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FIRM VALUATION : TAX SHIELDS & DISCOUNT RATES
ThomasANsAY *

ABSTRACT

This paper proposes a new discounted cash flowsO valuation setup, and dgenemla
expression for the tax shieldsO discount rate. This setup applies to anyidgkinplodny cash
flow pattern. It only requires the equality at any time between thesasdetand the liabilities
side of the market value balance sheet, which has been introduced by FdldteanGiSzafarz
(2006). This concept is extensively developed in the paper.

This model encompasses all the usual setups that consider a figedndlisate for the tax
shields and require a fixed level of debt or a fixed leverage ratio, iniartidodigliani &

Miller (1963) and Harris & Pringle (1985). It proposes an endogenized and integrated approach
and modelizesthe different market value discount rates as functions of both their meleva
leverage ratio and the operating profitability of the firm. Among these aagethe cost of debt

and the tax shieldsO discount rate, which are usually assume constantmiodgjsall the
discount rates are likely to vary as soon as perpetuity cases are not considered.

This setup introduces a new rate for the cost of levered equity withoshitdas and develops
the relation between the present value of tax shields and the markebialygty since debt
tax shields entirely flow to equity. It only requires the risk free ratetlamdinlevered cost of
capital as inputs but not the capital structure of the firm, askiethe circularity problem by
considering an iterative approach.

This fully dynamic model yields both theoretical and economic sensiblés,eand allows
straightforward applications. It apparently solves the discrepancies of ulaé setups and
hopefully paves the way for further research.

JEL ClassificationG12, G30, G31, G32, E22
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|. INTRODUCTION
This paper is organized as follows.

The first chapter (Il) gives a general overview of the the discounted leassCX process for
firm valuation. We present all the relevant formulas we know from teealure, but in a
perfectly general fashion and with no particular assumption. These méattamelations are
divided in three sections. First, we consider a market value perspective (Hetg we present
the market value balance sheet approach. Second, we present an accoumaagiyee(H.2),
where we introduce the usuabdelizationf the different cash flows relevant to a valuation
process. Third, we detail the valuation perspective (11.3), where we considuthmain
valuation methods used to get the market value of the firm. Some comoosctsde the

chapter.

The second chapter (lll) is a comprehensive literature review divided irettiorss. First, we
present the main assumptions (lll.1) that are usually made for several pasaniete valuing
a firm, and in particular the discount rate for the tax shields and thedewkebt. These
assumptions are discussed and criticized. We then consider the resranark (111.2) and

mention the last insights that have been proposed in order to improve the standard assumptions.

The third chapter (IV) develops a new setup based on the market value Ishlegicapproach.
This chapter is divided in six sections. We first mention its underlyisignastions (IV.1). We
then initially elude the tax shieldsO issue (IV.2) and introduce a new dist¢eufat the equity

of the firm. We also present a variable expression for the cost of deallyFwe solve for the
theoreti@al optimal level of debt that maximizes the value of the firm. Thievahg section
(IV.3) deals with the tax shieldsO issue, wadlerive a general expression for the risk of the
tax shields. Its accountingiodelizationis also reviewed. The next section (IV.4) performs
rigourous mathematics in order to prove the relevancy of the setup, and compatedvitk
results with other setups. The expression of the weighted average cogiitaf isaalso
adjusted. These results are then graphically illustrated (IV.5). Finally, veenreifferent

examples (I1V.6).
The fourth chapter (V) concludes.
The fifth chapter (VI) gives a list of the main symbols used in the paper.

The last chapter (VII) is the bibliography.



Firm Valuation : Tax Shields and Discount Rates (T. ANSAY, 2009)

II. DISCOUNTEDCASH FLOWS VALUATION : A GENERAL OVERVIEW

In order to obtain the market value of a firm using a discounted cash flow @rdaes
elements are needed :

- (a) one or several expected financial flow(s) ;

- (b) one or several appropriate rate(s) - reflecting the respective risk thbwrse- used to
discount them back in order to get their present value.

These flows are based on economic forecasts and may be considered as fututedexpec
accounting results. On the other hand, the appropriate discount rates arerihecessauted

at their market value in order to give the present market value of thewfhrith is its value
considering the future profits (or losses) to come. If not, then these ratesjusiwekld the
current book value of the firm. A firm creates value when achieving accouersngs that b
once discounted back - account for a greater amount than its current book valwaluéhis
referred to as the shareholder value.

There are two ways to create this value

- (a) running the business such that the operating profitability of the firm asegrinat the
inherent business risk of this particular firm, with regards to its seatbclaaracteristics. This
will be referred to as operating value creation.

- (b) using financing policies that allow to keep more profits inside the aoyrgoad therefore
that increase the value of the firm, which can be achieved through finlavaedge. This will

be referred to as financing value creation.

Discounted cash flows@adels are aimed to capture this value creation (or destruction) in

order to give to the firm its real value, which is its market value.

Consequently, this first chapter presents in a totally general fashiomd@utainy assumption
or constraint B the different relations that can be derived from both the @wogoamd the
market value perspectives of the firm ; it then introduces the differematicah models that

may be used to get the market value of the firm from its forecasted accounting cash flows
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[1.1. MARKET VALUE PERSPECTIVE

Referring to the market value balance sheet of the firm, the valhe &fih vV can be derived
at any timé either from its assets side or framliabilities side. This fundamental equality can
be stated as

V=V,+V,=E+D (2.1)

and has to be met whether the discount rates are annually or continuously compounded.

We can graphically represent this as follows :
Assets Liabilities

E
Vu
P — D
Vts

For valuation purpose, the appropriate discount rates of all these market eahsmtsV,,,
Vs, E and D might be all different, that is :

- K, asthe appropriate discount rate fdy, representing the risk of the unlevered firm

- K;s asthe appropriate discount rate gy, representing the risk of the tax shields

- K¢ asthe appropriate discount rate far, representing the risk of the levered equity

- K, as the appropriate discount rate rrepresenting the risk of the debt

Some general conditions about the relations between these 4 elevfents;( E and D) and
these 4 discount rateX(, K5, K, Ky) can be immediately derivedwe refer to these

conditions ashe fundamental conditionsince they have to be nedtany time.

2 While time indices may be added to all marketlue elements and discount rates that will be presented in this
paper, we will make the economy of them as long as they are notegtmiprevent confusion, since they do not
add anything to the developments and make expressions heavier.
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The two first conditions are just rewritings of the relation (2.1), which is equivalent to
V,"D=E" Vg (2.2
and
V," E=D" Vg (2.3)

From the expression (2.3), we can derive thdd ¥ 0, then

D>V (24)
since the tax shields are the tax benefits that come from debtifigaaned so can only be
percentage of the debt itself. Consequently, we must also have

V,>E (2.5)

Considering now the discount rates, being a shareholder has always beenhatkieirtg a
debtholder, since interests have to be paid to prevent bankruptcy, while profds/idedds
are much more uncertain ; if any, thel go to shareholders only if interests have been paid
first. Moreover, in case of bankrupt, debtholders are always paid off first aghareholders.
Therefore, we must always have

Ke >K, (2.6)

As soon ad > 0, we also know that

Ke >K, (2.7
since they both measure the risk of the equity, Kuttakes also into account the additional
risk arising from debt financing B which is the financial risk, potenti@dging to bankruptcy
if the company has too much debt D, wikijeonly considers the business risk.

Considering further the expression (2.1) from the market value balance sheedlatios is
also always true if we weight each market value element rdiatwehe whole firm valuey
and apply to each elemats appropriate discount rate, which we write

V, Vis E D

KUVU+KT37:KEV+KDV (28)

Multiplying the expression (2.8) by the market value of the fitryields
KoV, + KoV =K E+K,D (2.9)
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From the relation (2.9), using, = E+ D" V,4 and solving forK ., we obtain
D, Vis

KE = KU +(KU " KD)E (Ku ) KTS)_

= (2.10)

This expression (2.10) fdk; can also be restated as an increasing function of the ratio debt

over equityD/E, which yields

Ke =K, oK, " K "K Sg&D
- éK éK TS ((E (2-11)

We also know the general formula for the weighted average cost of capital of the firm

E D
WACC=K +K,(@" )
CC=Ke o, 5+ Koll" A 5 (212
Therefore, substituting foK; from the relation (2.10) and rearranging yields
# . V.. & D V.
WACC=K %" —3(" K,) — I3
Uf’ v (" Kp) VRREY (2.13)

All these relations come directly from the paper of Farber, Gillet aathi@22006) and have
to be met at any time, whatever additional assumptions dhout; and K.

We will consider them as standards, as the market value balanceygpesich is the key of
the model we develop in chapter IV.

We now detail the cash flows that have to be discounted by these discosninrateler to
obtain the market value elements. So far, we emphasize that trentd®fn D but alsoE and
V,¢, present in the discount ratesO formulas, are precisely the market villegeoglements

and not their book values.

¥ We will use tle symboll to refer to the corporate tax rate to prevent confusion with the time index
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[1.2. ACCOUNTING PERSPECTIVE

From an accounting perspective, we consider the actual results of a companfgeyearaa,
and we need to refer to the income statement of the firm when vatuwvithia discounted

cash flow model. The firmOs accountiegults are usuallnodelizedas follows :

IncomeStatement | Mathematical Modetation

EBIT,
" DebtInterests Debt Interests= (K, D), (2.14)
= EBT EBT = EBIT," (K, D), (2.15)
" Taxes Taxes=1,=EBT" #=(EBIT, $(K,D),)" # (2.16)
=  NetIncome NI, =EBT" I, =(EBIT," (K,D),)#(1" $) (2.17)

The four flows that are then usually considered for valuation purpose are :

- (a) the Free Cash FlowCF), which is equal to
FCF, = NOPLAT + Depreciation" Investments'# Working Capital (2.18

- (b) the Debt Tax ShieldT(S), which, assuming=BIT>K,D, is

TS =(K,D),” (2.19
- (c) the Equity Cash FlowECF)*, which is equal to
ECF =FCF," (K,;D),(1" #) + $D, (2.20

- (d) the Debt Cash Flow (DCF), which is
DCF, =(K,D), "# D, (2.2

The Net Operating Profit Less Adjusted TaxXd©PLAT) is referred to as
NOPLAT = EBIT, " OperatingTaxes= EBIT (1" #) (222

The Operating Taxes B which are the taxes the firm would pay if only equity financed b are
OperatingTaxes= EBIT, " #=(EBT, + (K;D),)" #=EBT#+ (K,D),#=1,+TS (223

Substituting the relation (2.18) into the relation (2.20) BEG& may also be restated as
ECF, = EBIT,(1" #) + Depreciation" Investement§$ WG " (K,D),(1" #) +$D, (2.29

* The Equity Cash Flow is a more robust measure tha®ividend Flow as it considers all the flo#stgo to
equity, whether or not these are distributed as didde
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Finally, using the relation (2.17), tlseCF simplifies to
ECF, = Net Income+ Depreciation” Investments # WG + #D, (2.29

We can also consider the Capital Cash FIGEK), which is the sum of the flows that go to
the assets side of the market value balance sheet, and therefosangcalso the sum of the
flows that go to the liabilities side, which can be writhsn

CCF, = ECF +DCF, =FCF, +TS§ (2.26

Finally, we can derive the annual accounting returns of the company. Thése are

NOPLA NOPLA NOPLA
ROIG, = L L 1 2.27)
Invested Capital, (Egoox+ Deoodis Veook,.,
and
ROE = NI, _ ROIG #Vggy., " (KpD) (1" 9) 05
Invested Equity Capital Esook,., (2.28

Depending on the difference betweEBI'I;6 and (K,D),, the effectiveROE can be writteras
- (a) if EBIT, # (K;D),,

D
ROE, = ROIG +(ROIG " K, (1" #) === (2.29
Booky.y
- (b) if (K,D), > EBIT #0,
$ $ EBIT . Daow
ROE, = ROIG +&ROIG " K, &" #—— 2.3
El CT % Ct DI% (KDD)tZ% EBookt..1 ( Q
- () if EBIT, <0,
ROE, =ROIC, +(ROIC, " Ky, ) =2 (2.30)
Book 1

® Please note that, while we conveniently substitute here Invested Capitaldeithese are slightly different
the Invested Capital is the money that has been invested by both sharehottidebtholders, whilegyyy is
assumed to increase (@ecrease) year after year depending on the profits (or losses)amitipany. Therefore,
in order to use these ratios in valuation models, we have to keep in mind thatyevheite k..« here, this
actually stands for the money shareholders have reaisted in the company (Invested Equity Capitahofits
or losses should not be added to it as they are return gained from ientatrd not new investement.

® We should actually consider EBIT + Extraordinary Results but valuatiomlsdd not consier Extraordinay
Results since they are, by definition, not predigtab
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Equation (2.29)s well known, and can bund for example in Koller, Goedhart and Wessels
(2005), while equations (2.30) and (2.31) are just mathematmdélizationof the decrease b
or even absence, EBIT is negative B of the tax shield flow that yeavhen the operating
result does rtocover b totally or partially b the interest expenses. This unrealizeli¢dk is
then used as a tax credit on future profits. All these relationsaargastls. Some of themiliv

be refined in chapter IV.

[1.3MAIN VALUATION MODELS

When valuing firms with prospective valuation models, four methods are maiedy like
three first methods are based on cash flows discounting properly said, whiésttlome is
based on discounting the excess return on capital over the cost of capital.

[1.3.1. THE WACC APPROACH

The general formula of th&/ACC approach is

. FCF,
v _ﬁ (1+WACG)' (2.32

The WACC approach gives immediately the market valueof the firm, without explicitly
valuing either elements from the assets side of the market valuedalaeet of the firm\,
andV;) or elements from the liabilities side of the market value balaheet of the firm E
and D). This method implicitly includes the tax shield flows) in the discount rat§ VACQ
and not in the cash flowHCF) ; the WACC is thusa constructed parameter with embodied

assumptions about the discount rate for the tax shielgdand the level of deld.

For practice purpose, this general formula gets split into two compdnents

- An explicit period oin years where the free cash flosCEF) are specifically forecasted, and
- A terminal value, which captures the value created beyond the explicit padoahéch is
based on assumptions about the growjra(d the return on capitdRQIC) of the firm. These
two parameters are usually referred to assdlee drivers

" Actually, it could be more than two elementse could subdivide the terminal value into several subperiods
with different expected growth ratess A is certainly not the point dfie paper, weo not present it here
however, the four models presented Bamith moreor less mathematical complexiBbe accommodated to
present such subperiods.

-10 -
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Therefore, if we forecast that tHeCF will grow at a constant ratg after the explicit period
and that th&kROICwill stay superior to th&®/ACC, then the value of the fir is

_w FCR 1 FCF,,

= - 2.3
o A+WACG) " (I+WACG, )" WACG,, #g (233
Explicitly based orvalue driver§, this expression (2.33) may also be restated as
$ 1
NOPLAT, 8 #
_w _FCR 1 L ‘0 ROlcnﬂ% (2.39
- @+WACG)" (1+WACG,,,)" WACG,,, #9

Alternatively, if we expect no growth or tHROIC to equal theWACC beyond the explicit
period B whatever growth might be B, we then get the present value of tifeviitim

W FCR 1 NOPLAT,,
1 I+WACG)'  (1+WACG,_))" WACG,,

(2.35

Using a non growth perpetuitgs terminal value instead of a growing perpetuity is usually
referred to as theonvergence approach

[1.3.2.THE APV APPROACH

The general formula of thfePVapproach is

CF, 5 A
) §(1+K ¥ (1+ A =V, +Vis (2.36

The APV approach values explicitly each element of the assets side of tket value balance
sheet of the firm(V, and V,) in order to giveV. Similarly to the WACC approach, this
general formula may be split into an explicit period and a terminal valygerideng on the

assumptions made for the terminal value, we then get :

- (@)if g> 0 andROIC>WACC

n+l,

N +K) (1+KTS) o (1+K,)" 2K, ) 0& (1+Kps )" #Kys ) 08

0 n
( CF, T % 1 'FCRL% 1 TS, ! 2.3

® For a mathematical demonstration about how to get fror@#eto the value driverbased terminal term, see
for example Dossogne (2003) or Thauvron (2005).

-11 -
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or, based explicitly omalue drivers
" n g 0{00{0

" NOPLAT, sl "
Ve ( FCF, TS %+ 1 i Ilﬁ )ROICn+1&'+ 1 TS |
t:1§(1+K ) @K'y @+ Ku)"g Ku)d Do+ KTsﬁﬂ)”iKT%)g&
# &
(2.38)
-(b)ifg=0 orROIC:WACC
( CF, TS 1 UNOPLAT,% 1 TS, 239
ﬁ(1+K Y WK e @FK)TE Ky & @K ) BKg s
11.3.3. THEECFAPPROACH
The general formula of theCF approach is
%
DCF, ,
) i 'S =E+D (2.40)
§(1+K )! (1+KDI) &

The ECF approach values explitit each element of the liabilities side of the market value
balance sheet of the firmE( and D) in order to giveV®. For practice purpose, splitting the
general formula into an explicit period and a terminal value, and, depending on the

assumptions made for the terminal value, we unsingty get :

- (@)if g> 0 andROIC>WACC

Ve (¢ ECF DCF ., 1 (ECR,? 1 DCF,! 2.4
t:1§(1+K )! (1+KD,)t& @1+Kg )" §K )9 @+Kp )§K DX
or, based explicitly omalue drivers’,
n ) (m
% n+1
( F DCR ° 1 ﬁl ROEnﬂg 1 DCFM, 2.42
§(1+K )t (1+K g @K )$ Ke. )9 | (@+Kg )§K '
7 &

° However, these valuation models usually assumettieanarket value of the debtis always equal tits book
value which means that théebt is not traded on a financial markehisTa rather convenient assumptjahe
mainissue is thembout valuing the markealue ofequity E.

9 For a mathematical demonstration about how to get from the ECF to the vakrs biaised terminal term, see
for example KollerGoedhart and Wess&R005)

-12 -
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- (b)if g=0 orROIC=WACC

vod¢s ECR , DCR i, 1 (Ni,! 1 (DCF.} 2.43
tzlg(l"' KEt)t (1+ KDt)t& 1+ KEn+1)n§KEM& 1+ KDM)n§ KDI1+1 &
11.34.THE MVA APPROACH
Finally, the general formula for tidVA approach is
* $(ROIG " WACCG)# Invested Capital,’
V = Invested Capitgl+ + &( G G)#Inv t P (2.44)
106 (L+ WACG)

The MVA approach values immediately the market value of the firmwithout valuing
explicitly either elements from the assets side or from the hiakilside of the market value
balance sheet. As this is similar to iIMACCapproach, we consistently also use\WwaCCas

the discount rate. However, differently from MBACCapproach, théMVA approach focles

on the difference between two parameters : the return on caR@AC) versus the cost of
cepital WACQ. The difference, if positive, represents the excess return on capitalhever t
cost of capital B usually referred to asebhenomic sprea®, and leads, year after year, to add
economic valueEVA) to the book value of the firm, in order to get the market vlu# the

firm.

For practice purpose, splitting the general formula into an explicit period temohimal value,
and, depending on the assumptions made for the terminal value, we get :

- (@)if g> 0 andROIC>WACC

n $ n . !
V = Invested Capitgl+* 0&(ROIC; WACGQG) # Invested Capital,

t=1%0 (1+WACQ)' (2.45
N 1 (ROIC,,, " WACG,,,) # Invested Capita| '
(1+WACG,,,)" WACG,,," g

or, based explicitly omalue drivers

n $ n . !
V = Invested Capitah * &(ROIQ WACG) # Invested Capital,

% (1+WACG)'
2.4
NOPLAT,,— 3 (ROIG,,," WACG,,) (249
. 1 ROIC,,,
(1+WACG,,)" WACG,.," g

-13 -
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- (b)if g=0 orROIC=WACC

n $ " - 1
V = Invested Capitgl+* &(ROIQ WACGQG) # Invested Capital,

=1 %0 (1+WACG)' (2.47)
1 (ROIC,,, " WACG,,) # Invested Capita| '
(1+WACG,,,)" WACG,,,

The MVA formula can be slightly adjusted in order to differentiate the sources of value
creation. Thigs what we had initially referred to as operating value creation or financlog va
creation. Indeed, we can rewrite the expression (2.44) as

n $ n ; ! n $ '
V = Invested Capitgh * &(ROIQ Ky ) # Invested Capital, L * TS 2 (2.49

t:l% (1+ KU )t t=1 + KTS )t

The first sum represents the operating excess return over the Ooperating swst® the
business riskk, may be considered as the OoperatingO equity cost D and accounts year after
year for the operating value creation. We can refer to it agpdeating economic spreadhe

second sum is nothing but the present value of tax shields, vehpriecisely the financing

value creation.

Using the definition of th&OIC and considering that the initimlvested Capitais equivalent
to the current book value of the firnt,dan be easily shown that developing the expression
(2.48) b possibly with a growing perpetuityaaterminal value and so the need to split each
sum of the expression into two elements D will lead to the equivalent expression

V =Vaook* (M " Vaoord + Vs (2.49

The difference {, D V,,,) Will be referred to as th®perating MVA (OMVA)while V;5 can
be regarded as tlk@nancing MVA (FMVA)The totalMVA s then also equal to

MVA=V" Vg0, = (M " Vaood T Vrs (2.50

This expression fo¥ is worth noting as it allows to differentiate the sources of valiaiore

We will use it when illustrating our model with some examples.

-14 -
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[1.3.5.SO0ME COMMENTS

All the relations from these four methods have been so far presentepenfieatly general
fashion, as we have not referred to any particular assumption ; thesll @areoretically

equivalent and have always to give the same result if consistently used.

For practice purpose, these general models usually collapse to signifisambified
expressions according to different convenient assumptions made for several @a;zanetin
particular for the appropriate discount rate for the tax shiejdsind the level of delD.

In the next chapter, we will present a comprehensive literature revaewt ¢he different
assumptions that are usually made. This chapter will first sumntagzamain trends that are
regarded as standard assumptions, and then mention the last insights beatozand in recent
papers over the sudgt For now, we conclude this initial chapter with two more comments

about these general methods.

11.3.5.1. About Growth in Terminal Value

For practice purpose, there are two general approaches when considering the zgmhdardi

growthg in the terminal value :

- (a) theconvergence approachhere, beyond the explicit period, we assiR@C = WACC
or equivalentlyROE =K.. In that case, no incremental value is created whatever the growth

rateg is, which obviously includes the case whegre 0.

- (b) the sustainable advantage approachkvhich considers that the firm keeps creating
incremental value beyond the explicit period, such that 0 and ROIC > WACC or
equivalentlyROE> K..

If opting for this second approach, the growth @t be determineds, depending on the
valuation model, not based on the same underlying elememtss the retention ratio, that is
the percentage of profits kept in the firm B or equivalently, not distributéiidends b, we

may approximatg in different ways.

-15 -
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When focusing on the valuation of the firm as a wh@dl&CC MVA) or on the assets side of
its market value balance sheAP{), we may say that
g" b#ROIC (2.5))

When focusing on the financing side of the firm, and in particular on itsye@F), we can

approximatively say that
g" b#ROE (2.52

11.3.5.2. About the Fixing of Capital Structure in Terminal Value

The terminal value is supposed to represent the value created by the fimaetivéies are
normalized B which means when H@F, the debt level, the growth and tR®IC reach their

respective OnormalO levels.

For all these models, the terminal value B since it has the fornp&fpatuity B assumes a
fixed market value leverage ratio, and therefore also fixed market value discount rates.

Therefore, it is important to make sure that the debt/equity ratio embadded terminal
value is (as close as possible from) the target ratio of the firrhjsatetminal value generally

accounts for a significant part of the total market value of the\irm

[Il. LITERATURE REVIEW

The last fifty years have seen many authors dealing with these disceastetlow methods,
and in particular with the correct valuation of the tax shields ; today, ihestdl no clear
answer to this topic, and a general reconciliation has not been reachedrbalivie authors
and their respective assumptions. An undisputed, economically sensible arzhipsatition

has not come out yet.

Generally, assumptions have been madeaireast two parameters : the discount rate for the
tax shieldsK,g and the level of debD. Therefore, the first section of this chapter analyzes the
standard assumptions for these parameters in order to value tax shieldasegliently firms.
The second section of this chapter reviews the last insights eamdp#t of improvement of

these standard assumptions that can be found in recent literature.
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[1l.1. STANDARD ASSUMPTIONS

[11.1.1.MODIGLIANI & MILLER AND HARRIS & PRINGLE

Modigliani & Miller (1958) were the first authors to specifically proposerm fvaluation
framework, and first concluded that leverage was irrelevant to firm velaeever, their
revised versionNIM, 1963), considering taxes and therefore the tax benefits of debt financing,
opened the doors to an increasingly extending literatute>oshields valuation. Their paper is
based on the assumptions that (a) the level of debt refadaithroughout the life of the firm

(D, =D), and (b) the risk associated with the tax shieddise same as the risk of the dékit

= Kp). The cost of debt is also B as in most usual models B assumed coitstEver the
level of debt. Under these restrictive assumptions, since both the atethtodnd the level of
debt are constant, and since the tax shield risk is equal to the cteditpthe present value of

the tax shields is also a constant and does not depend on the cost bt debtl).

Almost two decades later, Miles & Ezzel (1980) proposed a model famsdant market value
leverage ratio policy, which is a firm rebalancing its debt once a yeandar to maintain a
fixed debt/firm value ratiol( = D, /V,) ; in their setup, the risk of the tax shields is the same

the constant cost of debt in the initial year, but then supposedly followskha the business
since leverage varies the same way the value of the firm does. BaRisngle (1985)
completed this constant leverage ratio policy by deriving equations for continuous
rebalancing ; the risk of the tax shieldshen equivalent to the unlevered cost of capital at any
time (K5 = K).

Whereas numerous authors have discussed, criticized, and proposed new asswnptions
methods since then, the assumptiondMd (1963) andHP (1985) are still the standards in
today leading corporate finance textbooks. For this reason, and in order to fiyseahair
shortcomings and second propose solutions when developing our new setup, we will now go

through the relations they have derived for a general cash flow pattern.

All these equations can be derived from the general relations we haveddetasthapter II.
For each combination of assumptions, we give the related formulds.foWwACC, V.4 and
then the way to competv using theECF, the WACCand theAPV approaches. The cost of

debtK, is assumed constant in these setups.
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A. Level of debt constanD(=D) and K, = K, (MM, 1963)

. w D
Ke =Ky +(Ky " Kp)( #)E (3.1)
$ D !
WACC=K, & " #
U% E+D2 (32
#
KoD" _K,D" _,
:$ = ="D 3.3
IR K Ko 9
L FCF + ECF
=P wt+tD=d ——+D= 3.4
S P ¥ m ﬁ$1<1+WAchM) (39
B. Level of debt fluctuates arkd = K, (Extension MM)
Ke =K, + (K, " KD)D Vis (3.5
Vs &
WACC=K,, %"
éla E+D( (3.6
Viy=$ D 37
TS t:l(1+KD)t "
, # FCF, . K,D," & )  ECF ) FCF,
V=% 04 + t(— t t+D:* t t (3.9
R T eI S e 1 (1 WACGry )

C. DebtFirm Value ratio constantl{ = D, /V,)** constant andK;s = K, ** (ME, 1980)
D=D, =LV, "" E=E, =(1#L)V,
gh_ LV _ L _D (3.9

E, (1#L)V, 1#L E

1 n this setup, debt is rebalanced once a yeleepthe ratiol constant the time index refers then to years.
121n this setup, the risk of the tax shieldg, does equak, in the initial year, but then equalg, for the

expected value of allfure tax shields ; in other wordi;;¢ varies over time in orddp keep th&VACCconstant.
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D. Debt/Firm Value ratio constani(= D, /V,)**and K, = K, (HP, 1985)
D=D,=LV," E=E, =#L)V,
D_ LV, _L _D (3.19
E, a# L)Vt 1#L E

" D _ ., L
KE:KU+(KU KD)E_KU+(KU Ko)ﬁ (3-1@
— n D — n
WACC=K, #(Dm—KU # L (3.17)
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_4 ﬁf/ FCF_, KyD" & ) ECF _4 FCF, (3.19

=% ——— ' _+D
A+K,)' 1+ KU)‘( o @K' -, 1+ WACG,,)"

t=1

13n this setupgdebt is continuously rebalanceai keepthe ratiol constant the time index refers then to
continuous time.
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[1l.1.2.COMMENTS & CRITICISMS

It is straightforward to notice that, for the same company, depending on tinepéies for the
rate K, the value of the firm will be different. Indeed, the valuation assuding= K, will
always give a lower result than the one udfgg = K, sinceK, isassumed constant in these

setups and therefore we always h#ye>K,.

Advocatesfor the cost of debK, as the appropriate discount rate for the tax shields argue
that, since tax shields come from debt, they have to be discoafrttesl cost of debK,. On

the other hand, proponents for the unlevered cost of cafjtals the tax shieldOs discount rate
point out that the risk of the tax shield is tied to the operating resouie the firm does not
benefit from (all) the tax shield if the operating result does not covgth@linterest expenses,

as previously pointed by the relations (2.30) and (2.31); therefore, like operating results, tax
shields should also be discountedgt

On top of these considerations and supportitg (1963) andHP (1985), literatur€ often
suggests that :
- (a) if D is expected to remain stable, then the tax shields should be discoulted at

- (b) if D/V is expected to remain stable, then the tax shields should be discouk{ed at

However, both policies D fixed debt or fixed debt ratio B remain particular reasly met in
real world ; for companies where neith@rnor D/V are expected to remain perfectly stable b

as it is the case of most companies in practice b, literature does not provide much guidance.

On top of this lack of generality with regards to the debt policy, both modéi® feike into
account other issues whige@emimportant to be considered in order to obtain economically
sensible and then realistic results ; while they are easy to apptleéindely convenient, they
are very likely to oversimplify realases

We now specifically discuss these shortcomings.

1% See, for exaple and among many others, Cooper and Nyborg (2002@04), Bertoneche and Federici
(2006), Fernandez (1995, 2008a and 2008b) and all ilgadiporate finance textbooks.

-20 -



Firm Valuation : Tax Shields and Discount Rates (T. ANSAY, 2009)

111.1.2.1. About Discount Rates

[11.1.2.1.1. Sensitivity of the cost of levered equityfahd therefore the WACC) to leverage

In both setups, the cost of levered equity, that is the return required by shareholders
depending on both business and finahgsks they face, is a constant throughout the life of the
company, and so th&/ACC. This convenience is only correct because of the ddiigm
underlying those setups D fixed level of debt or fixed debt/firm value rathmng many
others, Grinblatt and Liu (2008), Farber, Gillet and Szafarz (2007), Velez-Parejghand
(2008), or Wood and Leitch (2004) have pointed this out.

However, as stated before, firms rarely follow exactly these strandding policies. Therefore,
while it is sensible to assume that the business KgR (s a constant b that ife operating
risk associated to a particular kind of business in a particular Secttire financial risk does

change if the leverage varies, which has to be taken into account in the cost of levered equity.

As the WACCusesK; as an input, th&®/ACCalso evolves depending on the level of debt.
While authors are usually aware of this isskie,andWACCare almost always considered as
constant, and very few have proposed models where the cost of levered equityrgdgesva
after year when the financial leverage does not follow a fix patternm@del will allow the

cost of levered equitiK;. to fluctuate year after year.

[11.1.2.2.2. Sensitivity of the cost of dely ¥ leverage

On top of the cost of levered equity, the cost of deptdoes also vary according the level of
debt. Indeed, the cost of debt is the interest rate paid upon the outstandimgnddbis rates
obviously not a constant when the level of debt chanfjiésother things being equakny
lender B banker or bondholder D requires a higher return if the firm becomes moredarerage
order to compensate the surplus of (financial) risk associated with thaseicr¢he leverage,

and inversely.

Therefore, if we refer to the risk-free interest rateRasand if we assume the leverage ratio to

change, while the implicit assumptiok, =K, =R for all t is definitely convenient, it

!5 Basically, K, can be interpreted as a risk index standing for the averagexpacted profitability of a
particular kind of business in a determinated sector, and exclusiyaydieg on operationnal elements, or in
other words, businesspecificparameters.
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certainly does not reflect reality. For a brief compariseith the CAPM model, this
simplifying assumption is equivalent to assum#iig= 0, which wouldmeanthat the debt is
risk-free. Moreover, even models that consiigPo0 by adding a static debt risk premium to
the risk-free rateRr, in order to includea credit spread between th@mrporate cost of
borrowing K, =K, =R: + Fixed Credit Spreacand the risk-free ratge, still fail to take into

account that the default premium has to rise as the debt ratio increases.

As HP and MM assume either a constant debt level or a constant debtKatimight be
consideredasconstant in these setups, but again it does not correspond to most real corporate
financing policies. In reality, the credit spread is a function of therdge ratio of the

company®.

While endogenizinghe cost of debt has rarely been done, some authors have proposed such
models ; for example, Wood and Leitch (2004) discuss a model taking into adheunt
sensitivity of both the cost of debt and the cost of equity when the leveoagg changes and
derive a relation between those two paramé&terge will extensively develop this point in the
model presented in chapter IV.

[11.1.2.2.3. Sensitivity of the tax shield riskrskto leverage

Finally, as already explained, the risk associated to the tax sh{elds assumed fixed in
almost every model. IMM andHP, it is equal to respectivel), D which is a constant in

these setups D aiiq, .

However, this risk does change across the asi@also depends on the leverage ratio. Many
authors have highlighted this in recent literature. For examples, Liu (2009) iekeriatir
parameters that makes the tax shield risk changes across time, Gramolakiu (2008)
consider four (different) parameters, and Rao and Stevens (2007) argue that theldaxskhi
is definitely different according the level of debt and the profitabilitythaf firm. However,
they do not come with a practical and straightforward relatioffor

'8 This is precisely what rating agencies;dtepending on the creditworthiness of the firm (which depends on its
leverage ratio and its profitability), these agencies will give a rating to the firntharfoilm cost of debt will

usually be strongly tied to this rating. However, these ratings afixaedtforever as they evodwith the
performances of the compantherefore, the cost of debt of the company varies as well.

" Theyarguably derive a parametss, = (1+ Kp,)/(1+Kg )" K whichis essentially constant and nearly

independent of the capital structdoe all t.
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Tax shield valuation lies at the core of this paper and we will dewelopapter IV both its
market discount rat&,s and its accountingnodelization So far, we just mention thatédll

other things being equa the risk for the company to not B even partially B benefit from the
tax deductibility of the debt interesin a particular yeat will increase if the level of debt
increases, since the firm will then pay more interests ; attaircdevel of debt, the interests
paid will be superior to the operating restiBIT, such that the company will not benefit from
the D full b tax shield that ygaas previously stated by (2.31) and (2.32).

Actually, while increasing the leverage also increases the potetsial shields, it
simultaneously increases the risk of these higher tax shields. Tleis\stdtis even reinforced
if we refer to what we have just said about the cost of Hgbt astheleverage increasesS,
should also increase, such that both interest expenses and potential dg sér&inly
increase, but the risk of not benefiting from this tax shield that partigelar definitely

increases as well.

We summarize this subsection about discount rates by concluding that, f@mmapgnees that
do not follow the two strict debt policies assumedvi andHP D that is, constant level of
debt or constant debt ratio D, the cost of levered eé#itythe cost of debK,, and the risk

associated with the tax shiel#iss (as well as obviously th&/ACQ do change over time as

they are functions of the leverage ratio of the firm.

111.1.2.2. About Losses Carried Forward and Tax Shields Modelization

Following what we have just said about the discount rate for the td®sKig and focusing
now on accounting flows and in particular on tax shield fladR,andMM D as many other
models Bmodeize the tax shield every year @a§ = (K,D),/ ; by so doing, they consider that
the company always fully benefits from this tax shigddt yeart even though there is not
enough operating result to cover the interest expenses.

However, when the company records an accounting loss, the unrealized tax shible wi
carried forward as a tax credit that will reduce the taxable income thieefirm makes profits
again. Therefore, even if the firm will ultimately benefit from thelitt of the tax shield at
some future time, the appropriate discount rate at that future time ag d&ferent from the

one int and (b) in any case, the exponent of the discount factor has to be highesrasl t
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happen in a further future than if it had been gainedTiis is simply the well-known concept

of time value of money which is specifically relevant to discounteth €lasvs valuation.
Additionaly, if we consider an extreme example where the firm would never make profits
anymore, then the firm would only have benefited from a percentage of the a(Kgjt /

that yeatt, and would never benefit from the rest of it.

In order to value as precisely as possMlg, we will introduce in our model some refinements
for the accountingnodelizationof the tax shields ; the accounts loss carried forward and
accumulated logs carried forward will be introduced, and consequently the acdexable
income, which can be different froBBT = (EBIT BDKpD)(1 -!).

[11.1.2.2. About the Circularity Issue

As we have mentioned in the first part of the paper, accounting cashdtewliscounted at
their respective appropriate market value discount rate in order to obtainritet vadue ok,
D, V,, V;s and ultimatelyV .

To derive the market value of these elements, you need to know the marketigament
rates ; however, to obtain these rates, you do need to know the market valeet®i@ order
to use the respective market value weights. This circularity issue is a well-kradrawback
of these discounted cash flow models.

However, when using the assumptionMM or HP, many authors ignore the problem of
circularity inherent to those methods ; they elude the difficulty by assuiaiggt levels for
both equity and debt. While this assumption is practically convenient and leigiaimetimes

a decent approximation, it does not reflect the reality when the firnmciimg policy is
expected to vary noticeably ; even if not, those target levels may leediftérent from the
effective market value weights, whidead to poor approximations for discount rates.
Furthermore, those inaccuracies are likely to lead to discrepancies ehee®ur valuation
method DAPV, ECF, WACCandMVA B, and the extent of the gaps between the methods will
depend on the difference betweensthassumed target levels and the actual market value
weights. To avoid these differences in results between the four metnatiers usually
present only simple examgl® namelycases with few periods or very often perpetuities.
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Among others, Velez-Pareja and Tham (2005), Velez-Pareja and Mian (2008) and Wood and
Leitch (2004) have shown recursive approaches to solve this issue with the helppiter
software. Indeed, current spreadsheets do not have problems anymore to deal piéx com
relations that require numerical research, and iteration features are ngely available on

any spreadsheet application. Therefore, wé alfo use this feature to solve the circularity

issue when presenting different examples that will illustrate our model.

1l .2.RECENTLITERATURE & LAST INSIGHTS

On top of the papers we have already mentioned, we now briefly discussot#wmneecent
papers that have dealt somehow with firm valuation and in particular asthshields

valuation.

The first thing we can say about recent literature is that thestdliso model that has been
able to clarify undisputedly the correct discount rate to apply for tax shetdis,while
complex mathematics and elegant theoattmoncepts have been proposed, no model has
really come yet with a practical solution. As previously mentioned, shpsabably the reason
why current corporate finance textbooks do not take position and keep mainly pigebtviti
andHP as standards.

Recent papers usually rather supptitassumptions thalM assumptions, since using, as

the discount rate for the tax shields yields more OreasonableO valge. fBor example,
Ruback (2002) merges the Free Cash FIB@R) and the Tax Shieldr'S, calls this flow the
Capital Cash FloWCCF) and discounts this aggregated flow with the cost of unlevered equity,
implicitly assuming that the risk of the tax shield is equivalerihéobusiness risk. Similarly,
Schmidle (2006) intends to prove that the appropriate discount for the tax shi&lds is

Some authors have then come out with surprising results, like Fernandez (2004aiwiso ¢
that the value of the tax shields is not equal to the present valhe tdx shields. Initially
controversial, this assumption has been definitely discarded by the paper of @adper
Nyborg (2006), which formally demonstrates that this surprising result has been obtained

because of confusion between formulas from different setups.
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Arzac and Golsten (2005) propose an interesting paper where they reduce the prahlem of
tax shield discount rate by using a pricing kernel ; they derive through aivégraicess first

the market value of the firm and then deduce from it the market vakpopiay and the market
value of tax shields. However, they still consider a fixed leverage aatl their results are
from little help for the appropriate tax shield discount rate.

Grinblatt and Liu (2008) derive the most general setup for the tax shieldiealuEhey come
up with a partial differential equation for the value of the debt tedaslm a fully stochastic
setup ; their results are based on a standard risk-neutral valuation framewagppnit any
dynamic debt policies. While this paper certainly encompasses aithbes, their results are
definitely theoretically interesting but practically from little helg #hey use heavy
mathematics and some abstract parameters that do not yield a siraigtdfexpression for
the tax shield discount rate.

Finally, Liu (2009) proposes an unconventional way to consider tax shields and its apgpropria
rate, and makes this rate depend on four variablssmodel is based on slicing the present
value of tax shields to realized tax shields and unrealized tax shields, and adjusts some
accounting returnsAlso worth reading, it is however mostly incompatible with the rest of the
literature, as recognized by the author himself.

About the circularity issue, we have already mentioned that Velez-Remegxample, Velez-
Pareja and Mian, 2008 or Velez-Parja and Tham, 2005) proposes to use the fieatii@enof
modern spreadsheets to tackle this well-known problem. Wood and Leitch (2004 )ealbts us
iterative proces$o derive results and, while they do not treat the tax shields issue rufzarti
theyendogenizeéhe cost of debt as an increasing function of the level of debt. The theglel
propose is also worth noting as it considers changing capital structure d@ncdatebt level
or fixed debt ratio, requiring only the corporate cash flows, the risk-free ratmatfygnal tax

rate and the unlevered cost of equity as inputs.

We now have presented all the required information to start building our model. ltdyimgle
assumptions may be seen as a mix of the different insights recent papers have proposed.
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First, it is strongly based on the fundamental equality between the ageaind the liabiligis
side of the market value balance sheet of the firm at any timetreduced by Farber, Gillet
and Szafarz (2006).

Second, iendogenizethe cost of delp as a function of the (appropriate) leverage ratio, and
only requires the risk free rate, the corporate tax rate, the corporate caskafidwihe cost of
unlevered equity as inputs, similarly to Wood and Leitch (2004).

Third, using the market value balance sheet equality and the portfolio theosyatleatthat the
return of an asset is the weighted average of its constituting eléneegiisrns, it derives
through a step-by-step demonstration a general expression for the market valuet dege of
the tax shield&+s

Fourth, it uses the iteration feature of modern spreadsheets to simultgnsausl for the
market value elements and the market value discount rates thanks to alnesearch, as

proposed by Velez-Pareja and Tham (2005).

Some refinements for the accountmg@delizatiornof the income statement of the firm will also
be done in order to properly forecast the accounting tax shield flows. Comprehensipéesxa

will finally illustrate the model.

V. TAX SHIELDS AND DISCOUNTRATES: A DYNAMIC , ENDOGENOUS

& INTEGRATEDAPPROACHTO VALUE FIRMS

IV.1. ASSUMPTIONS

In our setup, we only consider that the risk free Rtethe corporate tax raté and the
unlevered cost of equiti,, which is the business/operational risk related to a particular kind
of company in a particular sector, are constant. These requirements aitelgefieaker than
any other valuation setup where other discount rates and debt level/ratio dliye assuamed
constant ; they are also much likely to be close to real situations.
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All other discount ratesK., K5, Ky) may vary as they are function of their own relevant
leverage ratio, and no restriction needs to be done about changes in capitalesthat could
happen from one year to anotlfeAs the cost of debK, may vary, the (market value of)
debt D is not riskless, as its risk will increase will the amount ofandsg debt. However, we
will consider that the market value of debtis equal to its book valtie In other words, we
will consider that the debt is not traded on a financial market. Tlhabvisys assumed in any
other valuation setup and may be regarded as a decent simplification. deaddedrea taally

other subject in the finance literature, which goes beyond the scope of the present paper.

Therefore, any value the company would be able to create beyond its book saloelfl and
completely to shareholders b either through tax shields (financing value creattbrjugh
excess operating return on capital over the unlevered cost of capital (opesadtiagreation)
b, as debtholders only receive interest expenses that are certain retugradifyacompensate
the risk they face by granting to the company the outstanding level obdahtother words,
debtholders do not hawtaims for a share of the profits the company could make.

Finally, this model also considers the possibility of losses carriecfdriay the company, and
therefore the possible existence of tax credits which can be regardax sisields carried

forward.

IV.2.MARKET VALUE BALANCE SHEET EQUALITY : THE UNDERLYING RATIONALE

Tax shields come from debt financinghere is no tax shield if there is no d8btHowever,

these debt tax shields, if any, flow entirely to equityholders through the netanpesnmterest
expenses are paid before taxes, which reduces the taxable base. Debtholusretefit

from these debt tax shields.

| 4S5 96% | | $&6()*"+(% | | " $.% |

18 Again, whilethe market vale discount rates may vary every year depending of the level obdesainding that
year, the forthcoming demonstratiavill omit Bwhen not confusingto add to everynarket valuediscount rate
and balance sheet elemémé time indext, as it does notddl anything to the developments and makes expressions
heavier.

19 Except if its book value is so high that, compared to the operatintjsrésel firm is expected to make, the debt
couldnever be repaid in full ; in thatise, the market value of detitl be equal 6 the market value of the firm

as debtholders will be paid off first agafishareholders in case of bankmptSee the section I1V.2.3. for details.
See also the section IV.4.3. when considering grgyierpetuity cases.

20\We are just talkingnereabout debt tax shields. Obviously, tax shields may arise &iher tax deductible

items, like depreciation, etc. Nevertheless, the point of the paper is to analyaelds arising from financing
decisons we will therefore often omit to say debt tax shields, and simply refer to them stseéds.
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When valuing firms through cash flows discounting, as interest expenses,dials simd net
incomes are cash flows that may be considered separatly, it wouldssesible that their
respective appropriate discount rates follow the same pattern than th#tovasthemselves,
and as we know from the fundamental condition (2.6) that the cost of levprggllegas always
to be greater than the cost of debt, it makes some sense to presyuméehahe firm is both
debt and equity financed, the relations between those discount rates should be

Ky <Kis<Kg (4.2)

So far, this is just an observatipwe will show this formally in our demonstration. Referring
now to the constant equality between the assets side and thadmbilite of the market value
balance sheet of a firm, the amount of the preggine of tax shieldd/.4 that lies on the assets
side of the market value balance sheet has to have its equivalentlsmmen the liabilities
side. And as we have just said, tax shields flow entirely to equity. fonergve may divide the
market value of equity into two components : the market value of equity witheuharket
value of tax shields, and the market (or present) value of tax shields. This can be written as
E=(E" Vi) +V¢ (4.2

and

V=V,+Vg=E+D=(E" V;J)+V;s+D 4.3

This is nothing but just both adding and substracting simultanedysljrom the liabilities
side of the market value balance sheet. We also know from (2.9) thaacfomerket value
element of the market value balance sheet, there exists an approyaréet value discount
rate such that the sum of the products of the market value elementhé&assets side by their
respective appropriate discount rates is equal to the the sum of the poddhetsharket value

elements from the liabilities side by their respective appropriate discount rates.

Therefore, we may say that there exists an appropriate market value drstetyt, for the

market value differenceK - V,¢) such that the relation (2.9) may be restated, without any loss

of generality, as
KW + KroVis =KeE+ KD KV +KigVig = KE#VTS(E #VTS) +KrgVis +KpD (4.9
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This market value discount rat€..,, may be consideredsthe market value discount rate of

equity if the tax shields that flow to equity when there is debt fimgnare not taken into

account.

Therefore, considering the portfolio theory that states that the return of aryisaske
weighted average of its constituting elementsO returns, we may sthet@aglobal E cost of
levered equityK. B the appropriate market value discount rate for the whole market value of
equity E B, which we know from (2.10% also equal to

E"V, V.
Ke = KE"vTS E T+ KTS? (4.5)

This rateis thus the sum of the respective appropriate discount rate€for\(;5) and Vg,
weighted by their respective weights with regards to the total market eakguity. So far,

we have not lost any generality ; we have just decompounded the market vagaitgf
between & two market value parts, which could be respectively considered as the operating
value and the financing value of the firm relevant to equityholders. Howermportant to
realize thatKe., is different fromK,. Indeed,K.., does take into account the increase in

financial risk B and so the increase in the return required by the sharehcdddisiagbfrom
debt financing, and is even bigger thidp, as it supposed that debt tax shields will not flow to

equityholders and therefore will not decrease somehow the risk associated to debt financing.

Graphically, this decomposition can be represented as follows :

Assets Liabilities Assets Liabilities
E-Vis
E |
Vu Vu Vs
_
<=>
D D
Vs Vs
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Therefore, athe market value balanche sheet equality has to be met &tremyhis equality
still holds if we substract from both assets and liabilities sideprésent value of tax shields
V;s. This is the subject of the next sectiahis will allow to buildstepby-step our model to

derivein fine the appropriate relation for the market value discount rate of the tax siiglds

IV.2.MARKET VALUE BALANCE SHEETWITHOUT TAX SHIELDS

As previously said, we initially elude the tax shield issue and only considethie market
value elements and discount rates. When substracting the present valushedltis\V, from
both assets and liabilites side of the market value balance stegtetvious graphicanbe

adapted as follows :

Assets Liabilities Assets Liabilities
E-Vis E-Vis
T — P
Vu e Vu
=> D
N D
Vs

Mathematically, if we substract respectivély; from both side of (4.3) anl,sV;s from both
side of (4.4), we get the adjusted equations
V, =(E" Vi) +D (4.5
and
KoW =Keny, (E" Vi) + KD, (4.6)

We have then obtained relations that do not explicitly depend anymore on thbidhis s
discount rateK 5. As we assume thak, is a constant, we can always compute the unlevered

value of the firmV, as

, FCF
o= e

LK) (4.7)
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Therefore, v have now to analyze the two other rates from the expression (4.6), which are
Kev,, andKp .
IVV.2.1 THE COST OFLEVEREDEQUITY WITHOUT TAX SHIELDS

The discount ratek.., can be considered as the return shareholders would require if they

would not benefit from the debt tax shields. From (4.6), we can solue:for , which yields

K., = KW, " KD
E"Vig E"VTS( )
1 n n
# ey, =5 (Ky (E+ D" Vi) " KoD)
TS
D

# Koy, =Ky +(Ky " Kp) (4.8)

E" Vis

Incidentally, substituting this definition (4.8) fdt..,, in the alternative definition (4.5) for

the cost of levered equity, it can be easily cross-checked that thinasife definition is

effectively equivalent to the general expression (2.10) for the cost of leequity K., as

shows

E"V, ., V.

Ke E'Vis T E + KTSLS

& n
DT T
E"V.' E

" D, " V.
=Ky + (K, " Ko) 2" (K, " Krg) 22

Ke
#
${6 v T (K, " Kp)
=Ky

We can now consider the accounting flows that are relevant to detefmaineatket value of
equity. As we have presented in tlECF approach, the annual cash flows that, once
discounted, yield the market value of equiiyare the flowsECF. Indeed, the C global E
market value of equity is

., ECF
= —

7K ) 4.9

From theAPV method, we also know that the cash flows that are relevaft tare the annual

tax shieldsTS. Therefore, if we consider the market value elen{é&nt V,¢) as a whole, the
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annual accounting contribution to this elemen&€k BDTS). Consequently, we may say that
the difference between this market value of eqlity and the market ofathe tax shields
V4 is equal to

# n
E"VTS:$ ECR™TS

P 4.1
t=1 (1+ K(E" Vrs) )t ( Q

By definition, this discount rat&..,, is always greater than the actual cost of edtitysince
Ke.v,, does not take into account the tax advantage of debt financing, which logeesurn

required by the shareholders. Indeed, it is straigthforward to see that the exp(d3jis
always superior to the general expression (2.10Kfpasthe present value of the tax shields
V;s, even though we do not know the appropriate kKgte has some positive value as soon as

there is debt financing. This remasimportant and will be developed later.

If we use again the equality of the assets side and the liakilite®f the market value balance
sheet of the firm at any time, and in particular the relation (2.2), the expr@s8) is also

equivalent to

" D
Keov,, =Ky +(Ky KD)VU "D (4.1)

This last expression forKe., is definitely worth notingas it isalways right, whatever the

assumptions aboW{,s. The only remaining unknown is the cost of dé&byf, as we consider
that the debt interest rate a function of the leverage of the firm. We analyze in details the

correct way tendogenize&K in the next section.

IV.2.2 THE COST OFDEBT

As we have previously said, valuation models usually do not take into a¢cheuatt that the
cost of debt for a compangan vary. However, when the level of debt increases
proportionnally to the size of the firm, the financial risk of default and dndyankruptcy
increases. Therefore, the interest rate required by debtholders increasée \atletage ratio.
In order to consider the sensitivity &f, to the leverage ratio of the firm, we havartodelize

K, as a function of the level of delt. In other words, we have EndogenizeK, into the

model.
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The lowest interest rate is the governmental bondOs risk-fredRratkccording to the
creditworthiness and the level of leverage of the firm, debtholders wilicaithis risk-free rate
adebt risk premium, called the credit spread. Consequently, we claim tlaatlyheroperway
to endogeniz¢he cost of debK, is the relation

_ D&
Ko =Re +(Ky RF)$/%( (4.12

This can be interpreted as follows : the (average) cost okKggelor a company is a function of

the leverage ratio of the fir/V,, whose initial level is the risk-free rale and whose debt

risk premium is equal to the difference between the business riskifgdbd shareholdetsy

and the risk-free ratB:= B which is the difference between a risk-free investment and a risky
investment in a particular sector/business B, multiplied by the levetagB/Ng,. The factor

n, that we refer to as the marginal debt risk factor, is discussed later in the section.

When this leverage ratio is small, the cost of debt is close tosthéree rateRe As the level
of debt increases, the cost of debt increases and if theDiafjp gets close to one, then the

cost of debt tend towards the same leagthe riskinitially faced by the shareholders when
there is no debt ; actually, as the firm gets close to be only debtduhamebtholders become
shareholders in a way, facing then the same risk than shareholders ddereeis ho deht

the business risk,.

This expression folK, totally integrates the parameters any debthotdegs into account

when investing, as we now explicitely detail.

Firstly, the initial credithwortiness represented b¥,. As the unlevered cost of capith],

represents the business/operating risk of a particular kind of company in alpag#ctor, the
higher this rateK;, the higher the premiunK(, BDRr) and then the higher the cost of déyy,

and inversely.

Secondly, the profitability of this particular company compared to other siogfapanies in
the same sector is embodied into the unlevered market value of th¥|firfor example, if
the ROIC of the firm B which is the ratidOPLATV, D is currently (and is expected to stay)

greater than its minimum unlevered required retggn then the unlevered market value of the
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firm V,, is higher than its current book value, which reduce$ &ther things being equalthe
ratio D/V, and ultimately decreases the cost of d€bt for the company ; since debtholders
face a lower risk of default, they anelling to lend money at a lower interest rate. Inversly, if
the operating results are (and are expected to stay) low, then the unlevered traduem

is low and the cost of debt is high ; the risk for debtholders is high #iece might be not
enough operating results at some point to pay the interest expenses.

Findly, the leverage ratio is repesented,,, such that for a fixe®ROIC and then a fixed
V,, the higher the level of debt, the higher the cost of #gftThis function forK, is thus

perfectly sensitive to both the current business characteristics angt#utesl future operating
results of the companysavell asthe leverage ratio of the firm. In a way, acts here as the

element bankers and other borrowers analyze when realizing credit scoring sheets.

We now discuss two more poinits further details.

First, one could argue that the relevant leverage ratio to take into accowtbDi\,, butD/V,

that isD/(V, + V;g). For example, this is the assumption Wood and Leitch (2004) makes in
their paper. However, this option is erroneous. Indeed, as we have alreadytistatksdht tax
shields flow only and entirely to equityholders ; debtholders do not benefit fromathis
deductibility. Therefore, the relevant leverage ratio to debthold&sVs.

This can be proved with a simple examplee just need t@onsider the fundamental equality
of both sides of the market value balance sheet at any time and whht\Vevel of debt.
Moreover, we do not need to kndfts to prove this. For the clarity of the explanation, we

assume a basic perpetuity cdsAssumptions are summarized below.

Market Value B/S Assumptions
Asses | Liabilities D D .
Ko =R+ (K, " R)— ;K. =K, + (K, " Ky)———; K carbitrary
Vo EDVrs D RF U RF vV E"Vis U U D E" VTS TS
Vs Vs E:m;VTS:E; E"VTs:Nl TS;VU:NOPLAT; I:):KDD
D Ke Kss Ke Vig Ky Ko

2L But this explanation perfectly holds for any stochastic valuation case. Itgksisrexpressions heavier by
adding time indicesand sum operators, which does not add anything to our point.
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If we consider a company that switches progressiitgelgquity financing for debt financing
until reaching the extreme point whddevould equalV,, the cost of debK, is, according to

this assumption, equal to

&
Ko =R+ (K, " ROREL <K, (413

Indeed, because of the tax shields arising from debt finan®igis definitely greater than
zero, whatever the appropriate discount rate, and therefore adds some valuenievibeed
market value of the firm\,;, such that\,/V is smaller than one and thifs,, whatever the

marginal debt risk factar, is smaller tharK,. If we refer now to the expression (2.2) from the
market value balance sheet, we know that wbenV,,, or equivalentlyVj, BD = 0, then the
expression E - Vi) hasalsoto be equal to zero. Considering fifst.,, , the denominator
from the market value & - Vi), we can see from the expression (4.8) tKat, would

apparently tend to infinity if € - V) was effectively equal to zero, since the factor
(K, " Kp) is supposedly positivé K, is smaller thanK,. This would then reinforce the

condition E - V4 = 0.

Thereforewe just have to prove thalN| D TS), the numerator of the expressios ¢ V), is
equal to zero, or equivalently thit = TS. However, this is impossible with thisodelization
for K. Indeedjf K,< K, whenD =V, this implies
KoD =K.V, <K,D=K_,V, = NOPLAT (4.14
and the tax shiel
TS=K D" =KV, " <K ,D" =K, V," (4.19
such that
NI" TS=(EBIT" K,D)1" #" K,D#
=(EBIT" K V,)A" A" KV, #
=EBITA" A" KV, 1" A" KV, #
= EBITA" A" KV, + KV, #" KV, #
=NOPLAT" KV,

=KW " Ko\
=V (Ky " Kp)
>0
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This proves that, in order to meet the balance sheet eqatdity time, K, has to be equal to
K, whenD/V, =1, since it is the only way to makall( B TS) equal to zero and therefore to

make the market value elemer ¢ V,) equal to zero as well.

It is worth noting that, sinc® =V, implies E = V4, the market value of equitf at that
particular level of debt is just made of tax shields, whecteferred to as financial value. All
the value of the operational assets is owed to debtholders. This istiteofehe accounting
equalityNl = TS Actually, we can develop a little more the accounting flows for thel lof
debtD =V,. The difference between the operating reB8IT and the debt interests, D is
EBIT" K,D=EBIT" K,V, = EBIT" NOPLAT=EBIT" EBIT(1" # =EBIT# (4.1

This expressio&EBIT"” has some particularities ; inde&BIT" is also the amount of taxes the
company would pay if it had no debt. As tax shields correspond to taxes thadtgraid
because of debt financing, the maximum tax shield that can be realeagdyear is then also
equal toEBIT". Therefore, for any year and for any level of debt, we always have the relation

EBIT"=1+TS (4.17)

In other words, the amoWEBIT"” is shared between the taxes the company pay and the debt tax
shield the company realizes. In this particular dase V,,, we may derive from (4.16) the
value ofNI, which is also the value @iS and is equal to

NI =TS=EBIT"(1# ") (4.18

Finally, referring to (4.17), the taxes that are paid for that level of delalsové&known and are
equal to
| = EBIT"#TS=EBIT"#EBIT"(1# ") = EBIT"? (4.19

If debt interests were not tax deductible, it is straightforward tolsdetlie market value of
equityE would then be equal to zero since debt interest would still have to dé&gfare the
shareholders to get their returns, as shows

EBITQL" A" K,D=EBIT1" #" K,V, = NOPLAT" K,V, =0 (4.20

Therefore, if debt keeps increasing such ¥ak D <V, while the market value of equitl

is still positive, it is only made of financial tax shields andrtieket valug E - V,g), which
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is the value equity would have if debt tax shields were not deductilriegative. Ultimately,
if D equalsV, the market value of equitE = (E BV,) + V4 is equal to zero. This case will

be discussed further in the next section.

Another way to prove thakK, = K, whenD = is to start from the relation (4.6) and to
isolateK, instead ofK.,, , which yields

Ko :%(KUVU " KE"VTS(E " VTS))

1 n n n
= B(Ku (E+D VTS) KE"VTS(E VTS))

E n VTS
D

=K, + (K, " Key,) (4.29)

While this expression does not give information about the fgyhas to bemodelized it
shows that, aX, b Kg., will always be negative as soon as there is debt finantggis
always smaller tharK, except whenkE - Vg = 0. Therefore, referring to the relation (2.2),

K, can only be equal t&, when\,, BD = 0 or equivalently wheb =V .

The relation (4.12) is thus the only proper wagnologenizeéhe cost of debK. To conclude
about the relevancy of this leverage redifv, for K,, consider a last example where the
ROICis permanently equal ti; the only way to create value then is to use financing policies
and not operational policies. When there is no debt, the equityholders YQygstV,, face a

risk K, and get a return just equal to this risk. If the debtholders now inve$t, =V, in

this firm, they will quite logically face the same rik, and thus get the same return. Indeed,
debtholders certainly do not lower theequired return D the interest rddg B because their
loans will allow the firm to get tax shields which will consequeirilyrease the value of the
firm. This does not make sense. Debtholders only consider the operational vHieefioh
when investing money, which is the value of dssetsbefore the debt to be issued and

therefore before tax shields ; this is represented by

Reversing this consideration, if two firms, acting in the same sector anchgusmilar
businesses B which means they both have the same unlevered cost oKgapitahve the

same amount of delld but pay significantly different interest rates for their respective debt,
this is unlikely to be a coincidence ; rather, this is because thdirtws are definitely not
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valued the same by the respective debtholders, which means their respperadng
performances are different. Debtholders, while they cannot claim as high retarns
shareholders, are still invessoavare about the basic trade-off risk/return ; a low cost of debt
for a company means that there are many debtholders willing to lend monleig o
because its performance are good and therefore its risk to default isitdwthat the required

interest rate goes down.

The second point which needs some further explanations is about the valugiterb® the
parameten, which we have referred to as the marginal debt risk factor. This madgioiatisk
factorn should not be confused with the marginal cost of debt, which is
dK
Ky'=—2
° dD

(4.22)

This marginal cost of debt measures the marginal increase of thefcdsbt K, for a
marginal increase of the level of debt The compulsory condition about an endogenous
modelizationof K is that its formula has to be a strictly non concave increasing function of
D, which can bestatedas

P
dD

d’Kg . 0

>0 and K,"= ~ (4.23)

These conditions are met for any marginal debt risk fattorl. Consequently, we discuss
three forms fon. The basic linear form = 1 assumes the cost of debt to linearly increase with
the leverage ratio. In this setup, the marginal cost of debt is equal to

_d# Lo FD& K, "R
Ko'= g2 * (K" Rge((==0— (4.24)

This simple form offers several advantages; in particular, it alloames algebraic
simplifications that are convenient, as we will see later. Howelkrermain disadvantage of
this case is that the marginal cost of debt does not depend on the le{/éfaige 0).
Therefore, while this variable cost of debt is a definitely more teadissumption than a fixed
cost of debt whatever the leverage of the firm, this form is stilkelylito perfectly fit real

world cases.
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The forms fom > 1, integer and constant are the first improvements,watl2 as the standard
assumptioff. They allow the marginal cost of debt to be strictly increasing leiterage and
so the cost of deli{, to beaconvex function, as shows

# & "
. d 0 " ?D&l . n(KU " RF)Dn 1
KD _E@ +(KU RF)$/Q,U( f_ VUn

(4.25)

Considering the cost of delt, as a convex function of the leverage is most likely to be the
case in real world, since every additional unit of debt is then riskier ttiea previous one.
However, whem = 2, the marginal cost of debt, yet increasing, does only increase linearly.
And if we use greater integers, we quickly encounter another problem : indeednc¢henf
yields then very low cost of debt for C normal E leverage pokgy & R:), and suddenly
surgeswhen approachin®/V,, = 1, which does not fit reality either. This is because the ratio
D/V, is supposed to vary between zero and one, such that any too high power wilheake t
leverage parameter stay close to zero as long as the leverage raid \®ry high.
Consequently, an obvious drawbacknotonstant is that we have to consider relatively low
values forn even though the marginal debt risk factor will certainly be high for igh
leveraged companies. Anyway, any form with 1 and preferently " 3 are certainly likely to

fit more precisely real cases than the linear form.

As we will show in the next section, all these forms witinteger and constant also allow to
algebraically solve for a theoretical optimal debt level, wigdhe level of debt such that the
firm is all debt financed and where the net income is just equairtg guch that the company
does not pay any tax ; in other words, this is similar to maximizing titketaalue of tax
shieldsV.

On top of these constant forms, we also present forms where the marginakléactoritself

is a function of the leverage ratio, which can be written as

n=n(D)=1+ f%D'; (4.26)

These cases are the most elaborated and do not allow for an algebraial ciatot level

solution, as they become transcendental functions.

*2This is notably the assumption of Wood and Leitch (2004).
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However, it is generally possible to calculaterttiest derivative, which yields a marginal cost
of debt of

# D& (D)
_df . #pd& . #yD #p& &p&
KD =E 0 +(Ku RF)%VU( EZ(KU RF)%Q%-F LO%’%(” (D).(?évug (4'27)

This marginal cost of debt, on top of bewsigctly increasingwith the level of debt D, has also
a convex shape as it increases exponentially with the leverage. Thisagvoluthe marginal
cost of debt probably best fits real world cases, allowing consequbatlfaverage) cost of
debt K, to vary in a way that is probably the closest toityal

At the end of the paper, we will illustrate the whole maogigh three different examples ; for
each example, we will take a different assumption for the marginaridkldactorn, in order
to illustrate the three forms we have discussed ; we can sumrttees three forms as the

linear form, the non linear constant form and the non linear non constant form.

We conclude this section by mentioning that such an attenmpbdélizinganendogenousost

of debt has already been done in some papers (for examples, Wood and Leitch 2064-or Ve
Pareja and Tham 2005). However, they usualilyto point out the necessary adjustement for
the relevant leverage ratio to debtholdd#$\{, instead oD/V) and barely analyze cases for

=1 andn = 2 ; by differentiating three kind of forms fo® and in particular the form wheare
itself is a function of the leverage ratio, which makes the costitfad#anscendental equation

b and analyzing in details their different consequences, our presentation esesntpase
papers. Moreover, they do not integrate this endogeneous cost ofittebta dynamic and
perfectly general approach, as they make some restrictive assumptioezample, and like

most papers, they consider the tax shields discount rate to be constant.

Particular efforts have been made here to explore the different forms cbsheof debt
function since all the other rates, as we will kder, depend somehow on this cost of debt.
This extra attention may also be attributed to the fact that theotastbt K, is the only
market value discount rate that requires in our setup two constant paramhatehsare the
risk-free rateRr and the cost of unlevered equiky,. Extra developments have been thus
considered in order tmodelizethe cost of delds afunction which is as close as possible from
real corporate interest rate.
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[V.2.3.SOLVING FOR THE OPTIMAL LEVEL OF DEBT IN ORDER TOMAXIMIZE THE FIRM
V ALUE

Still without knowing the appropriate discount rate for tax shields, we carndet the
optimal level of debD* which maximizes the present value of the fixm This is possible
because of the permanent equality between the assets side ankiilthedliside of the market
value balance sheet of the company. Indeed, this optimal level oD#abtdso the level of

debt which maximizes the present value of tax shislds whatever the appropriate discount
rate is. This level is obta@a when the net income is just equal to zero, such that the company
does not pay any tax and all the profits are kept for reinvestement inmnther fpaid as returns

to investors ; actually, debtholders become the unique investors since tineis r¢ghe debt
interests) are tax deductible B therefore allowing some financing valagower®, while
shareholders dividends are not.

Obviously, such a 100% debt financing polisypurely theoretical, and this for at least three

reasons that we discuss now.

- (a) First, because being entirely debt financed is surely against any busgeation.
Corporate legislations make sure this cannot happen by requiring minimum lesglitf
financing in order to precisely avoid total tax avoidance but also prevent aflgresigineered
or avoidable bankrupts.

- (b) Second, because it assumes that the company will never defaudt,thigis likely to
happen if, for any reason, the operational re€t®IT) would not cover anymore the interest
expenses that are exactly C designed E to equal the ®Bole Moreover, even if real
bankruptcy would ultimately not happen, an excessive leverage will cassmatpoint what
is usually referred to as financial distress costs, which arbeallitect (for example, lawyers
and other consultants fees during liquidation process) but also prior and indireci(fgle,
loss of clients or difficulties in obtaining loans due to the deteraratf the firm reputation
when financial difficulties arise) costs related to cash shortagesedndbese real or
opportunity costs are likely to occur when interest expenses become overwhsimsimghat
the cashposition of the firm is extremly tight and e®not allow for any surplus to face
unpredicted events.

-42 -



Firm Valuation : Tax Shields and Discount Rates (T. ANSAY, 2009)

However, there is no valuation model that can formally integrates timeseitl distress costs
since they depend on numerous parametersémaiot be considered on a general basibey

are mostly firm-specific or at least sector-specific. For example,hB@f07) proposes an
elegant paper over this problem and introduces some parameters which are suppaggd t
these financial distress costs in order to offset at some pointath@advantage of debt
financing. However, this is from little help in practice, as thesenpatexs cannot be precisely

quantified. There is no universal guideltoedetermine them.

While this problem is definitely not to be ignored, this is a well-known igguerent to any
corporate finance theories. Whereas all authors are aware of these fihsiceds costs
arising from (excessive) debt financing and agree to consider that they shdakkbato
account, it is not possible to explicithgodelizethem ; our model cannot come over this issue
either. Anyway, assessing the value and the importance of these findistiess costs goes

beyond the scope of this paper.

- (c) Third, because in numeroaasegdepending on the values BOIC and K, but always
when ROIC ! K,), the optimal level of debt that maximizes the value of the firm dvoul
require the firm to issue more debt than its current book value, which would suppose that

- a. first the company can issue new shares in no time, and

- b. then readily septhem for additional debt until reaching the theoretical maximizing

level of debt.

Because of all these reasons, actually achieving this optimal lestebofs in real world cases
more than unlikely to occur ; however, this maximization processill interesting from a
theoretical point of view, and will also show B when going through examples - that debt
financing certainly cannot account for huge and undefinite (financial) valueocreas some
models have probably overvalued because of not modeling the cost d¢f deista function of
the level of debD. Actually, it is rather the opposite that will be shown, with compaistive
small benefits to additional debt financing from a certain level wérbgge, compared to
operating value creatiolRQIC greater tharK). Indeed, whatever the value assumed for the
marginal debt risk factam, but certainly when we fin! 2, the level of debt to be taken to get
some sensible financing value creation is in most cases really higbr@ably not always
worth doing compared to the huge financial risk it might involve. This willlbstrated later

with examples.
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Neverthelessywe now solve for this theoretical optimal level of d€bt; as explained before,
this may be done without having to know about the appropriate discount rate for shestds
because of the equality between the assets and the liab$ittess of the market value balance
sheet at any time. The value of the firm is maximized when both apehi&nd financial
profits are totally kept inside the company, which means that the compasyabpay any
tax. As debt interests are tax deductible while dividends not, the firm sbptiidally be only
debt financed ; maximizing the value of the firm is then equivalentatamizing the value of
its debt.

Therefore, we have to determine the level of debtsuch that its interests expenses are
exactly equal to the operational resEBIT, in order to have an earnings before tak&s
equal to zero. In mathematical terms, this can be stated as
* D*
Vmax =D :VU +VTSmax E=E #VTSmax +VTSmax =0 Vv =1 (428)

max

To solve for the optimal level of debt B assumingBIT positive B, we have to fix
KoD=EBIT" EBIT#K,D=0 (4.29

By substituting the relation (4.12) for the cost of d&ht into the relation (4.29), the optimal
level of debt has to satisfy the polynomial equation

f +(K, " RF)gf,[lgj&D: EBIT

@ oG E

) D“*l%+ DR. " EBIT=0 (4.30

u

The roots foD of this polynomial equation give the optimum level of debtwhich is also
the maximum firm value/_,. AssumingEBIT positive, this equation is the unique condition
to theoretically maximize the value of the fitvh whatever the value af B which could be
integer or not, and constant or not B and whatever the appropriate discount eatesliazltls
Kis-

When the marginal debt risk factotis not a function oD and is a constant integer superior or
equal to one, this equation can be alegebraically solved with root findingtlagoFlease
note that, the highen, the lower the advantage of debt financing and so the lower the
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maximum firm value ; fon tending to infinity, wherD =V, the maximal firm value is thev
=V, = W,. However, as previously mentioned, the marginal debt risk factboud not be
greater than 3 if assumed constant, since too high valuewould make the cost of deb

stay considerably too low for C normal E leverage ratios.

It should also be mentioned that, while any polynom of degrieasn roots bas stateshe
fundamental algebra theorem D, only one in this context makes sense froom@mie point
of view B actually, others roots will be either negative, either complex msinteillustrate
the relation (4.30), we now give the theoretical solution for the optimal déébtD* for the

cassn=1 andn= 2.

For the linear case= 1, (4.30) reduces to a quadratic equation whose discrimant is
N 4EBIT(K, #R.) >0

" =R’ (4.30)
and whose two real roots are
"R +\/RF2+ 4EBIT\(/KU "R)
= 2K, " R) (43
VU
= ,,\/RF2+4EBIT\(/KU "R:)
D: = 2K, " R) <0
VU

As D, is negative, the unique optimal debt lellis given byD;. Forn = 2, it can be shown
that the unique B since the two other roots are complex b optimal del*evél; is given
by

_ 21/3RFVU2 .\ 1 7
z 3(R- " Ky)2'*

Dl

I2TERIT \(*(26,R " K" RY) <(§i’3 (4.33
with  z=q

%%\/108&3(&, "RV, + (27EBIT \(JZ(ZKURF " K" RFZ))ZE
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Once this optimal level of delli* obtained, we can also derive the leverage atibV,, the

cost of debtK,. and the cost of levered equity without tax shiefgs,, . for this maximum

level of debtD =D* = V.
Sincewe canalways getV, from the relation (4.7), the leverage rabd/V,, is immediately
known as soon as you have the optimal level of B&bFor example, in the linear case=1,
it is straigthforward from the relation (4.32) to derive the leverage Daty;, as

EBIT
v, (4.39

o R +\/RF2+4(KU "R.)

Vo 2(Ky " Re)

Once you have derived this relevant leverage ratio to debtholders, you cantingerthe
formula (4.12) to obtain the cost of delt,. since the other parameteiR-(and K;) are
assumed constant. Referring to the maximizing condition (4.28), this leverages r@ti@ays
greater than one siné® Vg andV =YV, + V4 are maximized such the&x=D*=V,__ > V.
Therefore, the cost of deli,.will always be greater thal, in this maximizationcase.
Equivalently, once you knoW*, the other way to geK,. is simply to use the inverse of the
relation (4.29), which is

_EBIT

Koo ==,

(4.35)

Finally, once we knowKy., it is straigthforward to geKe., . ; the expression (4.11) can

simply be rewritteras
D*
V," D*

Kev,, =Ky +(Ky " Kp) (4.36)

Incidentally, it is also worth noting from this expression (4.36) that, sirc&new now that
Ky = K, whenD =, both expressionX(, BK,) and O BV,,) change of sign exactly at

the same time, which makes sug., is a strictly increasing function @2%. This has been

secured thanks to the propeodelizatiorof K, in the previous section.

% See the section IV.4. for rigourous mathematical developments.
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Concerning now transcendental functions for the cost of dgbtwvhich happens whemitself
is a function of the leverage ratio, there is typically no algebraic avaglve it, but numerical
research algorithms usually allow to approximate a real positive solution whiclesatisfi
# #p &8
ﬁeﬁ +(K, " Rp)gﬁ,/—( ED: EBIT
v (4.37)

) D”<D>+1—(K\U/n(D'?F) +DR. " EBIT=0
U

Once this approximated root found, you can also defiyeandK.,, ..

We canconclude that, thanks to the market value balance sheet equality shatlhe&a met at
any time, we have been able to derive the theoretical maximum marnketofdboth the firm
V and the debbD, without considering which rate is appropriate to discount the tax shields

these values only depend on the assumption about the marginal debt risk.factor

We will later refer to the developments of this cd3®/ = 1 as the theoretical full
maximization. By comparison, the caB¢\V,, = 1 that has been discussed in the previous
section can also be regarded as a (weaker) maximization ; wef@illto it as the theoretical

simple maximization.

We are almost done with building the first part of our model ; in the netibse we will
tackle the issue of the tax shields discount Katg However, we first conclude this section

about the optimal level of debt by considering a refinement for the debt valuation.

One could wonder what would happen if the level of outstanding debt B thatdsbthizook
value B would keep increasing beyond the market value of theMVirindeed, we have
considered so far that the market value of the debt is always eqtsabtwk value. However,

if Dg.o> V, this is not possible anymore. We consider a simple example here ; again,
perpetuity case allows to understand directly the point, but it is truenyootaer case where
the debt book value would stay year after year superior to the firm market value.

If the book value of debt is B even slightly b greater¥hahen the appropriate cost of debt
also greater thai,., which is, as we have just explained, the cost of the debt WhenV .
In other words, the debtholders, facing a greater risk, requargseater interest rate.
Consequently, the interest expenses, which are the product of both the rate @stahding
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debt, are also greater than the operating r&®RIIT. If this is assumed to last indefinitelyjs
obvious that theses infinite accounting losses decrease the marketof/ahee firm ; by

recording only losses year after year, the firm destroys (rather than creates) value.

Therefore, if the debt book value keeps increasing beyond the market value iomththe
market value of the deli® decreases exactly the same way the market value of the/firm
does ; in other words, while the rati’V = 1is maintained B as debtholders ard she
unique investors B any additional increase in the book value of the debt nesudisia
destruction instead of financing value creation as there is not enough operatintp pnover
the interest expenses. Assuming a perpetuity, debtholders would then nevertbdidlylget
their initial investment back, as part of its vaisi@estroyed every year. Without any restrictive

assumption now, we mathematically state the previous explamation

D, = MH\%& D
e (1

This means that the market value of the dakdt any yeat is equal to the minimum between

CKF )é i (4.39)

the sum till infinity of all future Debt Cash Flow®CF) to come, discounted at their

appropriate discount rate, which varies if the level of debt vary from year to year, and the

market value of the total firia; that yeat.

As we consider that the returns debtholders get through interest expenses etaectjs
compensate for the risk associated with the level of debt outstandingfierayear D that is,
debt interest rate increases af| other things being equathe leverage ratio increases, and
inversely B and since debtholders benefit from no other return than these expesstes D
debts are assumed to be not traded on financial bond markets b, the expressioay4l3&) m

also be rewritten as

D, = MIN(Dggqy, Vi) (4.39

This last expression ends up the current section about the optimal matebfaebt. We
have now set up solitbundations for our model. First, using the fundamental equality of the
market value balance sheet, we have decompounded the equity marketEvahie two
elements, the equity market value minus the present value of tax gtteld¥,) on the one

hand, and the present value of tax shiélgson the other hand. Second, we have derived an
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expression for the rat&.., , which is the appropriate rate to discount the accounting

aggregated flowsNI - TS) in order to get the market value differende ¢ V,). Third, we
have extensively discussed theodelizationof the cost of debtK, in order to properly
endogenizet into the model, and in particular with respects to the market valiaamce sheet
equality ; the resulting equation is perfectly sensible with underlying egosoamd allows to
differentiate several cases for the marginal debt risk factémally, we have shown that we
can determine the optimal level of d&bit which maximizes both the market value of the firm
V and therefore the present value of tax shi®lds even without knowing the appropriate tax
shield discount raté&,. The next section is fully devoted to the tax shields issuet, fwes
derive the correct expression for the tax shields discountkate second,we refine the
accountingmodelizationof the tax shielddlows. These results will allow to develop the

general expression of the market value discount rate for the levered kguity

[V .3.THE TAX SHIELDS DISCOUNT RATE

IV.3.1.UNDERSTANDING THE ISSUE

We argue that, instead of being constant as the other models assumis, 2tz to the cost
of debtK, or the unlevered cost of capiti], D, the appropriate discount rate for tax shields
K. fluctuate over time. Indeed, the risk associated to the tax shields isvthe risk for the
company to benefit from the tax deductibility of the debt interest expéhskpends every

year on three parameters :

- (@) The level of the operating reseBIT
All other things being equathe bigger theEBIT, the less risky to get the tax shield, and
inversely. Indeed, if the operating result is overwhelming compared to the detssint

expenses, the tax shield is almostlgask.

- (b) The level of the outstanding det

All other things being equathe higher the level of debt, the higher the potential tax shield,
but also the more risky to get B completely or partially b this tax shmeldnversely. Indeed,
as the debt interest expenses increase with the level of debt, thengpersultEBIT may not
be large enough to B completely or partially B cover the whole interest expenses.
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Combining the considerations (a) and (b), we can already presume that they miggchedre
in a market value leverage ratio, as we have extensively develop for the cost l&f,debt

- (c) The level of the cost of debt,

All other things being equalnd similarly to the level of debt, the higher the cost of deht

the higher the potential tax shield, lalgothe more risky to get b completely or partially P this
tax shield, and inversely. Indeed, for two companies with the same levetiagbutawhose
business activities are supposed to not have the same risk B they do ntitehsaene
unlevered cost of capitdd,, D, then the risk premium required by debtholders b the difference
(K, PRe) B will be higher, and consequently the cost of d&pt In any case, as the cost of
debt K, is a function of the leverage rati\/,, the higher this leverage, the higher the cost of
debt and therefore (doubly) the higher the interest expenses b as they are theoptbduct
level of debt and the cost of debt D, which is consistent with the consideration (b).

Every year, the riskiness of the tax shield depends then simultanesouslg® frerameters.
This is best illustrated and totally consistent with thedelizationof the Return on Equity
(ROB presented in relations (2.29), (2.30) and (2.31).

Even if the possible unrealized tax shield is still realized aesomure time B as soon as the
firm makes profits again D the benefit of this tax shield occurs untlaef future than the
concerned year, and the exponent of the discount factor has to be higher. Indeedntipnsiste
with discounted cash flows valuation model and the concept of time valoewéy, the
further in time the cash flow is assumed to occur, the less the puedeatof this cash flow.
Therefore, a refinement for the modelization of the tax shield flow isepted later in the

sectbn.

Considering our previous developments, we have all the elements to tacldsugnalbout the
appropriate tax shield discount rate and to derive a general expressi€p, fohich is fully
consistent with the permanent equality between the assets side drabithies side of the
market value balance sheet. Howeweg first show that the two commonly used assumptions
about the tax shield discount reffgg P this rate is constant and either equal to the unlevered

cost of equityK, or equal to the cost of debt, Dare both erroneous, as soon as you consider

than the cost of deli{, is a function of the leverage ratio of the firm.
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In order to show this, we simply refer to the general formula (2.10) of the maakedt

discount rate for levered equit§., which is

" D. ; V.
KE:KU+(KU KD)E (Ku KTS)?

Tax shields are additional flows for equityholders when the firm uses debeqtemily, the
levered cost of equitK; has to take into account the tax shields benefits. Nevertheless, tax

shields just lower somehow the risk faced by shareholders, but by no meapstotgdensate
for the increase in risk they face when financial leverage increasetefiijtion, the present
value of tax shield¥,¢ represents only a C side effect E of debt financing, such tha¥, at

any time, as stated by the fundamental condition (2.4). Therefore, the disgiBulL has to

be a strictly increasing function of the level of dBbt

If we assumeK;s = K, without fixing the level of debD, we have the previously presented
relation (3.5) forK., which is

" D, " V. " D" V.
KE:KU+(KU KD)E (Ku KTS)f:KU-'-(KU KD)?TS

Initially, this expression is effectively growing with the leverage level. HowesgdD, leeeps
increasing, even though (B V,)/E is strictly increasing, the decrease of the fadkgy ® K,

) B since the cost of debt also increases with the leverage D atamiche point totally
compensates for the increase of the first named factor. Beyond this tramentffor the level

of debt, the levered cost of equity. would start decreasing, and considering the relation

(4.12) that we have presented 1, we know that as the level of ddbttends towards/,,
the factor K, D K,) tends to zero, such that finalky. would collapse td. It would even

decrease below if the level of debt keeps increasing, and ultimetelytd zero whem/V
tend to 1, ask, P K,) would be negative and(b V,¢)/E would be huge. Therefore, this

assumption can be clearly discarded.

Similarly, if we assumeK,4 = K, without fixing the level of debD, we have the previously

presented relation (3.16) fét., which is

n D" n V n D
KE:KU +(KU KD)E (Ku KTS)f:KU+(KU KD)E
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Again, this expression is initially growing with the leverage, but exactlythkerevious case,
the decrease of the factd{( B K,) would ultimately makeK. collapse toK, whenD =,

and even tend to zero whBV tend to 1. This is assumption does not hold either.

We could also consider th#ts is equal to the rat&.., that we have previously introduced.
To prove that this is not possible either, we have to remember thathewgih K. andK.,,

have some similarities since they measure both business and finaskslfaced by
shareholders b and therefore have both to be strictly increasing functionseetthad bebt D,

K¢ takes into account the tax shields which flow to equityholders vihile does not, such

thatK.., has to be greater thaf;. at any time and whatever the level of dBbt

From relation (4.4), if we assunté = K., , then we have
KE" VTS(E " VTS) + KDD + KTSVTS = KUVU + KTSVTS
# KE"VTS(E " VTS) +KD+ KE"VTSVTS =KW + KE"VTSVTS
# KE"VTS(E " Vi) +KpD =K,V
D
E" Vi

# KE"VTS =K =Ky +(Ky " Kp)

As debt interests are tax deductible and do provide some extra cash fldvesdlooddersK
has to be smaller than this expression. We can refer to our alternafinitiote for K.

presented in relation (4.5), which is

E"V. V.
Ke =Keuy, E =+ KTS?

It is then straigthforward to see that this assumption is impossitae sie would havé; =

Kis = Kgy,» Which would mean that debt interestsO deduction represents no benefits.
Therefore, we can also discard the assumption wkerevoud equalK., and may conclude

that the risk of the tax shield§g must have its own relevant expression.

It is worth realizing that we have been able so far to make numerousgi@esits, notably
solving for the theoretical optimal level of debt, without having to know abowdgheopriate
tax shield discount rate, thanks to the any time fundamental equalityelmetihve assets side

and the liabilities side of the market value balance sheet. Theréfsfmuld be noted that
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finding the appropriate tax shieds discount rite is essentially a valuation issue, as the
market value leverage ratio/V of the firm lies between zero, in which case= V;, and one,

in which casev =D*.

The main matter about this discount r&tg is to properly determinate the extra value debt tax
shields are supposed to add to the market value of the unlevered firmdeed, as we have
notably seen when compariddM andHP results, the same company gets a quite different
value depending on the discount rate to use for the tax shields D respebtjyvelgcording
MM assumption and, accordingHP assumption. It is then important to use the proper
discount rate, in order to not overvalue D neither undervalue, but it is usually theéeoppbsi
extra financial valué/;; to add to the company, and therefore the value of the wholevfirm
Typically, this financial value has not to be overvalued compared to the opafatalueV,,

of the firm.

The importance of precisely valuing this tax shield discount iKgatecan be highlighted by

referring to the relation (4.4), which is
KUVU + KTSVTS = KE E + KDD "’ KUVU + KTSVTS = KE#VTS (E #VTS) + KTSVTS + KDD

Focusing on the right hand side of the arrow, this perfectly general equation stadws
without regards to some constraints B for example, the previously discussearcdhdttihe

cost of levered equitK; has to be a strictly increasing function of the level of deBt, any

value for K;5 would still satisfythe equality between ¢fleft hand side and the right hand side

of the equation B sinde¢, appears on both sides B and therefore also satisfy the fundamental
equality between both sides of the market value balance sheet. Rart@udion has then to
been observed for this tax shields discount rate, since potential wrong \eales €annot be
apparently identified when referring to this relation from the market \@dlance sheet of the

firm.

However, we now show that there is only one correct value for the tadsstistount rateAs
discussed in the introduction of the section, the riskiness of the tad shréds depending on
both the leverage ratio of the firm and its operational profitability. Moreowerve have
pointed out in the introduction of the model, since tax shields come from debbwuto

equity, it intuitively makes sense thKtg hasan intermediate value betwedf, and K. In
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the next section, we mathematically derive the right expression fondhieet value discount
rate for the tax shield¥,s. This expression is perfectly consistent wal the previous

considerations.

IV.3.2.DERIVING A GENERAL EXPRESSION FOR THE TAXSHIELD DISCOUNT RATE

If we refer to any study related to the tax shield discountatethe minimum rate that has
ever been considered for the tax shields is the cost ofkjgb#s tax shields come from debt,

it is indeed impossible that their risks are lower than the risk ofiéie itself. Consistently,
since both tax shields and interest expenses increase with the ledebtob and so their
respective risk B, we may state in total generality that the imtramum risk for tax shields
K, is equal to the initial minimum cost of dekt, when the level of debt is OminimumO D

that is, when there is no delt € 0), such that we have, =K. =R-.

Indeed, Rao and Stevens (2007) notably show that, as soon as the firm has anyadteist whi
not risk-free B that is, there is some credit spread over the risk fré& fatethe cost of debt
K, D, the risk of the tax shields is always greater tdgn They also state B and we
demonstrate it B th#t,; might be greater thal{,, an option than has been barely discussed in
the literature, since it is usually considered that, eve. dfwould vary, its value would lie

betweenK, andK.

The upcoming demonstration is mainly based on the relation between

- (a) the actual cost of levered equity, and

- (b) the rateK...,, , which has been previously derived and which represents the return share-

holders would require if they would not benefit from the debt tax shields.

As explained many times, this rate..,, has always to be greater than the actual cost of

levered equityK.. Referring to their respective definition, which are respectively rektion

(4.8) and (2.10), we know that, for any pertahd for any level of del@ > 0, we have

D N D, N V.
E"V >K, + (Ku KD)E (KU KTs)f (4.40

TS

Ky +(Ky " Kp)
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Therefore, the discount rate,q has to be defined such that this inequality is always satisfied.
From (4.40) and assuming > 0 andV; > 0,we canisolateK g, which yields

n D n D" n V
KU+(KU KD)W>KU+(KU KD)E (KU KTs)f

TS

# K z< +(K IIK) D ||K II(K ||K)2+K bl
TS VTS/OU D VTS U U D E U E% (4_4])

Please note that the requiremefis> 0 andV,;4 > 0 in order to be able to isolake in the

last expression may equivalently be stated a0V . Indeed,E = 0 whenD =V =D* and

V;s = 0 whenD = 0. Therefore, it is worth nothing that these requirements are precisely
equivalent to the levels of debt for which we need to kiqwin order to get the firm value

V. Let the right hand side from the inequality (4.41) be referred to as thegiara. We can

develop this expression, which yields

ES D D Vo,
___&(+G(#K) HK, # (K, #K,)—+K, -
. 0U E#VTS U U D E U E%
$ ]
:E KU#KD)L#(KU#KD)B-I-KUVi
wg E#VTS E E%

_f;%F #KQ%E——— z U%;
=K, +——&K #K@ﬁg——— %

/-\v -

$
=K, +£ K, #KD) D é‘ (E#VTS)z
V. 0% E #V, %
ES$ D S$E#E+V,'

=K, +—&K, #K
N VB%L’ D)E#wso E 2

D 1
K
E #V., % E#Vrs

=K, +§K o #KL)

This important result allows to conclude that there is a sound relation befyeendK..,, .
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Replacing’ by Kg., in (4.41), we can say that, wheld > 0, we haveK,s < Kg., .

Consequently, if we assunte< 07 instead ofE > 0, then the sign of the inequality (4.41)

changes, and therefokgs > K., . Finally, sinceKc., is defined inE = 0 and since the risk

for the tax shieldK.4 is necessarily, as any other market value discount rate, a continuous

functiorf®, we may say that whe = 0, thenK, is equal toKe.. . Therefore, in order to
always meet the conditio.., > K, we summarize these results and state that the risk of
the tax shield¥,s has to satisfy

#le>0 Kis <Kgoy,
$|fE 0, Krs=Kgoy,
°fE<o Koe>Ke.

Referring to the section about the optimal level of d¥htand assumingBIT > 0 every year,
we know that the market value of equity is equal to z&ao=(0) when the company B
theoretically B maintains an optimal level of dBbtevery year, such that the rati/V is
constantly equal to one. Since maximizing the level of debt maxinhizdgiin valueV, it also
maximizes the present value of tax shieMs, as we have extensively developed when
solving for the optimal level of del@*. In terms of accounting flows, this is equivalent to say
that, every year, we hawdl = NI DTS+ TS = 0. As we specifically now consider the tax
shields issue, we actually know the accounting tax shield flow whelevubeof debt isD*.
Indeed, since the debt interests are equal to the operating E&Uilt as states (4.29), or
equivalently since the company does not pay taxes, then the relation (4.17) acaptated to
this particular case, which gives a maximum value for the tax shield flow of

TS =K,.D'" = EBIT" (4.42)

Therefore, adll = 0,we also have
NI" TS ="TS =" EBIT# (4.43)

24 An attentive reader may argue that, since we have modelized the markaifithleielebt as the minimum
between its book value and threarket value of the firm, the market value of equan theoretically never be
negative. However, this refinement for the market value of theislétiially personal and is not relevant to the
equations derived from the market value balance sheet. loamey the market value of equity may also be
negative if the operating results are expected to be continuously negative.

%5 See section 1V.4.1. for further mathematical details.
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In other words, the tax shields which has to be discounted at the riitg, and the flow I B
T3, which has to be discounted at the rite, , have the same (absolute) value. Therefore,
since both rates consider the tax shield floB®but in an opposite way, it is consistentste

that when these two cash flows have, apart from the sign, the samebedtueash flows have
to be discounted at the same rétg, = K. In a market value perspective, this allot/®

V4 andV,4 to be also D in absolute amount b equal, suck th&b V. + V4 = 0.

Referring now to the alternative definition fir. from relation (4.5), it can be noted that when
D/V, = 1, which impliesV;¢/E = 1 or alternativelyE - V;s) = 0 B as extensively discussed in

the cost of debt section B, we then have

E" V. V,
Ke =Kgny,, E =+ KTSf = Ks <Kgny,,

This means thaK. and K¢ are equal when the simple maximization debt level is reached
consistently, this expression is also inferioltg., = sinceK; is always inferior toK., .We
now have a lot of information about the relations betwkenand all the other rates, which
can be summarized ds

#K.=K,,  whenD=0
%

%(TS <Kg.y,» WhenDV <1
$0KTS =K, whenDV, =1
%(TS =Kgy,,, When DV =1

Yrs>Ke.y.., whenDV>1

Thanks to all these relations, we claim that the market valueutiscate for tax shieldk

has to benodelizedas

" D
KTS = KD + (KE"VTS KD)V (4-44)

This expression can be interpreted as follote appropriate market value discount rate of the
debt tax shieldK. is a function of the leverage rativ’VV, whose initial value is the cost of

debtK, and which tends towards the theoretical market value discourigate B which is

%6 Again, as the refinement for the modelization of the market value ofsiabt relevant to these equations, we
may write thaD/V is superior to one wheh < 0. Alternatively, we can assume that the level of debt to be
considered here is the book value of debt and not the market valu
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the return shareholders would require assuming they do not benefit from the déitltsxB
asthe leverage rati®/V tends to one. Beyond that level of débt if the debt’ keeps
increasing while there is not enough operational reB&IT to fully cover the interest

expenses K, D, then the tax shields discount rate becomes greatekthan

This expression (4.44) faf, is important. We claim that this is the appropriaedelization

of the market value discount rate for tax shi€lgdsndeed, it is the only expression that fits all

the intersection points we have menédi?.

Moreover, this expression is perfectly consistent with all the remarksawe pointed out in
the introduction of the model and through the whole paper about the riskinessdebtrax
shields. Specifically, we have mentioned that the risk of the tax shield depends on

- () The operating result of the firaBIT
This is perfectly considered by all the parameters of the expression (Al4djher things
being equal the higher the operating result, the lower the cost of Hehtthe discount rate

Ke v, the leverage ratiD/V and therefore the risk of the tax shiélgs, since the unlevered

value of the firmV, increases.

- (b) The level of debb
All the parameters of (4.44) are also perfectly sensitive to the levi#lufAll other things
being equal the higher the level of debt, the higher the cost of d&bt the discount rate

Ke-y,» Obviously the leverage ratio/V and therefore the risk of the tax shidek.

2 Same remark that the previous footnote.

8 \We detail this case in the next section.

29 With regards to linear relations only. But it would surely not make much sensesider a non linear relation
for Kys. First, because all the other ratég, Kg-y, cand Ky are linearly related between them. Second, because
themodelizationof the cost of debKp, if not linearbwhich occurs when the marginal debt risk factis

greater than onB will impact the way all the other discount raand definitely Kg since its expression
depends orKp Pwill fluctuate. See swion 1V.4. for details.

% Indeed, the relation betweet and Kg»v,, has just been detailed aKg is an undiscussed standard for the
minimum level of risk for the tax shield. Finally, ftre level of debD =V, see the section 1V.4.1 for
comprehensive mathematiadgtails that will confirm that thisiodelizationfor K+ is effectively equal tK g

for that particular level of debt.
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- (c) The cost of debiK,
Again, this is perfectly taken into account in the relation (4.A#)other things being equal
the higher the cost of del,, the higher the risk of the tax shielld, since the increase in

K, definitely overcompensates for the decrease of the faktoy, ( DK,,)/(D/V)*,

Furthermore, and as expected, the risk of the tax sKigldies effectively between the cost of
debtK, and the cost of levered equi, for any level of debb between 0 and/,, that is for
any Oeconomically sensibleO debt levelj,as D < V is most unlikely to occur in real world

and is mainly interesting from a theoretical point of view.

This expression (4.44) needs as an unique assumption the equality at afvetireen the
assets side and the liabilities side of the market value balance sheet.

It applies to any level of debt and requires neither the amout ofCjattither the leverage
ratio D/V to be constant. As any other market value discount Kgtemay vary every year

according to the level of outstanding debt and the expected operating results of the firm.

Finally, it does even not require &dogenizethe cost of debK, as we have done in this
paper. Indeed, the development we have made to derive the correct expressierrif of
the tax shieldsK,s could still be perfectly derived considering the cost of de€pt as a
constant. This is particularly worth noting in order to perform some comparisomshait
common valuation results B mainly the results fldM and HP assumptions. This will be
done in the section IV.4.2.

We have just derived a totally general expression for the appropriate mddeetiiggount rate

for the tax shieldK.4. In the next section, we consider in further details the accounting tax
shield flowTS; werefine the commomodelizationof this tax shield flowl'S to better value
cases where there is not enough operating rE8IT to fully cover the interest expenses, such
that the tax shield is not B partially or totally b realized that yeacalgd forward as a tax
credit.

31 See the section IV.4.1 for comprehensive developments.
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IV.3.3REFINING THE ACCOUNTNG MODELIZATION OF THE TAX SHIELD

Referring to the expression (4.44) fié«, this relation states that, as soorbas 0, the risk of
the tax shield is greater than the risk of the debt. Indeed, debt intenestallvays to be paid
in order to prevent bankruptcy, eviérihe firm does not have enough operating reésBIT ; in
such a case, the accounting result of the firm is a net loss. Orh#réhand, the maximum tax
shield the firm can realize every yearTiS = EBIT/, as we know from (4.42), which is the
adaptation of the general relation (4.17) when the firm does not pay (taxe8) and then
reaches its theoretical maximum market vgMe= D*). All other things being equathe tax
shield that the company realizes every year can never be greater thariubjswale the
interest expenses can increase boundlessly as long as the leverage increases.

Therefore, for any year whereEBIT, < (K,D),, the usualmodelization(2.19) for the tax
shield (K,D),! overvalues the actual tax shield flow that is realized that year
Mathematically, for any yearwhere (K,D),=EBIT, + ", and ", > 0, the actual realized tax
shieldthatyeart is still TS = EBIT,/, while the relation (2.19) yields

(KoD),” =(EBIT, +#)" =EBIT," +#" =TS +#" (4.45)

The formula (2.19) overvalues thus the actual tax sfi€ldealized that year by “,/. This
amount, instead of being realized that ygars carred forward as a tax credit since the
accounting loss will reduce the Earnings Before InteréBE = EBIT B K,D from relation
(2.15) as soon as the firm makes profits again ; more accurately,/tingl be totally realized

as soon as we can find one (or several) year&)ch that, fox =t + 1, E, n, we have

é (EBIT," (KoD),)#=% (4.46)

x=t+1

Consistently with discounted cash flows valuation methods that are nothing application
of the concept of time value of money, the further in time this (thesajsygo happen, the
less present value for this tax credit and therefore for the whole prekent¥#he tax shields

Vs, since every further year requires to add one to the exprradrthe appropriate discount

factor (1+ K, )*. Moreover, if we consider any perpetuity case wieBIT + * = K, D, then

the tax credit amout! is never realized.

- 60 -



Firm Valuation : Tax Shields and Discount Rates (T. ANSAY, 2009)

This development considers only a particular ye&ut any year, the firm can possibly have
debt interests higher than its operating result, resulting in a tax creditaihébe added to
previous tax credits that would not have been realized yet, and so forth. Theveforeed to
introduce several additional accounts in our income statemeaielization in order to
properly consider these tax credits carried forward and consequently derive thalighftor
the present value of tax shields;, with respect to an appropriate discounting process.

There are many ways tmodelizethis issue. For clarity, we consider three new income
statement accounts, which we refer to as Loss Carried Forv@f),(Accumulated Losses
Carried ForwardALCF) and Taxable IncomeTl(). The Loss Carried Forwar@ CF) account
represents, if any, the excess of interest expenses over the operatingwiaishltis the
accounting net loss that is carried forward the following year. Matherhatieee modelize
this as

LCF, = Max(((K,D), " EBIT,), 0) (4.47)

If EBIT, > (K;D),, thenLCF; = 0. If not, therLCF; has some valug,D),BPEBIT, which we
have referred to a&§ in our previous explanation. The Accumulated Losses Carried Forward
(ALCF) account represents the sum of the losses carried forward lessdbatarlosses that
have already been used in order to reduce the taxable inchineMathematically, we
represent this account as

ALCF, = ALCF,, + LCF," Max((EBT,.," Tl,.,), 0) (4.48

Initially, this account is equal to zerBCLF, = 0), if the firm has no loss carried forward in its
balance sheet. Every yeaia loss carried forward, if any, is added to this cumulative account ;
simultaneously, the difference, if any, between the r¢sBlt = EBIT B KD from relation
(2.15) and the actual taxed incoffiefrom the previous year is substracted. Indeed, if there is
such a difference, this means that the firm has then benefited thiaiugrgear from a reduced
taxable base ant then realized some tax credits, which has to béntak&ecount in thé\LCF
account. Finally, the Taxable IncomE)is, consistently with relation (4.48nodelizecas

Tl, = Max((EBT," ALCF), 0) (4.49

If there is no accumulated losses carried forwadQF = 0), then the taxable inconié, is,
as expected, simply equal to the Earnings Before TARds= EBIT; b (K,D),. If ALCR > 0,

two cases appear.
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- (@) IfALCR ! EBT;, then the taxable income that ye¢as equal tol'l; = EBT; DALCF, and

all the tax credits carried forward are realized that yeauch that the accumulated losses
carried forward the next ye&l CR.; is, if there is no loss carried forward that next yead,
equal to zero, which can be statedha€FR.+1 DLCF.1 = 0.

- (b) if ALCR > EBT;, then the taxable income that ye¢as equal to zeroI{; = 0), and only
parts of the tax credits carried forward are realized thattypprecisely, only the tax credit
amount EBT; DALCR)!/ is realized, and the accumulated loss carried forward of the next year

ALCR.; is reduced by the concerned amount.

Consequently, the actual taxeshe company pay every yeaare simply the product of the
corporate tax raté and the Taxable Incomid;, which we write
I, =TL" (4.50

These new income statement accounts allow nowodelizationfor the tax shield flowTS
which is perfectly consistent with regards to the concept of time \@luaoney. Indeed,
rearranging the relation (4.17) and referring to the relations (4.47), (4.48), (4.49) and (4.50) we
have just derived, the actual tax shield fl&% for any yeart, which takes into account both
the actual debt tax shield depending on the level of debt that gedrthe potential tax shields
credit possibly realized that yetas

TS, =EBIT," #1, (4.5)

In any case, and as stated before, this debt tax Srfietdin never be greater th&BIT,/. We

now summarize the derived relations in an adaptated table fondieizationof the income
statement. Obviously, whe&BIT, > (K,D),, all these relations collapse to the common

relations presentented in the first chapter of the paper.

Income Statement Mathematical Modelization
EBIT;
" Debt Interests Debt Interests, = (K, D),
= EBT EBT = EBIT " (K,D),
" ALCR, ALCF, = ALCF,., + LCF, " Max((EBT.," Tl,.,), 0)
= Taxable Income Tl, = Max((EBT, " ALCF,), 0)
Taxes I, =TI"
= Net Income NI, =TI " I,
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We now conclude this section ; on top of the appropriate market value disdeuiat ride tax
shieldsK;s, we have also refined the usuabdelizationof the income statement of the firm.
This has been done in order to obtain an always true expression for the déielthdow TS
whatever the level of the interest expenBg® compared to the operating resaBIT. In the
next section, we develop further our setup, and perfom rigourous mathematics i Glo®m t
the relevancy of the model.

IV .4.DEVELOPING THE SETUP SUBSTITUTIONS, COMPARISONS AND WACC

IV.4.1.SUBSTITUTING DISCOUNTRATES TO GETCOMPARABLE EXPRESSIONS

We have derived all the relations between the different market vak®udisrates ; they are

all linearly related. V¥ cannow substitute in the respective appropriate relations for the other
discount rates in order to get expressions that are only dependent on the niakefiReeand

the cost of unlevered capitK|,, which is the inherent business risk of the firm.

Indeed, all the expressions fd,, K;;, K¢ and K., can reduce to expressions only

depending on these two rates and on the market value far, V,, V;g andV. AsR- and K,
are the only required inputs in our setup B with the corporate tak fatthese reductions for
the different discount rates are simply a consequence of the appropriatasdietween all
these market value discount rates, with regards to the market value baleete The
upcoming substitution developments are definitely interesting for at least two reasons :

- (a) First, they allow to consistently compare the different ways tlagsg fluctuate with the
leverage, as they will be all expressed as functiori& @ind K,. Consequently, this allows to

give both theoretical and economic extra explanations about the relatioreebdtwese rates.

In a general way, all the forthcoming equations formalize somehow the devalspme
would have previously done about the market value discount rates without giving a rigourous
demonstration. Moreover, these substitutions also allow to better understagchphécal

presentations that will summarize all our results. These are presented in the I15€6ti

- (b) Second, they allow to solve some discontinuity problems we have when ustiagitieel

general expressions for the market value discount rates. Indeed, for sometiaterge@ns
between these rates, we have relations that are apparently not defimesl, ssime
denominators B or both numerators and denominators B of the different expressions tend the
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to zerd? For the linear case D that is, the case which assumes the ndebiragk facton to
be equal to one B, we show that these indeterminate forms are imipedsdlved. For any

other cases, @show that these indeterminate forms can actually be defined.

Obviously, the expression for the cost of debt from relation (4.12) is already theehosed

expression folK,, which is

Kp =R +(K, " 7D &
o = Re +(Ky RF)@:(

Considering now the rat€..,, and substituting foK, we can rewrite this rate as

Keev,, =Ky + (K, " Ko) ..DVTS
“K, +§:U . %ﬁ +(Ky " RF)%/%(E??E "DVTS
=K, + (K, " RF)%' g{%EZ?E "DVTS
=K, + (K, " RF)W?E "D Vg

Using the relation (2.2) from the market value balance sheet, and switchidgribeinators

of the last term, we then get

Ay pr&p
Key =K, +(K, " %
vy = Ky +(Ky RJgKETT;(Mﬂ

(4.52)

Switching the denominators of the last term allows to consider thisasatefunction of the
leverage ratidD/\;, which is similar to the cost of delbt,. This is also consistent with the
definition of this rateK..,, , since it applies to the flows to equity without considering the tax
shields. Therefore, the maximum claim for equityholders if they woatidbenefit from the tax

shields would effectively be the unlevered value of the #m

32 As we have seen for example when deriving the correct relation for thbiéttk discount rate.
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From (4.52), it is straightforward to notice that if the marginal debt rigkrfac 1, the second
factor of the last term collapses to one and bKth, and K, increase linearly and
equivalently with the leverage ; they only differ by their respectivealmitgk, which areK,
andRr. The other cases (> 1) have apparently a discontinuing point for the particular level of
debtD =, since this second factor of the last term would then collapse talzsded by

zero. We discuss this case a little further in the forthcoming development.

Considering now the risk of the tax shietds, we develop it in two steps. First, we do not
develop the cost of deliX, as the initial minimum risk we only develop the market value
risk premium between shareholdersifBthey would not benefit from tax shields B and

debtholders required returns, which is the differeri€g.( B K). Referring to (4.12) and
(4.52), this yields

" D
Krs=Kp + (KE"VTs KD)_

S gt
:KD+2§K +(K, "RF)%V ,,B (V é t Ky "RF)%_( &E

. #V”"D”&D,,#D&&D
=Ko+ (K, RF)%‘“%WW“ AW

##v “"D“& D v D p

##V n e Dn& D #Vn 11 Dn&v [ D&D
=Kp + (K, ™" R i-o———
( RF)@0 IID (Vn $V IID( VI"I EV

#yv, non 8y 8&
=K, + (K, "RF)P@%%%%( D (4.53

Consistently, we still express the tax shield discountaate function of the global leverage
ratio D/V . Indeed, the risk of the tax shields is relevant to the whole firm, gge¢kent value

of tax shieldsV, is precisely the additional financial value o%gr.

Considering now specifically the market premiuky(, DK;), we already know from (4.52)

that, whem = 1, bothK.., andK; linearly and identically increase with the leverage.

- 65 -



Firm Valuation : Tax Shields and Discount Rates (T. ANSAY, 2009)

From the expression (4.53), this market premium is now precisely known, and is equal to

Hihy no D &y &8
(K, " Ko) =(Ky " Re) \“/U D ,(9@?(( (4.54)

This expression confirms that, whers 1, this market premium is a constant and is effectively
equal to(Ke.,, DKp) = (K, B Re), which is the difference in risk between a risky investment
and a risk-free investment. Therefore, in addition to the increase of tiaérisk K, for the

tax shield when the leverage increases and amtuelizationof K;g multiplies this B then
constant B premium by the leverage r&iy, the tax shield risk is definitely a strictly

increasing function of the leverage for 1.

If we now focus on the non-lineaaseswe can show that, for any marginal debt risk fantor
> 1 and for any level of detd, the market premiumKe., B K;) is then also a strictly
increasing function of the leverage ratio, and so (doubly) the tax shield discaig gat
Mathematically, this market premium is strictly increasing iffitst derivative is strictly
positive. From (4.54), differentiatifjthe market premium expression with respeddtand

rearranging yields

i(KE"VTS n KD) — (KU RF)VU (" Dn+1 + Dn+ln n Dnn\/U + DVUn)

dD D(V, " D)*V,"
=" RVD ("D"+D"n" D™y, +V,")
DV, " D)W,
_(Ky " RNy fu iy 4 e o :
MR A L A
_#, " ROV, &, D+ (v, " D)ﬁfﬁ[lgznl& (4.55)
Fwror v @t |

As soon a®D > 0 andD %V, it is straightforward to realize that the first factor of this
expression (4.55) is always positiwée then have to consider the second factor. Yet not as
straightforward as the first factor, we can see #@gate level of debD increases, the increase

of the term(D/V,,)" " is constantly overcompensated by the decrease of therigfyi' D),

whatever the leverade/\,, is greater or lesser than one.

% We only derive here the case wharis a constant integehowever, the case whemds a function of the
leverage rati®/V, allows similar conclusions.
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Indeed, for anyr > 1, we have

D+n(\/U " D)#D&] . D+n(V," D)#D&
é?/_( <1) 1 —VU w-( >0 (4.56)

U

This can be stated because we consider here the casemigreater than one. Indeednifs

equal to one, we immediately see that this second factor is eqabtothis is consistent with
our previous results. But for > 1 and wherD <\, the factor(D/V,)" " is relatively more
inferior to D/V,, than the terrm(V, " D) is superior to Y,®D) ; inversely, wherD >V, the

factor (D/V,)" " is less superior tB/V, than the terrm(V,, " D) is inferior to (/, D D).

In order to conclude, we have now to consider a last case ; the particular levelD@f=dept
This level of debt, for any value for the marginal debt risk factor 1, results in apparently
indeterminate forms for the market premiuky(, B Ky) and therefore for the risk of the tax

shieldsK,s, but also for the rat&.,, , as we have previously mentioned.

However,we mow show that whe® =V, andn > 1, we can eliminate these indeterminations
and still derive consistent values fdf&, DK;), K;s andKe., . For so doing, we use the
simple form of the well-known Bernoulli's rdfe which states thaf two functionsf (x) and
h(x) are differentiable in a particular point X such th&t(X)/h'(X) is defined, and if both
functions are equal to zero in that particular point X, then the limibddr X of f(x)/h(x) is
equal tof '(X)/h'(X).

In our setup, referring to the expression (4.54) for the market premfym (B K;), the

indetermination comes from the fact®;' " D")/(V, " D) when the level of deli? equalsV.

Therefore, we can consider the two functioféD)=V,'" D" and g(D)=V, " D. These

functions perfectly meet the required conditions of the BernoulliOs rule.

% This is chosen for clarityany other limitsO theorem yields the same results.
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If we differentiate them with respecttm we get
— —(,"" D")="nD""* 4.5
dD f(D) = (VU ) (4.57)
and

d _dou,
50D)=—(, " D)="1 (459

Consequently, the ratio of their respective derivative in the particular pomtv, B hence

also the ratiof (\,)/h(V,), as states the BernoulliOs rule B is equal to

f(vu) i nl_nvn"l:f(vu)

g,) "1 T oMy

(4.59)

Therefore, wheD =V, we can substitute fof (\,) and h(V,) from (4.59) in the reduced
expression (4.54) for the market premiukyr(, B K;). This substitution yields

; ; e f ey, &
(Kev,, " Ko) = (K, %(ﬁ( = (K, )S{envu Rer((=(K " R)n (460

Consistently, this resudilso holds for thecasen = 1 that we have previously discussed. This
result for the market premiunK(., B K,) whenD =, can be adapted for the respective

expressions of the ratds,s and K., , as they are all linearly related. For the tax shieldsO

discount rate, the expression (4.60) can be readily inserted in the reduced ex{#eS8) for

Ks, Which yields

Ko =Ko + (K, " RF)#VV Dy (@—g( Ko+(K," RN (461

SinceD =V, and therefor&K, = K, the expression (4.61) may be rewritten as

Krs =Ky +(Ky ™ RF)n\\//_U (4.62

For the rateK.., , we can substitute forf(V,) and h(V,) from (4.59) in the reduced

expression (4.52), as we have done for the market prenkum ® K;).
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This gives a value foKe., of

1] #V A Dn& D L1 n"1 D
ey =Ko # (K, "RV (o =Ko + (K, R-)(nV, )Vun (4.63)
and ad =, we have
—_ n n"1 VU — n
KE"VTS - Ku + (Ku RF)(nVU )W - KU + (KU RF)n (4.64

U

These results are perfectly consistent. Indeed, if we refer for ex&oriple relation (4.54) for
the market premiumK.,, D Ky) and ifwe define the parameter> 0, such that we consider
the two levels of detdd; =V, B"” and D> =V, + “, then we can cross-check the correctness

of the value of this market premium wherr V,;, as shows

BBy v . . R VN (VAN LIV
(Ky RF)W%%%%<(KU Re)n < (K, RF)W%&}(’TR
M- VR O AN TN VAR (P S Y
B ¥ %&ﬂ%““&af vl
. $V”"(vu" ' v +A"
% %<“&»7% % &
* VUr| ! (VU "#) <nVUn"l<ll VUrI ) (VU+#)n
# #
L WA w1 (M +A" "V
# <Ms # (4.69

If we then consider again the functioi(D) =V, " D" whose value fob =V is f(V,)=0,

the relation (4.65) may be restated as

FVM" A" M) ¢y e T TG +A)
# N #
g fW)" ;(Vu A v, f (M +#;" i\ (4.66)

Finally, if we refine the value of the parametdry defining” such that O <' <r for any real
numberr, then the expression (4.66) gives both left and right derivatives of the function
f(D)=V,' " D" whenD =,. This functionf (D) is strictly continuous and differentiabée
any point; in particular, wherD = V,, the derivative off isf'(V,)="nV,"" . Therefore,

since a function is differentiable at a pokif both its left and right derivatives exist at that
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point and are equal, for the limft# 0, we have both derivatives equal f6(V,)="n\,"*

This is consistent with the result (4.59) obtained with the BernoulliOs rule.

We canthen conclude that, for any > 1, the market premiumKe., D K;) is a strictly

increasing function of the leverage raV. Consequently, this intensifies the sensitivity of
the tax shield risk;4, which then increases more than linearly with the leverage.

Furthemore, for anyp ! 1, we canconclude that all the market value discount rdfgs K.

and K., are both strictly continuous and strictly increasing functions of their relevant

leverage ratio, as we could theoretically and economically expect.

We also conclude for now about the risk of the tax shields by deriving the most deduce
expression folK. ; indeed, we castill develop the initial risk of the tax shield B which is the
cost of debt B in the relation (4.53). We will discuss further this form whemparing the
results of our setup with other setups in section 1V.4.2. Substitutinig fothis most reduced

expression is

o Rt (6, " R+, R O g (0
_ : D" &, &
=R+ (K &)ﬁgﬁ +$V oty ot (4.67)

We now analyze the last market value discount rate we have not consmlésed the lereved
cost of equityK., which is the actual shareholdersO required return. This return has actually

not been so discussed because of the correctnetssgaineral relation (2.10), since derived
from the market value balance sheet. We have only derived an alternatiwéaf¢4rb) forK .

and have barely considerdd. when comparing it with the rat€..,, in order to derive the

correct formula forK..

However, this is certainly not because of a lack of interest forrda@cost of levered equity
Kg, and we now extensively develop this rate ; in fact, this rate immtds® complex rate to
analyze, as it is not a definable rater seb actually, this rate depends simultaneously on all
the other rates. This is economically sensible. Indeed, the riskindss efuityholdersO flows

(ECF) are, similarly to the tax shield flow$$, depending on the operating profitability of the
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firm B represented by the operating reB#tT and which is reflected in the market unlevered
value of the firmV,, B and on both the level and the cost of the debt for the firm b represented
by K, andD B, but it also depends on the business risk relevant to the particular ked of
concerned business, with regardstsoparticular sector P this is considered by the unlevered
cost of capitalK,. Moreover, this market value levered cost of equity is a little lowleyeatie
present value of tax shieldg.s, which represents the future expected debt tax shields the
shareholders will benefit in order to partially compensate for the addifioaalcial risk they

face when there is debt financing.

Incidentally, one should realize that the business Kgkb which is the minimum required
return for shareholders to invest in that company, and which is eqial ifiothere is no debt,
since there is no financial risk B is not necessarily linked to the iopatgtrofitability of the

firm B which is represented by the accounting reR@IC and which is captured by the
market value operatinjIVA D ; indeed, there are companies in relatively risky sectors that
outperform the average results, and inversely, there are companies in supposdelty sta
sectors whose performances are under the expected/required results.

Shareholders, in comparison to debtholders, fully benefit from any excess returpitah ca
over the cost of capitaRQOIC > WACQ, and their returns are theoretically boundless. The
better the operating performand®JIC > K), the greater the unlevered firm valg, hence
the lower the cost of debt b as the delgss risky, more lenders are willing to invest money at
a lower rate B and therefore the higher the potential returns for equityholdersofior@n
operating value creation perspective and a financing value creation perspeotieethe tax
shield is then less risky & EBIT is larger in amount compared to the debt interEst®, the

K;s is consistently lower B, which potentially allows to increase the leveatigein order to
benefit further from additional tax shields. This virtuous circle has unforiyniggevicious
equivalent ; the whole previous development could actually happen precisbly apposite
way, leading to a potential value destruction for the shareholders.

On the other hand, debtholders take less risks when investing in a companyalwagy
require a fixed level of return according to the profitability of the firm D septed by, b

and the amount of delt to lend to the company. Moreover, this interest rate may be revised
every year in order to adapt the required returns according to the evolution of thedbbames
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V, may vary. But less risks imply less retsifhas K, will always be smaller thakK; B, and
debtholders have noaim on the profits, as long as their interest expenses are paid ; once
determined, the interest rate, is fixed for a year, which is comfortable if performance
happens to be poor b furthermore, debtholders benefit from the legal priority claitheve
assets of the firm B, but which may be in a way regarded as an opportundgngssed to

the shareholdersO returns if the firm is doing particularly good.

These introductive considerations clearly show that the appropriate mddethiscount rate

for the levered equit); is not as simple as the other rates to derive. Consequently, it is not
surprising that the upcoming developments Ky are slightly thougher than the previous
substitutions. The main issue arises from the numerous factors appearinguvkituting for

the other discount rates. In particular, it is not straightforward to know aborgi¢ivant form

of the reduced expression f&&., and therefore the factorization process is not obvious ; as
there are many factors, actually developing all of them would requirecim&uming non

linear algebra.

Indeed, the development of all the products between these many terms woule aeopn
trivial factorizing process after having done the relevant simplificat@s®me terms cancel
each other. This option is mathematically heavy and furthermore, ifysamplied, it does not
allow to derive similar expressions to the other expressions we have derived shdarsban
initial risk reference, some Orisk premiumO and a particular leveragelndéed, full

developing then factorizing would only yield a polynomial expression.

Therefore, we choose for the option of not developing the factors when not needed, and
preferently try to collect and present these factors in an economically sensible waselyP£ci

and similarly to what we have done for the other discount rates D, wiediese the market
premium K, P Rr) and then try to derive a mathematically convenient and economically
sensible expression. In order to perform these developments, we use the gemaital (2.10)

for the cost of levered equity ; alternatively, we could have used our altermigtfinition

(4.5).
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Substituting from the relation (4.67) & and from the relation (4.12) fd€,, we get

KE =I<U +(KU !

#

=Ky +§2§u '
#
=KU +? n

=K, +(K, "
=K, +(K, "
=K, +(K, "
=K, + (K, "

=I<U + (KU

Ko) 2" (K, " Krg) 2

%F+(K Rp)i/g%f??%' %}(U --f + (K, RF%%%( +§%§%§5?§V€
%&MKU" &)i?fzfg"f "R (K, RF)@W +/cr§/§/’ﬁf‘5f§\’?
Rp)fo" i?@fzf‘g " (K, " RF)?O" ?#li( +%”FD%\}( Dff e

R z@f‘é (<, " &)% Z%/sz W’Uﬁ%vn D?’Ts

i flba
Lo #p&&pey e prdy D&VTS&

ReJogs 3’;@/:” E “3@ D*$V“(v( E£

Please note the factoring of the te(’m (D/VU)”) as a whole so far, and the rearrangement of

this expression ak; =K + (K " R:) f(D). Further developments yield

Ke =K, +(K, " R)%8' é?/_(?DEVTSJr%{\/ Dni\\;n(\?‘g\/&sf‘
=K, + (K, " RF%, e EV?"V) : Dn%\%f‘[’f%
=K, + (K, " RF@(;U'Z. %f# [2\(, : "‘?é{v/—n( ﬁ((
K06, R 2 O DOV Gl (O
“K, + (K, " RF)%L/’: %“&;;VVD VV, Vs " I;/\I/D:V+VDVTS+ DV, VTsf‘
R VO ).
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#v D" M" VD+Wog +V, Vi) w VV,V,&D

Ke =K, + (K, "
E U+(U RF$‘\/ HDL VUnV VnVD(E
—K +(K ! R;:)ﬁb/\/n" DH&KV(V" D)+VVTS) " VVVTS&D
AVEIY SERRVEY V/VD ' E

We recognize the factdi;' " D")/(V, " D), that has been met in previous reduced expressions

for the other discount ratels.., , K and the market premiunK¢., B Ky), and whose

value wherD =V, is known and is equal ta\/]"*, as we haved derived in (4.59). This is not
coincidence this factor appears in any rate, exégptIndeed, this factor represents the non
linear coefficient for theses rates wher 1, that is when the marginal debt risk factor for the
cost of debtK, is assumed to be greater than one, such that any additional amount of debt is
then more risky than the previous amoulttis thus relevant thaive also consider the

expressionV,' " D")/(V, " D) as a factor in the reduced expressionKer

In addition,we have isolated the relevant leverage ratio for equityholders, which is tbe rati
D/E, as shows the general relation (2.11) for the expressidf. ofndeed, equityholders are
interested in the outstanding level of debt against their market vaiog alhich is the market
value of equityE. Incidentally, isolating this ratio requires some further developments in order
to derive economically meaningful ratios. This can be notably done considering

ot D
o TR o8 e
TR
=, + k" RO o+ MO VID
=K, +(, " RF)O/WH s f;&  WoVis(' E) :/’n\fDE)f‘:

K +(K #\/“"D“ E . V,V,E&
=Ko+ (KT W(:{;V” V”VD(E

At D E V. E&D

—K K n n TS
+( RF)$/Q; n D ($Vn VnVD E
A/ D E#,,vv &pD

=K+ Ky "RF)O/W( f’ “vb WE
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It can be noted here that the market value of eduisn be cancelled, as it explicitely appears
on both numerator and denominator. If so doing, then the new market value leveradgmtatio t

can be considered is the debt over firm value ith.

WhetherD/E or D/V should be used is mainly a personal consideration, as they actually both
measure the same thing ; indeed, as the market value of debt isdssleaequal to its book
value, once you knoW/E , you consequently do knold/V, and inversely. We first conclude

the current development keeping the leverage r&ug, and then adjust the formula
consideringD/V .

Considering the leverage ralE, we can develop thiastremainingmaket value elements,
and finally get
D& E # |V V8D
Ke =K, +(K, " 9 "
E u(u RF)/W(éﬁfé VD ((E
A D"&# E #/D" V V, 8&&D
=K, + (K, " Ry o (
( RF)“\/"D({;?/_$ VD (E

#yn D“&*E HEV vTS

Ko+ RIS NI
=K, + (K, wﬁ " ﬁ(@g@«—

Considering the leverage rafigV , the formula slightly adapts to yield
Ay D@ E #

Ke =Ky + (K, " RF)/W( gf' oo ((E

Ay D“&#l#VD"vv &p
=Ko+ (6 RF)O‘\/ "D( $ D TS(v

_ W o A D &‘VD"VVTSg?LD
=Ko+ Ky RF)$‘\/ "D (@ V"D *v

#Hynr préy v

ot TR D TS"‘V
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Summarizing our results, we have shown that the appropriate reduced form ofkbevake
discount rate for the levered cost of equity is equal to :

- (&) When considering the leverage rddid,

nll

KE =Ku + (KU ! /W ?é%/_n" éﬁﬁ(é(%v«_ (4-68)

- (b) When considering the leverage rddiv/,

Ke =K, + (K, " RF) Dn%/ov—"VTSo ( (4.69)
&, 0 & o @

These results are perfectly consistent with enooaonsiderations. Indeed, all the remarks
presented in the introduction of the current sectionKerare taken into account in these

expressions (4.68) and (4.69). Specifically, if we analyze in details thegselations, and on

top of the obvious condition that the high€y, then the higheK_, we can observe that :

- (a) the level of profitability of the firm is consistently considenedboth relations by the
unlevered market value of the firk,. Indeed, both ratiol/V, andV/V,} are,all other things
being equallower if the profitability of the firm is higher, which decreases th& of levered
equity K;. Incidentally, the increase of the fact] " D")/(V, " D) and the decrease of the
factor V,/V) only adjust this decrease in the cost of levered edgijtyaccordingto the

assumption made for the marginal debt risk fantor

- (b) the level of the benefits from the debt interestsO deductibilityh vghtice financial value
created through tax shields, is also consistently considered in both relatitres fayiosV, g
/D. Indeedall other things being equatlhe increase foK. if the leverage ratioB/E andD/V

increase is lowered by the increase of the present value of tax SWiglils

When not considering the effects of the marginal debt risk factér that is, when not
considering the exponentin both ratiosk/Vj and V/V; and inthe non linear coefficients
v, " D")/(V, " D) and V,/V, B, which is equivalent to refer to the simple case 1, the

previous statements are even more straightforward to realize.

% |f there is enough operating result to cover the interest expenses, asvelyeteveloped in the tax shields®
section.
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Indeed, whem = 1, we have

- (&) When considering the leverage rddid,

HE A &F&D
K.=K, +(K, "R %—"oﬁo =
E U ( U F)$VU D(

- (b) When considering the leverage rddiv/ ,

#v V. .&D
K. =K, +(K, " R)op—" IS =
E u (u RF)é{J/: D(V

We conclude the developments for the levered cost of e#itwith four more remarks, all

relevant to different points we have previously discussed. These also conclude this section.

First, it may be stated that this cost of levered edijtyis a strictly increasing function of the
leverage. If we consider for example the just above formula considering thetdéeragioD /V

for n = 1, it is straightforward to see that this relation is strictly msireg with the level of
debt. Therefore, it is also undoubtedly the case whisrgreater than one since it implies that
the debt is considered as riskier. We make here the economy of diffémgniiat expressions
(4.68) or (4.69) with respect 0, as these derivatives are not as simple as the others, but this
statement is obvious ; additional tax shields only compensate partiafiigef increase in the
financial risk faced by shareholders when the leverage increases, sughytlatrease in the
level of debt makes this cost of levered equity higher.

Second, while this function is continuously defined, as we know the relation (h&a)D =

V, and as it is straightforward to see from the relation (4.69) \Ee®, we can however say
that, from a economic point of view, whé&nh= 0, B which happens in particular wHens
continuously equal t®* b it does not make sense to consider a cost of levered equity while
there is actually no equity. If we consider a limit, as the market wdlaquity tend to zero, its
required return should tend to infinity. In any case,consider that, wheb = V, the value

for the cost of levered equity is irrelevant.

Third, we cannow obtain the difference between the actual levered cost of duignd the

rate Ke.,, . When deriving the correct relation for the tax shield discountkatewe have
used, yet without knowinthe actual difference between these rates, the factkthat > K

foranyD > 0. We can now formally derive this difference.
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Both most reduced expressions (4.52) and (2 6&) respectivelyK.,, andK; are

Ay " phé&p
Ko =K, + (K, " R)%LE———
E" Vs ( RF)$V..D V

and
Hyn D“&*v VALY

Ke =Ky +(Ku i RF)/W $Vn D S/;Q/_ ,(
=K, + (K, " RF)OALJH':W(#" Ts%v((vn

Even before deriving the difference between these rates, it is dgfimteth nothing the
perfect consistency of these relations ; indeed, switctirfigr V' in the leverage ratio of the
rate K. and barely simplifying already allow to see that both rates are alexastly
modelizedhe same way, except thidl takes into account the present value of tax shiglds

In other words K., could be exactlynodelizedas K, but with V;5 = 0 for any level of

debtD.

Therefore, deriving their difference for any level of debt is straightforward, as shows
# #\/nlan&D&# nn

(Kewv,. " KE):%? +(K, " R)% D (V (" O/K +(Ky " RF)%FU D (f;" nggv((

nn DH&D #5/”" Dn

- (67 RF)%V "D MV, Ly "D(:é’" %{V“v

— n f\/ " Dn&(f D # VTS#\/U@D&
ISV E R iy alivi
n ?\/U " Dn& % " i " VTS#\/U%L
=(K, " Rl $Vn< B R
" D& SV f&

nn

- (<, " ROt D ol s

. fvu“
=Ky RF)$V "D ! $v”(éﬁ§7
&
$V, " D "$V, (

(4.70)

% Using the relation (4.68) obviously yields the same results.
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This result may be explained as follows ; every year, the differencekirion a shareholder
considering whether or not the debt tax shield is included in the equityholddiovagECF)
is equal to the difference in risk between investing in that busimesgaesting in a risk-free
governmental bond, times the present value of the tax shields weighted iitbeof the
firm. If n> 1, this difference in risk iglsoadjusted by the relevant non linear coefficients.

Finally, we can also formally prove that, whenr= V,,, then the discount rate for the tax shield
K;s is equal to the levered cost of equiy, as we have stated when deriving the general
expression for the tax shield discount rdfe,. Indeed, considering both most reduced
expressions (4.67) and (4.69) for respective]y and K., and considering the relation (4.59)

that proves that, whed =V, then (V' " D”)/(\/U " D) = nV,"*, we have
&

.. "8, &
Kis =R + (K, F@)@ﬁ +$V..D (it
=R+ (K, " RF);@ v g@jﬂgvg
=Re+(K, " RO+ nOf

# &
=R+ (K, " R+ | (4.71)

which is equal t&K. whenD =, as shows
#\/nu anv
K. =K, +(K, " oAl 0" Tso =
e =Ky +(Ky RF)M( S /{1/—
#yv
:KU +(KU " RF)nV” 1%_n" TSO/V

# n
=K, +(K, " RJ%‘—" s 6o

WD &
“K, + (K, " RF)&.. n\fsf«\//
=K, +(, " RIga" s
=K, + (K, " RF)ég# %ﬁg‘
TS RF)éﬁV_UZ& (4.72)
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Indeed, the expression (4.72) is equivalent to the expression (4.71), since we have
KE :KU +(KU "’ RF)n\\//_U

— n V n
- RF +Ku +(KU RF)”V RF

#

=R +(K, " f; 4.73

_u
V
Consequently, it is straightforward to see that, sikcg= K. whenD =V, then the risk of

the tax shieldK. is greater tharK, for that particular level of debt. This is required bg th
fundamental condition (2.7) thdf. > K, for any level of debD > 0, and this is also
confirmed by the relation (4.72) since! 1 and 0 <V,/V < 1 whenD =V, such that the

productn(V,/V) > 0.

Therefore,we can say that the particular level of d&€bsuch thatk,4 = K, is inferior toV, ;
in order to compare our results with this level for; (HP assumption), the next section will

derive the particular level of debt that implies these rates to be equal.

These results conclude this section, where we have performed rigourous mathenater
to present the different rates on a common basis, solve some discountinuigmsrayid
finally show the relevancy of the setup since all the reduced expredsiotise market

discount rates are perfectly consistent with economic considerations.

Thanks to these developments, the next section will now compare theo¥dhese dicount
rates with other setups. In particular, we will use the most reduced eapr@s$7) for the tax
shieldOs discount rate.

IV.4.2 COMPARING OUR RESULTSNITH OTHER ASSUMPTONS FORTHE TAX SHIELD RISK

We have presenteticomprehensive valuation setup in which any discount rate may relevantly
fluctuate according to the leverage ratio and the profitability of the flinis setup only
requires the assumption that the assets side and the liabitkesfghe market value balance
sheet of the firm are equal at any time. This perfectly general applies to any debt policy.
Referring specifically to the discount rate for the tax shiéds we have derived a general

expression which is sensitive to any economic consideration relevant tskimess of the
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debt tax shield flow. We can now compare the differences betweeayetiesal expression for

K;s and the usual assumptions where this rate is either eqig) (MM assumption), either
equal toK, (HP assumption). Please note that we only compare the assumptions about the
discount rateK.5 ; we do not assume particular leverage policies B which are fixedofevel

debt inMM, and fixed leverage ratio iHP D, as our setup applies to any debt policy and as we
have insisted through the whole paper on the fact that discount ratesaidjndted every year

b in other words, we consider stagth@cash flow patterns and unfixed capital structures,
instead of perpetuities. Strictly speaking, these comparisons do not cglsciefer thus to

MM andHP setups.

If we consider thaK;s = R = K, and are constant at any tihewvhich is equivalent to the
MM setup D indeed, even if thBVl setup may not consider thi{, = R, it considers that both

D and K, are constant, such that the actual valu&gfdoes not make any difference for the
present value of the tax shieldss = !'D B this assumption considerably overvalues the
present value of the tax shields compared to our setup, as it does notdaacount the fact
that the tax shieldOs risk B as well as the interest rate requirddhnjdées D depends on both
the leverage and the profitability of the firm.

Actually, this discount rate for the tax shields is only equivalent to dup sghen there is no
debt, and therefore no tax shield§.{ = R- = K, andD = V,4 = 0). As soon a® > 0, this

assumption gives higher value fdrs B and therefore for B and the more the level of dé&bt
increases, the larger the difference between the results for\hotand V compared to our

setup.

Indeed, every year, referring to the reduced expression (4.6K).fpthe discount rate for the

tax shield flow is then systematically undervalued by
Krs" Re = (K, " RF%W LS 5 (%Q/—( g (4.74)

If we consider now thak,s = K, butwith the cost of debt that varies with the leverage, and if
we assume that the cost of debtmodelizedas we have presented in this paper, then the

present value of the tax shiel¥sg is still overvalued but to a lesser extent than the previous
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assumption. Indeed, in that case, still referring to the relation (4.67), the disataufdr the

annual tax shield flow is only undervalued by

nu D & # &8
Krs" Kp =Re +(K, " Rp)g{nf( H?W({;Q/_ Vf" +(Ky " RF)%—( f
p& D&
& RF)%W +$v o $V” f % RF)O 8,1
o A DN &*V &p
=K, RF)$V "D $Vn(V (4.75)

It is straightforward to see when comparing (4.74) and (4.75) that the annual undenaitiati
the risk of the tax shield flow is significantly reduced in this ¢aste compared to the previous
one. Roughly, we can approximatively say that theigapduced by half, considering that the
ratio D/V,, is superior tdD/V but with the facton that compensat&sfor this difference. Still,
this assumption fails to consider that, while a greater level of ohglbies a greater risk for the
debtholders, which then require a greater interest rate, the tax shieldemareskier as the

operating result may be not large enough to cover the full interest expenses.

We now consider the case whefe; = K. As we will show, this case does not necessarily
imply either a systematic undervaluation or overvaluation of the risk ofatheHields. It
actually depends on the level of d&€bbf the firm. Therefore, this case is worth investigating
further, and we now perform some developments in order to better understand the yelévanc
this assumption. Considering the most reduced expression (4.67) for the tax shiets®) dis

rate K., it is straightforward to see that this expression is equig),tavhen

"D"% vy (D" %y, Hp _
ﬁv& ﬁv (D @7
) D"(V, ( D)V + (V' (D")V,D _
V'V ( DV
) D"(W (DV+(W' ( DIV,D =V (V, ( DV
) D"V,V(D"W +V]"'D( D", (VJ"V+V/DV =0
)( D"V +V,)+D"(V,V) + DV + V) (VJ™V =0
) DV +V,)( D"(W,V) ( D™ +VGV) +V™V =0 (4.79

37f this was precisely derived, this factoactually overcompesates for the difference between the ratios.
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We have to solve for the level of debtthat satisfies this expression (4.76). Theoretically, this
is not trivial if we consider thah could be any integem ! 1. For low values fon, this
expression collapses to well know forms, but for higher valuenfoit requires heavy
algorithms. Additionaly, the elemer¥ has also to be specifieas V =V, + Vg, or
alternatively asv = E + D, in which case the relation (4.76) has to be slightly adapted when

isolating the unknowm.

Fortunately, it is worth noting that the expression (4.76) may be conveniently factorized as
D"V +V,,)" D"(V,V)" DOV +VJV) +VJ™V # (V\, " DV " DV, )(W) " D) (4.77)

Indeed, it is now straigthforward to find the roots of this simplified exjmes3he first root
D, =V, can be immediately discarded, as we know from the previous relations (4.71) and
(4.72) thatk,s > K, whenD =,. Therefore, the only level of deBtthat impliesK,s = K

is the second rod; of this expression, which is

vw, _,$v
Y ) (4.78)

V+W)

V\[," DV" DV, =0# D(V+\V,)=V\, # D=

This level of debt is thus clearly inferior ¥, since the factow /(V +V,) is definitely inferior
to oné®. Yet, this result does not directly allow to comprehend consistent economic
explanations. However, this result may be restated in some other meanmgyl ag the
expression (4.78) is equivalent to some other market value ratios. Indeed, wwarcange this

expression considering

# & # &
D: VUV n DVU +V =1|| Olyru+ V (zlu D%];+i( :1II 2+E=1 (479)
V, +V v,V VLV V vV, Vo,

This expression can now be interpreted ; this particular level of debtisthat the sum of
both market value leverage ratibsv andD/V, is equal to oneEquivalently, the expression
(4.79) also means that we have

D D

b,b_;» D_$,Dl. D_E. D_V
ARV v, 5% v V, V E

= (4.80)

% Actually, the factow /(v +V,, ) is only equal to one whew{, =0 which impliesV;g=0 and thereforeV = 0.
This case is obviously not worth considering.
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From the relation (4.80), we can derive some conclusions. First, weDi&e& 1 since
V, IV <1 for anyD > 0. Therefore, this implies

D D E, D $, D, 2D D 1, E_1
— <" Z<—" Tl )" o<1t Szt —>=
E vV V V §6 VZ V v 2 V 2 (4.81)

Furthermore, since we know from the relation (4.80) ®8at = D/V,, and deriving the
expressions for the leverage ratiod/ andD/\,, from the condition (4.78), these results may

be summarized as

Vo1 D_ Vv, _1 ,
Vv, 2 VoV+y, 2 (4.82)

b
v,

We can now calculate the difference between the BdNg and the rati®/V , which yields

D.D_ V. .V, _V"V,_ Vg
W, V V+Y, V+V, V+V, V+\

(4.83)

As we know now both the sum between these ratios from the relation (4.79) aliifetiemce
between these ratios from the relation (4.83), we can explicit them furtherd)radizbng the
relation (4.79) to the relation (4.83) gives an explicit value for the i, as shows

$ 1
D,D,D,D_j, Vi ,,D_y Ve D 118V 1o,
VARV AV VAR VIRV AR VRS 20&)¢,7+VU%

AsD/V =1 BD/V,, itis then straightforward to get a similar expressiorDitv, which is

D n 1# V. Vs = 1# V. Vis
=1 é §§7+v (( 2 29$’vb +v( (4.89

Therefore, we have shown that, in order to hiye = K, the sum of both leverage ratios
D/V, andD/V has to be equal to one, which requires they are both very close to 1/2. Indeed,
the symmetric gap factor is really small since

1 Ve %

— VTS — VTS — VTS
2V 20, Vet V) | 2R, + Vo)) AV, + D

(4.86)

Equivalently, in terms of absolute level of debt instead of leverage,rdtiosevel of debbD is
slightly superior to the half of,, b actually, we have shown that the fastéfV +V,) we had
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initially considered, and which is in fact equal to the r@i¥,, is close to 1/2 B, and slightly

inferior to the half ofV .

Roughly said, these results can be approximated by considering,th&at, when the firm is
half debt financed, half equity financed. Referring to the leverage ratidseofirm, this

approximation may be stated as

R n
VU

(4.87)

<|O
N

From an economic point of view, this has indeed some sense. Approximatetngaasl
D/E <1, the debt tax shieldgS are less risky than the flosCF shareholders would get if
the firm was only equity financedK¢ < K ); indeed, for low levels of debt, the tax shields
are rather sure flows. On the other hand, wbég > 1, the riskiness of the tax shields is
greater ; as there is more debt, more interests are paid and, while anrstaeldO flowsS
potentially increase, they are also riskier. Actually, they then becohierriban theECF are

when the firm has no debK{s > K)).

In other words, the assumptidfy; = K, appears to refer tacase where we (approximately)

assume that the firm has a capital structure equally divided betwieeantkeequity. If the firm
iIs more equity financed than debt financed, udiqgto discount the tax shields undervaue

the present value of tax shieldsg, since these tax shields are not that risky. If the firm has
more debt than equity, then usikg as the discount factor for the tax shields overvaljgs
since the higher leverage of the firm accounts for a higher financiakbsiskore interest

expenses have to be paid, which makes the risk of the tax shields greater.

We now conclude about the differences between our perfectly general setugilgnsdvghere

the risk of the tax shield is either assumed equ# job which can be considered constant or

not b and.

Obviously, as we have shown, the case where the risk of the tax shiklg, ishich is
assumed constant, is the most erroneous setup. This systematically ogevalggeat extent
the present value of the tax shields and hence the firm, as therattunass of the tax shield

flow is considerably undervalued. Consideridg, = K, constant is as wrong as considering a
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risk-free investment risky. Yet, here it is precisely the other way aroumtax shield is to
some extent risky and is not a free lunch, as tax shields mean somehouidi risk for the

firm.

The case where the tax shieldOs discount rate is a vakghl@s we have previously
presented, is less erroneous as it takes into account this increasanmaf risk when the
leverage increases. However, this assumption still overvalues the prdsenbfveax shields
V4 as tax shields are riskier than the debt itself, as we have exigndeveloped in the
previous sections. Incidentally, it can be noted thdh # \[;, sinceK is then equal t&K,

this case would be equivalent to the last case wKeres K, and ifD >V, this case would
actually givea less wrong value fol,s D yet surely no& correct value, as it still greatly
overvaluesV,4 since K. is then greater thaK;, as we have seen when deriving the correct
K;s P than the last case. Anyway, from an economic point of view, these f@iwebt are

unlikely to happen.

Finally, the last case wherk,; = K;,, which is constant, does not necessarily mean an
overvaluation ofV,4, neither an undervaluation. For levels of debt such that the Défios
(approximately) close to one, this assumption gives (approximately) correct vatutee f
present value of tax shields. If this ratio is appreciably inferior to dwe®, this assumption
undervalues/;g, as tax shields for low levels of debt are not as riski{ asinversely, if this
ratio is superior to one, then this assumption overvaljgsas the tax shields become riskier
than the required return for the unlevered equity. All in all, this assumptiandscent
approximation for firms whose capital structure is not expected to considehanige D which

is precisely the assumption of tH& setup, sinceD, /V, = L constant for any timeb, but only

if the ratioD/E is close to one.

These considerations conclude the present section, where we have extehsotsged the
differences between our generabdelizationfor the risk of the tax shields and the usual

assumptions we find in most valuation setups.
Before illustrating our results through different graphics and examples, we conbksie

theoretic developments by considering a last notion : the widely used weayletedje cost of
capitalWACC
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IV.4.3.ADJUSTINGTHE WEIGHTED AVERAGE COST OFCAPITAL

The concept of th&VACC is widely developed in the literature over discounted cash flowsO
valuation. This rates synthetizes the actual costs of the whaitalaased by the firm in order

to finance its activities. Annualy, these costs are the intereshgag@aid to debtholdeks, D

and the returns owed to shareholders according to both the business and the fiska®él

the firm K.E, whether or not these returns are actually paid as dividends. Additionaly, this
weighted average cost of capital is adjusted to take into accounkthii¢ldsO benefits, which

is the deductibility of the interest expenses and therefore the advantaigbttéinancing
instead of equity financing, since dividends are not tax deductible.

Since theWACC is an aggregated parameter, discounting cash flows witt#heC does not
allow to discriminate between the different sources of value creBtisince we only use the
FCF as accounting flows B, and the different risks K., andK.4 do not explicitely appear.
This concept oWACC is therefore not the main point of the paper, since we have precisely
and purposely built a whole model where all the rates are explicitelyedeand all
interrelated, such that they vary with the leverage ratio and the profjtadfiihe firm, while

the WACC is usually assumed constant in very most setups.

Nevertheless, we now present some considerations about this compositadapeopose
generalized formula for th&/ACC which is consistent with the notion of market value balance
sheet. At first glance, we could simply substitute for the costveféel equityK. and the cost

of debtK, in its general formula (2.12), or opt for the further detailed formula (2.13), in which
case we would also insert the discount rate for tax shielgsAs for the cost of levered equity
Kg, this would require a(n) (even more) non trivial substitution process, but this edinde

possible.

We rather opt for another option. For so doing, we need to remember that alilidczsent
rates (and so the&VACC) are market value discount rates ; specifically, this means that the
inputs are market value elements from either the assets side @abiligels side of the market
value balance sheet, which are eitkeD, V,, or V4. However, it is worth noting that in any
formula for theWACC, the deductibility of the interests are always considered by the factor
K, D/, which is the usuahodelizatiorof the tax shield accounting flow, as we know from the
relation (2.19).
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Firstly, we know now that this accountingpdelizatiormay be refined, as we have done in the
concerned section when deriving a precise expression (4.51) for the tax shieldHiolvjsan

any case always inferior or equalE8IT!.

Secondly and more importantly, there is an apparent inconsistency when using anragcount
flow in a market value discount rate ; indeed, the market value totabfocepital, as any other
market value discount rate, should take into account only market value elea@htaot
particular accounting flows that happen in a particular year. Indeed, as for anyatehé the
level of debt changes from year to year, then the value GMAEC should adapt to take into
accaunt the variation in the present value of tax shidlgds and not consider the particular tax

shield flowTS of a particular year.

If both the debt: = D) and the operating profitabilit{, =V/,) are expected to stay constant

and such that we ha¥&BIT > KD, then we effectigly and consistently have

KDD)t "

TS = (KDD)t "=KrgVig =Kig ( " (4.88)

S

Incidentally, this allows to point out that, singg > K, for anyD > 0O, the present value of
the tax shieldd/;4 is, in a perpetuity case, equal to
—_ I<D ] ’
Vig S D<'D (4.89)

TS

The higher the leverage, the greater the difference for the valig obmpared tdvIM setup.

As soon as the level of debtfluctuates, then the perpetuity formula does not hold anymore
and therefore the usual formula for théACC mixes an accounting flow B which may vary
and whose amount that particular year is not necessarily consistentheithhble present
value of tax shields, since the level of debt varies B with the maket element® andE,
which supposedly does take into account the present value of tax shields #redpaoticular

tax shield flow of that year.

This seems to violate the basic principle of discounted cash flow$@ds)ewvhich derive

market value elements by discounting accounting flows at market value discount rates.
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Therefore, we rearrange theACC formula in order to only consider market value elements.
Referring to the market value balance sheet, and in particular to therréa®), theWACC

is precisely equal to :

- (a) the debtholdersO market value retGgd B which is, as long as the market value of the

debt is assumed equal to its book value, the interests paligsb,

- (b) the equityholders® market value rekigle B which takes into account the present value

of the tax shields that both lowers the ri§k and increases the market valE®, minus

- (c) the Opresent value of tax shieldsO market value rétuM@ B whichis, like the other
elements, the return (or equivalently the risk) of the whole present valag shields, times
this present value,

divided by the total market value on which all the investors D that is, batbhslders and
debtholders B have claims, which is the market value of the firm.

This may be written as

KcE+K, D" K. V. E D, V.
E D 1S TS:KEV-I-KDV KTSVLS (490)

WACC=

and referring to the relation (2.8), this is equivalent to

WACC=K, \\//—U (4.92)

These relations (4.90) and (4.999n easily be interpreted from an economic point of view ;
indeed, theWACC is equal to the unlevered cost of capital, adjusted for the financing side
effects of the capital structure of the firm, which are spedyit¢ak debt tax shieldsO benefits.
These formulas for th®VACC are now perfectly consistent with the notion of market value
balance sheet.

However, the definition itself of thevACC implies to build this parameter in such a way that
it is rather not meaningful to use it if there are significant variatiorisa capital structure of

the firm from year to year.

To realize this unconvenient lack of flexibility of the param&&kCC, consider the following

example.
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Let assume a company that has a perpetual operating reEBUlt=X and therefore a
perpetualNOPLAT = X(1" #), which is equal to thd=CF because new investments, if any,
are every year exactly compensated by the assetsO depreciation, and becmking
Capital supposedly does not varty\yC=0). The company is currently only equity financed
(Esook, = Vaook,)» DUt the management has decided that the next yeaysince they are aware
of the tax deductibility of the debt interests which allows to cr@atencing) value, the firm
will be leveraged at a particular level of debt << V such that the firm will realize an

accounting tax shield flomf'S, which can always be referred to as a proportion of the
operating result ; therefore, we can consider a paramesech thatTS =" X, with 0<" <#

which impliesTS =" X # X$= EBIT$.

This last condition makes sure that the tax shield is inferior or egutsl thaximum possible

value, such thal § =" X is effectively realized that year 1. Therefore, we can also say that
the firm will pay next year some interest expengés D,) :(X” /#), such that its earnings
before taxes in year 1 iEBT = X" (X#/$) = X" #/$) >0 and consequently the firm will
pay some taxel = EBT" = X" #$X = X("#$) >0, since” <#.

However, we consider that this firm will only use debt financing that yiea 1 ; for any
reason, the firm will repay its debt principal after year 1, and will onlydpgty financed

again, and this for perpetuity.

This absolutely simplistic case could be refined vmibre sensible economic considerations ;
yet, this is not the point here, as we just want to make clear theveience of th&ACC.
In any case, the simplicity and the total generality of this examplénigihlight the problem

one might encounter when considering WACC for valuation purpose.

If the firm had not used debt in year 1, then this case would collapseetpetuity case and
then the market value of the fird considering theWACC, APV and ECF methodswas
obviously V =X1" A/K, = XQA" #A) /K = XA" #A/WACC since K, =K. =WACC when
there is no debt. Incidentally, this valMecan be lower or higher thag,, depending on the

difference between thROIC=X(1" #)/Eg,,, and the cost of unlevered capitg). If ROIC>

Ky, thenV > Eg,, , which means that there is an operating value creation that we have
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referred to as OpearingVA (OMVA). If ROIC < K, thenV < Eg,, and therefore theris

(operating) value destruction, and finally ROIC = K, then the firm realizes operating
performances that just compensates for the risk related to an equity ienestmthat

particular kind of business and in this particular secfor g, ).

However, the firm creates also some financing value in our case, salizingethe debt tax
shield TS ="X in year 1. As this flow is about to happen soon (in one year), it has degfinite

some present value/; that has to be added to the unlevered value of the firm
V, = X[@A" #)IK,.

This is precisely where comes the problem with\WweCC. Indeed, valuing the flows that will
happen from year 2 till infinitys only reconsidering the previous case which assumed there
was not debt, but one year from now. Therefore, the three metWAISC, APV and ECF

yield consistenthyall the same value for these flows. The issue is about the cash fldwgltha
happen in year 1, which are tiNOPLAT= X(1" #) and the debt tax shieldl§ =" X.

Indeed, for theWACC to yield the same discounted cash flowsO value than boPthand
ECF method for these two flows that will happen in year 1, we need to have
X" #) _ XQA"#) N $X  _(XQA"#) " ($X1#))A" #) N $X1#

1+WACG  1+K, 1+K 1+K,, 1+K,
vy @D _tarn, s i: X&E((l" H" @I, S 1
1+WACG €1+ Ky 1+Kqg* 1+Kg, 1+K, * (4.92

As EBIT = X is assumed superior to 0, we can cancelXhe&vhich yields

1" # s, % _(@#A"@AHAH, $I#

1+WACG 1+K, 1+Kg 1+K,, 1+K,,

(4.93)

For brevity, ve now only focus on the comparison between WACC method and th&PV
method. Therefore, we can see from (4.93) that we have two unknowns to solvehsince

parametet is not an unknown but is just left unconstrained so far in order to derive general

conclusions.
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These two unknowns are tWACGC D in which we are interested D, and the risk of the tax
shield K;s . However, the actual value of the risk of the tax shield is not important to
derive here. Indeed, if considering our setup, and referring to the general formula (4.44) for
K;s, then this value will depend on numerous interrelated values for other parameters
specifically, the unlevered value of the fify, the level of debD: such that the cost of debt

Ko, will allow the firm to realize a tax shield§ = (K, D))" =#X, the present value of tax

shieldsV;4 and the total market value of the fivh However, this present value of tax shields
Vs and therefore the total market value of the fWmare precisely what we try to deriVe

Furthermore, the point we try to make clear here about the relative infgxdfithe WACC
does not require to consider our setup, neither any setup though ; this is theodgkniseof
this parameter that may result in meaningless values faW#@C, not the assumptions made

aboutK.4 neither about any other discount rate.

Therefore, as this value foK,gis not relevant to our development, we may consider a
parameter " such that "(1+K.g)=#=T§/X ; in other words, this parametef still

considers the ratio of the tax shield flow over the operating result, boudiscthis ratiavith
the appropriate discount factor .

As we have in any cadés > 0, it is straightforward to see that<# ; still, this parametef

is aperfectly general ratio for the tax shield flow compared to the operatiolj, reigace any
increase inTS - up to its maximum valu&BIT/ B overcompensates the increase in the
discount factor (1 +K,s) B and obviously s K, is assumed constant B when the level of

debtD increases. Moreovef,(1+K.g ) =# implies " <#/(1+K;s ) since” <#, such that we

may say that we always ha@e< " <1/2 since we typically havé #1/2.

Consequently, when focusing on tiACC and APV methods, the expression (4.93) may be
restated as

w#H _@H, $§ _@AH, WrKg)_ (1"

+ (4.99
1+WACG 1+K, 1+Kq 1+K, 1+K;q  1+K,

%9 This is typically the circularity problem weave mentioned in the section 111.1.2.2. In order to solve it, we need
to use a spreadsheet application that solves these circular relations uathgitaliculus. See the examples in the
section IV.6.
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We now have an expression that does not depend explicitely anymore from the apropriat
discount rate for the tax shield flohS that will be realized it = 1. Alternatively, this is

equivalent to say that we consider any valuekiqy, which can be assumed constant or not.

This expression (4.94) is also equivalent to

a#» _a"» % 1" # _@"#H+A+K,)
1+WACG  1+K, HE 1+WACG 1+K, (4.99

From the relation (4.95), solving for tM¢ACC, we have
@m# _ @ #)+$1+K,) @a"#Ha+K,) "y

1+WACC ek, OWACGE L sae k) (4.96)
Rearranging this last expression (4.96) yields
@ AQTKY) " A" A" $A+K,) o, _Ky@" A" $1+Ky)
WACG= A" A+ $A+K,) % WACG @" A+ $1+K,) (4.97)

Consistently with the definition of th&/ACC, it is straightforward to see from relations (4.96)
and (4.97) that thiSWVACG decreases with the leverage since the firm benefits then from debt
tax shields ; specifically here, the parameteaccounts for these benefits, as it represents the
ratio of the tax shield flow to come next year divided by the operating raadltadjusted by

the appropriate discount factor for the tax shield. If there was no tax sheddhe, then' =0
andWACG =K.

However, thisWACG, which we have derived from totally general assumptions, is not quite
right. Indeed, we now show that considering IN&CC when valuing firms whose capital
structure is expected to change (like in this simplified example) isi@ahingful, whatevewe

use as inputs the present value of the tax shields or the accounting tax shield flow of that year.

Indeed, it comes directly here that thereaiparticular level for the ratio’ such that this

WACQG is equal to zero ; this happens when

"o— (1# $)KU

T+, (4.99)
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as shows, substituting fdr from the relation (4.98) into the relation (4.96),

wacG=—— S A wgu wacg= AR wacg=0
P L (L" AL+Ky) (4.99
@+ g )

Incidentally, this implies the actual accounting ratito be
1+K

TS

" Tsi —_

—2(AH#H K, =—

14K, ( uT Ty (4.100

In any case, this ratio is small, and roughly said, most likely to be interidd.0, for example
considering normal assumptions 6f##1/2, K, "1/10 and definitely (1+ K.¢)/(1+K,) <2,

such that this actual level of ddbt is surely not an extreme or meaningless level of debt.

Furthermore, if” is superior to this particular levgl" #K, /(1+K), then theWACQ is

negative. This does not make much sense to consider null or negative cost of capital.

This would not make sense either to try to smoothWheCC over the following years, in
order to give all in all an equivalent valwefor the firm ; first, there are neither accounting tax
shieldsO flows nor obvisouly positive valuesVay in the subsequent years ; second, this is
totally unconsistent with a correct discounted cash flow process. Thereéovallwot use the
WACC method when illustrating our setup through a comprehensive stochastic case.

However, for a simplified growing perpetuity case, we can derive a condstentla for the
WACC, which has to be slightly adapted compared to the relations (4.90) and (4.91).

Indeed, we know, from the relation (2.33) when presenting WACC method, and from the
relation (2.37) when presenting tA€V method, the form of their respective terminal value

when we consider growing perpetuities.

Therefore, if we directly consider a growing perpetuity from next year and noteasiaal
value, we get the present value of the fvnby

FCF _ FCHK N TS

V=V +V., = =
YTTTWACC g K, TG K g

(4.100)
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The cash flow$CF; andTS are the cash flows to be realized next year, and they will grow at
a constant ratg in perpetuity. To yield the market valu¥s, V;5 andV, the discount e K g

but also thaWVACChave to be computed at their market value too (the unlevered cost of capital
K, is constant).

Solving for theWACC, we have

FCF, # WACC = FCF,

V=— -1
WACC" g

+g (4.102)

From (4.101), sinc&/, =FCF/(K, " 9), then we also havE€CF, =V, (K, " g), which can be
inserted in (4.102), and yields

wacc=YkK "9 o
W *+Vis

MKy "9, 9 +Vig)
W *Vis W *+Vis

v V" 9+ +\e)
1

VU +VTS
1

VU +VTS
V, V.

-k U4 ql1s
KUV+gv (4.103

(VUKy " 9V, + 9V, +0Vig)

(Vu KU + gVTS)

Referring to the relation (2.8) of the market value balance sheet, this is equivalent to

E D.,, V Vis_, E D, w oo V-
WACCZKEV'*'KDV KTSVTS'l'gVLS_KEV'*'KDV (KTS g)VLS (4.109

It is definitely worth noting that we have derived the formula (4.103) only by usengguality
between theAPV and theWACC approachks; if we now assume that the growth rate= O,
then these expressions (4.103) and (4.104) collapse to the relations (4.90) and€hang
previously introduced, and which use the market value reéfugV,4 and not the annual tax

shield accounting flowlK,D),/ to compute th&VACC.

Indeed, in a growing perpetuity case B where the capital structure does chaad®gi the
debt and the operating result increase at a gateut where this variation follows a fix
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increasing debt pattern, such that the market value average cost al ¥&p@C has a
meaningful value, compared to the previously detailed case D, then the (dl&8)rdoes not
hold anymore and the usual and widely used formula (2.12) fo\h€C does not give the
same value than these formulas (4.103) and (4.104), which have to be true since wedy deri
using the theoretically undiscussed equality betweeMAEC and theAPV method.

The relevancy of this adjustemeg¥,s/V in the formulas can be easily proveds weknow

from the relation (4.101), the initial tax shi€l& is equal toTS = (K5 D)V, since Vg
=TS/(K,s Dg). This tax shield flowl'S is thus inferior to the Omarket value return of the tax
shieldsOK ;¢ that would have been obtained if the firm had had since the beginning and
permanently a level of deBiz,ox equals to its Omarket valueO level of Befthis is the tricky

point about a simplified growing perpetuity case. Indeed, if we considdE@keapproach
instead of thPV approach, then we equivalently have

FCF, _ ECF _ (KoDgoud:

V=E+D= =
WACC'g K."g K" g (4.109

Therefore, the Omarket valueO of the debt is
D= M (4.109

Ko" 9

We use the quotation marks here because this higher market value for tieiletdy > 0

and thereforeK, /(K, " g) >1 B compared to its book value is not due to excess returns or any
OdebtO value creation ; this is simply because the book value obtheildencrease at a
constant ratg every year and forever. Therefore, this increase in the level of debteatec
increasing tax shield flows B but which will have the same risk #ieceperating result also
increases by, as requires the simplified assumptions of a growing perpetuity B suchnthat
order to have the equality between E@F method and the other valuation methods, we need
to consider the OfinalO level of debt

As we assume that the initi@BIT is greater than the initial intereds D, ,, one could argue
here that the initial tax shield floWS = (K, Bg)V;4 is then also equal to the usual expression
(2.19) for the tax shield S=K D" such that the general formula (2.12) is equivalent to the
formulas (4.103) and (4.104).
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This can be represented as

WACC:KEE+KD2" M:KEE-*_KDE" K,D#
v v % ; VoV

E w o D
=Ko Ko A

This is erroneous. The tax shield in year 1 is effectively equéfte K,Dg,.," = (K1s# 9)V;s,

but this last equality between the formula (2.12) and (4.104) foMAECis wrong because it
does not consider the just explained point about the OfinalO level bf délstWACG as any
other discount rate, is a market value parameter. Therefore, the levél &f ded the market
value leverage rati®/V in the formula for theWACC has to consider this OfinalO level
D =KpDg,o/(Kp " ) from relation (4.106), such that

E D, (K" gV. E D, K Dgyo# E D
WACC=K_. —+K.— M:K —+ K. = ﬂ$|( —+K -
fFv Pv Vv fv Pv Vv Fv o #)v

If one wants to use an adjusted form of the usual formula (2.12), then this can be done by

E D V. E $. Dy, D
WACC=K,. —+K. =" (K.-."0g) B =K. —+K " 4~ Book
v Pv (Krs g)v FvV Df% D zv (4.107)

As the OfinalO level of debtis higher than the initial book value of the debt, this adjusted
expression (4.107) yields a higher value for WHACCBD and therefore a lower value for the
firm B than the usual formula (2.12), which can be stated as

E $ Dg.... D E D
WACC=K_ —+K_ &" #-B2 = >K_—+K_ (1" #—
EV D% D QV 3V, o #)V (4.108)

This is precisely the reason of the adjustemgvit,/V in the formulas (4.103) and (4.104).
Discount rates refer to market value elements, not accounting flows. Camgittexigeneral
formula (2.12) would overvalue the present value of tax shi€ldssince it would consider
that the firm benefits readily from the first year of a tax shie®l=K_ D" while initially
realizing a tax shield flow o § = KDDBooko "<KyD" since DBookO <D. And it takes time for
the firm to reach this final level of debt b basically, a perpetuityE Therefore, the factor
gV;s/V adjusts the WACC and makes it slighty higher.

Incidentally, please also note that when considering a growing perpetuityinasepgerating

result and tax shield flow both increase every yeag,llyoth market value elemerilsandV,,

also increase by every year. This implies that the cost of d&bt does not vary, as we have
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relevantlymodelizedt as a function of this leverage rafddV, . This is the reason why we can
use the convenient growing perpetuity mathematical simplifications inetup $ any other
modelizationfor a variable cost of debt implies this cost of debt to vary every year i

growing perpetuity case and therefore the mathematical simplified formulas cannot apply.

We conclude this section for teeACCby summarizing our different results. For a simplified
perpetuity case without growth, the relations (4.90) and (4.91) give the correct vahes of t
weighted average cost of capital of the firm, and are equivalent to tlaé fosmula (2.12).
However, for a simplified perpetuity case with growth, the usual formula (2.18)d9VACC
undervalues this cost, and only the relations (4.103) and (4.104) give correct values,
considering the theoretical undiscussed equality betweed\Bhéand theWACC approach.
Finally, for general stochastic operating cash flows and debt level pattegWgACCis not a

meaningful discount rate.

These statements also conclude the developments and results of this\tmpave derived
hundred equations, all related somehow to the appropriate market value discayrdlréte
presented results only require the permanent equality between the aksatsdsthe liabilities
side of the market value balance sheet of the firm. The best whysteate them now is to
represent graphically the difference between these rates. The neah sgeents graphics
where one can see the evolution of the different discount rates accordiegléwdrage of the
firm“*°. We also represent graphically the evolution of the market value of thewfttnthis
leverage, assuming that the unlevered market value of the firm id'fixé present these
graphics for three different assumptions about the marginal debt risk fHueargse whene =
1 b linear case b, the case wimere2 b constant case B and the case wherk+ 2D/V, D
non constant non linear, such that the cost of debt is a transcendetainfuridie leverage
ratio D/V,,. Finally, in the last section 4.6, we will illustrate our setup througdterdnt
examples ; specifically, we will present three cases : a perpetsgyassuming =1+ 2D/V,,
a growing perpetuity case assumimg 2 and a totally stochastic case assumirgl. In this

last case, as explainede¥WACCvaluation method will not be presented.

“?please note that the case where the levebdge 1 may be regarded as the cadeeve the debt book value is
superior tathe market value of the firm. As the market value of edmity then equal to zero, there is no relevant
Kg for these levels of debt.

“IThe curves relevant to the respective market vdkments and market value disint rates are the one whose
final levels are in the same order than the appatgsymbolsO presented order.

-08-



Firm Valuation : Tax Shields and Discount Rates (T. ANSAY, 2009)

IV .5. GRAPHICS

IV.5.1.MARGINAL DEBT RISK FACTORN =1 (LINEAR)

IV.5.1.1. Market Value Discount Rates functions of the leverage Dekf

IV.5.1.2. Market Value Discount Rates functions of the leverage D&uio
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IV.5.1.3. Market Value Elements functions of the leverage Bat\§,

IV.5.1.4. Market Value Elements functions of the leverage Etio

V&D

V&D

IV.5.1.5. Marginal Cost of Debt function of the leverage rati® D/
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IVV.5.2.MARGINAL DEBT RISK FACTORN =2 (CONSTANT)

IV.5.2.1. Market Value Discount Rates functions of the leverage Detfg

IV.5.2.2. Market Value Discount Rates functions of the leverage Dawo
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IV.5.2.3. Market Value Elements functions of the leverage B\,

V&D

IV.5.2.4. Market Value Elements functions of the leverage o

V&D

IV.5.2.5. Marginal Cost of Debt function of the leverage rati® D/
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IVV.5.3.MARGINAL DEBT RISK FACTORN = 1+2D/V,, (TRANSCENDENTAL)

IV.5.2.1. Market Value Discount Rates functions of the leverage De¥f
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IV.5.2.2. Market Value Discount Rates functions of the leverage Dawo
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IV.5.2.3. Market Value Elements functions of the leverage B\,

- V&D

IV.5.2.4. Market Value Elements functions of the leverage o

V&D

IvV.5.2.5. Marginal Cost of Debt function of the leverage rati® D/
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IV .6.EXAMPLES

As we have explained previously, we use in our examples the iterativeefedtspreadsheet
applications in order to determine simultanesouly both market value discasara market
value balance sheet elements. As you will see through the differeatispeefS, the results
of the different valuation methedPV, ECF, MVA andWACCD for the perpetuitpased are
perfectly equivalent.

As previously said, we present three cases: a perpetuity case assumisg2D/V, a
growing perpetuity case assuming- 2 and a fully stochastic case assumirrg 1. For each
case, we also present significant differences in the assumptionglabdoperating resuEBIT

and the level of delid in order to highlight all the results we have presented when deriving our
general formulas. Finally, in order to make some comparisons between thendiffases, we
keep the same assumptions for the unlevered cost of caljjat §%), the risk-free rate

(R =3%), the corporate tax rate’ € 30%) and the book value of the firnv{ , =1750).

For the perpetuities cases, EF is equal to th&lOPLAT, as perpetuities assume normalized
performance of the company ; in any case, considering that both could be difi@esntot
change anything to the perfect equality between the méthddsthese cases, formulas
dramatically simplify andve also present the levels of debt that theoretically maximize the

value of the firm B the simple maximization, where we h&vel,,, and the strict

maximization, where we hale =D = V.

We start with the basic non growing perpetuity case. Purposely, we assughdevel of debt
(D = 1200) and a perpetual operating result which is slightly superior to the hegukduld
just cover the business risk faced by shareholdeB$T(= 220). Indeed, iEBIT = 200, then

V, =200/8%=175C, which is the book value of the firm. Here, we ha{e=220/8%=192¢
and therefore the operating market value adde@N®VA=1925" 1750=175. Consequently,
as n=1+2D/V,, we haven=1+2" (1200/1925) #2,25 ; as the level of debt is high, the
marginal riskiness of any increaseDnis also high, and the whole debt is surely risky. This
makes the present value of the tax shields relatively low for suareladiedebt, and actually

42 Microsoft Office Excel 2008 has been used here.
Bwe just have to adjust the expression forRI@C asROIC = FCF/Vpgok This is what we hadone for the
stochastic case where the free cash flows are themediffrom theNOPLAT
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insifignicantly superior to the operating value creat{dh, " 175= OMVA). This shows that
sound operating performance is definitely much likely to create value for stdeeshthat a
risky financial leverage. Additionaly, it can be noted that the tax shaidi$ relevantly equal
to the market value discount rate for the tax shields times this pneslert for tax shields
(TS=K,D"=K;V;s #17), such that both the usual formula (2.12) for WACC and the
derived market value formulas (4.90) and (4.91) yield the same results. Finalse plaa
that, in any non growth perpetuity case, the simple maximization level fatetbteD =V,
always allows to derive directly the market value of the fiminded, asK, =K, when
D=V,, then the interest expenses d#gD =K,V, and therefore the tax shield flow is

TS=K W, ". Moreover, since we have shown that =K, + (K., " K;)(D/V) B whichis
the general expression (4.44) fsks D , then we havi,s =K, + (K., " K,)(V, /V) when
D=V,. Finally, we know from relation (4.64) th&t.., =K, + (K, " Re)n for this particular

level of debtD =,

Therefore, we haveK;s=K, + (K, + (K, " R:)n"K,)(V, /V) =K, + (K, " R:)n(V, V) for
anynwhenD =V, . Consequently, the market valveof the firm is
KW " _ KW, "

V=V Vi =W + =\t
Kors Ky + (K, #RN(Y, V)

As all the parameters from this expression are know extepe can solve fo¥, as shows

V :VU + KUVU :VU + VKUVU
Ky +(Ky #RIn(Y, V) VK, + (K, #R:)n\,
% -
$ viip— oW

& VK, (<, #RONG)

$ V(VK, + (K, # RNV, #K\V, ") =V, (VK +(Ky #R)nY,)
$ VK, +V((Ky #RINV, #KV, A+ ")) #V, (K, #R:)n=0
$ VK, #V(RNV, +K,V, (1+ " #n)) #V,*(K, #R-)n =0

This equation gives two roots faf, but only one is meaningful since the other is negative,

such that the market value of the firm wherV; is

(RN + KV L+ " # 1) + (RN, + KV, (L+ " #1))° + 4K, (K, #Ro)n
2K,

Full details of the present non growing perpetuity case are presented in the next table.

- 106 -



Firm Valuation : Tax Shields and Discount Rates (T. ANSAY, 2009)

Perpetuity Case Valuation
Basic Case - Without growth
EQUATIONS
V=E+D =Vy+ Vis = Vgoox + MVA = NOPLAT/WACC KeE + KpD = KyVy + KrsVrs = NI + KpD = NOPLAT + TS
Vy = NOPLAT/Ky D = MIN(V, Dgook) Kp = Re + (Ky - RE)*(D/Vy)”™n
E-Vis=Vy-D Kevts = Ky + (Ky - Kp)*(D/(E - V1s))
Vrs = TS/Krs Krs = Kp + (Keyts - Kp)*(D/V)
E=E- Vis + Vrs = Keyrs™(E - Vis)/Kevrs + KrsVrs/Krs Ke = Ky + (Ky - Kp)*(D/E) - (Ky - Krs)*(Vrs/E) (1) = Keyrs(E - V1s)/E + KrsVrs/E (2)
ROIC = NOPLAT/Vgoo WACC = Ke*(E/V) + Kp*(1-t)*(D/V) = Ky*(1-Vys/V)-Kp*t*(D/V)+Krs*(Vrs/V) (1)
ROE = NI/Eggok (1) = ROIC + (ROIC - Kp(1 - 1))Dgook/Egook (2) WACC = Ke*(E/V) + Kp*(D/V) - Kys*(Vrs/V) = KyVy/V (2)
I = MAX((EBIT-KpD)r, 0) TS+I = EBITt MVA = ((ROIC - WACC)*Vpg,o, )/WACC
TS = MIN(KpDr, EBITr) Operating MVA = ((ROIC - Ky)*Vaou)/Ky
INPUTS
Rf = 0,03 VBook = 1750 EBIT = 220
Ky = 0,08 Egook = 550 n=f(D) = 1+2D/Vy
T= 0,3 Dgook = 1200
ACCOUNTING RESULTS
EBIT= 220 TS +1 = EBITt = 66 D/Egook = 2,18182
KoD = 56,7494 I/EBITy = 0,74205 D/Vagok = 0,68571
EBT = 163,251 TS/EBITt = 0,25795
I= 48,9752 ROIC = 0,088
NI = 114,275 KpDt = 17,0248
KoDt - TS = 0 ROE (1) = 0,20777
TS = 17,0248 ROE (2) = 0,20777
NI-TS = 97,2506 NOPLAT = 154
VALUATION / MARKET VALUE ELEMENTS, MARKET VALUE DISCOUNT RATES & MARKET VALUE RATIOS
V=E+D = 2100,69 Kp = 0,04729 D/Vy = 0,62338
E= 900,691 Kys = 0,0969 (D/Vy)™n = 0,34582
E-Vig=Vy-D= 725 Kevrs = 0,13414 D/V = 0,57124
Vrs = 175,691 Ke (1) = 0,12688 DJE = 1,33231
D= 1200 Ke (2) = 0,12688 D/(E-Vrs) = 1,65517
V=V + Vs = 2100,69 Kp' = 2,9E-05 E/Vy = 0,46789
Vy = 1925 n= 2,24675 E/V = 0,42876
Vig = 175,691 n' = dn/dD = 0,00104 (E-V1s)/E = 0,80494
E/(E-Vys) = 1,24233
V = Vgoor + MVA = 2100,69 WACC (1) = 0,07331
Viook = 1750 WACC (2) = 0,07331 Vro/E = 0,19506
MVA = 350,69 Vrs/(E-Vrs) = 0,24233
Operating MVA = 175 ROIC - WACC = 0,01469 Vr/V = 0,08363
Financing MVA = 175,691 ROIC - K, = 0,008 Vrs/D = 0,14641
Yearly Total EVA = 25,7089
V = NOPLAT/WACC = 2100,69 Yearly Operating EVA = 14 Vy/V = 0,91637
GRAPHICS & MAXIMIZATION RESULTS
2500 1 Simple Maximization (D/Vy=1) | Strict Maximization (D/V=1)
V= 2139,93 |Vmax = Dyax = 2155,13
2000 D=V, = 1925|Vy = 1925
E= 214,934 |E = 0
E-Vys = Vy-D = 0|E-Vrs = Vy-D = -230,13
1500 1 Vrs = 214,934 |Vyg = 230,133
1000 Kp =Ky = 0,08|Kp = 0,10208
Krs = Kg = 0,21495 |Kg = -
500 | Keurs = 0,23002 |Keyrs = Kys = | 0,28679
D/Vy = 1[D/Vy = 1,11955
0 ! ! D/V = 0,89956 [D/V = 1
V= Vu+Vis V=E+D V = Vbook + MVA V = NOPLAT/WACC D/E = 8,95622 |D/E = -
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The next example is a growing perpetuity case. As we have mentionedWABE section,

our dynamic setup only applies for the mathematical simplificationsgobwing perpetuity
because we have relevanthodelizedhe cost of debt as a function of the leverage g,

and, sinceD and V, increase every year by, the cost of debt does not vary. Any other
modelizationfor a variable cost of debt would imply this cost of debt to vary year wé#ar,

and so all the other discount rates, such that one could not use the growing tEspetui

formulas.

Please note that we refer to the G market value E cost oKgelthat is the cost of debt that
considers the C fin& lewel of debtD and not the initial valuBgook This is consistent with the
fact that discount rates are market value discount rates. Economicallgah also be easily
interpreted ; for a firm, requiring that its debtholders increase their ingastoy a constant
rateg every year has a cost. Providing annual extra funds on a fix and determinechphess
additional risks for debtholders, which then increase their initial required interest rate.

In the WACCsection, we have extensively discussed the appropriate form WAGQCfor a
growing perpetuity case. ThHIWACChas to be computed according to the respective market
value weights of the different elements of the market value baldrex. sTherefore, this
market valueVACQC like the K, and like all the other discount rates, does not vary from year

to year in such a growing perpetuity case.

We discuss now thB1VA approach, which uses tNéACCas the discount factor. First, if we
refer to the formula (2.45) which gives a general expression for the market valwempany
if we assume a growing perpetuity as terminal value, then the formulalue @afirm
considering a growing perpetuity startingm 1 is

Vv, + (ROIC " WACQ # Invested Capitg| v+ (ROIG " WACQV,

WACC' g WACC' g

0ok

Actually, this formula makes different assumptions about the grgwdind does not yield the
same results than the other methods if used so. It is not wrong ;dbgsnot make the same
assumptions. Indeed, this formula consider thaetmmnomic sprea® the differenceROIC D
WACQ b is positive but does not increase ; in other words, this means thatasted Capital
b which is the book value of the firm minus the accounting profits/losdeedeavery year,

or in other words, the money invested by both shareholders and debtholders in the company B
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also grows every year bg since ROIG =NOPLAT/InvestedCapital, and since the
operating resulEBIT and therefore thHOPLATdo grow at a constant rage

As we already know that the debt grows at a constantgateis means that the Equity

Invested Capital also increases by this rate. This is perfectly possibled actually, more

realistic than a continous growth of the retun on capital over the cospitdlc8ut in any

casethis obviously does not yield the same valueVfathan the other methods, as shows

(ROIC " WACQV,
WACC" g

_ VadWACC" g) +(ROIG " WACQV,

WACC" ¢

= (ROIC.L" g)VBook
WACC" g
_ NOPLAT .  9Vaou
“WACC'g WACC' g
=V" gVBook <V
WACC" g

V=V + 0ok

Book

0ok

In other words, this assumes that M@PLAT increases by because the capital invested by
both shareholders and debtholders also increaseag bych that the return on capital, yet
superior to its cost, is constant. Again, this is perfectly sensible tred raore likely to occur,

but this gives a inferior value fof since there is not such a large value creation. However, if
we want to have MVA formula that yields the same results than the other methods, then we
have to consider that the firm switches every year part of its equity by \@eh the debt
growing at a constant rate; consequently, the Invested Capital is constant and equal to the
initial book value of the firm. If we assume so, then M¥A approach gives the same result
than theECF, APV andWACCapproaches, as shows

# n
v =y, +§ (ROIC. WACC)Vy,

® 1+ WACC)
# t"ln

v, +$ (ROIC,(1+9) WAtCC)VBook
> (1+WACC)

=VBook +§ ROIC1(1+ g)tul\t/Book " é WACC %/BO(:k
T, (1+WACC) T, (1+WACC)
_ + ROIC, %/, V. = NOPLAT,
Book WACC n g Book WACC n g
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Therefore, rearranging the last expression in order to show explicitegctr®mic spread
which is specific to th&1VA approach, we have
ROIC," Vigy 4y,
WACC #¢
- + ROICl ) VBook H (WACC # g)VBook
Book " WACC #g WACC #¢
+ (ROIC, # (WACC # 09))Vgoox
WACC #g
, ((ROIC, +g) #WACC)V4y,
Book WACC #¢

V :VBook +

:VBook

=V

We now clearly see that this growth rgt@lso applies to the operating return since added to
the ROIC from the first year. Whether or not this assumption is realistic igh@point ;
actually, valuing firms only by a simplified perpetuity formula is alreadytimat realistic. Still,

the MVA approach now yields equivalent results to the other methods. FurthermoféA @@

has been relevantly adjusted and is higher than the the value it would hayehesgeneral
formula (2.12), compensating somehow the optimistic assumption about the operatirig growt
of the firm. Similarly, the OperatinglVA (OMVA) may be so derived and is equal to

OMVA: ((ROlq + gl)l ) I<U )VBook
Ky" 9

We can now detail the assumptiometake for this growing perpetuity example. We assume a
initial level of debt not too high{,,,, =50C) compared to both the book value of the firm and
the previous example. We also assume an initial operating resultf that,growing, would

yield a lower value for the unlevered market value of the firm than its boble va
(EBIT =175). But as we consider a growing perpetuity case, both the operating performance
and the leverage of the firm grow at a constant rate which is usugflydel as decent for
valuation purposdg=2%). Finally, remember we assume the marginal debt risk factor to be

constant but superior to orfa = 2).

Since the operating result is initially insufficient to compensatéutiseess risk of the firm,

the operating economic spread is initially negafROIC <K,) but the C total E economic
spread B which considers the financing effect B is almost null thanke tevierage
(ROIC " WACQ. As the level of debt is initially not too high and since the operating

performance, even if not good initially, grows afterwards at a sound constartheat®st of
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debt (K, " 4%) and the risk of the tax shield&{ " 7,5%) are not too high, which yields a
present value for the tax shiel@¢, " 115) not that inferior to the previous case where the
leverage was permanently really high. Still, the operating value creatiaunascfor the
largest part in the market value added of the f[@GMVA " 290). In the end, the firm haz
market value which is about 25% over its book va(Me" 2155). This is not bad for a
company which is, during the initial years, destroying value if not considerintgxtshields.

This could be assimilated to a(n) (optimistic case of) promising company in its early stages.

This example seems also like a rather decent case concerning taé stayscture of the firm

and its leverage ratio. Indeed, we can see that, even if the firm hadhalanger leverage
initially, still this would not create much more value in the end, asdhe of the firm in both
theoretic maximization cases is not that highér D=V, thenV " 2285, and if D=D" =V,

then vV " 233C. Also for the shareholders, their market value discount rate is not that high
(K: " 11%), even without the tax shieldsO flo@s..,,  #11,5%, since the present value of
tax shields only accounts for about 10% of the whole equity. All this isatieetoperating

growth, since a constant growth rate of 2% is a solid securing asset.

Even if the debt increases, the firm ends up with market value levatamgewhich are not too
high BD/V, " 48% and D/V " 45% D, but large enough to benefit decently from the debt tax

shields. Therefore, we can make some conclusions about the appropriate |extoaipe a
company. If the operating profitability of the firm is significantly greatemtits unlevered
cost of capital(ROIC>K,), which implies the unlevered market value of the firm to be

notably superior to its book valu@/,, >V;,,), then using a high leverage ratio doesate
significant value, since the risks faced by both debtholfies$ and shareholders even without
tax shields(K.,, ) are low, such that the risk of the tax shieftls;) is also low, while the tax
shield flows (TS can be increased by rising the level of debt since the operating EBLIl} (

is surely large enough to cover the interest expe($gB). When the operating performance
is just equal to the business rigROIC=K), a decent leverage does increase the market
value of the firm but surely not as much as other setups assume D foregxaeniphve clearly
V;s<"D B and if the operating performance is pgBOIC<K), leverage is unlikely to

create any significant additional value.

Full details of the present growing perpetuity case are presented in the next table.
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Perpetuity Case Valuation

With growth

EQUATIONS

V=E+D=Vy+ Vrs = Vgoox + MVA = NOPLAT/(WACC - g)

Vy = NOPLAT/(Ky -g)
E-Vig=Vy-D
Vs = TS/(Kys - 9)

E=E- Vs + Vis = Keyrs*(E - Vrs)/(Kevrs - 9) + Vs

D = MIN(V, Do)

ROIC = NOPLAT/V gook

KeE + KpD = KyVy + KrsVrs = NI + KpD = NOPLAT + TS

Kp = Re + (Ky - Re)*(Do/Vy)™n
Keyrs = Ky + (Ky - Kp)*(Do/(E - Vrs))
Krs = Kp + (Keyrs - Kp)*(Do/V)

Do = KpDgook/(Kp - 9)

ROE = NI/Egqok (1) = ROIC; + (ROIC; - Kp(1 - 1))Daook/Esook (2)

Ke = Ky + (Ky - Kp)*(Do/E) - (Ky - Kys)*(V1s/E) (1) = Keyrs(E - Vrs)/E + KysVrs/E (2)

WACC = Kg*(E/V) + Kp*(Do/V) - (Krs - 9)*(V1s/V) (1)
WACC = KyVy/V + g*(Vrs/V) (2)

I = MAX((EBIT-KpDgook)t, 0) TS+1 = EBITx MVA = (((ROIC + g) - WACC)*Vpg, )/(WACC - g)
TS = MIN(KpDgookt, EBITT) Operating MVA = (((ROIC + g) - Ky)*Vgook)/(Ky - 9)
INPUTS
Re = 0,03 Vaook = 1750 EBIT = 175
Ky = 0,08 Egook = 1250 n = Integer = 2
T = 0,3 Dgook = 500 g= 0,02
ACCOUNTING RESULTS / FIRST YEAR
EBIT= 175 TS + 1 = EBITx = 52,5 D/Egook = 0,4
KoD = 20,6414 I/EBITx = 0,88205 D/Veook = 0,28571
EBT = 154,359 TS/EBITt = 0,11795
I= 46,3076 ROIC = 0,07
NI = 108,051 KpDt = 6,19243
KpDtr - TS = 0 ROE (1) = 0,08644
TS = 6,19243 ROE (2) = 0,08644
NI-TS = 101,859 NOPLAT = 122,5
VALUATION / MARKET VALUE ELEMENTS, MARKET VALUE DISCOUNT RATES & MARKET VALUE RATIOS
V=E+D= 2155,35 Kp = 0,04128 D/Vy = 0,47503
E= 1185,49 Krs = 0,07447 (D/Vy)2An = 0,22566
E- Vg =Vy-D=1071,81 Kevrs = 0,11503 D/V = 0,44998
Vis = 113,686 Ke (1) = 0,11114 D/E = 0,81811
D= 969,861 Ke (2) = 0,11114 D/(E-Vrs) = 0,90489
V=Vy+ V= 2155,35 Kp' = 2,3E-05 E/Vy = 0,58065
vy = 2041,67 WACC (1) = 0,07684 E/V = 0,55002
Vi = 113,686 WACC (2) = 0,07684 (E-V1g)/E = 0,9041
E/(E-V1s) = 1,10607
V = Vpgoox + MVA = 2155,35 WACC - g = 0,05684
Vaook = 1750 Ky-g-= 0,06 Vro/E = 0,0959
MVA = 405,353 ROIC; - WACC = -0,0068 Vrs/(E-Vi1s) = 0,10607
Operating MVA 291,667 ROIC; - Ky = -0,01 Vi/V = 0,05275
Financing MVA 113,686 Vrs/D = 0,11722
((ROIC;+g) - WACC)Vgoox | 23,0383
V = NOPLAT/(WACC-g) = 2155,35 ((ROIC; + g) - Ky)Vpook = 17,5 Vy/V = 0,94725
CDI\I’)I.ITI‘C Q. MAVTMTZATTINN DECIIITC
[ 2500
Simple Maximization (D/Vy=1)] Strict Maximization (D/V = 1)
2000 V= 2287,92 |Vuax = Dyax = = 2329,86
D=V = 2041,67 |Vy = 2041,67
1500 1 E= 246,254 |E = 0
E-V1s = Vy-D = 0|E-Vis=Vy-D -288,19
Vis = 246,254 |V1s = 288,193
1000
Kp = Ky = 0,08|Kp = 0,09511
500 Kis = Kg = 0,16924 |K¢ = -
Keyts = 0,18 |Keyrs = Krs = | 0,20217
0
V=Vu+vis V=E+D V=V{Book) + MVA V= NOPLAT/(WACC - g) D/Vy = 1{D/Vy = 1,14116
D/V = 0,89237(D/V = 1
D/E = 8,2909|D/E = -
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We now present a last case, which is the outcome of all our developanentise concluding
piece of our setup and therefore of this paper : a multiperiod stochasémpait operating
cash flows, coupled with a dynamic debt policy. Additionaly, this casecalssiders the gain

of tax credit carried forward, which happens when the firm does not have enouglngperat
result to B partially or fully B cover the interest expenses, such thatbthexdshield is not
realized that year but may be used for tax deduction on future profits, avevediailed in

the particular section dealing with thedelizationof the tax shield flow.

Even in such a fully dynamic case, we show that the three mef#i®dd£ECF andMVA bas
explained, th&VACCis not relevant here, such that we refer to the adjusted expression (2.48)
for theMVA D still yield equivalent results if used consistently and, in particliamsidering

all the appropriate market value discount rates which vary every year with regatius
market value weights of their respective relevant elements from thieetmaalue balance
sheet simultaneously, the market value of these asset and liability elementyay every

year, such that an equilibrium is found using an iterative process.

In order to do so, we need here to pay extra attention to the time intheenal objective is

to find the market value of the firM =V,, that is its current present value. We assume that we
are currently at the beginning of year 0, and that the first cash flowsaeilir one year from
now. One year from now may be regarded in two ways ; either, it is the nergfeear O,
either it is the very beginning of year 1. We have to be particularly cautioas ds both
elements from the market value balance sheet and market value distesirdreacomputed
such that they apply to the year to come, while the accounting cashoidows at the end of
this year to come, or similarly at the very beginning of the next year ; in wtires, a rate
computed at its market value is relevant to the concerned next casto ftmmne, which will

precisely occur in one year.

To make such a multiperiod case work, we have to consider the second optethainds a
discrepancy in time between the valuation of both the market value etearehthe market
value discount rates at the beginning of the year, while the accounting istaisraents - and
so supposedly the cash flows - are set at the end of the year.

Consider for example the cost of debt ; debtholders fix their required inteted{ yat the

beginning of the year (for example,tir 0) but get their cash flow P that is, here, the interest
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expenseK,D that compensate for the risk of investing a level of @etitroughout the whole
year in the company, that is here from 0 tot = 1 D at the end of this year, or equivalently at
the very beginning of the next year%£ 1).

Therefore, any accounting cash flow occurring at the end of anyt yalirbe considereds
happening in year+1, witht referring to the very beginning of the year, and is discounted at
its relevant market value discount rate applying for that tyeslnich is the rate that relevantly
represents the risk of this cash flow during all this ye&Ve insist on this point to leave no
room for confusion, as rates change from year to year. By so doingaoraeck in the
coming tables that we perfectly meet, for any yeand with both market value elements and
market value discount rates fluctuating from year to year, the required corfdipfirom the

market value balance sheet, which, if we now add the times indices, may be clarified as

V, V,
K. 5+KD &:KUL.FKTSLS
"V, “V, V, V,

We now discuss the assumptions and the results of this fullyngigrexample. We present the
forecasted income statements of a company for the 10 coming years. Bothngpesuits
EBIT; and levels of oustanding debt vary without following a fixed pattern ; they fluctuate
according to economic forecasts relevant to this particular company. Beyonexhist
period of 10 years, the firm reaches both its normalized operating performanceyenad)é
ratio, and is expected to grow at a constant gate2%) in perpetuity. Therefore, market value
discount rates and market value elements of year 10 are derived accordingCton#nket
value E level of debtD,, = (Ko, Daook, ) (Ko, " 9), @s done in the previous growing perpetuity

caseand as discussed in tNeACCsection. Consequently, the market value leverage ratios B

D/V, andD/V b do not vary anymore beyond year 10.

Incidentally, please remember the difference between the book value gf2cand therefore
the book value of the firm B and the actual invested equity capital B andréhénef actual
total invested capital B ; normally, the book value considers the accedha¢abunting losses
and profits, while the invested equity capital B and therefore the invemtédl ®& only
represents the funds shareholders B plus debtholders B invest in the company, imst dne ga
losses realized year after year , which are the net inbdmeéhe book value of debt is equal to
the debt invested capital since debtholders do not receive extra returns ovetetbst

expenses. However, we conveniently refer to the invested equity capital #rel invested
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capital as the equity book value aamdthe firm book value, which is always done when
computing the accounting return ratl®®IG andROE for valuation purpose. Consequently,
the ROIG considers an invested capital equal to the initial book value of ing vithich is
constant since the variation of the book value of debt implies a sivaf&tion but in the
opposite way of the book value of equitflC, = Eg,,, + Dgoo, =1C =Vp,,). This ROIG

considers now the free cash flows of the compBa@¥: and not the tax adjusted operating
resultNOPLAT of the firm, which are not equal since investments, depreciations and working
capital vary(ROICx). Those free cash flows are significantly different from these operating
results, except in year 9 and 10, where the free cash flow tends to merraall in year 11 D
which is the first year of the growing perpetuity B where they are equaltsencempany is
assumed to reach a standardized operating performance.

The operating result of the fir&BIT; significantly varies from year to year, with very low
levels in years 3, 4 and 5, then surging in years 7 and 8, decreasing in years 9 add 10 a
finally reaching a normalized levéEBIT, =230) in year 11, the first year of the perpetuity.
The level of debtD; stays relatively low compared to the equity book value
(0,15< Dgop / Egoo, <0,55) but increases in year 10 and reaches its normalized level

(Dgook, / Egook, =1) in year 11, the first year of the perpetuity. As mentioned previously, the

market value leverage ratios do not vary anymore during this perpetuity, but the boek val
leverage ratio changes since the level of debt increases every yeahbg the book value of
equity decreases by the equivalent amount. The low operating results in3yaads4 are
actually lower than the interest expenses of these years, which reshiésaccumulation of

tax credits. These are mainly used in year 5 and then totaly realized in year 6.

Market value discount rates and elements from the market value baleetesgynificantly

vary from year to year, according to the evolution of both the operating resultsedpudls of
debt. The firm is finally valued with a market premitvivA of about 15% over its book value

(V " 2037), with the value creation approximately equally divided between operating value
creation (OMVA" 132) and financing value creatigFMVA=V, " 155). Finally, please

remember that we consider here the linear case for the debt marginal risKfisciyr

Full details of the present case assuming a stochastic cashpitesn and a dynamic debt
policy are presented in the next tables.
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Stochastic Case Valuation
Multiperiod dynamic case with growing perpetuity as terminal value

EQUATIONS

Viy = By + Dy = Vugy + Vs = Viook + MVARy

Vi = SUMy = 1, wlFCF eny/(14Ky) " n)
Vrsit) = SUMp = 1, oo( TS tan) /(1 +Krs(en) ) *N)
D(ty= MIN(Dgooty, Vy)) (fort = 1,...,9)

Dty= MIN((Kp(t)Dsook(ty)/ (Kogy - 9), V(y) (for t = 10)

Vu - Dy = Eqy - Vs
Ewv = Ew - Vs t Vs

Koy = Re + (Ky - Re)*(Dy/ V)™ n

Krsty = Koy + (Kevrs = Ko)*(D/Vy)

Kearsy = Ku + (Ky = Kp)*(Dw/(E - Vis) )

Key = Ky + (Ky - Kp))*(Dny/Eqty) - (Kuy - Krse) *(Vrse/Eqyy) (1)

Kety = Kevrsy*(E - VTS) /By +Krsy*(Vrsy/ E ) (2)

FCF(y = NOPLAT ) + Depreciation, - Investment, - AWorkingCapital
ECF(y = NI, + Depreciation, - Investment, - AWorkingCapital ) + ADgook(r)

DCFty = KnyDt-1) - ADgook(t)

CCF(t) = FCF(t) + TS(t) = ECF(t) + DCF(t)

Loss Carried Forward (LCF)y) = MAX(Kp(Dyy) - EBIT(y), 0)

Taxable Income(t) = EBIT(t) - MIN(EBIT((), (KD(t)D(t) + ALCF(t)))
Accumulated Losses Carried Forward (ALCF)(t) = ALCF(t.l) + LCF(() - (EBT(t_l) - Taxable InCOmE(t_l)) ROICZ(t) = FCF(t)/VBOOk(t-l)

MVA ) = Operating MVA) + Financing MVA,
Operating MVA) = Sumy - 1, o0 ((ROIC2 145y = Ky)Vaook(t+n-1)/(1+Ky)"n)

Ity = tTaxable Income
TS Credlt(t) = KD(t)D(t)I - TS(t)
TS(t) = TEBIT(t) - I(t)

ROE(t) = NI(t)/EBook(t-l)
ROIC(t) = NOPLAT(t)/VBook(t-I)

Financing MVA(t) = VTS(t)

for t = 1,...,9, Accounting Results, Market Value Ratios & Market Value Discount Rates are based on Dy
for t = 10, Market Value Ratios, Market Value Discount Rates & Market Value Elements are based on D 19) = Kp(10)Dgook(10)/(Kp(10) - 9)

INPUTS
Re = 0,03 1= 0,3 n= 1
Ky = 0,08 VBook = 1750 g= 0,02
*11 = First year of perpetuity
ACCOUNTING RESULTS 0 1 2 3 4 5 6 7 8 9 10 11*
Vaook = 1750 1750 1750 1750 1750 1750 1750 1750 1750 1750 1750 1750
Egook = 1450 1400 1500 1250 1150 1400 1335 1350 1250 990 875  857,5
Dgook = 300 350 250 500 600 350 415 400 500 760 875 8925
Diook/Egook = 0,2069 0,25 10,1667 04 0,5217 0,25 10,3109 10,2963 0,4 0,7677 11,0408
Diook/VBook = 0,1714 0,2 10,1429 10,2857 0,3429 0,2 10,2371 10,2286 10,2857 10,4343 0,5 0,51
ADgoox = 50 -100 250 100 -250 65 -15 100 260 115 17,5
EBIT = 220 240 5 20 30 180 270 310 285 250 230
KpD = 11,391 13,675 9,0507 20,687 25,485 12,85 15,695 14,977 19,735 33,712 48,555
EBT = EBIT - KpD = 208,61 226,32 -4,051 -0,687 4,5149 167,15 254,3 295,02/ 265,26 216,29 181,44
Losses Carried Forward = 0 0 4,0507 0,6871 0 0 0 0 0 0 0
Accum. Losses Carried Forward = 0 0 4,0507 4,7378 4,7378 10,2229 -7E-15 -7E-15 -7E-15 -7E-15 -7E-15
Taxable Income = 208,61 226,32 0 0 0 166,93 254,3 295,02 265,26 216,29 181,44
I= 62,583 67,897 0 0 0 50,078 76,291 88,507 79,579 64,886 54,433
NI = 146,03 158,43 -4,051 -0,687 4,5149 117,07 178,01 206,52 185,69 151,4 127,01
TS =EBITt-1= 3,4172 4,1026 1,5 6 9 3,9219 4,7085 4,4932 15,9205 10,114 14,567
NI-TS = 142,61 154,32 -5,551 -6,687 -4,485 113,15 173,3 202,02 179,76 141,29 112,44
EBITt = 66 72 1,5 6 9 54 81 93 85,5 75 69
TS/EBITt = 0,0518 0,057 1 1 10,0726 10,0581 10,0483 0,0692 0,1348 0,2111
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I/EBITx = 0,9482 0,943 0 0 0 09274 09419 09517 0,9308 0,8652 0,7889
KpDr = 3,4172 4,1026 12,7152 16,2061 7,6455 3,8551 14,7085 4,4932 59205 10,114 14,567
KpDr - TS = -7E-15 0 1,2152 0,2061 -1,354 -0,067 0 0 0 0 0
NOPLAT = 154 168 3,5 14 21 126 189 217 199,5 175 161
Depreciation = 30 40 80 35 30 40 35 55 35 30 30
Investments = 70 100 80 75 65 15 25 10 25 30 30
AWorking Capital = 10 40 25 5 -5 -10 20 0 5 0 0
FCF = 104 68 -21,5 -31 -9 161 179 262 2045 175 161
TS = 3,4172 4,1026 1,5 6 9 3,9219 4,7085 4,4932 59205 10,114 14,567
ECF = 146,03 -41,57 220,95 54,313 -2755 217,07 153,01 351,52 450,69 266,4 14451
DCF = -38,61 113,68 -240,9 -79,31 27549 -52,15 30,695 -8502 -240,3 -81,29 31,055
CCF = 107,42 72,103 -20 -25 0 164,92 183,71 266,49 210,42 18511 175,57
ECF-TS = 142,61 -45,68 219,45 48,313 -284,5 213,15 148,3 347,02 444,76 256,29 129,94
ROIC = 0,088 0,096 0,002 0008 0012 0,072 0,108 0,124 0,114 0,1 0,092
ROIC2 = 0,0594 10,0389 -0,012 -0,018 -0,005 0,092 0,1023 0,1497 10,1169 0,1 0,092
ROE = 0,1007 0,1132 -0,003 -5E-04 10,0039 10,0836 0,1333 0,153 10,1485 0,1529 0,1452
VALUATION / MARKET VALUE BALANCE SHEET & MARKET VALUE DISCOUNT RATES - Summary Table
MV DISCOUNT RATES 0 1 2 3 4 5 6 7 8 9 10 Perpetuity
Kp = 0,038 10,0391 0,0362 0,0414 0,0425 0,0367 0,0378 0,0374 0,0395 0,0444 0,0555
Kers = 0,088 10,0891 0,0862 0,0914 0,0925 0,0867 0,0878 0,0874 0,0895 0,0944 0,1055
Krs = 0,0453 10,0474 10,0419 0,0519 0,054 0,043 0,0451 0,0443 0,0482 0,0575 0,0788
Ke (1) = 0,0842 10,0852 0,0823 0,0876 0,0888 10,0833 0,0842 0,0837 0,0855 0,0902 0,1013
Kp = 3E-05 3E-05 2E-05 2E-05 2E-05 2E-05 2E-05 2E-05 2E-05 2E-05  2E-05
Ke (2) = 0,0842 10,0852 0,0823 10,0876 0,0888 10,0833 0,0842 0,0837 0,0855 0,0902 0,1013
MV BALANCE SHEET 0 1 2 3 4 5 6 7 8 9 10
V=Vy+ Vg = 2037,8 2092 2186 2379,7 2593,8 2800,2 2858,3 29024 2867,3 28857 2930,9
vy = 1882,3 1928,9 20152 2198 2404,8 2606,2 2653,7 2687 2639,9 26466 2683,3
Vrg = 155,43 163,11 170,76  181,7 189,01 194 204,64 21544 227,43 239,08 247,6
V=E+D= 2037,8 2092 2186 2379,7 2593,8 2800,2 2858,3 2902,4 2867,3 28857 2930,9
E= 1737,8 1742 1936 1879,7 1993,8 2450,2 2443,3 2502,4 2367,3 2125,7 1562,9
E-Vis= 1582,3 1578,9 17652 1698 1804,8 2256,2 2238,7 2287 21399 1886,6 13153
Vs = 155,43 163,11 170,76  181,7 189,01 194 204,64 215,44 227,43 239,08 2476
D= 300 350 250 500 600 350 415 400 500 760 1368,1
V = Vggox + MVA = 2037,8 2092 2186 2379,7 2593,8 2800,2 2858,3 29024 2867,3 28857 2930,9
Vpook = 1750 1750 1750 1750 1750 1750 1750 1750 1750 1750 1750
MVA = 287,76 342,03 436 629,65 843,79 1050,2 1108,3 11524 1117,3 11357 1180,9
Operating MVA = 132,33 178,92 265,23 447,95 654,79 856,17 903,66 936,96 889,91 896,6 933,33
Financing MVA = 155,43 163,11 170,76  181,7 189,01 194 204,64 215,44 227,43 239,08 247,6

- 117 -



Firm Valuation : Tax Shields and Discount Rates (T. ANSAY, 2009)

VALUATION / MARKET VALUE RETURNS & MARKET VALUE RATIOS - Summary Table

MV RETURNS 0 1 2 3 4 5 6 7 8 9 10
KoV + KrsVirs = 157,632 162,051 168,377 185263 202,597 216,829 221,518 224,508 222,153 225482 234,185
KyVy = 150,587 154,313 161,219 175,836 192,383 208,494 212,293 214,956 211,193 211,728 214,667
KrsVrs = 7,04558 7,73742  7,1586 9,42668 10,2141 8,33501 9,22492  9,5513 10,9597 13,7531 19,5187
KeE + KpD = 157,632 162,051 168,377 185,263 202,597 216,829 221,518 224,508 222,153 225,482 234,185
KeE = 146,241 148,376 159,326 164,576 177,112 203,978 205,823 209,53 202,418 191,769 158,269
Kears(E - Vrs) = 139,196 140,638 152,168 155,149 166,898 195,643 196,598 199,979 191,458 178,016 138,75
KrsVts = 7,04558 7,73742  7,1586 9,42668 10,2141 8,33501  9,22492  9,5513 10,9597 13,7531 19,5187
KoD = 11,3907 13,6754 9,05069 20,6871 25,4851 12,8502 15,695 14,9773 19,735 33,7121 75,9169
Ku(Op.MVA+Veooi)+KrsVrs = 157,632 162,051 168,377 185,263 202,597 216,829 221,518 224,508 222,153 225,482 234,185
KuVaook = 140 140 140 140 140 140 140 140 140 140 140
Ku(Op. MVA) + KrsV1s = 17,6321 22,0509 28,3771 45,2627 62,597 76,8285 81,5179 84,5077 82,1527 85,4815 94,1854
Ky(Operating MVA) = 10,5865 14,3135 21,2185 35836 52,3829 68,4935 72,293 74,9564 71,193 71,7284 74,6667
KrsVrs= 7,04558 7,73742 7,1586 9,42668 10,2141 8,33501 9,22492  9,5513 10,9597 13,7531 19,5187
MV RATIOS 0 i 2 3 q 5 6 7 8 9 10
Dgook/Vu = 0,15938 0,18145 0,12406 0,22748 0,2495 0,1343 0,15639 0,14887 0,1894 0,28716 0,32609
Dgook/V = 0,14722  0,1673 0,11436 0,21011 0,23132 0,12499 0,14519 0,13782 0,17438 0,26337 0,29854
Deook/E = 0,17264 0,20092 0,12913 0,26601 0,30093 0,14285 0,16985 0,15985 0,21121 0,35753 0,55987
D/Vy = 0,15938 0,18145 0,12406 0,22748 0,2495 0,1343 0,15639 0,14887 0,1894 0,28716 0,50984
DIV = 0,14722  0,1673 0,11436 0,21011 0,23132 0,12499 0,14519 0,13782 0,17438 0,26337 0,46677
Vy - Deook = 1582,33 1578,92 1765,23 1697,95 1804,79 2256,17 2238,66 2286,96 2139,91 1886,6 1808,33
(E-Vrs)/E= (Vy-D)/E=  0,91056 0,90637 0,9118 0,90333 0,9052 0,92082  0,91624 0,91391 0,90393 0,88753 1,15706
Vrs/E = 0,08944 0,09363 0,0882 0,09667 0,0948 0,07918 0,08376 0,08609 0,09607 0,11247 0,15843
Vu/V = 0,92373 0,92203 0,92188 0,92364 0,92713 0,93072 0,92841 0,92577 0,92068 0,91715 0,91552
ENV = 0,85278  0,8327 0,88564 0,78989 0,76868 0,87501 0,85481 0,86218 0,82562 0,73663 0,53323
VALUATION / Cash Flows Discounting - Detailed Year after Year Operational (Vy) and Financial (Vrs) Value |
Year 0 1 2 3 4 5 6 7 8 9 10:Perpetuity
Firm Value (V = Vy + V1s) 2037,76
Operational Value (Vy) 1882,33| 96,2963: 58,299: -17,067i -22,786: -6,1252; 101,457; 104,445: 141,55i 102,301: 81,0589: 12429
Financial Value (Vrs) 155,429| 3,26901} 3,73941: 1,32613: 4,90102: 6,91759: 3,04707: 3,45812i 3,1757: 3,87617: 5,78089: 115,938
Firm Value (V = Vy + Vrs) 2092,03
Operational Value (Vu) 1928,92| 62,963 -18,433: -24,609i -6,6153: 109,574 112,8i 152,874: 110,485: 87,5436 1342,33
Financial Value (Vrs) 163,108| 3,9168: 1,38173i 5,15529i 7,29142¢ 3,17798: 3,61401i 3,3165: 4,06296: 6,11344 125077
Firm Value (V = Vy + V1s) 2186
Operational Value (Vy) 2015,23| -19,907: -26,578F -7,1445i 118,34} 121,824} 165,104: 119,324: 94,5471 1449,72
Financial Value (Vrs) 170,764 | 1,43965: 542274} 7,68546; 3,31452: 3,77692: 3,46353: 4,25875: 646513i 134,937
Firm Value (V = Vy + Vrs) 2379,65
Operational Value (Vy) 2197,95| -28,704i -7,716! 127,807i 131,57} 178,313 128,87i 102,111} 1565,7
Financial Value (Vrs) 181,702| 5,70407: 8,10079: 3,45693: 3,94718: 3,61708: 4,46397: 6,83704: 145575
Firm Value (V = Vy + V1s) 2593,79
Operational Value (Vy) 2404,79| -8,3333i 138,032i 142,096 192,578} 139,179 110,28} 1690,96
Financial Value (Vrs) 189,006 8,53857: 3,60545: 4,12512¢ 3,77744: 4.67908: 7,23035: 157,05
Firm Value (V = Vy + Vrs) 2800,17
Operational Value (Vy) 2606,17| 149,074} 153,464 207,984} 150,314 119,102} 1826,23
Financial Value (Vrs) 193,998 3,76036: 4,31108: 3,94491: 4,90456: 7,64629: 169,431
Firm Vaiue (V'= Vy + Vrs) 2858,3
Operational Value (Vy) 2653,66| 165,741 224,623: 162,339; 128,63 1972,33
Financial Value (Vrs) 204,639| 4,50541: 4,11981: 514091} 8,08615: 182,787
Firm Value (V = Vy + V1s) 2902,39
Operational Value (Vy) 2686,96| 242,593 175,326 138,921i 2130,12
Financial Value (Vrs) 215,438| 4,30246: 5,38864: 8,55132i 197,196
Firm Value (V = Vy + Vrs) 2867,34
Operational Value (Vu) 2639,91| 189,352: 150,034: 2300,53
Financial Value (Vrs) 227,433 | 5,64832% 9,04325! 212,741
Firm Value (V = Vy + V1s) 2885,68
Operational Value (Vy) 2646,6| 162,037 2484,57
Financial Value (Vrs) 239,075| 9,56347: 229,512
Firm Value (V = Vy + Vrs) 2930,94
Operational Value (Vy) 2683,33| 2683,33
Financial Value (Vrs) 247,604 | 247,604
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V. CONCLUSIONS

Since the model of Modigliani and Miller (1963), tax shieldsO valuation hasoheeof the
most controversial subjects in corporate finance for the last fifty ya&ées.fundamental
equality at any time between the assets side and the liabditle of the market value balance
sheet, a concept introduced by Farber, Gillet and Szafarz (2006), apparently kelgs this
hot issue.

The circularity problem, which is the simultaneous determination of thketnealue of both

the elements from this balance sheet and their appropriate discounthestassually been
eluded assuming target capital structure for the firm and hence constant discount rates. Thi
implies to consider only strict debt policies, which are either a fixestamding amount of
debt or a fixed leverage ratio.

However, most companiesO financing policies do not follow these stricpaligs. Our
model applies to any level of debt ; it is based on the breaking up oftketrmalue of equity
between its market value without the tax shields and the present valiestiields, since the
tax shields are created from debt financing but entirely flow to equityhol@ibese two
elements have different risks. We show so simply using the assertiothehegturn of any
as®t is equal to the weighted average of its constituting elementsO ,resursttes the

portfolio theory.

Our setup does not require the capital structure of the firm as an input, puh@morporate
cash flows, the risk-free interest rate, the caafetax rate and the unlevered cost of equity. It
endogenizesll the other discount rates into the model, and in particular the corposttefc
debt B which is equal to the risk-free rate plus a credit spread depending treldetterage
ratio and the profitability of the firm B and the tax shieldsO discour rakéch depends on
both the cost of debt and the levered cost of equity without tax shields, hersd walue is

progressively transferred from the first to the lattest as the leverage ratio of the firasé@scre

Indeed, the riskiness of the debt tax shield is not constant ; it variedioee depending
simultaneously on the level of the operating result, the level of the mditsgadebt and the
cost of this debt. If there is not enough operating result to cover B fully allpakti the
interest expenses, then the percentage of unrealized tax shield is carried forward as a.tax credi
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Consequently, our developments show that the appropriate discount rate for theldsxishie
not fixed ; while it might be closdo the cost of debt for low leverage ratio and close to the
unlevered cost of capital B the assumption of Harris and Pringle (1985) B wtiem tise
equally financed by debt and equity, these cases are particular cases gertkral, the tax
shieldsO discount rate will lie somewhere between the cost of detiteandst of levered
equity without tax shields.

This model encompassall the other setups, @sconsiders dynamic debt policies and takes
into account the sensitivityf all the discount rates to the leverage of the firm ; it is also
perfectly compatible with the rest of the literature. It yields thesakt sound and
economically sensible results, and allows straigthforward applicatmnglue firms with

dynamic capal structure, as it is mostly the case in real world.

This paper hopefully paves the way farther insights about discounted cash flowsO valuation.
It challenges the results obtained by current models, and concludes that, vérdgdemight
create significant value, any case has to be differentiated asilyrdapends on the operating
profitability of the firm.
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VI.LIST OFMAIN SYMBOLS & ABBREVIATIONS

: Market Value Discount Rate for Equity ; Cost of Levered Equity

: Corporate Interest Rate ; Cost of Debt
Risk-free Interest Rate

v, - Discount Rate relevant to the Market Value differenceVk -

KE
KU

KD
R

Ke
K;s : Market Value Discount Rate for Tax Shields

E : Market Value of the Equity

D : Market Value of the Debt (assumed equal to its Book V§lue
V, : Unlevered Market Value of the Firm

Vi : Present (or Market) Value of the Tax Shields

V : Market Value of the Firm

WACC: Weighted Average Cost of Capital

APV : Adjusted Present Value Valuation Method

: Market Value Discount Rate for the Unlevered Firm ; Cost of Unlevered Equity

ECF: Equity Cash Flows (Both Accounting Equityholders Flows and Valuation Method)

ROE: Return on Equity

ROIC: Return on Invested Capital

FCF : Free Cash Flow

TS: Debt Tax Shield Flow

EBIT : Earnings Before Interest and Taxes
NOPLAT : Net Operating Profit Less Adjusted Taxes
NI : Net Income

MVA : Market Value Added

OMVA: Operating Market Value Added

FMVA: Financing Market Value Added

Egook : BOOK Value of the Equity

VBook : BOOk Value of the Firm

n : Marginal Debt Risk Factor or Number of Years of the Explicit Period
" . Corporate Tax Rte

t: Time Index

g : Growth Rate Beyond The Explicit Period

44 Except ifDgook is superior td/ (in which casd = V), or if we consider a growing perpetuity, in which case

D =KpDgook/(Kp " 9)
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