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I. INTRODUCTION

Lo Hickebn (1939)

(LR35 . oy of

P

Lionm on oA o bicular oot the oo

sems cone lug & fyom this assumpticm. Their

equllibrivm model

contributions were made by Negisti (1%61) aid Hahn

a general equillibrium framawor

Consistency (o

Fetional ity of the comjectures ws introdu

an atbtemot

at  marvowing  down the class of admi

ible conjectures.

: b (1273, Eresnaban (1980), Hamien & Schwa

tr o (19800,

Ja Fevry (I98E) sovd Ulph (1981) (1988, 3 Hart

for am overy TEW O B0m

of these conmtributions.

Fimally, recent  contributions are Boyver & Moreausx (1982)

cwimg that  conde

tures are indetermined sver f they ave

requived  to be consistent; Hard (195821, who works cut  the

noeticn of  reasonable conjectures, and  Trujillo (19283,

tving some  problems  asscciated  with  Hahn's criginal

S oach

I this paper attention will be focused on vikedd :
\
CLTAE {o covieota Yoard veasomable  condectur . Fove
=




ecifically,

s Ooals area:

Lo To study the conseqgue

(on prices, allocations, stc.)

ComIentur

are kinked.

o . Too offer a refinement of the idea of kinked covjectures

"

refinement is

ed on the consideration of reasonable

Linked conjectures.

The more ambiticus question of why corijectures are  kinked

1 not explored in this paper. I dust will mention that this

class  of conjectures asre meant to capture price retaliation

of some kind (see Micks (193%)), For e

ample, o markets in

whlich the vreaction of competitors ie wicertain and fFirms are

Tisk aversea, they eupect the worst to happens if they raise

prlce

the others will keep theirs (i.e., competitors are

price setters). However, if  firms decrease prices,

competitors will match them (1.e2., competitors are gquanrntity

setters, for &

ample ). In this way, if  every firm

is

uncertain  about the behavicwr of the competitors and 1t 3

0w

risk  averse, ther  kinked demand curves appear & te

]
0
-

METLT S L .

Ezing &

v

s conlectures very popular anong economiste {(see

Stiglier (1978) 1), it iz yather sWwrprising that ne  formal

analyzils of the kinked demard curve has been made, as far asg

I s, The unfortunate consequence of this 15 that the

>

theo-y of the kinked demand CuUrve has been misunderstood, and




lled

B e

of the theory b

relationship  with the all (compar

Stigler

avd goge

poesitions L7

b prma

ES starndard mecte 1 of

ocligopmoly vty

differanti

products  and  aspply  to it the et 1 on

o f

cComien

tural  equilibrium  when conjectures

rE assuned

byes

kivked. (Chuar results  cast some doubte about

the app;

et

Caticnality  of the kinked demand curve, In

particular, we

fivid the Tollowing:

L. Finked conjectures ars not easy to hardle, since they

should be not ditfferentiable.

w0y

2. They are not corsistent sven

in a guite modevate semse.

de o They produce tono many equilibria.

Howewver, &  complete

characterization of the

in  which every possible

equilibrium must lie iz poessible. Herce the thecary has zome

predictive  cower, Therefore, the "Folk  Theorem®

. whiich

AL

ATILE@ &

2t ts that “the pink may

arywhere!" (i.e., that the

nked demand curve de

g nut have any emoirical implication)

[)

fales.

e They are not necessarily good as a coordination device,

b The Bertrand Nash Pauilibrium {(i.e.,

a shoeoud Libvium i

which prices are strateg:

ig alwave obtainable EER- R

irctureal eguilibrium with

vkied coninchtures, and there is

vHn way to

i comer o

sl ik e Witk




corjectures different From that ot Hertranod-p

other solution concepts {(price egual
SV R TR L . \ Baumaol, Timit pricing and somatimes
Stavuelberg squilibrial [ allocaticorns.
Some  comments or -5 in  order. The fact that
LrEs are not consistent, carmot be taken as @ decisive
gument  against them, as long as they are reascnable (e
Folnt % is meant as a reaction “against the
presentation of cligopoly theory: i.e., & verbal
discussion  and & collection of models  without &y Tormal
study of their propevties and compatibility.
Imtroducing  the idea of reaasonable conjectures we see that

criticisms (3, (4) and (%) are considerable weabened: thie

equiliorium  set is reduced, the Bertrand-iMNash allocation is
never an equilibrium and preofite are at least as high as anmy

firm could get 1f it were a Stackelberg leader (&1l  our

v

results for ressonable conjectures are proved for the duopoly
Case) ¢8>
Im additior:

a . Oue ”aquilibrium*reaaenabl@“cuﬁjecturas” are alsc valid 1f
L d

we  consider a of comjecturses which ig totally general.

Hernce ow  results  can be visualized as a First step in

generalizing  the or

ocbhtaired by Hart for  an Momogeins

s

cligopoly model<®s

&)



mable comg

Msietent 1o

Since Hart thas proved

Lt

rity ocoaditions ATTY

coviectur 15 comsistent, Eirvked conjectures

counte

axample to this proposition  wh

does

11 poiant 1 before).

o Dur comstruction gives & n

interpretation of

sckelberg "leader—-follower"

since this is the Jimit

ot the allocatirons achievable by means of

TERaSON

Livked canjecture

de Tontrary to the re

11tz obtained by Bover—-Moreaur  and

Uloh, not  any allocation can be considered as

agorab e

tural equa libvium, when conjectures are asesumed +to [ e

Thiz may bhe due to the fact that Tovd

chUrEs are or

differentiable and do (R {<RH fulfil

Ulph coensistens

condition |

W alse notice thet our interpratation of the

e

nat the  only  possibili

model iv o which the ik ard

Trom

mation o the

consumers ' side (see Ryl

M1 notion  af !

malizat)

TvE whioh entiea

"t of Lhe

i terms of a sy




if
cE owi1ll
Aotually the kind of zlioc Lovis which can
itk wWith no discounting is encormous ((see Rubrinste i
LTS, and theve are some which cammot be am eguilibrium 1T
@ kinked (recall what has been said in the last

point 3., Henvce & supergame framework coly catches

the problem, or relies crucially on discounting.

Fimally, we offer a summary of the rest of this paper. I

HBection II the main definitions are presented. In Section 111
we will examine the properties of +the eguilibrium allocaticns
when conjectures are kinked. In Section IV the nation  of

conjzotures 1s introduced arnd worbed out. Dection
Vo opresents a graphical analysis of cuwr approach and Secticn

VI offers cur main conclusions




II. THE MAIN DEFINITIONS.

e

thaet the cumber of firms is  a given rataral
number, . Each  firm is completely described by 1ts profit
functiom, m, = Wa(ps,p-s), being p, the price controlied bv i
and  pe.s & veotor of o, 'with =L, 8,00, but i3, Let
p={PasP—s). ALl the gheorems, conclusions, etc.  aleng the
paper can also be obtained (with the appropriate changes) 1if
py 18 interpreted az the output of 1. W, {p) can be obtained
trom the demand function for 1, x. = f,(p) and the cast
function ¢, = calxy), being =, the wutput of e =ty {plip, -
Ca(Fadp)). HWe will assume that for every i and p¥.y = Rn—1+,
there exists p*, such that me{p®d 0 (possibility  of
inaction, for instarnce).

A comjecture for firm 1 is a fuaction Bas stROFI+ —=> R+,
being p, = #4.(pa,p’) the price coniectured by i if starting
at p' moves its price from p'y to pa. We will assume that pls

= Poaiptaup'd, i.e., if py does not change ps does not change

either. Finally, let @, = L N P Y- D

DEFINITION '1.- A conjecture 1s said toc be kinked if for any
1,3=1 0.0 ,0,

a) pYy. Fopla dimplies p'y = @y, (pTy.p') and

b) Pa = ply o implies D'y B @y (paapt .




N .

verbal terms (a) says that if i iNnCreases 1ts price 1t

dees not eepect any reaction from the ctherg: (B) says that

it 1 decreases its price it expects that the cthers will do
the same. In what follows, unless explicitly stated, it will
be assumed that conjectures are kinked. However, notice that
such conjecturesv canvly m;ke SeNse 1n case an assumpticon as

gross substitutability holds (see assumption 5 below).

DEFINITION 2.- A Sweezy equilibrium is a vector p¥ such that
= Rn+
b)Y for every i =1,244.00,, p¥, maximizes w;(p;,¢,(p,,p*)),

Le@., Wolp*,, P, (p*, ,pe)) = TapayPalp.,.p*)) , for any py £ R+,

In words, a Sweezy equilibrium iz & conjectural equilibrium

in which the conjectures are assumed to be kinked.

DEFINITION 3.- & Bertrand-Nash equilibrium is a vector p*
such that

al) p* = R+

b)Y for every 1=l , 000 ,m, p¥%, maximires Ta {Py p¥oy), t.e.,

Ma (P*) 2 Wy l{P,y.p¥_y) for any py, = R+,

A Bertrand-Nash equilibrium is a conjectural equilibrium in

which every firm assumes zero cenjectural variations.




III. SWEEZY EQUILIBRIA

Im this section we study r prooevtiss of  the
equilibria (5.E.).

We first analyvze the effects on 5.F. of the assumpticn that
comigctures are differemtiaéle. Stigler claims that "effects
would  bBe minor o, ..., it a literal «ink were replaced by a
very sharp bend" (1978, p.188). Alsw Negishi (1975, pp. 87-
78) assumes differentiable coniectures. However as we will
sea (Froposition 1), this differentiability restricts
severily the kind of allocations whick are S.E. In  what

fullows ¢! means "contivuously differentiable cne time'.

Assumption 1.- for any 1=1,8,...41, T, (p) iz ct,

Assumption 2.- for any 1=1, 2, . vuylly W(pP) is concave on Faas

for every p—y = Rn—1+.

Assumption 3.- for any 1,3=1,2,....n, Pyalps.p') is £t

Mow  we  want to analyze the effect of assumption 3 on  the

kimd of allocatiorns we may get. In intuitive terms, the

kinked conjecture implies zero slope at the status quo. Hence

A COoncavity assumpticon will guarantee that this point is  a

Bertrand-Mash equilibrium. In formai terms we haves

10




PROPOSITION 1.-

Under assumptions 1,2 and 3, if p* is a S.E.,

then it is alsa a Bertrand-Nash equiliarium.

FROOS :

LT
? b,

ard 1f strict insquality Drevalls, then

Db ;s (PY,D¥)
Sinmoce —_—

) is continuous on Fas taking a seqguence
i

Y Comverging to p¥, , with PaY F p¥,y for
v
L *)
that 3?&&13;3__.= 0
. ?pi

gvery v £ N, we sec

.5 (p¥,p*)
B0, by continuity a¢Jl i’
° Py

20, (p*)
? P

Now  we have and 1f strict inequality

Drevad

les, then p*, = 0, s the concavity assumpticn implies

D¥ is a Bertrand-Nash equilibrium. CLELD,

Froposition 1 puts strong restrictions om the bind

of
admissible coriectures which produce outcrames different than
the EBertrand-Nash ones, and alse it pravides a 1ink with

thig

Hind of equilibriacr

the Weilersty

S approdimation theorem




aryy  Corgd g i ] 1 ber approsimated
araue thi weeTy eguilibria are

Are oot inuous, V6

frat o Nk the kinked conjectures St OYS

cutcomes which = b Berbtrand-Nash s alsn shows

the cormrespondences which maps conjestures into wations is

Aot lower-hHemicontinuous in the appropriate space.

20, (P)
op;

may conjecture that any p™ such that

Sweezy eguilibrium. Figuwre 1 shows that

net the case since firm 1 can optalin more profits

moeving to o p. and expescting no move from &.

the concavity assumption is dropped, then there
SBweezy equllibria which are not Bertrand eqguilibria.

figure 2.

Mow  let wus define the region in which all possible

ecuilibyr must lie.
on, (p)

op;

DEFINITION &.- 10,

fon}
i

%]
T
M

Rr+/  w, (p) £ 0,

1=1, ...m0.



+ L
t

L

whiich profits

derivative of Ty (p

Itive

PROPOSITION 2.~ Under assumption A.1,

p* € Q.

FROOF .

Suppo

[~

B

that
°opP

E?‘(DECt g o Mo Ve

o

o

in det.

Morecyver I

Ty (p%)

I'm order to

if op® g2 3

b

Assumption 4.- For a

there exists pla, s

Rasumption Deres

thvat

homogensocus

(Notice that

Ny

from

]

prove the converse

@ set of points In the price space For

are nonnegative, and () the

partial

) wWith vespect to its own price fetei

ta) and (b)) hold for every firm).

S.E., then

(p*) ) . .
Q. Then agent 1 can increase Pa

i

the rest of firms, o p*, does not

on i(p*)
D Py

Hence for every i.

= @.

and thew p*

to Proposition 2 (i.e., that

them p* is & S.E.) we need a nzw assumption.

3

- %

=

then

ny 1= p 1f pa? Pas

L wme o a T,

ch that mwe (p*) Ta p), pt (pry,pras .

tulates that the market 15 eufficiently

any possible deviatiorn can be punished.




Speciticaliv, 1 firm 1 decrsases pa., then the rest of firms
car make  a  combined move such that at the rew prices the
movement of 1 vesults no profitable.  In this sense . A4

1 as one of the characteristics of an industry,
a  zet of firms with strong imer relationships  through  the

demand functions.

PROPOSITION 3.- Under assumptions 1,2 and 4, if p* € Q, then
p* is a S.E. for some conjectures.
EROOF :

If it were not the case , then, fo- some firm i, p¥, would
ot maximize Ty(p,,.p*.y) subjech to pr_,=¢@, (P, .p*). In cther

words, there exists p~ . such that

TalP as®Ps(p s p¥)) & TWalpey,Ps(p*,,px))

Because of the concavity of w.(p) and as p* £ @ it must be
that p7 s < p#*.. But then, COﬂStTUCtiﬁg'wg such that p™,

Palp A p®), 3 # i, then it fulfils A.4, 1.e., wip™) L wwip¥).
This contradicts that firm 1 had any incentive to move.

G.E.D.

Fropositions 2 and 3 provide testable properties of the

5.8., as well as a benchmark in corder to elucidate the

relationship  of the tests asctually used with the S.E. (see

Stigler (1978, po. 189-191) . This relationship turns cut a

14




Fromosition ¢ soma plavsikblility to the claim that

DLk, may dsed in order to support sticky prices, in the

following e 2 a small perturbation of the profit fumctiorn
Ve unaltered  "many  old  equilibrium prices. Of
course, this dlscussion 1S ather arbltrary Wwithout

introducing dynamic consideraticons.

A characteristic of those coniectures ussd in Froposition
3 13 that they may well be discontinuous (see footnote 8).

Notice that inm  the proof of FPropesition 3 the evtreme
‘pessimigm of firm 1 plays a quite prominernt role. However, a
less drastic construction would give the same conclussions at
the cost of some additicnal technical complications.

If the concavity assumption is d-opped, then Proposition 3
e lemger holds. As figure 3 makes clear, there are points in
the @ region which can never be equilibria, since the firm
wiill increase its own price (from any price in (a,cl te by,

1ncreasing its profits and expecting no move of the rest.

Fropesitions 2 and 3 destroy the well-spread idesa  that
"there is a fundamental indeterminancy in the locaticn of the
Bivk (and hence in the eguilibrium pricel" (S8tiglite, 1784 1

"the theory is not related tao mrices  to be explained”,




furmction is now performed o e b niked

wottkd rot sgqually well suppli=d 3y e
Simple rt that changes carmvot be made without s cost!
(Btigler,

Froposition 3 gives apparently am existence theovem as

corallary, by noeticing that since the © reglLon 18 Nnon empty

in gereral, S.E A @ Froposition 2 however wovis only
for zome conjectures, and as 1t was remarked before, these
crmes acre vather pessimistic. In particular, 1t is perfectlwv
Foessible  that if  the relaticonships amarg  Firms are not
prominent, coenjectires are optimistic, and 1f any deviation
frrom  an arbitrary element of 0 is rmot followed by a strong

of  the rest of firms, many points in 0 are not
sustainable as equilibria. Then, the question is whether
there erists S.E., when conjectures are kinked but

artritrary. .

I Froposition 1 we proved <hat a ditferentiability
assumption  on @2¢ ) implies that any S.E. is a Rertrand-Nash
equillibrium. In the next proposition, we will prove that,
starting with any (kinked) conjecture, a Bertrand-Nash
equilibrium  is & B8.E.. Hence, the existence of the former
will imply the existence of the latter. In ovrder to do  that

we will introduce a new assumption.

1&



Assumption 5.~

apj

3 f i, with at least corne strict ineguality.

4.5 means that goods are (weakly) gross substitutes,
PROPOSITION 4.— Under A.S5, L p*  is a Bertrand-Nash
equilibrium, then it is a S8.E. equilibrium for any (kinked)
conjecture.

FROOF »

Suppose not.  Then, for some firm i, there exists p', such

that mael(ory B (pla,p*)) o walp*,, da(p¥*,p¥)).

Obvicusly p*s 4 p¥, since otherwise by the definiticn of

kivked conjectwres the cthner Firm will not react, so that any
movemznt which was unprofitable when no conjectural variation
Was expected, 13 also uwnprofitable wnder the “kinked

conijecture"” hypothesis. But now, we have

(1) myalp*y & walp?t, ,p¥_y), and

(P2 myolp®) & maipty ,ploy) being prou=2, (D y,.p*)

Glen since pleos © p¥*.y 1t must be that

(3 wﬁ(pii,p1~i) o, ipty Jp¥o, ) because ALD.
Hemnce, putting (1),0(82) and (3} together we have

Ty lpr e nF®oa) B omalpty ,prog) o omalp¥) 2 owaipty P,

,_L
~



mannct expect any gain by deviating from

Mow we have the following propositicon:

PROPOSITION S.- Let us assume A.1,2,5 and that for any

i=l,...,n, p'.,, Talp's,p'wa) = O for any p'sy > p"y¢*?, Then,
for any (kinked) conjecture there exists a S.E.
FROOF

Lnder  the above assumpticons a Zertrand-hash equilibrium

“iste and 1t is a 3.E., by Froposizion 4, B.E.D.

Netice  that rno properviy on 24 ) 15 assumed in Froposition
S.oIn particular, we allow for discontinuous conjectures.

Wer  may  ask if we carncot aoc further than Fropositiaon 5,
il.e., if we can guarantee the existence of a 5.E. eguilibrium
different trom the BRertrand-Nash. The answer iz, however,
that as long as conjectures are arbitrary, we camnoat
guarantes that an arbBitrary elemect of 0 is a S This is

s1ly seen sirce

| 20, (p%)
Ch) gy (py o= Z 1 dp.
j=1 OP;

g dpo, . P £ 1 the eupected variations i ather Firms!

13




bww e e g and

ie poeltive, L.e., & MIvems

ile from L'e point of  view, it

o ower want to Enow moore about the set

wWwill follow is to cstudy Lf the solution

brown equilibrium concepts 1y in 8. The additional bonus of
procedure ie that we will know the compatibility of  the
e demand curve with other possible eguilibria, much used

in Industrial Orgamnizsation.

DEFINITION S.- p is said to be Industry-Pareto Efficient
(a) o & FHot
() there is no p’ £ Rr+ such that w, (p') & oy () fon

Lywee.n with at least one strict inegquality.

The rname “Industry-Farete Efficient” wants to indicate that

enly  firms  are considered in order to zvaluate a movement

from gpoootoo@! In any other aspect this conceps  twrns cut

anslogous to the usual definition of Fareto efficiency.



PROPOSITION 6.- Under assumptions 1,2,4 and 5, if p~ is
Industry-Pareto Efficient, then it is a S.E. for some

conjectures.

FROOF 3
(p™)
Suopose  not.  Then ?E}____ D for some 3 (Frop.
Dpi
2. But thsn, increasing po, evervbody wiil be better off or

indiffereant (because AL 5D contradicting that nToig Industry-

Fareto EFficient. G.E.D.

Froposition & does not validate the claim that the kinked
:
demand curve ie some kind of coordination mecharnism since its
converse does not hold, i.e., there are S.E. with arbitrarily
low profits (see figuire 4),
In particular rotice that the Joivt Profit Maximum scluticon
(emphasized by Chamﬁerlaim) is a 5.E. for some conjectures

(see SBcherer, 197G, ch. 5 for the contrary view) .

In the next proposition we 2xplore the relationshio betwesn

full efficiency and S.E.

PROPOSITION 7.- Let us assume A.1. Then an allocation for
which price is equal té marginal cost for every firm cannot
be a S.E. for any conjecture, if S.E. involve positive

production for at least one firm.




CiF

et nmy{p)y = (prpy, — e (fa(p2). Then from Prop. 3 we know

N, ()
? Py

that it p i1s a S.E. then But from the profit

furnction we have

. 2t (p) 0 C.(x.) D (p)
LB i . p. + £, (p) = i1 i
i ? pi

°P; 0Py i X
. o 26 0xy) MLy o
sooin any allocation such that Py= .axi have 3pi =8P

and then, assuming that p is & S5.E. we get a contradiction.

G.E.D.

Froposition g showe  that a S.E. iz never "totally
efficient” since a necessary condition of Fareto efficiency
price egual to marginal cost. Afs a Corcllary of
Froposition 7 we ocbtain that a compatitive equilibrium carnaot
be sustained as a S5.E. for any conjecture which fulfils

Definition 2.

For  the next two propositicons of this section we will

DEFINITION 6.- F,ipy) = { py /7 wip,, Pa) 2 omipty ,  pad. for

n
e



I words, Fiyipyy 1g the b renly mapping acocordirg to the
h 3 7 ! X =

Bty ard-—MNa

corjgecture of FTirm 3.

DEFINITION 7.~ p™ = (p®,,p%e) is said tc be a Stackelberg
equilibrium with Ffirm 1 as a leader if p= madimizes 1w, (D)

sublect Yo pe £ Feipy).

Assumption &.— (&) We(p) is c®, m, ie c?, Fa is c*.

by pmy = O i=1,2,

PROPOSITION B8.- Under A.2,4,5 and &, p* is a S.E iff
2 s
N, (p7) >
20
?2p.pP
FROOES

2

It p* iz a Stackelbeygo sguilibrium we have

2N, (%) 2p,0°) D F 6%
(S + =0 for 1 and
? Py ? Py 2P

%nzw%
Py




How, from (&) we have

2 h,0%) 20, (%)
——————— dp, + dp, =0
? P,yP; 1 2 pz 2

Ezcauze of the seconrd order condition, we have

s 1
? F,(p]) an L%
sign = sign ——
Dl ©° plp2

and because an]}ps)/bpz > 0 by A.5) since

8
on,(p)
35 £ 0 1f p= is a 5.E. (Fropositions 3,4)
1
s
2n,(p")
it must be that 2 0
PP,
s 8
I, %) 2n,(p")
Conversely 1f —e—c———— 2 0, then ——m—u £ 0
2 p,P, 2 p;

amd p™ is a S.E. for some conjectures., G.E.D.

COROLLARY 1.~ If p is a Stackelberg disequilibrium point

(i.e., 1 and 2 are leaders) then p is a S.E. iff
ﬁlNi(p)
it} PP,

Corallary 1 is proved along the same lirnes than Fropesition
8. Notice that there are points ivi @ which are S5.E. but are

not Stackelberg equilibria (i.e., Bertrand-Nazh equilibiriad.

Y
W




Stigler (1978, .19 noticed some similarities between

limit

pPricing. We  will study I their

compatibrliby.

DEFINITION 8.-

The price pba limits the entry (of 2) 1f for

amy e £ Rb, Taipb iy pPe) & O

DEFINITION 9.- 7The price p-®, is a limit price if it

maximizes Ti(pa,pa) sublect to Tel(pr.pe) £ O, for any pe.

In  words the limit price is a price which (a) limits the

gntry  of 2, and (b)) maximizes the protfits of 1 taking (a)

-

into account.

PROPOSITION 9.~ Assume Al, A.5 and that p~ is a S.E. with

2N (p) + o

DpL . Then p is not a limit price and
viceversa.
FROOF

. 2N, (p™) .o ‘ . )
As ptois a S.E., ——— ¢ 0. But then, decreasing pTa

op,

Wy incveases, and  because ALY this vew py alse limits  the
entry €ince O 3 valpTa.pe) ¥ TelpDiri.Pa) for any pPm. This

contradicts that p7y, 1 a limit price. Second part is proved




Fropesition 9% pro

T

i
+
S
B
o
e
I
o

)T

< that

strategic entry 1s present,

way arourids a h

bat not & low pgyt Howewver,  fr

ertrant Fivrm the e

may e true that the entyy of 2

He (Compare with Stigler

Firmally we prove that

(1978,

-

in a 5.8

sales as stressed by Baumol (soe

DEFINITION 10.- p® isg
relative to r € Rn if

{(a) p™ = Fn+

said t

15 ot an ade qQutan b & Colmean +

sirce Iv this case the kink

igh pa will atbtract erntrants,

om the point of visw of the

pected kink may be the right one, 1an6ay 10

1s Tollowed by an increase in

p.o 193,

- Filrms are not maximizing

Baumal, 1972).

o be a Baumol equilibrium

(b)Y for any i=1,...,7, p® maximizes Fo(ps pPeoidpy subliect to

Talpap®ay) & 5, (@

FPROPOSITION 10.~ Let us assume A.1 and that marginal costs

are positive and demand is

equilibrium is not a S.E.

i.

if pB:,

e
Soad

increasing. Then a Baumol

> 0 and wy(p®) > r, for some




e oy 2 f (p) vC, D1 (p)

- £ (p) -
2 p 20, Pt - 2 P,

B ,175

Sl

than iv propesition 10

1

« thern it is oot a Baumol egquilibeium.

Froposition 100 is  intended to shed soms Light oo tie

maximization and the biviked

ATV E L 1974,

cavt be ghown

=

Faguyre

that 37 condition mw,

proposibion 10

i T LTI ET Ty LE .

Clotiors AT

alwavs

Bivicdieg,

T fE

prlay any particul

Halimo b

bind of "fulle

[ BTl N S

1 e
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Fimally we explore if kinked o

niestures posse some Ling of
consistency (we will s2ssume  here again that  resE) Iy
particular  we  think of the following requirement. Let  us
assume  that  fFirm 2 is wondering whether = change  froam  the
status  oun (<) of 9 to pr, is going to TNCTeass ite
profits. According te 1w EﬁnjécturEE this will cause a shifi
of  pe from n%s to ole accocrding with pe = By lpa 19D, L.,
Ol = @y (pty, o).

It 1s true that i1f 1 changes again fram Era (which is  the
new statusz-quo) to p®,, then Fe would change from Prla to pPe?
I octher worde: are price changes reversible? o after a
mbvemwﬁt, pErhaps  we cammot vetura o the status que? Tris

discussion motivates the tollowing definiticm:

DEFINITION 1.~ @2,{p,.m) is said to sxtisty  she  Ulph
consistency condition (see Ulph, 1931) it pry = PalpTy ,pe)

implies  that pe, = Falp®a,pm™) 1,0 = 1,2, for @veiry peoos

FE

PROPOSITION 11.- The kinked conjectures do not satisfy the

Ulph consistency condition.

Tabe p ey 7 P9y . Than Flae 4 p. e mg ey

"




and charnging p, from p~, to B, PTe does not charge. G.E.D.

Ulph discusses the importance of this cansistenc

yocondl tion

tr order to get "toao many” raticnal conjectural equilibria.

In the next section we will explore the set of reascnable

equilibria in our case.




-,

IV. REASONABLE SWEE2Y EQUILIBRIA

In this section  we plere  the idea of reasorat e

comjectures proposed by Hahn (1978) (seo alsc Hart (19

the framework of the binked demand curve. In cthers words we

i+
jal

want: impose some kind of ratiocnality on  the equilibria
ariging  from conisctures  which satisfy Definition 1. A
motivation for the ﬁﬁsumption of "Reascnable Conjectures" is
Tound in Havt (1988, o.i1-8).

Let Ay be the space of rconjectures of agent 1. It includes
only  those fulfilling defimition 1. Ay mav be an Euclidearn
space  1f comjechtures were described by real vumbers, or it
may ke a functiconal SRECE, etc.. Let A = Aixe..nB.. Alsoa
dencte by A7 the subset of A for which a S.E. evists. Finally
let o be an element of Ao X = (g e s n g )

DEFINITION 12.~ & tuple (p¥y g%y Y iy, g

i said to be x

ERER N L

Reasonable Sweezy equilibria (R.H.E.) iF

DY oo s @ SLE. relative to o
ol i AT, 1=, L. o,n there is ono oa SO, e o ! =

adowWith oty F A, such that 1 F ploie @

Mo, ip 'y & wy fmws,




=

He RGNy { that o

. Condition (o

Delorg to the subset For

requires that conieebu

1 an optimal WEY 117 thes

o llowimg S giver the conjecturesz of anybody else, Firm

1 cannot eupesct ary gain by choosing a diff

@t coniecture,

uilibrium of & game with covjectures as

and pay-offe defined by profite achieved in 5.E.

to conjectures. Actually, if several eguilibr

& ogiver x an cptimistic assumption is made, Laa,
thae most Favourable equilibria for Firm i ig chosan,

In this section we derive some the evistence and

m

1
i

A

N

the properties of a R.S.E. for the ducpoly case, L.,
This assumption iz keeped along the rest of this section <%

Wa  bhegin with the proof of the existence of a R.85.E.. Far

this we neesd & new assumption.

’

Assumption 7.- There is PT E G such that if nmy(p') = Ty L)

Tor some p' 2 0, thern 2P <2 for all 1,i=1,8.

In words, AV7 reguires that 1f for instarice Teip') T2 (370

for some o' =

then p' doss not maximaze malp?) taking pe as
giver, 1.8., p' is not a Mash squilibrium fer i givern pPa.

Thisz last interpretation gives us the clue of why  #,.7 s

0




rreesdecd 1 ooy exlistend

g

Since by Froposition 4 &
Boartrand-Nash  equilibrium is & S.E. for any Chrirbed:

comlecturas 1f p' is preferred to pTofrom Ble point of view

on,(p')
0 P

aicd

= 0w, () is assumed to be Concavel, pfoig an

equilibrivm for 1, no matter which covdecture 1t holds. Hence

fou]

2 will chocse p™ sivce 1% is more profiteble for i1t.

PROPOSITION 12.- Under A.1,2 and 4, A.7 is a sufficient
condition for the existence of a R.S.E. Moreover, p~ is a
R.S.E.
FROOF ;

Tabe Firm 1 (w.l.0.0.). Now construct g2's comjectures 10y
the following wayvs:

Foar any p' such that wyip') T (p7™), e ism such that 2
finds profitable to change Rle. Notice that

an, on, gn, dp;

+
dp2 DP, 2P, dp2
]
32(9) o o dpl
-~ : dp2

s0 foor any given

ot
o
in
~i
i}
i
-
i
o
il

e

dn2

that —— <O, Fence 2 will find nrocfitable to IR NIy
dp r
2

[

its price  at o', Hence p'ois not & S5 relative te  ow”

21




h el

FAE ) Frp ATV Ty E £y,

chothat oy inty g T i) tak

STy Evh it ey

Ty

B oDT SonErtvuct xTe ss 1. Fromosition 3.

from 1's point af VIEW. DT is an optimal  cheoice

Fov any ohhe the resultart prices 4o niot vaimld

"

ter profits. A similar construwztion far (=31

Ve 1 gilves us

Ly

the reguired conjectures., Cu=un,

Let me give a verbal account of Froposition

the
Doint wt . Firm 1 has an ancentive toe move frem BT tm arny

other price p' sueh that pTr 2 waipi. Ther we comstruetd

2iE oconjecture such that o canmet be an equilibrive Feor it

firm I cammot move to plosivece p'ois net s SLE.

pact (o) inm Ded, 19,
T the rnewst proposition  we  will Mow that i fact
aszumpticon 7 is alse a NECEsSEary conditiom. Suppose that SRS

Bﬂj (p")
a ) =iy hillsl
J

-
i
it
el
j3)]
m

Dut there existg B'osuch that

SUME ., But fhen if w,(p) le concave, o 1s a S.8. no mat by
& s F

whdeh ey i tures J Folds, Inde

Eince o', maximires

S

Tl aup gy tov @ty Giver, @', also Will maccamize LN PR S

da




TN k) cordmoture (this is propositicn 4 applied to
the m=ld This contradicts  that g 1% A R.SVE.L.

9

15 fwhich wilt! bhe esuplored

nsequence of these res

PooFrooositions 14 ang 1% ie that in any RLOE.E. any firm can

thtain, at  least, the profite which would covresnond iF 3%

v

a Stackelberg leade

Thie is because i has Alwavs the

cobioon Mte push’ 3 ho points in i'e k torepily MAEH 1ng (s

et o

iticm &)y vio matter which conjectures j holds,
PROPOSITION 13.- Let us assume A.1,2,5. Then if p* is a
R.S.E., A.7 also holds.

FROOF

Take firm 1 (w.l.c.g.). Ther if p¥ 15 a R.B.E. but 6.7 does

it hoia o

nd because ALY there sxists p'osuch that w,(p')

omn 2(p')

T Cm¥) Yo it must be that — == ), Rut the .
1 1 ! 1 apz [} D e

MERIMITeS NaiDi.me) for "a Fixed (by A.2). Hence (because
t

DTOROSItion 47 1t is a S.E. for 2 ne matter which conjectures
2 holds. Then 1 will choose o', . Hence mart () im def
viclated. i%he conjecture for 1 “supporting p', is gasily
comestsectend ), LI =

Fropositions 18 and 13 imply that wnder some conditioms &.7



and sufficievt condition For the edisterce  of

that becaus of the way in which conjectures

were constructed v pyvop. 183, & R.US.VE. = @

eaul librivm, La6. .y the constvuction remains valid i the

ansumpticn of bkinked corjectuwres is dvopped.  Hence Fyom.

1mplies that there are reasonable equilibria Ty the

diffarentiable oligopoly model. We finally remark that 1t is

anme

highly possible that coniectures constructed in Prop.
discontinuouws, This mav be bad in the general case (Foe

FEEZ) vequires continuity in the conjeciures

ot

1mstarcs, Hart |
Fe alicwss, Dt as was explained in the previous sEctloy,
continulty does not Fit very well in the framework of the
Hinked demand curve.

-

te anoiner way of charactarizing R.5.E., and the two

K

et propositicens are devoted to this.  But before, let me
ivtroduce some new defimitions.

Let w%, the profite achieved by 1 if it were Stackelberg

leader (def. 7). Then, we call

PE. = { p / ma(p) 2 w¥, 3, and T = Q N p=*t N pse

In words, p®* zoe all the price vertors which grve to

saullibrium with

mnre o the same profits as

Thyim a leader. T is the vegion of prices which © are

34



preferved oe indifferent by both duopecliets

to the profits

sved belng a Starkelberg leader, and which sre possibisz
Miow wa mave the frollowing

PROPOSITION 14.~ Let us assume A.3. Then, if p* is a R.S.E.,
p*% € T,
FPROOE s

Buppose  net. Hence p* i a S.R.E. but wol.o.g. w,(p*)
L lp®), Howaver 7n®, is achievable for ary conjecthturs of 2
le.gg. o¥%n) since maximizing w, (p) assuming that 2 holds X ¥y o
shouwld give at least m9, since PR le a B.E.  for any oe. But

then we have a contradiction. GoE.D.
e can also prove the corverse teo Erop. 14

PROPOSITION 15.- Let us assume A.1,82,4. Then, if p* € T, p»
is a R.S.E.
FROOF :

In viéw ot prop. e we only need to orove that i p*‘E .
then A.7 is fulfilled.

IFf pe 2 Ty 1t follows that T is noenempty, o 0 is nonenpty.

Hence if there is p' such that tweleoag.) maip') » w,(p*) and



i
:
!
i

d-Mash eguilibie;

T

s the raticnality embodi i the notion of

chures g

CLLE

E. Trom being mevely anoth

o, the role of

profite wHioa

@tremum point 1e also ol

dershin emnerg the limit case of

ok loe that e

vepvaves proflits & lot,  since the proafits  which cam be

aorieved are  ah

pectable amount 117

5 . Hewice the

conjectures & a coordimation

device 18 here ve

Farmally., we study the consistency  of  the reasonal

cordectures arising from oa ROSVE.. Covisisterncy ners has  the

Tollowing

H & e is conzslistent 1f

( .l_ I f 1M1 .t' 13

e:pected and veasl variation 1o chher

Fivms oyae whesy

&y Tirm moves 1ts prilce. MHart hao

sd bhat ue

entiabhility amd 1y

pir b iam i E oo




PO

T know 1 fF

PROPOSITION 16.- Let us assume A.35. Let (%, yp*, ), i=1,2 be a

R.S.E. Let ' = (o' 3 ,x%s) and p' a S.E. relative to o'. Then
assuming that p' = p*x + dp, we have:

a) p'y < p*, implies P'la < p¥*a

b) p'e > p*x implies P's > p*,

(Similar results are true if the subscripts 1 and 2 are
interchanged).

FROOE ¢

a) IF p'y O pe, and Rle & pD¥m. o', would gaive move profits

o3 on 1 o on1
die ard

s} Py } 2P, Py

BN

By IF pla o op¥s but Ple i op¥y, dpe 200 and dpe * O so agein

Fase Lts profits movicg bo o', O.E.D.

SUCh that

et that 1 we move Cor i

changs rrfimitesimally (&) if i deETreas et

P

ancd (b)Y 1f om inor: Pr &leo incresses. Notice

T wihern (a) 18 what we would espect  From byyikey

coniectures () goes 1Y A s pe s te WEERY . Foved thig i

i reallees that 1F 1 moves i1te comlecturs amd I g




However we

the tundamente ]

o kinky  conzecture

in the orice of 3 Will b match

by I l.e.,

Will mlso reduce its mvic

Ir any =

conjechtures

Canmot

)

gavyk

That thas

iy

stigler in

. 1978, p. 189:. Hers g 5

Dy aoved

Ehat the introdoction of [NER A

asomanility assumptios onm

tha

coniectures does fok preclude this fact., Howe

Nistav

[xyz]

S AT

LmEnt against 8.F {

Introda

e SO

e

Stigler

C1tic

ot be taken as decisive.

Firmally we notice that the reason why Hart o result

s oot

tirue 17 SN Tramewori 1% because of e lack ot

ok
<
§

aduf

ot abhila coniectures  ard met because of the

heterogenelty o

-y

the product. Thi

in

1s easily seen as follows

Im & comiectural eEaui ]l ikvium Cassuming A.1 and that Py O

Frav e

on;

- @

o
=}
e
o
e}
.

+

R V2 J

op

o
o]
o
o]
e
i

trend i

gapression the expected ch

SRR A

e of the expected charge in o, j V’*i




oot oy, for oamll o o=

1 e ow oy Ty

aved

variatiorns must be the

that 1f = 2 it ig mot v

#esary that the

2p;
P dw
PJ v

LGnms

ber the «

2, duet that bl
3Pl

Dwy

v the evaluation of veal cha oprio

ey oty CF ey

both eunrsssions must

Herce we nave proved rmew

(831

g1



[T

S R

PROPOSITION

the product

Fropositicons
SUPLCr
oriy oet the Bert-and-Nash @quilibirium (pron.

T4 avn

considered

differentiability and interiority

conditions any reasonable equilibria is consistent, even 1f

not homogeneous

L7 dmply that ro oo coniecture

12 le becausse with * comiectures we

1J. But prop. -

Bevtrarmd-Nash equilibvrium  can  hbe




V. A GRAPHICAL ARGUMENT

Ty thils

ROV wE want te Tilustrate granhically e
arguments of the previous section. In figure & we picture the

hR= Tl s W' SN

eaction functions wrridey b

assumption gef. By, [f conjectures are arbitr

o Thean
Y pooint Im RES would be an equilibr ium, provided that
profits ave positive, Hmwevéry if Zonlectures ares assumed o
be  Linked, then orly  the sfadowed area  in fig. 7 are

SR crm . Finslly if we consider ROSVE, trily the arza betwesn

fhes

Teee Tig, 8 are BOUILibria‘i® | Netice that the
more flatter the lseprafits e, the isss 1mpertant the
reasonabllity azsumption s, B21MCE  with  almost flat
rseprofits only a few points are discarded as equilibria. The
interpretation  of thiz result i1z that the curvature of
iscprofit lines is a measwre of the degree of differentiation
of the product: the move differentistion we Fave, the flatter
isopvrefits are. v the Limit we have a Dl e moﬁcpoly’if Ty 1%
nat sensitive  to variations of . In this case the
reasomebility  assumption camot be of much help. The same
Mappens with a large amount of product differentiaticon. With

ies diffmrentiatimﬁ, 1saprofits  are ey ! curved (s1nmce

profits depend very much on prices oo the competitors) . bliz

flave:  a  dot  of  indeperdence and here  the asainability

41




urpptiom is

MNotice that thie

uilibrium may be st E

S Moreover it is not true i genaral that 1 p i the

of nvice corvesponding toe the Stackelberg eguilibyium

with fivm 1 Y23 as a leade

Te then Dols oa RUS.E.. o notic

theat

there are a continuum of BOuillibria or noe ,

and only exceptionally cne,

Finally wnotice that eor ropositicons 15 and 16 shed SCme
light on Hahr's Famous impossibility result (Hahw, 1978 .
Basically Habn Proved  that if we consider & allocation

ztohed by Arrow in 1959 Uin “disequilibriwm®

mechaniasm

agente s

" oharnge prices), there are no raticnal conjectures.
Im Habn's model our pes 1% the monopoly pornt when agent 1 ie
MAXIMIZAING its profite as a monopolist, In Hahm's model T isg

empty  (unless the walrasiam equilibrium is on  the imitial

endownent

as a simple diagram c show (zee figure 9) . In
the ligtn of the resalte here obtained, the emptineses of T isg

what Tausss Mies tmpossibility result, sirnce  far any

comlecture any agent cen be made comasetitive (E.Q., s ivg

Fam  guantity slgnale such that he ig [alahr constraincd,  nerce

net change prices) .,

4




CONCLUSIONS

“travd i itk um 18 & BSweseny eoun L ibrium (o

Feniectures  are  of the class o' any  HoE, is

Convarssiy,

protfits

Stackelbe eguillibrium with P lay:

wWe hEve shiooage that s

lprop.a), Hence ke the same Condiltiong

& Mash gquilibrium, a 5,.E. @

istes iprop. 5,

equilibr ium {nrop. 1),

20 (P*)

S.E., then e =0 fov all i=1,..,m

2 Py -

if this last condrtiom i1g met, P* s a $,F.

k)

é

orofits mav he hig. For instance, that Bowhich

the industry ie & 8., (prop.é) s &

b

Tl oas a leader is a S.E,

urnder some corditians. However , prices yielding

ATDIEvari iy

tow protits cam alsn be supported as equilibyria.

limite tine en

Driee and

wrglaal cost oare different (prop. 71y

volovon . Y oand it is mever &

enuriilhriam {(propm. 10,




i the Ulpn o«

re both necessary and sufFicient Yoo the

ernce nf e

n (R.S.F. (prop. 13, 4. This

VEmE L

@S an equilibriom i the Toviiesture space o

itoted to Rinky cowiectur

ool ROBLE, proafite are at least 2% big &8 the cres in the

helbere  poivt with tne of the firmes ag a i

i (LT ops .
15, 14, This vestricts severaely the allocatinme which are

achievable as .8, E.

azorable,  kinked torjectures are neot consisten (prop.
7y Hence, Hart's  +theorem about  the consistency of

reazonable equilibria is not true in cuy frameworl:,




T Rtk

Fiotice thath the soiubion a let  of  aoparen

collusion, Dut omo tim

(3 Howesver, our coviectursa are not essarily continuous.

we  open  the space of  admissible

L@ (1 A Lrdeht s

20 with D, LY o o treds

observation) .

(4)  Aotually the kink may also arise in Hanh's medel . Euat
Fere the reason is that if soms agent 1s yestricted and he
wavte to trade more of some commodityv, he has to change the

price of this good. Hence & kink may appear iv nis budget

we will not worry anont the continuity of @

1m the rest of the since this is not  an  adegquate

CEQUITEM@NT 1N our Fram@woih .

[ This is just a boundness condition. 't means that firms

are mot o intsrested iv prices higher thar p,, since denand is

45




=

gholders,

(=) Im this secticom we Will assume that iF D' ocontairs

SETO, then p' o= 0,

C1os t can be BREily shown that T 1€ not emnty 1 f

halde 2) pPa is higher if Tirm 1 18 a iwader thar

b owera

= 0 at pw, but this i1s net

anmd 3F.,

Til

Ferall Fropositions

e

(13 Fecail Fropusitions 19 ard 1é.

G

CEE sUbstitution AssUmp i

“a's are the mirimum profits which are accented

(o5

it fFivm

allowed
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