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❆❜str❛❝t

❚❤✐s ♣❛♣❡r ♣r♦♣♦s❡❞ ❛ ♥❡✇ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ♦❢ ❊❛r❧② ❲❛r♥✐♥❣ ❙②st❡♠s ✭❊❲❙✮ t♦ ❞❡t❡❝t

❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s ♦❢ ❛♥ ✐♠♣❡♥❞✐♥❣ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❚❤❡ ♣r♦❜❧❡♠ ♦❢ ❊❲❙ ✇❛s ❢♦r♠✉❧❛t❡❞

❢r♦♠ ❛ ♣♦❧✐❝② ♠❛❦❡r✬s ♣❡rs♣❡❝t✐✈❡✳ ❍❡♥❝❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤r❡s❤♦❧❞ ✇❛s ♦❜t❛✐♥❡❞ ❜②

♠✐♥✐♠✐③✐♥❣ t❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ✇❡❧❢❛r❡ ❧♦ss✳ ❚❤✐s ♣❛♣❡r ❡♠♣❧♦②❡❞ t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt

❇❛②❡s✐❛♥ ◗✉✐❝❦❡st ❈❤❛♥❣❡ ❉❡t❡❝t✐♦♥ ✭❇◗❈❉✮ ❛s t❤❡ ♠❡t❤♦❞♦❧♦❣② t♦ ❞❡t❡❝t t❤❡ ❡❛r❧②

✇❛r♥✐♥❣ s✐❣♥❛❧s ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✳ ❲❡ s❤♦✇❡❞ t❤❛t t❤❡ ❇◗❈❉ ♠❡t❤♦❞ ♦✉t♣❡r❢♦r♠❡❞

t❤❡ ▲♦❣✐t ♠♦❞❡❧ ✉s❡❞ ✐♥ tr❛❞✐t✐♦♥❛❧ ❊❲❙ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ r❡s✉❧ts ♦❢ s✐♠✉❧❛t✐♦♥ ❡①❡r❝✐s❡

❛♥❞ t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ ✶✾✾✼ ❆s✐❛♥ ✜♥❛♥❝✐❛❧ ❝r✐s❡s✳ ❲❡ ❢♦✉♥❞ t❤❛t ♥♦t

♦♥❧② ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s ✇❡r❡ str♦♥❣❡r ♣r✐♦r t♦ ❛ ❝r✐s✐s✱ ❜✉t ❛❧s♦ str♦♥❣❡r ✇❛r♥✐♥❣ s✐❣♥❛❧s

❛♣♣❡❛r❡❞ ♠♦r❡ ❢r❡q✉❡♥t❧②✳ ❚❤❡ ❇◗❈❉ ♠❡t❤♦❞ ✇❛s s❡♥s✐t✐✈❡ t♦ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ❢r❡q✉❡♥❝②✱

❤❡♥❝❡ ♦✉t✲♣❡r❢♦r♠❡❞ t❤❡ tr❛❞✐t✐♦♥❛❧ ▲♦❣✐t✲❊❲❙ ♠♦❞❡❧✳

❑❡②✇♦r❞s✿ ❡❛r❧② ✇❛r♥✐♥❣ s②st❡♠✱ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✱ ♠♦♥❡t❛r② ♣♦❧✐❝②✱ ❇❛②❡s✐❛♥ q✉✐❝❦❡st ❝❤❛♥❣❡

❞❡t❡❝t✐♦♥✱ ♦♣t✐♠❛❧ st♦♣♣✐♥❣

❏❊▲ ❝♦❞❡✿ ❊✺✱ ❋✸

✶ ■♥tr♦❞✉❝t✐♦♥

✶✳✶ ▼♦t✐✈❛t✐♦♥

■♥ t❤❡ ♣❛st ❢❡✇ ❞❡❝❛❞❡s✱ ✇❡ s❛✇ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✜♥❛♥❝✐❛❧ ❞✐sr✉♣t✐♦♥s ♦❢t❡♥ ✇✐t❤ ❞❡✈❛st❛t✐♥❣

❡❝♦♥♦♠✐❝ ❛♥❞ s♦❝✐❛❧ ❝♦♥s❡q✉❡♥❝❡s✳ ❆s ❛ r❡s✉❧t✱ ✐♥t❡r♥❛t✐♦♥❛❧ ♦r❣❛♥✐③❛t✐♦♥s ❜❡❣✉♥ t♦ ❞❡✈❡❧♦♣

∗❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ ❲✐s❝♦♥s✐♥✲▼❛❞✐s♦♥✱ ✶✶✽✵ ❖❜s❡r✈❛t♦r② ❉r✳ ▼❛❞✐s♦♥✱ ❲■ ✺✸✼✵✻✲
✶✸✾✸✱ ❯❙❆✳ ❚❡❧✿ ✶✲✻✵✽✲✷✻✷✵✷✵✵✳ ❊♠❛✐❧✿ ❤❧✐✷✻❅✇✐s❝✳❡❞✉

†■ ❛♠ ❣r❛t❡❢✉❧ t♦ ♠② ♠❛✐♥ ❛❞✈✐s❡r ❙t❡✈❡♥ ❉✉r❧❛✉❢ ❢♦r ❤✐s ❛❞✈✐❝❡ ❛♥❞ ✐♥s♣✐r❛t✐♦♥✳ ■✬❞ ❧✐❦❡ t♦ t❤❛♥❦ ❲✐❧❧✐❛♠
❇r♦❝❦ ❛♥❞ ◆♦❛❤ ❲✐❧❧✐❛♠s ❢♦r t❤❡✐r ❤❡❧♣ ❛♥❞ ❛❞✈✐❝❡✳ ❚❤❡ ♣r♦❥❡❝t ❜❡♥❡✜t❡❞ ❢r♦♠ s✉❣❣❡st✐♦♥s ❢r♦♠ s❡♠✐♥❛r
♣❛rt✐❝✐♣❛♥ts ❛t ❯❲✲▼❛❞✐s♦♥✳ ❆❧❧ ♠✐st❛❦❡s ❛r❡ ♦❢ t❤❡ ❛✉t❤♦r✳ ❚❤❡ ❧❛t❡st ✈❡rs✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐♥❦✿ ❤tt♣✿✴✴❞❧✳❞r♦♣❜♦①✳❝♦♠✴✉✴✷✷✺✷✶✾✽✶✴❊❛r❧②❴❲❛r♥✐♥❣❴❙②st❡♠❴❲♦r❦✐♥❣❴❊❞✐t✐♦♥✳♣❞❢

✶



❊❛r❧② ❲❛r♥✐♥❣ ❙②st❡♠ ✭❊❲❙✮ ♠♦❞❡❧s ✇✐t❤ t❤❡ ❛✐♠ ♦❢ ❛♥t✐❝✐♣❛t✐♥❣ ✇❤❡t❤❡r ❛♥❞ ✇❤❡♥ ❛ ❝♦✉♥tr②

♠❛② ❜❡ ❛✛❡❝t❡❞ ❜② ❛ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❊❲❙ ♠♦❞❡❧s ❝❛♥ ❤❛✈❡ s✉❜st❛♥t✐❛❧ ✈❛❧✉❡ t♦ ♣♦❧✐❝② ♠❛❦❡rs

❜② ❛❧❧♦✇✐♥❣ t❤❡♠ t♦ ❞❡t❡❝t s②♠♣t♦♠s ♦❢ ✜♥❛♥❝✐❛❧ ❞✐sr✉♣t✐♦♥s s✉✣❝✐❡♥t❧② ✐♥ ❛❞✈❛♥❝❡ t♦ t❛❦❡

♣r❡❡♠♣t✐✈❡ ♠❡❛s✉r❡s t♦ r❡❞✉❝❡ r✐s❦s ♦❢ ✜♥❛♥❝✐❛❧ ❝r✐s❡s✳ ❆s st❛t❡❞ ✐♥ ■▼❋ ✭✷✵✶✵✮✱ t❤❡ ♣r✐♠❛r②

♣✉r♣♦s❡ ♦❢ ❊❲❙ ✐s t♦ ✐❞❡♥t✐❢② ✈✉❧♥❡r❛❜✐❧✐t✐❡s t❤❛t ♣r❡❞✐s♣♦s❡s ❛♥ ❡❝♦♥♦♠② t♦ ❛ ❝r✐s✐s✱ s♦ t❤❛t

♣r❡❡♠♣t✐✈❡ ♣♦❧✐❝✐❡s ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞✳ ❍❡♥❝❡ s✉❝❤ ❛♥ ❛❧❛r♠ s②st❡♠ ❝♦♥st✐t✉t❡s ❛ ❝r✉❝✐❛❧ ♣❛rt

♦❢ ♠❡❛s✉r❡s t❛❦❡♥ ❜② ❛✉t❤♦r✐t✐❡s t♦ ♣r❡✈❡♥t ✜♥❛♥❝✐❛❧ ❝r✐s❡s ❛♥❞ ❢❛❝✐❧✐t❛t❡ ✜♥❛♥❝✐❛❧ st❛❜✐❧✐t②✳

❚✇♦ ♠❛✐♥ ❛♣♣r♦❛❝❤❡s ❛r❡ ❞❡✈❡❧♦♣❡❞ s✐♥❝❡ t❤❡ ❡❛r❧② ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ❊❲❙ ♠♦❞❡❧s ❜②

❑❛♠✐♥s❦② ❡t ❛❧✳ ✭✶✾✾✽✮ ❛♥❞ ❇❡r❣ ❛♥❞ P❛tt✐❧❧♦ ✭✶✾✾✾✮✿ t❤❡ ❧❡❛❞✐♥❣ ✐♥❞✐❝❛t♦rs ❛♣♣r♦❛❝❤ ❛♥❞

t❤❡ ❞✐s❝r❡t❡✲❞❡♣❡♥❞❡♥t✲✈❛r✐❛❜❧❡ ❛♣♣r♦❛❝❤✳

❚❤❡ ❧❡❛❞✐♥❣ ✐♥❞✐❝❛t♦rs ❛♣♣r♦❛❝❤ ❞❡✈❡❧♦♣❡❞ ❜② ❑❛♠✐♥s❦② ❛♥❞ ❘❡✐♥❤❛rt ✭✶✾✾✾✮ ❛♥❞ ❑❛♠✐♥✲

s❦② ❡t ❛❧✳ ✭✶✾✾✽✮ ❝♦♥s✐❞❡rs ✈❛r✐♦✉s ✐♥❞✐❝❛t♦rs ❛♥❞ tr❛♥s❢♦r♠s t❤❡♠ ✐♥t♦ ❜✐♥❛r② s✐❣♥❛❧s✳ ❋♦r

❡①❛♠♣❧❡✱ ✇❤❡♥ ❛♥ ✐♥❞✐❝❛t♦r ❢❛❧❧s ❛❜♦✈❡ ❛ ❣✐✈❡♥ t❤r❡s❤♦❧❞✱ t❤✐s ♣❛rt✐❝✉❧❛r ✐♥❞✐❝❛t♦r ✇✐❧❧ ✢❛s❤

❛ r❡❞ ❧✐❣❤t✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ❞✐✛❡r❡♥t ✐♥❞✐❝❛t♦rs ✐s ❛❣❣r❡❣❛t❡❞ ✐♥t♦ ❛ ❝♦♠♣♦s✐t❡ ♠❡❛s✉r❡

♦❢ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ❛♥ ✐♠♣❡♥❞✐♥❣ ❝r✐s✐s✳ ❚❤❡ ❧❡✈❡❧ ♦❢ t❤❡ t❤r❡s❤♦❧❞ ✇❤✐❝❤ ✐s ♣r❡❞❡t❡r♠✐♥❡❞ ✐s

♦❢ ❣r❡❛t ✐♠♣♦rt❛♥❝❡✱ s✐♥❝❡ t❤❡ ❧♦✇❡r t❤❡ t❤r❡s❤♦❧❞✱ t❤❡ ♠♦r❡ s✐❣♥❛❧s ✇✐❧❧ t❤✐s ✐♥❞✐❝❛t♦r s❡♥❞✱

❤❡♥❝❡ t❤❡ ❝♦st ♦❢ ❢❛❧s❡ ❛❧❛r♠ ✇✐❧❧ ✐♥❝r❡❛s❡✳

❇❡r❣ ❛♥❞ P❛tt✐❧❧♦ ✭✶✾✾✾✮ ✜rst ♣♦♣✉❧❛r✐③❡❞ t❤❡ ❞✐s❝r❡t❡✲❞❡♣❡♥❞❡♥t✲✈❛r✐❛❜❧❡ ❛♣♣r♦❛❝❤✳ ■t

❛ss✉♠❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥ ✐♠♣❡♥❞✐♥❣ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ❞❡♣❡♥❞s ♦♥ ❛ ♥♦♥✲❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢

t❤❡ ✐♥❞✐❝❛t♦rs✱ ✐✳❡✳ Pr (Y = 1) = F (Xβ)✳ ❚❤❡♥✱ ♦♥❡ ♥❡❡❞s t♦ s♣❡❝✐❢② ❛ t❤r❡s❤♦❧❞ T ❜❡②♦♥❞

✇❤✐❝❤ t❤❡ ♣r❡❞✐❝t❡❞ ♣r♦❜❛❜✐❧✐t② ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ✐ss✉✐♥❣ ❛♥ ❛❧❛r♠ ♦❢ ❛♥ ✐♠♣❡♥❞✐♥❣ ✜♥❛♥❝✐❛❧

❝r✐s✐s✳ ❚❤❡ ❦❡② ✐ss✉❡ ✐s ❤♦✇ t♦ ❞❡t❡r♠✐♥❡ t❤❡ t❤r❡s❤♦❧❞✳ ❚❤❡ ❧♦✇❡r ✐t ✐s✱ t❤❡ ♠♦r❡ ❛❧❛r♠s ✇✐❧❧

❜❡ ✐ss✉❡❞✱ ❤❡♥❝❡✱ t❤❡ ❝♦st ♦❢ ❢❛❧s❡ ❛❧❛r♠ ✭❚②♣❡ ✶ ❡rr♦r✮ ✇✐❧❧ ✐♥❝r❡❛s❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ✐t

✐s ❝❤♦s❡♥ t♦♦ ❤✐❣❤✱ ✐t ✇✐❧❧ ❜❡ ♠♦r❡ ❧✐❦❡❧② t♦ ♠✐ss ❝r✐s✐s s✐❣♥❛❧s ✭❚②♣❡ ✷ ❡rr♦r✮✳ ❚❤❡ tr❛❞❡✲♦✛

♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❊❲❙ ❧✐t❡r❛t✉r❡✳ ❈r✐t❡r✐♦♥ s✉❝❤ ❛s ◆♦✐s❡✲t♦✲❙✐❣♥❛❧ ❘❛t✐♦

❤❛s ❜❡❡♥ ✉s❡❞✳ ❇✉t t❤✐s ❝r✐t❡r✐♦♥ ✐s ❜❛s❡❞ ♦♥ st❛t✐st✐❝❛❧ ♠❡❛s✉r❡s✱ ✇❤✐❝❤ ❞♦ ♥♦t r❡♣r❡s❡♥t t❤❡

❝♦st ♦❢ ❢❛❧s❡ ❛❧❛r♠ ❛♥❞ ❞❡❧❛② ❞❡t❡❝t✐♦♥✳ ❆s ❇✉ss✐❡r❡ ❛♥❞ ❋r❛t③s❝❤❡r ✭✷✵✵✽✮ ❛♥❞ ❈❛♥❞❡❧♦♥ ❡t

❛❧✳ ✭✷✵✶✵❜✮ ♣♦✐♥t❡❞ ♦✉t t❤❛t t❤❡ t❤r❡s❤♦❧❞ T ✐s ❝❤♦s❡♥ ✇✐t❤ ♥♦ ❡①♣❧✐❝✐t r❡❛s♦♥s ✐♥ st❛♥❞❛r❞

❊❲❙ ♠♦❞❡❧s✳

■♥ ♦r❞❡r t♦ ♠♦❞❡❧ ❝♦sts ♦❢ t❤❡ t✇♦ t②♣❡s ♦❢ ♠✐st❛❦❡s✱ t❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ♣r♦❜❧❡♠ ♥❡❡❞s t♦

❜❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ♦❢ ❊❲❙✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❊❲❙ s❤♦✉❧❞ ❜❡

❢r❛♠❡❞ ❛s t❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ♣r♦❜❧❡♠✳ ●r❛♠❧✐❝❤ ❡t ❛❧✳ ✭✷✵✶✵✮ ♣♦✐♥t❡❞ ♦✉t t❤❛t ❛ ❝r✐t✐❝❛❧ ❡❧❡♠❡♥t

♦❢ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ♦❢ ❊❲❙ ♠♦❞❡❧ ✐s t❤❡ t✐❣❤t ❝♦rr❡s♣♦♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦✉t❝♦♠❡ ♦❢ ❊❲❙

♠♦❞❡❧ ❛♥❞ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ ✐ts ✉s❡r✳ ❉❛✈✐s ❛♥❞ ❑❛r✐♠ ✭✷✵✵✽✮ ❛r❣✉❡❞ t❤❛t ✐t ✐s ✐♠♣♦rt❛♥t

t♦ ❝♦♥s✐❞❡r ♣♦❧✐❝② ♠❛❦❡r✬s ♦❜❥❡❝t✐✈❡ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ❊❲❙ ♠♦❞❡❧ ❛♥❞ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡

t❤r❡s❤♦❧❞s s✐♥❝❡ t❤❡r❡ ✐s tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ t❤❡ t✇♦ t②♣❡s ♦❢ ♠✐st❛❦❡s✳

❇✉ss✐❡r❡ ❛♥❞ ❋r❛t③s❝❤❡r ✭✷✵✵✽✮ ✜rst ❡①♣❧♦r❡❞ ✐ss✉❡s ♦❢ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ♦❢ ❊❲❙ ♠♦❞❡❧s

❢r♦♠ ❛ ♣♦❧✐❝② ♠❛❦❡r✬s ♣❡rs♣❡❝t✐✈❡✱ s✐♥❝❡ ❜♦t❤ t❤❡ ♦✉t❝♦♠❡ ♦❢ ❛♥ ❊❲❙ ♠♦❞❡❧ ❛♥❞ t❤❡ ♣♦❧✐❝②

✷



r❡❛❝t✐♦♥ ❛r❡ ❞✐s❝r❡t❡ ❡✈❡♥ts✳ ❚❤❡ ❛✉t❤♦rs ♣r♦♣♦s❡❞ ❛ s✐♠♣❧❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣♦❧✐❝②

♠❛❦❡r t♦ ❞❡♠♦♥str❛t❡ t❤❡ ♥❡❝❡ss✐t② ♦❢ ✐♥❝♦r♣♦r❛t✐♥❣ ♣♦❧✐❝② ♠❛❦❡r✬s ♣r❡❢❡r❡♥❝❡ ✐♥ t❤❡ ♦♣t✐♠❛❧

❞❡s✐❣♥ ♦❢ ❊❲❙✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ t♦♦❦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿ L (T ) = θp (T )+(1− θ) q (T )✱

✇❤❡r❡ p ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ♠✐ss❡❞ ❝r✐s✐s ❛♥❞ q ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✐ss✉✐♥❣ ❛♥ ❛❧❛r♠ ❜✉t

t❤❡ ❝r✐s✐s ❞✐❞ ♥♦t ♦❝❝✉r✱ θ ✐s t❤❡ r❡❧❛t✐✈❡ ❝♦st ♦❢ ♠✐ss✐♥❣ ❛ ❝r✐s✐s✳ ❚❤❡ ❛✉t❤♦rs ❛❧s♦ ❧✐st❡❞ t❤r❡❡

❝r✐t✐❝❛❧ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ♦❢ ❊❲❙✿ t❤❡ ❞❡❣r❡❡ ♦❢ r✐s❦ ❛✈❡rs✐♦♥ θ ♦❢ ♠✐ss✐♥❣

❛ ❝r✐s✐s✱ t❤❡ ❢♦r❡❝❛st ❤♦r✐③♦♥ ♦❢ t❤❡ ♠♦❞❡❧✱ ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤r❡s❤♦❧❞ T ❢♦r ✐ss✉✐♥❣ ❝r✐s✐s

❛❧❛r♠s✳ θ ✐s ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rt❛♥❝❡✱ ♦♥❝❡ ✐t ✐s ❞❡t❡r♠✐♥❡❞✱ t❤❡ t❤r❡s❤♦❧❞ T ✐s ✉♥✐q✉❡❧②

❞❡t❡r♠✐♥❡❞✱ ❛♥❞ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ r❡❧❛t✐✈❡ ❝♦st ♦❢ ❛ ❝r✐s✐s ❛♥❞ t❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ♣r❡❢❡r❡♥❝❡✳

❚❤✐s ♣❛♣❡r ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦♥t✐♥✉❛t✐♦♥ ♦❢ ❇✉ss✐❡r❡ ❛♥❞ ❋r❛t③s❝❤❡r ✭✷✵✵✽✮✬s ❡✛♦rt✳ ❲❡

✇✐❧❧ ❢r❛♠❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡❛r❧② ✇❛r♥✐♥❣ s②st❡♠ ♠♦❞❡❧s ❛s t❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ♣r♦❜❧❡♠✳ ❚❤❡

♣♦❧✐❝② ♠❛❦❡r ✇✐❧❧ ❡①tr❛❝t ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ st❛♥❞❛r❞ ▲♦❣✐t✲❊❲❙ ♠♦❞❡❧s ❛❜♦✉t t❤❡ ❧✐❦❡❧✐❤♦♦❞

♦❢ ❛♥ ✐♠♣❡♥❞✐♥❣ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✱ ❛♥❞ ❞❡t❡r♠✐♥❡ t❤❡ t✐♠✐♥❣ t♦ t❛❦❡ ♣r❡❡♠♣t✐✈❡ ❛❝t✐♦♥s✳ ❚♦

❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ t✐♠✐♥❣ ♦❢ ♣r❡❡♠♣t✐✈❡ ❛❝t✐♦♥s✱ t❤❡ ♣♦❧✐❝②♠❛❦❡r ✇✐❧❧ ❤❛✈❡ t♦ str✐❦❡ ❛

❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ ❝♦sts ♦❢ t❤❡ t✇♦ t②♣❡s ♦❢ ♠✐st❛❦❡s✿ ❢❛❧s❡ ❛❧❛r♠ ❛♥❞ ❞❡❧❛② ❞❡t❡❝t✐♦♥✳

❆s ✇❡ ✇✐❧❧ ❛r❣✉❡ ❧❛t❡r✱ t♦ ❞❡t❡❝t t❤❡ ✈✉❧♥❡r❛❜✐❧✐t② ♦❢ t❤❡ ❡❝♦♥♦♠② ❛♥❞ ❞❡t❡r♠✐♥❡ t❤❡ t✐♠✐♥❣

♦❢ ♣r❡❡♠♣t✐✈❡ ❛❝t✐♦♥ t♦ ❜❡ t❛❦❡♥ ✐s ✐♥❤❡r❡♥t❧② ❛ q✉✐❝❦❡st ❝❤❛♥❣❡ ❞❡t❡❝t✐♦♥ ♣r♦❜❧❡♠ ✇❤✐❝❤ ❤❛s

❜❡❡♥ st✉❞✐❡❞ ✐♥t❡♥s✐✈❡❧② ✐♥ ❡♥❣✐♥❡❡r✐♥❣ ❛♥❞ ♠❛t❤❡♠❛t✐❝s✳ ❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❛❞♦♣t t❤✐s ♠❡t❤♦❞

t♦ s♦❧✈❡ t❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ♣r♦❜❧❡♠✳

✶✳✷ ◗✉✐❝❦❡st ❈❤❛♥❣❡ ❉❡t❡❝t✐♦♥

◗✉✐❝❦❡st ❝❤❛♥❣❡ ❞❡t❡❝t✐♦♥ ❞❡❛❧s ✇✐t❤ t❤❡ ❞❡s✐❣♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ t❡❝❤♥✐q✉❡s ❢♦r q✉✐❝❦❡st ❞❡t❡❝✲

t✐♦♥ ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ st❛t❡ ♦❢ ♦❜s❡r✈❡❞ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s✳ ▼♦r❡ t❤♦r♦✉❣❤ r❡✈✐❡✇ ❛♥❞ ❧✐st

♦❢ r❡❢❡r❡♥❝❡s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ P♦❧✉♥❝❤❡♥❦♦ ❛♥❞ ❚❛rt❛❦♦✈s❦② ✭✷✵✶✶✮ ❛♥❞ ❩❛❝❦s ✭✶✾✾✶✮✳ ■♥ ♠❛♥②

♣r♦❜❧❡♠s✱ ✇❤❡♥ t❤❡ st❛t❡ r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣❛tt❡r♥ ♦❢ ❜❡❤❛✈✐♦r ♦❢ ♦❜s❡r✈❡❞ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s

✉♥❞❡r❣♦❡s ❛ ❝❤❛♥❣❡✱ ♦♥❡ ✐s ✐♥t❡r❡st❡❞ ✐♥ ❞❡t❡❝t✐♥❣ t❤❡ ❝❤❛♥❣❡ ❛s s♦♦♥ ❛s ✐t ❤❛♣♣❡♥s✳

■♥ ❣❡♥❡r❛❧✱ ♦❜s❡r✈❛t✐♦♥s ❛rr✐✈❡ s❡q✉❡♥t✐❛❧❧②✱ ❛♥❞ ✐❢ ✐t ✐s ❜❡❧✐❡✈❡❞ t❤❛t t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡

❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ ♥♦r♠❛❧ st❛t❡✱ ✐t ✐s ❧❡t t♦ ❝♦♥t✐♥✉❡✳ ■❢ ✐t ✐s ❜❡❧✐❡✈❡❞ t❤❛t t❤❡ st❛t❡ ❤❛s

❝❤❛♥❣❡❞✱ ✐t ✐s ♦♥❡✬s ✐♥t❡r❡st t♦ ❞❡t❡❝t t❤❡ ❝❤❛♥❣❡ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✱ s♦ t❤❛t ❛♥ ❛♣♣r♦♣r✐❛t❡

r❡s♣♦♥s❡ ❝❛♥ ❜❡ ♠❛❞❡ ✐♥ ❛ t✐♠❡❧② ♠❛♥♥❡r✳ ❚❤❡ ❞❡❝✐s✐♦♥ ♥❡❡❞s t♦ ❜❡ ♠❛❞❡ ✐♥ r❡❛❧ t✐♠❡ ✇✐t❤

❛✈❛✐❧❛❜❧❡ ❞❛t❛✳ ❍♦✇❡✈❡r✱ ❛♥② ❞❡t❡❝t✐♦♥ ♣♦❧✐❝② ✇✐❧❧ ❣✐✈❡ r✐s❡ t♦ t✇♦ t②♣❡s ♦❢ ♠✐st❛❦❡s✿ ❢❛❧s❡

❛❧❛r♠ ❛♥❞ ❞❡❧❛② ❞❡t❡❝t✐♦♥✳ ❚❤❡ ♦♣t✐♠❛❧ ❞❡t❡❝t✐♦♥ ♣♦❧✐❝② ✇✐❧❧ ♥❡❡❞ t♦ str✐❦❡ ❛ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥

❝♦sts ♦❢ t❤❡ t✇♦ t②♣❡s ♦❢ ♠✐st❛❦❡s✳

◗✉✐❝❦❡st ❝❤❛♥❣❡ ❞❡t❡❝t✐♦♥ ❤❛s ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♠❛♥② ✜❡❧❞s✱ s✉❝❤ ❛s s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣✱ ❛✉✲

t♦♠❛t✐❝ ❝♦♥tr♦❧ ❛♥❞ s♦ ♦♥✳ ■t st❛rt❡❞ ✐♥ t❤❡ ✶✾✷✵✲✶✾✸✵✬s ❞❡s✐❣♥❡❞ t♦ ❞❡❛❧ ✇✐t❤ q✉❛❧✐t② ❝♦♥tr♦❧

✐ss✉❡s✳ ❖♥❡ ♦❢ ♣✐♦♥❡❡r✐♥❣ ✇♦r❦ ✐s ❙❤❡✇❤❛rt ✭✶✾✸✶✮✱ ✇❤♦ ♣♦♣✉❧❛r✐③❡❞ t❤❡ ❙❤❡✇❤❛rt✬s ❝❤❛rts✳

▼♦r❡ ❡✣❝✐❡♥t s❡q✉❡♥t✐❛❧ ❞❡t❡❝t✐♦♥ ♣r♦❝❡❞✉r❡s ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ❧❛t❡r ✐♥ t❤❡ ✶✾✺✵✲✶✾✻✵✬s ❛❢t❡r

✸



t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ❙❡q✉❡♥t✐❛❧ ❆♥❛❧②s✐s✭❲❛❧❞✱ ✶✾✹✼✮✳ ❚❤✐s ❧❡❛❞s t♦ ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ❧✐t❡r❛t✉r❡

♦♥ ❜♦t❤ t❤❡♦r② ❛♥❞ ♣r❛❝t✐❝❡ ♦❢ s❡q✉❡♥t✐❛❧ ❝❤❛♥❣❡✲♣♦✐♥t ❞❡t❡❝t✐♦♥✳

❚❤❡ ❇❛②❡s✐❛♥ ◗✉✐❝❦❡st ❈❤❛♥❣❡ ❉❡t❡❝t✐♦♥ ♣r♦❜❧❡♠ ✇❛s ✜rst ♣r♦♣♦s❡❞ ❛♥❞ s♦❧✈❡❞ ❜② ❙❤✐r②❛❡✈

✭✶✾✻✸✱ ✶✾✼✽✮✳ ❈♦♥s✐❞❡r ❛ r❛♥❞♦♠ s❡q✉❡♥❝❡ {Zk, k = 1, 2, ...} ✇✐t❤ ❛ r❛♥❞♦♠ str✉❝t✉r❛❧ ❜r❡❛❦

t✐♠❡ θ✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ θ✱ {Zk, k = 1, 2, ...} ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡ ✇✐t❤ Z1...Zθ−1 ❜❡✐♥❣

✐✳✐✳❞✳ ✇✐t❤ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ Q0 ❛♥❞ Zθ, Zθ+1, ... ❜❡✐♥❣ ✐✳✐✳❞ ✇✐t❤ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ Q1✳

❚❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ✜♥❞ ❛ st♦♣♣✐♥❣ t✐♠❡ T t❤❛t s♦❧✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✿

inf
T∈T

{
P (T < θ) + cE (T − θ)+

}
. ✭✶✳✶✮

P (T < θ) ✐s t❤❡ ❢r❡q✉❡♥❝② ♦❢ ❢❛❧s❡ ❛❧❛r♠ ❛♥❞ E (T − θ)+ ✐s t❤❡ ❡①♣❡❝t❡❞ ❧❡♥❣t❤ ♦❢ ❞❡❧❛②

❞❡t❡❝t✐♦♥✳ ❚❤❡ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t✐♠❡ T ∗ ♠✉st str✐❦❡ ❛ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❝♦♥✢✐❝t✐♥❣

♦❜❥❡❝t✐✈❡s✳ ❚❤❡ ❝♦♥st❛♥t c > 0 ✐s t❤❡ r❡❧❛t✐✈❡ ✇❡✐❣❤t ❛ss✐❣♥❡❞ t♦ t❤❡ ❡①♣❡❝t❡❞ ❧❡♥❣t❤ ♦❢ ❞❡❧❛②

❞❡t❡❝t✐♦♥✳

❚❤❡ ♠♦♥❡t❛r② ♣♦❧✐❝② ♠❛❦❡r✬s ♣r♦❜❧❡♠ ✇❤❡♥ ❢❛❝✐♥❣ ❛♥ ✐♠♣❡♥❞✐♥❣ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✱ ✐s ✐♥✲

❤❡r❡♥t❧② ❛ q✉✐❝❦❡st ❝❤❛♥❣❡ ❞❡t❡❝t✐♦♥ ♣r♦❜❧❡♠✳ ❚❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s X

❝❤❛♥❣❡s ♣r✐♦r t♦ ❛ ❝r✐s✐s✱ ✐♥❞✐❝❛t✐♥❣ ✈✉❧♥❡r❛❜✐❧✐t② ♦❢ t❤❡ ❡❝♦♥♦♠②✳ ❚❤❡ ♣♦❧✐❝②♠❛❦❡r ♥❡❡❞s t♦

❞❡t❡❝t✐♦♥ t❤❡ ❝❤❛♥❣❡ ❛s s♦♦♥ ❛s ✐t ❤❛♣♣❡♥s ❛♥❞ t❛❦❡ ♣r❡❡♠♣t✐✈❡ ❛❝t✐♦♥ t♦ ❛tt❡♥✉❛t❡ t❤❡ r✐s❦

♦❢ ❛♥ ✐♠♣❡♥❞✐♥❣ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳

✷ ❚❤❡ ▼♦❞❡❧

✷✳✶ ❚❤❡ ❙t♦❝❤❛st✐❝ Pr♦❝❡ss

❚❤❡r❡ ❛r❡ t✇♦ r❡❣✐♠❡s ♦❢ t❤❡ ❡❝♦♥♦♠②✱ t❤❡ ❡❝♦♥♦♠② st❛rts ✇✐t❤ t❤❡ tr❛♥q✉✐❧ r❡❣✐♠❡ t❤❡♥

❥✉♠♣s ✐♥t♦ ❛ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ❛t s♦♠❡ r❛♥❞♦♠ ❛♥❞ ✉♥♦❜s❡r✈❛❜❧❡ t✐♠❡ ν✳ ❆ss✉♠❡ t❤❡r❡ ✐s ❛

❉✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♥tr♦❧❧❡❞ st♦❝❤❛st✐❝ ♣r♦❝❡ss ξt ✇✐t❤ ut ❛s t❤❡ ❝♦♥tr♦❧✳ ❚❤❡ ♣r♦❝❡ss ✐s ❣✐✈❡♥ ❜②

dξt = kγ (ξt, ut) dt+ σdWt

✇✐t❤

γ =







0,

1,

t ≤ ν

t > ν
.

❚❤❡r❡ ✐s ❛ str✉❝t✉r❛❧ ❜r❡❛❦ ✐♥ t❤❡ ❝♦♥tr♦❧❧❡❞ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❛t t✐♠❡ ν✱ ν ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ φ ❛s t❤❡ ♣r✐♦r✿

φ (ν = 0) = π

φ (ν ≥ s) = (1− π) e−λs, λ > 0.

✹



❆s ❛ss✉♠❡❞ ✐♥ t❤❡ ❊❲❙ ❧✐t❡r❛t✉r❡✱ ❚❤❡r❡ ✐s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s✱ ✇❤♦s❡

❜❡❤❛✈✐♦rs ✇✐❧❧ st❛rt t♦ ❝❤❛♥❣❡ h ♣❡r✐♦❞s ❜❡❢♦r❡ ν✱ ✇❤❡r❡ h ✐s ❞❡t❡r♠✐♥✐st✐❝✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡

r❡❛s♦♥s t❤❛t ❝❛✉s❡❞ ❛ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ♠✐❣❤t ❜❡ ❞✐✛❡r❡♥t ❢r♦♠ ❝❛s❡ t♦ ❝❛s❡✱ ✐t ♠✐❣❤t ❜❡ ♣♦ss✐❜❧❡

t♦ ✐❞❡♥t✐❢② ❛ ❝♦♠♠♦♥ ♣❛tt❡r♥ ♦❢ t❤❡ ❜❡❤❛✈✐♦rs ♦❢ t❤❡ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s t❤❛t ✐s ❞❡t❡❝t❛❜❧❡

♣r✐♦r t♦ ❛ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❖♥❝❡ t❤❡ ❝♦♠♠♦♥ ♣❛tt❡r♥ ♦❢ t❤❡ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s st❛rts t♦

s❤♦✇ t❤❡ ✈✉❧♥❡r❛❜✐❧✐t② ♦❢ t❤❡ ❡❝♦♥♦♠②✱ ✐t ✐s ✐♥ t❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ✐♥t❡r❡st t♦ ❞❡t❡❝t t❤❡ ❝❤❛♥❣❡

✐♥ t❤❡ ♣❛tt❡r♥ ❛s s♦♦♥ ❛s ✐t ❛♣♣❡❛rs ❛♥❞ t❛❦❡ ♣r❡❡♠♣t✐✈❡ ❛❝t✐♦♥✳ ❍❡♥❝❡✱ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡

❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s ✇✐❧❧ ❝❤❛♥❣❡ ❛t r❛♥❞♦♠ ❛♥❞ ✉♥♦❜s❡r✈❛❜❧❡ t✐♠❡

θ = ν − h✳ ▼♦r❡ ❢♦r♠❛❧❧②✱ t❤❡ ♣♦❧✐❝② ♠❛❦❡r ✐s ❝♦♥❞✉❝t✐♥❣ ❛ ❤②♣♦t❤❡s✐s t❡st s❡q✉❡♥t✐❛❧❧②∗✿

• ❍✵✿ ♥♦ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ✇✐❧❧ ❤❛♣♣❡♥ ✇✐t❤✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ h ♣❡r✐♦❞s

• ❍✶✿ ❛ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ✇✐❧❧ ❤❛♣♣❡♥ ✇✐t❤✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ h ♣❡r✐♦❞s✳

■t ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ t❤❛t ❛t r❛♥❞♦♠ t✐♠❡ θ✱ t❤❡ ❜❡❤❛✈✐♦rs ♦❢ t❤❡ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s ✇✐❧❧ st❛rt

t♦ s✉♣♣♦rt t❤❡ ❛❧t❡r♥❛t✐✈❡ ✐♥st❡❛❞ ♦❢ t❤❡ ♥✉❧❧✳ ❚❤❡ ♣♦❧✐❝② ♠❛❦❡r ✇✐❧❧ ❝♦♥❞✉❝t t❤❡ ❤②♣♦t❤❡s✐s

t❡st s❡q✉❡♥t✐❛❧❧②✳ ❖♥❝❡ t❤❡ ❛❧t❡r♥❛t✐✈❡ ✐s ❛❝❝❡♣t❡❞✱ t❤❡ ♣♦❧✐❝② ♠❛❦❡r ✇✐❧❧ t❛❦❡ ♣r❡❡♠♣t✐✈❡

❛❝t✐♦♥s t♦ ♣r❡✈❡♥t t❤❡ ❝r✐s✐s✳ ❚❤❡ ♣♦❧✐❝② ♠❛❦❡r ✇✐❧❧ ❝❤♦♦s❡ ❛ st♦♣♣✐♥❣ t✐♠❡ T ❡①✲❛♥t❡ t♦

❞❡t❡r♠✐♥❡ t❤❡ t✐♠✐♥❣ t♦ t❛❦❡ ♣r❡❡♠♣t✐✈❡ ❛❝t✐♦♥s ♦♣t✐♠❛❧❧②✳

✷✳✷ ❚❤❡ ❙❡q✉❡♥t✐❛❧ ❉❡❝✐s✐♦♥ ❘✉❧❡

■t ✐s ❝♦♥✈❡♥t✐♦♥❛❧ ✇✐s❞♦♠ t❤❛t ❝♦♠♠✐t♠❡♥t ♠♦♥❡t❛r② ♣♦❧✐❝② ♠❛❦✐♥❣ ✐s s✉♣❡r✐♦r t♦ ❞✐s❝r❡✲

t✐♦♥❛r② ♠♦♥❡t❛r② ♣♦❧✐❝② ♠❛❦✐♥❣✳ ■t ❤❛s ❜❡❡♥ st❛♥❞❛r❞ t♦ ❛ss✉♠❡ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ❝♦♠✲

♠✐tt❡❞ t♦ ❛ ♣♦❧✐❝② r✉❧❡ ♦♥❝❡ ❢♦r ❛❧❧✱ ❛ss✉♠✐♥❣ t❤❡ ♠♦❞❡❧ ♦❢ t❤❡ ❡❝♦♥♦♠② ♥❡✈❡r ❝❤❛♥❣❡✳ ❍♦✇

t♦ s♣❡❝✐❢② ❛ ❝♦♠♠✐t♠❡♥t ♣♦❧✐❝② r✉❧❡ ✇❤❡♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t ♦❢ t❤❡ ❡❝♦♥♦♠② ❝❤❛♥❣❡s ✐s ❛♥

✐♠♣♦rt❛♥t q✉❡st✐♦♥✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛ss✉♠❡ t❤❡ ♣♦❧✐❝② ♠❛❦❡r ✐s ❝♦♠♠✐tt❡❞ t♦ ❛ s❡q✉❡♥t✐❛❧ ❞❡❝✐s✐♦♥ r✉❧❡

(T, uT,t)✱ ✇❤✐❝❤ ✐s s♣❡❝✐✜❡❞ ❛s ❢♦❧❧♦✇s

uT,t =







u0,t ❜❡❢♦r❡ ❚ ❞❡❝❧❛r❡s st♦♣♣✐♥❣

u1,t ❛❢t❡r ❚ ❞❡❝❧❛r❡s st♦♣♣✐♥❣
, ✭✷✳✷✮

✇❤❡r❡

u1,t =







u′1,t

u′′1,t

❛❢t❡r ❚ ❞❡❝❧❛r❡s st♦♣♣✐♥❣✱ ❜❡❢♦r❡ ❚✰❤

❛❢t❡r ❚✰❤
,

❲❤❡r❡ u0,t ✐s t❤❡ ♣♦❧✐❝② r✉❧❡ t❤❛t ✐s ❛♣♣r♦♣r✐❛t❡ ✇❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ t❤❡ tr❛♥q✉✐❧ ♣❡r✐♦❞✱

♦♥❝❡ st♦♣♣✐♥❣ t✐♠❡ T ❞❡❝❧❛r❡s t❤❛t t❤❡r❡ ✐s ❡♥♦✉❣❤ ✇❛r♥✐♥❣ ♦❢ ❛ ♣❡♥❞✐♥❣ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✱ ♣♦❧✐❝②

∗▼♦r❡ ❞❡t❛✐❧❡❞ ❞✐s❝✉ss✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✻

✺



♠❛❦❡r ✇✐❧❧ t❛❦❡ t❡♠♣♦r❛r② ♣r❡❡♠♣t✐✈❡ ♣♦❧✐❝② r✉❧❡ u′1,t✳ ❆❢t❡r t❤❡ ♣r❡❡♠♣t✐✈❡ ❛❝t✐♦♥ ✐s t❛❦❡♥✱

♣♦❧✐❝② r✉❧❡ u′′2,t ✇✐❧❧ ❜❡ ❛❞♦♣t❡❞ ✇❤✐❝❤ ✐s ❛♣♣r♦♣r✐❛t❡ ✐♥ t❤❡ r❡❣✐♠❡ ♦❢ ♣♦st ❝r✐s✐s✳

❚❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ✐s ❝♦♠♠✐tt❡❞ t♦ ❛ s✐♠♣❧❡ r✉❧❡ u0,t ✜rst✱ ❜✉t t❤❡ ❧✐❢❡ s♣❛♥ ♦❢ t❤✐s ❝♦♠♠✐t✲

♠❡♥t ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡✱ t❤❡ t✐♠✐♥❣ ❛t ✇❤✐❝❤ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦ ❞❡❝✐❞❡s t♦ s✇✐t❝❤ t♦ ❛ ❞✐✛❡r❡♥t

♣♦❧✐❝② r❡❣✐♠❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ♥❡✇❧② ❛rr✐✈❡❞ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❛ ♣r✐♥❝✐♣❧❡ t❤❛t ✐s ❝❤♦s❡♥ ❛t

t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ❝♦♠♠✐t♠❡♥t ♦♣t✐♠❛❧❧②✱ ✐✳❡✳ t❤❡ st♦♣♣✐♥❣ t✐♠❡ T ✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ t❤❛t t❤❡

❝❡♥tr❛❧ ❜❛♥❦ ✐s ❝♦♠♠✐tt❡❞ t♦ s♣❡❝✐✜❡s ❛ r✉❧❡ (T ) t❤❛t ❞❡t❡r♠✐♥❡s t❤❛t s❤♦✉❧❞ t❤❡ ❝❡♥tr❛❧ ❜❛♥❦

❝♦♥t✐♥✉❡ t❤❡ ❝✉rr❡♥t ❝♦♠♠✐t♠❡♥t ♦r s✇✐t❝❤ t♦ ❛ ♥❡✇ ♣♦❧✐❝② r❡❣✐♠❡✱ ❣✐✈❡♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥

❛✈❛✐❧❛❜❧❡ ❛t t❤❡ t✐♠❡✳

✷✳✸ ❚❤❡ Pr♦❜❛❜✐❧✐t② ▼❡❛s✉r❡

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡❛s✉r❛❜❧❡ s♣❛❝❡s

✶✳ (Φ,J ) =
(

C[0,∞)D × (R+)
2
,B

(

C[0,∞)D × (R+)
2
))

✱

✷✳ (Λ,G) =
(
C[0,∞)D ×R+,B

((
C[0,∞)D

)
×R+

))
✱

✇❤❡r❡ C[0,∞) ✐s t❤❡ s♣❛❝❡ ♦❢ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✜❧tr❛t✐♦♥ Gt =

σ {T ≤ s, ξs, s ≤ t} ❛♥❞ Jt = σ {k, l, ξs, s ≤ t}✳ Jt ✐s t❤❡ ✐♥❢♦r♠❛t✐♦♥ s❡ts ✇❤❡♥ t❤❡ ♣♦❧✐❝②

♠❛❦❡r ❤❛s ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥✿ t❤❡② ❦♥♦✇ t❤❡ str✉❝t✉r❡ ❜r❡❛❦ ❤❛♣♣❡♥s ❛t l✱ ❛♥❞ ♣♦❧✐❝② r❡❣✐♠❡

s✇✐t❝❤❡s ❛t k✳ Gt ✐s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♣♦❧✐❝② ♠❛❦❡r ❛t t✳

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❛ss✉♠❡ ζ = 1✳ ❋♦r ❛♥② ❣✐✈❡♥ k ∈ R+❛♥❞ l ∈ R+✱ ❤❡r❡ k

r❡♣r❡s❡♥ts t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ st♦♣♣✐♥❣ t✐♠❡ T ❛♥❞ l r❡♣r❡s❡♥ts t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ str✉❝t✉r❡

❜r❡❛❦ t✐♠❡ θ✳ ❲❤❡♥ k ≤ l✱ ❞❡✜♥❡ ❢✉♥❝t✐♦♥

K
k,l
− (s) = k0 (ξs, u0t) 1{s<k} + k0 (ξs, u1t) 1{k≤s≤l+h} + k1 (ξs, u1t) 1{l+h<s};

✇❤❡♥ l + h ≥ k > l✱ ❞❡✜♥❡ ❢✉♥❝t✐♦♥

K
k,l
+ (s) = k0 (ξs, u0t) 1{s<k} + k0 (ξs, u1t) 1{k≤s≤l+h} + k1 (ξs, u1t) 1{l+h<s}.

●✐✈❡♥ ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,F , P0)✱ ❛♥❞ ❛ ❉✲❞✐♠❡♥s✐♦♥❛❧ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥

W =
{

Wt =
(

W
(1)
t , ...,W

(D)
t

)

, Ft, 0 ≤ t < ∞
}

❞❡✜♥❡❞ ♦♥ ✐t ✇✐t❤ P0 (W0 = 0) = 1✳ ❲❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❘❛❞♦♥✲◆✐❦♦♥❞ý♠ ❞❡r✐✈❛t✐✈❡

❛♥❞ ❞❡✜♥❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳

❲❤❡♥ k ≤ l✱ ❧❡t

dP
k,l
−

dP0
≡ exp

{

−

∫ t

0

D∑

d=1

K
k,l,(d)
− (s) dW (d)

s −
1

2

∫ t

0

∥
∥
∥K

k,l
− (s)

∥
∥
∥

2
ds

}

; ✭✷✳✸✮

✻



✇❤❡♥ l + h ≥ k > l✱ ❞❡✜♥❡

dP
k,l
+

dP0
≡ exp

{

−

∫ t

0

D∑

d=1

K
k,l,(d)
+ (s) dW (d)

s −
1

2

∫ t

0

∥
∥
∥K

k,l
− (s)

∥
∥
∥

2
ds

}

. ✭✷✳✹✮

❋♦r ❛♥② k ❛♥❞ l✱ ❞❡✜♥❡

dP k,l

dP0
≡

dP
k,l
−

dP0
1{k≤l} +

dP
k,l
+

dP0
1{l+h≥k>l}.

❚❤❡ ♥❡①t t❤✐♥❣ ✇❡ ♥❡❡❞ ✐s t♦ ❛✈❡r❛❣❡ ♦✉t l ❛♥❞ k✱ ✇✐t❤ ♣r✐♦r φ ❛♥❞ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ Pθ t♦

❜❡ ❞❡✜♥❡❞ ❜❡❧♦✇✳

❋♦r ❛ ❣✐✈❡♥ st♦♣♣✐♥❣ t✐♠❡ T ✱ ❞❡✜♥❡

Tn (ω) =







T (ω) ,

m
2n ,

if T (ω) = ∞

if m−1
2n ≤ T (ω) < m

2n

.

❲❡ ❤❛✈❡ t❤❛t Tn ✐s ❛ st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ limn→∞ Tn = T ∗✳ ❉❡✜♥❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡

Pθ,n (Tn (ω) = k|l) ≡ P k,l (ω ∈ Λ : Tn (ω) = k) ,

❣✐✈❡♥ ❛ st♦♣♣✐♥❣ t✐♠❡ T ✱ ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣❧② ❞❡✜♥❡❞ Tn✱ Pθ,n t❡❧❧s ✉s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢

Tn = k✱ ✇❤❡♥ str✉❝t✉r❡ ❜r❡❛❦ ❤❛♣♣❡♥s ❛t l✳

❋♦r ❛♥② ❡✈❡♥t A ∈ Λ✱

Eθ

(
1{A}

)
≡ lim

n→∞

∞∑

m=0

{

Pθ,n

(

Tn (ω) =
m

2n
|θ
)

P
m

2n
,l (A)

}

.

P k,l (A) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦❜s❡r✈✐♥❣ ❡✈❡♥t A✱ ❣✐✈❡♥ str✉❝t✉r❡ ❜r❡❛❦ ❤❛♣♣❡♥s ❛t l ❛♥❞ ♣♦❧✐❝②

s✇✐t❝❤ ❛t k✳ Eθ

(
1{A}

)
t❡❧❧s ✉s✱ ❣✐✈❡♥ st♦♣♣✐♥❣ t✐♠❡ T ✱ ❛♥❞ str✉❝t✉r❡ ❜r❡❛❦ ❤❛♣♣❡♥s ❛t l✱ t❤❡

♣r♦❜❛❜✐❧✐t② ♦❢ ♦❜s❡r✈✐♥❣ ❡✈❡♥t A✳ ❈♦♠♣❛r❡ t♦ P k,l (A)✱ ✇❡ ❥✉st ❛✈❡r❛❣❡ ♦✉t t❤❡ r❛♥❞♦♠♥❡ss

✐♥ st♦♣♣✐♥❣ t✐♠❡ T ✳

Pθ (A) = Eθ

{
1{A}

}
✭✷✳✺✮

Pθ (A) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ A ❝♦♥❞✐t✐♦♥❛❧ ♦♥ θ✳

◆♦✇ ✇❡ ❝❛♥ ✉s❡ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ❢♦r θ t♦ ❛✈❡r❛❣❡ ♦✉t l✱ ❢♦r ❛♥② ❡✈❡♥t A ∈ Λ

P (A) = Eπ

(
Eθ

(
1{A}

))
. ✭✷✳✻✮

∗❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ ♣❧❡❛s❡ s❡❡ Pr♦❜❧❡♠ ✷✳✷✹ ♦❢ ❑❛r❛t③❛s ❛♥❞ ❙❤r❡✈❡ ✭✶✾✾✶✮✳

✼



Eπ ✐s ❞❡✜♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ φ✱ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r E ✐s ❞❡✜♥❡❞ ✇✐t❤

r❡s♣❡❝t t♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ P ✳

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ P ✉♥❞❡r ✇❤✐❝❤ t❤❡ ♣r♦❝❡ss ξt ✐s ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ✐s

❣✉❛r❛♥t❡❡❞ ❜② ◆♦✈✐❦♦✈ ❝♦♥❞✐t✐♦♥∗

E

{

exp

(
1

2

∫ t

0

∥
∥
∥K

k,l
− (s)

∥
∥
∥

2
ds

)}

< ∞;

E

{

exp

(
1

2

∫ t

0

∥
∥
∥K

k,l
+ (s)

∥
∥
∥

2
ds

)}

< ∞.

✷✳✹ ❚❤❡ ❖❜❥❡❝t✐✈❡ ❋✉♥❝t✐♦♥

◆♦✇ ❝♦♥s✐❞❡r k ❛♥❞ l ❛r❡ ❜♦t❤ ❞❡t❡r♠✐♥✐st✐❝✱ k ✐s t❤❡ t✐♠❡ t❤❛t ♣♦❧✐❝② ♠❛❦❡r ❝❤♦♦s❡ t♦ ♣r❡❡♠♣t✱

l ✐s t❤❡ t✐♠❡ t❤❛t t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s st❛rt t♦ ❝❤❛♥❣❡✳

❚❤❡ ♣❛tt❡r♥ ♦❢ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s ✇✐❧❧ ❝❤❛♥❣❡ ❛t l ✐♥❞✐❝❛t✐♥❣ t❤❡ ✈✉❧♥❡r❛❜✐❧✐t② ♦❢ t❤❡

❡❝♦♥♦♠②✱ t❤❡ ♣♦❧✐❝② ♠❛❦❡r tr✐❡s t♦ ❞❡t❡❝t t❤❡ ❝❤❛♥❣❡✱ ❛♥❞ ✇✐❧❧ s✇✐t❝❤ ♣♦❧✐❝② r❡❣✐♠❡ ♦♥❝❡ ❛♥

❛❧❛r♠ ✐s tr✐❣❣❡r❡❞✳ ❖♥❝❡ ❛♥ ❛❧❛r♠ ✐s ✐ss✉❡❞✱ t❤❡ ♣♦❧✐❝② ♠❛❦❡r ✇✐❧❧ t❛❦❡ t❡♠♣♦r❛r② ♣r❡❡♠♣t✐✈❡

❛❝t✐♦♥✱ ✇❤✐❝❤ ✐s ❛ t❡♠♣♦r❛r② ♣♦❧✐❝② r✉❧❡ t❤❛t ✇✐❧❧ ❧❛st h ♣❡r✐♦❞s✱ t❤❡♥ ❤❡ ✇✐❧❧ s✇✐t❝❤ t♦ ❛ ♣♦❧✐❝②

r✉❧❡ t❤❛t ✐s ❛♣♣r♦♣r✐❛t❡ ✐♥ t❤❡ s❡❝♦♥❞ r❡❣✐♠❡✳ ❚♦ ❞♦ s♦✱ t❤❡ ♣♦❧✐❝②♠❛❦❡r ✇✐❧❧ ♠❛❦❡ t✇♦ t②♣❡s

♦❢ ♠✐st❛❦❡s✿ ❢❛❧s❡ ❛❧❛r♠✱ t❤❛t t❤❡ ♣♦❧✐❝② ♠❛❦❡r r❡s♣♦♥❞ ❜❡❢♦r❡ l✱ ✐✳❡✳ k ≤ l❀ ❞❡❧❛②❡❞ ❞❡t❡❝t✐♦♥✱

t❤❛t t❤❡ ♣♦❧✐❝② ♠❛❦❡r r❡s♣♦♥❞ ❛❢t❡r l✱ ❜✉t ❜❡❢♦r❡ l + h✱ ✐✳❡✳ l < k ≤ l + h ✳ l ✐s ✉♥♦❜s❡r✈❛❜❧❡

✐♥ ❝❛s❡ k ≤ l✱ s✐♥❝❡ ✐♥ ❣❡♥❡r❛❧✱ ♦♥❝❡ ♣r❡❡♠♣t✐✈❡ ❛❝t✐♦♥ ✐s t❛❦❡♥✱ t❤❡ tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ❡❝♦♥♦♠②

❢r♦♠ r❡❣✐♠❡ ✶ t♦ r❡❣✐♠❡ ✷ ♠✐❣❤t ♥♦t ❜❡ ♦❜s❡r✈❛❜❧❡✳ ■❢ t❤❡ ♣♦❧✐❝②♠❛❦❡r ❢❛✐❧ t♦ t❛❦❡ ♣r❡❡♠♣t✐✈❡

❛❝t✐♦♥s ❜❡❢♦r❡ l+h✱ t❤❡♥ t❤❡ ✜♥❛♥❝✐❛❧ ❞✐sr✉♣t✐♦♥ ✇✐❧❧ ♠❛♥✐❢❡st ✐ts❡❧❢✱ ❛♥❞ ✐t ✇✐❧❧ ❜❡ ♦❜s❡r✈❛❜❧❡

✇❤❡♥ ✐t ❤❛♣♣❡♥s✳

v (k, l) = v− (k, l) 1{k≤l} + v+ (k, l) 1{l+h≥k>l}

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ❢❛❧s❡ ❛❧❛r♠✱ ✇❤❡♥ k ≤ l

v− (k, l) = E−

{∫ k

0
e−ρtL (ξt, u0t) dt+

∫ k+h

k

e−ρtL
(
ξt, u

′
1t

)
dt

}

+E−

{∫ l+h

k+h

e−ρtL
(
ξt, u

′′
1t

)
dt+

∫ ∞

l+h

e−ρtL
(
ξt, u

′′
1t

)
dt

}

dξt = k0 (ξt, u0t) dt+ σdWt, t ≤ k

dξt = k0 (ξt, u1t) dt+ σdWt, k < t ≤ k + h

dξt = k0
(
ξt, u

′′
1t

)
dt+ σdWt, k + h < t ≤ l + h

dξt = k1
(
ξt, u

′′
1t

)
dt+ σdWt, l + h < t.

∗▼♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤✐s ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ♣❛❣❡ ✶✾✾ ♦❢ ❑❛r❛t③❛s ❛♥❞ ❙❤r❡✈❡ ✭✶✾✾✶✮

✽



■♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ❞❡❧❛②❡❞ ❞❡t❡❝t✐♦♥✱ ✇❤❡♥ l + h ≥ k > l

v+ (k, l) = E+

{∫ k

0
e−ρtL (ξt, u0t) dt+

∫ l+h

k

e−ρtL
(
ξt, u

′
1t

)
dt+

∫ ∞

l+h

e−ρtL
(
ξt, u

′′
1t

)
dt

}

dξt = k0 (ξt, u0t) dt+ σdWt, t ≤ k

dξt = k0
(
ξt, u

′
1t

)
dt+ σdWt, k < t ≤ l + h

dξt = k1
(
ξt, u

′′
1t

)
dt+ σdWt, l + h < t.

❚❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

inf
T∈T

E {v (T, θ)− v (θ, θ)}

Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ E {v (T, θ)− v (θ, θ)} ❝❛♥ ❜❡ ❛♣♣r♦①✐✲

♠❛t❡❞ ❜②

E
{
−v′− (θ, θ) (θ − T )+ + v′+

(
θ′, θ

)
h1{T>θ}

}
.

Pr♦♦❢✳ P❧❡❛s❡ s❡❡ ❆♣♣❡♥❞✐① ❇✳

❚❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛s

inf
T∈T

E
{
−v′− (θ, θ) (θ − T )+ + v′+

(
θ′, θ

)
h1{T>θ}

}
.

❲❡ ❝❛♥ ❢✉rt❤❡r s✐♠♣❧✐❢② t❤❡ ♦❜❥❡❝t✐✈❡✿

E
{(

v′+
(
θ+, θ

) [
(θ − T )+ + h1{T>θ}

])}
.

❉❡✜♥❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥

P̃θ =
v′+ (θ+, θ)

K
Pθ,

✇❤❡r❡ K = v′+ (θ+, θ)Pθ (Ω)✳ ❇❛s❡❞ ♦♥ P̃θ✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❡①♣❡❝t❛t✐♦♥ Ẽ✱ ❤❡♥❝❡ t❤❡ ♣r♦❜❧❡♠

❝❛♥ ❜❡ ❝♦♥✈❡rt❡❞ t♦

inf
T∈T

{

Ẽ
[
c (θ − T )+

]
+ P̃ (T > θ)

}

, ✭✷✳✼✮

✇❤❡r❡

c = −
v′− (θ, θ)

v′+ (θ+, θ)
.

c ✐s t❤❡ r❡❧❛t✐✈❡ ❝♦st r❛t✐♦✱ ✐t ✐s t❤❡ r❛t✐♦ ♦❢ t❤❡ s♣❡❡❞s ♦❢ ✐♥❝r❡❛s❡ ✐♥ ❧♦ss❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤

t❤❡ t✇♦ t②♣❡s ♦❢ ♠✐st❛❦❡s✳ ❲❤❡♥ c > 1✱ t❤❛t ♠❡❛♥s t❤❡ ✐♥❝r❡❛s❡ ✐♥ ❧♦ss ♦❢ ❢❛❧s❡ ❛❧❛r♠ ✐s ❢❛st❡r

t❤❛♥ t❤❛t ♦❢ ❞❡❧❛② ❞❡t❡❝t✐♦♥✱ ❤❡♥❝❡ ❤✐❣❤❡r ✇❡✐❣❤t s❤♦✉❧❞ ❜❡ ♣✉t ♦♥ t❤❡ ❡①♣❡❝t❡❞ ❧❡♥❣t❤ ♦❢ ❢❛❧s❡

❛❧❛r♠✳

✾



Pr♦♣♦s✐t✐♦♥ ✷✳ ❆t ❛♥② t✐♠❡ t✱ ❣✐✈❡♥ ❞❡t❡r♠✐♥✐st✐❝ k ❛♥❞ l✱ ✐❢ t❤❡ ❡①♣❡❝t❡❞ ♣❡r✐♦❞ ❧♦ss ❢✉♥❝t✐♦♥

❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

E {Lt (k, l)} = L
(
1{t≥k}, 1{t≥l}

)
,

t❤❡♥ c = −
v′−(θ,θ)

v′
+
(θ+,θ)

✐s ❛ ❝♦♥st❛♥t✳

Pr♦♦❢✳ P❧❡❛s❡ s❡❡ ❆♣♣❡♥❞✐① ❉✳

✷✳✺ ❉✐s❝r❡t❡ ❚✐♠❡ ❱❡rs✐♦♥

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ✇❡ ❢♦r♠✉❧❛t❡ t❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ♣r♦❜❧❡♠ ✐♥ ❞✐s❝r❡t❡ t✐♠❡ ❛♥❛❧♦❣♦✉s t♦ t❤❛t

♦❢ ❝♦♥t✐♥✉♦✉s t✐♠❡✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ✐♥ ❝♦♥t✐♥✉♦✉s t✐♠❡ ❤❛s t❤❡ s❛♠❡ ❢♦r♠ ❛s ✐♥ ❞✐s❝r❡t❡ t✐♠❡

inf
T∈T

{

Ẽ
[
c (θ − T )+

]
+ P̃ (T > θ)

}

,

✇❤❡r❡

c = −
v− (θ, θ)− v− (θ − 1, θ)

v+ (θ + 1, θ)− v− (θ, θ)
, ✭✷✳✽✮

✇❡ s✐♠♣❧② ✉s❡ ❣r♦✇t❤ r❛t❡ t♦ r❡♣❧❛❝❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡✳

❆ss✉♠❡ ❣❡♦♠❡tr✐❝ ♣r✐♦r ❞✐str✐❜✉t✐♦♥

p (θ = k) =







π

(1− π) ρ (1− ρ)

✐❢ k = 0

✐❢ k = 1, 2, ...
. ✭✷✳✾✮

❉❡✜♥❡ πt = P̃ (θ < t|Ft)✱ ✇❤✐❝❤ ✐s t❤❡ ♣♦st❡r✐♦r ♣r♦❜❛❜✐❧✐t② ♦❢ str✉❝t✉r❡ ❜r❡❛❦ ❤❛♣♣❡♥✐♥❣

❜❡❢♦r❡ t✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❆ss✉♠❡ Ẽ (θ) ❛♥❞ Ẽ (T ) ❛r❡ ✜♥✐t❡✱ t❤❡♥

Ẽ
[
c (θ − T )+

]
+ P̃ (T > θ) = Ẽ

{

cθ −
T−1∑

m=0

c (1− πm) + πT−1

}

Pr♦♦❢✳ P❧❡❛s❡ s❡❡ ❆♣♣❡♥❞✐① ❈✳

❚❤❡ ♥❡①t Pr♦♣♦s✐t✐♦♥ ❛ss❡rts t❤❛t t❤❡ r❡❧❛t✐✈❡ ❝♦st r❛t✐♦ c ✐s ❛ ❝♦♥st❛♥t ✉♥❞❡r ❝❡rt❛✐♥

❝♦♥❞✐t✐♦♥s ✐♥ ❞✐s❝r❡t❡ t✐♠❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ❆t ❛♥② t✐♠❡ t✱ ❣✐✈❡♥ ❞❡t❡r♠✐♥✐st✐❝ k ❛♥❞ l✱ ✐❢ t❤❡ ❡①♣❡❝t❡❞ ♣❡r✐♦❞ ❧♦ss ❢✉♥❝t✐♦♥

❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

E {Lt (k, l)} = L
(
1{t≥k}, 1{t≥l}

)
,

t❤❡♥ c = −v−(θ,θ)−v−(θ−1,θ)
v+(θ+1,θ)−v+(θ,θ) ✐s ❛ ❝♦♥st❛♥t✳

Pr♦♦❢✳ P❧❡❛s❡ s❡❡ ❆♣♣❡♥❞✐① ❊✳

✶✵



✷✳✻ ❚❤❡ ❊✈♦❧✉t✐♦♥ ♦❢ P♦st❡r✐♦r Pr♦❜❛❜✐❧✐t②

❚❤❡r❡ ❛r❡ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s X✱ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡s❡ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥s

❛r❡ ❞✐✛❡r❡♥t ♣r✐♦r t♦ ❛ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❚❤✐s ♦♥❡ ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ❛ss✉♠♣t✐♦♥ ✐♥ ❊❲❙ ❧✐t❡r❛t✉r❡

t❤❛t t❤❡ ❜❡❤❛✈✐♦r ♦❢ s♦♠❡ ♣❛rt✐❝✉❧❛r ✈❛r✐❛❜❧❡s ✐s ❞✐s❝❡r♥✐❜❧② ❞✐✛❡r❡♥t ✐♥ s♦♠❡ ♣❡r✐♦❞s ❜❡❢♦r❡

❛ ❝r✐s✐s ❢r♦♠ t❤❛t ✐♥ t❤❡ tr❛♥q✉✐❧ ♣❡r✐♦❞s✳ ❖✉r ❥♦❜ ✐s t♦ ❞❡t❡❝t t❤❡ ❝❤❛♥❣❡ ✐♥ t❤✐s ❜❡❤❛✈✐♦r✳

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❛❧t❡r♥❛t✐✈❡s

• ❍✵✿ ♥♦ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ✇✐❧❧ ❤❛♣♣❡♥ ✇✐t❤✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ h ♣❡r✐♦❞s

• ❍✶✿ ❛ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ✇✐❧❧ ❤❛♣♣❡♥ ✇✐t❤✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ h ♣❡r✐♦❞s✳

❉❡✜♥❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ Y = 0 ✇❤❡♥ t❤❡ ♥✉❧❧ ✐s tr✉❡✱ ❛♥❞ Y = 1 ✇❤❡♥ t❤❡ ❛❧t❡r♥❛t✐✈❡ ✐s

tr✉❡✳ ❲❡ ✇✐❧❧ r✉♥ ❛ ▲♦❣✐t ♠♦❞❡❧ ♦♥ ❤✐st♦r✐❝❛❧ ❞❛t❛ ❛♥❞ ♦❜t❛✐♥ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t②✿

Pr (Yi = 1|Xi) =
1

1− exp (−Xiβ)

Pr (Yi = 0|Xi) = 1− Pr (Yi = 1|Xi) .

❚❤❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦❜s❡r✈✐♥❣ Xi ❣✐✈❡♥ t❤❡ ❛❧t❡r♥❛t✐✈❡ ✐s tr✉❡

❞✐✈✐❞❡❞ ❜② t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦❜s❡r✈✐♥❣ Xi ❣✐✈❡♥ t❤❡ ♥✉❧❧ ✐s tr✉❡✳ ❍❡♥❝❡✱ ❜② t❤✐s ❞❡✜♥✐t✐♦♥

L (Xi) =
Pr (Xi|Yi = 1)

Pr (Xi|Yi = 0)

=
Pr (Yi = 1|Xi) Pr (Yi = 0)

Pr (Yi = 0|Xi) Pr (Yi = 1)

❚❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② Pr (Yi = 0) ✇✐❧❧ ❜❡ t❛❦❡♥ ❛s t❤❡ ♣r✐♦r π✳

❚❤❡ ♣♦st❡r✐♦r ♣r♦❜❛❜✐❧✐t② πk = P̃ (θ ≤ k|Fk) , k = 0, 1, .. ❝♦♥s✐sts ❛ s❡q✉❡♥❝❡ {πk} ❡✈♦❧✈❡s

❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡❝✉rs✐♦♥

πk =
L (Xk) [πk−1 + ρ (1− πk−1)]

L (Xk) [πk−1 + ρ (1− πk−1)] + (1− ρ) (1− πk−1)
.

✷✳✼ ❙♦❧✉t✐♦♥ ▼❡t❤♦❞

❚❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ♣r♦❜❧❡♠ ❤❛s ❜❡❡♥ ❝♦♥✈❡rt❡❞ t♦

inf
T∈T

Ẽ

{

cθ −
T−1∑

m=0

c (1− πm) + πT−1

}

, ✭✷✳✶✵✮

t❤❡ ♣r✐♦r ✐s ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✷✳✾✳

❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❞✐s❝r❡t❡ t✐♠❡ ✈❡rs✐♦♥ ✐s s✐♠✐❧❛r t♦ s❡❝t✐♦♥ ✹✳✸ ♦❢ ❙❤✐r②❛❡✈ ✭✶✾✼✽✮✳

✶✶



▲❡t g (π) = π − c (1− π)✱ ❛♥❞ ❞❡✜♥❡ ♦♣❡r❛t♦r Q s✐♠✐❧❛r t♦ ❡q✉❛t✐♦♥ ✭✹✳✶✷✽✮ ✐♥ ❙❤✐r②❛❡✈

✭✶✾✼✽✮

Q1g (π) = min
{
g (π) , π − c (1− π) + Eπg

(
π′
)}

, π ∈ [0, 1] .

❚❤❡♥ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ π ✐s

v (π) = lim
n→∞

Qng (π)

v (π) = min
{
g (π) , π − c (1− π) + Eπv

(
π′
)}

,

❛♥❞ t❤❡ st♦♣♣✐♥❣ t✐♠❡

T ∗ = inf {n ≥ 0 : v (πn) = πn − c (1− πn)} ✭✷✳✶✶✮

✐s t❤❡ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t✐♠❡✳

✸ ◗✉❛♥t✐t❛t✐✈❡ ❙t✉❞②

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❜♦rr♦✇ ❩❛♠♣♦❧❧✐ ✭✷✵✵✻✮✬s ♠♦❞❡❧ t♦ st✉❞② ❝✉rr❡♥❝② ❝r✐s❡s✳ ❩❛♠♣♦❧❧✐ ✭✷✵✵✻✮

♠♦❞❡❧s ❧❛r❣❡ ❛❞❥✉st♠❡♥ts ✐♥ ❛ss❡t ♣r✐❝❡s ✇✐t❤ ❛ ▼❛r❦♦✈ r❡❣✐♠❡✲s✇✐t❝❤✐♥❣ ♠♦❞❡❧✳ ❚❤❡r❡ ❛r❡

t✇♦ r❡❣✐♠❡s ♦❢ t❤❡ ❡❝♦♥♦♠②✿ ❜✉❜❜❧❡ r❡❣✐♠❡ ❛♥❞ ♥♦✲❜✉❜❜❧❡ r❡❣✐♠❡✳ ❲❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s

t❤❡ t❤❡ ❜✉❜❜❧❡ r❡❣✐♠❡✱ ❡①❝❤❛♥❣❡ r❛t❡ ✇✐❧❧ ❡①♣❡r✐❡♥❝❡ s✉st❛✐♥❡❞ ❞❡✈✐❛t✐♦♥s ❢r♦♠ ❢✉♥❞❛♠❡♥t❛❧s✳

❲❤❡♥ t❤❡ ❡❝♦♥♦♠② ✐s ✐♥ t❤❡ ♥♦✲❜✉❜❜❧❡ r❡❣✐♠❡✱ ❡①❝❤❛♥❣❡ r❛t❡ ✢✉❝t✉❛t❡s ❛r♦✉♥❞ ✐ts ❢✉♥❞❛✲

♠❡♥t❛❧s✳ ❲❤❡♥ t❤❡ ❡❝♦♥♦♠② s✇✐t❝❤❡s ❢r♦♠ ❜✉❜❜❧❡ r❡❣✐♠❡ t♦ ♥♦✲❜✉❜❜❧❡ r❡❣✐♠❡✱ t❤❡ ❡①❝❤❛♥❣❡

r❛t❡ ❝♦❧❧❛♣s❡s ❛♥❞ ❛ ❝✉rr❡♥❝② ❝r✐s✐s ❤❛♣♣❡♥s✳ ❚❤❡ ❡✈♦❧✉t✐♦♥ ♦✈❡r t✐♠❡ ♦❢ t❤❡ t✇♦ r❡❣✐♠❡s ✐s

❞❡s❝r✐❜❡❞ ❜② ❛ ▼❛r❦♦✈ ❝❤❛✐♥✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❜♦rr♦✇ t❤❡ ✐❞❡❛ ♦❢ t✇♦ r❡❣✐♠❡s ♦❢ t❤❡ ❡❝♦♥♦♠② t♦ ♠♦❞❡❧ ❝✉rr❡♥❝② ❝r✐s✐s✱

✐♥ ♦r❞❡r t♦ ❛❞❞r❡ss t❤❡ t✐♠✐♥❣ ✐ss✉❡✱ ✇❡ ❢♦❧❧♦✇ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❙❤✐r②❛❡✈ ✭✶✾✻✸✮✬s ❇❛②❡s✐❛♥

◗✉✐❝❦❡st ❈❤❛♥❣❡ ❉❡t❡❝t✐♦♥ ♣r♦❜❧❡♠✳ ❲❡ ❛ss✉♠❡ t❤❡ ❡❝♦♥♦♠② st❛rts ✇✐t❤ t❤❡ ❜✉❜❜❧❡ r❡❣✐♠❡✱

❛♥❞ t❤❡♥ t❤❡ ❥✉♠♣s ✐♥t♦ ♥♦✲❜✉❜❜❧❡ r❡❣✐♠❡ ❛t s♦♠❡ r❛♥❞♦♠ t✐♠❡ ν✳

❩❛♠♣♦❧❧✐ ✭✷✵✵✻✮ ♠♦❞✐✜❡❞ ❇❛❧❧ ✭✶✾✾✾✮✬s s♠❛❧❧ ♦♣❡♥ ❡❝♦♥♦♠② ♠♦❞❡❧✿

yt+1 = αyt − β (it − πt)− χat + ηt ✭✸✳✶✷✮

πt+1 = δπt + γyt − f (at − at−1) + εt ✭✸✳✶✸✮

at = ρτat−1 + κ (it − πt) + υt. ✭✸✳✶✹✮

✇❤❡r❡ 





ρ0 > 1

ρ1 = 0

✐❢ t ≤ ν,

✐❢ t > ν.

✶✷



❊q✉❛t✐♦♥ ✸✳✶✷ ✐s t❤❡ ♦♣❡♥✲❡❝♦♥♦♠② ■❙ ❝✉r✈❡✱ ✇❤❡r❡ yt ✐s ♦✉t♣✉t ❣❛♣✱ it−πt ✐s r❡❛❧ ✐♥t❡r❡st r❛t❡✳

❊q✉❛t✐♦♥ ✸✳✶✸ ✐s t❤❡ ♦♣❡♥✲❡❝♦♥♦♠② P❤✐❧❧✐♣s ❝✉r✈❡✱ ✇❤❡r❡ πt ✐s ✐♥✢❛t✐♦♥✱ at ✐s r❡❛❧ ❡①❝❤❛♥❣❡

r❛t❡✳ ❊q✉❛t✐♦♥ ✸✳✶✹ ✐s t❤❡ r❡❞✉❝❡❞ ❢♦r♠ ❡q✉❛t✐♦♥ t❤❛t r❡❧❛t❡ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ✇✐t❤ r❡❛❧

✐♥t❡r❡st r❛t❡ ❛♥❞ tr❛♥s✐t✐✈❡ s❤♦❝❦s✳ ❲❤❡♥ t ≤ ν✱ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ❡①❤✐❜✐ts ❜✉❜❜❧❡ ❧✐❦❡

❜❡❤❛✈✐♦r✱ t❤✐s ❝❛♥ ❛❧❧♦✇ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ t♦ ❣r♦✇ ❛✇❛② ❢r♦♠ ✐t ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✱ ✇❤❡♥

t❤❡ r❡❣✐♠❡ s✇✐t❝❤❡s✱ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ❝♦❧❧❛♣s❡s t♦✇❛r❞s ✐ts ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✳

❚❤❡ ♣♦❧✐❝② r✉❧❡ ❝❛♥ ❜❡ s♣❡❝✐✜❡❞ ❛s

it = fyyt + fππt + faat−1.

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ♣♦❧✐❝② ♠❛❦❡r ✐s ❣✐✈❡♥ ❜②

∞∑

t=0

βt [✈❛r (πt) + λ✈❛r (yt)] .

❚❤❡ ❡❝♦♥♦♠② st❛rts ✇✐t❤ ❜✉❜❜❧❡ r❡❣✐♠❡✱ ❛t t✐♠❡ ν✱ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ✇✐❧❧ ❡①♣❡r✐❡♥❝❡

❛❜r✉♣t r❡✈❡rs✐♦♥ t♦ ✐ts ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✉❡✳ ❚❤❡ ♣♦❧✐❝②♠❛❦❡r ✐s ♠♦♥✐t♦r✐♥❣ ❛ s❡t ♦❢ ✐♥❞✐❝❛t♦rs✱

✇❤♦s❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ✇✐❧❧ ❝❤❛♥❣❡ ❛t θ = ν−h✱ ❛♥❞ ❞❡t❡r♠✐♥❡ t❤❡ t✐♠✐♥❣ t♦ t❛❦❡ ♣r❡❡♠♣t✐✈❡

❛❝t✐♦♥ t♦ r❡❞✉❝❡ t♦ r✐s❦ ♦❢ t❤❡ ♣❡♥❞✐♥❣ ✜♥❛♥❝✐❛❧ ❞✐sr✉♣t✐♦♥✳ Pr❡❡♠♣t✐✈❡ ❛❝t✐♦♥ ✐s ♥❡❝❡ss❛r② ✐♥

t❤✐s ♠♦❞❡❧ s✐♥❝❡ t❤❡ ♣♦❧✐❝② ❡✛❡❝t ✐s ❞❡❧❛②❡❞✳

❚❤r❡❡ ❡❧❡♠❡♥t❛r② ♣♦❧✐❝② r✉❧❡s ✐♥ t❤❡ s❡q✉❡♥t✐❛❧ ❞❡❝✐s✐♦♥ r✉❧❡ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣

♠❡t❤♦❞✳ u0t ✐s t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② r✉❧❡ ✐♥ r❡❣✐♠❡ ✶✱ u′′1t ✐s t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② r✉❧❡ ✐♥ r❡❣✐♠❡ ✷✱

u′1t ✐s t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② r✉❧❡ ❣✐✈❡♥ u0t ❛♥❞ u′′1t ❛♥❞ t❤❡ t✐♠✐♥❣ ♦❢ ♣♦❧✐❝② ✐s s❡t ❛t ♦♥❡ ♣❡r✐♦❞

❜❡❢♦r❡ t❤❡ t✐♠❡ ♦❢ r❡❣✐♠❡ s✇✐t❝❤✳ u0t ❛♥❞ u′1t ❛r❡ s♦❧✈❡❞ ✇✐t❤ t❤❡ ♠❡t❤♦❞ ♣r♦✈✐❞❡❞ ❜② ❩❛♠♣♦❧❧✐

✭✷✵✵✻✮ ✇✐t❤ t❤❡ tr❛♥s✐t✐♦♥ ♠❛tr✐①

P =

[

1 0

0 1

]

,

✇❤❡r❡ ✐♥✐t✐❛❧ st❛t❡ s❡t ❛t ✶ ❛♥❞ ✷ r❡s♣❡❝t✐✈❡❧②✳

❲✐t❤ t❤✐s ♠♦❞❡❧ ❛♥❞ t❤❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s t❛❦❡♥ ❢r♦♠ ❩❛♠♣♦❧❧✐ ✭✷✵✵✻✮✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡

c = 1.7857 ❛❝❝♦r❞✐♥❣ t♦ ❊q✉❛t✐♦♥ ✷✳✽✳ ❚❤❡ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ✷✳✶✵ ❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤ t❤❡

♠❡t❤♦❞ ♣r❡s❡♥t❡❞ ✐s ❙✉❜s❡❝t✐♦♥ ✷✳✼✳ ❚❤❡ r❡s✉❧t ❝❛♥ ❜❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❆s ✐s s❤♦✇♥ ✐♥

❋✐❣✉r❡ ✶✱ π∗ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ ✷✳✶✶✳ π∗ s❡♣❛r❛t❡s t❤❡ s♣❛❝❡ ♦❢ π ✐♥t♦

t✇♦ r❡❣✐♦♥s✿ ❝♦♥t✐♥✉❛t✐♦♥ r❡❣✐♦♥ ❛♥❞ st♦♣♣✐♥❣ r❡❣✐♦♥✳ ❚❤❡ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ t✐♠❡ ✐s ❞❡✜♥❡❞

❛s t❤❡ ✜rst t✐♠❡ πt ❥✉♠♣s ❢r♦♠ ❝♦♥t✐♥✉❛t✐♦♥ r❡❣✐♦♥ ✐♥t♦ st♦♣♣✐♥❣ r❡❣✐♦♥✳
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Continution Region

π*
=0.82

Stopping Region

❋✐❣✉r❡ ✶✿ ❖♣t✐♠❛❧ ❙t♦♣♣✐♥❣

✸✳✶ ❉❛t❛

▼♦st ♦❢ t❤❡ ❞❛t❛ ✇❛s ❡①tr❛❝t❡❞ ❢r♦♠ ■❋❙ ❞❛t❛❜❛s❡✱ s♦♠❡ ❛r❡ ❡①tr❛❝t❡❞ ❢r♦♠ ♥❛t✐♦♥❛❧ ❜❛♥❦s

♦❢ t❤❡ ❝♦✉♥tr✐❡s ✉♥❞❡r ❛♥❛❧②s✐s ✈✐❛ ❉❛t❛str❡❛♠∗✳ ■t ❝♦♥s✐sts ♦❢ ♠♦♥t❤❧② ♦❜s❡r✈❛t✐♦♥s ❢r♦♠ ❏❛♥

✶✾✽✻ t❤r♦✉❣❤ ❉❡❝ ✶✾✾✽ ❢♦r ✶✺ ❡♠❡r❣✐♥❣ ❝♦✉♥tr✐❡s†✳

❋♦❧❧♦✇✐♥❣ ❈❛♥❞❡❧♦♥ ❡t ❛❧✳ ✭✷✵✶✵❛✮✱ ✈❛r✐❛❜❧❡s ♦❢ ✐♥t❡r❡st ✐♥❝❧✉❞❡ t❤❡ ❛♥♥✉❛❧ ❣r♦✇t❤ r❛t❡ ♦❢

✐♥t❡r♥❛t✐♦♥❛❧ r❡s❡r✈❡s✱ ❛♥♥✉❛❧ ❣r♦✇t❤ r❛t❡ ♦❢ ✐♠♣♦rts✱ t❤❡ ❛♥♥✉❛❧ ❣r♦✇t❤ r❛t❡ ♦❢ ❡①♣♦rts✱ t❤❡

r❛t✐♦ ♦❢ ▼✷ t♦ ❢♦r❡✐❣♥ r❡s❡r✈❡s✱ ❛♥❞ t❤❡ ❛♥♥✉❛❧ ❣r♦✇t❤ r❛t❡ ♦❢ ▼✷ t♦ ❢♦r❡✐❣♥ r❡s❡r✈❡s✱ t❤❡

❛♥♥✉❛❧ ❣r♦✇t❤ r❛t❡ ♦❢ ▼✷ ♠✉❧t✐♣❧✐❡r✱ t❤❡ ❛♥♥✉❛❧ ❣r♦✇t❤ r❛t❡ ♦❢ ❞♦♠❡st✐❝ ❝r❡❞✐t ♦✈❡r ●❉P✱ r❡❛❧

✐♥t❡r❡st r❛t❡ ❛♥❞ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ♦✈❡r✈❛❧✉❛t✐♦♥✳ ❚♦ r❡❞✉❝❡ t❤❡ ✐♠♣❛❝t ♦❢ ❡①tr❡♠❡ ✈❛❧✉❡s✱

❛❧❧ ✈❛r✐❛❜❧❡s ❛r❡ ❞❛♠♣❡♥ ✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛ f (xt) = s✐❣♥ (xt) ln (1 + |xt|)✳

✸✳✷ ❉❡✜♥✐t✐♦♥ ♦❢ ❈✉rr❡♥❝② ❈r✐s❡s

❋♦❧❧♦✇✐♥❣ ❈❛♥❞❡❧♦♥ ❡t ❛❧✳ ✭✷✵✶✵❛✮✱ ✇❡ ✉s❡ t❤❡ ❑▲❘ ♠♦❞✐✜❡❞ ♣r❡ss✉r❡ ✐♥❞❡①

❑▲❘♠n,t =
△en,t

en,t
−

σe

σr

△rn,t

rn,t
+

σe

σi
△in,t,

✇❤❡r❡ en,t ❞❡♥♦t❡s t❤❡ ❡①❝❤❛♥❣❡ r❛t❡✱ rn,t ❞❡♥♦t❡s t❤❡ ❢♦r❡✐❣♥ r❡s❡r✈❡s ♦❢ ❝♦✉♥tr② n ✐♥ ♣❡r✐♦❞ t✱

✇❤✐❧❡ in,t ❞❡♥♦t❡s t❤❡ ✐♥t❡r❡st r❛t❡ ♦❢ ❝♦✉♥tr② n ❛t t✐♠❡ t✳ σx ❞❡♥♦t❡s t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥

♦❢ t❤❡ ❣r♦✇t❤ r❛t❡ ♦❢ ✈❛r✐❛❜❧❡ x✱ ✇❤❡r❡ x ❞❡♥♦t❡s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛r✐❛❜❧❡✳ ❆ ❝✉rr❡♥❝② ❝r✐s✐s

∗❉❛t❛ ✐s ♣r♦✈✐❞❡❞ ❜② ❈❛♥❞❡❧♦♥ ❡t ❛❧✳ ✭✷✵✶✵❛✮✳
†❆r❣❡♥t✐♥❛✱ ❇r❛③✐❧✱ ❈❤✐❧❡✱ ■♥❞♦♥❡s✐❛✱ ■sr❛❡❧✱ ▼❛❧❛②s✐❛✱ ▼❡①✐❝♦✱ ▼♦r♦❝❝♦✱ P❡r✉✱ P❤✐❧✐♣♣✐♥❡s✱ ❙♦✉t❤ ❑♦r❡❛✱

❚✉r❦❡②✱ ❚❤❛✐❧❛♥❞✱ ❯r✉❣✉❛② ❛♥❞ ❱❡♥❡③✉❡❧❛✳

✶✹



✐s ❞❡✜♥❡❞ ❛s t❤❡ ♣r❡ss✉r❡ ✐♥❞❡① ❡①❝❡❡❞ t✇♦ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ❛❜♦✈❡ t❤❡ ♠❡❛♥✿

❈r✐s✐sn,t =







1,

0,

✐❢ ❑▲❘♠n,t > 2σ + µ

♦t❤❡r✇✐s❡✳

❯s✐♥❣ s✉❝❤ ❞❡✜♥✐t✐♦♥ ✐s ❛♣♣r♦♣r✐❛t❡ ✐❢ ♦♥❡ ✈✐❡✇s ❝r✐s❡s ❢r♦♠ t❤❡ st❛♥❞♣♦✐♥t ♦❢ ❛ ♣♦❧✐❝②♠❛❦❡r✱

✇❤♦ ✐s ✐♥t❡r❡st❡❞ ✐♥ ❜♦t❤ s✉❝❝❡ss❢✉❧ ❛♥❞ ✉♥s✉❝❝❡ss❢✉❧ s♣❡❝✉❧❛t✐✈❡ ❛tt❛❝❦s✳

✸✳✸ ❘❡♣❡t✐t✐♦♥ ♦❢ ❙✐♠✐❧❛r ❊❛r❧② ❲❛r♥✐♥❣ ❙✐❣♥❛❧s

●✐✈❡♥ ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ▲♦❣✐t ♠♦❞❡❧ Pr (Y |Xt) = F (βXt) ❢r♦♠ ❤✐st♦r✐❝❛❧ ❞❛t❛✱ s✉♣♣♦s❡

✇❡ ❤❛✈❡ r❡❝❡✐✈❡❞ s✐♠✐❧❛r ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s ❝♦♥t✐♥✉♦✉s❧②✱ t❤❛t ♠❡❛♥s ✇❡ ❤❛✈❡ r❡❝❡✐✈❡❞

s✐♠✐❧❛r ♦❜s❡r✈❛t✐♦♥s X ❢♦r s❡✈❡r❛❧ ❝♦♥s❡❝✉t✐✈❡ ♣❡r✐♦❞s✳ ❚❤✐s ✇✐❧❧ ❣✐✈❡ ✉s t❤❡ s❛♠❡ ❡st✐♠❛t❡❞

♣r♦❜❛❜✐❧✐t✐❡s ❢♦r ❛ ♥✉♠❜❡r ♦❢ ❝♦♥s❡❝✉t✐✈❡ ♣❡r✐♦❞s✳

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♠❛❣✐♥❛r② s❝❡♥❛r✐♦s ❞❡♠♦♥str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳ ■♥ ❙❝❡♥❛r✐♦ ✶✱ t❤❡

❡st✐♠❛t❡❞ ♣r♦❜❛❜✐❧✐t② r❡♠❛✐♥s ❛t ✷✵✪✱ ❡①❝❡♣t ❛ s♣✐❦❡ ♦❢ ✹✵✪✳ ■♥ s❝❡♥❛r✐♦ ✷✱ t❤❡ ❡st✐♠❛t❡❞

♣r♦❜❛❜✐❧✐t② r❡♠❛✐♥s ❛t ✹✵✪✳ ■♥ s❝❡♥❛r✐♦ ✶✱ t❤❡ ✹✵✪ ❡st✐♠❛t❡❞ ♣r♦❜❛❜✐❧✐t② ♠❛② ❜❡ ❣❡♥❡r❛t❡❞

❜② s♦♠❡ r❛♥❞♦♠ ❡✈❡♥ts✳ ■♥ s❝❡♥❛r✐♦ ✷✱ t❤❡ ♣r♦❜❛❜✐❧✐t② r❡♠❛✐♥s ❤✐❣❤ ❛t ✹✵✪ ❝♦♥s❡❝✉t✐✈❡❧②✳

❚❤❡ r❡♣❡t✐t✐♦♥ ♦❢ s✐♠✐❧❛r ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s ♠❛② ✐♥❞✐❝❛t❡ s♦♠❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❜❧❡♠s ✇✐t❤

t❤❡ ❡❝♦♥♦♠②✳ ❚❤❡ ❛❧❛r♠✐♥❣ s✐❣♥❛❧ s❤♦✉❧❞ ❜❡ str♦♥❣❡r ❛s t❤❡ r❡♣❡t✐t✐♦♥ ❣♦❡s ♦♥✳ ❲✐t❤ t❤❡

tr❛❞✐t✐♦♥❛❧ ▲♦❣✐t✲❊❲❙ ♠♦❞❡❧s✱ t❤❡ r❡♣❡t✐t✐♦♥ ✐s ♥♦t t❛❦❡♥ ✐♥ ❝♦♥s✐❞❡r❛t✐♦♥ s♦ t❤❛t t❤❡ t✇♦

s❝❡♥❛r✐♦s ❝❛♥ ♥♦t ❜❡ ❞✐st✐♥❣✉✐s❤❡❞✳ ■❢ t❤❡ t❤r❡s❤♦❧❞ ✐s s❡t ❛❜♦✈❡ ✹✵✪✱ t❤❡ ✇❛r♥✐♥❣ s✐❣♥❛❧s ✇✐❧❧

❜❡ ♠✐ss❡❞ ✐♥ ❜♦t❤ s❝❡♥❛r✐♦s✱ ♥♦ ♠❛tt❡r ❤♦✇ ♠❛♥② t✐♠❡ t❤❡ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s ❛r❡ r❡♣❡❛t❡❞✳

■❢ t❤❡ t❤r❡s❤♦❧❞ ✐s s❡t ❧♦✇❡r t❤❛t ✹✵✪✱ t❤❡♥ ❛❧❛r♠ ✇✐❧❧ ❜❡ ✐ss✉❡❞ ✐♥ ❜♦t❤ s❝❡♥❛r✐♦s✳ ◆❡✐t❤❡r

✇❛② ✐s ❞❡s✐r❛❜❧❡✳

❚❤❡ ❇◗❈❉ ♠❡t❤♦❞ ❝❛♥ ❛♣♣r♦♣r✐❛t❡❧② ❛❝❝♦✉♥t ❢♦r t❤❡ r❡♣❡t✐t✐♦♥ ♦❢ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s✳

❆s ❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✷✱ ✐♥ ❙❝❡♥❛r✐♦ ✷✱ t❤❡ ♣♦st❡r✐♦r ♣r♦❜❛❜✐❧✐t② ❧❛❜❡❧❡❞ ❜② ❇❛②❡s✐❛♥ ◗✉✐❝❦❡st

❈❤❛♥❣❡ ❉❡t❡❝t✐♦♥ ✐s ❣❡tt✐♥❣ ❤✐❣❤❡r ❛s ❧♦♥❣ ❛s ✇❡ s❡❡ t❤❡ s❛♠❡ ✇❛r♥✐♥❣ s✐❣♥❛❧s r❡♣❡❛t❡❞❧②✳ ❆♥

❛❧❛r♠ ✇✐❧❧ ❡✈❡♥t✉❛❧❧② ❜❡ ✐ss✉❡❞✳ ■❢ t❤❡ t❤r❡s❤♦❧❞ ✐s s❡t ❤✐❣❤❡r✱ ♠♦r❡ r❡♣❡t✐t✐♦♥s ✇✐❧❧ ❜❡ ♥❡❡❞❡❞✳

❇❛②❡s✐❛♥ ✉♣❞❛t✐♥❣ ✇✐❧❧ ❡♥❤❛♥❝❡ r❡♣❡t✐t✐✈❡ ✇❛r♥✐♥❣ s✐❣♥❛❧s✱ ✇❤✐❝❤ ✇✐❧❧ ♠❛❦❡ ❞❡t❡❝t✐♥❣ t❤❡

✇❛r♥✐♥❣ s✐❣♥s ❡❛s✐❡r✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ r❡❛s♦♥ ✇❤② ❇❛②❡s✐❛♥ ◗✉✐❝❦❡st ❈❤❛♥❣❡ ❉❡t❡❝t✐♦♥

♠❡t❤♦❞ ❝❛♥ ♣❡r❢♦r♠ ❜❡tt❡r t❤❛t tr❛❞✐t✐♦♥❛❧ ▲♦❣✐t✲❊❲❙ ♠♦❞❡❧s✳ ❖♥❡ ♠✐❣❤t ❛s❦ ✇❤② ✐s ❜❡✐♥❣

s❡♥s✐t✐✈❡ t♦ r❡♣❡t✐t✐♦♥ ✐♠♣♦rt❛♥t✳ ◆♦t✐❝❡ t❤❡ ❛✐♠ ♦❢ ❜♦t❤ ♠❡t❤♦❞s ✐s t♦ ❞❡t❡❝t t❤❡ ❝❤❛♥❣❡

♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞❛t❛ ❣❡♥❡r❛t✐♥❣ ♣r♦❝❡ss ♦❢ ✇❛r♥✐♥❣ s✐❣♥❛❧s✳ ■❢ t❤❡ ❞❛t❛ ❣❡♥❡r❛t✐♥❣ ♣r♦❝❡ss

❤❛s ❝❤❛♥❣❡❞✱ ♥♦t ♦♥❧② ✇❡ ✇✐❧❧ ♦❜s❡r✈❡ ❞❛t❛ t❤❛t s✉♣♣♦rts t❤❡ ❛❧t❡r♥❛t✐✈❡✱ ❜✉t ✇❡ ✇✐❧❧ ♦❜s❡r✈❡

t❤❛t ♠♦r❡ ♦❢t❡♥✳ ❚❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ❇◗❈❉ ♠❡t❤♦❞ ✐s ❦❡❡♥ t♦ ♠❛♥✐❢❡st t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡

❢r❡q✉❡♥❝② ♦❢ ❞❛t❛ t❤❛t s✉♣♣♦rts t❤❡ ❛❧t❡r♥❛t✐✈❡✳ ❚❤✐s ❛❜✐❧✐t② ❞♦❡s ♥♦t r❡♥❞❡r t❤❡ ❇◗❈❉

♠❡t❤♦❞ ♣❡r❢♦r♠ ♠❛r❣✐♥❛❧❧② ❜❡tt❡r✱ ❜✉t ✐t ✐s ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rt❛♥❝❡ t♦ t❤❡ t❛s❦ ♦❢ q✉✐❝❦❡st

❝❤❛♥❣❡ ❞❡t❡❝t✐♦♥✳

✶✺
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Logit

Scenario 2Scenario 1

❋✐❣✉r❡ ✷✿ ❆ ❉❡♠♦♥str❛t✐♦♥

✹ ❙✐♠✉❧❛t✐♦♥ ❊①❡r❝✐s❡

❲❡ ✇✐❧❧ ✜rst r❡s♦rt t♦ s✐♠✉❧❛t✐♦♥ ❡①❡r❝✐s❡s t♦ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ▲♦❣✐t✲

❊❲❙ ♠♦❞❡❧ ❛♥❞ ❇◗❈❉ ♠♦❞❡❧✳ ■♥ t❤✐s ❡①❡r❝✐s❡✱ ✇❡ s✐♠✉❧❛t❡ ❛ r❛♥❞♦♠ ✐♥❞❡♣❡♥❞❡♥t s❡q✉❡♥❝❡

{Zk; k = 1, 2, ..., 200} ✇✐t❤ Z1, Z2, ..., Z100 ❜❡✐♥❣ ✐✳✐✳❞✳ ✇✐t❤ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ N (0, 0.9)✱

❛♥❞ {Z101, ..., Z200} ❜❡✐♥❣ ✐✳✐✳❞✳ ✇✐t❤ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ N (0.12, 0.9)✳ ❚❤❡ ♠❛r❣✐♥❛❧ ❞✐s✲

tr✐❜✉t✐♦♥ ♦❢ Zk ❝❤❛♥❣❡ ❛t ✶✵✶✳ ❲❡ ❝r❡❛t❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ Y1 = 0, ..., Y100 = 0, Y101 =

1, ..., Y200 = 1✳ ❲❡ ❡st✐♠❛t❡ t❤❡ ▲♦❣✐t ♠♦❞❡❧ Pr (Y = 1) = F (Zβ)✳ ❲✐t❤ t❤❡s❡ s✐♠✉❧❛t✐♦♥s✱

✇❡ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ tr❛❞✐t✐♦♥❛❧ ❊❲❙ ♠♦❞❡❧ ❛♥❞ t❤❡ ❇◗❈❉ ♠♦❞❡❧ t♦ ✐❞❡♥t✐❢②

t❤❡ str✉❝t✉r❛❧ ❜r❡❛❦✳

❚♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ t✇♦ ♠❡t❤♦❞s✱ ❣✐✈❡♥ ❛ t❤r❡s❤♦❧❞✱ ✇❡ r❡❝♦r❞ t❤❡ ❧❡♥❣t❤

♦❢ ❢❛❧s❡ ❛❧❛r♠ ♦r t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❞❡❧❛② ❞❡t❡❝t✐♦♥✳ ◆♦t✐❝❡✱ ❢♦r ❡❛❝❤ s✐♠✉❧❛t✐♦♥✱ ♦♥❧② ♦♥❡ t②♣❡

♦❢ ♠✐st❛❦❡ ❝❛♥ ❜❡ ♠❛❞❡✳ ❋♦r ❡❛❝❤ t❤r❡s❤♦❧❞ ❣✐✈❡♥✱ ✇❡ r❡♣❡❛t t❤❡ s✐♠✉❧❛t✐♦♥s ❛ ❧❛r❣❡ ♥✉♠❜❡r

♦❢ t✐♠❡s ❛♥❞ ❝❛❧❝✉❧❛t❡ t❤❡ ❛✈❡r❛❣❡ ❧❡♥❣t❤ ♦❢ ❢❛❧s❡ ❛❧❛r♠ ❛♥❞ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ❞❡❧❛② ❞❡t❡❝t✐♦♥✳

❚❤❡ r❡s✉❧ts ❛r❡ r❡❝♦r❞❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ tr❛❞✐t✐♦♥❛❧ ❊❲❙ ♠♦❞❡❧ r❡s✉❧ts ✐♥

❧❡♥❣t❤② ❢❛❧s❡ ❛❧❛r♠s✱ ✇❤❡r❡ ❢♦r ❇◗❈❉✱ t❤❡ ❛✈❡r❛❣❡ ❧❡♥❣t❤s ♦❢ ❢❛❧s❡ ❛❧❛r♠s ❛r❡ ♠✉❝❤ s♠❛❧❧❡r

❢♦r ❛❧❧ ❧❡✈❡❧s ♦❢ t❤r❡s❤♦❧❞s✳

❋✐❣✉r❡ ✸ s❤♦✇s ✉s ✇❤② ❇◗❈❉ ♠♦❞❡❧ ♣❡r❢♦r♠s ❜❡tt❡r✳ ❋r♦♠ t❤❡ t♦♣ ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✸✱ ✇❡ ❝❛♥

s❡❡ t❤❡ s✐❣♥❛❧ ✐s t♦♦ ♥♦✐s② t♦ ♠❛❦❡ ❛♥② ❞❡❝✐s✐♦♥ s❡q✉❡♥t✐❛❧❧②✳ ❋♦r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ t❤r❡s❤♦❧❞s✱

❧❡♥❣t❤② ❢❛❧s❡ ❛❧❛r♠s ❛r❡ ✐♥❡✈✐t❛❜❧❡✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤❡ ❧♦✇❡r ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✸✱ ❜❡❢♦r❡

✶✵✵✱ ❇◗❈❉ ♠♦❞❡❧ ✜❧t❡rs ♦✉t ♥♦✐s② s✐❣♥❛❧s✱ s♦ t❤❡ ♣♦st❡r✐♦r ♣r♦❜❛❜✐❧✐t② r❡♠❛✐♥s ❧♦✇❀ ❛❢t❡r

✶✵✵✱ t❤❡ ▲♦❣✐t ♠♦❞❡❧ st❛rts t♦ s❤♦✇ ❤✐❣❤❡r ♣r♦❜❛❜✐❧✐t② ♦❢ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ t❤❡ str✉❝t✉r❛❧

❜r❡❛❦✳ ❲❡ ❝❛♥ s❡❡ ❢r♦♠ t❤❡ t♦♣ ♣❡♥❛❧✱ ❢r♦♠ ✶✵✵✲✶✶✵✱ t❤❡ ❡st✐♠❛t❡❞ ♣r♦❜❛❜✐❧✐t② r❡♠❛✐♥s ♦✈❡r

✽✵ ♣❡r❝❡♥t ❢♦r ❛❜♦✉t ✶✵ ❝♦♥s❡❝✉t✐✈❡ ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡ tr❛❞✐t✐♦♥❛❧ ❊❲❙ ♠♦❞❡❧ ✇♦✉❧❞ ♠✐ss t❤❛t

✶✻
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❛
❲❡❧❢❛r❡ ✐s ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❆✈❡r❛❣❡ ▲❡♥❣t❤ ♦❢ ❋❛❧s❡ ❆❧❛r♠ ❛♥❞ t❤❡ Pr♦♣♦rt✐♦♥ ♦❢ ❉❡❧❛② ❉❡t❡❝t✐♦♥ ❛❝❝♦r❞✐♥❣

t♦ ❊q✉❛t✐♦♥ ✷✳✼✳

✐♥❢♦r♠❛t✐♦♥✱ t❤❡ ❇◗❈❉ ♠♦❞❡❧ ✇✐❧❧ ♣✐❝❦ t❤❛t ✉♣ q✉✐❝❦❧②✳ ❙♦ ✇✐t❤ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ t❤r❡s❤♦❧❞s✱

t❤❡ ❇◗❈❉ ♠♦❞❡❧ ✇✐❧❧ ✐ss✉❡ ❛❧❛r♠s ✇✐t❤ ❞❡❧❛②s ❧❡ss t❤❛♥ ✶✵ ♦❜s❡r✈❛t✐♦♥s✳ ❲✐t❤ t❤❡ ✇❡❧❢❛r❡

♠❡❛s✉r❡ ♣r♦♣♦s❡❞ ❡❛r❧✐❡r ✐♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❇◗❈❉ ♠♦❞❡❧ ♦✉t♣❡r❢♦r♠s t❤❡ tr❛❞✐t✐♦♥❛❧ ❊❲❙

♠♦❞❡❧ q✉✐t❡ ❝♦♥✈✐♥❝✐♥❣❧② ✐♥ t❤✐s s✐♠✉❧❛t✐♦♥ ❡①❡r❝✐s❡✳

0 20 40 60 80 100 120 140 160 180 200
0

0.5

1

 

 

0 20 40 60 80 100 120 140 160 180 200
0

0.5

1

 

 

Logit

BQCD

❋✐❣✉r❡ ✸✿ ❙✐♠✉❧❛t✐♦♥ ❘❡s✉❧t

✺ ❘❡s✉❧ts

❚❤✐s s❡❝t✐♦♥ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ t❤✐s st✉❞②✳ ❲❡ ❡✈❛❧✉❛t❡ t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡

▲♦❣✐t ♠♦❞❡❧ ❛♥❞ t❤❡ ❇◗❈❉ ♠❡t❤♦❞ t♦ ♣r❡❞✐❝t ✶✾✾✼ ❆s✐❛♥ ✜♥❛♥❝✐❛❧ ❝r✐s❡s✳ ❚❤❡ ▲♦❣✐t ♠♦❞❡❧

✐s ❡st✐♠❛t❡ ✇✐t❤ ❞❛t❛ ❝♦✈❡r ❢r♦♠ ❏❛♥ ✶✾✽✻ t❤r♦✉❣❤ ❆♣r ✶✾✾✺✳ ❚❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ❝♦✈❡r ❢r♦♠

✶✼



▼❛② ✶✾✾✺ t❤r♦✉❣❤ ❉❡❝ ✶✾✾✽✳ ❆s ✐t ❝❛♥ ❜❡ s❡❡ ✐♥ ❋✐❣✉r❡ ✹✱ ❢♦r ❛♣♣r♦♣r✐❛t❡❧② ❝❤♦s❡♥ t❤r❡s❤♦❧❞✱

❜♦t❤ ♠♦❞❡❧s ❝❛♥ ♣r❡❞✐❝t t❤❡ ❝r✐s✐s ✇✐t❤✐♥ ✷✹ ♠♦♥t❤s ✐♥ ❛❞✈❛♥❝❡✳ ❇✉t ❢♦r t❤❡ ▲♦❣✐t ♠♦❞❡❧✱ ✐❢

t❤❡ t❤r❡s❤♦❧❞ ✐s s❡t ❛❜♦✈❡ ❝❡rt❛✐♥ ❧❡✈❡❧✱ s❛② ✻✵✪✱ t❤❡♥ t❤❡ ✇❛r♥✐♥❣ s✐❣♥❛❧s ✐♥ ▼❛❧❛②s✐❛ ❛♥❞

P❤✐❧✐♣♣✐♥❡s ✇✐❧❧ ❜❡ ❡♥t✐r❡❧② ♠✐ss❡❞✳ ■❢ t❤❡ t❤r❡s❤♦❧❞ ✐s s❡t ❛❜♦✈❡ ✼✵✪✱ t❤❡♥ t❤❡ ✇❛r♥✐♥❣ s✐❣♥❛❧s

✇✐❧❧ ❜❡ ♠✐ss❡❞ ❢♦r ❛❧❧ ✜✈❡ ❝♦✉♥tr✐❡s ✉♥❞❡r ❛♥❛❧②s✐s✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ✐s t❤❡ r❡♣❡t✐t✐♦♥ ♦❢

str♦♥❣ ✇❛r♥✐♥❣ s✐❣♥❛❧s ❛r❡ ♥♦t ❛❝❝♦✉♥t❡❞✳ ❏✉st ❛s ✇❡ s❤♦✇❡❞ t❤❡ ✐♥ ❋✐❣✉r❡ ✷✱ ✐❢ t❤❡ t❤r❡s❤♦❧❞

✐s s❡t t♦♦ ❤✐❣❤✱ t❤❡ ✇❛r♥✐♥❣ s✐❣♥❛❧s ✇✐❧❧ ❜❡ ♠✐ss❡❞✱ ♥♦ ♠❛tt❡r ❤♦✇ ♠❛♥② t✐♠❡ t❤❡ ✇❛r♥✐♥❣

s✐❣♥❛❧s ❛r❡ r❡♣❡❛t❡❞✱ t❤❡② ✇✐❧❧ ❜❡ ♠✐ss❡❞ ❛❧t♦❣❡t❤❡r✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡

❢♦r ❇◗❈❉ ♠♦❞❡❧✱ s✐♥❝❡ t❤❡ r❡♣❡t✐t✐♦♥ ♦❢ str♦♥❣ ✇❛r♥✐♥❣ s✐❣♥❛❧s ❛r❡ ❛❝❝♦✉♥t❡❞ ❜② ❇❛②❡s✐❛♥

✉♣❞❛t✐♥❣✱ t❤❡ ♣♦st❡r✐♦r ♣r♦❜❛❜✐❧✐t② ✐s ❞r✐✈❡♥ ✉♣ t♦ ❛❧♠♦st ✶✵✵✪ ❛s ✐t ✐s ❝❧♦s❡r t♦ t❤❡ ✜♥❛♥❝✐❛❧

❝r✐s❡s✳ ■♥ t❤✐s ❝❛s❡✱ ♥♦ ♠❛tt❡r ❤♦✇ ❤✐❣❤ t❤❡ t❤r❡s❤♦❧❞ ✐s✱ ✐t ✐s ❛❧♠♦st ✐♠♣♦ss✐❜❧❡ t♦ ♠✐ss t❤❡

✇❛r♥✐♥❣ s✐❣♥❛❧ ♣r✐♦r t♦ t❤❡ ❝r✐s❡s ✐♥ ❛❧❧ ✜✈❡ ❝♦✉♥tr✐❡s ✉♥❞❡r ❛♥❛❧②s✐s✳ ●✐✈❡♥ t❤❡ ✉♥❝❡rt❛✐♥t②

✐♥✈♦❧✈❡❞ ✐♥ s❡tt✐♥❣ t❤❡ t❤r❡s❤♦❧❞✱ t❤✐s ✐s ❛ ❞❡s✐r❛❜❧❡ ❢❡❛t✉r❡✳ ■♥ s♦♠❡ ❝❛s❡s✱ ❛❧❛r♠ ❝❛♥ ❜❡ ✐ss✉❡❞

❡❛r❧✐❡r t❤❛♥ t❤❡ ▲♦❣✐t ♠♦❞❡❧ ❣✐✈❡♥ t❤❡ s❛♠❡ t❤r❡s❤♦❧❞ ✐♥ ❝❡rt❛✐♥ ❝♦✉♥tr✐❡s✳

❲❡ s✉♠♠❛r✐③❡ s♦♠❡ st❛t✐st✐❝s ✐♥ ❚❛❜❧❡ ✷✳ ❲❡ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ♥✉♠❜❡r

♦❢ ♠♦♥t❤s ✐♥ ❛❞✈❛♥❝❡ ♦❢ t❤❡ ❛❝t✉❛❧ ❝r✐s✐s t❤❛t t❤❡ ❛❧❛r♠ ✐s ✐ss✉❡❞✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤❡

t❛❜❧❡✱ ✇❤❡♥ t❤❡ t❤r❡s❤♦❧❞s ❛r❡ ❧♦✇❡r t❤❛♥ ✺✵✪✱ ❜♦t❤ ♠♦❞❡❧s ❝❛♥ ♣r❡❞✐❝t t❤❡ ❝r✐s✐s✱ ❜✉t ❇◗❈❉

♠♦❞❡❧ ✇✐❧❧ tr✐❣❣❡r t❤❡ ❛❧❛r♠ ❡❛r❧✐❡r ❢♦r ❛❧❧ ✜✈❡ ❝♦✉♥tr✐❡s✳ ▼♦st ✐♠♣♦rt❛♥t❧②✱ ✐❢ t❤❡ t❤r❡s❤♦❧❞

✐s s❡t ❛❜♦✈❡ ✻✵✪✱ t❤❡ ▲♦❣✐t✲❊❲❙ ♠♦❞❡❧ ✇✐❧❧ ♠✐ss ✇❛r♥✐♥❣ s✐❣♥❛❧s ✐♥ ▼❛❧❛②s✐❛✳ ❖♥❝❡ t❤❡

t❤r❡s❤♦❧❞ ✐s s❡t ❛❜♦✈❡ ✽✵✪✱ t❤❡ ▲♦❣✐t✲❊❲❙ ♠♦❞❡❧ ✇✐❧❧ ❢❛✐❧ t♦ ✐ss✉❡ ❛❧❛r♠s ✐♥ ❛❧❧ ✜✈❡ ❝♦✉♥tr✐❡s

✐♥ t❤❡ ❛♥❛❧②s✐s✳ ■♥ t❤✐s r❡❣❛r❞✱ t❤❡ ❇◗❈❉ ♠♦❞❡❧ ♦✉t✲♣❡r❢♦r♠s t❤❡ ▲♦❣✐t✲❊❲❙ ♠♦❞❡❧✳ ❆s

✇❡ ❛r❣✉❡ ❜❡❢♦r❡✱ t❤❡ ❇◗❈❉ ♠❡t❤♦❞ ✐s ❦❡❡♥ t♦ ❞❡t❡❝t t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❞❛t❛ t❤❛t s✉♣♣♦rt

t❤❡ ❛❧t❡r♥❛t✐✈❡✳ ❚❤✐s ✐s ✈❡r② ✐♠♣♦rt❛♥t t♦ t❤❡ ❞❡s✐❣♥ ♦❢ ❊❲❙✱ s✐♥❝❡ ✇❡ ❛r❡ tr②✐♥❣ t♦ ❞❡t❡❝t

t❤❡ ✈✉❧♥❡r❛❜✐❧✐t② ♦❢ t❤❡ ❡❝♦♥♦♠② t❤❛t ✇✐❧❧ ❧❡❛❞ t♦ s♣❡❝✉❧❛t✐✈❡ ❛tt❛❝❦s✳ ❲❤❡♥ t❤❡ ❡❝♦♥♦♠②

❤❛s ✐♥❞❡❡❞ ❜❡❝❛♠❡ ♠♦r❡ ✈✉❧♥❡r❛❜❧❡✱ t❤❡ ❝♦rr❡❝t❧② ❝❤♦s❡♥ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s ✇✐❧❧ ♥♦t ♦♥❧②

❜❡❝♦♠❡ str♦♥❣❡r✱ ❜✉t str♦♥❣❡r ✇❛r♥✐♥❣ s✐❣♥❛❧s ✇✐❧❧ ❛❧s♦ ❛♣♣❡❛r ♠♦r❡ ❢r❡q✉❡♥t❧②✳ ❚❤✐s ✐s ✐♥❞❡❡❞

✇❤❛t ❤❛s ❤❛♣♣❡♥❡❞ ❜❡❢♦r❡ t❤❡ ✶✾✾✼ ❆s✐❛♥ ✜♥❛♥❝✐❛❧ ❝r✐s❡s✳ ❆s ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤❡ ✜✈❡ ❆s✐❛♥

❝♦✉♥tr✐❡s ✐♥ t❤❡ ❛♥❛❧②s✐s✱ ♣r✐♦r t♦ t❤❡ ❝r✐s❡s✱ str♦♥❣❡r ✇❛r♥✐♥❣ s✐❣♥❛❧s ❞♦ t❡♥❞ t♦ ❛♣♣❡❛r ♠♦r❡

♦❢t❡♥✳ ❚♦ ❜❡ ❛❜❧❡ t♦ ❞❡t❡❝t t❤❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❢r❡q✉❡♥❝② ✐s ♦❢ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rt❛♥❝❡✳

✻ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ♦❢ ❊❛r❧② ❲❛r♥✐♥❣ ❙②st❡♠s ❢♦r♠ ❛ ♣♦❧✐❝② ♠❛❦❡r✬s

♣❡rs♣❡❝t✐✈❡✳ ❲❡ ❛ss✉♠❡ t❤❡ ❜❡❤❛✈✐♦r ♦❢ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s ❝❤❛♥❣❡s ♣r✐♦r t♦

❛ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❚❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ♣r♦❜❧❡♠ ✐s t♦ ❞❡t❡❝t t❤❡ ❝❤❛♥❣❡ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡ ❛♥❞

t❛❦❡ ♣r❡❡♠♣t✐✈❡ ❛❝t✐♦♥s✳ ❲❡ ❡♠♣❧♦② t❤❡ st❛t❡✲♦❢✲t❤❡✲❛rt ❇❛②❡s✐❛♥ ◗✉✐❝❦❡st ❈❤❛♥❣❡ ❉❡t❡❝t✐♦♥

♠❡t❤♦❞ t♦ s♦❧✈❡ t❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ♣r♦❜❧❡♠✳ ❙✐♥❝❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❊❲❙ ✐s ❢r❛♠❡❞ ❢r♦♠ t❤❡

♣♦❧✐❝② ♠❛❦❡r✬s ♣❡rs♣❡❝t✐✈❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤r❡s❤♦❧❞ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ t❤❡ ✇❡❧❢❛r❡

✶✽



❚❛❜❧❡ ✷✿ ❈♦♠♣❛r✐s♦♥s ♦❢ ❖✉t✲♦❢✲❙❛♠♣❧❡ Pr❡❞✐❝t✐♦♥s ❇❡t✇❡❡♥ ▲♦❣✐t✲❊❲❙ ❛♥❞ ❇◗❈❉
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▲✲❊❲❙ ❇◗❈❉ ▲✲❊❲❙ ❇◗❈❉ ▲✲❊❲❙ ❇◗❈❉ ▲✲❊❲❙ ❇◗❈❉ ▲✲❊❲❙ ❇◗❈❉
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❛
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❝
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❛
❚❤✐s ♠❡❛♥s t❤❡ ❛❧❛r♠ ✐s ✐ss✉❡❞ ✽ ♠♦♥t❤s ❜❡❢♦r❡ t❤❡ ❝r✐s✐s✳

❜
❩❡r♦s ✐♥❞✐❝❛t❡ ❢❛✐❧✉r❡s t♦ ✐ss✉❡ ❛❧❛r♠s ❜❡❢♦r❡ t❤❡ ❝r✐s✐s✳

❝
❚❤❡ ❛✈❡r❛❣❡ ✐s t❛❦❡s ❛❝r♦ss ❝♦✉♥tr✐❡s✳

❧♦ss ♦❢ t❤❡ ♣♦❧✐❝② ♠❛❦❡r✳ ❲❡ ❛❧s♦ ❛r❣✉❡ t❤❛t ♣r✐♦r t♦ ❛ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✱ ♥♦t ♦♥❧② t❤❡ ✇❛r♥✐♥❣

s✐❣♥❛❧s ❛r❡ ❣❡tt✐♥❣ str♦♥❣❡r✱ ❜✉t ❛❧s♦ str♦♥❣❡r ✇❛r♥✐♥❣ s✐❣♥❛❧s ✇✐❧❧ ❛♣♣❡❛r ♠♦r❡ ❢r❡q✉❡♥t❧②✳

❚❤❡ ✐♥❝r❡❛s❡ ✐♥ ❢r❡q✉❡♥❝② ♦❢ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s ❤❛s ❜❡❡♥ ✐❣♥♦r❡❞ ✐♥ ♣r❡✈✐♦✉s ❊❲❙ ♠♦❞❡❧s✳

■♥❝r❡❛s❡ ✐♥ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❡❛r❧② ✇❛r♥✐♥❣ s✐❣♥❛❧s ❝♦♥t❛✐♥s ✐♠♣♦rt❛♥t ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t

t❤❡ ✇❡❧❧✲❜❡✐♥❣ ♦❢ t❤❡ ❡❝♦♥♦♠②✿ ✐❢ t❤❡ s❛♠❡ ✇❛r♥✐♥❣ s✐❣♥❛❧s ❛♣♣❡❛rs ♠♦r❡ ❢r❡q✉❡♥t❧②✱ ✐t ✐s ❛

str♦♥❣❡r ✐♥❞✐❝❛t✐♦♥ t❤❛t t❤❡r❡ ❛r❡ s♦♠❡ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦❜❧❡♠s ✇✐t❤ t❤❡ ❡❝♦♥♦♠②✳ ❚❤❡ ❇◗❈❉

♠❡t❤♦❞ ❝❛♥ ♣✐❝❦ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✉♣ ❛♣♣r♦♣r✐❛t❡❧②✳ ❲❡ ❝♦♠♣❛r❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ▲♦❣✐t✲

❊❲❙ ♠♦❞❡❧ ❛♥❞ t❤❡ ❇◗❈❉ ♠♦❞❡❧ ✇✐t❤ s✐♠✉❧❛t✐♦♥ ❡①❡r❝✐s❡s ❛♥❞ ♦✉t✲♦❢✲s❛♠♣❧❡ ♣r❡❞✐❝t✐♦♥ ♦❢

t❤❡ ✶✾✾✼ ❆s✐❛♥ ✜♥❛♥❝✐❛❧ ❝r✐s❡s✱ t❤❡ r❡s✉❧ts s❤♦✇ t❤❛t ❇◗❈❉ ♠❡t❤♦❞ ♦✉t♣❡r❢♦r♠ t❤❡ tr❛❞✐t✐♦♥❛❧

❊❲❙ ♠♦❞❡❧✳

✶✾
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❋✐❣✉r❡ ✹✿ Pr❡❞✐❝t❡❞ Pr♦❜❛❜✐❧✐t② ♦❢ ❈r✐s✐s✲❖✉t✲♦❢✲❙❛♠♣❧❡ ✇✐t❤ π∗ = 0.82

❇ ❆♣♣❡♥❞✐①

●✐✈❡♥ ❞❡t❡r♠✐♥✐st✐❝ k ❛♥❞ l✱ ❧❡t

v (k, l) = v− (k, l) 1{k≤l} + v+ (k, l) 1{k>l}

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ❢❛❧s❡ ❛❧❛r♠✱ ✇❤❡♥ k ≤ l

✷✵



v− (k, l) = E−

{∫ k

0
e−ρtL (ξt, u0t) dt+

∫ k+h

k

e−ρtL (ξt, u1t) dt

}

+E−

{∫ l+h

k+h

e−ρtL (ξt, u2t) dt+

∫ ∞

l+h

e−ρtL (ξt, u2t) dt

}

dξt = k0 (ξt, u0t) dt+ σdWt, t ≤ k

dξt = k0 (ξt, u1t) dt+ σdWt, k < t ≤ k + h

dξt = k0 (ξt, u2t) dt+ σdWt, k + h < t ≤ l + h

dξt = k1 (ξt, u2t) dt+ σdWt, l + h < t

■♥ t❤❡ ❞♦♠❛✐♥ ♦❢ ❞❡❧❛②❡❞ ❞❡t❡❝t✐♦♥✱ ✇❤❡♥ l + h ≥ k > l

v+ (k, l) = E+

{∫ k

0
e−ρtL (ξt, u0t) dt+

∫ l+h

k

e−ρtL (ξt, u1t) dt+

∫ ∞

l+h

e−ρtL (ξt, u1t) dt

}

dξt = k0 (ξt, u0t) dt+ σdWt, t ≤ k

dξt = k0 (ξt, u1t) dt+ σdWt, k < t ≤ l + h

dξt = k1 (ξt, u2t) dt+ σdWt, l + h < t

❲❤❡r❡ E− ❛♥❞ E+ ❛r❡ ❞❡✜♥❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ❝♦♥str✉❝t❡❞ t❤r♦✉❣❤ ❘❛❞♦♥✲

◆✐❦♦❞ý♠ ❞❡r✐✈❛t✐✈❡ ✭✷✳✸✮ ❛♥❞ ✭✷✳✹✮ r❡s♣❡❝t✐✈❡❧②✳ ◆❡①t ✇❡ ♥❡❡❞ t♦ ❧✐♥❡❛r✐③❡❞ v+ (k, l) ❛r♦✉♥❞

k = l + δ✱ s✐♥❝❡ v+ (k, l) ✐s ❞❡✜♥❡❞ ♦♥ k > l✱ v− (l, l) ✐s ♥♦t ❞❡✜♥❡❞✳ ❲❡ ♥❡❡❞ t♦ ❝❤♦♦s❡

❛♥ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❧❡t δ > 0 ❜❡ ❛♥ ❛r❜✐tr❛r✐❧② s♠❛❧❧ ♣♦s✐t✐✈❡ ♥✉♠❜❡r✱ t❤❡♥ v+ (k, l) ❝❛♥ ❜❡

❧✐♥❡❛r✐③❡❞ ♦♥ l+ = l + δ✱ ❢♦r k ≤ i−✳

●✐✈❡♥ θ = l ❛♥❞ δ > 0 ❢♦r l + h ≥ k ≥ l+✱ ❛♥❞ ❧❡t l+ = l + δ✱ ✇❡ ❤❛✈❡∗

v+ (k, l)− v− (l, l) = v+ (k, l)− v+
(
l+, l

)
+ v+

(
l+, l

)
− v− (l, l)

v+ (k, l)− v+
(
l+, l

)
≈ v′+

(
l+, l

) (
k − l+

)+

v+
(
l+, l

)
− v− (l, l) ≈ v′+

(
l+, l

)
δ,

❤❡♥❝❡ ✇❡ ✇✐❧❧ ❤❛✈❡

v+ (k, l)− v− (l, l) ≈ v′+
(
l+, l

) (
k − l+

)+
− v′+

(
l+, l

)
δ,

❢♦r k ≤ l✱ ✇❡ ❤❛✈❡

v− (k, l)− v− (l, l) ≈ v′− (l, l) (k − l)+ .

∗
x
− = − inf {x, 0} ❛♥❞ x

+ = sup {x, 0}✳

✷✶



❍❡♥❝❡✱

v (k, l)− v− (l, l) = [v− (k, l)− v− (l, l)] 1{k≤l} + [v+ (k, l)− v− (l, l)] 1{k>l} ✭✷✳✶✺✮

≈ −v′− (l, l) (l − k)+ + v′+
(
l+, l

) (
k − l+

)+
+ v′+

(
l+, l

)
δ1{k>l}✭✷✳✶✻✮

= −v′− (l, l) (l − k)+ + v′+
(
l+, l

)
(k − l)+ ✭✷✳✶✼✮

❲❤❡♥ h = 1, t❤❡♥ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ✐s ❡q✉❛❧ t♦

v (k, l)− v− (l, l) ≈ −v′− (l, l) (l − k)+ + v′+
(
l+, l

)
1{k>l}.

✇❤❡r❡ v′− (l, l) ❞❡♥♦t❡ t❤❡ ❧❡❢t ❞❡r✐✈❛t✐✈❡ ♦❢ v− (k, l) ✇✐t❤ r❡s♣❡❝t t♦ k ❡✈❛❧✉❛t❡❞ ❛t l✳

●✐✈❡♥ θ, ❛♥❞ ❛ st♦♣♣✐♥❣ t✐♠❡ T ∈ T ✱ ✇❤❡r❡ T ✐s t❤❡ ❝❧❛ss ♦❢ ❛❧❧ st♦♣♣✐♥❣ t✐♠❡s✱ ❞❡✜♥❡ ❛

s❡q✉❡♥❝❡ ♦❢ r❛♥❞♦♠ t✐♠❡s ❜②

Tn (ω) =







T (ω) ;

m
2n ;

on {ω; T (ω) = +∞}

on
{
ω; m−1

2n ≤ T (ω) < m
2n

} ,

Tn ✐s ❛ st♦♣♣✐♥❣ t✐♠❡ ❛♥❞ limn→∞ Tn = T ∗✳

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❛ss✉♠❡ h = 1✳ ❈♦♥❞✐t✐♦♥❛❧ ♦♥ θ = l ❛♥❞ ❣✐✈❡♥ δ > 0✱ ✇❡ ❤❛✈❡

t❤❡ ❢♦❧❧♦✇✐♥❣✿

Eθ {v (T, l)− v (l, l)} = lim
n→∞

∞∑

m=0

Pθ,n

(

Tn =
m

2n
|l
) [

v
(m

2n
, l
)

− v (l, l)
]

≈ lim
n→∞

∞∑

m=0

Pθ,n

(

Tn =
m

2n
|l
)[

−v′− (l, l)
(

l −
m

2n

)+
+ v′+

(
l+, l

)
1{ m

2n
>l}

]

= Eθ

[
−v′− (l, l) (l − T )+ + v′+

(
l+, l

)
1{T>l}

]

✇❤❡r❡ Eθ ✐s ❡①♣❡❝t❛t✐♦♥ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ θ✱ ❛♥❞ Pθ ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ θ✱ ❞❡✜♥❡❞

❜② ✭✷✳✺✮✳

Eπ {Eθ [v (T, l)− v (l, l)]} ≈ Eπ

{
Eθ

[
−v′− (l, l) (l − T )+ + v′+

(
l+, l

)
1{T>l}

]}

E {v (T, θ)− v (θ, θ)} ≈ E
{
−v′− (θ, θ) (θ − T )+ + v′+

(
θ+, θ

)
1{T>θ}

}
✭✷✳✶✽✮

❤❡r❡ E ✐s t❤❡ ❡①♣❡❝t❛t✐♦♥ ✉♥❞❡r ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ P ✱ ❞❡✜♥❡❞ ❜② ✭✷✳✻✮✳ ❚❤❡ ❧❡❢t s✐❞❡ ♦❢ t❤❡

❛♣♣r♦①✐♠❛t✐♦♥ ✐s t❤❡ ♣♦❧✐❝②♠❛❦❡r✬s ♦❜❥❡❝t✐✈❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ st♦♣♣✐♥❣ t✐♠❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡

❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ ❧❡❢t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✳

∗P❧❡❛s❡ s❡❡ Pr♦❜❧❡♠ ✷✳✷✹ ✐♥ ❑❛r❛t③❛s ❛♥❞ ❙❤r❡✈❡ ✭✶✾✾✶✮

✷✷



❈ ❆♣♣❡♥❞✐①

inf
T∈T

E
{
c (θ − T )+ + 1{T>θ}

}

▲❡t E
{
(θ − T )+

}
= E {CT }

Ck =
∞∑

m=k

(m− k)P (θ = m|Fk)

=
∞∑

m=k

P (θ > m|Fk)

=

∞∑

m=k

[1− P (θ ≤ m|Fk)]

=
∞∑

m=0

[1− P (θ ≤ m|Fk)]−
k−1∑

m=1

[1− P (θ ≤ m|Fk)]

=

∞∑

m=0

P (θ > m|Fk)−
k−1∑

m=0

[1− P (θ ≤ m|Fk)]

+
k−1∑

m=0

[1− P (θ ≤ m|Fm)]−
k−1∑

m=0

[1− P (θ ≤ m|Fm)]

=
∞∑

m=0

mP (θ = m|Fk)−
k−1∑

m=0

[1− P (θ ≤ m|Fm)] +Nk

✇❡ ❝❛♥ s❤♦✇ t❤❛t

E
{
c (θ − T )+

}
= E

{

cθ −
T−1∑

m=0

c (1− πm)

}

❙✐♥❝❡ ✇❡ ❤❛✈❡

E
{
1{T>θ}

}

▲❡t

Ck = E
{
1{k>m}

}

=
k−1∑

m=0

P (θ = m|Fk)

= P (θ ≤ k − 1|Fk) + P (θ ≤ k − 1|Fk−1)− P (θ ≤ k − 1|Fk−1)

= πk−1 + P (θ ≤ k − 1|Fk)− P (θ ≤ k − 1|Fk−1)

✷✸



❚❤❡ r❡st ✐s ❡❛s② t♦ s❤♦✇ t❤❛t

E
{
1{T>θ}

}
= E {πT−1}

E

{

cθ −
T−1∑

m=0

c (1− πm) + πT−1

}

❉ ❆♣♣❡♥❞✐①

●✐✈❡♥ t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥ ▲❡♠♠❛ ✷ ✐s s❛t✐s✜❡❞✱ t❤❡ ♣❡r✐♦❞ ❧♦ss ❢✉♥❝t✐♦♥ ❝❛♥ t❤❡♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

L
(
1{t≥k}, 1{t≥l}

)
= Eθ (Lt (k, l)) ,

❋♦r k ≥ l+✱ ✇❤❡r❡ l+ = l + δ✱

v+ (k, l)− v+
(
l+, l

)
= E

{∫ ∞

0
e−ρtLt (k, l) dt−

∫ ∞

0
e−ρtLt (l, l) dt

}

=

∫ ∞

0
e−ρt

L
(
1{t≥k}, 1{t≥l}

)
dt−

∫ ∞

0
e−ρt

L
(
1{t≥l}, 1{t≥l}

)
dt

=

∫ l+h

k

e−ρt [L (0, 1)− L (1, 1)] dt

=
e−ρ(l+h−k)

−ρ
[L (0, 1)− L (1, 1)]

v′+
(
l+, l

)
= lim

k→l+

e−ρ(l+h−k)

−ρ (l + h− k)
[L (0, 1)− L (1, 1)]

=
e−ρ(δ+h)

−ρ (δ + h)
(L (0, 1)− L (1, 1)) ,

❤❡♥❝❡ v′+ (l+, l) ✐s ❛ ❝♦♥st❛♥t✳ ❙✐♠✐❧❛r r❡s✉❧t ❝❛♥ ❜❡ s❤♦✇♥ ❢♦r v′− (l, l)✱ ❤❡♥❝❡ c = −
v′−(θ,θ)

v′
+
(θ+,θ)

✐s

❛ ❝♦♥st❛♥t✳

❊ ❆♣♣❡♥❞✐①

P❡r✐♦❞ ❧♦ss ❢✉♥❝t✐♦♥ L
(
1{t≥k}, 1{t≥l}

)
✱ t❤❡♥

v− (l, l)− v− (l − 1, l) =

∞∑

t=0

βt
{
L
(
1{t≥l}, 1{t≥l}

)
− L

(
1{t≥l−1}, 1{t≥l}

)}

= βl−1







L(0, 0)
︸ ︷︷ ︸

t=l−1

− L(1, 0)
︸ ︷︷ ︸

t=l−1







✷✹



v+ (l + 1, l)− v+ (l, l) =
∞∑

t=0

βt
{
Lt

(
1{t≥l+1}, 1{t≥l}

)
− Lt

(
1{t≥l}, 1{t≥l}

)}

= βl {L (0, 1)− L (1, 1)}

❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡

c = −
v− (l, l)− v− (l − 1, l)

v+ (l + 1, l)− v+ (l, l)

= −β−1L (0, 0)− L (1, 0)

L (0, 1)− L (1, 1)
.

❈❧❡❛r❧②✱ c ✐s ♥♦t ❛ ❢✉♥❝t✐♦♥ ♦❢ l✳

❋ ❆♣♣❡♥❞✐①

❚❛❜❧❡ ✸✿ ▲♦❣✐t ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞ ❊st✐♠❛t❡s
❱❛r✐❛❜❧❡s ❈♦❡✣❝✐❡♥t t✲st❛t✐st✐❝s t✲♣r♦❜❛❜✐❧✐t②
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