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Preface

The literature on international trade has dealt separately with
international trade in goods and international financial capital flows,
i.e., international trade in securities. These channels of international
trade are interrelated, and there are many problems with which one
cannot deal in a satisfactory way without explicit recognition of the
interactions between them. We develop an integrated general
equilibrium framework for the analysis of international trade in
goods and securities. This framework recognizes the dependence of
markets for goods on finuncial markets and vice versa. The useful-
ness of our approach is demonstrated throughout the book by means
of applications to questions such as the effects of international trade
on resource allocation, tariff policy, and intervention in financial
capital markets, We derive new results which are important for
theoretical as well as policy oriented applications.

Our study draws mainly on two branches of economics: the
theory of international trade and the theory of financial markets. The
book is self-contained in that we provide in its early parts appro-
priate background on relevant material from these fields. It is
primarily directed to economists who are interested in international
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i PREFACE

trade or international finance, including graduate students who
specialize in these fields.

This study began in 1975 in the Depariment of Economics and
the Foerder Institute of Economic Research at Tel-Aviv University,
and it was continued when the first author was visiting the Depart-
ment of Economics at the University of Rochester and the second
author was visiting the Department of Economics at Northwestern
University. We wish to thank all these institutions for very helpful
cooperation as well as the Ford Foundation for supporting our work
on Chapters 8 and 10,

For comments on parts of earlier drafts, we wish to thank
Wilfred Ethier, Murray Kemp, Anne Krueger, and John Pomery.
Lou Golan provided editorial assistance and Hiroshi Kodaira pro-
vided research assistance. For skillful typing we wish to thank Ms.
Stella Fedida from the Foerder Institute of Economic Research, Ms.
Virginia Bostrom from Northwestern University, and Ms. Martha
Colburn and Ms. Marjorie Adams from the University of Rochester.

Portions of this study appear in our papers “Uncertainty and

International Trade in the Presence of Stock Markets,”” Review of

Economic Studies (June 1978), “*Welfare Aspects of International
Trade in Goods and Securities,”” Quarterly Jonrnal of Economics
(August 1978), and “*The Protective Effect of a Tariff under Uncer-
tainty,”” Jowrnal of Political Economy {December [1978).

A Theory of International Trade
under Uncertainty



Chapter 1

Introduction

For many years the main body of the theory of international trade
was confined to nonstochastic environments. This is not to say that the
importance of uncertainty was not recognized. To the contrary, on
many occasions arguments about the existence of uncertainty were used
to justify assumptions upon which a deterministic analysis was built.
For example, this procedure has been almost standard in the analysis
of macroeconomic models, in which it is assumed that the composition
of portfolios depends on the expected returns on domestic and foreign
assets, but which use models without explicit random elements.

Much of the theory of international capital flows relies on the
existence of uncertainty. Following the work of Markowitz (1959) and
Tobin (1958) on portfolio selection, studies of international financial
capital flows adopted the mean-variance approach, and concentrated
on trade in securities without explicit interaction with problems of
commodity trade. This resulted in a situation in which the theory of
international trade in goods abstracted from trade in securities while
the theory of international trade in securities abstracted from trade in
goods, This situation continued to prevail even after elements of un-
certainty were introduced into the formal theory of international trade



2 l. INTRODUCTION

in commodities; models that were developed abstracted from trade in
securities.

In the present study we develop a theory of international trade in
goods and securities in the presence of uncertainty. Our approach
makes use of recent developments in the theory of financial markets,
which we integrate in a systematic way into the theory of international
trade. This approach proves to be fruitful, as we demonstrate by
analyzing a series of problems which are intimately related to the
interaction between trade in goods and trade in securities, and problems
which are related to the impact of trade in securities on the domestic
allocation of factors of production.

Thus, we demonstrate in Chapter 7 that many of the fundamental
theorems of the theory of international trade carry-over to uncertain
environments in the presence of international trade in equities, but that
they do not carry over in the absence of international trade in equities,
It may prove useful to evaluate this result in the light of the following
passage rom Kemp (1976, p, 260):

To anyone who has not himsell attempted to reformulate the
central theorems of trade theory to accommodate elements of
uncertainty it must seem quite extraordinary that such a refor-
mulation has not long ago been provided by others; but no one
who has made the attempt will be in the least surprised. The
recognition of uncertainty seems to have a devastating effect on
many of our most cherished propositions.

In Chapter ¥ we show that in the absence of international trade in
equities a tariff may provide protection to the exporting industry of a
small country, but that this paradoxical possibility does not arise in
the presence of international trade in equities, These two examples
demonstrate the importance of international trade in securities in the
presence of uncertainty, and we expand more on this theme throughout
the text.

We have made a special effort to present our results in a way which
will make them accessible to a wide audience, We make heavy use of
diagrams in order to clarify our arguments, and wherever possible we
use well-known diagrams from the deterministic trade literature, while
examples are used to demonstrate new results. No heavy mathematics
are used; the reader is required to know no more than caleulus. It is,
however, assumed that the reader knows some theory of production
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and the theory of consumer behavior. Hence, the book is accessible to
graduate students who had a course in microeconomic theory,

In order to make this volume sell-contained, we survey in Chapter 2
relevant elements from the theory of international trade, and in Chap-
ter 3 relevant elements from the theory of decision making under
uncertainty. Readers who are familiar with these subjects may begin
with Chapter 4 which provides a critical survey of the literature of
international trade under uncertainty antedating our own work. Then,
in Chapter 5, we develop our basic model in a general equilibrium
framework. There we also describe the behavior of firms and con-
sumers—investors in an economy with stock markets. Our basic model
is presented by means of diagrams in Chapter 6. These diagrams are
then used throughout the rest of the book. The fundamental theorems
ol international trade theory are reformulated in Chapter 7. Problems
of commercial policy are discussed in Chapter 8 while gains from
trade in goods and securities are discussed in Chapter 9, In Chapter 10
we discuss issues of intervention in financial capital markets, and we
conclude with a dynamic extension of our basic model in Chapter 11.

REFERENCES

Kemp, M. C, {1976). “Three Topics in the Theory of Internstional Trade —Distribution,
Wellare and Uncertainty.” Morth-Holland Publ., Amsterdam,

Markowite, H. M. (1959 “Portfolio Selection.” Wiley, New York.

Tohin, 1. (1958). Liguidity preference as behavior toward risk, Review of Ecommmie
Studics 25 (February), 6586,



Chapter 2

Elements of the Deterministic Theory
of International Trade

The purpose of this chapter is to briefly survey some of the funda-
mental elements of the deterministic Ricardian and Heckscher-Ohlin
theories of international trade, These elements will be used repeatedly
in later chapters in the construction and evaluation of the theory that
we develop. This chapter is designed for readers who have studied
international trade and need to be reminded of its basic theory, but it
may also serve as an introduction for those who are newcomers to the
field. Newcomers are advised to read the first three parts of Caves and
Jones (1977), including the supplements, which provide an excellent
introduction to the subject. The reader may also find useful the treat-
ment of the Heckscher-Ohlin theory in Kemp (1969). Those who are
familiar with the Ricardian and Heckscher-Ohlin theories of interna-
tional trade will find no interest in this chapter,

21 THE RICARDIAN THEORY

The Ricardian theory, which is sometimes also called the compara-
tive costs theory, is attributed to the English economist David Ricardo,
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6 9 DETERMINISTIC THEORY OF INTERNATIONAL TRADE

who published his version of the theory in 1817 [see the late edition of
Ricardo (1971)]. The theory is concerned with an explanation of
patterns of specialization and trade by means of relative productivity
differentials among countries, Ricardo concentrated on the production
structure, but later developments of his theory incorporated the role
of preferences in the determination of international trade equilibria. We
shall present the modern version.

Consider a country that is capable of producing two goods by means
of labor, The country is endowed with L units of labor and the produc-
tion of good i requires a, units of labor per unit output, i = 1, 2; that
is, ay, is the constant labor-output ratio in sector i, We may represent
the production function of good i by

L; .
@.1) 0= flly=yt =12

where L, is the amount of labor employed in the production of pood |
and 0, is output of good i.

Equation (2.1) represents the production function of a single firm or
of the entire industry that produces good i. We will refer to it as the
production function of the industry, so that [; will stand for labor
employed by industry i.

Assuming that the economy is competitive, producers choose labor
inputs so as to maximize profits, taking as given the observed wage
rate and commodity prices. Hence, the demand for labor by sector i is
the solution to

(2.2} choose L;=0
to maximize

L.
o B

g

where p; is the price of good i and w is the wage rate. The solution to
(2.2) vields a labor demand function as depicted by the heavy line in
Figure 2.1 and an output supply function as depicted by the heavy line
in Figure 2.2,

For every pair of commodity prices (py.pP2) there exists a unique
wage rate at which aggregate labor demand equals the supply of labor.
Figure 2.3 shows all possible outcomes: Figure 2.3a for the case

S PETT
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Ly
FIGURE 2.1

wa

il

0= 10L)
FIGURE 2.2

Palty; < py/ag,: Figure 2.3b for the case pyfag, = pyfag,;, and Fig-
ure 2.3c for the case pylag, = pyfae.

In Figure 2.3 we measure the labor of the first sector from left to

.right and that of the second sector from right to left. Hence, the labor-

demand curve of the second sector is the mirror image of the demand
curve dc_picwd in Figure 2.1. Equilibrium obtains at the point of
intersection of the two labor-demand curves, and the equilibrium
points are denoted by E. Observe that in Figure 2.3b the horizontal
portions of the demand curves coincide, so that all points on the
horizontal line constitute an equilibrium. It is ¢lear from Figure 2.3
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that the equilibrium wage rate is related to prices by

o = max( 2 ﬁ)

“LI‘ a2

Observe also that in equilibrium all labor is allocated to the first
industry in Figure 2.3a, to the second industry in Figure 2.3c, a_u_ni tllmt
every full employment allocation of labor is consistent with equilibrium
in the labor market in Figure 2.3b. Hence, on the supply side

L
{‘2“4&] EZ: af_z inlpligs g1 = — and Qz = ﬂ'
Pyt A
L—-L
P2 _ & R L, = 1
2.4 e implies =— and Q=
i ) x Q1 i1 frz

forall 0=L, =L
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(2.4¢) @}Zﬂ implies Q, =0 and Q,=——

Pyooag 1.2

The last result can also be represented with the aid of a transforma-
tion curve, Since §; = L.fo;;, i =1, 2, we have

(2.5) Li=ayQ, =12

MNow, using (2.5), the full employment labor constraint Ly + L, = L
can be written as

(2.6) @y + a0, =1L, 0,0;=0

Equation (2,6) defines implicitly the transformation curve of the econ-
omy. This curve is represented by the straight line TT in Figure 2.4,
with the vertical intercept L/a,, and the horizontal intercept L/ag,.
The slope of TT (toward the horizontal axis) 15 agz/a,,, which is the
constant rate at which @5 can be transformed into Q. In order to see
this, make the following experiment. Reduce the output of good 2 by
one unit, This will save a5 units of labor, 1T this labor is applied to the
production of good 1, it will produce a, ./, units of good 1.

MNow, according to Figure 2.3, if the relative price of good 2 (p2/py)
is smaller than its relative labor requirement (a; 3/a,,, which equals

Lia 4

1
1
1
|
1
1
|
|
I
|
I
|
I

o Qs cp
en=ly oy Liagz

FIGURE 2.4



10 2. DETERMINISTIC THEORY OF INTERNATIONAL TRADE

the slope of the transformation curve TT), then producers will choose
to produce at point P in Figure 2.4. If the relative price of good 2 is
just equal to its relative labor requirement, then producers will be
willing to produce anywhere on the transformation curve. If the rela-
tive price of good 2 is larger than its relative labor requirement, then
they will choose to produce at P, These choices are consistent with
maximization of national income,

Consumers derive income from sales of labor services. But from
(2.3) and (2.4), equilibrium wages are

(2.7) wl =p,0, + p.0;

Hence, the consumers’ budget line is

(2.8) Py + picz = iy + a0

where ¢, is consumption of good i, i = |, 2. The slope of this budget
line is pa/p, and it passes through the production point in Figure 2.4,
Thus, TT is the budget line when p./p, = aga/ay,, PB is the budget
line when pa/py, < apa/ay,, and the slope of PB is py/p,. }

Suppose that all individuals are alike: they have the same prefer-
ences, labor endowments, and productivity levels. Then, we can draw
in Figure 2.4 a set of community indifference curves [see Samuelson
(1956) for a discussion of community indifference curves]. The con-
sumption point is chosen on the budget line at a point of tangency
between an indifference curve and the budget line. Thus, if py/py <
ayafagy, producers choose the production point P (at which @, = L,
and Q5 = 0), the budget line is PB (assuming that the slope of PB is
pa/py), and the chosen consumption point is E,. Il pa/py = apafog,,
the budget line coincides with the transformation curve and the con-
sumption peoint is E;. IT p2/p; = a../a;,, the production point is F'
and the consumption point is E; (assuming that the slope of P'B’ is
P2/pi)-

Consider now the situation in which there is no international trade.
In this case equilibrium commodity prices are those prices at which
the domestic supply of goods equals the domestic demand. This occurs
in Figure 2.4 only at the price ratio which equals the domestic marginal
rate of transformation; that is, p,/p, = a,,/a, ,, with consumption and
production being at E,. It is also possible to have equilibrium output
and consumption at a corner point such as P or P, with the relative
price of good 2 falling short of or exceeding, respectively, the domestic

2.1 THE RICARDIAN THEORY 11

marginal rate of transformation, But even in this case, of a corner
equilibrium, p,/p, = aya/a;, is an equilibrium relative price, although
not necessarily the unique equilibrium relative price, We shall abstain
from further discussing the corner equilibrium in order to concentrate
an the main issues.

Cp-0;
x

E* E
0 ; p=pafp
oy .l a gfa !
:_ﬂ_ L ____________ | ol
i ULT _‘.\\_,—\
X
e
FIGURE 2.5

By changing the relative price Pa/py. we trace the excess demand
function of the economy for good 2. By using Figure 2.4, and assuming
that good 2 is normal in consumption, it is easy 1o see that the excess
demand function for good 2 is as described by the curve XX in Fig-
ure 2.5. It is above the horizontal axis and declining to the left of
dpafay, (where good 2 is imported), and it is below the horizontal axis
to the right of a;,/a;,,, although it may have there some increasing
portions. Point P corresponds to the situation in which at prices
ityz/ag, the economy specializes in the production of good 1 (point P
in Figure 2.4), while point P corresponds to the situation in which at
prices a;;/a,, the economy specializes in the production of good 2
(point ' in Figure 2.4). Point E corresponds to the situation in which
al prices a,,/a,, the economy produces the demanded quantities of
both goods (point E in Figure 2.4). Clearly, the equilibrium price ratio
is equal to the marginal rate of transformation.

Suppose now that there is also another country of the same Lype as
the country that we have discussed so far: call it the foreign country, and




12 7. DETERMINISTIC THEORY OF INTERMATIONAL TRADE

denote its variables by asterisks. Assume also that_ a,‘{;fg}f, < dpa/0py!
that is, the relative labor requirement for J.:ummlnduy 2 is lower fn tl}-;c
foreign country than in the home country. In 1h1§ case we say th‘al L ct
foreign country has a comparalive advantage in the prqductmn DI
good 2. This does not mean that affs < gz} th:-;t is, the foreign country
may produce good 2 with more Ia_b;]:ur per unit output—all we say 1s
[ ive labor requirement 1s Jower,
thﬂ]t;ﬁ;ﬂft;; be the axiess demand curve of the_: foreign country for
commodity 2. Then, its equilibrium relative price of good 2 in the
absence of international trade is af>/af,. _ _
Suppose that the two countries engage In international tradnj: in
commodities under perfect competition, Labor docs not move between
the countries. What will be the equilibrium relaiivle price u!‘ goud 2in
the presence of trade? In order to find the equilibrium relative price utr
good 2, we have to add up {vertically) the €XCESS demand s:lzhedulf:s o
both countries, X X and X*X*. A point at which the cmpbmr:d excess
demand schedule intersects the horizontal axis in Figure ‘.1_.5 will
indicate an equilibrium price. This cannot happen to the right oil:
ay./ay ., because for every pa/p, > dy,2/ay, thers 15 an excess au;ipl:r*u
good 2 in both countries. It also cannot happen to the left of af;/af,.
because in that area there is general excess demand for good 2, Hence,
the equilibrium relative price is bounded above by ag,/a;, and below
& L]
i gt;f;;;e now that in the presence of ints:rnlaticmai trade the c_thl:r-
rium price ratio does not reach its predetermined bounds; that is,

ar ty3
Ly fz O
afy, P A

Then the home country will specialize in the pmdgclion of gm}d_i
{(Figure 2.3a), and by a similar argument the foreign country WI::
specialize in the production of gnqd 2. Hence, every country wi
specialize in production according Lo its comparative advarlatagtls. Mnrel—
over, every country will import the commodity in which it has a
comparative disadvantage. 1 : )

Finally, observe that as long as the domestic rellalwe factor reguire-
ment differs from the foreign relative factor I‘E_Q'I.IITEI‘I‘H:‘I'IL at least nlnc‘
country will specialize in production awurtliw}g to its c:‘nmparalm,
advantage. The other country may not Sp'EF]'thC, but if it does not,
then the posttrade equilibrium relative price of good 2 equals the
marginal rate of transformation of this country.

1.2 THE HECKSCHER—OHLIN THEORY 13
22 THE HECKSCHER-OHLIN THEORY

The Heckscher—Ohlin theory of international trade is attributed to
the Swedish economists Ell Heckscher and Bertil Ohlin (Heckscher,
1919; Ohlin, 1933), Contrary to the Ricardian theory which explains
international trade by means ol productivity differentials among coun-
tries, that is, mainly a technological explanation, the Heckscher—Ohlin
theory explaing international trade by means of differences in relative
factor abundance. To this end, the basic Heckscher-Ohlin theory
emplays the assumption ol identical linear homogeneous technologies
in all countries and occasionally also identical homothetic preferences
in all countries,

Since many propositions of the Heckscher—Ohlin theory are tech-
nological in their nature, we start the discussion with a description of
the technology. Then, alter describing the results which are related to
technology and factor availability, we proceed to discuss problems of
mternational trade.

Consider the home country which is capable of producing two
goods by means of labor and capital, Its production [unctions are

(2.9) Q; = filL:, K;), =12

where fi{+) 15 a concave positively linear homogeneous function with
positive first-order derivatives, L; is labor employed by sector i, K, is
physical capital employed by sector i, and {; is output of sector
i= 1,2 As in the Ricardian model, because of constant returns to
scale, we can aggregate all firms in a sector into one unit—the sector.
We assume that both factors are essential, which means that no positive
output can be produced without using positive quantities of labor and
capital,

Given commodity prices p;, i = 1, 2, the wage rate w, and the rental
rate on capital r, every sector chooses its output and employment of
labor and capital so as to maximize profits:

(2.10) choose Q,and L, K, =0
to maximize
pQ; — wL; - rK;
subject to
Qu = .ﬁ“—-i- K;)

We assume that labor and capital are mobile within the economy,
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Due to constant returns 1o scale, the solution to tlhis problem may be
unbounded. and it also can be written in the intensive form

(2.10a) choose @ and ay, ax; = U
o maxnmize
(p, — way — rag)t;
subject to

1 = [ilag. ag)

where ay, = L;/Q;is the labor—output ratio and g, = K;/0, the capital-
output ratio in sector i L

It is clear from (2.10a) that the profit maximizing problem can II:n:
solved in the following two stages. First, choose ay;, g = 0 to minimize
unit costs of production: that is,

(2.11) choose ap. iy =0
to minimize
wilp; + Filg;
subject Lo

l.= .ﬂ[ﬂ:_ham]'

Second, compare the minimum unit costs with the Lﬁmlnodity price p.
If unit costs fall short of p;, the @; goes to infinity in order to make
infinite profits, and the demand for labor and Faplta] also goes to
infinity, provided the solution to (2.11) mmplies str{clly positive input-
output ratios. If unit costs are just eq ual to the price p;. tlhc supply of
¢, is everything between zero and inﬁmly_. Corrcspondlqg to every
quantity of output there is alsoa demand for inputs, Finally. if minimum
unit costs exceed p;, output supply as well as factor demands fall to
2010,

Let ag(w,r) and ag{w,r) denote the solution to (2.11). Then, the
minimum unit-cost function is defined by

(2.12) C{w, r) = aglw, r)w + aglw, r)r, i=1

The functions ag, (), ag{-), i = 1, 2, are homogeneous of degree zero,
and the unit cost functions C;(+), { = 1,2, are concave and homogeneous

2.2 THE HECKSCHER —OHLIN THEORY 15

of degree one, Moreover, from the envelope theorem,

f?cr{if}

(2.13) ) awn, i=1,2

5
oW

S e
(2.13b) i b LS P T R

o

It is also easy to see that the labor—output ratios are increasing in the

rental rate and decreasing in the wage rate, while the capital-output

ratios are decreasing in the rental rate and increasing in the wage rate.
Assume now that for every combination of factor prices the etficient

capital-labor ratio of sector 2 exceeds that of sector |, This need naot

always be the case, but this assumption is essential in some of the

well-known propositions in the Heckscher-Ohlin theory. It is referred
to as the assumption of no factor intensity reversals. Thus, we assume

(2.14) g ol w, r} L g g (W, 1l

forall w,r=0
dpalw, vl aplw, r)

It is clear from the preceding discussion that the output supply
curve is like the heavy line in Figure 2.6, while the factor demand
curves are like the heavy lines in Figure 2.7; Figure 2.7a for labor and
Figure 2.7b for capital, {p;, r) is the value of wat which Ciw, r) = p;,
and Fi(p;, w) is the value of r at which C,(w, ) = p;, for i = 1, 2. Now,

Colw, rd

FIGURE 2.6
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assuming inclastic supplies of labor and capital, L and K, then given
p; and », the equilibrium in the labor market can be described by
means of Figure 2.8, just as in the Ricardian model (see Figure 2.3).
The equilibrium point is denoted by E in every case. A similar figure
can be drawn for the market for capital.

Equilibrium in factor markets obtains when factor prices are such
that aggregate demand for every factor of production is equal to its
supply, Hence, if Q, and Q, are the supply levels of output, the equi-
librium conditions read

{2'1 Sﬂ; ':Tf.ltw1 P}Q[ + uLIlll'l'q r‘}le = I
(2.15b) agw, 10, + aga(w, NQ; = K
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From the previous discussions il is clear that at equilibrium unit costs
cannot fall short of commodity prices, for then there will be an infinite
supply of output and an infinite demand for factors of production,
which is inconsistent with the factor market equilibrium conditions
{2.15) (remember that every factor of production is essential, so that
all input-output coefficients are positive). Similarly, the unit-cost
functions of both sectors cannot exceed in equilibrium commodity
prices, for then the supply of output is zero and so is the demand
for every factor of production, which contradicts (2.15). Hence, in
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equilibrium,

(2.16) Cdw, 1) = p;, with @, =0 i Ciw,r)=p
and @, =0 il Ciw.rl=p.
i=1,2, and strict equality
holding for at least one |

Equations (2.15) and (2.16) describe the production equilibrium con-

ditions in the economy. ‘ . _
Now suppose that equilibrium prices, including factor prices, are
such that @, > 0 for i=1, 2; that is, there is no specialization in

production. Then,
(2.17) Cilw, 1) = pys =11

In this case, due to the assumption of no factor intensity reversals,
there is a one-to-one correspondence between commodity and factor
prices. The relationship between commodity and factor prices is
described in Figure 2.9,

Cplw ri=py

Colw, rhopy

FIGURE 2.9

We have drawn the combinations of factor prices which keep the
minimum unit costs of each sector equal to the price of its output.
These curves are convex to the origin from the concavity of C,(*). A
slope of such a curve is equal to the capital-labor ratio of the sector,
as the reader can verify from (2.13). From the assumption of no factor
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intensity reversals, these curves can intersect only once, which implies
unique equilibrium lactor prices for given commodity prices. Hence,
there is # one-to-one correspondence between commaodity and Factor
prices for which both sectors just break even. Point E describes an
equilibrium for the given commaodity prices.

Mow suppose that the price of good 2 increases by one percent,
Then, the curve of the second sector in Figure 2.9 will shift outward
by one percent along any ray from the origin, since €+ ) is homoge-
neous of degree one, Let the dashed line represent the new break-even
curve of sector 2. Then. the new equilibrium factor prices are described
by point E'. It is ¢lear that m this case the wage rate has declined,
which means that the reward to labor has also declined in real terms,
mdependently of whether we measure the real reward in terms of good
1. good 2, or a bundle of both goods, Tt is also clear from the comparison
ol £' with E that the nominal reward to capital has increased by more
than one percent, for point A indicates a one percent increase in the
reward to capital and E' is to the right of 4. This is called the magnifi-
cation effect (Jones, 1965). Hence, the real reward to capital has
increased in terms of both goods. This proves the Stolper—Samuelson
theorem (Stolper and Samuelson, 1941), which states that under the
conditions already specified (that is, no factor intensity reversals and
incomplete specialization), an increase in the price of a good will induce
an increase in the real reward of the factor which is used relatively
intensively in the industry which produces this good and a reduction
in the real reward of the other factor of production.

Since the unit-cost functions are homogencous of degree one, this
implies that there exist lunctions eip;/p,) and pip;/p,). where p() is
increasing and ¢ -) 15 deereasing, such that for commodity prices in
the nonspecialization region

(2.18a) w = pyolpa/py)
{2.18b) r=pip(p2/py)

We have seen that in the case in which the country does not specialize
in production, our assumptions assure a one-lo-one correspondence
between commodity and factor prices. This correspondence depends
only on its technology and not on its factor endowments (we will see,
however, that factor endowments determine the region of commodity
and factor prices within which the country is incompletely specialized),
Mow, il two countries trade with each other, there are no transportation
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costs, and no other impediments to trade, then commeodity prices will
be the same in both countries. As a result, if in the trading equilibrium
both countries are incompletely specialized in production and they
have identical technologies of the kind already described (including
no factor intensity reversals), they will end up with equal factor prices.
This is the factor price equalization theorem (Samuelson, 1948).

We turn now Lo a problem that was considered by Rybezynski (1955),
Suppose that the capital stock of a country increases but its commodity
prices do not change. How will it affect its output structure?

Suppose, as Rybezynski did, that initially the country does not
specialize in production, and that the increase in capital does not
induce it to specialize. Then, since commaodity prices have not changed,
the equilibrium factor prices, which in this case do not depend on [actor
endowments, also do not change. Hence, producers will not change
their input-output ratios. The shift in outpuls can be described by
means of Figure 2.10 in which we have drawn the combinations of
{(Q,, @) which satisfy (2.15a) and (2.15b) (w and r are omitted since they
do not change). These are called Rybczynski lines; their intersection,
at peint E, describes the initial equilibrium output combination. An
increase in the capital stock shifts the capital constraint line outward
in a parallel fashion, say to the dashed line, and the new equilibrium
output combination is described by point E'. Hence, the output of the
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labor intensive industry, industry 1, declines, and the output of the
capital intensive industry increases. Observe, however, that the per-
centage increase in the output of the capital intensive industry, industry
2, is larger than the percentage increase in the capital stock, because
point A describes a proportionate increase in oulpul equal to the
proportionate increase in the capital stock, and E' lies to the right of A4,
This is the magnification effect (Jones, 1965). This impact of a change
in the endowment of a factor of production on the output structure is
known as the Rybczynski theorem. It states that under the above
specified conditions an increase in the endowment of a factor of
production increases more than proportionately the output of the
industry which uses this factor relatively intensively, and it reduces
the output of the other industry.

Consider now the price region in which there is incomplete special-
ization. This region can be derived as follows, Solve (2.15) for ¢ and
(), to obtain

(2.19a) 0, = Layalw, 1) [ﬂﬁf[.‘f’_ n_ E]
ﬁ['l-'l', J'J I!T;_lh"lﬂ f']' L
Lagw, r)| K aglw, )
:.".. 9h == e 1 i (o] [ W L L L)
L) 2= "A0w,1) [L ar o, r}]

where A(w, r) = ag,(w, rlagzlw, r) — ago(w, ag,(w, r} = 0for (w, r) = 0,
due Lo the factor intensity assumption.

The capital labor ratios ag,(w, r)/ag(w, r), i = 1, 2, are now functions
of only the wage—rental ratio w/r (due to the homogeneity of degree
zero of the input-output ratios), and they are increasing in the wage-—
rental tatio, Therefore, it is clear from (2.19) that there exist lower and
upper bounds on the wage-rental ratio, @ and @ respectively, such
that 0, and @, are positive if and only if the wage—rental ratio is within
the open interval (g, @). This interval defines the factor price region of
nonspecialization.

However, nonspecialization also requires unit costs to equal com-
modity prices, which implies by (2.17) and the homogeneity ol degree
one of the unit-cost functions that

_ P2 _ Calwr) _ Cylwin 1) _

L B = 7 — 5 ]
P i1 Cilwr) Cofwir, 1) = £(w/r)

As a result of the Stolper—Samuelson theorem, the function £{-) 15
decreasing in the wage—rental ratio due to our assumption on relative
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factor intensities. Therefore, defining p = fw) and p = E{m), we have

& € (o, @) ifand only if peip. 7

%

The interval (p, ) defines the range of relative commodity prices in
which there is incomplete specialization, This interval depends on
factor endowments, since @ and @ depend on factor endowments.
[See Kemp (1969) for more details on this subject.]

The competitive determination of the outpul bundle of a country
can also be represented by means of a transformation curve. For _Lhe
Heckscher—Ohlin model with differing intersectoral [actor intensities,
the transformation curve can be shown to be strictly concave to the
origin, such as TT in Figure 2.11. The slope of TT at point A is u:t_lL_m!
to p and the slope of TT at point A’ is equal to p. na cornpehme
system the economy produces at a point on the 1run5l’nrmaln?rn curve
at which the slope of the transformation curve equals the relative price
of good 2, that is, p = pa/p, [assuming p € (p.p)]. Through every point
on TT we can draw two Rybezynski lines, one for labor and one for
capital. For every p & {p, P) the wage-rental ratio is Eqmﬂ. to ol p)/plp)
[see (2.18)] and this, in turn, determines the employed mput—-pulpul
ratios, Using these coefficients, the chosen outpul combination on
the transformation curve has to satisfy (2.19). We have, therefore,

Slope p

Slape p
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FIGURE 2.11
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general-equilibrium supply functions along the transformation curve,
which depend on the relative commuodity prices and factor endowments,
which we can express as

(2.20) Qi=0ip LK), i=12

It is clear that Qu(p, L, K) increases in K, decreases in L (from the
Rybczynski theorem), and increases in p. The function Q,(p, L, K)
decreases in p and K and imcreases in L.

Due to the homogeneity of degree one of the production functions,
competitive factor income equals the value of output and there are no
pure profits. Thus, given p which is equal to the slope of line BB in
Figure 2.11, the budget line of owners of factors of production is BB,
where P 1s the competitively selected output combination, Aggregating
consumers into one unit, as in the previous section, we can draw a
set of indifference curves and determine the demand lor goods | and
2 at the going prices by finding the tangency point between the budget
line and the mdilference curve. By varying p we can therefore trace
the commodity excess demand functions. Assuming that there exists a
point of tangency of an indifference curve and the transformation curve
with positive outputs of both goods, the excess demand function for
commodity 2 looks like XX in Figure 2.12. The autarky equilibrium
relative price of good 2 s ji

G0
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FIGURE 2.i2



24 2. DETERMINISTIC THEORY OF INTERMATIONAL TRADE

Suppose that there is also a foreign country whose variables we
denote by asterisks. The foreign country is assumed to have the same
technology as the home country but possibly different factor endow-
ments. Let X*X* in Figure 2.12 be the excess demand by the foreign
country for good 2 and let i* be the autarkic relative price for the
foreign country of good 2, assumed also to belong to the nonspecial-
ization price interval. Then by the Stolper-Samuelson theorem, the
autarkic wage—rental ratio is higher in the foreign country than in
the home country. In this case the foreign country is said to be relatively
capital abundant according to the Ohlin definition, Ohlin defined
relative factor abundance in terms of pretrade relative factor prices
(Ohlin, 1933). This is also called the value definition of factor abun-
dance. There is also a quantity definition of factor abundance according
to which a country is said to be relatively capital abundant if its
endowed capital-labor ratio is higher than in the other country (Jones,
1956-1957).

Now, suppose that the two countries open to international trade.
Then, clearly the posttrade equilibrium relative price ol good 2 must
lic between ji* and f, that is, the relative price of good 2 increases in
the foreign country and decreases in the home country. But for any
relative price of good 2 between p* and j, there is an excess demand
for good 2 at home and an excess supply of good 2 abroad. This means
that the home country imports good 2 and the foreign country imports
good 1. Hence, the capital-abundant country according to the value
definition of factor abundance, that is, the foreign country, exports the
capital intensive good, good 2, while the labor-abundant country, that
is, the home country, exports the labor intensive good, good 1. This 1s
the weak version of the Heckscher—Ohlin theorem, which states that
a country will export the good whose production is relatively intensive
in the relatively abundant factor of production of the country according
to the value definition.

The excess demand functions depend not only on the technology
and factor endowments but also upon preferences. Hence, the relation-
ship between the pretrade relative commodity prices of the two
countries, even when technologies are identical, cannot be uniquely
related to relative factor abundance, Therefore, a country which is,
say, capital abundant under the value definition is not necessarily
capital abundant under the quantity definition. For example, if the
foreign country is labor abundant under the quantity definition but its
preferences are biased toward good 1, the labor-intensive good, its

N
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pretrade relative price of good 2 may be lower than that of the home
country, as depicted in Figure 2,12,

If both countries have identical homothetic preferences, then a
country is capital {labor) abundant under the value definition if and
only il it 15 capital (labor) abundant under the quantity definition, In
order to see this, consider Figure 2.13. TT is the transformation curve
of the home country and P is its pretrade equilibrium. p is given by the
slope of BB. Suppose that the loreign country has the same amount of
labor but more capital, Then at the relative price fp foreign producers
choose to produce al point P¥*, where RR is the Rybeeynski line for
capital; that is, the labor constraint line. In this case the foreign budget
line 15 B*B*, where B*B* is parallel to BB and passes through P*
Since foreigners have the same homothetic preferences as the home
country residents, their income-consumption curve (ICC) for the
relative price pis the ray from the origin which passes through P
Hence they choose to consume at C*. This means that at the relative
price p there is an excess supply of good 2 in the foreign country.
Therefore, its pretrade equilibrium relative price is lower than j, which
by the Stolper—Samuelson theorem implies that the pretrade wage-
rental ratio of the foreign couniry is higher than that of the home
country.

So far we have assumed that both countries have the same amount
of labor. But under homothetic preferences the pretrade equilibrium
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relative price depends on relative factor abundance but not on their
absolute size, Thus, our argument was not restricted to equal labor

endowments.
The strong version of the Heckscher—Ohlin theorem can now be

stated, Under our assumptions on technologies, if both countries have
identical technologies and identical homothetic preferences, a country
will export the good whose production is relatively intensive in the
factor of production in which that country is relatively abundant

under the guantity definition.
This completes our review of the Heckscher—Ohlin theory.

REFEREMNCES

Caves, R, E., and Jones, R, W (19773, “World Trade and Payments—An Introduction,”
Ind ed. Little, Brown, Boston, Massachuseits.

Heckscher, E. (1919), The effect of [oreign trade on the distribution of income, Ekanonyisk
Tidserift 21, 497512, reprinted in ' Readings in the Theory of International Trade,™
Chapter 13, Amer. Econ. Assoc., Philadelphia, Pennsylvania, 1949,

Jones. R, W. {1956-1957). Factor proportions and the Heckscher—Ohlin theorem,
Review af Economic Stwdies 24, 1-10.

Jomes, B. W. (1965), The structure of simple general equilibrium models, fewnal of
Political Economy T3, 557572

Kemp, M. C. (1969). “The Pure Theory af International Trade and Investment.”
Prentice-Hall, Englewood Cliffs, New Jersey,

Ohlin, B. (1933}, “Interregional and International Trade ™ Harvard Univ, Press,
Clambridge, Massachusetts.

Ricardo, D. {1971), “The Principles of Political Economy and Taxation.” Penguin,
Mew York.

Rybezynski, T. M. (1955). Factor endowmeni and relative commodity prices, Eco-
novnlen 22, 336341,

Samuclson, P. A. (1948). International trade and the equalization of factor prices,
Economic Journal 58, 163 - 184,

Samuclson, P. A. (1956). Social indifference curves, Quartesly Journal af Econoniics 70,
|-22.

Stolper, W. F., and Sarmuclson, P. A (1941), Protection and real wages, Review of
Economic Suedies 3, 5875,

Chapter 3

Elements of the Theory
of Economic Decision Making
under Uncertainty

In a world of certainty, actions imply in many instances unique
consequences. Therefore a choice among consequences determines a
choice among actions. However, under uncertainty, an action taken
before the resolution of uncertainty does not uniquely determine the
outcome. The outcome will also depend on the state of nature that
realizes. The meaning of uncertainty is that the individual does not
know the state of nature, although he may have a subjective probability
belief over states of nature, In this chapter we describe some of the
results from the theory of decision makmg under uncertainty. For the

present purpose there can be continuum, countable, or finite states of
nature,

31 EXPECTED UTILITY, RISK AVERSION,
AND PORTFOLIO CHOICE

Assume that it _Es possible to attach numbers called utilities to
consequences of actions in such a way that the expected utility measures
the desirability of an action (von Neumann and Morgenstern, 1944).
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The strong version of the Heckscher—Ohlin theorem can now be

stated. Under our assumptions on technologies, if both countries have
identical technologies and identical homothetic preferences, a country
will export the good whose production is relatively intensive in the
factor of production in which that country is relatively abundant
under the quantity definition,

This completes our review of the Heckscher—Ohlin theory.

REFEREMNCES

Caves, B, E., and Jones, B. W, (1977}, “World Trade and Payments—aAn Introduction,”
2nd ed. Little, Brown, Boston, Massachusetts,

Heckscher, E. (1919). The effect of foreign trade on the distribution of income, £konamisk
Tidserift 21, 497-3512, reprinted in **Readings in the Theory of International Trade,”
Chapter 13, Amer. Econ. Assoc.. Philadelphia, Pennsylvania, 1949,

Jones, R, W, (1956-1957). Factor proportions and the Heckscher—Ohlin theorem,
Review of Economic Studies 24, 1-10,

Jones, R. W, (1965), The structure of simple general equilibrium models, Jouwrnael af
Folitical Econemy 73, 557-572.

Kemp, M. C. (1969), “The Pure Theory of International Trade and Investment.”
Prentice-Hall, Englewood Cliffs, New Jersey,

Ohlin, B. (1933), “Interregiona) and International Trade.” Harvard Univ. Press,
Cambridge, Maszsachusetts,

Ricardo, D (1971), “The Principles of Political Economy and Taxation,”” Penguin,
MNew York.

Eybczynzski, T. M. {1955). Factor endeowment and relative commeoedity prices, Ece-
nopiee 22, 336-341.

Samuelson, P. A, (1948). International trade and the equalization of faclor prices,
Economic Jowrnal 58, 163-184,

Samuelson, P. A, (1956). Social indifference curves, Cwarterly fourna! of Economics T,
I-22,

Stolper, W. F., and Samuelson, P A, (1941, Protection and real wages, Revlew of

Eeonomic Studies 9, 58573,

Chapter 3

Elements of the Theory
of Economic Decision Making
under Uncertainty

In a world of certainty, actions imply in many instances unigue
consequences. Therelore a choice among consequences determines a
choice among actions. However, under uncertainly, an action taken
before the resolution of uncertainty does not uniguely determine the
outcome. The outcome will also depend on the state of nature that
realizes. The meaning of uncertainty is that the individual does not
know the state of nature, although he may have a subjective probability
beliel over stales of nature, In this chapter we describe some of the
results from the theory of decision making under uncertainty. For the

present purpose there can be continuum, countable, or finite states of
nature,

3.1 EXPECTED UTILITY, RISK AVERSION,
AND PORTFOLIO CHOICE

Assume that it is possible to attach numbers called utilities to
consequences of actions in such a way that the expected utility measures
the desirability of an action (von Neumann and Morgenstern, 1944),

27



W-g-—-—- -

2% 9. DETERMINISTIC THEORY OF INTERNATIONAL TRADE

relative price depends on relative factor abundance but not on their
abeolute size. Thus, our argument was not restricted to equal labor

endowments. .
The strong version of the Heckscher—Ohlin theorem can now be

stated, Under our assumptions on technologies, if both countries have
identical technologies and identical homulthetic prcferclznocs, a country
will export the good whose production 1s relaltwe]y intensive in the
factor of production in which that country 1s relatively abundant

under the quantity definition. ;
This completes our review of the Heckscher Ohlin theory.

REFERENCES

Caves, B, E., and Jones, R W, (1977), “"World Trade and Payments— An Introduction,”™
2nd ed, Little, Brown, Boston, Massachusetts.

Heckscher, B {1919}, The effect of foreign trade on the distribution of income, Exonamish
Ticlserift 21, 497512, reprinted in **Readings in the Theory of Tnternational Trade,”
Chapter 13, Amer. Econ. Assoc.. Philadelphia, Pennsylvama, 949

Tanes, . W. (1956-1957). Faclor proportions and the Heckscher—Chlin theorem,
Review of Economic Studies 24, 1-10,

Jones, B. W. (1965), The structure of simple general equilibrium models, Jowrnal af
Political Evomomy T3, 557-572, .

Kemp, M. C. (1969). “The Pure Theory of International Trade and Investment
Prentice-Hall, Englewood Cliffs, New Jersey.

Ohlin, B, (1933), “Interregional and International Trade.” Harvard Univ. Press,
Cambndge, Massachuseits,

Ricardo, D (1971} “The Principles of Political Economy and Taxation,” Penguin,
Mew York.

Ryboeynski, T. M. (1955}, Factor endowment and relative commodity prices, Eea-
nomicg 22, 336-341.

Samuelsan, P, A. (1948). International trade and the equalization of factor prices,
Economic Journa 58, 163-184.

Samuclson, P. A, (1956), Social indiference curves, Quarterly Jowrnal aff Econorics T,
[-22.

Stolper, W, F., and Samuelson, P. A (1941 Protection and real wages, Review af
Ecanomic Studies 9, 5873,

Chapter 3

Elements of the Theory
of Economic Decision Making
under Uncertainty

In a world of certainty, actions imply in many instances unigue
consequences. Therelore a choice among consequences determines a
choice among actions. However, under uncertainty, an action taken
before the resolution of uncertainty does not uniguely determine the
outcome. The outcome will also depend on the state of nature that
realizes, The meaning of uncertainty is that the individual does not
know the state of nature, although he may have a subjective probability
beliel over states of nature. In this chapter we deseribe some of the
results from the theory of decision making under uncertainty. For the

present purpose there can be continuum, countable, or finite states of
nature,

31 EXPECTED UTILITY, RISK AVERSION,
AND PORTFOLIO CHOICE

Assume that it is possible to attach numbers called utilities to
consequences of actions in such a way that the expected utility measures
the desirability of an action (von Neumann and Morgenstern, 1944).

7




) 3. DECISION MAKING UNDER UNCERTAINTY

A risk averter is defined as one who finds it unprofitable to partici-
pate in a fair gamble. A gamble is said to be fair if its expected value
to the individual is zero. Let I and u([) be, respectively, income and th_e
utility of income. Confronted with a choice among EI'IEI.'IGTIH. an indi-
vidual is supposed to choose that action which maximizes the expected
utility of income, Euw(l), where E is the expectation operalor. No
saturation of individual desires implies () = 0, where w(I) is the
marginal utility of income. .

Now consider a risk-averse individual who is offered a choice
between a certain income I, and a chance gamble in which he would
gain h, with probability = and lose h, with probability 1 — n, where
h, and h, are positive numbers, Being a risk averter, il hy —(1 ~
mh; = 0, he will choose the certain income. If this holds for all I:_i,
hy; =0, it implies that u(-) is a concave function of income; that is,
w’(I) = 0 (see Figure 3.1},

ulll

T S—
wuilgrh, e (1= whully-h,)

Ig=hs lo lg+hy
FIGURE 3.1

Arrow (1964) and Pratt (1964) suggested the following risk-aversion
measures:

All)= = ”fﬂ = absolute risk aversion
w'(ly

P = —J”, {EJ;} = relative risk aversion
u
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where u"(+) is the second derivative of w(+). The measure of ahsclute
(relative) risk aversion is said to be increasing if A'(I) > 0 [P{(I) = 0]
and it is said to be decreasing if A'(I) < 0 [P(]) < 0].

It can be shown (Arrow, 1964) that if a risk-averse individual is
offered a certain income I, or a two-state gamble in which he gains
h{h = 0) in state 1 and loses h in state 2, then for small i he will not be
indifferent between the two offers. unless the probability of state |
exceeds |+ (the probability associated with a fair gamble) by a number
which is proportional to A(T). Similarly, if a risk-averse individual is
offered a certain income I or a two-state gamble in which he gains
Il in state | and loses ki, in state 2, i = 0, then for small h he will
not be indifferent between the two offers, unless the probability of the
favorable state exceeds 1 by a number which is proportional to P(I).

The following are examples of utility functions with corresponding
measures of risk aversion;

{a) w=1t-—pg, a=10
= A{l)=a and P{l)=al

(b) wu=al—bI>, ab>0, for Dgfgi‘}-,
¥

b1
a— 2b1

and P{l)=

2h
== a— 2hl

opl=a
(e u:l—.‘I e a =0

1

g1
vl
= AUII=I and P{ll=a

The first function exhibits constant absolute and increasimg relative
risk aversion: the second function exhibits increasing absolute and
relative risk aversion; and the third function exhibits decreasing
absolute and constant relative risk aversion,

The usefulness of the measures of risk aversion can be seen by
considering changes m the optimal portiolio selected by an expected
utility maximizer as his initial wealth changes. Consider a risk-averse
individual who chooses his portfolio so as to maximize the expected
utility of the return on the portfolio. The individual has an initial
wealth W, which can be allocated between two assets— one sale and
one risky. The risky asset yields a return of R(z) in state &, per dollar
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invested in it. The safe asset yields the same return in every state of
nature, which for simplicity will be assumed to be unity. If the individual
allocates a fraction s of his initial wealth to the risky asset, his return
{income) in state o will be

I(z) = Wy + s[Riz) — 1]W,
Therefore, the investor’s problem 15

(3.1) choose &
Lo maximize
Eu{ W, + s[Rix) — 1]W,}

If no sign restrictions are imposed on s, the first-order condition
for a maximum is

(3.2 Ev[liz)][Rz)=1]=0

We can now show that purchases of the risky asset increase, remain
unchanged, or decrease with mitial wealth, as there is decreasing,
constant, or increasing absolute risk aversion,

To see this define B = sW, as the total investment in the risky asset,
and differentiate (3.2) to obtain

d_E Eu" [I{z}][R{a} —1]
dW,  E ‘u”[.‘{a]}[Rl{x} ) — 12

By the assumption of risk aversion, the sign of the denominator of
(3.3) is negative,

Let A* = A{W,) be the value of the absolute risk-aversion measure
when the portfolio consists of only the safe asset. The numerator of
{3.3) can then be rewritten as

(3.3)

i [I{a]]
W[H)]
= —EA[I{u}]u'[I[le][R{a] -1]
= E{A* — A[Ho)] )/ [H)][R(z) — 1]
— A*Eu'[Ie)][Riz) — 1]
= E{A(W,) — A[H{e))}u'[ Ha) ][ R(z) — 1]
where, in the last step use has been made of (3.2).

If A1) > 0, then when Riz) — 1 > 0, A(W,) < A[/(2)] and [Rx) —
1]{A(W,) — A[H=)]} < 0; and when R{z) — 1 <0, A(W;) > A[l{x)],

Eu'[Ha)][Riw) — 1] = E - W[ 1)) [Rie) — 1]

il e
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and [Rix) — 1]{A(W;) — A[liz)]} < 0. Therefore, the numerator in
(3.3) is negative. Conversely, if A(1) < 0, it can be shown to be positive.
If A'(I) = 0, the numerator in (3.3) is equal to zero. This proves the
assertion,

Analogously, wealth elasticities of the demand lor assets are deter-
mined by the properties of the measure of relative risk aversion. Il can
be shown that the wealth elasticity of the demand for the safe asset is
greater than, cqual to, or less than unity as relative risk aversion is an
increasing, constant, or decreasing function of wealth.!

Finally, it was shown by Pratt (1964) that a utility function u®(+} is
everywhere more risk averse than a utility function u(-) if and only if
w*(+) 1s a concave increasing transformation of w(-). This is equivalent
to the statement that the absolute (relative) measure of risk aversion 15
everywhere larger for «*(+) than for u(-).

3.2 INCREASING RISK

When is an investment venture said to be more risky than another
investment venture? Rothschild and Stiglitz (1970) suggest three
answers to this question, Let Rix) and R'(z) be random returns on two
different investment projects. Riz) is said to be more risky than R'{e) if

(1} Rz} is equal to R'z) plus some uncorrelated noise, that is,
R(z) = R'(z) + Z(x), where E[ Z(x)|R'(2')] = 0 for all &,

(2) Given ERY(z) = ER(z), every risk averter prefers R'{e) 1o Ria)
that is, Eu[ R'(z)] = Eu[ Riz)] for all concave u( ‘).

(3} Rix) and R'{z) have the same mean and Riz) has more weight
in the tails than R7{z).

They proved that conditions (1)—{3) lead to a single definition ol
greater riskiness; that is, conditions (1)-(3) are equivalent. When we
deal in Chapter 4 with increasing riskiness, we shall mean mean-
preserving transformations of the original distribution, as in (3), which
is also equivalent to the other two definitions of increasing riskiness
Just mentioned.

! See Arrow (1964} For an analysis of wealth effects on portfolios with more than
twe assels, see Cass and Stigline (1972),
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13 MARKETS FOR RISK SHARING
A.  Contingent Commaodity Markets

Imagine an economy which consists of H individuals, and in which
there are N commodities and § states of nature. In this economy,
trading takes place before the resolution of uncertainty, and individuals
can contract on the delivery ol every good contingent upon the realiza-
tion of a state of nature. Thus, il individual i buys 10 units of pood 2
contingent on state 7, then he will get the 10 units of good 2 if state 7
realizes, and he will get nothing if another state of nature realizes.

Let e}x) be h's endowment of good i in state o, ¢(2) be his con-
sumption of good i in state o, and ¢*«) his consumption vector, Then,
given contingent commodity prices g,(x), where g{x) is the unit price
of good i to be delivered in state «, his budget constraint is

L N N N
(3.4) Y F gl s Y Y glade(a),
[ R =1 i=1]

h=12...,.H

Individual f's tastes are represented by a von Neumann-Morgen-
stern utility function «"(), defined on the consumption vector at that
state ¢"fx) and the individual's probability beliefs, represented by a
vector

5

Z ax) = |

[#"(1), 2%(2), ..., 7%5)]. n"(x) = O,

where 7'(a) is individual i's subjective probability assessment of state
a, Let w”[ c"(=)] be a concave function; that is, (- ) exhibits risk aversion.
Expected utility ol individual h, W" is a lunction of the contingent
consumption vector [e*(1)¢2),. .. ,cN8)]:

Ly

(3.5) W), 2. ... (S)] = Y @[]

=1

Individual i's decision-making problem is to choose the vector of
contingent commodity claims [(1),¢%2), .. . ,¢"$)] to maximize (3.5)
subject to the budget constraint (3.4).
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}n equilibrium, aggregate demand for every contingent commodity
claim has to equal its supply. Namely,

I H

[3.6) Z o) = }: eMa),

W= 1 W=1
b= Lol B=il B o8

This is exactly analogous to the certainty case, Note, however, that
the number of goods in the uncertainty model is SN instead of N in
the certainty model, since here a good is distinguished by the state in
which it is consumed in addition to its physical characteristics,

B.  Arrow Securities

Instead of markets for commodity claims, assume now that there
are securities which are payable in money, The amount of money paid
by a security depends on the state of nature that realizes. Security «
pays | dollar il state & occurs or zero if a different state occurs, There
are precisely § such securities. Trade in securities takes place at the
beginning of the period. Then, when a state & occurs, trade in com-
maodities takes place.

Let gie) be the price of security &, and p,(=) the price of commodity
i in state . Consumer h solves a two-stage decision-making problem.
In the first stage, before the resolution of uncertainty, he determines
his portfolio: in the second stage, after the resolution of uncertainty,
he uses portfolio returns to purchase commodities.

Suppose, for the moment, that the portfolio allocation [A"1),
AN2), . .., A"S)] has been chosen by individual h, where A"x) is his
amount of security « holdings, = 1,2, ..., 5. Then, when the state of
nature « realizes, commodity prices [ py(=), . . ., py(2)] become known.
In state « individual h solves the ordinary consumption problem:

(3.7) choose ¢ Mah o), . .. ez = 0
to maximize
[ cMa)]
subject to

N
> palodeo) < AMw)

=1
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Note that only holdings of security pr:_:witflﬂ incurpf: in state o,
The solution to this problem yields the indirect utility function

W pyla), .- . pala); AYa)]. | i
['Fl‘llrning to r:urtl‘n::nlln decisions, individual h chooses [A4"(1),.... A%(S)]

<o 4s to maximize the expected value of his indirect utility function:

(3.8) choose A1), A%2), ..., AS)

Lo maximize

s "
Y () [pyle), - . o s paler: AMe0)]

aw]

subject Lo

¥ 5 i
Y glaAf(n) < Z: qfﬂ}[; pf“{ﬂJfa“{a}—‘
&= = = g
where YU, pi(z)e(a) is W's endowment of security o, and it equals the
value of his commaodity endowment in state o ‘

In equilibrium the demand for good i in state « equals its supply.
Hence,

H 7

(3.9) Y ¢ =3 el

=1 =1
i=12....N, a=12...,8

In addition. the demand for every security equals its supply. Hence,

=1 =\

H H N
(3.10) Y A=}, Y plaeMe),  a=12....3
k=1

To see the relationship between the contingent commodity claims
and the Arrow securities models, suppose that

(3.11) glakple) = gilo)

In words, the price of security « times the spot pr'!uc of commofhtg
i in state g is equal to the price of a claim on one unit of commodity i
in state o o~

An individual facing those prices has the same opportunitics under
the two systems. In the securities framework he can effectively acquire
a claim to a unit of commodity i in state z by paying pi{x)g(2). In the
contingent commodity claims framework he can effectively acquure a
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unit of commodity i in state ¢ by paying g,(=). Hence, the effective price
of 4 unit of a good in a given state is the same under both systems.

Arrow (19631964} showed that any Pareto optimal allocation can
be realized by either a system of perfectly competitive markets in
contingent claims on commedities or by a system of perfectly com-
petitive markets in Arrow sccurities, provided there are sell-lulfiling
price expectations. In the former case there are NS markets, while in
the latter case there are only N + § markets. The two svstems will be
referred to as complete market systems,

In a complete market system the existing markets reveal an ohjective
price for every good in every state of nature. This price is used by all
market participants to evaluate goods in states of nature. I there is
production, firms can use these prices to evaluate inputs and outpuls
50 that they can maximize profits as in the deterministic environment.
In such cases, producers do not bear risks; risks are borne anly by
COMNSUMers,

Mow, one may have a complete market system even if there are no
Arrow-type securities. What is important is to have sufficiently diverse
securities in adequate numbers so that by an appropriate combination
of these securitics an investor will be able to assure himsell of a dollar
return in a particular state of nature and zero return in all other states,
for all states of nature. Put differently, if the existing securities are
capable of replicating the return patterns of Arrow-type securities, then
we have a complete market system. This occurs if there exist § securities
with independent patterns of return (in the algebraic sense).

In the real world, however, there are not enough securities to gen-
erale complete markets. We have stock markets, bond markets, etc,
but the total number of traded securities falls short of the number of
states of nature and the economy operates with less than complete
markets,

34 INDIVIDUAL DECISION MAKING
UNDER UNCERTAINTY: AN APPLICATION

In this section we elaborate on some elements of decision making
unider uncertainty in order to clarify some issues that were discussed in
previous sections in general terms. Consider a simplified economy, with
a single good, two firms, and two states of nature. A firm produces a
state-dependent output with no input, so that the firm faces no decision
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problem. The firms are owned by individuals, and individuals trade in
ownership shares before the resolution of uncertainty. After the resolu-
tion of uncertainty there is no incentive to trade in goods, because there

is omly one good, )
We concentrate on a single individual and shall omit, therefore, the

superscript. Since there is only one commodity, we also omit the
subscript i -

The individual's preferences over consumption in different states of
nature are represented by

(3.12) Wlell)e(2)] = m(ule(1)] + m(2ule(2)]
The construction of indifference curves between ¢(1) and ¢(2) is shown

in Figure 3.2.

c{1}

ulet1] ci2)

ulei2)]
FIGLURE 3.2

Quadrants IT and 1V in Figure 3.2 depict utility as a function of
state-1 and state-2 consumptions, respectively. The line ranging from
Wn(1) to W/z(2) in quadrant I11 describes all combinations of state-1
and state-2 utility levels for which the level of expected utility is fixed
and equal to W. Point A4, in quadrant II1, represents one such com-
bination. Point € in quadrant I represents the combination of ¢(1) and
¢(2) which corresponds to point 4. The same expected utility level Is

T

i o

oy e i ¢

-rt
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also achieved from the combination which is represented by points A’
and C'. Concavity of the utility function implies that the indifference
curve WW in quadrant I, which connects points C and €', 1s convex
te the origin. This shows that the preference function W{-) has convex
to the origin indifference curves.

We turn now to the consumer’s opportunity set. Let ¥, be the market
value of firm [, and let R (x) be its return (output) in state &, f = 1, 2.
At the beginning of the period, V; is known by every trader in the
stock market but R (2) is unknown. R (2} is known only after the reso-
lution of uncertainty at the end of the period.

Al the beginning of the period the consumer buys or sells propor-
tionate shareholdings in firm f at its going market value V;. We denote
by 5, his initial share ownership and by s, his final share ownership in
firm [, His portfolio investment is subject to the constraint

2 2
(3.13) Y 5= 3Y 5V =V
=1 F=1
The individual’s consumption in state o equals the return on his
portfolio; that is,

2
(3.14) cla)= ¥ s;R;lz), g=1,2
=1

Suppose that it is possible to sell short the ownership shares in firms,
For our purposes a short sale is defined as an exchange in which an
individual borrows units of a financial asset at the beginning of the
period, agreeing to repay the lender the market value of these units al
the end of the period. Thus, short sales of firm [ shares mean s, < ()

In order to describe the consumer's two-dimensional opporiunity
set in consumption space, eliminate the s.'s from (3.14) and substitute
them into (3.13) to obtain

| B2 R R Ry(1)
(3.15) Lm[—g— 5 :I—HKE}[T__V:_}

3 [Ry(1R,(2) — Ry(IR(1)]V
A7

Observe that in an equilibrium all terms in brackets have to be of the
same sign. For suppose R,(2)/¥; = R,(2)/¥, and R,(1)/V; = R, (1)/¥,.
Then shares of the second firm dominate the shares of the first firm as
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portfolio assets and there will be an excess demand for lype-2 securities.
Similarly, il the opposite inequalities hold, there will be an excess
demand for type-1 securities. Hence, the terms in brackets on the left-
hand side of (3.15) have the same sign. Now,

R2) | Ri2)
AR
Ril) |, Rall)
V. T ¥

imply
Ry(1)R4(2) = R (2IR,{1)
and
R;[Z}{&{;"J
i, W
R_ﬂ{ﬂz“}
W = 1

imply
Ry(1)R,(2) = R(2)R,(1)

Hence, the terms in the brackets are all of the same sign. In the limiting
case in which the vectors of returns are hnearly dependent, all the terms
it brackets are zero.

Assuming linear independence of the vectors of return, the consump-
tion opportunity line described by (3.15) can be represented in Figure 3.3
by line 4, 4.

Point a represents the bundle which obtains from a portfolio with
zero holdings of firm-2 shares; that is, s, = 0 and s, = F/I,, while
point b represents the bundle which obtains from a portfolio with zero
holdings of firm-1 shares: that is, 5, =0 and s, = V/V;. The line
segment which lies strictly between a and b represents portfolios with
positive holdings of firm-1 and firm-2 shares; that is, 5; = Oand 5, = 0,
while points on the line segments a4, and bA, (excluding « and h)
represent portfolios which include short sales of shares in firm-2 and
firm-1, respectively.

It is seen from Figure 3.3 that with linearly independent patterns of
returns across states and short selling, the consumer’s opportunity set
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FIGURE 3.3

is 04,4; for a given nitial wealth V. By increasing F to infinity, the
entire nonnegative quadrant becomes the consumption opportunity
set. This is equivalent to a situation of complete markets,

Mow, if the pattern of returns is linearly dependent, that is,
Ry(1)R402) — R(2)R4(1) = 0, then line A, A, shrinks to a point, such as
point a, and the investor’s opportunity set with wealth ¥ becomes the
line segment Oa. By increasing his wealth to infinity, his opportunity
set becomes the ray from the origin passing through point «. This is a
case of incomplete markets. Even by abandoning the assets-budget
constraint, an investor is not able to obtain every combination of
consumption: there are not sufficient market instruments to achieve it
In this case we have, in fact, only one type of security and two states of
nature. Hence, there are too few types of securities compared with the
number of states of nature in order to enable equivalence with con-
tingent commodity markets.

Returning to the assumption of linear independence, the consumer’s
solution is represented by point E in Figure 3.3, The highest achievable
expected utility level is shown by the indifference curve WW and the
maximizing expected utility bundle of state-1 and state-2 consumption
levels is given by [¢*(1),¢*(2)]. The corresponding values of shares in
firms | and 2, 5,* and 5,*, can be determined from (3.14) by substituting
¢*(1)and ¢*(2) for ¢(1) and ¢f2), and solving for s, and s,.
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In order to gain more insight, an alternative way of representing the
investor’s decision-making problem is now discussed, By substituting
{3.14) into (3.12), the level of expected utility can be expressed as a
function of proportionate sharcholdings:

2 2
(3.16] Ulsy,s5) = W[Z s;Re(1) ¥ .EIRI{EII]

J=1

The consumer's preferences over ownership shares in firms can be
represented by assets-indifference curves. Since W(-) is concave, U(")
is concave in (s,,%;), and we can draw a set of indifference curves
between the s;'s, which are convex to the origin,

A typical assets—indifference curve UU is depicted in Figure 3.4. A
similar indifference curve can be drawn even when the number of states
of nature is larger than 2, while the number of firms is just 2. Thus,
when two firms exist, Figure 3.4 accommaodates also various situations
of incomplete markets.

Az

=

&

=
38
==

=

FIGURE 3.4

The opportunity set is described by 04,4,. The line segment ab
describes all affordable combinations of 5, and s, with 5, = 00 and
55 = 0 on the boundary of this set. It corresponds to the line segment
ab in Figure 3.3, If the consumer is short in type-2 assets, that is, 5; <0,
he must use his return on type-1 assets at the end of the period in order
to make pood his obligation to repay owners of firm 2. Line D4,

3.4 INDIVIDUAL DECISION MAKING UNDER UNCERTAINTY 41

describes all combinations of s; and s, at which s; < 0, and the con-
sumer is just solvent at the end of the period in an adverse state, say
state 2, where the slope of 04, is R (2)/R,(2) = min;[ R,{i)/R,(i}].
Beyond point 4,, along the extension of the line 4.4, the consumer
cannot fulfill his contract in an adverse state. Similarly, the maximum
nonbankrupt amount of short sales of firm-1 assets is indicated by
point A4;. The line segments aA, and b4, in Figure 3.4 correspond to
the line segments a, and bA, in Figure 3.3,

A typical solution to the consumer decision-making problem is
represented by point E in Figure 3.4. At this point the assets—indifference
curve UU is tangent to the budget line A, 4,. The expected utility
maximizing values of shareholdings in firm 1 and firm 2 are given by
5% and ;%
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Chapter 4

A Critical Survey of the Literature

For many years, the theory of international trade disregarded
elements of uncertainty—even though it was recognized that such
elements play an important role in reality. In particular, until very
recently, no systematic analysis was made of the impact of uncertainty
on trade and specialization. The pioncering work in this field was a
1968 paper by William Brainard and Richard Cooper. From that
time (although with some lag), the literature on trade and uncertainty
has expanded substantially, and it is still a very active field of research.

This chapter surveys a large part of the literature on uncertainty
and international trade antedating our own work. It is not intended
to be exhaustive, but is a selective survey in which we discuss works
related to our own work, and results which we consider to be of interest.
This prepares the ground for a discussion of the approach to be
presented in the following chapters.

41 THE GENERAL FRAMEWORK

The first studies in this field did not consider financial markets, and
many of them were planning models rather than market models.

43
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44 4, SURVEY OF THE LITERATURE

Three types of uncertainty are considered in the literature: in prices,
in technology, and in preferences. In addition, two types of trading
decisions are considered: ex ante and ex post. In the ex-ante trading
models, trading decisions (exports or imports) are made before the
resolution of uncertainty. In particular, these models assume price
uncertainty; when an export or import commitment is made, the
price which will be paid or received is unknown, In the ex-post trading
models, trading decisions are made after uncertainty resolves.

In both types of models, input decisions are made before the resolu-
tion of uncertainty. This means that in the presence of technological
uncertainty, inputs do not determine a certain output level but rather
a distribution of output,

The following discussion is divided into two parts: ex-ante trading
decision models and ex-post trading decision models. In a final section,
we discuss recent contributions which discuss financial markets,

42 EX-ANTE TRADING DECISIONS

Four papers deal with ex-ante trading decisions (in which export or
import decisions are made before the resolution of uncertainty in
prices or technology): Brainard and Cooper (1968), Bardhan (1971),
Batra and Russell (1974), and Ruffin (1974a).

The general formulation of the problem in the first three papers is
as follows. Consider a country which produces and consumes [wo
goods whose outputs we denote by @, and Q. Let x be the amount
of export of the first commodity. Then, imports of the second com-
modity are x/p, where p is the relative price of the second commodity
in terms of the first commodity. Hence, consumption of the first and
second commodities is ¢, = @, — x and ¢; = @3 + x/p, respectively.

There is a von Neuman—Morgenstern utility function ufcy, ¢;) which
exhibits aversion to risk; that is, u(+) is concave, [ Brainard and Cooper
(1968) assume that u(-) is a quadratic function. ]

The technology is represented by a transformation curve @, = FiQ ;)
Production and export decisions are made before the state of the world
is known. All authors assume that the relative price p is subject to
uncertainty, that its distribution is given to the economy under con-

4.2  EX-ANTE TRADING DECISIONS 45

sideration by the rest of th [
. e world, and (in most
formation curve is nonrandom, . WS -

Denoting the relative price
: price of the second commodity in s
plz), the choice problem of the country is L

(4.1) choose @Q,,Q; and x
to maximize

Eu[{.:'j - x, 05+ =
pla)

subject to

{Ql! QIJE P

where P is an appropriately defined set.
In lhi:l f({rmutatinn of Brainard and Cooper (1968) and Bardha

(1 9‘.‘:’ I.}’ Fis simply the transformation curve: in this case, the prnducti;};
decisions are consistent with the utility function which is maximized
Batra alnd_Rulss::Il (1974) assume that production decisions are En;ldL;
by maximization of expected national income, which implies that the
economy chooses a point on the transformation curve at whic‘h the
murgmaI‘ rate of transformation between the second and the first
-:umr_rmclhnes 15 equal to the expected value of p; in this case, P consists
-::1_f this single point only. Obviously, this implies that prndu'ulinn deci-
slons are not necessarily consistent with the utility function that is
maximized, which seems to be an undesirable feature of their mode-l
[m.:l:lalsa K_cmp and Ohyama (1978) on this point].

The major conclusion reached by Brainard and Cooper (1968) and
Bardhan (1971) is that increased uncertainty results in less production
of the export good; that is, more diversification in pmdu.::tinn The
mf:nnwarmnq: model of Brainard and Cooper (1968) also implic:: that
more uncertainty results in less exports. ‘
1;:-.;1;;12}3.-5:;?-':”'{ 1974) found that more uncertainty reduces the
i urml is, the Juveld of cxpelcled utility). This implies that
S5 g 4 country to international trade also exposes it 1o

ger uncertainty, free trade may be worse than complete autark
The optimal policies suggested by them are i .

(1) fglmf' Etah!ltZﬂTiDn by the government to keep the consumer
dlive price | /plx) constant at the mean of its distribution- or
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(2) a consumption subsidy to the import commodity in order to
increase its consumption.’

Batra and Russell (1974) can be criticized on two IE‘:"EIS: _general
criticism that applies to the entire class of ITinTlElti Idesﬁnbtd in (4.1},
and criticism specific to their model. Let us begin Wllt]'l the latter.

Their conclusions that government intervention is n:&cdcfl :.ill'id H_wl
complete autarky is preferable to trade withla Ifur_cignl price Id1stnhu_tmn
whose mean is equal to the autarky determimisiic price ratio are direct
consequences of their assumption that production decisions are nol
in line with consumption preferences [see also Kemp_and Ohyama
(197%) on this point ], It is easy to see thatin the case in which pr::tducmm
decisions are consistent with consumption preferences, the first-best
policy consists of no government intervention.

Moreover, even il one accepts their model, it 1s hard to see hﬂw
their suggested policy measures will bring abnut_ Lhe_optilmal allocation,
Clearly, if the mean of the foreign price distribution is eq}ml to the
autarky price ratio, then price stabilization at the _mean will prewl:nt
foreign trade, and this is a feasible policy. However, if thl{: mean foreign
price is not equal to the autarky price ratio, then there is no guarantee
that the expected deficit in the government hgdge: T.wll e::;ual_ Zern
(Hanoch, 1974). If the expected deficit is positive, fhjs '[:!ll::thj-: is not
feasible. If the expected deficit is negative, then it is not oplimal to
stabilize the price at the mean. In any case, Hanoch (1974} showed
that stabilization of a price with a balanced budget on average (so that
the expected deficit of the stabilizing authur_it}' is zero) is always
welfare-reducing in a case such as the one considered hleru. ;

Contrary to the Batra-Russell claim, a consumption sul‘xﬂdy for
the import good is not the optimal policy iln their model. Optimality
requires a shift only of the production point; one can leave export
decisions to the private sector. This can be accomplished by a producer
subsidy for the export good.

Finally, let us comment on the class of models represented by (4.1).
Observe that by deciding ex ante on the level of exports of the i?trlst
commodity, x, the level of imports of the second commaodity, x/pla), 18
random. This makes the consumption of the first commadity deter-

! Brainard and Cooper (1968) also advocate government intc:lvcni_iun! bt in t{ht
form of protection. However, their formal analysis does not provide justification for
such policies.

e —
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ministic and the consumption ol the second commodity random. There
is no natural justification for the ex-ante determination of exports. For
example, it may happen that an ex-ante determination of imports,
making exports random, will provide a higher level of expected utility.
Moreover, a simultaneous ex-ante determination of autonomous
exports and imports, such as in Ruflin (1974a), provides an even higher
expected utility level (see below).

In all of the models discussed so far, there 15 nothing that guarantees
that a country which is opened to international trade will be actively
engaged in such trade. As in the usual determimistic trade models,
there exist limiting cases in which trade will not take place. However,
Ruffin (1974a) showed that in a world in which there exist both auton-
amous exports and autonomous imports, a country will always actively
engage in international trade, regardless of foreign price distributions;
he called it the nonautarky theorem.

Ruffin's model can be presented as follows, By assuming, as he did,
that output levels are fixed, the choice problem is

4.2) choose  x; and x,

to maximize

X
E:e[Ql — Xy + ployxa, 0 — 3 + ]ﬁ}

where x;1s the autonomous export of good j, x; Z 0.

It is clear from (4.2) that this model is less constrained than the
previously discussed models, since (4.2) reduces to (4.1) (apart from the
production decisions) if we add the constraint x, = (. In this framework,
Ruffin (1974a) shows that x; = x, = 00 is never an optimal solution,
provided the price distribution is nondegencrate, Observe, however,
that if p(2) obtains a given value with probability one, that is, ple) is
state independent, the nonautarky theorem does not hold for all price
values,

The nonautarky theorem can be proved as follows. Suppose we
choose x| = a, and x, = ea,. If for & sufficiently small we can find a,
and @, such that this is preferred to x; = x; =0, then autarky is
obviously not the solution of (4.2), Define
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Then, the derivative of ¢(-) with respect to &, evaluated at ¢ =0, is

(4.3) $'(0) = uy(Qy. &) {“z[ﬁp{ﬁ] — MRS]

| 1
MRS e | B
T [ RS i ,-'m-xJ]] . p{w}

where MRS = 3@y, Q2)/u,lQy, Q;) 1s the autarky marginal rate ol
substitution in consumption.
If the distribution of p is not degenerate, then

1 1
= pl) ~ Epla)
because 1/p is a strictly convex function of p. Hence, it is impossible
1o have both brackets in (4.3) equal to zero. This means that a, and
a, can always be chosen so as 10 make ¢'(0) > 0, which implies that
some trade is always desirable.

All of the foregoing models share a common undesirable feature:
They do not have a general equilibrium representation. This important
fact is explained in the remainder of this section.

Generally speaking, price uncertainty has to be induced by more
hasic random elements, since prices are endogenous to the world
economy. Uncertain preferences, uncertain initial endowments, and
uncertain technology may induce price uncertainty, since cach may
cause the market clearing conditions to be state dependent.

Suppose that we introduce these clements into the models considered
‘o this section. and we extend the models to a many-country world.
Then, it can be shown (as we shall do) that in this case the world market
clearing conditions are state independent. This means that the endog-
enous market clearing prices are also state independent, which implies
that the institutional framework employed in these models—that is,
ex-ante trading decisions without recontracting in spot markets after
a realization of a state of the world—prevents the usual basic causes
of price uncertainty from inducing price uncertainty.

In order to demonstrate this point, consider a two-country world in
which each country is a Ruffin-type country. Denote country j by a
superscript j, j= 1, 2. Assume that @, and @, are random initial
endowments of country j; that there exist only two states of the world,
% = 1anda = 2; and that n/{a), = = 1, 2, are the subjective probabilities
of country j, We denote by y(x) the value of variable y in state o. Now,
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country f solves the problem

(4.4) choose x,%and x,’

to maximize

HJ“}“’[@HIH —x) + pll)xad, Q1) — x,' + .*.tllf ‘
pll).

i)

The solution depends, of course, on all of the exogenous variables
and on prices. Let us express only the dependence of the optimal x;'s
on prices—x/ = x/[p(l), p(2)], i=1, 2, j=1, 2—since prices are
endogenous to the world, despite the fact that they are exogenous to
each country separalely.

The equilibrium prices are determined so as to clear both markets
for goods 1 and 2 in each state of the world. Because of Walras® law,
it is sufficient to assure clearing of the market for good | in each
state of the world. Suppose that p(1) and p(2) are indeed equilibrium
prices; then they must satisfy

2

(4.5) Y {0 e) — x7[p(1), p(2)] + pla)x/[ptl) p(2)]}

I=1

5 “JQ]“I[QLJ[E' = -"‘f|II + pl2)x,", Qli{2+ = .‘:;_J -+ bl]

2
= 3 0/, a=1,2

i=1

From (4.5), we obtain

2 . r E
(4.6) il =11 [p(1). p2)]
il Yi-1xIe(), p2)]°

ISinc».T the right-hand side of (4.6) is state independent, p(1) = p{2): that
i5, p is also state independent.?

It is clear from the preceding argument that the ex-ante trading
mudel:.f.l are valid only for a single country, provided there are other
countries which engage in ex-post trading decisions. However, if it is
possible to make trading decisions ex post (that is, when prices are

already k_nuwn}l, it pays to never make such decisions ex ante (that is,
before prices are known).

=12

1 : T ;

3 One may argue that the distribution of p is subjective. However, il the acrual p
_tults nol vary across states of the world, it is inconceivable that individuals will expect
it to vary. This is particularty troe if one considers these models as long-run models
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The economic interpretation of state-independent prices is that we
have, in fact, future markets. In this case, Ruffin's model is identical 1o
the other models discussed in this section, since in this case x, — px;
can be considered as the single decision variable x. But this model can
be further enriched by adding ex-post spot markets—markets which
enable trade after the realization ol a state of the world. I[ this is done,
ex-ante prices on future markets are known with certainty, whereas
spot-market prices are random.

43 EX-POST COMMODITY TRADING DECISIONS

The models which employ ex-post commodity trading decisions
embody a two-stage decision-making process. In the first stage, before
the resolution of uncertainty, each country determines the allocation
of its factors of production. In the second stage, after the resolution of
uncertainty, each country makes its consumption decisions using
foreign trade. Uncertainty may originate from technological factors,
from prices, or from preferences.

Let us start the discussion with Ricardian-type models. These were
developed by Kemp and Liviatan (1973), Ruffin (1974b), and Turnovsky
(1974), and their general form can be represented as follows.

Let I, (= 1/a;) be the output-labor ratio in sector j, and let p be the
relative price of good 2, The relative price and the output-input ratios
may be random variables. Let L; be the labor input allocated to
sector j, and L the total labor endowment of the home country (L is
not random).

Suppose, for the moment, that the labor allocation (L, L;) has been
chosen, When the state of the world a realizes, the relative price pla)
and outputs [,(z)L; and l;(z)L; become known. The country then
solves the usual consumption and trading-decision problem:?

(4.7 choose ¢,,c; 210
Lo maximize
ey, Cz)
subject to
¢y + plajey = Lol + pla)ly(e)L,

* One can also make the utility function ul: ) depend on the state of the world 2. This
can be interpreted as random preferences, or—as Kemp and Liviatan (1973) preler—as
the existence of 4 nontradeable good whose supply is random. We do not introduce this
complication because it is unnecessary for our discussion,
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The solution to this problem yields ordinary demand functions
¢;Lpla), =)Ly + pla)ly(@)L, ], j = 1. 2. Substituting these demand fune-
tions into the utility function u( ), we obtain the indirect utility lunction
¢( -} which is defined by

(4.8) e pla), flz)Ly + plailylz)L, ]
= nle, [ ple), =)L, + plodlsi=)L, ],
;[ pled, 1Ly + pladla(a)Ly]]

Now, turning to input decisions, the country chooses L, and L,
so as to maximize the expected value of the indirect utility function:

(4.9 choose L;.L;=0
to maximize
Ee[ pla), ()L + pladla(@)L]
subject Lo
L+ L,=L

Assuming that the utility function u{-) exhibits risk aversion (that
is, it is strictly concave), the combinations of L; and L, which keep
the expected utility level constant at a fixed level can be represented
by a convex-to-the-origin indifference curve, provided the distributions
ol at least one of the pair [,(x) and p(e)ly(e) are nondegenerate and
they are not perfectly correlated. If these distributions are degenerate—
that is, if {,{2) and p{a)l,(=) obtain fixed values with probability one—or
if they are perfectly correlated, the indifference curves are straight
lines. A graphic solution to problem (4.9) is presented in Figure 4.1,

UL represents the highest achievable expected utility level for a
country endowed with L units of labor. Generally speaking, this
country will not specialize completely in production, contrary to the
deterministic case. Ruflin (1974b) and Turnovsky (1974) provide con-
ditions which assure complete specialization. In the deterministic case,
the indifference curves are straight lines and specialization is the rule.

Observe that the indifference curves between L, and L, depend,
apart from preferences, on the distributions of the technological
parameters and prices, Changes in these distributions twist the indif-
ference curves. From this, one can see that by an appropriate choice
ol these distributions, one can make the country specialize in either
good 1 or good 2. Assuming fixed output-labor ratios, Kemp and
Liviatan (1973) and Turnovsky (1974) showed that a country may
specialize in the production of the good in which it has a comparative
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FIGURE 4.1

disadvantage (that is, the good whose relative output-input ratio is
the lowest). An example of this type is provided in Chapter 7.

This result stems from the fact that the traditional definition of
comparative advantage does not take into account elements of risk.
If, for example, the country has a comparative advantage in the second
commodity and the relative price of this commodity is random, then
insurance considerations may dictate diversification in production. If,
in addition, the preferences of the country are biased toward the first
commodity, then insurance considerations may even dictate specializa-
tion in the first commaodity.

Generally speaking, the allocation of labor in this case also depends
on risk preferences and preferences over commodities. There is no
independence of production decisions from preferences, as in the
deterministic case. I there is sufficient risk aversion, one would expect
incomplete specialization to be the optimal policy—provided, of
course, that the marginal (average) rate of transformation in production
lies within some “reasonable” limits of the support of the price distri-
bution.

We conclude this discussion with an example that demonstrates
incomplete specialization in this type of a model,

EXAMPLE 4.1 Suppose that u(:) is a Cobb-Douglas utility
function:
u(e;, c3) = [yt~ P,
D<fi<l D<p=<l, =0
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Sinzlzc # < 1. the utility function exhibits risk aversion, and the degree
of risk aversion increases as u decreases,

HF. an apprqpriate choice of the constant v, the indirect utility
function which is defined in (4.8) becomes (we omit the alphas)

elp, Ly + plaLy) = p~ "™, Ly + plyLa)

Assume that the output-labor ratios are nonrandom; only the price
raltn_z) p=pa/p, is random. Then, the maximal expected utility level
achievable for a labor allocation (L,, L) is

UlLy, Ly) = Epla)™ ™[I L, + pledl;L,]"

The indifference curve in Figure 4.1 represents combinations of [,
alnd Ly which keep U{L,, L,) constant. The marginal rate of substitu-
tion between L, and L; along such an indifference curve is given by

il & fau
MRS(Ly, L) = 5Ly L) 57 (s L)
1 b

= E Eple) ™[I, L, +_F{'91}I2-L2]”_ :
1‘] E;]{ﬂ-}l _#‘"[hL' + ﬂ{ﬁ}l’z-{mz:}#_t

This implies that at the corner points 4 and B in Figure 4.1 the marginal
rates of substitution are

LE I{m]l"“_m I
MRS(0. L} = 20—
S(0 L) IzEP{S'«]'P” )
and
1y Ep(a) P
MRS B o, S
“"” m JIAEFI:I:C][_M

respectively, Clearly, if MRS(L, 0) < 1 < MRS(0, L.}—that is, il at point
A the slope of the indifference curve is larger than one, and at point B
the slope of the indifference curve is smaller than one—then the
country will choose not to specialize in production. Now, since

lim MRS, L) = E E—l_

= JI} P{ﬁff
and

: o1

lim MRS(L, 0) = -

uest) ly Ep(a)
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and since E[1/p(2)] = [1/Ep{=)] if the distribution of pis nondegenerate,
then if

E | " f3 » 1

“pla) T LT Eple)
the country will not specialize in production if it is sufficiently risk
averse. Hence, if the expected value of the relative price of commodity
1, E[1/p(z)], is larger than its relative cost ratio f,/1;, and the expected
relative price of commodity 2, Ep(x), is also larger than its relative cost
ratio I,/l;, then a sufficiently risk averse country will always choose
not to specialize in production,

Anderson and Riley (1976) analyzed the impact of uncertainty on
the choice of production and the level of welfare of a small country
that faces random foreign prices. Using the definition of the indirect
utility function [rom (4.8), their choice problem can be represented as

(4.10 choose @, =10
1o maximize 2

Ev pla), FIQ,) + pla)2,]

where F(+) represents the transformation curve, and @, = F(Q;).
The first-order condition for an interior solution is

(411)  MRT(Q,*) = —F(Q,*)

-y EP[J}“r[P_!ﬂ]- FlO," + FER}Qz_j
EUI[FWL FIQ5%) + P{“}sz]

where — F'(+) is the marginal rate of transformation in production
(MRT), and v,(-) is the marginal utility of income. Thus, the country
equates its marginal rate of transformation in production with a
weighted average of the relative price, where the marginal utilities of
income multiplied by the respective probabilities are used as weights.
To see this, rewrite the right-hand side of (4.11), using n(x) to denote
the probability of state =, to obtain

] mlae e j|
(5 na
:gi ’ ][ =1 (o ol
Anderson and Riley (1976) start by comparing the allocation of

production that obtains from (4.11) with the allocation of production
that obtains when the country faces a certain price ratio which is

M S e T T T R . Wi Tl e
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equal to the expected value of p. Using (4.11), we obtain
1
Evf pla), F(IQ5%) + ple)Q2*]
x Cov{ pla), i pla), FIQ*) + pla)@,* ]}

Since in case of certainty the country will choose to produce @, al
which the MRT equals the relative price, (4.12) implies that it will
choose to produce 0, = Q,* if the covariance between p and the
marginal utility of income is negative, and it will choose §; < Q,* if
this covariance is positive. Hence, if vy(+) increases (decreases) in p on
the support of the distribution of p, 0, < Q,* (05 > @,*).

Differentiating 1y(+) with respect to p, and using the preceding
monotonicity results, they conclude that

(4.12) MRTIQ,*) — Ep(z) =

{a) if risk aversion is sufficiently low, 0, = Q,*, and

(b) ifrisk aversion is sufficiently high, then {0, > @;* il commodity
"2 is exported at all relevant price ratios, and @, < @,* if
commeodity 1 is exported at all relevant price ratios.

This implies that sufficiently high-risk aversion assures less specializa-
tion in the case of Quctuating prices,

Anderson and Riley (1976) also show that mean-preserving spreads
of the price distribution have an ambiguous impact on the choice of
production as well as on the level of welfare as measured by the level
of the expected utility. However, small mean-preserving spreads around
the autarky relative price have welfare-improving effects. To this we
wish to add the simple observation that any price distribution is
preferable to autarky fand hence to a nonrandom price ratio which
equals the autarky price ratio), because this assures—by the standard
gains [rom trade argument—a higher welfare level in every state of the
world, which means a higher expected utility level. We will return to
this point in Chapter 9.

Batra (1975) analyzed a Heckscher—Ohlin type model with techno-
logical uncertainty. He assumed that the output of the first industry
depends on the value of a random multiplicative element, while the
output of the second industry is nonrandom; and that input decisions
of an industry are based on maximization of an expected risk averse
utility function of profits. This model s consistent only with the
interpretation that each sector is owned by a different group of individ-
uals. The group that owns the first industry bears the entire risk of that
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industry, since there are no financial markets to enable risk sharing
with other individuals in the economy,
The problem of the first industry is

(4.13) choose L, K, =0
to maximize
EU,[p,61(a)fi(Ly, Ki) — wLy — 7K, ]

where L, is the labor input in sector 1, K, the capital input in sector 1,
U, the utility function of profits in sector 1, p; the price of good |1,
fl, the random production parameter which obtains different values in
different states of the world, w the wage rate, and r the rental rate on
capital. Since there is no uncertainty in the second sector, its input
decisions are made so as to maximize profits:

From (4.13), we obtain the first-order conditions

dfy
4.14a i S
{ ]' RM1F1 f.'Ll W
(4.14b) RM,p, T,
ik,
where
(4.15) RM, = 20
EU\'(z)

is, in the terminology of Sandmo (1971), the risk margin of sector 1.
Hence, the value of marginal product, which is equated to the factor
price, includes a risk margin (or. perhaps, a risk premium).

The risk margin depends on absolute levels of factor inputs—and
these in turn depend in equilibrium on, among other things, the factor
endowments of the economy. Hence, in this case the relationship
between commodity and factor prices also depends on total factor
endowments. This means that the standard theorems such as factor
price equalization, Stolper—Samuelson, and Rybczynski need not hold.
However, assuming that U,(-) exhibits decreasing absolute risk aver-
sion, Batra (1975) showed that the Stolper—Samuelson theorem holds in
his framework.* The factor price equalization theorem cannot be saved

* Batra claimed that decreasing absolute risk aversion s also sufficient for the
Rybezynski theorem to hold, However, this was disproved by Das (1577), In Chapter 7,
in the context of cur model we shall provide an example with decreasing absolute risk
aversion in which the Stolper-Samuelson theorem does not hold,
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because, as we mentioned previously, the relationship between com-
modity and factor prices also depends on factor endowments.

Mayer (1976) argued that Batra’s model 15 an intermediate-run
rather than a long-run model. The reason for this argument is as
follows. In the long run, the expected utility of profits of a single firm
has to be equal in both sectors, and it has (o be equal to the utility of
zera profits. For if the expected utility of profits in an industry exceeds
the utility of zero profits, then new firms will enter the industry and
they will drive down the expected utility of profits in this industry. If,
on the other hand, the expected utility of profits in an industry falls
short of the utility of zero profits, then firms will leave the industry,
thus driving up the expected utility of profits of the remaining firms.
Batra did not impose this condition, Therefore, his model can be inter-
preted as an intermediate-run model in which the number of firms is
fixed in every industry.

In order to analyze the long-run case, Mayer (1976) employs a
Heckscher- Ohlin model in which there is only price uncertainty. Firms
are assumed to maximize the expected utility of profits, which implies
that for each output level, a firm minimizes the cost of production.
Hence, assuming constant returns to scale, the labor and capital output
ratios employed by a firm in industry j—d; and ay;, respectively-
depend only on factor prices a, (w,r) and ag;(w,r).

In a given industry j, all firms are assumed to be identical. Therefore,
a typical firm in industry j chooses its outpul level Q; so as to solve
(4.16) choose 0, =0

Lo maximize

EUAQ,[pfa) — ap;{w, r)w — agiw, il

e
The long-run equilibrium condition for a representative firm in sector
iis
4.17) EU Q[ pjlat) — apiw,r)w — .:,-,;I-{w.r}rj*, =

j=ilyd

where a is the expected utility of zero profits.

Apart from (4.16) and (4.17), there are also the full-employment
conditions
(4.18) ap (w, 1)@ + agalw,nQ@y*

(4.19) dgy (W, )0 * + ol w,m)Q 5%

N
-
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where Q;* is the output of sector j. The number of firms in industry j
is given by 0,%/Q;.

Now, the first-order conditions from (4.16), together with (4.17),
provide four equations in four unknowns. The unknowns are @, ¢,
w, and r, Hence, factor prices are independent of factor endowments.
This, and the factor market clearing conditions (4.18) and (4.19), imply
immediately that the Rybczynski theorem is valid. Moreover, for a
given distribution of commodity prices, a change in the output of an
industry is achieved by means of a change in the number of firms n
the industry; the optimal output level for a single firm is not affected
by changes in factor endowments (s0 long as there is incomplete
specialization),

Mayer also shows that the Stolper-Samuelson theorem is valid
when changes in commodity prices are replaced by changes in the ex-
pected value of commodity prices, keeping all higher moments of the
price distribution constant.

It is also clear from (4.16) and (4.17) that il two countries have (in
additien to the same technologies) the same utility functions over
profits and the same probability assessments, then if they face the same
commeodity price distribution they will have the same factor prices and
the same firm size in each industry. In this case we have a factor price
equalization theoren.

44 FINANCIAL MARKETS

The papers surveyed in previous sections did not consider markets
for risk sharing. Kemp and Liviatan (1973) are an exception. They
considered contingent commodity markets of the Arrow—Debreu type.
In this framework, countries specialize according Lo comparative ad-
vantage. The reason for this result is that in the presence of these
markets the value of a random return is market determined and equal
to all market participants. Hence, there is an objective valuation of
each output distribution and specialization takes place according to
comparative costs.

A recent contribution by Pomery (1976) also discusses Arrow-
Debreu contingent markets. For the one-commodity, two-stalc, and
two-country case, he provided a detailed characterization of the pattern
of trade and the market determination of the risk premium. He showed
how differences in probability assessments as well as attitudes toward
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risk generate incentives for trading in contingent claims. The nature of
these results can be described as follows.

Com_sidm the home country which has an endowment of e{z) units
of the single good in state o & = 1, 2. The country solves

(4.20) choose ¢fl), c(2) =20
Lo maximize
Wle(l)e(2)] = n(Lule(1)] + m(2)ule2)]
subject to
efl) 4+ ge(2) = e(l) 4+ ge(2)

where g = g(2)/g(1)is the relative price of state-2 contingent goods, and
la) is the subjective probability assessment of state .

The marginal rate of substitution_between state-2 and state-1 con-
sumption is given by

m(2)u[e(2)]
a(lu'Te(l)]

The solution to (4.20) occurs at a point at which g equals MRS" on the
budget line. This is a standard result in consumer theory, and we can
represent the present solution by means of indifference curves and
budget lines. Here, however, preferences {indifference curves) between
¢l1) and ¢(2) depend on two things: (a) probability beliefs, and (b) atti-
tudes toward risk, since whenever ¢(2) # ¢(1) the ratio w'[e(2)]/w[e(1}]
depends on the degree of concavity of u(- ).

Prior to international trade in contingent claims, the equilibrium
relative price in the economy of state-2 consumption is

{4.21) MRS [e(1),¢(2]] =

(4.22) g = TC1e)]
a1 [e(l)]
This equilibrium is presented graphically in Figure 4.2. Point E is the
endowment point as well as equilibrium consumption prior to inter-
national trade. The indifference curve of W(:) that passes through E
defines the pretrade equilibrium relative price § by its slope at E,
given by line BB,

Ohbserve that the slope of every indifference curve at its intersection
with the 45" ray through the origin is just equal to the probability
ratio #{2)/m{ 1), irrespective of attitudes toward risk. This is so, since al
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FIGURE 4.2

actuarially fair prices, that is, prices which are proportional to prob-
abilitics, risk-averse individuals contract so as to eliminate all risks,
thus assure themselves of a certain (state-independent) level of con-
sumption. But this means that state-2 contingent goods, where state 2
is relatively poorly endowed, will sell at a premium while state-l
contingent goods will sell at a discount, compared to actuarially fair
prices.

Now suppose there is also a foreign country which is similar to the
country already described; we denote its variables by asterisks. Let §*
be the pretrade equilibrium relative price m the foreign country of
state-2 contingent goods. Then, clearly, when international trade in
contingent commodities opens, the home country will export state-2
contingent goods if § < §* and it will export state-1 contingent goods
if § = g%, where

. T2 [e*(2)] -
(4.23) T R et )]

If both economies have the same endowment and attitudes toward
risk, there will be trade if and only if they have different probability
beliefs, By comparing (4.23) with (4.22), it is easy to see that in this case
the country with the lower probability assessment of state o will export
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state-x contingent goods and it will import contingent goods in the
other state,

Suppose that both countries have the same erdowment and the same
probability beliefs but different attitudes toward risk. For concreteness,
let the forcign country be globally more risk averse than the home
country; that is, u* is an increasing strictly concave transformation of
. Then, by comparing (4.23) with (4.22), it is easy to see that § < g*
when e¢(1) = ¢(2). Henece, the more risk-averse country will export
state-x contingent goods, where x is the relatively well-endowed state.
In this case the expected consumption level of the more risk-averse
country will decline as a result of trade, while the expected consumption
level of the less risk-averse country will increase. This can be verified
by means of Figure 4.2, by observing that the consumption point of
the home country will be above 44 il it is to export state-2 contingent
goods, which has to be the case since e(1) = #(2) in that figure. In this
casc we may say that the more risk-averse country is paying a premium
to the less risk-averse country.

In another part of his dissertation, Pomery discussed trade in shares
of random endowments. This is a case of incomplete markets which
comes close to the approach that we developed (Helpman and Razin,
1975), and which 15 the basis for the present study. Pomery recognized
the importance of the interactions between ex-post trade in com-
moditics and ex-ante trade in endowment shares, but he stopped short
of analyzing their implications. The interactions between ex-post
trading in goods and ex-ante trading in firm-ownership shares, and
their implications for resource allocation, are the central theme of the
present mvestigation,
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Chapter 5

A Stock Market Economy

Uncertainty elements appear in various branches of economics, and
they play a central role in some. For example, the theory of finance
and the theory of insurance are concerned primarily with trade in
“risks.” The existence of risks which must be borne by economic agents
provides an incentive to develop markets for beneficial risk sharing,
Arrow (1963 -1964) showed, lor example, that if there exist markets lor
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In practice, there are no markets for elementary securities, nor are
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The literature surveyed in the previous chapter had little to say
about the role of securities, It is, however, natural to consider inter-
national trade under uncertainty in a world with security markets. This
does not mean that all securities have to be traded internationally; we
may have nontraded securities, just as we have nontraded goods.
However, one would expect the introduction of security markets to
have significant effects on the theory of international trade. It permits
the analysis of a considerably wider range of problems than those
considered by earlier writers—in particular, problems which stem
from the interaction of trade in goods and securities. To proceed in
this direction, we have to integrate the theory of financial markets into
the theory of international trade. Consequently, this chapter describes
an economy with a stock market.

Qwur presentation rests heavily on the pioneering paper by Diamond
(1967) and on the presentation of Diamond’s model by Hart (1974). We
will put the stock market model into a framework which fits the
standard Ricardian and Heckscher—Ohlin models of international
trade, so that by removing the uncertainty elements one will obtain
the standard trade models.

In order to keep things as clear as possible, the exposition uses a
iwo-sector one-consumer economy, and we discuss only the small-
country case. An extension to a world of many countries, many com-
modities, and many factors of production is straightforward.! In the
next chapter, we discuss the implications of the existence of a safe bond;
here, we assume that equities are the only available securities.

51 THE FRAMEWORK

Our economy consists of firms and consumers who operate in an
uncertain environment generated by random production technology
or random world prices. These random elements produce an incentive
to develop financial capital markets, whose existence—in the form of
stock markets—we assume. Domestic financial capital markets may or
may not be integrated into world capital markets, If domestic capital

! The stock market model penerates difficulties in the presence of more than one good;
the existence of many factors of production poses noe problem {Diamond, 1967; Hart,
1974, 1975). We overcome these difficulties by assuming a unique equilibriom. This
assumption may not be strong in a two-commodity world, but it is strong in a many-
commaodity world,
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markets are not integrated into world capital markets (that is, there is
no international trade in securities), they enable risk-sharing only
among domestic residents. However, if domestic capital markets are
integrated into world capital markets, they permit international risk-
sharing. Since we deal with international trade, we assume that there is
international trade in commodities,

[nput decisions have to be made before the resolution of uncertainty.
As a result, firms face random profits and cannot undertake profit
maximization, Instead, we assume—Ilollowing Diamond (1967)—that
firms choose their input levels so as to maximize their net value on the
stock market: this procedure 15 equivalent to profit maximization
whenever the relevant random elements become degenerate (that is,
their value becomes known with certainty). After the resolution of
uneertainty, returns are realized and the firms distribute them to their
final stockholders,

Individuals play a double role in this cconomy. In the first stage—
before the resolution of uncertainty—individuals choose (among other
things) a portfolio by means of trading in the stock market, An equity
in a firm entitles the stockholder to a share in the random return of the
firm. This share equals the inverse of the number of outstanding
equities of the firm, This is the stage in which individuals play the role
of investors.

In the second stage-—after the resolution of uncertainty—iadividuals
use the proceeds from portlolios to purchase commodities. This is the
stage in which they play the role of consumers.”

Clearly, the two roles are interrelated, The ultimate goal of a port-
lolio chosen in the first stage is to provide consumption in the second
stage. Hence, portfolio choice depends on preferences over consump-
tion goods—but it also depends on probability beliefs, price expecta-
tions, and attitudes toward risk.

52 FIRMS

Consider a two-sector economy which produces two commodities,
good | and good 2, by means of only labor or capital and labor, Each
sector is composed of identical firms, and the output of each firm
depends on its employment of capital and labor and on the state of

2 In Chapter 11 we consider a dynamic version of a stock market economy in which
individuals consume and trade in securities simultaneously in every period,
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nature that realizes. In particular, in every state of nature @, o =
1,2,...,5, the output of firm j is

(5.1) Ola) = O ALy, K)) Tor =12 0009

where (1 is a positive-valued random variable, fi(*) a standard neo-
lesmca[ linear homogeneous production function, or a Ricardian-type
production function [in the Ricardian case, fi(L,, K ;) = L;L;], L; the
labor input in firm j, K, the capital input in firm j, and Q; the output
of firm j, which is also random, Since all firms in a given seclor are
identical and fj(+) is linear homogeneous, (5.1) also describes the outpul
of the sectar to which firm j belongs if L, and K; are interpreted as the
‘total factor inputs in this sector. We use this .Aggreg'umn procedure,
and from now on we use sectors as the production units. The index j
is used to denote sectors; j=1, 2

Our technological specification has two important features, First,
the input decisions—which are not state-dependent —have to be made
hefore a state of nature realizes. This resembles an apricultural process
in which the land is cultivated before it is known how many inches of
rain will fall, Second, the uncertainty s of the multiplicative type: that
is, an increase in inputs increases output in every state of nature by the
same factor of proportionality, This feature permits a simple character-
ization of the behavior of each sector il we are willing to assume—as
indeed we are—that firms maximize their net value. By net value we
mean the value of the firm to its initial stockholders.’

We assume that no bonds exist. In this case there are two ways in
which a firm can finance its input costs (assuming that it has no re-
sources initially): it can pass these costs dircetly to its initial owners, or
it can float new equities. In either case, the initial stockholders bear all
factor costs. In the first case they pay all factor costs, and the value of
their equity is the entire stock market value of the firm; in the second
case they bear no direet costs, but the value of their equity is the market

¥ The assumption of multiplicative production uncertainty is maintained through the
entire study, because there is no good general equilibrium theory of financial markets for
nonmultiplicative uncertainties, On the difficulties involved in modeling nonmultiplica-
tive uncertainties in a general equilibrivm framework, see Diamond (1967) and Helpman
and Razin {1978, It can he shown that in the case of multiplicative uncertainty, net vilue
maximization is in the best interest of the firm stockholders independent of their prefer-
ences and attitudes toward tisk. In the absence of multiplicative uncertainty there will be
no conflict among the stockhalders if a condition called the “spanning condition™ is
satisfied (Ekern and Wilson, 1974), In more general situations stockholders will not agree
om the objective function of the firm.
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value of the firm minus the value of newly issued equities—that is, minus
factor costs. For our purpose, it does not matter which method of
financing a firm chooses; however, if it chooses to float new equities, it
is assumed that a new equity is distinguishable from an old equity so
that they can be traded at different prices. The need for this assumption
is explained below.

It follows that the net value of an industry (firm) equals its stock
market value minus [actor costs:

(5.2) Tf}” =V, —wL, —rK., j=1,2

4 4 Fl

where V¥ is the net value of industry j. ¥ the stock market value of
industry j, w the wage rate, and » the physical capital rental rate.

The stock market value of the industry depends on its input choice
and on objective market conditions. Hence, an mdustry can maximize
only its perceived net value, which equals its perceived stock market
value V() minus factor costs. The central question is: How does it
perceive its stock market value as a function of its decision variables,
given the observed market conditions?

Suppose that a firm in sector j has chosen L,” units of labor and K"
units of capital, and that this input choice has resulted in an observed
market value of V°. This means that ¥° is the stock market eval-
uation of the random return R;%x) of the firm. where R;%2)=
pia)0 o) f(L,", K"}, pjlz) being the price of good j in state «, o =
1,2,...,5 Since the firm is small relative to the market, it assumes
that V" represents the price of the random variable R;”, and that it
may sell as many units as it wishes of this random variable without
influencing its price. In particular, it assumes that if its return is 2R ,"(x)
mstead of R;"(x), its market value will be 2V," nstead of ¥;°. Under
these conditions, the perceived stock market value of the firm is

CI

FLE ; ALY RN
The firm is also assumed Lo be a competitor in factor markets, so that

it takes factor prices as given. Hence, the decision problem of the firm
can be formulated as

(5.3) choose L;, K;=0
to maximize
0

HL“ K/

VL, K;) = fAL. K))

0 il K — WLy = 1K,
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The decision problem of the industry is identical to that of the firm,
and we interpret (5.3) as the decision problem of the industry so that
in (5.3) f = 1, 2, The solution to (5.3) may be unbounded, which is the
usual case for constant returns to scale technologies,

Let L;* and K * solve (5.3). The industry is said to be in equilibrium
if (L* K,*) solves (5.3) for L,” = L;* and K;° = K;*. Namely, the
industry is said to be in equilibrium if at the chosen levels of factor
inputs its resulting stock market value is such that it cannol increase
its net value by changing its input levels.

This means that in an equilibrium in which every industry operates
at a finite level,

Vi diLy K

5.4 : = W, ]2
i248) fiL. K) oL, !

V.  afiL, K) ,
5.4b . ! L=r, =1,2
40) TR T

Using the fact that f,(-) is homogeneous of degree one, we multiply
(5.4a) by L;, (5.4b) by K;, and add them up to obtain

(5.5) Vi=wL;+rK;, Jj=1,2

Hence, in equilibrium, the stock market value of an industry equals
its factor costs—implying that its net value equals zero. This means
that when input costs are financed by Aoating new equities, the value
of old equities equals zero, Alternatively, the price of an old share
goes to zero, but the price of a new share is positive since V; =0 is
the value of the new shares, This is why we require a distinction between
old and new equities.*

In what follows, we assume that factor costs are borne directly by
the initial stockholders of an industry in proportion to their share of
ownership,

* This distinction is not required if f{+) is strictly concave. In this case the equilibrium
net value 18 positive, and we can calculate the number of new equitics (which are indis-
tinguishable from old equities) that have 1o be issued in order (o cover factor costs as
(wly + rK 3V, = why — rK ) multiplied by the number of old shares. Observe that this
goes Lo infinity in the case of constant returns to scale,

3.3 CONSUMERS 69
5.3 CONSUMERS

Consumers are assumed to be endowed with physical capital, labor
and ﬂ:ﬂcl'mns ol ownership in firms. Before the resolution of un::f;riainty:
a typical consumer sells his factor endowments (capital and labor) a1
the going price, and buys or sells ownership fractions in firms. After
the resolution of uncertainty, he buys commaodities, using his total
returns from firm ownerships in the realized state of nature,

We assume that the economy is composed of identical consumers,
This enables us to discuss everything in terms of a single aggregate
consumer,

Suppose that our (aggregate) consumer owns the share sy of the
equities of the first industry and the share s, of the equities of the
second industry. If there is no international trade in securities, both 5y
and s, have to be equal to one; that is, each local industry is entirely
owned by local residents. However, if there is international trade in
securilies, then it may happen that 5, < | (which means that some of
the equities of the first industry are owned by foreigners) and that
83 > | (which means that local residents own all equities of the second
industry, plus a certain amount of foreign equities which are perfect
substitutes for the equities issued by the domestic industry 2).° Suppose,
for example, that s, = 1.5. This means that local residents own all of
the second industry, plus identical foreign equities equivalent to fifty
percent of the equities issued by the local second industry. In any
case, in slate o these equities provide an income of

(5.6) Hap = s,0,(2) [y Ly, K|) + $2p(o0)04(a) fo( Lo, KJ)
in terms of commodity 1, where

(o) = 22
Pylet)

is the pfim of good 2 in terms of good 1 in state &, and Ly, K,) and
(Lz, K;) represent the interindustry allocations of labor and capital.

*In n more general setup, one cin introduce domestic equities which do not have
perfect substitutes abroad, as well as foreign equitics which do not have perfect substitutes
at Ilmmc. There is ulso no necessary correspondence between goods and types of equities
which are issued by industries that produce them,
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Naturally, given the realization of state o, the consumer chooses
consumption so as to maximize his utility level subject to his budget
constraint. Therefore, he solves the following problem in state o«

(5.7) choose ©,(z), cx(z) =0
Lo maximize

uleyta), el
subject to
oyl + plaedcslz) = )

where u( ) is the state-independent von Neumann—Morgensiern utility
function,® and ¢,(«) the consumption of commodity j in state o. Let

eila) = t'j[P[II}. 1{=)]. Je=l52

he the solution to this problem. ¢ ple), I{z)] is, of course, an ordinary
demand function, and we may use it to define the indirect utility
function

(5.8) of ples), Tzh] L yle [plo, 1T, cal pl), Iz)]}
A= [P R

() is the highest utility level that the economy (the consumer) can
achieve in state =, given the relative price p(x) and income I{z). Thus,
the highest utility level that a consumer can reach in state =, for all
x=1,2,..., 85, depends on the relative price p(x) which he does not
control, on firm inputs and technology which he does not control, and
on his portfolio composition (s, 5;) which he does control, The con-
sumer chooses his portfolio so as to maximize his expected utility
level subject to his assets budget constraint; this constraint is now
discussed,

Let the consumer's (economy’s) endowment consist of L units of
labor, K units of capital, the share 5, = | of the equities of the first
industry, and the share 3, = 1 of the equitics of the second industry.”
From sales of labor services and capital services, the consumer receives
wl + rK dollars. However, since he has to bear the factor costs of
each industry according to his initial ownership share of the equities of

5 i - can be made state dependent [as in Kempand Liviatan (1873)] without allecting
our analysis,

" The assumption that local industries are initially owned by local residents is natural
in a two-period model, This assumption is relaxed in Chapter L1, where we consider 4
dynamic multipzriod extension

5.4 AN ALTERNATIVE SPECIFICATION !

the industry, the difference between the value of his final portfolic and
the value of his initial portfolio should not exceed
¥
wh + rK — ¥ Fiwl; + rK))
=1
Hence, the consumer’s assets budget constraint is

2
Vis, + Visa = wL + rK — % 5wk, + rKj) + Fi5; + V35;

i=1

Il

wL +rK + ) 3V, = wL;—rK)
471

Using this constraint, the portfolio of the economy is determined
by the solution to the problem

(5.9) choose 5,5 =0
10 maximize
Ev[ ple), 5,0 () filLy, K) + sapla)ialo) oL, Kl
subject to

Vysy + Vasy = wL + 1K + Z (V= wl; — rK))
=1

where E is the expectations operator, based on subjective probability
beliefs.

Before we go on, it should be mentioned that the state-dependent
relative commodity price plz) is given to the competitive economy by
the outside world if there is international trade in commaodities. If
there is no international trade in commaodities, p(x) is endogenous.

54 AN ALTERNATIVE SPECIFICATION

Trading in the stock market can be given another interpretation
which clarifies the relationship between a stock market economy and
an economy without uncertainty.

We argued that a firm in sector j sells on the stock market a random
monetary return Rz} = p)(2)f Ja)fill;, K;). However, we may also
think of sector j as producing and selling on the stock market a
product—call it a real equity of type j—which provides commodity jin
fixed proportions over all states of nature. More accurately, it provides
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the monetary value of a quantity of good j in each state of nature. One
real equity of type j provides the basket [01), 8,02} .. .. 0(8)] of
commodity j; two units of this real equity provide two such baskets;
and 50 01

Industry j produces Z; = f(L;, K;) real equities of t}rp(?‘ i Helnt_:e.
if N, is its number of outstanding equities, N /fj(L;, K,) of its equities
command ownership over one real equity of type j. Since the individual
firm is small relative to the market, it takes as given the price of a real
equity.

Let g, be the price of type-j real equities. Then, the percerved stock
market value of the jth industry is

ViL;, K)) = 4;Z; = 4,08 Ly, K;)

How do industries know real equity prices? The stock market reveals
total industry values for a given output of real equities, and cach
industry calculates its real equity price by dividing its total !.'ahtte by
its activity level. Thus, if industry j chooses to employ L;” units of
labor services and K,” units of capital services, and it observes that
this input choice results in a market value of 1.2 then it computes its
real equity price as ¥,"/fj(L,°, K,°). This means that it supposes that by,
say, doubling its output of real equities, it will double its value on the
stock market. Therefore, each industry chooses its inputs so as to solve
the problem [compare with (5.3)]

{5109 choose L; K;=0
to maximize
qZ; — wh; — rK;
subject to
Zi=JLy, Kj)

This is very similar to profit maximization, and it is well known that the
solution to this problem depends only on relative prices (see Chapter 2).

Let us now return to the consumer. When a consumer buys the
proportion s; of the shares of the jth industry, he is actually buying
s; filL;, K;) units of real equities. We can therefore transform the
consumer's portfolio problem into a problem of real equity purchase.

Let z; denote the number of real equities held by the consumer,
where z; = 5, f{(L;, K,). Then, using (5.6), the consumer’s income 1in
state & can be written as

(5.11) Ix) = 0 ledz, + pladtiyla)z,

St S an i = i P L L S LT s
s -

PO SEr Y e =

5.5 EQUILIBRIUM -

The consumer’s decision problem (5.7) need not be transformed. except
l?ml now we use (5.11) for income instead of (5.6). Similarly, the defini-
tion of the indirect utility function in (5.8) remains valid. However, the
consumer’s decision problem (5.9)—the portfolio decision problem—
has to be adjusted, The objective function remains the maximization
of expected utility. But now the consumer has to choose zyand =,
(real equity purchase) instead of 5, and s,.

Since ¥V, = g, fi(L;, K,)and 5; = MLy, K)o (59) can be written in
the equivalent form
(5.12) choose z2,,2,=0

to maximize

Ev[ pa), 0,(x)z, + pla)fslz)z,]
subject to

2
iyt gz < wh+rK + ¥ 50q,0(L;, Kj—wL;— K]
i=1

55 EQUILIBRIUM

In the discussion of equilibrium we have to distinguish between
two cases: when there is international trade both in securities and
commodities; and when securities are traded only within national
borders, but there is international trade in commodities,

In the first case we assume that our (competitive) economy faces
given state-dependent commodity prices and given security prices. In
the sccond case the economy faces given state-dependent commodity
prices, while security prices are domestically determined. In both cases
faumr prices are domestically determined, since we assume that there
15 no international factor movement,

In equilibrium, all domestic markets have to clear. This means that
factor prices w and r settle on market clearing levels such that

(5.13a) b4 b L
{513b| K1+KI=K

In the Ricardian model, r and (5.13b) are meaningless and have to be
disregarded.

In addition, if there is no international trade in securities, real
equity prices will be determined so as to make domestic investors
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willing to fully own domestic industries. Namely,
15.14) =42 for s, =1}, §=1,2

Obviously, in the small-country case, no individual country market
clearing condition is required for internationally traded goods and
securities. However, for all trading countries taken together, equilib-
rium commodity prices and equilibrium prices of traded securities
have to be such that these markets clear.

Using the fact that f;{+) is homogeneous of degree one, the net value
maximization problem (5.10) of the industry can also be written in
the form

(5.15) choose ay;, ag;, 2,20

1o maximize

Zila; — wag; — rag;)

subject to

Jilag;, agg) =1
where ap = L;/Z; is the labor real equity—output ratio and ay; =
K/Z; is the cap:lﬂl real equity-output ratio, This is identical to the
pml:ﬂcm of an industry in the deterministic Heckscher-Ohlin model,

except that here real equities replace commodities (sce Chapter 2).
In the Ricardian model, (5.15) should be replaced by

(5.16) choose Z;=0
to maximize
Zilg; — way)

where a;; is the labor real equity—output ratio, and is constant.
From (5.15) we have the well-known results (see Chapter 2)

(517a) Z;=0 when g¢; < Cylw,7)
(5.17b) Z;=[0, +x) when g;= Cy(w, 7}, j=i,2
(517¢) Z;— +

when ¢, > Cj(w, )

where C;(-) is the minimum cost function of fj(-) = 1; that is, it gives
the minimum cost required to produce one real equity of type j al
factor prices (w, ).
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Similarly, from (5.16), we have for the Ricardian model

{5.18a) Z;=0 when g; < way,

(5.18b) Z;=[0, +o0) when ¢, = way,
(5.18¢c) Z; = +oo when g, = way;

Let q = g3/g, be the relative price of a type-2 real equity. From
Chapter 2, we know that for the Heckscher-Ohlin model there exist
functions wig), plg), Z,(g, L, K),j = 1,2, such that if g is the equilibrium
relative price of real equities and g, is the absolute prlcc ol a type-1
real equity, then the equilibrium supply of real equity j is Z (g, L, K),
and equilibrium factor prices are

(5.19a) w =g wlg)
(5.19h) r=uq,plq)

We also know that for given technologies with different factor
intensitics, there exist ¢ and § which depend only on K/L: that is, the
aggregate capital-labor ratio, such that Z,(g, L, K) > 0 for g<g<g.
The interval (g, §) defines the nonsp@cnallmtmn relative equity prices,
and within it Z,(+) is increasing in g and Z (-} is decreasing in 4.

Z () are supply functions along the transformation curve. Hence,

Zilg, LK) _
TG LK) T

Also, due to the linear homogeneity of the functions Hlhi=1:2
we have in the production equilibrium

(5.20) for ge(g,7)

(5.21) wL 4 rK = g mw(g)L + g, p(g)K
=q,[Z\lg, L, K) + qZ.(q, L, K)]
By using (5.21) and the fact that in a production equilibrium the

net value of an industry equals zero [see (5.5)], the portfolio problem
(5.12) of the economy can be rewritten as

(5.22) choose z,,z, =0
io maximize
Ev[ pla). 8y(2)z, + pla)0y(o)z,]
subject to
I+ gz = Zylg, LK) + g24(g, L, K)
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The first-order conditions for an interior solution to this problem are
(5.23a) Evfa)0{e) —w =10
(5.23b) Evfa)pla)fya) — xg =0

where 1,(a) is the marginal utility of income in state o, and & the
Lagrangian multiplier of the assets budget constramt. These two
conditions reduce 1o

(5.24) Euy(o)[ plo)fa(e) — g6, (2)] = 0

Since pfa) =0 forall 2 =1,2...., §, (5.24) mmplies that a necessary
condition for the economy not Lo specialize in its portfolio 15 that the
bracketed term in (5.24) equals zero forall e =1, 2, ..., §, or that it
changes signs over the states of the world at least onee.®

Suppose there is no international trade in securities. Then, the
equilibrium relative price of type-2 real equities is determined so as
to equate the demand and supply of each type of real equity, Thus, ¢4*
is the equilibrium-relative price of a lype-2 real equity if the solution
to (5.22) for ¢ = ¢* is z,* and z,* such that

zi¥ti= Zygh Lo k)
= Zag, L. K)

If there is international trade in securities, g is assumed to be given to

our economy. In this case it chooses z, and z, so as to solve (5.22): this.

may require imports of one type of real equities, and exports of the
ather type. This issue is discussed in the next chapter.

At this point the reader should be aware of the fact that our model
is consistent with the deterministic model. In fact, if one chooses
Oyla) = 0ya) = Lfore =1,2,...,5and pla) = gloralla =1,2,....5
then one immediately obtains the well-known deterministic model of
international trade.

Before we proceed to the diagrammatic exposition of the stock
market equilibrium and the balance of payments, let us repeal the
two stages of the consumer’s choice problem. In the first stage, before a
state of the world realizes, the economy chooses its aptimal portfolio
by solving (5.22). Then, when the state of the world realizes, it solves
the consumption problem (5.7) with income given by (5.11). In the

" From (5.24], q = Egy{), () play(a)ifh ()] /Enta) (). Hence, g should be a
weighted average of plaf a0, (=)
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second-stage choice problem, the economy uses an ordinary preference
ordering defined on the commodity space. In the first stage, il uses a
preference ordering over real equities which is induced by the ordinary
preference ordering, probability beliefs, and the distribution of prices.
To see this, define

(5.25) Ulz,, 22)p) 2 Ev[ plo), ()2, + pla)f{z)za]

Ui~} is the utility function over real equities. We call it the assets utihity
function. The combinations of all {z,.2z;) which satisfy Ulz,,z2|p) =

constant is called an assets-indifference curve, The portlolio problem

(5.22) can also be written as the maximization of Ulz,, z3|p) subject

to the assets budget constraint.

We have added p in U(*) in order to remind the reader that pref-
erences over real equities depend on the price distribution. In fact,
for two alternative price distributions, say [ p'(1), p'(2). . .. . p'(5)] and
[p2(1), p7(2) . .., p*(S)], we obtain two different indifference fields in
the (zy, z;) space. A shift in the price distribution twists the assets-
indifference curves in a systematic way.”

Equipped with this information, we proceed to the next chapler.
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Chapter 6

A Diagrammatic Exposition
of Stock Market Equilibrium
and the Balance of Payments

The traditional medels of international trade were extended in the
previous chapter to an uncertain environment with financial markets.
Our simple model can be extended into a many-commodity, many-
factors-of-production world with bonds and eguities. Here we pursue
the simple version.

We develop in this chapter a simple diagrammatic apparatus which
enables us to present equilibrium in the stock market before the
realization of a state of the world, and equilibrium in commodity
trade after the realization of a state of the world. This apparatus is
most uscful in analyzing the interaction between the two equilibria,
which amounts to analyzing the interaction between trade in goods and
trade in securities.

What is very important about our diagrammatic exposition is that
it uses well-known diagrams from the traditional theory of interna-
tional trade. We believe this brings out in a clear way the relationship
between the traditional theory and its extension as developed in the
present study. In the last section of this chapter we show how to
modify the diagrams in the presence of a bond.

i



78 5. A STOCK MARKET ECONOMY

Hart, O, D. (1975). On the optimality of eguilibrium when markets are incomplete,
Journal of Economie Theory 11, 418443,

Helpman, E., and Razin, A {1978), Participation equilibrium and the efficiency of s1ock
market allocations, faternarional Econemic Review 19, 125140, .

Kemp, M. C., and Liviatan, N. (1973}, Production and trade patterns under uncertainty,

Econmmic Record 42, 215-227.

Chapter 6

A Diagrammatic Exposition
of Stock Market Equilibrium
and the Balance of Payments

The traditional models of international trade were extended in the
previous chapter to an uncertain environment with financial markets.
Our simple model can be extended into a many-commodity, many-
factors-of-production world with bonds and equities. Here we pursue
the simple version,

We develop in this chapter a simple diagrammatic apparatus which
enables us to present equilibrium in the stock market before the
realization of a state of the world, and equilibrium in commodity
trade after the realization of a state of the world, This apparatus is
most useflul in analyzing the interaction between the two equilibria,
which amounts to analyzing the interaction between trade in goods and
trade in securities.

What is very important aboutl our diagrammatic exposition is that
it uses well-known diagrams from the traditional theory of interna-
tional trade. We believe this brings out in a clear way the relationship
between the traditional theory and its extension as developed in the
present study. In the last section of this chapter we show how to
modify the diagrams in the presence of a bond,
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6.1 THE BASIC PROBLEMS

Belore we commence the diagrammatical exposition, it would be
convenient to repeat the two basic problems that face the economy:
the portfolio problem (5.22) and the consumption problem (5.7).

Before a state of the world realizes, individuals and firms face a
disiribution of commodity prices, a distribution of technological
parameters, equity prices, and prices of factors of production. Given
equity prices and prices ol factors of production, firms (industries)
choose labor and capital inputs so as to maximize their net value.
Using this decision rule and factor market clearing conditions, we saw
that equilibrium factor prices depend on equity prices [see (5.19)],
exactly as in the deterministic model, This enabled us to derive reduced-
form supply functions of real equities, Z{g, L, K), j = 1,2, which are
supply functions aleng the transformation curve between real equity
outputs; they depend on the relative price of real equities g (= gq2/q,)
and the endowment by the economy of labor L and capital K. Hence,
given g and total factor endowments L and K, industry j will operate
at the level Z;, and it will supply £, umits of real equities of type j
such that

(6.1} Z,=2Z{q,L,K), i=12

Now, given ¢ and its induced equilibrium factor prices, factor in-
come in terms of real equities of type-1 equals Z (g, L. K) + gZ0g, L, K
[see (5.21)]. This income provides all resources that can be spent on
equity purchase, because the net value of the initial stock holdings of the
economy is zero, This is so because the payments by each industry for
factors of production exhaust the entire market value of its stocks.
Hence, the economy chooses its optimal portfolio by solving [see (5.22)
and (5.25)]

(6.2) choose =, z, =0
to maximize
Ulzy,2a|p) = Ev[ pla); 0 ()2, + plo)0s(z)z;]
subject to
2y + 42 = Zy(q, LK) + 92,09, L, K)

In the second stage, after the realization of a state of the world, the
economy observes commodity prices and uses the income [rom its
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portfolio to choose its optimal consumption bundle. This is done by
solving

(6.3) choose ¢yla), cala) =0
to maximize

ulefa), eale)]
subject 1o
e la) + pladeslo) < O(x)zy, + pla)iqio)z,

where 2, and z, are the solution to (6.2).

The solution to (6.3} and the supply functions (6.1) determine the
optimal trade pattern. This is so because the output of good j in state
% is 0,(2)Z;, so that optimal exports (imports if negative) of good j are
0(2)Z; — c(x), where c;(e) solves (6.3),

Finally, observe that g is given to the home country in case there
exists international trade in sccurities. If there is no international
trade in securities, g is determined by demand and supply conditions
in the stock market. In this case, ¢* is an equilibrium relative price if

["5"‘“ z_j't = zj{q*t L'u K}, J L l-- 2

where z,* and z,* solve (6.2) for g =g* Observe also that z,* =
Z,(q* LK) implies z,* = Z,(g* L, K), and vice versa, due to the
assets budget constraint in (6.2) (Walras® law),

Now we are ready to begin the diagrammatic exposition.

6.2 NO INTERNATIONAL TRADE IN SECURITIES

We begin with an economy which is engaged in international trade
in commaoditics, but which does not trade in sccurities with the rest of
the world. This may be the case if, for example, international (financial)
capital flows are prohibited by law,

In this case, we may represent the equilibrium in the (domestic)
stock market by a well-known diagram (Figure 6.1), which resembles
the equilibrium of a closed economy. This resemblance stems from the
fact that securities are not traded internationally, so that local demand
[or real equities has to be satisfied by local firms.

In Figure 6.1, T'T represents the transformation curve between real
equities Z, and Z,. It can be derived from the supply functions



82 6. A DIAGRAMMATIC EXPOSITION
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57
FIGURE 6.1

Z{q.L K),j = 1,2, by varying ¢ in the nonspecialization interval [g.q]
{see Section 5.5). By varying ¢, the coordinates [Z,(g. L, K), Z,lg, L. Kl
trace out the transformation curve. 1

The marginal rate of substitution between Z, and Z, 15
—Z, (g, L, K)/Z,,(g. LK), and it is identically equal to g [see (5.201]
Hence, given g, we can obtain the supply level of real equities by
finding the point of tangency between the transformation curve TT
and a straight line with slope ¢ (a line such as Q*Q*).

We can also draw in Figure 6.1 a map of assets—indifference curves.
A typical indifference curve represents all combinations of z, andlzz
for which U(z,, z;|p) = constant. UU and U*U* are two representative
indifference curves. =

The assets-indifference curves are generally convex to the origin,
due to the concavity of ©(*) in income, which stems from risk aversion.
But there is also a case in which these indifference curves become
parallel straight lines. This happens when

Oife) = Apla)yla),  A=0
with 4 being state independent. In this case,
Ulzy, 22| p) = Ev[ pla):0,(a)(z, + Azy]]

and the slope of every assets-indifference curve is 4. This means lh_at
the two real equities are perfect substitutes in the investor’s portfolio,
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s that we have, in effect, only one type of security. This is particularly
the case in a deterministic environment, since then 0y{a) = Os2) = 1,
and p(z) = p for all &, which makes the slope of the assets—indifference
curves equal to the relative commodity price p, Bearing this fact in
mind, the reader will be able to see the relationship between our analysis
and the standard deterministic model, since for §{z) = (0,2} = 1 and
pla) = p for all &, our model reduces to the standard (deterministic)
maodel.

The equilibrium in the stock market—that is, the solution to (6.2)
with ¢ which satisfies (6.4)—obtains at a point of tangency between
the highest assets-indifference curve and the real-equity transformation
curve. E.* is such an equilibrium point, and UYU* represents the
assets-indifference curve which provides the highest achievable ex-
pected utility level. The slope of 0*0*—the tangent line to TT and
U*U* at E *—is g*, the domestic equilibrium relative price of real-
equity Z,. At this price, net value maximizing producers supply Z,*
and Z£,* real equities, while expected utility maximizing consumers
demand z,* and z,* real equities. Since 2,* = Z,* and z,* = Z,*—that
is, the demand for each type of real equity equals its supply—E.*
represents equilibrium in the stock market,

Figures 6.2 and 6.3 represent the balance of trade in two states of
the world: Figure 6.2 for state 1 and Figure 6.3 for state 2,

g, () =8, (1) Z) |

cilt)

[ 5 L ¢2“|
Balllzze 8410025 301}

FIGURE 6.2
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The portfolio composition determines the consumer’s budget line in
each state of the world; B(1)B(1) in Figure 6.2 for state 1, and B(2)B(2)
in Figure 6.3 for state 2. Obviously, the budget line in state « is given by
the equation

¢ + plode; = By(s)z;* + plo)fqladzy®

Hence, the slope of the budget line Blx)B(x) is p(x), and the point P(x)
defined by the coordmates [#,{x)z,*, #,(2)z;*] has to lic on the budget
line B(z)B(z). Note that in this case (of no international trade in
securities) the point [0,(2)Z,*,0,(x)Z,*] also lies on the budget line
B(z)B(x), and it coincides with P(a). This will not be the case if inter-
national trade in securities takes place.

The optimal consumption point in state # is indicated by E, *(x]; the
point at which an ordinary indifference curve is tangent to the budget
line. The optimal consumption bundle in state « is [ ¢, *(a), ¢2*2)].

Observe that the way in which Figures 6.2 and 6.3 are drawn
implies that the second commodity is imported in both states of the
world. This, however, need not be the case; there may be situations in
which a country imports a commodity in one state of the world and
exports the same commodity in another state of the world. In state
o, the economy imports ¢,*(x) — 04(2)Z,* of good 2 and exports
f#,(2)Z ;* — ¢,*(=) of good 1. The trade account is balanced in every
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state of the world; the value of imports equals the value of exports in
every state of the world. The trade account is balanced because there
is no international trade in securities, and this necessitates zero capital
and service accounts,

The slope of 0*a)0*(x) in Figures 6.2 and 6.3-—the translation of
@*@* from Figure 6.1 to Figures 6.2 and 6.3—is g*f(=)/slz).
O*o)O* () describes the pessible precommoedity-trade endowments
that the consumer can obtain by portfolio reallocation at constant
real equity prices. Naturally, the consumer cannot choose a point on
O*112% 1) independently of his choice of a point on Q%(2)0*(2),
because his choice of z; and z; uniquely determines the points on
O*(1)Q*(1) and Q*2)0*(2).

If there are only two states of the world, the 0*a)Q%x) line must
be steeper than the Bix)B{x) line in one state of the world and flatter
in the other state of the world, as shown in Figures 6.2 and 6.3. More
generally, the slope of O%o)(*(x) minus the slope of B(z)Bix) has to
change signs over the states of the world if the portfolio choice problem
has an interior solution [see (5.24)]. To see this, assume for a moment
that Q(1)Q'(1) replaces Q*{110*(1) in Figure 6.2, Then, by reallocating
his portfolio in favor of z;, the consumer can move his precommaodity-
trade endowments to a point such as P{l) on Q1)}2(1) in state |
(Figure 6.2) and P'(2) on Q(203(2) in state 2 (Figure 6.3). In this situa-
tion, his budget line in every state « will be a line which parallels
Bla)yBla) and passes through Plz) (these budget lines are not shown
in our figures). [t is easy to see that this portfolio reallocation enables
the consumer to reach a higher utility level in every state of the world,
contradicting the assumption that (z,*, z,%) is the optimal portlolio
choice. The reader can verily that the slope of Q%a)Q*(a) is larger
{smaller) than the slope of Blw)B(x) in every state of the world only
il the consumer specializes in z, (z;} in his portfolio.

At this point it is interesting to compare our model to those of
Kemp and Liviatan (1973), Tumovsky (1974), Ruffin (1974), and
Anderson and Riley (1976). Those authors did not present their models
in the framework of an economy with financial markets (except for
Kemp and Liviatan who considered Arrow-Debreu contingent com-
modity markets). However, it is clear [rom this section and Section 4.3
that their models can be interpreted as models with domestic stock
markets but no international trade in sccurities. Hence, our results
concerning economies which do not engage in international trade in
equities also apply to their models.
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63 INTERNATIONAL TRADE IN SECURITIES

Let the economy open to international trade in securities {tll*Lat is,
real equities), and assume that the economy is a price-taker in the
international capital market. Assume also for simplicittj.-' that a::ammovt_.‘i-
ity prices do not change as a result of trade in securities. No portfolio
reallocation will take place if the international price of z, (in terms of z;)
equals g*, the slope of *@* in Figure 6.1. Assume, therefore, that the
international relative price of z; is g and that g < ¢*.

In Figure 64 TT and E* are reproduced from Figure ﬁ.l."ll"hc
slope of QQ is g, the international relative price of tj.rp_a-l re.a‘] equities,
and E,,, is the net market value maximizing production point at this
relative price. E,; lies to the left of E.* (on TT) because q is stnaller
than ¢*. Local producers supply Z, units of type-1 r_eall clqultles and Z,
units of type-2 real equities. Expected utility maximizing consumers
choose E,, as their portfolio point, where E,, is the point of tangency
between the highest affordable assets-indifference curve UU and the
assets-budget line Q0. Local consumers demand z, units of type-1 real
equities and z, units of type-2 real equities. Hence, the opening of the
economy to international trade in securities causes our mufslry t_u
exchange with the rest of the world Z; — z, units of type-1 equities l_l‘.lr
z, — Z, units of type-2 equities (the direction of trade in securities
would have been reversed if g was larger that g*).

Figures 6.5 and 6.6 represent the new balance of payments (trade

] Iz
FIGURE 6.4
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and service accounts) position in the two states of the world—Figure 6.5
for state | and Figure 6.6 for state 2,

el

i
Flriarg

Aih

| ¥
1

BN F——4%

at)
—tl1)

BlthZ, Byllz, call)
FIGURE 6.5

Points P (z) and Pgyiz), the production and the portfolio points, are
the translations of E,, and E,, . respectively, from Figure 6.4. Both lie on
the Q{x)0(x) line whose slope is now gf(z)/0.12). The consumer’s bud-
get line B(x)B(x), the slope of which is piz), passes through Pyle), the
portfolio point, because the consumer's ex-post income derives from the
return on his portfolio. The reader should observe that, compared to
Figures 6.2 and 6.3 (the case of no international trade in securities), we
here have two points P (x) and Pglx) instead of one point P{g). This
results from the fact that in the absence of international trade in
securities, the production and the portfolio points coincide. Observe
that here, too, the slope of @z} Q(x) minus the slope of Blx) Blx) changes
signs over the states whenever the country does not specialize in its
portfolio. It should, however, be clear that when there exist foreign
assets with the same structure of returns as the domestic equities, and
foreigners hold these assets in their portfolios, then the slope of Qo) Q(x)
minus the slope of Bix)B(a) cannot be sign preserving over the states of
the world.
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The optimal consumption point in state « is E(x). The country
exports (h{2)Z, — ¢ (=} units of good | and imports ¢;(x) — 04(2)£,
units of good 2 in state « (For simplicity, we have chosen to have it
import good 2 in both states of the world.) However, since P [x) does not
lic on Bz} B(z), the value of imports is nof equal to the value of exports.
In particular, since P,(1) lies below B(1) B(1), the economy runs a deficit
in the balance of trade in state 1: and, since P,(2) lies above B(2)B(2), the
economy runs a surplus in the balance of trade in state 2. Naturally, a
deficit in the trade account is financed here by the excess of dividend
receipts [rom abroad over dividend payments to foreigners, and con-
versely for a surplus. The reader can verify that even if the economy
specializes in its portfolio, it never runs a surplus in the trade account of
all states, but it may run a deficit in all states. A surplus in all states
means that the economy gives foreigners a random gift in all states of
nature. Put differently, it engages in an unfavorable gamble, and this is
nol rational, Observe, however, that the colsiderations that prevent
our country from running a surplus in its trade account in all states of
nature prevent also other countries from doing it. Hence, in an equilib-
rium of the world economy no country is able to run a deficit in its trade
account in all states of nature because one country's deficit is another
country's surplus, That is, there is no free lunch.
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The value of net dividend receipts from abroad in terms of the
export good, good 1, is given in state o by Fla) minus G(x), where the
dashed line that passes through P,{«) parallels B(wx)B(x). This represents
the difference between the value of the portlolio point and the produc-
tion point evaluated by commodity prices. 1t is also possible to con-
struct examples in which a country imports all commodities in a
particular state of the waorld and/or exports all commodities in another
state of the world.

6.4 STOCK MARKET EQUILIBRIUM
WITH A S5AFE BOND

A safe bond is a security whose return is state independent. But in
our framework, in which relative commodity prices vary across states
of nature, fixed returns in terms of commodity | mean variable returns
in terms of commodity 2, and vice versa. Since there is no money in
this system, we have to fix the return on a bond in terms of one of the
commaodities, or in terms of a fixed bundle of goods,

One can, in [act, introduce two sale bonds—one in terms of com-
maodity | and one in terms of commuodity 2. This will be equivalent to
the existence of future commodity markets, in which contracts are
made for the delivery of a good in the contracted amount, independent
of the state of nature, but in which payments are made at the time of
contracting. However, the introduction of two bonds will not enable a
diagrammatic exposition of stock market equilibrium. We therefore
introduce only one safe bond, and choose it 1o provide a safe return in
terms of commaodity 1. We also choose its units so that one bond
provides the value of one unit of good 1 in every state of the world.
b is the number of bond holdings (b can be positive or negative), and
gy its price in terms of type-1 real equities.

Now the portfolio problem is [ compare it with (6.2)]

(6.5) choose z,,z;=0andb
o maximize
Ulzy,2;.0|p) = Ed| pla); 0,(0)z, + pla)fla)z; + b]
subject to
Iy + g2 + b < Zy(g LK) + qZ,lq, L, K)
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- en asset prices g and g, the efficient portfolio possibility frontier

s r(:;;‘:ﬁscd {:1 Figflre 6.7 by the di_sptaced cone DAE. This cone is
tangent to the real equity transformation curve '.'_'J" at point P,; that is,
0B divided by 0C equals g. In addition, 0B dn_'ldc_d by 04 equals G-
We can also draw three-dimensional assets—indifference ‘surl'laccs n
Figure 6.7. An indifference surface will represent ,“" _cumbmalmns of
(24,23, b) for which U(zy,2;, b|p) is constant. These md1ﬂ‘ercmlne1surt'aces
are convex to the origin. The optimal pur_il'nlm composition [the
solution to (6.5)] can be represented by a point on DAE at which an

assets—indifference surface is tangent to DAE.
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FIGURE 67

Let us start with the case in which there is international trade in a_ll
securities. In this case, g and g, are given lo our economy and so is
DAE. Let P, in Figure 6.7 be the point of tangency between an assel—
indifference surface and DAE. Then, the coomdinates nI'1P,;,, (21, 22,0%
give the optimal portfolio cnmpositic_rn, The con_r::lmau:s ~af P,
(Z,,Z4,0), give the equilibrium (and up_umal_} production of se:,urlt::s.

Figure 6.7 describes an equilibrium in which the home country has
positive bond holdings and exports both types of real equities. In this
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case it pays for the bonds with both types of real equities. This is, of
course, not a necessary outcome; there may be equilibria in which the
country exports one of the real equities, imports the others, and has
either positive or negative bond holdings. Observe, however, that in
the presence of bonds, both local industries may be partially (or wholly)
owned by foreigners, or local residents may have some foreign shares
and fully own local industries. These possibilities do not arise in the
absence of bonds, unless we consider a dynamic setting in which stocks
of financial assets are built up by means of trade and savings (see
Chapter 11),

Suppose now that there is no international trade in securities. How
will security prices be determined?

In this case, the efficient portfolio possibility frontier is the trans-
formation curve TT. Equilibrium obtains at a point of tangency
between TT and an indifference surface. Suppose this happens at P.
Then, we can draw a displaced cone such as DAE which passes through
P and which is tangent to both TT and the indifference surface that
passes through P. The slopes of this cone give us the equilibrium asset
prices.

We have described here a case in which all securities are interna-
tionally traded, and a case in which no security is traded internationally.
It is also possible to describe cases in which some securities are traded
internationally while others are not; we abstain from doing so here
because it is not needed for our arguments in the following chapters,
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Chapter 7

The Basic Propositions
of the Pure Theory
of International Trade Revised

It is explained in the survey of the literature (sec Chapter 4) that the
introduction of uncertainty elements into the economic system may
have devastating effects on many of the basic theorems of standard
international trade theory. However, that literature has not considered
markets for risk sharing. Tt is therefore important to reassess the fate
of these theorems in a world of uncertainty when risk-sharing arrange-
ments are allowed to take place.

When stock markets exist in situations of uncertainty, factor alloca-
tions are determined by real equity prices and factor endowments—not
directly by commodity prices. The links between the competitive allo-
cation of factors of production and commodity prices are real equity
prices; these depend not only on commaodity prices but also on risk
attitudes and probability assessments. International risk sharing, such
as international trade in equities, will equalize real equity prices be-
tween countries: in the absence of international trade in equities, real
equity prices may not be equalized, even though trade in commuodities
will equalize commodity prices. Therefore, basic trade theorems such

$ 93
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as factor-price equalization are expected to hold under uncertainty if
international trade i eguities is allowed to take place, but not to hold
il international trade in equities does not take place.

Using the model ol international trade in goods and securities and
the diagrammatic apparatus developed in Chapters 5 and 6, we shall
reformulate the central theorems of the pure theory of international
trade to accommodate elements of uncertainty. We explain why the
basic trade theorems—specialization according to comparative advan-
tage, factor-price equalization, Stolper—Samuelson and Rybezynski—
do not carry over to uncertain environments in the absence of interna-
tional trade in equities and why the Heckscher-Ohlin theorem is upset
by uncertainty regardless of whether international trade in equities
takes place. We also show that the theorems of specialization according
to comparative advantage and factor-price equalization are restored in
the presence of international trade in equities, and that there exist valid
versions of the Stolper-Samuelson and Rybczynski theorems.

For expositional simplicity we analyze a model with two lactors,
two equities, and two commodities. However, recent extensions of the
standard theorems of international trade to a world of many com-
modities and many factors of production (Ethier, 1974; Jones and
Scheinkman, 1977) carry over to our model if international trade in
equities is allowed to take place. The results of a many-commodity
Ricardian world apply here as well,

7.1 COMPARATIVE COSTS THEORY

The comparative costs theory (which suggests that cach country will
specialize in the production and export of the commodity with the
lowest relative labor cosis) fails to hold when there is no international
trade in equities. The reason is that the equilibrium production vector
will then depend on preferences and subjective probability beliefs, in
addition to relative commodity prices and output-labor ratios; the
technological and price risks of the country will be fully borne by local
residents, and production decisions could not be separated from
preferences, including risk attitudes,

Figure 7.1 shows a typical single-country production equilibrium

when international trade in equities does not take place. TT is the ™

Ricardian production possibilities curve of the home country, and UU
its highest affordable assets-indifference curve, E, represents a stock
market equilibrium in which the country is incompletely specialized.
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2. Ty

LERE
FIGURE 7.1

Now, suppose that we open the cconomy to trade in equities and
assume that countries have the same distributions of (), so that they
produce the same real equities. The stock market equilibrium of the
humr: country in the presence of international trade in equities is
dflzscnbed in Figure 7.2, Observe that the assets-indifference curves in
F igure 7.2 are generally different from the assets-indifference curves
in Figure 7.1, lor the introduction of trade in securities changes gen-
erally the equilibrium distribution of commodity prices, and the

ZyvLsa,

Iz .22=L.fn|_z
FIGURE 7.2
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assets—indifference map depends on the distribution of commodity
prices.

The slope of the assets-budget line QQ is g—the relative world
price of real equity 2. E; is the producers’ equilibrium point, which
indicates a complete specialization in the production of commodity 1
and type-1 real equities. E,. is the domestic investors’ equilibrium
point. The economy imports z; units of type-2 real equities, and
exports Lia,, — 2z, units of type-1 real equities. Therefore, if interna-
tional trade in equities takes place, each country specializes according
to its comparative advantage—which is well defined by output-input
ratios, given that the countries have the same distribution of #;(m).

We now give a two-country example in which in the absence of
international trade in equities each country specializes in the com-
modity in which it has a comparative disadvantage. It is clear from
our previous discussion that specialization according Lo comparative
advantage will be restored with the introduction of trade in equities.

EXAMPLE 7.1 Let the utility function of the home country be

(7.1) uley. ) = logle, + log ¢3)

and that of the foreign country be (asterisks denote variables of the
foreign country)

utle, e.%) = '}’[{Cj*}l".z[fg*]”l_ln

7.2
() p=4log Ll y=>9

Hence, both countrics are risk averse. )
These utility functions yield the demand and indirect utility functions
{with an appropriate choice of y)

(7.3a) ey =1-1
(7.3b) C; =1
P
{7.3c) p=log(l — 1 —logp)
(7.4a) by =12
(7.4b) c.* = 1%/2p

(7.4c) p* = p~ M
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where p is the relative price of the second commaodity and [ stands for
income, that is, I = 1,2, + pl;z,.

Letay; and a;;*, i = 1.2, be the labor- output ratio of the ith industry.
We assume that the home country has a comparative advantage in
caommodity 2, that is,

(7.5) Gz _ dia

- iy ap,*

We choose
[?'5} “;_'1 — 19, ﬂ;’_] = ?1, .L = ?2
[?'?.I' uf.l“ = 2{].. “LJ* = ?1, L* = 4{)

Assume that there are two states of the world with equal probabilities
(7.8) nll)=n(2) =14

These are both objective and subjective probabilities for cach country.
We assume also that each country has the same distributions of the
technological parameters, which are

(7.92a) g()=2 0,2 =5
(7.9b) hil)=¢", D2 =e

We show now that there is an equilibrium of the world economy n
which there 15 no trade in equities and in which the home country
specializes in the production of the first commodity while the foreign
country specializes in the production of the second commodity.
contrary to comparative advantage.

To see this. consider the allocation of resources

[?.lﬂﬂl :l=21:£=|1 Ty = .-:='D
dr
¥
{7.100k) Z.*:Z,*:ﬂ‘ :3*:21"='_*=2
dr:

This implies, using (7.3) and (7.4), the following equilibrium condition
in commodity markets in state = (using only the market for good 2):

02[‘1} + Cj*{lﬁ:] — !" -+ H}_[ﬂ'—}
pla)

= Byl Z; + Z1%)
= 21, (=)
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which yields

1
(7.11) P{d]=m, =12

The marginal rates of substitution between assets, evaluated at the
allocation (7.10) and equilibrium prices (7.11), are given by

_ Enlo)f()p(a)
(1.12) MRS = ST
E[0,(z)z, . p(e)Ba(x)z, — 1 — log pla)]” ‘H,{u}p{a}
B E[ﬂt{u:_!z, + plo)Bala)z; — | — log pla)]” 1”1':'1]
_18
7]
o _ ELp(e)] ™[040z, * + pla)0a(@)z2*]" " " ple)0;(2)
(713 MRS = = T 0,2, + plaa@z T 0,(2)
2
T2
Henee, for
I8 ﬂ!‘_z ﬂj.z' — %E
(7.14) (f = ?2 s Il; L it =

producers and investors choose the equilibrium values given in (7.10),
as shown in Figure 7.3,
The equilibrium consumption levels are

(7.15a)  eyla)=6(x) — 1 = gll)=1, £1(2) =

(7.15b)  cale) = By(2) = ofl)=¢, @)=¢
(1.16a) ¢, *@) =pl)file) = c*)=1, *2)=
(7.16b) ¢,*(2) = O,(%) = c*l)=¢" ') =c¢

These values are, of course, consistent with the commodity market
clearing conditions. This completes the example,

So far we have discussed identical distributions of the technological
parameters, which means that technological uncertainty is industry
specific but not country specific. It may, of course, happen that two
countries have different distributions of #{x). In this case they produce

7.2 FACTOR-PRICE EQUALIZATION %9

2y &y

3

Slape 18/ T2

T N 4
YT N

£ 2y
Slope 21/ 72
u*
G0/ TE
u* i
2 - Ly
FIGURE 7.1

different real equities while producing the same commaodities. Interna-
tional trade in goods and securities will not lead to specialization in
production if there exists a positive world demand for all securities.
Furthermore, a country need not export that commodity in which its
input-output ratio is lowest. However, we argue that in this case
comparative advantage should be defined with respect Lo real equities-
and, thus, a country exports that real equity in which comparative
costs are lowest.

7.2 FACTOR-PRICE EQUALIZATION

The factor-price equalization theorem is fundamental to the
Heckscher—Ohlin theory of international trade, [t suggests that {under
certain conditions) free trade in commodities is sufficient to cause
factor prices to be equalized belween countries even if there are no
world markets for factors of production. This theorem fails to hold
under uncertainty in the absence of international trade in securities.
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I order to ensure factor-price equalization in our model, one has
to ensure that the relative price of type-2 real equities, g, is equalized
among the trading countries. But trade in commaodities does not bring
about equalization of g even in the case in which the traditional
conditions for factor-price equalization, such as the absence of special-
ization and factor intensity reversals, hold. Consider, for example, two
trading countries which are identical in all respects, excepl that the
second country has more physical capital than the first. Let the stock
market equilibrium of the first country be described by E,' in Figure 74,

Ty g

T

FIGURE 7.4

Clearly, if the Rybczynski line for capital changes, RR, does not
coincide with the wealth—portfolio line EE of the second country which
passes through E,'—where the wealth—portfolio line is the collection of
optimal portfolio points for given relative teal equity prices and
different levels of wealth (i.e., the asset space counterpart of the income-
consumption line)—the stock market equilibrium of the second country
would consist of a different relative price of type-2 real equities—and,
thus, factor prices will not be equalized. Differences in tastes, attitudes
toward risk, and subjective probability beliefs may also prevent
factor-price equalization.

This does not mean that factor-price equalization is never expected
to hold. For if the assets—indifference curves of both countries are
linear with the same slope. then factor-price equalization will {:btailn.
Neutrality toward risk by both countries makes their assets—indil-
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ference ¢urves linear but not necessarily with the same slope. unless
their ordinal preferences are the same. But even if countries exhibit
risk aversion, the equilibrium distribution of prices may be such as to
make the assets—indifference curves linear with the same slope.

Consider, for example, the case in which two countries have Cobb-
Douglas-type utility functions which exhibit different degrees of risk
aversion. The ordinal preferences may also differ. Given identical
technologies, the equilibrium price distribution is in this case such that
the vector [ p(l)f5(1), p(2)04(2), . . ., p(S)#,(S}] is proportional to the
vector [,(1), 8,(2), . .., 0,(5)]. This means that in the equilibrium the
two types of equities—real equity 1 and real equity 2—are perfect
substitutes in the investor's portfolio, implying straight-line assets—
indifference curves with a slope equal to the factor of proportionality
between the two vectors. Hence, both countries have the same straight-
line assets—indifference field, implying factor-price equalization under
the standard conditions,

First, let us show that proportionality of the two vectors implies
straight-line assets-indifference curves, with a slope equal to the factor
of proportionality, for every utility function. Suppose that

{7.17) o) pla) = A0, 0x), [ [ e el 1T |
Then

Evi()8a(2)p(x)

MRS = —
Epfa)d (a2

= A

Second, let us show that {7.17) is implied by Cobb-Douglas utility
functions. Let the utility functions be

(7.18) w=1(ct ey, 0<B p<l
{7.19) it = le 1 PP, 0D<fr pt<l
Then, the market clearing condition lor good 2 in state x is

(7.20)  pLO(e)zy + pledlale)za] + B[00z, * + plee)fle)z;* |
= plalslzlZ: + £5%)
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Tt is clear from (7.20) that (7.17) holds with
- I + .Bi'?lt
T Zy+ Zy* - Pz — pro

since Z, + Z,* =23 +2,* and 0 < f, f* < 1. The Cobb-Douglas
result holds also in a many-commodity world, as one can easily verily.

We have thus shown that in the case of Cobb-Douglas-type ordinal
preferences, factor-price equalization holds under the standard con-
ditions if there is no international trade in securities, Now, suppose
that we open the economies to trade in real equities. Then, for gencral
utility functions, if countries have the same distribution of ;(x),
j =1, 2, that is, technological uncertainty is industry specific and not
country specific (this is the generalization under uncertainty of the
assumption of identical production technologies between countries),
then independent of preferences, factor-price equalization will hold.
International trade in equities will equalize relative real-equity prices
across countries, and thus is sufficient to cause factor prices to be
equalized under the standard conditions.

In the Heckscher—Ohlin model, commodity trade serves as a
substitute for factor movements i countries do not specialize; this is
due to the factor-price equalization theorem. However, it is clear [rom
our discussion that in the presence of uncertainty, commodity trade
does not substitute for factor movements—but trade in goods and
securities does substitute for factor movements, provided the distribu-
tion of f{a), j = 1, 2, is the same in the trading countries in addition
to the other assumptions. That is if the conditions. of the theorem are
satisfied, the opening of international markets for factors of production
will not induce international factor flows (Mundell, 1957).

It is important at this point to recognize the strength of the as-
sumptions which assure factor-price equalization in the presence of
international trade in equities. Apart from the standard Heckscher—
Ohlin-type assumptions, it is required that countries have identical
sectoral-specific perfectly correlated technological uncertainty. Thus,
if India and the United States both produce the same crop, then not
only do they have to have the same density function of rainfall, but also
that when in fact 66,9 inches of rain falls in the United States, then
exactly 66.9 inches of rain falls in India. This means that we can hardly
expect factor-price equalization even in the presence of trade in
equities. Clearly, il there is no trade in equities {or for this matter
even some equities), then even under very strong assumptions factor-
price equalization cannot be expected to take place.

A=0

(7.21) A
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The Stolper—Samuelson theorem asserts that in the Heckscher-
Ohlin model an increase in the price of a commodity induces an
increase ,in the real reward of the factor in which this industry is
relatively intensive, and a reduction in the reward of the other factor
of production, Let us consider this theorem in the present [ramework.,

Assume, first, that international trade in equities does not take
place. For simplicity, consider a small country that faces state-inde-
pendent commodity prices (that is, which are not subject to uncer-
tainty). The production technology, however, is state dependent. Let
E, in Figure 7.5 describe the stock market equilibrium of the country,
at which the highest affordable assets—indifference curve UL is reached.

1,2,

z

e

FIGURE 7.5

Suppose that the relative price of the second commaodity rises. This
shifts the entire assets -indifference map. In general, the marginal rates
of substitution hetween type-1 and type-2 real equitics and the assets—
indifference curves pivol as a result of the increase in the relative price
of good 2.

If the new assets-indifference curve which passes through E, is
steeper than UU at E,, as described by UL, the relative price of
type-2 real equities will rise—thereby inducing an increase in the real
reward (in terms of real equities) of the factor that is used more inten-
sively in the second industry. This is the Stolper-Samuelson theorem.
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However, if the new assets—indifference curve that passes thrpugh
E. is flatter than UU at E,, as described by U“.U”.‘ the relative price of
t}:pe-z real equities will fall—and the prediction of the Stolper

Samuelson theorem will turn out to be wrong. _ - _
The following example demonstrates a situation in which the

Stolper-Samuelson theorem does not hold.

EXAMPLE 7.2 Let the utility function be
(7.22) u = logle; + log ;)

This yields the indirect utility function
I
(7.23) p= IUE(E — 1+ log p)

which implies
Ev:ﬁa]l.?_{[ﬁt}ﬂz{a]'
Evyla) (o)

E[0,(z)ple) 'z, + Oalo)zy — 1 + log pla)] ~ osle) |
T E[0,(a0plx) "z, + Oalm)zy — 1+ log pla) ] 0 laple)”

(7.24) MRS =

Assume now that 0,(z) = 1 for all &, plz) = p for all o, and that at the
imitial equilibrium

z=n=p=1
This chaoice of real-equity holdings can be assured by an appropriate

choice of production technologies and factor endowments. T_h_::n,l the
derivative of MRS with respect to p. evaluated at the initial equilibrium,

15
eMRS 1 [.( 1 1—(5 a_ﬂ
PR e [E(ﬂ.{u}) ()

I |
=Eem e

Hence, for sufficiently large Var[ 1/6,(2)]. we get
i MRS
op

which implies a decline in the output of the industry whose price has

=
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risen and changes in real factor rewards which are opposite to those

suggested by the Stolper-Samuelson theorem. This completes the
example,

Now, suppose that we open the cconomy to trade in real equities.
Then, for our country, the relative price of a type-2 real equity is
given. Figure 7.6 describes the new stock market equilibrium; the
production point is E,, and the portfolio point is E,.. The slope of
the assets-budget line is q; the relative world price of type-2 real
equities. It can be seen that an increase in ¢ will induce resource
movements toward the second industry, and increase the real reward
of the factor that is used more intensively in that industry. Hence, the
Stolper-Samuelson theorem holds with regard to changes in equity
prices, It does not hold with regard to commodity prices. For if, for
example, a commodity price goes up and equity prices do not change,
real rewards to factors of production in terms of equities do not change.

FIGURE 7.6

74 THE RYBCZYNSKI THEOREM

The Rybezynski theorem points out that if commodity prices are
kept constant but the endowment of some factor rises, the industry
using that factor relatively intensively expands—and the industry
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using the other factor relatively intensively contracts. This theorem
also fails to hold under conditions of uncertainty if there is no inter-
national trade in securities.

Consider Figure 7.4, Suppose EE stands for the wealth—portfolio line
of the home country, which is derived from the assets-indifference
curves. It is clear that the Rybczynski line need not coincide with the
wealth—portfolio line. The increase in the endowment of the factor used
more intensively by the second industry at unchanged real-equity prices
would cause output changes indicated by points on the Rybezynski line.
However, if real-equity prices are unchanged, demand for real equities
would be indicated by points on the wealth- portfolio line, which is not
an equilibriom situation. It is seen from Figure 7.4 that real-equity
prices have to change, although the distribution of commodity prices is
kept constant, in order for the local demand for real equities to match
local supply. The diagram indicates that the relative price of type-2 real
equities will decrease; in the new equilibrium, expected output of the
second industry will be larger—but the expected output of the first
industry need not decline.

Furthermore, from portfolio theory we know that the wealth effect
on securities is not unambiguously positive, so the wealth—portfolio line
need not be positively sloped. 1l demand for type-2 real equities re-
sponds negatively to an increase in wealth, the expected output of the
second industry could decline,

When international trade in equities is allowed, a small open
economy faces given real-equity prices. In this case an increase in the
endowment of a factor of production will generate the Rybezynski
effect because equity prices do not change Hence, in an uncertain
world the Rybczynski theorem is saved if properly reformulated;
namely, if what is kept constant is equity prices and not necessarily
commodity prices. This is very clear if we remember that in an economy
with stock markets, production decisions depend on equity prices and
not on commodity prices.

7.5 THE HECKSCHER-OHLIN THEOREM

The Heckscher—Ohlin theorem links the pattern of trade to factor
intensities and factor endowments. There are two definitions of relative
factor abundance—the quantity and the value definitions. The quantity
definition is based on relative factor endowments, while the value

=R T < s
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definition is based on relative factor prices. The Heckscher—Ohlin
theorem under the quantity definition of relative factor abundance
requires more stringent conditions than under the value definition of
relative factor abundance. We concentrate, therefore, on the value
version which states that a country exports the commodity which is
relatively intensive in the factor whose relative reward prior to trade
is lower than abroad.

That this theorem fails to hold under uncertainty, with or without
international trade in equities, is clear from the fact that the pattern of
trade may be state dependent (see Chapter 6); that is, a country may
export one commodity in some states of nature, yet import this com-
maodity in other states of nature,

Can the pattern of equity trade be linked to factor intensities and
factor endowments? If we were assured that the posttrade relative
equity prices lie between the pretrade relative equity prices of the
country, then we could have provided an affirmative answer using the
standard argument of the value version of the Heckscher—Ohlin
theorem. The preceding condition on equity prices is satisfied if the
plratradt preferences over securities prevail also in the posttrade
situation. However, no such assurances exist. The opening of trade
changes the distribution of commodity prices, which, in turn, changes
the preferences over securities. The change in preferences may induce
posttrade real-equity prices to lie outside the pretrade bounds,
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Chapter 8

Commercial Policy

The theory of commercial policy deals with both welfare and positive
issues [Corden (1971, 1974)]. The welfare theory assesses the social
benefits and losses from tariff systems. The positive theory is concerned
with the direction and magnitude of resource reallocation effects under
the influence of tariffs,

This chapter analyzes commercial policies in the presence of un-
certainty. We analyze the general equilibrium effects of a tariff on the
allocation of resources between the importable and exportable sectors,
and welfare losses from tariffs. We apply the tools of analysis of
protection in the presence of uncertainty only to tariffs: the effects of
uncertainty on other commercial policies, such as production subsidies
and quotas, can be similarly analyzed. We begin with a brief review
of the traditional (deterministic) analysis of tariffs.

81 THE DETERMINISTIC MODEL

Assume that there are only two products in the economy—the
exportable 1, and the importable 2. From the factor endowments of

ne
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the economy and the two production functions, a production possi-
bility curve, TT in Figure 8.1, can be derived. Assume that the country
fices a given world price ratio (the small-country assumption) repre-
sented by the slope of BB in Figure 8.1. The point of tangency to the
production possibility curve of a line with such a slope determines the
production equilibrium point P.

good 1

o

FIGURE #.1

Assume that consumers are identical in tastes and endowments.
Let 01 be the income—consumption line associated with the price,
ratio given by the slope of BB. Given production at P and the world
price ratio, income is 04 in terms of good 2, or 0D in terms of good 1.
Consumption eguilibrium is at point C, where the income—consump-
tion line Of intersects BB,

Figure 8.1 shows that the production of good | exceeds the consump-
tion of good 1, with the excess being exported, while the consumption
of good 2 exceeds the production of good 2, with the excess being
imported. The value of exports and the value of imports are equal at
the given price ratio.

Mow consider the imposition of an ad valorem tarill on imports.
A tanill raises the domestic price of good 2 relative to that of good 1.
The tariff-inclusive domestic price ratio is indicated by the slope of
the line B'B". The tariff thus leads to a production shift away from
good 1 toward good 2; the new production point is P, This is the
production effect of the tariff. The taniT also leads to a movement from
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the income—consumption line 0/ to the income-consumption line 01,
This is the consumption ¢ffect of the tariff. Assume that the tariff revenue
is distributed back to consumers in a lump-sum fashion. The new
consumption point must be at C", where the posttariff income-
consumption line 0" intersects the new trade possibilities line B”B",
where B"B” is determined by the world price ratio and the posttariff
production point.' The lower level of income at world prices (0F
instead of 04) means that welfare losses are associated with the tarifl.

8.2 PROTECTION UNDER UNCERTAINTY

We have seen that in the standard deterministic two-sector economy
the imposition of a tarifl induces a resource flow from the export to
the import-competing industry il the external terms ol trade do not
change. This is the small-country case. It is also known that in the
large-country case; that is, in the case in which the import (export)
volume of a country influences its external terms of trade, an imposition
ol a tarifl may induce a resource flow out of the import-competing
industry and inte the export industry, This is known as the Metzler
paradox (Metzler, 1949}, In the small-country case the imposition of
the tariff necessarily reduces the internal terms of trade, because the
external terms of trade do not change. Since domestic competitive
resource allocation is governed by the internal terms of trade, the
deterioration in the internal terms of trade that [ollows the tarifl leads
to an expansion of the import-competing industry and to a contraction
of the export industry. Hence, the tarifl is protective in this case. In
the large-country case the imposition of a tarill may increase the
external terms of trade at a rate which exceeds the rate of tarifl, in
which case the internal terms of trade will improve, thereby reversing
the direction of resource flow. If this happens, the tariff is said to
protect the export industry and not the import-competing industry.

We show in this section that in the presence of uncertainty a tariff
need not provide protection to the import-competing industry even
in the small-country case. The situation in which this may occur is
one in which there is international trade in commodities but no
international trade in securities. If there is international trade in
securities, a taniff provides the conventional protection.

" IF the tarill proceeds were not distributed back to consumers, the consumption
point would have been ) which carresponds to the income line B'8'.

/
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This paradox stems from the fact that in our model the allocation
of factors of production is governed by equity prices, and it depends
on commodity prices only to the extent that they influence equity
prices. In the absence of international trade in securities, domestic
equity prices are internally determined, since domestic risks are then
fully borne by domestic residents. Now, the imposition of a tariff
i a small country necessarily worsens the internal commodity terms
of trade in every state of nature. However, its impact on relative equity
prices, which determines the interindustry resource flow, depends on
whether the tariff will shift the demand for equities toward the import
competing sector or away fromit. If taniff proceeds are not redistributed
back to consumers, then the shill in the demand for equities can go
either way, and we present an example in which demand shifts toward
the equities of the exportable industry, in which case the tarifl does
not protect the import-competing industry. We also show that when
tariff proceeds are redistributed back to consumers, a “small” tariff
protects the import-competing industry if both goods are normal in
consumption, This contrasts with the deterministic case in which the
redistribution policy is not relevant for the protective eflect of a tariff
in the small-country case (it is though important for the large-country
case).

We now turn to our model. Consider an ad valorem tariff on the
second commodity, assuming that the second commodity is imported in
every state of the world, The effects of the tariff on the allocation of
resources between the two sectors differs according to whether inter-
national trade in securities takes place. We begin with the case of no
international trade in securities, so that domestic residents bear all
domestic risks.

A, No [nternational Trade in Securities

The tarifi-inclusive assets—indifference curves (which, along with
the production possibilities curve, help determigte the production of
the economy) are given by

(8.1)  Eo[(1 + ple); 046wz + (1 + Dpla)lle)z; + Tle, )]
= gonstant

where 1 is the tariff rate (assumed to be state independent), and Tz, 1)
the state-z transfer payments. It tariff proceeds are redistributed back
to consumers, Tz, t) equals tarifl proceeds in state %, and it 1s equal to
zero if tariff proceeds are not redistributed.
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The tariff-inclusive marginal rate of substitution between real
equity 2 and real equity 1, assuming that the mdividual perceives
that the transfers he receives from tariff proceeds are not affected by
changes in his portfolio, is given by

E(1 + 1)p(a)8,(eyey[(1 + )pla);
0, (x)z, + (1 + Dple)z; + Tle, 1]
E@ ey [(1 + ) pla); O4(e)zy
+ (1 + Op()0sle)z; + Tl 1]

(8.2) MRS(z,,z:;1) =

Let us start with a discussion of the case in which tarill proceeds
are not distributed back to consumers; that is, the government is
using the revenue from tariffs in order to purchase commodities which
do not influence consumer behavior or pay them out to foreigners.”
Remember that in the small-country deterministic model a tarifl
protects the import competing industry regardless of whether tariff
proceeds are redistributed. In the present case,

(8.3) Te, ) =10 for all ¢ and - SEE B S

From (8.2) and (8.3) it is readily verified that a change in the tariff
rate twists the assets—indifference curves at every point (z,, z;), and
changes the marginal rate of substitution between real equities 2 and 1.
This results from the fact that the tariff changes the mean as well as
higher moments (such as the variance) of the distribution of the
relative mternal price of good 2.

In Figure 8.2, point E.” denotes the pretanifl stock market equilib-
rium in which the pretariff assets—indifference curve U,U, is tangent
to the production possibilities curve T'T If the posttariff assets—
indifierence curve, which passes through the initial point E,%, is steeper
than Uy, like U, U,, the new equilibrium must be at a point on
TT (o the right of E.”; that is, resources are moving away from sector 1
and into the import-competing sector, sector 2, which is the standard
case. Il the posttanifi assets—indifference curve which passes through
E." is flatter than U,U,, like U,U,, the new equilibrium must be at a
point on TT to the left of E,°; that is, resources are moving away from
the importable goods sector and into the exportable goods sector. In
the second case, a tariff does not protect the import-compeling sector,
contrary to the deterministic case. The following is an example in

* The first case oceurs if, for example, the government uses tanfl proceeds to provide

* publicservices, and he utility function is additively separable in privade and public goods.
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22,

-2z I,

B2y
FIGURE 8.2

which this paradoxical result occurs. This is essentially the same as
Example 7.2 which shows that the Stolper—Samuelson theorem does
not hold.
EXAMPLE 8.1 Let the utility function be
v = loglcs + log c,)

This yields the indirect utility function

f
p= lng{“ i 1+ log[(1 + tjp]}

where [ stands for the consumer’s disposable income, This implies
[using (8.2) and (8.3}]
E[#,(e)(1 + 1) 'pla)~ 'z, + Bal2)z; — 1
+ log(1 + )plz)] ™04
E[0y()(1 + 1) 'pla)” "2y + Oz, — 1
+ log(l + O)pla)] ™01 + 0~ "ple)
Assume now that 0,(x) = 1, 8,(x) > 1, for all &, p(z) = 1 for all o, and
that at the initial equilibrium
t=0

=

MRS(z,, z;:1) =

=1

Iz
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These initial conditions imply that commaodity 1 is exported in all states,
since initially ¢, = p = 1 < #,{a)z, = 0,(z). The stockholders’ choice of
these real equity holdings can be assured by an appropriate choice of
production technologies and factor endowments. Then, the derivative
of MRS with respect to r, evaluated at the initial equilibrium, is

@ MRS(z;,2,:0) _ N 1= 3_ 5o 1:|
it I Eﬂ_,{cc} [E(ﬂlm) (E ﬂ.ﬁu})
| 1
=E| — |- Var| —
[ﬂ]m} ¥ “[mm]

Hence, for sufficiently large Var[1/6,(x)], we get
o MRSz, 2_3;_{}] 1

ot

This implies that, for a “small” tariff, U, U, in Figure 8.2 is the post-
tariff assets—indifference curve, Therefore, the imposition of the tariff
leads to @ contraction of the imports-competing industry and an
expansion of the export industry.

In the absence of uncertainty, the variance of 1/0,(x) is zero and the
paradoxical result does not arise. In the presence of uncertainty, the
paradoxical result can arise because of the negative effect that an
increase in ¢ has on the demand for type-2 real equities, holding their
returns constant. This can be seen as follows. Write the indirect utility
function as

v =1log{f ()1 + )" 'z, +2; — 1 + B{t)}

where Bli) = log(l + t). It can be shown that an increase in B re-
duces the demand for type-2 real equities. Now, an increase in the
tarifl rate has two effects. It increases B, resulting in a decline in the
demand for type-2 real equities, and increases the return on type-2 real
equities, Tesulting in an increase in its demand. The first effect, which 1s
a negative income-type effect, dominates in this case when Var[1/0,(x)]
is large enough. This completes the example,

Consider now the case in which taniff proceeds are redistributed
back to consumers. In this case, state-x transfers (that is, the tariff
rate times the value of imports) are implicitly given by
(8.4) Tl 1) =tpla)ics[(1 + thpla); 04(ezy +(1 + 1)

x Oh(a)pla)z, + Tl )] — 00202 :[q(0)]}
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where ¢;(-) is the second commodity demand function, and g1} is the
equilibrium relative price of type-2 real equity, which is a function of the
tarifl rate. Notice that from (8.4), we get

(8.5) Tie, 0) =10

"

“T[;:, UE pla){ea[pla); Oy(@)z, + O2)ple)z;]

i
— 0420 Z5[g(0)]}

That is, & zero tariff rate obviously must give rise to a zero amount of
tarifl proceeds, and the rate of change in the tanff proceeds for a small
tariff is equal to imports evaluated at world prices.

We show now that if both goods are normal, the paradoxical result
cannot appear in the case of a small tariff. In order to see this, dif-
ferentiate (8.2) with respect to ¢ and evaluate it at ¢ = 0 using (8.5)
to obtain

dMRS{zy,2:0) 1
it Evylee)tdyle)
+ Evyg (o) [ plee) ] 04l
+ Evyla)] pla)]eal=)04(z)
— MRS(zy, z3: 0)[ Evy,(e)pla)0 (=)
+ Evgla)pla)eslz)fy(=)]}

{ Eyla) plocht o)

where 1y, is the derivative of y; with respect to its first argument.
Now,

.= S
I'I;l_l",pI"' Al = ne-2 i1}

where ¢q = doy /0] and peyy = 1 — ¢, Substituting these relationships
in the above expression, we gel

d MRS(zy, 2, 0) | .
= I I ) ;
at E”I[u“?ﬂ-ﬂ] 1'['-[’\]{&}:;[':‘“ il':q( :|||:I.'.(j

+ MRS(z,, 2300 Eviloe) 0, () plo)eyled)

(8.6)

If both goods are normal, the marginal propensitics to spend on the
goods are positive and the expression in (8.6} is positive. This means
that for normal goods a small tarifl will twist the assets—indifference
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curves in Figure 8.2 so as to make them steeper, as from U,lU, to
U,U,, and thus provide protection to the imporiable goods sector,

At this point it is useful to reconsider the relationship between the
Stolper-Samuelson theorem and the protective effect of a tarill, In
the deterministic Heckscher-Ohlin model, it is customary to use the
Stolper-Samuelson theorem in order to show that tariff protection
increases the real income of the factor that is used relatively intensively
in the import-competing industry, and that it reduces the real income
of the other factor, The arpument is as follows, According to the
Stolper-Samuelson theorem, an increase in the relative price of a
good induces a resource movement into the industry whose relative
price increased and away from the other industry. This resource flow
increases the real income of the factor that is used more intensively
in the expanding industry and reduces the real income of the other
lactor. Mow, a tarifl raises the domestic relative price of importables
and thus simulates the Stolper-Samuelson effect.

However, in Chapter 7 we provided an example (Example 7.2) in
which, in the case of no international trade in equities, an increase in
the price of a good leads to a low of resources away from the industry
that produces that good, causing a decline in the real income of the
factor used relatively intensively in that industry and an increase in
the real income of the other factor. This example had one normal and
one neutral good, so that according to (8.6) if we were to use the data
of the example in order to evaluate the effect of a tariff with tarifl
revenue redistribution, we would have found that the tariff is protective
in the sense that it increases the output of the import-competing
industry and the real income of the factor used relatively intensively
in that industry. If, however, tariff proceeds are not redistributed, the
effect of a tariff is in line with the Stolper-Samuclson effect. We see,
therefore, that under uncertainty the Stolper-Samuelson effect is not
necessarily the same as the tarill effect. This divergence stems from the
fact that in the case of a tanfl with revenue transfers, the revenue
transfers generate income effects on the demand for assets which are
absent in the case of an exogenous price change. These income effects
are nol important for the determination of the direction of resource
flows in the deterministic model, but they are important under uncer-
tainty. This is why the Stolper-Samuelson and the tarifl effects coincide
in the deterministic model but not in our stochastic model.

Finally, observe that an equity subsidy, that is, a subsidy given to
an industry at the financing stage, will unambiguously induce the
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expansion of that industry. In Figure 8.3 we reconstruct the initial
equilibrium shown in Figure 8.2, the real equity—price ratio being g.
A subsidy to sales of real equity 2 decreases to ¢ the relative price of
real equity 2 to investors, and drives a wedge between that relative
price and the marginal rate of transformation 4", leading to a new
equilibrium E,'. Thus, resources will move away from sector 1 and
into sector 2 regardless of the subsidy’s size,

slope g”

.

FIGURE 8.3

B. International Trade in Securities

Consider the case in which the economy trades with the outside
world in both commodities and securities. By the small-country
assumption, without a tariff, commodity prices and sccurity prices
aré given to the home country. A tarifl raises the local price of the
importable goods; but how doés a tariff affect the stock market value
of the importable-goods industry?

Since a tariff at a rate of 100t percent increases the price of the
second commodity by 100¢ percent in every state of the world, it
increases by 100r percent the return on each unit of type-2 real equities.
It is therefore clear that if the price of type-2 real equities does notl
change, it will become very attractive to foreign and local investors—
who will shift their portfolios from foreign type-2 real equities to the
local ones. This will result in a 100¢ percent increase in the price of
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local type-2 real equities in order to eliminate profitable arbitrage,
The local type-2 real equity provides a return of (1 + il ladpla) in
every state o, while the foreign type-2 real equity provides a return
of Oslz)p(x) in state = Hence, one unit of local t ype-2 real equity is
now equivalent to (1 + 1) units of foreign type-2 real equities.

This means that the price of local type-2 real equities has mcreased
from g to (1 + 1)g. Thus, following a tarifl, resources move away from
the exportable-goods industry and into the importable-goods industry,

83 WELFARE LOSSES FROM TARIFFS

In the standard deterministic model it does not matter whether
tariffs are specific or ad valorem since every specific tarifl has an
:f.ui valorem equivalent. In the case of uncertainty, and in particular
m our model, it is important whether the tariff is specific or ad valorem.
A state-independent ad valorem tariff has a specific tarifl equivalent
whjch is state dependent, and conversely, a state-independent specific
tariff has a state-dependent ad valorem tariff equivalent. But a state-
independent ad valorem tariff does not change the structure of returns,
whereas a state-independent specific tarifl, or its state-dependent
ad valorem equivalent, change the patterns of returns, This difference
is important and we will expand on it at a later stage. (Observe also
that in a deterministic inflationary situation, the two tariffs are not
equivalent unless the specific tariff is indexed to the price level )

We now turn to an analysis of the welfare implications ol commaodity
trade taxes under uncertainty. We continue to assume that the second
commodity is imported in every state of the world. Let us start by
considering the case in which international trade in securities does
not take place,

~In Figurla 8.4, point E." denotes the pretariff stock market equilib-
rium at which the community reaches an expected utility level UaUs.

Suppose that an ad valorem tariff is imposed on imports, twisting
the assets-indifference curves, For the present purpose, it is irrelevant
whether‘ the tariff rate is state dependent. In Figure 8.4, the posttarifl
production and portfolio point is E.. at which the economy reaches
an expected utility level U"U", In Figure 8.5, the posttariff consumption
equilibrium point is E '(z), at which the indifference curve Wiz} is
mngenll to Bx)B'(a). The slope of B(x)B(z) is (1 4+ r}pla), where ¢ is
the tarifl rate. Given the posttarifl production point Pz} and the
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amount of tariff revenue returned to consumers, the consumers’ budget
line is B'{x)B'(x). B{z)B{x) is the trade possibilities line in state o, the
slope of which is p(). The posttarifl consumption point E;{x) 15 al the
point of intersection of Bl«)B(x) and B(«)Bz). Observe that the second
commoaodily is imported,

Welfare losses from the tariff are demonstrated through a backward
movement from the posttariff equilibrium to the pretarifl equilibrium
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FIGURE 8.6

in two separate steps. In the first step, the production and portfolio
composition of the economy do not change from the posttarill equilib-
rium, but the tarill is removed; this will be shown to involve a welfare
gain. In the second step, the economy adjusts its production and
portfolio; this will be shown to involve an additional welfare gain. The
analysis is carried out under the assumption that foreign commodity
prices do not change.

First, consider the pretariff assets—indifference curve that passes
through E.' in Figure 8.4, which is denoted by UU. Given that pro-
duction and portfolio composition, without a tariff the economy con-
sumes at point £,{x), which lies on a higher indifference curve wis)ulx) in
every state of the world (Figure 8.5). Therefore, the assets-indifference
curve UL indicates a higher level of expected utility than does UL,
Hence, the first step toward free trade involves a welfare gain.

Second, consider the [ree-trade equilibrium E.° in Figure 84, in
which the pretariff assets—indifference curve U"U" is tangent to the
production possibilities curve, Obviously, U"U" indicates a higher
level of expected utility than does UU. Hence, the second step toward
free trade involves an additional welfare gain,

MNow consider the case in which the economy trades with the
cutside world in both commodities and securities. The new pretarifl
stock market equilibrium is depicted in Figure 8.6.* E? is the produc-
tion point, EJ. is the portfolio point, and U°U° indicates the pretarifl

! We assume, although it is not necessary, that type-2 securities are imported,
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expected utility level. The slope of the @Q line is g, the price of a type-2
real equity in terms of a type-1 real equity,

As already explained, a tariff at a rate of 100t percent, which in-
creases the return on each unit of type-2 real equity by the same
percentage, will result in a 100 percent increase in the price of a local
type-2 real equity.® This means that the price of local type-2 real
equities is now (I + f)g. On the horizontal axis, we measure type-2
real equities in local terms. This means that if the economy imports,
say, 100 units of type-2 equities in local terms, it imports in fact
1001 + ¢) units of foreign type-2 equities.

We can now analyze the effect of a tariff by means of Figure 8.6.
A tarifl generates two effects. First, the assets-budget line changes its
slope from ¢ to (1 + tlg and becomes 0'Q" instead of Q0. The new
production point is now E[;. Second, the tariff generates a new indif-
ference field, as already explained. U'U" is the highest tariff-inclusive
assets—indifference curve which passes through E[., the posttariff
portfolio equilibrium point. UU is the pretanifl assets-indifference
curve which passes through E;_.

It is clear that in the situation described in Figure 8.6, the tariff
reduces welfare—because U'U’ represents a lower expected utility
level than does UU, due to the argument based on Figure 8.5, and the
cconomy will move to a still higher assets-indifference curve UPU%in
the free-trade situation. However, this need not be the case. Using the
same notation, an alternative situation is depicted in Figure 8.7, Here
we sec that the economy can choose a portfolio, represented by the

4 Mote that the tanll actually generates a new type of asset. But in the simple case
discussed above, the returns on the new asset are o linear combination (with all the weight
on the type-2 loreign real equity) of the returns of the pretanfl existing assets. More
generally, when the tarifl rate ia state dependent, the new asset may provide returns which
either are or are not a linear combination of the returns of the pretanil existing assets,
In the former case, the so-called “spanning condition™ is satisficd [see, in particular,
Ekern and Wilson (1974)], and the value of the new security will be a linear combination
of the values of the existing securitizs. But in the second case, the value of the new securily
cannot be derived from the prices of the pretanil existing securities. Whenever the
spanning condition is not satisfied, itis not possible to prove generally that a tariff reduces
wellare, becanse the new type of scourity generated by the tarifl has a positive welfare
effect due (o115 increase of the attainable consumption set. Observe also that this problem
does not exist when there is no international trade in securities ; in this case, the new type
of nsset gencrated by the warnifl replaces the old asset, and our proof of welfare loss applies
irrespective of whether the spanning condition is satisfied. These remarks are relevant in
particular for comparisons of specific with ad valorem taniffs, but we dio not consider this
issue here.
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point E._, which was not feasible in the pretarifl situation. Hence, it
{:annullbclmn from the geometrical analysis that the mriﬁdnciusivc
assets—indifference curve which passes through E., represents a lower
expected utility level than does U°U°, Nevertheless, we now show by
means of simple calculus that a tariff necessarily reduces welfare in
this case—the case of an ad valorem state-independent tarifl rate in
the presence of international trade in goods and securities.

Let ¢'(z) and ¢(x) be the optimal two-dimensional consumption
blundldcs, corresponding respectively to the posttarifl and pretarifl
situations. From concavity of the ordinary utility function u(- ), we have

5

(8.7) El w[a}u[r‘{&}] < i mlejuf efa))

- a=1

s
+ E la) Vule(a)][x) — el=)]

where n(z) is the subjective probability of state o, Vu[-] is the gradient
vector [the vector of partial derivatives of il) ], and the last term on the
right-hand side of (8.7) the inner product of the two vectors,

From the standard consumer first-order conditions, we know that

Vulela)] = nla)[1, p(x)]

where v(z) is the marginal utility of income in the pretariff situation in
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state o, Hence,
5

(8.8) ¥ (o) Vul[ela)][e'e) — efz)]
]

=
5

= ¥ m(auiz)e,'(2) + pladey'(e) = ¢4lz) — plajes()]

a=1

Let(z,", z," and (z,, z,) be the posttarifiand pretariff optimal portfolios.
Then, we have from the consumer budget constraint

(8.9) e m) + pla)ey(x) = 0 (x)z, + Oa(2)pla)z,
and

(8.10) ¢'(e) + (1 + Dplades'fa) = Oy()zy' + Bxle(l + tpla)zy’
+ tpl[e,'(o) — B2(2)Z,"]

where Z,' is the posttarill production of local type-2 real equities, and
the last term on the right-hand side of (8.10) is the tanfl proceeds.
z,' is expressed in terms of local type-2 real equities.”
Substituting (8.9) and (8.10) into (8.3), we get
I §
(®11) ¥ n(x) Vule(x)][c(z) — cl2)]

a=1
5

= ¥ w8 (x)z, + x(a)pla)z,’
L

— h{w)z, — Oaladpladzs + tpladdtadz; — Z.Y]
From the assets—budget constraint, we have
{B.12) ) ] + gz =2+ (1 + tigZy
(B.13) i+ gra=Z| + gZ;

where Z; is the pretariff production of type-j real equities. Substituting
(8.12) and (8.13) into (8.11), and making use of the first-order condition
for the optimal portfolio choice, (5.24), we obtain

5
{8.14) Y wm(e) Vu[e(2)][ ') — cle)]
a=1]

5
=(Z\'+ qZy' — Z, — qZ,) 3, mlajee)b(=)
=1

5 lmparts of foreign type-2 real equitics (if they are imported) are {z," — Z2'01 + 1),

il
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From net market value maximization (the tangency of the Q0 and
the 'Q" curves to TT in Figure 8.5), we have

Z'+q2) —Z, —gqZ, <0

Therefore, the right-hand side of (8.14) is negative, which, together
with (8.7), implies

5 5
Y mtau[cla)] < Y mla)ule(a)]
E=] a=1

This proves that the posttariff expected utility level is smaller than the
pretariff expected utility level.

In Appendix A, it is shown that the following represents the change
in expected utility resulting [rom a small taniff:

2
i8.15) 5 E {u,!a};r{a}[c"’zp[a}p[a} — D,lz)gZ5(q)]

2
+ vyla)[ pla) 05000 — 0, (x)g]? ﬁ—fﬁ = zmﬂ] }

where 5 (a) is the pretarifl own price effect of the compensated demand
for ¢, in state o, which is negative; Z,'(g) the derivative of the general
equilibrium supply funetion of type-2 real equities with respect to g,
which is positive; pyle) the pretarifl income derivative of the marginal
utility of income in state , which is negative due to the concavity of
u(*); and dz,/dr the derivative of the demand for type-2 real equities
with respect to the tarifl rate, evaluated at r = 0.

It is clear that {8.15) is negative, so that a tariff incurs a welfare loss.
Also observe that in the certainty situation described by #{x) = 05(x) =
I and plx) = g, for all o, this expression reduces to

b
3 ’-‘|P2{f§p - Z3)

which is the conventional measure for welfare losses from tarifls,
The first term in the parentheses (c5,) represents the consumption
effect, while the second term (Z,') represents the production effect.
In the present context we have, in addition to the consumption and
production effect, a portfolio effect, which is represented by the second
part of (8.15),
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Chapter 9

(Gains from Trade

There are gains from international trade in a world of full certainty
because trade enlarges the set of consumption opportunities of &
country. This chapter shows that under conditions of uncertainty the
same reason implies gains from trade for a small country even though
we do not allow for complete risk-sharing arrangements,

We shall consider gains from two types of trade: in commodities
and in securities. This we shall consider for both small and large
countries as well as for situations in which commodity trade is restricted
by tariffs. We shall see that the deterministic argument concerning
gains from trade cannot be used in all these situations, but welfare
gains from trade can still be proved in some of them.

9.1 GAINS FROM TRADE FOR
A SMALL COUNTRY

Let us start with the small-country case. We use the diagrammatic
apparatus developed in Chapter 6 to demonstrate the presence of
gains from international trade in commodities and securities, The
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Chapter 9

(ains from Trade

There are gains from international trade in a world of full certainty
because trade enlarges the set of consumption opportunities of a
country. This chapter shows that under conditions of uncertainty the
same reason implies gains from trade for a small country even though
we do not allow for complete risk-sharing arrangements,

We shall consider gains from two types of trade: in commodities
and in securities. This we shall consider for both small and large
countries as well as for situations in which commodity trade is restricted
by tariffs. We shall see that the deterministic argument concerning
gains from trade cannot be used in all these situations, but welfare
gains from trade can still be proved in some of them.

9.1 GAINS FROM TRADE FOR
A SMALL COUNTRY

Let us start with the small-country case. We use the diagrammatic
apparatus developed in Chapter 6 to demonstrate the presence of
gains from international trade in commodities and securities, The
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analysis involves two stages: first, starting [rom complete autarky,
international trade in commodities is introduced ; second, the ¢economy
opens to international trade in securities.

The pretrade position of the country is represented in Figure 9.1
by point E,” at which the assets-indifference curve U, U, is tangent to
the real-equity transformation curve TT, The autarkic position for
the state of the world =z is represented in Figure 9.2 by the production
and consumption point P%a). The relative price of good 2 is endoge-
nously determined within the country, and is given by the slope of the
indifference curve ugla)uglx) that passes through point P%x).

1, Z .

=2}

2]

I
I
I
]
]
]
L]
| 1
=27 u=l;
FIGURE 9.1

i iy

Now suppose that we open the economy to international trade in
goods. Allowing for international trade in commodities at a relative
price shown by the slope of the line Be)B'(x), the home country could
export #,(a)Z," — ¢,(a) units of good 1 to obtain ¢,'(x) — Ba(x)Z,"
units of good 2 without changing the production composition, and
thus improve its state-z welfare position to the level shown by the
indifference curve u,'(x)u,(2), This gain in welfare in every state of
the world, which necessarily implies an increase in the level of expected
utility obtained from the original portfolio, is represented in Figure 9.1
by a new assets—indifference curve U, U, which passes through the
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original production—portfolio point E.°, This curve is a member of a
new map of assets—indilerence curves denoted by primes.’

The highest achievable expected utility level is shown by the assets-
indifference curve U,'U7, and the new production—portfolio point
which is common to this curve and to the real-equity transformation
curve is £,

The total gain from commodity trade can therefore be decomposed
into

(1) the gain attributable to consuming at prices different from the
original home prices—the movement from the assets-indif-
ference curve Uy Uy, to the assets—indifference curve Uy'U ', and

(2) the gain attributable to the change in production and port-
folioc—the movement from the assets—indifference curve U, U
to the assets—indifference curve U,'U "

! Note that for any portfolio (2, z,) the stope of the new assets indilference curve
evaluated at this point would usually be different from the slope of the original assets.
indifference curve, because the marginal rate of substitution hetween 2, and 2, is generally
a Munction of the distribution of prices,



130 9. GAINS FROM TRADE

Observe now that so far we have nol used the small-country
assumption. This means that our argument about gainsdfmm com-
modity trade applies to both small and large countries, interpreting
the slope of B(x)B'(z) as the postcommodity-trade state-z equilibrium
relative commodity price.

Now let us return to the small-country case, and let the economy
open o international trade in equities at a relative rezfl—equity priu? g
which is lower than the pretrade relative real-equity price. Commodity
prices are assumed to remain the same; that is, in every state o }he
relative price of good 2 remains the same. In Figure 9.3 "hu. presecurities-
trade position of the country is represented by the point E; Ermon-
structed from Figure 9.1). Allowing for international trade in Ireal
equities, the production point moves from E;" to E,, (at By, the marginal
rate of transformation equals g) and the portfolio point moves from
E. to E,., thus improving the welfare position of the country to the
level shown by the assets—indifference curve U;'U," A mmﬂ:—g_wc!!‘are
improvement can be exhibited for a q larger than the 1:|1|llEI!.i ane.
Hence, international trade in securities at security prices d]ffelrent
from the home prices in the presence of only trade in commodities
necessarily improves welfare. —_— _

The result of this section implies that there are gains from inter-
national trade even if large uncertainties are involved. To see this,
consider a small country which does not have any technological

)
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uncertainty; that is, @,(z) = 05(z) =1 for all a=1,..., 5 Without
international trade in goods and securities, this country faces certain
commaodity prices, and the composition of its consumption and
production are state independent; in other words, the country lives
in a standard world of full certainty, Now, suppose our country is
opened to international trade in commodities with random [oreign
prices; our proposition states that the country will gain [rom inter-
national trade mdependently of how wildly foreign prices fluctuate.
If. in addition, it opens to international trade in equities, it will experi-
ence additional welfare gains.

In Section 9.3 we shall discuss gains [rom restricted trade for a
small country, and m Section 9.4 we shall discuss gains from trade for a
large country.

92 AN IMPROVEMENT IN
THE TERMS OF TRADE

A well-known proposition in the deterministic trade theory is that
an improvement in the terms of trade of 8 country is always desirable,
We shall now consider this premise under conditions of uncertainty,

Consider an improvement in the terms of trade in some state of the
world. Two ex-post (state-z) free-trade situations—Dbefore and after
the improvement has occurred-—are shown in Figure 94 lor a given
portiolio (2, z;).

It is seen that the improvement in the terms of trade shifts the
budget line from Biz) (=) to B{x)iz), and results in a welfare gain—
the movement from indifference curve wfx)u(z) to indiference curve
w'{ah ().

Assume, first, that international trade in equities does not take place,
Figure 9.5 represents the expected utility change for this case. Point
£, is the stock market equilibrium point before the improvement in
the terms of trade takes place. The indifference curve UL represents
the expected utility level in this situation. Now supposc that the terms
of trade improve in some states of nature. The gans in wellare in cvery
state that were exhibited in Figure 94 imply a change in the assets—
indifference field such that the new assets-indifference curve passing
through the initial portfolio point E, in Figure 9.5, U"U", indicates a
higher level of welfare than does the old assets-indifference curve
passing through that portfolio point, UU. Hence, even il domestic
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investors do not change their portfolio composition, they will be
better off. But with the new terms of trade, E, is no more the stock
market equilibrium point. If equity prices do not change, then in the
situation described in Figure 9.5 there will be an excess demand for
type-2 real equities and their relative price will go up. Point E,’ describes
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the new equilibrium point.? Since U'U’, which passes through E,',
represents a higher expected utility than U U, the change in portfolio
composition introduces an additional welfare gain,

When international trade in equities takes place, we cannot know
a priori whether an improvement in the terms of commeodity trade of
the country leads to a welfare gain or loss, unless the terms of equity
trade have not changed. If the terms of equity trade remain the same,
then there is a welfare gain whose existence is easily established by
the same method as in the case of no trade in securities (except that in
the present case, production will not change and only the portfolio
composition will change).

It 1s, however, very unlikely to have changes in relative commodity
prices without changes in relative equity prices. The precise relationship
between the movement in the terms of commodity and equity trade
depends on the nature of the disturbance that triggered the change.
For example, suppose that type-1 real equities are imported, If g falls
(that is, there is a deterioration in the terms of equity trade), the loss
from that change may more than offset the gain resulting from the
improvement in the terms of commodity trade. As a result, the country
may suffer a net loss,

9.3 GAINS FROM RESTRICTED TRADE

In this section we consider the gains from trade in the presence of
a tarifl at a fixed rate. The level of the tariff rate 15 arbitrary, call it 1,
but is kept constant throughout the analysis. The present discussion
includes the special case t = 0; that is, unrestricted commedity trade.
We will show that;

{a) Il tarifl proceeds are not redistributed back to consumers,
then restricted trade in goods is preferred by consumers to
complete autarky, and restricted trade in goods and unre-
stricted trade in securities is preferred by consumers to only
restricted trade in goods.

{by 1If tariff proceeds are redistributed back to consumers, then
restricted trade in goods is preferred by consumers to complete
autarky,

*Pomt E,; need nol be to the vight of £, as one can see from Example 7.2 The

indifference curve U™ may happen o be flatter than UL a1 E,. This, however, does
not change the present wellare argument,
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(¢) If tariff proceeds are redistributed back to consumers, then
restricted trade in goods and unrestricted security trade 1s
preferred by consumers Lo complete autarky.

We were not able to show, in the presence of a redistribution of tanfl
proceeds, that trade in goods and securities is preferred by consumers
to trade in only commeodities. We believe that in this case trade in
securities may be harmful, although we were not able to uc:nslrulm an
example which demonstrates it. The reasons for our beliel will be
explained later.

A.  Gains from Restricted Trade
when Tariff Proceeds are not Redistributed

For the case in which the tariffs are not redistributed back to
consumers, the argument of Section 9.1, concerning the gains from
trade, applies. The reason is that the results of Section 9.1 dcpnlmd
neither on the structure nor on the source of the structure of prices
with which consumers are faced when trade opens up. In the present
case consumers are faced with new commodity prices (1 + t)plx),
where p(z) is the world relative price of good 2.

B, Gains from Restricted Trade in Goods
when Tariff Proceeds are Redistributed

Let ¢(z) and c{x) be the equilibrium consumption bundles corre-
sponding to the posttrade and pretrade situations, From the concavity
af the utility function u(-), we have

5 5

(9.1) Y nlahulcim] — E1 nfochul ()]

e=1 a=

£
= Z i) ','..I'“[L,I{a]] [L‘[I:Cj . ("{:I'.J]

el

where n(x) is the subjective probability of state a, Vu(-) the vef:!ﬂr of
partial derivatives of u(-), and the last term on the right-hand side of
(9.1) the inner product of two vectors.

b
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From standard consumer first-order conditions, we have
(9.2) V[ el{z)] = wle, O] 1, (1 + Opla)]

where vz, r) is the marginal utility of income in the posttrade situation
in state , and ¢ is the tariff rate.
Substituting (9.2) into{9.1), we get

5 E

(9.3) ¥ mlucle)] — ¥ miou]cYa)]

z=1 a=1

5
< 3 mimoda, Oey(e) + (1 + Ople)esla)

gw= |

—ey'{am) = (1 + t)plzhes(a)]

Let (z,' z,') be the posttrade equilibrium portfolio vector, and
(£, £,) the pretrade equilibrium production (portfolio) vector.
From the consumer budget constraint,

19.4) o) + (1 + tipledeatia) = 0,0z, " -+ Oalad] + ”P[m}z;
+ tpla)e5'(e) — 0200 Z,"]

Assuming that commodity 2 is imported in all states,® the last
term on the right-hand side of (9.4) is positive [or all a, given ¢ = (.
Hence

(Dda) oy'(z) + (1 + Ople)es' (o) = Gla)z," + a0l + thplo)z,’
No commaodity trade implies
(9.5) cla) =0,()Z;, i=1,2

while no international trade in securities after trade in commodities
takes place implies

(9.6} = Z =2 i=1,2

where ¢' is the posttrade domestic equilibrium relative price of real
equities of type 2.

* This assumption is needed when restricted trade is compared to no trade, bul is
not needed when free trade (that is, 1 = 0) iz compared to ne trade
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Substituting (9.4a), (9.5) and (9.6) into (9.3), and using the first-order
conditions for the portfolio composition problem [see (5.23)], we get

5 3

(9.7 Y maufclo)] — 3, alxpulcia]

=1 a=1

.
= Y nla)ula, O[22,

a=1

# (1 + Dpled0x2)Z; — 0,202, = (1 + Dpla)fya)Z,']

]
={Zy+4'Z; — Z,' - ¢'Z,") E mlojede, 1)
-]
=0
r
The last inequality follows from net market value maximization, which
implies Z, + 4'Z;, — Z,' — ¢'Z;' < 0. This completes the proof.

. Gains from Restricted Trade in Goods
and Unrestricted Trade in Securities
when Tarifl’ Proceeds are Redistributed

The proofis similar to that in Section B above except that superscript
t now denotes the variables associated with trade in both goods and
securities, and instead of (9.6), we have

(9.8) 2, + g2yt = Z,' + 425

where g is the foreignly determined relative price of type-2 real equities.

We return now to the comparison between trade in goods and
securities and trade in commodities only with a redistribution of
tariff proceeds. When consumers make portfolio decisions, they do
not take into account the impact of the portfolio composition on
tarifl revenue which aflects their wellare level. Hence, they choose a
suboptimal portfolio. This is true regardless of whether trade in
securitics takes place. Therefore, we here compare two second- (third-?)
best situations, and we do not know which is preferred by consumers.
The reader can check that the prool of Sections B and C cannot be
used to prove superiority of trade in goods and securities over trade
in goods only.
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9.4 GAINS FROM TRADE FOR
A LARGE COUNTRY

We explained in Section 9.1 that there are gains from commodity
trade regardless of whether the country is small or large. Here, we
discuss, therefore, only the problem of gains [rom security trade for a
large country.

The potential loss from security trade for a large country lies in the
possibility that as a result of trade in securities its terms of commodity
trade will be adversely affected in at least some states of the world,
We cannot exclude this possibility, neither could we prove that at
least some countries have to gain from security trade,

It has been shown by Hart (1975) that in an economy with incom-
plete markets, the addition of a market may be harmful to all market
participants. Since our model is a model with incomplete markets,
although not exactly like the model used by Hart, his result suggests
that there may well be circumstances under which free trade in com-
madities only will be preferred by all countries, or at least by some,
to free trade in goods and securities,
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Chapter 10

Efficient Intervention
in Financial Capital Markets

In this chapter we present three arguments for intervention in
financial capital markets, and we analyze the optimal policy for each.
In the first case, the country possesses monopoly power in security
trade. In the second case, unremovable tariffs exist and their impact
cannot be counteracted by means of intervention in commodity
markets. In the third case, there exists a risk of default on foreign
security holdings,

10.1  FIRST-BEST TAXATION OF EQUITIES

We present here an argument for equity taxation which is the
counterpart of the optimal tariff argument. For this purpose we assume
that our country has no monopoly power in commodity markets:
that is, it faces given commodity prices in every state of the world.
In addition, let us assume that there are no restrictions on trade in
commaodities. Should the government intervene in this situation in

139
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international capital flows? We want to show that the answer is nega-
tive if the country has no monopoly power in equity markets, and
positive if it possesses such power.

First, consider the case in which the country is a price taker in
equity markets. Its stock market equilibrium is described in Figure 10.1
(a reproduction of Figure 6.4); E, is the production point, and E,,
the portfolic composition point.

Indy
i

Lt

FIGURE L1

Suppose that taxes (subsidies) are imposed on the purchase of
equities, and their proceeds are redistributed in the form of lump-sum
transfers, Then, investors will be induced to choose a point on QQ
which may differ from E,.. Obviously, the investors’ welfare level is
reduced il they choose a point which differs from E, .

Mow, suppose that taxes (subsidies) are imposed on the sale of
equities, the proceeds of which are redistributed in a lump-sum fashion.
Then the production point may move away from E_;, but the terms at
which equities are exchanged with the rest of the world will remain
equal to the slope of Q0. Hence, the portfolio composition will have
to be chosen from points on a line which is parallel to, and not higher
than, 0Q. Obviously, this means that welfare does not improve as a
result of such policies, and it may even deteriorate,

It is also clear that there exists no combination of taxes (subsidies)
on purchases and sales of equities which increases wellare. Hence,

10.1  FIRST-BEST TAXATION OF BQUITIES 141

since taxes (subsidies) on equity imports (exports) can be considered
as combinations of taxes on purchases and sales of equities, they also
cannot lead to a wellare improvement,

Now consider the case in which the country has monopoly power
in equity markets but not in commodity markets. This may happen if,
for example, in the rest of the world there are no perfect substitutes for
domestic real equities of type 1 (the exported equities), but there are
perfect substitutes for domestic type-2 real equitics. This happens
when G,(z) is the same at home and abroad, but #,(x) has a different
distribution at home and abroad. For the diagrammatical exposition
it 15 then convenient to assume that local residents find it unattractive
to hold foreign type-1 real equities. Let us represent that monopoly
power by a foreign offer curve 00 in Figure 10.2; an offer curve which
is not a straight line.

raal equily 1

A

= rial equity 2

FIGURE 1.2

Following Baldwin's well-known exposition (Baldwin, 1948, 1952),
we can superimpose the offer curve on the diagram in Figure 10.1 and
shide its origin along the transformation curve in order to generate the
portfolio possibilities locus—curve CC in Figure 10.3. CC is the col-
lection of external points of the offer curve, the origin of which is
slided along the transformation curve.

E, the pomt of tangency between an assets-indifference curve and
CC, is the optimal portfolio composition. P is the production point
which enables the attainment of E. 00 is the price line at which equities
are exchanged with forcigners at the optimal allocation (optimal only
from the point of view of the home country).
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1. I,

FIGURE 0.3

By construction, the slope of the transformation curve at P equals
the slope of CC and UU at E, and they are larger than the slope of Q0.
Therefore, a tax on imports of type-2 real equities at a rate which equals
the difference between the above-mentioned slopes will support the
optimal allocation.

10.2 A SECOND-BEST ARGUMENT
FOR EQUITY TAXATION

It is clear rom previous discussions that in the absence of impedi-
ments to trade, a country which has no monopoly power in commodity
and security markets will do best by maintaining a free-trade policy.
Since tariffs are a fact of life, it is of interest to know what type of
policies should be followed in their presence, provided they cannot be
removed or neutralized indirectly by means of policies in commodity
markets. This question was previously posed by Kemp (1966) and
Jomes (1967) in the context of international movements of physical
capital (that is, international factor movements) in a deterministic
world. They showed that in the presence of unremovable tariffs, and
no possibility of intervening in commaodity markets, the second-best
policy generally calls for taxes or subsidies on earnings [rom domestic
physical capital invested abroad or on foreign physical capital invested
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in the home country. This statement is valid even il the home country
has no monopoly power in foreign trade,

In this section we analyze optimal intervention in financial capital
Aows in the presence of unremovable tariffs and the absence of feasible
policy tools for mtervening in commodity markets. We show that it is
optimal to tax sales of equities by the (commaodity) import-competing
industry at the tariff rate, and that taxation of equity purchases may or
may not be required. If required, it 1s nol possible to determine what
type of equity should be taxed (we continue to assume that there is no
international movement of factors of production). The equity tax fully
reverses the resource flow into the import-competing industry that was
induced by the tariff, so that the production pattern is restored to that
prevailing in a regime of free trade. We also show that in the case in
which ordinal commodity preferences can be represented by a Cobb
Douglas utility function, it is optimal to abstain [rom intervention in
equity purchases. The same result obtains for every utility function in
the limiting case of full certainty. A discussion of this result in relation
to the standard theory of international trade is provided at the end of
this section,

Let us start the analysis by solving the optimal portfolio composition
and the production point on the transformation curve, Then, we shall
determine the structure of security prices which supports this allocation.
From this price structure, we shall be able to derive the required taxes
on sales and purchases of equities.

The planning problem of the portfolio composition and the choice
of a production point can be represented as'’

(101} choose z,,7;. %, 20

to maximize

Ev[pla); O (2)z; + pladdalodz; + Tl 2,22, Z3)]

subject to

2, + 22 < Z\Z,) + G2,
where Flo) = (1 + t)pla), § = (1 + ), ¢ is the tarifl rate, and z‘J[zﬂ
the functional form of the transformation curve. (See Chapter 8 for a

! Here we assume that tarll proceeds are redistributed back 1o consumers, If tarill
proceeds are not redistributed, then it is easy 1o see that the second-best policy calls
for nointervention in the security market. However, if tariff proceeds are used to supply
public services and these influence the utility level, our qualitative results still hold.
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discussion of the relationship between tariffs and the price structure.)
As the reader can see, this formulation assumes that the second com-
modity is imported in every state of the world.

Tix, zy,25.Z4) describes the functional relationship between tariff
proceeds—which are redistributed in a lump-sum fashion—portfolio
composition, and the production pattern. T() is implicitly defined by

(10.2)  Tia 2,23, Z2) = tpla){ca[ pla); Oilalz, + Pla)dyla)z,
4+ Tlo, 25,23, Zz}] = Hif\ﬂzz}

From (10.2), we obtain

aT - tple)fy(@les(x)
(10.3a) T = ipe)ende)
aT _ tpla)pla)fa(@)e o)
(10.3b) 3207 1 - pplajena)
or . _ tplafsle)
{10.3c) 0z, (o) = 1 — ipleheyla)

¢4 is the derivative of ¢, with respect to income. Hence, assuming
that both goods are normal and that the tariff rate does not exceed
100 percent, we have

T
{l‘.—[m}}ﬂl J:=1121
iz,

and

ar
iz, (o) < O
For notational convenience, we have suppressed all arguments in the
functions except for the state of the world. This procedure will be
followed throughout the present discussion.
Using p as the Lagrangian multiplier, the first-order conditions for
an interior solution of problem (10.1) are

A
(10.4a) Eu,{q}]:{?,{a] + ;—T [o:}} — =0
o1

(10.4h) Euyfx) [ﬁ:ﬁ]ﬂg{a} + STT {Iﬂ] - g =10
1
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3T =
(10.4¢) Evfo) o () + (G + 2,) = 0

aZ5
where 2, = dZ,/dZ, is the negative value of the marginal rate of
transformation.

Producers choose a production point at which the marginal rate of
transformation equals the relative real-equity price faced by them; that
is, they consider the relative selling price of real equities, Thus, without
tariffs and other mterventions, production will take place at Z," such
that

(10.5a) q=-2,12,")
With the tarifl and no intervention in capital markets, they will choose
Z4' such that
{10.5h) g=i=—2,1Z;"
Since the transformation curve is concave, (10.5a) and (10.5b} imply
b S N,

Now, letting Z57 stand for Z, which solves (10.1), (10.4c) implies
fo. 3T -
(10.5¢) g+ ; Evy(x) {?_/I; (x) = "21 (Z3")

Hence, since the second term on the lefi-hand side of ( 10.5¢) is negative,
{10.5b) and (10.5c) imply

Zp - 211

The tarifl protects the second industry, inducing it to attract more
resources than it would have attracted without the tariff. In this case,
optimal intervention in capital markets requires that a tax be imposed
on sales of type-2 real equities in order to discourage the overexpansion
of that industry, The tax per equity should be

] dT
; st S Fer
(10.6) T 3 ryla) iz ()

in terms of type-2 real equities, as one can see from (10.5¢).

If t < tq, the equity tax only partially reverses the resource flow
induced by the tariff; if T = 1g, the equity tax overcompensates for the
resource flow induced by the tariff. We now show that t = rq, which
means that the optimal equity tax just offsets the impact of the tariff
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on the pattern of production, implying
Z?F = Z:n
In order to prove that © = tg, we substitute (10.4b), (10.3b), and
(10.3¢) into (10:6) 1o obtain
Evye) 0 Tle)/02 4

P T B [pla)fale) + (@T(@)02)]
Ev{a)p(a)032)[1 — tpfa)ea(a)]

~eh Evyja)plee)iyla)[ 1 — -r.l’{':':]'-'zlf“ﬂ e

= {.‘_r

Now let us see the implications of an optimal portfolio composition.
From (10.4a) and {10.4b), using (10.3a) and (10.3b), we obtain

_ Enfa)pla)s)[1 — tpl)eafa)]
T Enfe)f ()1 = f.i'?l'-f:l*'-'zrl-z}-l_1

However, if § is the relative real-equity price for investors, then an
investor who considers the redistributed tanfl proceeds as lump-sum
transfers will choose a portfolio composition which equates his mar-
ginal rate of substitution between z, and z, to §. Hence, his portfolio
choice satishies

{10.7)

_ Evfa)ple)lx)
(10.8) R T NE,

In general, the right-hand side of (10.8) may be farger than, equal to,
or smaller than the right-hand side of (10.7), both evaluated at the
optimal allocation. If it is larger, then the optimal policy calls for a
tax on the purchase of type-2 real equities. If it is smaller, the optimal
policy calls for a subsidy on the purchase of type-2 real equities.

Now consider a special case in which commodity preferences can be
represented by a Cobb-Douglas utility function

{10.9) ey, e3) = (e M), O<f, u=<l

It can be verified that the function representing the demand for the
second commodity, derived from (10.9), is given by
e
0.95 ) = f ——
{] 1::| L:l ] ||r ﬁtﬂi

where [(z) is the disposable income in state @
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Differentiating (10.9a) and multiplying by tp(a), we obtain
i
10,90 i ; =K —
[ ) pla)eylo) = f BT,

Substituting (10.9b) into (10,7} yields J=§. This means that when
commaodity preferences are represented by a Cobb-Douglas utility
function, the optimal policy calls for no intervention in the purchase
of real equities.

Although we do not know which type of real-equity purchases
should be taxed in order to support the optimal allocation, we can
show that if equity purchases of the import-competing industry have
to be taxed, the tax rate should be smaller than the tarifl rate. This is
equivalent 1o saying that the investors’ relative real-equity price §
should be larger than the producers’ relative price .

In order to prove the last statement, divide (10.7) by (1 + ¢) to obtain

- BRI + £~ Dlaeyon]
T Enfa)0, (@)1 — tpla)eaia)]
_ Evfap()0a(a[1 + il — mal=)}]""
Eva)y(a)[1 = tpladesiz)] !

N Eu,q_«m{mmzm[l + tmyfa)] !

— Efa) ([ 1 — tplaeyla)]
Eryfe)pla)iia)

Enyloe)?(2)

={
where m(«) is the marginal propensity to consume commodity § in
state o, which is positive due to our normality assumption. The last
equality is obtaimed from (10.8),

The analysis of this section can also be applied 1o the case of no
international trade in securities. In that case, it can also be shown that
the investors' § should exceed the producers’ relative real-equily price.
Since there is no trade in securities, the wedge between the investors’
and producers’ prices can be secured by a tax on the purchase of type-2
real equities. In this case, however, we cannot determine the impact of
the tax on resource Hows between the two industries,

Let us conclude this section by examining our results in the limiting
case of full certainty. In this case, (10.7) and (10.8) imply § = §; we also
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.

have i = pand g = p. with assets-indifference curves which are straight

lines with slope p. The stock market eqguilibrium of an economy is

described in Figure 104,

oLy Xy

o B

P Lgihy
FIGURE 104

Production takes place at E,, where the marginal rate of trans-
formation equals g. QQ is the assets-budget line whose slope is §
[=(1+ 0)g = (1 + t}p]. The assets-indifference curves are represented
by lines which are parallel to §0. Hence, any point along 00 is an
optimal portfolio point, so line Q0 also describes portfolio income.
However, consumers receive lump-sum transfers which equal tariff
proceeds, Disposable income is represented by BB, where BB is parallel
to @0, and the consumer chooses E,_ as his optimal consumption
bundie,

Mow, commodities are exchanged with the rest of the world at p
units of good 1 per unit of good 2. The line E_E, , whose slope is p
{ = q), represents these trading opportunities. Hence, the situation de-
seribed in Figure 10.4 is an equilibrium situation. It is also clear from
Figure 104 that the allocation (E,,,E,) is optimal, provided no
intervention is permitted in commodity markets.

In more traditional terms, Figure 10.4 describes a situation in which
producers of commodity 2 pay a commodity tax whose rate just equals
the tariff rate. This is, of course, the optimal policy i only producers
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can be taxed. In the certainty case, the stock market obviously plays no
significant role, bul we have chosen to present this discussion in order
to show the connection between our analysis and the traditional one,

10.3 OPTIMAL INTERVENTION IN THE
PRESENCE OF CONFISCATION RISKS

In this section we consider a rather unorthodox problem which is
intimately related to international trade in securities. It can be argued
that investments abroad are not equivalent to domestic investments,
because foreign investments bear the additional risk that their returns
may be confiscated. Will market forces fully take into account this
possibility, or is there room for a welfare-improving intervention in
capital markets?

Keynes expressed the following view on this issue®:

Consider two investments, the one at home and the other abroad,
with equal risks of repudiation or confiscation or legislation re-
stricting profit. It is a matter of indifference to the individual
investor which he selects. But the nation as a whole retains in the
ane case the object of the investment and the fruits of it: whilst in
#  the other case both are lost. If a loan to improve a South American
Capital is repudiated, we, as a nation, still have the houses. If the
Grand Trunk Railway of Canada fails its shareholders by reason
of legal restriction of the rates chargeable, or for any other cause,
we have nothing. Il the Underground System of London fails its
sharcholders, Londoners still have their Underground System.

Keynes identifies here a divergence between private and social
benefits in foreign investments, which can be corrected by public
intervention. We show that in a related problem in which there is a
positive probability of confiscation of returns on foreign security
holdings, a subsidy should be given to exported securities. This is
required in order to correct external effects which exist in such situations
and which put a wedge between marginal private and social valuations,
The precise nature of these externalities will now be explained.

? See Kemp (1964, p. 2001 It does not seem 1o be important whether we deal with
foreign security holdings or direct investment abroad,
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Consider a situation in which the international flow of profits is
discontinued with probability x. This can result from a foreign con-
fiscation of the returns on foreign security holdings of the home country.
We shall assume that in such cases the home country retaliates by not
paying out dividends to foreigners and that these dividends are paid
out to local stockholders as lump-sum transfers,”

We assume that the probability of the suspension of dividend Nows
is independent of the state of the world which realizes, as well as of the
volume of security trade. Usually, one may expect n to depend on the
velume of equities exchanged between the home country and foreigners,
If foreigners are averse to control by the home country over their
industries, the probability of their suspending dividend flows may
increase with the share of ownership of loreign industries by the home
country. On the other hand, the larger the exchange of equities, the
more foreigners will lose as a result of such a disruption. Henee, it is
not clear how n changes with the volume of equity trade, so we assume
that it is constant.*

The assumption that 7 does not depend on the state of the world is
more disturbing. One can expect confiscation i the states of the world
in which the net flow of dividends is favorable to the home country
(remember that in some states of the world the home country gets a net
inflow of dividends, while in other states it experiences a net outflow).
But by the same argument, the home country may also wish to discon-
tinue dividend payments in some states of the world,

Now, if every country confiscates dividend payments in states of
the world which are unfavorable to it, security trade will be eliminated.
We assume here that foreigners initiate a confiscation after the exchange
of securities takes place and before the realization of a state of the world,
If the confiscation decision is known before trade in securities takes
place, it eliminates the incentive to trade in securitics—a case which is
not interesting. Hence, the confiscation decision is assumed to take
place only after the exchange of securities, On the other hand, the fact
that the confiscation takes place before the realization of # makes the

* IF foreipn-owned dividends are confiscated and paid out to local stockholders
sceording to their relative shares in domestic indusiries. the problem is not significanily
different, but the aptimal policy is modified.

* The same argument applies to Bhagwati and Srinivasan (1976) who consider a
disrupticn of trade in commaodities. 17 the probability of trade disruption is assumed 1o
depend on the volume of equity exchange with the rest of the world, there is.an argument
for intervention which is similar 1o the one discussed in the first section of this chapler
{feoncerning the monopoly power of a country in trade)
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disruption-nondisruption distribution independent of the distribution
of e

Since the home country is small, we assume a given distribution of
commaodily prices, and that this distribution is independent of whether
dividends are confiscated,

Naturally, the confiscation problem is more relevant far a large
country than for a small one. However, our purpose is to isolate factors
which may require intervention in capital markets and which do not
stem from monopoly power. ITa country has monopoly power in trade
in securities, there is a clear case for an optimal tax on securily imports
which is similar to an optimal tariff, as shown in the first section of this
chapter.

We now present the formal model. If z, the probability of confisca-
tion, is equal to zero, then an owner of one equity of type j pays g;
and receives the vector of returns [ p,(1)8,(1), . .. ,pAS)0(5)]. This is
independent of whether the equity owner is a domestic or foreign resi-
dent, and of whether he is a holder of a domestic or foreign equity.

If = is positive, we have to distinguish between foreign and domestic
residents, as well as between [oreign and domestic equities, A domestic
resident holding a foreign real equity of type j receives the vector
[0,...,0] with probability = and the vector [ p{1)0,(1), .. ., p;{S)0,(S]]
with probability 1 — 7. (This can also be looked upon as if the number
of states is doubled, but we shall not adopt this approach.) A domestic
resident holding a domestic real equity of type j receives the vector
[pA1)8,(1), ... ,pjl:S}HJl:S}] with probability one.

A foreign resident holding a domestic real equity of type j receives
the vector [0, . . ., (] with probability . and the vector [p,(1)8,(1), ...,
p(S)8(5)] with probability 1 — n.

Let ¢," be the price of a foreign type-i real equity, This is the price
which a foreign resident (as well as a domestic resident) has to pay for
this sccurity.

Let g% be the price that foreigners are willing to pay for a do-
mestic real equity of type j. The prices satisfy ¢,” = g%, because a
foreign owner of a foreign type-j real equity gets more than a foreign
owner of a local type-j real equity in case of confiscation, and gets the
same in case no confiscation takes place.

Finally, in case confiscation takes place, local residents receive
lump-sum transfers which are equal to the locally confiscated dividends.

If there is no intervention in financial capital markets, producers
choose a production pattern [2,(Z,"), Z,"] at which the marginal rate
of transformation equals g,/q,", assuming that type-2 real equities are
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imported.® g, is the price of domestic type-2 rea} equities. (We shall
relate it to ¢," and ¢," after presenting the consumer problem.) On the
other hand, domestic investors solve in equilibrium the problem

(10.10) choose z,% z,% 2,F, z,F =0
to maximize
nEv[ pla); 0y(e)z, " + plo)fy(z)zs" + Tla)]
+ (1 — mEv[ plah; B}z, + 2,7) + pla)@ala)(z," + 2,))
subject to
4 2" + a2, + 4,52,  + g,"2,F < ‘1'11'31{220] + . Z,°

T} consists of confiscated foreign dividends in case confiscation takes
place, z;" is domestic holdings of domestic type-/ real equities, and
z;" is domestic holdings of foreign type- real equities, j = 1,2,

Observe that for the proposed prices and pattern of trade to reflect
an equilibrium situation, z," = Z," has to solve (10.10), and z,% which
solves (10.10) has to be positive. Hence, since a unit of z," provides a
higher marginal expected utility than a unit of z,*, the fact that the
investor chooses positive quantities of both of them implies ¢, > q,°
(= ¢2").

Now, since ¢," > q," and a unit of z,* provides a higher marginal
expected utility than a unit of 2,%, the investor will choose to abstain
from foreign purchases of type-1 real equities; that is, z," = 0 solves
(10.10),

The investors take T(z) as given {as a lump-sum transfer). But T{x)
depends on the pattern of production and aggregate portfolio composi-
tion. In particular,

(10.11) T(2) = 0,(«)[2,(Z1) — z,%]

where we substitute Z," for Z, in (10.10), The right-hand side of (10.11)
describes the dividends that have to be paid out to foreign investors in
state & in the absence of confiscation (remember that loreigners invest
only in the first industry).

It can be seen now that the competitive equilibrium is inefficient.
When a domestic investor considers a marginal increase in 2, b, he does
ned take into account its effect on Tlz). However, if the community

increases 2, confiscated foreign dividends will decline. Hence, the

* We have chosen a particolar patiern of trade in secorities in order to simplify the
exposition. It is also possible to use the opposite pattern of trade
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price g, " underestimates the marginal cost of an increase in z,"; that is,
the social marginal cost of holding =" exceeds the private marginal
cost of holding z, " This means that optimality requires that the investor
pay more than g," for domestic type-1 real equities. It is also efficient
in this case to have the producers’ price equal the investors’ price, since
there are no external effects between producers and investors. Hence,
the optimal policy calls [or a subsidy to exports of equities (type-1 real
equities if we assume that the optimal policy does not reverse the pattern
of security trade). The optimal subsidy equals the social value of the
decline in T(z) which results from a marginal increase in z;%. Hence,
the optimal subsidy per equity is

1 .
{10.12) sub,= 5 aEu[ pla); 8 1)z, " + pla)falem)za™ + T(a)]6,{x)

where p 1s the marginal expected utility of wealth, and everything is
evaluated at the optimal allocation. For a detailed derivation of this
result, see Appendix B,

It 1s difficult to assess the impact of the optimal policy on resource
allocation. The transition from an equilibrium without intervention to
an equilibrium with optimal intervention involves both real-income
and substitution effects. These effects may work in opposite directions
as far as resource allocation is concerned,

Consider, for example, domestic holdings of domestic type-2 real
equitics, (The following discussion relies on compensated demand
functions.) The increase in real income (expected utility) associated with
the transition from a suboptimal to an optimal allocation may increase
or decrease the demand for this security, because in portfolio problems
the income effect is not unambiguously signed [see, for example, Cass
and Stiglitz (1972)]. In addition, we have two price effects. The increase
in the price of z;" generates a substitution effect whose nature is
unknown; it is not clear whether the optimal price of z," is larger or
smaller than g,, so cven the own-price effect cannol be evaluated.
Since local holdings of local type-2 real equities are just equal to 7,,
this means that the flow of resources in the production sectors is also
ambiguous,

The difficulties just described can perhaps be best demonstrated by
means of Figure 10,5, EF represents the transformation curve between
Z, and Z,. The slopes of FG and HI are ¢,%/q,", describing the rate
of exchange of z," for z," through foreign trade. This is determined by
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M

FIGURE 1.5

the rest of the world. The ruled surface EFG represents the boundary
af the feasible portfolio set of the cconomy,

Suppose that D is the equilibrium point without intervention, and
that the circular line ABCD describes the intersection of EFG with the
indifference surface which passes through D.° The indifference surface
has to cut into EFG in the direction of the z,* axis, because the marginal
social valuation of z," is smaller than the private one. The private
valuation in terms of z," is represented by the slope of JK at D (= the
slope of EF at H) and, in terms of z,, by the slope of HI (= the slope
of FG) at D. 1t can also be shown that the slope —dz,"/dz," of the
indifference surface at point D is smaller than the slope of LM at D
Hence, ABCD has to have a portion below LM. (It need not, however,
have the portion to the right of JK.)

Now, the optimal point is somewhere within the circular line
ABCD, If it happens to be to the right of JK, then the transition from
D to the optimal point involves a decline in the output of the second

& This indifference surface consists of all the combinations of (2%, ;% 22"} Tor which
nEe plad; 0yl (2" + pladfalapzy™] + (1 — mEe[pla): 8 (202"
+ plalihializ* + 2,%)] = constant

al the equilibrium expected utility level, Observe that it is convex to the origin. The
surface EFG is implicitly defined by

gz +atat —q 2t =0

b nthaNiz0
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industry and in local type-2 real-equity holdings. However, local
holdings of foreign type-2 real equities increase, and so do local and
foreign holdings of local type-1 real equities. If the optimal point
happens to be within BCD, local holdings of forcign equities and
foreign holdings of local equities both decline, while resources move
from the second to the first industry, It is also easy to sce what happens
when the optimal point is either in ABD or below LM, so we shall not
describe it. Note, however, that when the optimal point lies to the left
of BD, the export subsidy to type-1 real equities leads to a decline in
the output ol industry 1, while when the optimal point lies below CD,
the optimal policy increases the exchange of securities with the rest
of the world.
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Chapter 11

A Dynamic Reformulation

So far our analysis was confined to a two-period world; after the
second period the world ceases to exist or just repeats itsell. In this
framework there is no trade-off between consumption and portfolio
investment. Although the choice of portlolio is dictated by preferences
over consumption, it is not possible to increase consumption at the
expense of security purchase. This means that savings, as defined in
the usual sense, are absent, Hence, this model has some static features.

In this chapter we suggest a dynamic extension in order to remedy
these shortcomings. Our extended version contains an infinite horizon
and introduces explicitly the trade-off between present period con-
sumption and savings. We shall show that the dynamic version pre-
serves some important characteristics of the two-period model. We
shall also present an example which illustrates an equilibrium structure
of the dynamic model,

11.1 THE MODEL

Let the intestemporal von Neumann-Morgenstern utility function
of the home country be

(11.1) L U=Y @uee)  O<b<l
r=a
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where & is a discount factor (which is equal to one over one plus the
rate of time preference) and superscript t denotes a variable in time ¢,
For example, ¢,' is consumption of the first good in period . This
convention is also used below,

We denote now by o a state in period . A state of the world is
described by the infinite sequence (!, ..., o,...). We assume
that the set of states and the distribution over it are the same in each
period. Pul differently, o' can be considered as an identical indepen-
dently distributed random variable for all t,

We assume also that equities are one-period securities. This means
that the purchase of an equity today entitles its holder only to the
equity's share in profits tomorrow. After the distribution of profits,
the equity has no more economic value, In every period, firms issue
one-period equities in order to finance factor payments,

Given the portfolio composition from period ¢ — 1, (2} %, 24 '),
portiolio income in state ' in period t is

“ 1.2} Z’iﬂ'l - F|t{'1:}ﬁ'{ﬂ':|2';- k + Pz'lﬂ:: '”ﬂa:]f&_ !

The income of factors of production in period ¢, in state o, is equal to
the valve of newly issued equities by the home firms:

(11.3) Z'a') = q," oM Z, [g'(')] + ¢'e)Z[g' ()]}
(We omit factor endowments (L, K) in writing the supply [unctions
Z[ ]

The home country can choose in period (-state ' consumption
and new equity purchase whose total value does not exceed portfolio
plus factor incomes. Hence, the period /-state &' budget constraint is

(11.4)  py'(')e ' (a") + pa'lahel' (') + g, o) 2, (=) + g'(a")za(e') ]
= ()0 ()2t 4 pale)0qlat) 2!
+ " Z [g'()] + ¢'(«)Z [ g ()]}
= 2'(a") + Z'(")

In our two-period model, we had two numeraires: a numeraire for
the first period and a numeraire for the second period. The only
relative prices that mattered were relative commodity prices and
relative security prices. There was no significance to a price of a good
in terms of a security, or vice versa. This was of course a result of the
structure in which securities were traded in one period and goods
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were traded in another period; goods and securities were never traded
simultaneously,

Now the situation is different, as one can see from (11.4). Goods
and securities are traded simultancously in every period, Observe,
however, that in the case of certainty it is still true that the relative
price of goods is equal to the relative price of securities: the relative
price ol securities today has to be equal to the relative price of goods
tomorrow (from arbitrage considerations), Suppose also that in the
case of certainty the relative price of goods is the same in every period,
Then the relative price of equities today equals the relative price of
goods today. Does this imply that commodity prices equal equity
prices? The answer is no, since the difference between the increase over
lime in the absolute price levels of goods and securities reflects the
interest rate, which is positive due to time preference.

The problem of the economy now is to maximize the expected
villue of (11.1) subject to the infinite sequence of budget constraints
(11.4). This is a dynamic programming problem which can be solved
by means of Bellman's principle of optimality.

Let V(247" 2 ', ') be the maximum of

E % (S u[es o), ex(a)]

subject to (11.4) with 1t substituted for 1. Then, we have by the principle
of optimality (omitting o' from ¢,', ¢3!, 2,, 23°)
(115 Vi 2y e)
=max[uc;, e;)+ & E Vgt et Yy, k=01,
*J"I

subject to the single-period budget constraint (11.4) and (', &', 2,%,
2,1 = 0. Ana'" ! below E indicates that the expectation is over o' ¥,
This implies that, given the functions V'(-t = 1,2, .. ., the economy

chooses consumption, savings, and its portfolio composition so as to
solve in period t and state «' the single-period problem
(11:6) :choose «;'(e), e5'(ed), z,' ('), z5'(0*) =2 O

Lo maximize

Ur[“l'[“r}- ca'(af), 2, (a), f:'fﬂ:rlj

- Jr{;_—IJ{giL {-zrth}] + & ,.}?u ot '['—'1'{1'}; zz'{‘x'h o't 1]

subject to(11.4)
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U'(-} represents the preferences of perit_:d t over consumplion a_nd
equities. We now present a diagrammatic exposition of the s_l:rlutmn
to (11.6). However, before we do so it may prove useful to consider the
accounts of the balance of payments in this setup.

Let X'(«) be the value of commodity sales in pm_ur.! t and state o
of the home country. X'(') depends on the allocation of Il'aumrs_ of
production in period ¢t — 1 and the realization of commodity prices
and the technological parameters in period

X1ty = py' ()0, ()25 " + pa (e )0k )2y
X'(a') is also equal to the dividend payments of the industries of the
home country in period f and state o',
Let ' -

C'la') = py(e)ey (o) + pa'(af)es'(2)
be the value of consumption and

Kl{af] - q!i"lxr:lz1tbcr} e ‘Ilr[f}:z'mr}
the value of security purchase in period  and state &', Then, using the

definitions of 2'{a") and Z'(z'), dividend mcome and factor income [ see
(11.2) and (11.3)], (11.4) can be rewritlen as

(11.7) C'a') — ') + K'{a') — 2’} =0
Adding and subtracting X'(«') from the left-hand side of (11.7), we gt
(11.8) [C') — X'(a)] + [X'(e') — 2'(')]

+ [K'(«) — Z(a)] = 0

Equation (11.8) represents the balance of payments accounts. The
term in the first set of brackets represents the trade account deficit, the
term in the second set represents the service account deficit (net
dividend outflows), and the last term represents the capital account
deficit (net equity purchase). The sum of the deficits in the _lr_ﬂcl_e and
service accounts is C'(a') — 2'(z') and it is equal to the deficit m T.|IIE
current account. I there is no international trade in sceurities, lhcnlm
equilibrium. Z' = z/, { = 1, 2, and the deficits in the capital and service
AcCoUnts are Zero,

11.2 A DIAGRAMMATIC EXPOSITION

For the purpose of the diagrammatic exposition, let us aggregate
consumption into the Hicks composite good C'{of). Then, we can
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z)(a", 211"
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FIGURE 11.1

represent the budget constraint of the cconomy (11.4) by the plane
ABC in Figure 11,1, The construction of this plane is as follows, Tts
slopes have to reflect relative prices. Hence, because of our aggregation
of consumption, the slope of CB toward the C'{') axis is 1/g,"(«'), and
the slope of A8 toward the same axis is 1/[ g,"(«')g'(=)] = 1/45" (o). The
slope of AC toward the z,'(2') axis is ¢'(¢'). It remains, therefore, to
determine only the height of the plane. This can be done by choosing
a feasible point at which (11.4) is satisfied with equality.

We have drawn in Figure 11.1 the transformation curve between
Z ' and Z,° Given g'(2'), production is chosen atl point P, at which a
line parallef to AC is tangent to the transformation curve. Clearly,
since (') = 0, the economy can choose a portfolio which consists of
(Z,, Z.') and consume the income from dividends; that is, choose
C'ia') = "o’} This choice is represented by point R, where R lies on a
horizontal line through P and the distance between R and P equals
=),

We can now impose the preference map generated by U'(-) on
Figure 11.] in order to find the optimal portfolio and consumption
point [U'(-) has to be modified in the usual way in order to represent
aggregate consumption |.
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Il there is no international trade in equities, then equilibrium security
prices are such that the optimal point is R. In this case investors hold
the domestically issued equities and the value of consumption equals
portfolio income, just as in the two-period model. The deficits in each
of the three balance of payments accounts are zero,

If there is international trade in securities, then any point on ABC
can be an equilibrium point. If the equilibrium point is to the right
of DE, that is, C'{&) = ='(z), then there is a deficit in the current
account and a surplus in the capital account. If the equilibrium point
lies to the left of DE, then there is a surplus in the current account and
a deficit in the capital account.

11.3 THE BASIC PROPOSITIONS

It is clear from the discussion in the previous section that our
conclusions from Chapter 7, concerning the basic propositions of
international trade theory, are valid in the present framework. If
there is no international trade in securities, countries need not specialize
according to comparative advantage in the Ricardian model, and in
the Heckscher—Ohlin model factor prices need not be equalized, and
the Stolper-Samuelson and Rybczynski theorems need not hold. If,
however, there is international trade in equities, these propositions are
restored. One has to be careful only to [ormulate the Stolper-—
Samuelson and Rybczynski theorems in terms of equity prices instead
of commodity prices. Observe that an important feature of the two-
period model is preserved here; that is, the allocation of production
resources depends on relative equity prices (which in turn determine
factor prices) and not on commodity prices. This happens despite the
fact that consumption does take place simultaneously with production.

An additional remark on the Stolper-Samuelson theorem is in
order. In the two-period model with trade in equities, an increase in
the price of an equity, other things being equal, increases the real
reward of one factor and reduces the real reward of the other factor,
where real rewards are measured in terms of equities. However, given
a constant distribution of commodity prices, the gaining factor can
increase proportionately its equity holdings and thus assure itsell of
more consumption in the second period in every state of the world.
In the present context, the gaining factor can buy in the present period
both more equities and more consumption.
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We present now an example of a two-country world for which we
are able to work out a stationary equilibrium. In this equilibrium the
commodity prices have a genuine distribution which is the same in
every period, while equity prices are constant over lime and across
states. The allocation of factors of production and the composition of
portfolios are also constant over time and across states, but consump-
tion and commodity trade levels are random variables with an identical
independent distribution in every period.

Let the temporal utility functions of the home and foreign countries
be

(11.9) ey, e2) = —(1 — fi) logll — B) — f log B
+(l —flog ey + floge,, O=fi=<l

(ILI0)  u¥e,®, e.*) = —(1 — f*} logl(]l — fi*) — f* log i*
+ (1= f*loge® + f*loges®,  0<f* <

and let Oiz), i = 1,2, be (genuine) independent identically distributed
random variables which are the same for both countries, Every country
lias its own transformation curve between real equities, These transfor-
mation curves are summarized by the supply lunctions Z{q), Z*g*),
i=1,2{sce Chapter 5).

Let us begin with the case in which there is no international trade
in securities. In this case z; = Zdq), % = Z%g*), i = 1, 2, 1s satisfed
in every equilibrium. This implies that the value of consumption of
each country 15 equal to its portfolio income. But, under these circum-
stances, commodity market clearing conditions imply the same struc-
ture of returns on both types of equities, as we have shown in Chapter 7
[see (7.20) and (7.21)]. In particular, it is shown there that in this case

L

(11.11} Uala) palex) o fzy + Bz
; O lxhpy(e) L Zy 4 23— flzy - ﬁ*zl
=4q
= g*

i5 a necessary condition for equilibrium [see (7.17) and (7.21)].
We want to show that there is a stationary equilibrium in which the
portfolio composition of each country is constant; state and time
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independent. In this case, since there is no international trade in
equities, (11.11) implies

(11.12) q=dq*
= BZ\lq) + B*Z,%q)
(1 = MZlg) + (1 = B¥)Z;%g)

MNow, since Z,(g) and Z,*(y) are declining in g and both reach zero
for sufficiently high values of g, and since Z,(g) and Z,*(g), are in-
creasing in ¢ and both reach zero at a sufficiently low value of g, there
is a unique value § for which (11.12) is satisfied. It is therefore clear
that il there is an eqguilibrium of the type for which we are looking,
it has to satisly

{E]..].El] Ir=q*=q
(11.14) 2 =2, = Z[5), f=1,2
(115 2¥=Zp =2, i=12

(11.16) By(al)ps' (o) = pi (o) (=),
at = 1,2, i 8 te=Olas

We are free to choose a numeraire in every state—period combina-
tion, The normalization we choose is

I
(11.17) p;{a’}znlmr}, el Do By vkt

This together with (11.16) implies

iy B b [t o B el
(IL19) e =goos, w =128,

Hence, the distribution of our prices is stationary: it is the same in
every period.
It remains to determine the absolute prices of equities. Let

(11.19) g, =48 = ;=44

(11.20) Gt =3 = g% =0
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It remains to show that there exist 1'(:),t = 0,1, .. ., such that z/{") =
Z.1=1,2 and
(1= ML), ()Z, + p'(e)0()2,]
pa'led)
= (1= Z, +FZ,)0,(x"),
g =1L 8 el

(1L21) ¢z} =

PZ, + GZ,)0,)
q ~
adae B Fi

] +

(1122) ') =

solve (11.5) for the home country, and that there exist F*'(-), t =0,
1,...,such that z*'(e’) = 22 1 = 1, 2, and

(11.23) e¥'(al) = (1 — B2, * + G0 (o),
=12 el t=0,1;,..

L '_‘_ W —-? - J, i
(11.24) o' (at) = {‘_Lfl_j_g/_: )0aloc)
4

==ty Doty b=l

solve (11.5) for the foreign country. It is easy to see that the commodity
market clearing conditions are satisfied and that consumption levels
are identically distributed in every period.

We show the solution to (11.5) only for the home country., The
proof for the foreign country is the same.

Let F(+) be

(11251 P e ) = Vi e )
= log[f,(=")]" ~"[0.0=")]%7) "
3

i ﬁ E log[#,()]" ~*[ 00 ]%3) "
-

_|_

]‘_,img[az. +Zs)
+(1 =8 +72 1],
o=1,2...,8 t=01...
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Then, it is casy to see that

I A .
(1126) EVizi !z L o) = = E log[0,(e)]' P[0 ()"

+ ﬁ log [6(Z, + §Z,)
+ (=8 + g2 ]

The reader can now verify that E.V(Z,, Z,, 2") is the expected value
of the discounted sum of utilities at our proposed allocation. The
reader can also verify that, using (11,25), our proposed allocation solves
(11.5) for our proposed prices. Hence, our prices and allocation
constitute an equilibrium,

Our stationary solution can be represented in the framework of the
two-period model, This is done in Figures 11.2 and 11.3. Each country
has straight line assets—indifference curves with slope §. These indif-
ference curves are drawn in Figure 11.2a for the home country and in
Figure 11.2b for the foreign country, Each country spends its income
from dividends on consumption. Hence, it spends on securities its
factor income. But given equity prices, producers choose the production
point at the tangency of a line with slope § to the translormation curve.
This line describes factor incomes and investors choose their portfolios
on this line. Since assets—indifference curves are straight lines with
slope 7, investors are indifferent between all points on the factor
income ling, and they may as well choose the points of tangency, E,
and E.* This choice is repeated in every period independent of the
state that realizes.

Figure 11.3 describes the state-x stationary consumption choice for
the home country (the same applies to the foreign country).

Portfolio income in state o is given by the budget line B8 whose
slope is polel/pile) = G0 {e)/0(x). The consumer chooses his optimal
consumption at the point of tangency of his temporal indifference
curve and this budget line—point E,. This choice depends only on the
state that realizes; il the same state realizes in two different periods,
then consumption and commodity trade will be the same in both
periods,

It is now interesting o examine the structure of prices in our
example, We have seen that relative equity prices are the same in both
countries, It is therefore clear that factor prices in terms ol equities

Iy &y

Pt

s £
0ot
Rl
=13, 23
FIGURE 11.2
g, lal
48
8 lalZ, i
glal e
|
|
|
1
]
i Q8 la)fd, (o)
— L » - l:?l:u]
Balaldy cyla)
FIGURE 1.3
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are also equal in both countries if they have the same production func-
tions and no country specializes in production. Commodity prices are
certainly equal in both countries because of the trade in commodities,
But does this imply that factor prices in terms of commodities are
equalized? The answer is not necessarily so; that is, although relative
equity prices are the same, equity prices in terms of commodities need
nol be the same. 1tis clear from (11.19) and (11.20) that equity prices are
equalized if and only if hoth countries have the same rates of lime
preference; that is, & = 4*, I the rates of time preference are the same,
there will be both equity and factor price equalization, and il the rates of
time preference differ, there will be neither equity nor factor price
equalization [ see Stiglitz (1970) for a discussion of factor price equaliza-
tion in a deterministic dynamic model]. Observe, however, that in the
formulation of the example we have nol required the production
functions to be the same in both countries; we only required the same
risk structure in the same sector of each country.

Consider the trade-off between present consumption and consump-
tion in the next period. The consumer can buy a real equity of type 1
for & dollars, This amounts to a sacrifice of the present consumption
of §/p (') = &8, (') units ol good 1, given state &', The real equity
provides a sure return of one dollar in every state of the next period
The purchasing power of the dollar in terms of good 1| depends,
however, on the state that will realize in the next period, and it is
equal to 1/p(a'" ') = 0,(a'" ') in state &' *'. This means that the con-
sumer can replace the sure consumption of 66,(x') units of good 1
today with the random consumption tomorrow of #,(#' " ') units of
good 1. A similar calculation reveals that the sure consumption of
atly{a') units of commodity 2 today can be traded for a random con-
sumption of (' * ') units of commodity 2 tomorrow.

Consider the case in which there is international trade in securities.
It is clear from the discussion in the last two paragraphs that if both
countries have the same rate of time preference, then the no security
trade equilibrium is also an equilibrium in the presence of international
financial markets. However, if the rates of time preference differ, our
no security-trade equilibrium cannot be sustained in the presence of
international financial markets, because with trade in securities the
equity prices of the home country cannot differ from foreign equity
prices. What is then the nature of a stationary equilibrium when
countries have different rates of time preference? We shall show that
in this case there is an equilibrium price structure which is similar
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but not identical to the price structure in the case of no trade in
securities. Bul now the common price of type-1 real equities equals the
largest discount factor; that is, if & > 6*, then 4, = &, and the country
with the lowest rate of time preference (largest discount factor) holds
all financial assets. The other country holds no financial assets in this
steady state and it consumes its factor income,

Assuming, without loss of generality, that the home country has a
lower rate of time preference; that is, & > 8*, the equilibrium price
structure is (the same prices prevail in both countries)

(11.27) g =4 > o*
q3 = {o

!
11,29 Hol) = —— SO N N
( ) P TRETR o = 125058, t=O L
11.30 ey = o JHE
(11.30)  py'a") G b B S b0l
(11.31) Z, = Z i) i=1,2
(11.32) 2 = ZMG), i=1,2
(11.33) L=Zi+ 20 i=12
(11.34) 5F=0, i=172

(1L.35) ety =1 = BI[Z, + GZ;, + (1 — NZ,* + §2.%)]0,(a),
=L & =01 ..

BLZy + GZ5 + (1 = 002,* + §2,%)]0,(«)
i g
ol T e L S 1§ i e

(11.36) ¢, (x") =

“ 11?] "TIMI} s “ Lz H"'}ﬁ'[zl* =+ i?zz*]mfﬁr}r
o =12 8 =0, ..
LA TV f
(1138) 2 = PO +a2:40)
]

el 8 =0
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Substituting the commodity demand functions into the commaodity
market clearing condition, we obtain, using (11.31}-(11.32),

CBZU@ [0 - 8B+ 871200
(1= MZ0q) + [1 = (1 = a)f — 6f*]Z,%(q)

There is a unique § for which (11.39) is satisfied (the proofl is the same
as that used to prove uniqueness of §). and this is the equilibrium price
of type-2 real equities in terms of type-1 real equities. Observe also
that a comparison of (11.39) with (11.12) implies

(11.40) GG as fizp*

Hence, il the home country has a stronger preference for the second
commodity than the foreign country, the relative price ol type-2 real
equities will now be larger than in the case of no trade in securities
and so will be the relative price of commaodity 2, and il the foreign
country has the stronger preference for the second commodity, g will
now be lower and so will be pala)/p, (). If both countries have the same
preference, then § = § and there is no change in ¢ as a result of the
opening of international trade in equities. The reader can also see that
in this case the price structure of the home country becomes the
equilibrium price structure,

It remains to show that there exist functions V'(+) and V*{-) for
which the solution to (11.5), given the price structure, is (1 1.33)-(11.38),
We present now the functions V*(-) (the [unctions ¥'{-) are the same
except that asterisks are omitted from the variables), and the reader
can verily that the equilibrium allocation solves (11.5);

]

(11.39)  §

(1141) V1=, 2 o) =Voar =, 2~ o)

Ing[l’h{tc'}] 1 -ﬁ'[ﬂlz{qi J]F‘{{?]-ﬂ'

o*
s
I

5o L log[ 0y (2)]" ™ [0ala) ] ()"

1 s 5
+]T1§_* |ﬂg[&[£1* + 1?22*]'
+ (1 =)z + 23 )

el S =m0

Finally, let us comment on the likelihood of the existence of sta-
tionary solutions of the type presented in the example; that is, stationary
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solutions in which equity prices and factor allocations are state and
time independent. We believe that this type of a stationary equilibrium
will rarely exist, and that it may well be the case that the logarithmie
utility function is the only one that yields it. The shape of the production
functions is not important for this matter,

Our beliel'is based on the following reasoning. A necessary condition
lor (11.6) to have a solution with a state-independent portlolio choice is

{#) to have a utility function for which the marginal utility of
income depends only on income, and
{b) to have state-independent income,

For income to be state independent, prices have to be proportional to
the inverse of the technological coefficients, which seems to us can
happen only with a Cobb-Douglas-type utility lunction, However, [or
a Cobb-Douglas-type utility function to have the marginal utility of
income depend only on income, it has to be logarithmic,
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Appendix A

Derivation of Equation (8.15)

Consider the highest utility of the home country as a function of
the tanff rate ¢:

(A1) o, 1) = o[(1 4 Opla); Oy(a)z, () + Ofe)pla)2,"(1)
+ T{a, 1)]
where T1(-), which represents tarifl proceeds, is implicitly defined by
(A2} Tia 1) = tpla)|ca[(1 + thple); O4(x)z,(0)
+ Oalm)pia)z;'(e) + Tle )] = 0x(x)Z,[(1 + 1q])
and where z,(1) is the domestic demand for type-1 real equities, and
=,'(1) the domestic demand for type-2 real equities measured in units
of foreign type-2 real equities [ z,7(1) = (1 + 1)z2(1)].
From the assets—budget constraint
00 + g0 = Z[01 + 1y
200+ 0g] + 0+ 092501 + 0q]
which implies
(A.3) Ne ) = ladz (6) + Osladpladz,"(¢) + Tl )
= th(e)Z[(1 + t)g] + [Oafa)pla) — Oledglzs(0) + Tl 1)
173
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Now, for small tariff rates, the wellare loss from the tariff can be
approximated by the second-order Taylor expansion of &z, 1) around
i =, which is

(A4) E[ e, 1) — e, 0)] = tED,(2,0) + $2E8, (, 0)

In order to evaluate (A.4), we first differentiate (A.2) with respeet to
t, using (A.3), in order to calculate T (z, 1)

s

A5 T, =
(4:5) Y= tpey

{62 = 0,2, + 1 ey,
+gegl £y + eullyp — H]‘I}Erzl = qi,Z5'}

where ¢, is the derivative of ¢; with respect to its first argument, a
prime indicates a derivative of the supply lunctions Z,, and we use the
identity

ZT01 + 0g] + (1 + 09Z,T(1 + gl =0
From (A.5),
(A.6) T, 0) = plod[eala, 0) — Ox()Z ()]

Using (A.6) and the Slutzky decomposition ¢;, = €5, — €505, (A.5)
yields

{A-?] T”{ﬂ.ﬂ_} - Eip"u‘zf’;p{ﬂ1 U] o= ‘IF{':‘]HZ{'“}ZI{{“]
+ pla)eyla, ﬂ}[ﬂzlxlﬂtul
- ﬂ,{:t}q][.-‘.{,l,’m — E:H'fﬂ]l
Equation (A1) can also be written in the form
(A.8) Bla, 1) = o[ (1 + O)pla); (e, )]

Differentiating (A.8) twice, we get (using the property of the indirect
utility function du/d[(1 + t)p] = —ryc; and the Slutzky decomposition)

(A.9) Byl 1) = vy, D[ Ll 1) = plaesla, 1)]
(A10)  Blas 1) = tylee, O[Lle, 1) — plaeSpben, 1)
+ pla)eqla eqla, 1)

= pladega, tMia, 1] + [oale, 0)pla)
+ oylee, O (a, ][ Ll 1) — pledeslee, 1]

DERIVATION OF EQUATION (B.15) 175

Now,
ol —wyeg)
|
which, when substituted into (A.10), yields
(ADL) Byle, 1) = tyla, ”Uulﬁr = P:alz"-{lp[m- I]]
— 2uyfa, Dpla)eqle, O[T e, 1) — plalels, 1)
+ vyle, [ 1 1) = plades(, 0

by =Th = = =UCy — Hixn

Using (A.3). we calculate
(A12) Iz, 1) = B (z)gZ,[(1 + Dq]
+ [fyfm)pla) — B le)q]2hde) + Tl 1)
{A.13) Lo, 1) = 0yla)g 2,0 + Nq]
+ [0z p(z) — 04 (20q 281 + Tlee, 1)

Take (A.6), (A7), (A.12), and (A.13), and substitute them into (A 11)
to obtain

(A.14)  Byla, 0} = e, O) pla)eSpla 0) — gpla)faZy'(4))
+ vy, 0)[Oaf)pler) — 0,()g]*[5(0) — Za(g)]*
+ vz, O)[ () plar) — 0(2)q][ 25,(0) — aZ'(q)]
Take (A.6) and (A.12) and substitute them into (A.9) lo obtain
(ALS)  Be0) = byl O)[Ox(adpler) — 0, (0)q][2540) = Z(a)]
Simee Evyfa, 0)[0,(a)pla) — 0,(x)q] = 0 for an optimal portfolio choice
[see (5.26)], substitution of (A.14) and (A.15) into (A.4) yields
(A16) E[Bla, 1) — Bz, 0)] = 13| Evylz, 0)pla)[ pler)cs, (e, 0)
— gih(@)Z5'(q)] + Evglet, W[ 0al)ple)
— By (a)q]*[25(0) — Za(q)]?)

which is (8.15), since at t = 0 we have 25, = dz,/d1.



Appendix B

Derivation of the Optimal Policies
for Section 10.3

We derive here the optimal policy in the presence of a probability
of confiscation. The notation is the same as in Chapter 10,

The optimal production pattern and portfolio composilion is a
solution to the following problem:

(B.1} choose z,%1,%2,%5%.Z;
to maximize
nEu pla); 01(:02 (Z,) + pla)0(2025] + (1 — mEe] pala);
Oyla)zy" + 2,%) + pla)fafadz;" + 2;)]
subject to
(i) ¢,"[Z2,(Z) —2,"] +4:"[Z; — 22" ) = 92" + 42" ="
() 2UZ)=zY Zyzat
(i) zMzF=20, Jj=1,2

The lefi-hand side of (i) represents proceeds from sales of local
equities to foreigners, while the right-hand side of (i) represents spending
on foreign equities, One cannot sell more than 2 ; real equities of type j
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[(ii)] to foreigners, and both local and foreign equity holdings have to
be nonnegative [(iii]].

In case of confiscation, local residents receive all the returns on
locally produced real equities: this is why only Zs appear in the
first term of the objective function. In case of no confiscation, the same
returns are received on both local and foreign equities of the same type;
thisis why z;" + z," appears in the second term of the objective function,

Denoting by p the multiplier of (i) and by ;. j = 1. 2, the multipliers
of (ii}, we obtain the following first-order conditions (the comple-
mentary slackness conditions are not presented, although we shall use
them later):!

(B2) (1 —m)Exfz, a)pfe)ljfe) — pgt — py; <0, j=1,2
(B.3) (1 — m)Evfz, alpleadffz) — pgf <0,  j=1,2

(B.4) rEu(Z, w)[ 04202, + pladiyia)]
+ 2+ @ 2+ =0

and (i)-(iii), where p(a) = 1 and py(a) = pl2). The vz, @) and (2, =)
are the marginal utilities of income in state & when confiscation does
not and does take place, respectively. The marginal rate of transforma-
tion between Z, and 7, is — Z,".

First, observe that the home country should not sell both types of
real equities to foreigners, Suppose it does so: then (i) is satisfied with
strict inequalities, and p, =y, = 0. Since g," > ¢", this implies that
(B.3) holds with strict inequality for j = 1, 2, implying z," = 2,5 =0
(the complimentary slackness condition). This in turn implies that
(i) holds with strict inequality which means that g = 0. But (B.3) cannot
hold for g = (), a contradiction. Hence, 2, = 2,(Z,) and/or z,* = Z,.
Without loss of generality, we assume that z," = Z,, which means
that the second industry is owned entirely by local residents. Now if,
in addition, ;" = Z,(Z,), then there is no trade in securities. This is a
possible solution, but we shall concentrate on the more interesting
case in which trade in securities does tuke place. Hence, we assume

L P il

2l 205 )

' We assume an interior solution for 2, which is in fact constrained to be 0 < Z, =
mux b2 |2 02 = 0.
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where asterisks indicate optimal values. From an argument which is
similar to that showing that z," < Z,(Z,) and z,! <Z, is nol a
possible solution, one can show that in the present case

L3R S

t:]J-': ﬂ

*:Il" =)
which means that the country is not buying abroad equities of the
type that it sells to foreigners (type 1); it buys from foreigners equitics
pflhc other type, :huse issued by the industry that it fully owns; and
il owns part of the industry whose equities are exported.

This solution implies the following binding conditions from (B.2)
and (B,3);

(B.24) (1 — mEu(*z, a)0,(x) — *ug,“ =0
(B.2h) (1 = @Eu(*z; a)pla);x) — *pg;" — *py = 0
(B.3a) (1 — m)Ex(*z, adpla)0,(2) — *puq,™ = 0

with *p = Dand *u, =0,
From (B.2b) and (B.3a), we obtain

(B.5) *up = *plg," —g;") = 0

Substituting (B.5) into (B.4) and solving for — 2, (= MRT), we obtain

(B6)  MRT = —*2, = "=0lZ A)p(a}lale) + *pg,"
rEe(*Z, o), () + *pg, -

l”..-".:im m=0 nh‘al is, there is no danger of confiscation), MRT =
42"/, But in this case, gt =qf = g; for j=1, 2, and we obtain the
result from Chapters 5 and 6.

Using (B.2a) and (B.2b), we can also write (B.6) in the form

(B.7) MRT = —*2/’

L EL_:zr:.l*E, ol + (1 — rr}t‘li*z,pt}lptxlﬂz{a]
E[ref{*Z, &) + (1 — myey(*z 2)]0,(2)

which is similar to (5.23) (with —2,' = ¢l but here the marginal
utilities of incomeare a weighted average of the marginal utilities in
case ol confiscation and no confiscation, where the weighls are the
corresponding probabilities,
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Suppose, for the moment, that the optimal production point has
been chosen. Let us see how a market economy can achieve an oplimal
portfolio composition.

The investor’s problem is given by

(B:8) choose z% z% 2.5 2"

to maximize
nEu] pla); 0(edz, " + plad@ye)zst + T()] + (1 — mEe[ pla);
0y(a)(z,- + 2,F) + pla)Bsle) (2% + =17)]

subject to

i) g2+ gz g5 g SY

(i) 2z 2T 20
where g 15 a consumer price, and (since we have one degree of lreedom
in the choice of prices) we have chosen g," = g,"; that is, we have
chosen z," as the untaxed security; Y is net wealth, and it equals the
value of (£, Z,) al producer prices in terms of the numeraire, minus
net taxes or transfers imposed on or distributéd by the government;
and Tz} is the lump-sum transfer defined in (10.11).

Denoting by 4 the multiplier of (i), we obtain the following first-

arder conditions for the consumer problem:

(B9} nEw(l, e)ple)t)fa)

+ (1 — m)End2, a)pe)filx) — Ag; < 0, J=) 2
(B.10) (1 — mEx2, 2)0,(x) — ig,F <0
(B.11) (1 — mEn2, a)p(a)f,lz) — Aq;," <0

and (i)—(ii}. (1, =) is the marginal utility of income in state & in case
of confiscation, while 14(2, =) is the marginal utility of income in state =
il confiscation does not take place,

The optimal values of the decision variables are given by

21 — *Zg =10
LSS el
:}_L= *Zl =)

s F=2F=0
T =*2.F> 0
oll, @) = vy(*Z, o)
v, o) = v{*z, %)
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Substituting these values into (B9)—{B.11), we obtain (using the
complementary slackness conditions)

(BSa) nEv(*Z, aipfa)fiz)
+ (1 — mEv(*z, a)p )il o) — *ig; = 0, j=:1,2

{B.10a) (1 = mEv(*z, 0)0;(z) — *2g," = 0
(B.11a) (1 = m)Eu(*z, a)pla)fl(2) — *ag," = O
By comparing (B.11a) with (B.3a), we get
(B.12} si="u

In this case, a comparison of (B.10a) with (B.3), using (B.12), reveals
that there is no need to tax purchases of foreign type-1 securities.
Hence, we choose

(B.13) ot =aq"
By comparing (B.9a) with (B.2a) and (B.3a), using (B.12}, we obtain

|
(B.14) gi — "= o nEw(*Z, a)ll (%)

&

: |
(B.15) g, —q;F = i nEuv(*Z, o) pla)fy(e)

Now, let d; be the price of equity j that a local producer receives.
Then, il we choose

(B.16)  d;= a;lﬁ E[ne(*Z, a) + (1 — muy(*z, o) ] p ()0 ()

J=1,2

it is clear from (B.7) that the optimal production point will be chosen.
In addition, by comparing (B.16) with (B.9a), using (B.12), we have

(B.17) 4; = d;, =412

Hence, producer prices should be the same as investor prices.
Let

1
(B.18) sub, = *—“ nEe(*Z, alp lohid {a), J=12
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Then from (B.13)—(B.17), we get the optimal price structure

(B.19) dy =gy =q," + sub,
(B.20) dy=g;=q;" +sub;
(B.21) a,F=q,F

(B.22) g5 = q5F (numeraire)

It is now easy to see what the optimal taxation policy should be.
The government should provide a subsidy on equity exports. The
subsidy should be sub, per real equity of type 1, The wedge between
f3(= ;) and g," will be generated by market forces, since s, also ex-
presses the premium that the private sector puts at the margin on 2 i
over z,* [compare (B.11a) with (B.9a} for j = 2]. :
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