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❖♥ t❤❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ t♦ ❡❝♦♥♦♠✐❝ ♠♦❞❡❧s

❣♦✈❡r♥❡❞ ❜② ❉❉❊✬s

●✐♦r❣✐♦ ❋❛❜❜r✐∗✱ ❙✐❧✈✐❛ ❋❛❣❣✐❛♥†✱ ❋❛✉st♦ ●♦③③✐‡

❆❜str❛❝t

■♥ t❤✐s ♣❛♣❡r ❛ ❢❛♠✐❧② ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ❢♦r ❡❝♦♥♦♠✐❝ ♠♦❞❡❧s ✐s ❝♦♥s✐❞❡r❡❞✱
✇❤♦s❡ st❛t❡ ✈❛r✐❛❜❧❡s ❛r❡ ❞r✐✈❡♥ ❜② ❉❡❧❛② ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✭❉❉❊✬s✮✳ ❚✇♦ ♠❛✐♥ ❡①✲
❛♠♣❧❡s ❛r❡ ✐❧❧✉str❛t❡❞✿ ❛♥ ❆❑ ♠♦❞❡❧ ✇✐t❤ ✈✐♥t❛❣❡ ❝❛♣✐t❛❧ ❛♥❞ ❛♥ ❛❞✈❡rt✐s✐♥❣ ♠♦❞❡❧ ✇✐t❤
❞❡❧❛② ❡✛❡❝t✳ ❚❤❡s❡ ♣r♦❜❧❡♠s ❛r❡ ✈❡r② ❞✐✣❝✉❧t t♦ tr❡❛t ❢♦r t❤r❡❡ ♠❛✐♥ r❡❛s♦♥s✿ t❤❡ ♣r❡s❡♥❝❡
♦❢ t❤❡ ❉❉❊✬s✱ t❤❛t ♠❛❦❡s t❤❡♠ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧❀ t❤❡ ♣r❡s❡♥❝❡ ♦❢ st❛t❡ ❝♦♥str❛✐♥ts❀ t❤❡
♣r❡s❡♥❝❡ ♦❢ ❞❡❧❛② ✐♥ t❤❡ ❝♦♥tr♦❧✳ ❚❤❡ ♣✉r♣♦s❡ ❤❡r❡ ✐s t♦ ❞❡✈❡❧♦♣✱ ❛t ❛ ✜rst st❛❣❡✱ t❤❡ ❉②♥❛♠✐❝
Pr♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ❢♦r t❤✐s ❢❛♠✐❧② ♦❢ ♣r♦❜❧❡♠s✳ ❚❤❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤
❤❛s ❜❡❡♥ ❛❧r❡❛❞② ✉s❡❞ ❢♦r s✐♠✐❧❛r ♣r♦❜❧❡♠s ✐♥ ❝❛s❡s ✇❤❡♥ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✇r✐t❡ ❡①♣❧✐❝✐t❧② t❤❡
✈❛❧✉❡ ❢✉♥❝t✐♦♥ V ✭❋❛❜❜r✐ ❛♥❞ ●♦③③✐✱ ✷✵✵✻✮✳ ❚❤❡ ❝❛s❡s ✇❤❡♥ t❤❡ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ V ❝❛♥♥♦t ❜❡
❢♦✉♥❞✱ ❛s ♠♦st ♦❢t❡♥ ♦❝❝✉rs✱ ❛r❡ t❤♦s❡ tr❡❛t❡❞ ❤❡r❡✳ ❚❤❡ ❜❛s✐❝ s❡tt✐♥❣ ✐s ❝❛r❡❢✉❧❧② ❞❡s❝r✐❜❡❞
❛♥❞ s♦♠❡ ✜rst r❡s✉❧ts ♦♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ✭❍❏❇✮ ❡q✉❛t✐♦♥ ❛r❡
❣✐✈❡♥✱ r❡❣❛r❞✐♥❣ t❤❡♠ ❛s ❛ ✜rst st❡♣ t♦ ✜♥❞ ♦♣t✐♠❛❧ str❛t❡❣✐❡s ✐♥ ❝❧♦s❡❞ ❧♦♦♣ ❢♦r♠✳

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ♣❛♣❡r ✇❡ ✇❛♥t t♦ ❞❡✈❡❧♦♣ t❤❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ❢♦r ❛ ❢❛♠✐❧② ♦❢ ♦♣t✐♠❛❧
❝♦♥tr♦❧ ♣r♦❜❧❡♠s r❡❧❛t❡❞ t♦ ❡❝♦♥♦♠✐❝ ♠♦❞❡❧s ❣♦✈❡r♥❡❞ ❜② ❉❡❧❛② ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✭❉❉❊✬s✮✳

❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ❉❉❊✬s ♠❛❦❡s t❤❡ ♣r♦❜❧❡♠ ❞✐✣❝✉❧t t♦ tr❡❛t✳ ❖♥❡ ♣♦ss✐❜❧❡ ✇❛② ♦❢ ❞❡❛❧✐♥❣ ✇✐t❤
❉❉❊✬s ✲ t❤❡ ♦♥❡ ✇❡ ❝❤♦♦s❡ ✲ ✐s r❡✇r✐t✐♥❣ t❤❡ ♣r♦❜❧❡♠ ❛s ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❣♦✈❡r♥❡❞ ❜②
❖❉❊✬s ✐♥ ❛ s✉✐t❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡✳ ❆❧t❤♦✉❣❤ s✉❝❤ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s
❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ st✉❞✐❡❞✱ t❤❡ ♣r❡s❡♥t ❧✐t❡r❛t✉r❡ ❞♦❡s ♥♦t ❝♦✈❡r ♦✉r ❝❛s❡✱ ❛s ✐t ❞♦❡s ♥♦t ✐♥❝❧✉❞❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❢❡❛t✉r❡s✿

• t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✉♥❜♦✉♥❞❡❞ ♦♣❡r❛t♦rs ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❉❉❊ ✇❤✐❝❤ ✐s ♥♦t ❛♥❛❧②t✐❝ ❛♥❞ ❞♦❡s
♥♦t s❛t✐s❢② s♠♦♦t❤✐♥❣ ❛ss✉♠♣t✐♦♥s❀

• t❤❡ ♣r❡s❡♥❝❡ ♦❢ st❛t❡✴❝♦♥tr♦❧ ❝♦♥str❛✐♥ts ✭✇❤✐❝❤ ✐s ✐♥❞❡❡❞ ♣❡❝✉❧✐❛r ♦❢ ❡❝♦♥♦♠✐❝ ♠♦❞❡❧s✮❀

• t❤❡ ❢❛❝t t❤❛t t❤❡ ❞❡❧❛② ❛♣♣❡❛rs ✐♥ t❤❡ st❛t❡ ❛♥❞ ✐♥ t❤❡ ❝♦♥tr♦❧ ✭❝❛✉s✐♥❣ t❤❡ ❝♦♥tr♦❧ ♦♣❡r❛t♦r
t♦ ❜❡ ♣♦ss✐❜❧② ✉♥❜♦✉♥❞❡❞✮✳

❲❡ str❡ss t❤❡ ❢❛❝t t❤❛t t❤❡s❡ ❞✐✣❝✉❧t✐❡s ❛r❡ t❤❡ r✉❧❡ ✐♥ ❡❝♦♥♦♠✐❝ ♠♦❞❡❧s ❣♦✈❡r♥❡❞ ❜② ❉❉❊✬s✳
❍❡r❡ ✇❡ ❝♦♥s✐❞❡r ♣r♦❜❧❡♠s ✇✐t❤ ❧✐♥❡❛r ❉❉❊✬s ❛♥❞ ❝♦♥❝❛✈❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧✿ ❝♦♥❝❛✈✐t② ✇✐❧❧

♣❧❛② ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ ♣❛♣❡r✳ ❲❤❡♥ ❝♦♥❝❛✈✐t② ❧❛❝❦s✱ ♦♥❡ ❝❛♥ st✐❧❧ ❛♣♣❧② ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ✐♥
t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s ✲ ✇❤✐❝❤ ✇❡ ❛✈♦✐❞ ❤❡r❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ✇❡ ❛❞❞r❡ss t❤❡ r❡❛❞❡r
t♦ t❤❡ ❈r❛♥❞❛❧❧ ❡t ❛❧✳ ✭✶✾✽✺✮ ❢♦r ❛ st❛♥❞❛r❞ r❡❢❡r❡♥❝❡ ♦♥ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥s✳

∗❉✐♣❛rt✐♠❡♥t♦ ❞✐ ♠❛t❡♠❛t✐❝❛ ●✉✐❞♦ ❈❛st❡❧♥✉♦✈♦✱ ✉♥✐✈❡rs✐tà ▲❛ ❙❛♣✐❡♥③❛ ❘♦♠❛✱ ❡✲♠❛✐❧✿ ❢❛❜✲
❜r✐❅♠❛t✳✉♥✐r♦♠❛✶✳✐t

†❯♥✐✈❡rs✐tà ▲❯▼ ✲ ❏❡❛♥ ▼♦♥♥❡t✱ ❈❛s❛♠❛ss✐♠❛✱ ❇❛r✐✱ ❡✲♠❛✐❧✿ ❢❛❣❣✐❛♥❅❧✉♠✳✐t
‡❉✐♣❛rt✐♠❡♥t♦ ❞✐ ❙❝✐❡♥③❡ ❊❝♦♥♦♠✐❝❤❡ ❡❞ ❆③✐❡♥❞❛❧✐✱ ❯♥✐✈❡rs✐tà ▲❯■❙❙ ✲ ●✉✐❞♦ ❈❛r❧✐ ❘♦♠❛✱ ❡✲♠❛✐❧✿

❢❣♦③③✐❅❧✉✐ss✳✐t

✶



❲❡ r❡♠❛r❦ t❤❛t t❤✐s ✐s ❛ ✜rst st❡♣ ✐♥ tr❡❛t✐♥❣ s✉❝❤ ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠s✳ ❲❡ ❛❧r❡❛❞② st✉❞✐❡❞
t❤♦r♦✉❣❤❧② ✐♥ ❋❛❜❜r✐ ❛♥❞ ●♦③③✐ ✭✷✵✵✻✮ ❛ ❝❛s❡ ✇❤❡r❡ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥ ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❍❛♠✐❧t♦♥✲
❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ✭❍❏❇✮ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✭✐♥ s✉❝❤ ❝❛s❡ t❤❡ ♣r♦❜❧❡♠ ✐s ♠✉❝❤ ❡❛s✐❡r t♦ tr❡❛t✮✳
❍❡r❡ ✇❡ ✇❛♥t t♦ ❞❡✈❡❧♦♣ t❤❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ✐♥ t❤♦s❡ ❝❛s❡s ✇❤❡♥ ❡①♣❧✐❝✐t
s♦❧✉t✐♦♥s ♦❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❍❏❇ ❡q✉❛t✐♦♥ ❛r❡ ♥♦t ❛✈❛✐❧❛❜❧❡✳ ❲❡ ❤❡r❡ ❞❡✈❡❧♦♣ t❤❡ ✜♥✐t❡ ❤♦r✐③♦♥
❝❛s❡✳ ❚❤❡ ✐♥✜♥✐t❡ ❤♦r✐③♦♥ ❝❛s❡ ❝❛♥ ❜❡ tr❡❛t❡❞ ✇✐t❤ ♦✉r ♠❡t❤♦❞ ✉s✐♥❣ ❛ ❧✐♠✐t✐♥❣ ♣r♦❝❡❞✉r❡ ✇❤❡♥
t❤❡ ❤♦r✐③♦♥ ❣♦❡s t♦ +∞ ❜✉t ✇❡ ❧❡❛✈❡ ✐t ❢♦r ❢✉t✉r❡ ✇♦r❦✶✳

❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤❡ ♣❛♣❡r ✐s t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ❛ s♦❧✉t✐♦♥✱ ✐♥ ❛
s✉✐t❛❜❧❡ ✇❡❛❦ s❡♥s❡✱ ♦❢ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✳ ❚❤✐s ❛ ✜rst st❡♣ t♦✇❛r❞s t❤❡ s♦✲❝❛❧❧❡❞ ❱❡r✐✜❝❛t✐♦♥
❚❤❡♦r❡♠ ✇❤✐❝❤ ✐s ❛ ♣♦✇❡r❢✉❧ t♦♦❧ t♦ st✉❞② t❤❡ ♦♣t✐♠❛❧ ♣❛t❤s ♦❢ t❤❡ ♣r♦❜❧❡♠ ❛♥❞ ✇❤✐❝❤ ✐s t❤❡
s✉❜❥❡❝t ♦❢ ♦✉r ❝✉rr❡♥t r❡s❡❛r❝❤✳

❲❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ t✇♦ ♠❛✐♥ ❡①❛♠♣❧❡s✿ ❛♥ ❆❑ ♠♦❞❡❧ ✇✐t❤ ✈✐♥t❛❣❡ ❝❛♣✐t❛❧✱ t❛❦❡♥ ❢r♦♠
❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✺✮ ✭✇❡ r❡❢❡r t❤❡ r❡❛❞❡r ❛❧s♦ t♦ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳✱ ✷✵✵✹❀ ❋❛❜❜r✐ ❛♥❞ ●♦③③✐✱
✷✵✵✻✮ ❛♥❞ ❛♥ ❛❞✈❡rt✐s✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❞❡❧❛② ❡✛❡❝ts ✭●♦③③✐ ❛♥❞ ▼❛r✐♥❡❧❧✐✱ ✷✵✵✹❀ ●♦③③✐ ❡t ❛❧✳✱ ✷✵✵✻✮
t❤❛t ❛r❡ ❡①♣♦s❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳

❚❤❡ ♣❧❛♥ ♦❢ t❤❡ ♣❛♣❡r ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ♣r❡s❡♥t t❤❡ ❛♣♣❧✐❡❞ ❡①❛♠♣❧❡s✳ ■♥
❙❡❝t✐♦♥ ✸ ✇❡ r❡❝❛❧❧ t❤❡ ❜❛s✐❝ st❡♣s ♦❢ t❤❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤ ❛♥❞ ✇❡ ❣✐✈❡ ❛♥
♦✈❡r✈✐❡✇ ♦❢ t❤❡ ❝✉rr❡♥t ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ❢♦r ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠❛❧
❝♦♥tr♦❧ ♣r♦❜❧❡♠s✳ ■♥ ❙❡❝t✐♦♥ ✹ ✇❡ r❡✇r✐t❡ t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ♦❢ s✉❝❤ ♣r♦❜❧❡♠s ❛s ❛♥ ❖❉❊ ✐♥
❛ s✉✐t❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡✱ ❝♦♥❝❡♥tr❛t✐♥❣ ♦♥ t❤❡ ✜rst ❡①❛♠♣❧❡✱ ❛s t❤❡ s❡❝♦♥❞ ❝❛♥ ❜❡ r❡♣❤r❛s❡❞
s✐♠✐❧❛r❧②✳ ■♥ ❙❡❝t✐♦♥ ✺ ✇❡ ✇r✐t❡ t❤❡ r❡s✉❧t✐♥❣ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❛♥❞
✐ts ❍❏❇ ❡q✉❛t✐♦♥✳ ❙❡❝t✐♦♥ ✻ ✇❡ s❤♦✇ ♦✉r ♠❛✐♥ r❡s✉❧t✿ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ✉❧tr❛✇❡❛❦ s♦❧✉t✐♦♥ ♦❢
t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✳ ❚❤❡ ❆♣♣❡♥❞✐① ✼ ❝♦♥t❛✐♥s s♦♠❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ ♣r♦♦❢ t❤❛t ♠❛② ❜❡ ✉s❡❢✉❧ ❢♦r
t❤❡ r❡❛❞❡r✳

✷ ❚✇♦ ❡①❛♠♣❧❡s

❲❡ ♣r❡s❡♥t t❤❡ t✇♦ ❛♣♣❧✐❡❞ ♣r♦❜❧❡♠s ♠♦t✐✈❛t✐♥❣ t❤✐s ♣❛♣❡r✳

✷✳✶ ❆♥ ❆❑ ♠♦❞❡❧ ✇✐t❤ ✈✐♥t❛❣❡ ❝❛♣✐t❛❧

❲❡ ❝♦♥s✐❞❡r ❤❡r❡ ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ r❡❧❛t❡❞ t♦ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞
❜② ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✺✮✳ ■♥❞❡❡❞✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s②st❡♠ ✐s r✉❧❡❞ ❜② t❤❡ s❛♠❡ ❡✈♦❧✉t✐♦♥ ❧❛✇
❛s t❤❡ ♦♥❡ st✉❞✐❡❞ ❜② ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✺✮✱ t❤❛t ✐s✱ ❛♥ ❆❑ ❣r♦✇t❤ ♠♦❞❡❧ ✇✐t❤ ❛ str❛t✐✜❝❛t✐♦♥
♦♥ t❤❡ ❝❛♣✐t❛❧✳ ❇❡s✐❞❡s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✜♥✐t❡ ❤♦r✐③♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ❛ ✭♠♦r❡✮ ❣❡♥❡r❛❧ ❝♦♥❝❛✈❡
t❛r❣❡t ❢✉♥❝t✐♦♥❛❧✱ ❛s s♣❡❝✐✜❡❞ ❧❛t❡r✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢ s✉❝❤ ❛ ♠♦❞❡❧ ♣r♦✈❡s ✐♥t❡r❡st✐♥❣ ✐♥ t❤❡ st✉❞②
♦❢ s❤♦rt r✉♥ ✢✉❝t✉❛t✐♦♥s ❛♥❞ ♦❢ tr❛♥s✐t✐♦♥❛❧ ❞②♥❛♠✐❝s✿ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳
✭✷✵✵✺✮ ❢♦r ❛ ❞❡❡♣ ❞✐s❝✉ss✐♦♥ ✉♣♦♥ t❤✐s ❛♥❞ ♦t❤❡r r❡❧❛t❡❞ ♠❛tt❡rs✳ ❚❤❡ ♠♦❞❡❧ ❜② ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳
✭✷✵✵✺✮ ✐s ❛♥ ✐♥✜♥✐t❡ ❤♦r✐③♦♥ ♠♦❞❡❧✱ ✇❤✐❧❡ ❤❡r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✜♥✐t❡ ❤♦r✐③♦♥ ❝❛s❡✳ ❆s ♠❡♥t✐♦♥❡❞
✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤✐s ✐s ❛ ✜rst st❡♣ t♦✇❛r❞s t❤❡ ✐♥✜♥✐t❡ ❤♦r✐③♦♥ ❝❛s❡✳

❚❤❡ ❆❑✲❣r♦✇t❤ ♠♦❞❡❧ ✇✐t❤ ✈✐♥t❛❣❡ ❝❛♣✐t❛❧ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❝❝✉♠✉❧❛t✐♦♥ ❧❛✇ ❢♦r
❝❛♣✐t❛❧ ❣♦♦❞s

k(s) =

∫ s

s−R

i(σ)dσ

✇❤❡r❡ i(σ) ✐s t❤❡ ✐♥✈❡st♠❡♥t ❛t t✐♠❡ σ✳ ❚❤❛t ✐s✱ ❝❛♣✐t❛❧ ❣♦♦❞s ❛r❡ ❛❝❝✉♠✉❧❛t❡❞ ❢♦r t❤❡ ❧❡♥❣t❤
♦❢ t✐♠❡ R ✭s❝r❛♣♣✐♥❣ t✐♠❡✮ ❛♥❞ t❤❡♥ ❞✐s♠✐ss❡❞✳ ■t ✐s t♦ ♥♦t❡ t❤❛t s✉❝❤ ❛♥ ❛♣♣r♦❛❝❤ ✐♥tr♦❞✉❝❡s
❛ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✐♥ ✐♥✈❡st♠❡♥ts t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡✐r ❛❣❡✳ ■❢ ✇❡ ❛ss✉♠❡ ❛ ❧✐♥❡❛r ♣r♦❞✉❝t✐♦♥
❢✉♥❝t✐♦♥✱ t❤❛t ✐s

y(s) = ak(s)

✶■♥ t❤✐s r❡s♣❡❝t ✇❡ ❝❛♥ s❛② t❤❛t t❤❡ ✜♥✐t❡ ❤♦r✐③♦♥ ❝❛s❡ ✐s ❛s ❛ ✜rst st❡♣ t♦✇❛r❞s t❤❡ ✐♥✜♥✐t❡ ❤♦r✐③♦♥ ♦♥❡✳

✷



✇❤❡r❡ y(s) ✐s t❤❡ ♦✉t♣✉t ❛t t✐♠❡ s ✭✧AK✧ r❡♠✐♥❞s ♦❢ t❤❡ ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❞②♥❛♠✐❝ ❢r♦♠
t❤❡ tr❛❥❡❝t♦r② ✲ ❛ ❝♦♥st❛♥t A ♠✉❧t✐♣❧✐❡❞ ❜② K❀ s✉❝❤ ❝♦♥st❛♥t A ✐s a ✐♥ ♦✉r ❝❛s❡✮✱ ❛♥❞ ✇❡ ❛ss✉♠❡
❛❧s♦ t❤❡ ❛❝❝♦✉♥t✐♥❣ r❡❧❛t✐♦♥

y(s) = c(s) + i(s),

♠❡❛♥✐♥❣ t❤❛t ❛t ❡✈❡r② t✐♠❡ t❤❡ s♦❝✐❛❧ ♣❧❛♥♥❡r ❝❤♦♦s❡s ❤♦✇ t♦ s♣❧✐t t❤❡ ♣r♦❞✉❝t✐♦♥ ✐♥t♦ ❝♦♥s✉♠♣✲
t✐♦♥ c(s) ❛♥❞ ✐♥✈❡st♠❡♥t i(s)✱ t❤❡♥ t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ♠❛② ❜❡ ✇r✐tt❡♥ ✐♥t♦ ✐♥✜♥✐t❡s✐♠❛❧ t❡r♠s ❛s
❢♦❧❧♦✇s

k̇(s) = ak(s) − ak(s − R) − c(s) + c(s − R), s ∈ [t, T ]

t❤❛t ✐s✱ ❛s ❛ ❉❉❊✳ ❚❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ s ✈❛r✐❡s ✐♥ [t, T ]✱ ✇✐t❤ t t❤❡ ✐♥✐t✐❛❧ t✐♠❡ ❛♥❞ T t❤❡ ✭✜♥✐t❡✮
❤♦r✐③♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ■♥❞❡❡❞✱ t❤❡ s♦❝✐❛❧ ♣❧❛♥♥❡r ❤❛s t♦ ♠❛①✐♠✐③❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥❛❧

∫ T

t

e−ρsh0(c(s))ds + φ0(k(T )) ✭✶✮

✇❤❡r❡ h0 ❛♥❞ φ0 ❛r❡ ❝♦♥❝❛✈❡ ✉✳s✳❝✳ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✳ ❲❡ r❡❝❛❧❧ t❤❛t ✐♥ t❤❡ ✇♦r❦ ❜② ❇♦✉❝❡❦❦✐♥❡
❡t ❛❧✳ ✭✷✵✵✺✮ t❤❡ ❤♦r✐③♦♥ ✐s ✐♥✜♥✐t❡ ❛♥❞ φ0 = 0✳ ▼♦r❡♦✈❡r t❤❡ ✐♥st❛♥t❛♥❡♦✉s ✉t✐❧✐t② ✐s ❈❘❘❆

✭✇❤✐❝❤ st❛♥❞s ❢♦r✱ ❈♦st❛♥t ❘❡❧❛t✐✈❡ ❘✐s❦ ❆✈❡rs✐♦♥✮✱ t❤❛t ✐s t❤❡ ❢✉♥❝t✐♦♥ h0 ✐s ♦❢ t②♣❡ h0(c) = c1−σ

1−σ
✱

✇❤✐❝❤ s❛t✐s✜❡s ♦✉r ❛ss✉♠♣t✐♦♥s ❛s ❛ s✉❜❝❛s❡✳
❖❜s❡r✈❡ t❤❛t ✇❡ t❛❦❡ t❤❡ st❛rt✐♥❣ t✐♠❡ t t♦ ❜❡ ✈❛r✐❛❜❧❡ t♦ ❛♣♣❧② t❤❡ ✜♥✐t❡ ❤♦r✐③♦♥ ❞②♥❛♠✐❝

♣r♦❣r❛♠♠✐♥❣✳
❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝❛♣✐t❛❧ ❛t t✐♠❡ s ✭❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ ♣r♦❞✉❝t✐♦♥✮ ❛♥❞ t❤❡ ❝♦♥s✉♠♣t✐♦♥

❛t t✐♠❡ s ❝❛♥♥♦t ❜❡ ♥❡❣❛t✐✈❡✿

k(s) ≥ 0, c(s) ≥ 0, ∀s ∈ [t, T ] ✭✷✮

❚❤❡s❡ ❝♦♥str❛✐♥ts ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♠♦r❡ r❡str✐❝t✐✈❡ ❛♥❞ ♠♦r❡ ♥❛t✉r❛❧ ♦♥❡s ✉s❡❞ ❜②
❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✺✮✱ ✇❤❡r❡ ❛❧s♦ t❤❡ ✐♥✈❡st♠❡♥t ♣❛t❤ i(·) ✇❛s ❛ss✉♠❡❞ ♣♦s✐t✐✈❡✳

❚❤❡ ♠❛✐♥ r❡❛s♦♥ ❢♦r s✉❝❤ ❛ ❝❤♦✐❝❡ ✐s t❡❝❤♥✐❝❛❧✿ ✇❡ ❝❛♥♥♦t ❛♣♣❧② t❤❡ str♦♥❣ s♦❧✉t✐♦♥ ❛♣♣r♦❛❝❤
t❤❛t ✇❡ ✉s❡ ✐♥ t❤✐s ✇♦r❦ ✇✐t❤ ♠✐①❡❞ ❝♦♥str❛✐♥ts s✉❝❤ ❛s t❤♦s❡ ✐♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✺✮✳ ❚❤❡
tr❡❛t♠❡♥t ♦❢ ♠✐①❡❞ ❝♦♥str❛✐♥ts ✐s ❛❧s♦ ❧❡❢t ❢♦r ❢✉t✉r❡ ✇♦r❦✳ ❲❡ ♠❡♥t✐♦♥ ✐♥❞❡❡❞ t❤❛t t❤❡ ♦♣t✐♠❛❧
s♦❧✉t✐♦♥s ❢♦r t❤❡ ♣r♦❜❧❡♠ ✇✐t❤♦✉t ♠✐①❡❞ ❝♦♥str❛✐♥ts ♠❛② s❛t✐s❢② ✐♥ s♦♠❡ ❝❛s❡s t❤❡ ♣♦s✐t✐✈✐t② ♦❢
✐♥✈❡st♠❡♥ts✱ ②✐❡❧❞✐♥❣ t❤❡ s♦❧✉t✐♦♥ ❛❧s♦ ❢♦r t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ ♠✐①❡❞ ❝♦♥str❛✐♥ts✳

■♥ ♦r❞❡r t♦ t❛❦❡ t❤❡ ❝♦♥str❛✐♥ts ✐♥t♦ ❛❝❝♦✉♥t✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦♥s✉♠♣t✐♦♥ ✭t❤❛t ✐s✱ t❤❡
❝♦♥tr♦❧ ✈❛r✐❛❜❧❡ ♦❢ t❤❡ s②st❡♠✮ ❧✐❡s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞♠✐ss✐❜❧❡ s❡t

A
def
= {c(·) ∈ L2([t, T ], R) : c(·) ≥ 0 and k(·) ≥ 0 a.e. in [t, T ]}.

✷✳✷ ❆♥ ❛❞✈❡rt✐s✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❞❡❧❛② ❡✛❡❝ts

❆♥♦t❤❡r ❡①❛♠♣❧❡ ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ❞r✐✈❡♥ ❜② ❉❉❊✬s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ ❞②♥❛♠✐❝ ❛❞✈❡r✲
t✐s✐♥❣ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡ ❜② ●♦③③✐ ❡t ❛❧✳ ✭✷✵✵✻✮ ❛♥❞ ❜② ●♦③③✐ ❛♥❞ ▼❛r✐♥❡❧❧✐
✭✷✵✵✹✮✱ ❛♥❞✱ ✐♥ ❞❡t❡r♠✐♥✐st✐❝ ♦♥❡✱ ❜② ❋❛❣❣✐❛♥ ❛♥❞ ●♦③③✐ ✭✷✵✵✹✮ ✭❛♥❞ ❛❧s♦ ❋❡✐❝❤t✐♥❣❡r ❡t ❛❧✳ ✭✶✾✾✹✮
❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ❢♦r r❡❧❛t❡❞ ♠♦❞❡❧s✮✷✳

▲❡t t ≥ 0 ❜❡ ❛♥ ✐♥✐t✐❛❧ t✐♠❡✱ ❛♥❞ T > t ❛ t❡r♠✐♥❛❧ t✐♠❡ ✭T < +∞ ❤❡r❡✮✳ ▼♦r❡♦✈❡r ❧❡t γ(s)✱
✇✐t❤ 0 ≤ t ≤ s ≤ T ✱ r❡♣r❡s❡♥t t❤❡ st♦❝❦ ♦❢ ❛❞✈❡rt✐s✐♥❣ ❣♦♦❞✇✐❧❧ ♦❢ t❤❡ ♣r♦❞✉❝t t♦ ❜❡ ❧❛✉♥❝❤❡❞✳
❚❤❡♥ t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ ❢♦r t❤❡ ❞②♥❛♠✐❝s ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr♦❧❧❡❞ ❉❡❧❛② ❉✐✛❡r❡♥t✐❛❧
❊q✉❛t✐♦♥ ✭❉❉❊✮ ✇✐t❤ ❞❡❧❛② R > 0 ✇❤❡r❡ z ♠♦❞❡❧s t❤❡ ✐♥t❡♥s✐t② ♦❢ ❛❞✈❡rt✐s✐♥❣ s♣❡♥❞✐♥❣✿







γ̇(s) = a0γ(s) +
∫ 0
−R

γ(s + ξ)da1(ξ) + b0z(s) +
∫ 0
−R

z(s + ξ)db1(ξ) s ∈ [t, T ]

γ(t) = x; γ(ξ) = θ(ξ), z(ξ) = δ(ξ) ∀ξ ∈ [t − R, t],

✭✸✮

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿

✷❲❡ ♦❜s❡r✈❡ t❤❛t ❛❧s♦ ♦t❤❡r ♠♦❞❡❧s ♦❢ ❞❡❧❛② t②♣❡ ❛r✐s✐♥❣ ✐♥ ❡❝♦♥♦♠✐❝ t❤❡♦r② ❝❛♥ ❜❡ tr❡❛t❡❞ ✇✐t❤ ♦✉r t♦♦❧s
✭❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳✱ ✷✵✵✹✮✳

✸



• a0 ✐s ❛ ❝♦♥st❛♥t ❢❛❝t♦r ♦❢ ✐♠❛❣❡ ❞❡t❡r✐♦r❛t✐♦♥ ✐♥ ❛❜s❡♥❝❡ ♦❢ ❛❞✈❡rt✐s✐♥❣✱ a0 ≤ 0❀

• a1(·) ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❢♦r❣❡tt✐♥❣ t✐♠❡✱ a1(·) ∈ L2([−R, 0]; R)❀

• b0 ✐s ❛ ❝♦♥st❛♥t ❛❞✈❡rt✐s✐♥❣ ❡✛❡❝t✐✈❡♥❡ss ❢❛❝t♦r✱ b0 ≥ 0❀

• b1(·) ✐s t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ♦❢ t❤❡ t✐♠❡ ❧❛❣ ❜❡t✇❡❡♥ t❤❡ ❛❞✈❡rt✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡ z ❛♥❞ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❡✛❡❝t ♦♥ t❤❡ ❣♦♦❞✇✐❧❧ ❧❡✈❡❧✱ b1(·) ∈ L2([−R, 0]; R+)❀

• x ✐s t❤❡ ❧❡✈❡❧ ♦❢ ❣♦♦❞✇✐❧❧ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♠♣❛✐❣♥✱ x ≥ 0❀

• θ(·) ❛♥❞ δ(·) ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❣♦♦❞✇✐❧❧ ❛♥❞ t❤❡ s♣❡♥❞✐♥❣ r❛t❡ ❜❡❢♦r❡ t❤❡ ❜❡❣✐♥♥✐♥❣✱
θ(·) ≥ 0✱ ✇✐t❤ θ(0) = x✱ ❛♥❞ δ(·) ≥ 0✳

■t ✐s t♦ ♥♦t❡ t❤❛t ✇❤❡♥ a1(·)✱ b1(·) ❛r❡ ✐❞❡♥t✐❝❛❧❧② ③❡r♦✱ ❡q✉❛t✐♦♥ ✭✸✮ r❡❞✉❝❡s t♦ t❤❡ ❝❧❛ss✐❝❛❧
♠♦❞❡❧ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❛♣❡r ❜② ◆❡r❧♦✈❡ ❛♥❞ ❆rr♦✇ ✭✶✾✻✷✮✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ❣♦♦❞✇✐❧❧ ❛♥❞
t❤❡ ✐♥✈❡st♠❡♥t ✐♥ ❛❞✈❡rt✐s✐♥❣ ❛t ❡❛❝❤ t✐♠❡ s ❝❛♥♥♦t ❜❡ ♥❡❣❛t✐✈❡✿

γ(s) ≥ 0, z(s) ≥ 0, ∀s ∈ [t, T ]. ✭✹✮

❋✐♥❛❧❧②✱ ✇❡ ❞❡✜♥❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧ ❛s

J(t, x; z(·)) = ϕ0(γ(T )) −

∫ T

t

h0(z(s)) ds, ✭✺✮

✇❤❡r❡ ϕ0 ✐s ❛ ❝♦♥❝❛✈❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✱ h0 ✐s ❛ ❝♦♥✈❡① ❝♦st ❢✉♥❝t✐♦♥✱ ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ♦❢ γ ✐s
❞❡t❡r♠✐♥❡❞ ❜② ✭✸✮✳ ❚❤❡ ❢✉♥❝t✐♦♥❛❧ J ❤❛s t♦ ❜❡ ♠❛①✐♠✐③❡❞ ♦✈❡r s♦♠❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s
U ✱ ❢♦r ✐♥st❛♥❝❡ L2([t, T ]; R+)✱ t❤❡ s♣❛❝❡ ♦❢ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s✳

✸ ❚❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❛♣♣r♦❛❝❤

❚❤❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ✭❉P✮ ❛♣♣r♦❛❝❤ t♦ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s ❝❛♥ ❜❡ s✉♠♠❛r✐③❡❞ ✐♥
❢♦✉r ♠❛✐♥ st❡♣s ✭❛s ❞♦♥❡ ❢♦r ✐♥st❛♥❝❡ ✐♥ t❤❡ ❜♦♦❦ ❜② ❋❧❡♠✐♥❣ ❛♥❞ ❘✐s❤❡❧ ✭✶✾✼✺✮ ❢♦r t❤❡ ❉P ✐♥ t❤❡
✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❛♥❞ t❤❡ ❜♦♦❦ ❜② ▲✐ ❛♥❞ ❨♦♥❣ ✭✶✾✾✺✮ ❢♦r t❤❡ ❉P ✐♥ t❤❡ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧
❝❛s❡✮✿

✭✐✮ ❧❡tt✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ✈❛r②✱ ❝❛❧❧✐♥❣ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ t❤❡ s✉♣r❡♠✉♠ ♦❢ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥❛❧
❛♥❞ ✇r✐t✐♥❣ ❛♥ ❡q✉❛t✐♦♥ ✇❤♦s❡ ❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥ ✐s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✿ t❤❡ s♦✲❝❛❧❧❡❞
❉P Pr✐♥❝✐♣❧❡✱ t♦❣❡t❤❡r ✇✐t❤ ✐ts ✐♥✜♥✐t❡s✐♠❛❧ ✈❡rs✐♦♥✱ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ✭❍❏❇✮
❡q✉❛t✐♦♥❀

✭✐✐✮ s♦❧✈✐♥❣ ✭✇❤❡♥❡✈❡r ♣♦ss✐❜❧❡✮ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ t♦ ✜♥❞ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥❀

✭✐✐✐✮ ♣r♦✈✐♥❣ t❤❛t t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ str❛t❡❣② ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ st❛t❡ tr❛❥❡❝t♦r②✿ ❛ s♦✲❝❛❧❧❡❞ ❝❧♦s❡❞ ❧♦♦♣ ✭♦r ❢❡❡❞❜❛❝❦✮
r❡❧❛t✐♦♥ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧❀

✭✐✈✮ s♦❧✈✐♥❣✱ ✐❢ ♣♦ss✐❜❧❡✱ t❤❡ ❈❧♦s❡❞ ▲♦♦♣ ❊q✉❛t✐♦♥ ✭❈▲❊✮✱ t❤❛t ✐s✱ t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ✇❤❡r❡ t❤❡
❝♦♥tr♦❧ ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ❝❧♦s❡❞ ❧♦♦♣ r❡❧❛t✐♦♥✿ t❤❡ s♦❧✉t✐♦♥ ✐s t❤❡ ♦♣t✐♠❛❧ st❛t❡ tr❛❥❡❝t♦r②
❛♥❞ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ str❛t❡❣② ✐s ❝♦♥s❡q✉❡♥t❧② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❝❧♦s❡❞ ❧♦♦♣ r❡❧❛t✐♦♥✳

❙✉❝❤ ♠❡t❤♦❞✱ ✇❤❡♥ ❛♣♣❧✐❝❛❜❧❡✱ ❛❧❧♦✇s ♦♥❡ t♦ ❣✐✈❡ ❛ ♣♦✇❡r❢✉❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣❛t❤s
♦❢ ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✳

❋✐rst ♦❢ ❛❧❧ ✇❡ ❝❧❛r✐❢② t❤❛t t❤❡ t✇♦ ♠♦❞❡❧s ❛❜♦✈❡ ❛r❡ ♥♦t ❡❛s② t♦ ♠❛♥❛❣❡ ✇✐t❤ t❤❡ ❉P ❛♣♣r♦❛❝❤
❛s t❤❡② ♣r❡s❡♥ts t✇♦ s♣❡❝✐❛❧ ❞✐✣❝✉❧t✐❡s✳

✹



• ❚❤❡ st❛t❡ ❡q✉❛t✐♦♥ ✐s ❛ ❉❡❧❛② ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥ ✇❤✐❧❡ t❤❡ ❉P ❛♣♣r♦❛❝❤ ✐s ❣❡♥❡r❛❧❧②
❢♦r♠✉❧❛t❡❞ ❢♦r ❝♦♥tr♦❧❧❡❞ ❖r❞✐♥❛r② ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥ ✭❖❉❊✮✳ ❖♥❡ ✇❛② t♦ ❛♣♣r♦❛❝❤ t❤❡
✐ss✉❡ ✭❢♦r ❛ ❞✐✛❡r❡♥t ♦♥❡✱ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❑♦❧♠❛♥♦✈s❦✐✟✙ ❛♥❞ ❙❤❛✟✙❦❤❡t✱ ✶✾✾✻✮ ✐s t♦
r❡✇r✐t❡ t❤❡ ❉❉❊ ❛s ❛♥ ❖❉❊ ✐♥ ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ✇❤✐❝❤ ♣❧❛②s t❤❡ r♦❧❡ ♦❢ t❤❡
st❛t❡ s♣❛❝❡✳ ❲❡ ✉s❡ ✐♥ t❤❡ s❡q✉❡❧ t❤❡ t❡❝❤♥✐q✉❡s ❞❡✈❡❧♦♣❡❞ ❜② ❉❡❧❢♦✉r✱ ❱✐♥t❡r ❛♥❞ ❑✇♦♥❣
✭✇❡ r❡❢❡r t❤❡ r❡❞❡r t♦ ❙❡❝t✐♦♥ ✹ ❜❡❧♦✇ ❢♦r ❡①♣❧❛♥❛t✐♦♥ ❛♥❞ ❙✉❜s❡❝t✐♦♥ ✸✳✶ ❢♦r r❡❢❡r❡♥❝❡s✮✳
■t ♠✉st ❜❡ ♥♦t❡❞ t❤❛t t❤❡ r❡s✉❧t✐♥❣ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐s ❤❛r❞❡r t❤❛♥ t❤❡
♦♥❡s ✉s✉❛❧❧② tr❡❛t❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭▲✐ ❛♥❞ ❨♦♥❣✱ ✶✾✾✺✮ ❞✉❡ t♦ t❤❡ ✉♥❜♦✉♥❞❡❞♥❡ss ♦❢
t❤❡ ❝♦♥tr♦❧ ♦♣❡r❛t♦r ❛♥❞ t❤❡ ♥♦♥✲❛♥❛❧②t✐❝✐t② ♦❢ t❤❡ s❡♠✐❣r♦✉♣ ✐♥✈♦❧✈❡❞ ✭✇❡ r❡❢❡r t❤❡ r❡❛❞❡r
❛❣❛✐♥ t♦ ❙✉❜s❡❝t✐♦♥ ✹✮✳

• ❇♦t❤ ♣r♦❜❧❡♠ ❢❡❛t✉r❡ ♣♦✐♥t✇✐s❡ ❝♦♥str❛✐♥ts ♦♥ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡✱ ❜② ✭✷✮✱ ✭✹✮✳ ❚❤❡✐r ♣r❡s❡♥❝❡
♠❛❦❡s t❤❡ ♣r♦❜❧❡♠ ♠✉❝❤ ♠♦r❡ ❞✐✣❝✉❧t✱ ❛♥❞ ♦♥❧② ❛ ❢❡✇ r❡s✉❧ts ✐♥ s♣❡❝✐❛❧ ❝❛s❡s ✭❞✐✛❡r❡♥t
❢r♦♠ t❤❡ ♦♥❡ tr❡❛t❡❞ ❤❡r❡✮ ❛r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ■♥❞❡❡❞ ❢♦r s✉❝❤ ♣r♦❜❧❡♠s ✐♥
✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥ t❤❡r❡ ✐s ♥♦ ✇❡❧❧ ❡st❛❜❧✐s❤❡❞ t❤❡♦r②✳ ❚❤✐s ❢❛❝t ✐s ❛t t❤❡ ❜❛s✐s ♦❢ t❤❡
t❤❡♦r❡t✐❝❛❧ ♣r♦❜❧❡♠ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❛♣❡r ❜② ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳ ✭✷✵✵✺✮ ❛♥❞ ♠❡♥t✐♦♥❡❞ ❜②
❋❛❜❜r✐ ❛♥❞ ●♦③③✐ ✭✷✵✵✻✮ ♣♦✐♥t ✭■■✮ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✿ s❤♦✇ t❤❛t t❤❡ ❝❛♥❞✐❞❛t❡ ♦♣t✐♠❛❧
tr❛❥❡❝t♦r② s❛t✐s✜❡s t❤❡ ♣♦✐♥t✇✐s❡ ❝♦♥str❛✐♥ts ✭✷✮✳

❚♦ ♦✈❡r❝♦♠❡ s✉❝❤ ❞✐✣❝✉❧t✐❡s ✐♥ ❋❛❜❜r✐ ❛♥❞ ●♦③③✐ ✭✷✵✵✻✮ ✇❡ s❤♦✇ t❤❛t ❢♦r ♦✉r s♣❡❝✐❛❧ ♣r♦❜❧❡♠ ✇❡
❝❛♥ ❡①❤✐❜✐t ❛♥ ❡①♣❧✐❝✐t s♦❧✉t✐♦♥ ♦❢ ❍❏❇ ❡q✉❛t✐♦♥✳ ❚❤✐s ✐s t❤❡ ❦❡② r❡s✉❧t t❤❛t ❛❧❧♦✇s t♦ ❝♦♠♣❧❡t❡
t❤❡ ❉P ❛♣♣r♦❛❝❤ ✉s❡❞ ❜② ❋❛❜❜r✐ ❛♥❞ ●♦③③✐ ✭✷✵✵✻✮✳

❍❡r❡✱ s✐♥❝❡ ✇❡ ❞♦ ♥♦t ✇❛♥t t♦ ✇r✐t❡ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ✐♥ ❛ ✜①❡❞ ❡①♣❧✐❝✐t ❢♦r♠ ✭❧✐❦❡ t❤❡
❈❘❘❆ ✉s❡❞ ✐♥ ❇♦✉❝❡❦❦✐♥❡ ❡t ❛❧✳✱ ✷✵✵✺❀ ❋❛❜❜r✐ ❛♥❞ ●♦③③✐✱ ✷✵✵✻✮✱ ✇❡ ❝❛♥♥♦t ♦❜t❛✐♥ ❛♥ ❛♥ ❡①♣❧✐❝✐t
s♦❧✉t✐♦♥ ♦❢ ❍❏❇ ❡q✉❛t✐♦♥✳ ❍❡♥❝❡ ✇❡ ✇♦✉❧❞ ❧✐❦❡ ✭❤❡r❡ ❛♥❞ ✐♥ t❤❡ ❢✉t✉r❡✮ t♦ ♣❡r❢♦r♠ t❤❡ ❢♦❧❧♦✇✐♥❣
st❡♣s✿ ♣r♦✈✐♥❣ ❡①✐st❡♥❝❡ ✭❛♥❞ ♣♦ss✐❜❧②✱ ✉♥✐q✉❡♥❡ss✮ ❢♦r t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✱ t❤❡♥ s♦♠❡ t❤❡♦r❡t✐❝❛❧
r❡s✉❧ts ♦❢ t②♣❡ ✭✐✐✐✮ ❛♥❞ ✭✐✈✮ ❛❜♦✈❡✱ ❛♥❞ ❤♦♣❡❢✉❧❧② s♦♠❡ s✉❜s❡q✉❡♥t ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✳
❚❤✐s ✐s ❛ ✇✐❞❡ ❛♥❞ ❞✐✣❝✉❧t ♣r♦❣r❛♠✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ t❛❦❡ ❥✉st ❛ ✜rst st❡♣ t♦✇❛r❞s t❤❡ s❝♦♣❡✿
❡①✐st❡♥❝❡ r❡s✉❧ts ❢♦r t❤❡ ❍❏❇ ❡q✉❛t✐♦♥✳

✸✳✶ ❚❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❉❡❧❛② ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ❛♥❞ ♦♥ ❉②♥❛♠✐❝ Pr♦❣r❛♠✲

♠✐♥❣ ✐♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥s

❋♦r ❉❡❧❛② ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ❛ r❡❝❡♥t✱ ✐♥t❡r❡st✐♥❣ ❛♥❞ ❛❝❝✉r❛t❡ r❡❢❡r❡♥❝❡ ✐s t❤❡ ❜♦♦❦ ❜②
❉✐❡❦♠❛♥♥ ❡t ❛❧✳ ✭✶✾✾✺✮✳

❚❤❡ ✐❞❡❛ ♦❢ ✇r✐t✐♥❣ ❞❡❧❛② s②st❡♠ ✉s✐♥❣ ❛ ❍✐❧❜❡rt s♣❛❝❡ s❡tt✐♥❣ ✇❛s ✜rst ❞✉❡ t♦ ❉❡❧❢♦✉r
❛♥❞ ▼✐tt❡r ✭✶✾✼✷✱ ✶✾✼✺✮✳ ❱❛r✐❛♥ts ❛♥❞ ✐♠♣r♦✈❡♠❡♥ts ✇❡r❡ ♣r♦♣♦s❡❞ ❜② ❉❡❧❢♦✉r ✭✶✾✽✻✱ ✶✾✽✵✱
✶✾✽✹✮✱ ❱✐♥t❡r ❛♥❞ ❑✇♦♥❣ ✭✶✾✽✶✮✱ ❉❡❧❢♦✉r ❛♥❞ ▼❛♥✐t✐✉s ✭✶✾✼✼✮✱ ■❝❤✐❦❛✇❛ ✭✶✾✼✼✮ ✭❢♦r t❤❡ ♣r❡❝✐s❡
s②st❡♠❛t✐③❛t✐♦♥ ♦❢ t❤❡ ❛r❣✉♠❡♥t t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ ❛❧s♦ t♦ ❝❤❛♣t❡r ✹ ♦❢ ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳✱
✶✾✾✷✮✳

❚❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐♥ t❤❡ ✭❧✐♥❡❛r✮ q✉❛❞r❛t✐❝ ❝❛s❡ ✐s st✉❞✐❡❞ ❜② ❱✐♥t❡r ❛♥❞ ❑✇♦♥❣
✭✶✾✽✶✮✱ ■❝❤✐❦❛✇❛ ✭✶✾✽✷✮✱ ❉❡❧❢♦✉r ❡t ❛❧✳ ✭✶✾✼✺✮✳ ■♥ t❤❛t ❝❛s❡ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ r❡❞✉❝❡s
t♦ t❤❡ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥✳

❚❤❡ st✉❞② ♦❢ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥ ✐♥ ❍✐❧❜❡rt s♣❛❝❡s✱ st❛rt❡❞ ✇✐t❤ t❤❡ ♣❛♣❡rs ❜②
❇❛r❜✉ ❛♥❞ ❉❛ Pr❛t♦ ✭✶✾✽✸✱ ✶✾✽✺✮❀ ❇❛r❜✉ ❡t ❛❧✳ ✭✶✾✽✸✮✱ ✐s ❛ ❧❛r❣❡ ❛♥❞ ❞✐✈❡rs✐✜❡❞ r❡s❡❛r❝❤ ✜❡❧❞✳ ❲❡
r❡❝❛❧❧ t❤❛t t❤❡ ❜❡st ♦♥❡ ♠❛② ❛❝❤✐❡✈❡ ✐s ❛ ✏❝❧❛ss✐❝❛❧✑ s♦❧✉t✐♦♥ ♦❢ ❍❏❇ ❡q✉❛t✐♦♥s ✭t❤❛t ✐s✱ s♦❧✉t✐♦♥s
t❤❛t ❛r❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ✐♥ t✐♠❡ ❛♥❞ st❛t❡✮ s✐♥❝❡ t❤✐s ❛❧❧♦✇s t♦ ❣❡t ❛ ♠♦r❡ ❤❛♥❞❧❡❛❜❧❡ ❝❧♦s❡❞ ❧♦♦♣
❢♦r♠ ♦❢ t❤❡ ♦♣t✐♠❛❧ str❛t❡❣②✳ ❙✐♥❝❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ❛r❡ ♥♦t ❛❧✇❛②s ❛✈❛✐❧❛❜❧❡✱ t❤❡r❡ ✐s ❛ s❡❝♦♥❞
str❡❛♠ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ t❤❛t st✉❞✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✏✇❡❛❦✑ s♦❧✉t✐♦♥s ✭t❤❛t ✐s✱ s♦❧✉t✐♦♥s t❤❛t ❛r❡
♥♦t ❞✐✛❡r❡♥t✐❛❜❧❡✮✸✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ✐♥✈❡st✐❣❛t❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✇❡❛❦✲t②♣❡ s♦❧✉t✐♦♥ ✭t❤❛t ✇❡ ❝❛❧❧

✸❚❤❡ ♠♦st ❣❡♥❡r❛❧ ❝♦♥❝❡♣t ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥ ✐s t❤❡ ♦♥❡ ♦❢ ✈✐s❝♦s✐t② s♦❧✉t✐♦♥✱ ✐♥tr♦❞✉❝❡❞ ❜② ❈r❛♥❞❛❧❧ ❛♥❞ ▲✐♦♥s
✐♥ t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❛♥❞ t❤❡♥ ❛♣♣❧✐❡❞ t♦ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥ ❜② t❤❡ s❛♠❡ ❛✉t❤♦rs✱ ❛s ✐♥ t❤❡ ✇♦r❦ ❜②
❈r❛♥❞❛❧❧ ❡t ❛❧✳ ✭✶✾✽✺✮ ❢♦r ❛♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ t♦♣✐❝ ❛♥❞ ❢✉rt❤❡r r❡❢❡r❡♥❝❡s✳

✺



✉❧tr❛✇❡❛❦✱ ✐♥ ❙❡❝t✐♦♥ ✻✮ t❤❛t ❛r❡ ❧✐♠✐ts ♦❢ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s✳ ❯♣ t♦ ♥♦✇✱ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡
❡①✐st❡♥❝❡ ♦❢ s✉❝❤ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❍❏❇ ❡q✉❛t✐♦♥ ✐♥ ❝❛s❡s ✇❤❡r❡ t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ✐s ❛ ❉❡❧❛②
❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥ ❤❛s ♥♦t ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭❛♣❛rt ❢r♦♠ t❤❡ ❧✐♥❡❛r q✉❛❞r❛t✐❝
❝❛s❡✮✳ ■♥ t❤❡ ❡❝♦♥♦♠✐❝ ❧✐t❡r❛t✉r❡ t❤❡ st✉❞② ♦❢ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s
t❤❛t ❞❡❛❧s ✇✐t❤ ✈✐♥t❛❣❡✴❤❡t❡r♦❣❡♥❡♦✉s ❝❛♣✐t❛❧ ♦r ❛❞✈❡rt✐s✐♥❣ ♠♦❞❡❧s ✐s ❛ q✉✐t❡ r❡❝❡♥t t♦♦❧ ❜✉t ♦❢
❣r♦✇✐♥❣ ✐♥t❡r❡st✿ t❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ ❢♦r ✐♥st❛♥❝❡ t♦ t❤❡ ✇♦r❦s ❜② ❇❛r✉❝❝✐ ❛♥❞ ●♦③③✐ ✭✶✾✾✾✮✱
❋❡✐❝❤t✐♥❣❡r ❡t ❛❧✳ ✭✷✵✵✻✮✱ ❋❛❣❣✐❛♥ ✭✷✵✵✺✮✱ ●♦③③✐ ❛♥❞ ▼❛r✐♥❡❧❧✐ ✭✷✵✵✹✮ ❛♥❞ ●♦③③✐ ❡t ❛❧✳ ✭✷✵✵✻✮✳

✹ ❚❤❡ st❛t❡ ❡q✉❛t✐♦♥ ✐♥ ❛♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✳

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ s❤♦✇ ❤♦✇ t♦ r❡✇r✐t❡ t❤❡ st❛t❡ ❡q✉❛t✐♦♥s ♦❢ ♦✉r ❡①❛♠♣❧❡s ❛s ❝♦♥tr♦❧❧❡❞ ❖❉❊✬s
✐♥ ❛ s✉✐t❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡✳ ❲❡ ❞♦ ✐t t❤♦r♦✉❣❤❧② ❢♦r t❤❡ ✜rst ❡①❛♠♣❧❡✱ ❛s t❤❡ s❡❝♦♥❞ ✐s s✐♠✐❧❛r
❛♥❞ s✐♠♣❧❡r✳

✹✳✶ ◆♦t❛t✐♦♥ ❛♥❞ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❝❛❧❧ s♦♠❡ ❣❡♥❡r❛❧ r❡s✉❧ts ♦♥ ❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭❉❉❊✮ ❛♥❞ ♦♥ t❤❡
r❡❧❛t❡❞ ❍✐❧❜❡rt s♣❛❝❡ ❛♣♣r♦❛❝❤✱ ❛s ❛♣♣❧✐❡❞ t♦ ♦✉r ❝❛s❡✳ ❚❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ t❤❡ ❜♦♦❦
❜② ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳ ✭✶✾✾✷✮ ❢♦r ❞❡t❛✐❧s✳ ❲❡ ❝♦♥s✐❞❡r ❢r♦♠ ♥♦✇ ♦♥ ✜①❡❞ R > 0✱ ❛♥❞ a > 0✳
❲✐t❤ ♥♦t❛t✐♦♥ s✐♠✐❧❛r t♦ t❤❛t ✉s❡❞ ❜② ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳ ✭✶✾✾✷✮✱ ❣✐✈❡♥ T > t ≥ 0 ❛♥❞ z ∈
L2([t − R, T ], R) ✭♦r z ∈ L2

loc([t − R, +∞), R)✮✱ ❢♦r ❡✈❡r② s ∈ [t, T ] ✭♦r s ∈ [t, +∞)✮ ✇❡ ❝❛❧❧
zs ∈ L2([−R, 0]; R) t❤❡ ❢✉♥❝t✐♦♥

{

zs : [−R, 0] → R

zs(σ)
def
= z(s + σ)

●✐✈❡♥ ❛ ❝♦♥tr♦❧ c ∈ A ✇❡ ❝♦♥s✐❞❡r t❤❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❧❛② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✿

{

k̇(s) = ak(s) − ak(s − R) − c(s) + c(s − R) for s ∈ [t, T ]
(k(t), kt, ct) = (φ0, φ1, ω) ∈ R × L2([−R, 0]; R) × L2([−R, 0]; R)

✭✻✮

✇❤❡r❡ kt ❛♥❞ ct ❛r❡ ✐♥t❡r♣r❡t❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ❛❜♦✈❡✳ ❖❜s❡r✈❡ t❤❛t ✐♥ t❤❡ ❞❡❧❛②
s❡tt✐♥❣ t❤❡ ✐♥✐t✐❛❧ ❞❛t❛ ❛r❡ ❛ tr✐♣❧❡✱ ✇❤♦s❡ ✜rst ❝♦♠♣♦♥❡♥t ✐s t❤❡ st❛t❡✱ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❛r❡
r❡s♣❡❝t✐✈❡❧② t❤❡ ❤✐st♦r② ♦❢ t❤❡ st❛t❡ ❛♥❞ t❤❡ ❤✐st♦r② ♦❢ t❤❡ ❝♦♥tr♦❧ ✉♣ t♦ t✐♠❡ t ✭♠♦r❡ ♣r❡❝✐s❡❧②✱
♦♥ t❤❡ ✐♥t❡r✈❛❧ [t − R, t]✮✳ ❚❤❡ ❡q✉❛t✐♦♥ ❞♦❡s ♥♦t ♠❛❦❡ s❡♥s❡ ♣♦✐♥t✇✐s❡✱ ❜✉t ❤❛s t♦ ❜❡ r❡❣❛r❞❡❞
✐♥ ✐♥t❡❣r❛❧ s❡♥s❡✳ ❲❡ ❣✐✈❡ ♥♦✇ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❡①✐st❡♥❝❡ r❡s✉❧t ❛♥❞ ❛♥ ❡st✐♠❛t❡ ♦♥ t❤❡ s♦❧✉t✐♦♥✿

❚❤❡♦r❡♠ ✹✳✶✳ ●✐✈❡♥ ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ (φ0, φ1, ω) ∈ R × L2([−R, 0]; R) × L2([−R, 0]; R) ❛♥❞

❛ ❝♦♥tr♦❧ c ∈ L2([t, T ], R) t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ k(·) ♦❢ ✭✻✮ ✐♥ W 1,2([t, T ], R)✳ ▼♦r❡♦✈❡r

t❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C(T − t) s✉❝❤ t❤❛t

|k|W 1,2([t,T ],R) ≤ C(T − t)
(

|φ0| + |φ1|L2([−R,0];R) + |ω|L2([−R,0];R) + |c|L2([t,T ],R)

)

✭✼✮

Pr♦♦❢✳ ❚❤❡♦r❡♠ ✸✳✸✱ ♣❛❣❡ ✷✶✼ ✐♥ ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳ ✭✶✾✾✷✮ ❛♣♣❧✐❡s ❢♦r t❤❡ ✜rst ♣❛rt ❛♥❞ ❚❤❡♦r❡♠
✸✳✸ ♣❛❣❡ ✷✶✼✱ ❚❤❡♦r❡♠ ✹✳✶ ♣❛❣❡ ✷✷✷ ❛♥❞ ♣❛❣❡ ✷✺✺ ❢♦r t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t✳

■♥ ✈✐❡✇ ♦❢ t❤❡ ❝♦♥t✐♥✉♦✉s ❡♠❜❡❞❞✐♥❣ W 1,2([t, T ], R) →֒ C0([t, T ], R) ✇❡ ❤❛✈❡ ❛❧s♦✿

❈♦r♦❧❧❛r② ✹✳✷✳ ❚❤❡r❡ ❡①✐sts ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ✭♣♦ss✐❜❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡ ❛❜♦✈❡✮ C(T − t)
s✉❝❤ t❤❛t

|k|C0([t,T ],R) ≤ C(T − t)
(

|φ0| + |φ1|L2([−R,0];R) + |ω|L2([−R,0];R) + |c|L2([t,T ],R)

)

✭✽✮

✻



❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❛♣♣❧✐❝❛t✐♦♥ L ✇✐t❤ ♥♦r♠ ‖L‖

L : C([−R, 0], R) → R

L : ϕ 7→ ϕ(0) − ϕ(−R)

❛♥❞ t❤❡♥ ❞❡✜♥❡ Lt ❛s ❢♦❧❧♦✇s

Lt : Cc([t − R, T ], R) → L2([t, T ], R)
where Lt(φ) : s 7→ L(φs) for s ∈ [t, T ]

✭✾✮

✇❤❡r❡ Cc(t − R, T ; R) ✐s t❤❡ s❡t ♦❢ r❡❛❧ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s ❤❛✈✐♥❣ ❝♦♠♣❛❝t s✉♣♣♦rt ❝♦♥t❛✐♥❡❞
✐♥ (t − R, T )

❚❤❡♦r❡♠ ✹✳✸✳ ❚❤❡ ❧✐♥❡❛r ♦♣❡r❛t♦r Lt : Cc([t−R, T ], R) → L2([t, T ], R) ❤❛s ❛ ❝♦♥t✐♥✉♦✉s ❡①t❡♥✲

s✐♦♥ Lt : L2([t − R, T ], R) → L2([t, T ], R) ✇✐t❤ ♥♦r♠ ≤ ‖L‖ ✳

Pr♦♦❢✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳ ✭✶✾✾✷✮ ❚❤❡♦r❡♠ ✸✳✸✱ ♣❛❣❡ ✷✶✼✳

❯s✐♥❣ t❤❡ ✏L✑ ♥♦t❛t✐♦♥ ✇❡ ❝❛♥ r❡✇r✐t❡ ✭✻✮ ❛s

{

k̇(s) = aL(ks) − L(cs) for s ∈ [t, T ]
(k(t), kt, ct) = (φ0, φ1, ω) ∈ R × L2([−R, 0]; R) × L2([−R, 0]; R)

❛♥❞ ✉s✐♥❣ t❤❡ ✏Lt✑ ♥♦t❛t✐♦♥ ✇❡ ❝❛♥ r❡✇r✐t❡ ✭✻✮ ❛s

{

k̇(s) = a(Ltk)(s) − (Ltc)(s) for s ∈ [t, T ]
(k(t), kt, ct) = (φ0, φ1, ω) ∈ R × L2([−R, 0]; R) × L2([−R, 0]; R)

✭✶✵✮

❚❤❡r❡ ❢♦❧❧♦✇s ❛♥♦t❤❡r st❡♣ t♦✇❛r❞s t❤❡ s❡tt✐♥❣ ✐♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥ t❤❛t ✇❡ ✐♥t❡♥❞ t♦ ✉s❡✳ ❙♦
❢❛r✱ t❤❡ ❤✐st♦r② ♦❢ t❤❡ ❝♦♥tr♦❧ ❛♥❞ ♦❢ t❤❡ tr❛❥❡❝t♦r② ✇❡r❡ ❦❡♣t s❡♣❛r❛t❡❞✳ ■♥❞❡❡❞ ♦♥❡ ♠❛② ♦❜s❡r✈❡
t❤❛t t❤❡ ❞❡❧❛② s②st❡♠ ❞❡♣❡♥❞s ❥♦✐♥t❧② ♦♥ t❤♦s❡ ❞❛t❛✳ ❙✉❝❤ ❥♦✐♥t ❞❡♣❡♥❞❡♥❝❡ ✐s ❡①♣❧♦✐t❡❞ ✐♥ t❤❡
s❡q✉❡❧ t♦ r❡❞✉❝❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ st❛t❡ s♣❛❝❡✳ ❲❡ t❤❡♥ ♥❡❡❞ t♦ ❛❞❞ s♦♠❡ ♠♦r❡ ♥♦t❛t✐♦♥ t♦
♠❛❦❡ t❤✐s ♠♦r❡ ❡①♣❧✐❝✐t✳

• ●✐✈❡♥ u ∈ L2([t − R, T ], R) ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ et
+u ∈ L2([t − R, T ], R) ❛s ❢♦❧❧♦✇s

et
+u : [t − R, T ] → R, et

+u(s) =

{

u(s) s ∈ [t, T ]
0 s ∈ [t − R, t)

• ●✐✈❡♥ u ∈ L2([−R, 0]; R) ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ e0
−u ∈ L2([t − R, T ], R) ❛s ❢♦❧❧♦✇s

e0
−u : [t − R, T ] → R, e0

−u(s) =

{

0 s ∈ [t, T ]
u(s − t) s ∈ [t − R, t)

• ●✐✈❡♥ ❛ ❢✉♥❝t✐♦♥ u ∈ L2([−R, 0]; R) ❛♥❞ s ∈ [t, T ] ✇❡ ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥ η(s)u ∈
L2([−R, 0]; R) ❛s ❢♦❧❧♦✇s

η(s)u : [−R, 0] → R, (η(s)u)(θ) =

{

u(−s + t + θ) θ ≥ −R + s − t

0 θ < −R + s − t

❆s k = et
+k + e0

−φ1✱ ❛♥❞ c = et
+c + e0

−ω✱ t❤❡♥ ✇❡ ❝❛♥ s❡♣❛r❛t❡ t❤❡ s♦❧✉t✐♦♥ k(s)✱ s ≥ t ❛♥❞
t❤❡ ❝♦♥tr♦❧ c(s)✱ s ≥ t ❢r♦♠ ✐♥✐t✐❛❧ ❞❛t❛ φ1 ❛♥❞ ω✿

{

k̇ = aLtet
+k − Ltet

+c + aLte0
−φ1 − Lte0

−ω

k(t) = φ0 ∈ R
✭✶✶✮

✼



❖❜s❡r✈❡ t❤❛t s②st❡♠ ✭✶✶✮ ❞♦❡s ♥♦t ❞✐r❡❝t❧② ✉s❡ t❤❡ ✐♥✐t✐❛❧ ❢✉♥❝t✐♦♥ φ1 ❛♥❞ ω ❜✉t ♦♥❧② t❤❡ s✉♠
♦❢ t❤❡✐r ✐♠❛❣❡s aLte0

+φ1 −Lte0
−ω✳ ❲❡ ♥❡❡❞ ❛ ❧❛st st❡♣ ❜❡❢♦r❡ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❞❡❧❛② ❡q✉❛t✐♦♥ ✐♥

❍✐❧❜❡rt s♣❛❝❡✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ♦♣❡r❛t♦r
{

L : L2([−R, 0]; R) → L2([−R, 0]; R)

(Lφ1)(α)
def
= L(est(φ1)−α)) α ∈ (−R, 0)

✭✶✷✮

✇❤❡r❡ est(φ1) ✐s t❤❡ ❢✉♥❝t✐♦♥ R → R t❤❛t ❛❝❤✐❡✈❡s ✈❛❧✉❡ 0 ♦✉t ♦❢ (−R, 0) ❛♥❞ t❤❛t ✐s ❡q✉❛❧ t♦
φ1 ✐♥ (−R, 0) ✭t❤❡ s❛♠❡ ❢♦r ω✮✳

❖❜s❡r✈❡ t❤❛t t❤❡ ♦♣❡r❛t♦r L ✐s ❝♦♥t✐♥✉♦✉s ✭❇❡♥s♦✉ss❛♥ ❡t ❛❧✳✱ ✶✾✾✷✱ ♣❛❣❡ ✷✸✺✮✱ ♠♦r❡♦✈❡r

aLte0
−φ1(s) − Lte0

−ω(s) = (η(s)(aLφ1 − Lω))(0) for s ≥ t.

❍❡♥❝❡ ✐❢ ✇❡ s❡t
x1 def

= (aLφ1 − Lω), x0 def
= φ0, ✭✶✸✮

t❤❡♥ ✇❡ ❝❛♥ r❡✇r✐t❡ ✭✶✶✮ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ✭✻✮ ❛s

{

k̇(s) = (aLtet
+k)(s) − (Ltet

+c)(s) + (η(s)x1)(0) for s ≥ t

k(t) = x0 ∈ R
✭✶✹✮

✇❤❡r❡ R × L2([−R, 0]; R) ∋ x
def
= (x0, x1)✱ c ∈ A✳ ❖❜s❡r✈❡ t❤❛t ✭✶✹✮ ✐s ♠❡❛♥✐♥❣❢✉❧ ❢♦r ❛❧❧

x ∈ R × L2([−R, 0]; R)✱ ❛❧s♦ ✇❤❡♥ x1 ✐s ♥♦t ♦❢ t❤❡ ❢♦r♠ ✭✶✸✮✳ ❙♦ ✇❡ ❤❛✈❡ ❡♠❜❡❞❞❡❞ t❤❡ ♦r✐❣✐♥❛❧
s②st❡♠ ✭✻✮ ✐♥ ❛ ❢❛♠✐❧② ♦❢ s②st❡♠s ♦❢ t❤❡ ❢♦r♠ ✭✶✹✮✳

✹✳✷ ❚❤❡ st❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❆❑ ♠♦❞❡❧ ✐♥ t❤❡ ❍✐❧❜❡rt s❡tt✐♥❣

❲❡ ♥♦✇ ✇♦r❦ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❍✐❧❜❡rt s♣❛❝❡

M2 def
= R × L2([−R, 0]; R)

✇❤❡r❡ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t ❜❡t✇❡❡♥ t✇♦ ❡❧❡♠❡♥ts φ = (φ0, φ1) ❛♥❞ ξ = (ξ0, ξ1) ✐s ❣✐✈❡♥ ❜②

〈φ, ξ〉M2

def
=

〈

φ1, ξ1
〉

L2 + φ0ξ0.

◆❡①t ✇❡ ❝♦♥s✐❞❡r t❤❡ ❤♦♠♦❣❡♥❡♦✉s s②st❡♠
{

ż(s) = (aL0z)(s)
(z(0), z0) = φ ∈ M2

❛♥❞ ❞❡✜♥❡ t❤❡ ❢❛♠✐❧② ♦❢ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s ♦♥ M2

{

S(s) : M2 → M2

φ 7→ S(s)φ
def
= (z(s), zs).

❚❤❡♥ {S(s)}s≥0 ✐s ❛ C0 s❡♠✐❣r♦✉♣ ♦♥ M2 ✇❤♦s❡ ❣❡♥❡r❛t♦r ✐s

{

D(G) =
{

(φ0, φ1) ∈ M2 : φ1 ∈ W 1,2(−R, 0) and φ0 = φ1(0)
}

G(φ0, φ1) = (aLφ1, Dφ1)

✇❤❡r❡ Dφ1 ✐s t❤❡ ✜rst ❞❡r✐✈❛t✐✈❡ ♦❢ φ1✳ ❆ ♣r♦♦❢ ♦❢ t❤✐s ❛ss❡rt✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❇❡♥s♦✉ss❛♥
❡t ❛❧✳ ✭✶✾✾✷✮✱ ❈❤❛♣t❡r ✹✳

❖❜s❡r✈❡ t❤❛t t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t φ1 ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ D(G) ✐s ✐♥ C([−R, 0], R) s♦✱ ✇✐t❤
❛ s❧✐❣❤t ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ❝❛♥ r❡✲❞❡✜♥❡ L ♦♥ D(G) ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②

{

L : D(G) → R

L(φ0, φ1) = Lφ1

✽



▼♦r❡♦✈❡r✱ ✐❢ D(G) ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❣r❛♣❤ ♥♦r♠✱ ✇❡ ❞❡♥♦t❡ ✇✐t❤ j t❤❡ ❝♦♥t✐♥✉♦✉s ✐♥❝❧✉s✐♦♥
D(G) →֒ M2✳ ❍❡♥❝❡ t❤❡ ♦♣❡r❛t♦rs G✱ ❛♥❞ j ❛r❡ ❝♦♥t✐♥✉♦✉s ❢r♦♠ D(G) ✐♥t♦ M2 ❛♥❞ L ✐s
❝♦♥t✐♥✉♦✉s ❢r♦♠ D(G) ✐♥t♦ R✳ ❲❡ ❝❛❧❧ G∗✱ j∗ ❛♥❞ L∗ t❤❡✐r ❛❞❥♦✐♥ts✱ ❛♥❞ ✐❞❡♥t✐❢② M2 ❛♥❞ R ✇✐t❤
t❤❡✐r ❞✉❛❧ s♣❛❝❡s✱ s♦ t❤❛t

G∗ : M2 → D(G)′

j∗ : M2 → D(G)′

L∗ : R → D(G)′

❛r❡ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s✳

❉❡✜♥✐t✐♦♥ ✹✳✹✳ ❚❤❡ str✉❝t✉r❛❧ st❛t❡ x(s) ❛t t✐♠❡ t ≥ 0 ✐s ❞❡✜♥❡❞ ❜②

y(s)
def
= (y0(s), y1(s))

def
= (k(s), aL(et

+k)s − L(et
+c)s + η(s)x1) ✭✶✺✮

■♥ t❤❡ s❡q✉❡❧ ✇❡ ✉s❡ y0 ❛♥❞ y1 t♦ ✐♥❞✐❝❛t❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ✜rst ❛♥❞ t❤❡ s❡❝♦♥❞ ❝♦♠♣♦♥❡♥t ♦❢

t❤❡ str✉❝t✉r❛❧ st❛t❡✳ ❲❡ ❝❛♥ ❣✐✈❡ ❛❧s♦ ❛ ❞✐✛❡r❡♥t✱ ♠♦r❡ ❡①♣❧✐❝✐t✱ ❞❡✜♥✐t✐♦♥✿ ✐❢ ✇❡ ❝❛❧❧
←

k s,
←
c s∈

L2([−R, 0]; R) t❤❡ ❛♣♣❧✐❝❛t✐♦♥s

←

k s : θ 7→ −k(s − R − θ)
←
c s : θ 7→ −c(s − R − θ)

t❤❡ str✉❝t✉r❛❧ st❛t❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

y(s)
def
= (k(s), a

←

k s −
←
c s +η(s)x1). ✭✶✻✮

❊✈❡♥t✉❛❧❧②✱ ✇❡ ✇r✐t❡ t❤❡ ❞❡❧❛② ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ M2 ❜② ♠❡❛♥s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✹✳✺✳ ▲❡t y0(s) ❜❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ s②st❡♠ ✭✶✹✮ ❢♦r x ∈ M2✱ c ∈ A ❛♥❞ ❧❡t y(t) ❜❡ t❤❡

str✉❝t✉r❛❧ ❞❡✜♥❡❞ ✐♥ ✭✶✺✮✳ ❚❤❡♥ ❢♦r ❡❛❝❤ T > 0✱ t❤❡ st❛t❡ y ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥
{

f ∈ C([t, T ],M2) :
d

ds
j∗f ∈ L2([t, T ], D(G)′)

}

t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥






d

ds
y(s) = G∗y(s) + L∗c(s)

y(t) = x.

✭✶✼✮

Pr♦♦❢✳ ❚❤❡ r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ ❇❡♥s♦✉ss❛♥ ❡t ❛❧✳ ✭✶✾✾✷✮ ❚❤❡♦r❡♠ ✺✳✶ ❈❤❛♣t❡r ✹✳

✹✳✸ ❚❤❡ st❛t❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❛❞✈❡rt✐s✐♥❣ ♠♦❞❡❧ ✐♥ t❤❡ ❍✐❧❜❡rt s❡tt✐♥❣

❙✐♠✐❧❛r ❛r❣✉♠❡♥ts ❝❛♥ ❜❡ ✉s❡❞ ❢♦r t❤❡ ❛❞✈❡rt✐s✐♥❣ ♠♦❞❡❧✳ ❲❡ ✇r✐t❡ ❤❡r❡ ♦♥❧② t❤❡ r❡s✉❧ts✳ ❲❡
❝❛❧❧ N ✱ B t❤❡ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧s ❣✐✈❡♥ ❜②

N : C([−R, 0]) → R

N : ϕ 7→ a0ϕ(0) +
∫ 0
−r

ϕ(ξ)da1(ξ)

B : C([−R, 0]) → R

B : ϕ 7→ b0ϕ(0) +
∫ 0
−r

ϕ(ξ)db1(ξ)

▲❡t G ❜❡ t❤❡ ❣❡♥❡r❛t♦r ♦❢ C0✲s❡♠✐❣r♦✉♣ ❞❡✜♥❡❞ ❛s✿
{

D(G) =
{

(φ0, φ1) ∈ M2 : φ1 ∈ W 1,2(−R, 0) and φ0 = φ1(0)
}

G(φ0, φ1) = (Nφ1, Dφ1)

❲❡ ❞❡✜♥❡ N ❛♥❞ B ✐♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❞❡✜♥❡❞ L ✐♥ ❡q✉❛t✐♦♥ ✭✶✷✮✳ ❙♦ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡
❛❞✈❡rt✐s✐♥❣ ♠♦❞❡❧ ✐♥ ✐♥✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠✳ ❲❡ ♦❜t❛✐♥✿

✾



• ❚❤❡ str✉❝t✉r❛❧ st❛t❡ ✐♥ t❤❡ ❛❞✈❡rt✐s✐♥❣ ♠♦❞❡❧ ✇✐❧❧ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥✿

y(t) = (y0(s), y1(s))
def
= (γ(s), N(e0

+γ)s − B(e0
+z)s + η(s)x1)

✇❤❡r❡ x1 = N(θ) − B(δ)✳

• ❚❤❡ st❛t❡ ❡q✉❛t✐♦♥ ❜❡❝♦♠❡s






d

ds
y(s) = G∗y(s) + B∗z(s)

y(t) = x.

✺ ❚❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧ ❛♥❞ t❤❡ ❍❏❇ ❡q✉❛t✐♦♥

❲❡ ♥♦✇ r❡✇r✐t❡ t❤❡ ♣r♦✜t ❢✉♥❝t✐♦♥❛❧ ❢♦r t❤❡ ✜rst ❡①❛♠♣❧❡ ✐♥ ❛❜str❛❝t t❡r♠s✱ ♥♦t✐♥❣ t❤❛t ❛ s✐♠✐❧❛r
r❡❢♦r♠✉❧❛t✐♦♥ ❤♦❧❞s ❢♦r t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧ ♦❢ t❤❡ s❡❝♦♥❞ ❡①❛♠♣❧❡✳ ❲❡ ❝♦♥s✐❞❡r ❛ ❝♦♥tr♦❧ s②st❡♠
❣♦✈❡r♥❡❞ ❜② t❤❡ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ❞❡s❝r✐❜❡❞ ✐♥ ❚❤❡♦r❡♠ ✹✳✺✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡
❝♦♥tr♦❧s ✐s ❞❡✜♥❡❞ ❜②

A
def
= {c(·) ∈ L2([t, T ], R) : c(·) ≥ 0 and y0(·) ≥ 0}

❆s ✉s✉❛❧✱ t❤❡ tr❛❥❡❝t♦r② y(·) ✭❛♥❞ t❤❡♥ y0(·)✮ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❝♦♥tr♦❧ c(·)✱ ❛♥❞ ♦❢
✐♥✐t✐❛❧ t✐♠❡ ❛♥❞ st❛t❡✱ t❤❛t ✐s✱ y(·) = y(·; t, x, c(·))✱ ❜✉t ✇❡ ✇r✐t❡ ✐t ❡①♣❧✐❝✐t❧② ♦♥❧② ✇❤❡♥ ♥❡❡❞❡❞✳

■♥ ♦r❞❡r t♦ ❛♣♣❧② t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ❋❛❣❣✐❛♥ ✭✷✵✵✻✮ ❛♥❞ r❡❝❛❧❧❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✱ ✇❡
r❡❢♦r♠✉❧❛t❡ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛s ❛ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❆t t❤❡ s❛♠❡ t✐♠❡ ✇❡ t❛❦❡
t❤❡ ❝♦♥str❛✐♥ts ✐♥t♦ ❛❝❝♦✉♥t ❜② ♠♦❞✐❢②✐♥❣ t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧ ❛s ❢♦❧❧♦✇s✳ ■❢ h0 ❛♥❞ φ0 ❛r❡ t❤❡
❝♦♥❝❛✈❡ ✉✳s✳❝✳ ❢✉♥❝t✐♦♥s ❛♣♣❡❛r✐♥❣ ✐♥ ✭✶✮✱ t❤❡♥ ✇❡ ❞❡✜♥❡

h : R → R

h(c) =

{

−h0(c) if c ≥ 0
+∞ if c < 0

φ : R → R

φ(r) =

{

−φ0(r) if r ≥ 0
+∞ if r < 0

▼♦r❡♦✈❡r ✇❡ s❡t
g : R → R

g(r) =

{

0 if r ≥ 0
+∞ if r < 0

❇♦t❤ h✱ φ ❛♥❞ g ❛r❡ ❝♦♥✈❡① ❧✳s✳❝✳ ❢✉♥❝t✐♦♥s ♦♥ R✳ ❚❤❡♥ ✇❡ ❞❡✜♥❡ t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧ ❛s

J(t, x, c(·)) =

∫ T

t

e−ρs[h(c(s)) + g(y0(s))]ds + φ(y0(T ))

✇✐t❤ c ✈❛r②✐♥❣ ✐♥ t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s L2([t, T ], R)✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ♣r♦❜❧❡♠
♦❢ ♠❛①✐♠✐③✐♥❣ ✭✶✮ ✐♥ t❤❡ ❝❧❛ss A ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ♦❢ ♠✐♥✐♠✐③✐♥❣ J ♦♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡
L2([t, T ], R)✳ ❚❤❡♥ t❤❡ ♦r✐❣✐♥❛❧ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r t❤❡ ❆❑✲♠♦❞❡❧ ❤❛s ❜❡❡♥ r❡❢♦r♠✉❧❛t❡❞
❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❜str❛❝t ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿

inf{J(t, x, c(·)) : c ∈ L2([t, T ], R), ❛♥❞ y s❛t✐s✜❡s (17)}, ✭✶✽✮

▼♦r❡♦✈❡r✱ ❍❏❇ ❡q✉❛t✐♦♥ ✐s ♥❛t✉r❛❧❧② ❛ss♦❝✐❛t❡❞ t♦ s✉❝❤ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❜② ❉P✱ ❛♥❞ ✐t ✐s
❣✐✈❡♥ ❜②

{

∂tv(t, x) + 〈∇v(t, x), G∗x〉 − F (t,∇v(t, x)) + e−ρtg(x) = 0
v(T, x) = φ0(x)

✭❍❏❇✮

✶✵



✇✐t❤ F ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s
{

F : [0, T ] × D(G) → R

F (t, p)
def
= supc≥0

{

−L(p)c − e−ρth0(c)
}

= e−ρth∗(−eρtL(p))

✇❤❡r❡ h∗ ✐s t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ ♦❢ t❤❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ h✳ ❲❡ r❡❢❡r t♦ F ❛s t♦ t❤❡ ❍❛♠✐❧t♦♥✐❛♥

♦❢ t❤❡ s②st❡♠✹✳
❚❤❡ ❛❜str❛❝t ❢r❛♠❡✇♦r❦ ✐s t❤❡♥ s❡t✱ ❛♥❞ ✇❡ ❛r❡ r❡❛❞② t♦ ♣❡r❢♦r♠ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣✳

✻ ❚❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛s ✉❧tr❛✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ❍❏❇

❲❡ ❞❡✜♥❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s
❛s

W (t, x)
def
= inf

c(·)∈L2([t,T ];R)
J(t, x, c(·)).

❖✉r ♦❜❥❡❝t✐✈❡ ❤❡r❡ ✐s t♦ ♣r♦✈✐❞❡ ❛ s✉✐t❛❜❧❡ ❝♦♥❝❡♣t ♦❢ s♦❧✉t✐♦♥ ♦❢ ❍❏❇✱ s♦ t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥
V ✐s ❛ s♦❧✉t✐♦♥✱ ✐♥ s✉❝❤ s❡♥s❡✳

❲❡ r❡❝❛❧❧ t❤❛t ✐♥ ❋❛❣❣✐❛♥ ✭✷✵✵✻✮ ✐t ✐s s❤♦✇♥ t❤❛t✱ ✐❢ t❤❡ ❞❛t❛ s❛t✐s❢② ❝❡rt❛✐♥ ❛ss✉♠♣t✐♦♥s
✭✐♥✈♦❧✈✐♥❣ ❝♦♥✈❡①✐t②✱ s❡♠✐❝♦♥t✐♥✉✐t②✱ ❛♥❞ ❝♦❡r❝✐✈✐t② ♦❢ h✮✱ t❤❡♥ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ ❛♥ ♦♣t✐♠❛❧
❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✇✐t❤ st❛t❡ ❝♦♥str❛✐♥ts ♦❢ t②♣❡ ✭✶✽✮ ✐s ✐♥❞❡❡❞ t❤❡ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥ t♦ ❛
❍❏❇ ❡q✉❛t✐♦♥ ♦❢ t②♣❡ ✭❍❏❇✮✱ ❛s t❤❡r❡ ♣r♦✈❡❞ ❛♥❞ ❤❡r❡ r❡❝❛❧❧❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✱ ❚❤❡♦r❡♠ ✼✳✶✶✳
❖❜s❡r✈❡ t❤❛t s♦♠❡ ❝♦❡r❝✐✈✐t② ❢♦r t❤❡ ❢✉♥❝t✐♦♥ h ✐s ✐♥❞❡❡❞ ❧❛❝❦✐♥❣ ✐♥ ♦✉r ❝❛s❡✱ ❛s t❤❡ ♣r♦t♦t②♣❡
♦❢ h0 ✐s c1−σ

1−σ
❛s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ ✇❤✐❝❤ ✐s s✉❜❧✐♥❡❛r ♦♥ t❤❡ ♣♦s✐t✐✈❡ r❡❛❧ ❛①✐s✳ ❚❤✐s ❝❛✉s❡s t❤❡

❍❛♠✐❧t♦♥✐❛♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✲ t❤❛t ✐s r❡❧❛t❡❞ t♦ t❤❡ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ ♦❢ h0 ✲ t♦ ❜❡ ♣♦ss✐❜❧②
♥♦♥r❡❣✉❧❛r✱ s♦ t❤❛t ❛❧❧ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥ ♦❢ s♦❧✉t✐♦♥s ❞♦ ♥♦t ❛♣♣❧②✳ ✭◆♦t❡ ✐♥❞❡❡❞ t❤❛t✱ ❛s ♠♦r❡
♣r❡❝✐s❡❧② st❛t❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✱ ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ✐s ❧✐♠✐t ♦❢ str♦♥❣ s♦❧✉t✐♦♥s ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣
❡q✉❛t✐♦♥s✱ ✇❤✐❧❡ ❛ str♦♥❣ s♦❧✉t✐♦♥ ✐s ✐ts❡❧❢ ❧✐♠✐t ♦❢ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥s ♦❢ ❛♣♣r♦①✐♠❛t✐♥❣ ❡q✉❛t✐♦♥s✳
❆❧❧ ♦❢ t❤❡s❡ ♥♦t✐♦♥s r❡q✉✐r❡ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ t♦ ❜❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦✲st❛t❡
✈❛r✐❛❜❧❡ p✳✮

❍❡r❡ ✇❡ ❛r❡ ❛❜♦✉t t♦ ❞❡✜♥❡ ❛ ✉❧tr❛✇❡❛❦ s♦❧✉t✐♦♥ ❛s ❧✐♠✐t ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ✭❍❏❇✮✳ ❖❜s❡r✈❡
t❤❛t t❤❡ ❝♦♥❝❡♣t ♦❢ s♦❧✉t✐♦♥ ✐s ✐♥❞❡❡❞ ❣❡♥❡r❛❧✐③❡❞✱ ❛❧t❤♦✉❣❤ ♥♦t ✐♥ t❤❡ s❛♠❡ ❞✐r❡❝t✐♦♥ ❛s ❜❡❢♦r❡✱
❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♣♦ss✐❜❧② ♥♦♥r❡❣✉❧❛r ❍❛♠✐❧t♦♥✐❛♥s✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♥♦t❛t✐♦♥ ✉s❡❞ ❜② ❋❛❣❣✐❛♥ ✭✷✵✵✺✮✱ ✐❢ X ❛♥❞ Y ❛r❡ ❇❛♥❛❝❤ s♣❛❝❡s✱ ✇❡ s❡t

Lip(X;Y ) = {f : X → Y : [f ]
L

:= sup
x,y∈X, x6=y

|f(x) − f(y)|Y
|x − y|X

< +∞}

C1
Lip(X) := {f ∈ C1(X) : [f ′]

L
< +∞}

Cp(X, Y ) := {f : X → R : |f |Cp
:= sup

x∈X

|f(x)|Y
1 + |x|pX

< +∞}, Cp(X) := Cp(X, R).

▼♦r❡♦✈❡r ✇❡ s❡t
Σ0(X) := {w ∈ C2(X) : w is convex, w ∈ C1

Lip(X)}

Y([0, T ] × X) = {w : [0, T ] × X → R : w ∈ C([0, T ],C2(X)),

w(t, ·) ∈Σ0(X), ∇w ∈ C([0, T ], C1(X, X ′))}.

❉❡✜♥✐t✐♦♥ ✻✳✶✳ ❲❡ s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥ V ✐s ❛ ✉❧tr❛✇❡❛❦ s♦❧✉t✐♦♥ t♦

{

∂tv(t, x) + 〈∇v(t, x), G∗x〉 − F (t,∇v(t, x)) + e−ρtg(x) = 0
v(T, x) = φ0(x)

✹❖❜s❡r✈❡ t❤❛t✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ✉s✉❛❧ ❞❡✜♥✐t✐♦♥✱ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ s❤♦✉❧❞ ❜❡ ✐♥❞❡❡❞ 〈p, G∗x〉 − F (t, p) + e−ρtg(x)✳
❍❡r❡✱ ❢♦r ❝♦♠♠♦❞✐t② ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ♣✉t ❛s✐❞❡ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ t❤❡ t❡r♠s ✇❤✐❝❤ ❛r❡ ❧✐♥❡❛r ♦r ❝♦♥st❛♥t ✐♥ p✳

✶✶



✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ {Fn}n ♦❢ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ s♣❛❝❡ Y([0, T ] × D(G))✱ s✉❝❤ t❤❛t Fn ↑ F

♣♦✐♥t✇✐s❡✱ ❛♥❞

V (t, x) = lim
n→+∞

Vn(t, x) = inf
n≥0

Vn(t, x)

✇✐t❤ Vn t❤❡ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥s t♦

{

∂tv(t, x) + 〈∇v(t, x), G∗x〉 − Fn(t,∇v(t, x)) + e−ρtg(x) = 0
v(T, x) = φ0(x)

❖❜s❡r✈❡ t❤❛t ❛♥② ✇❡❛❦ s♦❧✉t✐♦♥ V ✐s ❝♦♥✈❡① ✐♥ t❤❡ st❛t❡ ✈❛r✐❛❜❧❡ x✱ ❜✉t ♥♦t ♥❡❝❡ss❛r✐❧② l .s.c

✐♥ (t, x)✳ ❲❡ ❛r❡ ❛❜❧❡ t♦ ♣r♦✈❡ ❛♥ ❡①✐st❡♥❝❡ r❡s✉❧t ❢♦r ❡q✉❛t✐♦♥ (HJB) ❜② ♣r♦✈✐♥❣ t❤❛t t❤❡ ✈❛❧✉❡
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ s❡t ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ✐s ❛♥ ✉❧tr❛✇❡❛❦ s♦❧✉t✐♦♥✳

❚❤❡♦r❡♠ ✻✳✷✳ ❚❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ W ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✭✶✽✮ ✐s ❛♥ ✉❧tr❛✇❡❛❦ s♦❧✉t✐♦♥

♦❢ ✭❍❏❇✮✳

Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧ ✇❡ ♥❡❡❞ t♦ ❝♦♥str✉❝t ❛ s❡q✉❡♥❝❡ ♦❢ ❍❛♠✐❧t♦♥✐❛♥s Fn ❤❛✈✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s
r❡q✉✐r❡❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ❛❜♦✈❡✳ ❲❡ ❝❤♦♦s❡

Fn(t, p) := e−ρth∗n(−eρtL(p))

✇✐t❤

hn(c) = h(c) +
1

2n
|c|2, n ∈ N.

■♥❞❡❡❞ ✐❢ ✇❡ ❞❡♥♦t❡ ✇✐t❤ Snf(x) = infy∈R

{

f(y) + n
2 |x − y|2

}

t❤❡ ❨♦s✐❞❛ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❛
❢✉♥❝t✐♦♥ f ✱ t❤❡♥ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t [Snf ]∗(x) = f∗(x) + 1

2n
|x|2, s♦ t❤❛t

h∗n(c) = Sn(h∗)(c).

❇❡✐♥❣ h∗n t❤❡ ❨♦s✐❞❛ ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ ❛ ❧✳s✳❝✳ ❝♦♥✈❡① ❢✉♥❝t✐♦♥✱ t❤❡② r❡s✉❧t t♦ ❜❡ ❋r❡❝❤ét ❞✐❢✲
❢❡r❡♥t✐❛❜❧❡ ✇✐t❤ ▲✐♣s❝❤✐t③ ❣r❛❞✐❡♥t✱ ✇✐t❤ ▲✐♣s❝❤✐t③ ❝♦♥st❛♥t [(h∗n)′]L ≤ n✳ ▼♦r❡♦✈❡r✱ ❛s hn ✐s ❛
❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡✱ Fn ✐s t❤❡♥ ✐♥❝r❡❛s✐♥❣✱ ❛s r❡q✉✐r❡❞ ❜② ❉❡✜♥✐t♦♥ ✻✳✶✳ ❍❡♥❝❡ t❤❡ ❛ss✉♠♣t✐♦♥s
✐♥ ❚❤❡♦r❡♠ ✼✳✶✶ ❛r❡ s❛t✐s✜❡❞ ❢♦r t❤❡ ♣r♦❜❧❡♠ ♦❢ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❢✉♥❝t✐♦♥❛❧

Jn(t, x, c) = J(t, x, c) +
1

2n

∫ T

t

e−ρs|c(s)|2ds

✐♥ L2([t, T ], R)✱ ❛♥❞ ✇❡ ❡❛s✐❧② ❞❡r✐✈❡ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳

▲❡♠♠❛ ✻✳✸✳ ▲❡t

Wn(t, x)
def
= inf

c∈L2([t,T ],R)
Jn(t, x, c),

❜❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✳ ❚❤❡♥ Wn ✐s ❝♦♥✈❡① ✐♥ x

❛♥❞ ❧✳s✳❝✳ ✐♥ x ❛♥❞ t✱ ❛♥❞ ✐t ✐s t❤❡ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢

{

∂tv(t, x) + 〈∇v(t, x), G∗x〉 − Fn(t,∇v(t, x)) + e−ρtg(x) = 0
v(T, x) = φ(x)

▼♦r❡♦✈❡r t❤❡r❡ ❡①✐sts c∗n ∈ L2([t, T ], R) ♦♣t✐♠❛❧ ❢♦r t❤❡ ❛♣♣r♦①✐♠❛t✐♥❣ ♣r♦❜❧❡♠s✱ t❤❛t ✐s

Wn(t, x) = Jn(t, x, c∗n)✳

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ✇❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t Wn(t, x) ↓ W (t, x)✳

▲❡♠♠❛ ✻✳✹✳ ❚❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ ✭✶✽✮ ✐s ❣✐✈❡♥ ❜②

W (t, x) = lim
n→∞

Wn(t, x) = inf
n

Wn(t, x).

✶✷



Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ Jn✱ ❢♦r ❛❧❧ t✱ x ❛♥❞ n ✇❡ ❤❛✈❡ Jn(t, x, c) ≥ Jn+1(t, x, c) ❢♦r ❛❧❧ ❛❞♠✐ss✐❜❧❡
❝♦♥tr♦❧s c✱ s♦ t❤❛t

Wn(t, x) ≥ Wn+1(t, x),

❛♥❞ {Wn(t, x)}n ✐s ❛ ❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛♥ ✉❧tr❛✇❡❛❦ s♦❧✉t✐♦♥ V ♦❢ ❍❏❇
❡①✐sts✱ ❛♥❞ ✐t ✐s ❣✐✈❡♥ ❜②

V (t, x)
def
= lim

n→∞
Wn(t, x) = inf

n∈N

Wn(t, x).

◆❡①t ✇❡ s❤♦✇ t❤❛t ❛ s♦❧✉t✐♦♥ V ❜✉✐❧t t❤✐s ✇❛② ♥❡❝❡ss❛r✐❧② ❝♦✐♥❝✐❞❡s ✇✐t❤ W ✳ ❖❜s❡r✈❡ t❤❛t

J(t, x, c) ≤ Jn(t, x, c), ∀c ∈ L2([t, T ], R),

s♦ t❤❛t ❜② t❛❦✐♥❣ t❤❡ ✐♥✜♠✉♠ ❛♥❞ t❤❡♥ ♣❛ss✐♥❣ t♦ ❧✐♠✐ts✱ ✇❡ ♦❜t❛✐♥

W (t, x) ≤ V (t, x). ✭✶✾✮

❲❡ t❤❡♥ ♣r♦✈❡ t❤❡ r❡✈❡rs❡ ✐♥❡q✉❛❧✐t②✳ ▲❡t ε > 0 ❜❡ ❛r❜✐tr❛r✐❧② ✜①❡❞✱ ❛♥❞ cε ❜❡ ❛♥ ε✲♦♣t✐♠❛❧
❝♦♥tr♦❧ ❢♦r t❤❡ ♣r♦❜❧❡♠✱ t❤❛t ✐s W (t, x) + ε > J(t, x, cε). ❖❜s❡r✈❡ t❤❛t✱ ❜② ♣❛ss✐♥❣ t♦ ❧✐♠✐ts ❛s
n → +∞ ✐♥

V (t, x) ≤ Wn(t, x) ≤ Jn(t, x, cε)

♦♥❡ ♦❜t❛✐♥s
V (t, x) ≤ J(t, x, cε) < W (t, x) + ε,

✇❤✐❝❤ ✐♠♣❧✐❡s✱ t♦❣❡t❤❡r ✇✐t❤ ✭✶✾✮✱ t❤❡ t❤❡s✐s✳
❉♦✐♥❣ s♦ ✇❡ ♣r♦✈❡❞ t❤❡ ❧❡♠♠❛ ❛♥❞ ❚❤❡♦r❡♠ ✻✳✷✳

❘❡♠❛r❦ ✻✳✺✳ ❖❜s❡r✈❡ t❤❛t ✇❡ ❞♦ ♥♦t ❞❡r✐✈❡ ❛♥② ✉♥✐q✉❡♥❡ss r❡s✉❧t ❢♦r ✉❧tr❛✇❡❛❦ s♦❧✉t✐♦♥s✳ ■❢

❢♦r ✐♥st❛♥❝❡ ♦♥❡ tr✐❡s t♦ ❣❡t ✉♥✐q✉❡♥❡ss ❜② s❤♦✇✐♥❣ t❤❛t ❛♥② ✉❧tr❛✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ❍❏❇ ✐s t❤❡

✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ ❝❡rt❛✐♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✱ s♦♠❡ ❞✐✣❝✉❧t✐❡s ❛r✐s❡✱ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t✱ ❛❧t❤♦✉❣❤

h∗n ↑ H ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❡①✐sts s♦♠❡ h s✉❝❤ t❤❛t hn ↓ h✱ ✐♥ ❣❡♥❡r❛❧ H∗ 6= h ✉♥❧❡ss s♦♠❡

♠✐♥✐♠❛① ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞✱ s✉❝❤ ❛s

h = inf
n

sup
r
{cr − h∗n(r)} = sup

r
inf
n
{cr − h∗n(r)} = H∗,

✇❤✐❝❤ ✐s ❢❛❧s❡ ✐♥ ❣❡♥❡r❛❧✳

✼ ❆♣♣❡♥❞✐①

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❝❛❧❧ t❤❡ ❛❜str❛❝t ❢r❛♠❡✇♦r❦ ❛♥❞ t❤❡ ♠❛✐♥ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❜② ❋❛❣❣✐❛♥ ✭✷✵✵✺✱
✷✵✵✻✮✱ r❡❣❛r❞✐♥❣ str♦♥❣ ❛♥❞ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ ❍❏❇✳

■♥ ❋❛❣❣✐❛♥ ✭✷✵✵✺✱ ✷✵✵✻✮ ✇❡ ✇♦r❦❡❞ ✐♥ ❛♥ ❛❜str❛❝t s❡tt✐♥❣ ♦♥ s♦♠❡ st❛t❡ s♣❛❝❡ ❞❡♥♦t❡❞ ✇✐t❤
V ′✳ ■♥ t❤❛t s❡tt✐♥❣✱ ✐❢ H ✐s ❛ s❡♣❛r❛❜❧❡ ❍✐❧❜❡rt s♣❛❝❡✱ A0 ✐s t❤❡ ❣❡♥❡r❛t♦r ♦❢ ❛ str♦♥❣❧② ❝♦♥t✐♥✉♦✉s
s❡♠✐❣r♦✉♣ ♦❢ ♦♣❡r❛t♦rs ♦♥ H✱ ❛♥❞ V ✐s t❤❡ ❍✐❧❜❡rt s♣❛❝❡ D(A∗0) ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ s❝❛❧❛r ♣r♦❞✉❝t
(v|w)V := (v|w)H+(A∗0v|A

∗
0w)H ✱ t❤❡♥ ✇❡ s❡t V ′ ❡q✉❛❧ t♦ ✐ts ❞✉❛❧ s♣❛❝❡ ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ♦♣❡r❛t♦r

♥♦r♠✳ ❚❤❡ s❡♠✐❣r♦✉♣ ❣❡♥❡r❛t❡❞ ❜② A0 ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ✐♥ ❛ st❛♥❞❛r❞ ✇❛② t♦ ❛ s❡♠✐❣r♦✉♣
{eAs}s≥0 ♦♥ t❤❡ s♣❛❝❡ V ′✱ ✇✐t❤ ❣❡♥❡r❛t♦r A✱ ❛ ♣r♦♣❡r ❡①t❡♥s✐♦♥ ♦❢ A0✳

❚❤❡♥ ✇❡ ❛ss✉♠❡ t❤❡ st❛t❡ ❡q✉❛t✐♦♥ ✐♥ V ′ ✐s ❣✐✈❡♥ ❜②
{

y′(s) = Ay(s) + Bc(s), s ∈ [t, T ]

y(t) = x ∈ V ′
✭✷✵✮

✇✐t❤ ❝♦♥tr♦❧ ♦♣❡r❛t♦r B ∈ L(U, V ′) ✭❛❧t❤♦✉❣❤ B 6∈ L(U,H)✮✱ ✇❤❡r❡ U ✐s t❤❡ ❝♦♥tr♦❧ s♣❛❝❡ ❛♥❞
c ∈ L2([t, T ], U) t❤❡ ❝♦♥tr♦❧✳ ❙✉❝❤ ❡q✉❛t✐♦♥ ♠❛② ❜❡ r❡❛❞✐❧② ❡①♣r❡ss❡❞ ✐♥ ♠✐❧❞ ❢♦r♠ ❛s

y(s) = eA(s−t)x +

∫ s

t

eA(s−σ)Bc(σ)dσ. ✭✷✶✮

✶✸



❘❡♠❛r❦ ✼✳✶✳ ❚❤❡ r♦❧❡ ♦❢ V ′ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❞❡❧❛② ❡q✉❛t✐♦♥ ❤❡r❡ ♣r❡s❡♥t❡❞ ✐s ♣❧❛②❡❞ ❜② t❤❡

s♣❛❝❡ D(G)′✱ ❛♥❞ t❤❡ r♦❧❡ ♦❢ A0 ❜② t❤❡ ♦♣❡r❛t♦r G∗✳

❇❡s✐❞❡s✱ ✇❡ ❝♦♥s✐❞❡r ❛ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧ J0✱ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ st❛t❡ ❡q✉❛t✐♦♥✱ ♦❢ t②♣❡

J(t, x, c) =

∫ T

t

[g (s, y(s)) + h (s, c(s))] ds + ϕ(y(τ)) ✭✷✷✮

✇✐t❤ h(t, ·) r❡❛❧✱ ❝♦♥✈❡①✱ ❧✳s✳❝✳✱ ❝♦❡r❝✐✈❡✱ ❛♥❞ g(t, ·) ❛♥❞ ν r❡❛❧✱ ❝♦♥✈❡①✱ ❛♥❞ C1(V ′) ✭r❡s♣❡❝t✐✈❡❧②✱
❧✳s✳❝✳ ✐♥ V ′✮ ✐♥ t❤❡ x ✈❛r✐❛❜❧❡✱ ❛s ♠♦r❡ ♣r❡❝✐s❡❧② st❛t❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥s✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t
♦❢ ♠✐♥✐♠✐③✐♥❣ J(t, x, ·) ♦✈❡r t❤❡ s❡t ♦❢ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧s L2([t, T ];U)✳

❘❡♠❛r❦ ✼✳✷✳ ■♥❞❡❡❞✱ ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ t❛r❣❡t ❢✉♥❝t✐♦♥❛❧ ✐s r❛t❤❡r ♦❢ t②♣❡

J0(t, x, c) =

∫ T

t

[ξ (s, y(s)) + η (s, c(s))] ds + ν(y(T ))

✇✐t❤ η(t, ·) r❡❛❧✱ ❝♦♥✈❡①✱ ❧✳s✳❝✳✱ ❝♦❡r❝✐✈❡✱ ❛♥❞ ξ(t, ·) ❛♥❞ ν r❡❛❧✱ ❝♦♥✈❡①✱ ❛♥❞ C1(H) ✭r❡s♣❡❝t✐✈❡❧②✱

❧✳s✳❝✳ ✐♥ H✮ ✐♥ t❤❡ x ✈❛r✐❛❜❧❡✱ ❞❡✜♥❡❞ ♦♥ H✱ ❜✉t ♥♦t ♥❡❝❡ss❛r✐❧② ♦♥ V ′✳ ❚❤❡♥ ✇❡ ♥❡❡❞ t♦ ❛ss✉♠❡
t❤❛t ξ ❛♥❞ ν ❛❧❧♦✇ C1 ✭r❡s♣❡❝t✐✈❡❧②✱ ❧✳s✳❝✳✮ ❡①t❡♥s✐♦♥s g(t, ·) ❛♥❞ φ ♦♥ t❤❡ s♣❛❝❡ V ′✳ ❚❤❡ ❡①✐st❡♥❝❡

♦❢ s✉❝❤ ❡①t❡♥s✐♦♥s ✐s ♦❢ ❝♦✉rs❡ ❛ str♦♥❣ ❛ss✉♠♣t✐♦♥✱ ❛s s♣❡❝✐✜❡❞ ❛♥❞ ❝♦♠♠❡♥t❡❞ ✐♥ ❋❛❣❣✐❛♥ ✭✷✵✵✺✮

✇✐t❤ ❞❡t❛✐❧✳

▼♦r❡♦✈❡r✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s

W (t, x) = inf
c∈L2([t,T ];U)

J(t, x, c), ✭✷✸✮

❋✐♥❛❧❧②✱ ✇❡ ❝♦♥s✐❞❡r❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✭❜❛❝❦✇❛r❞✮ ❍❏❇ ❡q✉❛t✐♦♥ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ♣r♦❜❧❡♠ s❡t ✐♥
[0, T ] × V ′

{

vt(t, x) −H(t, B∗∇v(t, x)) + 〈Ax|∇v(t, x)〉 + g(t, x) = 0,

v(T, x) = ϕ(x),
✭✷✹✮

❢♦r ❛❧❧ t ✐♥ [0, T ] ❛♥❞ x ✐♥ D(A) ✭✐♥❞❡❡❞ ❢♦r ❛❧❧ x ✐♥ V ′✮✱ ✇❤❡r❡

H(t, c) = [h(t, ·)]∗(−c).

◆♦t✐❝❡ t❤❛t H ✐s ✇❡❧❧ ❞❡✜♥❡❞ ♦♥❧② ❢♦r p ✐♥ V ✱ t❤❛t ✐s ❛ ♣r♦♣❡r s✉❜s♣❛❝❡ ♦❢ H✱ t♦ ✇❤✐❝❤ ∇v(t, x)
✭t❤❡ s♣❛t✐❛❧ ❣r❛❞✐❡♥t ♦❢ v✮ ❜❡❧♦♥❣s✳

❲✐t❤ s✉❝❤ ❛ ♣r♦❜❧❡♠ ✐♥ ♠✐♥❞✱ ✇❡ t❤❡♥ ✐♥✈❡st✐❣❛t❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣
❢♦r✇❛r❞ ❍❏❇ ❡q✉❛t✐♦♥

{

φt(t, x) + F (t,∇φ(t, x)) − 〈Ax,∇φ(t, x)〉 = g(T − t, x), (t, x) ∈ [0, T ] × V ′

φ(0, x) = ϕ(x).
✭✷✺✮

◆♦t❡ ✐♥ ❢❛❝t t❤❛t s✉❝❤ ❛ ❍❏❇ ✐s t❤❡ ❢♦r✇❛r❞ ✈❡rs✐♦♥ ♦❢ ✭✷✹✮ ✐❢ ✇❡ s❡t

F (t, p) := H(t, B∗p) = sup
c∈U

{
(

− Bc|p
)

U
− h(t, c)}.

✼✳✶ ❘❡❣✉❧❛r ❞❛t❛ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s ♦❢ ❍❏❇ ❡q✉❛t✐♦♥s✳

❲❡ ✜rst tr❡❛t t❤❡ ❝❛s❡ ♦❢ r❡❣✉❧❛r ❞❛t❛✱ ❢r♦♠ ✇❤✐❝❤ t❤❡ ♥♦t✐♦♥ ♦❢ str♦♥❣ s♦❧✉t✐♦♥ ♦r✐❣✐♥❛t❡s✳

❆ss✉♠♣t✐♦♥s ✼✳✸✳ ✶✳ A : D(A) ⊂ V ′ → V ′ ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ str♦♥❣❧②

❝♦♥t✐♥✉♦✉s s❡♠✐❣r♦✉♣ {esA}s≥0 ♦♥ V ′❀

✷✳ B ∈ L(U, V ′)❀

✶✹



✸✳ t❤❡r❡ ❡①✐sts ω > 0 s✉❝❤ t❤❛t |eτAx|
V ′ ≤ Meωτ |x|

V ′ , ∀τ ≥ 0❀

✹✳ F ∈ Y([0, T ] × V )✱ F (t, 0) = 0✱ supt∈[0,T ][Fp(t, ·)]L < +∞❀

✺✳ g ∈ Y([0, T ] × V ′)✱ t 7→ [gx(t, ·)]
L
∈ L1(0, T )

✻✳ ϕ ∈ Σ0(V
′)❀

✼✳ h(t, ·) ✐s ❝♦♥✈❡①✱ ❧♦✇❡r s❡♠✐✕❝♦♥t✐♥✉♦✉s✱ ∂ch(t, ·) ✐s ✐♥❥❡❝t✐✈❡ ❢♦r ❛❧❧ t ∈ [0, T ]✳

✽✳ H ∈ Y([0, T ] × U)✱ H(t, 0) = 0✱ ❛♥❞ supt∈[0,T ][Hc(t, ·)]L < +∞.

❉❡✜♥✐t✐♦♥ ✼✳✹✳ ▲❡t ❆ss✉♠♣t✐♦♥s ✼✳✸ ❜❡ s❛t✐s✜❡❞✳ ❲❡ s❛② t❤❛t φ ∈ C([0, T ], C2(V
′)) ✐s ❛ str♦♥❣

s♦❧✉t✐♦♥ ♦❢ (25) ✐❢ t❤❡r❡ ❡①✐sts ❛ ❢❛♠✐❧② {φε}ε ⊂ C([0, T ], C2(V
′)) s✉❝❤ t❤❛t✿

(i) φε(t, ·) ∈ C1
Lip(V

′) ❛♥❞ φε(t, ·) ✐s ❝♦♥✈❡① ❢♦r ❛❧❧ t ∈ [0, T ]❀ φε(0, x) = ϕ(x) ❢♦r ❛❧❧ x ∈ V ′✳

(ii) t❤❡r❡ ❡①✐st ❝♦♥st❛♥ts Γ1,Γ2 > 0 s✉❝❤ t❤❛t

sup
t∈[0,T ]

[∇φε(t)]
L
≤ Γ1, sup

t∈[0,T ]
|∇φε(t, 0)|V ≤ Γ2, ∀ε > 0;

(iii) ❢♦r ❛❧❧ x ∈ D(A)✱ t 7→ φε(t, x) ✐s ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡❀

(iv) φε → φ✱ ❛s ε → 0+✱ ✐♥ C([0, T ], C2(V
′))❀

(v) t❤❡r❡ ❡①✐sts gε ∈ C([0, T ];C2(V
′)) s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ t ∈ [0, T ] ❛♥❞ x ∈ D(A)✱

φε
t (t, x) − F (t,∇φε(t, x)) + 〈Ax,∇φε(t, x)〉V ′ = gε(T − t, x)

✇✐t❤ gε(t, x) → g0(t, x)✱ ❛♥❞
∫ T

0 |gε(s) − g0(s)|C2
ds → 0✱ ❛s ε → 0 + .

❚❤❡ ♠❛✐♥ r❡s✉❧t ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ✇♦r❦ ❜② ❋❛❣❣✐❛♥ ✭✷✵✵✺✮ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✼✳✺✳ ▲❡t ❆ss✉♠♣t✐♦♥s ✼✳✸ ❜❡ s❛t✐s✜❡❞✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ str♦♥❣ s♦❧✉t✐♦♥ φ ♦❢ (25)
✐♥ t❤❡ ❝❧❛ss C([0, T ], C2(V

′)) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

(i) ❢♦r ❛❧❧ x ∈ D(A)✱ φ(·, x) ✐s ▲✐♣s❝❤✐t③ ❝♦♥t✐♥✉♦✉s❀

(ii) φ(t, ·) ∈ Σ0(V
′)✱ ❢♦r ❛❧❧ t ∈ [0, T ]✳

❘❡❣❛r❞✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s t♦ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✱ ✐♥ ❋❛❣❣✐❛♥ ✭✷✵✵✵✮ ✇❡ ✇❡r❡ ❛❜❧❡ t♦
♣r♦✈❡ ✇❤❛t ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✼✳✻✳ ▲❡t ❆ss✉♠♣t✐♦♥s ✼✳✸ ❜❡ s❛t✐s✜❡❞✱ ✇✐t❤ F (t, p) := H(t, B∗p)✳ ▲❡t W ❜❡ t❤❡ ✈❛❧✉❡

❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥tr♦❧ ♣r♦❜❧❡♠✱ ❛♥❞ ❧❡t φ ❜❡ t❤❡ str♦♥❣ s♦❧✉t✐♦♥ ♦❢ (25) ❞❡s❝r✐❜❡❞ ✐♥ ❚❤❡♦r❡♠ ✼✳✺✳

❚❤❡♥

W (t, x) = φ(T − t, x), ∀t ∈ [0, T ], ∀x ∈ V ′,

t❤❛t ✐s✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ W ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr♦❧ ♣r♦❜❧❡♠ ✐s t❤❡ ✉♥✐q✉❡ str♦♥❣ s♦❧✉t✐♦♥ ♦❢ t❤❡

❜❛❝❦✇❛r❞ ❍❏❇ ❡q✉❛t✐♦♥ (24)✳

✼✳✷ ❙❡♠✐❝♦♥t✐♥✉♦✉s ❞❛t❛ ❛♥❞ ✇❡❛❦ s♦❧✉t✐♦♥s ♦❢ ❍❏❇ ❡q✉❛t✐♦♥s✳

❲❡ t❤❡♥ tr❡❛t t❤❡ ❝❛s❡ ♦❢ ♠❡r❡❧② s❡♠✐❝♦♥t✐♥✉♦✉s ❞❛t❛✱ ❢r♦♠ ✇❤✐❝❤ t❤❡ ♥♦t✐♦♥ ♦❢ ✇❡❛❦ s♦❧✉t✐♦♥
♦r✐❣✐♥❛t❡s✳

❆ss✉♠♣t✐♦♥s ✼✳✼✳ ■❢ K ✐s ❛ ❝♦♥✈❡① ❝❧♦s❡❞ s✉❜s❡t ♦❢ V ′✱ ✇❡ ❞❡✜♥❡

ΣK ≡ ΣK(V ′) := {φ : V ′ → (−∞,+∞] : φ is convex and l.s.c., K ⊂ D(φ)}

✇❤❡r❡ D(φ) = {x ∈ V ′ : φ(x) < +∞}✱ ❛♥❞ ❛ss✉♠❡✿

✶✺



✶✳ C : D(C) ⊂ V ′ → V ′ ✐s t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ str♦♥❣❧② ❝♦♥t✐♥✉♦✉s s❡♠✐❣r♦✉♣

{esA}s≥0 ♦♥ V ′❀

✷✳ B ∈ L(U, V ′)❀

✸✳ t❤❡r❡ ❡①✐sts ω > 0 s✉❝❤ t❤❛t |esCx|
V ′ ≤ eωs|x|

V ′ , ∀s ≥ 0❀

✹✳ F ∈ Y([0, T ] × V )✱ F (t, 0) = 0✱ supt∈[0,T ][Fp(t, ·)]L < +∞❀

✺✳ g(t, ·) ∈ ΣK(V ′)✱ ❢♦r ❛❧❧ t ∈ [0, T ]❀ g(·, x) ❧✳s✳❝✳ ❛♥❞ L1(0, T ) ❢♦r ❛❧❧ x ∈ V ′❀

✻✳ ϕ ∈ ΣK(V ′)❀

✼✳ h(t, ·) ✐s ❝♦♥✈❡①✱ ❧♦✇❡r s❡♠✐✕❝♦♥t✐♥✉♦✉s✱ ∂ch(t, ·) ✐s ✐♥❥❡❝t✐✈❡ ❢♦r ❛❧❧ t ∈ [0, T ]❀ ♠♦r❡♦✈❡r

h(t, c) ≥ a(t)|c|2U + b(t)✱ ✇✐t❤ a(t) ≥ A(T ) > 0✱ b ∈ L1(0, T ; R)❀

✽✳ H ∈ Y([0, T ] × U)✱ H(t, 0) = 0✱ ❛♥❞ supt∈[0,T ][Hc(t, ·)]L < +∞.

❉❡✜♥✐t✐♦♥ ✼✳✽✳ ▲❡t K ⊂ V ′ ❜❡ ❛ ❝❧♦s❡❞ ❝♦♥✈❡① s❡t✱ ❛♥❞ ❧❡t ϕ ∈ ΣK ❛♥❞ g(t, ·) ∈ ΣK ❢♦r ❛❧❧ t ✐♥

[0, T ]✳ ❚❤❡♥ φ : [0, T ] × V ′ → (−∞,+∞] ✐s ❛ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ (HJB) ✐❢✿

(i) φ(t, ·) ∈ ΣK , ∀t ∈ [0, T ]❀
(ii) t❤❡r❡ ❡①✐st s❡q✉❡♥❝❡s {ϕn}n ⊂ Σ0✱ ❛♥❞ {gn} ⊂ Y([0, T ] × V ′)✱ s✉❝❤ t❤❛t

ϕn(x) ↑ ϕ(x), gn(t, x) ↑ g(t, x), ∀x ∈ V ′, ∀t ∈ [0, T ], as n → +∞,

❛♥❞ ♠♦r❡♦✈❡r✱ ✐❢ φn ✐s t❤❡ ✉♥✐q✉❡ str♦♥❣ s♦❧✉t✐♦♥ ♦❢

{

φt(t, x) + F (t,∇φ(t, x)) − 〈Ax,∇φ(t, x)〉V ′ = gn(t, x) (t, x) ∈ [0, T ] × V ′

φ(0, x) = ϕn(x)

✐♥ C([0, T ], C2(V
′))✱ t❤❡♥

φn(t, x) ↑ φ(t, x), ∀(t, x) ∈ [0, T ] × V ′.

❘❡♠❛r❦ ✼✳✾✳ ❙✐♥❝❡ str♦♥❣ s♦❧✉t✐♦♥ ✇❡r❡ ♣r♦✈❡❞ ✐♥ ❋❛❣❣✐❛♥ ✭✷✵✵✺✮ t♦ ❜❡ ▲✐♣s❝❤✐t③ ✇✐t❤ r❡s♣❡❝t

t♦ t❤❡ t✐♠❡ ✈❛r✐❛❜❧❡ ❛♥❞ C1 ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s♣❛❝❡ ✈❛r✐❛❜❧❡✱ ❛♥❞ t❤❡ ✇❡❛❦ s♦❧✉t✐♦♥ φ ✐s ❛ s✉♣✕

❡♥✈❡❧♦♣ ♦❢ str♦♥❣ s♦❧✉t✐♦♥s φn✱ t❤❡♥ φ ✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ✐♥ [0, T ] × V ′✳ ❋♦r t❤❡ s❛♠❡

r❡❛s♦♥ φn ❝♦♥✈❡① ✐♥ t❤❡ x ✈❛r✐❛❜❧❡ ✐♠♣❧✐❡s t❤❛t φ ✐s ❝♦♥✈❡① ✐♥ x ❛s ✇❡❧❧✳

❘❡♠❛r❦ ✼✳✶✵✳ ◆♦t✐❝❡ t❤❛t t❤❡ r♦❧❡ ♦❢ t❤❡ ❝♦♥✈❡① s❡t K ✐s ♣❧❛②❡❞ ✐♥ t❤❡ ✜rst ❡①❛♠♣❧❡ ❜② t❤❡ s❡t

K
def
= clV ′({(x0, x1) : x0 ≥ 0})

❚❤❡♦r❡♠ ✼✳✶✶✳ ▲❡t ❆ss✉♠♣t✐♦♥s ✼✳✼ ❜❡ s❛t✐s✜❡❞✳ ▲❡t ❛❧s♦ g ❛♥❞ h ❜❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t②♣❡

g(t, x) = e−ρtg0(x), h(t, c) = e−ρth0(x).

❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

(i) t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✇❡❛❦ s♦❧✉t✐♦♥ ♦❢ ✭✷✺✮❀

(ii) ❆t ❡❛❝❤ (t, x) ∈ [0, T ] × K t❤❡r❡ ❡①✐sts ❛♥ ❛❞♠✐ss✐❜❧❡ ❝♦♥tr♦❧✳

▼♦r❡♦✈❡r ✐❢ (i) ♦r (ii) ❤♦❧❞s✱ t❤❡r❡ ❡①✐sts ❛♥ ♦♣t✐♠❛❧ ♣❛✐r (c∗, y∗) ❛♥❞

φ(T − t, x) = J(t, x, c∗).
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