo(Cr B;) s, — RS 15

where v > 0 and depends on the initial wealth distribution. The risk sharing condition implies that the real

exchange rate is equal to the marginal rate of substitution between domestic and foreign consumption.

The optimality condition for labour supply in the domestic economy is the following:

W _ _Vi(L)

__Yolhy) 16
P~ Uo(Cr. B (16)

where W is the nominal wage of the representative consumer in sector k (k = H, N).!* So the real wage is

equal to the marginal rate of substitution between labour and consumption.

2.2 Firms

All firms are owned by consumers. Both traded and nontraded sectors are monopolistically competitive. The
production function is linear in labour which is the only input. Consequently, its functional form for firm ¢ in
sector k (k= N, H) is the following:

Vi (i) = AFL{(3). (17)

Price is set according to the Calvo (1983) pricing scheme. In each period, a fraction of firms (1 — ay) decides
its price, thus maximizing the future expected profits. The maximization problem of any firm in sector k at

time %q is given by:

oo

pnax, Eiy > (o) Quot [(1 = 78 ) Proto (i) — MCE (D)) Vi, (0)
to t=t,
P, . —o
subject to chfto:t(i) = (W) Yie, (18)
it

where Yk“fto;t(i) is demand for the individual good in sector k produced by producer 7 at time ¢ conditional on
W (i)

keeping the price Py ¢, (i) fixed at the level chosen at time to, MCF = L%
t

is the nominal marginal cost in

sector k at time ¢, and 7, are revenue taxes in sector k.

8We here suppress subscript ¢ as we assume that in equilibrium, all agents are identical. Therefore, we represent optimality
conditions for a representative agent.

9We have to point out here that although the assumption of complete markets conveniently simplifies the model, it neglects a
possibility of wealth effects in response to different shocks (Benigno (2001)).

10Notice that wages are equalized between sectors inside each of the economies, due to perfect labour mobility and perfect

competition in the labour market.



Given this setup, the price index in sector k evolves according to the following law of motion:
(Prt)' ™7 = i (Prye—1)""7 4 (1= o) (Pr,i (1)) (19)

2.3 Government budget constraint

The government issues a nominal, non-state contingent debt denominated in domestic currency and taxes the
revenue income of firms in the nontraded sector at rate 7y and also in the home traded sector at rate T ;.
The revenues are spent on government expenditures (G;) and interest payments on outstanding nominal debt.
We assume that there are no seigniorage revenues.

Government debt, D;, expressed in nominal terms, follows the law of motion:

Dt = Rt—lDt—l — PtST’t (20)

where sr; is the real primary budget surplus:

STy = TN PNt YN, + THPH Y H, — Gy (21)

P P . :
and py = —p* and pg = ~p* denote relative prices. We define:

DR,
dy = 22
= )
in order to rewrite the government budget constraint as:
R
dt = dtflit — RtS’I"t. (23)
11

The rational-expectations equilibrium requires that the expected path of government surpluses must satisfy

an intertemporal solvency condition :

Uc(Cty, Biy) = Eiy > B "Uc(Cy, By)sry. (24)

t=tg

in each state of the world that may be realized at date to. This condition restricts the possible paths that
may be chosen for the tax rates {7y, 7n+} . Moreover, monetary policy can affect this condition by influencing
inflation in period to and also affecting the discount factors in subsequent periods. This condition is derived
from the household optimization condition (14) and law of motion of debt (23). As discussed in Woodford (2001)
this condition serves as one of the constraints in choosing an optimal plan among possible rational-expectations

equilibria.

2.4 Monetary and fiscal policy

A role for the macroeconomic policy arises due to existing nominal and real rigidities in the economy: price
stickiness (together with monopolistic competition), home bias and the nontraded good sector, which lead to
deviations from PPP. The policy maker has three instruments: two fiscal ones - revenue tax rates in both
domestic sectors and a monetary one - nominal interest rate. The system is therefore closed by defining

appropriate monetary and fiscal policy rules for the domestic economy.



We approximate the model around a steady state in which exogenous shocks take constant values. Moreover
steady state inflation is zero and tax rates are chosen in such a way in order to maximize welfare of the agents.
The loglinearized version of the model is available in the Appendix.

3 The optimal fiscal and monetary policy

Since our model is microfounded the optimal policy is defined as the policy that maximizes welfare of society
subject to the structural equations of an economy.

We use a linear quadratic approach (Rotemberg and Woodford (1997, 1999)) and define the optimal monetary
policy problem as a minimization problem of the quadratic loss function subject to the loglinearized structural
equations (presented in the Appendix). First, we present the welfare measure derived through a second-order

Taylor approximation of equation (1):

oo
_ _ R 1 N PN .

Wiy =UcCEy, > B 2)0 — 501200 — 0 Zc&y] + tip + O(3), (25)

t=to
~ ~ ~ ~ -~ -~ ~ ~ ~
where Ué = [ Ce Yn: Yu: TNt THy } 1 & = [ AN,t AH,t B, Cf G |;
z = [ 1 —scyy —Sscyy 0 O ] with scy, = % - steady state share of nontraded labour income in
domestic consumption, sgy, = % - steady state share of home traded labour income in domestic consumption,

and matrices Z,,, Z¢ are defined in Appendix B; ¢ip stands for terms independent of policy and O(3) includes
terms that are of a higher order than the second in the deviations of variables from their steady state values.

Notice that the welfare measure (25) contains the linear terms in aggregate consumption and sector outputs.
These linear terms originate from different distortions in the economy. First, monopolistic competition together
with distortionary revenue taxes in both domestic sectors lead to inefficient levels of sector outputs and also an
inefficient level of aggregate output. Second, since government spends its revenues on government expenditures
domestic consumption and aggregate output are not equalized. Third, openness of the economy can also result
in trade imbalances, i.e. domestic consumption can be different from the aggregate output. Importantly, their
composition depends on the domestic and international terms of trade. Finally, similarly to De Paoli (2007)
and Lipinska (2008) there exists an international terms of trade externality that creates an incentive for policy
to generate a welfare improving real exchange rate appreciation, i.e. disutility from labour decreases without
an accompanying decrease in the utility of consumption.

The presence of linear terms in the welfare measure (25) means that we cannot determine the optimal policy,
up to first order, using the welfare measure subject to the structural equations (presented in the Appendix)
that are only accurate to first order. Following the method proposed by Benigno and Woodford (2005) and
Benigno and Benigno (2005), we substitute the linear terms in the approximated welfare function (25) by using
a second order approximation to some of the structural conditions.!'’ As a result, we obtain the fully quadratic
loss function which can be represented as a function of aggregate output (}Aft), domestic and international terms
of trade (T{, T,), domestic sector inflation rates (TH,t, Tn¢) and revenue tax rates in the nontraded and home

traded sector (T, Trt). Its general expression is given below:

1 Details of the derivation can be found in Appendix B.
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where Yt , T Tt TR Nt Tﬁ . are target variables which are functions of the stochastic shocks and, in general,
are different from the flexible price equilibrium processes of aggregate output, domestic terms of trade and
international terms of trade.'? The term tip stands for terms independent of policy. The coefficients ®y, @7,
O, &, Orpyy Prpa, Pyga, Pyr, Prpyy Prys Pyvirns Prrys Prary, Oyvryy Prry, (I)TdTH, are functions of the
structural parameters of the model.

Similarly to Lipinska (2008) our loss function generalizes previous studies regarding optimal monetary policy
characterization in both closed economy environments (Aoki (2001), Benigno (2004), Rotemberg and Wood-
ford(1997)) and open economy environments (Gali and Monacelli (2005), De Paoli (2007)). Moreover this loss
function is also related to the literature on optimal monetary and fiscal policy in the sticky price environment
(Benigno and Woodford (2003), Benigno and De Paoli (2007), Schmitt - Grohe and Uribe (2003)). As in Be-
nigno and Woodford (2003) and Benigno and De Paoli (2007) we obtain that variations in distortionary taxation
should be chosen to serve the same objectives as those emphasized in the literature on monetary stabilization
policy. Interestingly, our loss function also involves some stabilization of taxes.'3

To simplify the exposition of the optimal plan we reduce number of variables to a set of eight domestic
variables which determine the loss function (26), i.e. ?t, ﬁd, fh THty TNt TNty THts c?t In Appendix we
present the structural equations of the two-sector small open closed economy in terms of these variables. Finally,
the policy maker following the optimal plan under commitment chooses {)A/t, ﬁd, ﬁ, TH s TNt TNt TH L Jt}?ito
in order to minimize the loss function (26) subject to the constraints (237) (241), given the initial conditions
on nonpredetermined variables: thTtO,TtoﬂrH tos TN tos T N tos TH, tmdtn In accordance with the definition of
the optimal plan from a timeless perspective (see Woodford (2003), p.538) we derive the first-order conditions
of the problem for all ¢ > to(we present them in Appendix in order not to overload the main text, see equations
(244)—(255)). Equations that represent first order conditions (244)—(255) and constraints (237)—(241) fully

characterize behaviour of the economy under the optimal policy.

4 The Maastricht convergence criteria — a reinterpretation

The Maastricht convergence criteria have a nonlinear nature as they set specific bounds on both monetary and
fiscal variables. Subsequently, derivation of the optimal policy constrained by the Maastricht criteria would
involve solving a nonlinear optimization problem that requires computationally demanding techniques. On
the other hand, as already emphasized by Lipinska (2008) the linear quadratic approach has two important

12 A5 previously shown in papers by Gali and Monacelli (2005) and De Paoli (2007), in the small open economy framework the
target variables will be identical to the flexible price allocations only in some special cases, i.e. an efficient steady state, no markup
shocks, no expenditure switching effect (i.e. pf = 1) and no trade imbalances. Moreover, as shown by Benigno and Woodford
(2003) a non-zero steady state share of government expenditures in output affects the target variables.

13 A5 it is going to be seen in our numerical analysis, this stabilisation feature is insignificant in quantitative terms.
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advantages: an analytical and intuitive expression for the loss function and also easy to check second-order
conditions for local optimality of the derived policy. As a result, following Lipiniska (2008) we reformulate the
Maastricht criteria in order to introduce them as additional constraints faced by the optimal policy in the linear
quadratic approach.

We consider three monetary criteria regarding CPI inflation rate, nominal interest rate and nominal exchange
rate and also one fiscal criterion that sets an upper bound on deficit to GDP. We neglect the debt to GDP
criterion as almost all the EMU accession countries are characterized by moderate debt to GDP ratios (see
Figure (10.2)) that are smaller than the upper limit of 60% quoted in the Stability and Growth Pact. Moreover,
in the past failure in compliance with debt to GDP criterion (on the contrary to the deficit to GDP criterion)
was not treated as an obstacle to enter to the EMU (e.g. case of Belgium or Italy). This is in accordance with
the stipulates of the Maastricht Treaty Article (see Appendix).

Subsequently, we summarize the criteria (described in the introduction) by the following inequalities:

e CPI aggregate inflation criterion

it — 7" < By, (30)

where B, = 1.5%, m{* is annual CPI aggregate inflation in the domestic economy, 7724’* is the average of

the annual CPI aggregate inflations in the three lowest inflation countries of the European Union.

e nominal interest rate criterion

Rf — R{™ < Cp (31)

where Cgr = 2%, RF is the annul interest rate for ten-year government bond in the domestic economy,
RtL A% is the average of the annual interest rates for ten-year government bonds in the three countries of

the European Union with the lowest inflation rates.

e nominal exchange rate criterion

(1-Dg)S <S; < (1+ Dg)S, (32)

where Dg = 15% and S is the central parity between euro and the domestic currency and S; is the nominal

exchange rate.

e deficit to GDP criterion
dfy < Fyr (33)

where Fgr = 3% and df; - annual deficit to GDP. In our framework deficit is defined as a sum of interest
payments on outstanding debt minus the primary surplus that consists of tax revenues and government

expenditures.

We decide to impose a number of adjustments on the original form of the Maastricht criteria. First, these
adjustments originate from the structure of the model which assumes that there are two countries in the
world and dynamics are explained in quarters.'* As a result, we assume that the variables 7r;4"* and RtL ’A*,
respectively, represent foreign aggregate inflation and the foreign nominal interest rate, i.e. 7;, ﬁ;‘ (which are
proxied to be the euro area variables). Subsequently, all the four criteria are reformulated in quarterly terms.
We change appropriately upper bounds regarding the CPI inflation rate and the nominal interest rate, i.e.
B, = ((1.015)%2° — 1), Cr = ((1.02)%25 — 1). Additionally, we define the central parity of the nominal exchange

rate as the steady state value of the nominal exchange rate (S = S). Moreover, taking into account the evidence

14 A detailed explanation regarding the reformulation of monetary criteria can be found in Lipinska (2008).
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on the predominance of domestic shocks in the EMU accession countries (see Fidrmuc and Kirhonen (2003))
we assume that foreign economy is in the steady state (i.e. foreign inflation and foreign nominal interest rate
(7}, R}) are zero).s

Second, using the method proposed by Rotemberg and Woodford (1997, 1999) and Woodford (2003) we
approximate the Maastricht criteria in order to implement them into the linear quadratic framework. The
authors propose to approximate the zero bound constraint for the nominal interest rate by restricting the mean
of the nominal interest rate to be at least k standard deviations higher than the theoretical lower bound, where
k is a sufficiently large number to prevent frequent violation of the original constraint. The main advantage of
this alternative constraint over the original one is that it is much less computationally demanding and it only
requires computation of the first and second moments of the nominal interest rate.

Similarly to Woodford (2003), we redefine the criteria using discounted averages in order to conform with
the welfare measure used in our framework. Let us remark that the average value of any variable (x;) is defined

as the discounted sum of the conditional expectations, i.e.:

oo
T/?’\l(xt) = Eto Z Btl‘t. (34)
t=to
Accordingly, its variance is defined by:
W(xt) = Eto Z ﬂt(l't — ﬁ’L(ZUt))Q (35)
t=to

Below, we show the reformulated Maastricht convergence criteria.' Each criterion is presented as a set of
two inequalities:

e CPI aggregate inflation criterion:

(1= B)E, Y B'(Br —71) > 0, (36)

t=to

(1= BBy Y B (B —70)* < K ((1 ~ BBy Y B (Bs m) ; (37)

t=to t=to

e nominal interest rate criterion:

(1= B)Ey, Y B(Cr—Ry) >0 (38)
(o] h (oo} 2
(1-B)Et, Y B (Cr— R’ <K ((1 —B)Ei, Y B'(Cr — E)) (39)

e nominal exchange rate criterion must be decomposed into two systems of the inequalities, i.e. the upper
bound and the lower bound:

15 Lipinska (2008) discusses the consequences of relaxing this assumption (e.g. a departure from the steady state of the foreign
economy or a suboptimal foreign monetary policy) for the nature of optimal policy constrained by the Maastricht criteria and the
associated welfare loss.

6 The detailed derivation of the Maastricht convergence criteria can be found in Appendix B.
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— upper bound

oo

(1—B)Ey, > B'(Ds—S) >0 (40)
t=to
oo o 2
(1-B)E;, 3 B'(Ds — §)° < K ((1 —B)E, 3 B(Ds — §t>> (41)
t=tg t=to
— lower bound -
(1= B)Ey, Y B(Ds+5) >0 (42)
t=to
oo oo 2
(1—=B)Ei, »_ B'(Ds+8)° <K <(1 ~B)Es, Y B'(Ds + §t)> (43)
t=to t=to
e deficit to GDP criterion:
(1= B)Ei, Y B'(Fu — df,) > 0, (44)
t=to
o o0 2
(1= B)Ey, > B'(Fa — df )* < K ((1 —B)Ei, Y B'(Fur — dAJ%)) ; (45)
t=to t=to

where K =1+ k2 and Dg = 15%, B, = (1.015)%25 — 1, Cr = (1.02)°% — 1, Fyy = 3% and k = 1.96.

The first inequality means that the average values of the CPI inflation rate, the nominal interest rate,
the nominal exchange rate and deficit to GDP, respectively, should not exceed the bounds, B,, Cr and Dg
and Fyr. The second inequality further restrains fluctuations in the Maastricht variables by setting an upper
bound on their variances. This upper bound depends on the average values of the Maastricht variables and the
bounds, By, Cr, Dg and Fg. Importantly, it also depends on parameter K which guarantees that the original
constraints on the Maastricht variables ((30)—(33)) are satisfied with a high probability. Under a normality
assumption, by setting K = 1+1.9672, we obtain that fulfillment of inequalities (36)—(45) guarantees that each
of the original constraints should be met with a probability of 95%.

Summing up, the set of inequalities (36)—(45) represent the Maastricht convergence criteria in our model.

5 Optimal policy constrained by the Maastricht criteria

Following Woodford (2003) and Lipinska (2008) we present the loss function of the optimal policy constrained
by the Maastricht convergence criteria summarized by inequalities (36)—(43) (constrained optimal policy). The
loss function of the constrained optimal policy is augmented by the new elements which describe fluctuations
in monetary and fiscal variables, i.e.: CPI aggregate inflation, the nominal interest rate, the nominal exchange
rate and deficit to GDP ratio.

We state a proposition which can be seen as an extension of the Proposition 1 in Lipifiska (2008):'7

1TBoth propositions are based on Proposition 6.9 (p.428) in Woodford (2003).
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Proposition 1 Consider the problem of minimizing an expected discounted sum of quadratic losses:

By, {(1 - B) 25%}, (46)

t=to
subject to (36) - (45). Let my r, m1 R, m1U75, mfs, ma,qf be the discounted average values of (Br—T7y), (CR—ﬁt),
(Dg — §t), (Ds + §t), (Fgr — cht) and Mg, M2 R, mgs, mé’s, ma.qr be the discounted means of (Br — 7t)?,
(Cr — Ry)?, (Ds — 5,)%, (Dg + 5,)2, (Far + c/l}t)2 associated with the optimal policy. Then, the optimal policy
also minimizes a modified discounted loss criterion of the form (46) with Ly replaced by:

. R - . Sy 1
Li=L;+ &, (77 —7,)% + ®p(R" — Ry)* + @s,U(ST’U - S+ ‘I)S,L(ST’L - S+ §‘I’df(dfT —df)?, (47)

under constraints represented by the structural equations of an economy. Importantly, @, >0, ®r >0, @5y > 0,
Osr > 0, gr > 0 and take strictly positive values if and only if the respective constraints (37), (39), (41),
(43), (45) are binding. Moreover, if the constraints are binding, the corresponding target values 7, RT, ST-U,
STL dfT satisfy the following relations:

7' =By — Kmj . <0 48

(48)

RT =Cr—Kmip <0 (49)
STV = Dg— Kmy 5 <0 (50)
STl = —Dg+ Kmy s >0 (51)
df" = Fy — Kmq 4 < 0. (52)

Proof can be found in Appendix B.

In the presence of binding constraints, the optimal policy constrained by the Maastricht criteria do not only
lead to smaller variances of the Maastricht variables, it also assigns target values for these variables that are
different from the deterministic steady state of the optimal policy. These targets reflect precautionary motive
of the constrained policy.'® In other words, the policy maker needs a buffer when it faces inequality constraints.

As in Lipinska (2008) if the monetary constraints on the CPI inflation or the nominal interest rate are binding,
the constrained policy maker sets targets on these variables that are lower than their foreign equivalents. As
far as the nominal exchange rate is concerned, depending on which: appreciation or depreciation constraint
is binding, constrained policy maker will target, respectively, a more depreciated or more appreciated nominal
exchange rate. Finally, when deficit to GDP criterion is binding, the constrained policy maker will target surplus
to GDP.

6 Numerical exercise

This section characterizes the optimal monetary and fiscal policy for the economy bound to satisfy the Maastricht
convergence criteria. First, we characterize the unconstrained optimal monetary and fiscal policy and control
whether such a policy violates any of the Maastricht convergence criteria. Second, we characterize the optimal
policy which is only constrained by monetary criteria or fiscal criterion. We analyze how the loss functions are
augmented and also the stabilization pattern of the constrained policies. Finally, we describe the optimal policy
constrained by all the criteria. We identify which criteria are in quantitative terms important in shaping the

constrained policy and also compare the welfare losses among the constrained and unconstrained policy.

18Similarly, Woodford (2003) shows that a policy maker constrained by the zero bound on the nominal interest rate targets a

positive rate of the nominal interest rate.
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6.1 Parameterization

Our calibration follows to a great extent the previous analysis by Lipifiska (2008) and also literature on the
EMU accession countries (i.e. Laxton and Pesenti (2003) and Natalucci and Ravenna (2007)). We calibrate the
model to match the moments of the variables for the Czech Republic economy.

The discount factor, 3, equals 0.99, which implies an annual interest rate of around four percent. The
coefficient of risk aversion in consumer preferences is set to 2 as in Stockman and Tesar (1995) to get an
intertemporal elasticity of substitution equal to 0.5. Inverse of the labour supply elasticity (n) is chosen to be
4 following the micro data evidence and also a small open economy model of Gali and Monacelli (2003). The
elasticity of substitution between nontradable and tradable consumption, ¢, is set to 0.5 as in Stockman and
Tesar (1994) and the elasticity of substitution between home and foreign tradable consumption, 6, is set to 1.5
(as in Chari et al. (2002) and Smets and Wouters (2004)). The elasticity of substitution between differentiated
goods, o, is equal to 10, which together with the revenue tax of 0.19'? implies a markup of 1.37.20

The share of nontradable consumption in the aggregate consumption basket, u, is assumed to be 0.42, while
the share of foreign tradable consumption in the tradable consumption basket, A, is assumed to be 0.4. These
values correspond to the weights in CPI reported for the Czech Republic over the period 2000-2005.2! The
steady state shares of the government expenditure to GDP (d¢) and also debt to GDP (bp) correspond to the
average values for the Czech republic economy over the period 1995-2006 and are set to 0.2 and 1.6 respectively.
As far as the foreign economy is concerned, we set the share of nontradable consumption in the foreign aggregate
consumption basket, p*, to be 0.6, which is consistent with the value chosen by Benigno and Thoenisen (2003)
regarding the structure of euro area consumption. Finally, the steady state share of debt to GDP in the foreign
economy is assumed to be 2.4 which reflects an average debt to GDP ratio in the euro area for the period
1995-2005. Taking government expenditure to GDP and debt to GDP shares as given we obtain that the steady
state revenue tax rate should be 19,3%.22

Following Natalucci and Ravenna (2007), we set the degree of price rigidity in the nontraded sector, ay, to
0.85. The degree of price rigidity in the traded sector, ay, is slightly smaller and equals 0.8. These values are
somewhat higher than the values reported in the micro and macro studies for the euro area countries.?? Still,
Natalucci and Ravenna (2007) justify them by a high share of the government regulated prices in the EMU
accession countries.

All shocks that constitute the stochastic environment of the small open economy follow the AR(1) process.
The parameters of the shocks are chosen to match the historical moments of the variables (see Table B.3 in
Appendix B). Similarly to Natalucci and Ravenna (2007) and Laxton and Pesenti (2003), the productivity shocks
in both domestic sectors are characterized by a strong persistence parameter equal to 0.85. Standard deviations
of the productivity shocks are set to 1.6% (nontraded sector) and 1.8% (traded sector). These values roughly

19This value is calculated from the steady state budget constraint. Debt to GDP and steady state share of government expendi-
tures to GDP are taken from the data on the Czech Republic economy.

20Martins et al. (1996) estimate the average markup for manufacturing sectors at around 1.2 in most OECD countries over the
period 1980-1992. Some studies (Morrison (1994), Domowitz et al (1988)) suggest that the plausible estimates range between 1.2

and 1.7.

21Source: Eurostat.

22Note that the steady state which we present in the numerical exercise and in the Appendix differs from the steady state used
for calibration in two aspects: revenue tax rates can differ between the domestic sectors and are chosen in order to maximize welfare
of the domestic consumers.

23Stahl (2004) estimates that the average duration between price adjustment in the manufacturing sector is nine months (which
corresponds to the degree of price rigidity: 0.67). On the other hand, Gali et al (2001) and Benigno and Lopez-Salido (2003)
estimate the aggregate supply relations for the European countries and find the overall degree of price rigidity for these countries
to be 0.78.
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reflect the values chosen by Natalucci and Ravenna (2007), 1.8% (nontraded sector) and 2% (traded sector).
Moreover, the productivity shocks are strongly correlated, their correlation coefficient is set to 0.7.24 All other
shocks are independent of each other. Parameters defining the preference shock are, 0.72% (standard deviation)
and 0.95 (persistence parameter). These values are similar to the values chosen by Laxton and Pesenti (2003),
0.4% (standard deviation) and 0.7 (persistence parameter). Parameters of the foreign consumption shock are
estimated using quarterly data on aggregate consumption in the euro area over the period 1990-2005 (source:
Eurostat). The standard deviation of the foreign consumption shock is equal to 0.23% and its persistence
parameter is 0.85. Similarly, parameters of the domestic government expenditure shock are estimated based on
quarterly data on the final consumption of general government in the Czech Republic over the period 1995-2006.
The standard deviation of the domestic government expenditure shock is equal 2% and its persistence parameter
is 0.5.

Following Natalucci and Ravenna (2007), we parametrize the monetary policy rule, i.e. the nominal interest
rate follows the rule described by: Jth = 0.91%,1 +0.1(m + 0.232 + 0.3§t) + €.+, where €g; is the monetary
policy innovation with a standard deviation equal to 0.44%. Such a parametrization of the monetary policy
rule enables us to closely match the historical moments of the Czech economy. As far as the fiscal policy is
concerned, we choose a fiscal rule described in Duarte and Wolman (2003). The rule takes a form of tax rate
adjustment to debt to GDP dynamics: 7, = 741 + ap~(by — b) + aap- (b — by—1). Parameters of the rule are
taken from Mitchell et al (2002) and are set to ay » = 0.04/16, aap,» = 0.3/4.

We summarize all parameters described above in Table B.1 (Structural parameters) and Table B.2 (Stochastic
environment) in Appendix B. Moreover Table 3 (Matching the moments) in Appendix B compares the model

moments with the historical moments for the Czech Republic economy.

6.2 The unconstrained optimal policy

The optimal monetary and fiscal policy is characterized around the optimal steady state. The optimal steady
state is defined as a steady state in which revenue taxes in all the sectors are chosen to maximize welfare of the
economies given exogenous share of government expenditure to GDP and debt to GDP. The optimal tax rates
in the domestic sectors are equal respectively, in the nontraded sector: 7y = —0.38 and in the home traded
sector: 7 = 0.57. The implied tax base (total tax revenue to GDP ratio) is equal to 21%.

As in Lipinska (2008) we obtain that the highest penalty coefficient is assigned to fluctuations in the nontrad-
able sector inflation and home tradable inflation (see T'able 1). The optimal monetary and fiscal policy is mainly
concerned with stabilization of the domestic inflation, which is in line with core inflation targeting argument
(Aoki (2001)) and also literature on the optimal monetary and fiscal policy (e.g. Benigno and Woodford (2003),
Benigno and De Paoli (2006)). Moreover, the policy faces also trade-offs between stabilizing the output gap and
sector inflation which is reflected in the positive values of the penalty coefficients associated with fluctuations
of domestic and international terms of trade.

Similarly to the previous literature on optimal taxation (among others Barro (1979), Aiyagari et al (2002),
Schmitt-Grohe and Uribe (2004), Benigno and Woodford (2003)) we find that the optimal policy does not
stabilize taxes and debt which implies their nonstationary behaviour. We decide to induce stationarity into the
model in order to be able to characterize properly the constrained policy. As already analyzed by Woodford
(2003) and Lipinska (2008), the constrained policy is characterized by two components: stabilization one (a
coefficient that penalizes fluctuations of a variable of interest) and deterministic one (a target value for a
variable of interest). While the stabilization component affects the way policy responds to the shocks, the

24Empirical evidence shows that productivity shocks are highly persistent and positively correlated (see Backus et al (1992)).

16



deterministic component affects the steady state of the optimal policy and therefore also discounted means of
the variables. Importantly, due to the nonstationarity of debt and taxes the steady state of the policy would not
exist. In order to induce stationarity we add a new element to the original loss function which penalizes debt
fluctuations.?> Value of the coefficient (¢,) is chosen to be quantitatively small in order not to affect dynamics
of the model, i.e. ¢, = 1074.26

’ Table 1: Values of the loss function coefficients
Dy Sry | Dy | Ppa | Pr | Pppa | Pyqa | Py
123.14 | 35.29 | 426 | 0.2 | 0.17 | 0.02 | -0.58 | -0.32

In order to understand nature of the optimal policy we investigate how the optimal policy responds to the
shocks. Based on variance decomposition of the Maastricht variables (presented in T'able 2) we choose to analyze

the impulse responses to a nontraded productivity shock.

Table 2: Variance decomposition under the unconstrained policy ‘

shocks:
The Maastricht variables: Apn Ag B c* G
CPI inflation 86% 4% 5% 2% 3%
nominal interest rate 87% 4% 1% 1% ™%
nominal exchange rate | 79% 3% 15% 2% 1%
deficit to GDP 70% 1% 20% 1% 10%
debt to GDP 74% 1% 21% 1% 3%

Similarly to Lipifiska (2008), monetary instrument of the optimal policy - the nominal interest rate decreases
in response to a positive nontraded productivity shock. This stabilizes the deflationary pressures in the domestic
nontraded sector and at the same time supports increase in aggregate output. As a result, the nominal exchange
rate depreciates (in accordance with the uncovered interest rate parity condition). Interestingly, fiscal component
of the policy is characterized by a countercyclical behaviour. Such a behaviour of taxes has its origin in a specific
structure of the economy, i.e. openness and two domestic sectors. First of all, as already studied by Benigno
and De Paoli (2006) an open economy nature of the economy gives the optimal policy maker an incentive to use
taxes in the countercyclical way thanks to existence of terms of trade externality.?” By setting higher taxes in
the sector where the shock occurred the optimal policy maker can engineer a welfare-improving real exchange
rate appreciation. Secondly, two sector structure creates important trade-offs for the optimal policy maker.
This trade-off was already studied by Gali and Monacelli (2005) in a model of monetary union, where monetary
and fiscal policy are set optimally under full coordination. In their model, each country’s fiscal authority faces
a trade-off between stabilization of domestic inflation as opposed to output and fiscal gap. Since the cost of
inflation is higher than of the changes in distortionary taxation the optimal policy maker allows for fluctuations
in the fiscal instruments.?® As a result, in our model revenue taxes in the nontraded sector rise in order to

25This additional element is a bit ad-hoc although it is motivated by an idea of model stationarization by Schmitt-Grohe and
Uribe (2003). Alternatively, if one assumes that government debt is denominated in foreign currencies introduction of portfolio

adjustment costs (presented by Schmitt-Grohe and Uribe (2003)) would also stationarize the model.
26For the purposes of sensitivity analysis we also present the results for ¢, = 1072 and also for the unconstrained policy ¢, = 0.
27This incentive is present under an assumption of the substitutability between home and foreign goods.
28Notice however that on the contrary to our model Gali and Monacelli (2005) study a demand side fiscal instrument, i.e.

government expenditures.
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stabilize the nontraded output and deflation in the nontraded sector. At the same time, revenue taxes in the
home traded sector decrease to stabilize the home traded output and inflationary pressures in this sector.
Consequently, as in Gali and Monacelli (2005) domestic inflation stabilizes. Moreover, output increases in

both domestic sectors. Finally, since the overall tax revenues rise deficit to GDP and debt to GDP decrease.
[Figure(1) about here]

Let us investigate now which Maastricht criteria are not satisfied by the optimal policy. Under the optimal
policy means of all the variables are zero so the reinterpreted Maastricht criteria can be reduced to the constraints
that set upper bounds on the variances of the Maastricht variables, i.e.:

var(7;) < (K — 1)B? (53)
var(Ry) < (K —1)C (54)
var(S) < (K —1)D§ (55)
var(df,) < (K — 1) Fy (56)

where var(x;) with z; = 7y, R, S, c@”t is defined by (35).

In the table below (Table 3) we present the variances of the Maastricht variables together with the upper
bounds implied by the Maastricht criteria. We also show variance of debt to GDP and a respective bound
for this variables in accordance with the limit set out in the Maastricht Treaty. Let us note that although
variances of debt and deficit to GDP ratio do depend on the chosen value of the coeflicient ¢, variances of other

Maastricht variables do not.

’ Table 3: Variances of the Maastricht variables under optimal policy ‘

Pq T Ry St df, by
0 0.5808 0.4173 22.3785 4.1889 2392.8873
$a R R, S dfy b
10~* 0.5808 0.4088 22.8337 3.3054 702.2339
2 7 R; Si df, bi
107° 0.5808 0.4156 22.5169 4.0013 1758.4676
bound 0.0356 0.0651 58.5693 2.3428 650.7705
probability?’ 0.69 0.78 1 0.92 0.99
criterion violated | violated | satisfied | violated | satisfied>°
note: Variances and bounds are multiplied by 1002 (in (%)?)

29Gince debt follows a near nonstationary and also very persistent process we perform a Monte Carlo simulation exercise in which
we simulate our model for 7' = 50 periods and repeat this simulation J = 1000 times. Based on this, we can calculate the average
probabilities, for each of the Maastricht variables, of compliance with the criteria. We assume that a given criterion is not satisfied
if the probability for a given variable is lower than 95% (which is in accordance with the parameter k).

30satisfied on the basis of the value of the simulated average probability.

18



The optimal unconstrained policy does not satisfy three of the Maastricht criteria: the CPI inflation criterion,
the nominal interest rate criterion and the deficit to GDP criterion. As a result, the loss function of optimal

policy that satisfies the Maastricht criteria has to have some additional elements.

6.3 The constrained optimal policy
6.3.1 The optimal policy constrained by monetary criteria

Now we analyze the policy constrained only by monetary criteria: CPI inflation rate and the nominal interest
rate. In particular, we examine whether in the presence of the monetary criteria fiscal policy can act as an
additional stabilization tool.

First, we present parameters of the loss function associated with this constrained policy. The loss function

takes the following form:

~ 1 - 1 =
Li* = L§ + §¢7r(7TT — @)’ + §¢R(RT — Ry)® (57)

where ¢, > 0, ¢p > 0 and 77 < 0, RT < 0. Similarly to the policy constrained only by the fiscal criterion,
values of parameters (¢, ¢p, 7!, RT) can be obtained from the solution to the minimization problem of the loss
function L] constrained by structural equations and also the monetary constraints. T'able 4 provides the specific
values for all the parameters for two different values of the penalty coefficient on debt fluctuations. It appears
that values of the parameters of the constrained policy by monetary criteria do not depend to a great extent
on the degree of debt stabilization (¢,). Importantly, values of the penalty coefficients on the nominal interest
rate and CPI inflation rate are of the same magnitude as the penalty coefficients of the domestic inflation rates
in the original loss function. Deterministic component of the constrained policy tells us that the policy maker
constrained by monetary criteria should target CPI inflation rate and the nominal interest rate that are 0.8%

p.a. lower than in the countries of reference.

Table 4: The policy constrained by monetary criteria
Parameters of the augmented loss function
oy o or | 77 (in %) RT (in %)
107 | 36 | 31.1 | -0.2082 -0.2331
1075 | 35.62 | 31.12 | -0.2005 -0.2250

Second, we show moments of the Maastricht variables under the policy constrained by monetary criteria (see
Table 5). As far as discounted means are concerned, negative targets of the CPI inflation rate and the nominal
interest rate lead to negative means in all the Maastricht variables, except for the mean of debt to GDP. A
higher mean of debt to GDP results from a higher mean of surplus to GDP and higher means of revenue taxes
(to be seen later in the analysis of the impulse responses). Variances of the nominal variables: CPI inflation rate,
the nominal interest rate and nominal exchange rate are lower than under the optimal unconstrained policy.
However, this smaller variability of nominal variables is accompanied by much higher variability of the fiscal
variables: deficit to GDP and debt to GDP. Compliance with monetary criteria restricts usage of the nominal
interest rate as a stabilization tool and requires stronger movements in taxes. These fiscal instruments have a

direct impact on domestic inflation rates and also dampen changes in the aggregate output when responding
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to shocks. Subsequently, surplus to GDP is characterized by much higher variance and so does deficit to GDP
and debt to GDP.

Table 5: Moments of the Maastricht variables
The policy constrained by monetary criteria
da R R, Si df, by
107* | mean (in %) | -0.0667 -0.0688 -6.5996 -0.0969 1.5020
variance 0.0836 0.0501 15.7296 | 15.9482 | 1419.7149
Pq T R, S, df, by
10~° | mean (in %) | -0.0641 -0.0662 -6.3404 -0.0760 2.5511
variance 0.0828 0.0495 15.2364 | 17.1314 | 3137.7899
criterion ‘ satis fied ‘ satis fied ‘ satis fied ‘ violated ‘ violated
note: Variances are multiplied by 1002 (in (%)?)

Third, we analyze how the policy constrained by monetary criteria differs from the optimal unconstrained
policy in the stabilization process of an economy hit by a shock. We choose the shock that explains the most

of variability of the Maastricht variables (see T'able 2 on variance decomposition).
[Figure(3) about here]

The policy constrained by monetary criteria aims at stabilizing CPI inflation and restricts the nominal
interest rate movements. Accordingly, the monetary policy increases nominal interest rate on impact. Thanks
to this, nominal exchange rate depreciates by less dampening the inflationary impact of the import sector on the
aggregate CPI. However such a contractionary behaviour of the monetary policy leads to stronger deflationary
pressures in the domestic sector. The domestic deflation is partly stabilized by the fiscal component of the
constrained policy which is more countercyclical than the unconstrained policy, i.e. revenue taxes rise in both
domestic sectors. This leads to a much stronger decrease in deficit to GDP, debt to GDP and also dampened

increase in domestic aggregate output in comparison with the unconstrained policy.

6.3.2 The optimal policy constrained by fiscal criterion

Let us now present the constrained policy by the fiscal criterion: deficit to GDP criterion. We concentrate on
how the fiscal criteria affect the ability of fiscal policy to stabilize business cycle fluctuations. The loss function

of the policy constrained by the deficit to GDP criterion can be represented in the following way:

Bl =1 + Sou @ — i) (58)

where L7 = L; + d)dc?t and ¢4 > 0 and dfT < 0. The solution to the minimization problem of the loss
function L] constrained by structural equations and also the constraint on deficit to GDP gives us values for
the parameters ¢, and dfT. We present these values in Table 6 for two different values of the coefficient on
debt stabilization.

20



Table 6: The policy constrained by deficit to GDP criterion

Parameters of the augmented loss function

Ga | P " (%)
10~* | 0.0304 ~1.58
107° | 0.0219 —6

Values of the penalty coefficient on the deficit to GDP fluctuations are small in comparison with penalty
coeflicients associated with the variables present in the loss function. At the same time, deterministic component
of the constrained policy involves targeting surplus to GDP equal to 1.6%. The sensitivity analysis reveals that
parameters of the augmented loss function do depend on the chosen value of ¢,. However the general pattern of
the constrained policy is the same. The goal of complying with the deficit to GDP criterion is achieved rather
through deterministic component than the stabilization one.

Let us now check how the optimal policy constrained by deficit to GDP criterion affects compliance of the
monetary criteria. In T'able 7 we present the means and variances of all the Maastricht variables and also report
whether each of the criteria is satisfied (based on the inequalities (30)—(33)).

Table 7: Moments of the Maastricht variables
The policy constrained by deficit to GDP criterion
oy T R, Sy df, by
107* | mean (in %) | —4*107* | 21076 | -0.0447 | -0.0586 -3.6984
variance 0.5802 0.3951 23.7452 2.4352 582.6315
Pa T R, S, df; by
10=° | mean (in %) | —0.0001 0.0044 -0.0301 -0.4855 -30.6188
variance 0.5801 0.4030 23.0651 3.1624 1473.1135
criterion violated | violated | satisfied | satisfied | satisfied
note: Variances are multiplied by 1002 (in (%)?)

Although the effects of a nonzero target for deficit to GDP are quantitatively small we can see that a negative
target for deficit to GDP results in smaller discounted means of inflation, the nominal exchange rate and (by
definition) also of debt to GDP. On the other hand, mean of the nominal interest rate (and also of aggregate
output) increases as a result of the smaller means of revenue taxes (to be seen later when analyzing the impulse
responses). Moreover, a smaller variance in the deficit to GDP triggers smaller variances of the CPI inflation
and the nominal interest rate. At the same time, variance of the nominal exchange rate increases (this is in line
with a higher variance of aggregate output - to be later seen in the analysis of impulse responses).

In order to understand how the nature of the policy constrained by deficit to GDP criterion differs from the
optimal unconstrained policy, we analyze how both policies respond to the shocks. As previously, we concentrate

on impulse responses to a positive nontraded productivity shock.
[Figure(2) about here]

The policy constrained by fiscal criterion restricts fluctuations of deficit to GDP. Accordingly, the fiscal
component of the constrained policy has a more procyclical nature than the unconstrained policy, i.e. nontraded

taxes increase by less and at the same time home traded taxes decrease by more. Interestingly, the monetary
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policy component of the constrained policy is more contractionary than under the unconstrained policy. Nominal
interest rate decreases by less on impact than under the unconstrained policy leading to a smaller decline in debt
interest payments. As a result, deficit to GDP decreases by less (surplus to GDP increases by less) and so does
the debt to GDP. Moreover, the constrained policy is characterized by higher on impact nominal exchange rate
depreciation than under the unconstrained policy. This is consistent with a slightly higher aggregate output
(due to lower taxes). Finally, a higher nominal exchange rate depreciation leads to a higher on impact CPI

inflation under the constrained policy.

6.3.3 The optimal policy constrained by all the Maastricht criteria

Having analyzed the impact of monetary and fiscal criteria separately on the optimal policy, we turn to the
characterization of the optimal policy that complies at the same time with the monetary and fiscal criteria. In
particular, we analyze which criteria: put more constraints on the optimal policy.

Similarly to previous sections, we present the parameters of such a policy, its moments and also response of
the constrained policy to a positive nontraded productivity shock. Apart from that, we analyze welfare losses
associated with the constrained policy and compare them with the loss of the optimal unconstrained policy. We
also analyze which criteria: monetary or fiscal contribute the most to the generated loss under the constrained
policy.

The loss function of the policy constrained by fiscal criterion: deficit to GDP and the monetary criteria:

CPI inflation and the nominal interest rate can be represented in the following form:

B = L+ 0" — 0+ Son(R — R + Soaf” - i )

where ¢, >0, ¢ > 0, ¢gr > 0 and 7l <0, RT <0, df" < 0. Values of the parameters of such a constrained
policy are obtained from the solution to the minimization problem of the loss function (L$) constrained by the
structural equations and fiscal and monetary criteria. As can be seen in Table 8, penalty coefficients of all the
variables of interest are higher than under the policies that are only constrained by fiscal or monetary criteria.
This feature reflects conflicting targets of each of the constrained stabilization policies. As far as targets are
concerned we detect significant differences for deficit to GDP. As previously, we observe that although targets
of deficit to GDP and debt do depend on the chosen value of the coefficient ¢, values of the targets of the

monetary variables are not so much sensitive.

Table 8: The policy constrained by all the criteria
Parameters of the augmented loss function
g | x| Pr | P | 77 (in %) | RT (in %) | dfT (in %)
107* | 36 | 39 | 0.26 | -0.3601 -0.3684 -3.7143
107° | 38 | 39 | 0.06 | -0.2045 -0.1884 -20.5072

In Table 9 we show moments of the Maastricht variables under the optimal policy constrained by monetary
and fiscal criteria. As in the case of the policy constrained by monetary criteria, nominal variables have negative
means. Moreover, a negative target of deficit to GDP results in negative means of deficit to GDP and also debt
to GDP (the negative effect of deficit to GDP on the mean of debt to GDP is stronger than the positive effect of
CPI inflation and the nominal interest rate). Variances of the CPI inflation and the nominal interest rate are not

significantly higher than under the policy constrained only by monetary criteria. On the other hand, variance
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of deficit to GDP is much higher than under the policy constrained only by the fiscal criterion. Variance of the
nominal exchange rate is also a bit higher than under the policy constrained by monetary criteria.

Importantly, under chosen reinterpretation of the Maastricht criteria, the nominal exchange rate does not
satisfy the lower (appreciation) bound of the Maastricht criteria. As we know, nominal exchange rate movements
depend on the nominal interest rate behaviour through the uncovered interest rate parity. But since the nominal
exchange rate has a nonstationary character a smaller variance of the nominal interest rate actually increases
persistence of the nominal exchange rate movements (in the extreme situation when nominal interest rate does
not change the nominal exchange rate jumps to the new level on impact and does not change for subsequent
periods). As a result, variance of the nominal exchange rate can overvalue variability of the nominal exchange
rate. That is why, since the variance of the nominal interest rate is 6 times smaller under the constrained
optimal policy than under the unconstrained optimal policy, we assume that the nominal exchange rate criterion
is satisfied under the optimal policy constrained by all the criteria.

Table 9: Moments of the Maastricht variables
Optimal constrained policy

Pq Tt R, S, df by
10~* | mean (in %) | -0.1235 -0.1228 -12.2950 -1.0508 -53.6591
variance 0.1012 0.0629 20.7093 4.2714 520.4854

Pq Tt Ry St df, bt
10=° | mean (in %) | -0.0720 -0.0621 -7.3238 -3.7156 | -227.5543
variance 0.0852 0.0485 17.5175 11.7396 | 2178.8886
criterion satisfied | satisfied | satisfied®' | satisfied | satisfied

note: Variances are multiplied by 1002 (in (%)?)

Now we compare the impulse responses of the Maastricht variables to a positive nontraded productivity
shock under the policy constrained by all criteria with the unconstrained optimal policy. The fiscal component
of the constrained policy has a more countercyclical nature than the unconstrained policy in the first quarters,
i.e. taxes in the nontraded sector increase by more than under the unconstrained policy, while taxes in the
home traded sector decrease by less than under the unconstrained policy. This reflects a higher importance
of the monetary criteria over the fiscal criterion. Still, changes in taxes are not as pronounced as under the
policy constrained only by monetary criteria. That is why aggregate output increases by more and deficit to
GDP decreases by less than under the policy constrained only by monetary criteria. Finally, the monetary
component of the constrained policy features a contractionary behaviour as the policy constrained only by

monetary criteria, i.e. nominal interest rate increases on impact to prevent an increase in CPI inflation.
[Figure(4) about here]

Now, we analyze the welfare losses associated with each policy. In T'able 10 we report the expected discounted
welfare losses for the policies constrained by fiscal criterion alone, by monetary criteria alone and by all the
criteria. Importantly, values of the losses are not very much sensitive to the chosen value of debt stabilization
coeflicient.

3lin accordance with the discussion above.
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Compliance with the fiscal criterion does not induce substantial welfare losses. The welfare cost associated
with such a policy is equal to 0.15% of the optimal policy loss. On the other hand, compliance with the monetary
criteria generates additional welfare loss that amounts to 43% of the optimal policy loss. This result reflects the
fact fiscal policy performs relatively poorly as an additional stabilization tool. The welfare losses come mainly
from a higher variability of the domestic inflation rates. Obligation to satisfy both monetary and fiscal criteria
involves more welfare costs. An active use of revenue taxes is limited to meet the bound on deficit to GDP
variability. As a result, the policy constrained by monetary and fiscal criteria produces an additional welfare
cost equal to 60% of the optimal policy loss.

’ Table 10: Welfare losses for the unconstrained and constrained optimal policy

#? UOP | COP-deficit to GDP | COP-monetary criteria COP-all
0 6.6683 -
1074 | 6.7242 6.7310 9.5872 10.6250
107° | 6.6786 6.6877 9.4945 9.9510

note: Losses are multiplied by 100% (in (%)?)

7 Conclusions

This paper studies the optimal monetary and fiscal policy constrained by the Maastricht convergence criteria
in a small open economy exposed to domestic and external shocks. We develop a DSGE model of a small open
economy with nominal rigidities and distortionary taxation.

First, we characterize the optimal monetary and fiscal policy from a timeless perspective using the linear
quadratic approach. We find that the optimal monetary and fiscal policy (unconstrained policy) should not
only target inflation rates in the domestic sectors and aggregate output fluctuations but also domestic and
international terms of trade. Second, we analyze how the monetary and fiscal criteria affect the general prop-
erties of the optimal policy. We show that the policy constrained by the Maastricht criteria differs from the
unconstrained policy along two dimensions: the stochastic and deterministic one. As expected, the constrained
policy restricts fluctuations of the Maastricht variables. Moreover, using a precautionary motive such a policy
also changes deterministic targets of the Maastricht variables in order to create an additional buffer.

Finally, we also perform a numerical exercise in which we parameterize our model to match the variability
of the Czech Republic economy. We find that the optimal monetary and fiscal policy violates three Maastricht
convergence criteria: on the CPI inflation rate, the nominal interest rate and deficit to GDP ratio. Similarly
to Lipinska (2008) the constrained policy leads to a smaller variability of the CPI inflation and the nominal
interest rate. Moreover, the policy is characterized by a deflationary bias which results in targeting the CPI
inflation rate and the nominal interest rate that are lower by 1.3% (in annual terms) than the CPI inflation
rate and the nominal interest rate in the countries taken as a reference.

Importantly, the constrained policy induces a higher variability of deficit to GDP ratio than under the uncon-
strained policy. This reflects the fact that monetary criteria play a dominant role in affecting the stabilization
process of the constrained policy. Fiscal policy actively uses its instruments to stabilize the economy in the pres-
ence of direct constraints on monetary instruments. At the same time, it has to assign a relatively high surplus

to GDP ratio target in order to comply with all the criteria. Still, the welfare costs of the constrained policy are
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quite substantial and amount to 60% of the initial deadweight loss associated with the optimal unconstrained

policy.

8
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Figure 1: Impulse responses to a positive domestic nontraded productivity shock - unconstrained optimal policy
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Figure 2: Impulse responses to a positive domestic nontraded productivity shock - fiscal criterion
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10 Appendix B

10.1 The Convergence Criteria in the Maastricht Treaty

The Article 109j(1) of the Maastricht Treaty lays down the following monetary criteria as a prerequisite for
entering the EMU:

e the achievement of a high degree of price stability which means that a Member State (of the EU) has a
sustainable price performance and an average rate of inflation (the Consumer Price Index (CPI) inflation),
observed over a period of one year before the examination, which does not exceed that of the three best
performing Member States in terms of price stability by more than 1.5% points (the CPI inflation rate

criterion);

o the durability of the convergence ... reflected in the long term interest rate levels which means that, over
a period of one year before the examination, a Member State has an average nominal long-term interest
rate that does not exceed that of the three best performing Member States in terms of price stability by
more than 2% points (the nominal interest rate criterion);

e the observance of the normal fluctuation margins provided for by the Fxzchange Rate Mechanism of the
European Monetary System (£15% bound around the central parity), for at least two years, without

devaluing against the currency of any other Member State (the nominal exchange rate criterion).

Importantly, the Maastricht Treaty also imposes the criterion on the fiscal policy, i.e. the sustainability
of the government financial position which refers to a government budgetary position without an excessive
deficit (Article 104c(6) of the Maastricht Treaty). The treaty stipulates: The sustainability of the government
financial position will be apparent from having achieved a government budgetary position without a deficit that

1s excessive. In practice, the European Commission sets out two criteria:

e the annual government deficit: the ratio of the annual government deficit to gross domestic product
must not exceed 3% at the end of the proceeding financial year. If this is not the case, the ratio must
have declined substantially and continuously and reached a level close to 3% (interpretation in trend
terms according to Article 104(2)) or alternatively, must remain close to 3% while representing only an

exceptional and temporary excess

e government debt: the ratio of gross government debt to GDP must not exceed 60% at the end of the
preceding financial year. If this is not the case, the ratio must have sufficiently diminished and must be
approaching the reference value at a satisfactory pace (interpretation in trend terms according to Article
104(2)).

10.2 Data on EMU Accession Countries

We present figures and data regarding the EMU accession countries. All the data were collected from the
Eurostat database and the European Commission webpage.
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Figure B.1.: Total annual labour productivity growth in the EMU accession
countries and the EU 15 (annual rates in %) for the period 2000 - 2008. Values

for 2007 and 2008 are forecasts.

Table B.1: Structure of the EMU accession countries

countries share of nontradables in consumption* share of imports in GDP#
Czech Republic 42% 68%
Estonia 39% 86%
Hungary 44% 1%
Latvia 37% 55%
Lithuania 33% 58%
Poland 37% 35%
Slovenia 49% 59%
Slovakia 41% 78%
average in the EU - 15 51% 63%

note:

*— average value for the period 2000 - 2005; # — average value for the period 2000 - 2007
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Figure B.3: CPI inflation rates in the EMU accession countries since their
accession to the EU (annual rates in %)
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Figure B.4: EMU convergence criterion bond yields for the EMU accession

countries and the euro area in 2001 - 2006 (annual % rates)
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Figure B.5: EMU convergence criterion bond yields for the EMU accession

countries since their accession to the EU (annual rates in %)
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Figure B.6: Nominal exchange rate fluctuations vs. euro of the EMU accession
countries since the accession to the EU (average monthly changes since the EU

accession date)
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Figure B.7: Deficit to GDP ratio in the EMU Accession Countries in 2000 - 2005
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10.3 Characteristics of the model
10.3.1 Parameterization

We present values of the structural parameters and also values of the stochastic parameters chosen in the

numerical exercise.
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Table B.1: Structural parameters

The parameter definition value of the parameter
inverse of the intertemporal elasticity of substitution p 2
inverse of the labour supply elasticity n 4
discount factor Ié] 0.99
intratemporal elasticity between variety of the goods o 10
elasticity of substitution between home and foreign tradables | 6 1.5
elasticity of substitution between tradables and nontradables | ¢ 0.5
share of nontradables 1 0.42
degree of openness A 0.4
price rigidity in the nontradable sector an 0.85
price rigidity in the home tradable sector ap 0.8
steady state share of taxes in the nontradable sector TN 0.19
steady state share of taxes in the tradable sector TH 0.19
steady state share of government expenditure in GDP dg 0.2
steady state debt to GDP ratio bp 1.6
Foreign economy:
steady state share of government expenditure in GDP dg, 0.2
share of nontradables w* 0.6
steady state debt to GDP ratio b 24
Table B.2: Stochastic environment ‘
shocks autoregressive parameter | standard deviation (in %)
nontradable productivity (An) 0.85 1.6
tradable productivity (Agm) 0.85 1.8
preference (B) 0.95 0.72
foreign consumption (C*) 0.85 0.23
government expenditure (G) 0.8 2
corr(g Nt EH,t) = 0.7 where corr - correlation coefficient

Note: The policy rule is calibrated following Natalucci and Ravenna (2007): R, =09R, 1+ 0.1(7: +0.2Y; +
O.3§t) +Egr,i, where SD(Eg,) = 0.44.

39



Table B.3: Matching the moments

Statistics

Standard deviation in % | Model | Historical
Output: 1.79 1.68
nontraded sector 1.77 1.56
traded sector 3.25 4.32
Consumption 2.08 1.93
Nominal interest rate 0.51 0.52
Nominal exchange rate 2.83 2.59
Real exchange rate 2.36 3.62
CPI inflation rate: 0.81 0.91
nontraded sector 0.58 0.97
traded sector 0.92 0.74

Note: The model moments are theoretical. As far as the historical statistics are concerned our data sample
for the Czech Republic is 1995:1 - 2006:2. CPI inflation rate in the traded and nontraded sector data sample
is 2000:1 - 2006:2. All series are logged (except for interest and inflation rates) and Hodrick - Prescott filtered.
Rates of change are quarterly. All data were collected from the Eurostat webpage. Data are seasonally adjusted
where appropriate. We present the detailed data series. Output: Gross value added (GVA) at 1995 constant
prices in national currency. Traded output is an aggregate of sectoral GVA for: Agriculture; Hunting; Forestry
and Fishing; Total industry (excluding construction). Nontraded output is an aggregate of sectoral GVA
for: Wholesale and retail trade, repair of motor vehicles, motorcycles and personal household goods; Hotels
and restaurants; Transport, storage and communication; Financial intermediation, real estate, renting and
business activities. Consumption: Final consumption expenditure of households at 1995 constant prices in
national currency. Nominal interest rate: three months T - bill interest rate. Nominal exchange rate: Bilateral
Koruny/euro exchange rate (quarterly average). Real exchange rate: CPI based real effective exchange rate (6
trading partners, quarterly average). CPI inflation rate: Harmonised Index of Consumer Prices (HICP). CPI
inflation rate in the nontraded sector: HICP - Services. CPI inflation in the traded sector: HICP - Goods.

10.3.2 Steady state characterization

We define a deterministic steady state with zero inflation rate. We present a small open economy as the limiting
case of a two country model, i.e. n =0 and v = 1 — \. All variables in the steady state are denoted with a bar.
All the shocks take the constant values, in particular: Ay = Ay = 1, B = 1.32 The discount factors are:

Qtot = Q;,t = Bt_to (60)

We assume that the the levels of debt to GDP ratio in both domestic and foreign economy (dg, dg) are
exogenously given. We characterise the steady state with optimal tax rates, i.e. tax rates that maximise welfare
given an exogenous level of debt to GDP ratio. Foreign variables are taken as given.

The optimal tax rates in our small open economy can be derived from the following constrained optimization

problem:

32Foreign consumption is derived from the steady state relations of the foreign economy.
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subject to:

e goods’ market clearing conditions:

Yy =pn “u(C+G), (62)
Vi =5 57 (1 - V(1 — p)([C + ) + M1 — 1" )pr RS i’ (C7 + G), (63)
e relative prices:
1= pupn'"% + (1 - wpr' 7, (64)
1=1-Npa? +3p5 "RBS Y, (65)
e risk sharing condition:
C*=RS'C-", (66)
e labour market clearing:
. g 1 — s\ =P
= Yn +Yy)'CT, 67
P = ="+ Va) (67)
_ o — | o\ AP
PH = —(Yn +Yw)"C", (68)

c—11—-7x
where domestic real wage is equal to the marginal rate of substitution between labour and consumption,
ie. w=(Yy+ ﬁ)"ép.

a 1

One can define the markups in both sectors: iy = -%5 171T—N; Ry = 55310

3

e government budget constraint:

(B~ = Dbp(PNYN +PaYH) = TNPNYN + TaPHYH — dGY - (69)

Similarly, we present the constrained maximisation problem that solves for the foreign variables:

__max U -V(TF) (70)
C Y5 YE T Ti PP
subject to:
v T*d’ * (M Vx a3
Yi=py w(C*+GY), ()
x N d e ari
Yi =0 —p)pp (C*+G¥), 2)
w5 1—¢ N4
L=ppy +Q—-p py (73)
_ o 1 v om0 A
o —  (Yr+YX)"C* &
PN J—ll—T}kv(N—i_ P 7 i
_ o [ e o
A S o 3 VTox 75
PF 0_11_7_;(1\7+ ) , (75)
(57 = Db GRTE + PEVE) = TRPAYR + TEPEYR - diC 7
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Note that for calibration purposes we derive a steady state in which tax rates are equal in both sectors. The
steady state values of domestic variables (C, Yy, Yw, DN, b, b7, RS, 7) are a solution to the following system

of equations:

Yy =pn *u(C +G)

R - — — - ——  —
Vi =5 (1= V(1 — 1)(C + G) + A1 — 1o RS v’ *(C* + G7)
1=pupn'%+ (1 - ppr'=

1=(1-\Npr 0+ "R’

c"=RS -

PN = =2 2= (Y + Vi)"C”

P = =25 2= (Y + Yi)1C”

(87" = 1)bp(PNYN + PuYn) = TNPNYN + THPEYH — dGY .

10.3.3 A loglinearized version of the model

We present a system of the equilibrium conditions for the small open economy in the loglinear form, which is
derived through the first-order approximation around the deterministic steady state with zero inflation described
above. Here, we characterize the dynamic features of this model where the variables with a hat stand for the log
deviations from the steady state. Variables with an asterisk represent the foreign equivalents of the domestic
variables.

The supply-side of the economy is given by two Phillips curves, one for the nontraded and one for the

domestic traded sector, respectively, which are derived from (18):

TNt = kn (pCy + 1Ly — A\N,t — pB; — PNt +WNTNE) + BTN 41, (78)
Tt = ku (Pét + let - A\H,t - Pét — Dy FWHTH) + BT H 141 (79)
where Py = ln(Pgt’t), PHt = ln(Pgt’t), TNt = ln(Pi{\;’il), THt = ln(Pii’il), kn = w, kp =
w, wN = 11%, wy = 1:7’;'7 and aggregate labour supply (L;) is defined through the labour
market clearing condition ((11), (17)):
Ly = dyy (?N,t - jN,zt) + dy, (?H,t - gH,t% (80)
where dy, = ?J/ﬁ, dy, = 7NY+H?H are steady state ratios.

It is worth underlining that inflation dynamics in both domestic sectors do not only depend on the real
marginal costs in a given sector, but also on the relative prices of goods. In particular, a higher relative price
of goods in one sector in relation to other goods induces a substitution away effect and leads to deflationary
pressures in this sector.

The demand side of the small open economy is represented by the market clearing conditions in both
nontraded and domestic traded sectors ((8), (9)):

?N,t =denC — ODN: + danGh, (81)

}/}H,t = dCHét - eﬁH,t + b(d) — Q)dCHj:’td + (1 — dH)Gé;\S’t + dC*HC\Z + b*(¢ - H)dC*Hftd* + dGHét (82)
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¢, C _——¢, G _ T ——0-6— _ O ——0pal =t~
where doy = DN ¢MZ%7 dgn = PN ¢M%, dowm = (1—)\E—M)%p1{ P dor = M1—p )%pH YRS p
deg = (1-X2)(1 —u)%ﬁj_fﬁg{‘ﬁ, b= p(pN)t=?, b* = p*(py)'~? are steady state ratios. Additionally, we define
aggregate output as the sum of sector outputs:

Yi =dynOnt+Ynt) +dvaDue + Yae), (83)
where dy y = @ and dy g = ﬁ? are steady state ratios.

The complete asset market assumption (15) gives us the following risk sharing condition:
~ n 1~ ~r D
Ct = Bt + ;RSt + Ct - Bt . (84)

From the definition of price indices ((5), (6)), we obtain the following relations between relative prices, terms
of trade, domestic terms of trade and real exchange rate:

(a — Dppy = lﬂ/? + aﬁS\’t - b*ai‘i\*7 (85)
pne = (1-b)T¢, (86)
Py = —bT¢ — o, (87)

)Y

where a = A ( is the steady state ratio. We also derive the laws of motion for the international terms

pT
of trade and the domestic terms of trade from their definitions:
Ty = (Rpy + AS) =7y + Tia, (88)
T = TNe— Tt T, (89)

with T, = ln(%), Ty = ln(PI;i’il) and AS, = S, — §,_;. Tradable inflation (7r¢) can be represented as:

g =T+ ol — Tioa). (90)
Dynamics of the government debt can be derived through the loglinerization of equation (23):

~ 1

dy = B(&\tfl + R - ) — dsr(ﬁt + 87¢)
where dg,. = %‘}7 and real primary surplus (87;) evolves according to the loglinearised version of equation
(21):
5Ty = Sy (TNt + DNt +YNe) + Sry (TH + DHt + YH:) — 506Gy
where s, = @; Sy = % and sg = g

Subsequently, an intertemporal government solvency condition has a following form:

cft,l — T — p@ + pﬁt =(1- B)(—p@ + p§t +57m) + BEt(tZs — 41 — P@H + P§t+1) (91)
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Additionally, we present equations defining monetary and fiscal variables that are constrained by the Maas-
tricht criteria: the CPI inflation rate (7;), the nominal interest rate (R;) the nominal exchange rate (S;), deficit
to GDP ratio (df;) and debt to GDP ratio (br;). First, the nominal interest rate can be derived from the

loglinearized version of the Euler condition (14):

Ry = p(Cis1 — Bs1) — p(Cy — By) + Fea, (92)

where 7; = In( Pil ). CPT aggregate inflation is a weighted sum of the sector inflation rates:

Fo= b+ (1 —a)(1—b)Fpe +a(l —b)Fg, +a(l —b)(S, — Si—1). (93)

Notice that CPI aggregate inflation does not only depend on the domestic sector inflation rates, but also on
the foreign traded inflation rate and changes in the nominal exchange rate. For example, a nominal exchange
rate depreciation puts an upward pressure on the CPI inflation rate.

The nominal exchange rate can be derived from the definition of the real exchange rate:

Sy =8,_1+7 — 7 + RS, — RS;_. (94)

The law of motion of the nominal exchange rate depends on the real exchange rate fluctuations and differences
in the aggregate inflation rates between the home and the foreign economy. Additionally, by combining the
international risk sharing condition (84) and Euler conditions for the domestic and foreign economy (92), we

obtain a relation between the nominal interest rate and the nominal exchange rate:

Si =R} — R+ Sp41.

This equation represents a version of the uncovered interest rate parity, which implies that changes in the
nominal exchange rate result from differences between the domestic and foreign monetary policy. Let us point
out that although very intuitive, this equation does not constitute an independent equilibrium condition.

Deficit to GDP ratio depends on primary surplus and interest rate payments on debt:

éi:ll Wt(Rt,1 — 1) — STt
Y, .

From definition steady state ratio of deficit to GDP ratio is zero. Therefore the loglinearised version of the

dfy =

above equation is:

~ d ~ d d 57
d ::1_ df :1_ T :Rf_:/\, 95
If ¢ Y( B)d; 1+Y( B>7Tt+BY t—1 YSTt (95)
where &}t = dfy.
Finally, debt to GDP evolves according to the following equation:
bri =dy — Yy — Ry. (96)

The system is closed by specifying a monetary and fiscal rule. In this paper, we derive the optimal monetary
and fiscal policy rule which maximizes welfare of the society subject to the structural equations of the economy.
The optimal rule is specified as a rule where the monetary and fiscal authority stabilizes the target variables in

order to minimize the welfare loss of society and provide the most efficient allocation.??

33 Giannoni and Woodford (2003) call these type of rules flexible inflation targeting rules.
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Summlng up, the dynamics of the small _open economy are summarized by the following variables, T ¢,
7TH N2) Ct7 Lta YH s YN s pN ts pH i }/157 RSt7 Tt ) Tta St7 Tt, Rt7 TN,t» 7—I'I ,ty dta dft7 b’rt which are determined by
equations (78)—(96), given the evolution of the stochastic shocks A Nt AH s Bt, Gt and the foreign variables

* d* ok o~x 34
to Tt y Tty 7TF,t'

11 Appendix C

11.1 Quadratic representation of the optimal loss function
11.1.1 The second order approximation of the welfare function
We present a second order approximation to the welfare function (1):
_ > 1 ~
Wiy = UcOEy, Y B 2401 — 5012, — 01266 + tip + O(3) (97)
t=to

~ -~ ~ ~ -~ -~ ~ ~ ~
where U, = [ C: Yni Yu: 7Nt Twi ];ft = [ Ant Ap: Be Cf Gy };tip stands for terms
independent of policy and O(3) includes terms that are of order higher than the second in the deviations of
variables from their steady state values. The matrices z,, Z,, Z¢ are defined below:

Z; = [ 1 —SCYN —SCYy 0 O :| y (98)
p—1 0 0 0 0
0 soyy (L+ndyy)  nsovydyy, 0 0
Zy = 0 NSCYN dYH SCYy (1 + ndyH) 0 0 s (99)
0 0 0 SCYn ﬁ 0
0 0 0 0 SCYu 1y
0 0 —» 0
—sovy (L+ndyy)  —nsovydyy 0 0
Zg = —NSCcyy dYH —SCYy (1 + UdyH) 0 0 (100)
0 0 0 0
0 0 0 0
where s =2 g — @Y
CYN C CYy C

11.1.2 Elimination of the linear terms

This section describes in detail how we eliminate the linear terms in the second order approximation to the
welfare function in order to obtain a quadratic loss function. Moreover we reduce the number of structural
variables that represent the policy problem by appropriate substitutions.

The optimal monetary and fiscal policy solves the welfare maximization problem with the constraints given by
the structural equations of the economy (their loglinearized versions are (78) - (91)). The matrix representation

of the second order approximation to the welfare function is the following:

*

34For simplicity, we choose to consider only one type of external shocks, foreign consumption shocks (6;) As a result, ftd* , Tt

7+ are assumed to be zero. Moreover, all shocks follow an AR(1) process with normally distributed innovations.
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_ > o1, .
W =UcCE,, Z B2l 3y — §z;Z$:ct — T, Z¢&,) + tip+ O(3). (101)

t=to

Similarly we present a second order approximation to all the structural equations in the matrix form:

A &/ B, 7/ Ch€,
ad Aoy 1| &/Byi 7 Oy,

B 3l B g | | RS o) =0 (102)
P .
A14Ty Ty B1ufy 7/ Caé,

with

-~ ~

xt:{yt Ly C. Yni Yu: Pyt Dop Ttd Ty RS; AS: Tu: TNt Trt TN ?H,t}» (103)

~ ~ ~ ~ ~ ~
& = AN,t AH,t B, C; G ]
where tip means terms independent of policy.

Following the methodology of Benigno and Woodford (2005) in order to eliminate the linear terms in the
welfare function we solve the system of linear equations:

(A =z, (104)
where A(14><16) =

C(1><14):{C1 Co C3 G4 C5 G Cr Cs Co Cio Ci1 Ci2 Ciz Cua andzr(16><1)~

As a result we obtain the loss function:

_ > 1~ )
Ly = UcCEy, Y 7" (5T Loy + T Le&y] + tip + O(3) (105)
t=to
where
Ly = Zy+(B1i+(eBa+ 4By + (6Bs + 9By + C19B10 + C11B11 + (19 B2 + (13813 + (14 B14, (106)
Lg = ZE + ClCI + CQCQ + C4C4 + CGCG + §13013 + §14014. (107)

11.1.3 Substitution of the variables

We want to represent the loss function (105) and also the whole model just in terms of the following variables:

~ > d - -~ ~ ~ ~ ~ ~
=Y Tf T, AS; Tur Tne Tre TNt TH,t} (108)

In order to do this we define matrices N, (16x9) and Ng(14x6) that map all the variables in the vector Y in
the following way:
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(109)

~

N7, + NE&,

T =

where:

(111)

lah ZB 0 lG

lan

ca

cB
ynb 0 yng

0
0

yhb 0 yhg

0

—
S
Ll
\aml
Z
r
R I I I I I R Y R R R R R i —
S I < A < N - = I I I I I I N A e =
S < < A < N I - I = I I I I - =
SR I I I I I I N N N - ==
I I I I I I I N N ===
S I < A < N I - = I I N I = =l =R =R
= = ey s
o X VT g8 Lo o~ »" o oo oo o
> > =4 =
TV TS =
OMMMMMMIOL&OOOOOO
~ QO
S D &S &
> >
— 2 Efo0co0o0c0co0o0 o oo0oo
> >
L
|
=

with parameters defined below:
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pntd
phtd
pht
rstd
rst
yhe
cy
cB
e
ct

ctd

yny
yntd
ynb
yng
ynt
yhy
yhtd
yht

yhb

yhg
ltd
It
lan
lab
Ip
la

ly

1—a
deg +do~m
1
dy Nden + dy pyhe
cyde-mgdy

—cy (dyndagn + dyndam)
1
Cy(adYH(l — 9) — dYH(l — dH)0(1 — a) =+ ;dYHdC*H(l — a))
Cy(dy]\r(l — b)(¢ — 1) + deH(l — 9) + b(@ — ¢)deYH +
1
+(1 — dH)GdYHb — dc*H;dYHb)
cydon
denetd — ¢ (1 —b)
dCNCb
dan +doneg
donct
1 —dynyyny
dyy

_dYNy?’Ltd — (dYN(l — b) — deH)
dyn

d
fﬂynt +a
dyu
dyn
———ynb
dYHy
DN
dym

CTYN * yntd + JYH * yhtd

jYN *ynt—i—&}H * yht

E[YN * ynb + CA{YH * yhb
dy N * yng + dy i * yhg
JYN *Yny + JYH * yhy

The loss function can be expressed now as:
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_ R | N ~ )
Ly, = UcCEy, Y B[S LyG + HiLewll] +tip + O(3) (141)
t=to

where:

L, = N,L,N,, (142)
Ley, = N,LyN¢+ N,Le. (143)

Since variables [AS;, w1 ;] do not appear in the original welfare objective function and in the second order

terms of the structural equations we can further reduce the set of the variables which appear in the loss function

to:
Bo=| Ve T¢ T, Rme Fne Tae Taa |- (144)
The final set of the structural equations which represent the constraints of the maximization problem is:
Tne = knmey” + BTN .1, (145)
Fag = kume; "+ B, (146)
0= ’rly}/}t + anftd + nTYA} + ngét + ngét — 6:, (147)
Td T =Fns— 7w —alli — Tiy) (148)
dic1 = fraTne+ fraTae + SV + fraDl + frT+ fragn Ty + frooTe + frooTeo1 + (149)
Ffan TNt + Fru Tt + Frnin TN01 + Frgon TH 41 + Bde + (150)
+fcét + fBEt + fc* at* — fc*(+1)a;+1 (151)
where:
77/7,\015\]’7. = mN7yi>t + mN7de:'td + mN7T7A} + mN)TN?Nﬂg + (152)
+my Ay ANt +F MmN AL A\H,t + mN,BEt + mN,G@t (153)
’n/%\CtH’r = mHyy}//\;g + mH7Tthd + mH,TYA} + mHJH?H,t + (154)
JFmH,ANA\N,t +my Ay A\H,t + mH,BEt + mH,Gét (155)
with:
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mNy =
mN7Td =
myrT =
mNﬂ'N -
MmN Ay =
MmN Ay =
mNB =

mN.Gc =

mpy =
Myrd =
mprT =
MH Ty -
M Ay =
MmH Ay —
myg,B =

mpGc =

ny

Nd

nr
np

ng

cyp+lyn

p * ctd + n x ltd — pntd
pxct+nxlt

WN

—(L+n*dyn)
—ndyn
px(cg—1)+nx*lb
pea +nla

cyp+lyn

p * ctd + n x ltd — phtd
p*ct+nxlt— pht
wH

—ndyN
~(1+n*dyn)
px(cg—1)+nx*lp
pea +nla

= CY

1
= ctd — —rstd
P

1

= ct— —rst
P

= ¢b-1

= Cg
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fru
fru

Iy
fra
de<+1)
fr
Jran
fren
E
fru

f'”N(Jrl)

fTrH(+1)

fa
fB
fo-

fo-en

SraYny + s-,yhy)
Srx (yny + pntd) + s., (yhy + phtd)) + Brstd

—_— o~

(L= B)(sryyny + srp, (yhy + pht) + a(1 — b)(1 + B)) + Brst
B(a(l —b) + rst)
—a(l—10)

b

(1-b)

b

B(1-1b)

(1= B)(sryyng + s-yyhg)
(1= B)(sryynb + sy, yhb)
pb

—pp

Structural equations defining the Maastricht variables:

Ry =bFn a1+ (1= b)Fm 41— p(1—cb)(Beyr — Br) + p(Yera = Yo) + petd(Te,, = T + (pet + (1= b)) (T2 — Ty),

7 =bang + (1= b)Fme +a(l —b)(Ty — Ti_1),

gt = §t—1 + %t + TStd(ﬁd — ﬁd_l) + ’I“St(j:’t - ft_l),

@ct = ddc/l\t—l +d(bnt+ (1 =0Ty +a(l — b)(ft - ft—l)) + dREt—l +

+dopr(STr TN+ STryTHE + serTtd + srpTy + sryYy + srp B + sraGh),

bri = dy = Y: — Ry,

where the parameters are defined below:
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(193)

(194)

(195)

(196)
(197)

(198)



d
d - = 1 -
. = La-p)
dr. = E(l B) (199)
Y
in = s (200)
A
ST
dsy = —= 201
( : (201)
srpa = Sy (pntd + yntd) + sr,, (phtd + yhtd) (202)
srr = Sryynt + sr,, (pht + yht) (203)
STy = Seayny + Sr,yhy (204)
srg = Sryynb+ sy, yhb (205)
srq = Sryyng + sryyhg — sa (206)

11.2 Reinterpretation of the Maastricht convergence criteria

We show how to reinterpret each of the Maastricht criteria in order to be able to use the method of Rotemberg
and Woodford (1997, 1999).

11.2.1 Exchange rate criterion

We reinterpret the criterion on the nominal exchange rate (32) into two inequalities given below:?

E (3;) — k% SD(S,) > —15%, (207)

E (@) +k*SD(S) < 15%. (208)

where k is large enough to prevent from violating the criterion (32) and SD refers to the standard deviation
statistic.
These two inequalities can be represented as the following two sets of inequalities (to conform with the

welfare measure we use discounted statistics):

(1=B)E, i B! (§t - (—15%)) >0
00 7 . 2 (209)
(1— B)Ey, Zﬁt (8- (=15%) <K ((1-B)E, Zﬂt (5- (_15%))> |
(1= B)Ey, iﬁt (15% - 5,) <0
- (210)

0 ! oo 2
-, 3 (19050 < - i, 3o (190 5))

t=to t=to
where K = 1+ k~2.

35 F stands for the expectation operator and SD stands for the standard deviation operator.
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11.2.2 Inflation criterion

We redefine the condition (30). We assume that the average inflation in the domestic economy should be at

least k standard deviations smaller than the average inflation in the foreign economy plus a margin summarized
by By (where B, = /1,015 —1):
E(7) < E(7;) + Br — kSD(7) (211)

where 7y, T, are treated as deviations from the zero inflation steady state in the domestic economy and
the foreign one accordingly (i.e. @ = 7" = 0) and k large enough to prevent from violating criterion (30). We

assume that the foreign economy is in the steady state so 7y = 0 V. As a result our restriction (211) becomes:

E(#,) < Br — kSD(®,). (212)

Since B, is a constant we can use the following property of the variance: Var(w;) = Var(B, — 7). Our

restriction becomes:

kSD(By — 7y) < E(By — 7). (213)

This restriction can be represented as a set of two restrictions:

(1= B)Ey, > B (Br —m) 20, (214)

t=to

&S] 00 2
(1=B)E, Y B (Br—7) < K ((1 ~B)Es, Y B (Bx — m) : (215)

t=to t=to

11.2.3 Nominal interest rate criterion

Similarly to the criterion on the CPI aggregate inflation we interpret the inequality (31):

E(R)) < E(R}) + Cr — kSD(R,) (216)

where k is large enough to prevent from frequent violating the criterion (31) and Cr = /1,02 — 1.
As in the case of the foreign inflation we assume that ]?E;‘ = 0 V¢. So the restriction (216) becomes:

kSD(Cr — R,) < E(Cr — Ry). (217)

This inequality can be represented as a set of two inequalities:

(1—B)E, i e (CR - f%t) >0, (218)

t=to

o 0o 2
(1-9E, Y 6 (Cr—R) <K ((1 - BB > B (Cr - fzt)> . (219)

t=to t=to
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11.2.4 Deficit to GDP criterion

Finally we interpret the inequality (33) that summarizes deficit to GDP criterion:

E(Cth) < Far — kSD(‘ift) (220)

where k is large enough to prevent from frequent violating the criterion (33) and Fyr = 3%.

Subsequently, this inequality can be represented as a set of two inequalities:

(1=B)Ey, > B (Fdf - c?ft) >0, (221)
t=to
oo .2 ) R 2
(1 -B)E, > 8 (Fy—d,) <K ((1 ~ BB, Y 8" (Fu - dft)> : (222)
t=to t=to

11.3 The constrained loss function

We provide the proof of the Proposition 1 stated in the main text. Since all the sets of the constraints have a
similar structure the proof concerns the optimal monetary policy with only one constraint on the CPI inflation
rate. The proof is based on the proof of Proposition 6.9 in Woodford (2003).

Proposition 2 Consider the problem of minimizing an expected discounted sum of quadratic losses:

Ey, {(1 8> 6%} (223)

t=to

subject to (36) - (37). Let my , mar be the discounted average values of (By — 7t) and (B — 7t)? associated
with the optimal policy. Then the optimal policy also minimizes a modified discounted loss criterion of the form
(223) with Ly replaced by:

Li =L+ ®.(x" —7,)? (224)

under constraints represented by the structural equations. Importantly ®, > 0 and takes strictly positive value
if and only if the constraint (37) binds. Moreover if the constraint (37) binds the corresponding target value %
s negative and given by the following relation:

7 = By — Kmi , <0. (225)

Proof. Let my . and mg . be the discounted average values of (B —m;) and (Br — 7rt)2 associated with the
policy that solves the constrained optimization problem stated in the corollary. Let mj . and mj . be the
values of these moments for the policy that minimizes (223) without additional constraints. Notice that since
mj . = By the constraint (36) does not bind.*® We identify the deterministic component of policy, i.e. m;  and
also the stabilization component of policy which is: mg »— (mlm)z. Moreover we also conclude that m; . > miﬁ
since there is no advantage from choosing m; . such that: m; . < miﬂ - both constraints set only the lower
bound on the value of m; , for any value of the stabilization component of policy. If one chooses m; , such
that: mjy . > mj . then one can relax the constraint (37). So my , > mj ;. Based on the above discussion we
formulate two alternative constraints to the constraints (36, 37):

(1=B)Eo Y B" (Br — &) > ma r, (226)
t=0

36 Means of all the variables under the unconstrained optimal policy are zero.
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(1=B)Ey > _ B (Br —7)* < man (227)

t=0
Observe that any policy that satisfies the above constraints satisfies also the weaker constraints: (36, 37). Now
we take advantage of the Kuhn — Tucker theorem: the policy that minimizes (223) subject to (226, 227) also

minimizes the following loss criterion:
Lo {(1 - B) ZﬂtLt} = 11, Eo {(1 -8B (Bx - ﬁ)} +
t=0 t=0
o B { )Y B (Br —7) } (228)
t=0

where pi; . and p, . are the Lagrange multipliers which are nonnegative. If (37) binds then we obtain the

following relation between the multipliers:
i = 2Km17ﬂu’2,7r (229)

since mg = Kmj .
Rearranging the terms in (228) we can define the new loss function as:

2

7 ~ H m

Ly =Ly + pig o <(B7r — ) — 72;’ ) (230)
2,

where the final term appears only when f, . > 0. Therefore & = . > 0 and takes a strictly positive value
only if (37) binds. Moreover for ®, > 0 we have that:

ler

T
= B, —
2/1’271'

= B, — Kmy . (231)

Notice that the target value for the CPI inflation is negative (since K > 1 and my . > By):

T =By — Kmi, <0. (232)

11.4 Unconstrained optimal monetary and fiscal policy

We derive the first order conditions for the unconstrained optimal monetary and fiscal policy.

~ 1 ~ ~,
min Ly, = UCCEjﬁt D2, (Y, - Y1) + @Td(T — TATY? +§<I>T(Tt—TtT)2+ (233)
t=to

1 = =" 1 . R ~ o~ ~ i~
5¢’m (T — T%,t)Q + Q‘bm (THt — le;,t)2 + Py ra Y I+ Oy Vi Ty + @papT{ T, +  (234)
+/7:N t(‘I)YTN?t + ¢TTNﬁ + @Tderd) + ?H,t(‘I)YTH?t + ¢T7Hft + <I>Td'rH,—ftd) + (235)

+5 q)ﬂ'Nﬂ—Nt—i_ (I)WHWHt]"’—mp""O() (236)

subject to :
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R . . N R ~ ~ . N R
ANt = kn(myyYitmy pa T Amy T+ my 2 TN+ MN Ay AN +MN, Ay Al tmn BBi+mn Gy ) +8T N 141,

(237)

R . . . R . ~ . N R
T = ka(muyYitmyg pa T Amu o TiAmp 7, Ta et me Ay AN+ mm Ay Arcme BBi+mu gGy)+ BT 41,

é; = nyﬁ =+ anftd + nTﬁ + nBEt + ntt,

~

P R R PN
T =Tf ) =7ne —7Tae —a(Ty — Ti—1),

dic1 = fonTNt+ fruTHL T Y+ deﬁd + frTh + de(H)fﬁH + fraoTogr + frenTig +
+fﬂ'N/ﬂ:N,t + fﬂH%H,t + fTrN(+1)/7%N,t+1 + f7TH(+1)§T\H,t+1 + 5&; +

+/aGy + f3Bi + fo- at* — foren at*+1

First order conditions of the minimization problem:

o Wrt Ty
~ -1
0=, 7N+ Y1t — Vip—1 — Va — f7m’Y5,t -p fwmﬂﬂs,t—lv
o wrt Tyt :
~ —1
0=Pr,Tre+ Yo —Vou-1 T Vay — SeuVse =B Jrmen V515
o wrt }Aft :
0 = Oy (Y, = Y") + Oyrady + OyrTy — knmny i,
*kaH,Y’th —NyY3: — fY’Y5,ta
o wrt ftd :
~ ~ T ~ ~
0 = Ppa (Ttd - Ttd )+ @rpaTy + @ypals — kNmN,Td’Yl,t - kaH,Td72,t
-1
—nraYse + Var — BYVaer — Fravse — B fragn¥s—1
e wrt f’t :
0 = Op(Ty —TF) + Oppa T + Dy 1Y, — kEnmy Y1 — kHmMET Y24
-1
—NTY34 T V4 — ﬂa’Y4,t+1 - fT’Ys,t - p de(ﬂ)’Ys,tq - ﬁfT(*l)’YB,tJrl’
o Wwrt c?t :

0=—B75++BY11,

56

(238)

(239)

(240)

(241)
(242)
(243)

(244)

(245)

(246)
(247)

(248)
(249)

(250)
(251)

(252)



o wrt Tay:

0 = ®ry(Frny—Tay) + Oyry Yy + Opp Ty + Bpa, T + (253)
—kNN Y1 = S Vs (254)
o Wrt Tpy:
0 = (DTH(?HJ _?E,t) +¢YTH2+¢TTHﬁ+¢TdTHﬁd+ (255)
—KHMH Y20 = JraVse (256)

11.5 Constrained optimal monetary and fiscal policy

We derive the first order conditions for the optimal policy that satisfies the additional criteria on the nominal
interest, the CPI aggregate inflation and deficit to GDP ratio.

e N P 1 PN 1.~
minLi, = UcC Y A7 50, (Y = Y1)+ S @pa(Tf = ) + S @r (T, = T) + (257)
t=to

1 _ . 1 _ - S A S PP

58w v = TN 58y (Frs = 7)o+ QyraVi T+ Oyr Vil + Qg T+ (258)

TN By Vi + Prr Ty 4 Prar T + T e (Pyryy Yo + By Ty + Ppan, T+ (259)
1 - 1 R

+§®7TN7T?V,I‘, + iq)ﬂHﬂz,t + (260)
1 N 1 ~ 1 .

+§¢,r(7rT — )+ 5z;SR(RT —R)*+ 5gbdf(dfT — dfy)?] + tip + O(3) (261)

subject to :

R N . N R N N N N R
ange = kn(myyYi+my pa T Amy o TiAmy 7 TN+ Ay AN N, Ay A cmn BBi+mn gGy) + 87 N 141,
(262)

R N . N R N N N N R
T = ku(muyYitmy pa T Amu o TiAmuy 7y Taormp ay AN +ma g Agcmu sBi+mp gGy) + 07 41,

(263)

Ct =nyY; + npa T + 07T, + npB, + npBy, (264)

T - T8, =7ne — 7w — o(Ty — Tiov), (265)

dior = foxTNg+ FrnTre + fy Yo+ fraTe + frTe+ fpagn Taa + from T + frenTio +  (266)
+f7TN%N,t + f‘n’H%H,t + fTrN(+1)%N7t+l + f7TH(+1)%H,t+1 + /Bdt + (267)

+fGét + fBét + fo- at* - f0*<+1>6f+1 (268)
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T =0Ty + (1= 0Ty +a(l —b)(Ty — Ty_1),

(269)

Ry = by a1+ (L= 0)T a1 — p(1— cb)(Bisr — By) + p(Yirs — Vo) + petd(T,, — T + (pet +a(1— b)) (Tpar — 1),

df, = dadi_1 +de(bFns + (1= D)Fgs +a(l —b)(Ty — Ty—1)) + dgRi_1 +

N N ~ ~ ~ ~ ~
+dsr (STrn TN + STryTH + STy + sy + sryYy + srpBy + sraGy),

First order conditions of the minimization problem:

o wrt T :
0 = @ TNt + Y1~ Vie—1 — V4, — wa’75,t - 5_1f7w(+1)75,t71
*b’YG,t - /B_lb’Ym - bdw’Y&ta
o wrt Ty :
0 = ‘I’mﬂ?H,t T Y26 — Vo1 T Var — frrH’Y5,t - 571wa(+1)75,t—1
—(1=b)v, — A1 - b)v7: — (1 = b)days s
o wrt }Aft :
0 = Oy (Y, — YD)+ ®ypalf + OyrT, — knmnyi1 ¢
~kgmuyys, —nyvse — [y Vs +
01— PB T Ve 1 — dsrsTy s g
o wrt ﬁd :
~ ~ T ~ ~
0 = Ppa (Ttd - Ttd )+ @rpaTy + @ypals — ImeN,Td’Yl,t - ]meH,Td’th
—NrdYa T Va — 574,t+1 - de’Ys,t - Bilde(+1)75,t71
+pctdy, , — B_IPCtd%,tq — dsrSTTaYs 1
® Wrt ft :
0 = Op(Ty —TF) + OppaT + ByrY; — knmy 1y — kumurys,

—NTY3, T A4 — ﬂa74,t+1 - fT”Ys,t - 5_1de<+1>’Y5,t—1 - BfT(—1)75,t+1

—a(1 —=b)vg, +a(l —b)Bv6441 +

(pct +a(l — b))%,t — (pct +a(l — b))57177,t717
o wrt Jt :

0= =087+ + BY5.4+1 — BdaVs 1415
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(270)

(271)
(272)

(273)
(274)

(275)
(276)

(277)
(278)
(279)

(287)



Wrt Tt

0 = ®ry(Frny—Tay) + Oyry Yy + Opp Ty + Bpa, T + (288)
_kNmN,TN’}/l,t - fTNrY5,t - dSTSTTN’YS,t (289)

wrt Tr
0 = (bTH(?H,t _?E,t) +¢YTH2+¢TTHﬁ+¢TdTHﬁd+ (290)
_kaHaTH,Y2,t - fTHIYE),t - dsrsrTH'Ys’t (291)

wrt ﬁt :
0=®xr(R, — R")+ V5.t — ArRBVs 1415 (292)

wrt 7 :
0= B(Fe — ) + 70 (209)

wrt cil}t :
0=ar(dfy — df ") + 75, (294)

59



