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♦r❞❡r ❝❛♥♥♦t ❛✛❡❝t ♣r✐❝❡s ❛♥❞ t❤✐s r❡✢❡❝ts r❡❛❧ s✐t✉❛t✐♦♥s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♣r✐❝❡s
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❉❡♣❡♥❞✐♥❣ ♦♥ s✐③❡s ♦❢ t②♣❡s✱ ❡✈❡♥ ✈❡r② ❛❜str❛❝t ❜❡❧✐❡❢s ❝❛♥ ❜❡❝♦♠❡ s❡❧❢✲✈❡r✐❢②✐♥❣
❛t ❧❡❛st t♦ s♦♠❡ ❡①t❡♥t✳ ■♥ t❤❡ ♣❛♣❡r t❤❡r❡ ❛r❡ ❡①❛♠♣❧❡s ♦❢ s✉❝❤ s❡❧❢✲✈❡r✐❢②✐♥❣ ❜❡❧✐❡❢s✿
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❞♦❡s ♥♦t ❝♦♥✜r♠ ✐t✳ ■t ✐s ❡①♣❧❛✐♥❡❞ ✐♥ ❛ q✉❛s✐✲♣s②❝❤♦❧♦❣✐❝❛❧ ✇❛② ✇❤✐❝❤ ✐s ❢r❡q✉❡♥t❧②
✉s❡❞ ❜② ❛✉t❤♦rs ♦❢ t❡①t❜♦♦❦s ♦♥ t❡❝❤♥✐❝❛❧ ❛♥❛❧②s✐s✳ ▼♦r❡♦✈❡r✱ t❤✐s ❢♦r♠❛t✐♦♥✱ ✐❢ ✐t ✇❛s
♣♦♣✉❧❛r✐③❡❞ ❛♠♦♥❣ ✐♥✈❡st♦rs✱ ✇♦✉❧❞ ❜❡❝♦♠❡ s❡❧❢✲✈❡r✐❢②✐♥❣✳ ❚❤✐s ✑❝❛t✑ ✐s ❛♥ ❡①❛♠♣❧❡
♦❢ s❡❧❢✲✈❡r✐❢②✐♥❣ ❝❤❛r❛❝t❡r ♦❢ s♦♠❡ t❡❝❤♥✐q✉❡s ♦❢ ❢♦r❡s❡❡✐♥❣ ❢✉t✉r❡ ♣r✐❝❡s✳

❚❤❡ ♣❛♣❡r st❛rts ❜② ❛ s❤♦rt ❞❡s❝r✐♣t✐♦♥ ♦❢ s♦♠❡ ♠♦❞❡❧s ♦❢ ♣r✐❝❡ ❢♦r♠❛t✐♦♥ ✭s✉❜✲
s❡❝t✐♦♥ ✶✳✷✮✳

❚❤❡ ♠♦❞❡❧ ✐s ❢♦r♠✉❧❛t❡❞ ✐♥ s❡❝t✐♦♥ ✷✳
❲❡ st❛t❡ s♦♠❡ r❡s✉❧ts ❛❜♦✉t ❡q✉✐❧✐❜r✐❛ ✐♥ s❡❝t✐♦♥ ✸❀ t❤♦s❡ ❝♦♥❝❡r♥✐♥❣ t❤r❡s❤♦❧❞

♣r✐❝❡s ❛♥❞ ✇❡❛❦ ❞♦♠✐♥❛♥❝❡ ✐♥ s✉❜❣❛♠❡s ✇✐t❤ ❞✐st♦rt❡❞ ✐♥❢♦r♠❛t✐♦♥ ❛r❡ ✐♥ s✉❜s❡❝t✐♦♥
✸✳✷✳ ■♥ s❡❝t✐♦♥ ✹ ✇❡ ❡①❛♠✐♥❡ t❤❡ ✐ss✉❡ ♦❢ s❡❧❢✲✈❡r✐✜❝❛t✐♦♥ ♦❢ ✈❛r✐♦✉s ♣r♦❣♥♦st✐❝ ❛♣✲
♣r♦❛❝❤❡s✳ ❙♦♠❡ ♦❢ t❤❡♠ ❛r❡ s❡❧❢✲✈❡r✐❢②✐♥❣ ✇❤❡♥ ✉s❡❞ ❜② ❛ str♦♥❣ ❣r♦✉♣ ♦❢ ♣❧❛②❡rs ✭❜✉t
♥♦t t❤❡ ✇❤♦❧❡ ♣♦♣✉❧❛t✐♦♥✮✱ ❡✳❣✳ ♣❧❛②❡rs ✉s✐♥❣ ❢✉♥❞❛♠❡♥t❛❧ ❛♥❛❧②s✐s ❝❛✉s❡ ❢❛st ❝♦♥✲
✈❡r❣❡♥❝❡ t♦ ❛ ♣r✐❝❡ ❝❧♦s❡ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡ ♦❢ ❛ s❤❛r❡ ✭s✉❜s❡❝t✐♦♥ ✹✳✶✮✱ ✇❤✐❧❡
s♦♠❡ ♦t❤❡rs ❛r❡ s❡❧❢✲❢❛❧s✐❢②✐♥❣ ✭s✉❜s❡❝t✐♦♥ ✹✳✷✮✳ ❚❤❡ r❡s✉❧ts ♦❢ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s
❛r❡ ✐♥ s❡❝t✐♦♥ ✺✳

✶✳✶✳ ●❛♠❡s ✇✐t❤ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs✳ ▼♦❞❡❧s ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs
✇❡r❡ ✜rst ✐♥tr♦❞✉❝❡❞ ❜② ❆✉♠❛♥♥ ❬✸❪ ❛♥❞ ❬✷❪ ❛♥❞ ❱✐♥❞ ❬✷✻❪ t♦ ♠♦❞❡❧ ❝♦♠♣❡t✐t✐✈❡
♠❛r❦❡ts✳ ❇② t❤❡♥ ✐t ✇❛s ✈❡r② ❞✐✣❝✉❧t t♦ ♠♦❞❡❧ ✐♥s✐❣♥✐✜❝❛♥❝❡ ♦❢ ❡❛❝❤ s✐♥❣❧❡ ♣❧❛②❡r✳



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✸

●❛♠❡s ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✇❛s ❢♦r♠❛❧❧② ❞❡✜♥❡❞ ❜② ❙❝❤♠❡✐❞❧❡r ❬✷✶❪✱ ❛♥❞
❛❢t❡r✇❛r❞s t❤❡ ❣❡♥❡r❛❧ t❤❡♦r② ♦❢ s✉❝❤ ❣❛♠❡s ✇❛s ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥✱ ❛♠♦♥❣ ♦t❤❡rs✱
▼❛s✲❈♦❧❡❧❧ ❬✶✼❪✱ ❇❛❧❞❡r ❬✺❪✱ ❲✐❡❝③♦r❡❦ ❬✷✼❪ ❛♥❞ ❬✷✽❪✱ ❲✐❡❝③♦r❡❦ ❛♥❞ ❲✐s③♥✐❡✇s❦❛ ❬✷✾❪
♦r ❲✐s③♥✐❡✇s❦❛✲▼❛t②s③❦✐❡❧ ❬✸✶❪✳ ❉②♥❛♠✐❝ ❣❛♠❡s ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ❛r❡ q✉✐t❡
♥❡✇ ✭s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ s✉❝❤ ❣❛♠❡s ❛r❡ ❑❛r❛t③❛s✱ ❙❤✉❜✐❦ ❛♥❞ ❙✉❞❞❡rt❤
❬✽❪✱ ❲✐s③♥✐❡✇s❦❛✲▼❛t②s③❦✐❡❧ ❬✸✵❪ ❛♥❞ ❬✸✷❪✱ ❬✹✶❪✱ ❛♥❞ ❣❡♥❡r❛❧ t❤❡♦r② ♦❢ s✉❝❤ ❣❛♠❡s ✐♥
❲✐s③♥✐❡✇s❦❛✲▼❛t②s③❦✐❡❧ ❬✸✸❪✱ ❬✸✹❪✱ ❛♥❞ ❬✸✻❪✮✳ ❆♥ ✐♥t❡r❡st✐♥❣ ✐ss✉❡ ✐s t❤❡ ♣r♦❜❧❡♠
♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ♣❛r❛♠❡t❡rs ♦❢ ❡q✉✐❧✐❜r✐❛ ✐♥ ✜♥✐t❡❧②✲♠❛♥②✲♣❧❛②❡rs ❝♦✉♥t❡r♣❛rts ♦❢ ❛
❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs t♦ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❡q✉✐❧✐❜r✐❛ ✐♥ t❤✐s
❣❛♠❡ ✕ s❡❡ ❲✐s③♥✐❡✇s❦❛✲▼❛t②s③❦✐❡❧ ❬✸✽❪ ❛♥❞ ❬✸✼❪✳

✶✳✷✳ ❙♦♠❡ ♠♦❞❡❧s ♦❢ ♣r✐❝❡s ♦❢ s❤❛r❡s✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ s❤♦rt❧② ♣r❡s❡♥t
s♦♠❡ ♠♦❞❡❧s ❛♥❞ t❡❝❤♥✐q✉❡s ✉s❡❞ ❢♦r ❢♦r❡s❡❡✐♥❣ ❢✉t✉r❡ ♣r✐❝❡s ♦❢ s❤❛r❡s✳

❋✉♥❞❛♠❡♥t❛❧ ❛♥❛❧②s✐s✳ ❚❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❛♥❛❧②s✐s ❛♣♣r♦❛❝❤ ✐s ❜❛s❡❞ ♦♥ ❝❛❧✲
❝✉❧❛t✐♦♥ ♦❢ t❤❡ ✑❛❝t✉❛❧✑ ✈❛❧✉❡ ♦❢ ❛ s❤❛r❡✱ ❝❛❧❧❡❞ ✐ts ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✳ ❚❤❡ ♠♦st
♦❜✈✐♦✉s ❞❡✜♥✐t✐♦♥ ✐s ❛ ❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥✜♥✐t❡ s❡r✐❡s ♦❢ ❡①♣❡❝t❡❞ ❢✉t✉r❡ ❞✐✈✲
✐❞❡♥❞s✳ ●✐✈❡♥ t❤❡ ✐♥t❡r❡st r❛t❡ r ❛♥❞ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❡①♣❡❝t❡❞ ✭❛t t✐♠❡ t0✮ ❞✐✈✐✲
❞❡♥❞s ♦❢ ❝♦♠♣❛♥② i✱ {At

i}t=t0,t0+1,...✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡ ❛t t✐♠❡ t0 ❡q✉❛❧s Fi(t0) =
∑∞

t=t0

(
1

1+r

)t−t0
At

i✳ ❍♦✇❡✈❡r✱ ❛t ❲❙❊ ♠♦st ❝♦♠♣❛♥✐❡s ❞♦ ♥♦t ♣❛② ❞✐✈✐❞❡♥❞s✳ ■♥ s✉❝❤
❛ ❝❛s❡ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡ ♦❢ ❛ s❤❛r❡ s❤♦✉❧❞ r❡✢❡❝t t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡
❝♦♠♣❛♥② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐s s❤❛r❡✳

■♥✈❡st♦rs ✉s✐♥❣ ❢✉♥❞❛♠❡♥t❛❧ ❛♥❛❧②s✐s ❛ss✉♠❡ t❤❛t t❤❡ ♣r✐❝❡ s❤♦✉❧❞ ❜❡ ❝❧♦s❡ t♦ t❤❡
❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡ ❛♥❞ ❛♥② ❞✐st♦rt✐♦♥ ✐s ❝❛✉s❡❞ ❜② s♣❡❝✉❧❛t✐♦♥s ❛♥❞ ✐t ❝❛♥ ♣r❡✈❛✐❧ ♦♥❧②
✐♥ ❛ s❤♦rt ♣❡r✐♦❞ ✕ t❤❡ ♣r✐❝❡s ♦♥ t❤❡ st♦❝❦ ❡①❝❤❛♥❣❡ s❤♦✉❧❞ r❡✢❡❝t t❤❡ ❢✉♥❞❛♠❡♥t❛❧
✈❛❧✉❡✳

❚❡❝❤♥✐❝❛❧ ❛♥❛❧②s✐s✳ ❚❤❡ ❜❛s✐❝ ❛ss✉♠♣t✐♦♥ ♦❢ t❡❝❤♥✐❝❛❧ ❛♥❛❧②s✐s ✐s ♦♣♣♦s✐t❡ t♦
t❤❛t ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ❛♥❛❧②s✐s✿ t❤❡ ♣r✐❝❡s ♠♦✈❡ ✐♥ tr❡♥❞s✳ ❚❤❡ r❡❛❧ ♣r♦❝❡ss❡s ✐♥ t❤❡
❡❝♦♥♦♠② ❛r❡ ♣❡r❝❡✐✈❡❞ ❛s s❡❝♦♥❞❛r② t♦ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ♣r✐❝❡s ❛♥❞ ✈♦❧✉♠❡s ♦❢ s❤❛r❡s
✐♥ t❤❡ ♣❛st✳ ❚❡❝❤♥✐❝❛❧ ❛♥❛❧②sts ❡①♣❧❛✐♥ t❤✐s ❝♦✉♥t❡r✐♥t✉✐t✐✈❡ ❛ss✉♠♣t✐♦♥ ❜② s❛②✐♥❣
t❤❛t ♣r✐❝❡s ♦❢ s❤❛r❡s ❝♦♥t❛✐♥ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❢✉t✉r❡ st❛t❡ ♦❢ t❤❡ ❡❝♦♥♦♠②✱ ❡✈❡♥ t❤✐s
✇❤✐❝❤ ✐s ♥♦t ❡①♣❧✐❝✐t❧② ❦♥♦✇♥ t♦ t❤❡ ✐♥✈❡st♦rs ✭❡✳❣✳ Pr✐♥❣ ❬✶✾❪✮✳

❚❤❡ ❡①♣❧❛♥❛t✐♦♥s ❛r❡ ❜❛s❡❞ ♦♥ ✈❛r✐♦✉s s♦❝✐♦❧♦❣✐❝❛❧✱ ♣s②❝❤♦❧♦❣✐❝❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝
t❡r♠s✱ ❜✉t ✐♥ ❢❛❝t✱ t❡❝❤♥✐❝❛❧ ❛♥❛❧②s✐s r❡❞✉❝❡s t♦ ❛♥❛❧②s✐s ♦❢ ♣❛st ♣r✐❝❡s ❛♥❞ ✈♦❧✉♠❡s✳
❋♦r♠❡r❧② ✐t ✇❛s ♠❛✐♥❧② ❛♥❛❧②s✐s ♦❢ ❝❤❛rts✱ t❤❡r❡❢♦r❡ ✐ts ✉s❡rs ❛r❡ ❝❛❧❧❡❞ ❝❤❛rt✐sts✳

❆❧t❤♦✉❣❤ ✐t ✐s ✉s✉❛❧❧② ❞✐sr❡❣❛r❞❡❞ ❜② s❝✐❡♥t✐sts✱ ✐t ✐s t❛✉❣❤t ❛t ♠❛♥② ❞❡♣❛rt♠❡♥ts
♦❢ ❡❝♦♥♦♠✐❝ s❝✐❡♥❝❡s ❛♥❞ ✐t ✐s ♥♦✇ t❤❡ ♠♦st ♣♦♣✉❧❛r ✇❛② ♦❢ ♣r❡❞✐❝t✐♥❣ ♣r✐❝❡s ❜② ♣r✐✈❛t❡
✐♥✈❡st♦rs ❛t ❲❙❊✳ ❚❤❡r❡❢♦r❡ ✐t ♠❛② r❡❛❧❧② ✐♥✢✉❡♥❝❡ t❤❡ ♣r✐❝❡s ✭❛s ✐t ✐s ❞❡s❝r✐❜❡❞ ✐♥
t❤❡ ♣❛♣❡r✮✳



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✹

Pr♦❜❛❜✐❧✐st✐❝ ♠♦❞❡❧s✳ ■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ ✈❛r✐♦✉s ♠♦❞❡❧s ✇✐t❤
♦♥❡ ❝♦♠♠♦♥ ❢❡❛t✉r❡✿ ❛❧❧ ♦❢ t❤❡♠ tr❡❛t ♣r✐❝❡s ♦❢ s❤❛r❡s ❛s ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ st♦❝❤❛st✐❝
♣r♦❝❡ss✳

P♦rt❢♦❧✐♦ ❛♥❛❧②s✐s ❛♥❞ ❈❛♣✐t❛❧ ❆ss❡ts Pr✐❝✐♥❣ ▼♦❞❡❧ ✭❈❆P▼✮✳ P♦rt❢♦❧✐♦
❛♥❛❧②s✐s✱ st❛rt❡❞ ❜② ▼❛r❦♦✇✐t③ ✭❬✶✸❪ ❛♥❞ ❬✶✺❪✱ s❡❡ ❛❧s♦ ❬✶✹❪ ❛♥❞ ❬✶✻❪✮✱ ✇❛s ✜rst ❛
♥♦r♠❛t✐✈❡ t❤❡♦r② ♦❢ ✐♥✈❡st♠❡♥t ✐♥ r✐s❦② ❛ss❡ts✳ ■t r❡❞✉❝❡❞ t❤❡ ♣r♦❜❧❡♠ t♦ ❛♥ ❛♥❛❧②s✐s
♦❢ t❤❡ ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❛ss❡t r❡t✉r♥✳

■t ✇❛s ❝♦♥✈❡rt❡❞ ✐♥t♦ ❛ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ✐♥✈❡st♦rs ❜② ▲✐♥t♥❡r ❬✶✷❪✱
▼♦ss✐♥ ❬✶✽❪✱ ❙❤❛r♣❡ ❬✷✸❪✱ ❛♥❞ ❋❛♠❛ ✭❡✳❣✳ ❬✻❪✮ ❛♥❞ ✐s ❦♥♦✇♥ ❛s ❈❆P▼ ✭❈❛♣✐t❛❧ ❆ss❡t
Pr✐❝✐♥❣ ▼♦❞❡❧✮✳

❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧ ✭♠❡❛♥ ❛♥❞ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ ❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱
s♦ ❝❛❧❧❡❞ β ❝♦❡✣❝✐❡♥ts✮ ❛r❡ ❡st✐♠❛t❡❞ ♦♥ t❤❡ ❜❛s✐s ♦♥ ❡♠♣✐r✐❝❛❧ ❞❛t❛ t❛❦❡♥ ❢r♦♠ t❤❡
st♦❝❦ ❡①❝❤❛♥❣❡✳

❆❝❝♦r❞✐♥❣ t♦ t❤✐s ♠♦❞❡❧✱ ❛t ❡q✉✐❧✐❜r✐✉♠ t❤❡ ♣r✐❝❡ ♦❢ ❛♥ ❛ss❡t i s❤♦✉❧❞ ❜❡ s✉❝❤
t❤❛t t❤❡ ❡①♣❡❝t❡❞ r❡t✉r♥ ❢✉❧✜❧s t❤❡ ❡q✉❛t✐♦♥ Ri = r + βi · (RM − r)✱ ✇❤❡r❡ Ri ✐s t❤❡
❡①♣❡❝t❡❞ r❡t✉r♥ ♦❢ ❛ss❡t i✱ βi ✐ts β✲❝♦❡✣❝✐❡♥t✱ r ✕ t❤❡ ✐♥t❡r❡st r❛t❡ ♦❢ t❤❡ r✐s❦ ❢r❡❡ ❛ss❡t
❛♥❞ RM t❤❡ ❡①♣❡❝t❡❞ r❡t✉r♥ ❢r♦♠ t❤❡ ♠❛r❦❡t ♣♦rt❢♦❧✐♦ ✭✉s✉❛❧❧② t❤❡ st♦❝❦ ❡①❝❤❛♥❣❡
✐♥❞❡①✮✳

❚❤✐s ♠♦❞❡❧ ✐s st❛t✐❝✱ ❜✉t ❛❢t❡r ❛ s❧✐❣❤t ♠♦❞✐✜❝❛t✐♦♥ ✐t ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❢♦r ♣r❡❞✐❝t✐♥❣
♣r✐❝❡s ❛t ❛ st♦❝❦ ❡①❝❤❛♥❣❡✳

❊❝♦♥♦♠❡tr✐❝ ♠♦❞❡❧s✳ ❚❤✐s ✇✐❞❡ ❣❡♥r❡ ♦❢ ♠♦❞❡❧s ❡♥❝♦♠♣❛ss❡s ❛❧❧ ♣r♦❣♥♦st✐❝
♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ❞❛t❛ ❛♥❛❧②s✐s ✉s✐♥❣ ✈❛r✐♦✉s ❡❝♦♥♦♠❡tr✐❝ t❡❝❤♥✐q✉❡s✱ st❛rt✐♥❣ ❢r♦♠
t❤❡ s✐♠♣❧❡st ✕ ❧✐♥❡❛r r❡❣r❡ss✐♦♥✳ ■♥ s✉❝❤ ♠♦❞❡❧s✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❞❡♣❡♥❞❡♥❝❡ ♦♥ ♣❛st
♣r✐❝❡s ❛♥❞ ✈♦❧✉♠❡s✱ ❞❛② ♦❢ t❤❡ ✇❡❡❦✱ ♦r s♦♠❡ ❡①t❡r♥❛❧ ❞❛t❛✳

Pr✐❝✐♥❣ ♦❢ ❞❡r✐✈❛t✐✈❡ s❡❝✉r✐t✐❡s✳ ❆ ♠♦❞❡❧ ♦❢ ♣r✐❝❡ ❢♦r♠❛t✐♦♥ ♦♥ ❛ st♦❝❦ ❡①✲
❝❤❛♥❣❡ ✐s ♥❡❝❡ss❛r② ♥♦t ♦♥❧② ❢♦r ✑✉s✉❛❧✑ ✐♥✈❡st♦rs tr②✐♥❣ t♦ ♠❛❦❡ ♠♦♥❡② ♦♥ ❜✉②✐♥❣ ❛♥❞
s❡❧❧✐♥❣ s❤❛r❡s✱ ❜✉t ❛❧s♦ ❢♦r ✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s s❡❧❧✐♥❣ ❞❡r✐✈❛t✐✈❡ s❡❝✉r✐t✐❡s ❜❛s❡❞ ♦♥
❛ss❡ts s♦❧❞ ❛t t❤❡ st♦❝❦ ❡①❝❤❛♥❣❡✳ Pr✐❝✐♥❣ ♦❢ ❞❡r✐✈❛t✐✈❡ s❡❝✉r✐t✐❡s r❡q✉✐r❡s ❦♥♦✇❧❡❞❣❡
❛❜♦✉t t❤❡ ❢♦r♠ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ❞❡s❝r✐❜✐♥❣ ❢✉t✉r❡ ♣r✐❝❡s✳

■t ✐s ✉s✉❛❧❧② ❛ st♦❝❤❛st✐❝ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✳ ■♥ t❤❡ ♠♦❞❡❧ ♦❢ ❇❧❛❝❦ ❛♥❞ ❙❝❤♦❧❡s
❬✹❪ ✐t ✐s dP (t) = P (t) (b(t)dt + σ(t)dW (t))✱ ✇❤❡r❡ W ✐s ❛ st❛♥❞❛r❞ ❲✐❡♥❡r ♣r♦❝❡ss✳
❙❡❡ ❛❧s♦ ❑❛r❛t③❛s ❬✼❪ ❢♦r ❛♥ ❡①t❡♥s✐✈❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❤❡♦r② ♦❢ ♣r✐❝✐♥❣ ♦❢ ❞❡r✐✈❛t✐✈❡s✳

❇❡s✐❞❡ t❤❡ ♣r✐❝❡s ♦❢ ❞❡r✐✈❛t✐✈❡s✱ t❤❡ ❤❡❞❣✐♥❣ str❛t❡❣✐❡s ❞❡♣❡♥❞ ♦♥ t❤❡ ❡q✉❛t✐♦♥
❞❡s❝r✐❜✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♣r✐❝❡s ♦❢ s❤❛r❡s✳

❲❡ ❛r❡ ♥♦t ❣♦✐♥❣ t♦ ♠♦❞❡❧ s✉❝❤ ✐♥✈❡st♦rs✱ ♠❛✐♥❧② ❜❡❝❛✉s❡ t❤❡✐r str❛t❡❣✐❡s ♦❢ ❜✉②✐♥❣
♦r s❡❧❧✐♥❣ s❤❛r❡s ❞❡♣❡♥❞ ♦♥ t❤❡ ❝♦♥tr❛❝t t❤❡② ✇❛♥t t♦ ❤❡❞❣❡✱ ✇❤✐❝❤ ✐s ❡①♦❣❡♥♦✉s t♦
t❤❡ ♠♦❞❡❧ ❝♦♥s✐❞❡r❡❞✳



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✺

◆♦ ♠♦❞❡❧✳ ❚❤❡r❡ ❛r❡ ❛❧s♦ ✐♥✈❡st♦rs ✇❤♦ ❞♦ ♥♦t ❢♦r♠ ❡①♣❡❝t❛t✐♦♥s ❛❜♦✉t ♣r✐❝❡s✳
❚❤❡② ❡✐t❤❡r ❝❤♦♦s❡ ❛ str❛t❡❣② ❢r♦♠ s♦♠❡ s✐♠♣❧❡ ✐♥✈❡st♦rs ♠❛♥✉❛❧s ✭❡✳❣✳ ❝♦♥st❛♥t
s✉♠✱ ❝♦♥st❛♥t r❡❧❛t✐♦♥ ♦r ❝♦♥st❛t r❡❛❝t✐♦♥✮✱ ❛♥❞ ❜❡❧✐❡✈✐♥❣ t❤❛t t❤❡② t✉r♥ ♦✉t t♦ ❜❡
❢r✉✐t❢✉❧✱ ♦r ❞❡❝✐❞❡ ❛t r❛♥❞♦♠ ❜② ♦♣❡♥✐♥❣ t❤❡ ❜✐❜❧❡ ♦r ✈✐s✐t✐♥❣ ❛ ❢♦rt✉♥❡ t❡❧❧❡r✳ ❇♦t❤
❦✐♥❞s ♦❢ ♣❧❛②❡rs ♠❛② t✉r♥ ♦✉t t♦ ❜❡ s✉❝❝❡ss❢✉❧✳ ❍♦✇❡✈❡r✱ t❤❡ ✜rst t②♣❡ ❝❛♥♥♦t ❜❡
♥♦♥tr✐✈✐❛❧❧② ♠♦❞❡❧❧❡❞ ❜② ❛ ❣❛♠❡✲t❤❡♦r❡t✐❝ ♠♦❞❡❧✱ s✐♥❝❡ t❤❡✐r str❛t❡❣✐❡s ❛r❡ ✜①❡❞ ❛♥❞
♥♦ ♦♣t✐♠✐③❛t✐♦♥ t❛❦❡s ♣❧❛❝❡✳ ❚❤❡ ❧❛tt❡r t②♣❡ ❝❛♥ ❜❡ ❡♥❝♦♠♣❛ss❡❞ ❜② ♦✉r ♠♦❞❡❧ ♦❢ ❛
st♦❝❦ ❡①❝❤❛♥❣❡✳ ▼♦r❡♦✈❡r✱ t❤❡② ❝❛♥ ✐♠♣r♦✈❡ t❤❡ ♦♣❡r❛t✐♦♥ ♦❢ t❤❡ st♦❝❦ ❡①❝❤❛♥❣❡✳

Pr❡✈✐♦✉s ♠♦❞❡❧s ♦❢ st♦❝❦ ❡①❝❤❛♥❣❡ ❜❛s❡❞ ♦♥ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ✐♥❞❡♣❡♥✲
❞❡♥t ❛❣❡♥ts✳ ❚❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ ❛s ✇❡❧❧ ❛s t❤❡ ❡❛r❧✐❡r ❛✉t❤♦rs
♣❛♣❡rs ♦♥ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts ❬✸✺❪ ❛♥❞ ❬✹✵❪✱ ❛r❡ ♥♦t t❤❡ ✜rst ♠♦❞❡❧s✱ ❝♦♥s✐❞❡r✐♥❣ ❛ ♠✐✲
❝r♦❡❝♦♥♦♠✐❝ ❛♣♣r♦❛❝❤ t♦ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♣❧❛②❡rs✳ ❚❤❡ ♠❛✐♥ ✐ss✉❡ ✐♥ ❛❣❡♥t✲❜❛s❡❞
♠♦❞❡❧s ✇❛s t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♣❧❛②❡rs ❡①♣❡❝t❛t✐♦♥s ❛❜♦✉t ♣r✐❝❡ ❜❡❤❛✈✐♦✉r ♦♥ ❛❝t✉❛❧
♣r✐❝❡s✳ ❚❤❡r❡ ✇❡r❡ s♦ ❝❛❧❧❡❞ ♠♦❞❡❧s ♦❢ ❛rt✐✜❝✐❛❧ st♦❝❦ ❡①❝❤❛♥❣❡✱ ✐♥ ✇❤✐❝❤ ♣❧❛②❡rs
t❡♥❞❡❞ t♦ ♠❛①✐♠✐③❡ t❤❡✐r ♣❛②♦✛s ❣✐✈❡♥ s♦♠❡ ❡①♣❡❝t❛t✐♦♥s✳ ❖♥❡ ♦❢ t❤❡♠ ✇❛s t❤❡
♠♦❞❡❧ ❛♥❞ ❛ ❝♦♠♣✉t❡r s✐♠✉❧❛t✐♦♥ ♣r♦❣r❛♠♠❡ ❝❛❧❧❡❞ ❙❛♥t❛ ❋❡ ❆rt✐✜❝✐❛❧ ❙t♦❝❦ ▼❛r✲
❦❡t✳ ■♥ t❤✐s ♠♦❞❡❧s t❤❡r❡ ✐s ❛ s❤❛r❡ ✇✐t❤ ❛ st♦❝❤❛st✐❝ ❞✐✈✐❞❡♥❞ ❛♥❞ ❛ r✐s❦ ❢r❡❡ ❛ss❡t✳
P❧❛②❡r ❡st✐♠❛t❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ❢✉t✉r❡ ❞✐✈✐❞❡♥❞s✳ ❆ ♠❛r❦❡t ❝❧❡❛r✐♥❣ ❝♦♥❞✐t✐♦♥
✇❛s ❛❞❞❡❞✳ P❧❛②❡rs ❛❞❥✉st t❤❡✐r ❡①♣❡❝t❛t✐♦♥s ❞✉r✐♥❣ t❤❡ ❣❛♠❡✳ ❙❡❡ ❡✳❣✳ ❆rt❤✉r ❡t ❛❧✳
❬✶❪✱ ▲❡❇❛r♦♥ ❬✾❪ ❛♥❞ ❬✶✵❪ ♦r ▲❡❇❛r♦♥✱ ❆rt❤✉r ❛♥❞ P❛❧♠❡r ❬✶✶❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

✷✳ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❢♦r♠✉❧❛t❡ t❤❡ ❣❛♠❡ t❤❡♦r❡t✐❝ ♠♦❞❡❧ ♦❢ ❛ st♦❝❦ ❡①❝❤❛♥❣❡✳
❆ ❣❛♠❡ G ✐s ❞❡✜♥❡❞ ❜② s♣❡❝✐❢②✐♥❣ t❤❡ s❡t ♦❢ ♣❧❛②❡rs✱ t❤❡ s❡ts ♦❢ ♣❧❛②❡rs str❛t❡❣✐❡s

❛♥❞ t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥s✳
❍❡r❡ ✇❡ ❝♦♥s✐❞❡r ❛ ❞②♥❛♠✐❝ ❣❛♠❡✱ t❤❡r❡❢♦r❡ t❤❡ str❛t❡❣② s♣❡❝✐✜❡s ❝❤♦✐❝❡s ♦❢ ❞❡✲

❝✐s✐♦♥s ❛t ❡✈❡r② t✐♠❡ ✐♥st❛♥t ❞✉r✐♥❣ t❤❡ ❣❛♠❡ ❛♥❞ t❤❡ r❡s♣♦♥s❡ ♦❢ t❤❡ ✇❤♦❧❡ s②st❡♠
t♦ t❤❡s❡ ❞❡❝✐s✐♦♥s✳

❚❤❡ ✜rst ♦❜❥❡❝t t♦ ❞❡✜♥❡ ✐s t❤❡ s❡t ♦❢ ♣❧❛②❡rs✳ ❲❡ ❝♦♥s✐❞❡r ❛ ♠♦❞❡❧ ♦❢ ❛ ♠❛t✉r❡
st♦❝❦ ❡①❝❤❛♥❣❡✱ ✐✳❡✳ s✉❝❤ t❤❛t ❛ s✐♥❣❧❡ ♣❧❛②❡r ❤❛s ❛ ♥❡❣❧✐❣✐❜❧❡ ✐♠♣❛❝t ♦♥ ♣r✐❝❡s ✕ t❤❡
s❡t ♦❢ ♣❧❛②❡rs ✐s t❤❡ ✉♥✐t ✐♥t❡r✈❛❧ Ω = [0, 1] ✇✐t❤ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ λ✳

■♥ ♦✉r ♠♦❞❡❧ ♦❢ st♦❝❦ ❡①❝❤❛♥❣❡ ✇❡ ❝♦♥s✐❞❡r n + 2 t②♣❡s ♦❢ ❛ss❡ts✳ ❋✐rst❧②✱ t❤❡r❡
❛r❡ s❤❛r❡s ♦❢ n ❝♦♠♣❛♥✐❡s s♦❧❞ ❛t t❤❡ st♦❝❦ ❡①❝❤❛♥❣❡✳ ❙❤❛r❡s ✐♥ ♦✉r ♠♦❞❡❧ ❛r❡ ♥♦t
❛ss✉♠❡❞ t♦ ♣❛② ❛♥② ❞✐✈✐❞❡♥❞s✳ ❙❡❝♦♥❞❧②✱ t❤❡r❡ ✐s ❛ r✐s❦ ❢r❡❡ ❜✉t ♥♦t ❢✉❧❧② ❧✐q✉✐❞ ❛ss❡t
♦❢ ♣♦s✐t✐✈❡ ✐♥t❡r❡st r❛t❡ r✱ ❢♦r s✐♠♣❧✐❝✐t② ❝❛❧❧❡❞ ❜♦♥❞s✳ ❆♥❞ ✜♥❛❧❧②✱ ♠♦♥❡②✱ ✇❤✐❝❤ ❛r❡
r✐s❦ ❢r❡❡ ❛♥❞ ❧✐q✉✐❞ ❜✉t ♦❢ ✐♥t❡r❡st r❛t❡ 0✳

❚❤❡ ❣❛♠❡ ✐s ❞②♥❛♠✐❝✱ ✐t st❛rts ❛t t0 ✕ ✐♥✐t✐❛❧ t✐♠❡ ❛♥❞ t❡r♠✐♥❛t❡s ❛t +∞✱ ❜✉t
❡❛❝❤ ♣❧❛②❡r ❤❛s ❤✐s ♦✇♥ t❡r♠✐♥❛❧ t✐♠❡ Tω ≤ +∞✱ ✐❞❡♥t✐❝❛❧ ❢♦r ♣❧❛②❡rs ♦❢ t❤❡ s❛♠❡



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✻

t②♣❡✳ ❲❡ s❤❛❧❧ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ t✐♠❡ ✐♥st❛♥ts {t0, t0 + 1, . . .} ❜② T✱ ✇❤✐❧❡
t❤❡ s②♠❜♦❧ Tω ❞❡♥♦t❡s {t0, t0 + 1, . . . , Tω + 1} ✐❢ Tω ✐s ✜♥✐t❡✱ T ♦t❤❡r✇✐s❡✳

❚❤❡ s❡t ♦❢ ♣♦ss✐❜❧❡ st♦❝❦ ♣r✐❝❡s P ✐s ❛ ❞✐s❝r❡t❡ s✉❜s❡t ♦❢ R+\{0}✳
❚❤❡r❡ ❛r❡ s♦♠❡ r❡str✐❝t✐♦♥s ♦♥ ♣r✐❝❡s ✕ ❛t t✐♠❡ t ✐t s❤♦✉❧❞ ❜❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧

[(1 − h) · p(t − 1), (1 + h) · p(t − 1)]✱ ✇❤❡r❡ h > 0 ❞❡♥♦t❡s t❤❡ ♠❛①✐♠❛❧ r❛t❡ ♦❢
✈❛r✐❛❜✐❧✐t②✳

❇❡s✐❞❡ t❤❡ ♠♦♥❡② ❡❛r♥❡❞ ❛t t❤❡ st♦❝❦ ❡①❝❤❛♥❣❡✱ t❤❡ ♣❧❛②❡rs ❝❛♥ ✐♥✈❡st ♠♦♥❡②
❢r♦♠ ❛♥ ❡①t❡r♥❛❧ ✢♦✇ ♦❢ ❝❛♣✐t❛❧ ✭♦r ❜❡ ❢♦r❝❡❞ t♦ ✇✐t❤❞r❛✇ s♦♠❡ ♠♦♥❡②✮✳ ❋♦r ♣❧❛②❡r
ω ✐t ✇✐❧❧ ❜❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ Mω : T → R✳

❚❤❡ ♣❧❛②❡rs ❤❛✈❡ t♦ ♣❛② ❛ ❝♦♠♠✐ss✐♦♥ ❢♦r ❛♥② tr❛♥s❛❝t✐♦♥✱ ❜✉t t❤❡② ❞♦ ♥♦t ❤❛✈❡ t♦
♣❛② ❛❞❞✐t✐♦♥❛❧ ❝♦♠♠✐ss✐♦♥ ❢♦r ♦r❞❡rs✳ ❋♦r s✐♠♣❧✐❝✐t② ♦❢ ❝❛❧❝✉❧❛t✐♦♥s ✇❡ s❤❛❧❧ ❛ss✉♠❡
❛ ❝♦♥st❛♥t ❝♦♠♠✐ss✐♦♥ r❛t❡ C << 1✳ ❚❤❡ s❛♠❡ ❝♦♠♠✐ss✐♦♥ ✐s ❛❧s♦ ♣❛✐❞ ❢♦r ❜✉②✐♥❣
♦r s❡❧❧✐♥❣ ❜♦♥❞s✳

P♦rt❢♦❧✐♦ ♦❢ ❛ ♣❧❛②❡r✱ ❞❡♥♦t❡❞ ❜② x✱ ✐s ❛♥ n+2✲t✉♣❧❡ ✇✐t❤ ❝♦♦r❞✐♥❛t❡s ❝♦rr❡s♣♦♥❞✐♥❣
t♦ s❤❛r❡s ♦❢ n ❝♦♠♣❛♥✐❡s✱ ❜♦♥❞s ❛♥❞ ♠♦♥❡②✳ ❚❤❡r❡❢♦r❡ x ∈ R

n+2
+ ✳

❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❣❛♠❡ ♣❧❛②❡r ω ✐s ❛ss✐❣♥❡❞ ❛♥ ✐♥✐t✐❛❧ ♣♦rt❢♦❧✐♦ x̄ω✳
P❧❛②❡rs✬ ❞❡❝✐s✐♦♥s ❛t ❡❛❝❤ t✐♠❡ ✐♥st❛♥t ❝♦♥s✐sts ♦❢✿ ❛♥ ♦r❞❡r t♦ s❡❧❧ S ✕ ❛ ♣❛✐r

(pS, qS) ∈ P
n × R

n
+✱ t✇♦ ♦r❞❡rs t♦ ❜✉② BM ✕ ❛ ♣❛✐r (pBM , qBM) ∈ P

n × R
n
+ ✭✑❜✉② ❢♦r

♠♦♥❡②✑✮ ❛♥❞ BB ✕ ❛ ♣❛✐r (pBB, qBB) ∈ P
n × R

n
+ ✭✑❜✉② ❢♦r ❜♦♥❞s✑✮✱ ❛♥❞ t❤❡ ♣❛rt ♦❢

✈❛❧✉❡ ♥♦♥ ✐♥✈❡st❡❞ ✐♥ s❤❛r❡s ✇❤✐❝❤ ✐s ❤♦❧❞ ✐♥ ❝❛s❤✿ e✳ ■♥ ❡❛❝❤ ❝❛s❡ p. ❞❡♥♦t❡s t❤❡ ✈❡❝t♦r
♦❢ ♣r✐❝❡ ❧✐♠✐ts ❢♦r ❛❧❧ s❤❛r❡s✱ q. ✕ t❤❡ ✈❡❝t♦r ♦❢ ❛♠♦✉♥ts✳ Pr✐❝❡ ❧✐♠✐ts ✭❝♦♦r❞✐♥❛t❡s ♦❢
p.✮ ❛r❡ ✐♥ P✱ ❛♠♦✉♥ts ❛r❡ ♥♦♥♥❡❣❛t✐✈❡✱ ❛♥❞ t❤❡ r❛t✐♦ ♦❢ ❧✐q✉✐❞ ♠♦♥❡② e ∈ [0, 1]✳

❇❡s✐❞❡s t❤❡ ❣❡♥❡r❛❧ ❢♦r♠ ♦❢ t❤❡ ♦r❞❡rs ✇❡ ✇❛♥t t♦ ❜❡ ❛❜❧❡ t♦ ✐❧❧✉str❛t❡ t❤❡ ❢❛❝t✱
t❤❛t s♦♠❡ ♣❧❛②❡rs ❞♦ ♥♦t ✐♥✈❡st ✐♥ s♦♠❡ ❦✐♥❞ ♦❢ ❝♦♠♣❛♥✐❡s✱ s♦♠❡ ♣❧❛②❡rs ♥❡✈❡r ❦❡❡♣
❝❛s❤ ♦r t❤❛t s♦♠❡ ♣❧❛②❡rs ♥❡✈❡r ❦❡❡♣ ❜♦♥❞s✳ ❚❤❡r❡❢♦r❡ t❤❡ s❡t ♦❢ ❞❡❝✐s✐♦♥s ♦❢ ♣❧❛②❡r
ω ✕ Dω ✐s ❛ s✉❜s❡t ♦❢ t❤❡ s❡t D =

{
(BM, BB, S, e) : BM, BB, S ∈ P

n × R
n
+✱ e ∈ [0, 1]

}
✳

❚❤❡s❡ s❡ts Dω ❤❛✈❡ t❤❡ ❢♦r♠ Dω = (Pn × Γω)3 × Eω✱ ✇❤❡r❡ Γω ⊂ R
n
+ ✐s ❛ ♣r♦❞✉❝t ♦❢

r❡❛❧ s❡♠✐❧✐♥❡s st❛rt✐♥❣ ❢r♦♠ 0 ❛♥❞ s✐♥❣❧❡t♦♥s {0}✳
❲❡ ❛❧s♦ ❤❛✈❡ t♦ ❞❡✜♥❡ t❤❡ ♥♦t✐♦♥ ♦❢ ♣❤②s✐❝❛❧ ❛❞♠✐ss✐❜✐❧✐t② ♦❢ ❛ ❞❡❝✐s✐♦♥✱ ❞❡♣❡♥❞✐♥❣

♦♥ t❤❡ ♣♦rt❢♦❧✐♦✳ ❚❤❡ s②♠❜♦❧ Dω(xω) ⊂ Dω ✇✐❧❧ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❞❡❝✐s✐♦♥s ♦❢ ♣❧❛②❡r
ω ❛✈❛✐❧❛❜❧❡ ❛t ❤✐s ♣♦rt❢♦❧✐♦ xω✳ ■t ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❝♦♥str❛✐♥ts∑n

i=1(1 + C) · pBM
i · qBM

i ≤ xω
n+2 ✭✇❤❡r❡ xω

n+2 ❞❡♥♦t❡s ♠♦♥❡②❀ t❤✐s r❡❛❞s ❛s ✑❛ ♣❧❛②❡r
❝❛♥♥♦t ♣❛② ♠♦r❡ ♠♦♥❡② t❤❛♥ ❤❡ ♣♦ss❡ss❡s✑✮✱

∑n

i=1(1 + C) · pBM
i · qBM

i ≤ (1−C)xω
n+1

✭✇❤❡r❡ xω
n+1 ❞❡♥♦t❡s ✈❛❧✉❡ ♦❢ ❜♦♥❞s✮ ❛♥❞ qS

i ≤ xω
i ✭✐✳❡✳ s❤♦rts❡❧❧✐♥❣ ✐s ❢♦r❜✐❞❞❡♥✮ ❢♦r

❡❛❝❤ s❤❛r❡ i = 1, . . . , n✳
■❢ x = {xω}ω∈Ω r❡♣r❡s❡♥t ❛ ❢❛♠✐❧② ♦❢ ♣♦rt❢♦❧✐♦s ♦❢ t❤❡ ♣❧❛②❡rs✱ t❤❡♥ ❛♥② ♠❡❛s✉r❛❜❧❡

❢✉♥❝t✐♦♥ δ : Ω → D s✉❝❤ t❤❛t ❢♦r ❡✈❡r② ω δ(ω) ∈ Dω(xω) ✐s ❝❛❧❧❡❞ ❛ st❛t✐❝ ♣r♦✜❧❡
❛✈❛✐❧❛❜❧❡ ❛t x✳ ❚❤❡ s❡t ♦❢ ❛❧❧ st❛t✐❝ ♣r♦✜❧❡s ❛✈❛✐❧❛❜❧❡ ❛t x ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② Σ(x)✱
✇❤✐❧❡ Σ ✇✐❧❧ ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ st❛t✐❝ ♣r♦✜❧❡s✳



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✼

❆ st❛t✐❝ ♣r♦✜❧❡ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ♣❛st ♣r✐❝❡ ❞❡t❡r♠✐♥❡s t❤❡ ♠❛r❦❡t ♣r✐❝❡ ❛s ❡①✲
♣❧❛✐♥❡❞ ❜❡❧♦✇✳

❆❣❣r❡❣❛t❡❞ ❞❡♠❛♥❞✱ ❛❣❣r❡❣❛t❡❞ s✉♣♣❧② ❛♥❞ t❤❡ ♠❛r❦❡t ♠❡❝❤❛♥✐s♠
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♠❛r❦❡t ❢♦r s❤❛r❡s ♦❢ ❝♦♠♣❛♥② i ❛t ❛ ✜①❡❞ t✐♠❡ ✐♥st❛♥t t ❛♥❞

♣❧❛②❡rs ♣♦r❢♦❧✐♦s x✳ ●✐✈❡♥ ❛ st❛t✐❝ ♣r♦✜❧❡ ❛✈❛✐❧❛❜❧❡ ❛t x(
(pBM(ω), qBM(ω)), (pBB(ω), qBB(ω)), (pS(ω), qS(ω)), e(ω)

)
✱ t❤❡ ♠❛r❦❡t s✉♣♣❧② ♦❢ s❤❛r❡

i ASi : P → R+ ✐s ❡q✉❛❧ t♦

ASi(pi) =

∫

Ω

qS
i (ω)1pS

i (ω)≤pi
dλ(ω)✱

✇❤✐❧❡ t❤❡ ♠❛r❦❡t ❞❡♠❛♥❞ ❢♦r s❤❛r❡ i ADi : P → R+ ✐s ❡q✉❛❧ t♦

ADi(pi) =

∫

Ω

qBM
i (ω) · 1pBM

i (ω)≥pi
+ qBB

i (ω) · 1pBB
i (ω)≥pi

dλ(ω)✱

✇❤❡r❡ 1condition ✐s ❡q✉❛❧ t♦ 1 ✇❤❡♥ t❤❡ ❝♦♥❞✐t✐♦♥ ✐s ❢✉❧✜❧❧❡❞ ❛♥❞ 0 ♦t❤❡r✇✐s❡✳
■♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♠❛r❦❡t ♣r✐❝❡ ❢♦ s❤❛r❡ i✱ t❤❡ ♠❛r❦❡t ♠❡❝❤❛♥✐s♠ ❝♦♥s✐❞❡r❡❞

✐♥ t❤❡ ♣❛♣❡r ✜rst r❡t✉r♥s r❡t✉r♥s t❤❡ ♣r✐❝❡ ♠❛①✐♠✐③✐♥❣ ❛ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r ✇✐t❤
❝r✐t❡r✐❛✱ st❛rt✐♥❣ ❢r♦♠ t❤❡ ♠♦st ✐♠♣♦rt❛♥t✿

✶✳ ♠❛①✐♠✐③✐♥❣ ✈♦❧✉♠❡ ✐✳❡✳ t❤❡ ❢✉♥❝t✐♦♥ min(ADi(pi), ASi(pi))❀
✷✳ ♠✐♥✐♠✐③✐♥❣ ❞✐s❡q✉✐❧✐❜r✐✉♠ ✐✳❡✳ t❤❡ ❢✉♥❝t✐♦♥|ADi(pi) − ASi(pi)|❀
✸✳ ♠✐♥✐♠✐③✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s❤❛r❡s ✐♥ s❡❧❧✐♥❣ ♦r❞❡rs ✇✐t❤ ♣r✐❝❡ ❧✐♠✐t ❧❡ss t❤❡♥ t❤❡

♠❛r❦❡t ♣r✐❝❡ ❛♥❞ ❜✉②✐♥❣ ♦r❞❡rs ✇✐t❤ ♣r✐❝❡ ❧✐♠✐ts ❤✐❣❤❡r t❤❛♥ t❤❡ ♠❛r❦❡t ♣r✐❝❡❀
✹✳ ♠✐♥✐♠✐③✐♥❣ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝❛❧❝✉❧❛t❡❞ ♣r✐❝❡ ❛♥❞

t❤❡ r❡❢❡r❡♥❝❡ ♣r✐❝❡ ✐✳❡✳ |pi − pi(t − 1)|✳
❚❤❡ r❡s✉❧t ✐s ♣r♦❥❡❝t❡❞ ♦♥ t❤❡ s❡t [(1 − h) · p(t − 1), (1 + h) · p(t − 1)] ∩ P ❛♥❞ ✐t

❝♦♥st✐t✉t❡s t❤❡ ♠❛r❦❡t ♣r✐❝❡ pi(t)✳
❆ s✐♠✐❧❛r ♣r♦❝❡❞✉r❡ ✐s ✉s❡❞ ❛t ❲❙❊ ✭s❡❡ ❬✷✵❪✮✳ ❚❤❡ ❞✐✛❡r❡♥❝❡s ❛r❡ ❝❛✉s❡❞ ❜②

♦❜✈✐♦✉s ♠✐st❛❦❡s ❛♥❞ ✐♥❝♦♥s✐st❡♥❝✐❡s ♦❢ t❤❡ r❡❣✉❧❛t✐♦♥s ♦❢ ❲❙❊✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡s❡
✐♠♣❡r❢❡❝t✐♦♥s ✇❛s st✉❞✐❡❞ ✐♥ ❲✐s③♥✐❡✇s❦❛✲▼❛t②s③❦✐❡❧ ❬✸✾❪✳

❊✈♦❧✉t✐♦♥ ♦❢ ♣♦rt❢♦❧✐♦s✱ str❛t❡❣✐❡s✱ ❛♥❞ ❞②♥❛♠✐❝ ♣r♦✜❧❡s
❚❤❡ ♣♦rt❢♦❧✐♦ ♦❢ ♣❧❛②❡r ω ❛t t✐♠❡ t ✐s ❞❡♥♦t❡❞ ❜② Xω(t)✳ ■❢ ♣❧❛②❡r ω ❝❤♦♦s❡s ❛t

t✐♠❡ t ❛ ❞❡❝✐s✐♦♥ (BM, BB, S, e) ∈ Dω(Xω(t)) ❛♥❞ t❤❡ ♣r✐❝❡ ❛t t✐♠❡ t ✐s p(t)✱ t❤❡♥✿
Xω

i (t + 1) = Xω
i (t) + qBM

i · 1pBM
i ≥pi(t) + qBB

i · 1pBB
i ≥pi(t) − qS

i · 1pS
i ≤pi(t) ❢♦r t ≥ t0✱

i = 1, . . . , n✱

Xω
n+1(t + 1) = (1 + r) ·

(
Xω

n+1(t) −
∑n

i=1
1+C
1−C

· qBB
i · pBB

i · 1pBB
i ≥pi(t)+

+ 1−e
1+C

·
(
Xω

n+2(t) −
∑n

i=1

(
(1 + C) · qBM

i · pBM
i · 1pBM

i ≥pi(t)−

− (1 − C) · qS
i · pS

i · 1pS
i ≤pi(t)

))
✱



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✽

Xω
n+2(t+1) = Mω(t+1)+ e ·

(
Xω

n+2(t) −
∑n

i=1

(
(1 + C) · qBM

i · pBM
i · 1pBM

i ≥pi(t)−

− (1 − C) · qS
i · pS

i · 1pS
i ≤pi(t)

))
✳

❆ str❛t❡❣② ♦❢ ♣❧❛②❡r ω ✐s ❛ ❢✉♥❝t✐♦♥ ❞❡✜♥✐♥❣ ❝❤♦✐❝❡s ♦❢ ❞❡❝✐s✐♦♥s ❛t ❛❧❧ t✐♠❡ ✐♥st❛♥ts
✕ ✐t ✐s ❛ ❢✉♥❝t✐♦♥ ∆ω : T → Dω ✇✐t❤ ∆ω(t) ∈ Dω(Xω(t))✱ ✇❤❡r❡ Xω ❞❡♥♦t❡s t❤❡
tr❛❥❡❝t♦r② ♦❢ ♣♦rt❢♦❧✐♦ ♦❢ ♣❧❛②❡r ω✱ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜② t❤❡ ❛❜♦✈❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥
✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ Xω(t0) = x̄ω✳ ❚❤❡ s❡t ♦❢ str❛t❡❣✐❡s ♦❢ ♣❧❛②❡r ω ✇✐❧❧ ❜❡
❞❡♥♦t❡❞ ❜② S✳

■❢ ❢♦r ❛ ❝❤♦✐❝❡ ♦❢ ♣❧❛②❡rs✬ str❛t❡❣✐❡s ∆ = {∆ω}ω∈Ω ❢♦r ❡✈❡r② t t❤❡ ❢✉♥❝t✐♦♥ ω 7→
∆ω(t) ✐s ♠❡❛s✉r❛❜❧❡✱ t❤❡♥ ∆ ✐s ❝❛❧❧❡❞ ❛ ❞②♥❛♠✐❝ ♣r♦✜❧❡✳ ❚❤❡ tr❛❥❡❝t♦r② ❝♦rr❡s♣♦♥❞✐♥❣
t♦ ∆ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② X∆ ❛♥❞ t❤❡ s❡q✉❡♥❝❡ ♦❢ ♠❛r❦❡t ♣r✐❝❡s p∆✳ ❚❤❡ s❡t ♦❢ ❛❧❧
❞②♥❛♠✐❝ ♣r♦✜❧❡s ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② Σ✳

P❧❛②❡rs✬ ♣❛②♦✛s ❛♥❞ ❡①♣❡❝t❡❞ ♣❛②♦✛s
■❢ Tω ✐s ✜♥✐t❡✱ t❤❡♥ t❤❡ ♣❛②♦✛ ♦❢ ❛ ♣❧❛②❡r✱ ❣✐✈❡♥ ❤✐s str❛t❡❣✐❡s ❛♥❞ ❛ s❡q✉❡♥❝❡ ♦❢

♠❛r❦❡t ♣r✐❝❡s ❛❧♦♥❣ t❤❡ ♣r♦✜❧❡ ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ♦❜✈✐♦✉s ✇❛② ❛s t❤❡ ♣r❡s❡♥t ✈❛❧✉❡ ♦❢
t❤❡ ♣♦rt❢♦❧✐♦ ❛t t✐♠❡ Tω + 1✱ V (Tω+1,Xω(Tω+1))

(1+r)Tω+1−t0
✱ ✇❤❡r❡ V : Tω × R

n+2
+ → R ❞❡♥♦t❡s

❛♥② ❢✉♥❝t✐♦♥ r❡♣r❡s❡♥t✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦rt❢♦❧✐♦✳ ❍❡r❡ ✇❡ ❝♦♥s✐❞❡r V (t, x) =
xn+1 + xn+2 +

∑n

i=1 pi(t) · xi✳
❊❧❡♠❡♥t❛r② ❝❛❧❝✉❧❛t✐♦♥s s❤♦✇ t❤❛t t❤❡ ♣❛②♦✛ ❝❛♥ ❜❡ ❡q✉✐✈❛❧❡♥t❧② ❡①♣r❡ss❡❞ ❛s∑Tω

t=t0

V (t+1,Xω(t+1))−(1+r)·V (t,Xω(t))
(1+r)t+1−t0

✱ s✐♥❝❡ s✉❜tr❛❝t✐♥❣ ❛ ❝♦♥st❛♥t ❞♦❡s ♥♦t ❝❤❛♥❣❡ ❝❤♦✐❝❡s

♦❢ t❤❡ ♣❧❛②❡rs✳ ❚❤✐s ❞❡✜♥✐t✐♦♥ ♦❢ ♣❛②♦✛ ❝❛♥ ❜❡ ♦❜✈✐♦✉s❧② ❡①t❡♥❞❡❞ t♦ Tω = +∞ ✐❢ t❤❡
s✉♠ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✕ ✐t ❝❛♥ ❛tt❛✐♥ ✐♥✜♥✐t❡ ✈❛❧✉❡s✳

❋♦r♠❛❧❧②✱ t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥ ♦❢ ♣❧❛②❡r ω Πω : Σ → R ❞❡✜♥❡❞ ❜② Πω(∆) =
∑Tω

t=t0

V (t+1,(X∆)
ω
(t+1))−(1+r)·V (t,(X∆)

ω
(t))

(1+r)t+1−t0
❢♦r V (t, x) = xn+1 + xn+2 +

∑n

i=1 pi(t) · xi✳

❚❤✐s ❡♥❞s t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♦✉r ✑❛❝t✉❛❧✑ ❣❛♠❡ G✳
❆s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ♠♦r❡ ❣❡♥❡r❛❧ ❣❛♠❡s ✇✐t❤ ❞✐st♦rt❡❞ ✐♥❢♦r♠❛t✐♦♥✱ ❞❡✜♥❡❞ ✐♥

❲✐s③♥✐❡✇s❦❛✲▼❛t②s③❦✐❡❧ ❬✹✷❪ ❛♥❞ ❬✹✸❪✱ ✇❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ♣❧❛②❡r
ω ❛t t✐♠❡ t ❣✐✈❡♥ ❤✐s ❜❡❧✐❡❢ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❛s❡❞ ♦♥ ❤✐s ♦❜s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❤✐st♦r② ♦❢
t❤❡ ❣❛♠❡✳ ■t r❡♣r❡s❡♥ts t❤❡ s✉♣r❡♠✉♠ ♦✈❡r ❢✉t✉r❡ ❞❡❝✐s✐♦♥s ♦❢ ♣❧❛②❡r ω ♦❢ ❤✐s ♣❛②♦✛
❛ss✉♠✐♥❣ t❤❡ ❜❡❧✐❡❢ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✲ t❤❡ ♣❧❛②❡r ❛ss✉♠❡s t❤❛t ✐♥ ❢✉t✉r❡ ❤❡ ✐s ❣♦✐♥❣ t♦
❜❡❤❛✈❡ ♦♣t✐♠❛❧❧② ❛♥❞ ❝♦♥s✐❞❡rs ❤✐s ❣✉❛r❛♥t❡❡❞ ♣❛②♦✛ ✕ t❤❡ ♣❛②♦✛ ❝♦rr❡s♣♦♥❞✐♥❣ t♦
t❤❡ ✇♦rst ❢✉t✉r❡ ❤✐st♦r② ♦❢ t❤❡ s②st❡♠ ✐♥ ❤✐s ❜❡❧✐❡❢ ❝♦rr❡s♣♦♥❞❡♥❝❡✳ ■♥ t❤✐s ♣❛♣❡r✱ ✐♥
♦r❞❡r t♦ ❛✈♦✐❞ ❛ ❝♦♠♣❧✐❝❛t❡❞ ♥♦t❛t✐♦♥✱ ✇❡ s❤❛❧❧ ✐♥❝♦r♣♦r❛t❡ t❤❡ ❜❡❧✐❡❢ ❝♦rr❡s♣♦♥❞❡♥❝❡
✐♥t♦ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ❢✉♥❝t✐♦♥✳

❲❤✐❧❡ ❛♥❛❧②③✐♥❣ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣ ♣r♦❝❡ss❡s ♦❢ st♦❝❦ ❡①❝❤❛♥❣❡ ✐♥✈❡st♦rs ✇❡ ❤❛✈❡ t♦
t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t ✇❤❛t ✐♥❢♦r♠❛t✐♦♥ t❤❡② ❝❛♥ ✉s❡ ❞✉r✐♥❣ t❤❡ ❞❡❝✐s✐♦♥ ♣r♦❝❡ss✳ ❚❤✐s
✐♥❢♦r♠❛t✐♦♥ ✐s ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ ❢✉t✉r❡ ♣r✐❝❡s ♦❢ ✉♥❞❡r❧②✐♥❣ ❛ss❡ts✱
❛♥❞✱ ❝♦♥s❡q✉❡♥t❧②✱ ♣❧❛②❡rs ❡①♣❡❝t❡❞ ♣❛②♦✛s✳

■♥ ♦r❞❡r t♦ ❜✉✐❧❞ ❛ ♠♦❞❡❧ ✇❡ ❤❛✈❡ t♦ ❢♦r♠❛❧✐③❡ ❛❧❧ ❞❡s❝r✐♣t✐♦♥s ♦❢ ❢♦r♠❛t✐♦♥ ♦❢



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✾

❡①♣❡❝t❛t✐♦♥s✳ ❲❤❡♥ t❤✐s ✐ss✉❡ ✐s ❝♦♥❝❡r♥❡❞✱ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r ✜✈❡ ❣❡♥❡r❛❧ t②♣❡s ♦❢
♣❧❛②❡rs✿ ❢✉♥❞❛♠❡♥t❛❧✱ t❡❝❤♥✐❝❛❧✱ ❡❝♦♥♦♠❡tr✐❝✱ ♣♦rt❢♦❧✐♦ ❛♥❞ st♦❝❤❛st✐❝✱ ❛♥❞ t❤❡ ✜rst
❧❡tt❡r ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❛ t②♣❡ ✐♥❞❡① k✳ ❚❤❡ s②♠❜♦❧ k(ω) ❞❡♥♦t❡s t❤❡ t②♣❡ ♦❢ ❢♦r♠❛t✐♦♥
♦❢ ❡①♣❡❝t❛t✐♦♥s ♦❢ ♣❧❛②❡r ω✳

❲❡ s❤❛❧❧ ❞❡✜♥❡ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦❢ ♣❧❛②❡rs ♦❢ t②♣❡ k Uk : Ik×P×Dk →
R✱ ✇❤❡r❡ Ik ✐s ❛ s♣❡❝✐✜❝ ❢♦r♠ ♦❢ ♣r♦❝❡ss❡❞ ✐♥❢♦r♠❛t✐♦♥ ✉s❡❞ ❜② t②♣❡ k✳ ❚❤❡ ❢♦r♠ ♦❢ t❤✐s
❢✉♥❝t✐♦♥ ❞❡♣❡♥❞s ♦♥ t②♣❡ s✐♥❝❡ t❤❡ ❢♦r♠ ❛♥❞ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❝❤❛♥❣❡s✳
❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ✉s❡❞ ❜② t②♣❡ k ❞✉r✐♥❣ t❤❡ ❣❛♠❡ ❝♦♥st✐t✉t❡s ❛ ❢✉♥❝t✐♦♥ Ik : Σ×T →Ik

s✉❝❤ t❤❛t Ik(∆, t) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ ∆·(s) ❢♦r s ≥ t✳ ❚❤❡ s♣❡❝✐✜❝ ❢♦r♠ ♦❢ ✐♥❢♦r♠❛t✐♦♥✱
❣❡♥❡r❛❧ ❝♦♥str❛✐♥ts ♦♥ t❤❡ str❛t❡❣② s❡ts ❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ❢✉♥❝t✐♦♥s ❢♦r ✜✈❡
t②♣❡s ♦❢ ❢♦r♠❛t✐♦♥ ♦❢ ❡①♣❡❝t❛t✐♦♥ ❛r❡ ❛s ❢♦❧❧♦✇s✳

✶✳ ❋✉♥❞❛♠❡♥t❛❧ ♣❧❛②❡rs✳ ❚❤❡✐r ✐♥❢♦r♠❛t✐♦♥ ✐s ❛ ✈❡❝t♦r ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡s ♦❢ n

s❤❛r❡s ✕ f ∈ R
n
+✱ ✇❤✐❝❤ ✐s ♥♦t ❜❛s❡❞ ♦♥ ♣r✐❝❡s ♦❢ s❤❛r❡✳ ❚❤❡② ❛r❡ t❤❡ ❦✐♥❞ ♦❢ ♣❧❛②❡rs

✇❛✐t✐♥❣ ❢♦r r❡s✉❧ts ✐♥ ❛ ❧♦♥❣ t✐♠❡ ❤♦r✐③♦♥✱ t❤❡r❡❢♦r❡ t❤❡② ❞♦ ♥♦t ❦❡❡♣ ❧✐q✉✐❞ ♠♦♥❡②
✕ t❤❡② ✐♥✈❡st ♦♥❧② ✐♥ ❜♦♥❞s ❛♥❞ s❤❛r❡s ✐✳❡✳ e ≡ 0 ✭❛ ❝♦♥str❛✐♥t ♦♥ t❤❡✐r ❛✈❛✐❧❛❜❧❡
❞❡❝✐s✐♦♥s✬ s❡t ✮✳ ❚❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ✐s ❞❡✜♥❡❞ ❜②

U f (f, p, (BM, BB, S, e)) =
∑

i=1,...,n

((
fi − pi · (1 + C)2) · qBB

i · 1pBB
i ≥pi

+

+ (fi − pi) · q
BM
i · 1pBM

i ≥pi
−

(
fi − pi · (1 − C)2) · qS

i · 1pS
i ≤pi

)
✳

❚❤❡ ✜rst ♣❛rt ❝♦rr❡s♣♦♥❞s t♦ ❜✉②✐♥❣✲❢♦r✲❜♦♥❞s ♦r❞❡r✱ t❤❡r❡❢♦r❡ t❤❡ ❝♦♠♠✐ss✐♦♥
✐s ♣❛✐❞ t✇✐❝❡✱ t❤❡ s❡❝♦♥❞ ✐s ❜✉②✐♥❣✲❢♦r✲♠♦♥❡②✱ t❤❡r❡❢♦r❡ ♥♦ ❝♦♠♠✐ss✐♦♥ ✐s s✉❜tr❛❝t❡❞
✕ ♦t❤❡r✇✐s❡ ❢✉♥❞❛♠❡♥t❛❧ ♣❧❛②❡rs ✇✐❧❧ ❛❧s♦ ❤❛✈❡ t♦ ♣❛② ✐t ✐♥ ♦r❞❡r t♦ ❜✉② ❜♦♥❞s✱ ✐♥
t❤❡ s❡❧❧✐♥❣ ♦r❞❡r ❝♦♠♠✐ss✐♦♥ ✐s ♣❛✐❞ t✇✐❝❡ ❛❣❛✐♥ s✐♥❝❡ ❢✉♥❞❛♠❡♥t❛❧ ♣❧❛②❡rs ✇✐❧❧ ❤❛✈❡
t♦ ❜✉② ❜♦♥❞s ❢♦r ♠♦♥❡②✿ ✐♥ t❤✐s ❝❛s❡ ❢♦r ❡❛❝❤ s❤❛r❡ ✇❡ ❣❡t ♣r♦✜t ✭❝♦♠♣❛r❡❞ t♦ t❤❡
❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✮ pi−C ·pi−C ((1 − C)pi)−fi ✇❤✐❝❤ ❡q✉❛❧s −

(
fi − pi · (1 − C)2)✳

❚❤✐s ❡①♣❧❛✐♥s t❤❡ ❣❡♥❡r❛❧ r✉❧❡ ♦❢ ❞❡✜♥✐♥❣ ♣❛②♦✛s ✕ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ❡❛❝❤ ♦r❞❡r
✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤✐s ♦r❞❡r ❛♥❞ ✑❞♦✐♥❣ ♥♦t❤✐♥❣✑ ✇✐t❤ ✐♥t❡r♣r❡t❛t✐♦♥ s♣❡❝✐✜❝
t♦ t❤✐s t②♣❡✳

❙✐♠✐❧❛r❧② ✇❡ ❞❡✜♥❡ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛②♦✛s✳
✷✳ ❚❡❝❤♥✐❝❛❧ ♣❧❛②❡rs✳ ❚❤❡② ✉s❡ s♦♠❡ t❡❝❤♥✐q✉❡s ♦❢ t❡❝❤♥✐❝❛❧ ❛♥❛❧②s✐s✱ ❜❛s❡❞ ♦♥

♣❛st ♣r✐❝❡s ❛♥❞ ✈♦❧✉♠❡s✳ ❚❤❡✐r ✐♥❢♦r♠❛t✐♦♥ ✐♥ ♦✉r ♠♦❞❡❧ ✇✐❧❧ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s t❤❡
✈❡❝t♦r ∆p ∈ R

n ♦❢ ❡①♣❡❝t❡❞ ❝❤❛♥❣❡s ♦❢ ♣r✐❝❡ ✭♦❢ n s❤❛r❡s✮ ♦❢ ♠✐♥✐♠❛❧ ❛❜s♦❧✉t❡ ✈❛❧✉❡✳
❚❡❝❤♥✐❝❛❧ ♣❧❛②❡rs ❧♦♦❦ ❢♦r s❤♦rt ♣❡r✐♦❞ tr❡♥❞s✱ t❤❡r❡❢♦r❡ ✐♥ ♦✉r ♠♦❞❡❧ t❤❡② ❞♦ ♥♦t
✐♥✈❡st ✐♥ ❜♦♥❞s ✭t❤❡② ✇❛♥t t♦ ❤❛✈❡ ❧✐q✉✐❞ ♠♦♥❡② t♦ r❡❛❝t ❛t ♦♥❝❡ s✐♥❝❡ s❡❧❧✐♥❣ ❜♦♥❞s
✐s ❝♦st❧②✮✱ ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ❜② e ≡ 1✳

U t (∆p, p, (BM, BB, S, e)) =

=
∑

i=1,...,n

(pi(t − 1) + ∆pi − pi · (1 + C)) ·
(
qBM
i · 1pBM

i ≥pi
+ qBB

i · 1pBB
i ≥pi

)
+

− (pi(t − 1) + ∆pi − pi · (1 − C)) · qS
i · 1pS

i ≤pi
✳



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✶✵

✸✳ ❊❝♦♥♦♠❡tr✐❝ ♣❧❛②❡rs✳ ❲❡ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t ❛ ❝♦♥s✐❞❡r❛❜❧❡ ♣♦rt✐♦♥ ♦❢ st♦❝❦
❡①❝❤❛♥❣❡ ✐♥✈❡st♦rs ❤❛✈❡ ❡❝♦♥♦♠✐❝ ♦r ♠❛t❤❡♠❛t✐❝❛❧ ❡❞✉❝❛t✐♦♥ s✉✣❝✐❡♥t t♦ ❜✉✐❧❞ ❛♥
❡❝♦♥♦♠❡tr✐❝ ♠♦❞❡❧✳ ❚❤✐s t②♣❡ ♦❢ ♣❧❛②❡rs ✉s❡ ❛ r❡❛❞② ♣r♦❣r❛♠♠❡ ✉s✐♥❣ ❛♥ ❡❝♦♥♦♠❡tr✐❝
♠♦❞❡❧✱ ❛♥❞ t❤❡② ❞♦ ♥♦t r❡❡st✐♠❛t❡ ✐t ❞✉r✐♥❣ t❤❡ ❣❛♠❡✳ ❚❤❡ ♣r♦❣r❛♠♠❡ ♣r❡❞✐❝ts ♣r✐❝❡s
P̂ (t + j) ❢♦r τ ♣❡r✐♦❞s ✇✐t❤ ❞❡❝❧❛r❡❞ ❛❝❝✉r❛❝② w✳ ❊❝♦♥♠❡tr✐❝ ♣❧❛②❡rs ✐♥ t❤✐s ♠♦❞❡❧
tr❡❛t w ❛s t❤❡ ♥✉♠❜❡r t❤❛t ❤❛s t♦ ❜❡ s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ ❡st✐♠❛t❡❞ ❢✉t✉r❡ ♣r✐❝❡ ✇❤❡♥
t❤❡② ❝♦♥s✐❞❡r ❛ ❜✉②✐♥❣ ♦r❞❡r ❛♥❞ ❛❞❞❡❞ t♦ t❤❡ ❡st✐♠❛t❡❞ ♣r✐❝❡ ✇❤❡♥ t❤❡② ❝♦♥s✐❞❡r
❛ s❡❧❧✐♥❣ ♦r❞❡r✳ ❚❤❡✐r ✐♥❢♦r♠❛t✐♦♥ ✐s ❛ ✈❡❝t♦r ♦❢ ♠❛①✐♠❛❧ ❞✐s❝♦✉♥t❡❞ ♣r✐❝❡s ❢♦r t❤❡

♣r♦❣♥♦s✐s ♣❡r✐♦❞ p̂i = maxj=1,...,τ

bPi(t+j)
(1+r)j ✳ ❆s ❢✉♥❞❛♠❡♥t❛❧ ♣❧❛②❡rs t❤❡② ❞♦ ♥♦t ❦❡❡♣

❧✐q✉✐❞ ♠♦♥❡② ✕ t❤❡② ✐♥✈❡st ♦♥❧② ✐♥ ❜♦♥❞s ❛♥❞ s❤❛r❡s✿ e ≡ 0✳
U e (p̂, p, (BM, BB, S, e)) =

=
∑

i=1,...,n

((
p̂i − w − pi · (1 + C)2) · qBB

i · 1pBB
i ≥pi

+

+ (p̂i − w − pi) · q
BM
i · 1pBM

i ≥pi
−

(
p̂i + w − pi · (1 − C)2) · qS

i · 1pS
i ≤pi

)
✳

✹✳ P♦rt❢♦❧✐♦ ♣❧❛②❡rs✳ ❚❤❡② ❦♥♦✇ ♠♦❞❡❧s ♦❢ ♣♦rt❢♦❧✐♦ ❛♥❛❧②s✐s✱ ✐♥❝❧✉❞✐♥❣ ❈❆P▼ ❛♥❞
t❤❡② tr② t♦ ✉s❡ ✐t ❢♦r ♣r❡❞✐❝t✐♥❣ ♣r✐❝❡s✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s t❤❛t ✐♥ ❈❆P▼ t❤❡ ❞✐str✐❜✉t✐♦♥
♦❢ ❢✉t✉r❡ ♣r✐❝❡ ✐s ❦♥♦✇♥✱ ❡s♣❡❝✐❛❧❧② t❤❡ ❡①♣❡❝t❡❞ r❡t✉r♥ R̄i✳ ■♥ ♦✉r ♠♦❞❡❧ t❤❡ ♣❧❛②❡rs
❦♥♦✇ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ r❡t✉r♥s ❛s ✇❡❧❧ β✲❝♦❡✣❝✐❡♥t ❢♦r ❛❧❧ s❤❛r❡s✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱
t❤❡ ✈❡❝t♦r ♦❢ ❡①♣❡❝t❡❞ r❡t✉r♥s ❛❝❝♦r❞✐♥❣ t♦ ❈❆P▼✱ ❞❡♥♦t❡❞ ❜② ρ✳ ❆t ❡❛❝❤ st❛❣❡
♦❢ t❤❡ ❣❛♠❡ t❤❡② ❝❛❧❝✉❧❛t❡ t❤❡ ❛✈❡r❛❣❡ r❡t✉r♥ ❢♦r ❧❛st l ♣❡r✐♦❞s R̄i ❢♦r ❡❛❝❤ s❤❛r❡
✭✇❤✐❝❤ ❝♦♥st✐t✉t❡ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ R̄✮ ❛♥❞ ❝♦♠♣❛r❡ ✐t ✇✐t❤ ρi✳ ❆s ❢✉♥❞❛♠❡♥t❛❧ ❛♥❞
❡❝♦♥♦♠❡tr✐❝ ♣❧❛②❡rs t❤❡② ❞♦ ♥♦t ❦❡❡♣ ❧✐q✉✐❞ ♠♦♥❡② ✕ t❤❡② ✐♥✈❡st ♦♥❧② ✐♥ ❜♦♥❞s ❛♥❞
s❤❛r❡s✿ e ≡ 0✳

Up
(
R̄, p, (BM, BB, S, e)

)
=

=
∑

i=1,...,n

(((
1 + R̄i

)2
pi(t − 1) − pi · (1 + C)2 − ρipi

)
· qBB

i · 1pBB
i ≥pi

+

+
((

1 + R̄i

)2
pi(t − 1) − pi − ρipi

)
· qBM

i · 1pBM
i ≥pi

+

−
((

1 + R̄i

)2
pi(t − 1) − pi · (1 − C)2 − ρipi

)
· qS

i · 1pS
i ≤pi

)
✳

✺✳ ❙t♦❝❤❛st✐❝ ♣❧❛②❡rs✳ ■♥ ♦✉r ♠♦❞❡❧ ✐t ✇✐❧❧ ❜❡ ❛ t②♣❡ ❞❡s❝r✐❜✐♥❣ ❛❧❧ ❦✐♥❞s ♦❢ ❢♦rt✉♥❡✲
t❡❧❧❡rs ❝❧✐❡♥ts✳ ❙t♦❝❤❛st✐❝ ♣❧❛②❡rs ♦❜t❛✐♥ ♦♥❧② ❝❧❡❛r s✐❣♥❛❧s ✭❜✉②✐♥❣ +1✱ s❡❧❧✐♥❣ −1 ♦r
♥♦ s✐❣♥❛❧ 0✮ ✇❤✐❝❤ ❛r❡ r❡❛❧✐③❛t✐♦♥ ♦❢ s♦♠❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❡s❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s
✐♥ ❝♦♠♠♦♥ ❝♦♥st✐t✉t❡ ❛ ❨♦✉♥❣ ♠❡❛s✉r❡ ✭s❡❡ ❡✳❣✳ ❱❛❧❛❞✐❡r ❬✷✺❪✮✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t
t❤❡ s❡t ♦❢ ♣❧❛②❡rs ♦❜t❛✐♥✐♥❣ t❤❡ s❛♠❡ s✐❣♥❛❧ ❛t ❡❛❝❤ t✐♠❡ ✐♥st❛♥t ✐s ♠❡❛s✉r❛❜❧❡✳

❲❡ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t t❤❡ s✐❣♥❛❧s ♦❜s❡r✈❡❞ ❜② ✈❛r✐♦✉s st♦❝❤❛st✐❝ ♣❧❛②❡rs ❛r❡
✐♥❞❡♣❡♥❞❡♥t✳ ❲❡ ♦♥❧② ❛ss✉♠❡ t❤❛t t❤❡ ♠❡❛s✉r❡s ♦❢ s❡ts ♦❢ ♣❧❛②❡rs ♦❜t❛✐♥✐♥❣ ❜✉②✐♥❣
❛♥❞ s❡❧❧✐♥❣ s✐❣♥❛❧s ❛r❡ ♣♦s✐t✐✈❡ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 ❛♥❞ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② ❞❡t❛❝❤❡❞
❢r♦♠ 0 ❛♥❞ t❤❛t s✐❣♥❛❧s ♦❜t❛✐♥❡❞ ✐♥ ❞✐✛❡r❡♥t t✐♠❡ ✐♥st❛♥ts ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ❚❤❡✐r
✐♥❢♦r♠❛t✐♦♥ ✐s t❤❡ s✐❣♥❛❧ s t❤❡② ♦❜t❛✐♥❡❞✳ ❆s t❡❝❤♥✐❝❛❧ ♣❧❛②❡rs✱ t❤❡② ❞♦ ♥♦t ✐♥✈❡st ✐♥



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✶✶

❜♦♥❞s✿ e ≡ 1✳ ❋♦r s✐♠♣❧✐❝✐t② ❡❛❝❤ t②♣❡ ♦❢ st♦❝❤❛st✐❝ ♣❧❛②❡rs ✇✐❧❧ ✐♥✈❡st ✐♥ ♦♥❧② ♦♥❡
❝♦♠♣❛♥②✳

U s (s, p, (BM, BB, S, e)) =

=
∑

i=1,...,n

(2 · h · s · pi(t − 1) − C · pi) ·
(
qBM
i · 1pBM

i ≥pi
+ qBB

i · 1pBB
i ≥pi

− qS
i · 1pS

i ≤pi

)
✳

❋♦r ❛ ♣r♦✜❧❡ ∆ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s②♠❜♦❧ G
∆
t ❢♦r t❤❡ ❣❛♠❡ ✇✐t❤ t❤❡ s❛♠❡ s❡t

♦❢ ♣❧❛②❡rs✱ ♣❧❛②❡rs str❛t❡❣② s❡ts Dω

((
X∆

)ω
(t)

)
✱ ❛♥❞ ♣❛②♦✛ ❢✉♥❝t✐♦♥s Πω(p, d) =

Uk(ω)(Ik(ω)(∆, t), p, d)✳ ❚❤✐s ❣❛♠❡ ✐s ❝❛❧❧❡❞ s✉❜❣❛♠❡ ✇✐t❤ ❞✐st♦rt❡❞ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ♦✉r
❣❛♠❡ G✳

✸✳ ❘❡s✉❧ts

❍❡r❡ ✇❡ ♣r❡s❡♥t t✇♦ ❝♦♥❝❡♣ts ♦❢ ❡q✉✐❧✐❜r✐❛ ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ ♦✉r ♠♦❞❡❧✳

✸✳✶✳ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ❛♥❞ ❜❡❧✐❡❢✲❞✐st♦rt❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐❛✳ ❚❤❡ ❜❛s✐❝ ❝♦♥✲
❝❡♣t ♦❢ ❣❛♠❡ t❤❡♦r② ✐s ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✳

❉❡✜♥✐t✐♦♥ ✶✳ ❆ ♣r♦✜❧❡ ∆ ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❢♦r ❛✳❡✳ ω ∈ Ω✱ ❢♦r ❡✈❡r② ♣r♦✜❧❡
∆̃ s✉❝❤ t❤❛t ∆̃(ν) = ∆(ν) ❢♦r ν 6= ω ✇❡ ❤❛✈❡ Πω(∆) ≥ Πω(∆̃)✳

❍♦✇❡✈❡r✱ ❛❧❧ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ✐♥ ♦✉r ❣❛♠❡ ❛r❡ ♥♦t ✈❡r② ✐♥t❡r❡st✐♥❣ ❛♥❞ t❤❡② ❛r❡ ❢❛r
❢r♦♠ r❡❛❧✐t② ✕ ❛t ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ t❤❡ st♦❝❦ ❡①❝❤❛♥❣❡ ❝❛♥♥♦t ♦♣❡r❛t❡✳

❚❤❡♦r❡♠ ✶✳ ❈♦♥s✐❞❡r ❛ ❣❛♠❡ ✐♥ ✇❤✐❝❤ ♣❧❛②❡rs ❤❛✈❡ ✐❞❡♥t✐❝❛❧ ❛✈❛✐❧❛❜❧❡ str❛t❡❣② s❡ts
❛♥❞ Tω✳ ■❢ C > 0 ❛♥❞ t❤❡ ♠❛①✐♠❛❧ ♣❛②♦✛ t❤❛t ❝❛♥ ❜❡ ❛tt❛✐♥❡❞ ❜② t❤❡ ♣❧❛②❡rs ❞✉r✐♥❣
t❤❡ ❣❛♠❡ ✐s ✜♥✐t❡✱ t❤❡♥ ❛t ❡✈❡r② ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r i ∈ {1, . . . , n} ❛♥❞ ❡✈❡r② t ∈ T

t❤❡ ✈♦❧✉♠❡ ✐s 0✳
■❢✱ ♠♦r❡♦✈❡r✱ esssupω∈Ω,qBM

i (ω,t)>0 pBM
i (ω, t)✱ essinfω∈Ω,qS

i (ω,t)>0 pS
i (ω, t) ❛♥❞

esssupω∈Ω,qBB
i (ω,t)>0 pBB

i (ω, t) ❛r❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [(1 − h) · pi(t − 1), (1 + h) · pi(t − 1)]
t❤❡♥
esssupω∈Ω,qBM

i (ω,t)>0 pBM
i (ω, t) < essinfω∈Ω,qS

i (ω,t)>0 pS
i (ω, t) ❛♥❞

esssupω∈Ω,qBB
i (ω,t)>0 pBB

i (ω, t) < essinfω∈Ω,qS
i (ω,t)>0 pS

i (ω, t)✳

Pr♦♦❢✳ ▲❡t ✉s ❝♦♥s✐❞❡r ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜❧❡ ✇✐t❤ ❛ tr❛❥❡❝t♦r② ♦❢ ♣r✐❝❡s p✳
▲❡t ✉s ❛ss✉♠❡ t❤❛t ❛t t✐♠❡ t ♣❧❛②❡r ω s❡❧❧s ❛ ♣♦s✐t✐✈❡ ❛♠♦✉♥t qS

i (ω, t) ✭✐✳❡✳ ❤❡
❤❛s pS

i (ω, t) ≤ pi(t)✮ ✇❤✐❧❡ ♣❧❛②❡r ν ❜✉②s qBM
i (ν, t) > 0 ❢♦r ♠♦♥❡② ✭✐✳❡✳ ❤❡ ❤❛s

pBM
i (ν, t) ≥ pi(t)✮✳

❋✐rst ❧❡t ✉s s❤♦✇ t❤❛t ❛t ❡q✉✐❧✐❜r✐✉♠ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t❤❛t ❛ ♣❧❛②❡r ✭♦✉ts✐❞❡ ❛ s❡t
♦❢ ♠❡❛s✉r❡ 0✮ ❜♦t❤ ❜✉②s ❛♥❞ s❡❧❧s s❤❛r❡s ❛t t❤❡ s❛♠❡ t✐♠❡ ✐♥st❛♥t✱ ✐✳❡✳ t❤❛t s✉❝❤ ❛
s✐t✉❛t✐♦♥ ✐s ✐♠♣♦ss✐❜❧❡ ❢♦r ν = ω✳

▲❡t ✉s ❛ss✉♠❡ t❤❡ ❝♦♥✈❡rs❡ ❛♥❞ ❧❡t ✉s ❞❡♥♦t❡ ❜② q̄ t❤❡ ♠✐♥✐♠✉♠ ♦❢ qBM
i (ω, t) ❛♥❞

qS
i (ω, t)✳ ■❢ ♣❧❛②❡r ω ❞❡❝r❡❛s❡s ❜♦t❤ qBM

i (ω, t) ❛♥❞ qS
i (ω, t) ❜② q̄✱ t❤❡♥ ❤❡ ✐♥❝r❡❛s❡s ❤✐s



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✶✷

✐♥st❛♥t❛♥❡♦✉s ♣❛②♦✛ ❛t t✐♠❡ t ❜② q̄ · (1+C) ·pi(t)− q̄ · (1−C) ·pi(t) = 2 ·C ·pi(t) > 0✳
❆t ❡q✉✐❧✐❜r✐✉♠ t❤❡ s❡t ♦❢ ♣❧❛②❡rs ✇❤♦ ❞♦ ♥♦t ♠❛①✐♠✐③❡ t❤❡✐r ♣❛②♦✛s ✐s ♦❢ ♠❡❛s✉r❡ 0✳

◆♦✇ ❧❡t ❝♦♥s✐❞❡r t✇♦ ♣❧❛②❡rs ω ❛♥❞ ν✳ ◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ ❝❤❛♥❣❡ ♦❢ str❛t❡❣② ♦❢
♣❧❛②❡r ω s✉❝❤ t❤❛t ✐♥st❡❛❞ ♦❢ s❡❧❧✐♥❣ s❤❛r❡ i ❛t t✐♠❡ t✱ ❤❡ r❡♣❡❛ts t❤❡ ♣❛rt ♦❢ str❛t❡❣②

♦❢ ♣❧❛②❡r ν r❡s✉❧t✐♥❣ ❢r♦♠ ❜✉②✐♥❣ ✐t✱ ♠✉❧t✐♣❧✐❡❞ ❜② ❛ ❝♦❡✣❝✐❡♥t q̄ =
qS
i (ω,t)

qBM
i (ν,t)

✳ ■♥ ♦r❞❡r

t♦ ♣r❡❝✐s❡ ✇❤❛t ✇❡ ♠❡❛♥✱ ✇❡ ✑❧❛❜❡❧✑ t❤❡ ♠♦♥❡② ♦❜t❛✐♥❡❞ ❢r♦♠ s❡❧❧✐♥❣ ✐t ❜② ♣❧❛②❡r ν✱
❜♦♥❞s ♦r s❤❛r❡s ❜♦✉❣❤t ❢♦r t❤✐s ♠♦♥❡② ❛♥❞ s♦ ♦♥✱ r❡❝✉rs✐✈❡❧②✳ ❚❤✐s ❧❛❜❡❧❧✐♥❣ ❞♦❡s
♥♦t ❤❛✈❡ t♦ ❜❡ ✉♥✐q✉❡✱ ❜✉t ✐t ❡①✐sts✳ ❚❤❡ ♣❛rt ♦❢ ♣❛②♦✛ ♦❢ ♣❧❛②❡r ν r❡s✉❧t✐♥❣ ❢r♦♠

t❤❡ ❧❛❜❡❧❧❡❞ tr❛♥s❛❝t✐♦♥s ✭❞✐s❝♦✉♥t❡❞ ❢♦r t0✮✱ Vν ✱ ❤❛s t♦ ❢✉❧✜❧❧ Vν ≥
pi(t)·q

BM
i (ν,t)

(1+r)t−t0
✱ s✐♥❝❡

♦t❤❡r✇✐s❡ ✐t ✐s ❜❡tt❡r ❢♦r ♣❧❛②❡r ν ♥♦t t♦ ❜✉② s❤❛r❡ i ❜✉t st❛② ✇✐t❤ ♠♦♥❡② ✭✐❢ ✐t ✐s
❛✈❛✐❧❛❜❧❡ ✐♥ ❤✐s str❛t❡❣② s❡t✮ ♦r ❜✉② ❜♦♥❞s ✐♥st❡❛❞✳

◆♦✇ ❧❡t ✉s ❡①♣❧❛✐♥ ✇❤❛t ✇❡ ♠❡❛♥ ❜② r❡♣❡❛t✐♥❣ t❤❡ ❧❛❜❡❧❧❡❞ ♣❛rt ♦❢ str❛t❡❣② ♦❢
♣❧❛②❡r ν ❜② ♣❧❛②❡r ω✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♦r❞❡rs ❢♦r ❛♥② s❤❛r❡ j✳ ❆t t✐♠❡ t ✇❡ ❝❤❛♥❣❡
♦♥❧② qS

i (ω, t) t♦ 0✳
❋♦r ❛♥② t✐♠❡ s > t ❢♦r ✇❤✐❝❤ pS

j (ν, s) > pj(s)✱ pBM
j (ν, s) < pj(s) ♦r pBB

j (ν, s) <

pj(s) ✇❡ ❞♦ ♥♦t ❝❤❛♥❣❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♦r❞❡rs ❢♦r s❤❛r❡ j✳
❖t❤❡r✇✐s❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐t✉❛t✐♦♥s✳
✶✳ ❚❤❡ ♣r✐❝❡ ❧✐♠✐t ✐♥ t❤❡ s❡❧❧✐♥❣ ♦r❞❡r ❢✉❧✜❧s pS

j (ν, s) ≤ pj(s)✳ ▲❡t q′ ❞❡♥♦t❡ t❤❡
❧❛❜❡❧❧❡❞ ♣❛rt ♦❢ qS

j (ν, s)✳
■❢ pS

j (ω, s) ≤ pj(s)✱ t❤❡♥ ✇❡ ❝❤❛♥❣❡ ♦♥❧② qS
j (ω, s) t♦ qS

j (ω, s) + q′ · q̄✳ ❖t❤❡r✇✐s❡✱
✇❡ ❝❤❛♥❣❡ pS

j (ω, s) t♦ pj(s) ❛♥❞ qS
j (ω, s) t♦ q′ · q̄✳

✷✳ ❚❤❡ ♣r✐❝❡ ❧✐♠✐t ✐♥ t❤❡ ❇▼ ♦r❞❡r ❢✉❧✜❧s pBM
j (ν, s) ≥ pj(s)✳ ▲❡t q′ ❞❡♥♦t❡ t❤❡

❧❛❜❡❧❧❡❞ ♣❛rt ♦❢ qBM
j (ν, s)✳

■❢ pBM
j (ω, s) ≥ pj(s)✱ t❤❡♥ ✇❡ ❝❤❛♥❣❡ ♦♥❧② qBM

j (ω, s) t♦ qBM
j (ω, s)+q′·q̄✳ ❖t❤❡r✇✐s❡✱

✇❡ ❝❤❛♥❣❡ pBM
j (ω, s) t♦ pj(s) ❛♥❞ qBM

j (ω, s) t♦ q′ · q̄✳
✸✳ ❚❤❡ ♣r✐❝❡ ❧✐♠✐t ❢✉❧✜❧s pBB

j (ν, s) ≥ pj(s)✳ ▲❡t q′ ❞❡♥♦t❡ t❤❡ ❧❛❜❡❧❧❡❞ ♣❛rt ♦❢
qS
j (ν, s)✳
■❢ pBB

j (ω, s) ≤ pj(s)✱ t❤❡♥ ✇❡ ❝❤❛♥❣❡ ♦♥❧② qBB
j (ω, s) t♦ qBB

j (ω, s)+q′ · q̄✳ ❖t❤❡r✇✐s❡✱
✇❡ ❝❤❛♥❣❡ pBB

j (ω, s) t♦ pj(s) ❛♥❞ qBB
j (ω, s) t♦ q′ · q̄✳

❚❤❡ ♣❛②♦✛ ♦❢ ♣❧❛②❡r ω ✐♥❝r❡❛s❡s ❜② Vν · q̄ ❜✉t ❞❡❝r❡❛s❡s ❜② t❤❡ ♣❛②♦✛ ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ t❤❡ ♣❛rt ♦❢ str❛t❡❣② r❡s✉❧t✐♥❣ ❢r♦♠ s❡❧❧✐♥❣ s❤❛r❡ i ❛t t✐♠❡ t ❞✐s❝♦✉♥t❡❞ ❢♦r t0✱
Vω · (1−C)✱ ✇❤✐❝❤ ✇❡ ❞❡✜♥❡ ❛♥❛❧♦❣♦✉s❧②✱ ❜② ❧❛❜❡❧❧✐♥❣ t❤❡ ♣❛rt ♦❢ str❛t❡❣② ♦❢ ♣❧❛②❡r ω

r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ♠♦♥❡② ♦❜t❛✐♥❡❞ ❢♦r s❤❛r❡ i✳ ◆♦✇ ✇❡ ❛ss✉♠❡ t❤❛t ♣❧❛②❡r ν✱ ✐♥st❡❛❞
♦❢ ❜✉②✐♥❣ s❤❛r❡ i ❢♦r ♠♦♥❡② ❛t t✐♠❡ t r❡♣❡❛ts t❤❡ ❧❛❜❡❧❧❡❞ tr❛♥s❛❝t✐♦♥s ♦❢ ♣❧❛②❡r ω✱
♠✉❧t✐♣❧✐❡❞ ❜② 1

q̄
✱ ❛♥❛❧♦❣♦✉s❧② t♦ t❤❡ ❢♦r♠ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ❢♦r ♣❧❛②❡r ω✳ ❇② t❤✐s ❤❡

✐♥❝r❡❛s❡s ❤✐s ♣❛②♦✛ ❜② Vω

q̄
✭✇✐t❤♦✉t ♠✉❧t✐♣❧②✐♥❣ ❜② (1 − C) s✐♥❝❡ ❤❡ ❞♦❡s ♥♦t ❤❛✈❡ t♦

♣❛② ❝♦♠♠✐ss✐♦♥✮ ❜✉t ❞❡❝r❡❛s❡s ✐t ❜② Vv✳ ❆t ❡q✉✐❧✐❜r✐✉♠ t❤❡ s❡t ♦❢ ♣❧❛②❡rs t❤❛t ❝❛♥
✐♠♣r♦✈❡ t❤❡✐r ♣❛②♦✛s ❜② ❝❤❛♥❣✐♥❣ t❤❡✐r ❞❡❝✐s✐♦♥ ✐s ♦❢ ♠❡❛s✉r❡ 0✱ t❤❡r❡❢♦r❡ ❢♦r ❛✳❡✳
s✉❝❤ ω ❛♥❞ ν✱ ✇❡ ❤❛✈❡ ❜♦t❤ Vν · q̄ − Vω · (1 − C) ≤ 0 ❛♥❞ Vω

q̄
− Vν ≤ 0✱ ✇❤✐❝❤ ✐s



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✶✸

✐♠♣♦ss✐❜❧❡ ❢♦r C ∈ (0, 1)✳
❋♦r qBB

i (ω, t) > 0✱ t❤❡ r❡❛s♦♥✐♥❣ ✐s ❛♥❛❧♦❣♦✉s✳

❙✐♥❝❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ s❡❡♠s ✉♥r❡❛❧✐st✐❝ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❛ st♦❝❦ ❡①❝❤❛♥❣❡✱ ❛s ✐♥
❲✐s③♥✐❡✇s❦❛✲▼❛t②s③❦✐❡❧ ❬✹✷❪ ❛♥❞ ❬✹✸❪✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥♦t❤❡r ❝♦♥❝❡♣t ♦❢ ❡q✉✐❧✐❜r✐✉♠✱
t❛❦✐♥❣ t❤❡ ❞✐st♦rt❡❞ ✐♥❢♦r♠❛t✐♦♥ str✉❝t✉r❡ ✐♥t♦ ❛❝❝♦✉♥t✳

❉❡✜♥✐t✐♦♥ ✷✳ ❆ ♣r♦✜❧❡ ∆ ✐s ❛ ❜❡❧✐❡❢✲❞✐st♦rt❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐❢ ❢♦r ❡✈❡r② t ∈ T✱
❛✳❡✳ ω ∈ Ω ❛♥❞ ❡✈❡r② d ∈ Dω

((
X∆

)ω
(t)

)
✇❡ ❤❛✈❡ Uk(ω)

(
Ik(ω)(∆, t), p∆(t), ∆ω(t)

)
≥

Uk(ω)
(
Ik(ω)(∆, t), p∆(t), d

)
✳

◆♦t❡ t❤❛t ❢♦r ❛ ❜❡❧✐❡❢✲❞✐st♦rt❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ∆✱ ❛❧❧ st❛t✐❝ ♣r♦✜❧❡s ∆·(t) ❛r❡
◆❛s❤ ❡q✉✐❧✐❜r✐❛ ✐♥ G

∆
t ✱ ❝♦rr❡s♣♦♥❞✐♥❣❧②✳

❚❤❡♦r❡♠ ✷✳ ■❢ C > 0 ❛♥❞ ❛✳❡✳ ♣❧❛②❡r ω ✐s ♦❢ t❤❡ s❛♠❡ t②♣❡ ♦❢ ❢♦r♠❛t✐♦♥ ♦❢ ❡①♣❡❝✲
t❛t✐♦♥s✱ t❤❡♥ ❛t ❡✈❡r② ❜❡❧✐❡❢✲❞✐st♦rt❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❡✈❡r② t

t❤❡ ✈♦❧✉♠❡ ✐s 0✳
■❢✱ ♠♦r❡♦✈❡r✱ esssupω∈Ω,qBM

i (ω,t)>0 pBM
i (ω, t)✱ essinfω∈Ω,qS

i (ω,t)>0 pS
i (ω, t) ❛♥❞

esssupω∈Ω,qBB
i (ω,t)>0 pBB

i (ω, t) ❛r❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [(1 − h) · pi(t − 1), (1 + h) · pi(t − 1)]
t❤❡♥
esssupω∈Ω,qBM

i (ω,t)>0 pBM
i (ω, t) < essinfω∈Ω,qS

i (ω,t)>0 pS
i (ω, t) ❛♥❞

esssupω∈Ω,qBB
i (ω,t)>0 pBB

i (ω, t) < essinfω∈Ω,qS
i (ω,t)>0 pS

i (ω, t)✳

Pr♦♦❢✳ ❆❢t❡r s✉❜st✐t✉t✐♥❣ t❤❡ s♣❡❝✐✜❝ ❢♦r♠ ♦❢ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❢♦r
❡✈❡r② t②♣❡ ♦❢ ❢♦r♠❛t✐♦♥ ♦❢ ❡①♣❡❝t❛t✐♦♥s ✐t ❜❡❝♦♠❡s ❛♥ ❡❛s② ❝❛❧❝✉❧❛t✐♦♥✳

■♥ ❲✐s③♥✐❡✇s❦❛✲▼❛t②s③❦✐❡❧ ❬✹✷❪ ❛♥❞ ❬✹✸❪ ❡q✉✐✈❛❧❡♥❝❡ t❤❡♦r❡♠s ✇❡r❡ st❛t❡❞ ❜❡✲
t✇❡❡♥ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ❛♥❞ ❜❡❧✐❡❢✲❞✐st♦rt❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐❛ ❛❧♦♥❣ t❤❡ ♣❡r❢❡❝t ❢♦r❡s✐❣❤t
♣❛t❤✳ ■♥ t❤✐s ♣❛♣❡r ❛ s✐♠✐❧❛r r❡s✉❧t ❝❛♥ ❜❡ ♣r♦✈❡♥✳ ❍♦✇❡✈❡r✱ ✐t r❡q✉✐r❡s ❛♥ ❡①♣❧✐❝✐t
❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❜❡❧✐❡❢ ❝♦rr❡s♣♦♥❞❡♥❝❡✱ ♦♠✐tt❡❞ ❤❡r❡ ❢♦r ❝♦♥❝✐s✐♦♥✳

✸✳✷✳ ❚❤r❡s❤♦❧❞ ♣r✐❝❡s ❛♥❞ ✇❡❛❦ ❞♦♠✐♥❛♥❝❡✳ ❲❡ st❛rt ♦✉r ✐♥✈❡st✐❣❛t✐♦♥ ♦❢

t❤❡ ♠♦❞❡❧ ❜② ❞❡✜♥✐♥❣ ❛ ♠✐♥✐♠❛❧ ♣r♦✜t❛❜❧❡ ♣r✐❝❡ ✐♥ ❛ s❡❧❧✐♥❣ ♦r❞❡r pS
k

i (I) ❣✐✈❡♥ ✐♥✲

❢♦r♠❛t✐♦♥ I ❛s ✇❡❧❧ ❛s ♠❛①✐♠❛❧ ♣r♦✜t❛❜❧❡ ♣r✐❝❡ ✐♥ ❜♦t❤ ❜✉②✐♥❣ ♦r❞❡rs ✕ pBM
k

i (I) ❢♦r

✑❜✉②✐♥❣ ❢♦r ♠♦♥❡②✑ ❛♥❞ pBB
k

i (I) ✑❜✉②✐♥❣ ❢♦r ❜♦♥❞s✑✳

❉❡✜♥✐t✐♦♥ ✸✳ ❛✮ ❆ ♣r✐❝❡ pS
k

i (I) ✐s t❤❡ t❤r❡s❤♦❧❞ ♣r✐❝❡ ❢♦r s❡❧❧✐♥❣ ♦r❞❡r ❢♦r ♣❧❛②❡rs ♦❢

t②♣❡ k ❛t ✐♥❢♦r♠❛t✐♦♥ I ✐❢ ❢♦r ❡✈❡r② str❛t❡❣② δ̄ ✇✐t❤ pS
i = pS

k

i (I) ❛♥❞ qS
i ♣♦s✐t✐✈❡✱ ❛♥❞



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✶✹

❛ str❛t❡❣② δ ❞✐✛❡r✐♥❣ ❢r♦♠ δ̄ ♦♥❧② ❜② pS
i ❛♥❞ ✇✐t❤ pS

i < pS
k

i (I) ✇❡ ❤❛✈❡ Uk
(
I, p, δ̄

)
>

Uk (I, p, δ) ❢♦r s♦♠❡ p ∈ P
n ❛♥❞ Uk

(
I, p, δ̄

)
≥ Uk (I, p, δ) ❢♦r ❛❧❧ p ∈ P

n✳

❜✮ ❆ ♣r✐❝❡ pBM
k

i (I) ✐s t❤❡ t❤r❡s❤♦❧❞ ♣r✐❝❡ ❢♦r ❜✉②✐♥❣ ❢♦r ♠♦♥❡② ♦r❞❡r ❢♦r ♣❧❛②❡rs

♦❢ t②♣❡ k ❛t ✐♥❢♦r♠❛t✐♦♥ I ✐❢ ❢♦r ❡✈❡r② str❛t❡❣② δ̄ ✇✐t❤ pBM
i = pBM

k

i (I) ❛♥❞ qBM
i

♣♦s✐t✐✈❡✱ ❛♥❞ ❛ str❛t❡❣② δ ❞✐✛❡r✐♥❣ ❢r♦♠ δ̄ ♦♥❧② ❜② pBM
i ❛♥❞ ✇✐t❤ pBM

i > pBM
k

i (I) ✇❡
❤❛✈❡ Uk

(
I, p, δ̄

)
> Uk (I, p, δ) ❢♦r s♦♠❡ p ∈ P

n ❛♥❞ Uk
(
I, p, δ̄

)
≥ Uk (I, p, δ) ❢♦r ❛❧❧

p ∈ P
n✳

❝✮ ❆ ♣r✐❝❡ pBB
k

i (I) ✐s t❤❡ t❤r❡s❤♦❧❞ ♣r✐❝❡ ❢♦r ❜✉②✐♥❣ ❢♦r ❜♦♥❞s ♦r❞❡r ❢♦r ♣❧❛②❡rs ♦❢

t②♣❡ k ❛t ✐♥❢♦r♠❛t✐♦♥ I ✐❢ ❢♦r ❡✈❡r② str❛t❡❣② δ̄ ✇✐t❤ pBB
i = pBB

k

i (I) ❛♥❞ qBB
i ♣♦s✐t✐✈❡✱

❛♥❞ ❛ str❛t❡❣② δ ❞✐✛❡r✐♥❣ ❢r♦♠ δ̄ ♦♥❧② ❜② pBB
i ❛♥❞ ✇✐t❤ pBB

i > pBB
k

i (I) ✇❡ ❤❛✈❡
Uk

(
I, p, δ̄

)
> Uk (I, p, δ) ❢♦r s♦♠❡ p ∈ P

n ❛♥❞ Uk
(
I, p, δ̄

)
≥ Uk (I, p, δ) ❢♦r ❛❧❧ p ∈ P

n✳

◆♦✇ ✇❡ s❤❛❧❧ ❝❛❧❝✉❧❛t❡ t❤❡ t❤r❡s❤♦❧❞ ♣r✐❝❡s ❢♦r ❛❧❧ t②♣❡s ♦❢ ♣❧❛②❡rs✱ ❣✐✈❡♥ t❤❡✐r
✐♥❢♦r♠❛t✐♦♥✳ ■♥ ♦r❞❡r t♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✱ ✇❡ s❤❛❧❧ ✐♥tr♦❞✉❝❡ t✇♦ s②♠❜♦❧s✿ ✐❢ a

✐s ❛ ♥♦♥♥❡❣❛t✐✈❡ r❡❛❧ t❤❡♥ ❜② succ(a) = minp∈P,p≥a p ❛♥❞ ❜② pred(a) = maxp∈P,p≤a p✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❚❤r❡s❤♦❧❞ ♣r✐❝❡s ❣✐✈❡♥ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡
t②♣❡ ❛r❡ ❛s ❢♦❧❧♦✇s✳

❛✮ ❋♦r ❢✉♥❞❛♠❡♥t❛❧ ♣❧❛②❡rs pS
f

i (fi) = succ
(

fi

(1−C)2

)
✱

pBM
f

i (fi) = pred (fi)✱ pBB
f

i (fi) = pred
(

fi

(1+C)2

)
✳

❜✮ ❋♦r t❡❝❤♥✐❝❛❧ ♣❧❛②❡rs pS
t

i(si, ∆pi, p̄i) = succ
(

p̄i+∆pi

(1−C)

)
✱

pBM
t

i(si, ∆pi, p̄i) = pBB
t

i(fi) = pred
(

p̄i+∆pi

(1+C)

)
✳

❝✮ ❋♦r st♦❝❤❛st✐❝ ♣❧❛②❡rs pS
s

i (s, p̄i) = succ
(

p̄i+2hs

(1−C)

)
✱

pBM
s

i (s, p̄i) = pBB
s

i (s) = pred
(

p̄i+2hs

(1+C)

)
✳

❞✮ ❋♦r ❡❝♦♥♦♠❡tr✐❝ ♣❧❛②❡rs pS
e

i (p̂i) = succ
(

bpi+w

(1−C)2

)
✱

pBM
e

i (p̂i) = pred (p̂i − w)✱ pBB
e

i (p̂i) = pred
(

bpi−w

(1+C)2

)
✳

❡✮ ❋♦r ♣♦rt❢♦❧✐♦ ♣❧❛②❡rs pS
p

i (R̄i, pi(t − 1)) = succ

(
(1+R̄i)

2
pi(t−1)

(1−C)2+ρi

)
✱

pBM
p

i (R̄i, pi(t−1)) = pred

(
(1+R̄i)

2
pi(t−1)

1+ρi

)
✱ pBB

p

i (R̄i, pi(t−1)) = pred

(
(1+R̄i)

2
pi(t−1)

(1+C)2+ρi

)
✳

Pr♦♦❢✳
❲❡ s❤❛❧❧ st❛t❡ t❤❡ ♣r♦♦❢ ❢♦r ❢✉♥❞❛♠❡♥t❛❧ ♣❧❛②❡rs✳ ❋♦r t❤❡ r❡♠❛✐♥✐♥❣ ♣❧❛②❡rs ✐t ✐s

❛♥❛❧♦❣♦✉s✳



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✶✺

❋✐rst ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ♣❛rt ♦❢ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ s❡❧❧✐♥❣
♦r❞❡r ❢♦r t❤❡ i✲t❤ s❤❛r❡ −

(
fi − pi · (1 − C)2) · qS

i · 1pS
i ≤pi

❢♦r ♣♦s✐t✐✈❡ qS
i ✳ ■t ✐♥❝r❡❛s❡s

✇✐t❤ pS
i ❢♦r pS

i ≤ pi ❛♥❞ ✐s 0 ❢♦r pS
i > pi✳ ■❢ ✇❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ❝♦♠♣❛r✐♥❣

❞❡❝✐s✐♦♥s ❞✐✛❡r✐♥❣ ♦♥❧② ❜② t❤❡ ♣r✐❝❡ ✐♥ t❤✐s ♦r❞❡r✱ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛rts ♦❢ t❤❡ ❡①♣❡❝t❡❞
♣❛②♦✛ ❞♦ ♥♦t ❝❤❛♥❣❡✳

❚❤✐s ♣❛rt ✐s ♥♦♥♥❡❣❛t✐✈❡ ✐❢ −
(
fi − pi · (1 − C)2) ≥ 0✱ ✐✳❡✳ pi ≥ fi

(1−C)2
✳ ❚❤❡

❧♦✇❡st ♣r✐❝❡ ❛t ✇❤✐❝❤ ✐t ✐s s❛t✐s✜❡❞ ✐s succ
(

fi

(1−C)2

)
✳ ▲❡t ✉s t❛❦❡ ❛ ❞❡❝✐s✐♦♥ d̄ ✇✐t❤

pS
i = succ

(
fi

(1−C)2

)
❛♥❞ d ❞✐✛❡r✐♥❣ ❢r♦♠ d̄ ♦♥❧② ❜② pS

i < succ
(

fi

(1−C)2

)
✳ ■❢ t❤❡ ❛❝t✉❛❧

♣r✐❝❡ pi ≥ succ
(

fi

(1−C)2

)
✱ t❤❡♥ ❜♦t❤ ♦r❞❡rs ✇✐❧❧ ❜❡ ❛❞♠✐ss✐❜❧❡ ❛♥❞ ❢♦r t❤❡ ❞❡❝✐s✐♦♥ d̄

t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛rt ♦❢ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ✇✐❧❧ ❜❡ ♥♦♥♥❡❣❛t✐✈❡✱ ✇❤✐❧❡ ❢♦r d ✐t ✇✐❧❧

❜❡ ♥❡❣❛t✐✈❡✳ ■❢ t❤❡ ❛❝t✉❛❧ ♣r✐❝❡ pi < succ
(

fi

(1−C)2

)
✱ t❤❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛rt ♦❢

t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ❢♦r d̄ ✇✐❧❧ ❜❡ 0✱ ✇❤✐❧❡ ❢♦r d ✐t ✇✐❧❧ ❜❡ ♥♦♥♣♦s✐t✐✈❡✳

❚❤❡r❡❢♦r❡ t❤❡ t❤r❡s❤♦❧❞ ♣r✐❝❡ ✐♥ s❡❧❧✐♥❣ ♦r❞❡r ✐s pS
f

i (fi) = succ
(

fi

(1−C)2

)
✳

❚♦ ❣❡t ♥♦♥♥❡❣❛t✐✈✐t② ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛rt ♦❢ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ❢♦r BM
♦r❞❡r ✇❡ t❛❦❡ fi − pi ≥ 0✱ t❤❡r❡❢♦r❡ t❤❡ ♣r✐❝❡ ❧✐♠✐t ✇✐❧❧ ❜❡ pred (fi)✳

❋♦r BB ♦r❞❡r✱ ❛♥❛❧♦❣♦✉s❧②✱ ✇❡ ❣❡t pred
(

fi

(1+C)2

)
✳

❚❤❡ ♥♦t✐♦♥ ♦❢ t❤r❡s❤♦❧❞ ♣r✐❝❡ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❛❦ ❞♦♠✐♥❛♥❝❡ r❡s✉❧ts✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ❆ss✉♠❡ t❤❛t ❛t t✐♠❡ ✐♥st❛♥t t ❢♦r ❛ ♣❛st r❡❛❧✐s❛t✐♦♥ ♦❢ ❛ ♣r♦✜❧❡ ∆
♣❧❛②❡r ω ♦❢ t②♣❡ k ❤❛s ♣♦rt❢♦❧✐♦ xω ✇✐t❤ ♥♦♥③❡r♦ xω

i ❛♥❞ ❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s I✳

❛✮ ■❢ pS
k

i (I) ∈ [(1− h) · pi(t− 1), (1 + h) · pi(t− 1)]✱ t❤❡♥ ❡✈❡r② str❛t❡❣② s✉❝❤ t❤❛t

pS
i 6= pS

k

i (I) ♦r qS
i < xω

i ✐s ✇❡❛❦❧② ❞♦♠✐♥❛t❡❞ ✐♥ G
∆
t ✳

❜✮ ■❢ pS
k

i (I) < (1−h)·pi(t−1)✱ t❤❡♥ ❡✈❡r② str❛t❡❣② s✉❝❤ t❤❛t pS
i > succ ((1 − h) · pi(t − 1))

♦r qS
i < xω

i ✐s ✇❡❛❦❧② ❞♦♠✐♥❛t❡❞ ✐♥ G
∆
t ✳

Pr♦♦❢✳
❛✮ ❆s ✇❤✐❧❡ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ t❤r❡s❤♦❧❞ ♣r✐❝❡s✱ ✇❡ ❝♦♠♣❛r❡ str❛t❡❣✐❡s ✐♥ G

∆
t ❞✐✛❡r✐♥❣

♦♥❧② ❜② t❤❡ ♣r✐❝❡ ❛♥❞ ❛♠♦✉♥t ✐♥ t❤❡ s❡❧❧✐♥❣ ♦r❞❡r ❢♦r s❤❛r❡ i ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
♣❛rt ♦❢ t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥✳ ■♥ ❛❧❧ ❝❛s❡s t❤❡ ♣❛②♦✛ ✐s ❝♦♥str✉❝t❡❞ s✉❝❤ t❤❛t t❤✐s ♣❛rt

♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ s❡♣❛r❛t❡❧②✳ ◆♦t❡ t❤❛t ❢♦r ❛ str❛t❡❣② d̄ ✇✐t❤ pS
i = pS

k

i (I) ❛♥❞ qS
i > 0

✐t ✐s ❛❧✇❛②s ♥♦♥♥❡❣❛t✐✈❡✱ ✇❤✐❧❡ ❢♦r ❛♥② ♠❛r❦❡t ♣r✐❝❡ ❤✐❣❤❡r t❤❛♥ pS
k

i (I) ✐t ✐s str✐❝t❧②
♣♦s✐t✐✈❡ ✳

❋♦r ❛ str❛t❡❣② d ❞✐✛❡r✐♥❣ ♦♥❧② ❜② pS
i ✇✐t❤ pS

i > pS
k

i (I) ❛t t❤❡ ♠❛r❦❡t ♣r✐❝❡ ❧♦✇❡r
t❤❛♥ pS

i t❤❡ ♦r❞❡r ✇✐❧❧ ♥♦t ❜❡ ❡①❡❝✉t❡❞✱ t❤❡r❡❢♦r❡ t❤✐s ♣❛rt ♦❢ t❤❡ ♣❛②♦✛ ✇✐❧❧ ❜❡ 0



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✶✻

✭❧❡ss t❤❛♥ ❢♦r d̄✮✱ ✇❤✐❧❡ ❛t t❤❡ ♠❛r❦❡t ♣r✐❝❡ ❤✐❣❤❡r t❤❛♥ pS
i ♣❛②♦✛s ❢♦r d ❛♥❞ d̄ ✇✐❧❧ ❜❡

✐❞❡♥t✐❝❛❧✳
❋♦r ❛ str❛t❡❣② d ❞✐✛❡r✐♥❣ ♦♥❧② ❜② pS

i ✇✐t❤ pS
i < pS

k

i (I) ❛t t❤❡ ♠❛r❦❡t ♣r✐❝❡ ❣r❡❛t❡r
♦r ❡q✉❛❧ t♦ pS

i ✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛rt ♦❢ t❤❡ ♣❛②♦✛ ✇✐❧❧ ❜❡ ♥❡❣❛t✐✈❡✱ ✇❤✐❧❡ ❢♦r d̄ ✐t ✐s
♥♦♥♥❡❣❛t✐✈❡✳ ❆t t❤❡ ♠❛r❦❡t ♣r✐❝❡ ❧❡ss t❤❛♥ pS

i t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛rt ♦❢ t❤❡ ♣❛②♦✛
❢♦r ❜♦t❤ str❛t❡❣✐❡s ✇✐❧❧ ❜❡ 0✳

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ t❤❛t ♥♦t s❛②✐♥❣ t❤❡ t❤r❡s❤♦❧❞ ♣r✐❝❡ ✐♥ s❡❧❧✐♥❣ ♦r❞❡r ✐s
✇❡❛❦❧② ❞♦♠✐♥❛t❡❞✳

◆♦✇ ✇❡ ❝♦♠♣❛r❡ d̄ ✇✐t❤ ❛ str❛t❡❣② d s✉❝❤ t❤❛t pS
i = pS

k

i (I) ❛♥❞ qS
i < xω

i ✳ ❚❤❡
❝♦❡✣❝✐❡♥t ❛t qS

i ✐s ❛❧✇❛②s ♥♦♥♥❡❣❛t✐✈❡ ❛♥❞ ❛t s♦♠❡ ♣r✐❝❡s ♣♦s✐t✐✈❡✱ t❤❡r❡❢♦r❡ t❤❡
♠❛①✐♠✉♠ ✐s ♦❜t❛✐♥❡❞ ❛t t❤❡ ❝♦♥str❛✐♥t qS

i = xω
i ✳

❜✮ ❆♥ ❛♥❛❧♦❣♦✉s r❡❛s♦♥✐♥❣ ❤♦❧❞s ❢♦r t❤❡ t❤r❡s❤♦❧❞ ♣r✐❝❡ ❜❡❧♦✇ t❤❡ ❧♦✇❡r ✈❛r✐❛❜✐❧✐t②
❧✐♠✐t✳ ■t ✐s t❤❡ r❡s✉❧t ♦❢ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠❛r❦❡t ♣r✐❝❡ ♠✉st ❜❡ ❛t ❧❡❛st (1−h)·pi(t−1)✳

❚❤❡ ❛♥❛❧♦❣♦✉s ❢❛❝t ❢♦r ❜✉②✐♥❣ ♦r❞❡rs ❞♦❡s ♥♦t ❤♦❧❞✳ ❖♥❡ ♦❢ t❤❡ r❡❛s♦♥s ✐s t❤❛t
♠♦♥❡② ♦r ❜♦♥❞s ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❜✉②✐♥❣ ❛❧❧ ❦✐♥❞s ♦❢ s❤❛r❡s✳ ❊✈❡♥ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t ❛
♣❧❛②❡r ✐♥✈❡sts ♦♥❧② ✐♥ s❤❛r❡s ♦❢ ♦♥❡ ❝♦♠♣❛♥② ♦r ✐ts ♠♦♥❡② ❛♥❞ ❜♦♥❞s ❛r❡ ✑❧❛❜❡❧❡❞✑ ✐♥
t❤❡ s❡♥s❡ t❤❛t t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡♠ t❤❛t ❝❛♥ ❜❡ ✐♥✈❡st❡❞ ✐♥ s❤❛r❡s ♦❢ ❡❛❝❤ ❝♦♠♣❛♥②
✐s ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞✱ s✉❝❤ ❛ ❢❛❝t ✇✐❧❧ ♥♦t ❤♦❧❞✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❡ ❝♦♥str❛✐♥t✿ s❛②✐♥❣
❛ ❧♦✇❡r ♣r✐❝❡ ♣❧❛②❡rs ❝❛♥ ❜✉② ♠♦r❡ s❤❛r❡s✱ ✐❢ t❤❡ ♠❛r❦❡t ♣r✐❝❡ ❤❛♣♣❡♥s t♦ ❜❡ ❧❡ss ♦r
❡q✉❛❧ t♦ t❤❡ ♣r✐❝❡ ❧✐♠✐t✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ t♦ r❡♠❡♠❜❡r t❤❡ ❢❛❝t t❤❛t ♦✉r ♦r❞❡r ❝❛♥
❜❡ ♥♦t ❡①❡❝✉t❛❜❧❡ ❛♥❞ ✇❡ s❤❛❧❧ ❣❡t ♥♦t❤✐♥❣ ❢♦r t❤✐s ♦r❞❡r✳ ❙♦ ✇❡ ❤❛✈❡ t♦ ❝♦♠♣❛r❡
t✇♦ ♦♣♣♦s✐t❡ ❡✛❡❝t✿ ♠♦❞❡r❛t❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♣❛②♦✛ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❛♠♦✉♥t ❛♥❞
❝♦♥s✐❞❡r❛❜❧❡ ✐♥❝r❡❛s❡ ♦❢ r✐s❦ ♦❢ ❧♦♦s✐♥❣ s✉r❡ ♣r♦✜t✳ ❚❤❡ ♣r♦✜t ❢r♦♠ t❡❧❧✐♥❣ ❛ ❧♦✇❡r ♣r✐❝❡
❣r♦✇s ✇✐t❤ t❤❡ ❞✐✛❡r❡♥❝❡✱ ❛♥❞ ✐t ✐s t❤❡ ❤✐❣❤❡st✱ ✇❤❡♥ ✇❡ s❛② t❤❡ ❧♦✇❡r ✈❛r✐❛❜✐❧✐t② ❧✐♠✐t
✇❤✐❧❡ ♦✉r t❤r❡s❤♦❧❞ ♣r✐❝❡ ✐s ❡q✉❛❧ t♦ t❤❡ ✉♣♣❡r ✈❛r✐❛❜✐❧✐t② ❧✐♠✐t✳ ❚❤❡ t❤r❡s❤♦❧❞ ♣r✐❝❡
✐s ❡q✉❛❧ t♦ t❤❡ ✉♣♣❡r ❧✐♠✐t ♦❢ ✈❛r✐❛❜✐❧✐t② ✇❤❡♥ ✇❡ ❡①♣❡❝t ❛ ❝♦♥s✐❞❡r❛❜❧❡ ❣r♦✇t❤ ♦❢
♣r✐❝❡s✳ ■♥ s✉❝❤ ❛ s✐t✉❛t✐♦♥ t❡❧❧✐♥❣ t❤❡ ❧❡❛st ♣♦ss✐❜❧❡ ♣r✐❝❡ ✐s ❛ ♥♦♥s❡♥s❡✱ ❛♥❞ r❛t✐♦♥❛❧
✐♥✈❡st♦rs ❛t ❛ st♦❝❦ ❡①❝❤❛♥❣❡ s✉r❡❧② ❞♦ ♥♦t ❜❡❤❛✈❡ t❤✐s ✇❛②✳ ❚❤❡r❡❢♦r❡✱ ❢r♦♠ ♥♦✇ ♦♥✱
✇❡ ❛❞❞ t❤✐s ❛ss✉♠♣t✐♦♥ t♦ t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♣❧❛②❡rs✬ str❛t❡❣✐❡s✳

❉❡✜♥✐t✐♦♥ ✹✳ ❲❡ s❛② t❤❛t t❤❡ s❡t ♦❢ ❛✈❛✐❧❛❜❧❡ str❛t❡❣✐❡s ♦❢ ♣❧❛②❡r ω ✐s ❝♦♥str❛✐♥❡❞

✇✐t❤ r❡s♣❡❝t t♦ ✐♥❢♦r♠❛t✐♦♥ I ✐❢ pBM
i ≥ pBM

k(ω)

i (I) ❛♥❞ pBB
i ≥ pBB

k(ω)

i (I)✳

Pr♦♣♦s✐t✐♦♥ ✺✳ ❆ss✉♠❡ t❤❛t ❛ t✐♠❡ ✐♥st❛♥t t ❣✐✈❡♥ t❤❡ ♣❛st r❡❛❧✐s❛t✐♦♥ ♦❢ ❛ ♣r♦✜❧❡
∆ ♣❧❛②❡r ω ♦❢ t②♣❡ k ❤❛s ✐♥❢♦r♠❛t✐♦♥ I✳

❛✮ ■❢ ♣❧❛②❡r✬s ♣♦rt❢♦❧✐♦ xω ❤❛s ♣♦s✐t✐✈❡ xω
n+2 ❛♥❞ pBM

k

i (I) ∈ [(1−h)·pi(t−1), (1+h)·

pi(t−1)] ❛♥❞ i ✐s t❤❡ ♦♥❧② s❤❛r❡ ❝♦♥s✐❞❡r❡❞ ❜② ω s✉❝❤ t❤❛t pBM
k

j (I) ≥ (1−h)·pj(t−1)✱



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✶✼

t❤❡♥ ❡❛❝❤ str❛t❡❣② ♦❢ ω ✇✐t❤ pBM
i 6= pBM

k

i (I) ♦r qBM
i <

xωn+2

pBM
i (1+C)

✐s ✇❡❛❦❧② ❞♦♠✐♥❛t❡❞

✐♥ G
∆
t ✇✐t❤ t❤❡ s❡t ♦❢ str❛t❡❣✐❡s ♦❢ ω ❝♦♥str❛✐♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ I✳

❜✮ ■❢ ♣❧❛②❡r✬s ♣♦rt❢♦❧✐♦ xω ❤❛s ♣♦s✐t✐✈❡ xω
n+2 ❛♥❞ pBM

k

i (I) > (1 + h) · pi(t− 1) ❛♥❞

i ✐s t❤❡ ♦♥❧② s❤❛r❡ ❝♦♥s✐❞❡r❡❞ ❜② ω s✉❝❤ t❤❛t pBM
k

j (I) ≥ (1 − h) · pj(t − 1)✱ t❤❡♥

❡❛❝❤ str❛t❡❣② ♦❢ ω ✇✐t❤ pBM
i < pred ((1 + h) · pi(t − 1)) ♦r qBM

i <
xω

n+2

pBM
i (1+C)

✐s ✇❡❛❦❧②

❞♦♠✐♥❛t❡❞ ✐♥ G
∆
t ✇✐t❤ t❤❡ s❡t ♦❢ str❛t❡❣✐❡s ♦❢ ω ❝♦♥str❛✐♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ I✳

❝✮ ■❢ ♣❧❛②❡r✬s ♣♦rt❢♦❧✐♦ xω ❤❛s ♣♦s✐t✐✈❡ xω
n+1 ❛♥❞ pBB

k

i (I) ∈ [(1−h)·pi(t−1), (1+h)·

pi(t−1)] ❛♥❞ ✐t ✐s t❤❡ ♦♥❧② s❤❛r❡ ❝♦♥s✐❞❡r❡❞ ❜② ω s✉❝❤ t❤❛t pBB
k

j (I) ≥ (1−h)·pj(t−1)✱

t❤❡♥ ❡❛❝❤ str❛t❡❣② ♦❢ ω ✇✐t❤ pBB
i 6= pBB

k

i (I) ♦r qBB
i <

(1−C)·xω
n+1

pBB
i (1+C)

✐s ✇❡❛❦❧② ❞♦♠✐♥❛t❡❞

✐♥ G
∆
t ✇✐t❤ t❤❡ s❡t ♦❢ str❛t❡❣✐❡s ♦❢ ω ❝♦♥str❛✐♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ I✳

❞✮ ■❢ ♣❧❛②❡r✬s ♣♦rt❢♦❧✐♦ xω ❤❛s ♣♦s✐t✐✈❡ xω
n+1 ❛♥❞ pBB

k

i (I) > (1 + h) · pi(t− 1) ❛♥❞

✐t ✐s t❤❡ ♦♥❧② s❤❛r❡ ❝♦♥s✐❞❡r❡❞ ❜② ω s✉❝❤ t❤❛t pBB
k

j (I) ≥ (1 − h) · pj(t − 1)✱ t❤❡♥

❡❛❝❤ str❛t❡❣② ♦❢ ω ✇✐t❤ pBB
i < pred ((1 + h) · pi(t − 1)) ♦r qBB

i <
(1−C)·xω

n+1

pBB
i (1+C)

✐s ✇❡❛❦❧②

❞♦♠✐♥❛t❡❞ ✐♥ G
∆
t ✇✐t❤ t❤❡ s❡t ♦❢ str❛t❡❣✐❡s ♦❢ ω ❝♦♥str❛✐♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ I✳

Pr♦♦❢✳
❆♥❛❧♦❣♦✉s t♦ t❤❡ ♣r♦♦❢ ♦❢ ✹✳

Pr♦♣♦s✐t✐♦♥ ✻✳ ❆ss✉♠❡ t❤❛t ❛ t✐♠❡ ✐♥st❛♥t t ❣✐✈❡♥ t❤❡ ♣❛st r❡❛❧✐s❛t✐♦♥ ♦❢ ❛ ♣r♦✲
✜❧❡ ∆ ♣❧❛②❡r ω ♦❢ t②♣❡ k ✐♥✈❡st✐♥❣ ♦♥❧② ✐♥ s❤❛r❡ i ❛♥❞ ❤❛✈✐♥❣ ❝♦♥st❛♥t e ❤❛s ✐♥✲
❢♦r♠❛t✐♦♥ I✳ ■❢ ♣❧❛②❡r✬s ω ♣♦rt❢♦❧✐♦ xω ❤❛s ♣♦s✐t✐✈❡ xω

n+1 ❛♥❞ xω
n+2✱ t❤❡ t❤r❡s❤♦❧❞

♣r✐❝❡s pBM
k

i (I) ❛♥❞ pBB
k

i (I) ❛r❡ ❣r❡❛t❡r ♦r ❡q✉❛❧ t♦ t❤❡ ❧♦✇❡r ❧✐♠✐t ♦❢ ✈❛r✐❛❜✐❧✐t②

❛♥❞ pS
k

i (I) ✐s ❧❡ss ♦r ❡q✉❛❧ t♦ t❤❡ ✉♣♣❡r ❧✐♠✐t ♦❢ ✈❛r✐❛❜✐❧✐t②✱ t❤❛♥ t❤❡ str❛t❡❣② ♦❢ ω(
(pBM

k

i (I),
xω

n+2

pBM
i ·(1+C)

), (pBB
k

i (I),
(1−C)·xω

n+1

pBB
i ·(1+C)

), (pS
k

i (I), xω
i ), e

)
✐s ✇❡❛❦❧② ❞♦♠✐♥❛♥t ✐♥

G
∆
t ✇✐t❤ t❤❡ s❡t ♦❢ str❛t❡❣✐❡s ♦❢ ω ❝♦♥str❛✐♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ I✳

Pr♦♦❢✳
❆s ♦❢ ♣r♦♦❢ ✹✳

✹✳ ■♠♣❧✐❝❛t✐♦♥s ❢♦r ♣r❡❞✐❝t✐♦♥

❋r♦♠ ♥♦✇ ♦♥ ✇❡ s❤❛❧❧ ❛ss✉♠❡ t❤❛t ♣❧❛②❡rs ✉s❡ ♦♥❧② str❛t❡❣✐❡s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡✐r
✐♥❢♦r♠❛t✐♦♥✳ ❲❡ s❤❛❧❧ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥✱ ✇❤❛t ♠❛② ❤❛♣♣❡♥ ✐❢ ❛ str♦♥❣ ✭✐✳❡✳ ❧❛r❣❡
❛♥❞ ❤❛✈✐♥❣ ❛ ❝♦♥s✐❞❡r❛❜❧❡ ♣♦rt✐♦♥ ♦❢ ❛ss❡ts✮ ❣r♦✉♣ ♦❢ ♣❧❛②❡rs ✉s❡s t❤❡ s❛♠❡ ♣r♦❣♥♦st✐❝
t❡❝❤♥✐q✉❡ ❛♥❞ t❤❡② ♦❜t❛✐♥ t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥✳



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✶✽

❲❡ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛t ❧❡❛st ❛ s♠❛❧❧ ❣r♦✉♣ ♦❢ st♦❝❤❛st✐❝ ♣❧❛②❡rs✳ ❚❤❡ r❡❛s♦♥
✐s t❤❛t ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ ❛❧❧ ♣❧❛②❡rs ❤❛✈❡ ✐❞❡♥t✐❝❛❧ ♣r♦❣♥♦st✐❝ t❡❝❤♥✐q✉❡✱ t❤❡ st♦❝❦ ❡①✲
❝❤❛♥❣❡ ❝❛♥♥♦t ✇♦r❦ ✕ ✇❡ ♥❡❡❞ ❛t ❧❡❛st ❛ s♠❛❧❧ ❢r❛❝t✐♦♥ ♦❢ ♣❧❛②❡rs ❤❛✈✐♥❣ ❡①♣❡❝t❛t✐♦♥s
t♦ s♦♠❡ ❡①t❡♥t ♦♣♣♦s✐t❡ t❤❛♥ t❤❡ ♠❛❥♦r✐t②✳

✹✳✶✳ ❙❡❧❢✲✈❡r✐❢②✐♥❣ ❜❡❧✐❡❢s✳ ■t ✐s ♦❜✈✐♦✉s ❢r♦♠ t❤✐s ♠♦❞❡❧✱ ❜✉t ❛❧s♦ ❢r♦♠ t❤❡ r❡❛❧
❧✐❢❡✱ t❤❛t t❤❡ ❜❡❧✐❡❢s ❝❛♥ ✐♥✢✉❡♥❝❡ ♣r✐❝❡s✳ ■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ ♠♦st ✐♥t❡r❡st✐♥❣ t❤✐♥❣
t♦ ❝♦♥s✐❞❡r ✐s t❤❡ q✉❡st✐♦♥✱ ✇❤❡t❤❡r ❛♥❞ t♦ ✇❤❛t ❡①t❡♥t t❤❡ ✇❛②s ♦❢ ♣r❡❞✐❝t✐♥❣ ♣r✐❝❡s
❝❛♥ ❢♦r❝❡ t❤❡ ♣r✐❝❡s ❜❡❤❛✈❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❜❡❧✐❡❢s ✕ ✇❡ ❤❛✈❡ t♦ ♠❛t❝❤ t❤❡ ❛❜str❛❝t
✑✐♥❢♦r♠❛t✐♦♥✑ t❤❡ ♣❧❛②❡rs ♦❜t❛✐♥ ✇✐t❤ t❤❡✐r ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❢✉t✉r❡ ♣r✐❝❡s✳

❋✉♥❞❛♠❡♥t❛❧ ❛♥❛❧②s✐s✳ ❚❤❡ s✐♠♣❧❡st ❡①❛♠♣❧❡ ♦❢ s❡❧❢✲✈❡r✐❢②✐♥❣ ❜❡❧✐❡❢s ✐s ❢✉♥✲
❞❛♠❡♥t❛❧ ❛♥❛❧②s✐s✳ ❲❡ s❤❛❧❧ ❝♦♥s✐❞❡r ❛ ❣❛♠❡ st❛rt✐♥❣ ❛t t✐♠❡ t0 ✇✐t❤ ❛ ✈❡❝t♦r ♦❢
r❡❢❡r❡♥❝❡ ♣r✐❝❡s p(t0 − 1)✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛ str♦♥❣ ❣r♦✉♣ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ♣❧❛②✲
❡rs ✇✐t❤ ✐❞❡♥t✐❝❛❧ {Fi(t)}✱ ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡r❡ ✐s ❛❧s♦ ❛ s♠❛❧❧ ❣r♦✉♣ ♦❢ st♦❝❤❛s✲
t✐❝ ♣❧❛②❡rs ✐♥✈❡st✐♥❣ ✐♥ i✱ ♣♦ss❡ss✐♥❣ i ❛s ✇❡❧❧ ❛s ❜♦♥❞s ♦r ♠♦♥❡②✳ ❈♦♥s✐❞❡r ❛♥②
t✐♠❡ ✐♥st❛♥t t s✉❝❤ t❤❛t r❡❛❝❤✐♥❣ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡ ✐s t❤❡♦r❡t✐❝❛❧❧② ♣♦ss✐❜❧❡✱ ✐✳❡✳
Fi(t) ∈ P ∩ [(1 − h)t−t0 · pi(t − 1), (1 + h)t−t0 · pi(t − 1)]✳

❋✐rst✱ ✇❡ ❤❛✈❡ t♦ ❞❡✜♥❡ ✇❤❛t ✇❡ ✉♥❞❡rst❛♥❞ ❜② ❛ str♦♥❣ ❣r♦✉♣ ♦❢ ♣❧❛②❡rs ✐♥ G
∆
t

✕ ❛ ❣r♦✉♣ t❤❛t ❝❛♥ ❞♦♠✐♥❛t❡ t❤❡ ♠❛r❦❡t✳

❉❡✜♥✐t✐♦♥ ✺✳ ❲❡ ❝❛❧❧ ❛ s❡t ♦❢ ♣❧❛②❡rs Ω̄ ⊂ Ω str♦♥❣ ✐♥ G
∆
t

❛✮ ✐♥ s❤❛r❡ i ✭❢♦r i = 1, . . . , n✮ ✐❢
∫

Ω̄
(1−h) · pi(t− 1) ·Xω

i (t)dλ(ω) ≥
∫

Ω\Ω̄
Xω

n+1(t) ·

(1 − C) + Xω
n+2(t)dλ(ω)❀

❜✮ ✐♥ ❜♦♥❞s ✐❢
∫

Ω̄
Xω

n+1(t) ·(1−C)dλ(ω) ≥
∑n

i=1

∫
Ω\Ω̄

(1+h) ·pi(t−1) ·Xω
i (t)dλ(ω)❀

❝✮ ✐♥ ♠♦♥❡② ✐❢
∫

Ω̄
Xω

n+2(t)dλ(ω) ≥
∑n

i=1

∫
Ω\Ω̄

(1 + h) · pi(t − 1) · Xω
i (t)dλ(ω)❀

❞✮ ✐♥ r✐s❦ ❢r❡❡ ❛ss❡ts
∫

Ω̄
Xω

n+1(t) · (1 − C) + Xω
n+2(t)dλ(ω) ≥

∑n

i=1

∫
Ω\Ω̄

(1 + h) ·

pi(t − 1) · Xω
i (t)dλ(ω)✳

❉❡✜♥✐t✐♦♥ ✻✳ ❆ s❡t ♦❢ ♣❧❛②❡rs Ω̄ ⊂ Ω ✐s str♦♥❣ ✐♥ ❛ss❡t✭s✮ i ✐❢ ❢♦r ❡✈❡r② t ≤ supω∈Ω̄ Tω

❛♥❞ ❡✈❡r② ♣r♦✜❧❡ ∆ t❤❡ s❡t Ω̄ ✐s str♦♥❣ ✐♥ G
∆
t ✐♥ ❛ss❡t✭s✮ i✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ▲❡t Ω̄ ❜❡ ❛ s❡t ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ♣❧❛②❡rs ✇✐t❤ ✐❞❡♥t✐❝❛❧ Fi(t) ❛♥❞ ❧❡t
∆ ❜❡ ❛ ❜❡❧✐❡❢ ❞✐st♦rt❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✳

❛✮ ■❢ Ω̄ ✐s str♦♥❣ ✐♥ i ✐♥ G
∆
t ✱ t❤❡♥ pi(t) ✇✐❧❧ ♥♦t ❡①❝❡❡❞ max(pS

f

i (Fi(t)), (1 − h) ·
pi(t − 1))✳

❜✮ ■❢ Ω̄ ✐s str♦♥❣ ✐♥ ♠♦♥❡② ✐♥ G
∆
t ✱ t❤❡♥ pi(t) ✇✐❧❧ ♥♦t ❜❡ ❧❡ss t❤❛♥ min(pBM

f

i (Fi(t)), (1+
h) · pi(t − 1))✱

❝✮ ■❢ Ω̄ ✐s str♦♥❣ ✐♥ ❜♦♥❞s ✐♥ G
∆
t ✱ t❤❡♥ pi(t) ✇✐❧❧ ♥♦t ❜❡ ❧❡ss t❤❛♥ min(pBB

f

i (Fi(t), (1+
h) · pi(t − 1)))✳



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✶✾

Pr♦♦❢✳
❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ s❡t ♦❢ st♦❝❤❛st✐❝ ♣❧❛②❡rs ♣♦ss❡ss✐♥❣ s❤❛r❡s i ♦❢ ♣♦s✐t✐✈❡

♠❡❛s✉r❡ ✇✐❧❧ ❣❡t ❛ s❡❧❧✐♥❣ s✐❣♥❛❧ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ s❡t ♦❢ st♦❝❤❛st✐❝ ♣❧❛②❡rs
♦❢ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♣♦ss❡ss✐♥❣ ♠♦♥❡② ♦r ❜♦♥❞s ✇✐❧❧ ❣❡t ❛ ❜✉②✐♥❣ s✐❣♥❛❧ ❛r❡ ❡q✉❛❧ t♦
1✳ ▲❡t ✉s ♥♦t❡ t❤❛t t❤❡ t❤r❡s❤♦❧❞ s❡❧❧✐♥❣ ♣r✐❝❡ ❢♦r st♦❝❤❛st✐❝ ♣❧❛②❡rs ❣❡tt✐♥❣ s❡❧❧✐♥❣
s✐❣♥❛❧ ✐s ❜❡❧♦✇ (1−h) · pi(t− 1). ❚❤❡r❡❢♦r❡ ✇❡ s❤❛❧❧ ❤❛✈❡ s♦♠❡ s❡❧❧✐♥❣ ♦r❞❡rs ✇✐t❤ t❤❡
♣r✐❝❡ ❧✐♠✐t ❣r❡❛t❡r ♦r ❡q✉❛❧ t♦ ❧♦✇❡r ❧✐♠✐t ♦❢ ✈❛r✐❛❜✐❧✐t② ❛s ✇❡❧❧ ❛s s♦♠❡ ❜✉②✐♥❣ ♦r❞❡rs
✇✐t❤ t❤❡ ♣r✐❝❡ ❧✐♠✐t ❣r❡❛t❡r ♦r ❡q✉❛❧ t♦ ✉♣♣❡r ❧✐♠✐t ♦❢ ✈❛r✐❛❜✐❧✐t②✳

❚❤❡r❡❢♦r❡ ❛t ❡❛❝❤ ♣r✐❝❡ ❣r❡❛t❡r ♦r ❡q✉❛❧ t♦ Ps
f

i (Fi(t)) t❤❡ ✈♦❧✉♠❡ ✐s ❡q✉❛❧ t♦ t❤❡
❞❡♠❛♥❞✱ ✇❤✐❝❤ ✐s ♥♦♥✐♥❝r❡❛s✐♥❣✳

❆ss✉♠❡ t❤❛t ♣r✐❝❡ ♦❢ i ❛t t✐♠❡ t ✐s ❡q✉❛❧ t♦ p̃i > Ps
f

i (Fi(t))✳ ❚❤✐s ✇♦✉❧❞ ✐♠♣❧②

t❤❡ ❞❡♠❛♥❞ ✐s ❝♦♥st❛♥t ❛t t❤❡ ✐♥t❡r✈❛❧ [Ps
f

i (Fi(t)), p̃i]✱ ❛s ✇❡❧❧ ❛s t❤❡ ❞✐s❡q✉✐❧✐❜r✐✉♠✳
◆♦✇ ❧❡t ✉s ❝❤❡❝❦ ❝r✐t❡r✐♦♥ ✸✳ ■♥ ♦✉r ❝❛s❡ ✇❡ ✇❛♥t t♦ ♠✐♥✐♠✐s❡ t❤❡ ♥✉♠❜❡r ♦❢ s❤❛r❡s
✐♥ s❡❧❧✐♥❣ ♦r❞❡r ✇✐t❤ ♣r✐❝❡ ❧✐♠✐t ❣r❡❛t❡r t❤❛♥ t❤❡ ♠❛r❦❡t ♣r✐❝❡✳ ❚❤❡ ♠✐♥✐♠✉♠ ❝❛♥♥♦t

❜❡ ❛tt❛✐♥❡❞ ❛t p̃i✱ ♦♥❧② ✐♥ Ps
f

i (Fi(t))✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥✳
❜✮ ❛♥❞ ❝✮ ❛r❡ ♣r♦✈❡♥ ❛♥❛❧♦❣♦✉s❧②✳ ❋✐rst ✇❡ ❛ss✉♠❡ t❤❛t ❛ ❧♦✇❡r ♣r✐❝❡ ✇❛s ❝❤♦s❡♥✳

■♥ t❤✐s ❝❛s❡ t❤❡ ✈♦❧✉♠❡ ✐s ❡q✉❛❧ t♦ t❤❡ s✉♣♣❧②✳ ❚❤✉s ✐t ✐s ❝♦♥st❛♥t ❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✐♥t❡r✈❛❧✱ ❛s ✇❡❧❧ ❛s ❞✐s❡q✉✐❧✐❜r✐✉♠✱ ❜✉t t❤❡♥ ❝r✐t❡r✐♦♥ ✸ ✐s ♥♦t s❛t✐s✜❡❞✳

❚❤✉s ✇❡ ❣❡t ❢❛st ❝♦♥✈❡r❣❡♥❝❡ t♦ q✉✐t❡ ❛ ♥❛rr♦✇ ✐♥t❡r✈❛❧ ♦❢ ♣r✐❝❡s✳

❚❡❝❤♥✐❝❛❧ ❛♥❛❧②s✐s✳ ❙✐♠✐❧❛r s❡❧❢✲✈❡r✐✜❝❛t✐♦♥ r❡s✉❧ts ❝❛♥ ❜❡ ♣r♦✈❡♥ ❢♦r t❡❝❤♥✐❝❛❧
❛♥❛❧②s✐s✳ ◆❡✈❡rt❤❡❧❡ss✱ t❤❡② ❝❛♥♥♦t ❜❡ tr❡❛t❡❞ ❛s ❛ ♣r♦♦❢ ♦❢ ✈❛❧✐❞✐t② ♦❢ t❡❝❤♥✐❝❛❧
❛♥❛❧②s✐s ❛s ❛ ❝♦❣♥✐t✐♦♥ ❞❡✈✐❝❡✳

❋♦r♠❛t✐♦♥ ♦❢ ❝❛t✳ ■♥ ♦r❞❡r t♦ s❤♦✇ ❤♦✇ t❡❝❤♥✐❝❛❧ ❛♥❛❧②s✐s ❝❛♥ ♠❛❦❡ t❤❡ ♣r✐❝❡s
❜❡❤❛✈❡ ❛s ✐t ♣r❡❞✐❝ts ✇❡ s❤❛❧❧ s❤♦✇ ❛♥ ❛❜str❛❝t ❢♦r♠❛t✐♦♥✱ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ✐♥
❲✐s③♥✐❡✇s❦❛✲▼❛t②s③❦✐❡❧ ❬✹✵❪✱ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ r❡s✉❧ts ♦❢ ✐ts ♣♦♣✉❧❛r✐③❛t✐♦♥ ❛♠♦♥❣
✐♥✈❡st♦rs✳ ❚❤✐s ❢♦r♠❛t✐♦♥ ❤❛s ♥♦t ❡①✐st❡❞ ✐♥ t❡❝❤♥✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞ ✐s ♥♦t r❡✢❡❝t❡❞ ❜②
❞❛t❛✳ ■t ✇✐❧❧ ❜❡ ❢♦r♠✉❧❛t❡❞ ❛s ✐♥ t❡①t❜♦♦❦s ♦♥ t❡❝❤♥✐❝❛❧ ❛♥❛❧②s✐s ❛♥❞ ✑❡①♣❧❛✐♥❡❞✑ ❜②
❛ s✐♠✐❧❛r q✉❛s✐✲s♦❝✐♦❧♦❣✐❝❛❧ ❡①♣❧❛♥❛t✐♦♥ ✭s❡❡ ❡✳❣✳ Pr✐♥❣ ❬✶✾❪✮ ❛♥❞ ✐t ✇✐❧❧ t✉r♥ ♦✉t t♦
❜❡ ❛♣♣r♦①✐♠❛t❡❧② s❡❧❢✲✈❡r✐❢②✐♥❣✳

❋♦r♠❛t✐♦♥ ♦❢ ❈❛t st❛rts ❜② ❛ ♠♦❞❡r❛t❡ ✐♥❝r❡❛s❡ ♦❢ ♣r✐❝❡s ♦❢ s❤❛r❡s ✭❜❛❝❦ ♦❢ t❤❡
♥❡❝❦✮✱ t❤❡♥ ♣r✐❝❡s r❛♣✐❞❧② r✐❝❡✱ ❛♥❞ ❛❢t❡r✇❛r❞s ❢❛❧❧ ✭❧❡❢t ❡❛r✮✱ t❤❡♥ t❤❡r❡ ✐s ❛ ✢❛t
s✉♠♠✐t ✭❝r♦✇♥ ♦❢ t❤❡ ❤❡❛❞✮ ❛♥❞ t❤❡ t❤✐r❞ s✉♠♠✐t s✐♠✐❧❛r t♦ t❤❡ ✜rst ♦♥❡ ✭r✐❣❤t ❡❛r✮✱
❡♥❞✐♥❣ ❜② ❛ ♠♦❞❡r❛t❡ ❢❛❧❧ ♦❢ ♣r✐❝❡ ✭❢♦r❡❤❡❛❞✮ st❛rt✐♥❣ ❢r♦♠ t❤❡ ❜❛s❡ ♦❢ t❤❡ r✐❣❤t ❡❛r
❛♥❞ ❧❛st✐♥❣ ❛t ❧❡❛st ❛s ❧♦♥❣ ❛s t❤❡ r✐❣❤t ❡❛r✳ ❚❤❡ ✈♦❧✉♠❡s ❛t t❤❡ ❝r♦✇♥ ♦❢ t❤❡ ❤❡❛❞
❛r❡ ❛❧✇❛②s ❧♦✇✳

■❢ t❤❡ ✈♦❧✉♠❡ ❛t t❤❡ t♦♣ ♦❢ t❤❡ r✐❣❤t ❡❛r ✐s ❧❡ss t❤❛♥ ❛t t❤❡ t♦♣ ♦❢ t❤❡ ❧❡❢t ❡❛r✱
t❤❡♥ t❤❡ ❝❛t ✐s ❧♦♦❦✐♥❣ ❞♦✇♥✱ ✐❢ t❤❡ ❝♦♥✈❡rs❡ ❤♦❧❞s✱ t❤❡ ❝❛t ✐s ❧♦♦❦✐♥❣ ✉♣✳ ❙✐♥❝❡ ❝❛ts



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✷✵

❛r❡ ❝♦♥tr❛r② ❛♥✐♠❛❧s✱ ❝❛ts ❧♦♦❦✐♥❣ ✉♣ ❢♦r❡❝❛st ❢❛❧❧ ♦❢ ♣r✐❝❡s✱ ✇❤✐❧❡ ❝❛t ❧♦♦❦✐♥❣ ❞♦✇♥
❢♦r❡❝❛st r✐s❡ ♦❢ ♣r✐❝❡s✱ ❛♥❞ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ ❝❤❛♥❣❡s ✐s ❛t ❧❡❛st ♦♥❡ ❛♥❞ ❛ ❤❛❧❢ ♦❢
t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❡❛rs✳

❋✐❣✉r❡ ✶

◆♦✇ ✇❡ ❝♦♥str✉❝t ❛ q✉❛s✐✲s♦❝✐♦❧♦❣✐❝❛❧ ❡①♣❧❛♥❛t✐♦♥ ❛s ❢r♦♠ t❡①t❜♦♦❦s ♦♥ t❡❝❤♥✐❝❛❧
❛♥❛❧②s✐s✳

❆ ♠♦❞❡r❛t❡ ❜✉t q✉✐t❡ st❛❜❧❡ ✐♥❝r❡❛s❡ ♦❢ ♣r✐❝❡s ❝❛✉s❡s ❛♥ ❡①❛❣❣❡r❛t❡❞ ♦♣t✐♠✐s♠
❛♠♦♥❣ ♣❧❛②❡rs✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ ❞❡♠❛♥❞✳ ❆t t❤❡ t♦♣ ♦❢ ❧❡❢t ❡❛r str♦♥❣ ✭❜❡tt❡r
✐♥❢♦r♠❡❞✮ ♣❧❛②❡rs s❡❧❧ t❤❡✐r s❤❛r❡s t♦ ✇❡❛❦ ✭✇♦rs❡ ✐♥❢♦r♠❡❞✮ ♣❧❛②❡rs✱ ❝♦♥st✐t✉t✐♥❣
♠❛❥♦r✐t②✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ ❝♦rr❡❝t✐♦♥ ❛♥❞ ✇❡❛❦ ♣❧❛②❡rs s❡❧❧ t❤❡✐r s❤❛r❡s✳ ❲❤❡♥ t❤❡
♣r✐❝❡ r❡❛❝❤❡s t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ❡♥❞ ♦❢ t❤❡ ❜❛❝❦ ♦❢ t❤❡ ♥❡❝❦✱ ♣❧❛②❡rs ♦❜s❡r✈❡ t❤❡ ♠❛r❦❡t
✇❛✐t✐♥❣ ❢♦r s✐❣♥❛❧s✱ t❤❡r❡❢♦r❡ t❤❡ ✈♦❧✉♠❡ ✐s ❧♦✇✳ ■❢ t❤❡ ♦♣t✐♠✐s♠ ✇✐♥s✱ t❤❡ r✐❣❤t ❡❛r
✐s ❢♦r♠❡❞✳ ❍✐❣❤ ✈♦❧✉♠❡ ❛t r✐❣❤t ❡❛r ♠❡❛♥s str♦♥❣ ❞✐str✐❜✉t✐♦♥✿ str♦♥❣ ♣❧❛②❡rs s❡❧❧
t❤❡✐r s❤❛r❡s t♦ ✇❡❛❦ ♣❧❛②❡rs✱ ✇❤✐❝❤ ❛r❡ ♣r♦♥❡ t♦ ♣❛♥✐❝ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❢❛❧❧ ♦❢ ♣r✐❝❡s✳
▲♦✇ ✈♦❧✉♠❡s ❛t r✐❣❤t ❡❛r ♠❡❛♥ t❤❛t t❤❡ ♠❛❥♦r✐t② ♦❢ s❤❛r❡s ✐s ✐♥ t❤❡ ❤❛♥❞s ♦❢ str♦♥❣
♣❧❛②❡rs✱ ✇❤✐❝❤ ✉s✉❛❧❧② ❞♦ ♥♦t ♣❛♥✐❝✱ s✐♥❝❡ ❜② t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ t❤❡② ❡①♣❡❝t ✐♥❝r❡❛s❡
♦❢ ♣r✐❝❡s✳

❚♦ s✐♠♣❧✐❢② t❤❡ ❛♥❛❧②s✐s✱ ✇❡ ❛ss✉♠❡ t❤❛t ✇❡ ❝♦♥s✐❞❡r ♦♥❧② ♣❧❛②❡rs ✐♥✈❡st✐♥❣ ✐♥ s❤❛r❡
i✳ ❲❡ s❤❛❧❧ ❞❡♥♦t❡ t❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ❡❛rs ❜② U ✳ ❆ss✉♠❡ t❤❛t t❡❝❤♥✐❝❛❧ ♣❧❛②❡rs ✉s✐♥❣



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✷✶

t❤❡ ❝❛t ❢♦r♠❛t✐♦♥ ❡✐t❤❡r ❤❛✈❡ ♥♦ ❢✉rt❤❡r s✐❣♥❛❧s ♦r tr❡❛t t❤❡♠ ❛s ❧❡ss ✐♠♣♦rt❛♥t t❤❛♥
t❤❡ ❝❛t ❢♦r♠❛t✐♦♥ ❛♥❞ t❤❛t t❤❡r❡ ✐s ❛❧s♦ ❛ s♠❛❧❧ s❡t ♦❢ st♦❝❤❛st✐❝ ♣❧❛②❡rs ♣♦ss❡ss✐♥❣
s❤❛r❡s ❛♥❞ r✐s❦ ❢r❡❡ ❛ss❡ts✳

Pr♦♣♦s✐t✐♦♥ ✽✳ ▲❡t ∆ ❜❡ ❛ r❡❧✐s❛t✐♦♥ ♦❢ ❛ ♣r♦✜❧❡ ❛♥❞ ❧❡t t ❜❡ ❛ t✐♠❡ ✐♥st❛♥t ❛t
✇❤✐❝❤ t❤❡ ❝❛t ❢♦r♠❡❞ ❛s ❛ r❡s✉❧t ♦❢ ♣❧❛②✐♥❣ ∆ ✉♣ t♦ t✳ ■❢ t❤❡ s❡t Ω̄ ♦❢ t❡❝❤♥✐❝❛❧ ♣❧❛②❡rs
❜❡❧✐❡✈✐♥❣ ✐♥ ❝❛t ❢♦r♠❛t✐♦♥ ✐s str♦♥❣ ✐♥ r✐s❦ ❢r❡❡ ❛ss❡ts ✐♥ G

∆
t ✱ t❤❡♥ ❛t ❡✈❡r② ❜❡❧✐❡❢

❞✐st♦rt❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ t❤❡ ❝❛t ❧♦♦❦✐♥❣ ❞♦✇♥ ✐♠♣❧✐❡s ❛♥ ✐♥❝r❡❛s❡ ♦❢ ♣r✐❝❡ ♦❢ i ❛t

❧❡❛st t♦ pred
(

pi(t−1)+ 3

2
U

(1+C)

)
✱ ✇❤✐❧❡ ✐❢ Ω̄ ✐s str♦♥❣ ✐♥ i ✐♥ G

∆
t ✱ t❤❡♥ t❤❡ ❝❛t ❧♦♦❦✐♥❣ ✉♣

✐♠♣❧✐❡s ❛ ❞❡❝r❡❛s❡ ♦❢ ♣r✐❝❡s ❛t ❧❡❛st t♦ succ
(

pi(t−1)− 3

2
U

(1−C)

)
✳

Pr♦♦❢✳
▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛t ❧♦♦❦✐♥❣ ❞♦✇♥✳ ❙✐♥❝❡ t❡❝❤♥✐❝❛❧ ♣❧❛②❡rs ❡①♣❡❝t ✐♥❝r❡❛s❡ ♦❢

♣r✐❝❡✱ t❤❡✐r t❤r❡s❤♦❧❞ ♣r✐❝❡ ❛t ❡❛❝❤ t✐♠❡ ✐♥st❛♥t ✐s ❡q✉❛❧ t♦ pred
(

pi(t−1)+ 3

2
U

(1+C)

)
✳ ❋✐rst

✐t ❝❛♥ ❜❡ ❛❜♦✈❡ t❤❡ ✉♣♣❡r ✈❛r✐❛❜✐❧✐t② ❧✐♠✐t✳ ■♥ ❡❛❝❤ ♦❢ s✉❝❤ t✐♠❡ ✐♥st❛♥ts t t❤❡ ♣r✐❝❡
❧✐♠✐t ✐♥ ❜✉②✐♥❣ ♦r❞❡rs ♦❢ t❡❝❤♥✐❝❛❧ ♣❧❛②❡rs ✇✐❧❧ ❜❡ ❡q✉❛❧ t♦ pred (pi(t − 1) · (1 + h))✳
❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✼✱ ✇❡ ❣❡t t❤❛t t❤❡ ♠❛r❦❡t ♣r✐❝❡ ✐s ❡q✉❛❧ t♦ t❤❡ ♣r✐❝❡
❧✐♠✐t ♦❢ t❤❡ str♦♥❣❡st ❣r♦✉♣ ♦❢ ♣❧❛②❡rs✳ ❋✐♥❛❧❧②✱ t❡❝❤♥✐❝❛❧ ♣❧❛②❡rs ✇✐❧❧ ❤❛✈❡ t❤❡ ♣r✐❝❡

❧✐♠✐t ❡q✉❛❧ t♦ t❤❡ t❤r❡s❤♦❧❞ ♣r✐❝❡ pred
(

pi(t−1)+ 3

2
U

(1+C)

)
✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ t❤❡ ♠❛r❦❡t ♣r✐❝❡✳

❚❤❡ r❡❛s♦♥✐♥❣ ❢♦r t❤❡ ❝❛t ❧♦♦❦✐♥❣ ✉♣ ✐s ❛♥❛❧♦❣♦✉s✳

❙tr♦♥❣ s✐❣♥❛❧s ✐♥ t❡❝❤♥✐❝❛❧ ❛♥❛❧②s✐s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ str♦♥❣ s✐❣♥❛❧s ✐♥ t❡❝❤♥✐❝❛❧
❛♥❛❧②s✐s✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ t❡❝❤♥✐❝❛❧ ♣❧❛②❡rs ❡①♣❡❝t ❛ ❝❤❛♥❣❡ ♦❢ t❤❡ tr❡♥❞✱ t❤❡② ❡①♣❡❝t
❝❤❛♥❣❡s ♦❢ ♣r✐❝❡s ♦❢ ❧❛r❣❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡✳

Pr♦♣♦s✐t✐♦♥ ✾✳ ▲❡t ∆ ❜❡ ❛ ❜❡❧✐❡❢ ❞✐st♦rt❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❧❡t t ❜❡ ❛ t✐♠❡
✐♥st❛♥t ❛t ✇❤✐❝❤ ❛ str♦♥❣ s✐❣♥❛❧ ✇❛s ♦❜s❡r✈❡❞ ❛♥❞ ✐♥❞❡♥t✐❝❛❧❧② ✐♥t❡r♣r❡t❡❞ ❛s ∆pi ❜②
❛ s❡t Ω̄ ♦❢ t❡❝❤♥✐❝❛❧ ♣❧❛②❡rs✳

❛✮ ❆ss✉♠❡ ∆pi << −h · pi(t − 1) ✭❛ s❡❧❧✐♥❣ s✐❣♥❛❧✮✳ ■❢ Ω̄ ✐s str♦♥❣ ✐♥ i ✐♥ G
∆
t ❛♥❞

t❤❡r❡ ✐s ❛ s❡t ♦❢ st♦❝❤❛st✐❝ ♣❧❛②❡rs ♦❢ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ✐♥✈❡st✐♥❣ ✐♥ t❤✐s ❝♦♠♣❛♥② st✐❧❧
♣♦ss❡ss✐♥❣ r✐s❦ ❢r❡❡ ❛ss❡ts ❛t t✱ t❤❡♥ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 ♣r✐❝❡s ♦❢ s❤❛r❡ i ✇✐❧❧ ❢❛❧❧ ❛♥❞

t❤❡ ❢❛❧❧ ✇✐❧❧ ❜❡ t♦ ❛t ❧❡❛st succ
(

pi(t−1)+∆pi

(1−C)

)
✳

❜✮ ❆ss✉♠❡ ∆pi >> h · pi(t − 1) ✭❛ ❜✉②✐♥❣ s✐❣♥❛❧✮✳ ■❢ Ω̄ ✐♥✈❡sts ♦♥❧② ✐♥ ❝♦♠♣❛♥② i

♦r ❢♦r ♦t❤❡r ❝♦♠♣❛♥✐❡s j ❝♦♥s✐❞❡r❡❞ ❜② ♣❧❛②❡rs ❢r♦♠ Ω̄ pBM
k

j (I) < (1 − h) · pj(t − 1)
❛♥❞ ✐❢ Ω̄ ✐s str♦♥❣ ✐♥ r✐s❦ ❢r❡❡ ❛ss❡ts ✐♥ G

∆
t ❛♥❞ t❤❡r❡ ✐s ❛ s❡t ♦❢ st♦❝❤❛st✐❝ ♣❧❛②❡rs ♦❢

♣♦s✐t✐✈❡ ♠❡❛s✉r❡ st✐❧❧ ♣♦ss❡ss✐♥❣ i ❛t t✱ t❤❡♥ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 ♣r✐❝❡s ♦❢ i ✇✐❧❧ ❣r♦✇

❛♥❞ t❤❡ ✐♥❝r❡❛s❡ ✇✐❧❧ ❜❡ t♦ ❛t ❧❡❛st pred
(

pi(t−1)+∆pi

(1+C)

)
✳



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✷✷

Pr♦♦❢✳
❚❤❡ ♣r♦♦❢ ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❛t ♦❢ t❤❡ ❝❛t ❢♦r♠❛t✐♦♥✳

✹✳✷✳ ❙❡❧❢✲❢❛❧s✐❢②✐♥❣ ❜❡❧✐❡❢s✳ ❍❡r❡ ✇❡ ✇❛♥t t♦ s❤♦✇ t❤❛t ♥♦t ❛❧❧ ❜❡❧✐❡❢s ❛r❡ s❡❧❢✲
✈❡r✐❢②✐♥❣✳

❚♦ s✐♠♣❧✐❢② t❤❡ ❛♥❛❧②s✐s✱ ✇❡ ❛❣❛✐♥ ❝♦♥s✐❞❡r ♣❧❛②❡rs ✐♥✈❡st✐♥❣ ✐♥ s❤❛r❡ i ♦♥❧②✱ ❛♥❞
♠♦♥❡② ♦r ❜♦♥❞s✱ ❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡② ❝♦♥s✐❞❡r str❛t❡❣② s❡ts ❝♦♥str❛✐♥❡❞ ✇✐t❤ r❡s♣❡❝t
t♦ ✐♥❢♦r♠❛t✐♦♥✳

❈❆P▼✳ ◆♦✇ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡r❡ ✐s ❛ str♦♥❣ ❣r♦✉♣ ♦❢
♣♦rt❢♦❧✐♦ ♣❧❛②❡rs ❛♥❞ ❛ s♠❛❧❧ ❣r♦✉♣ ♦❢ st♦❝❤❛st✐❝ ♣❧❛②❡rs✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t C ✐s
s♠❛❧❧✳

❚❤❡ ❜❛s✐❝ r❡s✉❧t ✐♥ t❤❡ ♣❛♣❡rs ❛❜♦✉t ❈❆P▼ ❝✐t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ✐s t❤❛t
♣r✐❝❡s ❛❞❥✉st s✉❝❤ t❤❛t t❤❡ r❡t✉r♥ ♦❢ ❡❛❝❤ ❛ss❡t ✐s ❡q✉❛❧ t♦ ✐ts t❤❡♦r❡t✐❝❛❧ ρi✳ ❍♦✇❡✈❡r✱
t❤❡r❡ ✇❛s ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡r❡ ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ♥♦ ❞②♥❛♠✐❝s ✇❛s ❝♦♥s✐❞❡r❡❞✳
❲❡ ❣❡t t❤❡ r❡s✉❧t✱ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ st❛rt✐♥❣ ❢r♦♠ ❛❣❣r❡❣❛t❡ r❡t✉r♥s ❞✐✛❡r✐♥❣ ❢r♦♠
ρi✱ ✇❡ ❞♦ ♥♦t ❤❛✈❡ t♦ ❝♦♥✈❡r❣❡ t♦ ✐t✳ ❈♦♥✈❡rs❡❧②✱ r❛t❤❡r ❞✐✈❡r❣❡♥❝❡ ❝❛♥ ❜❡ ❡①♣❡❝t❡❞✳

Pr♦♣♦s✐t✐♦♥ ✶✵✳ ▲❡t ∆ ❜❡ ❛ r❡❧✐s❛t✐♦♥ ♦❢ ❛ ♣r♦✜❧❡✱ ❧❡t t ❜❡ ❛ t✐♠❡ ✐♥st❛♥t ❛♥❞ ❧❡t Ω̄
❜❡ ❛ s❡t ♦❢ ♣♦r❢♦❧✐♦ ♣❧❛②❡rs✳ P♦rt❢♦❧✐♦ ❛♥❛❧②s✐s ✐s s❡❧❢✲❢❛❧s✐❢②✐♥❣ ✐♥ t❤❡ s❡♥s❡✱ t❤❛t

❛✮ ✐❢ R̄i ✐s ❡ss❡♥t✐❛❧❧② ❣r❡❛t❡r t❤❛♥ ρi✱ Ω̄ ✐s str♦♥❣ ✐♥ ♠♦♥❡② ✐♥ G
∆
t ❛♥❞ t❤❡r❡ ✐s ❛

s❡t ♦❢ st♦❝❤❛st✐❝ ♣❧❛②❡rs ♦❢ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ✐♥✈❡st✐♥❣ ✐♥ i st✐❧❧ ♣♦ss❡ss✐♥❣ i ❛t t✱ t❤❡♥
Ri(t) ✇✐❧❧ ❜❡ ❣r❡❛t❡r t❤❛♥ R̄i❀

❜✮ ✐❢ R̄i ✐s ❣r❡❛t❡r t❤❛♥ ρi + C2 + 2C✱ Ω̄ ✐s str♦♥❣ ✐♥ r✐s❦ ❢r❡❡ ❛ss❡ts ✐♥ G
∆
t ❛♥❞

t❤❡r❡ ✐s ❛ s❡t ♦❢ st♦❝❤❛st✐❝ ♣❧❛②❡rs ♦❢ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ✐♥✈❡st✐♥❣ ✐♥ i st✐❧❧ ♣♦ss❡ss✐♥❣ i

❛t t✱ t❤❡♥ Ri(t) ✇✐❧❧ ❜❡ ❣r❡❛t❡r t❤❛♥ R̄i❀
❝✮ ✐❢ R̄i ✐s ❡ss❡♥t✐❛❧❧② ❧❡ss t❤❛♥ ρi + C2 − 2C✱ Ω̄ ✐s str♦♥❣ ✐♥ i ✐♥ G

∆
t ❛♥❞ t❤❡r❡ ✐s

❛ s❡t ♦❢ st♦❝❤❛st✐❝ ♣❧❛②❡rs ♦❢ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ✐♥✈❡st✐♥❣ ✐♥ i st✐❧❧ ♣♦ss❡ss✐♥❣ r✐s❦ ❢r❡❡
❛ss❡ts ❛t t✱ t❤❡♥ Ri(t) ✇✐❧❧ ❜❡ ❧❡ss t❤❛♥ R̄i✳

Pr♦♦❢✳
❛✮ ❍❡r❡ R̄i > ρi ❛♥❞ ♣♦rt❢♦❧✐♦ ♣❧❛②❡rs ❛r❡ str♦♥❣ ✐♥ ♠♦♥❡②✳ ■♥ t❤✐s ❝❛s❡ ✇❡ s❤❛❧❧

❝❛❧❝✉❧❛t❡ t❤❡✐r r❡t✉r♥ ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ♠❛r❦❡t ♣r✐❝❡ ❡q✉❛❧s t❤❡✐r t❤r❡s❤♦❧❞ ♣r✐❝❡
pBM

p

i (R̄i, pi(t − 1))✳
❚❤❡♥ t❤❡ r❡t✉r♥ ❛t t✐♠❡ t ❢✉❧✜❧❧s

Ri(t) =

pred

(
(1+R̄i)

2
pi(t−1)

1+ρi

)
− pi(t − 1)

pi(t − 1)
≥

(1+R̄i)
2

1+ρi
− 1 − ε

pi(t−1)
✱ ✇❤❡r❡ ε ✐s ❛ s♠❛❧❧

♥✉♠❜❡r ❞❡✜♥✐♥❣ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ ♣r✐❝❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❤❡ ♣❛rt ♦❢ P ✉♥❞❡r ❝♦♥s✐❞✲

❡r❛t✐♦♥✱ ✐✳❡✳ s✉❝❤ ❛ ♥✉♠❜❡r t❤❛t ❢♦r pi =
(1+R̄i)

2
pi(t−1)

1+ρi
pred (pi) ≥ pi − ε✳ ■❢ t❤❡



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✷✸

❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ R̄i ❛♥❞ ρi ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡♥
(1+R̄i)

2

1+ρi
− ε

pi(t−1)
>

(1+R̄i)
2

1+R̄i
= R̄i✱

t❤❡r❡❢♦r❡ Ri(t) > R̄i✳
■♥ t❤❡ ❜✉②✐♥❣ ❢♦r ♠♦♥❡② ♦r❞❡rs ♦❢ ♣♦rt❢♦❧✐♦ ♣❧❛②❡rs t❤❡ ♣r✐❝❡ ❧✐♠✐t ✐s ❡q✉❛❧ t♦ t❤❡

t❤r❡s❤♦❧❞ ♣r✐❝❡✳
❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✼✱ ✇❡ ❣❡t t❤❛t t❤❡ ♠❛r❦❡t ♣r✐❝❡ ✐s ❣r❡❛t❡r ♦r ❡q✉❛❧

t♦ t❤❡ ♣r✐❝❡ ❧✐♠✐t ✐♥ t❤❡ ❜✉②✐♥❣ ♦r❞❡rs ♦❢ t❤❡ str♦♥❣❡st ❣r♦✉♣ ♦❢ ♣❧❛②❡rs✱ ✐♥ t❤✐s ❝❛s❡
t❤❡ t❤r❡s❤♦❧❞ ♣r✐❝❡ pBM

p

i (R̄i, pi(t − 1)) ❢♦r t❤❡ ♣♦r❢♦❧✐♦ ♣❧❛②❡rs✳
❜✮ ◆♦✇ ❧❡t ✉s ❛ss✉♠❡ ❛ ❣r❡❛t❡r ❞✐✛❡r❡♥❝❡ R̄i > ρi + C2 + 2C ❛♥❞ ❧❡t ✉s ❛ss✉♠❡

t❤❛t ♣♦rt❢♦❧✐♦ ♣❧❛②❡rs ❛r❡ str♦♥❣ ✐♥ ❜♦♥❞s✳
■❢ t❤❡ ♠❛r❦❡t ♣r✐❝❡ ❡q✉❛❧s t❤❡ t❤r❡s❤♦❧❞ ♣r✐❝❡ pBB

p

i (R̄i, pi(t − 1))✱ t❤❡♥

Ri(t) =

pred

(
(1+R̄i)

2
pi(t−1)

(1+C)2+ρi

)
− pi(t − 1)

pi(t − 1)
≥

(1+R̄i)
2

1+C2+2C+ρi
− 1− ε

pi(t−1)
✳ ■❢ t❤❡ ❞✐✛❡r❡♥❝❡

❜❡t✇❡❡♥ R̄i ❛♥❞ ρi+C2+2C ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡♥
(1+R̄i)

2

1+C2+2C+ρi
− ε

pi(t−1)
>

(1+R̄i)
2

1+R̄i
= R̄i✱

t❤❡r❡❢♦r❡ Ri(t) > R̄i✳
❚❤❡ ♠❛r❦❡t ♣r✐❝❡ ✇✐❧❧ ❜❡ ❣r❡❛t❡r ♦r ❡q✉❛❧ ❡✐t❤❡r t♦ pBB

p

i (R̄i, pi(t−1)) ♦r pBM
p

i (R̄i, pi(t−
1)) ✭✐❢

∫
Ω̄

Xω
n+2(t)dλ(ω) > 0✮✱ ❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ❛❧r❡❛❞② ♣r♦✈❡♥ t❤❡ ✐♥❡q✉❛❧✐t②✳

❝✮ ◆♦✇ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ C2 − 2C + ρi > R̄i ❛♥❞ Ω̄ ✐s str♦♥❣ ✐♥ i✳

❚❤❡ t❤r❡s❤♦❧❞ ♣r✐❝❡ pS
p

i (R̄i, pi(t − 1)) ✐s succ

(
(1+R̄i)

2
pi(t−1)

((1−C)2+ρi)

)
✱ t❤❡r❡❢♦r❡ ✐❢ t❤❡

♠❛r❦❡t ♣r✐❝❡ ✐s ❡q✉❛❧ t♦ t❤✐s t❤r❡s❤♦❧❞ ♣r✐❝❡✱ t❤❡ r❡t✉r♥ ❢✉❧✜❧❧s

Ri(t) =

succ

(
(1+R̄i)

2
pi(t−1)

(1−C)2+ρi

)
− pi(t − 1)

pi(t − 1)
≤

(1+R̄i)
2

(1−C)2+ρi
− 1 + ε

pi(t−1)
=

(1+R̄i)
2

1+C2−2C+ρi
− 1 +

ε
pi(t−1)

✱ ❢♦r ε s✉❝❤ t❤❛t ❢♦r pi =
(1+R̄i)

2
pi(t−1)

(1−C)2+ρi
succ (pi) ≤ pi+ε✳ ■❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥

ρi+C2−2C ❛♥❞ R̄i ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡♥
(1+R̄i)

2

1+C2−2C+ρi
+ ε

pi(t−1)
<

(1+R̄i)
2

1+R̄i
= R̄i✱ t❤❡r❡❢♦r❡

Ri(t) < R̄i✳ ❆♥❛❧♦❣♦✉s❧② t♦ t❤❡ r❡❛s♦♥✐♥❣ ❢♦r t❤❡ ❜✉②✐♥❣ ♦r❞❡rs✱ t❤❡ ♠❛r❦❡t ♣r✐❝❡ ✐s
❧❡ss ♦r ❡q✉❛❧ t♦ t❤❡ ♣r✐❝❡ ❧✐♠✐t ♦❢ s❡❧❧✐♥❣ ♦r❞❡r ♦❢ ♣♦rt❢♦❧✐♦ ♣❧❛②❡rs pS

p

i (R̄i, pi(t − 1))✳

❚❤❡ ❢❛❝ts st❛t❡❞ ✐♥ ♣r♦♣♦s✐t✐♦♥ ♠❛② ❧❡❛❞ t♦ tr❡♥❞s ♦❢ ❛❝❝❡❧❡r❛t✐♥❣ ✐♥❝r❡❛s❡s ♦r
❛❝❝❡❧❡r❛t✐♥❣ ❞❡❝r❡❛s❡s ♦❢ ♣r✐❝❡s✳

❊❝♦♥♦♠❡tr✐❝ ♠♦❞❡❧s✳ ❲❡ ❝❛♥♥♦t st❛t❡ ❛♥②t❤✐♥❣ ♣r❡❝✐s❡ ❛❜♦✉t ❡❝♦♥♦♠❡tr✐❝
♠♦❞❡❧s ✐♥ ❣❡♥❡r❛❧✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s♣❡❝✐✜❝ t②♣❡ ♦❢ t❤❡ ♠♦❞❡❧ t❤❡② ❝❛♥ ❜❡ ❡✐t❤❡r
❛♣♣r♦①✐♠❛t❡❧② s❡❧❢✲✈❡r✐❢②✐♥❣ ♦r s❡❧❢✲❢❛❧s✐❢②✐♥❣✳ ■❢ ✇❡ tr❡❛t t❤❡♠ ❧✐t❡r❛❧❧②✱ t❤❡② ✇✐❧❧ ❜❡
✉s✉❛❧❧② s❡❧❢✲❢❛❧s✐❢②✐♥❣✿ ✐♥❝r❡❛s❡s ❛♥❞ ❞❡❝r❡❛s❡s ♦❢ ♣r✐❝❡s ❛r❡ ♣r✐♦r t♦ t❤❡ ♠♦♠❡♥t t❤❡②
✇❡r❡ ♣r♦❣♥♦s❡❞ ❢♦r✳ ◆❡✈❡rt❤❡❧❡ss✱ ❡❝♦♥♦♠❡tr✐❝ ♠♦❞❡❧s ✉s❡❞ ❛s t♦♦❧s t♦ ❢♦r❡s❡❡ ❣❡♥❡r❛❧



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✷✹

t❡♥❞❡♥❝✐❡s ❛r❡ ❛♣♣r♦①✐♠❛t❡❧② s❡❧❢✲✈❡r✐❢②✐♥❣✳

✺✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s

❚❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠✉❧❛t✐♦♥s ✇❡r❡ ♠❛❞❡ ✇✐t❤ t❤❡ ♣r♦❣r❛♠♠❡ ❙●P❲ ❬✷✷❪✳ ■♥ ❡❛❝❤ ♦❢
t❤❡♠ ✇❡ ❛ss✉♠❡❞ ❡①✐st❡♥❝❡ ♦❢ ❛ s♠❛❧❧ ❣r♦✉♣ ♦❢ st♦❝❤❛st✐❝ ♣❧❛②❡rs ✇✐t❤ ❝♦♥st❛♥t ✢♦✇
♦❢ ♠♦♥❡② ❛♥❞ ♣♦ss❡ss✐♥❣ ❛ s♠❛❧❧ ❢r❛❝t✐♦♥ ♦❢ s❤❛r❡s ❝♦♥s✐❞❡r❡❞✳

✺✳✶✳ ❈♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✳ ❚❤❡ ✜❣✉r❡s ❜❡❧♦✇ ✐❧❧✉str❛t❡ ❝♦♥✲
✈❡r❣❡♥❝❡ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡ ✭❣✐✈❡♥ t❤❡ ✐♥✐t✐❛❧ ♣r✐❝❡ ♦❢ ❛ s❤❛r❡ ❢r♦♠ ❲❙❊✮ ✐♥
t❤❡ ❣❛♠❡ ✇✐t❤ ❛ ❧❛r❣❡ ❣r♦✉♣ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ❛♥❛❧②sts✳

❋✐❣✉r❡ ✷

❋✐❣✉r❡ ✸

✺✳✷✳ ❚r❡♥❞s ❝❛✉s❡❞ ❜② ❝❤❛rt✐sts✳ ❆ ❣r♦✉♣ ♦❢ ❝❤❛rt✐st ❛♥❞ tr❡♥❞s ❝❛✉s❡❞ ❜②
t❤❡♠ ❣✐✈❡♥ ✈❛r✐♦✉s ✐♥✐t✐❛❧ ✈❛❧✉❡s ❢♦r♠ ❲❙❊✿

❋✐❣✉r❡ ✹

❋✐❣✉r❡ ✺



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✷✺

❋♦r ❝♦♠♣❛r✐s♦♥✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r st♦❝❤❛st✐❝ ♣❧❛②❡rs ♦♥❧②✱ ✇❡ ❣❡t s♦♠❡t❤✐♥❣ s✐♠✐❧❛r
t♦ ❛ r❛♥❞♦♠ ✇❛❧❦✿ ❛t ❡❛❝❤ t✐♠❡ ✐♥st❛♥t ✇❡ ❡✐t❤❡r ❣♦ ✉♣ t❤❡ ✉♣♣❡r ✈❛r✐❛❜✐❧✐t② ❧✐♠✐t ✐❢
t❤❡ ♠❡❛s✉r❡ ♦❢ t❤❡ s❡t ♦❢ ♣❧❛②❡rs ♦❜t❛✐♥✐♥❣ s❡❧❧✐♥❣ s✐❣♥❛❧ ✐s ❧❡ss t❤❛♥ t❤❡ ♠❡❛s✉r❡ ♦❢
t❤❡ s❡t ♦❢ ♣❧❛②❡rs ♦❜t❛✐♥✐♥❣ t❤❡ ❜✉②✐♥❣ s✐❣♥❛❧ ♦r t♦ t❤❡ ❧♦✇❡r ✈❛r✐❛❜✐❧✐t② ❧✐♠✐t ✐❢ t❤❡
♠❡❛s✉r❡ ♦❢ t❤❡ s❡t ♦❢ ♣❧❛②❡rs ♦❜t❛✐♥✐♥❣ s❡❧❧✐♥❣ s✐❣♥❛❧ ✐s ❣r❡❛t❡r t❤❛♥ t❤❡ ♠❡❛s✉r❡ ♦❢
t❤❡ s❡t ♦❢ ♣❧❛②❡rs ♦❜t❛✐♥✐♥❣ t❤❡ ❜✉②✐♥❣ s✐❣♥❛❧✳

✺✳✸✳ ❚r❡♥❞s ❝❛✉s❡❞ ❜② ♣♦rt❢♦❧✐♦ ♣❧❛②❡rs✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ ❛ str♦♥❣ ❣r♦✉♣ ♦❢
♣♦rt❢♦❧✐♦ ♣❧❛②❡rs t❤❡ r❡s✉❧ts ❛r❡ ❡①❛❝t❧② ❛s st❛t❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ✕ ❡✐t❤❡r ❛♥ ❡①♣♦♥❡♥t✐❛❧
❣r♦✇t❤ ♦❢ t❤❡ ♣r✐❝❡s ♦r ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝r❡❛s❡✳

✺✳✹✳ ❙♦♠❡ ❡❝♦♥♦♠❡tr✐❝ ♠♦❞❡❧s✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ♣r❡s❡♥t t✇♦ ❡❝♦♥♦♠❡tr✐❝ ♠♦❞✲
❡❧s✿ ♦♥❡ ♦❢ t❤❡♠ ❝♦♥s✐❞❡r✐♥❣ ❧✐♥❡❛r tr❡♥❞ ❛♥❞ s✐♥✉s♦✐❞❛❧ ✇❡❡❦❧② ♣❡r✐♦❞✐❝✐t② ❛♥❞ ❧❡♥❣t❤
♦❢ ♣r♦❣♥♦s✐s 2✱ ❛♥❞ t❤❡ ♦t❤❡r ♦♥❡ ✇✐t❤ t❤❡ ❛✈❡r❛❣❡ ♦❢ s♦♠❡ ♦❢ ♣❛st ♣r✐❝❡s✳ ❚❤❡ ❢♦r♠❡r
♦♥❡ ✐s ❛♣♣r♦①✐♠❛t❡❧② s❡❧❢✲✈❡r✐❢②✐♥❣ ♦♥❧② ❜❡❝❛✉s❡ t❤❡ ❧✐♥❡❛r tr❡♥❞ ❞♦♠✐♥❛t❡s✳ ❍♦✇❡✈❡r✱
t❤❡ ♦s❝✐❧❧❛t✐♦♥s ❛r❡ tr❛♥s❧❛t❡❞✳ ❚❤❡ ❧❛tt❡r ♦♥❡ ❜❡❝♦♠❡s s❡❧❢✲✈❡r✐❢②✐♥❣ ❛❢t❡r ❛ ♣❡r✐♦❞ ♦❢
tr❛♥s✐t✐♦♥✳

❋✐❣✉r❡ ✻

❋✐❣✉r❡ ✼

✻✳ ❈♦♥❝❧✉s✐♦♥s

❚❤❡ ♣❛♣❡r ♣r❡s❡♥ts ❛ ♠♦❞❡❧ ♦❢ st♦❝❦ ❡①❝❤❛♥❣❡ ❛s ❛ ❣❛♠❡ ✇✐t❤ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✈❛r✐♦✉s ♣r♦❣♥♦st✐❝ t❡❝❤♥✐q✉❡s✳ ❚❤❡ ❝♦♥t✐♥✉✉♠ ✇❛s ✉s❡❞ t♦ ♠♦❞❡❧
✐♥s✐❣♥✐✜❝❛♥❝❡ ♦❢ ❛♥② s✐♥❣❧❡ ♣❧❛②❡r✱ ✇❤✐❧❡ ♣r✐❝❡s✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱ ♣❧❛②❡rs ♣❛②♦✛s ❛r❡
s♦❧❡❧② ❛ r❡s✉❧t ♦❢ ♣❧❛②❡rs ❞❡❝✐s✐♦♥s✳ ❖♥❡ ♦❢ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♣❛♣❡r ✐s t❤❛t ✉s✉❛❧❧② t❤❡
str❛t❡❣✐❡s ♦❢ t❡❧❧✐♥❣ t❤❡ ❛❝t✉❛❧ t❤r❡s❤♦❧❞ ♣r✐❝❡s ❛r❡ ✇❡❛❦❧② ❞♦♠✐♥❛♥t✱ ✇❤✐❧❡ str❛t❡❣✐❡s
♦❢ ♥♦t t❡❧❧✐♥❣ t❤❡ ❛❝t✉❛❧ t❤r❡s❤♦❧❞ ♣r✐❝❡s ❛r❡ ✇❡❛❦❧② ❞♦♠✐♥❛t❡❞ ✐♥ ❛ s❡q✉❡♥❝❡ ♦❢
s✉❜❣❛♠❡s ✇✐t❤ ❞✐st♦rt❡❞ ✐♥❢♦r♠❛t✐♦♥ ❛❧♦♥❣ t❤❡ ♣r♦✜❧❡✱ t❤❡r❡❢♦r❡ t❤❡② ❝♦♥st✐t✉t❡ ❛
❜❡❧✐❡❢ ❞✐st♦rt❡❞ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✳



❙t♦❝❦ ♠❛r❦❡t ❛s ❛ ❞②♥❛♠✐❝ ❣❛♠❡ ✇✐t❤ ❝♦♥t✐♥✉✉♠ ♦❢ ♣❧❛②❡rs ✷✻

❖♥❡ ♦❢ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ t❤❛t ✐s t❤❡ ♣r♦❜❧❡♠ ♦❢ s❡❧❢✲✈❡r✐✜❝❛t✐♦♥ ♦❢ ✈❛r✐♦✉s ♣r♦❣✲
♥♦st✐❝ t❡❝❤♥✐q✉❡s ✉s❡❞ ❜② str♦♥❣ ✭✐✳❡✳ ❧❛r❣❡ ❛♥❞ ♣♦ss❡ss✐♥❣ ❛ ❧❛r❣❡ ♣♦rt✐♦♥ ♦❢ ❛ss❡ts✮
❣r♦✉♣s ♦❢ ♣❧❛②❡rs ❛t ♣r❡s❡♥❝❡ ♦❢ ❛ s♠❛❧❧ ❣r♦✉♣ ♦❢ st♦❝❤❛st✐❝ ♣❧❛②❡rs ❛♥❞✱ ♣♦ss✐❜❧②✱ ♦t❤❡r
t②♣❡s✳ ❚❤✐s ✐s t❤❡ ❢❡❛t✉r❡ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ❛♥❛❧②s✐s ❛♥❞ t❡❝❤♥✐❝❛❧ ❛♥❛❧②s✐s✳ ❚❛❦✐♥❣ t❤✐s
✐♥t♦ ❛❝❝♦✉♥t✱ ❧❡❛r♥✐♥❣ ❛❜♦✉t ♠❛♥②✱ ❡✈❡♥ ❛❜s♦❧✉t❡❧② s❡♥s❡❧❡ss✱ t❡❝❤♥✐q✉❡s ♠❛② t✉r♥
♦✉t t♦ ❜❡ ✉s❡❢✉❧ ✐❢ t❤❡② ❛r❡ ✉s❡❞ ❜② ♠❛♥② ♣❧❛②❡rs✳

❚❤❡ t❡❝❤♥✐q✉❡ ❜❛s❡❞ ♦♥ ❈❆P▼ ❞♦❡s ♥♦t ❤❛✈❡ t❤✐s ♣r♦♣❡rt②✱ ✐t ✐s s❡❧❢✲❢❛❧s✐❢②✐♥❣✱
✇❤✐❧❡ t❡❝❤♥✐q✉❡s ❜❛s❡❞ ♦♥ ✈❛r✐♦✉s ❡❝♦♥♦♠❡tr✐❝ ♠♦❞❡❧s ♠❛② ❜❡ ❡✐t❤❡r s❡❧❢✲✈❡r✐❢②✐♥❣ ♦r
s❡❧❢✲❢❛❧s✐❢②✐♥❣✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❲✳ ❇✳ ❆rt❤✉r✱ ❏✳ ❍✳ ❍♦❧❧❛♥❞✱ ❇✳ ▲❡❇❛r♦♥✱ ❘✳ P❛❧♠❡r✱ P✳ ❚❛②❧❡r✱ ✶✾✾✼✱ ❆ss❡t
Pr✐❝✐♥❣ ❯♥❞❡r ❊♥❞♦❣❡♥♦✉s ❊①♣❡❝t❛t✐♦♥s ✐♥ ❛♥ ❆rt✐✜❝✐❛❧ ❙t♦❝❦ ▼❛r❦❡t✱ ✐♥ ❲✳
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