MPRA

Munich Personal RePEc Archive

Consistency of the Multi-Choice Shapley
Value

Hsiao, Chih-Ru

31 July 1996

Online at https://mpra.ub.uni-muenchen.de/18504/
MPRA Paper No. 18504, posted 11 Nov 2009 00:03 UTC



TR R FA S £ RS R MR R R

: ﬁ%%’:ﬁiﬁ%%ﬁi&’xiﬁ%&m%%ﬁﬁ%ﬁ%%ﬁﬁ%%ﬁﬁ%%%%%%ﬁg
ZE#EEShapley (HY — M

P33

prigudindrtatiahy

HERE NSC 85-2121-M-031-006.
FATIN : 844E8H 1H =854 TH31H

EEAFR - TWHSENRERE

#TV) O-F@HTHIRERE
MAEgTgiress
(AEEES » R ETSRERTR)

AT REBKRE
‘?’%‘;R@ 854 7H 31H

006.131
1444(7)

Consistency of the Multi-Choice Shapley Value

B R R R B R R B S M R R BRI ROR

"w

§
:



-

N\ »- ;e

KA S e:\!.:"; : -?"%

- ﬁ% Sy
53 ..J

AW S r—"sm,é‘ﬁm K Potential, WRi
FZE#EHEShapley fHEY Potential, > HHZHE &
#EShapley fH, -8 " — 5K, o

e

5
M10236930

BH St 56 - 25 B 3 #¥ Shapley ffi » Potential »
— X o




Abstract

We define the potential of multi-choice cooperative games, find the
relationship between the multi-choice Shapley value and the potential, and

show that the multi-choice Shapley value is consistent.

Key Words. Potential of Multi-choice Shapley Value, Consistency Prop-
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Consistency of the Multi-Choice Shapley Value

CHIH-Ru Hsiao!
DEPARTMENT OF MATHEMATICS
SoocHoOw UNIVERSITY, TAIPEI TAIWAN 11102

Abstract. We define the potential of multi-choice cooperative games, find the relationship
between the multi-choice Shapley value and the potential, and show that the multi-choice

Shapley value is consistent.

Introduction. In (3], Hsiao and Raghavan started to consider players’ strategies in a
cooperative game with side-payments. Henceforth, they extended the traditional cooper-
ative to a multi-choice cooperative game and extended the Shapley value from a vector to
a matrix. For brevity, we call the Shapley value for multi-choice cooperative games the

multi-choice Shapley value.

In [2] and [3], Hsiao showed that the multi-choice Shapley value is monotone, trans-
ferable utility invariant, dummy free of players, dummy free of actions, and independent
of non-essential players.

In (1], [2], and [3], Hsiao and Raghavan asssume that players have the same number
of actions. However, since the multi-choice Shapley value is dummy free of actions, the
assumption is inessentional. Therefore, by just rewriting the definitions, we may slightly
extend the multi-choice Shapley value to a game where players have different numbers of
actions.

In this article, we would first rewrite the definition of the multi-choice Shapley value,
then we would define the potential of multi-choice cooperative games, show the relationship
between the multi-choice Shapley value and the potential, and prove that the multi-choice

Shapley value is consistent.

'Funded by the NSC grant NSC 85-2121-M-031-006
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Definitions and Notations

Let N = {1,2,... ,n} be the set of players. We allow player j to have (m;+1) actions,
say 00,01,02,... ,0m;, Where oy is the action to do nothing, while o is the action to work

at level k, which has higher level than oy _;.

Let 8; = {0,1,... ,m;} and m = (my,m,,...,m,). The action space of N is defined
by I'(m) =II7_,8; = {(z1,... ,zn) | z¢ € B¢, foralli € N}. Thus (z,,...,z,) is called

an action vector of N, and z; = k if and only if player : takes action oy.

A multi-choice cooperative game in characteristic function form is the pair (m, V)

defined by, V' : T'(m) — R, such that V(0) = 0, where 0 = (0,0,...,0).

We can identify the set of all multi-choice cooperative games defined on I'(m) by,

G ~ Rnle(mj-H)—l.

Let m = max;en{m;}, and let w: {0,1,...,m} — R4 be a non-negative function such
that w(0) = 0, w(0) < w(1) € w(2) < ... < w(m), then w is called a weight function

and w(i) is said to be a weight of o;.

We may treat the weight of an action as the measure of the “ difficulty ” of taking

the action.

Given a weight function w for the actions, we define the value of a multi-choice coop-
erative game (m, V') by a II7_,m; dimensional vector ¢* : G — R™W=1™i be such that
¢*(V) =
(QSiUI(V) **9 zrle] (V)7 ¢;UZ(V)’ ) ¢#22(V)v ] llun(V)’ * qsgz,,n(v))

Here ¢}%(V) is the power index or the value of player j when he takes action o; in

game V.
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In [3] Hsiao and Raghavan showed that when w is given, given, there exists a unique

LW

¢" satisfying the following four axioms.

Axiom 1. Suppose w(0),w(1),... ,w(m) are given. If V is of the form

{c>0 ify>x

V =
) 0 otherwise,
then ¢}, ;(V) is proportional to w(z;).

A vector x* € B" is called a carrier of V| if V(x* A x) = V(x) for all x € ™.

Axiom 2. If x* is a carrier of V then, for m = (m,m,... ,m) we have

S 6% (V) = V(m).
z{ #0
z; Ex®

By z} € x* we mean z is the i-th component of x*.
Axiom 3. ¢¥(V! + V%) = ¢¥(V!) + ¢¥(V?), where (V! + V2)(x) = V1(x) + V3(x).

Axiom 4. Given x° € " if V(x) = 0, whenever x # x°, then ¢§ (V) =0, for all k < z}

and allz € N.

Definition 1. Given an x € 8™, we define x** as an action vector where player i takes
action o} and the other players take exactly the same actions as in x. Sometimes, we
would denote (x | z; = k) as an action vector with z; = k.

Player : is said to be a dummy player if V((x | z; = k)) = V((x | z; = 0)) for all
X € B" and for all k € B.

An action oy is said to be a dummy action if V((x | z; = k)) =V((x | zi =k —1))

for all x € ™ and for all : € N.
Definition 2. Given x € 8", let S(x) = {i | z; # 0,z; is a component of x}. Given
S C N, let e(S) be the binary vector with components e;(S) satisfying
1 ifieS
ei(S) :{ if 2 € .
0 otherwise.

For brevity, we let e({i}) = e; and let |S| be the number of elements of S.
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Definition 3. Given " and w(0) = 0, w(1),... ,w(m), for any x € B, we define I%||w =

Z_:l w(z,).
Definition 4. Given x € " and j € N = {1,2,... ,n}, we define M;(x) = {i | z; #
mi7 7’74]}

From Theorem 2 in [3], we have

k=1 z;=k "TCM;(x)
x#0
xep™

[V(x) - V(x—e({7}))]- (1.1)

o ; T w(z;)
¢i;(V) ZZ[ Z (=1) 1| + %‘,T[w(xr-i—l)‘w(xr)}

The Potential

Let I, denote the set of all non-negative integers. Given x, y € I} such that |x],
ly| < oo and x <y, we call (x, V') a subgame of (y, V), if and only if (x, V)(z) = (y,V)(z)
for all z € I'(x). '

Fixed a m € I} with |m| < oo, we let G denote the set of all n person multi-
choice cooperative games defined on a I'(x) with x < m. Given a weight function w for
{0,1,..,m}, we define a function P, : G — R which associates a real number Py,(x,V).

Given i € §;, we define (;, x) be an action vector such that (i;, x) =
(T1, .y Tj—1, © ,Tj41,...,Zn). Given i € f;, and k € B¢, we define (i, k¢, x) be an action

vector whose j-th component is ¢ and ¢-th component is k.

Given P,(x,V), we define the following operators.

D; jPy(x,V) = w(i)- [Pw((ij’ x), V) = Pu( ((z —1);,%), V)|,

and



Definition 2.1. A function P, : G — R with P,,(0,V) = 0is called a w-potential function

if it satisfies the following condition: for each fixed x € I'(m)
S B B = (x, Vi) (2.1)
JES(x)

Given j € N and V(x), we define
d;V(x) =V(x) - V(x —ej),

then d; is associative, i.e. dix(d;V(x)) = dj(dxV(x)). For convenience, we denote d;d; =
dij, dijx = didjdg, ..., etc. We also denote d;, ;, .. i, = ds whenever {i;,1,...,7¢} = S.

Furthermore, we denote dg(x) by dx.

Theorem 2.1. The Potential of multi-choice cooperative games is unique, and

Pux,V) = 3 r=dy(x, VYY),
=

Proof. It is easy to see that P, (0,V) = 0. Let x| = 3,y z;, by mathematical induction

the proof is completed.

- FO 3o

Theorem 2.2. Given a multi-choice cooperative game (m, V') then the Shapley value and

the Potential of (m, V') have the following relationship.
¢;5((m,v)) = H;; P,((m, V)).
Proof. From formulas (1.1) and (2.1), we can easily see the result.

Let x,y € I'(m), we say that x is adjacent to y if and only if y — x = e; for some
j € N Given an action vector z € I'(m), we can always find a finite sequence of p action
vectors 0 = Xg, X1, ...,X, = z such that x; is adjcent to x;4, for j =0,1,2,...,p. We call

Xg, ..., Xp an adcjent sequence of z.



Theorem 2.3. Given a multi-choice cooperative game (z,V),let xq,....,x, be an adjcent
sequence of z such that x; —x) =e;,, x» — x; = €jy, -y Xp —Xp—1 = €;,. Then
{=p
Py((2,V)) = ba;,5((xe,V)).
£=1

Proof. By mathematical induction on |x|, we can easily complted the proof.

Consistency Property of the Multi-choice Shapley Value

Given a multi-choice cooperative game (m, V') and its solution,
(11(V)s s ¥y 1 (V) $15(V), s Ui 0 (V) s ¥ (V) s ¥ (V)

for each z € I'(m), we define an action vector z* = (2}, 2}, ...,2%) where
* em— - 1 . 1 .
{ zjy =mjif z; <m;
z;-‘ =0 i Zy =Mmy.

Furthermore, we define a new game V,? : ['(m) — R such that

VW) =V Ve )= Y iy VaT), V). (3.1)
JES(z*)

We call V,¥ a reduced game of V with respect to z and the solution 1. Furthermore, we say

that the solution ¢ is consistent if v, ;(V) = v; ;(V,¥) for alli < z; and all j € N — §(z*).

Theorem 3.1. The multi-choice Shapley value is consistent.

Proof. By formulas (1.1), (2.1) and (3.1), we can easily see ¢, ;(V) = ¢, ;(V,?) for all
t < zjand all j € N — S(z*).

Hence, the Shapley value is consistent.
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