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Abstract

This paper proposes a reduced form model of dynamic duopoly
in the context of heterogeneous innovations framework. Two agents
invest into product and process innovations simultaneously. Evey
newly introduced product has its own dimension of process-impving
innovations and there is a continuum of possible new products. In tke
area of process innovations the costless imitation e ect is modelbk
while in the area of product innovations agents are cooperating with
each other. As a result the specialization of innovative activity is ob-
served. This specialization arises from strategic interactions of agest
in both elds of innovative activity and is endogenously de ned from
the dynamics of the model.
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1 Introduction

The main focus of the paper is on the modelling of strategictaractions of
agents in the eld of innovations. To this end the productiomactivities of the
agents is not explicitty modelled. Only the investment actiities related to
the introduction of new products and their further re nemen are accounted
for. The time-horizon of the model is set to be in nite for tractability rea-
sons.

Despite of the simplicity of the framework suggested in the odel, it al-
lows to catch several major issues relevant for dynamic imgetions in the
eld of innovations. First, it is shown that the costless imitation does not
lead to incentive to decrease investments into process ivations for both
agents simultaneously if one would account for their coopion on the more
fundamental level of product innovations. One of the agentgppears to be
the leader, which does not bene t from the imitation e ect, while the other
one positions herself as a follower, reducing her own invesnts to bene t
from the technological spillover created from the activigs of the rst agent.
Next, in the area of product innovations the united e orts of loth agents are
distributed unevenly. Instead, there is a natural specialaion of investment
activities of both agents. The agent, who is bene ting fromlte technology
spillovers in process innovations (named ‘the follower' ithe sequel) puts
more investments into the product introduction activities However, in the
simplest case of open-loop strategies the other agent intgson-zero amount
into the product innovations also. In an e ect the agent whos the most e -
cient in one or another type of innovative activities carrig the major burden
of investments in this direction while bene ting from the irvestments of the
other agent in the other type of innovations.

One may consider the suggested model of strategic interaxts as an
extension and combination of the results from di erent diretions. First, it
contributes to the line of literature on strategic interactons between innovat-
ing agents in the spirit of (Reinganum 1982), (Judd 2003) anate (Lamber-
tini and Mantovani 2010). These approaches are extended byrsidering the
distributed parameter model and formulating the fully dynanical di erential
game with richer strategic sets for both players. Next, appazhes to imita-
tion , (Gallini 1992) and R&D joint ventures, (D'Aspremont and Jacquemin
1988) are combined in a single model and it is demonstratedaththese two
e ects are complementary in nature and resulting strateggecannot be op-
timal in a dynamic context while taking into account only oneof them. At
last, everything is put together to obtain the model of straggic interactions
of innovative agents in heterogeneous multi-product frama@rk which might
be considered more general in its nature then previous ndys in the eld.



The rest of the paper is organized as follows. In the next semt a brief
summary on relevant studies is presented. Next basic assungpts and the
framework of the model are considered in brief. In the follamg section
the model is extended to the two agents case. It is solved seqtially
through employing the Hamilton-Jacobi-Bellman and Maximum Knciple
approaches. After obtaining analytical results the dynamg of the optimal
investment strategies for both agents is considered and tinature and form
of the resulting strategic interactions as well as some prazal implications
of the ndings are discussed.

2 Related Research

To our knowledge one of the rst attempts to model the strateig interactions
of oligopolistic agents via the di erential games approacts given in the work
of Reinganum, (Reinganum 1982). In this paper the author cdsmed static
games approach with optimal control one to obtain the dynamigame of
R&D competition in a n- rm industry. However this was not the rst paper
on the in uence of the market structure on the outcome of R&D ampeti-
tion. One of the rst works in the eld is that of Loury, (Loury 1979). In this
pioneering work the discrete single innovation is assumeddn rms com-
pete for being the rst to introduce the new product. The rst rm which
would introduce such a product obtains an exclusive right foits produc-
tion and hence receives the perpetual stream of pro ts assated with this
product. This model lacks the explicit formulation of straegic interactions
and consists of identical optimization problems for all therms. However
the equilibrium outcome does depend on the number of rms irhe indus-
try. Another basic approach to modelling R&D competition cosists mainly
in static game formulation, as in the work of Dasgupta&Stigk, (Dasgupta
and Stiglitz 1980) where no explicit dynamical interactios appear. In their
model they mainly tackle with the question how the market sucture (e.qg.
monopoly versus oligopoly) would in uence the equilibriurmevel and price
of innovative products. They come to the conclusion that its the elasticity
of the market demand function which de nes the optimal struture of the
industry.

In the work of Reinganum these two basic approaches are comdyl in a
single model and this is the basic paper one would compare theggested
framework with, since the same di erential games approack used here. On
the other hand he pertains the general structure of Loury, maely there is
a single innovative process and every player seeks to introe this given
product rst to the market.



Concerning the particular form of interactions between pigrs, the im-
itation e ect at no cost in the dynamics of process innovatios is assumed.
There exists some literature on such kind of imitation. Onefdhe examples
is the work of Gallini, (Gallini 1992), although his approak is di erent from
the one assumed here. Namely, he analyses the e ect of imitaii of the
patented product which is costly, while in the suggested medlit is assumed
to be costless. In this respect the imitation e ect is treatd as the undi-
rected technological spillover from the leading rm to the ther one, while
any rm may become a leader or the follower in the process invations. It
turns out that in the given framework the imitation e ect may constitute
the equilibrium only if one take into account the underlyingprocess of va-
riety expansion also. Another more recent work on dynamic iatactions of
R&D rms is that of Judd, (Judd 2003). In this paper the author analyses
the multi-stage innovative race between multiple agents Wi multi-product
situation and this is rather close to the suggested approachievertheless he
assumes the multi-stage structure of the game and hence ati&tasituation
with some transition between stages whereas here the dynangame with
continuous time is modelled. He nds out, that there is an amiguity in
the results of a game, namely a given player may increase higpenditure
(investments in our case) when the other agent is ahead of hiwhile this
is not pro table for him as an imitator. It is demonstrated that in the sug-
gested model this is not the case and any ambiguity disappsaf one would
consider both aspects of innovation.

The most recent paper on product and process innovations imetrential
games framework is the work (Lambertini and Mantovani 2010)This pa-
per assumes fully dynamical model of the duopoly competiticof innovating
rms. The suggested model di ers from the work of LambertinMantovani
in two signi cant aspects. First, in their model authors assme uncertainty
of innovations in the form of Poisson arrival rates, while te suggested model
does not contain uncertainty in any form. However the same for of uncer-
tainty may be easily introduced into the suggested model analill not change
mayjor results of the paper. Next, the discussed paper does matndle hetero-
geneity of innovations and hence is reduced to the di erergi game with two
states, while the suggested model allows for distributed tuae of innovations
and all products di er from each other in their investment claracteristics.
This is more in line with the setup of Lin, (Lin 2004), but with fully dynamic
context. The result on endogenous specialization of plageis mainly due to
dynamic context and heterogeneity of innovations being meted simultane-
ously.

The last feature of the suggested model is the R&D cooperatimn the
level of products variety expansion (product innovations)lt is argued that
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such a situation is more typical for R&D rms then the full-sale competition
on both levels. First such a type of strategic interactions tsbeen considered
in D'Aspremaunt&Jacquemin, (D'Aspremont and Jacquemin 1988) here it
is argued that in real economies the majority of R&D activites is performed
in the form of joint R&D ventures if one would consider innovaons of big
enough size. As long as one assumes that the variety expansiepresents
the process of introduction of completely new products to thmarket it is
rather natural to assume the precense of joint cooperativeogts on this
level. This would mean that agents share common knowledgedae orts
concerning this part of their innovative activity.

3 Assumptions and Basic Framework

In this section the formal model is introduced together witithe underlying
economic intuition.

3.1 Assumptions

Assume there are two rms in a given industry. The industry is mature and
no growth of the demand is expected for existing products vaty. There are
equilibrium quantities for both rms which depend on the praluction costs.
However, these costs are xed for mature products and are notilgject to
change in the result of new process innovations. Both rms tas monopolists
in their markets which are separated and cannot be entered Hye other rm.
In this respect the rms are regional monopolies. This impdis that pro t of
every rm depends only on its own production costs but not oftat of the
other one.

Assumption 1 Both rms are perfectly separated with respect to their pro-
duction.

This assumption may be relaxed to allow for interactions ofhe rms on
the product market also. However, this will not in uence the nain result
of the paper since the production decision does not in uendbe innovative
decisions, while the latter in uence the production. We alisact from the
explicit derivation of production policies here and note tht this would be
similar to the separation of production and knowledge accurfation for the
rm as in,for example, (Dawid, Greiner, and Zou 2010).

These monopolists are maximizing their pro ts by developim new products,
which are then introduced to the market.



Assumption 2 The only source of new prot for both rms is the devel-
opment of new products which leads to the increase in the existing range of
products, common for both rms, over time,n(t) > 0.

Of course, the prot is derived from existing and mature prodcts also, but
innovative activities do not in uence this as well as the prduction decisions
for these products.

Assume the process of development of products is continuoustime and
yield new products (which are new versions of some basic féretindustry
product) with some rate. Let us call this rate the rate of varty expansion.

Assumption 3 The product innovations are continuous in time and new
products appear at a continuous basis(t) O.

Assume that the range of these new products is limited from ab®. The
product innovations are limited to upgrades of some basic @iuct which
de nes the industry (e.g. cell phones industry produces derent versions of
cell phones but not computers). We do not model fundamentahwventions,
which introduce totally new products to the economy by this radel and
hence it is natural to require that there is limited capacityof the industry
for the variety of products which are somewhat similar to e&cother.

Assumption 4 Product innovations are limited by the maximal possible range
of products,n(t) N.

Assume these newly introduced products initially require vg much resources
for their production and hence each of the rms allocates pawof its R&D
capacity on process innovations related to these new prodsic Every new
product is than intensively studied with respect to opportaities for its costs
minimization. As there are numerous new products (continuunof) there
are numerous streams of such cost-minimizing processesheaicthem being
associated with every new product.

Assumption 5 Every product has its own dimension of process innova-
tions or "quality’ which depends on time and is dierent for both rms,
8i 2 n(t)oq’ Mt).

Since the introduction of new product is simultaneous for kb rms, they

start their investments into these new products simultanagsly. It is natural

to require that at the time of introduction, denoted byt;(0) for each product
i the level of process technology is zero.

Assumption 6 At the moment of introduction of the product its "quality’
; IHLPY P
is zero for both rms, f "*'(t;(0))ji=n()
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Assume at each point in time, each of the rms has to choose optally
the level of investments being made into the development okw products
(product innovations) and into the development of productin technology of
already existing products (process innovations). Thesewestment streams
cannot be negative.

Assumption 7 Product innovations and process innovations require di er-
ent types of investments, which vary over time, while process innovations for
every product are also di erentul®(t)  0;¢!"(t) 0

Assume also that rms are long-run players and do not restridheir planning
to some certain length of time. Hence, the innovations of bottypes occur
continuously up to in nite time.

Assumption 8 There is no terminal time for both processes of innovations,
0 t<1

The last point to mention is that we assume that all innovatios are certain.

This is rather strong limitation, but allows to concentrateon the key issues of
this paper: endogenous specialization of innovative adiikes in the presence
of heterogeneity of new products.

Assumption 9 All innovations do not have any uncertainty associated with
them.

Under the given assumptions it must be clear that the only chaels of
interactions between the two rms should lie in the eld of their innovative
activity. That is, these rms share the knowledge on new pradcts being cre-
ated as a result of their investmentsil 5ll(t) while bene ting from spillovers
of process technologies from the other rmq[‘];['](t). This last has yet to be
speci ed. Up to the this point the assumptions and the suggestl framework
follows the model of a single monopolist as described in (Bitarev 2010b)
with extension to two agents. Next we discuss the prot genetisn and
objective functions of both rms in details.

3.2 Objective Function

In this section we introduce the objective functions of botiplayers.
Consider rst the situation in the absence of innovations foeach of the
rms. The natural objective of the rm is the maximization of its pro ts,
() 1 max for any given time period. This paper concentrates on just
one part of activities of such a rm, namely on the process ofs innovative
activities. To put this in line with pro t maximization beha viour we assumed
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that markets for all existing products are mature, yield som constant pro t
with stable prices and output. Production policy of every m is assumed
to follow standard rules of monopolistic behaviour under rt maximiza-
tion (since the perfect separation of markets): given (cotat) demand, the
monopolist is setting the price and production as to maximeits prot. In
mature markets the process innovations reached their maximm and thus no
further improvements to the production process may be madedence, the
production costs are also constant in time. These considéoms lead to the
conclusion that in mature markets the monopolist's productio and pricing
(and hence pro ts) are constant.

Proposition 1  For those products which are already in mature stage, the
production, price and prot for each of the rms are constant.

Because of this one may abstract from this part of rms' actiities in the
optimization problem.

The objective function of such a reduced optimization probm for both rms
is then given by:

UL def

(1) :

dffz ' e rch " GG t) 1 BH00Gi: £)2 di }unl;m(t)zl dt!  max
0 0 a ’ 29 ’ 2 o uliniginn

The basic intuition behind (1) is clear: every rm is maximiang the e ect
from its process innovations for every of the introduced pducts at every
time t. The range of products, being introduced till timet is given by n(t)
and hence the di erence in the e ect of process innovationsnd the invest-
ments into them is evaluated over this range at any point in the. At the
same time the investments into the creation of new productsii !, nega-
tively in uence the total generated by innovations value fo the rm while
the introduction of new products at some continuous rate eafges the space
of products, which production may be re ned through processinovations.
Observe that the introduction of the new product per se doesoh bring the
increase in the value for the rm, since it is assumed that stica product has
zero level of technology. The objective is to maximize the ect of innova-
tions of both types at the rm performance at the in nite time horizon.

So far both rms are independent from each other in all their ltarac-
teristics. Now we introduce the link between the rms in the dd of their
innovative activity. This comes from the dynamics of their &te variables,
n(t); P (t) and is described below.
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3.3 Dynamics of Innovations

As seen from the objective, both rms are symmetric with resp to the
value generated by the innovations of both types for them. $pose the
given rms join their e orts in the development of variety expansion over the
same potential products’ space, while having possibly dirent investment
e ciencies. Then variety expansion dynamics is governed bihe law:

(2) n@) = pull)+ muil):
where:
n(t) denoted the variety expansion level being reached at theme t;

ulll(t) are investments of rms [];[l] into the process of variety ex-
pansion at timet;

i1 are investment e ciencies for both rms which are assumed to
be constant in time.

This means both rms have the same underlying variety expamn process
while freely choosing the level of e orts they would devoteot the develop-
ment of this variety. Note that this does not exclude the possility for one or
the other rm to have zero investments while bene ting from te investments
being made by the other through using achieved variety level

Let these rms have di erent and separate process innovatis processes
for each product within the products range. Firms do not bene tfrom in-
vestments of each other into these process innovations, biley may copy
the progress of the other in the case their own innovationsvel for the same
product is lower. In the e ect one has two dynamic processembked with
each other and two di erent independent streams of investnmés:

dy= "N gy o+ madod® )
@ d= o N g pd'm+ mado@® )
where;

q[”;[”(t) are technology levels achieved by process innovationsarthe
product i by the agent | ];[l] at the time t;

o' "(t) are investments of both agents into the development of the
production process for produci at time t;



i1p) are e ciencies of investments into the process innovationgor
agents [];[l], constant across products and time;

i1 are technology decay rates in the absence of investments tiath
agents;

is the speed of costless imitation, equal for both agents.

Observe that the termIO I in both processes de nes the decreasing e -
ciency of investments into the quality growth for both playes across products’
range. It is assumed that the higher is the indek of the product, the harder
it is to improve its production technology due to the increas® complexity
of the product. The specic form of this decreasing functions chosen to
linearise the resulting dynamical systems. This is done folving the same
arguments as in (Bondarev 2010a).

As a result the rm's level of process innovations may grow inwo dif-
ferent ways. As long as the given rm is the leader in processnavations
for a given product, e.g.t : q[”(t) > qi“](t), its “quality’ grows only due to
its own investments in process innovations for this producgi[”(t). At the
same time, the other rm's production technology is inferioto the one being
developed by the rst rm and it bene ts not only from its own i nvestments
but also from the “imitation e ect": it bene ts from the di e rence between
the leader's technology level and its own one. Clearly thisest will boost
the second rm's process innovations but will wear down evémally while
the follower's technology approaches that of the leader.

The dynamics of product and process innovations is subjeat ta number of
static constraints which are formalizations of assumptiagiven above:

@Gty o

0 n(t) N;

PG5 t) ji=n=0;

g1l 0)=0;:8i 2 1;

4) n0)=ny O

These are essentially non-negativity and boundedness r@gments for state
variables for both rms as well as irreversibility of invesments into both
types of innovations.| stands for the notion of the products space.
Observe that it follows from (2),(3), that the only form of stategic inter-
action in process innovations is the costless imitation eat which in uences
the dynamic of state variables but does not in uence diregfl the objective
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function. At the same time even such simple introduction ofnterdepen-
dencies between rms' strategies allows for the endogenacssecialization of
investments between them.

4 Solution

In this section the solution techniques applied to the prokim formulated
above are discussed.

4.1 Decomposition of the Problem

Given the basic formulation of dynamical problems of both amts above, it is
clear that the optimal solution has to be found in the form ofthe equilibrium
pair of strategies in the di erential game framework. From he general point
of view the model considered here is the in nite-dimensiohane as long as
one have the continuum of process innovations associatedhneach product
for every player. This may provide some di culties in formalconstruction of
the game. However due to the special structure of the dynamitamework
being used it is possible to decompose the problem into "gtal growth
problem and variety expansion problem. This can be done due the fact
that process innovations do not depend on the variety expaios except for
the time of emergence of new products. Then every such a preiol should
be the nite-dimensional one and as long as it is of the lineajuadratic
form, one may be assured that equilibrium exists for each sua game of
process innovations under the same conditions as in standdinear-quadratic
di erential game, (Dockner, Jorgensen, Long, and Sorger 200 Then the
results obtained for this game may be used for solution of waty expansion
problem which is also the di erential game but with only one t&te, n(t). For
this one may rewrite the objective functional of both playes (1) in terms of
values generated by the process innovations and by the pradunnovations
games.

To decompose the value function of the overall model, rst weake use
of the observation above. Starting from the time of emergeaddenoted by
t(0);) value of each product's process innovations is independeai variety
expansion process:

Z,

(5) \/i[J]’[I](q) = rr}ax e t(o)')(q[]]'[l](t) —gi[']’[”(t)z)dt:
oIl (), 2

wheret(0); is the time of emergence of the produdt, which is de ned from
the dynamics of the variety expansion process and is similar both agents
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due to the form of dynamic constraints (2),(3). With in nite time horizon
the problem of process innovations management is the timetanomous one
and hence the time of the products emergence does not in uenthe value
generation process and can be normalized for all productszero, (Bondarev
2010Db).

Proposition 2 Value functions of process innovations management game
for both rms, V0(q) are invariant to the ratio of investments of both
rms into new products developmentulll(t) and hence to the emergence
time of this product, t(0);.

Second part of the overall value generation consists of thetensity of in-
troduction of new products at every time given the expectedalue of the
stream of prot derived from the reduced costs of productiorfwhich comes
from process innovations) of the newly introduced productsThis part may
be represented by the integral over all potential stream ofrpcess innova-
tions for each product over it's life-cycle. At the same timehis information
is already contained in the value function of the "quality’ ppblem above,
SO it su ces to integrate over all potential products at initial time. Last
observation to be made is that at the moment of the emergencé the new
product it's production technology is zero, as it is requim by (4). These
yield the value function for variety expansion problem in tle following form:

V[i]:['](n) =
© oz,

—max e (Dulm+ D) VIQ) g Suly? d
ulkin 2

In the last equation value generated by the process innovatis management
game for each rm is estimated at the zero technology levelrfthe product
next to be invented. Hence one may sequentially solve the pess innova-
tions game for an arbitraryi, then calculate the associated value function at
the zero technology level and = n(t) and use this last as an input for the
variety expansion game.

Observe that a decomposition method is valid here since tleeis no com-
petition on the level of variety expansion. Joint variety expnsion process
yields the coincidence of emergence times of all new produ@dr both rms.
There is no dependence of value creation at the productionctenology level
from the relative speed of variety expansion. Moreover, ayerm is able to
estimate the potential accumulated value from the produabin (process in-
novations) of each product in the potential products' spagebecause it may
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estimate it at zero technology levels not only for itself butor the other rm
also, since the time of emergence is the same. Then the valuaction for
the variety expansion does not depend on technology levels rocess in-
novations themselves, but only from the potential value gemated by the
re nement of the production technology for each product as whole. In the
e ect this value function although di erent for both rms (a s their process
innovations' value functions are di erent) is invariant to the future process
innovations associated with every new produat

Proposition 3 Value function of the product innovations game for both
players, VIEl(n) is invariant to the investments being made into the process

innovations of all the products except the boundary o .'t];rf'(]t). Moreover, it

depends only on the total value generated by this product at the time of its
emergence V)1 (0) ji- (.

In an e ect one may observe that there is an in uence of procesnnovations
on the intensity of product innovations but the inverse e etis almost absent.
This form of the interdependence of product and process invaiions is in line
with the empirical literature on the subject, (Faria and Lima 2009) (Kraft
1990).

4.2 Process Innovations

Consider rst the problem of process innovations managemigior each prod-
uct i for both rms [j];[I].
z

Vidim)= e dls Sd(s) ds! max
gl

1
™) vidiy= e d's) 5g'(s) ds! max;
0 g
with the respect to dynamic constraints (3) for every produci.

‘These two problems constitute the dierential game with twostates,
f q[‘ ](t); q['](t)g and two controls which are strategies of the rmsf giU ](t); gi['](t)g
for everyi. Note that this formulation is of the same form across all prod
ucts' production technologies and they are independent odeh other. Hence
solution of this game is valid for anyi. The associated pair of HIB equations
is dependent on both states for each rm as well as on investmts of both
rms.

Depending on the realization of the mab0; " !(t) of!(t) g functions
in (3) one has 3 di erent formulations of HIB equations which aoespond
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to the leadership of one or the other rm and symmetric dynanais with no
leadership.

Due to the specics of dynamic constraints on process innavans, (3),
value functions of both rms are not di erentiable along theline q“](t) =
q['](t). This creates di culties in the formulation of optimal str ategies for
the symmetric case. Hence in this paper we consider only théusition with
constant Ieadershipq”](t) > qi['](t) for simplicity. In this case technology
evolution path of the leading rm is always higher than that d the following
one. It is also the case with only one steady state for the dymacal system
(3). The exact conditions on parameters for such an outcomé the pro-
cess innovations game are derived in (Bondarev 2011). Tharsyetric case
strategies are to be considered as the immediate extensidntlte results of
the current paper. In the current paper one may assume highawestment
e ciency of the leading rm and equal decay rates. This is notthe only
alternative when the constant leadership and single steadyate of the game
takes place, but it is the simplest one. So, from now on assume

1> 0
(8) 1= 1

Such conditions guarantees the existence of only one steadgite with rm
j being the leader in process innovations.

As long as one of the rms has the leadership in the process invations,
that is, q“](t) > qi[”(t), its dynamics does not depend on the imitation e ect,
while the other's does. Then subsequent pair of HIB equationsam be
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written as:

rVi”] =
( 1 @W! p |
[i] l] | ™~ Al [i]
T}% q (1) 59 1>+ m 7 (N Do () g '(t)
Vi )
@) p 0 0 ] ! .
+ (N Dg'(t) (t) (t) (t) ;
@H(t) na G
rv !l =
[|] [|] i li] [i]
gp”i”)( (t) (t)?+ m (N g (1) i1G (1)
g ’
@) p [ li] g
+ N gt t) + t t
@l N gt g q (1) (t)

(9)

Observe that in this formulation only the second rml, which is called the
“follower' is bene ting from the technological spillover esulting from superior
production technology of the other rmj. This can be seen from the form of
the dynamic constraint on the dynamics of technologies wiiés now di erent
between rms and includes the spillover e ect only for the flower.

The rst-order conditions for optimal investments depend aoly on the
own rm's value function but not on that of the other's:

iy - P @y
g''(t) = 57 (N ) - ;
N T
p : @V
10 ity = N C_.
(10) g (1) m o ( i) el

Hence the form of the optimal control is de ned by the form of tke underly-

ing value function for both rms separately.

In this paper we limit ourselves to open-loop type equilibai which corre-
sponds to the linear value functions of both rms. It may be sbwn that no

other value functions of the polynomial form may t the probem. Hence the
set of strategies derived further on is the only one optimahithe class of at

14



most linear feedback controllers with constant leadershipf one of the rms.
Formally, assume the following form of value functions fordih rms:

(11) VI = AUHD 14 OII 4 O,

The following result follows from rst order conditions immediately:

Proposition 4 The optimal investments rule for each of the rms does not
depend on the level of technology of the other rm nor on its value generation
process.

Consider rst the HIB equation for the leading rm. This rm does not
bene t from the imitation e ect but its problem is in uenced by the imitation

e ect present for the rm |. The position of the leader is characterized by
the condition:

ol 14y
8t: (1) > q'(1):
Of course, as long as one of the rms is the leader in procesaanations, the
other is the follower.

Inserting (11) into the pair of HIB equations (9) one obtains tk following
set of coe cients for the leaders' value function:

8 b1 1

EA' T

BU]:O;

-Bc[i]:l 1 (N i):
2([j]+r)2r )

(12)

Hence coe cients for the leader's value function do not depehon the opti-
mal investments of the follower. This set of coe cients comsponds to the
linear value function of the leader with the absence of crossects and hence
the optimal strategy is constant as long a8t : ¢ !(t) > gll(t). Together with
rst-order conditions on controls the derived value functon of the leader con-
stitutes optimal (constant) control for the leader:

P
(13) gl = e (N D const:

r+
Proposition 5 The optimal investments rule for the leader is constant for
each producti and does not depend on the imitation speed nor on the
achieved technology Ieveq“](t). However, process innovations are dier-
ent across products and this di erence is proportional to the position of the

porduct in the product space(N ).

15



Now consider the problem of the follower. Inserting (11) intdhe second
equation in (9) results in a system of equations for coe cies of the followers'
value function:

01 =
§A + [|]+r’
B[] = @@
S ( [j]2+r)( [|2]+ +r)?
Tz 1C 0t G 0*2 6 2w (Y §*2 0 [z'l)r)(N i):
T2 rC 020+ ot )? '

(14)

Here value function of the follower depends on the level of tewlogy achieved
by process innovations of the leader. Since this last is knowlready, one has
the explicit formulation of the value function for the follover. One may derive
the optimal investments of the follower according to rst oder conditions.

i
=0 = - const

(15) () < qll):

The constant strategy does not depend on the follower's or é¢hleader's
technology levels except for the fact that this strategy is ective only for
follower's technology being inferior to that of the leader.This investment
rule de nes constant rate of investments but lesser then thaor the leader
(also constant). It di ers from the latter by the term in the denominator.
Provided is the imitation speed and is de ned from zero to one, this de-
creases the overall investment rate for the follower. Thesdservations are
summarized below.

Proposition 6 The optimal investments rule for the follower is also con-
stant for each product and does not depend on the achieved technology level
q' (t). However it depends on the imitation speed and is decreasing in it.

It also di ers for every product and decreases Wlth the position of the product
in the products space . Moreover, 0 gI g 18 2 I with strict inequalities

on both sides for ali <N

Provided formulation of optimal controls, the dynamic systm for process
|nnovat|ons in the constant leader-follower regime beingoosidered here is:

< q't) = [§'Jr N pd);
d't) = — (N D+ gl (g )
(16)
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From this system one may observe that the improvements of ptaction
technology of the follower is faster for higher technologyevel of the leader
while it's investments' rate is lesser then for the leader,rpvided (8). At the
same time the already reached level of own technology de@es the process
innovations rate for the follower to a higher extent, since is positive. Hence
one may conclude:

Proposition 7 The level of production technology being reached by the pro-
cess innovations of the follower is always smaller then that of the leader for
any producti for all times, 8t> 0;i<N : q“](t) > qi[”(t).

This dynamical system has the following solution:

(1) =
2 ,
M (1 e o
n(r+ o)
q'(t) =
( m+ )t ( ot ot
an 1en ) (EET D BlEB oD g e
U mooot
whereEq; E> = f (101 o ) are some functions of parameters only.

The subsequent values generated by the process innovatiomish constant
leadership:

1 i
+ = N i)
2r(r + U])Z( 1);

[i]
il G
|

r+

[ []

tr+ oo r+ o tr+om

2
[1
rcr+ + m)

2
[i] 1

(18) rer+ g(r+ + p)r+ o

+ % (N i)

From this it might be seen that it is not pro table for the rm w hich is
the leader in process innovations to choose the investmeméde lower than

17



optimal. If one would do so, it would like to bene t from the spllover e ect
as the follower does. To this end the leader should choose thgestments
rule in the same way as the following rm. Then its value funabn will be
of the same type as of the follower. To demonstrate, that thisannot be
optimal for the leading rm, it is su cient to compare its val ue functions for
the case of being the leader and for the case of imitating théher rm. Since
we consider open-loop strategies case here, the investmeath is chosen at
the time of emergence of produat when technologies for both players are at
zero level. Hence the value functions for the rm at this point are given

by:
2

PN ),

w1
: 2r(r+ U])Z

2
0 1

19) Vv[Fl=
19\ r(r+ p(r+ + g)r+ q

1 0]
+ N i)

2ir + g
for being the leader and being the follower respectively. [@ict comparison of

these values while (8) holds shows that the rst value is alwa higher than
the second one.

Proposition 8 The value of process innovations game is always higher for
the rm which leads in investment e ciencies when it invests as a leader in
this game,\/i[L] > Vi[F] while the opposite holds for the rm which has lower
e ciency

For illustration of the dierence in investment policies caised by leader-
follower patterns we take the following set of parameters wth correspond
to leadership of rm j in process innovations. E ciency of investments into
variety expansion is assumed to be equal for both rms:

SETJL:[ U]:O:7; [|]:0:4; U]:OZZ; [|]:0:2];
(20)

with
[no:].; 1= [|]=O:5;r:O:Ol; :015,N:1000]

for both variants.
First consider the form of process innovations paths for botlhms on Figure
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Quality growth with consiant leadership
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Figure 1: Dierence in technologies for di erent products and be-
tween rms

1.

It might be seen that leader's "quality’ is always higher the that of the
following rm while both rms' technology levels are lower br every next in-
vented product then for the preceding one. This last comesin the assump-
tion of decreasing returnﬁ on investments into every next pduct technology,
which is re ected in the N i term entering the evolution equations. It
can also be seen that process innovations for each producemetually reach
the steady-state level and do not increase further on. Thigeady state lev-
els are di erent for the leader and the follower and also di eacross products.

Proposition 9 For each producti and each rm there is a unique steady-
state level of production technoloqu“;']. For each producti this level is
higher for the leading rm, q[” > q[']. It is lower for every next producti +
for both rms than for all the preceding onesf, ! > ¢,

Inserting solutions (17) into value functions for both rmsone obtains values
generated by the process innovations management game ascfions of ex-
ogenous parameters only. We need values generated by thisngaat the zero
level of technology and at initial time to proceed to the varily expansion
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part. These are:

(21)
VU](O;O)j(i=n(t)): ¢(N n(t));
! (r+ [j])zl'
V(0: 0) iz nen =
i (’ )J(l—n(t))
_ITar @R nt2 ) b i*2 GHut2 h .
2 r(r+ pp2(r+ + @)? '

These values are used for the solution of the variety expaasi problem in
the way discussed previously.

4.3 Variety Expansion Problem

Variety expansion problem is the di erential game with one tate and two
controls. Both rms invest simultaneously in the variety eyansion and ben-
e t from the resulting variety on common base thus sharing athe informa-
tion on this level of innovations. The dynamic problem for bih rms is to
maximize the potential output of innovations given the cost of investments.
Note that the potential prot in this part of the model consists only from
the future accumulated prot from development of productim technologies
(process innovations) of newly invented products. Since Weit ourselves to
the case of open-loop strategies in the process innovatiggeme the variety
expansion problem is also solved in this class of strategid$e other strate-
gies, of piecewise-constant and of closed-loop type mayoalee considered as
an immediate extension.

For the characterization of the open-loop solution for theariety expan-
sion game the maximum principle method is convenient. One maewrite

20



the problem of variety expansion as following:
. Z, . 1 .
W= e (putlO+ guiOVHO:0)ie=nw FUVM° dtt max;
0 il
YA 1

, _ 1
JW="e™ (ull®+ Hull®)Vi(0;0)ji=nw QU['](t)2 dt ! max
0

sit:
n@) = ullt)y+ puii);

(22)
ull); ut) o8t o

where V;;1(0;0) ji=ny; Vi(0;0) ji=nq) are given by (22) and depend on
n(t) linearly. Denote the value functions from the process inwations game
associated with the technology of the boundary produdt= n(t) by

Vi1(0;0) ja=n@y= C¥1 (N n(b));
(23) Vii(0;0) ji=nay= C (N n(1)):

whereN is the maximal range of products variety.

The constant part may vary depending on the leadership in thprocess
innovations game, but the variety expansion is analysed pamnetrically and
then the dynamics corresponding to di erent regimes of therpcess innova-
tions game are compared. This may be done since these consfaarts of
value functions above do not depend on the state variable am®ntrols nor
time. This constitutes the one-state di erential game withcommon state
constraint which may be solved using standard techniques. rBi we con-
struct Hamiltonians of the given problem and derive rst-oreér conditions
on controls. Substituting these into Hamiltonian functionsand writing down
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co-state equations yield the canonical system for the vatyeexpansion game:
@il
=1 0 @ =

=(r+ §HiC8) pO+ {HCM O+ §EH?+ {EUCHN . n);

@il
#H=T @—(lt):

=(r+ &CH pty+ 3,Cl i+ g+ Zclichhy(N - n(t));

N = § M+ f @+ HEH*+ HESHHN )
n(0) = no;
limy e ™ [(t)=0;

(24)
Iimm e " [|](t) =0:

The rst-order conditions on the investments into the vari¢y expansion for
both rms de ne investments as functions of co-state variales:

l1] ) )
% =0:ullt) = g O+ CHN nE);
@'I[I] —n- — [ .
(25) @ =0:u (t) = [|](t) + Cv (N n(t)).

Inserting this into the dynamic constraint for variety expansion together with
(24) constitutes the system of linear ODEs with one initial andition and two
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boundary conditions (transversal ones) which is then solde The solution is:

q T
nit) =N (N no)e%(r r(r+4 ﬁ]c\[/”*“ ﬁ]C\[/”))t;

VIc gelt+ felh

jit) =

\.1
. . |
2 E]cv“]+ r+ r(r+4 ﬁ]CV“]+4 ﬁ]cél)

q .
OGN np)ex™ T+ §iovi4 fiei.

. |
AT N

m®) = 0] - 0] T
2 ﬁ]CV +r+ r(r+4 ﬁ]CV +4 ﬁ]Cv)

q T
(26) 2(N no)e%(r r(r+4 ﬁ]C5”+4 ﬁ]C\[,l]))t:

The product innovations increase the available for both rms variety of prod-
ucts n(t). Speed of this increase is slowing down to zero while the pess
approaches the maximal available variety\ .

Proposition 10 With common product innovations process the available for
both rms products variety n(t) is increasing over time and does not reach
the maximal available level in nite time.

Due to the nature of the problem analysed here the co-statedynamics is
negative. This happens because of the form the variety exgon problem is
reformulated in this section. Every rm cares only about futire investments
into variety expansion. From this point of view shadow pricef investments
is negative since every marginal addition to investments deces future pos-
sibilities to invest. This happens because one has boundezhse of products
in the model and inventions reduce the dimensionality of tkispace. Firms
take into account the prot generated only by the next potental product

but neglect all the products which are already invented befe. Hence the
shadow price of investing into the expansion of products vty is negative.
Still, investments are positive for both rms as well as the gwth of variety.
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Explicit formulation of investments into variety expansia for both rms is:

(] g 0] (1
iCv (r+ r(r +”4 5Cv +4 §,C))

. 1 -
2 E]C&']+2 2cll+r+ r(r+4 E]C\[,”+4 2 cl
q

u[”(t)

i 0
(N ngerr s fiovisa feit,

T 2 clla 2.0l
() nCv'(r+ r(r+4 G +4 5.CG))
u = . g .
2 ficl+2 fo+re r(r+a fiollea gl

27) (N npe 14§+

lil mcy]»t:
These are completely symmetric except for the termy;, ]Cy;'] which depends
on investment e ciencies and value generated by the procesmovations into
the production of the next product to be invented for both rms. Hence rel-
ative scale of investments into the variety expansion depés on the outcome
of the process innovations game.

Proposition 11 Investments of both rms into the product innovations are
positive and depend on the value generated by subsequent process innovations
into the next product

One also may compute the value function of the variety expalmm game
as the optimized Hamiltonian function. The value of the variy expansion
game for each of the rms is the respective Hamiltonian funan at time
t = 0 and optimal co-state and variety values:

viln) = %HU](n(O) ; 11(0) ) =

- ¢l (N no’2 g&'+ §,Cv)
v

2 2

\1
| j j |
acil+2 2+ r+ r(r+4 2cll+a 2cl)

(]
VU(n) = %H['](n(o) » m0)=

j |
28) =l (N o2 5,00+ §C)
v

\.1 :
| I j |
22c+2 2cll+r+ r(r+a 2cl+a 2Cl)
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It can be seen that value function of the variety expansion gae is just the
combination of e ciencies of investments into the variety &pansion, .
and value functions of the process innovations game of botihms. Observe
that these are independent of the index of the product, as they include
estimation of value generation of all products to be inventeat the point
i = ng. Hence these two functions give the total value of the combideggame
of process and product innovations. However, they may take erent values
depending on the leadership regime in process innovatioresme. Due to the
special and symmetric form of investment e ciencies ( ) the same regime
is preserved for all product indices and values ofcll: cl! are independent
of i. As long as shadow costs of investments in process innovasgame are
independent ofi, optimal investments for both rms depend oni in the same
way. Then value functions and process innovations dynamiesll depend on
i also in the same way for all regimes and hence conditions fealisation of
one or another regime are independent dnalso.

This of course is not necessarily the case with more generalg. de ned
di erently for dierent i) specication of e ciency functions ;.;;(i). No
claims concerning general properties of these functionseeamade here. One
would stop on the conclusion that with the adopted speci cabn of ()
functions the regime of leadership in process innovationgsrge is constant
across products and hence the value function for the variegxpansion part
may be de ned independently on or n(t).

Consider now the shape of the product innovations dynamicst the

monopolist — diffzame variety expansion comparison
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n growth with j as a constant leadsr

Figure 2: Product innovations for cooperative investments and a
single rm
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Figure 2 one may nd the comparison of product innovations dyamics of
the di erential game with constant leadership in process imovations of one
of the rms with that of the single rm in the market. The model with one
rm is previously considered in (Bondarev 2010b). Here it suces to note
that the problem of one rm is the same one as that of the lead@ rm in
process innovations part (with the same investment rule) ahvariety expan-
sion part is obtained by assuming the single rm investing ito the product
innovations instead of two. In this gure the same seSET JL of parameters
is adopted for illustration purposes, while the single mompwlist's e ciency
of process innovations investments is set in between of theawms at the
level v = 51 and all other parameters kept similar.

One may see that under the cooperative investments the proctuinno-
vations speed is higher than for the single monopolistic rmThis happens
due to non-zero investments of both rms into this kind of inmvations in
cooperative case. It may be shown that the cooperative integents are pos-
sible in this model due to the specialization of innovative &wities of both
rms with natural selection of these activities. This main eature of the sug-
gested model is discussed in the last section of the paper. €hing which
is important to note at this stage is summarized below.

Proposition 12 In the case of the constant leader in process innovations
cooperative product innovations of two rms are higher than those of the
single monopolistic rm, ull(t) + ull(t) > uMI(t). This e ect is observed as
long as j;> [mj> [y Or vice versa.

5 Specialization of Innovative Activities

Now consider the overall strategic pro le and value generatefor both rms.

It turns out, that one of the rms invests more into the develgpment of pro-

cess innovations while the other one invests more into theeation of new
products. Thus the specialization of innovative activitis is observed. It may
be shown, that this e ect is robust to parameters value chargg as well as
the leadership regime.
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5.1 Process Innovations Investments

To observe this specialization e ect, consider rst the sedf optimal strategies
for the process innovations game for both rms in the case obuostant leader.

p e . N
il i1 (N ),
Ycon = —
li]
P N i
no _ .
(29) Gricon = T4 0

It is straightforward that the leaders' investments are higer than those of
the follower for eachi, if (8) hold. At the same time leader's value of the
process innovations game is always lower than that of the lmlver since its
investments do not depend on the achieved technology leveldaare higher
than those of the follower. At zero technology level leader'value is lower
than that of the follower also. This constitutes the speciaation of innova-
tive activities of both rms in the area of process innovatios.

Figure 3 shows di erences in investments of the leading andetfollowing
rm in the area of process innovations for two di erent prodicts from the
products' space. The same parameter S&ETJL, is used for this illustra-
tion.

This gure illustrates some additional e ect also. Namely, he investments

Quality growth invesiments with consiant leadership
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Figure 3: Specialization: the most e cient investor invests more
into process innovations despite of the spillover e ect.

of both rms decrease with the increase of the position of thproduct, i,
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but they are decreasing more rapidly for the leading rm tharfor the fol-
lowing one. This happens due to the presence of the imitatispeed term
in the formulation of the optimal investments of the followe which slows
down the decrease of investments over products. It is moregxable for the
follower to develop the production technology of every nextroduct than for
the leader since this rst one bene ts from spillover e ect ad thus has less
incentives to reduce investments. At the same time it has l@w e ciency of
investments by assumption (8) and hence its investments f@ach product
are lower. These observations are summarized below.

Proposition 13 The investments of the leader in process innovations are
higher than those of the followergﬂ;]CON > gE}CON for every producti 2 N.
At the same time, across products investments of the follower decrease at a

| |
slower pace than those of the Ieade?a‘),égi“ < @QE.;N < 0.

5.2 Product Innovations Investments

Now consider di erences in product innovations. As it has beenoted, the
value of the process innovations game estimated at zero tadiogy level is
higher for the follower, as it may be seen from (22). Hence,tlvestments
into the product innovations of the follower are higher thanthose of the
leader, as (27) are completely symmetric except for the vauunctions of
the process innovations game. It follows, that the higher ihe di erence in
values generated for both rms by the process innovations gee, the higher
is the di erence in variety expansion investments.

The di erence in product innovations strategies of the rmesis illustrated
on the Figure 4. The same set of parameters as before is used.

With constant leadership in process innovations variety exmsion in-
vestments are rather large for both rms. The rate of investrants is not
constant and depends negatively on the already achieved é¢wf variety
n(t). It decreases rapidly until zero. The rm which is the leadein process
innovations invests less then the follower all the time. Theecrease in in-
tensity of product innovations over time is explained throgh the increasing
complexity of the development of process innovations for ey next product
within the products' range. Since the only source of new vaduis the value
generated by the development of the production technologidor new prod-
ucts through process innovations, it becomes less attraeatito introduce new
products in comparison to the development of already existj ones as the
process of variety expansion approaches its lin .
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Varizty expansion investment with j as a constant leadar
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Figure 4: Specialization: the following rm invests more into prod-
uct innovations because of the spillover e ect.

Proposition 14  Product innovations investments are higher for the follow-
ing rm all the time, ull(t) <uM(t), and they slow down for both rms while

lj] 111
the variety expansion process approaches its Iim:%éf{t’;“ <0 @g@ﬁg;“ < 0.

H H @@;éON . @ll[!;]CON
In particular, they slow down over time, ot < 0; ot < 0.

There is substantial di erence between rms' investmentsnto production
technologies of new products and the spillover e ect is stng enough to boost
variety expansion investments of the rm which is the followr in process
innovations. At the same time it has to be noted that due to theopen-loop
nature of the investment strategies analysed here both rmivest non-zero
amounts into variety expansion irrespective of their positns in the process
innovations game. It may be shown that this is not the case inased-loop
situation, where total variety expansion investments are ade by the follower
only while the leader is investing strictly zero amount.

The endogenous specialization of innovative activities tveeen rms in the
model follows the natural selection criteria: the rm whichis more e cient
in investing into one or the other type of innovations is spealizing in this
kind of innovations. Yet this specialization is not the fullone, as both rms
invest non-zero amounts in both directions of their activies. The overall
process of generation of innovations may be described by tBalimensional
reconstruction at Figure 5.

Here one may observe the underlying process of generation obducts
variety, n(t), together with associated processes of technology impeonents
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Figure 5: Common product innovations is the generator of process
innovations.

for both rms and for di erent products. The domination in te chnology
levels is preserved along all the range of products to be imed. The same
is true for the specialization of activities: the follower@&mains the follower in

all products process innovations and continues to invest meinto the variety
expansion all the time.
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