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Abstract

Judgement aggregation is a model of social choice where the space of social alter-
natives is the set of consistent truth-valuations (‘judgements’) on a family of logically
interconnected propositions. It is well-known that propositionwise majority voting can
yield logically inconsistent judgements. We show that, for a variety of spaces, proposi-
tionwise majority voting can yield any possible judgement. By considering the geometry
of sub-polytopes of the Hamming cube, we also estimate the number of voters required to
achieve all possible judgements. These results generalize the classic results of McGarvey
(1953) and Stearns (1959).

Let K be a finite set of propositions or ‘properties’. An element x = (73)pex € {£1}F
is called a judgement, and interpreted as an assignment of a truth value of ‘true’ (+1) or
‘false’ (-1) to each proposition. Not all judgements are feasible, because there will be logical
constraints between the propositions (determined by the structure of the underlying decision
problem faced by the voters). Let X C {£1}* be the set of ‘admissible’ judgements —we refer
to X as a property space. An anonymous profile is a probability measure on X —that is, a
function p : X——[0, 1] such that » ., u(x) = 1. (Interpretation: for all x € X', u(x) is the
proportion of the voters who hold the judgement x). Let A(X) be the set of all anonymous
profiles. Judgement aggregation is the problem of converting a profile p € A(X) into the
element x € X which best represents the ‘collective will’ of the voters. This problem (with
different terminology) was originally posed by Guilbaud [Gui52], and later investigated by
Wilson [Wil75], Rubinstein and Fishburn [RF86], and Barthelémy and Janowitz [BJ91]. Since
the work of List and Pettit [LP02], there has been an explosion of interest in this area; see List
and Puppe [LP09] for a recent survey of judgement aggregation research.

For example, let A be a finite set of social alternatives. A tournament on A is a complete
antisymmetric relation “<” over A. A preference order is a transitive tournament (i.e. a linear
ordering) on A. Let £ C A x A contain exactly one of the pairs (a,b) or (b,a) for each
distinct a,b € A. Any x € {£1}* represents a tournament “<”, where a < b iff z,, = 1.
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Every tournament on A corresponds to a unique element of {£1}*. Let X% denote the subset
of all elements of {+1}* which correspond to preference orders. Thus, a profile u € A(XY)
represents a group of voters who each assert some preference order over A. In this case, the
goal of judgement aggregation is to distill u into some ‘collective’ preference order on A —this
is the familiar Arrovian model of preference aggregation.

Propositionwise majority vote is defined as follows. For any p € A(X), any k € K, let
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xeX

be the u-expected value of coordinate ;. Thus, i, > 0 if and only if a strict majority of voters
assert ‘xp = 17; whereas i, < 0 if and only if a strict majority of voters assert ‘xy = —1’.
Let A" (X) = {u € A(X); . # 0, Yk € K} be the set of anonymous profiles where there is
a strict majority supporting either +1 or -1 in each coordinate.! For any p € A* (X), define
maj(u) € {£1}* as follows:

. 1 if g >0
for all k € IC, maj, (1) = { —1 if /;LZ < 0. 2)

Unfortunately, it is quite common to find that maj(u) ¢ X —the ‘majority will’ can be in-
consistent with the underlying logical constraints faced by the voters. (In the case of aggre-
gation over X" with |A| > 3, this problem was first observed by Condorcet [Con85].) Let
maj(X) := {maj(u) ; p € A" (X)}; this describes the set of all majoritarian voting patterns that
can result from some possible profile of judgements. Following McGarvey [McG53], we think of
maj(X) \ X as the range of possible ‘voting paradoxes’ which can occur under propositionwise
majority vote.

Clearly X C maj(X). We say that X' is majority consistent if maj(X’) = X. This occurs
only when X satisfies a strong combinatorial /geometric condition, as we new explain. For any
X1, Xz, X3 € X, we define med(xy, X2, X3) := maj(u), where p € A" (X) is defined by p(x;) = 3
for j = 1,2,3; this defines a ternary operator on {£1}*, called the median operator. Let
med' (X) := {med(x,y,2) ; x,y,z € X}. For all n € N, we inductively define med"™(X) :=
{med(x,y,2); X,y,z € med”(X)}. This yields an ascending chain X C med'(X) C med?(X) C

--. Let med™(X) := U med"(X') be the median closure of X. We say that X is a median
n=1

space if med'(X) = X (e?quivalently: med™(X) = X). At the opposite extreme, X is median-
saturating if med™(X) = {£1}*. For any X C {£1}*, we have:

X C med(X¥) C maj(X) C med®(X). (3)

The first two inclusions are obvious by definition. The last inclusion is due to Nehring and
Puppe [NPO07]; see also [NP10b].? Tt follows that X is majority consistent if and only if X is a

1Usually, judgement aggregation is considered on all of A(X). However, we will confine our attention to
profiles in A* (X) for expositional simplicity. (If the set of voters is large (respectively odd), then a profile in
A(X)\ A* (X) is highly unlikely (respectively impossible) anyways.)

2The close relationship between the median operator and majoritarian consensus on median graphs and
median lattices had earlier been explored by [Gui52, BJ91, MMPO00] and others.



median space. If X' is not a median space, then eqn.(3) is is useful because it is relatively easy
to compute med™(X), as we now explain.

Let J C K and let w € {£1}7; we say that w is a word (or sometimes, J-word) and call J
the support of w, denoted supp (w). If Z C J and v € {&1}%, then we write v C w if v; = w;
for all i € Z. We define |w| := |J|. We say w is an X-forbidden word if, for all x € X', we have
w IZ x. Let Wh(X) be the set all X-forbidden words of length 2. We have:

Proposition 1.1 Let X C {£1}*.
(a) med®(X) :={xe {£1}’; wiZ x, Vw € Wy(X)}.
(b) In particular, X is median-saturating if and only if Wa(X) = (.
(The proof of this and all other results are in Appendix A at the end of the paper.)

Example 1.2. Let A be a set and let K := {(n,m) € N x N ; n # m}; then any x € {+1}*
represents a binary relation “<” on N such that n < m if and only if Tpm = 1. Let
X C {£1}* be any space of complete binary relations. Then W, (X) # ), because for any

x € X and (n,m) € K, we cannot have both z,,, = —1 and z,,,, = —1 (by completeness).
Thus, med™(X) # {£1}*. O

Given a property space X C {41}*, Proposition 1.1 and eqn.(3) raise the question: is
maj(X) = med™(X)? (4)

Clearly, if X' is a median space, then eqn.(3) implies that maj(X’) = med™(X). At the other
end of the spectrum, McGarvey [McG53] showed that maj(Xy) = {£1}* whenever |A| > 3;
this automatically implies that maj(X’’) = med™(X}). Shelah [She09] has recently extended
McGarvey’s result to the case when X represents any collection of tournaments on A which is
invariant under vertex permutations (see Proposition 3.5 below).?

Question (4) appears to be difficult to answer in full generality. We will thus focus on
the special case when equation (4) holds and X is median-saturating —in other words, when
maj(X) = {£1}*. In this case, we say that X is McGarvey.

If X is McGarvey, then every conceivable ‘voting paradox’ can be obtained through propo-
sitionwise majority voting on X. The McGarvey property is also useful in establishing other
results about X'. For example, Nehring, Pivato and Puppe [NPP10] consider other judgement
aggregation rules on X based on ‘Condorcet efficiency’ (a generalization of the ‘Condorcet prin-
ciple’ of preference aggregation). The McGarvey property of certain property spaces is part of
the reason that Condorcet efficient judgement aggregation can be quite indeterminate on those
spaces.

The central question of this paper is: What property spaces are McGarvey? Let conv(X)
denote the convex hull of X (seen as a subset of RF), and let int [conv (X)] denote its topological
interior. Let 0 := (0,0,...,0) € RX. For any x € {#1}*, the open orthant of x is the open set
Oy = {r € RX; sign(r) = 3, V k € K}. Most of the results in this paper are based on the
following characterization of McGarvey spaces:

3Shelah [She09] also proves other, more general results about maj(X) when X represents a symmetric set of
tournaments.



Theorem 1.3 Let X C {+1}*. Then
(a) maj(X) = {x e {£1}*; OxNconv(X) #0}.
(b) The following are equivalent:

(bl) X is McGarvey;
(b2) 0 € int [conv (X)];
(b3) For every nonzero z € R, there exists x € X with z e x > 0.

(b4) span(X) =RX, and 0 is a strictly positive convex combination of elements of X.
(b5) cone(X) = RX.

Conditions (b2) and (b5) locate the McGarvey problem in the theory of convex polytopes. In
applications, falsifying (b3) is often the easiest way to show that X is not McGarvey, while
(b4) is a handy method to show that X' is McGarvey (in practice, most judgement aggregation
problems satisfy the hypothesis span(X) = R¥.) Condition (b5) implies that, not only can
we realize any x € {£1}* by a majority vote, but further, we can realize any given ratio
of supermajorities supporting the various coordinates x; this is useful in the study of certain
‘supermajoritarian efficient’ judgement aggregation rules [NP10a].

The rest of this paper is organized as follows. In §2, we ask how small X can be while
still being McGarvey, or how large it can be without being McGarvey. In §3, we characterize
the McGarvey property for judgement aggregation spaces with many symmetries; this includes
spaces of preference relations, equivalence relations, and connected graphs, and also leads to a
simpler proof of a recent result of Shelah [She09]. In Sections 4, 5 and 6 we consider the Mc-
Garvey problem for comprehensive spaces, truth-functional aggregation spaces, and convexity
spaces, respectively. Finally, in §7, we consider a problem originally studied by Stearns [Ste59]:
how many voters are required to realize the McGarvey property of a space X7 We show that
several important families of aggregation spaces only require around 2K voters. However, us-
ing a result of Alon and Vu [AV97], we also show that the required number of voters can be
extremely large for some McGarvey spaces.

Throughout this paper, we make the following assumption without loss of generality: for
all k € IC, there exist x,x" € X such that z; # 2, (otherwise one can just remove k from K).
We will also assume || > 3 (otherwise the McGarvey problem is trivial).

2 Minimal McGarvey spaces and maximal non-McGarvey
spaces

If X CY C {£1}*X and X is McGarvey, then clearly Y is also McGarvey. It is therefore
interesting to study ‘minimal’ McGarvey spaces. We say that X is minimal McGarvey if X is
McGarvey, but no proper subset of X is McGarvey. For the next result and the rest of the
paper, we define K := |K].

Proposition 2.1 (a) Suppose K > 3. Then min{|X|; X C {£1}* is McGarvey} =
K+ 1.



(b) max{|X|; X C {£1}* is minimal McGarvey} = 2K.

Example 2.2. Suppose K > 3. For all j € K, define x/ € {£1}* by X;: = 1, while
xh = —1forall k € K\ {j}. Define X := {#x’},ex. Then |X| = 2K. In Appendix A, we
show that X is a minimal McGarvey space. In particular, if K = 3, then X = {(1,1, 1),
(1,-1,1), (-1,1,1), (-1,-1,1), (—=1,1,-1), (1,—1,—1)} is a minimal McGarvey set
with six elements. Let A := {a,b, ¢} and identify K with the set {(a,b), (b, c), (c,a)}; then
X =Xy

(Another class of minimal McGarvey spaces is described in Appendix B.) &
By comparison, Carathéodory’s theorem says that if Y C {&1}* is a minimal set with 0 €
conv()), then 2 < |Y| < K + 1. The requirement that 0 be in the interior of conv()) instead
entails K 4+ 1 < |Y| < 2K; this shows that the interiority condition is quite substantive.

For further comparison, we say that X’ is minimal median-saturating if X’ is median-saturating,
but no proper subset of X is median-saturating.

Proposition 2.3 Let K € N.
(a) [logy(K)]+1 < min{|X|; X C {1} is median-saturating} < 2[logy(K)] + 2.

(b) If K > 4, then K(K — 1)/2 < max{|X]; X C {1} is minimal median-
saturating} < 2K(K —1).

A comparison of Propositions 2.1 and 2.3 indicates how median saturation is substantially
weaker than the McGarvey property.

Proposition 2.4 (a) max{|X|; X C {£1}* isnot McGarvey} = %QK,

(b) max{|X|; X C {&1}* is not median-saturating} = 32K,

=~

Example 2.5. Let K ={1,2,...,K} and let X := {x € {x1}*; (z1,22) # (—1,—1)}. Then

X is a median space (hence, neither McGarvey nor median-saturating) but |X| = 32K,
(Also, note that 0 € conv(X) and int [conv (X)] # 0; this shows that the McGarvey property
is stronger than the conjunction of these two conditions.) O

Propositions 2.1 and 2.4 show that the McGarvey property places only very loose constraints
on the cardinality of X. Much more important is how ‘dispersed’ X is as a subset of {£1}*.

3 Symmetric property spaces
For any X C R¥, the symmetry group of X is the set 'y of all invertible linear transformations
v : R*—R"* such that y(X) = X. Let Fix(Tx) := {reR"; y(r)=r, VyeTI'}. For

example, 0 € Fix (I'y), because v(0) = 0 for any linear transformation y : R* —RX.

Proposition 3.1 Let X C {£1}* and suppose span(X) = R¥.



(a) If Fix(I'y) = {0}, then X is McGarvey.
(b) In particular, if —X = X, then X is McGarvey.

Clearly, X cannot be McGarvey unless span(X) = R*. One advantage of Proposition 3.1 over
Theorem 1.3(b2) is that it is generally easier to verify that span(X) = R than it is to verify
that 0 € int [conv (X')]. For instance, the next result is often sufficient.

Lemma 3.2 Let X C {£1}*. Suppose that, for every j € K, there exist X,y € X such that
z; #y;, but Ty =y for allk € K\ {j}. Then int [conv (X)] # 0, and thus span(X) = R,

Example 3.3. (Preference aggregation) As discussed in the introduction, let A be a set with
|A| > 3, and let £ C A x A be a subset containing exactly one of (a,b) or (b,a) for each
a# b€ A, so that {1}* represents the set of all tournaments on A. Let X% C {£1}*
be the space of preference orders on A. For any (a,b) € K, there exist x,y € X}/ such
that x,p # Yap, but x and y agree in every other coordinate. (For example: let x represent
an ordering of the form a < b < ¢c3 < ¢4 < -+ < cy, and let y represent the ordering
b<a=<c3=<cy<---<cy.) Thus, Lemma 3.2 implies that span(XY) = R*.

Clearly, —X = X} (if x represents the ordering a; < as < -+ < ay, then —x represents
the ordering a; > as = -+ > ay). Thus, Proposition 3.1(b) implies McGarvey’s original
result: X'} is McGarvey. &

Example 3.4. (Linear classification) Let D € N, and let K C R” be a finite set of points. For
any r € R* and ¢ € R, let H; = {k € K; rek < ¢} (the intersection of I with a half-space
in R”). Then define x} € {£1}* by (2}) = 1 if k € H}, and (z)x = —1 if k ¢ H. Let
X = {xp;re RX and ¢ € R}. Intuitively, each element of X’ represents a ‘classification’ of
the elements of K into two subsets separated by an affine hyperplane in R”.

Note that —X = X. To see this, let r € R* and ¢ € K. We have —x,; = X_, if there is
no k € K with r e k = ¢. If there is such a k, then we have —x} = x_7, for any ¢’ < ¢

q
sufficiently close to ¢ (because K is finite).

In the Appendix, we prove span(X) = RX. Thus, Proposition 3.1(b) implies that X is
McGarvey. &

3.1 Symmetric sets of tournaments

Let A and K be as in Example 3.3. Let I14 be the group of all permutations of A; then I 4 acts
on the set of tournaments on A by permuting vertices in the obvious way. (Note: permutations
of A do not correspond to permutations of IC.) If 7 is a collection of tournaments on A,
then we say 7 is symmetric if 7(7) = T for all # € II4. For any x € {£1}*, let T be the
tournament defined by x. Define X7y := {x € {£1}*; Ty € T}. (For example, X} = Xzo
where 7P" is the set of all preference orders on A. Observe that 7P is symmetric.)

Let T € 7. Regard T as a digraph. For any a € A, let #In,(T) be the number of
edges going into vertex a, while #O0ut,(T) is the number of edges coming out of a. (Thus,
#In,(T) + #O0ut,(T) = |A| — 1.) A directed Eulerian trail on T is a directed path through T



which crosses every directed edge (in the correct direction) exactly once. It is well-known that
T admits a directed Eulerian trail if and only if #In,(T) = #Out,(T) for every a € A. Shelah
[She09] has recently proved the following generalization of McGarvey’s theorem:

Proposition 3.5 (Shelah, 2009) Suppose |A| > 3. Let T be a symmetric set of tournaments
on A. Then

(XT 15 McGarUey) = (There exists some T € T which does not admit a directed Eulerian tmz’l) .

In the Appendix, we give a simple proof of Proposition 3.5 as a consequence of Proposition
3.1(a). (Most of the work is devoted to showing that the right hand side implies that span(X7) =
RX.)

3.2 Coordinate permutations

Let 1:=(1,1,...,1) € R*, and let R1 C R* be the linear subspace it generates.

Proposition 3.6 Let X C {£1}* and suppose Fix (['y) C R1. Then X is McGarvey if and
only if span(X) = RX and there exist r < 0 <t € R such that r1,t1 € conv(X).

A coordinate permutation of R* is a linear map v : R*—R" which maps any vector
(Te)rex € RX to the vector (7r(k))vex, for some fixed permutation 7 : K——IC. The set of
all coordinate permutations in I'y forms a subgroup, which is isomorphic to a group Ily of
permutations on K in the obvious fashion. We say that Ily is transitive if, for any j, k € K,
there is some 7 € Iy such that 7(j) = k. For any x € {£1}*, let #(x) := #{k € K ; 2, = 1}.

Corollary 3.7 Let X C {£1}* and suppose Iy is transitive. Then X is McGarvey if and
only if span(X) = R* and there exist x,y € X with #(x) < K/2 < #(y).

Example 3.8. (Symmetric binary relations) Let N be a set, and let I be the set of all subsets
{n,m} C N containing exactly two elements. Interpret each element of x € {£1}* as
encoding a symmetric, reflexive binary relation “~” (i.e. for any {n,m} € K, we have n ~ m
if £,m =1 and n # m if x,,, = —1). For any permutation 7 : N'— N, define 7, : C—K
by m{n,m} := {n(n), 7(m)} for all {n,m} € K. Let I, be the set of all such permutations;
then IL, acts transitively on K (for any {ni,mi} € K and {ns,ms} € K, let 7 : N— N be
any permutation such that m(n;) = ny and m(m;) = mo; then m.{ny,m} = {ns, mo}).

(a) (Equivalence relations) Let X3} C {£1}* be the set of equivalence relations. Then II xea i
transitive because it contains II,.

For any {n,m} € K, there exist x,y € X}} such that z,,, # ynm, but x and y agree in
every other coordinate. (For example: let x represent an equivalence relation where n and
m are both in singleton equivalence classes, and let y represent the relation obtained from
x by joining n and m together into one doubleton equivalence class). Thus, Lemma 3.2
implies that span(Xy}) = R,



Note that £1 € &)} (1 represents the ‘complete’ relation “~” such that n ~ m for all
n,m € N, whereas —1 represents the ‘trivial’ relation such that n % m for any n # m € N).
Thus, Corollary 3.7 implies that X} is McGarvey.

This result (and Example 3.3) do not really require Corollary 3.7; in fact, we can obtain
more refined results about A" and X;? by using special structural properties of these spaces
which have nothing to do with symmetry per se (see Example 7.4 below). However, the
next four examples do make essential use of symmetry.

(Restricted Equivalence Relations) For any x € X7, let rank(x) be the number of distinct
equivalence classes of the relation defined by x. Suppose 2 <r < R < N, and let X;?(r, R)
be the set of all x € A} with » < rank(x) < R; this is the set of all equivalence relations on
N satisfying certain constraints on the ‘coarseness’ or ‘fineness’ of the equivalence partition.
Clearly Iyea(, gy 2 1L, so it is transitive. One can show span [X(r, R)] = RX through a
very similar argument to example (a). Thus, we can apply Corollary 3.7. Define

1++v2N2—-2N +1

7(N) = N+1 — 5

(Thus, if N is large, then 7(N) ~ N — N/v/2.) In Appendix A, we show that X33(r, R) is
McGarvey if and only if r < 7(N).

(Connected graphs) We can also interpret any x € {£1}* as encoding a graph. Let X< C
{£1}* be the set of all elements of {4-1}* representing connected graphs on N'. Then II aget
is transitive because it contains II,.

For any {n,m} € I, there exist x,y € X3 such that x,,, # ynm, but x and y agree in
every other coordinate. (For example: let x represent a connected graph where vertices n
and m are not linked. Let y represent the graph obtained from x by adding a link from n
to m). Thus, Lemma 3.2 implies that span(X<) = RX.

There exists x € AP with #(x) < K/2 (for example, let x represent a graph where
the elements of N are arranged in a loop —then #(x) = |N| < K/2). There also exists
y € Xyt with #(y) > K/2 (for example: 1 € X). Thus, Corollary 3.7 says that X3 is
McGarvey.

(Trees) A graph is a tree if it is connected but contains no loops. Let X° C A be the
space of all trees. Let N := |[N|; then #(x) = N — 1 for every x € X (because every tree
has exactly N — 1 activated edges). Thus, Corollary 3.7 implies that X} is not McGarvey.

Interestingly, however, X is median-saturating. To see this, note that any loop in a graph
must involve at least three activated edges, and if |[A| > 4, then any disconnected graph
must have at least three deactivated edges. Thus, Wy(X3*) = 0; hence Proposition 1.1(b)
implies that med™ (Xg=) = {£1}*. Thus, equation (4) is false for A}

(Two more examples of symmetric McGarvey spaces are described in Appendix B.) &

An interesting open question: what is the correct analog of Proposition 3.5 when 7 is a sym-
metric set of symmetric binary relations (i.e. graphs) on A7



4 Comprehensive property spaces

For any r,s € RX, write r < s if r, < s for all k € K. Write r < s if r, < s;, for all k € K.
The space X is comprehensive if, for all x € X and all y € {£1}*, if x <y, then y € X also.

Example 4.1. Let K be a set of ‘candidates’. Each x € {4+1}* represents a ‘committee’
drawn from K. Suppose X is the set of all committees satisfying a certain minimum level
of representation from certain subgroups of candidates (e.g. “at least 3 female commit-
tee members”), with no upper bounds on the size of the whole committee. Then X is
comprehensive. &

Proposition 4.2 Let X C {£1}* be comprehensive. The following are equivalent: (a) X is
McGarvey; (b) There exists ¢ € conv(X) with ¢ < 0; (¢) —1 € maj(X).

Example 4.3. Suppose X C {£1}* is comprehensive and there is a subset J) C X such that,
for each k € IC, we have #{y € V; yp = 1} < |Y|/2. Let ¢ := ﬁ > yey Y; then ¢ € conv(X)
and ¢ < 0; hence X is McGarvey. &

In comprehensive spaces, median saturation is substantially weaker than the McGarvey
property.

Proposition 4.4 Let X C {£1}* be comprehensive. Then X is median-saturating if and only
if, for every j, k € IC, there exists x € X with xv; = 0 = xy,.

Example 4.5. Let K/2 < M < K —2, and let X%y = {x € {£1}"; #(x) > M}. Then
X<y is median-saturating (by Proposition 4.4) but not McGarvey (by Corollary 3.7); thus,
eqn.(4) is false for XLy &

5 Truth-functional aggregation

Let J be a set of logically independent propositions, and let f : {£1}Y—{41} be some
function. Let K := J U {0}, and define X; := {(x,y); x € {1}’ and y = f(x)}; a subset of
{£1}*; this is called a truth-functional space; see [NP0OS, DHO09].

Many truth-functional spaces are not McGarvey. For example, let & : {&1}?——{+1}
be the Boolean ‘and’ operation (i.e. &(xy,z5) = 1 if and only if 27 = 1 = zy; otherwise
&(xy,19) = —1), and let Xy C {£1}® be the corresponding truth-functional space. Then X, is
not McGarvey. Indeed, X, is not even median-saturating (this follows from Proposition 1.1(b),
because Wy (X, ) contains the forbidden word (x,0;1)).

Proposition 5.1 Suppose |J| > 2, and suppose f : {£1}7 —{&1} depends nontrivially on
more than one [J-coordinate. If Z f(x) =0, then X is McGarvey.

xe{+1}7

For example, let @ : {£1}7 —{=+1} be the J-ary ‘exclusive or’ function. That is: &(x) =1
if and only if #{j € J ; z; = 1} is odd. Then Xz is McGarvey.

9



Proposition 5.2 Let f : {#1} —{+£1} be a truth function. Suppose f~{1} and f~{-1}
are both McGarvey, when seen as subsets of {£1}7. Then X} is McGarvey.

A truth-function f : {#1}7 —{=£1} is monotone if, for all x,y € {&1}7,

(fx)=tandx<y) = (fv)=1).

Combining Propositions 4.2 and 5.2, we see that even monotone truth functions can be Mc-
Garvey.

Proposition 5.3 Let f: {£1}7—{41} be monotone. Suppose that:

1. there exists Yy C f~{1} such that for each j € J, we have #{y € V1; y; = 1} <|Vi|/2;
and

2. there exists Y C f~{—1} such that for each j € J, we have #{y € Y_; y; = —1} <
V-[/2.

Then Xy is McGarvey.

For example, let J > 7 be odd, and let I := (J — 1)/2. Let J := [1...J]. For any n € N,
let [n] be the unique element of J which is congruent to n, mod J. For all j € J, define
y’ € {+1}7 by y[jﬁi] — 1 for all i € [1...]], and y] = —1 for all other k € J. Then define
f o {£1}7 —{&1} as follows: f(x) = 1 if and only if x > y’ for some j € J. Then f is
monotone, and the set Y, := {y’ ; j € J} satisfies hypothesis #1 of Proposition 5.3. On the
other hand, let z' := (1,1,—-1,1,1,—-1,1,1,—1,...), let z* := (1,—1,1,1,-1,1,1,-1,1,...),
and let z3 := (—1,1,1,—1,1,1,—1,1,1,...). Then Y_ := {z' z? 23} satisfies hypothesis #2 of
Proposition 5.3. Thus, &} is McGarvey.

6 Convexities

A convexity structure on K is a collection € of subsets of K such that §) € €, K € €, and € is
closed under intersections [vdV93]. Convexity structures often represent the ‘convex’ subsets
of some geometry on K.

Example 6.1. A metric graph is a graph where each edge is assigned a positive real number
specifying its ‘length’. Let K be the vertices of a metric graph. For any 7,k € K, a geodesic
between j and k is a minimal-length path from j to k. A subset C C K is convex if it
contains all the geodesics between any pair of points in C. The set € of all convex subsets
of I is then a convexity structure on K. &

For any J C K, define x7 € {£1}* by X}7 =1forallje€J and xy :==—1forall ke K\ J.
Given a convexity structure € on K, let Xy := { xt; C¢e QZ}. Thus, judgement aggregation on
X is the problem of democratically selecting a convex subset of IC. (This problem arises, for
example, when a jury wishes to award prizes to some selected subset of contestants according
to some ‘quality metric’, or when an expert committee tries to classify an unfamiliar entity
within a taxonomic hierarchy.)
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Proposition 6.2 Let € be a convexity on IC, and let Xg be as above.
(a) For any J C K, (Xj € maj(?Q)) — (j is a union of elements of Q:).

(b) The following are equivalent:
[i] Xe is McGarvey.

[ii] X is median-saturating.

[iii] € includes all the singleton subsets of K.

For example, the metric graph convexity in Example 6.1 is McGarvey.

7 Stearns numbers

Even if X' is McGarvey, the hypothesis of Theorem 1.3(b) leaves the possibility that we can
only realize this McGarvey property using very precisely engineered profiles involving an as-
tronomically large number of voters. This would greatly diminish the practical relevance of
the McGarvey property. So we now ask: what is the smallest number of voters required to
realize the McGarvey property of X7 This question was first studied by Stearns [Ste59] for
preference-aggregation on X;'. For any N € N, let

A% (X) = {/,LeA*(X) L VxeEX, ,u(x):%forsomene[o...]\f]}.

In other words, A% (&) is the set of profiles which can be generated by a population of exactly
N voters. Let X C {£+1}* be McGarvey. We define the Stearns number S(X) to be the
smallest integer such that, for any x € {£1}*, there exists some N < S(X) and pu € A% (X)
with maj(u) = x. (Define S(X) := oo if X is not McGarvey). For example, if A := |A|,
then Stearns [Ste59] showed that 0.55- A/log(A4) < S(XY) < A+ 2. Erdés and Moser [EM64]
refined Stearn’s estimate by showing that S(X}) = ©(A/log(A)). We now investigate the
Stearns numbers of other McGarvey spaces. For any r € R, let ||r|_ := sup|ry|. For any
kek

e >0, let B(e) == {reR"; [r| <e}. For any X C {1}, let o(X) := min{N € N;
B(%) C conv(X)}. The next result can be seen as a ‘quantitative’ refinement of Theorem 1.3.

Theorem 7.1 For any X C {£1}*, we have o(X) < S(X) < 4(K + 1) o(X).

The upper bound in Theorem 7.1 is an overestimate, in general. For example, Alon [Alo02]
has shown that o(XY) = O(v/A); and in the case of X%, we have K = A(A — 1)/2; thus
Theorem 7.1 yields S(X}) < O(A%?), which is much worse than the estimate of ©(A/log(A))
obtained by Erdés and Moser [EM64]. Nevertheless, it may not be possible to improve the esti-
mate in Theorem 7.1, without making further assumptions about the structure of X'. The next
result provides some bounds on the size of o(X) and S(X). For any xi,...,xx € {£1}X,
let 0(x1,...,Xk) = min{|c||; ¢ € conv(xy,...,xk)}. Let §(X) = min{o(xy,...,XK);

o0’

X1,...,Xxg € X and 0 & conv(xy,...,Xg)}. Finally, let §(K) := 6({£1}F).
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Proposition 7.2 Let X C {£1}*.
(a) If X is McGarvey, then o(X) < [1/6(X)].

(b) For every McGarvey X C {£1}*, we have S(X) < 4(K + 1) [1/§(K)].
However, there exist McGarvey X C {£1}* with S(X) > 1/§(K).

KK/2 1 K2+K/2
(c) 92K +0(K) < 5(K) < oK1 -

The inequalities in Proposition 7.2(c) are derived from inequalities obtained by Alon and Va
[AVO7] for the inverses of {0, 1}-matrices; these inequalities have many implications for the
geometry of sub-polytopes of {41} [Zie00, §5.2]. Proposition 7.2(b,c) imply that the Stearns
numbers of some McGarvey spaces can be extremely large. However, for the McGarvey spaces
typically encountered in practice, the Stearns numbers are often much smaller, as shown by the
next result and following examples.

Proposition 7.3 (a) If1 € X, and x* € X for all k € K, then S(X) < 2K — 3.

(b) Suppose that —1 € X, and suppose that, for all k € I, there exist x,y € X such that
xr =1 =y, but x and y differ in every other coordinate. Then S(X) < 2K + 1.

(c) Suppose —X = X and suppose that, for all k € IC, there exist X,y € X such that
T # Yk, but X and'y agree in every other coordinate. Then S(X) < 2K.

Example 7.4. (a) (Convezities) Let € be a convexity on L. Then 1 € X (because K € €).
If X¢ is McGarvey, then Proposition 6.2(b) says x* € X for all k € K; thus, Proposition
7.3(a) says S(Xeg) < 2K — 1.

(b) (Equivalence Relations) Let N be a set, and let K and X3¢ C {£1}* be as in Example
3.8(a). Observe that 1 € X}? (it represents the ‘complete equivalence’ relation such that
n ~ mforalln,m e N). Also, for all {n,m} € N, x™™ € X} (it represents the equivalence
relation such that n ~ m, but no other pair of elements are equivalent). Thus, Proposition
7.3(a) implies that X} is McGarvey, and S(X3}) < N(N —1) — 1.

(c) (Preorders) Let K := {(n,m) € N'xN;n #m}. Thus, an element of {+1}* can represent
a reflexive binary relation “<” on N. A preorder is a reflexive, transitive binary relation on
N (note that we do not assume preorders are complete). Let X3 C {£1}* be the set of
all preorders on N. Thus, 1 € X} (it represents the relation of total indifference). Also,
for all (n,m) € N, x™™ € X (it represents the preorder such that n < m, but no other
preo

pair of elements are comparable). Thus, Proposition 7.3(a) implies X{* is McGarvey, and
S(Xy”) <2N(N —-1)—1.

(d) (Complete preorders) Now let X* C X* be the set of all complete preorders. Then X* is
not McGarvey. Indeed, Example 1.2 shows that X'* is not even median-saturating.
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(e) (Committees) Let K be a set of candidates; then any element of {£1}* represents a ‘com-
mittee’ formed from these candidates. Let K1, Ko, ..., C K be disjoint subsets with car-
dinalities K1, Ko, ..., K, respectively. Fix I, J € Nwith 0 < < K/2 < J < K. Likewise,
for all ¢ € [1...L], fix I, J, € N with 0 < I, < K;/2 < J;, < K;. For any x € {£1}*
and ¢ € [1...L], define #,(x) = #{k € K;; v =1}. The set X" = {x € {F1}¥;
I < #(x) < Jand Iy < #4(x) < Jp, ¥V £ € [1...L]} represents the set of all commit-
tees formed from the candidates in K, with upper and lower bounds on the size of the
whole committee, and also upper/lower bounds on the level of representation from various

L L
‘constituencies’ Ky, ..., K. Note that X #£ () as long as Zlg < Jand Z Jo > I.In
=1 (=1
the Appendix, we use Proposition 7.3(c) to show that S(AX*™) < 2K.

(f) Let X be the ‘linear classification’ space from Example 3.4. We have already seen that
—X = X. The proof that span(X) = R¥ (in the Appendix) defines a linear ordering on K
and then constructs a subset {x*},cx C X such that, for all j,k € K, if j is the immediate
predecessor to k, then x/ and x* differ only in coordinate k. Thus, Proposition 7.3(c) implies
that S(X) < 2K.

In view of the tight ‘linearity’ structure imposed on individual classification judgments, one
would intuitively expect S(X) to be quite ‘large’. Our conclusion does not contradict this
intuition. While S(&X) is linear in K, the value of K —given by the number of elements
to be classified —will typically itself be ‘large’ relative to |X| (i.e. the number of linear
classifications on K). $

Conclusion

In this paper, we have investigated when the aggregation of judgments by proposition-wise
majority votes results in a complete loss of structure at the group level. For this to occur, at
the individual level, any pairwise combination of judgments on specific propositions must be
admissible; this yields the property of median saturation. We showed that, for many (but not all)
median-saturated spaces, McGarvey’s original result about preference aggregation generalizes,
and a complete loss of structure in fact occurs.

Median saturation is obviously restrictive, and in many contexts, there are built-in con-
straints on the judgments on pairs of propositions. For instance, if incomplete preferences (i.e.
asymmetric and transitive binary relations) are aggregated, then asymmetry imposes such a
pairwise constraint, which will be preserved by pairwise majority voting. On the other hand,
in analogy to McGarvey’s original result on linear orders, one would expect asymmetry to be
the only restriction on the binary relation that is preserved by majoritarian voting. That is,
one would expect equation (4) to be true: maj(X) = med™(X).

Let’s call equation (4) the Generalized McGarvey Property. The investigation of conditions
under which this property obtains is an important task for future research, because it frequently
seems natural and plausible. Theorem 1.3(a) implies that, like the McGarvey Property, the
Generalized McGarvey Property is a property of convex polytopes in {£1}* —mnamely the
property that conv(X') intersect the open orthant Oy for every x € med™(&X’). The further
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analysis of this property and its applications to specific types of aggregation problems will yield
interesting new challenges and rewards.

Appendix A: Proofs

Proof of Proposition 1.1. Part (b) follows immediately from (a). Part (a) follows (after some
decryption) from Lemma 1.6.20(1) on p.130 of [vdV93]. We will give another proof of part
(a), using ‘critical words’. For any Y C {£1}*, let W(Y) be the set of all Y-forbidden
words. A word w € W(Y) is YV-critical if no proper subword of w is in W()). Let W*())
be the set of V-critical words. For any X,Y C {£1}*, we have:

(W*(y) C W*(X)) — (W(y) C W(X)) — (X C y) . (5)
Proposition 4.1 of [NP07] states:
(y is a median space) — (All Y-critical words have order 2) : (6)

Let Y := {x e {£1}’; wZ x, V w € Wy(X)}. We must show that med™(X) = Y. By
construction, W*(Y) = Wh(X). Thus, every Y-critical word has order 2, so statement (6)
says ) is a median space. Also, W()) C W(X), so (5) implies X C ). But by definition,
med™ (X) is the smallest median space containing X. Thus, med™ (X)) C ).

To see the reverse inclusion, note that med™(X) is a median space; thus, statement (6)
says every med™(X)-critical word has order 2. However, X C med™(X), so (5) implies
Wmed™ (X)] € W(X). Thus, W*med™(X)] C Wu(X) = W*(Y). Thus, (5) implies that
Y C med™(X). Thus, Y = med™(X). O

Proof of Theorem 1.3. (a) Let p € A*(X). For all k € K, define ji; as in eqn.(1), and let
1= (fix)rex € R*. Let x € {&1}* be the unique element such that i € O,; then eqn.(2)
implies that maj(u) = x.

If we treat X C {£1}* as a subset of R*, then pi := Zu(x)x; thus, p € conv(X).

xXEX
Furthermore, every element of conv(X) can be represented in this way. Thus, for any

x € {£1}*,

<X € maj(X)) = <EI p € A" (X) such that g € (’)X) = (conv()() N Ox # @) :

(b) “(b2) <= (b3)” The Separating Hyperplane Theorem says that 0 € int [conv (X)] if and
only if, for all nonzero z € R*, there exists ¢ € conv(X) such that z e ¢ > 0. This, in turn,
occurs if and only if there exists x € X such that zex > 0 (because X is the set of extreme
points of conv(X)).

“(b2) <= (b5)” is immediate.
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“(bl) <= (b2)” If 0 € int [conv (X)], then conv(X) intersects every open orthant of R so (a)
implies that maj(X) = {£1}*.

“(bl) = (b2)” (by contrapositive) int [conv (X)] is an open convex subset of R*. Suppose
0 ¢ int[conv (X)]. Then the Separating Hyperplane Theorem says there is some vector
r € R* such that r e ¢ < 0 for all ¢ € int [conv (X)]. Pick x € {&1}* such that the open
orthant Oy contains r (if r sits on a boundary between two or more orthants, then pick
one). Then we must have int [conv (X)] N Ox = 0. Thus, conv(X) N Ox = 0 (because
conv(X) is the closure of int [conv (X')], and Oy is an open set). Thus, part (a) implies that
x ¢ maj(X); hence X is not McGarvey.

“(b4) = (b2)” Suppose 0 = 1 for some p € A" (X) such that p(x) > 0 for all x € X. Then
for any x € X, we have

—x = ﬁ > nly)-y. (7)
yeX\x)

which is a strictly positive linear combination of the elements in X"\ {x}.

Fix r € R*. We can write r = Z sxX for some real-valued coefficents {sx}xecx (because
XEX
span(X) = RY). For any x € X, if s, < 0, then replace the term “s,x” with —s, times
the right side of eqn.(7). In this way, we can write r = Z si.x for some positive coefficents
xXeX
{8\ }xex- Now let S := Z sr. Then 0 < S < 00, and r/S € conv(X).
XEX

Thus, for any r € R¥| the ray from 0 through r passes through conv(X’) at some point.

Since conv(X) is convex, this implies that conv(X’) contains a neighbourhood around 0.

“(b2) = (b4)” If int [conv (X)] # 0, then span(X) = R*. Now, let v € A* (X) be any profile
such that v(x) > 0 for all x € X. Since 0 € int[conv (X)], there exists some ¢ > 0

such that —ev € conv(X), so find some n € A" (X) such that 7 = —ev. Now define
po= (ﬁe)y + (1%6) n. Then p € A*(X), and 1 := (ﬁ)g + (ﬁ)ﬁ = 0. Finally,
p(x) > 0 for all x € X, because v(x) > 0 and n(x) > 0 for all x € X. O

Proof of Proposition 2.1. (a) Let M := min{|X|; X C {£1}* is McGarvey}.

“M > K+17: Suppose |X| = J < K. Let X = {x!,...,x’}. Define y/ := x7 —x” for all
j€[1...J—1], and let Y be the linear subspace of R* spanned by {y!,...,y’7'}. Then
dim(Y) < J — 1 < K. However, conv(X) C Y + x”; thus, int [conv (X)] = 0, so X is not
McGarvey.

“M < K+17: Let 1 := (1,1,...,1). For all k € K, define x* € {£1}* as we did
prior to Proposition 6.2. Let X := {x"}rex U{1}. Then |X| = K + 1, and it is clear that
span(X’) = RX. We have

K—21+1Zk_K—21_K—21_0
9K — 2 9K — 2 X = oK —2 9K — 2 = 5

kel
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verifying condition (b4) of Theorem 1.3. Thus, X is McGarvey.

(b) Let M :=max{|X|; X C {£1}* is minimal McGarvey}.

“M > 2K” follows from Example 2.2. To see “M < 2K” let X C {+1}* be McGarvey.
Then Theorem 1.3(b2) says 0 € int [conv (X)].

Claim 1: There exists some Y C X with |Y| < 2K such that 0 € int [conv (})].

Proof: For any nonzero v € R*, consider the line £, := {rv ; r € R}. This line intersects
the boundary of conv(X) in exactly two places —say at u = —sv and w = tv, for some
—5 < 0 < t. For a generic choice of v € R*, the points u and w are each contained in
the relative interior of some (K — 1)-dimensional face of conv(X) —that is, there are sets
U={uy,...,ug} CX and W = {wy,...,wg} C X, such that conv(H) and conv(W)
each have dimension (K — 1), and such that u = Zle gru and w = Zszl rEW}, for
some qi,...,qx,"1,...,"x > 0 with Zszl g.=1= Zszl T

Let YV := U UW. Then conv()) contains the (K — 1)-dimensional sets conv(U) and
conv(W), and it also contains two different points on the line £ transversal to these sets
(because conv(U) and conv(WV) intersect £ at two different points). Thus conv()) must
have dimension K (hence, nonempty interior). Furthermore, |V| < |U|+ |[W| = 2K. Let
R:z%—l—%,letS::s%>OandletT::ﬁz>O. Then S+ T =1, and

K K K K
ZSQkuk—i-ZTTkuk = SZQkuk +T2Tkuk
k=1 k=1 k=1 k=1

_ T v vy
~ sR tR R R '

By construction, we have Sqi,...,Sqg,Try,...,Trx >0, and Zszl Sqr + Zszl Try, =
1. Thus, 0 is a strictly positive convex combination of the elements of ), so 0 €
int [conv ()], as claimed. <& claim 1

If 0 € int [conv ()], then Theorem 1.3(b2) implies that ) is McGarvey. But if X is
minimal McGarvey, then this means that Y = X. Thus, |X| < 2K, as claimed. O

Remark. The proof of Claim 1 in Proposition 2.1(b) easily generalizes to prove the following
‘relative interior’ version of Carathéodory’s theorem: Let X C RE be finite, let dim(conv(X)) =
D < K, and let x be in the relative interior of conv(X). Then there ezists some Y C X with
|| < 2D such that x is in the relative interior of conv()).

Proof of Example 2.2.  We must show that X is McGarvey, but no proper subset of X is
McGarvey.
X is McGarvey: Clearly, 2x7 € (X — X) for all j € K. Thus, span(X — X) = R¥, so
int [conv (X)] # 0.
Recall from §3 that Iy is the set of coordinate permutation symmetries of X. In this case,

Iy contains every possible permutation of K, so [Ty is transitive. Clearly #(x?) =1 < K/2,
whereas #(—x’) = K — 1 > K/2. Thus, Corollary 3.7 implies that X is McGarvey.
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No proper subset of X is McGarvey: Suppose K := [1...K]. Let Y := X\ {x'}. To see
that ) is not McGarvey, let z := (K —3; —1,—1,...,—1); thenzey < 0 for ally € ),
violating condition (b3) of Theorem 1.3(b). Thus, ) is not McGarvey.

A similar argument shows that X\ {x*} and X'\ {—x*} are not McGarvey, for any k € K.
O

Proof of Proposition 2.3. (a) Fix K € N. Let m := min{|X]; X C {£1}¥ is median-
saturating}, and let L := [log,(K)].

“m<2L+2" Let L:=1[0...K—1]. Forany £ € [0...L] and any k € K, let §y(k) € {0,1}

be the ¢th digit in the binary expansion of the number & (so that & = S0 Bi(k) - 2°).
Then define x* € {+1}* by 2 := (=1)%® for all k € K. (For example it K =8, then
L = 3, and we have: x" := (1,—1,17 1,1, 1,1,-1), x!:=(1,1,-1,-1,1,1,—-1,-1),

=(1,1,1,1,-1,-1,—1,—1), and x* (1,1,1,1,1,1,1,1)) Now let X = {£x}E .
Claim 1: W,(X) =0.
Proof: Let j, k € K be distinct. Then j and k£ must have different binary expansions. Thus,
there exists some ¢ € [0...L—1] such that B,(k) # $(j), and hence zj # zf. Thus,
+x* realize the {j, k}-words (—1,1) and (1,—1). On the other hand x’ = 1, so that

+x% = +1 realize the {j, k}-words (1,1) and (—1, —1). Thus, none of the four possible
{j, k}-words is X-forbidden. This holds for all j,k € KC; hence Wo(X) =0. < clain 1

Proposition 1.1(b) and Claim 1 imply that X is median-saturating. Clearly, |X'| = 2L + 2.
“m>L+1" Let X C {£1}* be median-saturating. Define a function 3 : K x {#1}——{&1}¥
as follows: for any k € K, a € {1}, and x € X, let B(k,a)x := a - xy.
Claim 2: [ is injective.
Proof: Let (j,a) € K x {£1} and (k,b) € K x {£1} be distinct. We must show that
B4, a) # B(k,b).

If j = k but a # b, then B(j,a) = —B(k,b); thus, 5(j, a) # Bk, D).

Now suppose j # k and a = b. Proposition 1.1(b) says Wy(X) = (. Thus, there
exists x € X with (zj,2,) = (1,—1) Thus, 8(j,a)x = a = b # —b = [(k,b)x, so
B(j.a) # B(k,b).

Finally, suppose j # k and a = —b. Proposition 1.1(b) says Wh(X) = 0. Thus, there
exists x € X with (z;,x;) = (1,1) Thus, 8(j,a)x = a # b= B(k, b)x, so 5(j,a) # B(k,b).

<& claim 2
Claim 2 implies that [{£1}*] > |K x {£1}| = 2K. Thus, |X| > log,(2K) = logy(K) + 1.
(b) Let M := max{|X|; X C {£1}* is minimal median-saturating}.

“M > K(K —1)/2” For all distinct j, k € K, define x¥*} € {£1}* by x}j’k} = x,{c‘j’k} = 1, while
PP = 1 foralli € K\ {4, k}. Let X := {xU*}; {j k} C K}. Then |X| = K(K —1)/2.
Claim 3: W,(X) = 0.
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Proof: Fix {j,k} C K. Clearly, xjjkk} = (1,1). For any i € K\ {j, k}, we have 212" = (—=1,1)

.. .j7k
and xj{.f,:} = (1,—1). Finally, for any h,i € K\ {j,k}, we have azﬁ’z} = (-1,-1)
(recall K > 4). Thus, all four words in {1}*} are X-admissible. This holds for any
{j,k} € K. Thus, Wh(X) = 0. < clain 3

Proposition 1.1(b) and Claim 3 imply that X is median-saturating. But if we remove any
element from X, then this argument breaks down. For example, let X’ := X'\ {x¥#}} for
some {j,k} C K. Then x;; # (1,1) for all x € X’ Thus, Wh(X’) # 0, so Proposition
1.1(b) implies that X" is not median-saturating. Thus, X is minimal median-saturating;
thus, M > |X| = K(K —1)/2.

“M < 2K(K —1)” Suppose X C {£1}* is minimal median-saturating. For every x € X, let
W(x) := Wh(X \ {x}).
Claim 4: (a) For all x € X, we have W(x) # 0.
(b) For all x,y € X, the sets W(x) and W(y) are disjoint.
Proof: (a) For every x € X, the set X'\ {x} is not median saturating, so Proposition 1.1(b)
says Wh(X \ {x}) # 0.
(b) Let w € Wh(x). Then w [ y for any y € X \ {x}. However, w & W,(X); hence

we must have w C x. If w € W(y) for some other y € X', then the same argument
shows that w C y but w [Z x. Contradiction. <& clainm 4

Let W, be the set of all words of length 2. Then |Ws| = 4 ([2() = 2K(K —1). Claim 4

shows that
Wa| (% > W) (Z> dYo1o= |l

xeX xEX

Thus, |X| <2K(K —1). O

Lemma A.1 Let S C R* be an affine subspace of dimension D < K. Then |SN{£1}*| < 2P,

Proof: Suppose K = [1...K], and identify R* with RP? xRE~% in the obvious way. If dim(S) = D,
then there exists some affine function ¢ : RP —RX =P such that (after some permutation
of K), we have S = {(r,¢(r)); r € RP}. This means that S N {+1}* = {(x,¢(x));
x € {+1}? and ¢(x) € {£1}X7P}. Thus, |S N {£1}F] < |[{£1}P| =2P. O

Proof of Proposition 2.4. (a) Let My := max{|X|; X C {£1}* is not McGarvey}.

“My > §2K” follows immediately from Example 2.5. To see “M, < %QK”, suppose
X C {£1}* is not McGarvey. Then Theorem 1.3(b3) says there exists nonzero z € RX,
such that zex < O forallx € X. Let Y, := {y € {£1}; zey > 0}, let Y_ := {y € {£1}";
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zey < 0}, and let )y := {y € {£1}*; zey = 0}. Now, |V_| = |V| (because these sets are
images of one another under negation). Thus,

1 1 _ 1
Vo= S[EAN = S -m) = 2 -l ®)
Also, X C Y_U),.
1 1
Thus, [X] < [Y-ud| = [V_|+ Dol = 2K71—§‘y0‘+|y0’ = 2K71+§|y0’
1 3
™ +2 4= 7

as claimed. Here, (1) is by eqn.(8), and () is because | V| < 25! by Lemma A.1.

(b) Let M; := max{|X|; X C {&1}* is not median-saturating}.

“M; > %2K 7 follows immediately from Example 2.5. To see “M; < %ZK 7 observe that
{X C {£1}*; X is not median-saturating} C {X C {+1}*; X is not McGarvey} (because

McGarvey implies median-saturating). Thus, M; < M, and we have already verified that
M, < 32K, O

Proof of Proposition 3.1. (a) Letz := Z x. Then v(z) = z for all v € I'y; hence z € Fix (I'y),

xeX

which means z = 0 (by hypothesis). Thus, Ed Z x = 0, so Theorem 1.3(b4) says X is

xeX
McGarvey.

(b) If =X = X, then —I € T'y. Thus, for any r € Fix(I'y), we have —r = r, which means
r = 0. Thus, Fix (I'y) = {0}. Thus, part (a) says X is McGarvey. O

Proof of Lemma 3.2. LetY :={x—y; x,y € X}. Forallj € K, lete’ := (0,0,...,0,1,0,...,0),
where the ‘1’ appears in the jth coordinate. If x,y € X are such that x; # y;, but z, =y
for all k € K\ {j}, then x —y = +e’. Thus, by hypothesis, ' contains {£e’};cc. Thus,
span()) = RX. Thus, int [conv (X)] # 0. O

Proof of Example 3.4. We must show that span(X’) = R*. Let “ < ” be the lexicographical order
on K. That is: j < k if there is some C' € [1... D] such that jd =kgforallde[l...C—1],

while jo < kc. This is a well-ordering of IC. For alld € [2... D], let My > (D —1)- (max{ky;

k € K} — min{ky; k € K}). (The max and min are well-defined and finite because K is
finite.) Define r := (1, i M21M3, MQA}S T T M ) Then for all j,k € K, we have
(J=k) < (rej<rek). Thus, for anyj € K, if ¢(j) := r ek, then H};; = {k € K;

k = j}- Thus, if k is lexicographically minimal in the set {k € K; j = k}, then x7 ;) and

X k) differ only in coordinate j. Now apply Lemma 3.2. O
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Proof of Proposition 3.5. “=" (by contrapositive). Suppose every element of 7 has an
A

Eulerian trail. Let V = {r € RY; Z r15 = 0}. Then V is a linear subspace of R* with
b=2

dim(V) = K — 1.

A
Now, for all x € X7, we have #In,(Tx) = #Out,(Tx), which means le,b = 0, so
b=2
x € V. Thus, X7 C V. Thus, conv(Xr) C V. Thus, int [conv (X7)] = (). Thus, X7 cannot
be McGarvey.

“«=" We will prove & is McGarvey using Proposition 3.1(a). Let A := | 4], and suppose without
loss of generality that A :=[1... Al and K := {(a,b) ; a,b € Aand a < b}. For any r € R*
and any a < b € A, we will abuse notation by defining

Tha = —Tap 9)

For any 7 € I 4, define linear transformation 7* : R* —RX as follows: for any r € R* and
a <be A we define 7(r),p := Tr(a)xp) (following convention (9) above). If x € {£1}F
and 7*(x) =y, then n(Tx) = Ty. Thus, 7*(X7) = X7 because n(7) = 7. Thus, if
IT% == {n*; m € l14}, then IT% C Iy,.

Claim 1: Fix (II%}) = {0}.

Proof: Let r € R* and suppose 7*(r) = r for all 7* € IT*%; we must show that r = 0. So, let
(a,b) € K. Find 7 € Il 4 with 7(a) = b and 7(b) = a. Then 7*(r) = r, because 7* € II’.
Thus, rep = T(C)ap = Toa = —Tap- Thus, 74, = 0. This holds for all a,b € A. Thus,
r=0. < claim 1

At this point it remains to show that span(Xy) = R¥.

Claim 2: Suppose X is not McGarvey. Then for any a,b € A, there exists somey € X
with y,p, = 1, such that #In,(Ty) > #In,(Ty) and #0ut,(Ty) < #O0ut,(Ty).

Proof:

Claim 2.1: Let y € {+1}*. Suppose that, for all a,b € A, if y,p = 1, then
#In,(Ty) < #In,(Ty) and #O0ut,(Ty) > #O0ut,(Ty). Then Ty is a preference order.

Proof: Define the complete, antisymmetric relation “>" on A by (a = b) <= (yup = 1).
We must show that “>” is transitive. Define u : A—R by u(a) := #Out,(Ty) —
#In,(Ty). Then by hypothesis, for all a,b € A, we have: (a > b) = (u(a) > u(b)).
Since “>” is complete and antisymmetric, we can strengthen this to (a = b) <=
(u(a) > w(b)). Thus, u is a utility function for “>”, so “>” must be a preference
relation. V Claim 2.1

Claim 2.2: For all x € X, there exist ¢,d € A such that x.4 = 1, while #In,(Ty) >
#In,(Tx) and #O0ut, (Tx) < #O0ut,(Ty).

Proof: (by contradiction) Suppose not. Then there exists some y € X satisfying the
hypotheses of Claim 2.1, so that T, is a preference order. By applying II* to y,
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we can obtain all preference orders on A. But & is II’j-invariant, so this means
that A" C &; thus X is McGarvey because X'} is McGarvey, which contradicts the
hypothesis of Claim 2. V Claim 2.2

Now, take any x € X, and find ¢,d € A as in Claim 2.2. Then find 7 € II4 such that
7(c) = a and 7(d) = b. Let y := 7*(x). Then y,;, = 1, while #In,(Ty) > #In,(Ty) and

#Out,(Ty) < #0ut,(Ty), as desired. <& claim 2
Claim 3: For anyx € X7, if X := Z 7*(x), then X = 0.
well 4
Proof: Clearly, X € Fix (I ). Now apply Claim 1. <& clain 3

Recall A = |A|. For any a € A, let II_, C II4 be the set of permutations fixing a
(effectively: the permutations of A\ {a}), and let II* , := {7*; 7w € II_,}.

7 (x). Let T, := o Zap. Then:
2 . ,

mell_q beA\{a}

Claim 4: Letx € X7, and let r :=

1
T

(a) rp.=0 for all b,c € A\ {a}.
(b) rop =T, for allb € A\ {a}.

Proof: (a) Let A" := A\ {a}, let K" := {(b,¢); b,c € A" and b < c}; then the set of all
tournaments on A’ bijectively maps to {il}’cl in the obvious way. If x € X7, and X' is
the projection of x onto {41}, then x’ represents the tournament on A’ obtained by
deleting vertex a (and all adjoining edges) from Ty. Let X' := {y"; y € X7} C {£1}*.
The group II_, is isomorphic to the group II4 in the obvious way, and IIj, C I
because IT* C I'y,. Claim 3 (applied to 114 and X”) implies that X' := Z () =0

well 4
Thus, for all b,c € A’, we have

1 1
e = T Y e = —T, = 0,
| _a|7r€H_a

which proves part (a). Part (b) follows because II_, acts transitively on the (A — 1)
edges connecting to a. <& claim 4

Claim 5: span(X7) = R¥.

Proof: By hypothesis, there exists some T € 7 and some a € A such that #In, (T) #
#Out,(T). Since 7 is invariant under vertex permutations, we can permute T to move
a to the vertices of our choice.
So, let a € A. Find x € X7 such that #0ut, (Tx) # #In,(Tx). Then 7, # 0 in the
notation of Claim 4. Define



Then Claim 4 implies that r.q = 0 for all ¢,d € A\ {a}, while r, . = 7, for all c € A\{a}.
Clearly r € span(X7), because 7*(x) € X7 for all 7 € II_, because I1* , C IT% C [,

Next, let b € A\ {a}, find 7 € I14 be such that w(a) = b, and let X' := 7%(x) € Xr.
Then 7, = 7, # 0 in the notation of Claim 4. Thus, if we define

1 *
r = ) Z T (x'),

mell_y

then Claim 4 implies that 1, ; = 0 for all ¢,d € A\ {b}, while r} . = T}, for all c € A\ {b}.

Now, let y be as in Claim 2. Let II_,;, C II4 be the group of all permutations of A
which fix both a and b, and define

g — ﬁ Z 7r*(y), T, = ﬁ Z Ya,er and Yy = m Z Yb,c-

mell_qp ceA\{a,b} ceA\{a,b}

Then by an argument similar to Claim 4, we have s,. = ¥, and s,. = 4, for all ¢ €
A\ {a,b}, and s.4 =0 for all ¢,d € A\ {a,b}, while s,;, = 1. Thus, if we define

then zgfg = 0 whenever either ¢ # a or d # b. However,

a,b ya yb / o ya yb /

Zap = Sab = —Tab— —Tap Sab = —Tab T ZTha & 1=V tl 2 L

Lq b Lq b ()

Here, (¢) is by convention (9), and (x) is because 7,3 = 7, and 1, , = 7;,. Meanwhile,
(t) is because 7, — 7, > 0 because

#O0ut,(y) — #In,(y) =1 _ #Outy(y) — #Iny(y) — 1

Yo = A2 n A2
#Out,(y) — #In,(y) +1 -
— A . 2 yb7

where (t) is by the inequalities in Claim 2.

Clearly, z%* € span(X7). We can do this for any a # b € A. The collection {z*;
a # b € A} clearly spans R*. Thus, span(X7) = R*. < Clain 5

Proposition 3.1(a), plus Claims 1 and 5, imply that X7 is McGarvey. O

Proof of Proposition 3.6. “==" (by contrapositive) Suppose there do notexist r <0 <t € R

such that 71,t1 € conv(X). Then 0 ¢ int [conv (X')]. Thus, Theorem 1.3(b2) says X is not

McGarvey.

Likewise, if span(X) # R¥, then Theorem 1.3(b4) says X is not McGarvey.

22



1
“—=" Lety:= 4] Z x. Theny € int [conv (X')] (same argument as Theorem 1.3 “(b4)=-(b2)").

|X
xeX
However, y € Fix (I'y), as in part (a). Thus, y = s1 for some s € R (by hypothesis). If
s =0, then y = 0, so Theorem 1.3(b4) says X is McGarvey. So suppose s # 0.
By hypothesis, there exist r < 0 < t € R such that r1,¢1 € conv(X). If s < 0, then
0= () 1+ (=) y (a stictly positive convex combination), so Theorem 1.3(b4) says X
is McGarvey. If s > 0, then 0 = (s%) rl + (ﬁ) y, so again Theorem 1.3(b4) says X is

T

McGarvey. O

Proof of Corollary 3.7 “=" (by contrapositive) Suppose there does not exist any x € X’ with
#(x) < K/2. Then #(x) > K/2 for all x € X. This means ) , -z, > 0 for all x € X
—i.e. 1ex >0 for all x € X. Thus, Theorem 1.3(b3) says X is not McGarvey.

Similarly, if #(y) < K/2 for all y € X, then X cannot be McGarvey.

“<=" First note that Fix (Ily) € R1. To see this, let r € Fix (Ily); then 7w(r) = r for all 7 € T1.
If I1y is transitive, then all coordinates of r must be equal; hence r € R1.

By hypothesis, there exist x,y € X with #(x) < K/2 < #(y). Observe that #[r(x)] =
#(x) and #[7(y)] = #(y) for all 7 € [Iy. Let

Then x*,y* € Fix(Ily), so x* = rl and y* = t1, where r := 2#(x)/K — 1 < 0 and
=2#(y)/K —1>0.
Finally, Iy D Ily, so Fix(I'y) C Fix(Ilx) € R1. At this point, all hypotheses of
Proposition 3.6 are verified; thus, & is McGarvey. O

Proof of Example 3.8(b).  Clearly Hxﬁ;*(r,R) D II,, so it is transitive. Thus, Corollary 3.7 says
that X3}(r, R) is McGarvey if and only if there exist x,y € X3 (r, R) with #(x) < K/2 <
#(y)-

Claim 1: There always exists x € X;}(r, R) with #(x) < K/2.

Proof: Recall that R > 2. Let ' := max{r,2}; then r < " < R (because R > r by
hypothesis). In fact, we will construct x € X} (', R).

Note that N — 7' > 0 because ' < R < N. If N — 1 is even, then let L :=
N+2—7
Nhe-r (> 1), and let x € X} describe an equivalence relation where N splits into

two equivalence classes of size L, along with " — 2 singleton classes. Then

L(L-1) N(N —1) K

#(x) = 2<T> = L(L-1) < L(L-3) < S = S
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as desired. Here (x) is because L < N/2 because r’ > 2.
N+1—17
If N—r"is odd, then N —1r" > 1. Let L := % (> 1), and let x € X} describe
an equivalence relation where A splits into one equivalence class of size L, one class of
size L + 1, and ' — 2 singleton classes. Then

L(L-1) (L+1)L 2L? N(N = 1) K

#(x) 2 T3 2 " 4 2

as desired. Here (%) is because L < (N — 1)/2 because 1’ > 2.

In either the even or odd case, we have rank(x) = " € [r...R] so x € X}(r, R).
<& claim 1

Claim 1 and Corollary 3.7 imply that &X}}(r, R) is McGarvey if and only if there exists
y € X (r, R) with #(y) > K /2. We must show this occurs if and only if r < 7(NV).

Let M := N —r+1, and let M C N be a subset of cardinality M, so that [N\ M| =
N—-M =r—1 ULety € X describe the equivalence relation where M forms one
equivalence class, and each element of NV \ M forms a singleton equivalence class, for r
equivalence classes in total. Thus, rank(y) = r, so y € X3} (r, R). It is easy to see that
#(y) = max{#(x); x € X}(r, R)}. Thus, it suffices to show that #(y) > K/2 if and only
if r <7(N). To see this, let

— 1++v2N2 2N + 1
: ; .

Then M is the positive root of the polynomial f(M) = M? — M — (N? — N)/2. Thus, for
any M € N, we have

<r<F(N)> = <M>M> = (f(M)>0> = (MQ—M> 5

= (%>§) = (#(Y)>§>7

as claimed. Here, (%) is because K = N(N —1)/2, and () is because #(y) = M(M —1)/2.
O

N2—N)

Proof of Proposition 4.2. “(a) => (c)” is clear.

“(c) = (b)” (by contrapositive) Let O_; be the open orthant containing —1. If there is no
¢ € conv(X) with ¢ < 0, then conv(X)NO_; = 0; thus, Theorem 1.3(a) says —1 ¢ maj(X).

“(b) <= (a)” If X is comprehensive, then conv(X) is also comprehensive. That is, for all
c € conv(X) and r € [-1,1]°, if ¢ < r, then r € conv(X) also. If ¢ € conv(X) and

¢ < 0, then the set {r el-1,1";r> c} C conv(X) is an open neighbourhood of 0;
thus, Theorem 1.3(b2) says X is McGarvey. 0
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Proof of Proposition 4.4. Proposition 1.1(b) says X" is median-saturating if and only if Wy (X') =
(). If X is comprehensive, then any X-forbidden word must be all zeros. Thus, any element
of W5(X) has the form (0;,05) for some j, k € K. Thus, Wy(X) = 0 if and only if, for all
J,k € K, there exists x € & with z; = 0 = xy. O

Proof of Proposition 5.1. First we must show that span(X;) = R*.

Claim 1: If span(Xy) # RN, then there is some j € J and s; € {£1} such that
f(x) = sjz; for all x € {£1}7.

Proof: 1f span(X;) # R, then for all (x,y) € X}, the coordinate y must be an affine
function of x; in other words, f must be an affine function. Thus, there are constants
sj € Rfor all j € J, and another constant r € R such that f(x) =7+, ; s;z; for all
x € {£1}7.

Claim 1.1:  For all j € J, we have s; € {—1,0, 1}.
Proof: Let T := J \ {j}, Fix xz € {£1}%. Then either f(xz,—1;) = f(xz,1;), or
f(xz,—1;) = —f(xz,1;). But clearly,

f(XI, 1j)_f(xl'7_1j) = T—FZSZZL‘Z—l—SJ(—l—l) —T—Zsixi—sj(—l) = 28]'.
i€T icT

Thus, if f(xz,—1;) = f(xz,1;), then s; = 0. If f(xz,—1;) = —f(xz,1;), then

s; = %1. V Claim 1.1
Claim 1.2: There is at most one j € J such that s; # 0.

Proof: (by contradiction) Suppose s; # 0 # s, for some j # k € J. Let Z:= T\ {j, k}.

Fix x7 € {£1}*. If s; = s, then f(xz,1;, 1) — f(xz, —1;, —1%) = s;(1+1—(—1—

1)) = 4s;, which is impossible because f({£1}7) C {£1} while s; = +1 (by Claim

1.1).

If s; = —sy, then f(xz,—1;, 1) — f(xz,1;, —1)) = sp(—(—1)+1—(—1—1)) = 4sy,

which is again impossible because f({+1}7) C {£1} while s, = 1 (by Claim 1.1).

Either way, we have a contradiction. Thus, either s; = 0 or s, = 0. V Claim 1.2

Claim 1.2 implies that f(x) = s;z;+7 for all x € {#1}7. Claim 1.1 says that s; = 1,

while f(x) = £1 and z; = £1 by definition. Thus, r = 0; hence f(x) = s;z;. < clain 1

Thus, if f(x) depends nontrivially on more than one coordinate of x, then the conclusion
of Claim 1 is contradicted; hence span(X;) # R*. Now,

Yoy = D (xf(x) = (05,0) = 0,

yeEXy xe{+1}7

because } (.15 f(x) = 0 by hypothesis, and clearly 37 > xe(z1y7 X = 07. Thus, Theorem
1.3(b4) says Xy is McGarvey. O
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Proof of Proposition 5.2.  Let x € {£1}*; we want u € A(X;) such that maj(u) = x.
Recall £ = J U {0}; write x = (x7,20) for some x; € {£1}7. Let Y, := f {1} and
Y_ = f~Y{—~1}; by hypothesis, both these spaces are McGarvey.

If o = 1, then find some py; € A(Y,) such that maj(u) = x7. Define p € A(X) by
w(y,1) = pus(y) for all y € Y;. Then maj(p) = x. If g = —1, then perform a similar
construction using some py € A(Y-). O

Proof of Proposition 5.5. If f is monotone, then f~1{1} is a comprehensive subset of {£1}7.
Thus, hypothesis #1 and Proposition 4.2 imply that f~'{1} is McGarvey.

If f is monotone, then —f~1{—1} is also a comprehensive subset of {£1}7. Thus, hy-
pothesis #2 and Proposition 4.2 imply that f~'{—1} is McGarvey.

At this point, Proposition 5.2 implies that Xy is McGarvey. O

Proof of Proposition 6.2. (a) “=" It suffices to show that, for any j € J, there is some
C; € €such that j € C; C J; it follows that J is a union of €-elements.

Let 11 € A*(Xe) be such that maj(p) = x7. Let j € J. Then maj,; (1) = 1, so fi; > 0. Let
¢, ={CeC; jeC} then pi; = ZM(XC) — Z 1(x©). Let C; = m C; then C} € €,

CEQ:]' CE@\QJ' CEQ:]'
and for all k € C;, we have pip > Z w(x®) — Z w(x®) = f; > 0; hence maj,(p) = 1,
ceg; Ced\¢;

which means k € J. Thus, C}‘ C J, as claimed.

“=" Let Cy,...,Cy € €, and let J :=C; U---UCy; we will construct p € A*(Xg) such that
maj(u) = x7. Define u € A*(Xe) as follows:

N -1
t p|l] = .
o Set pll] = 58—
1
For all 1...N|, set Cn] 1= .
e For all n €| ], set u[x“"] SN 1

Thus, for all n € [1...N] and j € C,, we have /i; > 2 (35— + 35—7) — 1 = 35— > 0, whereas

for all k € K\ J, we have [i; = 2 (5~%) — 1 = 55 < 0. Thus, maj(p) = x7.

(b) “[i]=1ii]” is immediate because equation (3) asserts maj(X) C med™(X).

“lii]=="iii]” (by contrapositive) Let k € K, but suppose {k} &€ €. Define C; as in part
(a); then k € C; and C} is the smallest element of € which contains k. Now, C; # {k},
because {k} ¢ €. Thus, there exists j € C;\ {k}. Define the word w € {£1}{¥7} by wy, =1
and w; = —1; then w is Xe-forbidden. Thus, Wh(Xe) # 0; thus, Proposition 1.1(b) implies
that X is not median-saturating.

“lilij==1i]” follows immediately from part (a), because any subset of K can be written
as a union of singleton sets. O
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Proof of Theorem 7.1. “S(X) < 4(K+1)o(X)” Let U C conv(X), and let € > 0. We say that
U is e-dense in conv(X) if, for all ¢ € conv(&X’), there exists some u € U with ||[u—cl|_ <e.

Claim 1: For any M € N, let Cpy := {fi; p € A} (X)}. Then Cy is a <2(K—M+1))—dense
subset of conv(X).

Proof: Let Qy := {% in e N}, and let Q7 be the set of all functions y : X —Q, (thus,

M
AL (X) C Q). For any r € Ry, we define [r]y := L MTJ ; this is the largest element
of the set Qs which is no greater than r. Note that 0 <r — |r|y < 1/M.
Let ¢ € conv(X); we must find some p € A}, (X) such that |z —c|| < 2(K +1)/M.

Carathéodory’s theorem says there exists some subset ) C X with |[Y| = K + 1, and
some v € A()), such that 7 = ¢. Now define A € QY by A(y) := |v(y) | forally € V.

Let %

> lw-x| < b Bl (10)
Then

HX—CHOO HX—;OO < g (11)

Observe that

L=>"Ay) = D vy)=-> My) = >, (V(Y) - A(y))

yey yey yey yey
>, ‘V(y) - A(y)‘ = q (12)
yey

Thus, ¢ € Qar (because A € QY,). However, in general ¢ > 0, so A € A" (X). Fix some
yo € YV, and define u € A%, (X) as follows: pu(yo) := AM(yo) + ¢ € Qur, and p(y) = A(y)
for all other y € Y\ {yo} (and of course p(x) := 0 for all x € X \ )). Then equation

(12) implies that Z w(x) = Zu(y) =1, s0 u € A}, (X). Furthermore,

xeX yey
=N = v -2l = a (13)
Combining equations (10), (11), and (13), we have ||z — c|| < Hﬁ - XH + HX —c|| <
qg+q < 2(K+1)/M, as desired. <& claim 1

Now, let M := 4(K + 1)o(X); Then conv(X) contains the ball B< K+1)>. Given

x € {£1}X, let X' = Q(K—Nfl)x; then conv( ) N O must contain the ball B’ := {r € R¥;
lr—x| < 2 KH AEADY - But €y is (2B )) dense in conv(X) (by Claim 1), so Cp must
intersect B’ Thus Cur 1ntersects conv( ) N Ox; thus, there is some p € A%, (X) with
maj(p) = x.

‘o(X) < S(X)” For every x € {£1}*, there exists N < S(X) and some pu* € A% (X)
such that maj(p*) = x. This means that g* € Oy. However, if u € A% (X)), then every
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coordinate of ji is an integer multiple of 1/N. Thus, if g € Oy, then for all £k € K we
have iy, > 1/N > 1/S(X) if z, = 1, while g1, < —1/N < —1/S(X) if 2, = —1. Thus, if

C = conv{i*; x € {+1}*}, then B (S(X)> C C Cconv(X). Thus, S(X) > o(X). O

Proof of Proposition 7.2. (a) If X is McGarvey, then 0 € int [conv (X')]. Thus, the boundary
of conv(X) does not include 0. The boundary of conv(X) is a union of (K — 1)-dimensional
faces, each of which is a union of one or more simplices of the form conv(x!,...,x®) for

some x!, ..., x® € X (by Carathéodory’s theorem).

Now, if M := [1/6(X)], then 57 < 6(X). Thus, B(5)
simplex of X. Thus, B(4;) C conv(X). Thus, M > o(X)

is disjoint from every boundary

(b) Let ¢ := 6(K). For all McGarvey X C {#1}*, we have

SWX) < 4K +1)o(X) < AKX < 4K +1)[1/8],

() (@) (%)

where (f) is by Theorem 7.1, (@) is by part (a), and (%) is because §(X) > § for any
X C {£1}* (by their definitions).

Now, find x!,...,x% € {1}* such that 6(x!,...,x%) = 4§, and let y € conv{x!,...,x¥}
be such that [|y|,, = 6. Let z € {£1}* be such that y € O,. Let P C R* be the

hyperplane containing conv{x!,...,x%}; then P cuts R* into two open halfspaces, H* and
H~, where z € H* and 0 € H~. Let X' := {£1}* N (H~ UP). Then X’ is McGarvey
(because 0 € int [conv (X')]). Also, x!,...,x* € &X', and conv{x!,... x5} is one of the

boundary faces of conv(X”) (because conv(X’) C H~ UP). Thus, o(X’) > 1/§ (because
y € conv{x! ... x%}). Thus S(X’) > 1/4, by Theorem 7.1.

(c) Without loss of generality, let I = [1...K]. If B := [bjx];xexc is & K x K matrix, then
let |B|l,, := max |bjk]. We then define x(K) := max{||A™!|_; any invertible matrix
g,

[ce})

A € {£1}%EY We will use a result of Alon and Vi [AVI7], which says that

KK/2 KK/2

JRTo® = X(K) < pre (14)

Left-hand inequality. Let A € {1} be such that [|[A™|_ = x(K). Let B := A%

and find ¢, m € [1...K] such that |bs,| = x(K). Let R, := {r e R; r > 0}.

Let y :=B-1. For any k € [1...K], if A’ is obtained by negating the kth row of A, then
(A")7! is obtained by negating the kth column of B, which in particular negates by,. By
negating the rows of A and columns of B as required, we can assume that by, > 0 for all

k€ [1..K]. Thus, 3, = szk>bgm_ X(K).

For any k € [1...K], 1f A/ is obtained by negating the kth column of A, then (A’)™! is
obtained by negating the kth row of B, and hence, the kth entry in y. By negating the
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K
columns of A and rows of B as required, we can assume that y € Rff . Thus, if Y := Z Yj,
7=1

then Y >y, > x(K).

K
1
Let s := v then s € R and Zsk = 1. Let x},x%,...,x% € {£1}* be the column

k=1
K
vectors of A; then 0 ¢ conv{x!,...,x%}, because A is invertible. Now, As = Z spxF. so
k=1
As € conv{x!,...,x"*}. However, As = 1,0 d(x',...,x"*) <|As|, = +. Thus,
1 1 KE/?
_ > - > Y > Ky > —
S(K) ©  oxt,...xK) = =z XE) 2 mrremy

where (x) is by the left-hand Alon-Va inequality (14).

Right-hand inequality. Letx',... x® € {1}* be any points such that 0 & conv{x!,... x*},
and let § := d(x*,...,x*). Let ¢ € conv{x',...,x"} be such that ||c||, = J, and let
Y C {x!,...,x®} be a minimal subset such that ¢ € conv()).

Claim 1: )Y is linearly independent.

Proof: (by contradiction) Suppose Y is linearly dependent. Let C := conv{)Y} and V :=
span{Y}. Then x € C C V. Let D := dim(V) and C := dim(C); then C' < D. Let
Y :=|Y|; then C <Y — 1. If Y is linearly dependent, then D <Y — 1. There are now
two cases:

e Suppose C' = D. Then C has nonempty relative interior in V, so the relative boundary
of C in V is a union of faces of dimension D — 1. The point c lies on this relative
boundary (because it minimizes ||e||__); thus c lies in some (D — 1)-dimensional face,
so Carathéodory’s theorem says ¢ € conv(Z) for some Z C Y with |Z] < D. But
D =C <Y —1; thus, Z is a proper subset of ), contradicting the minimality of ).

e Suppose C' < D — 1. Carathéodory’s theorem says ¢ € conv(Z) for some Z C ) with
|Z]| < C+1. But C+1<D <Y —1, so again Z is a proper subset of ), contradicting
the minimality of ). < Clainm 1

By re-ordering if necessary, we can assume ) = {x!,...,x"} for some N < K. Then,
by replacing xV¥*! ... xK with some other x¥*1 ... %K € {£1}* if necessary, we can
ensure that the set {x!,...,x®} is linearly independent. Let A be the K x K matrix whose
columns are x!, ... x®; then A is nonsingular. Let B := A~!. Since ¢ € conv{x!,... x*}
we have ¢ = A s for some s € Rff with Zszl sy = 1. Thus, s = Bc. Thus,

K K K
1 = Z Sj = Z Z bjkck,

]:]_ ]=1 k=1
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where ¢ = (c1,...,ck). Forall k € [1... K], we have |¢x| < ||c||,, = 0. Thus,

K K K K K K
L= D> bwa] < DD bl < 6)D bl < K7 x(K)
j=1 k=1 =1 k=1 j=1 k=1
) K2tK/2
ThUS, - < K X(K) = 9K—1

(%)

where (x) is by the right-hand Alon-Vi inequality (14). Since this holds for all x!,... x* €
1 F2HK/2
{£1}*, we conclude that 50 < SR=T 88 claimed. O

Proof of Proposition 7.3. (a) (Similar to the proof of Proposition 6.2(a) “<=") First we show
—1 € maj(X). Pick distinct i, j, k € K, and define p € A3z(X) by u[x'] = u[x’] = plx*] =
1/3; then iy = —1/3 or —1 for all £ € K, so maj(u) = —1. Note that 3 < 2K — 3 because

K > 3.

Now let x € {£1}°\ {-1}. Let J :={j € K; z; =1} and let J := |J| (hence J > 1,
since x # —1). If J = 1 or K, then x = x* for some k € K or x = 1; hence x € X by
hypothesis, and hence x € maj(X). Thus, we can assume that 2 < J < K — 1. Define
pe Ay, (&) as follows:

J—1
1] = .
o Set p[1] 57 1
A 1
For all 5 t I = )
e For all j € 7, set u[x’] 57— 1
Thus, for all 7 € J we have ﬁj:ﬁ,whereas for all k € K\ J, we have ﬁj—zJ -. Thus,

maj(p) = x. This works for any x € X. Note that 2J — 1 < 2K — 3 because J < K — 1.
Thus, S(&X) < 2K — 3.

Suppose without loss of generality that L = [1... K]. Forallk € K, let e* := (O, O, ...,0,1,0,...

where the “1” appears in the kth coordinate. By hypothesis, there exist x*,y* € X such

that 2} = 1 = yf, but x* and y* differ in every other coordinate. Thus, 1(x* + y*) = e*.

Now, let x € {£1}* be arbitrary. Let J := {j € K; z; = 1} and let J := |J|. Define

p € Az (X) by
1
,LL = 2J_|_1 <5_1 + Z 5,(] +6y])> .

jeTJ

(Here 6, € A" (X) is the point mass at y.) Thus, for all j € J, we have pi; =2/(2J +1) —
1/(2J+1)=1/(2J+1) > 0. Meanwhile for all k € I\ J, we have g, = —1/(2J+ 1) < 0.
Thus, maj(u) = x, as desired.

For all k € K, let €* be as in part (b). By hypothesis, there exist x*, y* € X such that zf #
yr, but x* and y* agree in every other coordinate. Now —X = X, so —y* € X also. Note

30

,0),



1

that zf = —y;, and x* and —y* differ in every other coordinate. Thus, 3(x* — y*) = s, €,

for some s), € {£1}. Likewise, —x* € X, and 1 (y* — x*) = —s; e".

Now, given any z € {£1}*, define u € A}, (X) by:

1
po= g | 2l Be o) Y (e 0y
ke ke
zZp =5} zp=—5p
Thus, for every k € IC, we have i, = 3%, so maj(u) = z, as desired. O

Proof of Example 7.4(e). Let I' := max{l,K — J} and J' := min{J, K — I}, and for all
¢el..L], let I} := max{l,, K, — J,} and J' := min{J,, K, — I;}. Suppose that

[M] =

I < J and Y J > TI. (15)
/=1 /=1

We claim that S(X*™) < 2K.

To see this, let X' := {x € {£1}* I' < #(x) < J' and I} < #,(x) < J,, for all
¢ € [1...L]}. Then X' C X, and condition (15) ensures that X’ # (). Note that — X' = X’
(because I' = K — J' and I, = K, — J, for all £ € [1...L]). For all k € X, let x* € X’ be
an admissible committee of minimal size not involving k. Thus, #,(x*) = I, < J, for all
(€ [1...L], and I' < #(x*) < J'. Condition (15) implies that actually #(x*) < J'. Let y*
be the committee obtained from x* by adding k; then I’ < #(y*) < J" and I} < #,(y*) < J,
for all £ € [1...L], so y* € X’ also. We can do this for any k € K; thus, the hypotheses of
Proposition 7.3(c) are satisfied, so S(X’) < 2K. But X’ C X*™; thus, S(X*m) < 2K also.
O

Appendix B: More examples.

This appendix contains further examples of some of the themes of this paper. First, here
is another class of ‘minimal’ McGarvey spaces, somewhat different to the class presented in
Example 2.2.

Example B.1. Let K =2N + 1, and let £ = [0...2N]. Define
x’ = (4+1; +1,-1,+1,—-1,+1,—1,...,+1,—1).

In other words, set 2 := 1, and for all k € [1...2N], set 22 := 1if k is odd, while 29 := —1if
k is even. Define x',x?,...,x*" by cyclically permuting the coordinates of x° (i.e. identify
K with the group Z,k). Let X := {£x% +x',..., £x*N'}. Then |X| = 2K.

Claim 1: X is minimal McGarvey.
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Proof: X is McGarvey: It can be checked that span(X — X) = RX| so int [conv (X)] # 0.

Recall that K := [0...2N]. In this case, Iy consists of all cyclic permutations of
IC (obtained by identifying IC with the group Z,x); Thus, Iy is transitive. Clearly
#(x") = N +1 > K/2, whereas #(—x°) = N < K /2. Thus, Corollary 3.7 implies that
X is McGarvey.

No proper subset of X is McGarvey: Let Y = X\ {x"}. To see that ) is not
McGarvey, let z := (1,1,0,0,...,0). Then zey < 0 for all y € ). Thus, Theorem
1.3(b3) implies that ) is not McGarvey.

A similar argument shows that the sets X \ {x*} and X \ {—x*} are not McGarvey,
for any k € K. <& claim 1

In particular, if K" = 3, then once again, X = {(1,1,-1), (1,-1,1), (=1,1,1), (—1,—1,1),
(—=1,1,-1), (1,—1,—1)} is a minimal McGarvey set with six elements. Let A := {a,b, c}
and identify K with the set {(a,b), (b,¢), (¢, a)}; then X = X} O

Next, here are two more applications of Corollary 3.7.

Example B.2. (Connected digraphs) Let N be a finite set, and let K := {(n,m) € N’ x N;
n # m}. Thus, an element of {£1}* can represent a directed graph (digraph) with vertex
set N. For any permutation 7 : N—N, define 7, : K—K by 7(n,m) := (7(n),m(m))
for all (n,m) € K. Let II, be the set of all such permutations; then II, acts transitively on
K (for any (ny,m;) € K and (ng,ms) € K, let 7 : N—N be any permutation such that
m(n1) = ny and m(my) = me; then m.(ny, my) = (ng, m2)).

A digraph is connected if any two vertices can be connected with a directed path. Let
XE}” C {£1}* be the set of connected digraphs. Then II i is transitive, because it

contains II,.

Through a similar argument to Example 3.8(c), one can show that span(Xf}‘“) = RX. There
exists x € XE‘;“ with #(x) < K/2 (for example, let x represent a digraph where the elements
of N are arranged in a directed loop —then #(x) = |N| < K/2). There also exists y € XE}‘“
with #(y) > K/2 (for example: 1 € X/{?Ct). Thus, Corollary 3.7 says that X/{}‘Ct is McGarvey.
¢

Example B.3. (Committee Selection) As in Example 7.4(e), let IC be a set of ‘candidates’,
so that any element of {£1}* represents a ‘committee’ formed from these candidates. Let
K1, Ko, ..., Ky, be disjoint subsets of I, with cardinalities Ky, Ko, ..., Ky, respectively. Let
N C [0..K], and for all £ € [1...L], let Ny C [0...K,]. For any x € {£1}* and ¢ € [1...L],
recall that #(x) := #{k € KC; ; x;, = 1}. Consider the set:

xem = {xe {£1}°; #(x) e N and #,(x) € Ny, V L€ [1...L]}.

Thus, X™ represents the set of all committees formed from the candidates in IC, with
certain restrictions on the size of the whole committee, and also certain restrictions on the
level of representation from various ‘constituencies’ Ky, ..., K. For example, N' might be a
subinterval of [0...K], encoding a minimum and/or maximum size for the whole committee.
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Also, we might restrict N/ to contain only odd values (e.g. to reduce the likelihood of
tied votes). Meanwhile, N, might be a subinterval of [0...K/], encoding minimum and/or
maximum admissible levels of representation from constituency k,.

Suppose that int [conv (X*™)] # (), and also that:

)

L
(al) K= |Ks (a2) Ky =Ky=--- =K, =

(=1

(a3) Ny =--- = N, =N, for some subset N, € [0...%]; and

...f

(ad) EN; :=NN{ny+---+np; n,...,n, € Ni}, then min(N;) < K/2 < max(N}).

~| >

Then X<™ is McGarvey. To see this, let 7 : K— /K be any permutation. Suppose that,
for all ¢ € [1...L], there is some i € [1...L] such that 7(K;) = K;. Then 7 € I ycm by (a3).
The set of all such permutations is transitive (by (al) and (a2)). Thus, IIycm is transitive.
Meanwhile, (a4) means that there exist x,y € X°™ such that #(x) < K/2 < #(y). Thus,
Corollary 3.7 implies that X*™ is McGarvey.

More generally, let K, be the largest divisor of K which is no greater than min{ K, ...,
Kr}. Let N, :=NiN---NNpN[0...K,]. Suppose that N, # ), and suppose condition (a4)
holds (in particular, we suppose N # 0). Then X< is McGarvey.

To see this, for each ¢ € [1...L], let K, C Ky be a subset with |KC)| = K. Let @ := K/K, (an

Q
integer), and find  — L further disjoint subsets K7, ,,..., Ky C K such that K = |_| IC,-

q=1
Define N = --- = N := N,. Let &’ be the committee space constructed using the
constituencies K1, ..., K and the cardinality constraint sets N, N{, ..., N. Then X" # ()
(because N; # 0), and X" satisfies the hypotheses of Example (a), so X’ is McGarvey. But
X' C Xeom; hence X" is also McGarvey. &
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