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ABSTRACT

We propose a general method of modeling deterministic trends for autoregressions. The
method relies on the notion of Ls-approximable regressors previously developed by the au-
thor. Some facts from the theory of functions play an important role in the proof. In its
present form, the method encompasses slowly growing regressors, such as logarithmic trends,

and leaves open the case of polynomial trends.

1. INTRODUCTION

Consider the following autoregressive model:
yi:ﬁlti_‘_ﬁ?yi—l—*—eia 1= 17"'ana (11)

where the parameters ; and (3, are to be estimated by Ordinary Least Squares (OLS). The
regressor t = (t1,...,t,) is assumed to be nonstochastic (in applications it is often a time
trend); the coefficient (35 satisfies the stability condition |Fs| < 1; the errors e; are martingale
differences satisfying certain second- and fourth-order conditional moment restrictions (in
particular, the errors can be normal independent identically distributed (i.i.d.) with mean
zero and variance 0?). Denote 3 = (31, 32) and let 3 be the OLS estimator of 3 based on a

sample of size n. The logarithmic trend

t,=Ini, i=1,...,n, (1.2)



and polynomial trend

ti=1i% i=1,...,n, (1.3)

are examples of growing trends (here k is some natural number). The most recent papers
about models with growing trends include Ng and Vogelsang (2002), Sibbertsen (2001), and
Rahbek et al. (1999). Bounded trends are also interesting for modeling seasonal variations
(see Nabeya (2000) and Tam and Reinsel (1998)). Leonenko and Silac-Bengié¢ (1997) treat
the continuous case and the stress is on the singular errors.

The abundance of papers about models with particular types of trends testifies to the
continuing interest in deterministic trends and calls for a general method that would be
applicable to all types. One such method in a setup different from ours has been developed
by Andrews and McDermott (1995). We pursue an approach based on the notion of Lo-
approximable regressors introduced in Mynbaev (2001) (a narrower notion of Lo-generated
regressors has been suggested in Moussatat (1976)). Specifically, our purpose is to find
the asymptotic distribution of B, as n — 00, when the normalized exogenous regressor is
Ly-approximable. Mynbaev and Castelar (2001) have shown that the last condition holds
true for (1.2) and (1.3). In the same paper it is proved that normalization of the geometric

"=y where a # 1 is real, and the exponential trend z, =

progression x, = (a°,a',.... a
(€%, ...,e"), where a # 0 is real, does not lead to Le-approximable sequences. This is
because both the geometric progression and exponential trend are too concentrated at one
end of their domain, while Ly-approximability implies some ”smearing” over the domain. It
is well known that regressing on the geometric progression or exponential trend leads to bad
asymptotic properties for the OLS estimator.

When there are no autoregressive terms, the solution to this problem does not require the
Lo-approximability assumption, is relatively simple and given by Anderson (1971), Theorem
2.6.1. For the case B2 # 0 and |F2| < 1, the most advanced result, including stochastic
t, is contained in Anderson and Kunitomo (1992). However, that result does not cover

growing regressors like (1.2) and (1.3). Sims, Stock, and Watson (1990), in order to find

the asymptotics of 3 in the case of a simple linear trend, found the asymptotics for a



transformed regression. This method is not feasible because the transformation involves
unknown parameters. The exposition of their approach can also be found in Hamilton
(1994) (see Chapter 16). The feasibility problem does not exist in our case since we just
normalize the exogenous variables.

To explain the nature of difficulties arising in case (1.3), we need to review the way the

OLS asymptotics is usually derived. Let us write the linear model in the form
y=Xp+e (1.4)

where X is a n X k matrix of linearly independent regressors, (8 is a k x 1 parameter vector

to be estimated, and e is an error vector. The OLS estimator for (1.4) is
B=(X'X)"'X"y =0+ (X'X)"' X .

By transferring 3 to the left side and premultiplying the resulting equation by a nondegen-

erate diagonal matrix M we obtain
M(G—3)=[(XMYXM )Y XM Ye= (HH) " 'He (1.5)

where H = XM~!. The conventional scheme of deriving the asymptotics of B consists in
choosing the matrix M in such a way that the matrix Q = H'H converges in probability to
a nondegenerate matrix Qo and the factor w = H'e converges in distribution to a normal
vector ws,. Then it immediately follows that M (B — [3) converges in distribution to a normal
vector. The matrix M is called a normalizer. Usually, () is the variance of wg.

An obvious problem is that of choosing M. When 3, = 0 and [y # 0,|f2] < 1, the
standard choice is M = y/n. When (3 = 0 and ; # 0, Anderson (1971) suggested to put
M = (2%, 12)Y2. These two facts helped us to come up with the normalizer in Theorem
2.1 below.

Another problem is that when the exogenous regressor grows quickly (like a polynomial
trend), the vector H'e converges in distribution to a degenerate normal vector, whose second

coordinate is proportional to the first one. For this reason the limit of H'H is degenerate in

case (1.3). In this case we have proved convergence of w and @ but not M(3—3). The idea of
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the method is explained in the paragraph preceding Lemma 2.1. The proof is pretty involved.
It relies on properties of Ls-approximable sequences established in Mynbaev (2001) as well as
on a martingale Weak Law of Large Numbers (WLLN) by Chow (1971) and Davidson (1994),
mixingale WLLN due to Andrews (1988) and Davidson (1994), the McLeish (1974) Central
Limit Theorem (CLT), and Burkholder’s (1973) theorem on transforms of martingales. All
these results, for the reader’s convenience, are gathered in the Appendix. The main result
is stated as Theorem 2.1 in Section 2.

The author hopes to consider elsewhere the model with ¢ deterministic exogenous regres-

sors and p lags of the dependent variable
. LA
yi=> Bitii+ Y By + e
j=1 j=1

This is why the intercept term is not included in (1.1): the intercept would be just another
Lo-approximable regressor, and its inclusion, within the framework suggested, would not be
any easier than considering more trends. The exogenous regressors will be required to satisfy
the Lo-approximability condition (see assumption A2) below).

The Lo-approximability notion was applied in Mynbaev (2001) to find a limiting distri-
bution of quadratic forms of random variables, in Mynbaev (1997) to find the asymptotics of
the fitted value for a linear regression with nonstochastic regressors, and in Mynbaev (2003)
to prove a CLT applicable to an SUR-type system of linear regressions without autoregres-
sive terms. In response to referee’s question, I am pretty confident that this notion can
be applied to nonstationary models (with unit roots). One way this would be possible to
do is by proving an invariance principle parallel to the central limit theorem contained in

Mynbaev (2001).

2. MAIN RESULT

If (€2, i) is a probability space with measure 1, then L, (€2, 1) denotes the set of measurable
functions F : Q@ — R provided with the norm || f||, = (Jo |f(z)[Pdu(x))/?, 1 < p < oo.
When ©Q = (0,1) and p is the Lebesgue measure, we write Lo instead of Ly((0,1), ) and

| f]| instead of || f||2. The space {5, a discrete analog of Lo, consists of sequences {z; : j € J}
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with a finite norm [|z|| = (3¢ |2;|*)'/?; the set of indices J depends on the context. R" is
the Euclidean space provided with this norm. plim (dlim) means a limit in probability (in
distribution, respectively). N(m, V') denotes the set of normal vectors with mean m and a
matrix variance V.

The discretization operator d, : Ly — R"™ is defined as follows. For a function f € Lo,

the vector d,, f € R™ has components

(@.f); =V [ f@)de, j=1,....m.

where the intervals i; = ((j —1)/n, j/n) form a partition of (0,1). The sequence {d,f: n =
1,2,...} is called Ly-generated by f. The notion of Ls-generated sequences was introduced
by Moussatat (1976). A sequence {u, : n = 1,2,...}, where u,, € R" for each n, is called
Ly-approximable, if there exists a function f € Lo such that ||u, — d,f|| — 0, n — oo.
Besides, in this case {u,} is called Lo-approximated by f. Ls-approximable sequences have
been introduced and studied by Mynbaev (2001). In statistics often sequences of vectors
with an increasing number of coordinates are used. Conditions on such sequences imposed
in terms of limits of different expressions involving them look awkward and are difficult
to check. The idea behind Ls-approximability is to approximate sequences with functions
of a continuous argument and then derive (instead of imposing) the required properties
of sequences from properties of functions. This is facilitated by the fact that the theory
of Ly spaces and operators in them is well developed. A comparison of properties of Lo-
approximable sequences contained in Mynbaev (2001) with those imposed directly in, say,
Anderson (1971) shows that not very much is lost in terms of generality.

Before we state the main result we need to do a little housekeeping. We assume that in
(1.4)

Y=Y, ¥n), X =(21,02), 1= (t1,...,tn),

/

T2 = (Yo, Un-1), €= (nty -\ €nm),

where {e,;, Fj,;}", is a martingale difference (m.d.) sequence for each n, that is, F,; are

o-fields such that F,,; C ... C F,,, and E(en|F,i-1) = 0.
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Now we state and discuss the main assumptions.

A1) 5B #0, [Ba] < 1.

The cases ) = 0 and 5 = 0 are excluded as known (see Anderson (1971) and Hamilton
(1994)).

A2) ||z1]| > 0 for all large n and the sequence u,, = x1/||z1|| = t/||t|| is Lo-approximable.

Mynbaev and Castelar (2001) have shown that if u,, = t/||t||, where t is defined by (1.2)
or (1.3), then w, is Lg-approximable. See Theorem 3.1 and Lemma 2.1 about implications
of Ly-approximability.

A3) The initial condition g, is a square-integrable random variable.

As usual, the influence of g, is asymptotically negligible.

A4) {e;, Fyi} is a p-integrable m.d. sequence such that sup,, ; [|€,||, < oo for some p > 4
and

E(e2,|Fni1) =0 ¥n,i,

where 0 < 02 < 00, and with some 07 > o% and ¢ > 0

E(efn-|Fm-,1) = Uf, E(|e2 02||Fn7i,1) >c Vn,i.

ni

For example, if {e;} is i.i.d. normal, then

E(e}|F;_1) = Eej = 30* > 0", E(le? — o?||Fi_1) = |lef — ||y = ¢ > 0.

A5) The limit
vn vn

A= lim — = lim
n—oo [t oo [y |

€ [0, <]

exists.

The limit A\ measures the relative magnitude of the error term and the regressor t. When
t is a polynomial with £ > 0, one has A = 0. If ¢ is a logarithmic trend, then 0 < A\ < oo.
Since A = oo is admitted, in the formulas that follow we put 1/o0 = 0, oo/oco0 = 1. For
Lo-approximable normalized regressors we find a general answer, which covers (1.2) but

not (1.3). If the regressor grows quickly relative to the error, then A = 0, which, in turn,



renders degenerate the matrix Qo from (2.4). In the latter case we suggest a conjecture for
profession’s discussion.

To state the main result, we need to define the elements of the conventional scheme. Let
my = ||1]], ma = ||z1|| + V/n, M = diag[my, ms)].
With this M, the matrix H = XM ~! from (1.5) has the vectors
hi = a1/, he = 22/ (lz1] + v/n) (2.1)

as its columns: H = (hq, hy). Therefore in (1.5)

, Whe h.h 1 h:h
Q:H/H:<h,1>(h1h2):( th 2):( 1 2) (2.2)
h, Wohy by hyhy ||helf?
and
26
Denote
5 (1 vy )
o Q. = , (2.4)
(1+A)(1—Ba) 7 P+ R e

Obviously, det @, = 0 if and only if A = 0.
Theorem 2.1. Under assumptions Al) through A5), one has

Woo = dlim w € N(0,0°Qs), plim Q = Quo. (2.5)

Hence, if A > 0, then dlim M (3 — 3) € N(0,02Q1).

From the point of view of this theorem, the case A = 0 presents a problem. There are
reasons to believe that the following is true.

Conjecture. If one chooses M = |det Q|'/2diag [m1, m,] in case A = 0, then M(B —5)
will converge in distribution to a vector ws, such that we; = YWaes.

By the Cramér-Wold theorem, to prove convergence of w in distribution to an element of
N(0,02%Q.), it is sufficient to prove, for any vector a € R?, convergence of a’w to an element

of N(0,0%a'Qua). The last problem will be reduced to another one, using the fact that the



influence of the initial condition yo is negligible. Replacing e; by e,; in (1.1), by induction

we obtain the solution
= By (B + enr) + By, 1<i<n. (2.6)

Using (2.1), (2.3), and (2.6), rearrange a’'w as follows

n

a a
CLIU) = alh’le + a/2h/2€ = Z(alhu + #yl-,l)em- + (a1h11 -+ iyo)enl =
2

i=2 2
= Z{alhli [Z B Bk + enr) + 55_1y0] }em' + (arhy + 2yo)ﬁ’nl =
i=2 ma 5 YD)
=y Y., +Z
=2

where we put
Y, = {alhu Zﬁl (B + enk)}em’y n = Zﬁ YoCni + a1hi1€n1.
ma i=1

Using conditions A1) through A4) and the fact that ms — oo,n — 0o, we have by Holder’s
inequality

ao| & i c ;

1 Z, 11 < ‘ilz 1G2|" M lwoll2llenillz + larhar|lently < — D" |Bo]" + clhas| — .

m2 =1 m2 i=o

Here hi; — 0 by Theorem 3.1b). Hence, plim Z,, = 0 and
dlim a'w = dlim ) Yy,. (2.7)
i=2

Next we derive the main representation of Y,,;. Decompose it as

Ym = ((Zlhhﬁ-i”ml“ﬁl Zﬁz 1=k flk‘|> nz+ = Zﬁl - kenkeni = Anz"’Bnm ZZ 27 (28)

where we put

Braz X i1k Vv ay ("X i1k
Am = h it ; h nis )\n = ; = - n ni- 2.9
(al 1 1+ A, ;62 1k)€ ||I1|| 2(}25 € k)e ( )

In definition (3.3) put ¢; =0, j > 1; ¢; = By?, j <0. Then (see also (3.1))

= (i B ) Zﬁz o= (LaWn2)i, 022, (2.10)
k=1



With the notation

Hn = 15—{1—66)2\”’ Vn = :»Z’ Up = N1, Gn = Q1Un + pn Ly Wpuy, (2'11)
we see that
i—1
a .
alhu + 51 2 Z 53717kh1k = (alun + /anLn\IInun>z = Oni- (212>
1+, &

hy is denoted by u, because of its special role in the proof. Thus, we have representation

(2.8) of Y,,; in terms of variables

Api = 9ni€ni, B, = Vn<Ln\I’n€)@'€m', 1> 2.

Besides, if we denote p = [fff, then from A5) we get

lim A\, = A, limpu, = p, limny? = (1aj_)\)\>2 (2.13)

for all 0 < \ < 0.

Now we are in a position to outline the idea of the proof of convergence of 3" Y,,;. According
to the McLeish CLT (Theorem 3.4), we need to consider > EY2. (2.8) and (2.9) imply
Y2 = A% +2A,,B,; + B2, where

AL = i (2.147)
i-1 ‘
Bz”. = VTZL(Z ﬁg(zflfk)eik 49 Z ﬁg“2*k*lenk€nl)eii’ (2.14//)
k=1 1<k<I<i—1
i—1
ApiBpi = gml/n<z B;ilikenk> eii' (2.14/”)
k=1

The sum 3 A2, is responsible mainly for the contribution of the exogenous regressor; 3 B2,
accounts for the contribution of the autoregressive term, and Y A,; B,; controls interaction
between the two. Each of these three sums needs separate treatment. Before doing that we
gather in one lemma various implications of Theorem 3.1.

Lemma 2.1. Under assumptions Al), A2), and A5) the following is true.

a) For any a € R?* and \ € [0, 00] (see (2.4) for the notation of 7)

T}Lﬂolo a1, + pin Ly Wouy,|| = |a; + agyl.

9



b) The constants c,; = g%, 2 < i < n, (see (2.11)) satisfy conditions (b) and (c) of
Theorem 3.2 and

max c,; — 0. (2.15)

c) The constants c,; = 12 satisfy conditions (b) and (c) of Theorem 3.2.

d) limy, oo wl, (pin Ly V) = 7.

Proof.

a) Theorem 3.1 (part b)), identity (3.4), assumptions Al) and A2), and the choice of 1);

imply
271/2
|En @, = WoLyt| < max | [; Y2 + (; wi1) ] =0

Hence, by Theorem 3.1, parts a), ¢), and d), we have
1> ytn — LW | < || (3205 = W )| + [[W0 (t — L)+

+|| Y, Ly, — Ly Vu,| — 0.

Now using normalization ||u,| = 1, the identity >-;¢; = 1/(1 — 32), (3.2), Theorem 3.1a)
and (2.13), we obtain the desired result:

<

Halun + ,U/nLn‘;[lnunH - H(al + uZ%)UnH

lartun + pin L Wtin|| = a1 + az7]| =

< HMnLn\Ijnun - MZ%%H < |Nn - M|||Ln\11nun” + |N|HLTL\I}nun - Z¢]un" <
< |t — plevglln| + 1l Y W1t — LWt | — 0.

b) From (3.2), Theorem 3.1a), normalization of u, and (2.13), we see that condition (b)
of Theorem 3.2 is satisfied:

limsup Y ¢, < limsup |laguy, + pn Ly Wpul]® < (2.16)

n—oo o n—0oo
< lim sup(|ax ||| un]] + || ||un [|]* < oc.
n—oo

Further, (2.15) follows from (2.13), assumption A1), and Theorem 3.1b):

i1
A 2
max c,; = max(alum + E ﬁé_l_kunk)i < c(max |up;|)* — 0.
(] K3 k’:]_ 1
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This bound and (2.16) imply condition (c) of Theorem 3.2:

n

n
lim 2. < lim max ¢,; cni = 0.
nﬂmz; ™M — n—oo2<j<n " Z; " 0
= - = =

¢) Since ¢,; = 12 < ¢/n, we do not need to use Theorem 3.1:

limsuchm- < csule/n < 00,

— 3 .
n—oo i=2 n i=2

limsup » ¢, < ¢ nlir{}oX:l/n2 =0.
=2

n—oo
1=2

d) Choosing a; = —v, as = 1 in property a) above, we get by normalization of u,
|, (o Ly W) — | = [ty (i L Wty — Y1) | < ||| || Ly Wty — || — 0.

The proof is complete.

In order to apply the McLeish CLT, we need to normalize Y,,; by >, which is defined by

m = (Y ev)”
=2

and study the asymptotical behavior of ¥,. From now on we assume that all conditions
A1)-A5) hold.
Lemma 2.2. With notation (2.11) one has

EY2 22 2 41_6§(i_1)
— 3
2 4 1 — 2n
22 = 02(||gall? = 62,) + 22 (n — =2, 2.18
(lonl? = g2 + 1275 (0 - 1) (2.18)
. 2 2. ) 2 asoAy2 1
lim ¥ =0"d'Qua =0 {(al + vas) +(1+)\) | 62}. (2.19)
— P

Proof. Assumption A4) and identities (2.14"),(2.14”), and (2.14") imply by the Law of
Iterated Expectations (LIE)

EAY, = o*gp;, (2.20')

ER2 — ot 2i_1 20i—1-k) _ 4 21_ 22(i_1) I

ni_O-VnZBQ _Uyn 1_ﬁ§ ) (22())
k=1
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EAniBi = 0. (2.20")

These equations immediately yield (2.17). Hence, (2.18) follows:

4 n 4,2 1—

5 an~ 2 a'va zl 2 2 oV, _ 3"
=0t g 2= BT =0l —ai) (- )

Since g1 — 0 by (2.15), (2.19) follows from the last equation, Lemma 2.1a), and the last
equation in (2.13). The proof is finished.
From Y,,; we pass to normalized variables X,; = Y;,;/%,. The objective of the next three

lemmas is to show that

X) = ZX% - ZEXZZ = EQQZ(YTZ' - EYngz) 5 0.
i=2 i=2 ;

By (2.20")
Y2 — EY? = (A2, — EAL) + (B, — EBL,) + 24, By

Lemma 2.3. plim }% (4%, — EA2,) = 0.
Proof. The constants ¢,; from Lemma 2.1b) satisfy conditions of Theorem 3.2. From

assumption A4), (2.14'), and (2.20'), it follows that A2, — EA?, is a martingale difference:

E(A%, — BEA%|F, 1) = ¢yl E(eh| Frio1) — %] = 0.

By assumption A4) the functions e, — 02 are uniformly integrable. By Theorem 3.2

" (A%, — EA2,) converges to zero in Ly and, hence, in probability.
Lemma 2.4. plim > ,(B2?, — EB%) =0.
Proof. Denote I,; = B2 — EB2,. This time we use the mixingale WLLN because
{Ii, F,;} is not a m.d. sequence.

Put
Ini:O7 Fnz:{®79}7 1 < 1; Cni:V2 Vi.

n

We shall show that {I,;, F,,;} satisfies conditions 1) through 3) of the definition of a L;-
mixingale from the Appendix.

1) Obviously, F,; form an increasing sequence of o-subfields of F.

12



2) Now we show that the family {I,;/c,;} is uniformly integrable. Note that since
EB?2,/cp; are uniformly bounded (see (2.20”)), it suffices to prove that the variables J,; =

B2, /c,; are uniformly integrable. The estimate (see (2.14”) and assumption A4))

Bl =S o7 el =t S < (2.01)
k=1

proves uniform L;-boundedness. By assumption A4) and Holder’s inequality with r = p/4

we have

4
[T ens ],
j=1

for any k; > 1. (2.21) and (2.22) imply (v’ is defined from 1/r + 1/ = 1 and 1(A) is the

4
< T lews llp < ¢ (2:22)
j=1

indicator of a set A)
HH Enk, ‘ (Jpi > N} < HH Enk,; H [E1(Jn > NV <

<N YV(EJ )" <NV,

Hence, uniformly with respect to n and

EJuil(Jy; > N) < Zﬁz TR E 2 1(J > N)+

k=1

+2 Y BT Elemenel 1 (Ju > N)| < esN7V7 — 0, N — .

1<k<I<i—1
Thus, the functions I,,;/c,; are uniformly integrable.

3) Bounds (3.5) and (3.6) are trivial for ¢ < 1. Let ¢ > 2. For m > 0 and all kK <i—1
one has F,,, C F,,; C F,, iym. From (2.14”) then

so (3.6) is trivial. To prove (3.5), consider three cases.

3.1) m = 0. (2.23) applies and yields, by the LIE, (2.14") and (2.20"),

1B (Tt Fo) 1 = [ Tnill1 = v H(z B o) e — ot (1 - B /(- )| <

13



< B[ 35 ¥eus) B )]+ r} = (S A ey ) <
Here we have used also assumptions Al) and A4).
3.2) i—1>m > 1. Noting that F,;_,,, C F,,;_1 and using assumption A4), (2.14”) and
(2.20"), we get
E(Li| Fojm) = E[E(Lni| Foi1) | Foji-m] =

2(i—1—k 9k
- Vi(TQE{Z 52“ )(eik —0®)+2 Z g3 g lenkenl|Fn,i—m} =
k=1 1<k<i<i—1
‘= 2(i—1—k)
i—1— —2—k—
= VZO—Q[ 62 (eik - 02) +2 Z 6221 2k lenkenl} =
k=1 1<k<I<i—m

[( Z gi1- kenk)2 2 ii”ﬁ;(ilk)]
k=1

Hence, with (11 = 062 (m=1) by orthogonality

| E(Li| Fri-m) | < V2o (Hzﬁz 1- kenkHz—FUQii:nﬁg(ilk)) _
k=1

= 2u50" Z ﬁg(i_l_k) < VG-
-1
3.3) m >i—1. Then F,;_,,, = {0,Q} by definition, so by assumption A4), (2.14”), and
(2.20")
E(Ini|Fn,i—m) = E[E(Im|Fn,z—1)] =

= I/ZO'ZE{Z 6§(i_1_k)(eik —o?)+2 > 52%72%46%6”[} =0.

k=1 1<k<I<i—1
Summarizing, (3.5) holds with (41 = cﬂg(m_l), 0<m<i—1,(,=0, m>i—1.
By Lemma 2.1c), the scaling coefficients c¢,; satisfy the requirements of Theorem 3.3, so
| > Inilli — 0, which proves the lemma.
Lemma 2.5. plim >, A,;B,; = 0.
Proof. {A,;B,;; F,;} is a mixingale but its scaling coefficients ¢,; do not seem to satisfy
the conditions of Theorem 3.3. Therefore the approach here is different from that in Lemma

2.4. Denoting
= GniVn Z ﬁz . ken/m

14



we can write (see (2.14"))
ApiBri = il = rpi(e, — 0?) 4+ oy (2.24)

By assumption A4), the variables x,; = (€2, — 0?)/\/0? — o* satisfy Burkholder’s condition

n

from Theorem 3.5:

4 2.2 4 2 4
2 o (€ni—207€,,+0 it
Bl Fria) = E( o} — ot ‘Fn’i’l) ol —ot 1,
E(|nl|Fri-1) > c/\/o—%j_
Therefore
- (2 2 2 9
E’Zz; Tnz<€ni g )‘ S (Ul E2I£11?<Xn‘z TniTni < 1 Z Ernz (225)

(2.12) implies
i—1

Toi < Co max|unj||Vn\ > 35 el
k=1

Taking also into account Theorem 3.1b) and (2.13), we have
-1 )
S B, < calmax )Y B(Y 8l Few) <
i=2 J =2 k=1

n

< c4(max\um]1/n Z(Z 1Bo | | enk 2 ) < c5(mjax|unj|)21/2n — 0.
1=2 k=1

This inequality and (2.25) show that

plim Y rni(er; — 0”) = 0. (2.26)

Next we show that

— 0. (2.27)

n
HZT”’ 2
i=2

Using g,, from (2.11) we have

i—

n n
D Tni = Vn )
=2

1=2 k=

1
ﬁz . kgnzenk _Vnzenk‘ Z ﬁl . k
1

i=k+1

15



Let
(Zﬁ ) . (2.28)

®,, is obtained from (3.3) by putting ¢»; =0, j <0, t; = 3, j > 0. Then

n

ZTTL’L = Un Z enk ngn k+1 = Vn Z €nk— l(q)ngn)k

k=2

It follows by orthogonality, Lemma 2.1a), and Theorem 3.1a) that

n
HZ Tnifly =
1=2

Now (2.24), (2.26), and (2.27) prove the lemma.

n 1/2
vno |3 (@agn)i] " < ctlvallgall < eofvn] — 0.

The next lemma supplies the final ingredient for Theorem 3.4.
Lemma 2.6. If lim 3, > 0, then plim max; | X,;| = 0.
Proof. Since lim Y, > 0, the statement to be proved is equivalent to plim max; |Y;;| = 0.
Obviously,
P(miaX|Ym-| > 2¢) < P(mZaX\Am-\ > €) + P(mZaX | Bpi| > €).

With p > 2 we have by assumption A4), Lemma 2.1a) and (2.15)

P(max\Am\ >e€)<e pEmaX|Am]p <e pZE|Am| =

=2

n

=€ "> [gail" P Eleni]” < cre”” max gl | gnl — 0.
=2

Similarly, using the estimate |v,| < ¢/y/n, we have from (2.9) by Hoélder’s inequality and

assumption A4)

n n
P(max |B,;| >¢€) < e_pZE|Bm =e Py, |pZHZ B e ke ? <
¢ i=2 i=2 k=1 P
n i—1 ] »
<Pl Y (X 18l Fllenkenilly)

1=2 k=1

n

i—1
Ly i1 P Ly 1o
< e Y (3 (B T F lenellapllenillap)” < e PP — 0.
=2 k=1

This completes the proof.
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In the following two lemmas we consider convergence in probability of elements of @) (see

(2.2)).

Lemma 2.7. plim||hy|[* =72 + ( :

1+>\) 1-83°
Proof. Let G, = ||h|*. From (2.1), (2.6) and (2.10), one has

G = 7y v = Bi(Wnz1)i + (Pne); + Biyo. 2.29
(HIl”‘i_\/—QZy Yi = xl) ( 6) 62:90 ( )

Using notation (2.11) with as = 1, we can write G,, as

G —u{yo+251 wr)i+ (Pne)i + Byyol* | =

(multiplying through by v? and using the identity £ ||z1||vn = pin)

n—1

= Zyg + Z[Mn(anun)z + vn(Vne); + Vnﬁgyo]z =

i=1

(squaring the parentheses)

= 29(2) + Z [(Nn\ynun)? + (Vn\Ijn(i) (Vn523/0>

5
+2(an]nun)z(yn\pne)z + 2((”71\1!71”71)1 + (anjne)i)ynﬁ;yO] = Z Gnia

i=1
where we have denoted

n—1 n—1 n—1

Gn1 = Z(Vnﬁéyo)z’ Gro = Z(anjnun)?a Gns = Z(Vn\l/ne)?a
=0 =1 =1
n—1 n—1

Gn4 - 2ﬂ’nyn Z nUn z(ane)ia Gn5 = 2Vn Z ((Mn\pnun)z + (Vn‘llne)l)ﬁéyo

i=1 i=1
We consider these terms one by one.

1) plim G,; = 0 because

n—1
Gl = v > G5 llwgllh < ¢/n— 0.

2) L,V,u, and V,u, have the same limits (see the proof of Lemma 2.1). Therefore,

choosing a; = 0 and a; = 1 in Lemma 2.1, parts a) and b), we get
lim G = lim (|| Vatinl3 = g7,) = > (230)
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3) Gz is represented as G,g + G,7 where

G = ECyy = 022 3" 3 267,

=1 k=1

n—1_1 ) )
Gn7 = Gn3 — EGng = I/Z Z [Z ﬂg(lik)(eik — 02) + 2 Z ﬁg’_k_lenkenl} .

i=1 k=1 1<k<I<i
By (2.13) 2 1
o = - ol v2 1
lim G, = lim 2 (1 - p%) = . 2.31

Handling G,,7 is the most difficult. We start with revealing its martingale nature. Chang-

ing the summation order and calculating the inner sums gives

n—1i-1 1

nt =V [Z i: B N en = o) 42203 3 B ewen| =

i=1 k=1 i=1 k=11=k+1
= 2(i—k
:Vﬂz Zﬂ(z )+2Z€nk Z Zﬁ enl}:
k=1 i=k+1 1=k+1
n—1 n—2 n—1
= V72L [Z a’”k(eik - 02) +2 Z Enk Z enlbnkl}
k=1 k=1 I=k-+1
where we denote
n—1 . 1— 2(n—k)
Uy = Y Bl = 15252, bk = Zﬁ L
i=k M2

Changing the order of summation once again and denoting

i—1
2 2 2 2 2 .
Tni = VpGni (€1 — 07), Tni =V, {am(e —0°) + 2epn; enlbnli]a 2<i<n-—1,
=1

we obtain

n—1 n—1
Gur = ’/721 [Z ank(e2 )+ 2 Z enl Z enkbnkl:| =
- 1=2

= y2{an1 )+ Z [am ) + 2€e,; i enkbn;ﬂ” = i T -
k=1 i=1

Here {r,;, Fy,;} is a m.d. sequence.
By Lemma 2.1c), the constants ¢,; = /2 satisfy conditions (b) and (c) of Theorem 3.2.

To check the other conditions of that theorem, denote s,; = 7,,;/cp;. For 2 <i<n—1

i—1
lsnilly < crller; — o[l + QSlllp lenientlly Y 1bniil-
il =1

18



Here by Holder’s inequality and assumption A4)

i1 i—1
S bil <2 18T < e, lenienll < ca (2.32)
=1 =1

so that ||su||1 < ¢5. Further, with ¢ = p/2 we have
lenienllq < llenillpllentll, < c6 Vi, 1, n.
It follows that (¢’ is defined by 1/q+1/¢' = 1)
Elenienl(sni > N)| < llenientllq[F1(sn > NV <
< N7 |suilly/” < N7V
Hence, uniformly in i,n (see also (2.32))

i—1
E‘Sml(Sm‘ > N)‘ = E‘ [am(eii — 0'2) + QZemenlbnli} 1(Sm > N)‘ <
=1

<NV 0, N— .
We have proved that the family {s,;} is uniformly integrable. Hence, by Theorem 3.2

|Grrlls — 0.
4) Using definitions (2.10) and (2.28), we can write

n—1 7 n—1 n—1
Gn4 = 2,unyn Z(anun)z Z Béikenk - 2/1%1/” Z Enk Z ﬁéik(anun)z =
i=1 k=1 k=1 =k

n—1 n
= 2t Y eni | D B (W) = B3 (Wn)n] =
k=1 i=k

n—1

k=1

By orthogonality and Theorem 3.1a)
n—1 1/2

HGn4||2 = 2|NnVn| [Z |<q>n\1}nun)k - ;L_k(\l]nun>n|2} <
k=1

n—1
< e[ @n Wl + ([ Wl (3 53(71—@)1/2} < e V2 0,
k=1
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5) By Theorem 3.1a) and (2.13)

n—1

n—1 7
1Gnsllt < 2lpnvnl D185 (Wun)illlyolls + 202 > 1851 > 185 [llennyollr <
=1 k=1

i=1

n—1
<alv (> 53) @t l2 + 2] < con™2 — 0.
i=1
Summarizing, of all terms in the decomposition of GG,,, only G,,» and G, have nontrivial
limits in probability. (2.30) and (2.31) give the desired result.
Lemma 2.8. plim h\hy =

Proof. (2.1), (2.6) and (2.10) lead to

1
xlzyz
Tl = V) 2 Z

W, hy =

1
il + V)

[Zwl%(ﬁl (Wnw1)io1 + (Une)i- 1‘1‘5 )} =G+ Gy + G,

where

=1

GQ—VnZun126Z . kenk_ynzenk Z ﬁl - k

=1 i=k+1

=Up Z €nk—1 Z ﬁ;_kum Vn Z €n,k— 1 nun ks
k=2 i=k

n
i—1
Gs = vy E Umﬂ% Yo
i=1

Here we have used definitions (2.11) with as = 1 and (2.28).

By virtue of Lemma 2.1d), lim,_.,, G; = 7. By orthogonality and Theorem 3.1a)
1Gsll2 < vp||Ppun|l < ev,, — 0.
Further, according to Theorem 3.1b),

1G]l < vallyolly maxun] > |8 —

i>1

These three facts prove the lemma.
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Proof of Theorem 2.1. Recall that the problem of convergence in distribution of w
has been reduced to that of 3 Y,;, for each a € R? (see (2.7)). We consider two cases.

1) If lim %,, > 0, then convergence of 3 Y, is equivalent to that of 3~ X,,;, where X,; =
Y,i/2n. It is seen from the definition of Y,,; that X,; are martingale differences, and they
satisfy the normalization condition from Theorem 3.4. Condition (a) from that theorem is
equivalent to plim ¢,(X) = 0. Because lim 3, > 0, Lemmas 2.3, 2.4, and 2.5 show that the
last equation is true. Lemma 2.6 provides condition (b) from Theorem 3.4. Thus, > X,;
converges to a standard normal and ) Y,,; converges to a normal with mean 0 and variance
02d'Quoa (see (2.19)). By the Cramér-Wold theorem, this proves the first relation in (2.5)
in the case under consideration.

2) Let us prove convergence in distribution of wy, the first coordinate of w. Choosing in
all previous definitions a; = 1, as = 0, we see from (2.19) that lim ¥,, > 0. Hence, the first
part of the proof applies and w1 = dlim w; exists and has variance .

Now suppose that lim ¥, = 0. Then (2.19) implies a; + yas = 0, asA = 0. If A > 0, then
as = 0 and a; = 0. In this case convergence of a’w is trivial. To avoid triviality, we assume
that

A=0, as #0, a3 = —vyas. (2.33)

For a general a satisfying (2.33) we are going to show that plim ¢'w = 0. Along with
(2.7) one has plim a'w = plim }_1" , V,,;, if the limit at the right exists. From (2.8), (2.9), and
(2.10) it follows that

- - B 1 &
2 &2[1-:2( Tt +)\n( 1)i-1)€ni + o~ ;( e)i—1€ } (2.34)
(using (2.11) with as = 1,47 = —7)

n n

=2 =2

Choosing a; = —y and as = 1 in Lemma 2.1, parts a) and b), we obtain by orthogonality

lim Hi(_W‘n + pn LVt )i€ni
i=2

n—oo

, = Jim | = vun + pn L Vpuy|| = 0. (2.35)
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Since (L,¥,e); is F, j_i-measurable, assumption A4) gives

n

E(vn S (LaWe)iens)’ = B[S (Luthue e, + (2.36)

=2 =2

+2 Z (Ln¥ne)i(LyVye); emem} = UQI/izE(Ln‘I’n@)? <

2<i<j<n =2

< ?V2E||L, Vel <

(using (3.2) and Theorem 3.1a))

<ar?Y Eé =cuin=c = — 0.

This is because A, — 0 (see (2.13) and (2.33)). (2.34), (2.35), and (2.36) prove that
plim a’w = agplim(—~yw; +wy) = 0. Because w; converges in distribution to we, 1 € N(0,0?),

wy converges in distribution to w2 = YW1 € N(0,0%7?). w converges in distribution to
Ly

2) . The proof of the first equation in (2.5) is complete.
v
The second equation in (2.5) is an immediate consequence of Lemmas 2.7 and 2.8.

W Whose variance is o2 (

3. APPENDIX
By definition, the interpolation operator D,, : R™ — Ls takes a vector z € R" to a simple

function
DnZ = \/ﬁz Zjl(’ij).
j=1

Here 1(i;) stands for the indicator of i;. The lag operator L, : R* — R" is defined by
(Lnz)j = 2j—1, j=2,...,n; (Lyz); =0. (3.1)
It is easy to see that the operators d,, and L,, are uniformly bounded and D, is isometric:
lduf || S NIl f € Las ([ Lzl < [[2]l, [[Dazll = |21, = € R™. (3.2)

Let {¢; :  =0,%£1,...} be a summable sequence of real numbers. We define ¥,, : R" —
R™ by
(‘IfnZ)k = ij,kzj, k= 1,...,n. (33)
j=1
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With the sequence {t;} we can also associate the number ay = 32, [¢;| < co. It is easy to
check that

1/2

n n—1
|LaWuz = Lozl = [22 3 02 + (X 05%) ] (3.4)
k=2 j=1

The less obvious properties, which have been established in Mynbaev (2001), are gathered
in the next theorem.

Theorem 3.1.

a) If oy < 00, then

[Wnzll < ayllzll, z€R", n>1.

b) If {u,} is Ly-approximated by f, then

T lall = 141 Jing, ] = 0.

c) If ay < 00 and {u,} is Ly-approximable, then
i (3 o) =0
d) If {u,} is Le-approximable, then
lim || Lnty, — uy|| = 0.

The next three results can be found in Davidson (1994).

Theorem 3.2 (Chow-Davidson martingale WLLN). Let {X,;, F,,;} be a martingale dif-
ference array, {c,;} a positive constant array, and {k,} an increasing integer sequence with
kn T oco. If

(a) {Xyi/cni} is uniformly integrable,

(b) limsup,, .. S5, ¢ < 00, and

(c) limy oo 8, 2, =0,
then || S8, X, [l —0.

Let (92, F, P) be a probability space. The array {{X,;, Fri}2_ 15, is called an L;-
mixingale, if

1) for each n, {F,;} is an increasing sequence of o-subfields of F,
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2) X,,; are integrable random variables, and

o0
1=—00

3) there exist an array of nonnegative constants {{c; o , and a nonnegative sequence

{Gn 5o such that lim,, . ¢, = 0 and

| Xni — E(Xni|Fritm) |1 < niCmsa (3.6)

hold for all ¢, n, and m > 0.

Theorem 3.3 (Andrews-Davidson mixingale WLLN). Let the array {X,,;, F},;} be an L;-
mixingale with respect to a constant array {c,;}. If for some increasing integer sequence with
k, 1 oo conditions (a), (b), and (c) from Theorem 3.2 are satisfied, then || >, X,,; ||, —0.

Theorem 3.4 (McLeish CLT). Let {X,;, Fy,;} be a m.d. array with finite unconditional
variances 02, and >0, 02, = 1. If

(a) pim >, X2 =1, and

(b) plim max; <<y, | X, | =0,
then 3%_, X,,; converges in distribution to an element of N (0, 1).

Let {X,;, F,;} be a m.d. array and let r; be F,,;_j-measurable. Then
Sn = Z i X ni
i=1

is called a transform of {X,;, F},;}. The next theorem has been established by Burkholder
(1973).
Theorem 3.5. Let {X,,;, F},;} satisfy

E(XglyFn,z—l) = 17 E(’anHFn,z—l) Z C.
Then the martingale S,, satisfies

n
F max S2? < cZETz.
1<j<n J = J
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