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THE IMPOSSIBILITY OF EFFECTIVE ENFORCEMENT MECHANISMS IN
COLLATERALIZED CREDIT MARKETS

THIAGO REVIL T. FERREIRA AND JUAN PABLO TORRES-MARTINEZ

ABSTRACT. We analyze the possibility of the simultaneous presence of two key features in price-
taking sequential economies: collateralized credit operations and effective additional enforcement
mechanisms, i.e. those implying payments besides the value of collateral guarantees.

We show that these additional mechanisms, instead of strengthening, actually weaken the re-
strictions that collateral places on borrowing. In fact, when collateral requirements are not large
enough in relation to the effectiveness of the additional mechanisms, lenders anticipate payments
exceeding the value of the collateral requirements. Thus, by non-arbitrage, they lend more than
the value of these guarantees. In turn, in the absence of other market frictions such as borrowing
constraints, agents may indefinitely postpone the payment of their debts, implying the collapse of

the agent’s maximization problem and of such credit markets.

KeEYwORDS. Effective default enforcements, Collateral guarantees, Individual’s optimality.

JEL classification: D50; D52.

1. INTRODUCTION

In modern financial markets, collateral guarantees play an important role in enforcing borrowers
not to entirely default on their financial promises. These guarantees are used in several credit
operations, from corporate bonds to Collateralized Mortgages Obligations,' allowing markets to
reduce credit risk and increase portfolio diversification. However, to protect investors from the
excess of losses induced by large negative shocks in the value of collateral guarantees, financial
markets may create and implement additional enforcement mechanisms against default. In this
paper, we focus on the theoretical effects of such a policy on the agent’s maximization problem and,
consequently, on the price-taking credit market.

In the infinite horizon context, the incentives provided by the collateralization of financial con-

tracts are mostly addressed when the only enforcement mechanism against default is the seizure
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of the associated guarantees.? Particularly, for incomplete market economies, Araujo, Pdscoa and
Torres-Martinez (2002) prove the existence of equilibrium independent of the choice of collateral
guarantees. One important consequence is that such simple financial structure keeps the credit
market from collapsing. Essentially, since agents default only when the value of the collateral re-
quirements is smaller than that of the respective financial promise, the net payoff of lending is always
less than or equal to the one associated to holding the amount of the required collateral. Therefore,
by the absence of arbitrage, the value of any loan has to be less than the value of the respective
collateral, precluding agents to become leveraged and eliminating Ponzi schemes.

However, Pdscoa and Seghir (2009) have shown that the results above may not hold when linear
utility penalties for default act as an additional enforcement mechanism besides the seizure of
collateral guarantees.® They provide examples of deterministic economies where sufficiently harsh
penalties induce agents to fully honor their debts, paying more than the depreciated collateral,
which, by non-arbitrage, may lead the value of collateral requirements to be persistently lower than
that of the loan. In such a context, given any budget feasible plan, agents may improve their
utilities by taking new loans, constituting the associated collateral guarantees and increasing their
consumption. Therefore, there is no individual’s optimal plan and we cannot define a credit market.

In this paper, we analyze how the interaction between collateral guarantees and generic additional
enforcement mechanisms can extend the result from Pédscoa and Seghir’s particular examples to
more general economies. Doing so, we identify the effectiveness of these additional mechanisms as
an important economic concept responsible for the result. Additionally, we argue that two new
features of our approach enable us to reach further conclusions than the ones already presented in
the literature. First, instead of using a general equilibrium framework, we only analyze the decision
problem of one agent. Second, we work with a reduced form approach to model the inclusion of
additional enforcement mechanisms against default.

Focusing on the maximization problem of a price taker agent in an economy analogous to that
studied by Araujo, Pdscoa and Torres-Martinez (2002), we introduce effective additional enforcement
mechanisms, i.e. mechanisms enforcing payments besides the value of the collateral guarantees. We
represent these additional mechanisms by their effectiveness on enforcing payments besides the value

2Related literature. The inclusion of collateralized debt in a general equilibrium framework was originally studied
by Geanakoplos (1997) and Geanakoplos and Zame (2002). These seminal two-periods models were extended to
more general securitization structures by Steinert and Torres-Martinez (2007), and to sequential economies with
infinite lived agents by Araujo, Péscoa and Torres-Martinez (2002). Kubler and Schmedler (2003) analyze Markovian
economies, proving the existence of stationary equilibria and providing an algorithm to approximate such equilibria

numerically. Recently, the role of collateralized assets in sequential economies where agents have uncertain lifetimes

was addressed by Seghir and Torres-Martinez (2008).
3P4scoa and Seghir’s model is an extension of Zame (1993) and Dubey, Geanakoplos and Shubik (2005) two-period

equilibrium models with default and utility penalties, to allow for infinite horizon and collateralized debt.
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of the collateral requirements. Thus, we do not intend to explicitly model how the market imposes
additional payments on borrowers besides the value of collateral guarantees. However, with this
reduced form approach, we can concentrate on the pricing and market effects of these additional
mechanisms. In fact, we derive an explicit relationship between the primitives of the economy, such
as the effectiveness and collateral requirements, implying the collapse of the agent’s maximization
problem.

Essentially, we only need one agent to reach conclusions about asset pricing in competitive credit
markets. Additionally, with the reduced form approach for the additional mechanisms against
default such pricing becomes well tractable. Then, as we include enforcement mechanisms in addition
to the seizure of collateral requirements, lenders may expect sufficiently large payments for their
loans besides the value of the these requirements. In such situation, these additional mechanisms,
instead of strengthening, actually weaken the restrictions that collateral places on borrowing. In
fact, lenders anticipate that, even in case of default, they still receive more than just the value of the
collateral guarantees. Thus, by non-arbitrage, they lend more than the value of these guarantees.
On the other end, borrowers have the incentive and the possibility to take new credits in order to
pay their older ones, since there is no debt constraints or monitoring precluding agents to incur in
a Ponzi scheme. Their behavior, then, leads to the non-existence of a physical feasible solution for
the agent’s problem.

Regarding the relationship found between the primitives of the economy, we may view it from two
different perspectives. From the first one, given a level of effectiveness of the additional mechanisms,
we show that there are strictly positive upper bounds for collateral requirements under which agents
have incentives to indefinitely postpone their debts through new credits, leading to the non-existence
of an optimal utility maximizing plan. Therefore, the market choice of collateral guarantees becomes
relevant. From the second one, we provide theoretical foundations to the examples given by Pascoa
and Seghir (2009). That is, given collateral requirements, we show that any sufficiently effective
additional enforcement mechanism implies the non-existence of physical feasible individuals’ optimal
plans. Hence, it is the effectiveness of these mechanisms that brings the main result, not any
mechanism per se.

The remainder of the paper is organized as follows: Section 2 presents an infinite horizon economy
with assets subject to default and with effective enforcement mechanisms in addition to collateral
repossession. In Section 3 we show our main result. Some extensions are discussed in Sections 4

and 5.
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2. MODEL

Consider a discrete-time infinite-horizon economy with uncertainty and symmetric information.
Let S be the set of states of nature and [F; the information available at period ¢ € T' := N U {0}.
IF; is a partition of S, and if ¢’ > ¢, make Fy finer than F;. Summarizing the uncertainty structure,
define an event-tree as D = {(t,0) € T x 2% : t € T, 0 € F;}, where a pair ¢ := (t,0) € D is called a
node and ¢(£) :=t is the associated period of time. For simplicity, at ¢ = 0 there is no information,
that is Fo := {S} and, therefore, there is only one node, which is denoted by &g.

A node ¢ = (¥,4’) is a successor of & = (t,1)), denoted by & > ¢, if ¢’ > t and ¢’ C 9. Given
¢ € D, the set of its successors is given by the subtree D(§) := {u € D : u > &}. Also, for each
§ # &o, since Fy(¢) is finer than Fy )y, there is only one predecessor, {~ € D. We say that u € D
is an immediate successor of & when it is in the set £t :={¢ € D : ¢ > £,t(&') = ¢(€) + 1}.

At each node £ € D there is a non-empty and finite set of commodities, L. These commodities
may be traded in a competitive market at unitary prices pe = (p(e))ier € Rf_ by a non-empty
set of consumers. Also, at any node £ > &g, there is a technology represented by a matrix with
non-negative entries, Y := ((Y¢)1,1; (1) € L x L), which transform commodity bundles consumed
at ¢, allowing for durable commodities. Thus, for each (I,I') € L x L, (Y¢);r is the amount of
commodity [ obtained at £ if one unit of commodity !’ is consumed at . Also, let W € Rf_ be
the aggregate physical resources up to node &, while W = (W¢)¢ep is the plan of such resources.

There is a finite set of real assets J(§) at each node £ € D. Each j in J(&) is short-lived, has
promises A, ;) € Ri at each node p € £T, and is traded in competitive markets by a unitary price
q(¢,5) € Ry. Since assets are subject to credit risk, borrowers are burdened to constitute physical
collateral guarantees in order to limit lenders’ losses. Particularly, for every unit of an asset j € J(&)
sold, borrowers must establish—and may consume—a bundle C(¢ ;) € R% \ {0} that is seized by the
market in case of default. For the sake of notation, let J(D) :={(§,j) € D x UuepJ(p) : j € J(&)}
and J*(D) = {(1,4) € D x UpepJ(n) : (n,3) € J(D)}.

Furthermore, additional default enforcement mechanisms may exist. We allow generality in the
type of additional enforcement mechanisms assuming that, for each unit of asset j € J(£), borrowers
pay, and lenders expect to receive, a fixed percentage of the remaining debt, A, ;) € [0,1]. More

formally, for every unit of asset j € J(), each borrower pays at each node p € £ an amount

Flpuy(Pp) = min{pu A ) PpYuCley  + M) [PuA gy — PuYuCepl ™

where A\, j) € [0,1] is the effectiveness of additional enforcement mechanisms on asset j at node g,
and, for any z € R, [2]* := max{z,0}.
Our approach allows us to include in our analysis economic (i.e. those induced by legal contracts)

and non-economic (e.g. moral sanctions, loss of reputations) default enforcement mechanisms,
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provided that these mechanisms may be summarized by a family of parameters of effectiveness,
(A.j))(u,jyea+(py- However, this last requirement do not induce loss of generality, since traders

perfect foresee asset payments. In fact, we can always normalize financial payments as done above.

DEFINITION. Given (u,j) € JT (D), additional enforcement mechanisms are effective on asset j at

node p1 when A, ;) A(u,j) 8 @ non-zero vector. Enforcement mechanisms are persistently effective in

a subtree D(E), if for any p > &, there is j € J(u™) on which additional enforcement mechanisms

are effective at .

Definitions above not only depend on parameters (A (.. j)) (u,j)eJ+ (D), bPut also on the non-triviality
of the original promises. Thus, effective additional enforcement mechanisms means that, in the case
of default, a strictly positive amount of resources is seized besides the depreciated collateral value.

In contrast to any equilibrium model, we focus in the non-existence of a physically feasible solution
for the individual’s problem. For this reason, it is sufficient to study a decision model where there is
an infinitely lived agent, namely ¢, who perfectly foresees both market prices and the effectiveness
of additional enforcement mechanisms.

Agent i has physical endowments (wé)ge D € R?_ *L and preferences represented by a utility
function U* : REXL — Ry U {+o0}. As commodities may be durable, we denote by Wg the
cumulated endowments of agent ¢ up to node £, which are recursively defined by: Wg = wé +YeWE,
when € > &, and W¢ = wy , otherwise. Also, we assume that, for any & € D, W} < W.

Let ¢ € Rf_ be a bundle of autonomous consumption at node £ (i.e. non-collateralized com-
modities). Also, define (¢ ;) and @ ;) as quantities of asset j € J(§) purchased and sold at the

(D), a plan

same node. Given (p,q) € Il := REXL X ]Ri
(2,6,9) == (w6, 0e.5) P(e.))i (6:4) € J(D)) € Ei= R x R{P x Y™

is budget feasible for agent i at prices (p,q) when

(1) Peo(Tey —wh) 416y Y CleoPleoi) + D o) o) — Pieoi)) < 0,
j€J(&o0) Jj€J(&o)
(2) pe(re —wi) +pe >, Clenpien+ 2 denOei —en)
G) eI (€)

<peVewe- + Y (peYeCle- jyPie-g) + Fle) 0e) Oy — 0(e- ) » ¥ > &
JjeJ(E7)

Also, (z,0,¢) € E is physically feasible if x¢ + ZjeJ(g) Ce.j)Pe.j) < We, for any § € D. Finally,
given (p,q) € II, the objective of agent 7 is to maximize the utility of his consumption, U’((ac’5 +

ZjeJ(g) C(&j)@ég’j))gep), choosing a budget feasible plan (2, 6%, ¢*) € E.



[§ THE IMPOSSIBILITY OF EFFECTIVE ENFORCEMENT MECHANISMS IN COLLATERALIZED CREDIT MARKETS
3. ENFORCEMENT MECHANISMS AND THE SIZE OF COLLATERAL BUNDLES

In this section, we prove our main result: in contrast to the polar case studied by Araujo, Pascoa
and Torres-Martinez (2002), the market choice of collateral bundles becomes relevant when there are
persistently effective additional enforcement mechanisms besides collateral repossession. To achieve

our objective, we impose the following hypotheses.
AsSUMPTION Al. For any & € D, W} > 0.

ASSUMPTION A2. Given z = (z) € RiXD, Ui(z) = > ¢eD ué(zg), where for any & € D, the

function ué : ]Rf_ — Ry is concave, continuous and strictly increasing. Also, UY(W) is finite.

Given 5 € D, let Q(n) be the set of assets j € J(n) on which additional enforcement mechanisms
are effective at some node u € n™. Note that, given a subtree D(€) in which additional enforcement

mechanisms are persistently effective, Q(n) # 0, Vn € D(E).

THEOREM. Under Assumptions A1-A2, suppose that additional enforcement mechanisms are per-
sistently effective in a subtree D(). Independently of the prices (p,q) € II, there are strictly positive
upper bounds (V,))pep(e) such that, if collateral bundles satisfy

min Cin <V, vV ne D),
Jea(n ZGL (n,3,0) n n (5)

then agent i’s problem does mot have a physically feasible solution.

PROOF. Assume that, for some (p,q) € II, there is a physically feasible solution for agent i’s
problem, denoted by (z%,0%, ¢') € E. Tt follows from Lemma 1 (see Appendix) that there are, for
every 1 € D, multipliers +;, € Ry and super-gradients v;, € du;, (a:ﬁ, + 2 jem) C(n,j)‘Pl{n,j)) such
that,* for each asset j € J(n), the following asset pricing conditions hold,

(3) 'y;;;pn > U;—F Z 'YZpuY;m
puent
(4) Tolong) = D VF g ()-
puent

Also, the family of multipliers (’Yf,)ne p can always be constructed to satisfy (see Lemma 1)

(5) T Wo <D () < 3wy (W),
nebD nebD

4Given a concave function f: X C R®™ — RU{—oc} and € X, the super-differential of f at z, df(z), is defined

as the set of points p € X, called super-gradients, such that f(y) — f(z) < p(y — z), Yy € X.
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where cf, = acﬁ, + Zje](n) C(n’j)go% is the consumption bundle chosen by agent i at node 7 (the
last inequality above follows from Assumption A2 jointly with the physical feasibility of agent i’s
consumption).
Using these properties, it is possible to find lower and upper bounds for deflated commodity
prices. In fact, Assumption Al and inequalities (5) ensure that, given (n,1) € D x L,
i
VPnd) S Ty D Pnry S Ty 1= minjfjeiwl/;/)i -~
leL (m,1")

On the other hand, given (n,l) € D x L, it follows from inequality (3) that

290 Wenay = by () +2We @) — ) = v, (e, + 2Wi nér) — ¢;)

>yl + 2Wonn@) —ueq) 2 andy, - (e o+ 2Wip @) = () > 0,
=%=Yn

where the last inequality follows from the strictly monotonicity of function u% and, given [ € L, the
vector € € R” is defined by: €uqy = 1if I’ =1, and equal to zero in other case.
Thus, for any (n,l) € D x L,

1

m OSI?SHI}VW (up(c + 2W(, n€1) — ug(c)) > 0.

ToPnd) 2 Tty =
For any n € D, define &, = (E(n,lﬁl € L). Under the assumptions on the statement of the

Theorem, it follows that, for each n € D(£), the number

T, = i Moy T, Ay, s
n jgg&) Z (1,3) B2 (,5)

is strictly positive. Therefore, suppose that, at each n € D(§),

T
min Coin <, =1
jea(n ; (1,4,0) n T

With this upper bound over unitary collateral bundles we conclude that, at every node n € D(€)
there exists j € Q(n) such that

Vo @aClrg) = dmg) < WePnClngy = D VFlwi) ()
pent
< T Clngny = D M) VaPuAni)
leL pent
< Ty- Z A EpAgy < 0.

pent
Finally, using the Lemma 2 in the Appendix, we conclude that agent i’s problem does not have a

solution, contradicting the optimality of (z%,6%, %) € E under prices (p, q) € IL O

The result above has two properties that are worth being highlighted.
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About upper bounds (V,),ep(e). Regarding the upper bounds on collateral, we can see that, by
construction, they depend only on the primitives of the economy and, for computational objectives,
can be easily found. Additionally, these upper bounds (¥,),cp may converge, when the time period
goes to infinity, to any non-negative real number. We illustrate this property with the following
example.

Consider an economy satisfying Assumptions Al and A2, where there are only two commodities
and there exists a plan (W,);>o € R}, such that, for any £ € D, W = Wiey(1,1) and Wg = oW,
with o € (0,1). In other words, aggregate endowments are not affected by the uncertainty and
agent ¢ maintain along the event-tree a fixed portion of aggregate physical wealth. Also, there is
only one asset at each node £ € D, and its promises at nodes p € €' are given by a constant bundle
A= (a1,a2) € Ri 4, i.e. it is a real promise that keep the consumption purchase power along the
event-tree. Finally, agent 7 has additively separable utility with preferences at each node £ € D
characterized by u (1, z2) = B®) p(¢)(21+/Z2), where the intertemporal discount factor 3 belongs
to (0,1), the probability to reach a node &, p(§), satisfies p(§) = >_ ,cc+ p(p), with p(§o) = 1.

In this context, if additional enforcement mechanisms have a constant effectiveness of A € (0, 1)

in a subtree D(§), then

_ g Wiw) iy _ z
Yo = A5y Wt(n)Jrlﬂ (2“1Wt(n)+1 + a2 (\/3Wt(n)+1 \/Wt(n)+1)) , Vne D(E).

Since 3 € (0,1), if the sequence (W;)>o is bounded from above and away from zero, then ¥,
goes to zero as t(n) goes to infinity. On the other hand, assume that (W,);>¢ decreases along the

time following the recursive rule

W,
Wt = F;ﬁﬁ(t)a vt > 07
where ¥(0) = 9(1) = 2 and, for any ¢t > 2, J(t) = 2;11 2F(t — k) + 2. Then, for any t > 1,

9(t+ 1) = 2(9(t) + ¢), which implies that Wiy = W%)ﬂz”QWE, Vt > 1. Therefore, ¥, converges,
when ¢(n) goes to infinity, to

Uaz\/WO<\/§_ 1).

C(Wo,a2> = )\ ZUZ(W)

Since
. 0o W o0 /7W S s
U'(w) = Zﬁt(Wt + VW) = 5720 Zﬁt—w(t) + TO Zﬂt+¥~
t=0 t=0 t=0

it follows that,

o] 0o —1
((Wo, az) := az ()\a(\/§ - 1)&2) (2 <m25t+ﬁ(t) i Zﬁt#”;)H)) '
t=0 t=0

Thus, the equation z = ((Wy,az) has a solution for any z € Ry, and, therefore, ¥, may con-

verge, as the period of time goes to infinite, to any positive real number.
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Bounds on effectiveness. For convenience of notations, given u € D, define Qt(u) = {j € J(n™) :
A(u.j) > 0}. Thus, for any € € D: 3u € £F such that j € QF(p) & j € Q(§).

Given collateral requirements, we can find lower bounds for the effectiveness on a subtree D(§),
(Au)u>e, such that, if (A, ) use jea+ () satisty

jggir(lﬂ) Ag) > Ay V>,

then, independently of prices, and for any enforcement mechanism inducing such effectiveness, there
is no physical feasible solution for the agents’ problem.® These lower bounds are informative, i.e.
A, € (0,1), only for collateral requirements that are not high enough. In fact, for larger collateral
requirements there is no default and, therefore, the market price of collateral requirements is always

greater that the loan value.

4. ON ENDOGENOUS EFFECTIVENESS

A key feature of our model is that we assume that the amount of payments besides the collateral
guarantees is independent of the borrowers and does not depend on the history of default. This
assumption allowed us to identify sold with purchased assets. Implicitly, we pool the debt contracts
into derivatives following a trivial securitization, that is, by identifying prices and payments of debt
markets with those of investment markets. However, our analysis may be extended for equilib-
rium models in which the effectiveness of payment enforcement mechanisms is an endogenous and
personalized variable.

For instance, we may suppose that the access to credit markets depend on previous payments.
That is, consider a dynamic infinite horizon general equilibrium model in which, at any state of
nature, and for every agent, the access to credit securities depend on the history of default. Thus,
in this new framework, for default penalties sufficiently restrictive on the access of credit markets,
there may be endogenous incentives inducing borrowers to deliver payments larger than the de-
preciated value of collateral requirements. Also, suppose that financial markets still preserve some
features from our original model. That is, each type of credit contract is securitized into only one
derivative, primitive and derivative prices are identified, and lenders perfectly foresee the payments
of derivatives. Specifically for this last feature, suppose that, in case of default, agents advance
any payment in addition to the depreciated collateral as a percentage of the remaining debt, facing

payment functions with an analogous specification of our (F(“7j))(u7j)eJ+(D).

5Using the same arguments in the proof of the Theorem, it is sufficient to take, for each n € pt, with p > €,

Tu Minjeq(u) 2rer Clul)
min;eq(u) Zn’@i* EW/A(n’,j)

An
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In this new context, under hypotheses on individual’ characteristics analogous to Assumptions

A1-A2, there are two conditions under which our Theorem still holds:

(i) For any plan of prices, individual optimal allocations satisfy inequalities analogous to (3)-(5);
(ii) At the moment of the credit operation, borrowers are only required to constitute the asso-

ciated collateral requirements.

In fact, assume that additional enforcement mechanisms are persistently effective in a sub-event
tree. If there is a physical feasible optimal allocation, using the same arguments of the proof of our
theorem, condition (i) implies that if collateral requirements are not high enough, then unitary loan
prices persistently exceed the associated collateral value. Thus, by condition (ii), the agent may
improve his respective utility increasing borrowing along the event-tree. A contradiction.

Therefore, a natural question arises. When does an economy satisfy conditions (i) and (ii)?
Regarding condition (i), it follows from Lemma 2 that any convex model satisfies it. However,
some enforcement mechanisms may induce non-convex budget sets. Even in these cases, condition
(i) still holds if these non-convexities involve only the borrowers’ deliveries.” On the other hand,
condition (ii) holds unless there is some restriction on the short sales in addition to collateral

requirements.

5. OTHER EXTENSIONS

Long-lived and infinite-lived real assets.
Our analysis also holds when long-lived real assets are available for trading. Essentially, non-
arbitrage conditions associated to individual’s problem (Lemma 1 in the Appendix) are still valid

(see Araujo, Pdscoa and Torres-Martinez (2008) for detailed arguments).

About persistent effectiveness.

In our main result, we assume that additional enforcement mechanisms are effective in a subtree
D(€&). However, it is possible to weaken this assumption, requiring only effectiveness in a infinite
path along the event-tree. For this, we need some definitions.

Given k € NU {+o0}, a path of uncertainty is a set (un;n € Nyn < k) C D in which every
ln+1 is an immediate successor of u,, for each n < k. A set B C D does not have finite paths
when for any p € B there exists 7 € B such that n € p*. Additional enforcement mechanisms
are persistently effective in a path of uncertainty O, if for any pu € O, there is j € J(u™) on which

additional enforcement mechanisms are effective at p. For any path of uncertainty © := (u,;n € N)

6We mean that a model is conver when agents’ objective functions are concave and, for each vector of prices,

budget sets are convex.

7Tochnically, in this case, the arguments in the proof of Lemma 1 can be remade by redefining the truncated

problem (P%T) in such form that, for any n € DT, variables ¢, are fixed and equal to the optimal choices ¥
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in which additional enforcement mechanisms are persistently effective, define Eff(©) C D(u1) as
the maximal connected set containing © and having, at each p € Eff(©), at least one j € J(u™) on
which additional enforcement mechanisms are effective at .® Note that, given a path of uncertainty
©, in which additional enforcement mechanisms are persistently effective, if Eff(©) does not have
finite paths, then Q(n) # 0, Vn € Eff(0). Thus, Lemma 2 holds when additional enforcement
mechanisms are persistently effective only in a path of uncertainty ©, provided that Eff(0) does
not have finite paths.”

Therefore, our main theorem holds when additional enforcement mechanisms are persistently

effective in a path of uncertainty © for which Eff(0) does not have finite paths.

APPENDIX

LEMMA 1. Let (p,q) € 11 and fiz a budget and physically feasible plan 2z := (2,0, ¢") € E. Under
Assumptions Al and A2, if 2 is an optimal allocation for agent i’s problem at prices (p,q), then
for every n € D, the function u; is super-differentiable at the point cf7 = x% + ZjEJ(n) C(n,j)‘an,j)’

there are multipliers ’y}'7 € Ry and super-gradients vf] € aui] (ci) such that, for each j € J(n),

n
(6) 'y;;;pn > ,Uri]_,'_ Z VZpuY;m
pent
(7) Nl = D VaFui (Pw)-
pent

Also, the plan of multipliers ('713)776D satisfy
(8) Vpg Wy <3 ul ().

neD
PROOF. Given T € N, define Dr = {n€ D :t(n) =T} and DT ={ne D:n¢c ngo Dy }. For any
n € D, let Z(n) = RE x IR_{_(") X Ri("). For convenience of notations, let ze- i =0¢€ Z(&, ), where
Z(& ) == RE. Consider the optimization problem:

max “27 (xn + ZjeJ(n) C(mj)sa(n,j))
neDT

2y i= (T, by, 0n) € Z(n) Vne DT,

(2, 2=, q) 0, VneDT,
T+ Yjesm ConpPmgy < 2Wy Ve DT,
Zn € [0,2], Vne€ Dr.

(i)

IN

s.t.

8A set B C D is connected when, for each pair (§,u) € B x B, such that u > &, the only path of uncertainty
connecting £ to p is contained in B. Given £ € D, a set B C D(§) is maximal relative to a property A when there is

no other subset of D(§) containing itself and satisfying A.
9n fact, if for any n € Eff(®), there exists j € J(n) for which p,C, jy — q(5,5) < 0, then agent ¢ may increases his

borrowing at the first node of © paying his future commitments either using new credit at the nodes in which there

is effectiveness or delivering depreciated collateral guarantees for the nodes p ¢ Eff(©) such that p~ € Eff(O).
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where the inequality gf,(zn,znf;p, q) < 0 represents the budget constraint at node 7, that is, in-

equality (1) or (2), and given (z,y) € R™ x R™, the interval [z,y] := {z € R™ : Ja € [0,1], z =

ax+ (1 —a)y}. It follows from the existence of an optimal individual plan at prices (p, ¢) that there

exists a solution for (P*T), namely (Zi’T)neDT.lo

Given 7 € D, define the concave function ‘RE X RIM x R - RU{—o0} as
uy, (fcn + 2 jeim) C(n,j)‘P(m)) if 2y + X jesm) Coni)Png) 2 05

ij (29) = . )
—00 otherwise.

where 2z, = (), 0y, ). It follows that, for any T'> 1, 37 pr Vi (2T < > nep vi(zh). M

For each n € D and v, € Ry, define £ (-,7;p,q) : Z(n) X Z(n~) — R as

L3 (2ns 20 Y D2 @) = Vy(20) = 1 92 (20 203 D5 @)

Given T € N, for each n € D71, define the set =7 (1) as the family of allocations (z.,, 0, ¢,) € Z(n)
that satisfies @, + > c ;i) Cn)P(n.g) < 2Wy. Also, for any n € Dr, let E7(n) be the set of
allocations (zy, 0, ¢,) € Z(n) that satisfies both =, + 3 ) ClnyPin.g) < 2Wy and (zy, 0y, o) €
[0,2}]. Let 27 := [L,enr =T(n).

It follows from Rockafellar (1997, Theorem 28.3), that there exist non-negative multipliers (v5"), e pr

jE€J(n

such that the following saddle point property holds,

9) S LiGyzm v i) < > LhGEET 2T AT pg), Y(zg)pepr € 2T,
neDT neDT

and v, T g} (25", 25" p, q) = 0.

101y fact, define a new problem (PT),

max > u:; (xn + Zje](n) C(mj)‘)”(md))

neDT
2y = (T, O, on) € Z(n) vne DT,
(P17 g% (zn, 2,30, q) < 0, v ne DT,
s.t. T+ 2 e00m) ConnPmg S 2Wy, VneDT,
2z IS [0, 2 ] Vné€Drp,
If qu,,H=0 then 6, ;) =0.

Under Assumption A2 the objective function on (P*7) is continuous, and the set of admissible allocations is compact
in HWGDT Z(n). Note that, to ensure this it is necessary to have non-zero collateral requirements, otherwise, long
and short positions are unbounded.

Thus, there is a solution (Z;’T)neDT' Moreover, this solution for (P“T) is also an optimal choice for (P*7T).
Essentially, the existence of a finite optimum at prices (p, q) for the agent ¢’s problem ensure that, when dn,) =0,
the payments F(u,j)(pu) must be equal zero, for each u € nT. Thus, when 4(n,j) = 0, choosing positives amounts of

0(n,;) does not induce any gains.

HNote that, otherwise, agent ¢ improve his utility in D choosing the allocation (zi,’T)neDT in the sub-tree DT,

without making any (physical or financial) trade after the nodes with date T
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Claim. For each y € D, the sequence ('VzZT)TZt(u) is bounded. Moreover, given T > t(u), for any
plan a, € ET(p) we have that

vi(ay) = vi(zh) < | Vagh () + D v Vagh () | (e — 2+ Y vz,
nept £eD\DT-!

where, for any 1 € D, the vector (V1g;,(p,q), Vag;,(p, q)) is defined by

Vigy®. ) = (ns s 04Clan) — dmi))iesin) -

Vagy(pa) = (=pu¥n, (Fiui)iesoy Pn¥oClniy = Fani))ieatn) -
Proof. Given t < T, substitute the following allocation in inequality (9)

(Wi,0,0), VneD1,

2 =
! (0,0,0), Vne DT\ DL,
We have:
(10) DR AR DEC D BEACHE
neD; neDT neD

Assumptions Al ensure that, for each n € D, minj¢y, W(in n > 0. Also, Assumption A2 implies that
> icr Py > 0, guaranteing that, for each 4 € D, the sequence ('yZ;T)T>t(M) is bounded.
On the other hand, given (z;,),epr € =T using (9), we have that
Z ‘Ci](zﬂv 5777 7p7 ) — Z I/:}(Z;)
neDT neD

Thus, fix p € DT~ and a,, € E7(u). If we evaluate inequality above in

L zh, Y #w,
=
a,, forn=p,
we obtain
(1) vilaw) =2 g 20 0) = Y e (4w p ) S VG + Y V().
nept neD\DT

Since functions (gé( i0,q); € € D) are affine, we have
g a2 ip,q) = Vig,(p,q) - ay —puw), + Vag, (p,q) - 7,
gn (2 aip,q) = Vagy(p,q) - 2z — ppws, + Vagy(p,q) - ap, V€ pt

Also, budget feasibility of (zf?)ne p at prices (p,q), jointly with monotonicity of preferences, ensure

that,

7p/Lw/Z;L + VQQL(ZD» q) : ZZL— 7vlgf,¢(pa Q) : qu

Vg, (p.a) - 2, = Py, ~Vag,(p,q) - 2, Vneput
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Therefore,
Vo g 2 p )+ Y AR gz awsp d) = |V Vg ) + D v Vagh(0.q) | - (0 —2,).
nept nept
Using (11), we conclude the proof. X

Since D is countable and, for any node 7, the sequence (’yﬁ,’T)th(n) is bounded, using Ty-
chonoff Theorem (see Aliprantis and Border (1999, Theorem 2.57)), there is a common subsequence
(Tk)ken C N and non-negative multipliers, (vf])nep, such that, for each n € D, limy_. 'yj, T = 'yn

and
Vi gz 2 ip,q) =0,
where, as we said above, the last equation follows from the strictly monotonicity of u; Moreover,
taking the limit as T goes to infinity in inequality (10) we obtain that
(12) Z %i?anf; < Z 1/;(2}7), vt > 0.
neDy neD

Therefore, equation (8) follows.

Since for any n € D, E%(n) = =°2(n) when min{s1, s2} > t(n), it follows from the inequality in

the statement of Claim above, taking the limit as 7" goes to infinity, that

(13) vy (an) —vi(z) < | NVagh @) + > YV20u(p.@) | - (ay — z5), ¥ ay € BT (),
pent

Thus,

WV )+ Y YVl () | €0 (Vi + 0z, + 0zay) (2h),

peNt

where the functions 6z, () : R® x R/ x RIM — RU{—oc}, h € {1,2}, satisty

Oa lf (xn79?77<p?7) € Z(W)7

62y (n) (@, Oy o) = .
—00, otherwise.

0, if z, + Zje](n) Clnj)Pn.g) < 2Wh,

02, (n) (T, Ons ) = .
—00, otherwise.

where z, = (2,0, ¢,) € RE x R7(M x R7(D_ Since the plan (z;)nep is physically feasible, there
exists a neighborhood V' of z}7 such that dz,,)(b) = 0 for every b € V. Then, we have that
002, (n)(2,) = {0}. Also, it follows by Theorem 23.8 and 23.9 in Rockafellar (1997), that there exists
v} € Oul (c;,) and ki, € Doz (xh, 05, ¢r) such that

(14) YV1s () + Y Y Vagl(p.q) = (15,0, (Ciyyvh)jesi) + K-

pent
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Notice that, by definition, for each z, > 0,x € 90z(y)(2,) & 0 < K(y — 2,), ¥ y > 0, therefore,
#y > 0. Thus, the inequalities stated in the lemma hold from equation (14). On the other hand,

%

strictly monotonicity of function uj,

ensure that vf] > 0 and, therefore, it follows from (6), that ’y}%

is strictly positive. O

In a context of collateralized assets and linear utility penalties for default, Pascoa and Seghir
(2007) show that Ponzi schemes could be implemented if there exists a subtree D(&) such that, for
every node p > £, there is always some asset j € J(u) whose price exceeds the respective collateral
value, p,,C(, ;) —qu5) < 0 (see Remark 3.1 in Pascoa and Seghir (2007)). In such event, the individ-
ual’s problem does not have a finite solution. In our context, the same result follows by analogous

arguments.

LEMMA 2. Assume that, given x € Rf_XD, if U'(x) is finite, then U'(y) > U(z) for any y > x.
Also, suppose that additional enforcement mechanisms are persistently effective in a subtree D(E)
such that, for any n € D(§), there exists j € J(n) for which p,C(, ;) — 4.5 < 0. Then, agent i’s

individual problem does not have a finite solution, otherwise, Ponzi schemes could be implemented.

PROOF. Assume there is a budget feasible plan for agent i, (z%, %, ¢%), that gives a finite optimum.
Under the monotonicity condition stated in the Lemma, p, > 0 for every node n € D(§). For each
ne D(€),let J'(n) ={j € J(0) : pnCis.j) —d(n.j) < 0}. Now, consider the allocation (z¢, O¢, ¢)eeD,
with

(@ s 00)s (O 21.)) g by me D) = ((%9};,%); (927%773»))) vje Jm\J"(n)

pg¢D(€),neD(E)’

and
Pg) = Plng) O YNEDE), V€T (),
i 1 .
Tty = Tyt #L)p Z (Q(n,j) —pnc(n,j)) 0y, V0l €L, if the noden = ¢,
(D) jeriny
i 1
T = Ty T #L) oy Z (@) = PnClni)) On
T jertm
1
e > Ay 0 V> EVIEL,
F#L) P e
where the plan (d,),cp(e) is chosen in such form that the following conditions hold,
(15) Y. (aeq —reCep)de > 0,
JesH (&)
(16) > (@ws) = PaClui) 00 > D> Pyl 6y-r V0> &

JjeJ(n) JEJ(n)
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It follows that (z¢, 8¢, p¢)ecp is budget feasible at prices (p, q). Moreover, equations above show

that Ponzi schemes are possible at prices (p,q). In fact, agent 4 increases his borrowing at ¢ and

pays his future commitments by using new credit. It follows that (x¢, 0¢, ¢¢)ecp improves the utility

lev

1

2

[10]

(11]
(12]

el of agent i, contradicting the optimality of (z, 8%, ©?). O
REFERENCES
Aliprantis, C.D., K.C. Border (1999): “Infinite dimensional analysis: a hitchhiker’s guide,” 2nd edn.. Berlin

Heidelberg New York: Springer.

Araujo, A., M. Péscoa, and J.P. Torres-Martinez (2008): “Long-lived collateralized assets and bubbles,” working
paper No 284, Department of Economics, University of Chile.

Araujo, A., M. Péscoa, and J.P. Torres-Martinez (2002): “Collateral avoids Ponzi schemes in incomplete mar-
kets,” Econometrica, 70, 1613-1638.

Dubey, P., J. Geanakoplos, and M. Shubik (2005): “Default and punishment in general equilibrium,” Economet-
rica, 73, 1-37.

Geanakoplos, J. (1997): “Promises, promises,” The Economy as an Evolving Complex System II, Addison-Wesley,
pp. 285-320.

Geanakoplos, J., and W.R. Zame (2002): “Collateral and the enforcement of intertemporal contracts,” Discussion
paper, Cowles Foundation, Yale University.

Kubler, F., and K. Schmedders (2003): “Stationary equilibria in asset-pricing models with incomplete markets
and collateral,” Econometrica, 71, 1767-1793.

Péscoa, M. and A. Seghir (2009): “Harsh default penalties lead to Ponzi schemes,” Games and Economic
Behaviour, 65, 270-286.

Seghir, A. and J.P. Torres-Martinez (2008): “Wealth transfers and the role of collateral when lifetimes are
uncertain”, Economic Theory, 36, 471-502.

Steinert, M. and J.P. Torres-Martinez (2007): “General equilibrium in CLO markets”, Journal of Mathematical
Economics, 43, 709-734.

Rockafellar, R.T. (1997): “Convex analysis,” Princeton University Press, Princeton, New Jersey, USA.

Zame, W. (1993): “Efficiency and the role of default when security markets are incomplete,” American Economic

Review, 83, 1142-1164.

DEPARTMENT OF ECONOMICS, NORTHWESTERN UNIVERSITY
2001 SHERIDAN ROAD, EVANSTON, IL, USA, 60208-2600

E-mail address: revilth@u.northwestern.edu

DEPARTMENT OF EcoNoMIcS, UNIVERSITY OF CHILE
DIAGONAL PARAGUAY 257 OFFICE 1604, SANTIAGO, CHILE.

E-mail address: juan.torres@fen.uchile.cl



