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ABSTRACT. This paper is a supplement to Ghossoub [11]. In this supplement, some of the
results of Ghossoub [11], as well as the techniques used to obtain these result are extended to a
more general problem of demand for contingent claims with belief heterogeneity. Moreover, a
general problem of monotone comparative statics under heterogeneous uncertainty is examined,
and I show how the idea of vigilance can be used to obtain a monotone comparative statics
result in this case.

8. THE DEMAND FOR CONTINGENT CLAIMS UNDER HETEROGENEOUS UNCERTAINTY

This section gives an extension of the insurance model considered in Ghossoub [11] to a general
setting of demand for claims that pay contingent on the realization of some underlying random
variable. This setting can encompass, for instance, models of demand for derivative securities,
that is, financial securities that pay contingent on the realization of the (random) price of some
underlying stock. The analysis is purposefully kept at a general level, but it can easily be applied
to different practical situations.

As in Section 4, S is the set of states of the world and G is a o-algebra of events on S.
Assume that a decision maker (DM) faces a fundamental uncertainty that affects her wealth
and consumption. This uncertainty will be modelled as a (henceforth fixed) element X of BT (G)
with a closed range [0, M] := X (5), where M := | X||syp < +00. The DM wishes to purchase
from a claim issuer (CI) a claim that pays contingent on the realizations of the underlying
uncertainty. For instance, in problems of demand for insurance the uncertainty X can be seen
as the underlying insurable loss against which the DM seeks an insurance coverage I o X. In
problems of optimal debt contracting, the uncertainty X can be seen as the interest on a loan,
and o X as the repayment scheme. Hereafter, I will denote by X the o-algebra o{X} of subsets
of S generated by X.

8.1. Preferences and Utilities. The DM’s decision process is assumed to consist in choosing
a certain act among a collection of given acts whose realization, in each state of the world s,
depends on the value X (s) of the uncertainty X is the state s. Formally, the DM and the CI
have preferences over acts in a framework & la Savage. Here, the set of consequences (or prizes)
is taken to be R. Let F denote the collection of all G-measurable functions f : S — R. The
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elements of choice (or acts) are taken to be the elements of BT (X) < F. The nature of the
problem makes this a natural assumption. Indeed, the goal here is to determine the optimal
function of the uncertainty, that is, the optimal claim Y := [ o X € B* (X), for some Borel-
measurable map I : X (S) — R*, that will satisfy a certain set of requirements (constraints).
The DM’s preferences >pys over BT (X) and the CI's preferences >¢1 over B (X) determine
their subjective beliefs. These beliefs are represented by subjective probability measures pu
and v, respectively, on the measurable space (S,%). Moreover, I will assume the following
representations for the preferences:

Assumption 8.1. The DM’s preference >pys admits a representation of the form:

(8.1) Yi =ppy Yo = JU(X,YI) d,u = JZ/{(X,YQ) d,u

where for each act Y € BT (X), the mapping
UX,Y):S->R
s> U(X (s),Y (s))
is understood to be the DM’s utility of wealth (associated with the actY ), and where the mapping
U(X,.): BF(X) - B(Y)
Y—U(X,Y)

is (uniformly) bounded and sequentially continuous in the topology of pointwise convergence.

(8.2)

(8.3)

Similarly, the CI’s preference >c1 admits a representation of the form:

(8.4) Y 2o Ve e fV(YI) du)fV(Yg) dv
where for each act Y € BT (X)), the mapping
V(Y):S—>R
(8.5)
s = V(Y (s))

is understood to be the CI’s utility of wealth (associated with the actY ), and where the mapping
V:BT (%) - B(Y)
Y V()

is (uniformly) bounded and sequentially continuous in the topology of pointwise convergence.

(8.6)

For instance, if for each Y = I o X € BT (%) one has U (X,Y) := u(a— X +Y), for
some a € R and some continuous bounded utility function v : R — R, then the mapping
U(X,.): BT (X) — B(X) is (uniformly) bounded and sequentially continuous in the topology
of pointwise convergence. Also, if for each Y = T o X € B* (X) one has V(Y) := v (b—Y),
for some b € R and some continuous bounded utility function v : R — R, then the mapping
V : BT (X) - B(X) is (uniformly) bounded and sequentially continuous in the topology of
pointwise convergence.

Given Assumption 8.1, the DM’s problem here is choosing the optimal act Y* € BT (X) that
will maximize her expected utility of wealth, with respect to her subjective probability measure

-
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8.2. Subjective Beliefs and Vigilance. The subjectivity of the beliefs of each of the DM
and the CI is reflected in the different subjective probability measure that each has over the
measurable space (S,3). I will also make the assumption that the uncertainty X (with closed
range [0, M]) has a nonatomic law induced by the probability measure pu.

Assumption 8.2. The DM’s beliefs are represented by the countably additive’ probability mea-
sure p on (S,X), and the CI’s beliefs are represented by the countably additive probability measure
v on (S,%). Moreover, o X1 is nonatomic.

Definition 8.3. The probability measure v is said to be (u, X)-vigilant if for any Y1,Ys € BT (%)
such that

(i) Y1 and Y3 have the same distribution under p, i.e. po¥; ' (B) = po Y, ' (B) for each
Borel set B,

(ii) Y3 and X are comonotonic, i.e. [Yg (s) —Ya(s) ] [X (s)— X (s’)] >0, for all 5,5 € S,

the following holds:
Y5 >cr Y1, that is, jV(Y2) dv = jV(Yl) dv

Clearly, u is (u, X)-vigilant. In Section 9, I show that in the specific setting where the DM
and the CI assign different probability density functions to the uncertainty X with range [0, M|,
the assumption of vigilance is weaker than the assumption of a monotone likelihood ratio.

8.3. The DM’s Problem. The DM seeks the contingent claim that will maximize her expected
utility of wealth, under her subjective probability measure, subject to the CI’s participation
constraint and to some constraints on the claim. Specifically, the DM’s problem is the following:

Problem 8.4.

sup {JL{(X,Y) du} :
YeB+(X)

0<Y <X
fV(Y) dv =R

Remark 8.5. By Assumption 8.1, if Problem 8.4 has a nonempty feasibility set then the supre-
mum in Problem 8.4 is finite. Indeed, there is N < +o0 such that for any feasible Y € BT (%),
one has U (X,Y)(s) < N, for all s € S. Consequently, §, U (X,Y) du < Nu (D), for each
DeX.

Denote by Fsp the feasibility set Problem 8.4:

LCountable additivity of the subjective probability measure representing preferences can be obtained by as-
suming that preferences satisfy the Arrow-Villegas Monotone Continuity axiom [2, 8, 25].
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Definition 8.6. Let Fsp := {Y eEBT(X):0<Y <X and (V) dv> R}.

In the following, I will assume that this feasibility set is nonempty:
Assumption 8.7. Fgp # @.

The following result shows that vigilance is sufficient for the existence of a monotone solution
to the DM’s problem, that is, a solution which is comonotonic with the underlying uncertainty
X. The proof is given in Appendix H.

Theorem 8.8. Under Assumptions 8.1, 8.2, and 8.7, if v is (u, X)-vigilant and if U (X,Y) is
supermodular, then Problem 8.4 admits a solution which is comonotonic with X .

In Appendix H.2, T give a general algorithm that can be used to characterize a monotone
solution to Problem 8.4. The general procedure is based on the following idea:

(1) Lebesgue’s Decomposition Theorem [9, Theorem 4.3.1] suggests a decomposition of the
measure v with respect to the measure p, whereby one can write v as a sum of two
measures, one of which is absolutely continuous with respect to p, and the other is
mutually singular with u;

(2) This decomposition then suggests a splitting of the initial problem into three subprob-
lems;

(3) A solution of the initial problem is then obtained from the solutions of the other sub-
problems, combined in an appropriate way.

9. VIGILANCE AND MONOTONE LIKELIHOOD RATIOS

The purpose of this subsection is to show that the assumption of vigilance of beliefs is weaker
than the assumption of a monotone likelihood ratio in a setting where the DM and the insurer
assign a different probability density function (pdf) to the random loss on its range. Needless
to say, this presupposes the existence of such pdf-s. Suppose then that the DM’s subjective
probability measure p on (S,¥) is such that the law u o X! is absolutely continuous with
respect to the Lebesgue measure, with a Radon-Nikodym derivative f, where f(t) is interpreted
as the pdf that the DM assigns to the loss X. Similarly, suppose that the insurer’s subjective
probability measure v on (S, ¥) is such that the law vo X ! is absolutely continuous with respect
to the Lebesgue measure, with a Radon-Nikodym derivative g, where g(¢) is interpreted as the
pdf that the insurer assigns to the loss X. Then f(¢) and g(¢) are both continuous functions
with support [0, M].

Definition 9.1. The likelihood ratio is the function LR : [0, M] — R* defined by

(9-1) LR(t) :=g(t)/f(t)
for all ¢ € [0, M] such that f(t) # 0.

Now, define the map Z : S — R* by Z := LRo X. Then Z is nonnegative and Y-measurable,
and LR is a nondecreasing (resp. nonincreasing) function on its domain if and only if Z is
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comonotonic (resp. anti-comonotonic) with X. Consider the following two conditions that one
might impose.

Condition 9.2 (Monotone Likelihood Ratio). LR is a nonincreasing function on its domain.

Condition 9.3 (Vigilance). v is (u, X)-vigilant.

The following proposition shows that the wvigilance condition is implied by the monotone
likelihood ratio condition in this particular setting, and under a mild assumption.

Proposition 9.4. Suppose that V is such that the induced mapping V (.) : R™ — R is a nonin-
creasing function® of the parameter y. If Condition 9.2 (Monotone Likelihood Ratio) holds and
if the map V (I o X)LR(X) : S — R is pu-integrable for each Io X € B* (X), then condition 9.3
(Vigilance) holds.

Proof. First note that since the mapping V(.) : RT — R is a nonincreasing function of the
parameter y, it follows from Condition 9.2 and Definition B.3 that the map L : [0, M ] x [0, M] —
R defined by L (z,y) :=V (y) LR (z) is supermodular (see Example B.4 (4)).

Suppose that Condition 9.2 holds. To show that Condition 9.3 is implied, choose Y7, Y5 €
B* (X) such that Y; and Y3 have the same distribution under u, and Y5 is comonotonic with
X. Then by the p-a.s. uniqueness of the nondecreasing u-rearrangement, Y5 is u-a.s. equal to
Yl, where Y1 is the nondecreasing u-rearrangement of Y7 with respect to X, that is, Y5 = Yl, -
a.s. Since the function L (z,y) is supermodular, as observed above, then Lemma B.5 yields

JL(X%,) du > §L(X, Y1> dp, that is, §V (Vi) Z dp > §V (V1) Z dp, where Z is as

defined above. Since Y3 = Yj, p-a.s., one then has SV (Y2) Z dp = V(Y1) Z dp, which
yields (by two “changes of variable”?, and using the definition of f and g as Radon-Nikodym
derivatives of g o X! and v o X!, respectively, with respect to the Lebesgue measure) the
following:

fV(Yg) dv > fV(Yl) dv

as required. Condition 9.3 hence follows from Condition 9.2. O

10. MONOTONE COMPARATIVE STATICS UNDER HETEROGENEOUS UNCERTAINTY

This section gives a monotone comparative statics result for a class of demand problems under
uncertainty, where this uncertainty is perceived differently by the parties involved, in that they
assign different likelihoods to its realizations. The uncertainty is taken as given, and the decision
maker’s (DM) choice variable is a function of this uncertainty. What guarantees that the DM’s
optimal choice is a nondecreasing function of this underlying uncertainty?

2For instance, if V (Y) = v (b—Y), where v is a nondecreasing utility function and b € R, then the induced
mapping V (.) : R — R (defined by V (¢) := v (b — t)) is a nonincreasing function of the parameter y. This situation
occurs most often in contracting problems, and simply says that the CI has an increasing utility function, and
his wealth is a nonincreasing function of the claim Y that he issues.

3As in [1, Theorem 13.46], and since the map V (I o X) LR (X) : S — R is p-integrable for each To X € BT ().
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This problem is an abstraction of many common problems in economic theory that were
hitherto only considered in a framework of complete homogeneity of beliefs about the realizations
of an underlying uncertainty. It can be formulated as

(10.1) supV (X,Y) := jL{ (X,Y) dP
Ye©

where X is a given random variable on a probability space (S, %, P), B (X) is the linear space of
all bounded and YX-measurable functions on S, © < B (X) is a given non-empty constraint set,
and U (X,Y) is bounded and ¥-measurable for each Y € ©. When © contains another party’s
individual rationality constraint (participation constraint), one can distinguish between two
types of problems, depending on how the underlying uncertainty is perceived by both parties:
(1) either both parties agree on the distribution of this uncertainty (which will hence be induced
by the probability measure P), or (ii) they have different perceptions of such randomness. The
first type of problem is one where uncertainty can be called homogeneous, whereas the second
type is a problem in which uncertainty can be referred to as being heterogeneous.

Surprisingly, the literature is mostly silent on problems of the form (10.1) where the uncer-
tainty is heterogeneous, whereas problems of the form (10.1) with homogeneous uncertainty are
abundant. For example, the vast majority of problems of optimal insurance design, or demand
for insurance coverage are based on the classical formulation of Arrow [2], Borch [6], and Raviv
[20], and are usually stated as a problem of the form (10.1) with homogeneous uncertainty.
That is, both the insurer and the insured share the same beliefs about the realizations of some
underlying insurable loss random variable X. As discussed in Ghossoub [11], monotonicity of
an optimal insurance contract Y is typically desired because such contracts can avoid ex-post
moral hazard that might arise from a voluntary downward misrepresentation of the loss by the
insured.

Problems of debt contracting between investors (lenders) and entrepreneurs (borrowers), such
as the ones studied by Gale and Hellwig [10], Townsend [24], or Williamson [27], are also usually
stated as a problem of the form (10.1) with homogeneous uncertainty. In this case, a contract
specifies the repayment Y that the borrower makes to the lender as a function of the (uncertain)
return X on the project being financed. The monotonicity of an optimal contract as a function
of the return on investment is a coveted feature since such contracts will be de facto truthtelling,
and will avoid any misrepresentation of the profitability of the project by the borrower.

Principal-agent problems have also been traditionally stated as problems of the form (10.1)
with homogeneous uncertainty, as in the work of Grossman and Hart [12], Holmstrom [13],
Mirrlees [17], Page [18], or Rogerson [21], for instance. In that setting, a contract specifies the
wage Y that an agent receives from the principal, as a function of the (uncertain) outcome,
or output X that occurs as a result of the agent’s activity. Since the work of Rogerson [21],

monotonicity of the optimal wage contract in the observed output is usually sought after?.

Numerous other problems can be formulated as in (10.1), such as problems of demand for
financial securities given a pricing or budgeting constraint, and where monotonicity of an optimal
security Y might reflect hedging against X, for example. Whatever the nature of the problem
might be, it is interesting to examine under what conditions an optimal choice of the choice
variable Y is monotone in the underlying variable X, and the theory of monotone comparative
statics has usually been very fruitful in answering questions of this sort.

4For various reasons that are beyond the scope of this paper.
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10.1. The Theory of Monotone Comparative Statics and its Limitations. The impor-
tance of monotone comparative statics analyses in economic theory is well-understood. One can
even say that at the core of the motivation behind a sizeable collection of problems in economic
theory, very often lies the question of whether or not a quantity is a monotone function of a
parameter, or whether a variable output changes monotonically with a variable input. This is
even more so significant if the monotonicity of an optimal such output as a function of an input
parameter is desired, and indeed, monotone comparative statics techniques have proven to be
very fruitful (see [23, 26]). Such techniques can be, and have been used in consumer theory,
theory of production, portfolio choice theory, financial economics, and contract theory to answer
some basic and intuitive questions.

The theory of monotone comparative statics is typically concerned with the behavior of a
solution to a given optimization problem when a primitive of the problem changes. Specifically,
let (L,>1) be a lattice, B < L a choice set, (T, >7) a partially ordered set interpreted as a set
of parameters, and f : L x T'— R a given objective function. For the problem of choosing an
x € B that maximizes the objective function given a value t of the parameter, the chief concern
is the isotonicity of an optimal choice x* (t) of x as a function of ¢, that is,

(10.2) t1=>rty = 2" (t) =L 2% (t2)

The classical theory of monotone comparative statics [15, 16, 22, 23] seeks conditions on the
function f that guarantee that eq. (10.2) holds.

Athey [3, 4, 5] examined a problem of monotone comparative statics in the presence of un-
certainty, where the objective function is an integral of some function with respect to some
measure. Specifically, let (L,>r) be a lattice, B € L a choice set, S =[], S; with S; € R
fori=1,...,m, © € R a set of parameters, u a finite nonnegative product measure on S, and
u:L xS —>Rand vy :S5 x 0 — R given bounded measurable functions. Define the objective
function ® : L x © —» R by

B (2,0) :f w(z,5) 0 (5,0) du ()

S
For the problem of choosing an x € B that maximizes the objective function given a value 6 of
the parameter, the problem of monotone comparative statics in this situation of uncertainty is to
find conditions on the primitives u and 1 so that an optimal choice x* (f) of x is a nondecreasing
function of 6, that is,

(10.3) 01> 0y — 2* (0)) =1, 2* ()

In particular, in both situations of certainty and uncertainty, the interest is in the variation of
the optimal solution with respect to the lattice order >y, on L, given a variation of the parameter
(t or 0, respectively) in the order on the parameter set (> or the usual order on R, respectively).
Often, however, these notions of order are too strong for the problem under consideration. For
instance, in problems of the form (10.1), conditions on the primitive ¢ for the optimal choice
Y* of Y to be monotone in X are desired. Specifically, under what conditions on &/ do we have
that for all s,8' € S, X (s) > X (') = Y*(s) > Y*(s')? The classical techniques of monotone
comparative statics are of no help in these situations since the lattice order on B (X) is not
adequate here. This order >7 on L = B (X) is defined by

Y1 =1 Y, if and only if Yi(s) = Ys(s), forall se S
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10.2. A Class of Monotone Comparative Statics Problems. The problem that will be
examined here takes the form

(10.4) sup {ju(X,Y) dP: 0<Y <X, V(Y)>R}
Y=IoX

where X is a given underlying uncertainty on the measurable space (S,X,P), Y = I o X is
a claim contingent on this uncertainty, (¢ (X,I o X) dP is a DM’s expected utility of wealth
with respect to the probability measure P, V : BT (¥) — R is some given mapping, and R € R
is fixed.

The first constraint is standard in many problems in economic theory. In the insurance frame-
work [2, 11, 20], this constraint says that an indemnity is nonnegative and cannot exceed the loss
itself. In a framework of debt contracting [10], this constraint is a limited liability constraint.
The second constraint is interpreted as some “aggregation constraint”. For instance, in prob-
lems of insurance demand, R would be the insurer’s reservation utility, and V (I o X') would be
the insurer’s expected utility of wealth with respect to his probability measure. The “aggrega-
tion constraint” is then simply the insurer’s participation constraint, or individual rationality
constraint.

The mapping V : B* (¥) — R need not be law-invariant with respect to®> P. When V is
not law-invariant with respect to P, this creates some heterogeneity in the perception of the
uncertainty X, and poses some important mathematical complications. For instance, in the
insurance framework, it might be that the DM and the insurer assign different “distributions”
to the underlying uncertainty.

This section’s main result (Theorem 10.3) is that when the mapping V satisfies a property
that will be called Vigilance (Definition 10.2) and a property that will be called the Weak DC-
Property (Definition 10.1), supermodularity of the function ¢/ : R? — R (Definition B.3) is
sufficient for an optimal choice of Y = I o X to be a nondecreasing function of the underlying
uncertainty X. Roughly speaking, vigilance of the operator V' can be understood as a (weak)
preference for comonotonicity with X (Definition 4.1), on the collection of all functions that
are identically distributed for the probability measure P. Given two elements Y; and Ys of
BT (X) that have the same distribution with respect to the probability measure P, vigilance of
an operator V : Bt (X) — R means that if any one of Y7 or Y3 is a nondecreasing function of
X, it will assigned a higher value by V than the other function. The Weak DC-Property of an
operator roughly means that the operator preserves dominated convergence. This property is
satisfied by a large class of operators on B (X), such as the Lebesgue integral or the Choquet
integral (Appendix G).

Here, the definition of vigilance is extended from the notion of vigilant beliefs, introduced by
Ghossoub [11], to the concept of a vigilant real-valued mapping p on the collection of functions
Y over which a decision maker (DM) has a given preference. When p(Y) = (Y dP, one will
recover Ghossoub’s [11] definition of vigilant beliefs as a special case of the definition of vigilance
given here (Definition 10.2).

10.3. The Setting. Asin Section 4, let .S denote the set of states of the world, and suppose that
G is a o-algebra of subsets of S, called events. Denote by B (G) the supnorm-normed Banach

5A mapping ¥ : B(X) — R is said to be P-law-invariant, or law-invariant with respect to P, if for any
¢1,p2 € B(X), ¥ (p1) = ¥ (¢2) whenever ¢1 and ¢2 have the same distribution according to P.
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space of all bounded, R-valued and G-measurable functions on (.5, G), and denote by B (G) the
collection of all R*-valued elements of B (G). For any f € B (G), the suprnorm of f is given by
[ fllsup :=sup{|f (s)| : s € S} < +00. For C < S, denote by 1¢ the indicator function of C. For
any A € S and for any B < A, denote by A\B the complement of B in A.

For any f € B(G), denote by o{f} the o-algebra of subsets of S generated by f, and denote
by B (c{f}) the linear space of all bounded, R-valued and o{f}-measurable functions on (S,G).
Then by Doob’s measurability theorem [1, Theorem 4.41], for any g € B (c{f}) there exists
a Borel-measurable map ¢ : R — R such that ¢ = ( o f. Denote by BT (¢{f}) the cone of
nonnegative elements of B (c{f}).

For any f € B(G), if A is any sub-c-algebra of G such that o{f} < A, and if P is any
probability measure on the measurable space (S5,.4), it will be said that f is a continuous
random variable for P when the law P o f~! of f is a nonatomic Borel probability measure.

Recall that a finite nonnegative measure 1 on a measurable space (£2,.4) is said to be nonatomic
if for any A € A with n(A) > 0, there is some B € A such that B < A and 0 < n(B) < n(4).

10.4. Vigilant Operators and the Weak DC-Property. Let P be a given probability mea-
sure on the measurable space (5, G). In many situations of choice under uncertainty, the elements
of choice are the elements of BT (G), as in the problem that will be examined in this paper.
Often, a problem of choice involving these elements is stated as an optimization problem subject
to some constraints. In an abstract form, some of these constraints can be stated in terms of
operators p : BT (G) — R, and might be called “aggregation constraints”. Here I will define two
special kinds of these operators.

Definition 10.1 (Weak DC-Property). An operator p : BT (G) — R is said to have the Weak
DC-Property if for any Y* € Bt (G) and for any sequence {Y,},>1 € BT (G) such that

(1) lim Y, =Y™* (pointwise), and

n— -+

(2) there is some Z € B* (G) such that Y,, < Z, for each n > 1,

the following holds:
lim p (Yn) =p (Y*)

n—-+0o0

When p is defined as a Lebesgue integral with respect to P, i.e. p(Y) = (Y dP for each
Y € B* (G), then Lebesgue’s Dominated Convergence Theorem [9, Th. 2.4.4] implies that p has
the Weak DC-Property. More generally, if p is a Choquet integral (Appendix G) with respect to
some continuous capacity v on (S,G) (Definition G.2), i.e. p(Y) = §Y dv for each Y € B* (G),
then when seen as an operator on Bt (G), p has the Weak DC-Property. This is a consequence
of [19, Th. 7.16].

Definition 10.2 (Vigilance). Let X be a given element of BT (G), and recall that P is a
probability measure on (S,G). Denote by X the o-algebra o{X} of subsets of S generated by X.
An operator p: BT (X) — R is said to be (P, X)-vigilant if for any Y1,Y5 € B () such that

(i) Y1 and Y5 have the same distribution under P, i.e. P o Yfl =Po Y;l, and,

(ii) Y2 is a nondecreasing function of X, i.e. Y5 and X are comonotonic,
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the following holds:
p(Yz2) = p (V1)

Clearly, if p is P-law invariant then it is (P, X)-vigilant. This covers a large collection of
operators on BT (X) such that a Lebesgue integral with respect to P, a Choquet integral with
respect to a distortion of P (Appendix G), and so on. When p is not P-law invariant, the same
intuition as that behind Ghossoub’s [11] definition of vigilance applies here.

10.5. A Monotone Comparative Statics Result. Let X be a given element of BT (G) with
closed range X (S) = [0, M], where M := || X||syp < +00. Denote by ¥ the o-algebra c{X} of
subsets of S generated by X, and let P be a probability measure on (S,G). Let U : R> — R be
a given function, and let V : BT (X) — R be a given operator. The random variable X is fixed,
and the objects P, U, and V are considered to be the primitives of the following problem:

(10.5) sup {ju(X,Y) dP: 0<Y <X, V() >R}
YeB(D)

where R € R is fixed. The following theorem gives sufficient conditions for the optimal choice
Y™ of the choice variable Y to be a nondecreasing function of X. The proof of the theorem is
given in Appendix .

Theorem 10.3. If the following hold:

1
2

(1) Problem 10.5 has a nonempty feasibility set,

(2) The Borel probability measure P o X1 is nonatomic,

(3) The mapping U : R? — R is supermodular,

(4) The mapping € : BT (X) — B (X) defined by £(Y) = U (X,Y) is uniformly bounded and
sequentially continuous in the topology of pointwise convergence®,

(5) V is (P, X)-vigilant, and,

(6) V' has the Weak DC-Property,

then Problem 10.5 admits a solution Y* which is comonotonic with X. Moreover, any other
solution Z* which is comonotonic with X and identically distributed as Y* under P is such that
Y*=7% P-as.

A few comments on the assumptions in Theorem 10.3 are in order. First, the assumption of
nonemptiness of the feasibility set of Problem 10.5 is made simply to rule out trivial cases where
no solution can exist. The assumption of nonatomicity of the law of X is a technical requirement,
and it means that the random variable X is diffused enough. This is a very common assumption
in many instances, such as when it is assumed that a probability density function for X exists.

6That is, (i) there exists some N < 400 such that | € (Y) [sup < N for each Y € B* (X); and, (ii) if {Yy}n
is a sequence in B () that converges pointwise to some Y € BY (3), then the sequence {€ (Y»)}» converges
pointwise to € (V).
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The assumption of supermodularity of the mapping ¢ : R? — R is not a strong assumption by
any means. It is usually given in many situations by the very nature of the problem considered.
This happens for instance when U (X,Y) = u(a— X +7Y), for a concave utility function u
and some a € R. See Example B.4 (1). Assumption (4) in Theorem 10.3 is typically obtained
whenever U (X,Y) = u(a— X +Y), for some continuous and bounded utility function u, and
some a € R. Assumptions (5) and (6) were discussed in Section 10.4.

APPENDIX G. RELATED ANALYSIS
G.1. A Useful Result.

Lemma G.1. If (fy),, is a uniformly bounded sequence of nondecreasing real-valued functions
on some closed interval T in R, with bound N (i.e. |f,(x)| < N, Yz € Z, ¥Yn = 1), then
there exists a mondecreasing real-valued bounded function f* on I, also with bound N, and a
subsequence of (fn),, that converges pointwise to f* on Z.

Proof. [7, Lemma 13.15]. O

G.2. Capacities and the Choquet Integral.

Definition G.2. A (normalized) capacity on a measurable space (5,X) is a set function v :
¥ — [0,1] such that

(1) v(2) =0
(2) v(S) =1; and,
(3) v is monotone: for any A,Be ¥, A< B=v(A) <v(B).

The capacity v is said to be

(1) Continuous from above if for any sequence {Ay,}, in G such that A,.; < A, for each
> 1, one has hm V( =v (NF5 An).

(2) Continuous from belmu if for any sequence {A,}, in G such that A, < A, for each
> 1, one has hm v( =v (U+OO A )

(3) Continuous if it is both continuous from above and continuous from below.

For instance, if P is a probability measure on (S,%) and T : [0,1] — [0, 1] is increasing, with
T(0) = 0 and T(1) = 1, then the set function v := T o P is a capacity on (S,3). Such a function
T is usually called a probability distortion, and the capacity T o P is usually called a distorted
probability measure. If, moreover, the function 7" is continuous, then the set function v := T o P
is a capacity on (.S, %) which is continuous. This is an immediate consequence of the continuity
of the measure P for monotone sequences [9, Prop. 1.2.3] and the continuity of 7". In particular,
any probability measure is continuous.
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Definition G.3. For a given capacity v on (S5,%) and a given ¢ € B (X), the Choquet integral
of ¢ with respect to v is defined by

+ o0 0
fﬁ}p i ;_f v({seS:a(s)> 1)) dt+f V({seS:o(s)>t))—1] dt
0 —0
where the integrals are taken in the sense of Riemann.
The Choquet integral with respect to a measure is simply the usual Lebesgue integral with
respect to that measure [14, p. 59]. Unlike the Lebesgue integral, however, the Choquet integral
is not an additive operator on B (X). However, the Choquet integral is additive on comonotonic

functions (Definition 4.1). For more about capacities and Choquet integrals, I refer to Marinacci
and Montrucchio [14].

APPENDIX H. PROOFS OF THE RESULTS OF SECTION &

H.1. Proof of Theorem 8.8. By Assumption 8.7,

fSB:—{YeB+(E):O<Y<Xand JV(Y) du>R}¢®

Let ]:;B = {Y =JoX e Fgp :1is nondecreasing} denote the collection of all feasible

Y € BT (X) for Problem 8.4 which are also comonotonic with X.
Lemma H.1. If v is (u, X)-vigilant, then f;B # O.

Proof. Since Fsp # @, choose any ¥ = [ o X € fSB, and let Y denote the nondecreasing
p-rearrangement of Y with respect to X. Then (i) Yu = T o X where I is nondecreasing,
and (ii) 0 < Y, < X, by Lemma B.6. Furthermore, since v is (u, X)-vigilant, it follows that

0% (lN/'M> dv = ({V(Y) dv, by definition of (u, X)-vigilance. But {V (Y) dv > R since Y € Fgp.
Therefore, {V <§~fu> dv = R. Thus, Y € fSB, and so fSB #* O O

Definition H.2. If Y}, Ys € Fgp, Y5 is said to be a Pareto improvement of Y; (or is Pareto-
improving) when the following hold:

(1) U (X,Y2) dp > (U (X,Y1) dp; and,
@) [V (Ya) dv =V (1) dv.

Lemma H.3. Suppose that v is (p, X)-vigilant and that U (X,Y) is supermodular”. IfY € Fsp,
then there is some Y* € ]-";B which is Pareto-improving.

"This happens for instance when U (X,Y) = u(a— X +Y), or U(X,Y) = u(a+ X —Y), for a concave
utility function v and some a € R. See Example B.4 (1) and (2).
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Proof. First note that by Lemma H.1 ]:;B # &. Choose any Y € Fgp, and let Y* := }7“, where
17“ denotes the nondecreasing u-rearrangement of Y with respect to X. Then Y* € F ; B as in
the proof of Lemma H.1. Moreover, since U (X,Y) is supermodular, it follows from Lemma
B.5 that (U (X,Y*) du > (U (X,Y) du. Finally, since v is (u, X)-vigilant, it follows from the
definition of (u, X)-vigilance that {V (Y*) dv = {V (Y) dv. Therefore, Y* € ]:;B is a Pareto
improvement of Y € Fgp. U

Hence, by Lemma H.3, one can choose a maximizing sequence {Y,,}, in .7-"; g for Problem
8.4. That is, h%gum, V) dp = N := supycp+ (s {SU (X,Y) du} < +00. Since 0 <Y, <

X < M := | X|sup, the sequence {Y,,}, is uniformly bounded. Moreover, for each n > 1 one
has Y,, = I,, o X, with I, : [0, M] — [0, M]. Consequently, the sequence {I,}, is a uniformly
bounded sequence of nondecreasing Borel-measurable functions. Thus, by Lemma G.1, there
is a nondecreasing function I* : [0, M] — [0, M] and a subsequence {I,,},, of {I,}, such
that {I,,},, converges pointwise on [0, M] to I*. Hence, I* is also Borel-measurable, and so
Y* :=T*0X € Bt (2) is such that 0 < Y* < X. Moreover, the sequence {Y,}m, defined
by Y, = L, o X, converges pointwise to Y*. Thus, by Assumption 8.1 and by Lebesgue’s
Dominated Convergence Theorem, Y* € ]:;B. Now, by Assumption 8.1 and by Lebesgue’s
Dominated Convergence Theorem, one has

m—+00 n—-+0o0

jL{(X,Y*) dp= lim |U(X,Yy) du= lim |[U(X,Y,) du=N

Hence Y* solves Problem 8.4. O

H.2. Characterization of a Monotone Solution to Problem 8.4. By Lebesgue’s decom-
position theorem [9, Theorem 4.3.1] there exists a unique pair (v4,vs) of (nonnegative) fi-
nite measures on (5,%) such that v = vg. + vs, Vge << @, and vs L p. That is, for all
B € ¥ with p(B) = 0, one has v4. (B) = 0, and there is some A € ¥ such that u(S\A) =
vs(A) = 0. It then also follows that v,.(S\A) = 0 and p(A) = 1. Note also that for
all Z € BT (%), {Z dv = §,Z dva. + SS\AZ dvs. Furthermore, by the Radon-Nikodym
theorem [9, Theorem 4.2.2] there exists a p-a.s. unique Y-measurable and p-integrable func-
tion h : S — [0,400) such that ve.(C) = {,h du, for all C € ¥. Consequently, for all
ZeBt (%), Zdv="5,Zhdu+ SS\AZ dvs. Moreover, since v, (S\A) = 0, it follows that

SS\AZ dvs = SS\AZ dv. Thus, for all Z € BT (%), §Z dv = §, Zh dp + Ss\AZ dv. In partic-
ular, (Y dv = § AYh dp + Ss\ 4 Y dv. In the following, the ¥-measurable set A on which p is

concentrated (and vs (A) = 0) is assumed to be fixed all throughout. Finally, since A € ¥ and
since X (S) = [0, M], X (A) is a Borel subset of [0, M], as previously discussed.

Lemma H.4. Let Y* be an optimal solution for Problem 8.4, and suppose that v is (jp, X)-

vigilant and that U (X,Y) is supermodular. Let }7; be the nondecreasing p-rearrangement of
Y™ with respect to X. Then:

(1) 37;" is optimal for Problem 8.4; and,

(2) 37;" = N:A, -a.s., where ?:A is the nondecreasing p-rearrangement of Y* with respect
to X on A.
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Proof. Optimality of 37;" for Problem 8.4 is an immediate consequence of Lemmata B.5 and B.6,
and of the (u, X)-vigilance of v. Now, let Y .4 be the nondecreasing p-rearrangement of Y* with
respect to X on A. Since p (A) = 1, then by Lemma B.2 one has that Y;‘ = Y:A, p-a.s. O

Lemma H.5. Let an optimal solution for Problem 8./ be given by:

for some Y*,Y;* € BT (X). Let 57; be the nondecreasing p-rearrangement of Y™* with respect
to X, and let Yl*“ be the nondecreasing i-rearrangement of Y* with respect to X. Then EN/;‘ =
}71”:#, H-a.s.

Proof. Let Y A be the nondecreasing p- rearrangement of Y* with respect to X on A. Since
p(A) =1, then by Lemma B.2 one has Y* = uA’ p-a.s. Similarly, let Yl*uA be the nonde-
creasing p-rearrangement of Y;* with respect to X on A. Then Yl L = i LAy Haus. Therefore,

it suffices to show that Y% A= Yfl:u, 4> p-a.s. Since both Y:’ 4 and Yl 1A Are nondecreasing func-
tions of X on A, then by the p-a.s. uniqueness of the nondecreasing rearrangement, it remains
to show that they are p-equimeasurable with Y* on A. Now, for each ¢ € [0, M],

({seA 4 (s) < t}) :u<{seA:Y*(s)<t}) :u<{seA:Y1*(s)<t})
—n(fse AV () <1})

where the first equality follows from the definition of 57: 4 (equimeasurabiltiy), the second equal-

ity follows from equation (H.1), and the third equality follows from the definition of ?1*/1 A
(equimeasurabiltiy).

Consider now the following two problems:
Problem H.6. For a given 8 € R,
sup {j UX,Y) du}:
YeBt (2

{ 0<Y14<X1y4
V() dv=p

Problem H.7.

sup {j UX,Y) d,u}:
veB+(%) (Js\a

0< Y]-S\A < X]-S\A
SS\AV (Y) dv=R—j3, for the same 8 as in Problem H.6

Remark H.8. By Remark 8.5, the supremum of each of the above two problems is finite when
their feasibility sets are nonempty.
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Definition H.9. For a given 3 € R, let:

(1) ©4 3 be the feasibility set of Problem H.6 with parameter 5. That is,

Oap = {YGB+(E):O<Y1A<X1A, J V(YY) dl/:ﬁ}
A

(2) ©g\4,3 be the feasibility set of Problem H.7 with parameter 8. That is,

@S\A,B = {Y e BT (X):0< YlS\A < XlS\Aa fS\AV(Y) dv = R—ﬁ}

Denote by I' the collection of all 8 for which the feasibility sets © 4 s and O\ 4 3 are nonempty:

Definition H.10. Let I' := {ﬁ ER:043# 9, GS\A,B # @}

Lemma H.11. T" # &.

Proof. By Assumption 8.7, there is some Y € B* (X) such that 0 < Y < X, and {V(Y) dv > R.
Let By := {,V(Y) dv. Then, by definition of By, and since 0 < Y < X, one has YV €
O4py N Osa8,, and s0 Oy, # J and Og 45, # . Consequently, Sy € I'. It then follows
that I' # @. O

Now, consider the following problem:

Problem H.12.

Slép{FZ(ﬁ)JrFZ(R—ﬁ):BeF}:

F% (B) s the supremum of Problem H.6, for a fized f € T
F% (R — B) is the supremum of Problem H.7, for the same fized f € T

Lemma H.13. If * is optimal for Problem H.12, Y5 is optimal for Problem H.6 with parameter
B*, and Y is optimal for Problem H.7 with parameter 8*, then Y5 := Y5* 14+ Y[ 1g\ 4 is optimal
for Problem 8.4.

Proof. Feasibility of Y5" for Problem 8.4 is immediate. To show optimality of Y5* for Problem

8.4, let Y be any other feasible solution for Problem 8.4, and define « := | 4V (?) dv. Then «

is feasible for Problem H.12, and Y14 (resp. Y1 s\a) is feasible for Problem H.6 (resp. Problem
H.7) with parameter . Hence

Fi(a) = §,U (X,V) dp
Fi(R=0) > §g U (X.V) dy
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Now, since 8* is optimal for Problem H.12, it follows that

FA(B*) + FA(R—B%) = Fi(a) + Fi (R— o)
However,
Fi (8 SA (X, Y5") dp
Fy (R p*) = SS\A (X, Y) du
Therefore, SU(X, YQ*) dp = U (X, ?) dp. Hence, Y5* is optimal for Problem 8.4. O

By Lemma H.13, one can restrict the analysis to solving Problems H.6 and H.7 with a pa-
rameter § € I'. By Lemmata H.4, H.5, and H.13, if v is (u, X)-vigilant, U (X,Y") is supermod-
ular, 5* is optimal for Problem H.12, Y7* is optimal for Problem H.6 with parameter 5*, and
Y5 is optimal for Problem H.7 with parameter 3%, then Y is optimal for Problem 8.4, and
Y* = EN/lfu, u-a.s., where EN/;‘ (resp. f/lﬂ:u) is the p-a.s. unique nondecreasing p-rearrangement of

m
Y* 1= Y14 + Y515 4 (vesp. of Y7*) with respect to X.

Solving Problems H.6 and H.7. Since u (S\A) = 0, it follows that, for all Y € B (%), one
has Ss\ AU(X,Y) dp = 0. Consequently, any Y which is feasible for Problem H.7 with paramter

B is also optimal for Problem H.7 with parameter 3. Now, for a fixed parameter 8 € I', Problem
H.6 will be solved “statewise”, as follows:

Lemma H.14. If Y* € Bt (X) satisfies the following:
(1) 0<Y™*(s) <X (s), for all se A;
(2) SAV(Y*)h du = B; and,
(3) There exists some X = 0 such that for all s € A,

(H.2) Y* (s) = argmax
0<y<X(s)

U(X(S),y)—W(y)h(S)]

Then the function Y* solves Problem H.6 with parameter 3.

Proof. Suppose that Y* € B* (X) satisfies (1), (2), and (3) above. Then Y* is clearly feasible
for Problem H.6. To show optimality of Y* for Problem H.6 note that for any other Y € BT (%)
which is feasible for Problem H.6 with parameter 3, one has, for all s € A,

u<X(s),Y* (s)) —u(X(s),Y(s)> > A[h(s)V(Y* (s)) —h(s)v(Y(s)>

Lu(x*,y*) du—Lu<XY> > [5 /3]_0

which completes the proof. O

Consequently,

The application of the general algorithm presented above depends on the specific forms of the
functions U and V. Depending on the nature of the problem considered, these functions can
take different forms, and the algorithm can be carried out further.
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APPENDIX I. PROOF OF THEOREM 10.3

Suppose that H := {Y eB(X):0<Y<XandV(Y) > R} # &, Po X! is nonatomic,

V is (P, X)-vigilant and has the Weak DC-Property, the mapping &/ : R? — R is supermodular,
and the mapping € : Bt (X) — B (X) defined by £(Y) = U (X,Y) is uniformly bounded and
sequentially continuous in the topology of pointwise convergence.

Lemma I.1. For each Y € ‘H there is Y* € H such that:

(1) Y* is comonotonic with X, i.e. Y* is of the form I* o X where I* : [0, M] — [0, M] is
nondecreasing;

2) gu(X, Y*) dP > gu(x, Y) dP; and,
3) V(Y*) = V(Y).

Proof. By Assumption, H # @&. Choose any ¥ = [ o X € H, and let Y* := Yp P, where Yp
denotes the nondecreasing P-rearrangement of Y with respect to X. Then (i) Y* = To X where
I :[0,M] — [0, M] is nondecreasing, bounded, and Borel-measurable; and, (ii) 0 < Y* < X,
by Lemma B.6. Furthermore, since V is (P, X)-vigilant, it follows that V(Y*) > V(Y) by
definition of (P, X)-vigilance. But V(Y) > R since Y € H. Therefore, V(Y*) > R. Thus,

Y* € H is comonotonic with X. Moreover, since the function U is supermodular, it follows
from Lemma B.5 that gu(x,y*) dP > | u(X, Y) dP. O

Now, let H! denote the collection of all elements of H that are comonotonic with X. Then
H' # @, by Lemma 1.1. Also, by Lemma I.1, one can choose a maximizing sequence {Y,},, in H'
for Problem 10.5. That is, 1i1£wgu(X, Y,) dP = N := supycp+x) {{U(X,Y) dP} < +c0.

n—

Since 0 < Y,, < X < M := | X|sup, the sequence {Y},}, is uniformly bounded. Moreover, for
each n > 1 one has Y,, = I,, 0 X, with I, : [0, M] — [0, M]. Consequently, the sequence {1}, is
a uniformly bounded sequence of nondecreasing Borel-measurable functions. Thus, by Lemma
G.1, there is a nondecreasing function I* : [0, M] — [0, M] and a subsequence {Ip,}nm of {I}n
such that {I,,},, converges pointwise on [0, M] to I*. Hence, I* is also Borel-measurable, and
so Y*:=T*0oX € Bt (X) is such that 0 < Y* < X. Moreover, the sequence {Y,},,, defined
by Y,, = I, o X, converges pointwise to Y*. Thus, by the assumption that V' has the Weak
DC-Property, Y* € H'. Now, by the assumption of uniform boundedness and sequentially
continuity of the map U (X,.) in the topology of pointwise convergence, and by Lebesgue’s
Dominated Convergence Theorem one has

JZ/{(X,Y*) dP = lim |U(X,Yy,) dP = lim |U(X,)Y,) dP =N

m—+00 n—-+0o0

Hence Y* solves Problem 10.5. The P-a.s. uniqueness of Y* is a consequence of Proposition
B.1. This concludes the proof of Theorem 10.3. O
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