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Abstract

In this paper, we investigate the nature of rational expectations equilibria for economic epidemiological
models. Unlike mathematical epidemiological models, economic epidemiological models can produce
regions of indeterminacy or instability around the endemic steady state. We consider SI, SIS, SIR and
SIRS versions of economic compartmental models and show how well-intentioned public policy may
contribute to disease instability and uncertainty.
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1 Introduction

In this paper we investigate the dynamic properties of rational expectations economic epidemiological (EE)
models. The economic epidemiology field integrates traditional mathematical epidemiology (mathematical
modeling of disease transmission; Anderson and May (1991)) and economic choice (rational decision making).
Economic research in this area began in response to the AIDS epidemic and has led to an improved un-
derstanding of how decision making by individuals and policymakers influences infectious disease dynamics.
For example, policymakers may have limited ability to eradicate infectious diseases if rational individuals
respond to lower prevalence by reducing protection (Geoffard and Philipson (1996)) or may increase dis-
ease prevalence and induce fatalistic behavior with the introduction of imperfect vaccines (Kremer (1996)).
These examples highlight the need to understand how economic incentives can alter policy prescriptions in
the presence of infectious diseases.

Our focus is on the stability properties of rational expectations EE equilibria and the relationship to
public health policy.! Similar to the macroeconomic literature on the stability properties of monetary and
fiscal policy (Guo and Lansing (1998); Clarida, Gali, and Gertler (2000); Fatds and Mihov (2003)), we show
that well-intentioned public policy has the potential to contribute to aggregate instability and volatility.
For instance, government policy designed to lower the transmission probability or raise the quality-of-life
associated with infectious diseases can push the EE system from a stable equilibrium path to ones exhibiting
instability or indeterminate equilibrium paths. The latter also have the potential of contributing to self-
fulfilling "sunspot" equilibria. To the best of our knowledge, this is a new finding in the EE literature and
an additional reason for policymakers to consider the predictions of integrated economic and epidemiological

models.

2 Economic Epidemiological Model

Following work by Philipson and Posner (1993), we specify an integrated economic epidemiological model to
describe communicable disease dynamics. The model is set in discrete time (Auld (2003)), where ¢ indexes
the decision interval.? There is a constant population of N individuals, which are all identical except for

their state of the disease.

I The stability properties of continuous-time epidemiological systems have been studied in detail (see e.g., Korobeinikov and
Wake (2002)). In general, the endemic equilibrium has been found to be globally stable.

2 Allen (1994) finds that endemic equilibria from discrete-time epidemiological models have the potential to be stable, exhibit
periodicity or be chaotic. Instability tends to be driven by high contact rates and high birth/death rates per time interval.



2.1 Epidemiology

The epidemiological portion of the model describes the evolution of three mutually exclusive disease cate-
gories: susceptible (s), infected (in), and recovered with immunity (r). This is the classical SIRS model
(Anderson and May (1991)) where individuals transition from being susceptible to infected to recovered
(and immune) and then back to susceptible. The SIRS model has previously been used to model infectious
diseases such as syphilis and whooping cough (Grassly, Fraser, and Garnett (2005); Rohani, Zhong, and King
(2010)). The SIRS model is sufficiently general to handle cases with permanent infection (SI diseases such
HIV/AIDS), diseases with recovery but no immunity (SIS diseases such as the common cold), and diseases
with permanent immunity (SIR diseases such as measles and chicken pox).

Each disease category is measured as a proportion of the overall population with the categories summing

to one. The epidemiological model is represented by three equations:

stv1 = pt (L—pe— p)se +me (1)
ingt1 = (I—v—p)ing+pise (2)
repr = (11— — p)r + ving, (3)

where g is the common birth/death rate, 1/ is the average duration of immunity, v is the recovery rate, and
p¢ is the probability of infection. The SIR model sets v = 0 so that individuals are permanently recovered
and immune to the disease. The SIS and SI models omit the immunity category and are treated in the
Appendix.

Assuming that individuals independently choose x; contacts and engage in a fixed number of interactions

(a) with each contact, the probability that susceptible individuals become infected is

pe = Pr(infection) =1 — (1 — A\ping)*t, (4)

where A\, = 1 — (1 — A,)® is the probability of contracting the disease from a single infected contact, and
Ao is the probability of contracting the disease from a single interaction with an infected contact (Kaplan
(1990); Oster (2005)). The dependence on the chosen number of contacts distinguishes the analysis from
standard mathematical epidemiology.

We now turn our attention to the economic analysis and the optimal choice of contacts.



2.2 Economics

Representative individual ¢ maximizes expected lifetime utility by choosing the number of contacts, x; ;.

The objective function is

E, Z::o B (@i e45) + Tieeg] (5)

where 0 < 8 < 1 is the discount factor, E; represents an individual’s rational expectation of future outcomes
conditional on all information dated ¢ and earlier, and Z is the maximum number of contacts per period.
The parameter h; ; captures the individual’s health status with infected individuals experiencing lower values
of h. The core tradeoff in the model is that additional contacts bring immediate satisfaction but also the
risk of future infection. Infection in turn causes a deterioration of health.

In any period ¢, individual 7 is in one of three epidemiological states as measured by the binary variables:
susceptible (s; ), infected (in, ), or recovered and immune (r;¢). The proportions of susceptible, infected
and recovered individuals in the entire population are given by averaging over all . Because all individuals are
identical other than disease state and health level, we drop the ¢ subscript and consider a single representative
individual in each disease category.

The value functions for each category — susceptible, infected, and recovered — are given by

VP = In(z) + h° + BEp VI + (1 — p)ViE4) (6)
VN = (@) + 2N+ BE [V + (1 -0V (7)
VE = In@)+h° + BEVE, + (1 -7V, (8)

where h® > hIN.

All individuals maximize (5) without concern for the welfare of the general population. Infected and
immune individuals will therefore choose the maximum number of contacts, Z, because they face no risk of
immediate infection (Geoffard and Philipson (1996)). Assuming an interior solution, susceptible individuals

will choose the number of contacts to satisfy the Euler equation:

z; ' = Bpe B Vi, — VN, (9)

where the partial derivative of p; with respect to the number of contacts is p,; = —In(1 — p;)(1 — p;) /2.

3The second-order sufficiency conditions require that the marginal cost curve with respect to contacts (right side of equation
(9)) must slope up or if it slopes down, it must be locally flatter than the marginal benefit curve (left side of equation (9)).



The contact rate in mathematical epidemiological models is typically constant or varies deterministically
(Korobeinikov (2006)). As equation (9) shows, the contact rate in EE models is instead based on behavioral
responses to changes in disease risk. We look at two cases depending on individuals’ ability to observe their

own host immunity.

2.2.1 Unobservable Host Immunity

In this case, individuals with host immunity believe they are susceptible. Therefore, equation (8) is not

relevant and equation (7) becomes
VIN = tn@) + WY 4 BBV, + (- o)V (10)

Substituting out the value functions (V;3; and VAY), equation (9) can be rewritten as

(1fvfpt+1) , (11)

z; " = Bpui By |In(ze41/Z) + b+
Tt+41Px,t+1

where h = h® — h!N is the health gap between being susceptible and infected. This equation states that
rational individuals choose the number of contacts to balance the marginal benefits (left side) with the

discounted, expected costs (right side).

2.2.2 Observable Host Immunity

When individuals observe their own immunity, they rationally choose the maximum number of contacts &

and have health level h°. Susceptible individuals, on the other hand, choose z; to satisfy

_ _ 1—-v—0p
z;t = BPa,1 By {lﬂ($t+1/l‘) +h+ M — ﬁAt—&-Q:l ) (12)
Tt41Px,t+1
where
v T 1-— 1
GRSy P U 9 FOPO) AN I
Ti42Da,t42 z Ti42Da, 142 BTi41D2, 141

The Euler equations in (11) and (12) are identical except for A;yo. This term captures the expected future
"costs" of infection associated with observed acquired immunity. Because A;;o enters the right side of (12)

with a negative sign, the possibility of future immunity is a benefit of becoming infected.



3 Equilibria

We focus on the nature of the transition dynamics around the endemic EE steady state.*

3.1 Steady State

The endemic steady state solves time-invariant versions of (1), (2), (3) and the Euler equation. The Euler

equation either takes the form of (11) when the indicator variable ¢ is zero or the form of (12) when ¢ = 1.

The steady-state system can therefore be rewritten as four equations:

s = (p+ar)/(1=p)
in = ps/(v+p)
o= oin/(y+ )

et = Blp.(In(z/z) + h—¢BA) + (1 —v —p)/a]

in four unknown variables (s, r,in,x) where

A= Lyt v—)A—p)— (1= 9)/A + (L —v—) (/) + (1 - )h.

Pz

3.2 Transition Dynamics

To analyze the transition dynamics, we linearize around the endemic steady state:

Stv1 = (L—p—p)é: +7 — spy
’i/';Lt+1 = (1 — U — ‘U,)’L/T\lt + Sﬁt +p.§f
fer1 = (L= — )i+ ving,

(17)
(18)

(19)

4There is also an eradication steady state where n = 7 = 0, s = 1, and z = Z. In general, the economic eradication
steady state is locally unstable because susceptible individuals have no incentive to reduce the number of contacts or engage in

preventative behavior.



where hats (7) over the variables indicate deviation from the steady state. The linearized Euler equation is:

Padt + TPer = Ppa(1—v—p—apg)Er&ii1 + Ba(l — v — p)Eipa i1 + BrpeEepria (20)
) pa[vy+ (1 —v =71 —p—aps)|Zei2 + 2oy + (1 —v = 7)1 = p)lpo,tt2+
+¢B7Er
(1= v = y)zpe|prse — (1 = )P/ BlEtr — (1 —7)x/Blpa41
where
Pr = Pining +paiy (21)
Pep = [(1+In[l—p))/z]ps — (po/7)d: (22)
and
Pin = aAp(1— Apin)*! (23)
pr = —In(l-p)(1-p)/a. (24)
Using the restriction §; = —74 — in; and imposing perfect foresight, the ¢ = 0 linearized EE matrix
system is:
0 1—v—p—p —p Tt s 0
~ t
0 v 1—~y—pu| [tng| [0 0O
f)w,t
_ ——
A B
0 1 0| | &1 0 0
- Pr+1
= 0 0 1| [inge| +1] O 0 (25)
. ﬁx,t—i—l
_ﬁpx(l_v_p_xp:r) 00 Tt4+1 5552% ﬂ:['(].—’l)—p)
c D
and
Ty
—1 0 D Pz Pin O ~
= ing (26)
—1+In(1—p)/z 1| |Ps. pe/x 0 0
~_———— | Tt
F G



When ¢ = 1, we have

0 1—-v—p—p —p Tt S 0] r 7
~ Dt
0 v 1—p—v 1Nt 0 0
ﬁw,t
Da 0 0 7o |+ |0 0 (27)
Der1
0 0 0 For 0 0
~ Dzt +1
0 0 0 int+1 0 o - -
~—_———
A
0 10 0 By
0 0 1 0 ings
= |Bpe(l=v—p—ap,) = Bl(L=7)p/B] 0 0 Bpafoy+(1—v—7)(1—p—ap,)] Frpr | T+
1 0 0 0 Tito
0 10 0 Mo
c
0 0 0 0 r .
Dyt
0 0 0 0
2 2 2 Pa.t41
Bapy Px(l—v—p)=B[(1=yz/B] B (1-v—")ap, Balvy+(1-—v-—1-p)]| |
DPt+2
0 0 0 0
ﬁx,t-&-Z
0 0 0 0 - -
D
and
- - - - - - :i:f
-1 0 0 0 Dt Pz pPin 0 0 0 ~
int
—(14+In(l-p)/z 1 0 O | Dot pz/r 0 0 O 0
Tt
0 0 -1 0 De4+1 0 0 0 pa DPin )
Tt41
0 0 —(1+In(l—-p)/z 1| |Pei+1 0 0 0 ps/x O N
- = N - = |iniy1
F ) i
(28)
If we let 2, = (it,i/ﬁt,ft)’ or 3 = (:%t,i/v\zt,ft,aﬁwhi/?\ztﬂ)' then the EE system reduces to
5= J 5 (29)




where

J=(A-BF'G)"Y(C—-DF™'G).

We use the method of Blanchard and Kahn (1980) to analyze the nature of the rational expectation EE
equilibrium. The three-variable system (29) contains one jump (&) and two predetermined (in; and 7;)
variables. The system will exhibit saddle-path stability if there are two eigenvalues of J outside the unit
circle, indeterminate multiple stable paths if there are no forward stable eigenvalues, and explosive paths if
there is more than one forward-stable eigenvalue. The five-variable system contains three jump (&4, #441 and
in¢41) and two predetermined (in; and #4) variables. The fifth equation in (27) is an identity for ins41with
a zero eigenvalue. Considering the other four eigenvalues, the system will exhibit saddle-path stability if
exactly two of the eigenvalues are outside the unit circle, indeterminate multiple stable paths if there are
three or more eigenvalues outside the unit circle, and explosive paths if there is less than two eigenvalues

outside the unit circle.

3.3 Parameter Values and Mathematical Program
The parameter values in Table 1 are fixed and not calibrated to a particular disease.

Table 1. Fixed Parameter Values

Parameters I5) I vy z

Value 096 005 1 02 10

The value of 8 implies a 4% annual discount rate, p gives a 5% birth and death rate for the population,
v implies a 100% recovery rate within a year of infection, v gives an expected 5-year immunity duration, and

the maximum number of feasible annual partners is 10.

4 Results and Policy Implications

Figures 1-3 show the types of dynamic paths for the EE and ME models under a range of values for the
health gap (h) and infection rate (),). These two parameters represent possible public health policy
targets. The health gap parameter (h = h¥ — hfV) can be lowered through the discovery and introduction
of drug treatments, while the infection rate (\,) can be lowered through the introduction of vaccines or new
protection technologies.

Figure 1 shows the map of path types for the SI and SIS models around the endemic steady state. The

top panels show the type of localized dynamic paths for the economic and mathematical SI models with



no available treatment, v = 0. The majority of the parameter space for the economic SI model is defined
by saddle-path equilibria. For a given initial prevalence level (ing), there is a unique initial contact choice
(zo) that puts the system on a convergent equilibrium path to the endemic steady state. All other initial
contact levels lead to divergent paths that violate non-negativity or non-explosion conditions. Parameter
combinations with low values for the health gap h and high values of the infection parameter A, lead to
stable equilibrium where individuals choose the maximum number of contacts. Because individuals in this
parameter region do not vary their choice of contacts in response to changes in disease prevalence, the model
collapses to a mathematical epidemiological SI system. The mathematical SI model (upper right panel) is
characterized by stable dynamic paths with a fixed number of contacts and no dependence on the health gap,
h. The bottom panels of Figure 1 show the path types for the SIS models where infected individuals have
access to perfectly effective treatment (v = 1) and return to the susceptible pool after treatment. In addition
to the saddle-path region, the economic SIS model also contains a parameter region where the dynamic path
near the endemic steady state is explosive. Public health policy aimed at improving the health of infected
individuals could inadvertently move the system from a stable saddle-path region to an explosive system
with higher prevalence as individuals rationally take more risk.

To gain intuition for the types of dynamic paths in the economic and mathematical SIS models, consider
a simple heuristic, dingy1/ding, relating changes in future prevalence to a change in current prevalence.

Nearby the endemic steady state, this metric is given by

dint+1

= (1= = )+ (1= in) (pin + wpain) (30)

where & is the contact elasticity with respect to prevalence. Prevalence elasticity measures the percentage
change in contacts for a one-percent change in prevalence. This elasticity is generally negative, indicating
that susceptible individuals respond to the increased risk of infection by choosing fewer contacts.” Whether
the economic SIS system depicted in the lower left panel of Figure 1 is saddle-path stable or explosive depends
on the magnitude of k. The critical prevalence elasticity along the stable-explosive boundary can be found

by setting (30) equal to —1 and solving for «:

i [ (== +pu(—in)
T pex 1—in '

5Kremer (1996) discusses the possibility of a positive prevalence elasticity and fatalistic behavior.

10



For the parameter values in Table 1, the critical prevalence elasticity is approximately k. = —2. Parameter
combinations in the SIS saddle-path region are associated with prevalence elasticities that have a smaller
magnitude than k. while parameter combinations in the SIS explosive region are associated with prevalence
elasticities larger in magnitude than .. If an increase in disease prevalence triggers susceptible individuals
to reduce the percentage of contacts by twice the initial increase in prevalence, then prevalence at ¢t + 1 falls
more than the initial rise in prevalence at t. As a result, the system oscillates in an explosive manner.
Conversely, prevalence elasticity is zero in the mathematical SIS model because susceptible individuals do

not alter their behavior in response to changes in disease prevalence. This implies that

dint+1

—— =(1—v—p)+ (1 —in)pim,
ding

which is positive and less than one for all values of the infection parameter ), in Figure 1. Increases in
prevalence near the endemic steady state cause the mathematical SIS system to convergence monotonically
back to the endemic steady state.

Figure 2 shows a similar map for the dynamic paths in SIR and SIRS models where immunity is un-
observable. The top panels show the equilibrium types for the economic and mathematical SIR models
with permanent immunity, v = 0. For both the economic and mathematical model, the entire range of
parameter combinations results in stable equilibria. For the economic epidemiological model, parameter
combinations with high h and high A, produce stable saddle-path dynamics. In this region, individuals
respond to the higher disease prevalence by rationally reducing their contacts below the maximum allowable
contacts. The lower panels treat the economic and mathematical SIRS models with v = 0.2 (i.e., average
immunity duration of five years). Unlike the economic SIS model, the EE SIRS model produces a region
of indeterminacy for high )\, and moderate h where there are multiple equilibrium paths and the possibil-
ity of "sunspot" equilibria (Benhabib and Farmer (1999)). Sunspot equilibria are often associated with
self-fulfilling prophecies and additional aggregate volatility.

Figure 3 depicts the SIRS counterpart to Figure 2 but with observable host immunity. Observable host
immunity causes two primary changes. First, individuals in the EE SIR system take the maximum number
of contacts for any parameter combination. Knowledge of perfectly effective treatment and permanent
immunity greatly reduces the future cost of current risky behavior. Second, the indeterminacy region for
the EE SIRS system now covers a large range of health gap parameters. Thus, public health policy aimed

at improving the quality of life for individuals infected with diseases that have known temporary immunity

11



may encourage additional risk-taking and induce aggregate instability and indeterminacy.

5 Conclusion

Economic epidemiology has made significant advances in educating health officials about the behavioral im-
plications of public policies. However, one area that has received little attention is how policy influences the
nature of communicable disease dynamics as the system transitions toward the endemic long-run equilib-
rium. In this paper, we explore the nature of the short-run equilibrium dynamics for rational expectations
economic epidemiological systems. The analysis digs beneath a comparison of fixed parameter values and
demonstrates the behavioral origin for changes in the dynamical properties of the system. Indeed, we show
that well-intentioned policy has the potential to create instability and indeterminacy when individuals be-
have rationally and in a self-interested manner. Future research should focus on providing precise policy

recommendations by applying and calibrating the methods outlined in this paper to specific diseases.
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Appendix A. SIS Economic Epidemiological System

Here we describe the SIS economic epidemiological model. In the SIS model, infected individuals
transition directly back to the susceptible category and do not experience a period of immunity. The SIS

dynamic equations are

Sty1 = p+ (1 —pr— p)se + ving (A.1)
int+1 = (1 -V — ,u)mt + DtSt, (A2)
while the steady-state values are
s = (v+p)/lp+v+p) (A.3)
in = p/lp+ov+p). (A4)

The SI model is defined by v = 0 so that infection is permanent. The value functions are

VS = In(z) +h+ BEp VI + (1 - p)ViS] (A.5)

vy In(z) + BE [V, + (1 - 0)V/A]. (A.6)

The Euler equation for susceptible individuals is given by equation (9) in the main text. Using (A.5) and

(A.6) to substitute out the value functions, the Euler equation can be rewritten as

1—v—
ot = Bpz, By |In(z441/T) + h + 4( Pe+1) . (A7)
Tt41Px,t+1
The linearized EE system is
ingr = (1—v—p)ing+ (1 —in)py (A.8)
Pelt + 2Py = PBpx(l—v—p—ap)Eidi1 + Bl — v —p)Epeir1 + Brpe Eipiia (A.9)

along with equations (21) and (22). Assuming perfect foresight, equations (A.8) and (A.9) in matrix form

are

14



0 1—v—p—pl| |3 1—in Of | p:
R +
Pz 0 int 0 x ﬁa:,t
L i
A B
0 1 | 241 0 0 Pr+1
- N . (A.10)
Bpe(l—v—p—axp;) O [int41 Brpr  Pr(l—v—p)| |Prir1
c D

Along with (26), the SIS economic epidemiological model can then be written in the form of equation (29)

where the coefficient matrices A, B, C and D are redefined and 2; = (i, 171,5)

15



Appendix B. Derivation of the Economic SIRS Euler Equation with Observable Immunity

In Appendix B, we derive the Euler equation for the economic SIRS model with observable immunity.

To begin, note that equations (7) and (8) imply

VE—VIN = h+ BE, [v(Vi5, = V) + (1= v)(VE, = V)], (A.11)

while equations (6) and (7) imply

V¥ = Vi =n(we/7) + b+ BE, [(1 - p) (Vidy — VYD) —o (Vi = VEY)] - (A.12)

Using equation (9), we have

E,(VE = V) = (Bripes) " (A.13)

for all t. Next, rearrange (A.12) as

1 _ 1 1
Vit = VY = e /3) 4 B+ L0 - BV - V) - - (VW) (aag)
Take E;_1 on both sides of ( A.14) and substitute (A.13) to get
1 _ 1 1—p; 1 1
E (Vi -V, —E;_1[In(x/Z) + h] + —E;_ < >—(> A.15
(Vi t+1) pu" tlin(e/z) + A Bu TtPaxt B*v \ 1Pz ( )
Now rewrite equation (A.11) as
Vi = VIN = b+ BE, [y (Vi = VAT + (1= v = 1) (Vi = VD)) - (A.16)

Move (A.16) ahead one period, take E;_; of both sides, and set equal to (A.15) to get

L B In(@/2) + b+ —FBr_y (1 _pt> b <1>

pv pv TtPw,t B2 \ T—1pa -1
= h+fBE { (Bripes) P+ (1 —v— )( [In(z,/Z) + h] + L <1pt)1(19A>%7)
R At 7 Bv ¢ Bu TtPzt B2 \ @—1Psi—1 ’

Impose perfect foresight, move ahead one period, and rearrange to get

_ _ 1—v—
Ty t= BPat [ln($t+1/$) +h+ M - ﬁAtJrz] )
t x,

16



where

v x 1-— 1
At+2:7’y+(1_v_7) |:hl( tj‘2)+ Dt+2 :|+(1_’7) |:h_:|
Tt42Px t+2 z Tt4-2Px t+2 5$t+1pm,t+1
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Figure 1. Types of Dynamic Paths for Rational Expectations Economic SI and SIS Models
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Figure 2. Types of Dynamic Paths for Rational Expectations Economic SIR and SIRS Models (with Unobserved Immunity)
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