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EVALUATING FORECAST UNCERTAINTY IN ECONOMETRIC MODELS: ..
THE EFFECT OF ALTERNATIVE ESTIMATORS CF
MAXIMUM LIKELIHOOD COVARIANCE MATRIX

by Giorgio CALZOLARI and Lerenzo PANATTONI

Centro Scientifico IBM - Pisa

Most of the methods proposed in the literature for evaluating forecast.

uncertainty in econometric models need an estimate of the structural
coefficients covariance matrix among input data. When estimation is
performed with full information maximum likelihood, alternative estimators
of such a covariance matrix (Hessian, ocuter product, generalized least
squares type matrix, quasi maxXimum likelihood type matrix), although
asymptotically equivalent, often produce large differences in practical
applications. Experimental results will be given for some econometric
models well known in the literature, both with historical data and with
data generated by Monte Carlo.
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1. INTRODUCTION

Econometric models are often used to forecast future outcomes of
economic variables. The forecast obviously depends on the estimated
values of the structural ccefficients and the fact that asymptotically
equivalent estimators may have quite different distributions for the
sample sizes occurring in practice is so well known that no model builder
feels anymore in trouble when noticing that coefficients obtained by
applying different estimation algorithms to his model may loock quite
different one from another.

However full information maximum likelihood is commonly considered one
of the most gppealing among all the estimatecrs from the theoretical point
of view and recently some algorithms have been proposed for a
computationally efficient use of this method even for medium size
nonlinear models (see for example Parke, 1982, or Calzolari and Panattoni,
1983), in order to make {t of practical interest to the model builderzs.
It can therefore be jnteresting to analyze the case in which the model
builder is in the Jlucky sitvartion of applying succesfully the FIML
technique to his model before using the model for forecasting purposes.
Unless particular sjtuations arise, he will get a univocal set of
cstimated cocfficients and a4 univocal set of forecasts for the emdogenous
variables of his model.

But tie model user is interested also in knowing the reliability of his
forecast and  from this point of view the problem looses its
unambiguousness. ln fact in most cases an evaluation of this reliasbility
will be based. among other things, alsc on the knowledge of an eszimate of
the structural cocfficients covariance matrix as supplioed by the computer
program used to get the estimate of the coefficients, and seversl
possibilities, leuding to different choices of this matrix, are availabie

in the literature, for example:
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3. EX-POST FORECASTS AND FORECAST ERRORS

Let 3 be the full information maximum likelihood estimate of the vector
a, obtained by using the data for Y and Xy in the sample period
t=1,2,...,T, and let us use the model to produce a forecast in a forecast
peried h nor belonging to 1,2,...,T. We shall deal only with ex-post
forecasts, that 1is assuming exact knowledge of all the prederermined
variables in the forecast period ‘Xp . Under the assumption of serjal
independence, the disturbances at time h, Up., are independent of the
discurbance terms in the sample period and. therefore, u, and i are wuo
independent random variables.

The usual forecast supplied by the model is obtained by inserting, in
the structural ferm equations (1), the estimated vector 3 and the values
of the predetermined variables Xy (supposed exact, for the purposes of

this paper, as alreadv observed), dropping the disturbance term and

solving the resulting systoem

5 foo(¥.. % .3 = i=1,2,....m

(5) . (Fxy, 80 = 0 2,

by wmeans of some numerical method. In terms of the (unknown) reduced
form, tnis means that the vector of forecasts at time h can be

representad s

1

(6} Vi ¢ y(xh,a,O]

The vecior of the true valoexs of cugogenous vagiables in the forecsst

perted con be represented, usiug tiie unknown reduced torm, 3%

(7) Y © ylxh,a,uh].

-~
The vedr2r ot foregasL evrors is Che difrerence botween vy, zhd ¥y bt is
h

wowcameeen Lo introduce an awnliary veetor. vy, detined oas o the
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vector of forecasts that would be produced by the model if the structural
coefficients were known with cerctainty: in other words ?h is the selution

of the model free of errors at time h.

(8) fi[yh,xh,aﬁ =0 i=1,2,....m
that is, in terms of reduced form,

{9) Yi = vl(x,.2.0).

Returning to the vector of forecast errors, we now have

(10 ;h R A [;h - ?h] * [;h - Yh]

[y(xh,S,O) - vixa,0F 7 {y(x 2.0 - vix,au)]).
In the case of linear model, eguation (10} assumes the well known form

(11 Qh T Yh 7 [Hxh - Hxh] + [I'Exh - (ﬂxh * vl

o -1
(- Rlx, - A7 Ny,

u

In both cases. the vector of forecast errors is the sum of two random
vectors: the first is a function of several variables, ameng which only
the vecior of estimated cocfficients, 2, is random; the second is also a
tunction of several variables. among which only the vector of structural
disturbances, U is random, Since, by assumption, & and Uy, are
independent,. <o aiso are the wwo components of the vector of iorecast
¢CToTs .

Thereiore the two components ¢an  be  saparately analyzed and.  in
particuldr. an cstimate of the variauces of the foreccust errors can be
obtained »y summing the asvimaced variances eof the two compournLls.

What we bave scated above is not exdetly ctrue f lagyed endogeoous
varrabies are present smony the pradetermined variables: in this case, in
fact, the =wo terms of the sum are both lunctions of the (ranuom) lagged

cndogenons  varidbles. The  above consiuderatioons, bowever, still held
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Calzolari, 1980).

The method relies on the property, well known in large sample theory,
that asymptotic normality of sample statisties ¢an be mazintdined through
transformations, even  mnonlinear, provided they ara centinuousiy

differventiable. If we assume that, as T increases. asymprotically
(14) YT(3 - a) ~ N(O.¥)
(and ? 15 & consistent estimate of Y) then, ssymptorically,

(13) TR - ) = Y Tv(x,,8.0) - yixy,a,00] ~ N(O,J YD)

where Ji is che mxn macrix of ficst order partial derivactives of the
elements of y with respzct to cthe elements of a, computed ac¢ the poinc
{x),2.9).
If the computation is performed at the poaint (kh,a,OJ and Y is vsed ir
~na . . R
cquation (15), chen Jh‘i’Jh is a consistent estimator of Jh‘t‘Jh: the
division bv the sample period length, T, Jeads to the result we are
looking for., rthe estimare of the covariance matrix of 2 muitinorma:
distribution which approximetes the small sample distribution of the
~ -_—
ranaom vector (yh-yh].
Continuicy  @ad divferentiebilicy of the elements of the innsnown
vector of reuuced Jorm dunctieonai onerators ¥y s easured by the imolicr:
tiunczion theoram. whicin ulso provides the medns for 4 foll gnalytical

COMPULATICD D1 ¢he paclial derivatives

. _ oo .
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the corpucation of the above derivatives with finite differences (anslytic

simulation).
It rche wodel is linear, recalling equation (4) and making use of che

formula proposed in MNissen (1%68), cthe above mcthod can be made more

explicit as

(47 T, - T 2 YT 0 W kg, = YT el (1 - 1) x, )

n

ST (xh'® 1) vec(ﬁ - n)
wvhere | is the mxm unit matrix.

Equation (17) represents a linear combination of the elements of (ﬁ-l’[]
with faxed coeffi¢ients, so that the asymptotic COVBTi8NCE MATT1X of
V'T(/Qh-?h) can be computed with no difficulcy as soon @5 the asvmproric
covariance matrix of x’Tvec(ﬁ-ﬂ] has been computced, and this can be done
with the metheds proposed by Goldberger etv al. (1961). A method for
obrsining a simple explicit represencavion of <¢his componeat of the

forecsst errer 8% a function of the stroctural coefficients is given in

Calzolari {i981).

L. FULL TNTORMATION MaNIMUM LTKELINQOD

The log-likeliwod of the t-th cbservation can Le exprussed as

1 = _1/2 Sf . FIV i -

(18) L, /2 logif] ~ lagiaf fay, | - 1/2 f 070E,

Wit f1=(f“,f21,...,fmt):ut and  Lhe Jocowsunn drtocyminant lailf&\u_', 1
taken in obsolute valuc. The log-likelilicod of che whoie sample o1s

(19) Ly = ;T_—L:;

1wl b tereanarter cafecrted to as Lhe uhcooacoalraled loselike 10049,
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Maximization of (19) with respect to the unknown paramerers provides
the full information maximum likelihood (FIML) estimecres of che struccural
form coefficients. We shall suppose that no problems of multiple maxima
arise, so that for each model, given the sample period, the FIML escimactes
of the coefficients, a, are univocally obtainable by means of one of the
available algorithms (e.g. Fisenpress and Greenstadt, 1966, Berndt et al..
1974, Hausman, 1974, Dagenais. 1978, Parke, 1982, ectc.)

We are now using the model with FIML estimated coefficients to produce
a forecast at time h, outside the sample period. Also the forecast,
preduced as usual with dererministic simulation is univocally obtainable.
We are now interested in associating the forecast of each endogencus
variable with an indicator of uncertainty, like a standard error.

As discussed in section 3, we need among other things an estimate of
the asymptotic covariance matrix of the structural coefficients. Several
alternative estimators are available for this matrix. Before discussing

them, some other symbols and formulae need to be introduced.

5. FIRST AND SLCOND DERIVATIVEE OF THE LOG-LIKLELIHOODS

wWwe define, for the i-th equatien, git:aﬂt/aai. which 1% a column vector
with the same length as a1 we define also, for anv 1 und ), the matrix
gUt=azﬂt/aaiGaf. T£ 14). 9ij¢ is wero: it is zero also for i5) if the model
ie lionear o the coctficicnts (even if nonlinear in the varisblesi.  We
noLe . pow, titac St and gﬁt mav bie regarded as functions of Uy %y

unner  the standard assumplion of 4 one-to-une corresconacice botweon u

and a,
and o y.. Diflersutiutioz with resacct ro o the coelficients of  tie i-th
AGHAT TOR Wi ¢ni

(23 3Ltr‘8a, = 'ngt;'ﬁuit - g, e
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(27, aL/a(T) = 12 8 - /2 £

. . A - . N i
where use has been made of Sgit/euitﬁ(agitfayt )(aft/ayt ]i . and o
represents the i-th column of E—], and no restriction has been placed on
f. Considering that E_] is svmmetric, dilferentiating with respeet to
its 1,)-th term we get
27 I S 1/n 2 i
(22} aLt/ao 1/3 oij 1/2 ﬂtﬁt Ex2, if i45).

Using agijt/auit:(agijt/aytl)(aft/ayt')i-]‘ further differentiation of (20)

gives
7 2 - - :
(23} 3 Lt/aaiaaj agijt/auit (agit/aujt}(agjt/a“it)
_ c ) .
giitft o - 9791495
2 2 i = -
(24) 3L, /a0 sy 9ifit
2 2 i] = -
(25) #7L, /30 38, gitﬁt
o) 2z 4 ‘j = -
(25) 3 Lt/aa aai g}tﬂt
(271} 3:LArao”aar =0 It r#i and r=)
i23) L30T = 12 CHEH (=2 if Q%)
(29) 3L e = - 120 o - /20 0 it ores (=20 ifj).
t Ir-s) 157 1)
Under  swtanaard  assumplions, By equating to o vere  the  fircz order
derivatives or tne unconcentrated log-iikelibood with respect to I (21),
ma s substiciliiny back ingo 181 and (19, we per Lhe vaonwentrated

log-1:kaelthood [uncti1om

(30) R log:uf /sy, - 172 Iogﬂ']rﬁh_-:'t G

X 5

Dit-erenoinling FT wikh  roxpeet o the cowriicienls of che a-{h
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the saiar pradist of the furst derivatives of the Vikelihaods We atall
need oo polroidués one more macelk, and & fdrple wavy of doilog 4t 1% To
follow hmrmiva's 11977 inscrumental variables appraach

Ineccancing 2o Tem amrex F, wveoqs ti-th sleseir Es l-‘llf't,:l,t.ll'=b“,
and the macris Gi. vhoae TrIlh row  is ?I‘l' vhen vhe wvaswor o1 firsc

dETiIwATIvEE T3]0 San ba remrrliten @

=1 4 ' S o |
1331 spfaa * (T ,st'Eugd.-'lut]F - G'] FUT "FFY,
mu dol LipL: D
raii S =5+ TUF R T TR
[ 1 T H k

.
wd il vt sloen Asdgesd] m3ftiess O aml Q. wicss m o alepu b blosks

i
-
it ﬂl oy ':'i' serpectively Nlareoves, evalaacsiey L1] tetms 3o E, wu nAovE

By s

Tt ot PLUL csl smuliea,. wer il ol Lt i o =ynblem Alelogieg By
AL g om cepe ppe o srasebnt ol clie  ameepiraed Doke Lalsooa ® 55

LM L= 1R BT i e sasbiinand &S00 emircisne tor #TTLTL 0 nil et wez



Faco: 18L WncerLency §1 econciccric sadsls |5

[ 361 B tite 1) vecF = 0

whare rche lete hand side 1% m compact and computatiordlly wimsle
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structural coefficients, and m the number of stochasiLic cquations; the

waol2  jnformarion matrix  (and the assymptotic covariancs watri

) lhas
dimeasions [n-m(m*1)/2]x{n*m(m*1}/2]. In those cases in which the
asymptotic covariaace matrix is rz2lated only to the struciural
cocfficients. dimensions of the matrix will be nxn.

Wea shall consider five differeat estimators of the asymprotic
covariance matrix: siace Y of equation (15) is related to the vector of
cocfficients only, we shall always aim at computing @ 45 an nxn matrix,
but  in  wtwo cuses the computation will need to pass through the
intermediate computation of the covariance matrix of the whole vector of

structural picrameters.
Generalized least squares type matrix

~
The inverse of matrix R, as given in equation (38), can be used as ar
estimaior of tne asvmplotic covariance maurix of the vector of esrtimated
.. ~ . e . .
structural) coefficients a. Matrix R has the ctypical form of the matrix
involved in generaiized least squares estimation processes, being G the
brock  asaconal matrix of  obscervections. dfter cleaning  explanavory
cndogenous variebies of thedir component correluted with the error process
faLSAT fLoa By orar the samoiest  to computu, among ali craditional

AL Tim3iorn Tie exoreszjon is ziso ine wost scraighiforward and nacural

vstimator cf tiie matz:n Roin Rothenberg and Lecaders {1904, p.67). and

tes oanverse gL the most straightforwstd estimator of the lower bound ot
T AsVmRUC. L JOVAYLANCe  natr.s <) uonsistant  eslamacors  of  fhs
Ceullizienboe,  wa i1 ia gaven s Rothensorcg L1Y?IS0 pler). Nameriesd
ceMO L L IO T e estamatet aain be found fn Nendey (19710 aud an
PRI N
Uountatenct o Lnin estimatac fanacy correct wode) s speL.L ISt Ion
Sl o oat e Piae s mousds . The coaaloue 1200, g canh, den nobl nody

18 C.Cateolari and L.2anattoni

for nonlinear models, even if linear in che coefficiencs; the (,j~th block
of che matrix (3'[:‘:'1@ |)6 should be replaced by a move complicated

expression (see Amemiya, 1977, eqs. 3.14 and 4.10)
(12) &' (3Te NG, ¢ (X (3g,/au,) (3g., /au,)]
- i j t it jt it it

-1 g(ag“/aujtl][ %(agit'/auit)].

Hessian of the coacentrated log-likelihood

Equatien {321 provides the i, j-th black of the Hessian matrix of the
concentrated log-likelihoad. As already observed, the first two terms on
the right hand side are identically zero for lincar models, and even
models nonlineax iu the variables. If{ compntation is performed, as we do,
at rne values of coefficients a which maximize the likelihood., positive
definiteness of this matrix is ensured.

Tts {inverse is one of the traditional estimstors of the asvmototic
covariance matrix of cthe vector of estimated structural coerficients of
the model. 3. 4ne censistency is ensured also for nonlinecar models. under
cocrreet model's specilication. Numerical spplications of this estimator
are  rather  freouent :n the literature: see for cxsmple Chernoif and

Divinsky (19334, and Klein (19697,

srugtions (I2-293 0 wath the minos sign oad  summed over the sampie
pericd, frovide the elements ar the nlocks of the
[(prm(m- )20 [armim - 1)/21 Hewsiaw  matcix of ciie  unconcteuntrated

ivg- ke ihoove

IS - -.ILY—;'ODE:D = . ’o‘"L[/'c)pap

Ly iade 3 Lsasdlvec

1

Pl vect ')3sa 6 Lo, wlvect l 131 voes ! )
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The inverse of the matrix (43), computed at thé maximum likelihood poinc,
provices an estimator of the asymprotic cavariagnce matrix ot the wnole
vectox of estimated structyral paramcters of the model. However. it must
be recalled that, given the way in which the expression of I is
substituted into the likelihood Le obtain the concentrated likelihood, ths
first nxn block of the inverse of matxix (43) is equal to the inverse of
the Hessian of the concentrated likelihood discussed above.

The inverse of the whole matrix- {43) will be used together with the

- outer product of first derivatives to build & quast maximum likelihood

type covariance matrix.

Outer product of the unconcentrated first derivatives

Equations (20-22) provide the first derivatives of the unconcentrated
log-likelihoods with respect ta all the wunknown structural form
parameters. ke may get an estimate of the whole information mactrix by

computing the outer product of the first derivatives

(44) 2. (3L /3p) (3L/3p")
“(aL,/3a) (3L /23') (3L,/2a) (0L /2 (vect )]
n
-_{aLt/a(veci—]}](aLt/aa') [aLt/a(vecz”)][aLt/a(vecz")‘]J

where o1l derivatives are compuced au the vaing ol @ uand £ that maximsze
the likelilhood. Wwe then wivert che whole (A mims1)/2]x(a-m{m-1},2
MILei, obtaining un o estimdate o1 The covariance matrix of the whoie vector

of estimdteda structugai nardamelels, anciuding condricicnts ond cloments oy

0 The Civse oxn hrock of the wtaverse 1. on estimiator af the dsyvaplotro
SOVATISRCE Mty o1 Uik corneinral censficaenty AL Sousistency 18 cosuvea
rov Linear opd non’ oo models ande s covyror model s spee i iuavion.,

Ve st onetiea Lhat, oven 11 owe  ave anteresied gnocomnting only g

20 C.Caixzvlary and L.rauautond

nxn covariance matrix of the coefficients, herc we Luild and invert the
whole [ntm(m*1)/2}x(n-m(m=1}./2] information macrix. and then ase only
the first block of the inverse.

As a necessary conditvion for the iavertibilivy of the whole matcix, the
sample period length T shouid not be less chan the total number of
structural parameters ne'm{m-1)/2 (see, for example, llatanaka. 1978,
p.333). This condition is more restrictive chan the conditions which

)
ensure existence and positive definiteness of the Hessian or of macrix R,
and become more and more restrictive with the enlergoement of model's
dimensions. since the minimum length of the sample period increases
quadratically with the number of stochastic eguations.: This may be one of
the reasons which prevenc irom a large use of this escimator in practice.
Numerical exemplifications gre. in fact, quite rare {seec. for examplae.

Artus et al.. 1982 ,p.21).

Quter procduct of the concentrated first derivatives

The gradient of the concen:rated log-likelihood. whose i-th subveccer

sp/33; is given in equucien (251, can be regardea as the sue of the T

terms
(45) 39, 30, - Tlg i b2 5y
; iy °Vi T RAE S
macle of which s weual 1o the  corresponding  devivacive ot the
unconcentrated log-likeiihood “29) when bothn are computed au i mox mem
likelinood poinu. We cau, ceererore. andiltecentiy use (434 or 120 Lo
compule the NN ouley OTOLOVCT H21rCiH s

-1 /s U sea s
(461 1 (L. /sa)tob,/oa

1 . {

Boeenar e ). (UG nronese the nae i Lhiis macrix funogradient crmooitonmy
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to maximize the likeithood fupcuiaipn.

ke can also use the inverse of this macoixy as an escimactcr of cthe
coefficients covariance matrix. The mateix is equal to the first block of
matris [(&4), but ainversion wouwld provide numerical results generally
differene £rom those obtained from chie anvecsion of matrix (44), since the
(1,2) and (2.1) blocks of matrix [44) are generally different from zeto.
Hatoanaka (1976, pp.332 and 345) shows that, in the simulcanecus equations
case. such a difference does not vanish asymprotically, 5o cthat this
egtimator of the ceefficients covarisnce macrix Ls  in generzl

inconsistent.

Quasi maximum likelihood type matrix

In quasi maximum likelihgod c¢scimacion cheory. the jeint use of
Hessian and ourer product 1s recommended as a strongly consiscent
estimator of the asympLotic covarjance matrix of moael's paramecers, even
in cases of missvecification {see White, 1982, or Covrisroux ot al..
1984 . I'f tne mode) s correctly specified. this matrix would be

asvmprotizally equivalent 1o che first three macrices discussed an Chis

section.  Yhe motrix s obtained as
(472 (-a‘LT,’apap‘l"[Z (al_t.v‘Qpl[DLt.f39')J[AS:LI—/apap')-]

AN s 3n escunacor of che [armim=1)/2)«[a-m{m*1)/2] covarisnce magrix
af cill che model's paramecers.  Since we are snLoresCed in escimnacing Che

covarianee maerx oniv of Whe surucoucal osificienes. we caanuie onlyv the

Yir nan hloe: al miveiyr ‘27
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7. ENPERIMENTS G SOME RCAL-WORLD AND ARTIFICIAL MODEL-

Experimencs have been performed on five small linear models and on a
medium nonitinear size model.

When the number of structural parameters is not greater than the samoie
period length, n-m{m-1)/2<T, the results are related to the estimares
obtained from the historical sample. In this <ase each table presents on
the lefrmost column the forecasted values of the endogenous variables
obtained with decretministic simwlation of the model one-pericd ahead
(stacic).

The other five columns displsy the standard errors of forecascs, due to
errors in estimsted coefficients only, obrained from applying equacion
(15) with che five different estimgtors of che covariance matrix of
coefficients. ¥/7. discussed in section &:

(1) gencralized Jeast squares type matrix;

(2} Hessian of vhe concentraced iog-likelihood;

(3) onier product of the unconcentrated first derivacives:

(4) outer product of rhe concentrated firse derivatives,

(531 quasi maximen likeikiood type mavran,

When the number of structural pavamecces is too large, n*m{m*V)/2>T | so
that the onter product matrix (64Y is singular, cthe results ace obraived
wach Monte Carlo. For cucn model, we start from a given set of parameters
teoulticienes and covariznce matrix of cthe structnral distuerbuncesi. we
fix 2 sumple perico length and generate gandom values of the exorenous
varianles ovar Cor samien pariod.  We use o wulelvariave normal generacoc,
With aven meuns ang coevariance motcsy (oaken (rom chie aintovical sampgled.
[ndoeenacnt iy at the caogenoRs. we  Linn gooperste  caunen valiuns oC the
discurbases  coram over the sampae petiod, agsin $ith muluivariete necnsd
dnatribubvon,  ceco ewin and Lhe given covacisoce malcis. Values ef the

cncdovenons virtabhies orn Uinaliv o computed with stechascown sinnlation ower
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tne sample period.

Wa now perferm FIML estimation and compurc. upon cohvergonce 2% e
values & and 17! (the vector B which maximize the likelihbood, all the
five covariance matrices discussed in section 6.

We  then generate randem valued of all the predetermined varisbles in
the (orecast veriod, and use the model with estimated coefficients, &, to
produce the forecast one-perjod ahead. and the five coefficients
covariance miLrices To compute the standard errors of forncasts. Of
course. in the ‘“lente (Carle case, forccasted values of the endogenous
variables are not of particular interest and are. thearefore, not

displaved.

>
L

G.Calzotari and L.Faittoeni

Table )
Klein-T model

. 32P ¢ aBPt-1 T aylwiewz) - Uy

I=ag agP v a,P 8yt Uy
= ag  ay(YTT-W2) ¢ aq (Yo T-W2) ) * apgt ¢ u

Y:C‘IQG_T

3

=Y - Wl - w2
K = Kt-l A
Number of equations = 6.
Sumber of stochastic equdations m = 3.
Sumber of structural unknown coefficients n = 12,

Number of structural unknown parameters n*m(m*1)/2 = 18,

The meaning of the variables and empirical data for the U.S. economy
1921-1941 can be found. for exampla, in Rothenberg (1973. <h.3), while
data for the predetermined variables in the forecast period have bpeen
teken from Goldberger et al. (19bl). The sample cstimation pericd is
1221-1941.  One-period forccasts and standard ecrrors due to erro-s in
estimaced ccefficients are related to the vear 194B.

Forecasts Standarg errors

(13 121 {3 (4} (3
c = V6.5 1.37 1.89 5.43 2.70 2.33
i = 6.27 1.0 1.86 3.95 1.82 3.4
wl = 53.2 1.44 1.84 4.42 217 2040
Y o= 90.9 2,20 3.82 9.28 442 3.29
P = 6.1 1.18 203 5.19 .37 1.45

K= 204, 1.01 1.88 2.99 1.22 3.4
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Table 2
Multiplier-accelerator model

C = ay " agY * a3CH )

ay taglY=Y ) v agk v Uy
Y =CE -G

Number of equations = 3. .

Mumber of stochastic equations m = 2.

Number of structural unknoun coefficients m = 6.

Number of structurzl unknown parameters n*m{m<*1)/2 = 9.

The meaning of the variables and an ¢xample with empirical data for the
U.5. economy (1949-1967) can be found in Dhrvmes (1970, pp.535-534). The
sample estimation period is 1949-1Y66. One-pericd forecasts and standard
errors duc o errors in estimated coefficients are related to the year
1967.

Forecasts Standard errors

(1) (2 (3} (4] (3)
C = 437. 2.53 3.58 5.57 3.85 3.73
= 8. 5 50 510 121 9.81 5.18

Y = B35 §.37 &.32 16.4 12.8 8.45

ta
c

G.Calzolavi and Lobanpteon

Table 3

A model for consumptaion and price oL food

I
u
>
w

Pl Ty
Q= a,P * ag * azF ca;A 0,

Number of eguations = 2.

Number of stochgstic equations m = 2.

Number of strucctural unknown coefficients n = 7.

Number of structural unknown parameters n*m(m+*1)/2 = 10.

Modei. variable names and a set of historical dava for the U.5. economv
1922-1941 can be found in Kmenta (1971, Pp- 563-565). The two equations
form a subsert of the Gicshick- Haavelmo s (1953) model. The sample
estimation period is 1922-1940. One-period forecasts and standard errors
due to errvors in estimated cocfficients are related to the vear 1941,

Forecasts Standard errors
(1) (2) (3) (4) (3)
O = 107 .94 1,85 3.10 1.77 1.867
= 114, 1.41 1.45 2.14 1.320 1 47
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Table & ] Table 3
A simple macro-economic model of the Italian evcnomy Sitzia-Tivegna's model for the Italian economy

c = ay a?.Y . a3ct~1 Uy CPN = ay az[WlT‘WG‘X?.) . 33(P|.T‘PAF) ¢ a4(PiTt_]‘PAFt_1) ‘ Uy

b= ay s aglY-Yeq) t gl g T vy 1T T ag t agPIT, 0 9 KOCC = 3 IUIT | * g

M= eyt gl *oaglYeD) ¢ oy M 39 T ayplCPNILITY » 2t - ug

Y = C -1 2 - M WIT T Ay " A aIWITHRIT) - 8,4KOCC * 3gDUSTD = 3 WIT, 5 © uy
KOCC = ayg alBLIL!T'ILITt_]'ILITt_E) * a1g(ILITt_1*2 ILIT,(_E) *ug

Number ¢f equatians = 4, eNT = RNLCF - WIT - WG - PAF - X2

Number of stoechastic equations m = 3.

Number of stroacrural unknown coefficients n = 9. ANLCF = CPN * ILIT - M * WG - TI + X1

Sumber of structural unknown parameters n-m(m*1)/2 = 15.

Number of eguations = 7.

The model, specifically designed for Lhe purpose of analyzing the effcots Number of stochastic equations m = 5.
of current revisions in Jralian national account series. 18 described in Number of structural unknown coefficients n = 19.
Trivel late and Recteore [1984). The estimacion period (s 196i-1979: \umer 9F sivuciural! unkfnown parameters n-m{mt1)/2 = 34,

ex-post forecasts angd standard crrors die Lo errors in  estimated
coctficients are related to the yvear 1980.

Model, meaning of the variables and daca for the Italian ecenomy 1932-1971

can be toape in Sitzia and Taveyna (19753). Dara over a sumple peried of
Forezasis Standard errors 30 vears have been generated with Monte Carlo.
() {2) (3) (4) (%)
Standard errors of forecasts [percentage)
C = 329, 343. 421, 1790. 8336. 328.
th (2) 3 (4) (3]
| = 1332, 154, 307. 891, 230, 295.
Moo= 17049, 257. 283, 373, 224, 32, P = .56 474 997 .68 .469
Y= 85444 467 . 289 2:00. 1330. 456. T = 893 .g48 2.4 1.24 .z
S = 946 .964 228 1.7 1.00
WIT = (425 442 145 G4 372
KOZC = JZ23 540 1.1 307 512
PT = LG0T .614 907 586 737

ANLE = .12 156 BRI L300 J2G6
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tor brevity's sake. the eovations of the model are noc reproduced.
sconomv are desceibed in Klein (1969}
sample period wich 300 observations have besn generaced «ich tlonce Céaclg.

and datd for the LU.S.

Cd
Cn

s
Pr.

™A

Number
Numuer
Number
Number

of
ot
of
of

Table »

Klein-Goldberger model

cquations = 20.

stochastic equavions m = 16.

struciura) nnknown cocificienzs a = 51,
structural unknown paramecers n m{m=3)/2

Stancard errors of forecasis {percentage)

(2) (33 (4)
L4687 . 762 .525
125 .220 136
.33 1.13 L7186
313 .93%% .356
.380 663 .408
L1685 .278 78
183 366 223

148 251 159
075 134 (8

740 117 123

541 .32 233
257 455 203
T 1.28 235
1.67 2,85 1.31

177 306 197

161 20 G
e sy 2306
63 3.0 10,5
Tity taz RS

207 4l 200G

= 190,

391
.163
.188
151
7T

Made |
Dsca over a

G.Caloolavy and L.iamacwoni

Tahle 7
Simple Keyoesian model

C = a,y - L

Yoigoo

Number ol equations = 2.
Number of stochastic equations m = 1.
Number of structural unknown ccefficienca n = 1.

Number of scructural unknown parameters nvm(m*1)/2 = 2.

F[ﬁL escimates are cbtained for this model by means of simple aljorithms,
like indirect feast sgquares. anc simvlarien is fast enough even for very
long samule periods. DPaza over a sample period of 20 vears have becn
generaced with Honce Carlo.

Standard errors of forecasts (percentace)

(1) (21 (3) {4) (5]
= 6.6 16.6 191 17.6 171
Y o= 7.53 7.53 £.66 7.98 7.75
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