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r❡✈✐✈❛❧ ♦❢ ✐♥t❡r❡st ✐♥ ❣r♦✇t❤ t❤❡♦r② ❤❛s ❛❧s♦ r❡✈✐✈❡❞ ✐♥t❡r❡st ❛♠♦♥❣ r❡s❡❛r❝❤❡rs
✐♥ ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ r♦❧❡ ♦❢ ❡❧❡♠❡♥ts ♦❢ ♣✉❜❧✐❝ ❡①♣❡♥❞✐t✉r❡ t❤❛t ❜❡❛r s✐❣♥✐✜❝❛♥t
❛ss♦❝✐❛t✐♦♥ ✇✐t❤ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✳ ❆♥❞ t❤✐s ❤❛❞ ❧❡❞ t♦ ❞❡❡♣ ❛♥❛❧②s✐s ♦❢ t❤❡ r♦❧❡
♦❢ ❝✉rr❡♥t ❛♥❞ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ❛♥❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡✐r r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ ❡❝♦✲
♥♦♠✐❝ ❣r♦✇t❤✳ ❚r❛❞✐t✐♦♥❛❧ t❤❡♦r✐❡s ♦❢ ♠❛❝r♦❡❝♦♥♦♠✐❝s ✇❤✐❝❤ t❛❧❦ ♦❢ ❛ r♦❜✉st
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t❤❡ ❢❛❝t t❤❛t ❣♦✈❡r♥♠❡♥t ♠✉st r❡❞✐r❡❝t ❡①♣❡♥❞✐t✉r❡ t♦✇❛r❞s s❡❝t♦rs ✇❤❡r❡ t❤❡②
✇✐❧❧ s❡❡ ❛♥ ✐♠♣r♦✈❡♠❡♥t ✐♥ t❤❡ ❧♦♥❣ r✉♥✱ ✐♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝♦♠♣♦s✐t✐♦♥ s❤♦✉❧❞
❜❡ ❝❤❛♥❣❡❞ t♦✇❛r❞s ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡✳ ❆ r❡❝❡♥t ❛♥❛❧②s✐s ❜② ✭❇♦s❡✱ ❖s❜♦r♥❡✱
❍❛q✉❡ ✷✵✵✸✮ s✉❣❣❡st s♦♠❡ ✈❡r② r❡❧❡✈❛♥t ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s r❡❧❛t❡❞ t♦ t❤❡ t♦♣✐❝
✐♥ ❞✐s❝✉ss✐♦♥✳ ❚❤❡✐r ❛♥❛❧②s✐s ✐s s♣r❡❛❞ ♦✈❡r ❛ ❜❡❧t ♦❢ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❞❡✈❡❧♦♣✐♥❣
♥❛t✐♦♥s✱ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❡ ♣❡❝✉❧✐❛r✐t✐❡s ♦❢ t❤❡ ❞❡✈❡❧♦♣✐♥❣ ✇♦r❧❞ ❜❧♦❝❦✳ ❚❤❡②
✜♥❞ t❤❛t t❤❡ s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ✐♥ ●❉P✱ ✐s ♣♦s✐t✐✈❡❧② ❛♥❞ s✐❣♥✐✜❝❛♥t❧②
❝♦rr❡❧❛t❡❞ ✇✐t❤ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✱ ✇❤✐❧❡ t❤❡ ❣r♦✇t❤ ❡✛❡❝t ♦❢ ❝✉rr❡♥t ❡①♣❡♥❞✐t✉r❡
✐s ✐♥s✐❣♥✐✜❝❛♥t ❢♦r ♠♦st ♦❢ t❤❡ ❝♦✉♥tr✐❡s✳ ❚❤✐s ♠❛❦❡s ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ❛♥❞
✐t✬s ❣r♦✇t❤ r❛t❡ ❛ ✈❡r② ✐♠♣♦rt❛♥t ❢❛❝t♦r ✐♥ ❞❡t❡r♠✐♥✐♥❣ ✜s❝❛❧ s✉st❛✐♥❛❜✐❧✐t②✳ ❆♥✲
♦t❤❡r r❡❝❡♥t st✉❞② ❜② ✭●✉♣t❛✱ ❈❧❡♠❡♥ts✱ ●r❛♥❛❞♦s ✷✵✵✺✮ ✜♥❞s t❤❛t ❝♦♠♣♦s✐t✐♦♥
♦❢ ♣✉❜❧✐❝ ♦✉t❧❛②s ♠❛tt❡rs✳ ❈♦✉♥tr✐❡s ✇❤❡r❡ s♣❡♥❞✐♥❣ ✐s ❝♦♥❝❡♥tr❛t❡❞ ♦♥ ✇❛❣❡s
t❡♥❞ t♦ ❤❛✈❡ ❧♦✇❡r ❣r♦✇t❤✱ ✇❤✐❧❡ t❤♦s❡ t❤❛t ❛❧❧♦❝❛t❡ ❤✐❣❤❡r s❤❛r❡s t♦ ❝❛♣✐t❛❧
❛♥❞ ♥♦✇ ✇❛❣❡ ❣♦♦❞s ❛♥❞ s❡r✈✐❝❡s ❡♥❥♦② ❢❛st❡r ♦✉t♣✉t ❡①♣❛♥s✐♦♥❬✶✱ ✷❪✳ ❆ ❝❛✈❡❛t
✐s t❤❛t ♦♥❝❡ t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ❤❛s ❜❡❡♥ r❡❛❝❤❡❞✱ t❤❡ ❝♦♠✲
♣♦s✐t✐♦♥ ♦❢ ♣✉❜❧✐❝ ❡①♣❡♥❞✐t✉r❡ ♥❡❡❞s t♦ ❜❡ r❡✈✐s✐t❡❞✭❉❡✈❛r❛❥❛♥✱ ❙✇❛r♦♦♣✱ ❩♦✉
✶✾✾✻✮✳ ❍❡♥❝❡✱ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ❛♥❛❧②s✐s ✇♦✉❧❞ ❛❧s♦ ✐♠♣❧② ❞❡r✐✈✐♥❣ ❛♥ ❡①♣r❡ss✐♦♥
❢♦r ✬♦♣t✐♠❛❧ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡✬✳

▼♦r❡ s♣❡❝✐✜❝❛❧❧② ❛ ♥✉♠❜❡r ♦❢ ❡❝♦♥♦♠✐sts ❤❛✈❡ st✉❞✐❡❞ t❤❡ ❞❡❜t s✉st❛✐♥❛❜✐❧✐t②
✐ss✉❡ ❢♦r ■♥❞✐❛✳ ❇✉✐t❡r ❛♥❞ P❛t❡❧✭✷✵✵✹✮ ✉s❡❞ t❤❡ tr❛❞✐t✐♦♥❛❧ st❛t✐♦♥❛r✐t② t❡sts
P❤✐❧❧✐♣s ❛♥❞ P❡rr♦♥✭✶✾✾✽✮ ❛♥❞ ❑P❙❙ ❛♥❞ ♦t❤❡rs✭✶✾✾✷✮✳ ❚❤❡ ♣❛♣❡r ❛r❣✉❡s t❤❛t

✷



✇❤✐❧❡ ❞❡✜❝✐ts ✐♥ ■♥❞✐❛ ❛r❡ ❧❛r❣❡ ✱ ❛t ❧❡❛st ✐♥ t❤❡ s❤♦rt r✉♥ t❤❡ r✐s❦ ♦❢ ❛ ❞❡✜❝✐t✲
✐♥❞✉❝❡❞ ❝r✐s✐s ✐s ♠✐♥✐♠❛❧✳ ❚❤❡✐r ❛♥❛❧②s✐s ✇❛s ❛♠♦♥❣ ♦♥❡ ♦❢ t❤❡ ✜rst ❝♦♥tr✐❜✉t✐♦♥s
t♦ t✐♠❡ s❡r✐❡s ❜❛s❡❞ ❡♠♣✐r✐❝❛❧ st✉❞✐❡s ♦♥ ♣✉❜❧✐❝ ❞❡❜t s✉st❛✐♥❛❜✐❧✐t② ❢♦r ■♥❞✐❛✳
❏❤❛ ❛♥❞ ❙❤❛r♠❛✭✷✵✵✹✮❬✶✽❪ ♣❡r❢♦r♠❡❞ ❛ ♠♦r❡ ❡①t❡♥s✐✈❡ ❛♥❛❧②s✐s ♦♥ t❤✐s ✐ss✉❡
❜② t❡st✐♥❣ ❢♦r ❝♦✐♥t❡❣r❛t✐♦♥ ❜❡t✇❡❡♥ ♣✉❜❧✐❝ ❡①♣❡♥❞✐t✉r❡ ❛♥❞ r❡✈❡♥✉❡✳ ❚❤❡②
❛r❣✉❡ t❤❛t ✐❢ t❤❡ t✇♦ s❡r✐❡s ❛r❡ st❛t✐♦♥❛r② ♦r st❛t✐♦♥❛r② ✐♥ ✜rst ❞✐✛❡r❡♥❝❡s ❜✉t
❝♦✐♥t❡❣r❛t❡❞✱ ■♥❞✐❛♥ ♣✉❜❧✐❝ ❞❡❜t ✐s s✉st❛✐♥❛❜❧❡✳ ❚❤❡✐r ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ✐s ❜❛s❡❞
♦♥ ❞❛t❛ ❝♦✈❡r✐♥❣ ❜♦t❤ t❤❡ ♣r❡ ❛♥❞ ♣♦st ✐♥❞❡♣❡♥❞❡♥❝❡ ♣❡r✐♦❞ ✶✽✼✶✲✶✾✾✼✳ ❙✐♥❝❡
t❤❡✐r ❛♥❛❧②s✐s s✉❣❣❡sts t❤❛t t❤❡ r❡✈❡♥✉❡ ❛♥❞ ❡①♣❡♥❞✐t✉r❡ s❡r✐❡s ❛r❡ ■✭✶✮ ❛♥❞
❝♦✐♥t❡❣r❛t❡❞ ✇✐t❤ r❡❣✐♠❡ s❤✐❢ts✱ ■♥❞✐❛♥ ♣✉❜❧✐❝ ❞❡❜t ♠❛② ♥♦t ❜❡ ✉♥s✉st❛✐♥❛❜❧❡✳
❲❤✐❧❡ t❤❡ ❛❜♦✈❡ t✇♦ st✉❞✐❡s ❞❡❛❧t ✇✐t❤ t❤❡ ✐ss✉❡ ♦❢ ❞❡❜t s✉st❛✐♥❛❜✐❧✐t② ♦♥❧② ❢♦r
t❤❡ ❈❡♥tr❛❧ ●♦✈❡r♥♠❡♥t✱ ●♦②❛❧✱ ❑✉♥❞❛r❛♣❛❦❛♠ ❡t✳❛❧✭✷✵✵✺✮❬✶✷❪ ❛♥❛❧②③❡❞ t❤❡
s❛♠❡ ✐ss✉❡ ❢♦r ❛❧❧ ❧❡✈❡❧s ♦❢ ❣♦✈❡r♥♠❡♥t✳ ❚❤❡② t❡st ❢♦r ❝♦♥✈❡♥t✐♦♥❛❧ st❛t✐♦♥❛r✐t②
t❡st❡❞ ❛s ✇❛s ❞♦♥❡ ❜② ❇✉✐t❡r ❛♥❞ P❛t❡❧✭✷✵✵✹✮ ❜✉t ❡♠♣❧♦② t❤❡ ●r❡❣♦r② ❛♥❞
❍❛♥s❡♥ t❡sts ♦❢ ❝♦✐♥t❡❣r❛t✐♦♥ ✇✐t❤ str✉❝t✉r❛❧ ❜r❡❛❦s✳ ❇② ❛❞❞r❡ss✐♥❣ t❤❡ ✐ss✉❡
♦❢ r❡❣✐♠❡ s❤✐❢t✱ t❤❡✐r ♣❛♣❡r ✜♥❞s t❤❛t ✇❤✐❧❡ t❤❡ ✜s❝❛❧ st❛♥❝❡ ♦❢ t❤❡ ❈❡♥tr❛❧
❛♥❞ t❤❡ ❙t❛t❡ ●♦✈❡r♥♠❡♥t ❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧ ✐s ✉♥s✉st❛✐♥❛❜❧❡✱ ✐t ✐s ✇❡❛❦❧②
s✉st❛✐♥❛❜❧❡ ❢♦r t❤❡ ❝♦♠❜✐♥❡❞ ✜♥❛♥❝❡s ❛s ✐t ♥❡ts ♦✉t ✐♥t❡r✲❣♦✈❡r♥♠❡♥t❛❧ ✜♥❛♥❝✐❛❧
✢♦✇s✳ ❚❤✉s✱ ❝❧❛✐♠s ❛❜♦✉t s✉st❛✐♥❛❜✐❧✐t② ♦❢ ■♥❞✐❛✬s ♣✉❜❧✐❝ ✜♥❛♥❝❡✱ ♠❛❞❡ ♦♥ t❤❡
❜❛s✐s ♦❢ t❤❡ ❛ss❡ss♠❡♥t ♦❢ ✐♥❞✐✈✐❞✉❛❧ ✜♥❛♥❝❡s ❛♥❞ ♥❡❣❧❡❝t✐♥❣ ✐♥t❡r✲❣♦✈❡r♥♠❡♥t❛❧
✢♦✇s ❛♥❞ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ r❡❣✐♠❡ s❤✐❢ts s❡❡♠ ❡①❛❣❣❡r❛t❡❞✳

❲❡ ♠❛❦❡ t✇♦ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ❧✐t❡r❛t✉r❡ ♦♥ ♣✉❜❧✐❝ ❞❡❜t s✉s✲
t❛✐♥❛❜✐❧✐t② ✐♥ ❞❡✈❡❧♦♣✐♥❣ ❝♦✉♥tr✐❡s ❛♥❞ ♦♥❡ ❝♦♥tr✐❜✉t✐♦♥ t♦ ❡♠♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡
♦♥ ❞❡❜t s✉st❛✐♥❛❜✐❧✐t② ✐♥ ■♥❞✐❛✳ ❋✐rst✱ ✇❡ r❡ ❢r❛♠❡ t❤❡ ❞②♥❛♠✐❝ ♦♣t✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠✭❉❡✈❛r❛❥❛♥✱ ❙✇❛r♦♦♣✱ ❩♦✉ ✶✾✾✻✮ ♦❢ ♠❛①✐♠✐③✐♥❣ ❝♦♥s✉♠♣t✐♦♥ ✇✐t❤ r❡✲
s♣❡❝t t♦ ♣r✐✈❛t❡ ❝❛♣✐t❛❧ ❜② ✐♥tr♦❞✉❝✐♥❣ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ ❛s ❛ ❝♦♥tr♦❧ ✈❛r✐✲
❛❜❧❡ ❛♥❞ t❤❡ ❧❛✇ ♦❢ ♠♦t✐♦♥ ♦❢ ❞❡❜t ❛s ❛♥♦t❤❡r st❛t❡ ✈❛r✐❛❜❧❡✳ ❙❡❝♦♥❞✱ ❡✈❡♥
t❤♦✉❣❤ ✐t ✐s ❛❝❦♥♦✇❧❡❞❣❡❞ t❤❛t ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ❞♦❡s s❤❛r❡ ❛ ♣♦s✐t✐✈❡ ❝♦r✲
r❡❧❛t✐♦♥ ✇✐t❤ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤ ❛♥❞ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❡①♣❡♥❞✐t✉r❡ t✐❧t❡❞ t♦✇❛r❞s
✐♥✈❡st♠❡♥t ❝❛♥ ❤❡❧♣ ✐♥ ❡♥❥♦②✐♥❣ ❢❛st❡r ♦✉t♣✉t ❡①♣❛♥s✐♦♥✱ ✈❡r② ❧❡ss ❧✐t❡r❛t✉r❡
❡①✐sts ♦♥ ❡①❛♠✐♥✐♥❣ t❤❡ ❧♦♥❣ r✉♥ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ r❛t✐♦ ✐♥
t♦t❛❧ ❡①♣❡♥❞✐t✉r❡ ❛♥❞ ♣✉❜❧✐❝ ❞❡❜t ✐♥ ❛ ❝♦✲✐♥t❡❣r❛t✐♥❣ ❢r❛♠❡✇♦r❦✳ ❲❡ ❜r✐❞❣❡
t❤✐s ❣❛♣ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❜② t❡st✐♥❣ ❢♦r ❝♦✐♥t❡❣r❛t✐♦♥ ❛♥❞ t❤❡♥ r❡♣r❡s❡♥t✐♥❣ t❤❡
r❡❧❛t✐♦♥s❤✐♣ ✐♥ ❛ ❱❊❈▼ ❢r❛♠❡✇♦r❦✶✱ ❛♥❞ ❡✈❛❧✉❛t✐♥❣ ✐ts s✉✐t❛❜✐❧✐t② t♦ ❢♦r❡❝❛st
❞❡❜t✳ ■♥❞✐❛ ✇✐t❤ ✐ts ❢❡❞❡r❛❧ str✉❝t✉r❡✱ ✐♥❝r❡❛s✐♥❣ ❣r♦✇t❤ r❛t❡✱ ②❡t ❡①❝❡❡❞✐♥❣❧②
❤✐❣❤ ♣✉❜❧✐❝ ❞❡❜t ❧❡✈❡❧s s❡❡♠s t♦ ❜❡ ❛ ❣♦♦❞ ❝❛s❡ ✐♥ t❤❡ ♣♦✐♥t✳

❚❤✐r❞✱ ❤❛✈✐♥❣ ❡st❛❜❧✐s❤❡❞ t❤❡ ❧♦♥❣ r✉♥ r❡❧❛t✐♦♥s❤✐♣ ✇❡ r❡❢♦r♠✉❧❛t❡ t❤❡ ●♦✈✲
❡r♥♠❡♥t ■♥t❡r✲t❡♠♣♦r❛❧ ❜✉❞❣❡t ❝♦♥str❛✐♥t ♣r♦♣♦s❡❞ ❜② ❇❧❛♥❝❤❛r❞✭✶✾✾✶✮ t♦ ❞❡✲
r✐✈❡ t❤❡ ✬❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ❣❛♣✬ ✐♥❞✐❝❛t♦r✳ ❲❤✐❧❡ t❤✐s ✐s ❥✉st ❛ s❧✐❣❤t ✈❛r✐❛♥t ♦❢
t❤❡ ✬t❛① ❣❛♣ ✐♥❞✐❝❛t♦r✬ s✉❣❣❡st❡❞ ❜② ❇❧❛♥❝❤❛r❞ ✐t ✇♦✉❧❞ ❜❡ ✉s❡❢✉❧ ✐♥ ❛♥❛❧②③✐♥❣
t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❝✉rr❡♥t ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧✱ ✇❤✐❝❤
♠❛r❦s t❤❡ t❤r❡s❤♦❧❞ ❢♦r ♣♦❧✐❝② ♠❛❦❡rs s✉❣❣❡st✐♥❣ ✜s❝❛❧ ❝♦♥s♦❧✐❞❛t✐♦♥ r❡❧❛t❡❞ t♦
❛tt❡♠♣t❡❞ ✐♥❝r❡❛s❡ ✐♥ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡✳ ❆ ♠♦r❡ ✐♠♣♦rt❛♥t s✉❣❣❡st✐♦♥ ♦❢ t❤❡

✶❖✇✐♥❣ t♦ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❝♦✐♥t❡❣r❛t✐♦♥ r❡s✉❧ts ❞✐s❝✉ss❡❞ ✐♥ ❞❡t❛✐❧ ✐♥ ❙❡❝t✐♦♥ ✹ ♦❢
t❤❡ ♣❛♣❡r✳

✸



♣❛♣❡r ✐s t❤❡ ✬❝❛♣✐t❛❧❡①♣❡♥❞✐t✉r❡ r❛t✐♦ ✬ ✐♥❞✐❝❛t♦r ✇❤✐❝❤ ❝❧❡❛r❧② ♦♥ ❜❛s✐s ♦❢ ♦✉r
❡♠♣✐r✐❝❛❧ r❡s✉❧ts ❝♦✉❧❞ ❜❡ ♠✉❝❤ ♠♦r❡ ✉s❡❢✉❧ ❢♦r ♣♦❧✐❝② ♠❛❦❡rs t♦ ❢♦r❡❝❛st ❞❡❜t
✳ ▼♦❞❡❧✐♥❣ ❞❡❜t t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❧♦♥❣✲r✉♥ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❝❛♣✐t❛❧
❡①♣❡♥❞✐t✉r❡ ❛♥❞ ❞❡❜t ❝♦✉❧❞ ✐♠♣r♦✈❡ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ ❢♦r❡❝❛st✐♥❣ ❞❡❜t ❢♦r ❞❡✈❡❧✲
♦♣✐♥❣ ♥❛t✐♦♥s✳ ❚❤✉s✱ ✬❝❛♣✐t❛❧❡①♣❡♥❞✐t✉r❡ r❛t✐♦✬ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ♣r❡❞✐❝t♦r ♦❢
❞❡❜t ❞②♥❛♠✐❝s✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ✜s❝❛❧ ❝♦♥s♦❧✐❞❛t✐♦♥ ❛✐♠❡❞ ❛t r❡str✉❝t✉r✐♥❣
❡①♣❡♥❞✐t✉r❡ ❝❛♥ ❛❧s♦ ❤❡❧♣ ✐♥ r❡❞✉❝✐♥❣ ❞❡❜t ❧❡✈❡❧s✳

✷✳ P✉❜❧✐❝ ❙❡❝t♦r✿ ❊①♣❡♥❞✐t✉r❡✱

❇✉❞❣❡t ❈♦♥str❛✐♥t ❛♥❞ ●r♦✇t❤

✷✳✶ P✉❜❧✐❝ ❊①♣❡♥❞✐t✉r❡ ❛♥❞ ●r♦✇t❤

❙✐♥❝❡ t❤❡ ✶✾✻✵s✱ r❡s❡❛r❝❤❡rs ❤❛✈❡ ❜❡❡♥ ❧♦♦❦✐♥❣ ❛t t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✜s❝❛❧
♣♦❧✐❝② ❛♥❞ t❤❡ ❡❝♦♥♦♠②✬s ❣r♦✇t❤ r❛t❡✳ ❆♠♦♥❣ s♦♠❡ ✈❡r② ✐♠♣♦rt❛♥t ❝♦♥tr✐❜✉✲
t✐♦♥s✱ ✐♥ ✶✾✼✵✱ ❆rr♦✇ ❛♥❞ ❑✉r③✱ ❞❡✈❡❧♦♣❡❞ ❛ ♠♦❞❡❧ ✇❤❡r❡ ❝♦♥s✉♠❡rs ❞❡r✐✈❡
✉t✐❧✐t② ❢r♦♠ ♣r✐✈❛t❡ ❝♦♥s✉♠♣t✐♦♥ ❛s ✇❡❧❧ ❛s ♣✉❜❧✐❝ ❝❛♣✐t❛❧ st♦❝❦✳ ❚❤❡ ❧✐t❡r❛✲
t✉r❡ ♦♥ ❡♥❞♦❣❡♥♦✉s ❣r♦✇t❤ t❤❡♦r✐❡s ❤❛s ❢✉rt❤❡r ❣❡♥❡r❛t❡❞ ♠♦❞❡❧s ❧✐♥❦✐♥❣ ♣✉❜❧✐❝
s♣❡♥❞✐♥❣ ✇✐t❤ ❡❝♦♥♦♠②✬s ❧♦♥❣✲t❡r♠ ❣r♦✇t❤ r❛t❡✳ ❖♥❡ ♦❢ t❤❡ ❡❝♦♥♦♠✐sts ✇❤♦
❛♥❛❧②③❡❞ t❤✐s ✐ss✉❡ ❜♦t❤ t❤❡♦r❡t✐❝❛❧❧② t♦ ❛♥ ❡①t❡♥t ❛♥❞ ❡♠♣✐r✐❝❛❧❧② ✇❛s ❘♦❜❡rt
❇❛rr♦ ✐♥ ❤✐s ♣❛♣❡r ♦♥ ✬●♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ✐♥ ❛ s✐♠♣❧❡ ♠♦❞❡❧ ♦❢ ❡♥❞♦❣❡♥♦✉s
❣r♦✇t❤ ✬❬✸❪✳ ■♥ t❤✐s ♣❛♣❡r ❇❛rr♦ ✐♥tr♦❞✉❝❡s t❤❡ ❣♦✈❡r♥♠❡♥t ✐♥ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥
t♦ ❜❡ ♠❛①✐♠✐③❡❞ ❛❧♦♥❣ ✇✐t❤ t❤❡ ♣r✐✈❛t❡ s❡❝t♦r ❛♥❞ ❝❧❛ss✐✜❡s t❤❡ ❡①♣❡♥❞✐t✉r❡ ❛s
❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ✐♥✈❡st♠❡♥t ❡①♣❡♥❞✐t✉r❡✳ ❍✐s ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s❬✹❪ s✉❣❣❡st t❤❛t
❛❧❧ ♥♦♥ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡s✷ ❝❛♥ ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ❣r♦✇t❤ r❛t❡
♦❢ r❡❛❧ ●❉P ♣❡r ❝❛♣✐t❛ ✐♥ t❤❡ ❧♦♥❣ t❡r♠✳ ❚❤✐s ✇♦✉❧❞ ✐♥❞❡❡❞ ❧❡❛❞ t♦ ❤✐❣❤❡r
❧❡✈❡❧ ♦❢ ❞❡❜t ❛s ❣r♦✇t❤ r❛t❡ ✇✐❧❧ ❜❡ r❡❞✉❝❡❞✳ ❍♦✇❡✈❡r✱ ❛ ❝❛✈❡❛t ✐♥ ❜♦t❤ t❤❡s❡
♠♦❞❡❧s ✐s t❤❛t ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ♦♥❧② ❛✛❡❝ts t❤❡ ❡❝♦♥♦♠②✬s tr❛♥s✐t✐♦♥❛❧ ❣r♦✇t❤
r❛t❡✱ ✇❤✐❧❡ t❤❡ st❡❛❞②✲st❛t❡ ❣r♦✇t❤ r❛t❡ r❡♠❛✐♥s ✉♥❛❧t❡r❡❞✳ ❍❡♥❝❡✱ t❤❡s❡ ♠♦❞❡❧s
❝❛♥♥♦t ❜❡ ✉s❡❞ ✉♥t✐❧ t❤❡ ❡✛❡❝t ♦❢ ♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ❝♦♠♣♦♥❡♥ts ♦♥ ❣r♦✇t❤ ❛♥❞
❞❡❜t r❡s♣❡❝t✐✈❡❧② ✐s ❛❝❝♦✉♥t❡❞ ❢♦r ❛s ❡♥❞♦❣❡♥♦✉s✳ ❉❡✈❛r❛❥❛♥ ❡t✳❛❧✭✶✾✾✻✮ ✐s ❛♥
✐♠♣r♦✈❡♠❡♥t ♦♥ t❤❡ ❡❛r❧✐❡r ♠♦❞❡❧s ❛s t❤❡② r❡❧❛① t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ❡①♦❣❡✲
♥♦✉s ♣✉❜❧✐❝ s♣❡♥❞✐♥❣✳ ❚❤❡② ❜✉✐❧❞ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ t✇♦ t②♣❡s ♦❢
❡①♣❡♥❞✐t✉r❡✱ ♥❛♠❡❧② ♣r♦❞✉❝t✐✈❡ ❛♥❞ ✉♥♣r♦❞✉❝t✐✈❡✳ ❚❤❡s❡ ❛r❡ ♦♣t✐♠✐③❡❞ ✇✐t❤
r❡s♣❡❝t t♦ ❝❛♣✐t❛❧ st♦❝❦ ✐♥ t❤❡ ❡❝♦♥♦♠② t♦ ❞❡ t❡r♠✐♥❡ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡
❡①♣❡♥❞✐t✉r❡s ❛♥❞ t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ ❝♦♥s✉♠♣t✐♦♥✳

❆♠♦♥❣ ♠♦r❡ ❡①t❡♥s✐✈❡ ❡♠♣✐r✐❝❛❧ st✉❞✐❡s✱ ❇♦s❡ ❡t✳❛❧✭✷✵✵✸✮ ❡①❛♠✐♥❡ t❤❡ ❣r♦✇t❤
❡✛❡❝ts ♦❢ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ❢♦r ❛ ♣❛♥❡❧ ♦❢ ✸✵ ❞❡✈❡❧♦♣✐♥❣ ❡❝♦♥♦♠✐❡s ✇✐t❤ ❛
❢♦❝✉s ♦♥ s❡❝t♦r❛❧ ❡①♣❡♥❞✐t✉r❡s ❞✉r✐♥❣ t❤❡ ✶✾✼✵s ❛♥❞ ✽✵s✳ ❚❤✐s st✉❞② ✐s ✐♠♣♦rt❛♥t

✷❲❤✐❧❡ ❇❛rr♦ ❝❛❧❧s t❤✐s ❡❧❡♠❡♥t ♥♦♥ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ ▲❛♥❞❛✉✭✶✾✽✸✮ ❝❛❧❧s t❤❡s❡ ❝♦♥✲
s✉♠♣t✐♦♥ ❡①♣❡♥❞✐t✉r❡ ❛♥❞ t❤❡② ❤❛✈❡ ❛ ❝❧♦s❡ ❜❡❛r✐♥❣ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❝✉rr❡♥t ❡①♣❡♥❞✐t✉r❡
✉s❡❞ ✐♥ t❤✐s ♠♦❞❡❧✳ ❊①♣❡♥❞✐t✉r❡ t❤❛t ♣r♦✈✐❞❡s ❧♦♥❣ t❡r♠ st✐♠✉❧✉s t♦ ❣r♦✇t❤ ❛♥❞ t❤✉s ❤❡❧♣s
✐♥ r❡❞✉❝✐♥❣ ♣✉❜❧✐❝ ❞❡❜t

✹



✐♥ ❛ss❡ss✐♥❣ t❤❡ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ♦♥ t❤❡ s❛✐❞ t♦♣✐❝ ❢♦r ❞❡✈❡❧♦♣✐♥❣ ❝♦✉♥tr✐❡s✱ ❛s
♣r❡✈✐♦✉s ❧✐t❡r❛t✉r❡ ✇❛s ♠♦r❡ ✐♥❝❧✐♥❡❞ t♦✇❛r❞s ❛♥❛❧②s✐s ♦♥ ❞❡✈❡❧♦♣❡❞ ❝♦✉♥tr✐❡s
♦r ❛ ♠✐①❡❞ s❛♠♣❧❡ ♦❢ ❞❡✈❡❧♦♣✐♥❣ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ❝♦✉♥tr✐❡s✸ ✳ ❚❤❡✐r ♠❛✐♥ ❡♠✲
♣✐r✐❝❛❧ ✜♥❞✐♥❣ ✐s t❤❛t t❤❡ s❤❛r❡ ♦❢ ❣♦✈❡r♥♠❡♥t ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ✐♥ ●❉P ✐s
♣♦s✐t✐✈❡❧② ❛♥❞ s✐❣♥✐✜❝❛♥t❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✱ ✇❤✐❧❡ t❤❡ ❣r♦✇t❤
❡✛❡❝t ♦❢ ❝✉rr❡♥t ❡①♣❡♥❞✐t✉r❡ ✐s ✐♥s✐❣♥✐✜❝❛♥t ❢♦r ♦✉r ❣r♦✉♣ ♦❢ ❝♦✉♥tr✐❡s✳ ❚❤❡
st✉❞② ❝❧❛ss✐✜❡s t❤❡ ✈❛r✐❛❜❧❡s ✐♥t♦ t❤r❡❡ ❞✐st✐♥❝t s❡ts✿ ■✱ ▼ ❛♥❞ ❩✳ ❚❤❡ s❡t ■
❝♦♥s✐sts ♦❢ ✈❛r✐❛❜❧❡s t❤❛t ❝♦♠♠♦♥❧② ❛♣♣❡❛r ❛s ❝♦♥❞✐t✐♦♥✐♥❣ ✈❛r✐❛❜❧❡s ✐♥ ❣r♦✇t❤
r❡❣r❡ss✐♦♥s✳ ❚❤❡ s❡t ❩ ✐♥❝❧✉❞❡s ✈❛r✐❛❜❧❡s t❤❛t ♦❢t❡♥ ❤❛✈❡ ❜❡❡♥ ✐♥❝❧✉❞❡❞ ✐♥ ♣r❡✲
✈✐♦✉s st✉❞✐❡s ❛s ✐♥❞✐❝❛t♦rs ❢♦r ♠♦♥❡t❛r② ♣♦❧✐❝✐❡s✱ tr❛❞❡ ♣♦❧✐❝✐❡s✱ ❛♥❞ ♠❛r❦❡t
❞✐st♦rt✐♦♥✳ ❋✐♥❛❧❧②✱ t❤❡ s❡t ▼ ❝♦♥s✐sts ♦❢ ✈❛r✐❛❜❧❡s t❤❛t ❛r❡ ♦❢ ♣❛rt✐❝✉❧❛r ✐♥t❡r❡st
❢♦r t❤❡ ♣r❡s❡♥t st✉❞②✱ ♥❛♠❡❧② ❈❡♥tr❛❧ ●♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡s ❛♥❞ t❤❡✐r ♠❛❥♦r
❝♦♠♣♦♥❡♥ts ❛t ❛❣❣r❡❣❛t❡ ❛♥❞ s❡❝t♦r❛❧ ❧❡✈❡❧s✳ ❚❤❡ ✜rst ❜❛s❡ r❡❣r❡ss✐♦♥ ✐s ❞♦♥❡
❜❡t✇❡❡♥ ▼ ❛♥❞ ■✳ ❖✉t ♦❢ t❤❡ t✇❡♥t② ❝❛t❡❣♦r✐❡s ♦❢ ♣✉❜❧✐❝ ❡①♣❡♥❞✐t✉r❡ ❡①❛♠✐♥❡❞✱
t❤❡② r❡♣♦rt t❤❡ r❡s✉❧ts ♦♥❧② ❢♦r t❤❡ s✐① ❝❛t❡❣♦r✐❡s ✭t♦t❛❧ ✐♥✈❡st♠❡♥t✱ ✐♥✈❡st♠❡♥t
✐♥ ❡❞✉❝❛t✐♦♥✱ ✐♥✈❡st♠❡♥t ✐♥ tr❛♥s♣♦rt ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥✱ t♦t❛❧ ❡①♣❡♥❞✐t✉r❡ ♦♥
❡❞✉❝❛t✐♦♥✱ t♦t❛❧ ❡①♣❡♥❞✐t✉r❡ ♦♥ tr❛♥s♣♦rt ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ t♦t❛❧ ❡①♣❡♥✲
❞✐t✉r❡ ♦♥ ❞❡❢❡♥s❡✮ t❤❛t t❤❡② ✜♥❞ t♦ ❞✐s♣❧❛② ❛ s✐❣♥✐✜❝❛♥t ❛ss♦❝✐❛t✐♦♥ ✇✐t❤ ❣r♦✇t❤✱
✉s✐♥❣ ❛ ✶✵ ♣❡r❝❡♥t s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧✳ ❲❤✐❧❡ t❤✐s ❝♦♥✜r♠s t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ❝❛♣✲
✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ❜❡✐♥❣ ✈✐t❛❧ ❢♦r ❡❝♦♥♦♠✐❝ ❣r♦✇t❤✱ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♣❛♣❡r
♠♦✈❡s ❛❤❡❛❞ t♦ ❛❧s♦ ❝♦♥s✐❞❡r ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ✐♥t❡r✲t❡♠♣♦r❛❧ ❜✉❞❣❡t ❝♦♥str❛✐♥t
❡①♣❧❛✐♥❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ♣❛rt ■■■✳ ❋❡❛r✐♥❣ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛♥ ♦♠✐tt❡❞ ✈❛r✐✲
❛❜❧❡s ❜✐❛s✱ ✐♥ t❤❡ ❛❜♦✈❡ r❡s✉❧ts✱ t❤❡② ✐♥t❡❣r❛t❡ t❤❡ r❡❣r❡ss✐♦♥ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡
✐♥t❡r✲t❡♠♣♦r❛❧ ❜✉❞❣❡t ❝♦♥str❛✐♥t✳✹ ❚❤❡ ❝♦♠♣♦♥❡♥t ❧❡❢t ❜❡❤✐♥❞ ❢r♦♠ t❤❡ ❜✉❞❣❡t
❝♦♥str❛✐♥t ✐s ♥♦♥✲t❛① r❡✈❡♥✉❡✳ ❚❤✐s ♦♠✐ss✐♦♥ ✐s ❜❛s❡❞ ♦♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣r❡✲
❞✐❝t✐♦♥ ❜② ❇❛rr♦✭✶✾✾✵✮ t❤❛t ✈❛r✐❛t✐♦♥ ✐♥ ♥♦♥✲❞✐st♦rt✐♦♥❛r② t❛① r❡✈❡♥✉❡ ✐s ❧✐❦❡❧②
t♦ ❝r❡❛t❡ ✐♥s✐❣♥✐✜❝❛♥t ❣r♦✇t❤ ❡✛❡❝ts✳ ❚❤✐s r❡s✉❧ts ✐♥ ♦♥❧② t❤r❡❡ ❡①♣❡♥❞✐t✉r❡s ♦❢
t❤❡ ✻ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ t♦ ❜❡ s✐❣♥✐✜❝❛♥t ♥❛♠❡❧② ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡✱ ♦✉t❧❛② ✐♥
❡❞✉❝❛t✐♦♥ s❡❝t♦r ❛♥❞ ✐♥✈❡st♠❡♥t ❡①♣❡♥❞✐t✉r❡s ✐♥ t❤❡ ❡❞✉❝❛t✐♦♥ s❡❝t♦r✳

●✉♣t❛ ❡t✳❛❧ ✭✷✵✵✺✮ t❡st t❤❡ ❡✛❡❝ts ♦❢ ✜s❝❛❧ ❝♦♥s♦❧✐❞❛t✐♦♥ ❛♥❞ ❡①♣❡♥❞✐t✉r❡
❝♦♠♣♦s✐t✐♦♥ ♦♥ ❡❝♦♥♦♠✐❝ ❣r♦✇t❤ ✐♥ ❛ s❛♠♣❧❡ ♦❢ ✸✾ ❧♦✇✲✐♥❝♦♠❡ ❝♦✉♥tr✐❡s ❞✉r✐♥❣
t❤❡ ✶✾✾✵s✳ ❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r ✐s ✐ts ❡①t❡♥s✐✈❡ ❞❛t❛
❝♦✈❡r❛❣❡ ❛♥❞ ❛♥ ✐♥✲❞❡♣t❤ ❡❝♦♥♦♠❡tr✐❝ ❡✈❛❧✉❛t✐♦♥✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ st✉❞② ❝♦♥✲
✜r♠ t❤❛t t❤❡r❡ ✐s ❛ str♦♥❣ ❧✐♥❦ ❜❡t✇❡❡♥ ♣✉❜❧✐❝ ❡①♣❡♥❞✐t✉r❡ r❡❢♦r♠ ❛♥❞ ❣r♦✇t❤ ✱
❛s ✜s❝❛❧ ❝♦♥s♦❧✐❞❛t✐♦♥s ❛❝❤✐❡✈❡❞ t❤r♦✉❣❤ ❝✉rt❛✐❧✐♥❣ ❝✉rr❡♥t ❡①♣❡♥❞✐t✉r❡s ❛r❡✱ ✐♥
❣❡♥❡r❛❧✱ ♠♦r❡ ❝♦♥❞✉❝✐✈❡ t♦ ❣r♦✇t❤✳ ❊✈❡♥ t❤❡② ♠❡♥t✐♦♥ t❤❛t ❢♦r t❤❡ ❞❡✈❡❧♦♣❡❞
❡❝♦♥♦♠✐❡s✱ ♠♦r❡ ❝❤♦✐❝❡ ❝❛♥ ❜❡ ❡①❡r❝✐s❡❞ ♦✈❡r ❡①♣❡♥❞✐t✉r❡ ♣r✐♦r✐t✐❡s ❛♥❞ ❤✐❣❤❡r
♣✉❜❧✐❝ s♣❡♥❞✐♥❣ ❡✈❡♥ ✐❢ ♦❢ ❝✉rr❡♥t ❡①♣❡♥❞✐t✉r❡ ❢♦r♠ ❝♦✉❧❞ ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♥✲
tr❛❝t ❡❝♦♥♦♠✐❝ ❛❝t✐✈✐t②✳ ❚❤❡✐r s✐♠♣❧❡ ❝♦rr❡❧❛t✐♦♥ ❛♥❛❧②s✐s✺ s❤♦✇s t❤❛t ❤✐❣❤❡r
❝❛♣✐t❛❧ ♦✉t❧❛②s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♠♦r❡ ❜✉♦②❛♥t ❣r♦✇t❤ ✱ ✇❤✐❧❡ ❤✐❣❤❡r ❝✉rr❡♥t
❡①♣❡♥❞✐t✉r❡s ❛♥❞ ❞♦♠❡st✐❝ ✜♥❛♥❝✐♥❣ ♦❢ ❞❡✜❝✐t ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❧❡ss ❢❛✈♦r❛❜❧❡
❡❝♦♥♦♠✐❝ ♣❡r❢♦r♠❛♥❝❡✳ ❋✉rt❤❡r✱ t❤r❡❡ ♠❛✐♥ r❡❣r❡ss✐♦♥ ♠♦❞❡❧s ❛r❡ ✉s❡❞✱ t❤❡

✸❊①❝❡♣t✐♦♥s ✐♥❝❧✉❞❡ ▲❛♥❞❛✉✭✶✾✽✻✮ ❛♥❞ ❉❡✈❛r❛❥❛♥ ❡t ❛❧✭✶✾✾✻✮
✹❚❤❡② ✐♥❝❧✉❞❡ t❤❡ ❡①♣❡♥❞✐t✉r❡ s✐❞❡ ♦❢ t❤❡ ❜✉❞❣❡t ❝♦♥str❛✐♥t✱ ❛♥❞ ✇❡ ❡①♣❧✐❝✐t❧② ✐♥❝❧✉❞❡ t❛①

r❡✈❡♥✉❡ ✭❚❳✮ ❛♥❞ t❤❡ ❜✉❞❣❡t s✉r♣❧✉s✴❞❡✜❝✐t ✭●❉✮✱ ❜♦t❤ ❛s ♣❡r❝❡♥t❛❣❡s ♦❢ ●❉P
✺❈♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ❛r❡ s✐❣♥✐✜❝❛♥t ❢♦r ❝❛♣✐t❛❧ ♦✉t❧❛②s

✺



✜rst t✇♦ ❜❡✐♥❣ t❤❡ ♠♦st r❡❧❡✈❛♥t ♦♥❡s✳ ▼♦❞❡❧ ❆ s♣❡❝✐✜❡s ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥
❡①♣❡♥❞✐t✉r❡ ✐t❡♠s ❛♥❞ ❞❡✜❝✐t✱ ✇❤✐❧❡ ▼♦❞❡❧ ❇ ❛♥❛❧②③❡s t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥
❡①♣❡♥❞✐t✉r❡ ❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❣r♦✇t❤✳ ❚❤❡ ♠♦❞❡❧s ❛r❡ ❡st✐♠❛t❡❞ ✐♥ ❜♦t❤ ❧❡✈❡❧s
❛♥❞ ✜rst ❞✐✛❡r❡♥❝❡s t♦ ❞✐✛❡r❡♥t✐❛t❡ ❜❡t✇❡❡♥ s❤♦rt✲t❡r♠ ❛♥❞ ❧♦♥❣✲r✉♥ ❡✛❡❝ts✳ ■♥
▼♦❞❡❧ ❆✱ ❛ ♦♥❡ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥t ♦❢ ●❉P ✐♥❝r❡❛s❡ ✐♥ s♣❡♥❞✐♥❣ ♦♥ ✇❛❣❡s ❛♥❞
s❛❧❛r✐❡s r❡❞✉❝❡s ❣r♦✇t❤ ❜② ❤❛❧❢ ❛ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥t✱ ✇❤✐❧❡ ❛ ♦♥❡ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥t
✐♥❝r❡❛s❡ ✐♥ t❤❡ r❛t✐♦ ♦❢ ❝❛♣✐t❛❧ ♦✉t❧❛②s t♦ ●❉P ✐♥❝r❡❛s❡s ❣r♦✇t❤ ❜② ♠♦r❡ t❤❛♥
❤❛❧❢ ❛ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥t✳ ❊①♣❡♥❞✐t✉r❡s ♦♥ ♦t❤❡r ❣♦♦❞s ❛♥❞ s❡r✈✐❝❡s ❛r❡ ❛❧s♦
❢♦✉♥❞ t♦ r❛✐s❡ t❤❡ ❣r♦✇t❤ r❛t❡✱ ❜✉t ♦♥❧② ✐♥ t❤❡ s❤♦rt t❡r♠✳ ■♥t❡r❡st ♣❛②♠❡♥ts
❤❛✈❡ ❛ st❛t✐st✐❝❛❧❧② ✐♥s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ ❣r♦✇t❤✳ ❋✐♥❛❧❧②✱ ✐♥ t❤❡ ♠♦❞❡❧s t❤❛t
❛ss❡ss t❤❡ ✐♠♣❛❝t ♦❢ ❡①♣❡♥❞✐t✉r❡ ❝♦♠♣♦s✐t✐♦♥ ❞✐r❡❝t❧② ✭▼♦❞❡❧s ❇ ❛♥❞ ❈✮✱ t❤❡
❝♦❡✣❝✐❡♥ts ❢♦r s♣❡♥❞✐♥❣ ♦♥ ✇❛❣❡s ❛r❡ s✐❣♥✐✜❝❛♥t✱ ❜✉t ♦♥❧② ✐♥ t❤❡ ❧♦♥❣ r✉♥✳ ❚❤❡
s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡s ✐♥ t♦t❛❧ ♦✉t❧❛②s ✐s ♣♦s✐t✐✈❡❧② r❡❧❛t❡❞ t♦ ❣r♦✇t❤
✉♥❞❡r ❜♦t❤ ❆ ❛♥❞ ❇ ♠♦❞❡❧ s♣❡❝✐✜❝❛t✐♦♥s✳ ❊♠♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡ ✇✐t❤ s✐♠✐❧❛r
r❡s✉❧ts ✐♥❝❧✉❞❡ ▲❛♥❞❛✉✭✶✾✽✸✮ ❛♥❞ ❙✉♠♠❡rs ❛♥❞ ❍❡st♦♥✭✶✾✽✹✮✳ ❚❤❡② ✉s❡❞ ✶✶✺
❝♦✉♥tr✐❡s❬✷✶❪ ✐♥ t❤❡✐r ❛♥❛❧②s✐s ✱ ✉s✐♥❣ ❞❛t❛ ♦♥ ❣♦✈❡r♥♠❡♥t ❝♦♥s✉♠♣t✐♦♥✳ ❚❤❡
❞❛t❛ ✉s❡❞ ❛♥❞ ❛♥❛❧②s✐s ❞♦♥❡ ✇❛s ❛ ♣♦♦❧❡❞ ❝r♦ss❡❝t✐♦♥ ✱ t✐♠❡ s❡r✐❡s ❛♥❛❧②s✐s✱
✉s✐♥❣ ❞❛t❛ ❛✈❡r❛❣❡❞ ♦✈❡r ✺ ②❡❛r ✐♥t❡r✈❛❧s✳

✷✳✷ ●♦✈❡r♥♠❡♥t ■♥t❡r✲t❡♠♣♦r❛❧ ❇✉❞❣❡t ❈♦♥str❛✐♥t

❆❢t❡r ❤❛✈✐♥❣ ❞✐s❝✉ss❡❞ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♣✉❜❧✐❝ ❡①♣❡♥❞✐t✉r❡✱
❣r♦✇t❤ ❛♥❞ ❞❡❜t ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss s♦♠❡ ✐♠♣♦rt❛♥t ❡①✐st✐♥❣
✐♥❞✐❝❛t♦rs ♦❢ ❞❡❜t s✉st❛✐♥❛❜✐❧✐t②✳ ❇❧❛♥❝❤❛r❞✭✶✾✾✵✮ ♣r♦♣♦s❡❞ t✇♦ ✐♥❞✐❝❛t♦rs ♦❢
✜s❝❛❧ s✉st❛✐♥❛❜✐❧✐t②✱ t❤❡ ♣r✐♠❛r② ❣❛♣ ✐♥❞✐❝❛t♦r ✭P●■✮ ❛♥❞ t❤❡ ❚❛① ●❛♣ ■♥❞✐❝❛t♦r
✭❚●■✮✳ P●■ ❝❛❧❝✉❧❛t❡s t❤❡ ❛❞❥✉st♠❡♥t ✐♥ t❤❡ ♣r✐♠❛r② ❜❛❧❛♥❝❡ ♥❡❡❞❡❞ t♦ st❛❜✐❧✐③❡
t❤❡ ♦✉tst❛♥❞✐♥❣ ♦❢ ♣✉❜❧✐❝ ❞❡❜t r❛t✐♦✳ PGI = ps = ps∗ = −(d+ (r − g)b ✇❤❡r❡
ps ✐s t❤❡ ❝✉rr❡♥t ♣r✐♠❛r② ❜❛❧❛♥❝❡✱ ps∗ ✐s t❤❡ ❝♦♥st❛♥t ♣r✐♠❛r② ❜❛❧❛♥❝❡ t❤❛t
st❛❜✐❧✐③❡s t❤❡ ❞❡❜t r❛t✐♦ ❛t ✐ts ❝✉rr❡♥t ❧❡✈❡❧✱ ✇❤❡r❡❛s r ❛♥❞ g ❛r❡ t❤❡ r❡❛❧ r❛t❡ ♦❢
✐♥t❡r❡st ❛♥❞ t❤❡ ❣r♦✇t❤ r❛t❡✳ ❚❤❡ ✈❛❧✉❡ ♦❢ r ❛♥❞ g ❛r❡ ✐♥ ❝♦♥st❛♥t ✈❛❧✉❡ ♦✈❡r t❤❡
❧❛st ✶✵ ②❡❛rs ♦r s♦✳ ❍♦✇❡✈❡r✱ t❤✐s ❣❛♣ ❞♦❡s ♥♦t ❝❛♣t✉r❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ❡❝♦♥♦♠✐❝
❢✉♥❞❛♠❡♥t❛❧ ❛♥❞ ♣♦❧✐❝✐❡s✳ ❚❤❡r❡❢♦r❡✱ ❇❧❛♥❝❤❛r❞ ♣r♦♣♦s❡❞ ❛♥♦t❤❡r ✐♥❞✐❝❛t♦r✳

❚❤✐s ♦t❤❡r ✐♥❞✐❝❛t♦r ❦♥♦✇s ❛s t❤❡ ✬❚❛① ❣❛♣ ✐♥❞✐❝❛t♦r ✬❬✺❪ ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡
✐♥t❡r t❡♠♣♦r❛❧ ❜✉❞❣❡t ❝♦♥str❛✐♥t✳ ❚❤❡ ♦r✐❣✐♥❛❧ t❛① ❣❛♣ ✐♥❞✐❝❛t♦r ❛♥s✇❡rs ❛ ❢✉♥✲
❞❛♠❡♥t❛❧ q✉❡st✐♦♥ ✇❤✐❝❤ ❛s❦s ❛❜♦✉t ❛ ❞❡s✐r❡❞ t❛① r❛t❡ t♦ ❡♥s✉r❡ s✉st❛✐♥❛❜✐❧✐t②✳
■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❡①✐st✐♥❣ ❛♥❞ ❞❡s✐r❡❞ t❛① r❛t❡✳ ❯s✲
✐♥❣ ❛ s✐♠✐❧❛r ❢r❛♠❡✇♦r❦ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ❞❡s✐r❡❞ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ t♦
❡♥s✉r❡ s✉st❛✐♥❛❜✐❧✐t② ❛♥❞ ❝♦♠♣❛r❡ ✐t ✇✐t❤ ❡①✐st✐♥❣ ❝❛t❡❣♦r✐❡s ♦❢ ♣✉❜❧✐❝ ❡①♣❡♥❞✐✲
t✉r❡✳ ❚❤✐s ✇♦✉❧❞ ❤❡❧♣ ❢✉rt❤❡r ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ ❜② ❤♦✇ ♠✉❝❤ s❤♦✉❧❞ ♣r♦❞✉❝t✐✈❡
❡①♣❡♥❞✐t✉r❡ ❜❡ ❝❤❛♥❣❡❞ ❛♥❞ ❤❡♥❝❡❢♦rt❤✱ t❤❡ ❡✛❡❝t ♦♥ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♣✉❜❧✐❝
❡①♣❡♥❞✐t✉r❡✳ ❚❤✉s ✇❡ st❛rt ♦♥❝❡ ❛❣❛✐♥ ✇✐t❤ t❤❡ ❜❛s✐❝ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r t❡♠✲
♣♦r❛❧ ❜✉❞❣❡t ❝♦♥str❛✐♥t ❢♦r t❤❡ ❣♦✈❡r♥♠❡♥t✱ ❚❤❡ ❧❛✇ ♦❢ ♠♦t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝
❜✉❞❣❡t ❝♦♥str❛✐♥t ✐s ♠❛t❤❡♠❛t✐❝❛❧❧② r❡♣r❡s❡♥t❡❞ ❜② ✭✶✮✳ ❍❡r❡ dB

ds r❡♣r❡s❡♥ts t❤❡
❧❛✇ ♦❢ ♠♦t✐♦♥ ♦❢ ♣✉❜❧✐❝ ❞❡❜t✱ G1 r❡♣r❡s❡♥ts ♣✉❜❧✐❝ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡✱ G2

✻



r❡♣r❡s❡♥ts ❧❡ss ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡✱ H r❡♣r❡s❡♥ts t❤❡ t♦t❛❧ tr❛♥s❢❡rs✱ T t❤❡
t♦t❛❧ t❛①❡s ❛♥❞ r ✐s t❤❡ r❡❛❧ ✐♥t❡r❡st r❛t❡✳ D r❡♣r❡s❡♥ts t❤❡ ❞❡✜❝✐t ❛s ❛ ✇❤♦❧❡ ✿

dB

ds
= G1 +G2 +H − T + rB = D + rB ✭✶✮

❚❛❦✐♥❣ r❛t✐♦s t♦ ●❉P ❢♦r ❛❧❧ ✈❛r✐❛❜❧❡s ✐♥ t❤❡ ❡q✉❛t✐♦♥ ✇❡ ♦❜t❛✐♥ ✭✷✮✳ ❚❤❡
♠❛t❤❡♠❛t✐❝❛❧ ♣❛ss❛❣❡ t♦ ❛rr✐✈❡ ❛t ✭✷✮ ✐s ❛s ❢♦❧❧♦✇s✳

B. = D + rB, b. = d(B/Y )/dt = (B.Y −BY .)/Y 2✱

b. = B.
/Y − B

Y .Y
.

Y ✱ b. = (D+rB
Y − bθ = d+ rb− bθ = d+ (r − θ)b✳

θr❡♣r❡s❡♥ts t❤❡ r❛t❡ ♦❢ ❣r♦✇t❤ ♦❢ t❤❡ ❡❝♦♥♦♠②✳

db

ds
= g1 + g2 + h− t+ (r − θ)b ✭✷✮

■♥t❡❣r❛t✐♥❣ t❤✐s ❡q✉❛t✐♦♥ ❢♦r✇❛r❞ ✇❡ ❣❡t t❤❡ ✜♥❛❧ ✐♥t❡r t❡♠♣♦r❛❧ ❜✉❞❣❡t
❝♦♥str❛✐♥t

ˆ

dexp− (r − θ)sds = −b0 ✭✸✮

◆♦✇ ✇❡ ❝❛♥ ❞❡r✐✈❡ t❤❡ ✬❡①♣❡♥❞✐t✉r❡ ❣❛♣ ✬ ✐♥❞✐❝❛t♦r ❛s ❢♦❧❧♦✇s ❜② s✉❜st✐t✉t✐♥❣
d = g1 + g2 + h− t✿
´

(g1 + g2 + h− t)exp− (r − θ)sds = −b0
´

(g2 + h− t)exp− (r − θ)sds+
´

g1exp− (r − θ)sds = −b0
´

(g2 + h− t)exp− (r − θ)sds+ b0 = −
´

g1exp− (r − θ)sds
´

(g2 + h− t)exp− (r − θ)sds+ b0 = g1
exp−(r−θ)s

(r−θ)

g∗1 = (r − θ)(
´

(g2 + h− t)exp− (r − θ)sds+ b0)

g∗1 = (r − θ)[(

ˆ

(g2 + h− t+ (r − θ)b0)(exp− (r − θ)sds)] ✭✹✮

❚❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ✭✹✮ ❞❡✜♥❡s t❤❡ t❤r❡s❤♦❧❞ ♦❢ t❤❡ ❧❡✈❡❧ ♦❢ ♣r♦❞✉❝t✐✈❡
❡①♣❡♥❞✐t✉r❡ ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❘❡✈✐s✐t✐♥❣ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❡①♣❡♥❞✐t✉r❡ ❝❛♥♥♦t
❞✐r❡❝t❧② ❞❡❝r❡❛s❡ ❞❡❜t✱ ❤♦✇❡✈❡r✱ ❢♦❝✉s✐♥❣ ♦♥ ♣r♦❞✉❝t✐✈❡ s♣❡♥❞✐♥❣ ❝❛♥ ❤❡❧♣ ✐♥
❤❛♥❞❧✐♥❣ t❤❡ ❞❡❜t s✐t✉❛t✐♦♥ ✐♥ ❛ ❜❡tt❡r ✇❛②✳ ◆❡✈❡rt❤❡❧❡ss✱ ❝✉rr❡♥t ❡①♣❡♥❞✐t✉r❡
❝❛♥♥♦t ❛❧✇❛②s ❜❡ ✐❣♥♦r❡❞ ♦✇✐♥❣ t♦ ❝✉rr❡♥t ♣r❡ss✐♥❣ ♥❡❡❞s ♦❢ t❤❡ ❡❝♦♥♦♠②✳ ❍❡♥❝❡✱
g∗1❞❡✜♥❡s t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ■♥ t❤❡
♣❛rt ♦♥ ♠♦❞❡❧ ❛♥❞ ♠❡t❤♦❞ ✇❡ s✉❣❣❡st ❛♥ ✐♥❞✐❝❛t♦r ❜❛s❡❞ ♦♥ t❤❡ ❡①♣❡♥❞✐t✉r❡
❛s♣❡❝t ♦❢ ♣✉❜❧✐❝ ❞❡❜t✳

✼



✸✳ ▼♦❞❡❧ ❛♥❞ ▼❡t❤♦❞

✸✳✶ ❖♣t✐♠✐③❛t✐♦♥ ▼♦❞❡❧ ♦♥ Pr♦❞✉❝t✐✈❡ ❊①♣❡♥❞✐✲

t✉r❡ ❛♥❞ ●r♦✇t❤

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❞❡✈❡❧♦♣ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ r❡❧❛t✐♦♥s❤✐♣ ♠♦❞❡❧ ❜❡✲
t✇❡❡♥ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♣✉❜❧✐❝ ❡①♣❡♥❞✐t✉r❡✱ ❣r♦✇t❤ ❛♥❞ ♣✉❜❧✐❝ ❞❡❜t✳ ❚❤❡ ♠♦❞❡❧
❡①♣r❡ss❡s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♣r♦❞✉❝t✐✈❡ ❛♥❞ ✉♥♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡s ❜②
❤♦✇ ❛ s❤✐❢t ✐♥ t❤❡ ♠✐① ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛❧t❡rs t❤❡ ❡❝♦♥♦♠②✬s ❧♦♥❣✲t❡r♠ ❣r♦✇t❤
r❛t❡ ❛♥❞ ♣✉❜❧✐❝ ❞❡❜t✳ ❚❤❡ ❛❣❣r❡❣❛t❡ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ ❤❛s ❝❛♣✐t❛❧ st♦❝❦✱ k✱
❛♥❞ t✇♦ t②♣❡s ♦❢ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ✱ g1

✻ ❛♥❞ g2
✼✳ g1 r❡♣r❡s❡♥ts ❡①♣❡♥❞✐t✉r❡

t❤❛t ❝♦♥tr✐❜✉t❡s t♦ ❢✉t✉r❡ ♣r♦❞✉❝t✐✈✐t② ♦❢ ♦✉t♣✉t ❛♥❞ ❤❡♥❝❡ ✐s ♣❛rt ♦❢ ❝❛♣✐t❛❧
❛❝❝✉♠✉❧❛t✐♦♥ ❜② t❤❡ ❣♦✈❡r♥♠❡♥t ✇❤✐❧❡ g2❝♦♥tr✐❜✉t❡s ♦♥❧② t♦ ❝✉rr❡♥t ♦✉t♣✉t✳ g2
❡♥t❡rs t❤❡ ❝❛♣✐t❛❧ st♦❝❦ ❡q✉❛t✐♦♥ ✐♥❞✐r❡❝t❧②✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠
t♦ ❜❡ ❈❊❙✭❝♦♥st❛♥t ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥✮ t❤❡♥ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❝❛♥ ❜❡ ❡①✲
♣r❡ss❡❞ ❛s

y = f(k, g1,g2) =
[

αk−ξ + βg−ξ
1 + γg−ξ

2

]

−1
ξ

✭✺✮

✇❤❡r❡ α > 0✱ β ≥ 0✱ 0 ≤ γ < β✱ α+ β + γ = 1✱ ξ ≥ −1
❚❤❡ s❤❛r❡ ✱ λ(0 ≤ λ ≤ 1), ♦❢ t♦t❛❧ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ✇❤✐❝❤ ❣♦❡s

t♦✇❛r❞ g1 ✐s ❣✐✈❡♥ ❜②
g1 = λg ❛♥❞ g2 = (1− λ)g
❯t✐❧✐t② ✐♥ t❤✐s ♠♦❞❡❧ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥ t❤❡ ✐s♦✲❡❧❛st✐❝ ❢♦r♠ ✭✼✮ ❛♥❞ t❤❡

r❡♣r❡s❡♥t❛t✐✈❡ ❛❣❡♥t ♠❛①✐♠✐③❡s ❤✐s ✇❡❧❢❛r❡ ❜② ❝❤♦♦s✐♥❣ ❝♦♥s✉♠♣t✐♦♥✱ c ❜❛s❡❞
♦♥ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ❝♦♥str❛✐♥ts ❞✐s❝✉ss❡❞ ❢✉rt❤❡r ♦♥ ✳

u(c) =
c1−σ

1− σ
✭✻✮

❲❡ ❝♦♥s✐❞❡r ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✇✐t❤ ✭✽✮ ❛s t❤❡ ❢✉♥❝t✐♦♥ t♦ ❜❡ ♠❛①✲
✐♠✐③❡❞ ✇✐t❤ t✇♦ st❛t❡ ✈❛r✐❛❜❧❡s✱ k ❛♥❞ b ✱ ♥❛♠❡❧② t❤❡ ❝❛♣✐t❛❧ st♦❝❦ ❛♥❞ ♣✉❜❧✐❝
❞❡❜t ✇✐t❤ t❤❡✐r ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❛s r❡♣r❡s❡♥t❡❞ ❜② ✭✾✮ ❛♥❞ ✭✶✵✮ ❛♥❞ t✇♦ ❝♦♥✲
tr♦❧ ✈❛r✐❛❜❧❡s✱ c ❛♥❞ g1✱ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ r❡s♣❡❝t✐✈❡❧②✳
✭✺✮✱ ✭✻✮ ❛♥❞ ✭✼✮ ❛r❡ ❛❧s♦ ❝♦♥str❛✐♥ts ✐♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ♥ t❤✐s ♠♦❞❡❧
✇❡ r❡❢r❛✐♥ ❢r♦♠ ❞✐s❝✉ss✐♦♥ ♦♥ tr❛♥s❢❡rs ❞♦♥❡ ❜② t❤❡ ❣♦✈❡r♥♠❡♥t✱ ❝♦♥s✉♠❡r ♣r❡❢✲
❡r❡♥❝❡s ❛r❡ ✐s♦ ❡❧❛st✐❝✱ ❣♦✈❡r♥♠❡♥t ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ ❝♦♥tr✐❜✉t❡s t♦ ❢✉t✉r❡
♣r♦❞✉❝t✐✈❡ ❝❛♣❛❝✐t② ✇❤✐❧❡ ❧❡ss ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ ❝♦♥tr✐❜✉t❡s ♦♥❧② t♦ ❝✉r✲
r❡♥t ♦✉t♣✉t✳

▼❛①✐♠✐③❡

U =

∞̂

0

u(c)e−ρtdt ✭✼✮

✻❈❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡✱ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ❡♠♣✐r✐❝❛❧❧② ❢♦✉♥❞ t♦ ❣✐✈❡ ❤✐❣❤ st✐♠✉❧✉s t♦ ❣r♦✇t❤
✉♣ t✐❧ ❛ ❝❡rt❛✐♥ ❧❡✈❡❧

✼❈✉rr❡♥t ❡①♣❡♥❞✐t✉r❡✱ ✇❤✐❝❤ ✐s ❝♦♥s✐❞❡r❡❞ t♦ ❣✐✈❡ ❧❡ss st✐♠✉❧✉s t♦ ❣r♦✇t❤

✽



s✉❜❥❡❝t t♦

k. = (1− τ)y − c+ g1 ✭✽✮

b. = g1 + g2 − t+ (r − θ)b ✭✾✮

■♥st❡❛❞ ♦❢ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❣♦✈❡r♥♠❡♥t ♦♥❧② ♦❜t❛✐♥s t❛①❡s ❛♥❞ ❞♦❡s s♣❡♥❞✲
✐♥❣✱ ✇❡ ✐♥tr♦❞✉❝❡ ❣♦✈❡r♥♠❡♥t ❞❡❜t ❛s ✇❡❧❧ ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡ ❞②♥❛♠✐❝ ✐♥t❡r
t❡♠♣♦r❛❧ ❜✉❞❣❡t ❝♦♥str❛✐♥t ✭✷✮ ✇❤❡r❡ t r❡♣r❡s❡♥ts t❤❡ t❛①❡s ❝♦❧❧❡❝t❡❞ ❜② t❤❡
❣♦✈❡r♥♠❡♥t ❛♥❞ r ❛♥❞ θ ❛r❡ t❤❡ ✐♥t❡r❡st r❛t❡ ♦♥ ❞❡❜t ❛♥❞ ❣r♦✇t❤ r❛t❡ ♦❢ ♦✉t♣✉t
✐♥ t❤❡ ❡❝♦♥♦♠② r❡s♣❡❝t✐✈❡❧②✳

❚❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❝✉rr❡♥t ✈❛❧✉❡ ❍❛♠✐❧t♦♥✐❛♥

H(c, h) =
c1−σ − 1

1− σ
+ µk

[

(1− τ)
{

αk−ξ + βg−ξ
1 + γg−ξ

2

}−1/ξ

− c+ g1

]

+µb [g1 + g2 − t+ (r − θ)b]

✇❤❡r❡ µk ❛♥❞ µb r❡♣r❡s❡♥t t❤❡ s❤❛❞♦✇ ♣r✐❝❡s ♦❢ k ❛♥❞ b r❡s♣❡❝t✐✈❡❧②✳ ❋r♦♠
t❤✐s ✇❡ ❣❡t t❤❡ ❝♦♥❞✐t✐♦♥s

c−σ = µk ✭✶✵✮

µk

[

(1− τ)βg−ξ−1
1

{

αk−ξ + βg−ξ
1 + γg−ξ

2

}−(1+ξ)/ξ

+ 1

]

+ µb = 0 ✭✶✶✮

(1− τ)βg
−(ξ+1)
1

{

αk−ξ + βg−ξ
1 + γg−ξ

2

}−(1+ξ)/ξ

+ 1 = −
µb

µk
✭✶✷✮

✭✶✸✮ r❡♣r❡s❡♥ts t❤❡ ❝♦ st❛t❡ ❡q✉❛t✐♦♥ ✇✐t❤ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ g1 ❛♥❞ t❤❡
s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❞❡❜t µb✳ ❙✐♥❝❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✐s ✐♥✈❡rs❡ ✇❡
❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ❛ ♣♦s✐t✐✈❡ ♠♦✈❡♠❡♥t t♦✇❛r❞s ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ ❤❡❧♣s
✐♥ r❡♣❛②♠❡♥t ♦❢ ❞❡❜t ♠✉❝❤ ♠♦r❡ s♠♦♦t❤❧② ♦✈❡r t✐♠❡✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ k. ❛♥❞ b. ❡q✉❛t✐♦♥s ❣✐✈❡♥ ✐♥ t❤❡ ♣r♦❜❧❡♠ st❛t❡♠❡♥t✱ t❤❡
♠❛①✐♠✉♠ ♣r✐♥❝✐♣❧❡ r❡q✉✐r❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢♦r t❤❡ ❝♦ st❛t❡
✈❛r✐❛❜❧❡s✿

µ.
k = µk

[

(1− τ)αk−ξ−1
{

αk−ξ + βg−ξ
1 + γg−ξ

2

}−(1+ξ)/ξ
]

+ ρµk ✭✶✸✮

µ.
b = µb(r − θ) + ρµb ✭✶✹✮

❙✐♥❝❡ t❤❡r❡ ❛r❡ ❢♦✉r ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✱ t❤❡ s②st❡♠ ❝❛♥♥♦t ❜❡ ❛♥❛❧②③❡❞
✇✐t❤ ❛ ♣❤❛s❡ ❞✐❛❣r❛♠✳ ❇✉t ♦✉r ♠❛✐♥ q✉❡st✐♦♥ ♦❢ ✐♥t❡r❡st ✐s t♦ s❡❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣
❜❡t✇❡❡♥ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡✱ ❣r♦✇t❤ r❛t❡ ❛♥❞ ♣✉❜❧✐❝ ❞❡❜t✳ ❙♦ ❤♦✇ ❞♦❡s t❤❡

✾



♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ ❛✛❡❝t t❤❡ s❤❛❞♦✇ ♣r✐❝❡ ♦❢ ❞❡❜t❄ ❲❤❛t ✐s t❤❡ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ λ ✇✐t❤ r❡s♣❡❝t t♦ ❣r♦✇t❤ r❛t❡
♦❢ t❤❡ ❡❝♦♥♦♠② ❛♥❞ ❣r♦✇t❤ r❛t❡ ♦❢ ❝♦♥s✉♠♣t✐♦♥❄

❚❤❡ ❜❛s✐❝ ❢❡❛t✉r❡s ♦❢ s✉❝❤ ❛ st❡❛❞② st❛t❡ ✐s t❤❛t ❛❧❧ t❤❡ st❛t❡ ❛♥❞ ❝♦♥tr♦❧
✈❛r✐❛❜❧❡s ❣r♦✇ ❛t t❤❡ s❛♠❡ r❛t❡✳ ❲❡ t❤✉s ❤❛✈❡ ✐♥ st❡❛❞② st❛t❡

µ.
k = −σc−σ−1c. ✭✶✺✮

❯s✐♥❣ ✭✶✶✮ ✇❡ ❣❡t

µ.
k

µk
= −σ

c.

c
✭✶✻✮

◆♦✇ ✇❡ s✉❜st✐t✉t❡ ✭✶✹✮ ✐♥t♦ ✭✶✼✮ ❛♥❞ ♦❜t❛✐♥

c.

c
= −

[

(1− τ)αk−ξ−1
{

αk−ξ + βg−ξ
1 + γg−ξ

2

}−(1+ξ)/ξ
]

+ ρ

σ
✭✶✼✮

◆♦✇ ✇❡ ✉s❡ t❤❡ ♦t❤❡r ❝♦♥str❛✐♥ts ❛♥❞ s✉❜st✐t✉t❡ t❤❡♠ ✐♥ ✭✶✽✮ ❛♥❞ ❣❡t ✭✶✾✮
g1 = λg ❛♥❞ g2 = (1− λ)g✱ ❤❡♥❝❡ cθ = c.

c ✱ t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ ❝♦♥s✉♠♣t✐♦♥

cθ = −

[

(1− τ)α
[

(α+ (g/k)−ξ(βλ−ξ + γ(1− λ)−ξ))
]−(1+ξ)/ξ

]

+ ρ

σ

dcθ
dλ

=
α(1− τ)(1 + ξ)(g/k)−ξ

[

βλ−(1+ξ) − γ(1− λ)−(1+ξ)
]

σ
{

[(α+ (g/k)−ξ(βλ−ξ + γ(1− λ)−ξ))]
−(1+2ξ)/ξ

} ✭✶✽✮

❊①♣r❡ss✐♦♥✭✶✾✮ s❤♦✉❧❞ ❜❡ ♣♦s✐t✐✈❡ ✐❢ ❈❆P❘❆❚■❖ s❤♦✉❧❞ ❤❛✈❡ ❛ ♣♦s✐t✐✈❡ ❡❢✲
❢❡❝t ♦♥ ❣r♦✇t❤✳ ❚❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ t❤✐s ❡q✉❛t✐♦♥ ✇✐❧❧ ❜❡ ♣♦s✐t✐✈❡ ✐❢ (1 +
ξ)
[

βλ−(1+ξ) − (1− λ)−(1+ξ)
]

> 0✳ ■t ❢♦❧❧♦✇s t❤❛t ξ ≥ −1✱ ❤❡♥❝❡ dθ
dλ > 0 ✐❢

(

β
γ

)η

> λ
1−λ ✇❤❡r❡ η = 1/(1+ξ) ✐s t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥✳ ❙✐♥❝❡ λ ✐s ❛♥

✐♥❝r❡❛s✐♥❣ ♣r♦♣♦rt✐♦♥ ✉♥t✐❧ ♦♣t✐♠❛❧✐t② ✐s r❡❛❝❤❡❞✱ t❤❡ ❧❡❢t s✐❞❡ ✇✐❧❧ ❛❧✇❛②s ❜❡
❜✐❣❣❡r t❤❛♥ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡✳ ❆ ❝❛✈❡❛t✱ ✐s t❤❛t t❤❡ ✐♥❝r❡❛s❡ ✐♥ ❣r♦✇t❤ ♦♥
❛❝❝♦✉♥t ♦❢ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ❛♣❛rt ❢r♦♠ ❞❡♣❡♥❞✐♥❣ ♦♥ β ❛♥❞ γ✱ ❞❡♣❡♥❞s ❛❧s♦
♦♥ λ✱ ✇❤✐❝❤ ✐s t❤❡ ✐♥✐t✐❛❧ s❤❛r❡ ♦❢ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡✳ ✽❚❤✉s ✐❢ ✐♥✐t✐❛❧ λ✐s
✈❡r② ❤✐❣❤✱ β > γ ♠❛② ♥♦t ♥❡❝❡ss❛r✐❧② r❛✐s❡ t❤❡ ❣r♦✇t❤ r❛t❡✳ ❍♦✇❡✈❡r✱ s✉❝❤
❞❡❜❛t❡s ✇♦✉❧❞ ❜❡ ♠♦r❡ r❡❧❡✈❛♥t ❢♦r ❞❡✈❡❧♦♣❡❞ ❝♦✉♥tr✐❡s ✇❤❡r❡ t❤❡ ♣r♦❞✉❝t✐✈❡
t❤r❡s❤♦❧❞ ♦❢ ❝❛♣✐t❛❧✴♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ r❡❛❝❤❡❞✳

❙✐♥❝❡
µ.
k

µk
=

µ.
b

µb
❝❤❛r❛❝t❡r✐③❡s st❡❛❞② st❛t❡✱ ✇❡ ❝❛♥ ❡q✉❛t❡

θ = (r −

[

α(1− τ)
{

α+ (g/k))
−ξ

(β(λ)−ξ + γ((1− λ))−ξ
}−(1+ξ)/ξ

]

) ✭✶✾✮

✽❚❤✐s r❡s✉❧t ✐s ✐♥ ❝♦♥s✐st❡♥❝❡ ✇✐t❤ t❤❛t ♦❢ ❉❡✈❛r❛❥❛♥ ❡t✳❛❧✳ ■♥ ✭✷✵✮ ✇❡ ♦❜t❛✐♥ s✉❝❤ ❛♥
❛♥❛❧②t✐❝❛❧ ❝♦♥❞✐t✐♦♥ ❛❧s♦ ❢♦r ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ❡❝♦♥♦♠②

✶✵



❚❤✐s ❡q✉❛t✐♦♥ s❤♦✇s t❤❡ ❣r♦✇t❤ ♦❢ ♦✉t♣✉t ✐♥ t❤❡ ❡❝♦♥♦♠② ❛♥❞ ✐ts r❡❧❛t✐♦♥s❤✐♣
✇✐t❤ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ♣✉❜❧✐❝ ❡①♣❡♥❞✐t✉r❡✳ ❚❤❡ ❛♥❛❧②t✐❝❛❧ ❝♦♥❞✐t✐♦♥ ♦❜t❛✐♥❡❞ ❤❡r❡
✐s t❤❡ s❛♠❡ ❛s t❤❛t ♦❢ t❤❡ ❣r♦✇t❤ ♦❢ ❝♦♥s✉♠♣t✐♦♥✭✶✽✮✳

dθ

dλ
= (1− τ)(1 + ξ)α

{

α+ (g/k)−ξ(β(λ)−ξ + γ((1− λ))−ξ
}

∗
−(1+2ξ)/ξ ✭✷✵✮

(g/k)−ξ
[

βλ−(1+ξ) + γ(1− λ)−(1+ξ)
]

❙✉♠♠✐♥❣ ✉♣✱ t❤❡ t✇♦ ♠❛✐♥ r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ❜② ✭✶✸✮ ❛♥❞ ✭✷✵✮✳ ❚❤❡ ✜rst ✐s t❤❛t
t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ ❛♥❞ ❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ❡❝♦♥♦♠②
✐s ❣♦✈❡r♥❡❞ ❜② ✐♥✐t✐❛❧ s❤❛r❡s ♦❢ ❡①♣❡♥❞✐t✉r❡s ❛s ✇❡❧❧ ❛s t❤❡ ❝✉rr❡♥t ♣r♦♣♦rt✐♦♥s✳
❚❤❡ r❛t✐♦ ♦❢ ✐♥✐t✐❛❧ s❤❛r❡s ✇♦✉❧❞ ❛❧✇❛②s ❜❡ ♠♦r❡ t❤❛♥ t❤❛t ♦❢ ❝✉rr❡♥t ♣r♦♣♦rt✐♦♥
♦❢ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡✳ ❚❤✉s t❤❡r❡ ✐s ❛ ❝♦♥str❛✐♥t ♦♥ t❤❡ ❛♠♦✉♥t ✉♣ t✐❧ ✇❤✐❝❤
t❤❡ ✐♥✈❡st♠❡♥t ❡①♣❡♥❞✐t✉r❡ ❝❛♥ ❜❡ ✐♥❝r❡❛s❡❞ ✐♥ t❤❡ ❡❝♦♥♦♠②✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❛♥
✐♥❝r❡❛s❡ ✐♥ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ ❞❡❝r❡❛s❡s t❤❡ ✉t✐❧✐t② ❞❡♥♦♠✐♥❛t❡❞ ✈❛❧✉❡ ♦❢
❞❡❜t ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ✇❡❧❢❛r❡ ❝♦st ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❣♦✈❡r♥♠❡♥t ❞❡❜t ❢❛❧❧s✳
❋✉rt❤❡r✱ ♣❛rt ♦❢ ❣♦✈❡r♥♠❡♥t ❡①♣❡♥❞✐t✉r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❤✐❣❤❧② ♣r♦❞✉❝t✐✈❡
✐s ✉s❡❞ t♦ ❣❡♥❡r❛t❡ ♣r♦❞✉❝t✐✈❡ ❝❛♣❛❝✐t② ✐♥ t❤❡ ❢✉t✉r❡ r❡❞✉❝✐♥❣ t❤❡ ❜✉r❞❡♥ ♦❢
❞❡❜t✳ ❚❤✐s ❤❡❧♣s t❤❡ ❣♦✈❡r♥♠❡♥t ✐♥ ❝❤♦♦s✐♥❣ ❛ ❝♦♥s✉♠♣t✐♦♥ ♣❛t❤ ✇❤✐❝❤ ❤❡❧♣s
✐♥ r❡❛❜s♦r❜✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ ❞❡❜t s❧♦✇❧② ❛♥❞ ❡①t❡♥❞s t❤❡ r❡♣❛②♠❡♥t t✐♠❡ ♣❡r✐♦❞✳
❚❤✉s ✐t ✇♦✉❧❞ ❜❡ ✇♦rt❤✇❤✐❧❡ t♦ ❞❡✈❡❧♦♣ ✐♥❞✐❝❛t♦rs ♦❢ ❞❡❜t s✉st❛✐♥❛❜✐❧✐t② ❜❛s❡❞
♦♥ λ✱ t❤❡ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ ❝♦♠♣♦♥❡♥t✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ❞❡r✐✈❡ ❛♥
✐♥❞✐❝❛t♦r ❜❛s❡❞ ♦♥ λ✱ ✇❤✐❝❤ ❤❛s ❡♠♣✐r✐❝❛❧❧② ❜❡❡♥ s❡❡♥ ❛s t❤❡ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡
r❛t✐♦✾ ✐♥ t♦t❛❧ ❡①♣❡♥❞✐t✉r❡✭❈❆P❘❆❚■❖✮✳

✸✳✷ Pr♦♣♦s❡❞ ■♥❞✐❝❛t♦r ✿ ❈❆P❘❆❚■❖

❲❡ ♣r♦♣♦s❡ ❛♥ ✐♥❞✐❝❛t♦r t❤❛t ❝❛♥ ❜❡ ❝❛❧❧❡❞ ❛s ❈❆P❘❆❚■❖ ❞❡✜♥❡❞ ❛s ❈❛♣✐t❛❧
❊①♣❡♥❞✐t✉r❡ ❘❛t✐♦ t♦ ❛❣❣r❡❣❛t❡ ❡①♣❡♥❞✐t✉r❡ ✭λ) ❛♥❞ ♠❛t❤❡♠❛t✐❝❛❧❧② ❝❛♥ ❞❡✜♥❡❞
❛s

λ =
gca

(gca + gc)
✭✷✶✮

■♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❣r♦✇t❤ t❤❡♦r✐❡s ♦✉t❧✐♥❡❞ ❛❜♦✈❡ t❤✐s ✐♥❞✐❝❛t♦r ♠❡❛s✉r❡s t❤❡
s❤❛r❡ ♦❢ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ✐♥ t♦t❛❧ ♣✉❜❧✐❝ ❡①♣❡♥❞✐t✉r❡✳ ❆s λ ✐♥❝r❡❛s❡s✱ ✐t ✐s
❡①♣❡❝t❡❞ t❤❛t t❤❡ ♣✉❜❧✐❝ ❞❡❜t ❧❡✈❡❧s ✇✐❧❧ r❡❛❝t ✐♥✈❡rs❡❧② ❢♦r ❞❡✈❡❧♦♣✐♥❣ ❝♦✉♥tr✐❡s✳
❚❤✐s ✉♥✐q✉❡ ❢❡❛t✉r❡ ♠❛❦❡s ✐t ♠♦r❡ ❢❡❛s✐❜❧❡ t♦ ❜❡ ✉s❡❞ ❢♦r ❞❡❜t s✉st❛✐♥❛❜✐❧✐t②
s✐♠✉❧❛t✐♦♥s ✐♥ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ❡①✐st✐♥❣ ✐♥❞✐❝❛t♦rs✳ ■t ✇♦✉❧❞ ❜❡ ♥♦t❡✇♦rt❤②
t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ t❤✐s ✐♥❞✐❝❛t♦rs ♠❛♣s ✇✐t❤ t❤❡ ●♦✈❡r♥♠❡♥t ✐♥t❡r✲t❡♠♣♦r❛❧
❜✉❞❣❡t ❝♦♥str❛✐♥t ❢♦r ♣♦❧✐❝② ❛♥❞ s✐♠✉❧❛t✐♦♥ ♣✉r♣♦s❡s✳

❍❛✈✐♥❣ ✉♥❞❡rst♦♦❞ t❤❛t ❈❆P❘❆❚■❖ ❛✛❡❝ts ❣r♦✇t❤ ♣♦s✐t✐✈❡❧②✱ ❛♥❞ ❣r♦✇t❤
❛♥❞ ❞❡❜t s❤❛r❡ ❛ ♥❡❣❛t✐✈❡ r❡❧❛t✐♦♥s❤✐♣✱ ✇❡ ❝❛♥ ✐♥❢❡r ❛ ♥❡❣❛t✐✈❡ r❡❧❛t✐♦♥s❤✐♣

✾❙❡❡ ❚❛❜❧❡ ✶

✶✶



❜❡t✇❡❡♥ ❈❆P❘❆❚■❖ ❛♥❞ ❞❡❜t ✐♥t✉✐t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✐♠♣❡r❛t✐✈❡ t♦ t❡st
t❤✐s ❡♠♣✐r✐❝❛❧❧②✱ ❞♦♥❡ ✐♥ ♣❛rt ■❱✳ ❙✐♥❝❡ t❤❡ r❡s✉❧ts ❝♦♥✜r♠ t❤✐s ✐♥t✉✐t✐♦♥ ✇❡ ❝❛♥
r❡♣r❡s❡♥t t❤✐s r❡❧❛t✐♦♥s❤✐♣ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛♥ ✐♥❞✐❝❛t♦r t❤❛t ❝❛♥ ❜❡ ❛ ♣r❡❞✐❝t♦r ♦❢
❞❡❜t ❞②♥❛♠✐❝s✳

✭✷✮ ♣r♦✈✐❞❡s ✉s ✇✐t❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡r✲t❡♠♣♦r❛❧ ❝♦♥str❛✐♥t ✇✐t❤
❛❧❧ ✈❛r✐❛❜❧❡s ✐♥ ❛ r❛t✐♦ t♦ ●❉P ❢♦r♠✳ ✭✷✷✮ ❝❛♥ ❜❡ ✉s❡❞ t♦ s✉❜st✐t✉t❡ ❢♦r (gca+gc)
❜❛❝❦ ✐♥ ✭✷✮✳ ❚❤❡ r❡s✉❧t✐♥❣ ❡q✉❛t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✿

ˆ

db

ds
=

ˆ

gca
λ

+ h− t+ (r − θ)bds ✭✷✷✮

´

gca
λ + h− t)exp− (r − θ)sds = −b0

´

(h− t)exp− (r − θ)sds+
´

gca
λ exp− (r − θ)sds = −b0

´

(h− t)exp− (r − θ)sds+ b0 = −
´

gca
λ exp− (r − θ)sds

´

(h− t)exp− (r − θ)sds+ b0 = gca
λ

exp−(r−θ)s
(r−θ)

gca
λ = (r − θ)(

[´

(h− t)exp− (r − θ)sds
]

+ b0)

λ =
gca

(r − θ)(
[´

(h− t)exp− (r − θ)sds
]

+ b0)
✭✷✸✮

✭✷✹✮ r❡♣r❡s❡♥ts t❤❡ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ r❛t✐♦ ✐♥❞✐❝❛t♦r✳ ❲❤✐❧❡ ❞②♥❛♠✐❝ ❢✉t✉r❡
s✐♠✉❧❛t✐♦♥s ❛r❡ ♥♦t ✐♥ t❤❡ ❢♦❝✉s ♦❢ t❤❡ ♣❛♣❡r✱ t❤❡ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ✐♥ t❤❡ ♥❡①t
♣❛rt ✇✐❧❧ ❛✐♠ t♦ t❡st t❤❡ t❤❡♦r❡t✐❝❛❧ ❤②♣♦t❤❡s✐s ♦❢ ✐♥✈❡rs❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥
λ❛♥❞ bt ✇✐t❤ t❤❡ ✉s❡ ♦❢ ♠✉❧t✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s ❛♥❛❧②s✐s ❢♦❧❧♦✇❡❞ ❜② st❛t✐❝ ❱❊❈▼
❜❛s❡❞ s✐♠✉❧❛t✐♦♥s✳ ❚❤✐s ✐s ♠❛♥❞❛t♦r② ❢♦r ✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ t❤✐s
✐♥❞✐❝❛t♦r ❢♦r ❢♦r❡❝❛st✐♥❣ ♣✉r♣♦s❡s✳

✸✳✸ ❊♠♣✐r✐❝❛❧ ❚❡st

❚❤❡ ❧♦♥❣✲r✉♥ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❞❡❜t t♦ ●❉P r❛t✐♦✭b✮❛♥❞ ❈❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡
r❛t✐♦✭λ✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ✐♥ ✭✷✹✮✿

bt =
β

λt
− γα ✭✷✹✮

✶✵✱ ✇❤❡r❡ γ = 1 ✐❢ r = θ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ✐♥t❡r❡st r❛t❡ ♦♥ ❞❡❜t ❡q✉❛❧s t❤❡
❣r♦✇t❤ r❛t❡ ♦❢ t❤❡ ❡❝♦♥♦♠②✳

❆ ✉♥✐t ❝♦❡✣❝✐❡♥t ✭β = 1✮ ✇♦✉❧❞ ✐♠♣❧② t❤❛t ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ r❛t✐♦ ❞♦❡s
❛✛❡❝t t❤❡ ❞❡❜t t♦ ●❉P ❧❡✈❡❧ ✐♥ ❛ ♣❡r❢❡❝t ♠❛r❦❡t✳ ❍♦✇❡✈❡r✱ ✐♥ r❡❛❧✐t② s✐♥❝❡ ✇❡
❛r❡ ✐♥ ❛♥ ✐♠♣❡r❢❡❝t ♠❛r❦❡t t❤✐s ♣❛r❛♠❡t❡r s❤♦✉❧❞ ❡①❝❡❡❞ ♦♥❡✳

❲❡ ❛♣♣❧② ❏♦❤❛♥s❡♥✬s✭✶✾✾✷✱✶✾✾✺✮ ♠✉❧t✐✈❛r✐❛t❡ ♠❡t❤♦❞ t♦ ❡st✐♠❛t❡ t❤❡ ❧♦♥❣✲
r✉♥ r❡❧❛t✐♦♥✶✶ ❜❡t✇❡❡♥ ❞❡❜t t♦ ●❉P r❛t✐♦✭bt✮❛♥❞ ❈❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ r❛t✐♦✭λt✮✳
❯♥❞❡r t❤✐s ❛♣♣r♦❛❝❤✱ ❛ s②st❡♠ ♦❢ ♥ ❡♥❞♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s ❝❛♥ ❜❡ ♣❛r❛♠❡tr✐③❡❞
✐♥t♦ ❛ ✈❡❝t♦r ❡rr♦r ❝♦rr❡❝t✐♦♥ ♠♦❞❡❧✿

✶✵❉❡t❛✐❧❡❞ ❉❡r✐✈❛t✐♦♥ ✐♥ ❛♣♣❡♥❞✐① ✐♥ t❤❡ s❡❝t✐♦♥ ♦❢ ❱❊❈▼ Pr♦♣❡rt✐❡s
✶✶❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❡q✉❛t✐♦♥✭✷✺✮

✶✷



△Xt = µ+Γ1△Xt−1+Γ2△Xt−2+....+Γk−1△Xt−k+1+ΠXt−k+ϕDt+ut ✭✷✺✮

✇❤❡r❡ Xt✐s ❛♥ ✭♥ ✱✶✮ ✈❡❝t♦r ❀ Γi❛♥❞ Π❛r❡ ✭♥ ✱ ♥✮ ❝♦❡✣❝✐❡♥t ♠❛tr✐❝❡s ❀ Dt❛r❡
❞❡t❡r♠✐♥✐st✐❝ ❝♦♠♣♦♥❡♥ts✱ s✉❝❤ ❛s s❡❛s♦♥❛❧ ❛♥❞ ✐♠♣✉❧s❡ ❞✉♠♠✐❡s ❀ µ✐s ❛ ❝♦♥✲
st❛♥t t❡r♠ ❀ k ✐s t❤❡ ❧❛❣ ❧❡♥❣t❤ ❀ ❛♥❞ ut✐s ❛ ✈❡❝t♦r ♦❢ ♥♦r♠❛❧❧② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧②
❞✐str✐❜✉t❡❞ ❡rr♦r t❡r♠s✳ ■♥ ♦✉r s②st❡♠✱ Xt = [bt, λt]✐s ❛ ✷ ✯ ✶ ✈❡❝t♦r✱ ❛♥❞ Γi❛♥❞
Π❛r❡ ✭✷ ✯ ✷✮ ❝♦❡✣❝✐❡♥t ♠❛tr✐❝❡s✳ ❆ ❝♦✐♥t❡❣r❛t❡❞ s②st❡♠ ✐♠♣❧✐❡s t❤❛t Π = αβ

′

✐s
r❡❞✉❝❡❞ r❛♥❦✱ r✱ ❢♦r r < n✳

❚♦ ✉♥❞❡rst❛♥❞ t❤✐s ✐♥ ♠♦r❡ ❞❡t❛✐❧✱ ✇❡ ❝❛♥ t❛❦❡ ❛ ❞❡❡♣❡r ❧♦♦❦ ❛t ❛ ♠✉❧t✐✈❛r✐❛t❡
❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ s✐♥❣❧❡ ❡q✉❛t✐♦♥ ❞②♥❛♠✐❝ ♠♦❞❡❧s✱ ❦♥♦✇♥ ❛s ❱❆❘

γt =

[

bt
λt

]

= A1

[

bt−1

λt−1

]

+A2

[

bt−2

λt−2

]

+ ......+An

[

bt−n

λt−n

]

+ ut ✭✷✻✮

◆♦✇ r❡♣r❡s❡♥t✐♥❣ t❤✐s ♠♦❞❡❧ ✐♥ ❧❡✈❡❧s ❛♥❞ ✜rst ❞✐✛❡r❡♥❝❡s✱ ✇❡ s✉❜tr❛❝t
γt−1❢r♦♠ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❱❆❘ ❀ ✇❡ ♦❜t❛✐♥

△γt = (A1 − 1)γt−1 +A2γt−2 + ......+Anγt−n + ut

❋✉rt❤❡r ✇❡ s✉❜tr❛❝t (A1 − 1)γt−2❢r♦♠ ❜♦t❤ s✐❞❡s ✉♥t✐❧ n− 1

△γt = Π1△γt−1 +Π1△γt−2 + ......+Π△γt−n + ut ✭✷✼✮

=

n−1
∑

i=1

Πi△γt−i +Π△γt−n + ut ✭✷✽✮

✇❤❡r❡

Πi = (I −
i
∑

j=1

Aj)

Π = (I −

n
∑

j=1

Ai)

❚❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✭✷✽✮ ✐s t❤❡ ♣❛r❛♠❡tr✐③❛t✐♦♥ ♦❢ t❤❡ ❱❆❘ ♠♦❞❡❧ ❛s ❛
❱❊❈▼✶✷✳ ❚❤❡ ♥❡①t s❡❝t✐♦♥ t❤r♦✇s ♠♦r❡ ❧✐❣❤t ♦♥ ❤♦✇ t❤✐s ❡❝♦♥♦♠❡tr✐❝ ❢r❛♠❡✲
✇♦r❦ ❝❛♥ ❜❡ t❡st❡❞ ✇✐t❤ ❞❛t❛✱ r❡s✉❧ts ♦❜s❡r✈❡❞ ❛♥❞ t❤❡✐r ✐♥t❡r♣r❡t❛t✐♦♥✳

✹✳ ❘❡s✉❧ts

❚❤❡ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ❤❛s ❜❡❡♥ ❞♦♥❡ ♦♥ ■♥❞✐❛♥ ❞❛t❛ ❝♦✈❡r✐♥❣ t❤❡ t✐♠❡ ♣❡r✐♦❞
✶✾✽✵✲✷✵✵✾ ❢♦r ❛❧❧ t❤r❡❡ ❧❡✈❡❧s ♦❢ ❣♦✈❡r♥♠❡♥t ♥❛♠❡❧② ❈❡♥tr❛❧✱ ❙t❛t❡ ❛♥❞ ❈♦♥✲
s♦❧✐❞❛t❡❞ ●❡♥❡r❛❧ ●♦✈❡r♥♠❡♥t✳ ❚❤❡r❡ ❛r❡ t✇♦ ♠❛✐♥ r❡❛s♦♥s ❛s t♦ ✇❤② ■♥❞✐❛

✶✷❘❡❢❡r t♦ ❛♣♣❡♥❞✐① ❢♦r ❞❡t❛✐❧s ♦♥ ❧♦♥❣ r✉♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❱❊❈▼ ❛♥❞ ❧✐♥❦s ✇✐t❤ ❝♦✐♥t❡✲
❣r❛t✐♦♥ ♠❡t❤♦❞♦❧♦❣② ♦❢ ❏♦❤❛♥s❡♥✭✶✾✾✺✮

✶✸



❤❛s ❜❡❡♥ s❡❧❡❝t❡❞ ❢♦r t❤❡ ❛♥❛❧②s✐s✳ ❋✐rst❧②✱ ■♥❞✐❛ ✐s ❛ ❞❡✈❡❧♦♣✐♥❣ ♥❛t✐♦♥✱ ✇✐t❤
❤✉❣❡ ❧❡✈❡❧ ♦❢ ♣✉❜❧✐❝ ❞❡❜t ❛♥❞ ❞❡✜❝✐ts ❛t ❛❧❧ ❧❡✈❡❧s ♦❢ ●♦✈❡r♥♠❡♥t✳ ❚❤❡ ♣✉③③❧❡✱
❤♦✇❡✈❡r✱ ✐s t❤❛t ❡✈❡♥ t❤❡♥ ✐t ❤❛s ❡s❝❛♣❡❞ ❛ ❞❡❜t ❝r✐s✐s s♦ ❢❛r✳ P❛rt❧②✱ t❤✐s ❝❛♥ ❜❡
❡①♣❧❛✐♥❡❞ ❜② ✐ts ❜✉r❣❡♦♥✐♥❣ ❣r♦✇t❤ r❛t❡ ❜✉t ♦t❤❡r ❢❛❝t♦rs ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤✐s
st✐❧❧ r❡♠❛✐♥ ❛ ♠②st❡r②✳ ❙❡❝♦♥❞❧②✱ ♦✇✐♥❣ t♦ ❛ str♦♥❣ ❢❡❞❡r❛❧ str✉❝t✉r❡✱ t❤❡r❡ ✐s ❛
❝❧❡❛r ❞❡♠❛r❝❛t✐♦♥ ♦♥ ❡①♣❡♥❞✐t✉r❡ ♣r❡r♦❣❛t✐✈❡s✳

❇❡❢♦r❡ ❡♠❜❛r❦✐♥❣ ♦♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ✐t ✐s ✐♠♣❡r❛t✐✈❡ t♦ t❛❦❡ ❛ ❧♦♦❦ ❛t
t❤❡ ❢❡❞❡r❛❧ str✉❝t✉r❡ ♦❢ t❤❡ ❣♦✈❡r♥♠❡♥t✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ■♥❞✐❛✬s ❢❡❞❡r❛❧ str✉❝✲
t✉r❡s ❛r❡ ❛♥ ✐♠♣♦rt❛♥t ❛s♣❡❝t ♦❢ ✐ts ♣♦❧✐t✐❝❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ s②st❡♠✳ ❚❤❡ ■♥❞✐❛♥
❈♦♥st✐t✉t✐♦♥✱ ✐♥ ✐ts ❙❡✈❡♥t❤ ❙❝❤❡❞✉❧❡✱ ❛ss✐❣♥s t❤❡ ♣♦✇❡rs ❛♥❞ ❢✉♥❝t✐♦♥s ♦❢ t❤❡
❈❡♥t❡r ❛♥❞ t❤❡ ❙t❛t❡s✳ ❚❤❡ s❝❤❡❞✉❧❡ s♣❡❝✐✜❡s t❤❡ ❡①❝❧✉s✐✈❡ ♣♦✇❡rs ♦❢ t❤❡ ❈❡♥t❡r
✐♥ t❤❡ ❯♥✐♦♥ ❧✐st❀ ❡①❝❧✉s✐✈❡ ♣♦✇❡rs ♦❢ t❤❡ ❙t❛t❡s ✐♥ t❤❡ ❙t❛t❡ ❧✐st❀ ❛♥❞ t❤♦s❡ ❢❛❧❧✐♥❣
✉♥❞❡r t❤❡ ❥♦✐♥t ❥✉r✐s❞✐❝t✐♦♥ ❛r❡ ♣❧❛❝❡❞ ✐♥ t❤❡ ❈♦♥❝✉rr❡♥t ❧✐st✳ ❆❧❧ r❡s✐❞✉❛r② ♣♦✇✲
❡rs ❛r❡ ❛ss✐❣♥❡❞ t♦ t❤❡ ❈❡♥t❡r✳ ❚❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ❛ss✐❣♥♠❡♥ts ✐s ❢❛✐r❧② t②♣✐❝❛❧ ♦❢
❢❡❞❡r❛❧ ♥❛t✐♦♥s✳ ❚❤❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❝❡♥tr❛❧ ❣♦✈❡r♥♠❡♥t ❛r❡ t❤♦s❡ r❡q✉✐r❡❞ t♦
♠❛✐♥t❛✐♥ ♠❛❝r♦❡❝♦♥♦♠✐❝ st❛❜✐❧✐t②✱ ✐♥t❡r♥❛t✐♦♥❛❧ tr❛❞❡ ❛♥❞ r❡❧❛t✐♦♥s ❛♥❞ t❤♦s❡
❤❛✈✐♥❣ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ♠♦r❡ t❤❛♥ ♦♥❡ st❛t❡✳ ❚❤❡ ♠❛❥♦r s✉❜❥❡❝ts ❛ss✐❣♥❡❞ t♦ t❤❡
st❛t❡s ❝♦♠♣r✐s❡ ♣✉❜❧✐❝ ♦r❞❡r✱ ♣✉❜❧✐❝ ❤❡❛❧t❤✱ ❛❣r✐❝✉❧t✉r❡✱ ✐rr✐❣❛t✐♦♥✱ ❧❛♥❞ r✐❣❤ts✱
✜s❤❡r✐❡s ❛♥❞ ✐♥❞✉str✐❡s ❛♥❞ ♠✐♥♦r ♠✐♥❡r❛❧s✳ ❚❤❡ ❙t❛t❡s ❛❧s♦ ❛ss✉♠❡ ❛ s✐❣♥✐✜❝❛♥t
r♦❧❡ ❢♦r s✉❜❥❡❝ts ✐♥ t❤❡ ❝♦♥❝✉rr❡♥t ❧✐st ❧✐❦❡ ❡❞✉❝❛t✐♦♥ ❛♥❞ tr❛♥s♣♦rt❛t✐♦♥✱ s♦❝✐❛❧
s❡❝✉r✐t② ❛♥❞ s♦❝✐❛❧ ✐♥s✉r❛♥❝❡✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ■♥❞✐❛♥ ❝♦♥st✐t✉t✐♦♥✱ ❝❛♣✐t❛❧ ❞✐s✲
❜✉rs❡♠❡♥ts ❛r❡ t❤❡ r❡s♣♦♥s✐❜✐❧✐t② ♦❢ t❤❡ ❈❡♥tr❛❧ ●♦✈❡r♥♠❡♥t✱ ✇❤✐❧❡ t❤❡ ❙t❛t❡
●♦✈❡r♥♠❡♥t ✐s ❛ss✐❣♥❡❞ ❝✉rr❡♥t ❛♥❞ s♦❝✐❛❧ ❞✐s❜✉rs❡♠❡♥ts❬✷✻❪✳ ❚❤❡ ♣r♦♣♦s❡❞
t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ✐♥ s❡❝t✐♦♥ ✸ ♦❢ t❤❡ ♣❛♣❡r ❝♦♥s✐❞❡rs t❤❡ ❣♦✈❡r♥♠❡♥t ❛s ❛ ❜♦❞②
t❤❛t ❣♦✈❡r♥s t❤❡ ❝♦✉♥tr② ✐♥ ❡♥t✐r❡t②✳ ❍♦✇❡✈❡r✱ ✐❢ t❤✐s ♠♦❞❡❧ ❤❛s t♦ ❜❡ ✜tt❡❞
✐♥ ❝❛s❡ ♦❢ ■♥❞✐❛✱ ❡❛❝❤ ❧❡✈❡❧ ♦❢ ●♦✈❡r♥♠❡♥t ♠✉st ❜❡ s❡♣❛r❛t❡❧② ❛♥❛❧②③❡❞ ✳❚❤✉s✱
t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ❜r✐❞❣❡s t❤❡ ❣❛♣ ❜❡t✇❡❡♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧
❛♥❞ ❡①✐st✐♥❣ ❢❡❞❡r❛❧ str✉❝t✉r❡✳ ❊ss❡♥t✐❛❧❧② t❤✐s ♠❡❛♥s t❤❛t ❡♠♣✐r✐❝❛❧❧② t❤❡ ❡✛❡❝t
♦❢ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ♦♥ ❞❡❜t s❤♦✉❧❞ ❜❡ ♠♦r❡ ♣r♦♥♦✉♥❝❡❞ ❢♦r t❤❡ ❈❡♥tr❛❧ ❛♥❞
❈♦♥s♦❧✐❞❛t❡❞ ●❡♥❡r❛❧ ●♦✈❡r♥♠❡♥t✱ t❤❛♥ ❢♦r t❤❡ ❙t❛t❡ ●♦✈❡r♥♠❡♥ts✳

❆s ❛ ♣r❡❝✉rs♦r t♦ t❤❡ ❝♦✐♥t❡❣r❛t✐♦♥ t❡sts✱ ✇❡ r❡❣r❡ss t❤❡ ❈❆P❘❆❚■❖ ❛♥❞
❈❯❘❆❚■❖ ✭❞❡✜♥❡❞ ❛s ❝✉rr❡♥t ❡①♣❡♥❞✐t✉r❡ t♦ ❛❣❣r❡❣❛t❡ ❡①♣❡♥❞✐t✉r❡✮ ♦♥ ❉❊❇❚✳
❚❤✐s ✐s ❛ ❝♦♠♠♦♥ ❛♣♣r♦❛❝❤ ✇❤❡♥ s❤♦rt r✉♥ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t✇♦ ✈❛r✐❛❜❧❡s
♥❡❡❞ t♦ ❜❡ ❡st❛❜❧✐s❤❡❞✳ ❚❤❡ r❡s✉❧ts ✇♦✉❧❞ ♠❛✐♥❧② ❛✐♠ ❛t ❝❤❡❝❦✐♥❣ t❤❡ s✐❣♥ ♦❢ t❤❡
❝♦❡✣❝✐❡♥ts✱ ❛♥❞ ♥♦t ♥❡❝❡ss❛r✐❧② ♦♥ t❤❡✐r st❛t✐st✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡✳ ❆❞❞✐t✐♦♥❛❧❧②✱
t❤❡② ❝❛♥ ❛❧s♦ ❤❡❧♣ ❡①♣❧❛✐♥ ✇❤✐❝❤ ♦❢ t❤❡ ❝❛t❡❣♦r✐❡s ♦❢ ❡①♣❡♥❞✐t✉r❡ ❛r❡ ♠♦r❡ ♣r♦✲
❞✉❝t✐✈❡✱ ✐♥ ❝♦♥s✐st❡♥❝❡ ✇✐t❤ ❡q✉❛t✐♦♥ ✭✶✸✮✳ ❇r♦❛❞❧② ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❡❛r❧✐❡r
❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ ✐♥✈❡rs❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ t✇♦ t✐♠❡ s❡r✐❡s ✐♥ q✉❡st✐♦♥✱
✇❡ ❞♦ ♦❜t❛✐♥ ❛ ♥❡❣❛t✐✈❡ ❝♦❡✣❝✐❡♥t ❢♦r ❈❆P❘❆❚■❖ ❛♥❞ ❛ ♣♦s✐t✐✈❡ ♦♥❡ ✇✐t❤
❈❯❘❆❚■❖ r❡s♣❡❝t✐✈❡❧② ❢♦r ❛❧❧ ❧❡✈❡❧s ♦❢ ●♦✈❡r♥♠❡♥t ✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ✇❡ ♦❜s❡r✈❡
t❤❛t t❤❡ r❡❣r❡ss✐♦♥ ✐s s✐❣♥✐✜❝❛♥t ❢♦r ❈❡♥tr❡✱ ❝♦♥s♦❧✐❞❛t❡❞ ●❡♥ ●♦✈❡r♥♠❡♥t ❛♥❞
✐♥s✐❣♥✐✜❝❛♥t ❢♦r t❤❡ ❙t❛t❡s✳ ❚❛❜❧❡ ✶ s✉♠♠❛r✐③❡s t❤❡ ❦❡② r❡s✉❧ts ♦❢ t❤✐s r❡❣r❡ss✐♦♥✳

✶✹



✹✳✶ ❯♥✐t ❘♦♦t ❚❡sts

❇❡❢♦r❡ t❡st✐♥❣ ❢♦r ❝♦✲✐♥t❡❣r❛t✐♥❣ r❡❧❛t✐♦♥s✱ ✉♥✐ ✈❛r✐❛t❡ t✐♠❡✲s❡r✐❡s ♣r♦♣❡rt✐❡s ♦❢
❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ r❛t✐♦ ❛♥❞ P✉❜❧✐❝ ❞❡❜t ❛r❡ ❡①❛♠✐♥❡❞ ✉s✐♥❣ t✇♦ ✉♥✐t r♦♦t t❡sts✿
t❤❡ ❑P❙❙✭❑✇✐❛t❦♦✇s❦✐ ❡t ❛❧✳✶✾✾✷✮ ❛♥❞ t❤❡ ❛✉❣♠❡♥t❡❞ ❉✐❝❦❡② ❋✉❧❧❡r✭❆❉❋❀
❉✐❝❦❡② ❛♥❞ ❋✉❧❧❡r ✶✾✼✾✮✳ ❚❤❡ ❑P❙❙ t❡sts t❤❡ ♥✉❧❧ ♦❢ st❛t✐♦♥❛r✐t②✱ ✇❤❡r❡❛s
t❤❡ ❆❉❋ t❡sts t❤❡ ♥✉❧❧ ♦❢ t❤❡ ✉♥✐t r♦♦t✳ ■❢ t❤❡ ❑P❙❙ t❡st r❡❥❡❝ts t❤❡ ♥✉❧❧ ❜✉t
t❤❡ ❆❉❋ t❡st ❞♦❡s ♥♦t✱ ❜♦t❤ t❡sts s✉♣♣♦rt t❤❡ s❛♠❡ ❝♦♥❝❧✉s✐♦♥s❀ t❤❛t ✐s✱ t❤❡
s❡r✐❡s ✐♥ q✉❡st✐♦♥ ✐s ❛ ✉♥✐t r♦♦t ♣r♦❝❡ss✳ ❘❡s✉❧ts ♦❢ t❤❡ ❆❉❋ ❛♥❞ ❑P❙❙ t❡sts
❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✷✳ ✶✸

■♥ ❝❛s❡ ♦❢ ❈♦♥s♦❧✐❞❛t❡❞ ●❡♥❡r❛❧ ●♦✈❡r♥♠❡♥t ❛♥❞ t❤❡ ❈❡♥tr❡✱ t❤❡ ❆❉❋ t❡sts
❝❛♥♥♦t r❡❥❡❝t t❤❡ ✉♥✐t r♦♦t ♥✉❧❧ ✐♥ ❛♥② ♦❢ t❤❡ ✐♥❞❡①❡s✭r❛t✐♦✴❧♦❣ ❧❡✈❡❧✮ ✱ ✇❤❡r❡❛s
t❤❡ ❑P❙❙ t❡sts r❡❥❡❝t t❤❡ ♥✉❧❧ ♦❢ st❛t✐♦♥❛r✐t② ❢♦r ❛❧❧ ✐♥❞❡①❡s✳ ❆t t❤❡ ✜rst ❞✐✛❡r✲
❡♥❝❡s✱ t❤❡ ❆❉❋ r❡❥❡❝t t❤❡ ✉♥✐t r♦♦t ❢♦r ❈❆P❘❆❚■❖ ❜✉t ❢♦r ❉❊❇❚ t❤❡ s✐❣♥✐❢✲
✐❝❛♥❝❡ ❝❛♥ ❜❡ ✇❡❛❦❧② s❡❡♥ ❛t ✶✵✪ ❧❡✈❡❧s✳ ■t ❤❛s ❛❧r❡❛❞② ❜❡❡♥ s❡❡♥ ✐♥ t❤❡ ♣❛st
❧✐t❡r❛t✉r❡ t❤❛t ❞❡❜t s❡r✐❡s ❢♦r ■♥❞✐❛ s✉✛❡r ❢r♦♠ str✉❝t✉r❛❧ ❜r❡❛❦s✭❡①♣❧❛✐♥ ❛♥❞
❝✐t❛t✐♦♥✮✳ ❆ ❝❛✈❡❛t ♦❢ t❤❡ ✉♥✐t r♦♦t t❡sts ✐s t❤❛t st❛t✐♦♥❛r② s❡r✐❡s ✇✐t❤ str✉❝✲
t✉r❛❧ ❜r❡❛❦s ♠❛② ❛♣♣❡❛r ♥♦♥ st❛t✐♦♥❛r②✳ ❋❛✐❧✉r❡ t♦ ❛❧❧♦✇ ❢♦r s✉❝❤ s❤✐❢ts ❝♦✉❧❞
❜✐❛s t❤❡ ✉♥✐t r♦♦t t❡sts ✐♥ ❢❛✈♦✉r ♦❢ ♥♦♥ st❛t✐♦♥❛r✐t②✳ ❙✐♥❝❡ ✇♦r❦ ♦♥ str✉❝t✉r❛❧
❜r❡❛❦s ❞♦❡s s❤♦✇ s✉❝❤ ❝♦♥s✐❞❡r❛t✐♦♥s ❢♦r ■♥❞✐❛✱ ❛♥❞ ❑P❙❙✱ ✇❤✐❝❤ ✐s ❛ ♠✉❝❤
♣♦✇❡r❢✉❧ ✉♥✐t r♦♦t t❡sts s❤♦✇s ❉❊❇❚ t♦ ❜❡ ■✭✶✮ ✇❡ ❝❛♥ ♣r♦❝❡❡❞ ✇✐t❤ t❤❡ ❝♦✐♥t❡✲
❣r❛t✐♦♥ ❛♥❛❧②s✐s ❢♦r ❢✉rt❤❡r ❝♦♥❝❧✉s✐✈❡ ❛♥s✇❡rs✳ ❚❤❡ ❑P❙❙ t❡st ❤♦✇❡✈❡r✱ ❝❧❡❛rs
t❤✐s ❞♦✉❜t ❜② ♥♦t r❡❥❡❝t✐♥❣ t❤❡ ♥✉❧❧ ❢♦r st❛t✐♦♥❛r✐t②✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❝♦rr❡❧♦❣r❛♠
❛♥❛❧②s✐s✭r❡♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✸✮ s❤♦✇ t❤❡ ❉❊❇❚ ❛♥❞ ❈❆P❘❆❚■❖ t♦ ❜❡ ♥♦♥
st❛t✐♦♥❛r② r❛t✐♦s ❛♥❞ st❛t✐♦♥❛r② ✐♥ ✜rst ❞✐✛❡r❡♥❝❡s r❡s♣❡❝t✐✈❡❧②✳ ❈♦rr❡❧♦❣r❛♠s
s❤♦✇ t❤❡ ❆✉t♦ ❝♦rr❡❧❛t✐♦♥ ❛♥❞ P❛rt✐❛❧ ❆✉t♦ ❝♦rr❡❧❛t✐♦♥s ❢♦r ❛ ♣❛rt✐❝✉❧❛r t✐♠❡
s❡r✐❡s✳ ❋♦r ❛ ♥♦♥ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s✱ t❤❡ ❛✉t♦ ❝♦rr❡❧❛t✐♦♥s ❛r❡ ❡①tr❡♠❡❧② ❤✐❣❤
❛♥❞ ♣✲✈❛❧✉❡s ❛r❡ ❧♦✇✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❆❈ ❝♦❡✣❝✐❡♥t st❛rts ❛t ❛ ✈❡r② ❤✐❣❤ ✈❛❧✉❡
❛♥❞ t❤❡♥ ❞❡❝❧✐♥❡s s❧♦✇❧②✳ ❚❤❡② ❛❧s♦ t❡st t❤❡ ♥✉❧❧ ♦❢ st❛t✐♦♥❛r✐t②✱ ❤❡♥❝❡ ✇❤❡♥ ♣✲
✈❛❧✉❡s ❛r❡ ❧♦✇ ✇❡ r❡❥❡❝t t❤❡ ♥✉❧❧✳ ❚❤❡ ❝♦rr❡❧♦❣r❛♠s ❢♦r ❈❡♥tr❡ ❛♥❞ ❙t❛t❡ ❛r❡ ✐♥
t❤❡ ❚❛❜❧❡ ✸ ♦❢ t❤❡ ❛♣♣❡♥❞✐① ❛♥❞✳ ❚❤✉s✱ ❆❉❋ ❛♥❞ ❑P❙❙ t❡sts ❛♥❞ ❝♦rr❡❧♦❣r❛♠
❛♥❛❧②s✐s✱ ❝♦♥✜r♠ t❤❛t ❜♦t❤ ❉❊❇❚ ❛♥❞ ❈❆P❘❆❚■❖ ❛r❡ ✉♥✐t r♦♦t ♣r♦❝❡ss❡s ❛♥❞
s❡❡♠ t♦ ❜❡ ■✭✶✮ ❢♦r t❤❡ ❈❡♥tr❛❧ ❛♥❞ ❈♦♥s♦❧✐❞❛t❡❞ ●❡♥❡r❛❧ ●♦✈❡r♥♠❡♥t✳

■♥ ❝❛s❡ ♦❢ t❤❡ st❛t❡ ❧❡✈❡❧ ❛♥❛❧②s✐s ❛s ✇❛s ♣❡r❝❡✐✈❡❞✱ ✇❤✐❧❡ t❤❡ ❧♦❣ ❧❡✈❡❧s ♦❢
t❤❡ ✈❛r✐❛❜❧❡s ❛r❡ ■✭✵✮ ✱ t❤❡ ✜rst ❞✐✛❡r❡♥❝❡s s❡❡♠ t♦ ❜❡ ■✭✷✮✳ ❚♦ ❡♥❞♦rs❡ t❤✐s
❢✉rt❤❡r✱ ✇❡ ❝❤❡❝❦ ❢♦r ❝♦✐♥t❡❣r❛t✐♦♥ ❜❡t✇❡❡♥ ❉❊❇❚✭❞❡❜t t♦ ●❉P r❛t✐♦✮ ❛♥❞
❈❆P❘❆❚■❖✭♣r♦♣♦rt✐♦♥ ♦❢ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ✐♥ t♦t❛❧ ♣✉❜❧✐❝ ❡①♣❡♥❞✐t✉r❡✮ ❢♦r
❡❛❝❤ ❧❡✈❡❧s ♦❢ ❣♦✈❡r♥♠❡♥t✳ ■♥ ❝❛s❡ ♦❢ t❤❡ ❈❡♥tr❡ ❛♥❞ ❈♦♥s♦❧✐❞❛t❡❞ ●❡♥❡r❛❧
●♦✈❡r♥♠❡♥t✱ t❤❡ t✇♦ ✈❛r✐❛❜❧❡s s❤❛r❡ ❛ ❝♦♠♠♦♥ ■✭✶✮ tr❡♥❞✱ ❛♥❞ ❉❊❇❚ ✐s ✉♥❧✐❦❡❧②
t♦ ❜❡ s❡❝♦♥❞✲♦r❞❡r ❝♦✐♥t❡❣r❛t❡❞✳ ❍♦✇❡✈❡r✱ ✐♥ ❝❛s❡ ♦❢ t❤❡ ❙t❛t❡ ❧❡✈❡❧ ❛♥❛❧②s✐s✱
✇❡ ❞♦ ♥♦t ✜♥❞ ❛♥② ❝♦✐♥t❡❣r❛t✐♦♥ ❜❡t✇❡❡♥ ❈❆P❘❆❚■❖ ❛♥❞ ❉❊❇❚ ✇❤✐❝❤ s❤♦✇s
t❤❛t t❤❡ ❈❆P❘❆❚■❖ ❛♥❞ ❞❡❜t r❡❧❛t✐♦♥ ✐s ❧❡ss ♣r♦♥♦✉♥❝❡❞ ❢♦r t❤❡ ❙t❛t❡s t❤❛♥
❢♦r t❤❡ ❈❡♥tr❡ ❛♥❞ ❈♦♥s♦❧✐❞❛t❡❞ ●❡♥❡r❛❧ ❣♦✈❡r♥♠❡♥t✳ ❚❤✉s✱ r❡❡♠♣❤❛s✐③✐♥❣ t❤❡
❢❛❝t t❤❛t ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ✐s t❤❡ r❡s♣♦♥s✐❜✐❧✐t② ♦❢ t❤❡ ❈❡♥tr❛❧ ●♦✈❡r♥♠❡♥t✳

✶✸◆♦ ♠❡♥t✐♦♥ ♦❢ ✯ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ✈❛r✐❛❜❧❡ ✐s s✐❣♥✐✜❝❛♥t ❛t ♠✉❧t✐♣❧❡ ❧❡✈❡❧s

✶✺



❋✉rt❤❡r ❛♥❛❧②s✐s ❛♥❞ ❞✐s❝✉ss✐♦♥s ♦♥ ❢♦r❡❝❛st✐♥❣ ❡♠✐t t❤❡ ❙t❛t❡ ❧❡✈❡❧ ❆♥❛❧②s✐s✳

✹✳✷ ❈♦✐♥t❡❣r❛t✐♦♥ ❛♥❞ ❱❆❘✴❱❊❈▼

❚♦ ❡st✐♠❛t❡ t❤❡ ❱❡❝t♦r ❛✉t♦r❡❣r❡ss✐✈❡ ✭❱❆❘✮ ♠♦❞❡❧s✱ ✐❞❡♥t✐❢②✐♥❣ t❤❡ ♦r❞❡r ♦❢
t❤❡ ❱❆❘ ✐s ✐♠♣♦rt❛♥t✳ ❲❡ ✐❞❡♥t✐❢② t❤❡ ❧❛❣ ❧❡♥❣t❤s ✳ ❚❤❡ r❡❛s♦♥ ❢♦r ✉s✐♥❣ ❛ ❱❆❘
♠♦❞❡❧ ❤❡r❡ ✐s t❤❛t ❛❧❧ t✐♠❡ s❡r✐❡s ✈❛r✐❛❜❧❡s ❛r❡ ❡♥❞♦❣❡♥♦✉s ❛♥❞ t❤❡r❡ ✐s ❝♦✐♥t❡❣r❛✲
t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦✳ ❲❡ ❤❛✈❡ ✸✵ ♦❜s❡r✈❛t✐♦♥s ❢♦r ❡❛❝❤ t✐♠❡ s❡r✐❡s ✈❛r✐❛❜❧❡s ❛♥❞
✐♥❝❧✉❞✐♥❣ t♦♦ ♠❛♥② ❧❛❣❣❡❞ t❡r♠s ✇✐❧❧ ❝♦♥s✉♠❡ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ ❛♥❞ ❛❧s♦ ❛
♣r♦❜❛❜✐❧✐t② ♦❢ ♠✉❧t✐❝♦❧❧✐♥❡❛r✐t② ❝♦✉❧❞ ❛r✐s❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t♦♦ ❢❡✇ ❧❛❣s ❝❛❧❧
❢♦r s♣❡❝✐✜❝❛t✐♦♥ ❡rr♦rs✳ ❲❡ ✐❞❡♥t✐❢② t❤❡ ❧❛❣ ❧❡♥❣t❤s ❢♦❧❧♦✇✐♥❣ ❙✐♠✬s✭✶✾✽✵✮ ❧✐❦❡✲
❧✐❤♦♦❞ ✭▲❘✮ t❡sts ❛♥❞ ♠✉❧t✐✈❛r✐❛t❡ ❆❦❛✐❦❡ ✐♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐♦♥✭❆■❈✮✳ ❯♥❞❡r
t❤❡ ▲❘ t❡sts✱ ✇❡ ❜❡❣✐♥ ✇✐t❤ ❛ ♠❛①✐♠✉♠ ❧❛❣ ❧❡♥❣❤t✭❦✲♠❛①✮ ♦❢ ✼ ❛♥❞ s❡q✉❡♥t✐❛❧❧②
t❡st ❞♦✇♥✱ ❞❡❧❡t✐♥❣ ♦♥❡ ❱❆❘ ❧❛❣ ❛t ❛ t✐♠❡ ✉♥t✐❧ t❤❡ ❞❡❧❡t❡❞ ❧❛❣s ❛r❡ ❥♦✐♥t❧② s✐❣✲
♥✐✜❝❛♥t✳ ■♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐❛ ♥♦r♠❛❧❧② ❝❤♦♦s❡ ❛ s❤♦rt❡r ❧❛❣ ❧❡♥❣❤t✱ ✇❤✐❝❤ ✐s ♥♦t
❛❧✇❛②s s✉✣❝✐❡♥t t♦ ✢✉s❤ s❡r✐❛❧ ❝♦rr❡❧❛t✐♦♥ ❢r♦♠ t❤❡ ❱❆❘ r❡s✐❞✉❛❧s✳ ❍♦✇❡✈❡r✱
✐t ✐s ✐♠♣♦rt❛♥t t♦ r❡♥❞❡r ❱❆❘ r❡s✐❞✉❛❧s ✉♥❝♦rr❡❧❛t❡❞✭❏♦❤❛♥s❡♥ ✶✾✾✷✮✳ ❚♦ ❝✐r✲
❝✉♠✈❡♥t t❤✐s✱ ✇❡ r❡str✐❝t t❤❡ ❆■❈ s❡❛r❝❤ ❜❡t✇❡❡♥ ❦✲♠❛①❂✼ ❛♥❞ ❦✲♠✐♥❂✶✳ ❚❤❡
❱❆❘ ❧❡♥❣t❤s s♣❡❝✐✜❡❞ ❜② ❜♦t❤ t❤❡ ♠❡t❤♦❞s ❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✹✳ ■♥ ♦✉r ❝❛s❡
t❤❡ ❱❆❘ ❧❡♥❣t❤ s❡❧❡❝t✐♦♥ ✐s ✉♥✐❢♦r♠ s✐♥❝❡ ❜♦t❤ ▲❘ ❛♥❞ ❆■❈ ✐❞❡♥t✐❢② t❤❡ s❛♠❡
❧❡♥❣t❤s✳ ❍❡♥❝❡✱ ✇❡ ❛❞♦♣t ❱❆❘ ❧❡♥❣t❤ ♦❢ ✸✱ ❛s r❡♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❧❛st ❝♦❧✉♠♥ ♦❢
❚❛❜❧❡ ✹✳ ✶✹

❚❤❡ ♥❡①t t❛❜❧❡ r❡♣♦rts t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❏♦❤❛♥s❡♥ ❝♦✐♥t❡❣r❛t✐♦♥ t❡st✳ ❚❛❜❧❡
✺ s❤♦✇s t❤❡ tr❛❝❡ t❡sts ❢♦r t❤❡ ❝♦✐♥t❡❣r❛t✐♦♥ r❛♥❦ r✱ ❢♦r ❉❊❇❚ ❛♥❞ ❈❆P❘❆❚■❖✳
❚❤❡ tr❛❝❡ t❡st ❡q✉❛t✐♦♥ ✐♥❞✐❝❛t❡s ✶ ❝♦✐♥t❡❣r❛t✐♥❣ ❡q✉❛t✐♦♥ ❛t ✵✳✵✺ ❧❡✈❡❧✳ ❚❤✐s
♠❡❛♥s t❤❛t ❉❊❇❚ ❛♥❞ ❈❆P❘❆❚■❖ ❛r❡ ❝♦✐♥t❡❣r❛t❡❞✱ ✇❤✐❝❤ s✉❣❣❡sts ❛ ❧♦♥❣✲r✉♥
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ✈❛r✐❛❜❧❡s✳ ❖♥ ❣r♦✉♥❞s t❤❛t ❞❡❜t ❛♥❞ ❝❛♣✐t❛❧ ❡①♣❡♥✲
❞✐t✉r❡ ❜❡❛r ❛ ❧♦♥❣ r✉♥ ✐♥✈❡rs❡ r❡❧❛t✐♦♥s❤✐♣✱ ❛♥ ❡rr♦r ❝♦rr❡❝t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
t❤❡♠ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❛ss❡ss ✇❤❡t❤❡r ❛♥ ✐♥❞✐❝❛t♦r ❧✐❦❡ t❤❡ ♦♥❡ s✉❣❣❡st❡❞ ✐♥ ✭✻✮
✇♦✉❧❞ ❜❡ ✉s❡❢✉❧ ❢♦r ❢♦r❡❝❛st✐♥❣ ❛♥❞ ✜s❝❛❧ ❝♦♥s♦❧✐❞❛t✐♦♥ ♣♦❧✐❝✐❡s✳ ■❢ t❤❡ ❱❊❈▼
♠♦❞❡❧ ❞♦❡s ✐♥❞✐❝❛t❡ s✐❣♥✐✜❝❛♥t ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ❝♦✐♥t❡❣r❛t✐♦♥ ❡q✉❛t✐♦♥✱ t❤✐s
❝♦✉❧❞ ❜❡ ✉s❡❢✉❧ ❢♦r ♣♦❧✐❝② ♠❛❦❡rs ❜❡❝❛✉s❡ t❤❡② ❝❛♥ r❡❢❡r ♣♦❧✐❝✐❡s s✉✐t❡❞ t♦✇❛r❞s
r❡❞❡s✐❣♥✐♥❣ ♦❢ ❡①♣❡♥❞✐t✉r❡ ✐♥ ❞❡✈❡❧♦♣✐♥❣ ❝♦✉♥tr✐❡s✳

❚❤❡ ❱❆❘✶✺ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r t❤❡ ❛♥❛❧②s✐s ✐s ❛s r❡♣r❡s❡♥t❡❞ ✐♥ ❡q✉❛t✐♦♥✭✼✮ ❛♥❞
✭✽✮ ❜❡❧♦✇ ❛♥❞ ❉❊❇❚ ✐s r❡♣r❡s❡♥t❡❞ ❜② bt ✇❤✐❧❡ ❈❆P❘❆❚■❖ ❜② λt✳ ❍♦✇❡✈❡r✱ ✐♥
t❤✐s ❝❛s❡✱ s✐♥❝❡ ✇❡ ❤❛✈❡ ❛ ❝♦✐♥t❡❣r❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❛r✐❛❜❧❡s✱ ✇❡ r❡♣❛r❛♠✲
❡t❡r✐③❡❞ t❤❡ ❱❆❘ ✐♥t♦ ❛ ✈❡❝t♦r ❡rr♦r ❝♦rr❡❝t✐♦♥ ♠♦❞❡❧✶✻✳ ❚❛❜❧❡ ✻ ❜❡❧♦✇ s❤♦✇s
t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❱❊❈▼ r❡♣r❡s❡♥t❛t✐♦♥s✳ ❚❤❡ ❝♦✐♥t❡❣r❛t✐♦♥ ❡q✉❛t✐♦♥ ❝♦❡✣❝✐❡♥t
❢♦r ❉❊❇❚ ✐s st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t✱ ❛♥❞ s♦ ✐s t❤❡ ❝♦♥st❛♥t✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡
s❡❝♦♥❞ ❧❛❣ ❝♦❡✣❝✐❡♥t ✐s ❛❧s♦ s✐❣♥✐✜❝❛♥t✳ ❚❤❡ ❧❛❣ ❝♦❡✣❝✐❡♥ts ❢♦r ❈❆P❘❆❚■❖
❢♦r t❤❡ ✜rst ❧❛❣ ✐s s✐❣♥✐✜❝❛♥t t♦♦✳ ❚❤❡ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡ ❝♦✐♥t❡❣r❛t✐♦♥ ❡q✉❛t✐♦♥

✶✹❚❤❡ ❱❆❘ ❧❡♥❣t❤ s♣❡❝✐✜❝❛t✐♦♥ ✐s ♣❛rt✐❝✉❧❛r❧② ✐♠♣♦rt❛♥t ❢♦r ❈❆P❘❆❚■❖ s✐♥❝❡ ✐ts ❞❡♣❡♥✲
❞❡♥❝② ❤❛s t♦ ❜❡ ❝❤❡❝❦❡❞ ✇✐t❤ t❤❛t ♦❢ ❉❊❇❚✳

✶✺❘❡❢❡r t♦ ❚❛❜❧❡ ✼ ✐♥ t❤❡ ❛♣♣❡♥❞✐①
✶✻❆❧r❡❛❞② ❞❡✜♥❡❞ ✐♥ s❡❝t✐♦♥ ✸ ♦❢ t❤❡ ♣❛♣❡r

✶✻



❢♦r ❈❆P❘❆❚■❖ ✐s ❤✐❣❤❧② s✐❣♥✐✜❝❛♥t ❢♦r t❤❡ ❝♦♥s♦❧✐❞❛t❡❞ ●❡♥❡r❛❧ ❣♦✈❡r♥♠❡♥t
✇❤❡r❡❛s ❢♦r t❤❡ ❈❡♥tr❡ t❤❡ ❧❡✈❡❧ ♦❢ s✐❣♥✐✜❝❛♥❝❡ ✐s ♥♦t s♦ ❤✐❣❤✳ ✳✶✼✳ ❚❤✉s✱ t❤❡
❡rr♦r ❝♦rr❡❝t✐♦♥ ❧❡♥❞s ❢✉rt❤❡r s✉♣♣♦rt t♦ t❤❡ ❤②♣♦t❤❡s✐s t❤❛t ❈❆P❘❆❚■❖ ❛✛❡❝ts
❉❊❇❚✳ ❚❤❡ ♥♦t s♦ s✐❣♥✐✜❝❛♥t ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ❈❆P❘❆❚■❖ ❞♦❡s ♥♦t ❛✛❡❝t ❢✉r✲
t❤❡r ❛♥❛❧②s✐s✱ ❜❡❝❛✉s❡ t❤❡ ❢♦r❡❝❛st ❤❛s t♦ ❜❡ ❞♦♥❡ ❢♦r ❉❊❇❚ ♦♥❧②✳ ❚❤❡ ♦✈❡r❛❧❧
❘2✐s ✵✳✹✻ ❛♥❞ ✵✳✸✾ r❡s♣❡❝t✐✈❡❧② ❢♦r t❤❡ ❈♦♥s♦❧✐❞❛t❡❞ ❛♥❞ ❈❡♥tr❛❧ ●♦✈❡r♥♠❡♥ts
r❡s♣❡❝t✐✈❡❧② ✇❤✐❝❤ ♠❛❦❡s t❤❡ r❡❣r❡ss✐♦♥ ♥♦♥✲s♣✉r✐♦✉s st❛t✐st✐❝❛❧❧②✳

✹✳✸ ❱❊❈▼ ❋♦r❡❝❛st✐♥❣ ❙✐♠✉❧❛t✐♦♥s

❍❛✈✐♥❣ ♦❜t❛✐♥❡❞ s✐❣♥✐✜❝❛♥t ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ❱❊❈▼✱ ✇❡ ♣r♦❝❡❡❞ ✐♥ ❡✈❛❧✉❛t✐♥❣
t❤❡ ♠♦❞❡❧ ❢♦r ❢♦r❡❝❛st✐♥❣ ♣✉r♣♦s❡s ❢♦r t❤❡ ❈♦♥s♦❧✐❞❛t❡❞ ●❡♥❡r❛❧ ●♦✈❡r♥♠❡♥t
❛♥❞ t❤❡ ❈❡♥tr❡✳ ❚❤❡ r❡♣r❡s❡♥t❛t✐♦♥s ❜❡❧♦✇ ❞❡✜♥❡ t❤❡ ❱❊❈▼ ♠♦❞❡❧✱ ❛♥❞ ❝❛♥
❜❡ ✉s❡❞ ❢♦r st❛t✐❝ ❛♥❞ ❞②♥❛♠✐❝ ❢♦r❡❝❛sts✳ ❲❤✐❧❡ ❞②♥❛♠✐❝ ❢✉t✉r❡ ❢♦r❡❝❛st✐♥❣ ✐s
♦✉t ♦❢ t❤❡ s❝♦♣❡ ♦❢ t❤❡ ♣❛♣❡r✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❱❊❈▼ ♠♦❞❡❧ t♦ ❡st✐♠❛t❡✴❢♦r❡❝❛st
❢♦r t❤❡ ♣❡r✐♦❞ ❜❡t✇❡❡♥ ✶✾✽✵✲✷✵✶✵ ❛♥❞ ❝♦♠♣❛r❡ t❤❡ ❢♦r❡❝❛st ✇✐t❤ t❤❡ ❜❛s❡❧✐♥❡✳ ❆
❝♦♥✈❡r❣✐♥❣ ♣❛tt❡r♥ ✇♦✉❧❞ s✉❣❣❡st ❤✐❣❤ ♣r❡❝✐s✐♦♥ ♦❢ t❤❡ ✐♥❞✐❝❛t♦r✳ ❋✐❣✉r❡ ✭✶✮ ✐♥
t❤❡ ❛♣♣❡♥❞✐① s❤♦✇s t❤❡ ❣r❛♣❤✐❝❛❧ ❝♦♠♣❛r✐s♦♥ ♦❢ ❢♦r❡❝❛sts ✇✐t❤ ❛❝t✉❛❧s✳ ■t ❝❛♥
❝❧❡❛r❧② ❜❡ ♦❜s❡r✈❡❞✱ t❤❛t t❤❡ ❢♦r❡❝❛sts ❞♦ ❝♦♥✈❡r❣❡ ❛r♦✉♥❞ t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡s
❢♦r ❜♦t❤ t②♣❡s ♦❢ ❣♦✈❡r♥♠❡♥t✳ ❚❤❡ ❜❛s❡❧✐♥❡ tr❛❥❡❝t♦r② r❡♣r❡s❡♥ts t❤❡ s✐♠✉❧❛t✐♦♥s
✇❤✐❧❡ ❆❝t✉❛❧ r❡❢❡rs t♦ t❤❡ ✈❛❧✉❡s ♦❜s❡r✈❡❞ ❤✐st♦r✐❝❛❧❧②✳

✺✳ ❙✉♠♠❛r② ❛♥❞ ❈♦♥❝❧✉s✐♦♥

❲❡ ♣r♦♣♦s❡ ❛ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❢♦r ❞❡✈✐s✐♥❣ ♦♣t✐♠❛❧ ♣r♦❞✉❝t✐✈❡ ♣✉❜❧✐❝ ❡①✲
♣❡♥❞✐t✉r❡ ✐♥ ❛♥ ❡❝♦♥♦♠② ✐♥ r❡❧❛t✐♦♥ ✇✐t❤ t❤❡ ❝❛♣✐t❛❧ st♦❝❦ ✐♥ t❤❡ ❡❝♦♥♦♠② ❛♥❞
♣✉❜❧✐❝ ❞❡❜t ♦❢ t❤❡ ❣♦✈❡r♥♠❡♥t✳ ❈♦ st❛t❡ ❡q✉❛t✐♦♥ ❛♥❞ st❡❛❞② st❛t❡ ❝♦♥❞✐t✐♦♥s
❤❡❧♣ ✐♥ ❞❡r✐✈✐♥❣ t✇♦ ❛♥❛❧②t✐❝❛❧ r❡s✉❧ts✳ ❚❤❡ ✜rst ❜❡✐♥❣ t❤❡ ❢❛❝t t❤❛t ❛♥ ✐♥✲
✈❡rs❡ r❡❧❛t✐♦♥s❤✐♣ ✐s s❡❡♥ ❜❡t✇❡❡♥ ♣r♦❞✉❝t✐✈❡ ❡①♣❡♥❞✐t✉r❡ ❛♥❞ s❤❛❞♦✇ ♣r✐❝❡ ♦❢
❞❡❜t✱ ❛❧❧♦✇✐♥❣ t❤❡ ❣♦✈❡r♥♠❡♥t t♦ s♠♦♦t❤ t❤❡ ♣❛t❤ ❢♦r r❡♣❛②♠❡♥t ♦❢ ✐ts ❞❡❜t✳
❆❞❞✐t✐♦♥❛❧❧② t❤❡ r❛t✐♦ ♦❢ t❤✐s ❡①♣❡♥❞✐t✉r❡ ✐♥ t♦t❛❧ ❡①♣❡♥❞✐t✉r❡ s❤♦✉❧❞ ❛❧✇❛②s
❜❡ ❧♦✇❡r t❤❛♥ t❤❡ r❛t✐♦ ♦❢ t❤❡ ✐♥✐t✐❛❧ s❤❛r❡s ♦❢ ♣r♦❞✉❝t✐✈❡ ❛♥❞ ❧❡ss ♣r♦❞✉❝t✐✈❡
❡①♣❡♥❞✐t✉r❡s✳

❋✉rt❤❡r✱ ✇❡ ❡①❛♠✐♥❡ ✇❤❡t❤❡r ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ❤❛s ❛ ❧♦♥❣ r✉♥ r❡❧❛t✐♦♥s❤✐♣
✇✐t❤ ♣✉❜❧✐❝ ❞❡❜t✳ ❲❡ ✉s❡ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ❛♥❞ ♣✉❜❧✐❝ ❞❡❜t ❛♥♥✉❛❧ t✐♠❡ s❡r✐❡s
s♣❛♥♥✐♥❣ ✸✵ ②❡❛rs ❢r♦♠ ■♥❞✐❛ ❢♦r ❛❧❧ ❧❡✈❡❧s ♦❢ ❣♦✈❡r♥♠❡♥t✳ ✳ ❲❡ ✜♥❞ ❝❛♣✐t❛❧
❡①♣❡♥❞✐t✉r❡✱ ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ r❛t✐♦ ❛♥❞ P✉❜❧✐❝ ❞❡❜t ❛r❡ ❝♦✐♥t❡❣r❛t❡❞✱ ✇❤✐❝❤
✐♠♣❧✐❡s ❛ ❧♦♥❣✲r✉♥ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡♠✳ ❲❤✐❧❡ t❤❡ ❱❊❈▼ ♠✐❣❤t ♥♦t ❜❡ t❤❡
❜❡st ♣r♦❝❡❞✉r❡ ❢♦r t❡st✐♥❣ ❢✉t✉r❡ s✐♠✉❧❛t✐♦♥s ✐t ❞♦❡s ❡♠♣✐r✐❝❛❧❧② ❤❡❧♣ ✐♥ ❛❞❞✐♥❣
✇❡✐❣❤t t♦ ✉s❡ t❤❡ ✐♥❞✐❝❛t♦r ✐♥ ✭✷✹✮ ❢♦r ❢♦r❡❝❛st✐♥❣ ❛♥❞ ♣♦❧✐❝② ♣✉r♣♦s❡s✳

❖✉r ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❛♥♥✉❛❧ ❞❛t❛ ❛t ❛❧❧ ❧❡✈❡❧s ♦❢ ❣♦✈❡r♥♠❡♥t✱ ❡①t❡♥❞s t❤❡

✶✼❙✐❣♥✐✜❝❛♥t ❛t ✶✷✪✱ ❝♦✉❧❞ ❜❡ ❞✉❡ t♦ t❤❡ s♠❛❧❧ s✐③❡ ♦❢ t❤❡ s❛♠♣❧❡✱ ❛s ❛❧❧ ❞❛t❛ t❡st❡❞ ❢♦r ✐s
❛♥♥✉❛❧

✶✼



str❛♥❞s ♦❢ ❡♠♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡✳ ❲❡ ♣r♦✈✐❞❡ ❛ r♦❜✉st ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s ❜② ❢♦r✲
♠❛❧❧② t❡st✐♥❣ ❢♦r st❛t✐♦♥❛r✐t② ❛♥❞ ❝♦✐♥t❡❣r❛t✐♦♥ ♦❢ ❞❡❜t t♦ ●❉P r❛t✐♦ ❛♥❞ ❝❛♣✐t❛❧
❡①♣❡♥❞✐t✉r❡ r❛t✐♦✳ ■♥ ❜♦t❤ ❛♥❛❧②s✐s ✇❡ ✐❞❡♥t✐❢② t❤❡ t✇♦ ✈❛r✐❛❜❧❡s t♦ ❜❡ ✐♥t❡❣r❛t❡❞
♦❢ ✜rst ♦r❞❡r ❛♥❞ ❜❡❛r ❛ ❝♦✐♥t❡❣r❛t✐♦♥ r❡❧❛t✐♦♥s❤✐♣✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❡rr♦r ❝♦r✲
r❡❝t✐♦♥ r❡♣r❡s❡♥t❛t✐♦♥✱ ✐♠♣r♦✈❡s t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❱❆❘ ♠♦❞❡❧✳ ❋✉rt❤❡r♠♦r❡✱
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❤②♣♦t❤❡s✐s ♦❢ st❛t✐♦♥❛r✐t② ❛❣❛✐♥st t❤❡ ❛❧t❡r♥❛t✐✈❡ ♦❢ ❛ ✉♥✐t r♦♦t✱ ❏♦✉r♥❛❧ ♦❢
❊❝♦♥♦♠❡tr✐❝s ✺✹✱ ✶✺✾✲✼✽✳

❬✷✶❪ ▲❛♥❞❛✉✱ ❉✳✭✶✾✽✸✮✱ ●♦✈❡r♥♠❡♥t ❊①♣❡♥❞✐t✉r❡ ❛♥❞ ❊❝♦♥♦♠✐❝ ●r♦✇t❤ ✿ ❆
❈r♦ss ❈♦✉♥tr② ❙t✉❞②✱ ❙♦✉t❤❡r♥ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✱ ✹✾✱ ♣♣ ✼✽✸✲✼✾✷✳

❬✷✷❪ ▼❛♥♥ ▲✳✭✷✵✵✷✮✱ P❡rs♣❡❝t✐✈❡s ♦♥ t❤❡ ❯✳❙ ❈✉rr❡♥t ❆❝❝♦✉♥t ❉❡✜❝✐t ❛♥❞ ❙✉s✲
t❛✐♥❛❜✐❧✐t②✱ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ P❡rs♣❡❝t✐✈❡s✱ ❱♦❧✳ ✶✻✱ ♣♣✳ ✶✸✶✲✶✺✷✳

❬✷✸❪ ❙❛❝❤s ❉✳✭✷✵✵✷✮✱ ❘❡s♦❧✈✐♥❣ t❤❡ ❉❡❜t ❝r✐s✐s ♦❢ ▲♦✇✲✐♥❝♦♠❡ ❝♦✉♥tr✐❡s✱ ❇r♦♦❦✲
✐♥❣s P❛♣❡rs ♦♥ ❊❝♦♥♦♠✐❝ ❆❝t✐✈✐t②✱ ✈♦❧✳ ✶✱ ♣♣✳ ✷✺✼✲✷✽✻
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❬✷✹❪ ❙❛♠✉❡❧s♦♥ P❛✉❧✱ ❆✳ ✭✶✾✺✽✮✱ ❆s♣❡❝ts ♦❢ P✉❜❧✐❝ ❊①♣❡♥❞✐t✉r❡ ❚❤❡♦r✐❡s✱ ❚❤❡
❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s✱ ✈♦❧✳ ✹✵✱ ◆♦✳ ✷✱ ♣♣✳ ✸✸✷✲✸✸✽✳

❬✷✺❪ ❯❝t✉♠ ▼✱ ❚♦♠ ❚❤✉rst♦♥✱ ❘❡♠③✐ ❯❝t✉♠✳ ✭✷✵✵✻✮✱ P✉❜❧✐❝ ❉❡❜t✱ t❤❡ ❯♥✐t
❘♦♦t ❍②♣♦t❤❡s✐s ❛♥❞ ❙tr✉❝t✉r❛❧ ❇r❡❛❦s✿ ❆ ▼✉❧t✐✲❝♦✉♥tr② ❆♥❛❧②s✐s✱ ❊❝♦✲
♥♦♠✐❝❛✱ ❱♦❧✳ ✼✸✱ ♣♣✳ ✶✷✾✲✶✺✻✳

❬✷✻❪ ❲✐❧❦✐♥s♦♥ ❙t❡✈❡♥✱ ■✳ ✭✷✵✵✻✮✱ ❚❤❡ ♣♦❧✐t✐❝s ♦❢ ■♥❢r❛str✉❝t✉r❛❧ ❙♣❡♥❞✐♥❣ ✐♥
■♥❞✐❛✱ ❯♥✐✈❡rs✐t② ♦❢ ❈❤✐❝❛❣♦✱ ❲♦r❦✐♥❣ P❛♣❡r✳

✻✳ ❆♣♣❡♥❞✐①

✻✳✶ ❉❛t❛

❚❤❡ ❞❛t❛ ✉s❡❞ ✐♥ t❤✐s st✉❞② ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❍❛♥❞❜♦♦❦ ♦❢ ❙t❛t✐st✐❝s ♦♥ t❤❡
■♥❞✐❛♥ ❡❝♦♥♦♠②✭✷✵✵✾✮ ✱ ◆❛t✐♦♥❛❧ ❆❝❝♦✉♥ts ❙t❛t✐st✐❝s✭❈❙❖✮ ❛♥❞ ■♥❞✐❛♥ P✉❜❧✐❝
❋✐♥❛♥❝❡ ❙t❛t✐st✐❝s ✲✈❛r✐♦✉s ✐ss✉❡s✳ ❆❧❧ ✈❛r✐❛❜❧❡s ✉s❡❞ ✐♥ ❛♥❛❧②s✐s ❛r❡ r❛t✐♦ t♦ ●❉P✳
❈❆P❘❆❚■❖ s♣❡❝✐✜❝❛❧❧② ❤❛s ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ ❛s ❝❛♣✐t❛❧ ❡①♣❡♥❞✐t✉r❡ ❞✐✈✐❞❡❞ ❜②
t♦t❛❧ ♣✉❜❧✐❝ ❡①♣❡♥❞✐t✉r❡✳ ❚❤❡ s❛♠♣❧❡ ❝♦✈❡rs ✶✾✽✵✲✷✵✶✵✱ ②✐❡❧❞✐♥❣ ✸✵ ♦❜s❡r✈❛t✐♦♥s
❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡s ❛t ❡❛❝❤ ❧❡✈❡❧ ♦❢ ●♦✈❡r♥♠❡♥t✳ ❚❤❡ ♦t❤❡r ✈❛r✐❛❜❧❡s ✉s❡❞ ✐♥ t❤❡
❛♥❛❧②s✐s ❛r❡ t♦t❛❧ ♣✉❜❧✐❝ ❡①♣❡♥❞✐t✉r❡✱ ♣✉❜❧✐❝ ❞❡❜t✱ ●❉P ❛t ❋❛❝t♦r ❝♦st ❛♥❞
❝✉rr❡♥t ❡①♣❡♥❞✐t✉r❡✳

❚❤❡ ✜❣✉r❡ ✭✷✮ r❡♣r❡s❡♥ts s♦♠❡ ❣r❛♣❤s t❤❛t s❤♦✇ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ ❈❆P❘❆✲
❚■❖✱ ❈❯❘❆❚■❖ ❛♥❞ ❞❡❜t ❢♦r ❡❛❝❤ ❧❡✈❡❧ ♦❢ ❣♦✈❡r♥♠❡♥t✳ ❚❤❡ ❣r❛♣❤s ❛r❡ ✐♥ s❡✲
q✉❡♥❝❡ ❈♦♥s♦❧✐❞❛t❡❞✱ ❈❡♥tr❡ ❛♥❞ ❙t❛t❡ ●♦✈❡r♥♠❡♥ts r❡s♣❡❝t✐✈❡❧②✳ ■t ✐s ❡✈✐❞❡♥t
t❤❛t ❢♦r ■♥❞✐❛ t❤❡ ❞❡❜t tr❛❥❡❝t♦r② ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ♦♥❡ ✇✐t❤ ❈❯❘❆❚■❖ ❤✐❣❤❡r
t❤❛♥ ❈❆P❘❆❚■❖✳ ❍♦✇❡✈❡r✱ ❢r♦♠ ✷✵✵✻ t❤❡ ❈❆P❘❆❚■❖ ❤❛s ❜❡❡♥ ✐♥❝r❡❛s✐♥❣ ❛t
t❤❡ ❈♦♥s♦❧✐❞❛t❡❞ ❛♥❞ ❙t❛t❡ ❧❡✈❡❧s✱ ✇❤✐❧❡ t❤❡r❡ ✐s ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
s❛♠❡ ❢♦r t❤❡ ❈❡♥tr❡✳ ❚❤✐s ✐♥❝r❡❛s❡ ❛♥❞ ❞❡❝r❡❛s❡ ❤❛s ❜❡❡♥ st❛❣♥❛♥t ❡✈❡r s✐♥❝❡✳
P♦❧✐❝②♠❛❦❡rs ❝♦✉❧❞ ❛✐♠ ❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ❈❆P❘❆❚■❖ s✐♥❝❡ ✐t ❧✐❡s ❡✈❡♥ ❜❡❧♦✇
t❤❛t ♦❢ ❈❯❘❆❚■❖ ❢♦r ❜❡tt❡r ♣✉❜❧✐❝ ❞❡❜t ♠❛♥❛❣❡♠❡♥t✳

✻✳✷ ❱❊❈▼✭▲♦♥❣ ❘✉♥ Pr♦♣❡rt✐❡s✮ ❛♥❞ ❊❝♦♥♦♠❡t✲

r✐❝ ❘❡❧❛t✐♦♥s❤✐♣ ❞❡r✐✈❛t✐♦♥ ❜❡t✇❡❡♥ λt ❛♥❞ bt

λ = gca
(r−θ)([

´

(h−t)exp−(r−θ)sds]+b0)
r❡♣r❡s❡♥ts t❤❡ ❈❆P❘❆❚■❖ ✐♥❞✐❝❛t♦r✳ ◆♦r✲

♠❛❧❧② ❛ ❧♦♥❣ r✉♥ ❧✐♥❡❛r r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t✇♦ ✈❛r✐❛❜❧❡s✱ ✐s ❞❡✜♥❡❞ ❜② bt =
α + βλt. ❍♦✇❡✈❡r ✐♥ t❤✐s ❝❛s❡ s✐♥❝❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❞♦❡s ♥♦t s❡❡♠ ❧✐♥❡❛r✱ ✇❡
✇♦✉❧❞ ♥❡❡❞ t♦ ❞❡❞✉❝❡ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜② r❡❛rr❛♥❣✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ❛s ❢♦❧❧♦✇s✳

λ−
gca

(r − θ)(
[´

(h− t)exp− (r − θ)sds
]

+ b0)
= 0

✷✵



λ
{

(r − θ)(
[´

(h− t)exp− (r − θ)sds
]

+ b0)
}

− gca

(r − θ)(
[´

(h− t)exp− (r − θ)sds
]

+ b0)
= 0

❋♦r t❤✐s ❡①♣r❡ss✐♦♥ t♦ ❤♦❧❞ ❣♦♦❞✱ ✇❡ ✇♦✉❧❞ ♥❡❡❞ t❤❡ ♥✉♠❡r❛t♦r t♦ ❜❡ ③❡r♦✳
❊q✉❛t✐♥❣ t❤❡ ♥✉♠❡r❛t♦r ❛s 0 ❛♥❞ ❛ss✉♠✐♥❣ α =

[´

(h− t)exp− (r − θ)sds
]

✱
β = gca✱ (r − θ) = γ✱ ✇❡ ❣❡t

gca = λt [(r − θ)α+ bt]

❋✐♥❛❧ r❡❛rr❛♥❣❡♠❡♥t ❛♥❞ s✉❜st✐t✉t✐♦♥ ②✐❡❧❞s

bt =
β

λt
− γα ✭✷✾✮

Π′s ♣r♦♣❡rt✐❡s ❡①♣❧❛✐♥ t❤❡ ❧♦♥❣ r✉♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❱❊❈▼ ♠♦❞❡❧✳
r❛♥❦✭Π) = 0,♥♦♥ st❛t✐♦♥❛r② ✇✐t❤ ♥♦ ❝♦✐♥t❡❣r❛t✐♦♥
r❛♥❦✭Π) = 2,❢✉❧❧ r❛♥❦✱ ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ s②st❡♠ ✐s st❛t✐♦♥❛r② ❛s ❛ ✇❤♦❧❡

❡✈❡♥ ✐❢ ✐♥❞✐✈✐❞✉❛❧ s❡r✐❡s ❛r❡ ♥♦t
r❛♥❦✭Π) = 1,♥♦♥ st❛t✐♦♥❛r② ✇✐t❤ ✶ ❝♦✐♥t❡❣r❛t✐♥❣ r❡❧❛t✐♦♥s❤✐♣s✳
❋♦r t❤❡ ❏♦❤❛♥s❡♥ t❡st✱ t❤❡ r❛♥❦ ♦❢ t❤❡ ♠❛tr✐①❂ ♥♦✳ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ r♦♦ts

t❤❛t ❞✐✛❡r ❢r♦♠ ③❡r♦✳ ■♥ ❝❛s❡ ♦❢ ♥♦ ❝♦✐♥t❡❣r❛t✐♦♥ r❛♥❦ ♦❢ Π✐s ✵ ❛♥❞ ❛❧❧ ❝❤❛r❛❝✲
t❡r✐st✐❝ r♦♦ts ❡q✉❛❧ ③❡r♦✳ 1− λi = 0✳

■❢ r❛♥❦✭Π) = 1, ✇❤✐❝❤ ✐s t❤❡ ❝❛s❡ ✐♥ ♣♦✐♥t ❤❡r❡✱ 0 < λ1 < 1✱ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ♠♦❞❡❧ ✇❤✐❝❤ ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ❱❆❘✳
[

bt
λt

]

= A0 +A1

[

bt−1

λt−1

]

+A2

[

bt−2

λt−2

]

+
[

u1t

u2t

]

❚❤❡ ❱❊❈▼ ❢♦r♠ ❤❡♥❝❡ ✇♦✉❧❞ ❜❡
[

△bt
△λt

]

= Π0 +Π1

[

bt−1

λt−1

]

+Π2

[

△bt−1

△λt−1

]

+
[

u1t

u2t

]

Π = αβ
′

❛♥❞ Π = −

(

I −

2
∑

i=1

Ai

)

✻✳✸ ❆♣♣❡♥❞✐① ❚❛❜❧❡s

✷✶



Table 1
Table1. OLS Regression of CURATIO and CAPRATIO on  L(Debt)

Con Gen Govt. Centre State

CAPRATIO CURATIO CAPRATIO CURATIO CAPRATIO CURATIO

Coefficient -16.5 

(0.65)

16.6

(0.65)

-13.8

(0.45)

11.1

(0.42)

-11.0

(1.11)

11.07

(1.11)

R2 0.71 0.71 0.86 0.87 0.13 0.16

P-value 0.000 0.00 0.000 0.000 0.033 0.033

DW 0.29 0.29 1.04 2.13 0.06 0.06

Note: The  L(debt) is used to avoid problems of autocorrelation and spurious regression. The value of R2  is very 
high for the Consolidated and Central Government. For the States the value is very low which means that he 
relationship between CAPRATIO and DEBT is not very well explained on the basis of the data. 



Table 2
Table 2. Augmented Dickey-Fuller and Kwiatkowski, Phillips, Schmidt, and Shin Tests

Log Levels                                                                        First Differences

Con Gen Govt. ADF Const ADFTrend KPSSConst KPSSTrend ADFConst KPSSConst

CAPRATIO -2.3*** -1.62*** 0.53** 0.17** -7.51*** 0.49***

DEBT 2.43*** 2.55*** 0.61** 0.18** 3.16** 0.10***

Centre ADF Const ADFTrend KPSSConst KPSSTrend ADFConst KPSSConst

CAPRATIO -1.15*** -3.80*** 0.66** 0.19** -4.63*** 0.50**

DEBT 3.00*** -0.79*** 0.63*** 0.18** 3.80*** 0.55**

State ADF Const ADFTrend KPSSConst KPSSTrend ADFConst KPSSConst

CAPRATIO -2.04*** -1.74*** 0.25 0.25 -3.95*** 0.18

DEBT 2.22*** 1.97*** 0.61** 0.61 -2.39 0.75

Note: ADF= augmented Dickey-Fuller(1979) ; KPSS= Kwiatkowski, Phillips, Schmidt, and Shin(1992) ; CAPRATIO= Capital

expenditure component in total public expenditure ; DEBT R = Public Debt to GDP ratio. The ADF tests are conducted by setting

a lag length (k) of 7 as explained in the test. The KPSS tests are reported on the automatic (k) selection of 4 since the sample is

small. The ADF tests , ADF Const denotes the only constant term in the estimating equation, whereas Trend denotes both the

constant term and linear time trend. For ADF Trend log values of variables have been used. Same notations are used for

constant and trend in the KPSS model.

Critical Values:

ADFConst ADFTrend KPSSConst KPSSTrend

1% -3.73 -4.33 0.739 0.216

5% -2.99 -3.58 0.463 0.146

*** Significant at the 1% level

** Significant at the 5% level

* Significant at the 10% level
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Table 3C State 



Centre Lag selection criteria

Con Gen Govt. Lag selection criteria

Table 4



Table 5

Table 5. Cointegration Tests.

Trace (Eigen Values) Statistics    H0 = Rank=r (Con Gen Govt

r= 0 r ≤ 1 Coefficient of 

Cointegration

α

15.61 [0.048]

(15.12) 

0.49**   [0.48]               

(0.49)

0.97 0.001

Trace (Eigen Value) Statistics       H0 = Rank=r (Centre)

r= 0 r ≤ 2 Coefficient of 

Cointegration

α

32.5 [0.0001]

(17.23)

15.32* [0.0001]                

(15.32)

0.69 -0.015

Note: P-values are reported in brackets for this test. The 5% critical values of  the trace statistics  for H0 = 0 are 

15.49 and for H0 ≤ 1 are  3.84 respectively. In case of Central Government 2 cointegrating vectors are observed. 

The lag lengths used are as per the last column of Table 4. 

***  Significant at the 1% level

**    Significant at the 5% level

*      Significant at the 10% level



Table 6
Table 6. Error –Correction models

Con Gen Govt. Lag 1 Lag 2

Change in DEBT 0.39(0.21) -0.08(0.17)

Change in CAPRATIO -0.72(0.20) -0.32(0.21)

Constant 10.389

Centre Lag 1 Lag 2

Change in DEBT 0.30(0.21) -0.11(0.18)

Change in CAPRATIO 0.12(0.17) -0.49(0.17)

Constant -0.33

Note: The cointegration equation for DEBTR is statistically significant with a value of 78% with a t-stat of -3.7 for the 

consolidate general government. 

The 10% critical value for the t-stat is 1.31 for n= 24, where n is the number of degrees of freedom. 

The constant term is also significant. 

***  Significant at the 1% level

**    Significant at the 5% level

*      Significant at the 10% level



Table 7
Con Gen Govt. Centre



Figure 1a-Con Gen Govt. 
Simulations
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Figure 1b-Centre Simulations
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Figure 2
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