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Abstract

The paper extends the analysis of price competition among capacity-
constrained sellers beyond the cases of duopoly and symmetric oligopoly.
We first provide some general results for the oligopoly, highlighting
features of a duopolistic mixed strategy equilibrium that generalize
to oligopoly. Unlike in the duopoly, however, there can be infinitely
many equilibria when the capacity of a subset of firms is so large that
no strategic interaction among smaller firms exists. Then we focus on
the triopoly, providing a complete characterization of the mixed strat-
egy equilibrium of the Bertrand-Edgeworth game. The mixed-strategy
region of the capacity space is partitioned according to key equilibrium
features. We also prove the possibility of a disconnected support of an
equilibrium strategy and show how gaps are then determined. Com-
puting the mixed strategy equilibrium then becomes quite a simple
task.

1 Introduction

The issue of price competition among capacity-constrained sellers has at-
tracted considerable interest since Levitan and Shubik’s [13] modern reap-
praisal of Bertrand and Edgeworth. Assume a given number of firms pro-
ducing a homogeneous good at constant and identical unit variable cost up
to some fixed capacity. Assume, also, a non-increasing and concave demand
and that rationing takes place according to the surplus maximizing rule.
Then there are a few well-established facts about equilibrium of the price
game. First, at any pure strategy equilibrium the firms earn competitive
profit. However, a pure strategy equilibrium need not exist unless the ca-
pacity of the largest firm is small enough compared to total capacity. When



a pure strategy equilibrium does not exist, existence of a mixed strategy
equilibrium is guaranteed by Theorem 5 of [3] for discontinuous games.

Under the above assumptions on demand and cost, a mixed strategy
equilibrium was characterized by Kreps and Scheinkman [12] for the duopoly
within a two-stage capacity and price game. This model was subsequently
extended to allow for non-concavity of demand (by Osborne and Pitchik,
[15]) or differences in unit cost among the duopolists (by Deneckere and
Kovenock, [9]). This led to the discovering of new phenomena, such as the
possibility of the supports of the equilibrium strategies being disconnected
and non-identical for the duopolists.

Yet there is still much to be learned about mixed strategy equilibria
under oligopoly, even with constant and identical unit cost and concave
demand, where a complete characterization of the mixed strategy equilib-
rium is available only for some special cases. Vives [17], amongst others,
analyzed the case of equal capacities among all firms. Within an analysis
concerning horizontal merging of firms Davidson and Deneckere [4] pro-
vided the complete analysis (apart for the fact that attention is restricted
to equilibria in which strategies of equally-sized firms are symmetrical) of
a Bertrand-Edgeworth game with linear demand, equally-sized small firms
and one large firm with a capacity that is a multiple of small firm’s capac-
ity.! More recently Hirata [11] provided an extensive analysis of triopoly
with concave demand and efficient rationing: having highlighted the basic
features of mixed strategy equilibria under triopoly, he was able to analyze
how mergers between two firms would affect profitability in the different
circumstances. Our analysis of the triopoly differs in scope from Hirata’s
since we provide a complete characterization of mixed strategy equilibria in
the triopoly: we reveal all qualitative features possibly arising in the tri-
opoly, including the facts highlighted in [11].? In a still unpublished paper
Ubeda [16] has compared discriminatory and uniform auctions and obtained
a number of novel results on discriminatory auctions, a context equivalent

'Davidson and Deneckere [4] assumed a given number of equally-sized firms some of
which merge. To see whether merger facilitates collusion in a repeated price game, they
had to characterize equilibria of the static price game for the resulting special asymmetric
oligopoly and hence mixed strategy equilibria when the new capacity configuration falls
in the mixed strategy region of the capacity space. Our study shows that the equilibrium
strategies of smaller firms may indeed be indeterminate (though each firm equilibrium
payoff is the same at any equilibrium). Davidson and Deneckere avoided this problem by
restricting their attention to equilibria that treat small firms symmetrically ([4], footnote
10, p. 123).

20ur own research and Hirata’s were conducted independently. (Results were made
publicly available, in [7] and [10], respectively.)



to a Bertrand-Edgeworth game. Differences between our contribution and
those of Hirata and Ubeda are further clarified below.

These references make it clear that the issue at hand is relevant in many
respects, such as mergers (hence regulation), auctions, and price leader-
ship.? In contrast, a characterization of payoffs of all firms at a mixed
strategy equilibrium of the price game does not seem to be needed to solve
an oligopolistic two-stage capacity and price game, at least under Kreps and
Scheinkman’s assumptions of convex cost of capacity, concavity of demand,
and efficient rationing. In fact, it has recently been shown (see [2] and [14])
that the Cournot outcome then extends to oligopoly. This result basically
derives from a fundamental property of mixed strategy equilibria, namely,
the fact that the payoff of (any of) the largest firm is what is earned by the
Stackelberg follower when rivals supply their capacity.*

As explained above, our ultimate goal was to deepen our understand-
ing of mixed strategy equilibria under oligopoly and this paper provides a
number of results in this connection. However, as soon as mixed strategy
equilibria turned out to have different qualitative features depending upon
the firms’ capacities, it occurred to us that a taxonomy was required in order
to completely characterize such equilibria. This seemed hard to manage un-
der general oligopoly and so we turned to the triopoly, to simplify the task
and in the confidence of getting insights for subsequent generalizations to
oligopoly. This research has led to several discoveries. Unlike in the duopoly,
the equilibrium strategies need not have identical supports for all the firms:
the maximum and minimum of the supports need not be the same for all
the firms® and supports need not be connected (although their union is).
A further difference from the duopoly is that there can be infinitely many
equilibria.

The paper is organized as follows. Section 2 contains definitions and the
basic assumptions of the model along with a few basic results on equilibrium
payoffs in oligopoly and a key Lemma. Section 3 is concerned with mixed

3The relevance of mixed strategy equilibria of price games for the analysis of mergers
might also be viewed in a longer-run perspective, by allowing for capacity decisions by
the merged firm and outsiders (on this, see Baik [1]). Characterizing mixed strategy equi-
librium of the price game in a duopoly allows Deneckere and Kovenock [8] to endogenize
price leadership by the dominant firm when the capacity vector lies in the mixed strategy
region.

“Hence, at any capacity configuration giving rise to a mixed strategy equilibrium of
the price subgame, the largest firm has not made a best capacity response: it would raise
profit by reducing capacity. Having ruled out any such capacity configuration, the Cournot
outcome follows straightforwardly.

®That minima may differ has also been recognized in [10] and [11].



strategy equilibria under oligopoly. Several features of a duopolistic mixed
strategy equilibrium turn out to generalize to oligopoly: determination of
the upper and lower bounds of the support of the equilibrium strategy of
(any of) the largest firm; determination of the equilibrium payoff of the
second-largest firm; the necessary symmetry of equilibrium strategies for
equally sized firms (so long as the equilibrium is fully determined); the
absence of atoms in equilibrium strategies, apart from the upper bound of
the support of the largest firm, which it charges with positive probability
when its capacity is strictly higher than for any other firm. Unlike in the
duopoly, however, there can be infinitely many equilibria. Roughly speaking,
this feature can arise when total capacity and the share of it held by a subset
of firms are so large  that no strategic interaction exists among smaller
firms: what is sold by any of them at some price only depends on prices set
by firm(s) with larger capacities. In such a case, we show that there is a
single equation constraining the equilibrium strategies of smaller firms.
Sections 4 to 6 are devoted to the triopoly. In Section 4 the region of
the capacity space involving a mixed strategy equilibrium is partitioned into
several subsets according to the features of the resulting equilibrium. This
leads to a classification theorem which characterizes the firms’ payoffs and
bounds the supports of the equilibrium strategies throughout the region of
mixed strategy equilibria. Quite interestingly, there are circumstances where
the smallest firm gets a higher payoff per unit of capacity than the larger
ones’.” Section 5 introduces the theoretical possibility of the support of the
equilibrium strategy being disconnected for some firms. More specifically, we
clarify when there is necessarily a gap in the support between the minimum
and the maximum and how the gap is then determined. Having done this,
we are able to complement our classification theorem with a uniqueness
theorem: either the equilibrium is unique or not fully determined, and we
identify the two complementary subsets of the region of mixed strategy
equilibria where the former and the latter hold true, respectively.® The
event of a gap in some support is established in Section 6. Here we construct
the mixed strategy equilibrium in the set where the supports of equilibrium
strategies have the same bounds for all the firms. That set is, in turn,
partitioned into two subsets according to the nature of the equilibrium: in

SIn [11], as well as in the earlier version [7] of this paper, indeterminateness was only
discovered for the case in which the largest firm’s capacity is higher than total demand.

"This fact was also discovered by [11]. Besides, we are able to compute that firm’s
payoff, even in those circumstances.

8Uniqueness of the mixed strategy equilibrium of the price game with fixed capacities
was proved, for the duopoly, by Osborne and Pitchik [15].



one, the supports are connected for all the firms; in the other, there is a
gap in the support of the smallest firm. To show that gaps are a more
general phenomenon, in Section 6 we also look elsewhere in the region of
mixed strategy equilibria and provide an example with a gap in the support
of the equilibrium strategy of the intermediate-size firm. Section 7 briefly
concludes.

2 Preliminaries

There are n firms, 1,2,...,n, producing a homogeneous good at the same
constant unit cost (normalized to zero), up to capacity. The demand func-
tion D(x) is defined for p > 0, continuous, and decreasing and concave when
positive. We define P(z) as the inverse function D~!(z) for x € [0, D(0))
and P(z) = 0 for x > D(0).° Without loss of generality, we consider the
subset of the capacity space (K1, K, ..., K,) where K; > Ky > ... > K,
and we define K = Ky + ... + K,,.

It is assumed throughout that any rationing is according to the efficient
rule. Consequently, let Q(p) be the set of firms charging price p: the residual

demand forthcoming to all firms in Q(p) is max {0, D(p) — Zj:qu) Kj} =

Y(p). If Y icqup Ki > Y(p), the residual demand forthcoming to any
firm i € Q(p) is a fraction «;(2(p),Y (p)) of Y(p), namely, D;(p1,...,pn) =
a;(Qp),Y (p))Y (p). Our analysis does not depend on the specific assump-
tion being made on «;(Q2(p), Y (p)): for example, it is consistent with «;(2(p), Y (p)) =
K;/ Zreg(p) K, as well as with the assumption that residual demand is
shared evenly, apart from capacity constraints, among firms in (p).'°

At any given pure strategy profile, let p = max{pi, ..., pn}. Let p© be the
competitive price, that is,

. [ PK) iD(0)>K
b _{ 0 if D(0) < K.

We now provide necessary and sufficient conditions for the existence of a pure
strategy equilibrium and show that no pure-strategy equilibrium actually
exists when the competitive price is not an equilibrium. These results are
straightforward generalizations of similar results for the duopoly.

A similar definition of function P(z) can be found in Davidson and Deneckere [5].

%Tn this case, a;(Q(p),Y (p)) = min{K;/Y (p), B(p)} where 8(p) is the solution in a of
equation 3, o, min{Ki/Y(p),a} = 1. Let M € Q(p) and Ky > K (each i € Q(p)).
Then };cq(,y min{K:/Y(p), a} is increasing in o over the range [0, K /Y (p)] and equal
t0 D icqu) Ki/Y(p) > 1 for a = Ku /Y (p).
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Proposition 1 (i) (p1,...,pn) = (p° ..., %) is an equilibrium if and only if
either

K — K1 > D(0), if D(0) < K, (1)

K1 < —p° [D'(p)]

(ii) All firms earn the competitive profit at each pure strategy equilibrium
and (p©, ..., p%) is the unique equilibrium if D(0) > K.

if D(0) > K. 2)

p=p°’

Proof. (i) If K > D(0), charging p¢ = 0 is a best response of firm ¢ to
rivals charging p© if and only if >, ; K; > D(0). This holds for each ¢ if and
only if .., K; > D(0). If D(0) > K, charging p° is the best response of

firm ¢ to rivals charging p® if and only if |d[p(D(p) — >_;; K;)/dp < 0.
p=p°

This holds for each 4 if and only if K1 < —p°[D'(p)],—pe-

(ii) We must scrutinize strategy profiles such that p > p¢. Assume first
D(p) — Zj:pj<]3 K; > 0. If #Q(p) > 1, then at least some firm ¢ € (p) has
a residual demand lower than K; and would raise profits by deviating to
a price negligibly lower than p, since output would jump up, from [D(p) —

Zj:p]-<§ Kj]ai(Q(p)7 Y(?)) to min {Kia D(p - 6) - Zj:pj<17 Kj}' It #Q(f)) <
n, any firm j ¢ Q(p) is selling its entire capacity and therefore has not made
a best response: it would still sell its capacity by raising the price, provided it
remains lower than p. Next assume D(p) — jip; <P K; < 0. In order for any
firm charging more than the lowest price p to have made a best response,
it must be p = 0 and Zj;p]:o K; > D(0) (the latter of course requiring
that K > D(0)): note that all firms are here earning the competitive profit
(zero). But then, in order for each firm j charging p to have also made a
best response, it must be >°. o . Ks> D(0). m B

Therefore, equilibria with p > p® may only exist if inequalities (1) hold,
the set of equilibria then being any strategy profile such that > 5:ps=0,57] K>
D(0) for each j such that p; = 0; if inequalities (2) hold, then a unique
equilibrium exists, in which all firms charge the competitive price p¢ >
0; if neither (1) nor (2) holds, then no pure strategy equilibrium exists.
As a consequence, the existence of a pure strategy equilibrium depends
upon the capacity of the largest firm to be sufficiently small compared
to total capacity. In fact, either (1) or (2) holds if and only if K; <
max{K — D(0), —p°[D'(p)],—,c}- It is assumed in the following that K >
max{K —D(0), —p°[D'(p)],—,c }, so that we are in the region of mixed strat-
egy equilibria.



We henceforth denote by (¢1(p), ..., &n(p)) = (¢i(p), ¢—i(p)) a profile of
strategies at a mixed strategy equilibrium, where ¢;(p) = Pr(p; < p) is
the probability of firm ¢ charging less than p. For the sake of brevity, we
denote by II? (rather than by IIF(¢i(p), #—i(p)) firm i’s expected profit at
equilibrium strategy profile (¢;(p), p—i(p)), and by II;(p) firm ¢’s expected
profit when it charges p with certainty and the rivals are playing the equi-
librium profile of strategies ¢_;(p).!! Further, S; is the support of ¢;(p),
and pg\? and ps,? are the maximum and minimum of S;, respectively. More
specifically, we say that p € S; when ¢;(-) is increasing at p, that is, when
¢i(p+h) > ¢;(p—h) for any 0 < h < p, whereas p ¢ S; if ¢;(p+h) = ¢;(p—h)
for some h > 0.12 Of course, any ¢;(p) is non-decreasing and everywhere con-
tinuous except at p° such that Pr(p; = p°) > 0, where it is left-continuous
(lim,, 0~ @i(p) = 9i(p°)), but not continuous. Let p); = max; pg\l/[) and

D = minipg,il), ={i: pM =pp}tand L = {i: pnﬁ) = pm}. Moreover, if

#M < n, then we define py; = maxX;¢ s pg\/l). Similarly, if #L < n, then we
define p, = min;g, pﬁ,?.

Obviously, ITf > II;(p) everywhere and II7 = II;(p) almost everywhere
in S;. Some more notation is needed to investigate further the properties
of I;(p). Let N = {1,...,n} be the set of firms, N_; = N — {i}, and
P(N_;) = {¢} be the power set of N_;. Further, let

Zipid-)=p Y ay][er J] (-, (3)

YEP(N—_;) rey  SEN_i—¢

where ¢; € [0, 1] are real numbers and ¢; y = max{0, min{D(p)—>_,c,, Kr, K;}}
is firm ¢’s output when any firm r € 1 charges less than p and any firm

s € N_;—1 charges more than p.'® Function Z;(p; ¢_;) allows firm i’s payoff
function II;(p) to be decomposed into functions {p, ¢»_;(p)}, so long as firm
i’s rivals’ equilibrium strategies ¢_;(p) are all continuous in p: namely, IT;(p) =
Zi(p; ¢—i(p)). If instead Pr(p; = p°) > 0 for some j # 4, then Z;(p°; ¢—;(p°)) >
IL;(p°) = limp_pot Zi(p; d—i(p)).1* Sometimes we factorize ¢; and (1 — ¢;)
in equation (3) to obtain

Zi(p; —i) = Zi(p; 0—i—j, 9j) = i Zi(p; p—i—j, 1) + (1 — ¢j) Zi(p; p—i—5, 0).

11n principle the vector of equilibrium payoffs need not be unique if the equilibrium
strategy profile is not so.

12Note that ¢;(p) = 0 in a right neighborhood of zero.

3Note that Hrew ¢, is the empty product, hence equal to 1, when 2 = (J; and it is
similarly [],cn . (1 —¢s) =1 when ¢ = N_;.

"“The exact value of II;(p®) when Pr(p; = p°) > 0 for some j # i depends on function
i (Q(p), Y (p))-




Zi(p; ¢—i—j, 1) and Z;(p; —i—;j,0)) have a clear interpretation: if ¢, = ¢,(p)
(each r # i, 7), then Z;(p; ¢—i—j, 1) and Z;(p; p—;—;,0)) are firm i’s expected
payoffs when charging p, conditional on p; < p and p; > p, respectively. We
establish some properties of functions Z;(p; ¢—;) which will be useful later
on.

Lemma 1 (i) Z;i(p;¢—;) is continuous in p. For every p and every
¢—i there exists € > 0 such that Z;(p; d—;) is concave in p in the intervals
[p,p + €] and [p — €,p]: as a consequence, Z;(p; i) is locally concave in
p whenever it is differentiable in p. Wherever Z;(p;¢—;) is concave in p
but not strictly so, there is a function h(¢_;), 0 < h(¢—;) < 1, such that
Zi(p; ¢9—i) = h(¢—i)pK;.1°

(ii) For given ¢_; and for any ¢ € P(N_;), Zi(p;d—;) is kinked at
p =P,y Kr) and locally convex there if [,y ¢r [[sen ,—y(1—¢s) > 0.

(iii) Zi(p; p—i) is continuous and differentiable in ¢; (each j # i) and
0Z;/0¢; < 0. More precisely, 0Z;/0¢; < 0if and only if there exists some
¢ € P(N_;—;) such that'6

[Ies I -¢0>0 (4)

s€yp  tEN_;_;j—v

and
0<D(p) - > Kp<K;+K,. (5)
hey

(v) 0Z;/0¢; < 0 if and only if 0Z;/0¢; < 0.

(v) If 0Z;/0¢; <0, then 0Z;/0¢, <0 for any r < j.

(vi) If 0Z;/0¢; = 0, then there is function G(¢—i—;) such that Z;(p; p—;) =
G(¢—i—j)pK; and Zj(p; ;) = G(¢—i—;)pK;. 3

(vii) Let N = {i € N : 0Z;/0¢; < 0Vj € N} and N = N—N. Similarly,
b = {¢; :i € N} and b = {¢; - i € NY. Assume that N is not empty.

Then, for cachr € N, Zy(p; p—r) = Qr(p; —r) —PR(6—r) 3o __ 5 &5 Ks where

Qr (p§ ¢—7") = prEP(N_T) qrp Hte,p ¢t Hveﬁ_r,w(l - ¢v) and RT(¢—T) =
Z¢€P(N,T),O<qn¢<KT Htew ol HveN,r—w(l — ¢u).

(viii) Assume 0 < ¢1 < 1, 0 < ¢s < 1 for some s € N_1, and
Py i Ki) >p> P(Ycq Ki) where @ ={i € N : ¢; > 0}. Then:

(a) 0Z1/0¢; < 0 and 0Z;/0p1 < O for any i € N_q;

BIf ¢_; = ¢_i(p°), then h(p_;) is the probability that the residual demand for firm i
is not lower than K; when firm ¢ charges p° and the rivals are playing ¢_;(p°).
5By slightly extending notation, N_;—; = N — {4,5} and P(N_;_;) is its power set.



(b) if p < P>, Kp) then 0Z,41/0¢; < 0 and 0Z;/0¢r+1 < 0 for
any t >r+1;

(c) if p> P(K1), 0Z;/0¢p; =0 for any i € N_y and any j € N_i_;.

(iz) If K; = Kj and ¢; < ¢, then Zi(p; 9—i) < Zj(p; d—;) and Zi(p; d—i) <
Zi(p;¢—;) whenever ¢; < ¢p; and 0Z;/0¢; < 0.

(z) If Ki < Kj and ¢; > ¢; =0, then (K;/K;)Zi(p; 9-i) = Z;(p; ;).

Proof. (i) Z;(p; ¢—;) is a convex linear combination of functions which
are concave in the intervals [p,p + €] and [p — €,p] for any p and suffi-
ciently small e. If [[.cp & [[sen_,_y(1 — ¢s) > 0 at some 1) such that
Gy = D(p) — >,y Ky, then Zi(p;¢—;) is strictly concave; if not, then
Hrew O HseN,fzp(l — ¢s) > 0 only for 9’s such that either ¢;, = K; or
G = 0.

(i) At p = P(>_, ¢y Kr), the left derivative of Z;(p; ¢—;) with respect to

p equals the right derivative plus pD'(p) [[ ¢y ¢r [[sen ,—y(1 — ¢s) <O.
(iii) Differentiate Z;(p; ¢—;) with respect to ¢; and rearrange to obtain

BZl e . . . . —_ . . . . —_
90, Zi(p; —i—j, 1) — Zi(p; —i—4,0) =
=p > (Ggogy— @) [[or ]I Q=00 (6)
’IZJEIP(N_Z'_]') Tew SEN—i—j_w

Then, 0Z;/0¢; < 0 since ¢; yugy — ¢y < 0. Clearly, 07;/0¢; < 0 if
and only if there exists ¢ € P(N_;_;) such that inequality (4) holds and
Gipugsy — iy < 0, which leads to inequalities (5).

(iv) It follows from the symmetrical role of i and j in inequalities (4)
and (5).

(v) Recall that, in order for 07;/0¢; < 0 (0Z;/0¢, < 0), inequalities (4)
and (5) must hold for some ¢ € P(N_;_;) (resp., ¢/ € P(N_;_,)). Suppose
they hold for some 1 such that r ¢ . For ¢/ = 1, inequalities (5) read
0< D(p)— Ehap K, < K; + K, which hold too since the first inequality is
unchanged and K; < K,; inequality (4) holds if ¢; < 1. Suppose inequalities
(4) and (5) hold for some ¢ such that r € ¢. For ¢ = ¢ U {j} — {r},
inequalities (5) read 0 < D(p) — > ey Kn < Ki + K, which hold too since
the second inequality is unchanged and K; < K, ; inequality (4) holds if ¢; >
0. Thus the claim is proved if ¢; € (0,1). Assume now that ¢; = 0. The
claim is still proved if some ¢’s for which inequalities (4) and (5) are satisfied
do not include r. Assume the opposite, i.e., that all ¢’s for which inequalities
(4) and (5) are satisfied include r; then Z;(p; ¢—i) = &rZi(p; p—i—r, 1) and
0Z;/0¢, < 0 only if Zj(p;¢—;) = 0. Assume now that ¢; = 1 and all



¢’s for which inequalities (4) and (5) are satisfied do not include r, then
Zi(p; ¢—i) = (1 — ¢r) Zi(p; ¢—i—r,0) and 0Z; /0, < 0.

(vi) For each ¢y C N_;_; it is either ¢; yu(j} = Gy = 007 ¢ yugsy = Gy =
Ki or [l ey @rIlsen_, ,—y(1 — ¢s) = 0. Hence in all positive addends of
sum (3) ¢;» = K;. Thus there is a function G;(¢—;—;) such that Z;(p; ¢_;) =
Gi(¢—i—;)pK;. Similarly, taking account of part (iv), we obtain Z;(p; ¢—;) =
Gj(¢—i—j)ij- Finally, Gi(¢—z‘—j) < Gj(¢—i—j) if and only if Qi = 0 and
gjp = Kj for some ¢p C N_;_j, ie, K; < D(p) — >.,¢, Kr < 0. This
contradiction implies that G;(¢—i—;) = Gj(d—i—j).

(vii) Let ¢ € P(N_,) and ¢/ € P(N). It is easily checked that if
¢ = K, then also ¢, yuy = K. Otherwise there are 7,5 € ¢ such that
0Z;/0¢; < 0 since Tipup'U{r) — Qi u{ry—{;) < 0. Similarly, if 0 < g, <
K, then g, yuy = @ry — Zsew' Ks > 0. As a consequence, Z,(p;¢_,) =

P EweP(N,7.),qT,¢:KT Ew’eP(ﬁ/) K [Tiey Ot ey Gullven —py (1 —00) +

p ZweP(N_T),o<qr,¢ <K, ZWep(ﬁ) [qw - Zsew’ Ks} Htep ol Huew’ bu HveNfr—L/J—d;’(l_

60) =P Y pepn) e Tiey 0t e —o(1=00) [ cpoy uew @ I, (1= 60)] -

P Y pep v ocann <o Hiew @ Toes,—p(1=00) | oy Soewr Ko Tluew 0Tl (1= 60)] =

Qr (p; ?bfr)_pRr(@bfr) Zseﬁf s Ks [Zw’eP(ﬁ)fP(ﬁ_s) Huew’—{s} bu Hveﬁf@b’(l - ¢v)] =
Qr(p; ) — pRr(d—,) i ®sKs. The first equality holds by definition.

The other equalities are obtained by rearranging the sum and by recognizing
complementary events.

(viii.a) 0Z1(p)/0¢; < 0 if at least one product on the right-hand side of
(6) is strictly negative. This is certainly so for ¢ = ® — {1,5}. (Note that
ifi € ®, 0 < qyugy < K1 whereas if i ¢ @, 0 < ¢y < K1.) Part (iv)
completes the proof.

(viii.b) Let Wy be the set of the subsets 1) of N_(, 1)_; which satisfy
inequality D(p) > > ,c,, Kp. ¥1 is not empty since {1,2,...,r} € U;. Let
W3 be the set of the subsets ¢ of N_(,1)_; which satisfy inequality D(p) <
> hey Kn+ Kry1+ K. Uy is not empty since ® — {r +1,i} € Us. Because
of part (iii) the claim is proved if Uy N Wy # (). Assume contrariwise that
Uy N Wy = (. Then for any ¢ € ¥y, D (p) — Zhew Ky > K41+ K; >0,
while, for any ¢ € ¥y, D (p) — Zhew K <0< K41+ K;. Of course, there
is some ¢ € ¥y such that {1,2,...,7} C ¢y and ¢; U {l} € ¥y. Therefore
K; > D(p) — Zhewl K > K,11 + K;, which contradicts the fact that K; <
K,41 and K; > 0. Statement (iv) completes the proof.

(VlllC) If1 ¢ 1/1 - N—i—j7 then Qi pu{j}y — dipp = Kl - Kz =0 If
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ley C N_;_j, then Qipu{jy — digp = 0—-0=0.
(IX) Since Kl = KJ’, Zl'(p; qb,i,j, ﬁ) = Zj(p; qb,i,j, ,8) Hence Zz'(p; ¢71) —
Zj(p; p—;) = (&5 — ¢:)0Z;/ 0;.
(x) Since ¢ > ¢; = 0, Zi(p; d—i) = Zi(p; p—i—j,0), whereas Z;(p; ¢—;) <
Z;(p; ¢—i—;,0) because of part (iii). Thus it suffices to prove that (K;/K;)Z;(p; $—i—j,0) >
Z;j(p; ¢—i—;,0). Note that for any g; ,, with a positive coefficient in Z;(p; ¢—;—;,0)
there is a corresponding ¢, with a positive coefficient in Z;(p; ¢—;—;,0),
based on the same ¢ € P(N_;_;), and vice versa. The claim follows since
(Kj/Ki)qm/; Z iy for each ¢ € 'P(Nfz',j). |

Parts (iv)-(vii) of Lemma 1 allow a nice interpretation of the Jacobian
matrix [0Z;/0¢;lijen. If #N = s, N = {1,2,..., s}, because of part (v).
Submatrix [aZi/e—wj]i - is a zero (n — s) x (n— s) matrix, because of parts
(iv), (v), and (vi). Submatrix [aZi/ade]iE&jEN is a negative (n — s) X s
matrix whose rank is 1, because of parts (v) and (vi). Similarly, submatrix
[‘922‘/3%‘]2@ R is a negative s x (n — s) matrix whose rank is 1, because
of parts (v) and (vii). Finally, submatrix [0Z;/0v;]; ;5 is an s x s matrix
with all elements on the main diagonal nought and all off-diagonal elements

negative, because of part (v).

3 Mixed strategy equilibria under oligopoly

In this section we establish a number of general properties of mixed strategy
equilibria under oligopoly. Since [12] it has been known that py; = pg\? =
pg\? = argmax p(D(p) — K2) in a duopoly with K7 > Kb; also, ¢1(py) <
d2(pyr) = 1 if K7 > Ko, while ¢1(py) = ¢2(par) = 1 if K1 = Ky. Therefore
IIY = pym(D(pm) — K2) for any ¢ such that K; = K. These results have
recently been generalized to oligopoly, as summarized here.

Proposition 2 ¢;(pys) = 1 for anyi such that K; < K1, pyy = argmax p(D(p)—
Z#I K;), pg\? = pur for some i such that K; = Ky, and I} = max p(D(p) —
> iz Kj) foranyi: K; = Ki.

Proof. For a complete proof, see [2] and [6], and, more recently, [16],
[14], and [11]. =

The following proposition establishes quite expected properties of mixed
strategy equilibria.
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Proposition 3 (i) For any i € N, II¥ =1I;(p) for p in the interior of S;.
(i) For any p° € (pm,par), p° > P32, o _ o Ki)-
(iii) #L > 2 and #M > 2.
(iv) For any p° € (pm,pum), #{i:p° € Si} # 1.

Proof. (i) Suppose contrariwise that II} > II;(p°) for some p° in the
interior of S;. This reveals that p° is not charged by i: it is Pr(p; = p°) >0
for some j # i and Z;(p®; ¢—i(p°)) > I;i(p°) > limp—po Zi(p; d—i(p)). As a
consequence, IT* > II;(p) on a right neighborhood of p°: a contradiction.

(ii) Otherwise for i such that pgﬁ) < p° it would be II;(p) = pK; for
p € S; N [pm, p°]: a contradiction.

(iii) Assume contrariwise that L = {i}. Then, on a right neighborhood
of pm, II;(p) = pmin{ K;, D(p)}, a non-constant function. A similar contra-
diction would occur if M = {1}.

(iv) If #{i : p° € S;} = 1, then ¢_;(p) are all constant for p close
enough to p°, and II;(p) = II} cannot be positive there: by Lemma 1(i)-(ii),
0Z;(p; p—i)/0p =0 only if Z;(p;¢p—;) =0. m

The following proposition about p,, and pys generalizes well known re-
sults concerning duopoly to oligopoly. Similar generalizations were also pro-
vided by Ubeda [16] in a different context. In order to shorten notation, we
henceforth denote lim,,_,54 II;(p) and lim,_;_ IL;(p) as IL;(h*) and IL;(h™),
respectively, and lim, .,y ¢;(p) as ¢;(h™).

Proposition 4 (i) pg,i) = pm for any i such that K; = K.

(ii) pm = max{p,p} where p = HT/K1Aamiﬁ is the smallest solution OAf
equation pD(p) = II3; II] = pKy or II] = pD(p) according to whether p > p
orp < p.

(iii) pm > (e K5):

(iv) pg&) = puyr for any © such that K; = K.

Proof. (i) Since D(pnm) > 32541 K, ifpg,i) > pp, for some i # 1 such that
K; = Ky, then a fortiori D(p) > ZjeL K; for p < py: as a consequence,
for any j € L, IL;(p) is increasing for p € [pm,, pﬁ,?): a contradiction.

(i) If p < max{p,p}, then Iy (p) < pmin{D(p), K1} < II} = pK; =
IAQ\D(jA)\) Hence, p,, > max{p, 5} On the other hand, if p,, > max{p, 5\}, then
T, (p;) > IT%. Indeed, if p > p, then D(p) > K so that it is either D(pm) >
K1, hence IIi(p;,) = pmK1 > pKi, or D(pm) < Ki, hence IIi(p,,) =

12



PmD(pm) > ED@) (since pD(p) is increasing for p € [0,pu]). If P> D
then D(p) < K; and hence II;(p;,,) = pmD(pm) > pD( D).

(iii) If #L = n and pp, < P(3_,cp K;), then each firm earns no more
than its competitive profit, contrary to Proposition 2. If #L < n and
Pm < P(ZJGL ;), then II;(p) is increasing over a right neighborhood of
Dm, any j € L: an obvious contradmtlon If #L < n and p, = P(deL i),
then II = p,, K; even if p,, were charged with positive probability by some
j € L —{i}. As a consequence,

I =TL(p)=p (D)~ >, Ki| [ ¢ +pKi|1— ] 4

jeL—{i} jeL—{i} JjeL—{i}
= p[D(p) I I ¢ +pK:
JEL {i}
(Pm—p)K;

in a neighborhood of py,. Therefore [[ ;) ¢5(p) = SDM)=D(poy]» Which is
decreasing in a right neighborhood of p,, since limp_}p;; d]] jer—{i} oi(p)/dp =
[Kipm D" (p) + 2D’ (p)]/2p2,[D’' (p)]? < 0: an obvious contradiction.

(iv) Let Ky = K7, pg\}) = py and pg\z/[) < pp- Since ¢1(p) < ¢a2(p) =1
for p € (pg\?, pa), Ii(p) < Tl2(p) there because of the following Lemma
2(a) and Lemma 1(ix). As a consequence, I > IIa(p) > II;(p) = IIj for

pE (pgé),pM) N.S1, contrary to the fact that II] = I3 because of Proposition

2. Quite similarly, if (pg\?,pM)ﬂSl =0,ie.,Pr(py =py)=1— ¢1( ) >0,
then II5 > Ia(py,) > Ii(par) =117. m

Lemma 2 If p € (pm,pr), then

(a) [8Z1/8¢1‘]¢_1:¢_1(p) < 0 and [6Zi/8¢1]¢7i:¢7i(p) <0 fOT any 1 €
N_l,'

(b) if p< P(ZZ:1 Kh) then [aZ¢/8¢j]¢7i:¢ﬂ.(p) < 0 and [8Zj/8¢i]¢7j:¢fj(p) <
0 forany i <r+1 and any j € N_;;

(c) if p =2 P(K1), [0Zi/0¢jl¢_,—p_.(py = O for any i € N_1 and any
JEN_1.

Proof. Proposition 2, Proposition 3(ii)-(iii), and Proposition 4(i) imply
that for (¢;, d—i) = (¢i(p ) ¢—i(p)) and p € (pm,par) the assumptions of part
(viii) of Lemma 1 hold. Then the claim follows from Lemma 1(iv)-(v)&(viii)

and from the fact that the demand function is not increasing. m

Note that, since p is decreasing in Ki, the event of ﬁ?\ > p arises at
relatively large levels of K. Proposition 4(ii) has an immediate consequence:

Corollary 1. p,, > P(K) if and only if}%} D
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An interesting question is whether some price p € [pm,pa] is charged
with positive probability by some firm at a mixed strategy equilibrium. This
event can be ruled out for any p € (pm,pum)-

Proposition 5 For any p° € (pm,pm), Pr(p; = p°) =0 for any j.

Proof. If ¢;(p°) < ¢;(p°T) for some j, then p° € S; by definition.
According to Proposition 3(iv), p° € S; for some ¢ # j. For any such ¢,
Hi(po_) = Hi(po+) if and only if [8Zi(po, qb,i)/8¢j]¢_i(po)<¢_i<¢_i(po+) =0.
Then, by Lemma 1(iv), [0Z;(p°, ¢—;)/0¢il¢_,=¢_, ey = 0 for any i such
that p° € S;. Finally, because of Lemma 1(vi), there is G(ngﬁ(Ap)) such that
Zj(p; ¢—j(p)) = G(é(p))pK; in a neighborhood of p°, where ¢(p) is the set
of all ¢,.(p) such that p° ¢ S,. This contradicts the fact that in the same
neighborhood, or part of it, Z;(p; ¢—;(p)) must be constant. m

Next we show that, as in the duopoly, pys is charged with positive prob-
ability by the largest firm if and only if K7 > Ko; furthermore, equilibrium
strategies are the same for any firm with the largest capacity.

Proposition 6 (i) Let K1 > Ks. Then ¢1(pyr) < 1. (i) Let Ko = K.
Then: (ii.a) for any r such that K, = K1, ¢r(par) = é1(pavr) = 1 and (ii.b)
or(p) = ¢1(p) throughout [pm,pm]. (ii.c) For any j such that K; < K,

pg\ﬂ) <PMm-

Proof. (i) If ¢1(pa) = 1, then, because of Proposition 2, ¢;(par) = 1
(each 7). Hence II7 = ILi(py,) = pymax{D(pnm) — >, K;,0} for i €
M —{1}. But then IT;(p) > II} for some p € (0, par), since arg max p[D(p) —
> iz Kj] € [0,par) and 1Li(p) > p[D(p) — >4 K] since a firm cannot get
less of the profit obtained when all other firms charge a lower price.

(ii.a) Suppose contrariwise that, say, ¢1(pyp) < ér(ppr) = 1. Then
Lemma 2(a) and Lemma 1(ix) would yield IL,.(p,,) > IL;(pas) = 117, contrary
to Proposition 2.

(ii.b) The claim is obviously true at any p € S1NS,: if, say, ¢.(p) > ¢1(p)
then by Lemma 2(a) and Lemma 1(ix) it would be II,(p) > II; (p), contrary
to Proposition 2. One can similarly rule out ¢,.(p) > ¢1(p) over some interval
belonging to S7 and not to S,. If ¢,(p) > ¢1(p) over some interval belonging
to S, and not to Si, then ¢1(p) should subsequently jump up, contrary to
either Proposition 5 or Proposition 6(ii.a).

(ii.c) If pg\j/[) = pu, the contradiction in the proof of part (i) holds, since
o¢1(pap) = 1 because of part (ii.a). m
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In a different context Ubeda [16] has proved that II¥ = II* for any 7 and
g such that K; = K; < K. In the following we also prove that ¢;(p) = ¢;(p)
if [0Z;(p; ¢_i)/8¢j]¢,i:¢,i(p) < 0. Because of Lemma 1(vi)-(vii), this means
that either ¢;(p) = ¢;(p) or ¢;(p) and ¢;(p) are not fully determined. This
will be clarified below.

Proposition 7 Let K; = K; < K. Then:

(i) 11} = 1I3;

(i) if (61(p), ..., Pn(p)) is such that [0Z;(p; ¢—i)/a¢j]¢,i:¢,i(p) <0 for
any pe (pm,pm), then ¢i(p) = ¢;(p) for any p € (Pm, M)

Proof. (i) Note that IT} > Zi(p%)_7 ¢—z‘(P7(7]1)_)) > Z; (p%)_, b—; (p%)_)) =
IT;, the second inequality following from Lemma 1(ix) since, of course,
qﬁi(p%)_) > ¢j(p$;2)_) = 0, no matter whether pSfB § p%). It is similarly
I > Z;(pl) ™, 650w 7)) = Zi(ps) ™, 6—i(pi) 7)) = TIZ, hence T1% =TI,

(ii) For any p € S; NS;, it must obviously be ¢;(p) = ¢;(p), other-
wise part (i) would be contradicted because of Lemma 1(ix). The argument
is completed by proving that S; = S;. Let p € S; and ¢;(p) > ¢;(p).
Given this and recalling part (i) above and Lemma 1(ix), II} = II} >
IL;i(p) = Zi(p, p—i(p)) > II}, a contradiction. Hence ¢;(p) < ¢;(p) for any
p € Sj. Similarly, p € S; implies ¢;(p) < ¢i(p) and therefore pg\ij) = pg\? and
p%) = p%). Finally, it cannot be that some interval is in \S; and not in S;,
otherwise Pr(p; = p°) should be positive at some higher p° € S; (contrary
to Proposition 5), since pg\z/} = pg\{f). ]

The following result concerns equilibrium profits for firms j € {2,...,n}.
(For a proof of part (ii) in a different context, see [16].)

Proposition 8 Let j € {2,...,n}. Then: (i) II; = p, K; for any j such that
Kj = Ko; (ii) H;/Kj < H:(/KvZ for any i such that K; < Kj.

Proof. (i) If K; = Ky = K, then II} = pm K because of Proposition
4(1)-(iii) (note that D(py) > 3,1 Ki, hence I;(py,) = pmK;). Next, let
K; = Ky < K. pr%) = Pm, then I} = p,, K; since IL;(p;,) = pm K (again,
since D(pp,) > 2#1 K;). If p%) > Pm,'" then, by Proposition 5, 7 =

Zj(p%); _j(p%))). Then, by Proposition 3(iii), p$,? = pm and II} = pp,, K;
for some i such that K; < Ko, whereas, as a consequence of Lemma 1(x),

"Tn our study of the triopoly below we will identify the subset of the capacity space
where pfl) > Dm.
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(K K) Zipi s 6-i(0i))) > Z(pins 65 (pin))- Honce pn = (K KL >
(K3 /K Zi(p) s -i(0)) = Zi (00 05 () = 1L (pr) = pm K-

(ii) If pgn) = Pm, then IIT = II; iom) = meJ whereas IIY > pp, K;.
Suppose next p(]) > pm. Then, if p$,) < p%), the claim follows imme-
diately from Lemma 1(x). If p,(qi) > pgn), it must be noted that II} >

LY = Z(3;0:09) = Zi(p%;d_i;(p$)),0) (the latter equality

following from Proposition 5 since pgn) > pp,) and that I} = Z; (p%)7 (p(‘7 )))

(p%), i J(pgn)),O). Thus we are done since ( ]/K) i(p; p—i—j,0) >
Z;i(p; ¢—i—;,0) (as shown in the proof of Lemma 1(x)). m

The previous result has an immediate corollary.

Corollary. Let p,(%) > pm and 15 > pp K for some j such that Kj <
Kq. Then p%) > pp for i such that K; < Kj.

We can now compare equilibrium profits (II}') with minmax profits (IL; ,,,as)
in circumstances where the equilibrium is in mixed strategies. (Close scrutiny
of these issues was already provided by Ubeda [16] in a different context.)
Let p; mar be firm 4’s minmax price.

Proposition 9 (i) II} = II; s for any i : K; = Ky. (1) For any i such
that K; < K1, H;k > Hi,mM~

Proof. (i) Let o0_; denote a mixed strategy profile on the part of firm
i’s rivals and let p(o_;) denote any of firm #’s best response to o_;. Since
pyv > p© and prpmin{D(pm), K1} = pu[D(pm) — D2, Kjl, then clearly
IL(p(o—i),0-i) = pm(D(pm) — 324 Kj), with strict equality holding for
some o_;. Thus p; ,,p = arg max p(D(p) — Z#l K;) and II; ;0 = I17.

(ii) We know that II} > p,,K;, hence the claim is obviously true if
I s = 0, iee., if Z#K > D(0). If Z]#K < D(0), then p;mnm =
max{p, arg max p[D(p) —>_; ,; K|}, which is less than prr. Now, if p;mar >
p°, then IL; ;s = pi,mM[D(meM) Zﬁél K] and the claim is immediately
proved when p; mar € (p€, pm] since then p, K > Il poar. I pinr > P,
then ITf > Il;,n since Ii(pi = pimar, @—i(Dimar)) > i (in fact,
$1(pimm) < 1 since pimy < prr). ™

Let A(p) = {i : p € S;} for an equilibrium profile of strategies (¢1(p), ..., pn(p)).
Then, because of Proposition 5,

I} = Zi(p; ¢—i(p)) (7)
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each i € A(p). Hence if a profile of strategies is known, equations (7) are
able to determine the equilibrium profits relative to that profile. Conversely,
assume to know A(p°), ¢;(p°)’s (any j ¢ A(p°)), and the equilibrium payoffs
IT¥’s for each i € A(p°®). Then, over some neighborhood of p°, system (7)
defines implicitly ¢;(p)’s (any j € A(p°)) provided that the Jacobian deter-
minant 9(Zicppe)/0(Pica(pe)) is different from zero at p® and A(p) = A(p°)
in that neighborhood. An obvious case in which A(p) # A(p°) for some p in
that neighborhood is when ¢;(p) (some j) so defined is decreasing for that
p (concavity of the demand function is not enough to rule out such an event
when #A(p°) > 2).

Note that according to Lemma 1(vi)-(vii) the Jacobian determinant
I Zienpe)/ 9 (Pien(pe)) is equal to zero if 0Z;/0¢; = 0 and both i and j
are in A(p°). In that case there is an infinite number of solutions. In fact
the same Lemma 1(vi)-(vii) allows system (7) to be written as:

I} = Qi(p; 6-i(p) — PRi(6-i(p)) Y _ ¢s(p)Ksii € NOAP®)  (8)
seN

I} = Q;(p; 65 (p)) + Ri(¢-i(p))

I = pK,G((p)),r € NN Ap®) (10)

There are #(N NA(p°)) — 1 linearly independent equations (9) which jointly
with one equation (10) are able to determine the #(N N A(p°)) functions
$i(p) for i € N N A(p°).'8 Finally, equation (8) is the equality constraint
upon the #(N N A(p°)) functions ¢;(p) for i € N NA(p°).

An example may be useful. It is easily checked that if n = 4 and Ky +
Ko > D(p) > K1 + K3+ Ky, then ¢1(p) and ¢2(p) are uniquely determined,
but ¢3(p) and ¢4(p) may not be so. If they are determined, then either
¢3(p) = ¢da(p) = 0 or ¢3(p) = Pa(p) = 1. Otherwise they just need to satisfy
the equation K3¢3(p) + Kada(p) = D(p) — K1 — Kz + /K1 K(p — pm) /p-"

A special case obtains for p € (P(K7),par) (see Lemma 2), when #A(p) >
2. It must preliminarily be noted that p € S;. (For the sake of brevity we

1T — Qi (p; d—i(p))] i # j € NNA(P®) (9)

18We are excluding any indeterminacy not connected with the structure of zeros.

¥Let D(p) =16—p, K1 =9, K2 = 6, K3 = 1.2 ,K4 = 0.8. It is easily verified that pas
4, pm = 16/9, IIT = 16, II5 = 32/3; in the range (pm,p), where p ~ 1.799049189, ¢1(p)
(18p —32)/[3p(p — 1)], ¢2(p) = (9p — 16)/[p(p — 1)], and ¢s(p) = ¢4(p) = 0; in the range
(7, p), where p ~ 2.190859761, ¢1(p) = \/K2(p — pm)/K1p, ¢2(p) = /Ki(p — pm)/Kap,
and ¢3(p) and ¢4(p) are indetermined; in the range [p, pum], instead, ¢3(p) = ¢a(p) = 1,
o1(p) = (18p — 32)/[3p(1 + p)], ¢2(p) = (9 — 16)/[p(1 + p)].
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do not provide a proof; the reader can easily find it along the same lines
of the proof given for the following proposition.) Further, no equation (9)
exists since N = {1}. Equation (10) yields ¢1(p) = (p — pm)/p, whereas the
¢;’s (any j # 1) are not determined for any j = #A(p) — {1}: they need to
satisfy the equation

pY_ Kjb;(p) = pD(p) — T} (11)
J#1
and inequalities 1 > ¢;(p) = ¢;(P(K1)). An even more special case obtains
when K1 > D(py,).

Proposition 10 If K1 > D(py,), then Pr(p; = pm) = 0 for each i, 11} =
PmD(pm) and 115 = p K for j # 1; ¢1(p) = 1 — pp/p, while the ¢;(p)’s
are any (n — 1)-tuple of non-decreasing functions such that *° equation (11)
holds, ¢;(pm) = 0 and ¢;(prp) = 1 for any j # 1. Equation (11) is consistent
with any L such that 1 € L and 2 < #L < n, and even with gaps in S;.
Among the infinite solutions, there exists a symmetric one in which

_ pD(p) - 11
P K

Proof. It is easily checked that Z;(p,¢—;(p)) = p[l — ¢1(p)]K; for
any j # 1: in fact, ¢;(p) (each i # 1,7) does not affect firm j’s payoff when
charging p such that D(p) < K7, the residual demand forthcoming to j being
either zero (if p1 < p) or higher than Kj (if p1 > p, since D(p) > > ;1 Kj
for p < par). Thus ¢1(p) = (p — pm)/p on a neighborhood of p,, - hence
¢1(pry,) = 0 - since IT§ = Z;(p, ¢—;(p)) = pm K for j € L —{1}. In fact, if
instead IT; = Z;(p, ¢—;(p)) < pmKj for j € L — {1} - and hence ¢1(p\,) > 0
- then IT} = Zi(ph; o—i(pt)) < ILi(py,) = pmK;: a contradiction. Since
Zi(p, 9-i(p)) = Zj(p, ¢—;(p))(Ki/K;) for all 4,j # 1, it is in fact ¢1(p) =
(p — pm)/p throughout [p,,pn| so that IIf = p,, K; for each i # 1. To
see this, note that, if ¢1(p) < (p — pm)/p for some p € (pm,pr), then
II;(p) = p[1 — $1(p)|K; > pm K, a contradiction for j € L — {1}. If instead
¢1(p) > (p — pm)/p over some interval in (p,,par), then that interval is a
gap in S; (each i # 1) since then Z;(p, ¢p—i(p)) < ILi(pm) = pmK; for p in
that interval. Thus either Proposition 3(iv) is contradicted or that interval
is a gap in S; too: but then, at some lower price p°, ¢1(p°") > ¢1(p°) =
(p° — pm)/p°, contrary to Proposition 5.

®;(p) for j #1.

20That there is a continuum of equilibria in this region has also been proved by Hirata
(see Claim 2 in [11]).
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Therefore, any equilibrium (¢4 (p), ..., ¢, (p)) is a solution of the n-equation
system IIY = Z;(p; ¢—i(p)), where the left side equals p,, K; for each i # 1,
a system containing just two independent equations. Thus any ¢_1(p) such
that II7 = Z1(p; ¢—1(p)) - namely, such that equation (11) holds - is part of
an equilibrium, so long as, each j # 1, ¢;(pm) =0, ¢;(pm) = 1, ¢;(p) >0,
and ¢;(p™) = ¢;(p) for any p € [pm,pm]. Indeed, if ¢,(p}t) > 0 for j # 1,
then I} = Z1(pt; 0-1(pt)) < Wi(p;,) = pmD(pm): a contradiction. It
is easily checked that the symmetric equilibrium solution satisfies the con-
straints @;(pm) = 0, ¢;(pm) = 1, and ¢(p) > 0 throughout [py,, par). Exis-
tence of equilibria with gaps in some S; # 1 is quite obvious. m

4 Triopoly: equilibrium profits and upper and lower
bounds of the supports of equilibrium strategies

In the previous sections we established a number of properties for the mixed
strategy equilibrium under oligopoly. Equipped with these results and in
order to get further insights for oligopoly, in the remainder of the paper
we provide a comprehensive study of mixed strategy equilibria in triopoly.
Compared to duopoly, triopoly will be seen to allow for much wider diversity
throughout the region of mixed strategy equilibria, the equilibrium being
affected on several grounds by the ranking of p,, and pjp; relative to the
demand prices of different aggregate capacities, namely, P(K;+K>s), P(K1+
Kg), and P(Kl)

As soon as one sets out to construct the equilibrium it emerges that
features of the equilibrium vary considerably throughout the region of mixed
strategy equilibria.?! Let us build a partition of the region of mixed strategy
equilibria that fully accounts for the diversity in the equilibrium profits, the
bounds of the equilibrium supports, and the degree of determinateness of
the equilibrium. (Note that, because of Proposition 2 and Proposition 4(ii)
py and p,, are known once K, Ko, and K3 are given.)

First of all, we partition the region of mixed strategy equilibria into two
parts: that in which K9 > K3 and that in which K9 = Kj3. The first part
is then partitioned into four regions: those in which p,, < P(K; + K3),
P(Kl +K2) < Pm < P(Kl +K3)7 P(Kl +K3) < Pm < P(K1)7 and Dm 2
P(K3), respectively. The first region is partitioned into the sets

A= {(Kl,KQ,K3) K > Ky > Kg,pm < P(K1 + KQ),])M < P(K1 +
Ks)}

2'More precisely, in the subset of the region of mixed strategy equilibria where K; >
K> > Ks.
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Figure 1: Taxonomy for D(p) =1 —p and Ky + K3 = 1/4.

B, = {(Kl,KQ,Kg) K1 2 Ko > K3, pm < P(Kl + KQ),P(Kl —I—Kg) <
pm < P(K1)}

Fi = {(Kl,KQ,Kg) K12 Ko > K3, pm < P(Kl —+ KQ),pM > P(Kl)}

The second region consists of set

Ch = {(Kl,KQ,Kg) K > Ko > Kg,P(Kl —|—K2) < pm < P(K1+K3)}

The third region is partitioned into the sets

Cy = {(K1, Ko, K3) : K1 > Ko > K3, P(K1 + K3) < pm,pm < P(K1)}

Cs = {(K1, Ky, K3) : K1 > Ky > K3, P(K14K3) < pm < 255 P(KY ), pyr >
P(K1)}

F ={(Ky, K2, K3) : K1 > Ky > Kz, max{P(K) + K3), L5 P(K1)} <
Pm < P(Kl),p]\/[ > P(Kl)}

The fourth region is part of the set

D = {(Ki,K, K3): K1 > Ky > K3,pp, > P(K1)}.

The part of the region of mixed strategy equilibria in which Ko = Kj
is partitioned into two regions, in which p,, < P(K;) and p,, > P(K),
respectively. The first region is partitioned into the sets

By = {(K1,K2, K3) : K1 > Ky = K3,py, < P(K1),pm < P(K1)}

FEy = {(Kl,KQ,Kg) K1 2 Ko =Ks,pm < P(Kl),pM > P(Kl)}

The second region is what remains of set D. We will prove that all points
in the sets labeled by the same letter are alike in terms of the determina-
tion of equilibrium profits, the upper and lower bounds of the supports of
equilibrium strategies,?? and the determinateness of equilibrium.

*2Compared to [10], in [11] Hirata arrives at a partition almost as fine as ours (which
we already achived in [7]), except that no distinction is made between our sets A and Bj.
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One can devise an almost complete graphical representation of the above
partition in a (K7, K2) plane, by focusing on a convenient two-dimension
surface of the capacity space. This is done in Figure 1, where it is assumed
that D(p) = 1—p and Ko+ K3 = 1/4. For obvious reasons, K3 € [1/8,1/4);
and, for the equilibrium to be in mixed strategies, K1 > %. Then pys =
and II7 = %. Sets By and Fo are located on the straight line Ko = %: By
for 3/8 < Ky < 3/8, Ey for 3/8 < K1 < (44 +/7)/8. To locate the other
sets we need to insert other geometrical loci. Along curve « in the figure

(hyperbola Ky = —2=04uE0G) )y P(K) + Ka): AU By UE, is not

above this curve whereas C1 UCy, UC3U FUD is. Along curve (3 (hyperbola

Ky = SIS ) — P(Ki+ K3): AUB; UE UC is above this

curve whereas Co U C3 U F' is not and D is below. Along the straight line
v (Ko = K1 — %), py = P(K1 + K3): A is not below it whereas By U Ey
is. Along the vertical line K = %, py = P(K1): A is on the left of it,
B1UByUC(Cs is not on the right of it whereas CsU FE1 U EsUFUD is. Along

. 2
curve ¢ (hyperbola Ky = %), Pm = K1[;1K3P<K1): C3 is above

it whereas F' is not. Along the vertical line K7 = 4+8‘ﬁ, pm = P(Kj): D is
not on the left of it whereas all other sets are. Note that set Cs is empty.
Simple calculations show that, with D(p) = 1 — p, set Cs is empty so long
as Ko + K3 < %, whereas set 7 is empty so long as Ko + K3 > %

It is also checked that actually K7 > K + K3 whenever py; > P(K7),
hence at any (K1, K2, K3) € C3UD U Ey U Ey U F, and K; > K3 whenever
PM = P(Kl + Kg), hence at any (Kl,Kg,Kg) € By U(Cs.

The following theorem collects all the results to be achieved in this sec-
tion. From the previous section we know about II] and II; and we also
know that II5 > p,,, K3 if Ko > K3 and II5 = II} if Ko = K3. Among other
things, the theorem locates the region where 115 = p,, K3 and the region

where II5 > p,,, K3 and determines pg,?{) and II3 in the latter region.

Theorem 1. (a) In A, I} = p,, K; for all i, L = {1,2,3} and M =
{1,2}.

(b) In By U By, IIY = py, K; for all i and L =M = {1,2,3}.

(c) In C1UCy U Cs, IIY = pp K for @ # 3 and 115 > pp, K3; L =M =
{1,2}; pg\?/’f) < P(Ky). Let ¢p14(p) and ¢a2a(p) be defined by equations 11 =
Z1(p; $24,0) and 115 = Z3(p; p1a,0) so that ¢1a(p) and ¢2q(p) are firms 1
and 2’s equilibrium strategies and Z1(p; ¢2q4(p),0) and Za(p; ¢p1a(p),0) firms

1 and 2’s equilibrium payoffs, respectively, over the range o = [pm,pg,“:’)].%

oolw

ZWe take it for granted that [Pm,Pm] € S1 N S2. For the sake of simplicity the proof
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Then 115 = maxyeg [I34(p) and pg) = argmax,cy za(p), where 34 (p) =

Z3(p; $10(p); $20(D)), @ = [pm, D3] and piy is such that ¢oa(py,) = 1.4
(d) In D, I} = pmD(pm) and 1T} = py, K for j # 15 ¢1(p) = 1 = pm/p,
while ¢2(p) and ¢3(p) are any pair of non-decreasing functions such that

pKapa(p) + pK3ps(p) = pD(p) — 117, (12)

¢j(pm) =0 and ¢;j(pam) =1 for j #1, and Sz U S3 is connected.

(e) In Ey U Ey, IIY = ppK; for all i, L = {1,2,3} and #M > 2
with pyy > P(K1). Over [P(K1),pm], ¢1(p) = 1 — pm/p, and ¢2(p) and
@3(p) are any pair of non-decreasing functions such that equation (12) holds,
¢;(P(K1)%) = ¢;(P(K1)™) and ¢;(pam) =1 for j # 1, and S2USs is con-
nected.

(f) In F, I} = p,, K; for all i, L = {1,3} and pg) > P(Ki). Over the
range [P(K1),pum] strategies are determined as in Ey U Es.

(g) Pr(pi = pm) =0 for each i € L.

To establish Theorem 1 we begin by determining L and II3 whenever
3 € L. Then we analyze the cases in which ¢2(p) and ¢3(p) are not fully
determined. Next, we determine M whenever ¢o(p) and ¢3(p) are fully
determined. Finally, we complete the proof of the Theorem. In connection
to the first task an intermediate step is the following Lemma.

Lemma 3. If #L = 2, then Pr(p; = p,) =0 for each j € L; if #L =3
and Pr(p; = pp) > 0 for some i, then Pr(p; = py,) =0 for each j # i.

Proof. Let L = {i,j}. If Pr(p; = pm) > 0, then, taking account of
Proposition 4(iii), I} = IL(p}) < pmmin{D(py), K;} while IL;(p;,,) =
pmmin{D(py,), K;}: a contradiction. A similar argument proves what is
claimed when L = {i,j,k}. m

We can now address the determination of L. Note that Pr(p; = py,) =
¢i(p;). Furthermore, recall that if L = {1,2, 3}, then equilibrium strategies
are a solution of system

I} = Zi(p; 9—i(p)), ¢i(p) > 0, ¢5(p) > 0 for each 1, (13)

in an open to the left right neighborhood of p,,, where II3 is a constant to
be determined.

that there is no gap in the range [pm, Pm] is postponed to the next section.

24The fact that pﬁs) > pm and I15 > p,, K3 in what is here called C;, Ca2, and C3 has also
been recognized by Hirata (see [11], Claims 4 and 5). However, Hirata is not concerned

with how pg) and II3 are actually determined in that event.
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Proposition 11 (i) Let (K1, K2, K3) € AUBy UFE;. Then L = {1,2,3},
Pr(p; = pm) =0 and II} = p,, K; for each i.

(ZZ) Let (Kl,KQ,Kg) € BoUFEy. Then L = {1,2,3}, Pr(pi = pm) =0
and I} = p,, K; for each i, ¢2(p) = ¢3(p) throughout [pm, P(K1)].?°

(m) Let (Kl,Kg,Kg) € ChLuCyuUCs. Then (iii.a) L= {1,2}, H;-k = pm K;
fori #3, and I > py K3, (iii.b) p\) < P(K).

(iv) Let (K1,Ky, K3) € F. Then L = {1,3}, p{?) > P(Ky) and II} =
P K for all 1.

Proof. (i) Since p,, < P(K; + K3), it follows from Proposition 4(iii)
that L = {1,2,3} = {4, ,r}. Further, it is checked that ¢;(p;;,) = 0 for each
i at any solution of system (13). Suppose first that p,, < P(K;+ K2). Then
the equations in system (13) read

I = poa(p)ds(p)[D(p) — K]+ pKi,
I3 = po1(p)ds(p)[D(p) — K]+ pKa,
I = po1(p)d2(p)[D(p) — K]+ pKs.

Hence [dZ;(p; ¢—i(p))/dp],_,+ = 0 for each i if and only if

(D — K)[p203 + pm (D503 + ¢p285)] + D'prmdpadps + K1 = 0,
(D — K)[p103 + pm (D103 + ¢185)] + D'prprgps + Ko = 0,
(D — K)[¢102 + pm (D102 + ¢185)] + D'prmdr1gpa + K3 = 0,

where D, D', ¢1, ¢2, ¢3, ¢}, &5, and ¢4 are all to be understood as limits for
p — p;. Suppose contrariwise that ¢;(p;) > 0. Then, according to Lemma
2, ¢j(p) = ¢r(ph) = 0, and the system above becomes

pm(D — K)(¢;0r + dj¢,) = —K;,
pm(D - K)(nggbr + ¢2¢/r) = _Kj7
pm(D — K)(¢50; + ¢id) = —K.

But this system cannot hold. Indeed, in order for the first equation to hold
either ¢; = oo or ¢ = 0o (or both): then, either the third equation or the
second equation (or both) cannot hold. The same logic applies when p,,, =
P(K1 + K3). Finally, that II = p,, K; for each ¢ follows straightforwardly
from L = {1,2,3} and Pr(p; = p) = 0.

*That L = 3 in the circumstances of Proposition 11(i)-(ii) was to a large extent discov-
ered also by Hirata [11] (Claims 3 and 6). Hirata does not address the issue of Pr(p; = pm).
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(ii) In view of Proposition 3(iii), Proposition 8 and Proposition 9(i),
II5 = 115 = pm K>, L = {1,2,3} and ¢2(p) = ¢3(p) throughout [p,, P(K1)].
Then it follows immediately from Lemma 3 that ¢2(pt) = ¢3(p)) = 0.
That ¢1(p;}) = 0 is established along the lines of the proof of the part (i)
above if p,, < P(K; + K»). If instead p,,, > P(K7 + K2) and ¢1(p;},) > 0,
then IT% = Z;(p},, o—j (k) < ;(py,) = pm K for j # 1: a contradiction.

(iii.a) If ¢3(p) = 0 on a neighborhood of py,, then ¢1(p) and ¢2(p)

are the solutions of equations II] = Zi(p; ¢2,0), II5 = Za(p;¢1,0) over
that neighborhood: this yields ¢;(p)= % for j = 1,2. One

can easily check that it is then II3(p) > p,, K3 over such a neighborhood,
since H3(pm) = pmK3 and lim,_,, + [T5(p) > 0.5 Hence 11§ > p,, K3 and
qﬁl(pm) p2(py,) = 0 if L = {1,2}. Now, suppose contrariwise that

= {1,2,3} and denote by gbl( ) firm 4’s equilibrium strategy (i = 1,2, 3)
on a right neighborhood of p,,. Then, it should be II} = Z;(p; (Eﬁ\g(p), (Eg(p))
and II5 = Zs(p; #1(p), ¢3(p)). Clearly, ¢1(p) < ¢1(p) and ¢a2(p) < ¢2(p)
because of Lemma 2(b) and since ¢s(p) > 0. Consequently, a fortiori
Zs(p; <$1 (p), 52(1))) > pm K3 contrary to the presumption that L = {1,2,3}
(implying IT3 = [3(p;,) = pmK3)).

Assume now that L € {1,3}. In Cy, IT§ = pK3 for p € (pp,, min{pg), P(K 1+
K3)}]: an obvious contradiction. In Cy U C3, IIY = po;(p)(D(p) — K;) +
p(1—¢i(p))K; for p € (pm,min{p,(fb),P(Kl)}}, i,7 = 1,3; as a consequence,
¢j(p)= (pm — p)Ki/p[D(p) — K; — K| over that range. By charging a price
there firm 2 would get

a(p) = p1(p)(1 — ¢3(p))[D(p) — K] + p(1 — ¢1(p)) K2,

which is lower than p,, K3 at any p < P(K;). Hence p( ) > P(K;). But this
is impossible: in Cy since pyr < P(K7), in Cy since otherwise ¢3(P(K7)) =
{[P(Kl) —pm]/P(Kl)}(K1/Kg) > 1, since mel < (K1 — Kg)P(Kl).
(iii.b) This is trivial in Cy since pyy < P(K3p). In Cy U Cs, if pg\:j[) >
P(Ky), then II{ = p[l — ¢1(p)] K3 and hence ¢1(p) < 1 — p,,/p since
pm K3 < II5. On the other hand, it is also IIa(p) = p[1 — ¢1(p)] K2 so that
II2(p) > pmK2: an obvious contradiction.

(iv) The event of L = {1,2,3} is ruled out as in the proof of part (iii.a).

Under the event L = {1,2}, by an argument in the proof of part (iii.b) pg\?/’[) <

*°For example, in C1, I5(p) = [1 — ¢1(p)d2(p) — p(#1 (p)P2(p) + ¢1(p)dh(p))]Ks and
limy—p,+ (p) = Ka since ¢1(ph) = ¢1(ph) = 0, limpp, 4+ ¢1(p) € (0,00), and
hmp_’ﬁwn"’ ¢/2(p) € (07 OO)
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P(K,) and hence ¢2(p) = W over the range (pg\i), P(K1)).2" But

then ¢o(P(K7)) < 0 since pp K7 > (K1 —K3)P(K7). Thus pi) = p) < p.
Further, p%) cannot be lower than P(K), otherwise, as emerged in the
proof of part (iii.a), I} = Hg(pg)) < pmKs. Thus ¢;(p) = p[l?(gn)—_—% for
J = 2,3 over the range [pp,, P(K1)].

The following proposition finds the sets where the equilibrium is inde-
terminate at p € (P(K1),pa) not investigated by Proposition 10.

Proposition 12 (a) Let (K1, K2, K3) € F. Then over the range [P(K1), p),
¢1(p) = 1= pm/p. If BEEP(K)) < pi, then ¢o(p) and ¢3(p) are any
pair of non-decreasing functions meeting (12) and such that ¢3(P(K;") =
¢3(P(K7{), ¢2(P(K{") =0, and S2USs is connected. This is consistent with
#M = 3, pf/[) < pm, and p IJ(W) < pum, and even with (non-overlapping) gaps
in both Sy and Ss. If BLASP(Ky) = pp,, then SoN Sy = {P(K1)} and the
equilibrium is determmed 28

(b) Let (K1, Ko, K3) € Ey U Ey. Then pi) > P(Ky) for j # 1. Forp e
[P(K1), pu), ¢1(p) = 1—pm/p while ¢2(p) and ¢3(p) are any non-decreasing
functions consistent with equation (12) and such that ¢;(P(K1)%) = ¢;(P(K1)™),
¢j(pm) =1 for j # 1, and Sy U S3 is connected. This is consistent with
#M = 3, pg\? < pm, and pg\? < pm, and even with (non-overlapping) gaps
in Sy and in Ss.

Proof. It was established above for the oligopoly that, at any p €
[P(K1),pum], p € S1 so that equation (11) holds, and that ¢1(p) = 1 —pm/p.
Further, because of Proposition 3(iv) gaps in Sy and S3 cannot overlap. To
complete the proof we must add the following.

(a) In this case ¢3(P(K1)~) > 0 and ¢po(P(K1)~) = 0 because of Propo-
sition 11(iv) Quite interestingly, it can be pg) > P(K) rather than p,(ﬁ) =

P(K1). In the former case, ¢3(p)= % over the range [P(K1),p (2 )] and

still ¢a(pl))*) = 0. Finally, ¢3(P(K1)) = 1 if and only if K1=K2 (k) =

Pm; in this special case, ¢2(p)= MD(MP_# over range [P(K1),pa)-

(b) 1f piJ) < P(K1), then ¢1(p) = 1 — py/p as soon as p > pii): as a
consequence, IL;(p) > II; for p € [pg\j/f), P(K;)]. =

2In the assumption that (pM), P(K1)) C S1NS3. Assuming otherwise that this range
belongs neither to S1 nor to S2 would lead to a contradiction. See below, Proposition
14(ii).

283ee also Hirata [11] (Claim 5) for a proof of a similar result.
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We still have to determine M in AUC; U Cy UC3U By U Bs.

Proposition 13 (i) Let (K1, K2, K3) € AUC1UC2UC3. Then M = {1,2}.
(ii) Let (K1, Ko, K3) € B1UBy. Then M = {1,2,3}.

Proof. (i) Let us partition set A into subsets A; (pyr < P(K; + K3)),
Ag (P(K 1+ K3) < py < P(K1 + K3)), As (py = P(K1 + K3)), and set C
into subsets C11 (py < P(K1+K3)), Ci2 (P(K1+K3) < py < P(K1)), Cis
(pamr = P(K71)). The claim is already proved in Cy3 and Cs, given Proposition
11(iii.b). A constructive argument is provided for A;. By Proposition 11(i),
on a right neighborhood of p,, equilibrium strategies are the solutions of the
three-equation system

Pk = pdj(p)or(p)(D(p) — Kj — K) + p(1 — ¢5(p)dr(p)) Ki,

so that ¢;(p) = (K;/K;)¢;(p). Based on this, it cannot be #M = 3 nor

pg\? < pup: it is instead pg\?}) < pm, S1 = 52 = [Pm,pu], and Sz = [pm,pﬁ)l

As to the other subsets, we first rule out the event of #M = 3 and
then the event of pg\? < ppr- Recall that, by Proposition 3, with #M = 3
we have ¢1(par) < 1 = ¢2(par) = ¢3(par). Further, in a left neighborhood
of pys equilibrium strategies would be the solutions of the three-equation
system (13), call them ¢°;(p). Let us consider Az first. As seen more
exhaustively in the following section, solving this system yields ¢°1(p) =

) oy (p) = 6% (p), and ¢°s(p) = PEEEE 4 g, (p)
for p € [P(Kl + Kg),P(Kl + Kg)] Since ¢02(P(K1 + Kg)) = 1, then
¢°1(P(K1+ K3)) = Ko/ Kjy; upon differentiation of ¢°3(p) and recalling that
D(pm) — K2 — K3 + py [D'(P)]—p,, = 0 and 11§ = py[D(pyr) — K2 — K3,

D' (p)],—
we find [¢°g(p)}p:P(KI+K3), = % < 0: a contradiction.

The event #M = 3 in the other subsets can be dismissed more eas-
ily. Under that event, Il2(p,,) = Zo(pam; ¢p—2(par)) = 115 and Iz(py,) =
Zs(par; d—3(par)) = II5. These two equations contradict each other since
®2(pm) = ¢3(par) = 1. For example, if the former holds, then II3(p,,) < II
and the latter cannot hold. Let us see how this works in each case. Note
that in Cy U Ci2, pyr = P(K; + K3). Hence under our working assumption
we would have II5 = p,,, Ko = par[l — ¢1(par)]K2. This yields ¢1(pa) =1 —
Pm/Pum, in turn implying Z3(p,,) = pm[l — ¢1(par)] K3 = pr K3, contrary to
Proposition 11(iii.a). In Ci1, II5 = pp Ko = Za(py,) = pmo1 (o) (D(par) —
Ky — K3) + (1 — ¢1(pm))Ka), yielding ¢1(py) = PP 2. By

pm
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substituting this into Z3(p,;) = pm[l — ¢1(pm)] K3 we obtain Z3(p,,) =

pm[K14+K3—D(pp)]+pm K2 Py [K1+K3—D(pa)]+pm K2
K=D(pn1) K3. Note that K—D(pn1)

P(K1+ K3) > par; hence Z3(py;) < pm K3, again contradicting Proposition
11(iii.a). (A similar argument applies to As).

It remains to dismiss the event of pg\z/[) < pyp in AoUA3UC11 UC12UCo.
This is done by showing that otherwise IIa(p) would be greater than IT} in

a left neighborhood of py;. If pg\? < pum in C11 U C12 U Cy, then I3(p,,) =

par[1= 1 (par)| K3 = 11 > py K3, implying é1(par) = 1— 5k < 1—22 and
hence Iz (py,) = prvé1(par) max{0, D(par) — K1~ Kz} +pu[l—¢1(pa) K2 >
P Ko, If pg\? < pum in AU Az , then ¢1(p) =1 — %" in a neighborhood of
par- Consequently, by charging a price in that neighborhood firm 2 would
carn Iy (p) = pe1(p)3(p)[D(p) — K1 — K3]+pé1(p) (1 — ¢3(p))[D(p) — K1) +
p(1 = ¢1(p)) K2 > p(1 — ¢1(p)) K2 = pm Ko = 115.

(ii) Recall that, by Proposition 11(i)-(ii), L = {1,2,3} and I} = p,,, K;
for each ¢. Consider B first. If pg\i[) < pu for some j # 1, then one can

easily check that II;(p) > II7 for p € [max{pg\j/[),P(Kl + K3)},pp). Turn
next to By. Here M = {1,2,3} follows directly from Proposition 3(iii) and
the fact that ¢2(p) = ¢3(p) (see Proposition 8). m Proof. (of Theorem 1)
For parts (a) and (b), see Propositions 11 and 13. For the first claim in part
(¢), see Proposition 11(iii). For part (d), see Proposition (10); because of
Proposition 3(iv) gaps in S and S3 cannot overlap. For parts (e) and (f),
see Propositions 11 and 12. Part (g) is a consequence of Propositions 10, 11
and 12 and Lemma 3. Hence we need just to prove the last claim in part
(c). (Figure 2 may help the reader in following the proof.)

It is easily checked that s, (pp,) = pm K3 = 34 (P(K1)) and, if P(K;) >
P> sa(phy) < pmKs; furthermore, (115, (p)],—, > 0.2 Tt follows immedi-
ately that I3, (p) has an internal maximum over the range [pp,, min{ P(K1),p},}].
Thus p,(f{) < arg max I3, (p), otherwise IT§ = Hga(pgg)) < max I3, (p), while
firm 3 can earn maxII3,(p) by charging argmaxIls,(p). To rule out the

event of p,(g) < argmaxIl3,(p), note that, on a right neighborhood of

P T = TL(p) = Zi(pid—i(p)) = Zi(p; d—ia(p)) for i € {1,2}, where
?3a(p) = 0. Thus, taking account of Lemma 2(b), on a right neighbor-
hood of pia, 2(p) < ¢2q(p) and ¢1(p) < P1a(p) since ¢3(p) > 0, imply-
ing that Zs(p; d-3(p)) > Z3(p; d—3a(p)). Hence if pli) < argmaxIlza(p),

< pm since

*In Ch, Héa(p)p:pm = K3, in C2 U Cj, Héa(p)p=pm = Pm [¢)/1a]
K3] + K3, where [$1a],_, = 52

P=Pm _Pm [D(pm)—K1—K2]"

[D(pm) — K1 —

P=Pm
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H37 (P)

HSﬁ(p)

I, (p)

me3

v
<

(3) (3)

Figure 2: TI3,(p) := Z3(p, ¢1a(p); P2a(p)), where pp, K1 = Zi(p, p2a(p),0)
and me2 - ZQ(pa (;5204(]))70)’ HB’y(p) = Zd(pv ¢17(p)7¢2v(p))a where
pm K1 = Z1(p, ¢2¢(p), 1) and pi Ko = Za(p, d24(p), 1)
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we get a contradiction since Z3(p; ¢_3q(p)) > Zg(pg)w_ga(p,(;{))) =15 =
Z3(p; ¢—3(p)) on a right neighborhood of pgn).?’o [ |

Two remarks are in order about the last proof. If argmax,ecs II34(p) #
Py + Ks), then [¢4(p)] _ 1, = 0 and [$(p)] _ 0, = [6}p)]_ 0 for
j = 1,2; whereas if arg max,c5 I34(p) = P(K1+K3) then [(bg(p)]p:pgrglL >0
and [¢;(p)]p=p£,?)+ < [(ﬁ;(p)]p:pg)i for j = 1,2. (We omit the proof, which
can be derived straightforwardly.)

Finally, when M = {1,2}, pg\:z,) is easily determined once II; has been

computed. Let v = [pgw), par] so that we can refer to the equilibrium strate-

gies of firms 1 and 2 over this range as ¢14(p) and ¢2,(p) (see Figure 2):
clearly, Z>(p; p14(p),1) = II5 and Zi(p; ¢2,(p),1) = II}. Next consider

Z3(p; ¢1~(p); P24(p)) on any left neighborhood of ppr. On reflection, pg\?/’[) is

such that Zs(pjy's 61(ph ), b2y (P7 ) = 15 whereas Zs(p; é14 (p), 62,(p)) >
IT5 on a left neighborhood of pgw) and Z3(p; ¢14(p), d24(p)) < 115 for p €

'Y, pu].

5 Triopoly: gaps in supports and uniqueness of
equilibrium strategies

In the duopoly, concavity of the demand function is sufficient to have con-

nected supports of equilibrium strategies, whereas, without concavity, ¢;(p)

(some j) may be constant over some interval o C (p%), pg\]/[)) (as clarified by

Osborne and Pitchik, [15]). Quite differently, under triopoly the S;’s need
not be connected, even if the demand function is concave. As already seen,
equilibria with gaps in Sy and S5 exist when (K1, K3, K3) € DUE UFEUF,
due to the degree of freedom in the determination of ¢a(p) and ¢3(p) for
p > P(K1). In this section, it will be seen that gaps are also conceivable
when (K7, Ko, K3) € AUB;UByUC; UCoUC3U E;y U Esy, over some sub-
set of [pm, P(K1)], hence independently of equilibrium indeterminateness.
Consider system

I = Zi(p: 6-i(p)), fori:p e [p), i), (14)

and denote by ¢;°(p) (each i : p € [psn),pg\/[)]) its solution at any p € [ppm, pa]-

We will show that the ¢;°(p)’s (each i : p € [pm,pM]) are in fact the

3%0ne might wish to account for the event of II34(p) reaching its maximum more than

(3) _

once in a. Arguing as in the text, it is established that py,’ = max{argmaxpca I3 (p)}.
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equilibrium strategies (namely, the ¢;(p)’s) if all of them are increasing
throughout [pm , D M] Furthermore, we will see how gaps are determined in
the event of ¢;°(p) < 0 for some i and establish uniqueness of equilibrium,
whether or not gaps arise. Finally, it will be seen that S1US2USs = [pm, pas]-
The following section makes these results all the more relevant by showing
that gaps can actually arise in By and C}.

Proposition 14 (i) Let (K1, K2, K3) € AUB1UBUC1UCUC3UE]UEs.
Then: (i.a) ($1°(p), p2°(p), ¢3°(p)) is unique at any p € [pg),min{pg\?, P(K1)});
(i.b) if $1°(p), $2°(p), and ¢3°(p) are increasing over the range | g),min{pg\?, P(Ky)},
then ¢1°(p), #2°(p), and ¢3°(p) are the equilibrium strategies throughout that
range.

(ii) Let (K1,Ks,K3) € CyUCoUCs. Then: (ii.a) (01°(p), p2°(p)) is
unique at any p € [Pm,p 3 )] and ¢;°(p), © = 1,2, is increasing there; (ii.b)
?1°(p) and ¢2°(p) are the equilibrium strategies throughout that range.

(i1i) Let (K1, Ko, K3) € F. Then: (iii.a) ($1°(p), $3°(p)) is unique at
any p € [pm, P(K1)] and ¢;°(p), i = 1,3, is increasing there; (iii.b) ¢1°(p)
and ¢3°(p) are the equilibrium strategies throughout that range.

(iv) Let (K1, K2, K3) € AUC,UCyUCs. Then: (iv.a) (91°(p), $2°(p))

s unique at any p € [pggl),pM] and ¢;°(p), i = 1,2, is increasing there; (iv.b)
01°(p) and ¢2°(p) are the equilibrium strategies throughout that range.

Proof. (i.a) Let contrariwise (ggo (p), g/i)\o (p), ¢° 3(p)) be another so-
lution and let, without loss of generality, ¢°; (p) < ¢°1(p) at some p €
[p&),mln{pM,P(Kl)}]. Then, since 0Z3/0¢2 < 0 and 0Z2/0¢3 < 0 be-
cause of Lemma 2(b), $02(p) should be greater than ¢°2(p) in order for
Z3(p, ¢°~3(p)) = I3 and hence ¢°3(p) > ¢°3(p) in order for Zs(p, ¢°—2(p)) =
IT5. Consequently, since 071/0¢; < 0 for j # 1 because of Lemma 2(a),
Z1(p, ¢° —1(p)) would be less than IIj: a contradiction.

(1 b) The statement is violated if and only if there is a gap (p, 13) C
) ,mm{pM, (K1)Y] in S, for some j, such that ¢;(p) = ¢;(57). But
then ¢;°(p Jr) > ¢j(p) = ¢;°(p): consequently, either p or 1% or both are
charged with positive probability, contrary to Proposition 5.

Parts (ii.a), (iii.a), and (iv.a) are obvious consequences of Theorem 1
and concavity of demand function (Lemma 2). Parts (ii.b), (iii.b), and
(iv.b) hold since a gap in a single \S; contradicts Proposition 3(iv) and an
overlapping gap (p,p) in both supports contradicts Proposition 5, as in the
proof of part (i.b). m
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In light of these results, gaps may only occur over the range [p,(g) , min{pg\?, P(K4)}]

and only when ¢j°' (p) < 0 for some j. However, gaps have not been char-
acterized as yet. Note that, because of Proposition 3(iv), either gaps do not
overlap or they do in all three supports. In order to rule out the latter event,
we establish the following lemma.

Lemma 4. Let p,, < P(K1). (i) Z1(p; 2, ¢3) is concave and increasing
in p throughout [ppm, par].

(ii) If pm < P(K1+ K3), then Za(p; ¢1, ¢3) is concave in p over ranges
[Pm, P(K14+K3)] and [P(K1+K3), P(K1)], but locally convex at P(K1+K3)
if @3 > 0; otherwise it is concave in p throughout [py,, P(K1)].

(iii) If pm < P(K1+ K3), Z3(p; ¢1,¢2) is concave in p over ranges
[pm, P(K1+K2)] and [P(K1+K32), P(K1)], but locally convex at P(K1+K3);
otherwise it is concave over range (pm, P(K1)].

(iv) In ranges where Z;(p;$1,¢;5), i,j = 2,3, is concave in p but not
strictly concave, it is increasing in p.

Proof. (i) For each ¢2 and ¢3, function Zj(p; ¢, ¢3) is a weighted
arithmetic average of functions of p which are concave and increasing over

the range [pm, par)-
(ii)-(iv) See Lemma 1(i)-(ii). m

Proposition 15 (i) Let (K1, K2, K3) € AUBUByUC1UCUC3UE; U Es.
(i.a) Assume that some interval (]’5,;7 C [pg{), min{pg\:}), P(Ky)}] is a gap
in S; while belonging to S; and S,. Then ¢;°(p) > ¢i(p). As a consequence
@:°(p) is decreasing in a left neighborhood of;i
(i.b) No subset of range [pgn), min{pg\:}), P(K1)}] is a gap in all supports.
(i1) S1U S2US3 = [pm, pu], wherever (K1, Ko, K3) falls in the region of
mized strateqy equilibria.

Proof. (i.a) In (ﬁ,;} we have
17 > Zi(p, 6 (p), ¢r(p)) (15)
115 = Z;(p, ¢i(p), ¢r(p)) (16)

I = Z,(p, $i(p), 95 (p))- (17)

Because of inequality (15), either ¢;(p) > ¢;°(p) or ¢,.(p) > ¢,°(p), or both.
Assume ¢;j(p) > ¢;°(p); then equation (17) implies ¢;(p) < ¢;°(p). Thus
0i° ip) is decreasing in a left neighborhood of ;5 since it must be ¢i(;7+) =
¢i(p). Note that then equation (16) implies ¢,(p) > ¢,°(p).

(p); &r(
(p); &r(
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(i.b) Arguing ab absurdo, let (p,p) C [pg),min{pg\?, P(K1)}] be the
largest interval constituting a gap in S7, So, and S3. It must first be noted
that the gap in S; must extend on the left of p. In fact, if p € S7 such
that II7 = II;(p), we would have II;(p) > IIj at p slightly higher than p -
a contradiction - since dZ; /dp = 0Z1/0p on a right neighborhood of p and,
by Lemma 4(i), 0Z1/0p > 0. To avoid a similar contradiction for firms 2
and 3, we must have 0Z3/0p < 0 and 0Z3/0p < 0 in a right neighborhood
of p. Now this requirement is violated if Kj + K3 < D(p,,) and p falls in
any subset of [py,, P(K; + K3)]. Consider first subset [py,, P(K1 + K2)] (of
course, in the assumption that K; + K2 < D(py,)). Here

Za(p; 91, ¢3) = [pp193(D(p) — K1 — K3) + (1 — $193)| Ka.
Then

82 — Ky + ¢193(D(p) — K +pD'(p)) >

P(K14+K2)—pm
> K + PR 82(D(p) - K + pD/(p)) >

> Kofl + Feie s Ko + PUK -+ Ko) D' ()i ) =
= BPicaRy) (PmEs + P(Ky + K2) D'(p)p=p(k, + k) [P(K1 + K2) —p, [} >
Ty i — (K1 — K3)P(K1 + K»)]> 0.

The equalities derive from simple manipulation. The first inequality fol-
lows from the requirement that Zs(p, ¢1,¢3) = pm K2 on a left neighbor-
hood of p, implying ¢1¢3 = p_;’m Kf%(p) as we are stipulating that p €
[Pm, P(K1 + K2)]: thus ¢;¢3 is increasing in p and hence not higher than
%%. The second inequality holds since (D(p) — K + pD’(p)) is
a decreasing function. The third inequality follows since pD’(p) + (D(p) —
Ky — K3) > 0 throughout [p,,par); the last inequality follows since I} >
p[D(p) — K2 — K3] throughout [pm,,pa]. We similarly rule out the event
of p € [P(K1 + K3),P(K; + K3)] (when letting K1 + Ko < D(pym)) or
D € [pm, P(K1 + K3)] (when letting K7 + K2 > D(py,)), since 0Z3/0p =
Ks3(1 — ¢12) > 0 over those ranges.

A contradiction of a different type is reached by conceding p € (P(K; +
K3), P(Ky)) or - if K14+ K3 > D(pp,) - p € (pm, P(K1)). If pis in any such
range, then also 5 is, and either 5 €Sy or 5 € S3, or both. Suppose ;5 € Ss.
From the requirement that 0Z3/dp = 0 at p = p (otherwise an immediate

contradiction obtains) it follows that 0Z3/0p < 0 at p = p since Z3 is strictly

concave in p when ¢2 = ¢2(p) = ¢2(p) € (0,1) and ¢1 = ¢1(p) = ¢1(§5’) > 0.
But this violates the requirement that dZs/dp = 0 on a right neighborhood
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of 5 A similar contradiction arises if 5 € S3. Hence no interval (ﬁ,;} C
[pg),min{pg\?, P(K1)}] may be a gap in all supports.
(ii) It follows from part (i.b) and Propositions 12 (gaps in Sp and S

cannot overlap for p > P(K1)) and 14. m

We finally see how equilibrium strategies are determined in the event of
¢°%(p) < 0 for some i.

Proposition 16 Let (Kl, Ko, Kg) €EAUBIUBUC; UCUC3U Eq U Esy,
let N = {i,j5,7}, and suppose ¢°;(p) is decreasing on a left neighborhood
of]% > pg), where [;:7, min{pg\?/’[),P(Kl)}] is the largest (possibly degenerate)
left neighborhood of min{pg\?,P(Kl)} where ¢°;(p), ¢°j(p), and ¢°.(p) are
increasmg. Denote by p the largest solution of ¢;°(p) = qSZO(;') in the range
(pm , 13) Then there is a unique equilibrium, namely:

(a) Equilibrium strategies are ¢°;(p), ¢°;(p), and ¢°.(p) over [:5’ min{pg\?/}), P(K1)}],
Sj and S, are both connected throughout [p, min{pg\:}), P(K1)}| while (;5,5) is
a gap in S;.

(b) If ¢°i(p), ¢°j(p), and ¢°.(p) are increasing all over p }3) then
they are the equilibrium strategies throughout this range. Otherwise there is
a gap to be determined as in (a). More precisely, suppose there is q, such
that [5,]5] is the largest (possibly degenerate) left neighborhood of p where
®°i(p), ¢°(p), and ¢°(p) are increasing, but ¢°;(p ) is decreasing on the left
of : let § be the largest solution of ¢;°(p) = ¢;° (A) in the range (pgn),c“])
then equilibrium strategies are ¢°;(p), ¢°;(p), and ¢°.(p) over [q pl, Si and
S, are both connected throughout (q, p] while (a,?b is a gap in S;.

(c) If the determination of equilibrium is not yet complete after step (b),
the above procedure is repeated up to the stage in which ¢°;(p), ¢°;(p), and

@°r(p) are increasing on the right neighborhood of p,(g) still left to analyze:
9%, 9°j, and ¢°, are the equilibrium strategies over that range.

Proof. By construction, each firm gets its equilibrium payoff at any
pE [p, rmn{pM, (K1)}] and the same holds for j and r at any p € (p,f))
where Z;(p, 6:°(5), 6,(p)) = TI: and Zy(p, 6:°(F), &;(p)) = TIz. Further, it
does not pay for firm ¢ to charge any p € (;5,5): Zi(p, 9;(p), or(p)) < IIF =

(I% ®;°(p), #-°(p)) since ¢;(p) > ¢°;(p) and ¢r(p) > ¢°-(p) throughout

(p, 13') One can argue likewise while moving on the left of p and up to pgn).

thus the strategy profile under consideration constitutes an equilibrium.
To check uniqueness, we begin by noting that, arguing as in the proof of

Proposition 14(i.b), none of ¢;(p), ¢;(p) and ¢,(p) can be constant over any
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3)

interval in [;5, py/]- By the same token we can dismiss any strategy profile
with any subset of [p, pg\‘j[)] other than (p, p) constituting a gap | in S;. Nor can
there be equilibria with a gap (p,p) in S; such that p € (p, i)’) This would

restrict the gap in S; to (¢, p), where ¢ € [p, @ so that ¢;(p) = ¢%(p) =
¢°i(q), contrary to the fact that ¢°;(q) > ¢°; (f)) [

The results of this section allow us to supplement Theorem 1 with a
uniqueness result.

Theorem 2. In A, By U B;y, and C1 U Cy U Cs, the equilibrium
strategies are uniquely determined throughout [pm,pa]; in F and Ey U Es,
the equilibrium strategies are uniquely determined throughout [py,, P(K1)].

6 On the event of a disconnected support

Based on the results above the mixed strategy equilibrium can be computed
once the demand function and the firm capacities are fixed. To illustrate
how this task is accomplished, in this section we will determine the equi-
librium for (K1, Ko, K3) € Bj. This set is of special interest because Ss3
proves disconnected under well-specified circumstances. Yet the possibility
of gaps is by no means restricted to this set. This will be proved at the
end of the section by means of a numerical example yielding a gap in Sy for
(K1, K2, K3) € C;. The example also shows that range [p pg\/[)} may in fact
be degenerate, as acknowledged in Proposition 16.

In set By we partition the range [pm,pn] into three subsets: a =
[pm, P(K1+K3)), B = [P(K1+K3), P(K1+K3)), and v = [P(K1+K3), pu].
In « system (14) read

= p[p2aP3a(D(p) — K2 — K3) + (1 — ¢20¢34) K1]
= p[P1aP3a(D(p) — K1 — K3) + (1 — p1a¢3q) K2)
I3 = p[p1a020(D(p) — K1 — K2) + (1 = ¢p1a024) K3,

and the solution is

° i (pm_p)K3 ° —ﬁ o o 7& o
10 = \/Klza(l?U—IQ’¢ 2a—K2¢ la; @ 3a—K3q§ la- (18)

In 3, system (14) read
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7 = p[gapdss(D(p) — K2 — K3) + ¢25 (1 — ¢35) (D(p) — K2) + (1 — ¢2p) Ki],
15 = plo1s¢3s(D(p) — K1 — K3) + ¢15 (1 — ¢35) (D(p) — K1) + (1 — ¢15) Ko,
I3 = plerg (1 — d2g) + (1 — ¢18)] K3,

and the solution is

o _ KQ(p_pm) o _Kl o _
(blﬁ* D ,¢2ﬁ7K2¢1[8’¢ 38 —

D(p) — K1 — Ky LS
Ky

K3 Ks

In 7, system (14) read

I} = pd2y¢3,(D(p) — K2 — K3) + pday (1 — ¢31) (D(p) — K2)
+ (1 - ¢27) ¢37(D(p) - KB) =+ (1 - ¢27) (1 - ¢37)K1]

I3 = pp1y (1 = ¢3,) (D(p) — K1) + (1 — ¢14) K2

I3 = p[p1y (1 — ¢2) (D(p) — K1) + (1 = ¢14) K3,

and the solution is

61 = \/ Ko K3(p — pm)?
TV pA(Dp) — K1 — Ka)(D(p) — K1 — K3) + (p — pm) K1p(D(p) — K1)’
S (p) =1 12+ 226%,
55 — (P = pm) K + pp°14(p)(D(p) — K1 — Ka)

p9°15(D(p) — K1)
In range a, ¢°,(p) > 0. (If ¢°},(p) < 0 for some i, then ¢°%,(p) < 0 for
all j # i, thereby violating the requirement that II;(p) = 0 since Lemma 4
holds.) On the other hand, while ¢°14(P(K7 + K32)) < 1 and ¢°2,(P(K1 +
Ks)) < 1 (the latter is checked by simple manipulation and using the
fact that II} > p(D(p) — K2 — K3) throughout [p,,pa)), we might have
?°3a(P(K7 + K3)) > 1 (as illustrated by the third example below), which
would obviously prevent the equilibrium strategies from coinciding with the
¢°ia(p) throughout o In range v, ¢°1v(par) < 1 = ¢°2,(par) = ¢°34(pr)
and ¢°;-7 > 0 in the interior of v, with qbof)w = 0’27 =0at p=npyu.3 Asto
range (3, ¢°;g(P(K1+ K3)) < 1 for all . This is seen almost immediately as

310n all this, see the appendix in [7].
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far as ¢°15(p) is concerned. As to ¢°;3(p) (j # 1), by simple computations it
is found that qf)ojB(P(KlJrKg)) < 1if and only lfHT > (Kl*KQ)P(Kl“i‘Kg),
which certainly holds since II} > p(D(p) — K2 — K3) throughout [pm, par)-

In a left neighborhood of P(K; + K3) gi)"gﬁ(p) might be negative. Note
that

f D'(p)  Ki D'(p) | 1 (Kz2(p—pm) 2 K3 pm
o/ _ -l o _ | e\ Pm) sraprm

Since QSOéﬁ(p) is decreasing, (bogﬂ (p) > 0 throughout 3 if and only if [¢Oéﬂ]p:P(Kl+K3) >
0. This in turn amounts to

K Pm
Kopm > =2 [D'(0)] — pacy 4100y X [P + K?’)}Q\/K? (1 - P(K1+K3)>'

(20)
If this inequality holds, then equilibrium strategies are actually the ¢°;5’s
throughout 3. (Note that in this case, ¢°3q(P(K1+ K2)) < 1 since ¢35 < 0
throughout 3.) If not, then, by Proposition 16, there is a gap [p, P(K1+ K3)]
in S3. Two cases are possible according to whether ¢°35(P(K; + K3)) >
¢03ﬁ(P(K1 +K2)) or (l)ogﬂ(P(Kl +K3)) < qﬁogﬁ(P(Kl +K2)) In the former
case p is such that ¢°35(p) = ¢°35(P (K1 + K3)); in the latter it is such that
#°30(p) = ¢°33(P (K1 + K3)). In the former case, the equilibrium strategies
are provided by equations (18) throughout a and by equations (19) over
subset [P(K7 + K3), p] of 3, the remaining subset [p, P(K; + K3)] being the
gap in Si: here ¢3(p) = °33(P(K1 +K3)), 61(p) = 55774 —sriey] 0

da(p) = p[D(p)fﬁ;p II((; ] In the latter case, equations (18) provide the

equilibrium strategies over subset [pp,, p] of o and ¢3(p) = ¢°35(P(K1+K3))

throughout range [p, P(K1+ K3)], the gap in S3. Now ¢1(p) = %

and ¢a(p) = % over subset [p, P(K1 + K»)| of the gap and
_ 115 —pK> _ 7 —pK1

$1(p) = P[D(p)—K12—K2—¢3(P)K3] and ¢(p) = P[D(P)—Kll—K2—¢3(P)K3] over the

remaining subset [P(K; + K3), P(K; + K3)].

We provide one example for each of the three cases which can arise for
(K1, K2, K3) € By: no gap in any S;, a gap in S3 with p € 3, and a gap in
S3 with p € a.

First example: D(p) = 10 —p, K1 = 5.98, Ko = 1, and K3 = 0.97. Then
py = 4.015, p, = 4.0152/5.98, and I = pp, K for each i. Condition (20)
is met, hence S; = [pm, par] for all 7.
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Second example: D(p) = 10 — p, K1 = 23/4, Ky = 3, K3 = 2. Then
pm = 2.5, p;m = 25/23, and II} = II} = p,,K; for each 7. Condition
(20) is violated, hence ¢3 is constant over range [p, P(K1 + K3)], where
P(K 1+K3) = 2.25. Tt is easily found that p &~ 1.57358 > P(K;+K,) = 1.25.

Third example: D(p) = 10 — p, K; = 5.45, Ky = 3, and K3 = 2.2.
Then py = 2.4, py = 2.42/5.45, and II} = p,,K; for each i. Condition
(20) is violated, hence ¢3 is constant over range [p, P(K1 + K3)], where
P(K1+K3) = 2.35. It is easily found that p ~ 1.48165 < P(K;+K3) = 1.55.
In fact, one can also easily check that ¢°3, P(K7 + K2) ~ 1.036.

Finally, to get further insights on gaps we worked out an example for set
Cy. Let D(p) = 20 — p and (K1, K1, K1) = (15,4,0.5). Then, pys = 7.75,
II¥ = 60.0625, p,, = 4.00416, and II; = 16.016. Note that (15,4,0.5) €

Cy since P(K1 + K3) = 1 < p,, = 4.00416 < P(K; + K3) = 4.5. We

partition [p,,,py] into o = [pm,pq(ﬁ)), B = [pv(fi),pg\?})), and v = [pg\‘r}),pM]-

I o, 1o = B0 g g, - 100G

that arg max,epp,,. p(x,)] 23(P; P1as P20) = P(K1+ K3), hence p,(g) = 4.5 and

I = Hg(pgg)) ~ 2.11620. To find pg\g/’l), note that, in v, ¢14 =1 — (pm/p) =

1 — (4.00416/p) and ¢p, = HPEL I — 9pU95-p)=60.005  Tpep the

equation Z3(p, ¢1~, P2y) = II3 over range [pp,, P(K1)] yields pg\?}) ~ 4.66038.

Turning to range (3, denote the solutions to system (14) by ¢°15(p), $°258(p),

and ¢°33(p).3? One can check that [¢°'25(p)]p_p(3> < 0. Therefore, there is
M

a gap [ﬁjﬂ in Sy, with 5: pg\?. As to p, this is found by solving ¢°25(p) =

qﬁ"zﬁ(]:a) = .487931 over (pg),pg\?), which yields p ~ 4.57316. Further, one
can check that ¢°15(p), ¢°23(p), and ¢°33(p) are all increasing throughout
[pg),fﬂ, so there are no further gaps. To sum up: S; = [4.00416,7.75],
Sy = [4.00416, 4.57316] U [4.66038,7.75], and S3 = [4.5,4.66038].

One can easily check

7 Concluding remarks

In this paper we extended the analysis of price competition among capacity-
constrained sellers beyond the duopoly and symmetric oligopoly cases. We
first derived some general and in a sense obvious results on the pure strategy
equilibrium under oligopoly, and then turned to mixed strategy equilibrium
under oligopoly. We proved - among other results - that the minimum of

32Gystem (14) lead to a second degree algebraic equation, only one of the solutions for
¢°25(p) being nonnegative.
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the support of the equilibrium strategy is determined for the largest firm
as in the duopoly (a similar result was recently provided for the maximum)
and that also the equilibrium profit of the second-largest firm is determined
as in the duopoly (a similar result was known for the largest firm). We
have also shown that there are circumstances where equilibrium strategies
are not fully determined for some firms and have found the single equation
then constraining those strategies.

It emerged in the course of our investigation that mixed strategy equi-
libria might look quite different depending on firms’ capacities: supports
of the equilibrium strategies may or may not coincide across all firms, the
equilibrium need not be fully determined as far as the firms other than the
largest are concerned, and equilibrium payoffs may or may not be propor-
tional to capacities. Thus a complete characterization of mixed strategy
equilibrium requires a taxonomy, and we provided it for triopoly. We parti-
tioned the region of the capacity space where the equilibrium is mixed into
several subregions according to the set of properties of the equilibrium spe-
cific to each subregion. Another novel feature - in the context of concave
demand, constant and identical unit cost and efficient rationing - revealed
by our analysis is the possibility of the support of an equilibrium strategy
being disconnected, and we showed how gaps are actually determined in
that event. Having made the taxonomy of mixed strategy equilibria - in
terms of the minima and maxima of the supports - having determined the
equilibrium payoffs of the firms and the degree of determinateness of the
equilibrium, and having seen how any gap is determined, computing the
mixed strategy equilibrium is an easy task, as exemplified in Section 6.
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