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LEARNING

In the learning sub-model, learning takes place in the following way. For a learning community (for 
example, farmers or extension workers), there is some maximum level of knowledge that they can 
attain, as determined by the global level of knowledge. The global level is set as an exogenous 
parameter, with a value of zero representing no information at all and a value of one representing 
thorough knowledge that supports routine operations and standardization. If the maximum level for the 
“learning index” λ(t) is λmax(t), then the stock of knowledge (the learning index) changes over time as

d t 
d t

= P t max t −t  . (71)

In this equation, annual production is given by P(t). The parameter κ sets the maximum rate of 
accumulation of knowledge. Learning is fast if there is a large gap between local and general 
knowledge, and it slows down as the community’s knowledge approaches the maximum level, which 
can change over time.

For feedstocks, the model for farmer knowledge applies a nested version of Equation (71). First, 
knowledge of extension workers grows toward an exogenously-specified global level. Second, 
smallholder knowledge approaches a weighted average of the initial level and extension worker 
knowledge, depending on how effective extensive services are (a user-specified policy variable). 
Farmers on estates are assumed to have the same level of knowledge (or to have access to the same 
knowledge) as extension agents.

For the biofuel processing sector, Equation (71) is applied directly, with global experience specified 
exogenously and domestic experience approaching the global level with cumulative production.

Learning curves

In Equation (71), learning only takes place if there is production, consistent with conventional models 
of industrial learning [37]. This is a consequence of the factor P(t) before the expression in parentheses. 
The solutions to Equation (71) can be related to observations from studies of industrial learning. In the 
special case where λmax(t) is constant in time, Equation (71) can be solved explicitly to give

t =max−e
−Pcum t max−0  , (72)

where λ0 is the initial value for λ(t) and Pcum is cumulative (rather than annual) production. A sample 
curve is shown in Figure 4. As shown in the figure, the learning index increases in an s-shaped fashion 
with cumulative production. This is the shape observed in learning curves within firms, where 
“learning” is measured by worker productivity [37]. This pattern contrasts with the constant slope 
observed for “experience curves,” which plot the logarithm of unit cost against the logarithm of 
cumulative production within a sector, and are a conventional tool in business and management [38]. 
However, there is good reason to think that the linear slope of experience curves has more to do with 
the benefits of increasing scale and other factors, rather than learning [37]. As scale economies are 
explicitly taken into account in the model described in this report, it is reasonable that the learning 
curve described by Equations (71) and (72) follow the s-shaped pattern observed in studies of industrial 
learning. Nevertheless, we add as a caution  that industrial learning curves are based on the experience 
of individual plants, whereas Equations (71) and (72) are applied at sector level.

26
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1. Introduction

The design constraints for the model were set in 
a series of engagements with the South African 
Development Community (SADC) Biofuels 
Task Force in the context of an ongoing project 
on biofuels, sustainability and forests, funded by 
the European Commission (EC). The Center for 
International Forestry Research (CIFOR) led the 
EC biofuels project and, together with the South 
African Council for Scientific and Industrial Research 
(CSIR), collaborated closely with the Stockholm 
Environment Institute (SEI) on the development of 
the model. Several people provided substantive input 
into the design and structure of the model.

The model described in this working paper, the 
National Bioenergy Investment Model (NBIM), 
simulates the decisions of domestic and international 
direct investors on whether to invest in biofuel 
projects in a developing country. The model 
can inform scenarios that assess the potential 
contribution of biofuel production to national 
development goals. It can also be run interactively, 
with users specifying policy packages and trajectories 
for highly influential but uncertain factors, such as 
fossil fuel prices.



2. Model overview

The core logic of the model is that investment 
provides capital that is then combined with other 
factors, such as labour and land, to produce 
feedstocks and fuels that are sold on domestic and 
international markets. Investment allocations are 
determined by prices and perceived risks, which can 
be influenced, but not determined, by policymakers.
Prices, demands, investment and production, are 
calculated using a dynamic non-equilibrium model 
(Ferguson 1998) that operates at a quarterly time-
step. In the model, prices adjust, after a lag of one 
time-step, in the direction of their equilibrium level, 
depending on the gap between supply and demand. 
The model features ‘myopic’ investors, who make 
investment decisions based on current and historical 
prices. The components of the model are:

 • simulation of investor decision making;

 • simulation of domestic demand for fuels 
and feedstocks based on prices and income, 
where demands are segmented by rural and 
urban consumers;

 • simulation of production of fuels and feedstocks, 
distinguished by production model;

 • estimation of prices in an equilibrium-seeking 
framework based on the gap between production 
and demand.

The choice of a dynamic, non-equilibrium model 
is dictated by the realities of agricultural economies 
in developing countries (Colman and Young 1989). 
Markets typically clear only after a time lag, and 
may never be in equilibrium, while the drivers of 
demand are changing rapidly and causing uncertainty 
in many developing countries. Thus, the size of the 
market can change dramatically over the course of 
a few years. The decision to represent investors as 
myopic is dictated by the nature of the model: as a 
simulation model, rather than an optimising model, 
it cannot contain physically impossible features, such 
as investors with perfect foresight.

The model is implemented in the Vensim 5 DSS 
environment, and is being released under the open 
source Apache License Version 2.0 (the license text is 
in Annex 2). The model can be run in an interactive 
model, in which users set values for policy variables 
and uncertainties. The main interactive screen is 
shown in Figure 1. The blue line in the figure reflects 
the user settings, while the orange line corresponds 
to the default settings. The yellow areas around the 
default trajectories show the variability in outputs 
arising from uncertainty in the model parameters 
when run using the default settings.
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Figure 1. Main interface for interactive use



3. Investment

information that would be used by an MNE but that 
does not enter the model estimate.

3.1 Business models

Business models are specified in the NBIM by the 
quantity of inputs they require, such as capital, land 
and labour, to produce a certain amount of output 
– feedstock, biofuel and by-products. Production 
processes are assumed to combine resources in 
fixed proportions (that is, they are characterised by 
Leontief production functions). The quantity Q

i
 of 

input [i] required to produce an amount [F] of some 
output, whether feedstock or biofuel, is therefore 
given by a constant ratio, the productivity [π

i
],𝑄𝑄𝑖𝑖 = 1𝜋𝜋𝑖𝑖 𝐹𝐹𝐹𝐹.

𝐹𝐹𝐹𝐹 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝑄𝑄𝑖𝑖 𝜋𝜋𝐾𝐾𝜋𝜋𝑖𝑖 𝐼𝐼
𝐴𝐴𝐴𝐴 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝐼𝐼

𝑋𝑋 � 𝐼𝐼� 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 �𝐹𝐹𝐹𝐹𝑑𝑑 − ∑𝑖𝑖=1𝑁𝑁 𝛥𝛥𝑖𝑖 𝑑𝑑𝑄𝑄𝑖𝑖 − 𝑐𝑐 𝑑𝑑𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖 𝑡𝑡𝜋𝜋𝑖𝑖 − 𝑐𝑐 𝑑𝑑� 𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘 �𝛥̄𝛥 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖 − 𝑐𝑐 � 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝛥̄𝛥 𝑑𝑑 𝛥̄𝛥 𝑑𝑑−1 1𝐷𝐷 �𝛥𝛥 𝑑𝑑−1 − 𝛥̄𝛥 𝑑𝑑−1�

     (1)

Because resources are combined in fixed proportions, 
a capital investment [I] in a business model that is 
operating at full capacity corresponds to a definite 
amount of output, determined by the capital 
productivity [π

K
],

𝑄𝑄𝑖𝑖 1𝜋𝜋𝑖𝑖 𝐹𝐹𝐹𝐹
𝐹𝐹𝐹𝐹 = 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼.

𝑄𝑄𝑖𝑖 𝜋𝜋𝐾𝐾𝜋𝜋𝑖𝑖 𝐼𝐼
𝐴𝐴𝐴𝐴 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝐼𝐼

𝑋𝑋 � 𝐼𝐼� 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 �𝐹𝐹𝐹𝐹𝑑𝑑 − ∑𝑖𝑖=1𝑁𝑁 𝛥𝛥𝑖𝑖 𝑑𝑑𝑄𝑄𝑖𝑖 − 𝑐𝑐 𝑑𝑑𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖 𝑡𝑡𝜋𝜋𝑖𝑖 − 𝑐𝑐 𝑑𝑑� 𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘 �𝛥̄𝛥 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖 − 𝑐𝑐 � 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝛥̄𝛥 𝑑𝑑 𝛥̄𝛥 𝑑𝑑−1 1𝐷𝐷 �𝛥𝛥 𝑑𝑑−1 − 𝛥̄𝛥 𝑑𝑑−1�

     (2)

Combining equations 1 and 2, the amount of input 
required to produce the output that corresponds to 
an investment [I] is

The National Bioenergy Investment Model NBIM: Technical Documentation DRAFT

metrics for a project – net present value, adjusted present values, internal rate of return – and consider a 
variety of factors, including the firm’s debt position, the size of the planned investment, its strategic 
importance and the strategies of competing firms, and risks at the industry, country, firm, and project 
level. However, much of the information that enters into investment decisions is proprietary, and it is 
not possible to capture all of these considerations within a simulation model. Accordingly, we base the 
simulation of the investment decision on one indicator – the profitability index – and then 
mathematically “blur” the investment flows among different projects to account for the additional 
information that would be used by an MNE but that does not enter the model estimate.

BUSINESS MODELS

Business models are specified in the NBIM model by the quantity of inputs they require – such as 
capital, land, and labor – to produce a certain amount of output – feedstock, biofuel, and byproducts. 
Production processes are assumed to combine resources in fixed proportions (that is, they are 
characterized by Leontief production functions). The quantity Qi of input i required to produce an 
amount F of some output, whether feedstock or biofuel, is therefore given by a constant ratio, the 
productivity πi,

Qi=
1
i

F . (1)

Because resources are combined in fixed proportions, a capital investment I in a business model that is 
operating at full capacity corresponds to a definite amount of output, determined by the capital 
productivity πK,

F=K I . (2)

Combining Equations (1) and (2), the amount of input required to produce the output that corresponds 
to an investment I is

Qi=
K

i

I . (3)

The initial expenditure for biofuels is the up-front investment I. For feedstocks, an initial land purchase 
is also required. The area A of land that corresponds to an initial investment I is determined by the ratio 
of the productivities, as in Equation (3),

A=
K

N

I , (4)

where the conventional notation N is used to indicate land. If the land price at the time of purchase is 
pN, then the up-front expenditure for feedstocks is Ip N A . Thus, using Equation (4), up front 
expenditure Xup-front is

X up-front={
I for biofuel operations,

1K

N

p N I for feedstock operations.
(5)

Following the initial investment, revenue in each time period t depends on the prices of inputs pi,t in 
that time period. In the model, only the inputs capital, land, labor, and biofuel feedstock are tracked 

6

     (3)

The initial expenditure for biofuels is the up-front 
investment [I]. For feedstocks, an initial land 
purchase is also required. The area [A] of land that 
corresponds to an initial investment [I] is determined 
by the ratio of the productivities, as in Equation 3,

𝑄𝑄𝑖𝑖 1𝜋𝜋𝑖𝑖 𝐹𝐹𝐹𝐹
𝐹𝐹𝐹𝐹 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝑄𝑄𝑖𝑖 𝜋𝜋𝐾𝐾𝜋𝜋𝑖𝑖 𝐼𝐼
𝐴𝐴𝐴𝐴 =

𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝐼𝐼,

𝑋𝑋 � 𝐼𝐼� 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 �𝐹𝐹𝐹𝐹𝑑𝑑 − ∑𝑖𝑖=1𝑁𝑁 𝛥𝛥𝑖𝑖 𝑑𝑑𝑄𝑄𝑖𝑖 − 𝑐𝑐 𝑑𝑑𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖 𝑡𝑡𝜋𝜋𝑖𝑖 − 𝑐𝑐 𝑑𝑑� 𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘 �𝛥̄𝛥 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖 − 𝑐𝑐 � 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝛥̄𝛥 𝑑𝑑 𝛥̄𝛥 𝑑𝑑−1 1𝐷𝐷 �𝛥𝛥 𝑑𝑑−1 − 𝛥̄𝛥 𝑑𝑑−1�

     (4)

where the conventional notation N is used to indicate 
land. If the land price at the time of purchase 
is p

N
, then the up-front expenditure for feedstocks 

Investors in the model are either domestic investors 
or multinational enterprises (MNEs) engaging in 
foreign direct investment (FDI). The question the 
model seeks to answer is, which of a set of business 
models are likely to receive domestic investment 
funds or FDI, and in what quantities? In contrast, 
most research on FDI focuses on other factors, 
including: FDI flows to countries (rather than 
projects) (Asiedu 2002, Sethi et al. 2002, Akinkugbe 
2003, Ahlquist 2006, Blonigen et al. 2007, Busse and 
Hefeker 2007, Jinjarak 2007, Lim 2008, Dippenaar 
2009); mode of entry (Kogut and Nath 1988, 
Hennart and Park 1993, Li and Filer 2007, Li and 
Rugman 2007, Nocke and Yeaple 2007, Asmussen 
et al. 2009); the impact of FDI on host countries 
(Jenkins 2006, Adams, 2009, Chaudhuri 2010); 
and the decision making process within a particular 
firm (Dahlquist and Robertsson 2001, Moosa 2002, 
White and Fan 2006, Carlesi et al. 2007, Dippenaar 
2009, Klier 2009, Kinda 2010). A survey of the 
literature on FDI identified one paper assessing the 
potential of projects within a portfolio to attract 
foreign investment (Li and Sherali 2003); however, 
the methodology in that paper requires detailed 
knowledge of the projects and is unsuitable for a 
simulation model.

The NBIM design draws upon recommendations 
made to the managers of MNEs (Solnik 2000, 
Moosa 2002, White and Fan 2006, Klier 2009) 
and the practices used by financial officers (Graham 
and Harvey 2001). In practice, MNE management 
might examine a variety of metrics for a project – net 
present value, adjusted present values, internal rate of 
return – and consider a variety of factors, including 
the firm’s debt position, the size of the planned 
investment, its strategic importance and the strategies 
of competing firms, and risks at the industry, country, 
firm, and project level. However, much of the 
information that enters into investment decisions is 
proprietary, and it is impossible to capture all of these 
considerations in a simulation model. Accordingly, 
we base the simulation of the investment decision 
on one indicator – the profitability index – and then 
mathematically ‘blur’ the investment flows among 
different projects to account for the additional 
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is 

π𝑄𝑄𝑖𝑖𝑖𝑖 𝜋𝜋𝜋𝜋𝑖𝑖𝑖𝑖 𝐹𝐹𝐹𝐹
π 𝐹𝐹𝐹𝐹 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼

𝑄𝑄𝑖𝑖𝑖𝑖 𝜋𝜋𝜋𝜋𝐾𝐾𝜋𝜋𝜋𝜋𝑖𝑖𝑖𝑖 𝐼𝐼
𝐴𝐴𝐴𝐴 =

𝜋𝜋𝜋𝜋𝐾𝐾𝜋𝜋𝜋𝜋𝑁𝑁𝑁𝑁 𝐼𝐼
o indicate land. If

ks is 𝐼𝐼 + 𝛥𝛥𝑁𝑁𝑁𝑁𝐴𝐴𝐴𝐴. T

𝑋𝑋 � 𝐼𝐼� 𝜋𝜋𝜋𝜋𝐾𝐾𝜋𝜋𝜋𝜋𝑁𝑁𝑁𝑁 𝛥𝛥𝑁𝑁𝑁𝑁� 𝐼𝐼 �
. Thus, using Equation 4, up-front 

expenditure [Xup- front] is
 

𝑄𝑄𝑖𝑖 1𝜋𝜋𝑖𝑖 𝐹𝐹𝐹𝐹
𝐹𝐹𝐹𝐹 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝑄𝑄𝑖𝑖 𝜋𝜋𝐾𝐾𝜋𝜋𝑖𝑖 𝐼𝐼
𝐴𝐴𝐴𝐴 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝐼𝐼

𝑋𝑋up-front = � 𝐼𝐼�1 + 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 f
�

𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 �𝐹𝐹𝐹𝐹𝑑𝑑 − ∑𝑖𝑖=1𝑁𝑁 𝛥𝛥𝑖𝑖 𝑑𝑑𝑄𝑄𝑖𝑖 − 𝑐𝑐 𝑑𝑑𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖 𝑡𝑡𝜋𝜋𝑖𝑖 − 𝑐𝑐 𝑑𝑑� 𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘 �𝛥̄𝛥 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖 − 𝑐𝑐 � 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝛥̄𝛥 𝑑𝑑 𝛥̄𝛥 𝑑𝑑−1 1𝐷𝐷 �𝛥𝛥 𝑑𝑑−1 − 𝛥̄𝛥 𝑑𝑑−1�

        (5)

Following the initial investment, revenue in each time 
period [t] depends on the prices of inputs [p

i,t
] in that 

time period. In the model, only the inputs capital, 
land, labour and biofuel feedstock are tracked explicitly. 
Other inputs are collected into a single term for all 
other recurring costs. The revenue stream over time is 
given as income net of costs,
 

𝑄𝑄𝑖𝑖 1𝜋𝜋𝑖𝑖 𝐹𝐹𝐹𝐹
𝐹𝐹𝐹𝐹 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝑄𝑄𝑖𝑖 𝜋𝜋𝐾𝐾𝜋𝜋𝑖𝑖 𝐼𝐼
𝐴𝐴𝐴𝐴 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝐼𝐼

𝑋𝑋 � 𝐼𝐼� 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝑘𝑘𝑑𝑑 = �𝛥𝛥prod,𝑑𝑑 + 𝑣𝑣by�𝐹𝐹𝐹𝐹𝑑𝑑 − ∑𝑖𝑖=1𝑁𝑁 𝛥𝛥𝑖𝑖,𝑑𝑑𝑄𝑄𝑖𝑖 − 𝑐𝑐recur,𝑑𝑑𝐹𝐹𝐹𝐹𝑑𝑑.

𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖 𝑡𝑡𝜋𝜋𝑖𝑖 − 𝑐𝑐 𝑑𝑑� 𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘 �𝛥̄𝛥 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖 − 𝑐𝑐 � 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝛥̄𝛥 𝑑𝑑 𝛥̄𝛥 𝑑𝑑−1 1𝐷𝐷 �𝛥𝛥 𝑑𝑑−1 − 𝛥̄𝛥 𝑑𝑑−1�

 (6)

In Equation 6, income is given as the sum of the 
product price and the value of by-products per unit 
of output [v

by
], multiplied by the output in each time 

period [F
t
]. Costs are given by the total of inputs that 

are explicitly tracked, such as feedstocks and labour, 
and all remaining recurring costs [c

recur,t
F

t
], where c

recur,t
 

is recurring costs per unit of output. Using Equation 1, 
Equation 6 can be rewritten

𝑄𝑄𝑖𝑖 1𝜋𝜋𝑖𝑖 𝐹𝐹𝐹𝐹
𝐹𝐹𝐹𝐹 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝑄𝑄𝑖𝑖 𝜋𝜋𝐾𝐾𝜋𝜋𝑖𝑖 𝐼𝐼
𝐴𝐴𝐴𝐴 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝐼𝐼

𝑋𝑋 � 𝐼𝐼� 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 �𝐹𝐹𝐹𝐹𝑑𝑑 − ∑𝑖𝑖=1𝑁𝑁 𝛥𝛥𝑖𝑖 𝑑𝑑𝑄𝑄𝑖𝑖 − 𝑐𝑐 𝑑𝑑𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘𝑑𝑑 = �𝛥𝛥prod,𝑑𝑑 + 𝑣𝑣by − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖,𝑡𝑡𝜋𝜋𝑖𝑖 − 𝑐𝑐recur,𝑑𝑑� 𝐹𝐹𝐹𝐹𝑑𝑑.

𝑘𝑘 �𝛥̄𝛥 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖 − 𝑐𝑐 � 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝛥̄𝛥 𝑑𝑑 𝛥̄𝛥 𝑑𝑑−1 1𝐷𝐷 �𝛥𝛥 𝑑𝑑−1 − 𝛥̄𝛥 𝑑𝑑−1�

 (7)

Equation 7 gives the actual revenues over time, as 
calculated in the model. During a model run, total 
output from a particular business model might fall 
below its full capacity, while prices of products and 
inputs change over time. As indicated by the notation, 
the value of by-products per unit of output is assumed 
to not change over time, while recurring costs 
can change.

Investors cannot know the future revenue stream of an 
investment with any certainty. Instead, they form an 
expectation of the future revenue stream [R

expect
]. In the 

model this is given as

𝑄𝑄𝑖𝑖 1𝜋𝜋𝑖𝑖 𝐹𝐹𝐹𝐹
𝐹𝐹𝐹𝐹 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝑄𝑄𝑖𝑖 𝜋𝜋𝐾𝐾𝜋𝜋𝑖𝑖 𝐼𝐼
𝐴𝐴𝐴𝐴 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝐼𝐼

𝑋𝑋 � 𝐼𝐼� 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 �𝐹𝐹𝐹𝐹𝑑𝑑 − ∑𝑖𝑖=1𝑁𝑁 𝛥𝛥𝑖𝑖 𝑑𝑑𝑄𝑄𝑖𝑖 − 𝑐𝑐 𝑑𝑑𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖 𝑡𝑡𝜋𝜋𝑖𝑖 − 𝑐𝑐 𝑑𝑑� 𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘expect = �𝛥̄𝛥prod + 𝑣𝑣by − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖 − 𝑐𝑐recur� 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼.

𝛥̄𝛥 𝑑𝑑 = 𝛥̄𝛥 𝑑𝑑−1 + 1𝐷𝐷 �𝛥𝛥 𝑑𝑑−1 − 𝛥̄𝛥 𝑑𝑑−1�
(8)

By equating the expected value of F
t
 with π

K
I, using 

Equation 2, the model assumes that investors expect 
production to always be at full capacity. Prices and 
recurring costs are assumed to be at the level that 

prevails when the investment decision is taken, 
which is indicated in this equation by dropping the 
time index. For biofuels, the expected price for the 
product is the price at the time of the investment. 
However, for feedstocks, the expected product price 
is smoothed over previous time-steps, to take into 
account the delay between an investment in feedstock 
production and actual production; this is indicated 
by the overbar on the product price. Specifically, for 
a feedstock crop that takes D time-steps to mature, 

𝑘𝑘𝛥𝛥 �𝛥𝛥 𝛥𝛥 𝑣𝑣 �𝐹𝐹𝐹𝐹𝛥𝛥 − ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥𝑄𝑄𝑖𝑖𝑖𝑖 − 𝑐𝑐 𝛥𝛥𝐹𝐹𝐹𝐹𝛥𝛥

𝑘𝑘𝛥𝛥 �𝛥𝛥 𝛥𝛥 𝑣𝑣 − ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥𝜋𝜋𝜋𝜋𝑖𝑖𝑖𝑖 − 𝑐𝑐 𝛥𝛥� 𝐹𝐹𝐹𝐹𝛥𝛥

𝑘𝑘 �𝛥𝛥 𝑣𝑣 − ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝛥𝛥𝑖𝑖𝑖𝑖𝜋𝜋𝜋𝜋𝑖𝑖𝑖𝑖 − 𝑐𝑐 � 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
π

ture, 𝛥̄𝛥prod at time 𝛥𝛥 𝛥𝛥 𝛥𝛥 𝛥𝛥− 𝐷𝐷𝐷𝐷 �𝛥𝛥 𝛥𝛥− − 𝛥𝛥 𝛥𝛥− � at time [t] is given as

𝑄𝑄𝑖𝑖 1𝜋𝜋𝑖𝑖 𝐹𝐹𝐹𝐹
𝐹𝐹𝐹𝐹 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝑄𝑄𝑖𝑖 𝜋𝜋𝐾𝐾𝜋𝜋𝑖𝑖 𝐼𝐼
𝐴𝐴𝐴𝐴 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝐼𝐼

𝑋𝑋 � 𝐼𝐼� 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 �𝐹𝐹𝐹𝐹𝑑𝑑 − ∑𝑖𝑖=1𝑁𝑁 𝛥𝛥𝑖𝑖 𝑑𝑑𝑄𝑄𝑖𝑖 − 𝑐𝑐 𝑑𝑑𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘𝑑𝑑 �𝛥𝛥 𝑑𝑑 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖 𝑡𝑡𝜋𝜋𝑖𝑖 − 𝑐𝑐 𝑑𝑑� 𝐹𝐹𝐹𝐹𝑑𝑑

𝑘𝑘 �𝛥̄𝛥 𝑣𝑣 − ∑𝑖𝑖=1𝑁𝑁 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖 − 𝑐𝑐 � 𝜋𝜋𝜋𝜋𝐾𝐾𝐼𝐼
𝛥̄𝛥prod,𝑑𝑑 = 𝛥̄𝛥prod,𝑑𝑑−1 + 1𝐷𝐷 �𝛥𝛥prod,𝑑𝑑−1 − 𝛥̄𝛥prod,𝑑𝑑−1�. (9)

3.1.1 Feasible combinations of investors and 
business models

There are two kinds of investor, international and 
domestic, and, separately for fuels and feedstocks, 
two classes of business model. Aside from the 
specific feedstock that is produced or consumed, 
feedstock business models can be outgrower or 
estate, while biofuel business models can be small-
scale or large-scale. The model assumes that only 
certain combinations of investor type and business 
model are possible. While the user can change 
these settings, by default the model assumes that 
any investment option is possible except that 
international investors do not invest in small-scale 
fuel production operations.

3.2 Profitability

The question for the investor is, which of several 
potential investments, represented by business 
models, will yield the highest profit. In practice, 
investors might use one of several metrics to estimate 
potential profitability, but all of them rely on a 
calculation of the net present value (NPV), which is 
the value of the future stream of income discounted 
to the present, net of the original investment 
(Moosa 2002).

The simplest form for NPV [n
0
] is𝑛𝑛0 = 𝑘𝑘expect ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 1

(1+𝑟𝑟)𝑡𝑡 − 𝑋𝑋up-front,

𝑛𝑛 − 𝜏𝜏 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 𝜏𝜏𝛿𝛿𝐼𝐼 ∑𝑑𝑑=1𝑇𝑇 1−𝛿𝛿 𝑡𝑡1+𝑟𝑟 𝑡𝑡 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆 − 𝑋𝑋
𝑆𝑆 � − 𝛿𝛿 𝑇𝑇𝐼𝐼� − 𝛿𝛿 𝑇𝑇 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �

𝛴𝛴𝑇𝑇 𝑥𝑥 ≡ ∑𝑗𝑗=1𝑇𝑇 𝑥𝑥𝑗𝑗 𝑥𝑥 1−𝑥𝑥𝑇𝑇1−𝑥𝑥
𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑅𝑅 𝐼𝐼 �𝛴𝛴𝑇𝑇 � 11+𝑟𝑟� − 𝛴𝛴𝐷𝐷 � 11+𝑟𝑟�� 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼

𝛴𝛴𝑇𝑇 𝑟𝑟 1+𝑟𝑟 𝑇𝑇−1𝑟𝑟 1+𝑟𝑟 𝑇𝑇
𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1+𝑟𝑟 𝑇𝑇− 1−𝛿𝛿 𝑇𝑇𝑟𝑟+𝛿𝛿 1+𝑟𝑟 𝑇𝑇

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿
𝑟𝑟𝐸𝐸 𝑖𝑖 𝑟𝑟 𝛽𝛽𝑖𝑖 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 𝑖𝑖 − 𝜃𝜃𝑖𝑖

𝑛𝑛𝑖𝑖 𝐼𝐼𝑖𝑖𝛷𝛷𝑖𝑖 𝑟𝑟 𝜏𝜏 𝛿𝛿

  (10)

where T is the time period of the investment and r 
is the discount rate. In the model, the discount rate 
is set equal to the equity cost of capital – that is, the 
return that a lender would expect to receive from a 

for biofuel operations

for feedstock operations.
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capital loan. The sum over the time index [t] begins after 
a delay of time [D] for crops to mature.1

Equation 10 is the simplest expression of NPV. The 
model uses a more complete formula that takes into 
account taxes on profit, and depreciation. The net present 
value [n] of an investment [I] in a business model is 
calculated within the model by the following formula:

𝑛𝑛0 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 − 𝑋𝑋
𝑛𝑛 = (1− 𝜏𝜏)𝑘𝑘expect ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 1

(1+𝑟𝑟)𝑡𝑡 + 𝜏𝜏𝛿𝛿𝐼𝐼 ∑𝑑𝑑=1𝑇𝑇
(1−𝛿𝛿)𝑡𝑡
(1+𝑟𝑟)𝑡𝑡 + 1−𝜏𝜏

(1+𝑟𝑟 𝑇𝑇 𝑆𝑆 − 𝑋𝑋
𝑆𝑆 � − 𝛿𝛿 𝑇𝑇𝐼𝐼� − 𝛿𝛿 𝑇𝑇 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �

𝛴𝛴𝑇𝑇 𝑥𝑥 ≡ ∑𝑗𝑗=1𝑇𝑇 𝑥𝑥𝑗𝑗 𝑥𝑥 1−𝑥𝑥𝑇𝑇1−𝑥𝑥
𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑅𝑅 𝐼𝐼 �𝛴𝛴𝑇𝑇 � 11+𝑟𝑟� − 𝛴𝛴𝐷𝐷 � 11+𝑟𝑟�� 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼

𝛴𝛴𝑇𝑇 𝑟𝑟 1+𝑟𝑟 𝑇𝑇−1𝑟𝑟 1+𝑟𝑟 𝑇𝑇
𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1+𝑟𝑟 𝑇𝑇− 1−𝛿𝛿 𝑇𝑇𝑟𝑟+𝛿𝛿 1+𝑟𝑟 𝑇𝑇

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿
𝑟𝑟𝐸𝐸 𝑖𝑖 𝑟𝑟 𝛽𝛽𝑖𝑖 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 𝑖𝑖 − 𝜃𝜃𝑖𝑖

𝑛𝑛𝑖𝑖 𝐼𝐼𝑖𝑖𝛷𝛷𝑖𝑖 𝑟𝑟 𝜏𝜏 𝛿𝛿

 
        

𝑛𝑛0 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 − 𝑋𝑋
𝑛𝑛 − 𝜏𝜏 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 𝜏𝜏𝛿𝛿𝐼𝐼 ∑𝑑𝑑=1𝑇𝑇 1−𝛿𝛿)𝑡𝑡1+𝑟𝑟)𝑡𝑡 + 1−𝜏𝜏

(1+𝑟𝑟)𝑇𝑇 𝑆𝑆 − 𝑋𝑋up-front.

𝑆𝑆 � − 𝛿𝛿 𝑇𝑇𝐼𝐼� − 𝛿𝛿 𝑇𝑇 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝛴𝛴𝑇𝑇 𝑥𝑥 ≡ ∑𝑗𝑗=1𝑇𝑇 𝑥𝑥𝑗𝑗 𝑥𝑥 1−𝑥𝑥𝑇𝑇1−𝑥𝑥

𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑅𝑅 𝐼𝐼 �𝛴𝛴𝑇𝑇 � 11+𝑟𝑟� − 𝛴𝛴𝐷𝐷 � 11+𝑟𝑟�� 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼

𝛴𝛴𝑇𝑇 𝑟𝑟 1+𝑟𝑟 𝑇𝑇−1𝑟𝑟 1+𝑟𝑟 𝑇𝑇
𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1+𝑟𝑟 𝑇𝑇− 1−𝛿𝛿 𝑇𝑇𝑟𝑟+𝛿𝛿 1+𝑟𝑟 𝑇𝑇

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿
𝑟𝑟𝐸𝐸 𝑖𝑖 𝑟𝑟 𝛽𝛽𝑖𝑖 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 𝑖𝑖 − 𝜃𝜃𝑖𝑖

𝑛𝑛𝑖𝑖 𝐼𝐼𝑖𝑖𝛷𝛷𝑖𝑖 𝑟𝑟 𝜏𝜏 𝛿𝛿

  
             (11)
 

The first term in the sum on the right-hand side of 
Equation 11 is the discounted stream of net benefits, as 
in Equation 9, but now reduced by the tax rate  [x ]. The 
second term is the tax rebate for depreciation, where d  is 
the depreciation rate; this term accounts for the common 
rule that taxes are not paid on reasonable depreciation of 
capital equipment, which is treated as a loss. The third 
term is the discounted salvage value after depreciation 
over the lifetime of the investment,2 where the salvage 
value [S] is given as the depreciated value of the initial 
investment plus the cost of land for feedstock operations,

𝑛𝑛0 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 − 𝑋𝑋
𝑛𝑛 − 𝜏𝜏 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 𝜏𝜏𝛿𝛿𝐼𝐼 ∑𝑑𝑑=1𝑇𝑇 1−𝛿𝛿 𝑡𝑡1+𝑟𝑟 𝑡𝑡 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆 − 𝑋𝑋

𝑆𝑆 = � (1− 𝛿𝛿)𝑇𝑇𝐼𝐼�(1− 𝛿𝛿)𝑇𝑇 + 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 f
�

𝛴𝛴𝑇𝑇 𝑥𝑥 ≡ ∑𝑗𝑗=1𝑇𝑇 𝑥𝑥𝑗𝑗 𝑥𝑥 1−𝑥𝑥𝑇𝑇1−𝑥𝑥
𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑅𝑅 𝐼𝐼 �𝛴𝛴𝑇𝑇 � 11+𝑟𝑟� − 𝛴𝛴𝐷𝐷 � 11+𝑟𝑟�� 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼

𝛴𝛴𝑇𝑇 𝑟𝑟 1+𝑟𝑟 𝑇𝑇−1𝑟𝑟 1+𝑟𝑟 𝑇𝑇
𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1+𝑟𝑟 𝑇𝑇− 1−𝛿𝛿 𝑇𝑇𝑟𝑟+𝛿𝛿 1+𝑟𝑟 𝑇𝑇

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿
𝑟𝑟𝐸𝐸 𝑖𝑖 𝑟𝑟 𝛽𝛽𝑖𝑖 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 𝑖𝑖 − 𝜃𝜃𝑖𝑖

𝑛𝑛𝑖𝑖 𝐼𝐼𝑖𝑖𝛷𝛷𝑖𝑖 𝑟𝑟 𝜏𝜏 𝛿𝛿

(12)

The sums over the time periods from one to [T] of the 
investment in Equation 11 start from the first time-
step after the initial investment, t = 1, assuming a one 
time-step delay between investment and the receipt of 
income. The sums can be done explicitly using standard 
techniques. The relevant formula is:

1  Equation 10 simplifies the reality of starting a new enterprise, 
which at a minimum includes an establishment or transitional phase 
that is quite distinct from the operating phase. In principle, it is 
not difficult to adapt the model to handle these additional details. 
However, it is unlikely that the necessary data will be available.

2  Note that depreciation is used in this formula in a conventional 
way to estimate the future value of equipment for tax purposes 
and salvage. The same depreciation rate is also used elsewhere in 
the model as the rate at which capital is permanently removed 
from productive use. This removal can occur for reasons other 
than ordinary wear-and-tear of equipment, such as insolvency, 
mismanagement and catastrophic damage, and so its rate does 
not have to equal the capital depreciation rate used for estimating 
net income. The assumption that the two rates are equal is not 
essential to the model, but it is reasonable to assume that the rates 
are of a similar magnitude, and it removes the need to specify an 
additional parameter.

𝑛𝑛0 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 − 𝑋𝑋
𝑛𝑛 − 𝜏𝜏 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 𝜏𝜏𝛿𝛿𝐼𝐼 ∑𝑑𝑑=1𝑇𝑇 1−𝛿𝛿 𝑡𝑡1+𝑟𝑟 𝑡𝑡 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆 − 𝑋𝑋

𝑆𝑆 � − 𝛿𝛿 𝑇𝑇𝐼𝐼� − 𝛿𝛿 𝑇𝑇 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝛴𝛴𝑇𝑇(𝑥𝑥) ≡ ∑𝑗𝑗=1𝑇𝑇 𝑥𝑥𝑗𝑗 = 𝑥𝑥 1−𝑥𝑥𝑇𝑇1−𝑥𝑥 .

𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑅𝑅 𝐼𝐼 �𝛴𝛴𝑇𝑇 � 11+𝑟𝑟� − 𝛴𝛴𝐷𝐷 � 11+𝑟𝑟�� 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼

𝛴𝛴𝑇𝑇 𝑟𝑟 1+𝑟𝑟 𝑇𝑇−1𝑟𝑟 1+𝑟𝑟 𝑇𝑇
𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1+𝑟𝑟 𝑇𝑇− 1−𝛿𝛿 𝑇𝑇𝑟𝑟+𝛿𝛿 1+𝑟𝑟 𝑇𝑇

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿
𝑟𝑟𝐸𝐸 𝑖𝑖 𝑟𝑟 𝛽𝛽𝑖𝑖 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 𝑖𝑖 − 𝜃𝜃𝑖𝑖

𝑛𝑛𝑖𝑖 𝐼𝐼𝑖𝑖𝛷𝛷𝑖𝑖 𝑟𝑟 𝜏𝜏 𝛿𝛿

   (13)

Applying this formula, and dividing through by the 
initial investment [I] gives the following key result:

𝑛𝑛0 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 − 𝑋𝑋
𝑛𝑛 − 𝜏𝜏 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 𝜏𝜏𝛿𝛿𝐼𝐼 ∑𝑑𝑑=1𝑇𝑇 1−𝛿𝛿 𝑡𝑡1+𝑟𝑟 𝑡𝑡 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆 − 𝑋𝑋

𝑆𝑆 � − 𝛿𝛿 𝑇𝑇𝐼𝐼� − 𝛿𝛿 𝑇𝑇 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝛴𝛴𝑇𝑇 𝑥𝑥 ≡ ∑𝑗𝑗=1𝑇𝑇 𝑥𝑥𝑗𝑗 𝑥𝑥 1−𝑥𝑥𝑇𝑇1−𝑥𝑥

𝑛𝑛𝐼𝐼 = (1 − 𝜏𝜏) 𝑅𝑅expect𝐼𝐼 �𝛴𝛴𝑇𝑇 � 11+𝑟𝑟� − 𝛴𝛴𝐷𝐷 � 11+𝑟𝑟��+ 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼

𝛴𝛴𝑇𝑇 𝑟𝑟 1+𝑟𝑟 𝑇𝑇−1𝑟𝑟 1+𝑟𝑟 𝑇𝑇
𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1+𝑟𝑟 𝑇𝑇− 1−𝛿𝛿 𝑇𝑇𝑟𝑟+𝛿𝛿 1+𝑟𝑟 𝑇𝑇

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿
𝑟𝑟𝐸𝐸 𝑖𝑖 𝑟𝑟 𝛽𝛽𝑖𝑖 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 𝑖𝑖 − 𝜃𝜃𝑖𝑖

𝑛𝑛𝑖𝑖 𝐼𝐼𝑖𝑖𝛷𝛷𝑖𝑖 𝑟𝑟 𝜏𝜏 𝛿𝛿

       

𝑛𝑛0 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 − 𝑋𝑋
𝑛𝑛 − 𝜏𝜏 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 𝜏𝜏𝛿𝛿𝐼𝐼 ∑𝑑𝑑=1𝑇𝑇 1−𝛿𝛿 𝑡𝑡1+𝑟𝑟 𝑡𝑡 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆 − 𝑋𝑋

𝑆𝑆 � − 𝛿𝛿 𝑇𝑇𝐼𝐼� − 𝛿𝛿 𝑇𝑇 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝛴𝛴𝑇𝑇 𝑥𝑥 ≡ ∑𝑗𝑗=1𝑇𝑇 𝑥𝑥𝑗𝑗 𝑥𝑥 1−𝑥𝑥𝑇𝑇1−𝑥𝑥

𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑅𝑅 𝐼𝐼 �𝛴𝛴𝑇𝑇 � 11+𝑟𝑟� − 𝛴𝛴𝐷𝐷 � 11+𝑟𝑟��+ 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� + 1−𝜏𝜏
(1+𝑟𝑟)𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋expect𝐼𝐼 ,

𝛴𝛴𝑇𝑇 𝑟𝑟 1+𝑟𝑟 𝑇𝑇−1𝑟𝑟 1+𝑟𝑟 𝑇𝑇
𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1+𝑟𝑟 𝑇𝑇− 1−𝛿𝛿 𝑇𝑇𝑟𝑟+𝛿𝛿 1+𝑟𝑟 𝑇𝑇

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿
𝑟𝑟𝐸𝐸 𝑖𝑖 𝑟𝑟 𝛽𝛽𝑖𝑖 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 𝑖𝑖 − 𝜃𝜃𝑖𝑖

𝑛𝑛𝑖𝑖 𝐼𝐼𝑖𝑖𝛷𝛷𝑖𝑖 𝑟𝑟 𝜏𝜏 𝛿𝛿

            (14a)

where

𝑛𝑛0 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 − 𝑋𝑋
𝑛𝑛 − 𝜏𝜏 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 𝜏𝜏𝛿𝛿𝐼𝐼 ∑𝑑𝑑=1𝑇𝑇 1−𝛿𝛿 𝑡𝑡1+𝑟𝑟 𝑡𝑡 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆 − 𝑋𝑋

𝑆𝑆 � − 𝛿𝛿 𝑇𝑇𝐼𝐼� − 𝛿𝛿 𝑇𝑇 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝛴𝛴𝑇𝑇 𝑥𝑥 ≡ ∑𝑗𝑗=1𝑇𝑇 𝑥𝑥𝑗𝑗 𝑥𝑥 1−𝑥𝑥𝑇𝑇1−𝑥𝑥

𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑅𝑅 𝐼𝐼 �𝛴𝛴𝑇𝑇 � 11+𝑟𝑟� − 𝛴𝛴𝐷𝐷 � 11+𝑟𝑟�� 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼

𝛴𝛴𝑇𝑇(1 + 𝑟𝑟) = (1+𝑟𝑟)𝑇𝑇−1𝑟𝑟(1+𝑟𝑟)𝑇𝑇 ,

𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1+𝑟𝑟 𝑇𝑇− 1−𝛿𝛿 𝑇𝑇𝑟𝑟+𝛿𝛿 1+𝑟𝑟 𝑇𝑇

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿
𝑟𝑟𝐸𝐸 𝑖𝑖 𝑟𝑟 𝛽𝛽𝑖𝑖 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 𝑖𝑖 − 𝜃𝜃𝑖𝑖

𝑛𝑛𝑖𝑖 𝐼𝐼𝑖𝑖𝛷𝛷𝑖𝑖 𝑟𝑟 𝜏𝜏 𝛿𝛿

             (14b)

𝑛𝑛0 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 − 𝑋𝑋
𝑛𝑛 − 𝜏𝜏 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 𝜏𝜏𝛿𝛿𝐼𝐼 ∑𝑑𝑑=1𝑇𝑇 1−𝛿𝛿 𝑡𝑡1+𝑟𝑟 𝑡𝑡 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆 − 𝑋𝑋

𝑆𝑆 � − 𝛿𝛿 𝑇𝑇𝐼𝐼� − 𝛿𝛿 𝑇𝑇 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝛴𝛴𝑇𝑇 𝑥𝑥 ≡ ∑𝑗𝑗=1𝑇𝑇 𝑥𝑥𝑗𝑗 𝑥𝑥 1−𝑥𝑥𝑇𝑇1−𝑥𝑥

𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑅𝑅 𝐼𝐼 �𝛴𝛴𝑇𝑇 � 11+𝑟𝑟� − 𝛴𝛴𝐷𝐷 � 11+𝑟𝑟�� 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼

𝛴𝛴𝑇𝑇(1 + 𝑟𝑟) = 1+𝑟𝑟 𝑇𝑇−1𝑟𝑟(1+𝑟𝑟)𝑇𝑇
𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� = (1+𝑟𝑟)𝑇𝑇−(1−𝛿𝛿)𝑇𝑇

(𝑟𝑟+𝛿𝛿)(1+𝑟𝑟)𝑇𝑇 .

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿
𝑟𝑟𝐸𝐸 𝑖𝑖 𝑟𝑟 𝛽𝛽𝑖𝑖 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 𝑖𝑖 − 𝜃𝜃𝑖𝑖

𝑛𝑛𝑖𝑖 𝐼𝐼𝑖𝑖𝛷𝛷𝑖𝑖 𝑟𝑟 𝜏𝜏 𝛿𝛿

                (14c)

Equations 14a–c are used in the model to determine 
the optimal investment strategy. The expression 

𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑘𝑘 𝐼𝐼 �𝛴𝛴𝑇𝑇𝑇𝑇 � 𝑟𝑟� − 𝛴𝛴𝐷𝐷𝐷𝐷 � 𝑟𝑟�� 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇𝑇𝑇 � −𝛿𝛿𝑟𝑟� −𝜏𝜏𝑟𝑟 𝑇𝑇𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼
𝛴𝛴𝑇𝑇𝑇𝑇 𝑟𝑟 𝑟𝑟 𝑇𝑇𝑇𝑇 −𝑟𝑟 𝑟𝑟 𝑇𝑇𝑇𝑇𝛴𝛴𝑇𝑇𝑇𝑇 � −𝛿𝛿𝑟𝑟� 𝑟𝑟 𝑇𝑇𝑇𝑇 − −𝛿𝛿 𝑇𝑇𝑇𝑇𝑟𝑟 𝛿𝛿 𝑟𝑟 𝑇𝑇𝑇𝑇

1 + 𝑛𝑛/𝐼𝐼, t

investmen

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿𝛷𝛷 (𝑟𝑟; 𝜏𝜏, 𝛿𝛿, the ‘profitability index’, is a standard 
metric for deciding on the profitability of a potential 
investment (Moosa 2002).3 For convenience, we 
refer to the right-hand side of Equation 14a as 

𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑘𝑘 𝐼𝐼 �𝛴𝛴𝑇𝑇𝑇𝑇 � 𝑟𝑟� − 𝛴𝛴𝐷𝐷𝐷𝐷 � 𝑟𝑟�� 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇𝑇𝑇 � −𝛿𝛿𝑟𝑟� −𝜏𝜏𝑟𝑟 𝑇𝑇𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼
𝛴𝛴𝑇𝑇𝑇𝑇 𝑟𝑟 𝑟𝑟 𝑇𝑇𝑇𝑇 −𝑟𝑟 𝑟𝑟 𝑇𝑇𝑇𝑇𝛴𝛴𝑇𝑇𝑇𝑇 � −𝛿𝛿𝑟𝑟� 𝑟𝑟 𝑇𝑇𝑇𝑇 − −𝛿𝛿 𝑇𝑇𝑇𝑇𝑟𝑟 𝛿𝛿 𝑟𝑟 𝑇𝑇𝑇𝑇

1 + 𝑛𝑛/𝐼𝐼
investment (Moos

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿𝛷𝛷model(𝑟𝑟; 𝜏𝜏, 𝛿𝛿),,

𝑛𝑛0 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 − 𝑋𝑋
𝑛𝑛 − 𝜏𝜏 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 𝜏𝜏𝛿𝛿𝐼𝐼 ∑𝑑𝑑=1𝑇𝑇 1−𝛿𝛿 𝑡𝑡1+𝑟𝑟 𝑡𝑡 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆 − 𝑋𝑋

𝑆𝑆 � − 𝛿𝛿 𝑇𝑇𝐼𝐼� − 𝛿𝛿 𝑇𝑇 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝛴𝛴𝑇𝑇 𝑥𝑥 ≡ ∑𝑗𝑗=1𝑇𝑇 𝑥𝑥𝑗𝑗 𝑥𝑥 1−𝑥𝑥𝑇𝑇1−𝑥𝑥

𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑅𝑅 𝐼𝐼 �𝛴𝛴𝑇𝑇 � 11+𝑟𝑟� − 𝛴𝛴𝐷𝐷 � 11+𝑟𝑟�� 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼

𝛴𝛴𝑇𝑇 𝑟𝑟 1+𝑟𝑟 𝑇𝑇−1𝑟𝑟 1+𝑟𝑟 𝑇𝑇
𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1+𝑟𝑟 𝑇𝑇− 1−𝛿𝛿 𝑇𝑇𝑟𝑟+𝛿𝛿 1+𝑟𝑟 𝑇𝑇

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷model(𝑟𝑟; 𝜏𝜏, 𝛿𝛿),
𝑟𝑟𝐸𝐸 𝑖𝑖 𝑟𝑟 𝛽𝛽𝑖𝑖 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 𝑖𝑖 − 𝜃𝜃𝑖𝑖

𝑛𝑛𝑖𝑖 𝐼𝐼𝑖𝑖𝛷𝛷𝑖𝑖 𝑟𝑟 𝜏𝜏 𝛿𝛿

   (15)

where the subscript ‘model’ indicates that the 
factor is dependent on the business model. As 
indicated by the notation, it also depends on the 
tax and depreciation rates. Also as indicated, it does 
not depend on the initial investment [I] because 
in equations 5, 8, and 12, Rexpect, S, and Xup-front

 

are proportional to I. This convenient result is a 
consequence of using Leontief production functions.

3  In a survey of financial officers, the profitability index (PI) 
was found to be a less popular method for evaluating projects 
than either NPV or the internal rate of return (IRR) (Graham 
and Harvey 2001). However, since NPV scales directly with the 
initial investment [I] – under the model assumption that output 
scales directly with input (Leontief production functions) – if 
two projects have equal initial investments, then NPV and PI 
will give equivalent rankings, because PI is simply NPV/I + 1. 
Thus, within the model, NPV and PI are equivalent. IRR may 
give a different ranking than PI or NPV, but IRR and PI lead to 
identical go/no-go decisions for an individual investment: if the 
PI is positive at a discount rate [r], then the IRR will be higher 
than r. A drawback of IRR compared to PI is that it has units of 
1/time, whereas PI is dimensionless. The use of a dimensionless 
indicator simplifies the model for estimating financial flows that 
is developed in Section 3.4.

for biofuel operations

for feedstock operations.
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Equations 14a–c are also used in the model to 
calculate a threshold producer price above which 
the investment is attractive and below which it is 
not attractive. This is determined by setting n = 0, 
substituting for Rexpect

 using Equation 8, and then 
solving for the producer price.

3.3 Investor discount rate: the equity 
cost of capital

The investor decision making submodel is based 
on financial portfolio theory, and considers both 
domestic and international investors to be comparing 
an investment in biofuel feedstock production or 
processing to similar investments in a larger market. 
In portfolio theory, risk is considered to be either 
systematic or non-systematic; systematic risk captures 
how the potential investment moves with the market 
as a whole, while non-systematic risk captures 
idiosyncratic investment, firm and location factors. 
In theory, investors can remove non-systematic risk 
through diversification, leaving only systematic risk 
(Solnik 2000). However, in practice, and in particular 
for FDI, opportunities for diversification are limited 
and firms routinely include non-systematic risk in 
their evaluation of projects (White and Fan 2006). 
Accordingly, in the model, investors expect a risk-
adjusted rate of return [r

E,i
] – the equity cost of 

capital – for business model i where

𝑛𝑛0 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 − 𝑋𝑋
𝑛𝑛 − 𝜏𝜏 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 𝜏𝜏𝛿𝛿𝐼𝐼 ∑𝑑𝑑=1𝑇𝑇 1−𝛿𝛿 𝑡𝑡1+𝑟𝑟 𝑡𝑡 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆 − 𝑋𝑋

𝑆𝑆 � − 𝛿𝛿 𝑇𝑇𝐼𝐼� − 𝛿𝛿 𝑇𝑇 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝛴𝛴𝑇𝑇 𝑥𝑥 ≡ ∑𝑗𝑗=1𝑇𝑇 𝑥𝑥𝑗𝑗 𝑥𝑥 1−𝑥𝑥𝑇𝑇1−𝑥𝑥

𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑅𝑅 𝐼𝐼 �𝛴𝛴𝑇𝑇 � 11+𝑟𝑟� − 𝛴𝛴𝐷𝐷 � 11+𝑟𝑟�� 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼

𝛴𝛴𝑇𝑇 𝑟𝑟 1+𝑟𝑟 𝑇𝑇−1𝑟𝑟 1+𝑟𝑟 𝑇𝑇
𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1+𝑟𝑟 𝑇𝑇− 1−𝛿𝛿 𝑇𝑇𝑟𝑟+𝛿𝛿 1+𝑟𝑟 𝑇𝑇

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿
𝑟𝑟𝐸𝐸,𝑖𝑖 = 𝑟𝑟rf + 𝛽𝛽𝑖𝑖(𝑟𝑟ave − 𝑟𝑟rf) + 𝛾𝛾𝑟𝑟curr + 𝜌𝜌 𝜌𝜌 𝑖𝑖 − 𝜃𝜃𝑖𝑖

𝑛𝑛𝑖𝑖 𝐼𝐼𝑖𝑖𝛷𝛷𝑖𝑖 𝑟𝑟 𝜏𝜏 𝛿𝛿
 
          

𝑛𝑛0 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 − 𝑋𝑋
𝑛𝑛 − 𝜏𝜏 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 𝜏𝜏𝛿𝛿𝐼𝐼 ∑𝑑𝑑=1𝑇𝑇 1−𝛿𝛿 𝑡𝑡1+𝑟𝑟 𝑡𝑡 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆 − 𝑋𝑋

𝑆𝑆 � − 𝛿𝛿 𝑇𝑇𝐼𝐼� − 𝛿𝛿 𝑇𝑇 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝛴𝛴𝑇𝑇 𝑥𝑥 ≡ ∑𝑗𝑗=1𝑇𝑇 𝑥𝑥𝑗𝑗 𝑥𝑥 1−𝑥𝑥𝑇𝑇1−𝑥𝑥

𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑅𝑅 𝐼𝐼 �𝛴𝛴𝑇𝑇 � 11+𝑟𝑟� − 𝛴𝛴𝐷𝐷 � 11+𝑟𝑟�� 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼

𝛴𝛴𝑇𝑇 𝑟𝑟 1+𝑟𝑟 𝑇𝑇−1𝑟𝑟 1+𝑟𝑟 𝑇𝑇
𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1+𝑟𝑟 𝑇𝑇− 1−𝛿𝛿 𝑇𝑇𝑟𝑟+𝛿𝛿 1+𝑟𝑟 𝑇𝑇

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿
𝑟𝑟𝐸𝐸 𝑖𝑖 𝑟𝑟 𝛽𝛽𝑖𝑖 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 r + 𝜌𝜌macro + 𝜌𝜌micro,𝑖𝑖 − 𝜃𝜃𝑖𝑖.

𝑛𝑛𝑖𝑖 𝐼𝐼𝑖𝑖𝛷𝛷𝑖𝑖 𝑟𝑟 𝜏𝜏 𝛿𝛿
    (16)

In Equation 16, the first three terms are the 
international capital asset pricing model (ICAPM), 
which captures systematic risk (Solnik 2000): 
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that
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10

 
is the risk-free return (for example, the rate for a 
treasury bond); 

The National Bioenergy Investment Model NBIM: Technical Documentation DRAFT

evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that

n i=I iir ; , . (17)
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that

n i=I iir ; , . (17)
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that

n i=I iir ; , . (17)
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that

n i=I iir ; , . (17)
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that

n i=I iir ; , . (17)
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that

n i=I iir ; , . (17)
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that

n i=I iir ; , . (17)
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.
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Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where
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In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where

r E , i=rrfi  rave−r rf  r currmacromicro ,i−i . (16)

In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.

In general, all of the terms in Equation (16) following the first term capture expectations of risk. The 
higher the risk, the higher the return that an investor will expect. This can be understood in terms of a 
change in the discount rate; future risks make future returns less valuable [22]. The factors β and γ have 
a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
aligned the returns from the investment and the market as a whole are expected to be. The factor γ 

represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
diversification. Both β and γ can be greater than one, meaning that they can magnify swings in the 
market; they can also be negative, if they tend to move counter to the market. For small economies, 
whether γ is large or not depends on whether the currency is pegged to a major currency: if it is, then γ 

is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
the investment β’s, take on values sampled from a plausible range.

INVESTMENT  FLOWS TO BUSINESS MODELS

Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
investment multiplied by an investment-specific function of the rate of return. In Equation (15), the 
factor is written i r ; , , so that
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evaluation of projects [21]. Accordingly, in the model, investors expect a risk-adjusted rate of return – 
the equity cost of capital – for business model i of rE,i, where
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In this equation, the first three terms are the international capital asset pricing model (ICAPM), which 
captures systematic risk [28]: rrf is the risk-free return (for example, the rate for a treasury bond), rave is 
the average market return, and rcurr is the currency risk premium for international investors. The 
parameter β is the risk factor, and γ is the sensitivity of the international investment to currency risk. Of 
the ICAPM terms, the first two apply both to international and domestic investment, and each of the 
parameters can differ between international and domestic markets. The third term only applies to 
international investors. Of the remaining four terms, the first two, ρmacro and  ρmicro, are country risk 
factors – that is, factors that are in at least partial control of the government – and apply only to 
international investors. Macropolitical and macroeconomic risk factors are those that are shared by all 
international investors in the country, and are reported in international tables, such Euromoney or IHS 

Global Insight. Micropolitical and microeconomic risk factors are those that are specific to an industry 
within the country [22] The term, θ, which can be either positive or negative, captures irrational 
deviations from ideal investment behavior [30]. Note that both the micro risk factors and the “irrational 
expectations” parameters carry an i index. This is because they are each affected by local conditions 
that are specific to a particular business model.
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a very specific interpretation and represent a specific kind of risk. The factor β indicates how closely 
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represents how correlated the value of the national currency is to a basket of currencies. Thus, to the 
extent that the investment simply tracks the market as a whole, it fails to reduce risk through 
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market; they can also be negative, if they tend to move counter to the market. For small economies, 
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is expected to be close to one; if not, it may be less than one, and even negative. In the model, the β’s 
are assigned a range of values based on the available literature. As explained in the section “Parameter 
uncertainty”, on page 27, the model is run in sensitivity mode in which uncertain parameters, including 
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Investments in the model flow to different feedstock or biofuel business models depending on the 
returns provided by each business model. As explained below, non-biofuel investments compete with 
biofuel investments. If no biofuel investment opportunities are competitive with the alternatives, then 
very little biofuel investment occurs within the model.

As shown in Equations (14, a-c), the net present value of business model i is given by the initial 
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, so that

𝑛𝑛0 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 − 𝑋𝑋
𝑛𝑛 − 𝜏𝜏 𝑘𝑘 ∑𝑑𝑑=𝐷𝐷+1𝑇𝑇 11+𝑟𝑟 𝑡𝑡 𝜏𝜏𝛿𝛿𝐼𝐼 ∑𝑑𝑑=1𝑇𝑇 1−𝛿𝛿 𝑡𝑡1+𝑟𝑟 𝑡𝑡 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆 − 𝑋𝑋

𝑆𝑆 � − 𝛿𝛿 𝑇𝑇𝐼𝐼� − 𝛿𝛿 𝑇𝑇 𝜋𝜋𝐾𝐾𝜋𝜋𝑁𝑁 𝛥𝛥𝑁𝑁� 𝐼𝐼 �
𝛴𝛴𝑇𝑇 𝑥𝑥 ≡ ∑𝑗𝑗=1𝑇𝑇 𝑥𝑥𝑗𝑗 𝑥𝑥 1−𝑥𝑥𝑇𝑇1−𝑥𝑥

𝑛𝑛𝐼𝐼 − 𝜏𝜏 𝑅𝑅 𝐼𝐼 �𝛴𝛴𝑇𝑇 � 11+𝑟𝑟� − 𝛴𝛴𝐷𝐷 � 11+𝑟𝑟�� 𝜏𝜏𝛿𝛿𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1−𝜏𝜏1+𝑟𝑟 𝑇𝑇 𝑆𝑆𝐼𝐼 − 𝑋𝑋 𝐼𝐼

𝛴𝛴𝑇𝑇 𝑟𝑟 1+𝑟𝑟 𝑇𝑇−1𝑟𝑟 1+𝑟𝑟 𝑇𝑇
𝛴𝛴𝑇𝑇 �1−𝛿𝛿1+𝑟𝑟� 1+𝑟𝑟 𝑇𝑇− 1−𝛿𝛿 𝑇𝑇𝑟𝑟+𝛿𝛿 1+𝑟𝑟 𝑇𝑇

𝑛𝑛𝐼𝐼 ≡ 𝛷𝛷 𝑟𝑟 𝜏𝜏 𝛿𝛿
𝑟𝑟𝐸𝐸 𝑖𝑖 𝑟𝑟 𝛽𝛽𝑖𝑖 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 𝑖𝑖 − 𝜃𝜃𝑖𝑖

𝑛𝑛𝑖𝑖 = 𝐼𝐼𝑖𝑖𝛷𝛷𝑖𝑖(𝑟𝑟; 𝜏𝜏, 𝛿𝛿).     (17)

Unlike Equation 15, Equation 17 is concerned with 
flows of investment to different business models, and 
we add a label i to both the net present value and the 
investment. Given the function 
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Unlike in Equation (15), here, where we are concerned with flows of investment to different business 
models, we add a label i to both the net present value and the investment. Given the function 
i r ; ,  and the risk-adjusted discount rate r E , i  defined in Equation (16), a simple “go/no-go” 
criterion for the investor is

i r E ,i ; ,0 . (18)

If the model were strictly true, and all investors used the profit index to decide between investments, all 
investment would flow to the business model with the highest profitability index, or at least as much 
investment as it could absorb. However, there are several reasons why this theoretical case is 
unrealistic: not every investor will use this approach to determine whether to invest; there are factors 
(in particular, firm and location-specific factors) that are not captured in Equation (11); and all of the 
parameters are uncertain. Accordingly, in the model, rather than simply profit, a weighted sum of the 
the average of the log profit index and an “entropy” term is maximized, using the objective function

Z=1−∑
i=1

N

wi u i−∑
i=1

N

wi ln w i , (19)

where

u i≡{ln i r E ,i ; ,1 , ir E , i ; ,1

ln  , otherwise
. (20)

In equation (19), the wi are the fractions of total investment flowing to each business model. That is,

w i=
I i

∑
j=1

N

I j

. (21)

The second term is the entropy of the distribution of investment flows – an interpretation of this term is 
given below. The parameter  , which lies between zero and one (and is never exactly zero or one), 
expresses the relative importance of the profit-maximizing and entropy terms.

Equation (20) defines ui, the quantity to be maximized, as the natural logarithm of the profit index, 
unless the profit index is negative, in which case the logarithm of a very small number is substituted: 
note that the profit index becomes negative only when the revenue stream itself is negative. When the 
profit index equals one, ui is equal to zero. By using the logarithm of the profit index, rather than the 
profit index itself, projects are compared based on their relative performance, rather than their absolute 
performance: if one project is expected to make twice as much profit as an alternative project, then the 
difference of the ui’s between the two projects is ln(2), regardless of the level of profit of the two 
projects.

Interpretation of the objective function

The objective function can be given an information-theoretic interpretation. The first term in the 
objective function [Equation (19)] is the average profit. In the limit 0  this becomes the dominant 
term and, as shown below, in this limit all investments flow to the business model with the highest 
profit index. In this case an outside observer viewing the flow of investments would be able to learn 
which project yields the highest expected profit. As discussed earlier, several factors interfere with this 
ideal situation, so that the observed flow of investments does not provide perfect information about the 
ranking of excess returns. The second term captures this reality. In the limit 1 , each business 
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𝑑𝑑𝑖𝑖 ≡ � �𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 � 𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ɛɛ �
𝑤𝑤𝑖𝑖 𝐼𝐼𝑖𝑖∑𝑗𝑗=1𝑁𝑁 𝐼𝐼𝑗𝑗

∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖

𝑆𝑆 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖 𝜆𝜆 � − ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖�
− 𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 𝑤𝑤𝑖𝑖 − 𝜆𝜆
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    (18)

If the model were strictly true, and all investors used 
the profitability index to decide between investments, 
all investment would flow to the business model 
with the highest profitability index, or at least as 
much investment as it could absorb. However, this 
theoretical case is unrealistic for several reasons: not 
every investor will use this approach to determine 
whether to invest; there are factors (in particular, firm 
and location-specific factors) that are not captured in 
Equation 11; and all of the parameters are uncertain. 
Accordingly, rather than simply maximise profit, the 
model maximises a weighted sum of the average of 
the log profit index and an ‘entropy’ term, using the 
objective function
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where

𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ≥
𝑍𝑍 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖

𝑑𝑑𝑖𝑖 ≡ �ln�𝛷𝛷𝑖𝑖(𝑟𝑟𝐸𝐸,𝑖𝑖; 𝜏𝜏, 𝛿𝛿) + 1� , 𝛷𝛷𝑖𝑖(𝑟𝑟𝐸𝐸,𝑖𝑖; 𝜏𝜏, 𝛿𝛿) + 1 > ɛ
lnɛ , otherwise

�.
𝑤𝑤𝑖𝑖 𝐼𝐼𝑖𝑖∑𝑗𝑗=1𝑁𝑁 𝐼𝐼𝑗𝑗

∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖

𝑆𝑆 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖 𝜆𝜆 � − ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖�
− 𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 𝑤𝑤𝑖𝑖 − 𝜆𝜆

𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖
𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 �1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖�
𝑤𝑤𝑖𝑖 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑁𝑁 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�

(20)

In Equation 19, the w
i
 are the fractions of total 

investment flowing to each business model. That is,

𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ≥
𝑍𝑍 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖

𝑑𝑑𝑖𝑖 ≡ � �𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 � 𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ɛɛ �
𝑤𝑤𝑖𝑖 = 𝐼𝐼𝑖𝑖∑𝑗𝑗=1𝑁𝑁 𝐼𝐼𝑗𝑗.

∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖

𝑆𝑆 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖 𝜆𝜆 � − ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖�
− 𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 𝑤𝑤𝑖𝑖 − 𝜆𝜆

𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖
𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 �1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖�
𝑤𝑤𝑖𝑖 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑁𝑁 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�

    (21)

The second term of Equation 19 is the entropy of the 
distribution of investment flows – an interpretation of 

this term is given below. The parameter 

𝑟𝑟𝐸𝐸𝐸𝐸 𝑖𝑖𝑖𝑖 𝛷𝛷𝑖𝑖𝑖𝑖 𝑟𝑟𝐸𝐸𝐸𝐸 𝑖𝑖𝑖𝑖 𝜏𝜏 𝛿𝛿 ≥

𝑍𝑍 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖𝑑𝑑𝑖𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖 𝑤𝑤𝑖𝑖𝑖𝑖
𝑑𝑑𝑖𝑖𝑖𝑖 ≡ � �𝛷𝛷𝑖𝑖𝑖𝑖 𝑟𝑟𝐸𝐸𝐸𝐸 𝑖𝑖𝑖𝑖 𝜏𝜏 𝛿𝛿 � 𝛷𝛷𝑖𝑖𝑖𝑖 𝑟𝑟𝐸𝐸𝐸𝐸 𝑖𝑖𝑖𝑖 𝜏𝜏 𝛿𝛿 ɛɛ �

𝑤𝑤𝑖𝑖𝑖𝑖 𝐼𝐼𝑖𝑖𝑖𝑖∑𝑗𝑗𝑗𝑗𝑁𝑁𝑁𝑁 𝐼𝐼𝑗𝑗𝑗𝑗
eter 𝜑𝜑𝜑𝜑, w

portance o

𝜑𝜑𝜑𝜑 →
𝜑𝜑𝜑𝜑 →

, which lies 
between zero and one (and is never exactly zero or 
one), expresses the relative importance of the profit-
maximising and entropy terms.

Equation 20 defines u
i
, the quantity to be maximised, 

as the natural logarithm of the profit index, unless 
the profit index is negative, in which case the 
logarithm of a very small number is substituted. 
The profit index becomes negative only when the 
revenue stream itself is negative. When the profit 
index equals one, u

i
 is equal to zero. By using the 

logarithm of the profit index, rather than the profit 
index itself, projects are compared based on their 
relative performance, rather than their absolute 
performance. If one project is expected to make twice 
as much profit as an alternative project, then the 
difference of the u

i
s between the two projects is the 

natural logarithm of two, ln(2), regardless of the level 
of profit of the two projects.

3.4.1 Interpretation of the objective function

The objective function can be given an information-
theoretic interpretation. The first term in the 
objective function (Equation 19) is the average profit. 
In the limit 

𝑟𝑟𝐸𝐸𝐸𝐸 𝑖𝑖𝑖𝑖 𝛷𝛷𝑖𝑖𝑖𝑖 𝑟𝑟𝐸𝐸𝐸𝐸 𝑖𝑖𝑖𝑖 𝜏𝜏 𝛿𝛿 ≥

𝑍𝑍 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖𝑑𝑑𝑖𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖 𝑤𝑤𝑖𝑖𝑖𝑖
𝑑𝑑𝑖𝑖𝑖𝑖 ≡ � �𝛷𝛷𝑖𝑖𝑖𝑖 𝑟𝑟𝐸𝐸𝐸𝐸 𝑖𝑖𝑖𝑖 𝜏𝜏 𝛿𝛿 � 𝛷𝛷𝑖𝑖𝑖𝑖 𝑟𝑟𝐸𝐸𝐸𝐸 𝑖𝑖𝑖𝑖 𝜏𝜏 𝛿𝛿 ɛɛ �

𝑤𝑤𝑖𝑖𝑖𝑖 𝐼𝐼𝑖𝑖𝑖𝑖∑𝑗𝑗𝑗𝑗𝑁𝑁𝑁𝑁 𝐼𝐼𝑗𝑗𝑗𝑗
𝜑𝜑𝜑𝜑

imit 𝜑𝜑𝜑𝜑 → 0 thi

o the business

𝜑𝜑𝜑𝜑 →
 this becomes the dominant term 

and, as shown below, in this limit all investments 
flow to the business model with the highest profit 
index. In this case, an outside observer viewing 
the flow of investments would be able to learn 
which project yields the highest expected profit. 
As discussed earlier, several factors interfere with 
this ideal situation, so that the observed flow of 
investments does not provide perfect information 
about the ranking of excess returns. The second 
term captures this reality. In the limit 

𝑟𝑟𝐸𝐸𝐸𝐸 𝑖𝑖𝑖𝑖 𝛷𝛷𝑖𝑖𝑖𝑖 𝑟𝑟𝐸𝐸𝐸𝐸 𝑖𝑖𝑖𝑖 𝜏𝜏 𝛿𝛿 ≥

𝑍𝑍 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖𝑑𝑑𝑖𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖 𝑤𝑤𝑖𝑖𝑖𝑖
𝑑𝑑𝑖𝑖𝑖𝑖 ≡ � �𝛷𝛷𝑖𝑖𝑖𝑖 𝑟𝑟𝐸𝐸𝐸𝐸 𝑖𝑖𝑖𝑖 𝜏𝜏 𝛿𝛿 � 𝛷𝛷𝑖𝑖𝑖𝑖 𝑟𝑟𝐸𝐸𝐸𝐸 𝑖𝑖𝑖𝑖 𝜏𝜏 𝛿𝛿 ɛɛ �

𝑤𝑤𝑖𝑖𝑖𝑖 𝐼𝐼𝑖𝑖𝑖𝑖∑𝑗𝑗𝑗𝑗𝑁𝑁𝑁𝑁 𝐼𝐼𝑗𝑗𝑗𝑗
𝜑𝜑𝜑𝜑

𝜑𝜑𝜑𝜑 →
imit 𝜑𝜑𝜑𝜑 → 1, e

 function is the

, each 
business model receives the same level of investment. 
In this case, the objective function is the entropy, and 
so maximising Z means minimising the amount of 
information contained in the investment allocation. 
In this no-information limit the distribution of 
investment flows provides no guidance to the 
relative merits of the different business models. For 
intermediate values of 

 provides

s of 𝜑𝜑𝜑𝜑, bus

o flow to bus

∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖
𝑆𝑆 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖𝑑𝑑𝑖𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖 𝑤𝑤𝑖𝑖𝑖𝑖 𝜆𝜆 � − ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖�

λ

− 𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑 𝑤𝑤𝑖𝑖𝑖𝑖 − 𝜆𝜆
𝐴𝐴𝐴𝐴 ≡ − − 𝜆𝜆 𝜑𝜑𝜑𝜑 𝑤𝑤𝑖𝑖𝑖𝑖 𝐴𝐴𝐴𝐴 −𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖𝑖𝑖

𝑤𝑤𝑖𝑖𝑖𝑖 𝐴𝐴𝐴𝐴 � −𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖𝑖𝑖 �
𝑤𝑤𝑖𝑖𝑖𝑖 � −𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖𝑖𝑖�∑𝑗𝑗𝑗𝑗𝑁𝑁𝑁𝑁 � −𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑 𝑑𝑑𝑗𝑗𝑗𝑗 �

〈𝑤𝑤〉 � 𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓 𝑑𝑑 � −𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑 𝑑𝑑�∞
−∞

, business models with 
high expected profits get the highest weights, but 
investments also flow to business models with lower 
expected profits, so that the information provided by 
the investment flows is ambiguous.

otherwise
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3.4.2 Optimal distribution of investment flows

The distribution of investment flows in the model 
is solved by maximising the objective function 
(Equation 19) subject to the constraint that the weights 
sum to one,

𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ≥
𝑍𝑍 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖

𝑑𝑑𝑖𝑖 ≡ � �𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 � 𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ɛɛ �
𝑤𝑤𝑖𝑖 𝐼𝐼𝑖𝑖∑𝑗𝑗=1𝑁𝑁 𝐼𝐼𝑗𝑗

∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 = 1.

𝑆𝑆 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖 𝜆𝜆 � − ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖�
− 𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 𝑤𝑤𝑖𝑖 − 𝜆𝜆

𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖
𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 �1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖�
𝑤𝑤𝑖𝑖 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑁𝑁 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�

     (22)

Using equations 19 and 22, the objective function S for 
the problem can be written

𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ≥
𝑍𝑍 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖

𝑑𝑑𝑖𝑖 ≡ � �𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 � 𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ɛɛ �
𝑤𝑤𝑖𝑖 𝐼𝐼𝑖𝑖∑𝑗𝑗=1𝑁𝑁 𝐼𝐼𝑗𝑗

∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖

𝑆𝑆 = (1− 𝜑𝜑𝜑𝜑) ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖ln𝑤𝑤𝑖𝑖 + 𝜆𝜆 �1 − ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖�
− 𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 𝑤𝑤𝑖𝑖 − 𝜆𝜆

𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖
𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 �1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖�
𝑤𝑤𝑖𝑖 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑁𝑁 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�

 
       

𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ≥
𝑍𝑍 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖

𝑑𝑑𝑖𝑖 ≡ � �𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 � 𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ɛɛ �
𝑤𝑤𝑖𝑖 𝐼𝐼𝑖𝑖∑𝑗𝑗=1𝑁𝑁 𝐼𝐼𝑗𝑗

∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖

𝑆𝑆 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖ln𝑤𝑤𝑖𝑖 + 𝜆𝜆 �1 − ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖�,

− 𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 𝑤𝑤𝑖𝑖 − 𝜆𝜆
𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖

𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 �1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖�
𝑤𝑤𝑖𝑖 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑁𝑁 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�

      (23)

where m  is a Lagrange multiplier. Varying S with respect 
to the weights and setting them equal to zero (the 
optimal condition) gives

𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ≥
𝑍𝑍 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖

𝑑𝑑𝑖𝑖 ≡ � �𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 � 𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ɛɛ �
𝑤𝑤𝑖𝑖 𝐼𝐼𝑖𝑖∑𝑗𝑗=1𝑁𝑁 𝐼𝐼𝑗𝑗

∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖

𝑆𝑆 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖 𝜆𝜆 � − ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖�
(1− 𝜑𝜑𝜑𝜑)𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑(1 + ln𝑤𝑤𝑖𝑖) − 𝜆𝜆 = 0.

𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖
𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 �1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖�
𝑤𝑤𝑖𝑖 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑁𝑁 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�

  (24)

Rearranging this equation to get the weight on one 
side and collecting the constant terms into an overall 
constant 

𝜑𝜑𝜑𝜑

∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖
𝑆𝑆 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖𝑑𝑑𝑖𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖 𝑤𝑤𝑖𝑖𝑖𝑖 𝜆𝜆 � − ∑𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑤𝑤𝑖𝑖𝑖𝑖�

λ

− 𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖𝑖𝑖 − 𝜑𝜑𝜑𝜑 𝑤𝑤𝑖𝑖𝑖𝑖 − 𝜆𝜆
rranging this equation to g

tant ln𝐴𝐴𝐴𝐴 ≡ −1 − 𝜆𝜆/𝜑𝜑𝜑𝜑 gi 𝑤𝑤𝑖𝑖𝑖𝑖 𝐴𝐴𝐴𝐴 −𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖𝑖𝑖
𝑤𝑤𝑖𝑖𝑖𝑖 𝐴𝐴𝐴𝐴 � −𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖𝑖𝑖 �
𝑤𝑤𝑖𝑖𝑖𝑖 � −𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖𝑖𝑖�∑𝑗𝑗𝑗𝑗𝑁𝑁𝑁𝑁 � −𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑 𝑑𝑑𝑗𝑗𝑗𝑗 �

〈𝑤𝑤〉 � 𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓 𝑑𝑑 � −𝜑𝜑𝜑𝜑𝜑𝜑𝜑𝜑 𝑑𝑑�∞
−∞

 gives

𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ≥
𝑍𝑍 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖

𝑑𝑑𝑖𝑖 ≡ � �𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 � 𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ɛɛ �
𝑤𝑤𝑖𝑖 𝐼𝐼𝑖𝑖∑𝑗𝑗=1𝑁𝑁 𝐼𝐼𝑗𝑗

∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖

𝑆𝑆 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖 𝜆𝜆 � − ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖�
− 𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 𝑤𝑤𝑖𝑖 − 𝜆𝜆

ln𝑤𝑤𝑖𝑖 = ln𝐴𝐴𝐴𝐴 + 1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖.
𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 �1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖�
𝑤𝑤𝑖𝑖 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑁𝑁 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�

   (25)

Exponentiating both sides of Equation 25 gives the 
expression for the weights,

𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ≥
𝑍𝑍 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖

𝑑𝑑𝑖𝑖 ≡ � �𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 � 𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ɛɛ �
𝑤𝑤𝑖𝑖 𝐼𝐼𝑖𝑖∑𝑗𝑗=1𝑁𝑁 𝐼𝐼𝑗𝑗

∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖

𝑆𝑆 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖 𝜆𝜆 � − ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖�
− 𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 𝑤𝑤𝑖𝑖 − 𝜆𝜆

ln𝑤𝑤𝑖𝑖 = ln𝐴𝐴𝐴𝐴 + 1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖
𝑤𝑤𝑖𝑖 = 𝐴𝐴𝐴𝐴exp �1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖�.

𝑤𝑤𝑖𝑖 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑁𝑁 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�

    (26)

The value of A is then determined by the normalising 
constraint in Equation 22. Requiring that the weights 
sum to one gives

𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ≥
𝑍𝑍 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖

𝑑𝑑𝑖𝑖 ≡ � �𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 � 𝛷𝛷𝑖𝑖 𝑟𝑟𝐸𝐸 𝑖𝑖 𝜏𝜏 𝛿𝛿 ɛɛ �
𝑤𝑤𝑖𝑖 𝐼𝐼𝑖𝑖∑𝑗𝑗=1𝑁𝑁 𝐼𝐼𝑗𝑗

∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖

𝑆𝑆 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖 𝑤𝑤𝑖𝑖 𝜆𝜆 � − ∑𝑖𝑖=1𝑁𝑁 𝑤𝑤𝑖𝑖�
− 𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖 − 𝜑𝜑𝜑𝜑 𝑤𝑤𝑖𝑖 − 𝜆𝜆

𝑤𝑤𝑖𝑖 𝐴𝐴𝐴𝐴 1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖
𝑤𝑤𝑖𝑖 = 𝐴𝐴𝐴𝐴exp �1−𝜑𝜑𝜑𝜑 𝑑𝑑𝑖𝑖�
𝑤𝑤𝑖𝑖 = exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑁𝑁 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�.    (27)

3.4.3  Introducing non-biofuel investments

Biofuel investment opportunities will be competing 
with non-biofuel opportunities that may have higher 
expected profits. Rather than defining these explicitly, 
we assume that there are [m] biofuel investments and 
[N] total investments, so there are N-m non-biofuel 

investments. As described above, all investments in the 
model are characterised by their log profitability [u

i
]. 

We make the assumption that log profitability among 
non-biofuel investments is distributed according to some 
probability distribution with a probability density [f(u)] 
The expected value of the non-normalised weights can 
then be calculated, using the probability density as〈𝑤𝑤〉 = � 𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓(𝑑𝑑)exp �1−𝜑𝜑𝜑𝜑 𝑑𝑑�+∞

−∞ .

〈𝑤𝑤〉 𝑀𝑀𝑀𝑀𝑓𝑓 �1−𝜑𝜑𝜑𝜑 �
𝑤𝑤𝑖𝑖 ≈ exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑚𝑚 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�+ 𝑁𝑁−𝑚𝑚 𝑀𝑀𝑓𝑓�1−𝜑𝜑𝜑𝜑 �

𝑤𝑤𝑖𝑖 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑚𝑚 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�+ 𝑁𝑁−𝑚𝑚 exp�12�1−𝜑𝜑𝜑𝜑 �2 𝜎𝜎𝑓𝑓2�

𝑤𝑤𝑖𝑖 𝜑𝜑=1 2 𝑒𝑒𝑢𝑢𝑖𝑖∑𝑗𝑗=1𝑚𝑚 𝑒𝑒𝑢𝑢𝑗𝑗+ 𝑁𝑁−𝑚𝑚 𝑒𝑒𝜎𝜎𝑓𝑓2 2

𝑈𝑈𝑈𝑈 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼

∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1 ≤ 𝐵𝐵𝐵𝐵 𝑦̄𝑦
∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1 𝐵𝐵𝐵𝐵 𝑦̄𝑦

  (28)

This integral is equal to the moment-generating function 
M

f
(·) for the probability density. The practical benefit 

of this is that moment-generating functions have been 
calculated for many probability distributions. Thus, the 
result for the average weight can be written

〈𝑤𝑤〉 � 𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓 𝑑𝑑 �1−𝜑𝜑𝜑𝜑 𝑑𝑑�+∞
−∞

〈𝑤𝑤〉 = 𝑀𝑀𝑀𝑀𝑓𝑓 �1−𝜑𝜑𝜑𝜑 �.

𝑤𝑤𝑖𝑖 ≈ exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑚𝑚 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�+ 𝑁𝑁−𝑚𝑚 𝑀𝑀𝑓𝑓�1−𝜑𝜑𝜑𝜑 �
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This expected value for non-bioenergy weights can 
be used to rewrite the expression for the weights in 
Equation 27 as

 

〈𝑤𝑤〉 � 𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓 𝑑𝑑 �1−𝜑𝜑𝜑𝜑 𝑑𝑑�+∞
−∞

〈𝑤𝑤〉 𝑀𝑀𝑀𝑀𝑓𝑓 �1−𝜑𝜑𝜑𝜑 �
𝑤𝑤𝑖𝑖 ≈ exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑚𝑚 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�+(𝑁𝑁−𝑚𝑚)𝑀𝑀𝑓𝑓�1−𝜑𝜑𝜑𝜑 �.

𝑤𝑤𝑖𝑖 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑚𝑚 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�+ 𝑁𝑁−𝑚𝑚 exp�12�1−𝜑𝜑𝜑𝜑 �2 𝜎𝜎𝑓𝑓2�

𝑤𝑤𝑖𝑖 𝜑𝜑=1 2 𝑒𝑒𝑢𝑢𝑖𝑖∑𝑗𝑗=1𝑚𝑚 𝑒𝑒𝑢𝑢𝑗𝑗+ 𝑁𝑁−𝑚𝑚 𝑒𝑒𝜎𝜎𝑓𝑓2 2

𝑈𝑈𝑈𝑈 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼

∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1 ≤ 𝐵𝐵𝐵𝐵 𝑦̄𝑦
∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1 𝐵𝐵𝐵𝐵 𝑦̄𝑦

  (30)

For the model, we assume that the log profitability of 
non-biofuel investments is distributed normally with 
a mean of zero – that is, it is equally likely that an 
investment has a positive log profitability as it has a 
negative profitability. In this case,
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While the assumption of a normal distribution is 
convenient for the model development, it is not essential. 
The moment-generating function can be computed 
explicitly for many distributions.

3.4.4 Properties of the weights

The weights in Equation 31 have some properties that 
are worth remarking on. Because the denominator is 
the same for any investment, the business model with 
the highest value for u

i
 receives the highest weight. In 

the limit 0"{ , the ratio (1 )/{ {-  diverges, and 
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the non-biofuel term dominates any of the biofuel 
business models. This is a consequence of assuming 
a normally-distributed set of non-biofuel options. 
Under this assumption there will always be some 
non-biofuel investment with a higher return than 
the biofuel investments, and in the limit 0"{  it 
will receive all of the investment flows. In contrast, 
in the limit 1"{ , the ratio (1 )/{ {-  approaches 
zero, and all of the weights take the same value, equal 
to 1/N. At values of {  intermediate between zero 
and one, the most profitable investment receives the 
highest weight, but other, less profitable investments 
are also given some weight. The weights can become 
very small, suggesting implausibly low levels of 
investment. For this reason, a minimum investment 
threshold is set by the user for different types of 
investors. If the investment allocation is less than 
the minimum, then the investment is set to zero in 
the model.

The parameter {  is a tuning parameter of the model, 
which has no obvious default value. For illustration, 
at 1/2={ , the weights become
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In this case, it can be seen that biofuel investments 
with negative excess profits receive low weights, 
because they cannot outperform the positive excess 

return from non-biofuel investments. The investment 
flows for business models with negative expected 
profit will ordinarily fall below the minimum 
investment threshold, so no investment will flow to 
them. Also, if the total number of investments N is 
much larger than the number of biofuel investments 
m, then biofuel investments must strongly 
outperform the average non-biofuel portfolio to gain 
a substantial share. As the variance 2

fv  of non-biofuel 
investments increases, potential competition from 
non-bioenergy investments also increases. When 
{  is close to zero, high-performing investments 
receive high weights, and when {  is close to one, 
even poorly-performing investments may receive a 
substantial weight.

3.4.5 Implementing a minimum level of 
domestic investment

One of the policy instruments that the model 
simulates is a minimum level of domestic investment. 
The model simulates a policy in which applications 
for permits from foreign investors are suspended 
whenever the previous quarter’s statistics indicate 
that domestic investment is below the target. This 
policy characteristically leads to a ‘saw tooth’ pattern 
in foreign investment when averaged over the year. 
The saw tooth pattern can look odd, but it is not an 
unreasonable outcome, since it follows directly from 
the simulated policy.
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The National Bioenergy Investment Model NBIM: Technical Documentation DRAFT

U=[∑
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M piv 

ii

ii x i 
]

1


. (33)

In this function, the xi are the quantities of fuel consumed in physical terms (litres or kilograms), the i  
are conversion efficiencies (for instance, conversion of combustible fuels into heat in a stove), while 
the ηi are energy density factors that convert physical quantities into their energy equivalents. The 
p iv   are coefficients within the utility function that express the degree of preference for one fuel over 

another – an interpretation for these parameters will emerge later in the analysis that justifies the choice 
of notation. The p iv   potentially depend on a vector of parameters v  that is currently unspecified. 
The parameter α is characteristic of CES utility functions and interpolates between pure-complement (α 

= 0) and pure-substitution (α = 1) utility functions.

FINDING THE OPTIMAL ALLOCATION

Consumers with utility described by Equation (33) are assumed to face an energy budget constraint 
B y  , which grows with average income, so that

∑
i=1

M

pi x iB y  , (34)

where the pi are fuel prices in volumetric terms (e.g., USD per litre). Because the utility function is 
strictly increasing in energy consumption, it can be assumed that the entire budget will be spent, and so 
the inequality (34) can be replaced with an equality,

∑
i=1

M

pi x i=B y  . (35)

The consumer seeks to maximize utility subject to his or her budget constraint, so the objective 
function is

S=[∑
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]

1
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M

pi x i , (36)

where λ is a Lagrange multiplier. The optimum conditions are that

∂ S

∂ xi

=
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−1

− pi = 0 . (37)

The most complex factor in this expression – the one in brackets – is independent of i. Combining all i-
independent factors into an overall coefficient C v   that depends on the (still unspecified) parameters 
v , Equation (37) can be rearranged to show that

ii x i=C v  p iv 

p i


1
1−

. (38)

That is, the energy-content corrected consumption of fuels ηixi declines as the price pi increases and 
rises as the coefficient p iv   increases.

15

 is 
characteristic of CES utility functions and interpolates 
between pure-complement 

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝑣⃗𝑣 ified. The 

α ment (α = 0) 

α

𝐵𝐵𝐵𝐵 𝑦𝑦 ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 ≤ 𝐵𝐵𝐵𝐵 𝑦𝑦
∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦

𝑆𝑆 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖
λ

𝜕𝜕𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑥𝑥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼− �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗 �𝛼𝛼 − − 𝜆𝜆𝛥𝛥𝑖𝑖𝑖𝑖
𝐶𝐶 𝑣⃗𝑣𝑣⃗𝑣 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗ 𝑣𝑣→𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

η𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣
𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

 and pure-
substitution 

𝛥̂𝛥𝑖𝑖𝑖𝑖(𝑣⃗𝑣) 𝑣⃗𝑣
α aracteristic of α

ution (α = 1) ut

𝐵𝐵𝐵𝐵 𝑦𝑦 ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 ≤ 𝐵𝐵𝐵𝐵 𝑦𝑦
∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦

𝑆𝑆 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖
λ

𝜕𝜕𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑥𝑥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼− �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗 �𝛼𝛼 − − 𝜆𝜆𝛥𝛥𝑖𝑖𝑖𝑖
𝐶𝐶 𝑣⃗𝑣𝑣⃗𝑣 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗ 𝑣𝑣→𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

η𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣
𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

 utility functions.

4.2 Finding the optimal allocation

Consumers whose utility is described by Equation 
33 are assumed to face an energy budget constraint 

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝑣⃗𝑣
α α

α

Consume

[𝐵𝐵𝐵𝐵(𝑦̄𝑦)], w ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 ≤ 𝐵𝐵𝐵𝐵 𝑦𝑦
∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦

𝑆𝑆 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖
λ

𝜕𝜕𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑥𝑥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼− �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗 �𝛼𝛼 − − 𝜆𝜆𝛥𝛥𝑖𝑖𝑖𝑖
𝐶𝐶 𝑣⃗𝑣𝑣⃗𝑣 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗ 𝑣𝑣→𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

η𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣
𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

, which grows with average income, so that

〈𝑤𝑤〉 � 𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓 𝑑𝑑 �1−𝜑𝜑𝜑𝜑 𝑑𝑑�+∞
−∞

〈𝑤𝑤〉 𝑀𝑀𝑀𝑀𝑓𝑓 �1−𝜑𝜑𝜑𝜑 �
𝑤𝑤𝑖𝑖 ≈ exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑚𝑚 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�+ 𝑁𝑁−𝑚𝑚 𝑀𝑀𝑓𝑓�1−𝜑𝜑𝜑𝜑 �

𝑤𝑤𝑖𝑖 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑚𝑚 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�+ 𝑁𝑁−𝑚𝑚 exp�12�1−𝜑𝜑𝜑𝜑 �2 𝜎𝜎𝑓𝑓2�

𝑤𝑤𝑖𝑖 𝜑𝜑=1 2 𝑒𝑒𝑢𝑢𝑖𝑖∑𝑗𝑗=1𝑚𝑚 𝑒𝑒𝑢𝑢𝑗𝑗+ 𝑁𝑁−𝑚𝑚 𝑒𝑒𝜎𝜎𝑓𝑓2 2

𝑈𝑈𝑈𝑈 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼

∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1 ≤ 𝐵𝐵𝐵𝐵(𝑦̄𝑦),
∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1 𝐵𝐵𝐵𝐵 𝑦̄𝑦

    (34)

where 

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝑣⃗𝑣
α α

α

𝐵𝐵𝐵𝐵 𝑦𝑦 ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 ≤ 𝐵𝐵𝐵𝐵 𝑦𝑦
here pi ar

trictly inc

∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦
𝑆𝑆 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖

λ

𝜕𝜕𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑥𝑥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼− �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗 �𝛼𝛼 − − 𝜆𝜆𝛥𝛥𝑖𝑖𝑖𝑖
𝐶𝐶 𝑣⃗𝑣𝑣⃗𝑣 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗ 𝑣𝑣→𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

η𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣
𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

 are fuel prices in volumetric terms (e.g., 
dollars per litre). Because the utility function is 
strictly increasing in energy consumption, it can be 
assumed that the entire budget will be spent, and so 
the inequality (Equation 34) can be replaced with 
an equality,

〈𝑤𝑤〉 � 𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓 𝑑𝑑 �1−𝜑𝜑𝜑𝜑 𝑑𝑑�+∞
−∞

〈𝑤𝑤〉 𝑀𝑀𝑀𝑀𝑓𝑓 �1−𝜑𝜑𝜑𝜑 �
𝑤𝑤𝑖𝑖 ≈ exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑚𝑚 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�+ 𝑁𝑁−𝑚𝑚 𝑀𝑀𝑓𝑓�1−𝜑𝜑𝜑𝜑 �

𝑤𝑤𝑖𝑖 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑚𝑚 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�+ 𝑁𝑁−𝑚𝑚 exp�12�1−𝜑𝜑𝜑𝜑 �2 𝜎𝜎𝑓𝑓2�

𝑤𝑤𝑖𝑖 𝜑𝜑=1 2 𝑒𝑒𝑢𝑢𝑖𝑖∑𝑗𝑗=1𝑚𝑚 𝑒𝑒𝑢𝑢𝑗𝑗+ 𝑁𝑁−𝑚𝑚 𝑒𝑒𝜎𝜎𝑓𝑓2 2

𝑈𝑈𝑈𝑈 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼

∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1 ≤ 𝐵𝐵𝐵𝐵 𝑦̄𝑦
∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1 = 𝐵𝐵𝐵𝐵(𝑦̄𝑦).     (35)

The consumer seeks to maximise utility subject to their 
budget constraint, so the objective function is

𝑆𝑆 = �� 𝑑̂𝑑𝑖𝑖(𝑣𝑣�⃗ )𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 (𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖)𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼
+ 𝜆𝜆(𝐵𝐵𝐵𝐵(𝑦̄𝑦)− ∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1 ),

𝜕𝜕𝑆𝑆𝜕𝜕𝑥𝑥𝑖𝑖 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼−1 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑗𝑗=1 �1𝛼𝛼−1 − 𝜆𝜆𝛥𝛥𝑖𝑖

𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝑑𝑑𝑖𝑖 𝑣𝑣�⃗ ��𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝛥𝛥𝑖𝑖 𝑣⃗𝑣 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖 𝑣𝑣�⃗

𝛥𝛥𝑖𝑖 𝛥𝛥𝑖𝑖0 𝛥𝛥 𝛾𝛾𝑖𝑖 𝑦̄𝑦
𝐵𝐵𝐵𝐵 𝑦̄𝑦 𝐶𝐶 𝑦̄𝑦 𝛥𝛥 � �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖

𝑀𝑀
𝑖𝑖=1

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 �� �𝑑𝑑𝑗𝑗 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑗𝑗 � 11−𝛼𝛼 𝑑𝑑𝑗𝑗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖
𝑀𝑀
𝑗𝑗=1 �−1 �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝑑𝑑𝑖𝑖 𝑠𝑠𝑖𝑖
𝑠𝑠𝑖𝑖 𝑒𝑒𝑧𝑧𝑖𝑖� 𝑒𝑒𝑧𝑧𝑗𝑗𝑀𝑀𝑗𝑗=1

 
      (36)

where 
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U=[∑
i=1

M piv 

ii

ii x i 
]

1


. (33)

In this function, the xi are the quantities of fuel consumed in physical terms (litres or kilograms), the i  
are conversion efficiencies (for instance, conversion of combustible fuels into heat in a stove), while 
the ηi are energy density factors that convert physical quantities into their energy equivalents. The 
p iv   are coefficients within the utility function that express the degree of preference for one fuel over 

another – an interpretation for these parameters will emerge later in the analysis that justifies the choice 
of notation. The p iv   potentially depend on a vector of parameters v  that is currently unspecified. 
The parameter α is characteristic of CES utility functions and interpolates between pure-complement (α 

= 0) and pure-substitution (α = 1) utility functions.

FINDING THE OPTIMAL ALLOCATION

Consumers with utility described by Equation (33) are assumed to face an energy budget constraint 
B y  , which grows with average income, so that

∑
i=1

M

pi x iB y  , (34)

where the pi are fuel prices in volumetric terms (e.g., USD per litre). Because the utility function is 
strictly increasing in energy consumption, it can be assumed that the entire budget will be spent, and so 
the inequality (34) can be replaced with an equality,

∑
i=1

M

pi x i=B y  . (35)

The consumer seeks to maximize utility subject to his or her budget constraint, so the objective 
function is

S=[∑
i=1

M pi v 

ii

ii x i 
]

1

B y −∑

i=1

M

pi x i , (36)

where λ is a Lagrange multiplier. The optimum conditions are that

∂ S

∂ xi

=
p iv 

ii

iiii x i
−1[∑

j=1

M p j v 

 j j

 j j x j 
]

1

−1

− pi = 0 . (37)

The most complex factor in this expression – the one in brackets – is independent of i. Combining all i-
independent factors into an overall coefficient C v   that depends on the (still unspecified) parameters 
v , Equation (37) can be rearranged to show that

ii x i=C v  p iv 

p i


1
1−

. (38)

That is, the energy-content corrected consumption of fuels ηixi declines as the price pi increases and 
rises as the coefficient p iv   increases.

15

 is a Lagrange multiplier. In addition to the 
budget constraint, the optimum conditions are that

𝑆𝑆 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦̄𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1

𝜕𝜕𝑆𝑆𝜕𝜕𝑥𝑥𝑖𝑖 = 𝑑̂𝑑𝑖𝑖(𝑣𝑣�⃗ )𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖(𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖)𝛼𝛼−1 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑗𝑗=1 �1𝛼𝛼−1 − 𝜆𝜆𝛥𝛥𝑖𝑖

𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝑑𝑑𝑖𝑖 𝑣𝑣�⃗ ��𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝛥𝛥𝑖𝑖 𝑣⃗𝑣 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖 𝑣𝑣�⃗

𝛥𝛥𝑖𝑖 𝛥𝛥𝑖𝑖0 𝛥𝛥 𝛾𝛾𝑖𝑖 𝑦̄𝑦
𝐵𝐵𝐵𝐵 𝑦̄𝑦 𝐶𝐶 𝑦̄𝑦 𝛥𝛥 � �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖

𝑀𝑀
𝑖𝑖=1

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 �� �𝑑𝑑𝑗𝑗 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑗𝑗 � 11−𝛼𝛼 𝑑𝑑𝑗𝑗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖
𝑀𝑀
𝑗𝑗=1 �−1 �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝑑𝑑𝑖𝑖 𝑠𝑠𝑖𝑖
𝑠𝑠𝑖𝑖 𝑒𝑒𝑧𝑧𝑖𝑖� 𝑒𝑒𝑧𝑧𝑗𝑗𝑀𝑀𝑗𝑗=1

 
            

𝑆𝑆 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦̄𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1

𝜕𝜕𝑆𝑆𝜕𝜕𝑥𝑥𝑖𝑖 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖)𝛼𝛼−1 �� 𝑑̂𝑑𝑖𝑖(𝑣𝑣�⃗ )𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 (𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖)𝛼𝛼𝑀𝑀𝑗𝑗=1 �1𝛼𝛼−1 − 𝜆𝜆𝛥𝛥𝑖𝑖 = 0.

𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝑑𝑑𝑖𝑖 𝑣𝑣�⃗ ��𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝛥𝛥𝑖𝑖 𝑣⃗𝑣 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖 𝑣𝑣�⃗

𝛥𝛥𝑖𝑖 𝛥𝛥𝑖𝑖0 𝛥𝛥 𝛾𝛾𝑖𝑖 𝑦̄𝑦
𝐵𝐵𝐵𝐵 𝑦̄𝑦 𝐶𝐶 𝑦̄𝑦 𝛥𝛥 � �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖

𝑀𝑀
𝑖𝑖=1

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 �� �𝑑𝑑𝑗𝑗 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑗𝑗 � 11−𝛼𝛼 𝑑𝑑𝑗𝑗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖
𝑀𝑀
𝑗𝑗=1 �−1 �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝑑𝑑𝑖𝑖 𝑠𝑠𝑖𝑖
𝑠𝑠𝑖𝑖 𝑒𝑒𝑧𝑧𝑖𝑖� 𝑒𝑒𝑧𝑧𝑗𝑗𝑀𝑀𝑗𝑗=1

  (37)

The most complex factor in this expression – the 
one in brackets – is independent of i. Combining 

Domestic energy demand in the model comes from 
the household and transport sectors, where per 
capita energy demand is determined by incomes and 
fuel prices, subject to the possible constraint placed 
by a mandatory blend ratio. International demand 
is assumed to be so large that national production 
has no effect on prices (fuel prices, both domestic 
and international, are discussed in Section 5). Rural 
and urban populations can have different demand 
parameters, as well as different income levels and 
fuel prices.

Population growth in rural and urban areas, and 
economic growth, are given exogenously. From 
these, average income (as gross domestic product per 
capita) is calculated. Rural and urban incomes are 
then determined from an exogenous rural-to-urban 
income ratio.

4.1 Constant elasticity of substitution 
utility function

It is expected that biofuels and fossil fuels will coexist 
and be used for similar purposes for a substantial time, 
while ethanol can be used as an additive to petrol. That 
is, they do not act as perfect substitutes. However, 
they do not act as perfect complements – the precise 
mix of fossil fuels and biofuels can vary depending 
on relative price, technology, convenience, policy, 
fashion and other factors. This suggests that demands 
should be represented by a functional form that is 
intermediate between that of a perfect substitute and 
of a perfect complement: the constant elasticity of 
substitution (CES) demand function has this property. 
Accordingly, we assume the following CES utility 
function for the model:

〈𝑤𝑤〉 � 𝑑𝑑𝑑𝑑 𝑓𝑓𝑓𝑓 𝑑𝑑 �1−𝜑𝜑𝜑𝜑 𝑑𝑑�+∞
−∞

〈𝑤𝑤〉 𝑀𝑀𝑀𝑀𝑓𝑓 �1−𝜑𝜑𝜑𝜑 �
𝑤𝑤𝑖𝑖 ≈ exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑚𝑚 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�+ 𝑁𝑁−𝑚𝑚 𝑀𝑀𝑓𝑓�1−𝜑𝜑𝜑𝜑 �

𝑤𝑤𝑖𝑖 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑖𝑖�∑𝑗𝑗=1𝑚𝑚 exp�1−𝜑𝜑𝜑𝜑 𝑢𝑢𝑗𝑗�+ 𝑁𝑁−𝑚𝑚 exp�12�1−𝜑𝜑𝜑𝜑 �2 𝜎𝜎𝑓𝑓2�

𝑤𝑤𝑖𝑖 𝜑𝜑=1 2 𝑒𝑒𝑢𝑢𝑖𝑖∑𝑗𝑗=1𝑚𝑚 𝑒𝑒𝑢𝑢𝑗𝑗+ 𝑁𝑁−𝑚𝑚 𝑒𝑒𝜎𝜎𝑓𝑓2 2

𝑈𝑈𝑈𝑈 = �� 𝑑̂𝑑𝑖𝑖(𝑣𝑣�⃗ )𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 (𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖)𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼
.

∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1 ≤ 𝐵𝐵𝐵𝐵 𝑦̄𝑦
∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1 𝐵𝐵𝐵𝐵 𝑦̄𝑦

  (33)

In this function, the 

𝜎𝜎𝜎𝜎𝑓𝑓𝑓𝑓𝜑𝜑𝜑𝜑 𝜑𝜑𝜑𝜑

𝑈𝑈𝑈𝑈 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼
on, the xi ar𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖 on efficie

η𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣
 are the quantities of fuel 

consumed in physical terms (litres or kilograms), the 

𝜎𝜎𝜎𝜎𝑓𝑓𝑓𝑓𝜑𝜑𝜑𝜑 𝜑𝜑𝜑𝜑

𝑈𝑈𝑈𝑈 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼

𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖  a
the η𝛥̂𝛥𝑖𝑖𝑖𝑖(𝑣⃗𝑣)

are conversion efficiencies (for instance, conversion 
of combustible fuels into heat in a stove), while the 

𝜎𝜎𝜎𝜎𝑓𝑓𝑓𝑓𝜑𝜑𝜑𝜑 𝜑𝜑𝜑𝜑

𝑈𝑈𝑈𝑈 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼

𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖  
the ηi ar𝛥̂𝛥𝑖𝑖𝑖𝑖(𝑣⃗𝑣) ar

 are energy density factors that convert physical 
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all i-independent factors into an overall coefficient 

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝑣⃗𝑣
α α

α

𝐵𝐵𝐵𝐵 𝑦𝑦 ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 ≤ 𝐵𝐵𝐵𝐵 𝑦𝑦
∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦

𝑆𝑆 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖
λ

𝜕𝜕𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑥𝑥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼− �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗 =1

�𝛼𝛼 − − 𝜆𝜆𝛥𝛥𝑖𝑖𝑖𝑖
on – the one in

ient [𝐶𝐶(𝑣⃗𝑣)] tha𝑣⃗𝑣 how that𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗ 𝑣𝑣→𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼
η𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣
𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

 that depends on the (still unspecified) 
parameters 

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝑣⃗𝑣
α α

α

𝐵𝐵𝐵𝐵 𝑦𝑦 ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 ≤ 𝐵𝐵𝐵𝐵 𝑦𝑦
∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦

𝑆𝑆 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖
λ

𝜕𝜕𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑥𝑥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼− �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗 �𝛼𝛼 − − 𝜆𝜆𝛥𝛥𝑖𝑖𝑖𝑖
indepe 𝐶𝐶 𝑣⃗𝑣
[𝑣⃗𝑣], E 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗ 𝑣𝑣→𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

η𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣
𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

, Equation 37 can be rearranged to 
show that
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U=[∑
i=1

M piv 

ii

ii x i 
]

1


. (33)

In this function, the xi are the quantities of fuel consumed in physical terms (litres or kilograms), the i  
are conversion efficiencies (for instance, conversion of combustible fuels into heat in a stove), while 
the ηi are energy density factors that convert physical quantities into their energy equivalents. The 
p iv   are coefficients within the utility function that express the degree of preference for one fuel over 

another – an interpretation for these parameters will emerge later in the analysis that justifies the choice 
of notation. The p iv   potentially depend on a vector of parameters v  that is currently unspecified. 
The parameter α is characteristic of CES utility functions and interpolates between pure-complement (α 

= 0) and pure-substitution (α = 1) utility functions.

FINDING THE OPTIMAL ALLOCATION

Consumers with utility described by Equation (33) are assumed to face an energy budget constraint 
B y  , which grows with average income, so that

∑
i=1

M

pi x iB y  , (34)

where the pi are fuel prices in volumetric terms (e.g., USD per litre). Because the utility function is 
strictly increasing in energy consumption, it can be assumed that the entire budget will be spent, and so 
the inequality (34) can be replaced with an equality,

∑
i=1

M

pi x i=B y  . (35)

The consumer seeks to maximize utility subject to his or her budget constraint, so the objective 
function is

S=[∑
i=1

M pi v 

ii

ii x i 
]

1

B y −∑

i=1

M

pi x i , (36)

where λ is a Lagrange multiplier. The optimum conditions are that

∂ S

∂ xi

=
p iv 

ii

iiii x i
−1[∑

j=1

M p j v 

 j j

 j j x j 
]

1

−1

− pi = 0 . (37)

The most complex factor in this expression – the one in brackets – is independent of i. Combining all i-
independent factors into an overall coefficient C v   that depends on the (still unspecified) parameters 
v , Equation (37) can be rearranged to show that

ii x i=C v  p iv 

p i


1
1−

. (38)

That is, the energy-content corrected consumption of fuels ηixi declines as the price pi increases and 
rises as the coefficient p iv   increases.
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   (38)

That is, the energy-content corrected consumption of 
fuels 

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝑣⃗𝑣
α α

α

𝐵𝐵𝐵𝐵 𝑦𝑦 ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 ≤ 𝐵𝐵𝐵𝐵 𝑦𝑦
∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦

𝑆𝑆 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖
λ

𝜕𝜕𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑥𝑥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼− �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗 �𝛼𝛼 − − 𝜆𝜆𝛥𝛥𝑖𝑖𝑖𝑖
𝐶𝐶 𝑣⃗𝑣𝑣⃗𝑣 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝐶𝐶 𝑣⃗𝑣) �𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗ 𝑣𝑣→𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

uels [ηixi] d𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣
𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

 declines as the price 

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝑣⃗𝑣
α α

α

𝐵𝐵𝐵𝐵 𝑦𝑦 ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 ≤ 𝐵𝐵𝐵𝐵 𝑦𝑦
∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦

𝑆𝑆 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖
λ

𝜕𝜕𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑥𝑥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼− �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗 �𝛼𝛼 − − 𝜆𝜆𝛥𝛥𝑖𝑖𝑖𝑖
𝐶𝐶 𝑣⃗𝑣𝑣⃗𝑣 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗ 𝑣𝑣→𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

η rice [pi] in𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣
𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

 increases, and rises 
as the coefficient 

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝑣⃗𝑣
α α

α

𝐵𝐵𝐵𝐵 𝑦𝑦 ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 ≤ 𝐵𝐵𝐵𝐵 𝑦𝑦
∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦

𝑆𝑆 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖
λ

𝜕𝜕𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑥𝑥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼− �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗 �𝛼𝛼 − − 𝜆𝜆𝛥𝛥𝑖𝑖𝑖𝑖
𝐶𝐶 𝑣⃗𝑣𝑣⃗𝑣 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗ 𝑣𝑣→𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

-content corre η
cient [𝛥̂𝛥𝑖𝑖𝑖𝑖(𝑣⃗𝑣)] in

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣
𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

 increases.

4.3 Reference prices

The expression on the right-hand side of Equation 38 
suggests an interpretation of the utility coefficients 

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝑣⃗𝑣
α α

α

𝐵𝐵𝐵𝐵 𝑦𝑦 ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 ≤ 𝐵𝐵𝐵𝐵 𝑦𝑦
∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦

𝑆𝑆 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖
λ

𝜕𝜕𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑥𝑥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼− �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗 �𝛼𝛼 − − 𝜆𝜆𝛥𝛥𝑖𝑖𝑖𝑖
𝐶𝐶 𝑣⃗𝑣𝑣⃗𝑣 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗ 𝑣𝑣→𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

-content corre η
cient [𝛥̂𝛥𝑖𝑖𝑖𝑖(𝑣⃗𝑣)] in

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣
𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

. They can be thought of as the threshold 
prices at which a consumer finds each fuel desirable. 
When the price 

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝑣⃗𝑣
α α

α

𝐵𝐵𝐵𝐵 𝑦𝑦 ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 ≤ 𝐵𝐵𝐵𝐵 𝑦𝑦
∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦

𝑆𝑆 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖
λ

𝜕𝜕𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑥𝑥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼− �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗 �𝛼𝛼 − − 𝜆𝜆𝛥𝛥𝑖𝑖𝑖𝑖
𝐶𝐶 𝑣⃗𝑣𝑣⃗𝑣 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗ 𝑣𝑣→𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

η rice [pi] in𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣
𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

 of a fuel exceeds the coefficient 
value, then the ratio in parentheses in Equation 38 is 
less than one, reflecting its lower desirability; when the 
price falls below the coefficient value, then the ratio in 
parentheses is greater than one, reflecting desirability. 
The coefficients 

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝑣⃗𝑣
α α

α

𝐵𝐵𝐵𝐵 𝑦𝑦 ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 ≤ 𝐵𝐵𝐵𝐵 𝑦𝑦
∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦

𝑆𝑆 �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖 �𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑖𝑖𝑥𝑥𝑖𝑖𝑖𝑖𝑀𝑀𝑀𝑀𝑖𝑖𝑖𝑖
λ

𝜕𝜕𝜕𝜕𝑆𝑆𝜕𝜕𝜕𝜕𝑥𝑥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼− �� 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝛼𝛼𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗 �𝛼𝛼 − − 𝜆𝜆𝛥𝛥𝑖𝑖𝑖𝑖
𝐶𝐶 𝑣⃗𝑣𝑣⃗𝑣 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗ 𝑣𝑣→𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

-content corre η
cient [𝛥̂𝛥𝑖𝑖𝑖𝑖(𝑣⃗𝑣)] in

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣
𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

 will be referred to as ‘reference 
prices’ in the rest of this document.

The reference prices can be formulated in a convenient 
way. If all that a consumer wanted from a fuel was 
the energy services it provided, then they would set 
their reference prices to scale with the product of 
efficiency and energy density nsity [𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖]. T

ook for man

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗
π 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥 𝛾𝛾𝑖𝑖𝑖𝑖 𝑦𝑦
γ

𝑦𝑦 𝑣⃗𝑣𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝐶𝐶 𝑣⃗𝑣 𝑣⃗𝑣 𝑦𝑦 𝛥𝛥
𝐶𝐶 𝑦𝑦 𝛥𝛥

𝐵𝐵𝐵𝐵 𝑦𝑦 𝐶𝐶 𝑦𝑦 𝛥𝛥 � �𝛥𝛥𝑖𝑖𝑖𝑖 𝑦𝑦 𝛥𝛥𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼 𝛥𝛥𝑖𝑖𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖
𝑀𝑀𝑀𝑀
𝑖𝑖𝑖𝑖𝐶𝐶 𝑦𝑦 𝛥𝛥

𝑥𝑥𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 �� �𝛥𝛥𝑗𝑗𝑗𝑗 𝑦𝑦 𝛥𝛥𝛥𝛥𝑗𝑗𝑗𝑗 � −𝛼𝛼 𝛥𝛥𝑗𝑗𝑗𝑗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖
𝑀𝑀𝑀𝑀
𝑗𝑗𝑗𝑗 �− �𝛥𝛥𝑖𝑖𝑖𝑖 𝑦𝑦 𝛥𝛥𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

. That is, prices in 
terms of energy services provided should be identical. 
However, people look for many characteristics other 
than energy services in a fuel, such as convenience 
and the taste they impart to foods. Even for closely 
substitutable fuels, such as ethanol and petrol, people 
may in some circumstances think one of them less 
attractive. For example, biofuels may be thought less 
desirable because they have a lower energy density than 
their fossil equivalents, and so require more frequent 
fill-ups, or because they are not seen as sufficiently 
‘modern’. Alternatively, consumers may see biofuels 
as more attractive because they are seen as ‘green’. For 
this reason, reference prices are expected to have the 
following form:

𝑆𝑆 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦̄𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1

𝜕𝜕𝑆𝑆𝜕𝜕𝑥𝑥𝑖𝑖 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼−1 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑗𝑗=1 �1𝛼𝛼−1 − 𝜆𝜆𝛥𝛥𝑖𝑖

𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝑑𝑑𝑖𝑖 𝑣𝑣�⃗ ��𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝛥̂𝛥𝑖𝑖(𝑣⃗𝑣) = 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖(𝑣𝑣�⃗ ),

𝛥𝛥𝑖𝑖 𝛥𝛥𝑖𝑖0 𝛥𝛥 𝛾𝛾𝑖𝑖 𝑦̄𝑦
𝐵𝐵𝐵𝐵 𝑦̄𝑦 𝐶𝐶 𝑦̄𝑦 𝛥𝛥 � �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖

𝑀𝑀
𝑖𝑖=1

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 �� �𝑑𝑑𝑗𝑗 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑗𝑗 � 11−𝛼𝛼 𝑑𝑑𝑗𝑗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖
𝑀𝑀
𝑗𝑗=1 �−1 �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝑑𝑑𝑖𝑖 𝑠𝑠𝑖𝑖
𝑠𝑠𝑖𝑖 𝑒𝑒𝑧𝑧𝑖𝑖� 𝑒𝑒𝑧𝑧𝑗𝑗𝑀𝑀𝑗𝑗=1

    (39)

where π is a constant that is common to all fuels and 

𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣) = 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖𝑖𝑖(𝑣𝑣�⃗
π  and 𝛥𝛥𝑖𝑖𝑖𝑖 (𝑣⃗𝑣) ref

ce price is h

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥 𝛾𝛾𝑖𝑖𝑖𝑖 𝑦𝑦
γ

𝑦𝑦 𝑣⃗𝑣𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝐶𝐶 𝑣⃗𝑣 𝑣⃗𝑣 𝑦𝑦 𝛥𝛥
𝐶𝐶 𝑦𝑦 𝛥𝛥

𝐵𝐵𝐵𝐵 𝑦𝑦 𝐶𝐶 𝑦𝑦 𝛥𝛥 � �𝛥𝛥𝑖𝑖𝑖𝑖 𝑦𝑦 𝛥𝛥𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼 𝛥𝛥𝑖𝑖𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖
𝑀𝑀𝑀𝑀
𝑖𝑖𝑖𝑖𝐶𝐶 𝑦𝑦 𝛥𝛥

𝑥𝑥𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 �� �𝛥𝛥𝑗𝑗𝑗𝑗 𝑦𝑦 𝛥𝛥𝛥𝛥𝑗𝑗𝑗𝑗 � −𝛼𝛼 𝛥𝛥𝑗𝑗𝑗𝑗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖
𝑀𝑀𝑀𝑀
𝑗𝑗𝑗𝑗 �− �𝛥𝛥𝑖𝑖𝑖𝑖 𝑦𝑦 𝛥𝛥𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

 reflects a relative preference for the fuel. When 

the preference term is positive, the reference price is 
higher than expected, and so the fuel will be attractive 
at a higher than expected price. The opposite is true 
when the preference term is negative.

The preference term 

𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣) = 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖𝑖𝑖(𝑣𝑣�⃗
π  and 𝛥𝛥𝑖𝑖𝑖𝑖 (𝑣⃗𝑣) ref

ce price is h

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥 𝛾𝛾𝑖𝑖𝑖𝑖 𝑦𝑦
γ

𝑦𝑦 𝑣⃗𝑣𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝐶𝐶 𝑣⃗𝑣 𝑣⃗𝑣 𝑦𝑦 𝛥𝛥
𝐶𝐶 𝑦𝑦 𝛥𝛥

𝐵𝐵𝐵𝐵 𝑦𝑦 𝐶𝐶 𝑦𝑦 𝛥𝛥 � �𝛥𝛥𝑖𝑖𝑖𝑖 𝑦𝑦 𝛥𝛥𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼 𝛥𝛥𝑖𝑖𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖
𝑀𝑀𝑀𝑀
𝑖𝑖𝑖𝑖𝐶𝐶 𝑦𝑦 𝛥𝛥

𝑥𝑥𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 �� �𝛥𝛥𝑗𝑗𝑗𝑗 𝑦𝑦 𝛥𝛥𝛥𝛥𝑗𝑗𝑗𝑗 � −𝛼𝛼 𝛥𝛥𝑗𝑗𝑗𝑗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖
𝑀𝑀𝑀𝑀
𝑗𝑗𝑗𝑗 �− �𝛥𝛥𝑖𝑖𝑖𝑖 𝑦𝑦 𝛥𝛥𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

 can depend on many 
factors; however, the factors are expected to change 
systematically with income level. To take one example, 
when roads are poor, modern fuels that must be 
transported from cities to rural areas can be less 
convenient than traditional fuelwood. To take another 
example, people with low and uncertain incomes may 
be less able to afford an expensive but efficient device, 
even if it should save them money in the long term. 
This is consistent with the concept of the ‘energy 
ladder’, where households move through a relatively 
predictable sequence of fuels as their incomes increase 
(Hosier 1993, 2004). Preferences can also be expected 
to change over time, independent of income. Most 
importantly for this model, preferences for biofuels 
may change over time as perceptions about biofuels 
change. To capture the change in both income and 
time, the following formulation is used in the model:

𝑆𝑆 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦̄𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1

𝜕𝜕𝑆𝑆𝜕𝜕𝑥𝑥𝑖𝑖 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼−1 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑗𝑗=1 �1𝛼𝛼−1 − 𝜆𝜆𝛥𝛥𝑖𝑖

𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝑑𝑑𝑖𝑖 𝑣𝑣�⃗ ��𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝛥𝛥𝑖𝑖 𝑣⃗𝑣 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖 𝑣𝑣�⃗

𝛥𝛥𝑖𝑖 = 𝛥𝛥𝑖𝑖0(𝛥𝛥) + 𝛾𝛾𝑖𝑖ln𝑦̄𝑦,

𝐵𝐵𝐵𝐵 𝑦̄𝑦 𝐶𝐶 𝑦̄𝑦 𝛥𝛥 � �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖
𝑀𝑀
𝑖𝑖=1

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 �� �𝑑𝑑𝑗𝑗 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑗𝑗 � 11−𝛼𝛼 𝑑𝑑𝑗𝑗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖
𝑀𝑀
𝑗𝑗=1 �−1 �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝑑𝑑𝑖𝑖 𝑠𝑠𝑖𝑖
𝑠𝑠𝑖𝑖 𝑒𝑒𝑧𝑧𝑖𝑖� 𝑒𝑒𝑧𝑧𝑗𝑗𝑀𝑀𝑗𝑗=1

    (40)

The factors 
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REFERENCE PRICES

The expression on the right-hand-side of Equation (38) suggests an interpretation of the utility 
coefficients p iv  . They can be thought of as the the threshold prices at which a consumer finds each 
fuel desirable. When the price pi of a fuel exceeds the coefficient value, then the ratio in parentheses in 
Equation (38) is less than one, reflecting its lower desirability; when the price falls below the 
coefficient value, then the ratio in parentheses is greater than one, reflecting desirability. The 
coefficients p iv   will be referred to as “reference prices” henceforth.

The reference prices can be formulated in a convenient way. Note that if all that a consumer wanted out 
of a fuel were the energy services it provided, then she would set her reference prices to scale with the 
product of efficiency and energy density, ii  That is, prices in terms of energy services provided 
should be identical. However, there are many characteristics other than energy services that people look 
for in a fuel, such as convenience and the taste they impart to foods. Even for closely substitutable 
fuels, such as ethanol and petrol, people may in some circumstances think one of them less attractive. 
For example, biofuels may be thought less desirable because they have a lower energy density than 
their fossil equivalents, and so require more frequent fill-ups, or because they are not seen as 
sufficiently “modern”. Alternatively, consumers may see biofuels as more attractive because they are 
seen as “green”. For this reason, references prices are expected to have a form like the following,

p iv =i i e
i v , (39)

where π is a constant that is common to all fuels and iv   reflects a relative preference for the fuel. 
When the preference term is positive, the reference price is higher than expected, and so the fuel will be 
attractive at a higher than expected price. The opposite is true when the preference term is negative.

The preference term iv   can depend on many factors; however, the factors are expected to change 
systematically with income level. To take one example, when roads are poor, modern fuels that must be 
transported from cities to rural areas can be less convenient than traditional fuelwood. To take another 
example, people with low and uncertain incomes may be less able to afford an expensive but efficient 
device, even if it should save them money in the long term. This is consistent with the concept of the 
“energy ladder” where households move through a relatively predictable sequence of fuels as their 
incomes increase, as though they were climbing a ladder [31,32].  Preferences can also be expected to 
change over time, independent of income. Most importantly for this model, preferences for biofuels 
may change over time as perceptions about biofuels change. To capture the change in both income and 
time, the following formulation is used in the model:

i=i0t i ln y , (40)

The factors γi are income elasticities, which might be either positive (for preferred fuels, such as liquid 
fuels) or negative (for less attractive fuels, such as wood). As average income increases, the reference 
price rises for preferred fuels, and declines for undesirable fuels, as households climb the energy ladder. 
From Equations (39) and (40) it can be seen that the parameters v  that determine the reference prices 
p iv   and the coefficient C v   are the average income, and time, v=y , t  .

MULTINOMIAL LOGIT DEMAND FUNCTION

The normalization coefficient C y ,t   is determined by calculating the sum in Equation (35),
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 are income elasticities, which might be 
either positive (for preferred fuels, such as liquid fuels) 
or negative (for less attractive fuels, such as wood). As 
average income increases, the reference price rises for 
preferred fuels and declines for undesirable fuels, as 
households climb the energy ladder. From equations 
39 and 40 it can be seen that average income 
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𝑀𝑀𝑀𝑀
𝑗𝑗𝑗𝑗 �− �𝛥𝛥𝑖𝑖𝑖𝑖 𝑦𝑦 𝛥𝛥𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

, 
and time [t] are the parameters 
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When the preference term is positive, the reference price is higher than expected, and so the fuel will be 
attractive at a higher than expected price. The opposite is true when the preference term is negative.

The preference term iv   can depend on many factors; however, the factors are expected to change 
systematically with income level. To take one example, when roads are poor, modern fuels that must be 
transported from cities to rural areas can be less convenient than traditional fuelwood. To take another 
example, people with low and uncertain incomes may be less able to afford an expensive but efficient 
device, even if it should save them money in the long term. This is consistent with the concept of the 
“energy ladder” where households move through a relatively predictable sequence of fuels as their 
incomes increase, as though they were climbing a ladder [31,32].  Preferences can also be expected to 
change over time, independent of income. Most importantly for this model, preferences for biofuels 
may change over time as perceptions about biofuels change. To capture the change in both income and 
time, the following formulation is used in the model:

i=i0t i ln y , (40)

The factors γi are income elasticities, which might be either positive (for preferred fuels, such as liquid 
fuels) or negative (for less attractive fuels, such as wood). As average income increases, the reference 
price rises for preferred fuels, and declines for undesirable fuels, as households climb the energy ladder. 
From Equations (39) and (40) it can be seen that the parameters v  that determine the reference prices 
p iv   and the coefficient C v   are the average income, and time, v=y , t  .
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The normalization coefficient C y ,t   is determined by calculating the sum in Equation (35),
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𝑀𝑀𝑀𝑀
𝑗𝑗𝑗𝑗 �− �𝛥𝛥𝑖𝑖𝑖𝑖 𝑦𝑦 𝛥𝛥𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼
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𝑥𝑥𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 �� �𝛥𝛥𝑗𝑗𝑗𝑗 𝑦𝑦 𝛥𝛥𝛥𝛥𝑗𝑗𝑗𝑗 � −𝛼𝛼 𝛥𝛥𝑗𝑗𝑗𝑗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖
𝑀𝑀𝑀𝑀
𝑗𝑗𝑗𝑗 �− �𝛥𝛥𝑖𝑖𝑖𝑖 𝑦𝑦 𝛥𝛥𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

, so 
that 

𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗
π 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥 𝛾𝛾𝑖𝑖𝑖𝑖 𝑦𝑦
γ

𝑦̄𝑦 𝑣⃗𝑣𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝐶𝐶 𝑣⃗𝑣 o that 𝑣⃗𝑣 = (𝑦̄𝑦, 𝛥𝛥).
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4.4 Multinomial logit demand function
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cient 𝐶𝐶(𝑦̄𝑦, 𝛥𝛥) is

𝐵𝐵𝐵𝐵(𝑦̄𝑦) = 𝐶𝐶 𝑦𝑦 𝛥𝛥 � �𝛥𝛥𝑖𝑖𝑖𝑖 𝑦𝑦 𝛥𝛥𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼 𝛥𝛥𝑖𝑖𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖
𝑀𝑀𝑀𝑀
𝑖𝑖𝑖𝑖𝐶𝐶 𝑦𝑦 𝛥𝛥

𝑥𝑥𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 �� �𝛥𝛥𝑗𝑗𝑗𝑗 𝑦𝑦 𝛥𝛥𝛥𝛥𝑗𝑗𝑗𝑗 � −𝛼𝛼 𝛥𝛥𝑗𝑗𝑗𝑗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖
𝑀𝑀𝑀𝑀
𝑗𝑗𝑗𝑗 �− �𝛥𝛥𝑖𝑖𝑖𝑖 𝑦𝑦 𝛥𝛥𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

 is determined 
by calculating the sum in Equation 35,

𝑆𝑆 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦̄𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1

𝜕𝜕𝑆𝑆𝜕𝜕𝑥𝑥𝑖𝑖 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼−1 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑗𝑗=1 �1𝛼𝛼−1 − 𝜆𝜆𝛥𝛥𝑖𝑖

𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝑑𝑑𝑖𝑖 𝑣𝑣�⃗ ��𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝛥𝛥𝑖𝑖 𝑣⃗𝑣 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖 𝑣𝑣�⃗

𝛥𝛥𝑖𝑖 𝛥𝛥𝑖𝑖0 𝛥𝛥 𝛾𝛾𝑖𝑖 𝑦̄𝑦
𝐵𝐵𝐵𝐵(𝑦̄𝑦) = 𝐶𝐶(𝑦̄𝑦, 𝛥𝛥)� �𝑑̂𝑑𝑖𝑖(𝑦̄𝑦,𝑑𝑑)𝑑𝑑𝑖𝑖 � 11−𝛼𝛼 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖

𝑀𝑀
𝑖𝑖=1 ,

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 �� �𝑑𝑑𝑗𝑗 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑗𝑗 � 11−𝛼𝛼 𝑑𝑑𝑗𝑗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖
𝑀𝑀
𝑗𝑗=1 �−1 �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝑑𝑑𝑖𝑖 𝑠𝑠𝑖𝑖
𝑠𝑠𝑖𝑖 𝑒𝑒𝑧𝑧𝑖𝑖� 𝑒𝑒𝑧𝑧𝑗𝑗𝑀𝑀𝑗𝑗=1

 
      (41)

where the income and time dependence of the 
reference prices and the normalisation coefficient are 
shown explicitly. Solving for 

𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖𝑖𝑖 𝑣𝑣�⃗
π 𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣

𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥 𝛾𝛾𝑖𝑖𝑖𝑖 𝑦𝑦
γ

𝑦𝑦 𝑣⃗𝑣𝛥𝛥𝑖𝑖𝑖𝑖 𝑣⃗𝑣 𝐶𝐶 𝑣⃗𝑣 𝑣⃗𝑣 𝑦𝑦 𝛥𝛥
cient 𝐶𝐶(𝑦̄𝑦, 𝛥𝛥) is

𝐵𝐵𝐵𝐵(𝑦̄𝑦) = 𝐶𝐶 𝑦𝑦 𝛥𝛥 � �𝛥𝛥𝑖𝑖𝑖𝑖 𝑦𝑦 𝛥𝛥𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼 𝛥𝛥𝑖𝑖𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖
𝑀𝑀𝑀𝑀
𝑖𝑖𝑖𝑖𝐶𝐶 𝑦𝑦 𝛥𝛥

𝑥𝑥𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖 �� �𝛥𝛥𝑗𝑗𝑗𝑗 𝑦𝑦 𝛥𝛥𝛥𝛥𝑗𝑗𝑗𝑗 � −𝛼𝛼 𝛥𝛥𝑗𝑗𝑗𝑗𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖
𝑀𝑀𝑀𝑀
𝑗𝑗𝑗𝑗 �− �𝛥𝛥𝑖𝑖𝑖𝑖 𝑦𝑦 𝛥𝛥𝛥𝛥𝑖𝑖𝑖𝑖 � −𝛼𝛼

 and substituting 
into Equation 38 gives an expression for fuel 
consumption,
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𝑆𝑆 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦̄𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1

𝜕𝜕𝑆𝑆𝜕𝜕𝑥𝑥𝑖𝑖 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼−1 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑗𝑗=1 �1𝛼𝛼−1 − 𝜆𝜆𝛥𝛥𝑖𝑖

𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝑑𝑑𝑖𝑖 𝑣𝑣�⃗ ��𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝛥𝛥𝑖𝑖 𝑣⃗𝑣 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖 𝑣𝑣�⃗

𝛥𝛥𝑖𝑖 𝛥𝛥𝑖𝑖0 𝛥𝛥 𝛾𝛾𝑖𝑖 𝑦̄𝑦
𝐵𝐵𝐵𝐵 𝑦̄𝑦 𝐶𝐶 𝑦̄𝑦 𝛥𝛥 � �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖

𝑀𝑀
𝑖𝑖=1

𝑥𝑥𝑖𝑖 = 𝐵𝐵(𝑦̄𝑦)𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 �� �𝑑̂𝑑𝑗𝑗(𝑦̄𝑦,𝑑𝑑)𝑑𝑑𝑗𝑗 � 11−𝛼𝛼 𝑑𝑑𝑗𝑗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖
𝑀𝑀
𝑗𝑗=1 �−1 �𝑑̂𝑑𝑖𝑖(𝑦̄𝑦,𝑑𝑑)𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

.

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝑑𝑑𝑖𝑖 𝑠𝑠𝑖𝑖
𝑠𝑠𝑖𝑖 𝑒𝑒𝑧𝑧𝑖𝑖� 𝑒𝑒𝑧𝑧𝑗𝑗𝑀𝑀𝑗𝑗=1

 (42)

This expression predicts that energy expenditure shares 
[s

i
] will follow a multinomial logit model (Kennedy 

2003), where expenditure shares are linked to fuel 
consumption [x

i
] via

𝑆𝑆 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦̄𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1

𝜕𝜕𝑆𝑆𝜕𝜕𝑥𝑥𝑖𝑖 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼−1 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑗𝑗=1 �1𝛼𝛼−1 − 𝜆𝜆𝛥𝛥𝑖𝑖

𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝑑𝑑𝑖𝑖 𝑣𝑣�⃗ ��𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝛥𝛥𝑖𝑖 𝑣⃗𝑣 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖 𝑣𝑣�⃗

𝛥𝛥𝑖𝑖 𝛥𝛥𝑖𝑖0 𝛥𝛥 𝛾𝛾𝑖𝑖 𝑦̄𝑦
𝐵𝐵𝐵𝐵 𝑦̄𝑦 𝐶𝐶 𝑦̄𝑦 𝛥𝛥 � �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖

𝑀𝑀
𝑖𝑖=1

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 �� �𝑑𝑑𝑗𝑗 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑗𝑗 � 11−𝛼𝛼 𝑑𝑑𝑗𝑗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖
𝑀𝑀
𝑗𝑗=1 �−1 �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝑥𝑥𝑖𝑖 = 𝐵𝐵(𝑦̄𝑦)𝑑𝑑𝑖𝑖 𝑠𝑠𝑖𝑖.
𝑠𝑠𝑖𝑖 𝑒𝑒𝑧𝑧𝑖𝑖� 𝑒𝑒𝑧𝑧𝑗𝑗𝑀𝑀𝑗𝑗=1

     (43)

In the multinomial logit model,

𝑆𝑆 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑖𝑖=1 �1𝛼𝛼 𝜆𝜆 𝐵𝐵𝐵𝐵 𝑦̄𝑦 − ∑ 𝛥𝛥𝑖𝑖𝑥𝑥𝑖𝑖𝑀𝑀𝑖𝑖=1

𝜕𝜕𝑆𝑆𝜕𝜕𝑥𝑥𝑖𝑖 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼−1 �� 𝑑𝑑𝑖𝑖 𝑣𝑣�⃗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝛼𝛼𝑀𝑀𝑗𝑗=1 �1𝛼𝛼−1 − 𝜆𝜆𝛥𝛥𝑖𝑖

𝜀𝜀𝜀𝜀𝑖𝑖𝜂𝜂𝜂𝜂𝑖𝑖𝑥𝑥𝑖𝑖 𝐶𝐶 𝑣⃗𝑣 �𝑑𝑑𝑖𝑖 𝑣𝑣�⃗ ��𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝛥𝛥𝑖𝑖 𝑣⃗𝑣 𝜋𝜋𝜋𝜋𝜂𝜂𝜂𝜂𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑒𝑒𝛥𝛥𝑖𝑖 𝑣𝑣�⃗

𝛥𝛥𝑖𝑖 𝛥𝛥𝑖𝑖0 𝛥𝛥 𝛾𝛾𝑖𝑖 𝑦̄𝑦
𝐵𝐵𝐵𝐵 𝑦̄𝑦 𝐶𝐶 𝑦̄𝑦 𝛥𝛥 � �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖

𝑀𝑀
𝑖𝑖=1

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖 �� �𝑑𝑑𝑗𝑗 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑗𝑗 � 11−𝛼𝛼 𝑑𝑑𝑗𝑗𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖
𝑀𝑀
𝑗𝑗=1 �−1 �𝑑𝑑𝑖𝑖 𝑦̄𝑦 𝑑𝑑𝑑𝑑𝑖𝑖 � 11−𝛼𝛼

𝑥𝑥𝑖𝑖 𝐵𝐵 𝑦̄𝑦𝑑𝑑𝑖𝑖 𝑠𝑠𝑖𝑖
𝑠𝑠𝑖𝑖 = 𝑒𝑒𝑧𝑧𝑖𝑖� 𝑒𝑒𝑧𝑧𝑗𝑗𝑀𝑀𝑗𝑗=1 ,     (44)

where the variables 

𝑥𝑥𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦𝛥𝛥𝑖𝑖𝑖𝑖 𝑠𝑠𝑖𝑖𝑖𝑖
𝑠𝑠𝑖𝑖𝑖𝑖 𝑒𝑒 𝑧𝑧𝑖𝑖𝑖𝑖� 𝑒𝑒 𝑧𝑧𝑗𝑗𝑗𝑗𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗

ables [zi] d

quations 39 𝑧𝑧𝑖𝑖𝑖𝑖 𝛾𝛾𝑖𝑖𝑖𝑖−𝛼𝛼 𝑦𝑦 − 𝛼𝛼−𝛼𝛼 � 𝛥𝛥𝑖𝑖𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖� −𝛼𝛼 𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥
α

α

𝑥𝑥𝐵𝐵𝐵𝐵 ≥ 𝑟𝑟−𝑟𝑟 𝑥𝑥𝐹𝐹𝐹𝐹

𝑧𝑧 𝛾𝛾𝐹𝐹𝐹𝐹−𝛼𝛼 𝑦𝑦 − 𝛼𝛼−𝛼𝛼 � 𝛥𝛥𝜀𝜀𝜀𝜀𝐹𝐹𝐹𝐹 𝜂𝜂𝜂𝜂 � −𝛼𝛼 𝛥𝛥𝐹𝐹𝐹𝐹 𝛥𝛥
γ 𝛥𝛥𝐹𝐹𝐹𝐹 𝛥𝛥 𝜀𝜀𝜀𝜀𝐹𝐹𝐹𝐹

𝑥𝑥𝐹𝐹𝐹𝐹 − 𝑟𝑟 𝐵𝐵𝐵𝐵 𝑦𝑦𝛥𝛥 𝑠𝑠
𝑥𝑥𝐵𝐵𝐵𝐵 𝑟𝑟 𝐵𝐵𝐵𝐵 𝑦𝑦𝛥𝛥 𝑠𝑠 𝐵𝐵𝐵𝐵 𝑦𝑦𝛥𝛥𝐵𝐵𝐵𝐵 𝑠𝑠𝐵𝐵𝐵𝐵

 depend on prices, average 
income and time. Substituting for the reference prices 
using equations 39 and 40, the expression for the 
variables 
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B y =C  y ,t ∑
i=1

M

 pi y , t 

p i


1
1− pi

ii

, (41)

where the income and time dependence of the reference prices and the normalization coefficient are 
shown explicitly. Solving for C y ,t   and substituting into Equation (38) gives an expression for fuel 
consumption,

x i=
B y

ii
[∑j=1

M

 p j y , t 

p j


1
1− p j

ii
]
−1

 p iy , t 

p i


1
1−

. (42)

This expression predicts that energy expenditure shares si will follow a multinomial logit model [33], 
where expenditure shares are linked to fuel consumption xi via

x i=
B y

pi

si . (43)

In the multinomial logit model,

si=
e

z i

∑
j=1

M

e
z j

, (44)

where the variables zi depend on prices, average income, and time. Substituting for the reference prices 
using Equations (39) and (40), the expression for the variables zi can be shown to be

zi=
i

1−
ln y−


1−

ln pi

ii
 1

1−
i 0t const . (45)

In the model, an auxiliary Excel workbook estimates the parameters in Equation (45) using data on fuel 
shares, fuel prices, and device efficiencies in rural and urban areas. The parameters are estimated using 
Excel’s Solver facility. For both household and transport fuels the solver is run twice: in the first run 
the substitutability parameter α is set equal to 0.5. In the second run it is left free. This two-pass 
strategy avoids some problems when α = 1 in Equation (45).

IMPLEMENTING A MANDATORY BLEND RATIO

Under a mandatory blend ratio, whenever a fossil fuel is consumed, a proportional amount of an 
equivalent biofuel must also be consumed. It is permissable for more of the biofuel to be consumed, but 
not less. If the blend ratio is rblend, then the relationship between biofuel consumption xB and fossil fuel 
consumption xF, is

x B
r blend

1−rblend

xF . (46)

This is handled in the model by replacing the fossil fuel F with a blend at the mandatory blend ratio in 
the demand function. The equivalent to Equation (45) for the blended fuel is

z blend=
F

1−
ln y−


1−

ln pblend

F blend
 1

1−
F 0t const . (47)
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 can be shown to be

𝑧𝑧𝑖𝑖 = 𝛾𝛾𝑖𝑖1−𝛼𝛼 ln𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 ln � 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖�+ 11−𝛼𝛼 𝛥𝛥𝑖𝑖0 𝛥𝛥

𝑥𝑥𝐵𝐵 ≥ 𝑟𝑟1−𝑟𝑟 𝑥𝑥𝐹𝐹

𝑧𝑧 𝛾𝛾𝐹𝐹1−𝛼𝛼 𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 � 𝑑𝑑𝜀𝜀𝐹𝐹𝜂𝜂 � 11−𝛼𝛼 𝛥𝛥𝐹𝐹0 𝛥𝛥
𝑥𝑥𝐹𝐹 − 𝑟𝑟 𝐵𝐵 𝑦̄𝑦𝑑𝑑 𝑠𝑠

𝑥𝑥𝐵𝐵 𝑟𝑟 𝐵𝐵 𝑦̄𝑦𝑑𝑑 𝑠𝑠 𝐵𝐵 𝑦̄𝑦𝑑𝑑𝐵𝐵 𝑠𝑠𝐵𝐵
× ×

𝑐𝑐 ≡ 𝑐𝑐 � 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖
𝑁𝑁𝑖𝑖=1 − 𝑣𝑣

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑎𝑎𝛥𝛥 𝐷𝐷 𝑑𝑑 𝑦𝑦 −𝑆𝑆 𝐾𝐾 𝐹𝐹 𝑑𝑑𝐷𝐷 𝑑𝑑 𝑦𝑦
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿𝐾𝐾

 

          𝑧𝑧𝑖𝑖 𝛾𝛾𝑖𝑖1−𝛼𝛼 𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 � 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖�+ 11−𝛼𝛼 𝛥𝛥𝑖𝑖0(𝛥𝛥) + const.

𝑥𝑥𝐵𝐵 ≥ 𝑟𝑟1−𝑟𝑟 𝑥𝑥𝐹𝐹

𝑧𝑧 𝛾𝛾𝐹𝐹1−𝛼𝛼 𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 � 𝑑𝑑𝜀𝜀𝐹𝐹𝜂𝜂 � 11−𝛼𝛼 𝛥𝛥𝐹𝐹0 𝛥𝛥
𝑥𝑥𝐹𝐹 − 𝑟𝑟 𝐵𝐵 𝑦̄𝑦𝑑𝑑 𝑠𝑠

𝑥𝑥𝐵𝐵 𝑟𝑟 𝐵𝐵 𝑦̄𝑦𝑑𝑑 𝑠𝑠 𝐵𝐵 𝑦̄𝑦𝑑𝑑𝐵𝐵 𝑠𝑠𝐵𝐵
× ×

𝑐𝑐 ≡ 𝑐𝑐 � 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖
𝑁𝑁𝑖𝑖=1 − 𝑣𝑣

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑎𝑎𝛥𝛥 𝐷𝐷 𝑑𝑑 𝑦𝑦 −𝑆𝑆 𝐾𝐾 𝐹𝐹 𝑑𝑑𝐷𝐷 𝑑𝑑 𝑦𝑦
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿𝐾𝐾

   (45)

In the model, an auxiliary Excel workbook estimates 
the parameters in Equation 45 using data on fuel 
shares, fuel prices and device efficiencies in rural and 
urban areas. The parameters are estimated using Excel’s 
Solver facility. For both household and transport 
fuels, the solver is run twice: in the first run the 
substitutability parameter a  is set equal to 0.5; in the 
second run it is left free. This two-pass strategy avoids 
some problems when 1=a  in Equation 45.

4.5 Implementing a mandatory 
blend ratio

Under a mandatory blend ratio, whenever a fossil fuel 
is consumed, a proportional amount of an equivalent 
biofuel must also be consumed. It is permissible for more 
of the biofuel to be consumed, but not less. If the blend 
ratio is 
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where the income and time dependence of the reference prices and the normalization coefficient are 
shown explicitly. Solving for C y ,t   and substituting into Equation (38) gives an expression for fuel 
consumption,
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This expression predicts that energy expenditure shares si will follow a multinomial logit model [33], 
where expenditure shares are linked to fuel consumption xi via

x i=
B y

pi

si . (43)

In the multinomial logit model,

si=
e

z i

∑
j=1

M

e
z j

, (44)

where the variables zi depend on prices, average income, and time. Substituting for the reference prices 
using Equations (39) and (40), the expression for the variables zi can be shown to be

zi=
i

1−
ln y−


1−

ln pi

ii
 1

1−
i 0t const . (45)

In the model, an auxiliary Excel workbook estimates the parameters in Equation (45) using data on fuel 
shares, fuel prices, and device efficiencies in rural and urban areas. The parameters are estimated using 
Excel’s Solver facility. For both household and transport fuels the solver is run twice: in the first run 
the substitutability parameter α is set equal to 0.5. In the second run it is left free. This two-pass 
strategy avoids some problems when α = 1 in Equation (45).

IMPLEMENTING A MANDATORY BLEND RATIO

Under a mandatory blend ratio, whenever a fossil fuel is consumed, a proportional amount of an 
equivalent biofuel must also be consumed. It is permissable for more of the biofuel to be consumed, but 
not less. If the blend ratio is rblend, then the relationship between biofuel consumption xB and fossil fuel 
consumption xF, is

x B
r blend

1−rblend

xF . (46)

This is handled in the model by replacing the fossil fuel F with a blend at the mandatory blend ratio in 
the demand function. The equivalent to Equation (45) for the blended fuel is

z blend=
F

1−
ln y−


1−

ln pblend

F blend
 1

1−
F 0t const . (47)

17

, then the relationship between biofuel 
consumption 

𝑥𝑥𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦𝛥𝛥𝑖𝑖𝑖𝑖 𝑠𝑠𝑖𝑖𝑖𝑖
𝑠𝑠𝑖𝑖𝑖𝑖 𝑒𝑒 𝑧𝑧𝑖𝑖𝑖𝑖� 𝑒𝑒 𝑧𝑧𝑗𝑗𝑗𝑗𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗

𝑧𝑧𝑖𝑖𝑖𝑖 𝛾𝛾𝑖𝑖𝑖𝑖−𝛼𝛼 𝑦𝑦 − 𝛼𝛼−𝛼𝛼 � 𝛥𝛥𝑖𝑖𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖� −𝛼𝛼 𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥
α

α

uel to be cons

ption [xB] a

𝑥𝑥𝐵𝐵𝐵𝐵 ≥ 𝑟𝑟−𝑟𝑟 𝑥𝑥𝐹𝐹𝐹𝐹

𝑧𝑧 𝛾𝛾𝐹𝐹𝐹𝐹−𝛼𝛼 𝑦𝑦 − 𝛼𝛼−𝛼𝛼 � 𝛥𝛥𝜀𝜀𝜀𝜀𝐹𝐹𝐹𝐹 𝜂𝜂𝜂𝜂 � −𝛼𝛼 𝛥𝛥𝐹𝐹𝐹𝐹 𝛥𝛥
γ 𝛥𝛥𝐹𝐹𝐹𝐹 𝛥𝛥 𝜀𝜀𝜀𝜀𝐹𝐹𝐹𝐹

𝑥𝑥𝐹𝐹𝐹𝐹 − 𝑟𝑟 𝐵𝐵𝐵𝐵 𝑦𝑦𝛥𝛥 𝑠𝑠
𝑥𝑥𝐵𝐵𝐵𝐵 𝑟𝑟 𝐵𝐵𝐵𝐵 𝑦𝑦𝛥𝛥 𝑠𝑠 𝐵𝐵𝐵𝐵 𝑦𝑦𝛥𝛥𝐵𝐵𝐵𝐵 𝑠𝑠𝐵𝐵𝐵𝐵

 and fossil fuel consumption 

𝑥𝑥𝑖𝑖𝑖𝑖 𝐵𝐵𝐵𝐵 𝑦𝑦𝛥𝛥𝑖𝑖𝑖𝑖 𝑠𝑠𝑖𝑖𝑖𝑖
𝑠𝑠𝑖𝑖𝑖𝑖 𝑒𝑒 𝑧𝑧𝑖𝑖𝑖𝑖� 𝑒𝑒 𝑧𝑧𝑗𝑗𝑗𝑗𝑀𝑀𝑀𝑀𝑗𝑗𝑗𝑗

𝑧𝑧𝑖𝑖𝑖𝑖 𝛾𝛾𝑖𝑖𝑖𝑖−𝛼𝛼 𝑦𝑦 − 𝛼𝛼−𝛼𝛼 � 𝛥𝛥𝑖𝑖𝑖𝑖𝜀𝜀𝜀𝜀𝑖𝑖𝑖𝑖𝜂𝜂𝜂𝜂 𝑖𝑖𝑖𝑖� −𝛼𝛼 𝛥𝛥𝑖𝑖𝑖𝑖 𝛥𝛥
α

α

e blend ratio

ption [xF] is 𝑥𝑥𝐵𝐵𝐵𝐵 ≥ 𝑟𝑟−𝑟𝑟 𝑥𝑥𝐹𝐹𝐹𝐹

𝑧𝑧 𝛾𝛾𝐹𝐹𝐹𝐹−𝛼𝛼 𝑦𝑦 − 𝛼𝛼−𝛼𝛼 � 𝛥𝛥𝜀𝜀𝜀𝜀𝐹𝐹𝐹𝐹 𝜂𝜂𝜂𝜂 � −𝛼𝛼 𝛥𝛥𝐹𝐹𝐹𝐹 𝛥𝛥
γ 𝛥𝛥𝐹𝐹𝐹𝐹 𝛥𝛥 𝜀𝜀𝜀𝜀𝐹𝐹𝐹𝐹

𝑥𝑥𝐹𝐹𝐹𝐹 − 𝑟𝑟 𝐵𝐵𝐵𝐵 𝑦𝑦𝛥𝛥 𝑠𝑠
𝑥𝑥𝐵𝐵𝐵𝐵 𝑟𝑟 𝐵𝐵𝐵𝐵 𝑦𝑦𝛥𝛥 𝑠𝑠 𝐵𝐵𝐵𝐵 𝑦𝑦𝛥𝛥𝐵𝐵𝐵𝐵 𝑠𝑠𝐵𝐵𝐵𝐵

 is

𝑧𝑧𝑖𝑖 𝛾𝛾𝑖𝑖1−𝛼𝛼 𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 � 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖� 11−𝛼𝛼 𝛥𝛥𝑖𝑖0 𝛥𝛥

𝑥𝑥𝐵𝐵 ≥ 𝑟𝑟blend1−𝑟𝑟blend
𝑥𝑥𝐹𝐹.

𝑧𝑧 𝛾𝛾𝐹𝐹1−𝛼𝛼 𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 � 𝑑𝑑𝜀𝜀𝐹𝐹𝜂𝜂 � 11−𝛼𝛼 𝛥𝛥𝐹𝐹0 𝛥𝛥
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That is, the price and energy density are calculated by 
averaging with the blending fraction, but the demand 
parameters 
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That is, the price and energy density are calculated by averaging with the blending fraction, but the 
demand parameters γF and  F 0t   and the device efficiency F  are those of the corresponding fossil 
fuel. Consumption of the equivalent fossil fuel and biofuel are then calculated as

x F=1−rblend 
B y

pblend

sblend (48a)

and

x B=rblend

B y 
pblend

s blend
B y

pB

s B . (48b)

This ensures that demand for the biofuel is at least at the level given by the mandatory blending target, 
but may also be higher if there is demand for the biofuel independent of the blending target.

Production and prices

Prices are determined within a dynamic equilibrium-seeking framework. In this equilibrium-seeking 
model, at any given time there are potentially distinct prices for each type of consumer – rural, urban, 
and international. Within the country, prices for each consumer category can be affected by transport 
costs, local demand patterns, taxes, and subsidies. International prices are determined, fundamentally, 
by the free on-board (FOB) price of fuels as determined in international markets, but are further 
influenced by costs at port, domestic taxes, subsidies, and tariffs.

Feedstock producers respond to the domestic price. Biofuel producers respond to an average of 
international and domestic prices, based on the share of total biofuel production that is exported rather 
than consumed domestically. That is,

producer price = export share  int’l price + (1 – export share)  domestic price. (49)

Producers respond to prices in two ways. First, sufficiently high expected profit (which depend on 
prices) drives investment, leading to increased production. Second, if prices fall below operating costs, 
then producers reduce their production. They compare the production cost, calculated as

cprod≡crecur∑
i=1

N p i

i

−vby (50)

to the producer price, pprod, and, if the price falls sufficiently far below production costs, they reduce 
production X to a fraction of the maximum, following the curve in Figure 2.
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are those of the corresponding fossil fuel. Consumption 
of the equivalent fossil fuel and biofuel are then 
calculated as

𝑧𝑧𝑖𝑖 𝛾𝛾𝑖𝑖1−𝛼𝛼 𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 � 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖� 11−𝛼𝛼 𝛥𝛥𝑖𝑖0 𝛥𝛥

𝑥𝑥𝐵𝐵 ≥ 𝑟𝑟1−𝑟𝑟 𝑥𝑥𝐹𝐹

𝑧𝑧 𝛾𝛾𝐹𝐹1−𝛼𝛼 𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 � 𝑑𝑑𝜀𝜀𝐹𝐹𝜂𝜂 � 11−𝛼𝛼 𝛥𝛥𝐹𝐹0 𝛥𝛥
𝑥𝑥𝐹𝐹 = (1 − 𝑟𝑟blend)

𝐵𝐵(𝑦̄𝑦)𝑑𝑑blend
𝑠𝑠blend

𝑥𝑥𝐵𝐵 𝑟𝑟 𝐵𝐵 𝑦̄𝑦𝑑𝑑 𝑠𝑠 𝐵𝐵 𝑦̄𝑦𝑑𝑑𝐵𝐵 𝑠𝑠𝐵𝐵
× ×

𝑐𝑐 ≡ 𝑐𝑐 � 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖
𝑁𝑁𝑖𝑖=1 − 𝑣𝑣

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑎𝑎𝛥𝛥 𝐷𝐷 𝑑𝑑 𝑦𝑦 −𝑆𝑆 𝐾𝐾 𝐹𝐹 𝑑𝑑𝐷𝐷 𝑑𝑑 𝑦𝑦
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿𝐾𝐾

   (48a)

and

𝑧𝑧𝑖𝑖 𝛾𝛾𝑖𝑖1−𝛼𝛼 𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 � 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖� 11−𝛼𝛼 𝛥𝛥𝑖𝑖0 𝛥𝛥

𝑥𝑥𝐵𝐵 ≥ 𝑟𝑟1−𝑟𝑟 𝑥𝑥𝐹𝐹

𝑧𝑧 𝛾𝛾𝐹𝐹1−𝛼𝛼 𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 � 𝑑𝑑𝜀𝜀𝐹𝐹𝜂𝜂 � 11−𝛼𝛼 𝛥𝛥𝐹𝐹0 𝛥𝛥
𝑥𝑥𝐹𝐹 − 𝑟𝑟 𝐵𝐵 𝑦̄𝑦𝑑𝑑 𝑠𝑠

𝑥𝑥𝐵𝐵 = 𝑟𝑟blend
𝐵𝐵(𝑦̄𝑦)𝑑𝑑blend

𝑠𝑠blend +
𝐵𝐵(𝑦̄𝑦)𝑑𝑑𝐵𝐵 𝑠𝑠𝐵𝐵.

× ×

𝑐𝑐 ≡ 𝑐𝑐 � 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖
𝑁𝑁𝑖𝑖=1 − 𝑣𝑣

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑎𝑎𝛥𝛥 𝐷𝐷 𝑑𝑑 𝑦𝑦 −𝑆𝑆 𝐾𝐾 𝐹𝐹 𝑑𝑑𝐷𝐷 𝑑𝑑 𝑦𝑦
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿𝐾𝐾

  (48b)

This ensures that demand for the biofuel is at least at 
the level given by the mandatory blending target, but 
may also be higher if there is demand for the biofuel 
independent of the blending target.



5. Production and prices

For vertically integrated operations, production as a 
share of the maximum is determined by production 
costs relative to biofuel price. In the model, the 
capital flowing to feedstock production and to 
biofuel production in vertically integrated operations 
is tracked separately from investments made in 
strictly feedstock or strictly biofuel operations. The 
model distinguishes between vertically integrated 
and independent fuel and feedstock operations 
by the capital stock invested in each type of 
operation. Because capital stock is removed through 
depreciation, this accounts for the withdrawal of 
vertically integrated or independent operations from 
the market.

5.1 International fuel prices

Fossil fuel prices are set exogenously, as the price 
that prevails in international markets, the FOB 
price. It is assumed that at an international level, 
biofuels receive a premium or a penalty relative to the 
equivalent fossil fuel. For example, ethanol has about 
65% of the energy density of petrol, and so the FOB 
price of ethanol in the model is 65% of the price of 
petrol, multiplied by a markup (or markdown) that 
captures the preference on the international market 
for biofuels compared to fossil fuels. This gives an 

Figure 2. Production response to producer price 

and costs
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Prices are determined within a dynamic equilibrium-
seeking framework. In this equilibrium-seeking 
model, at any given time, there are potentially 
distinct prices for each type of consumer – rural, 
urban and international. Within the country, 
prices for each consumer category can be affected 
by transport costs, local demand patterns, taxes 
and subsidies. International prices are determined, 
fundamentally, by the free on-board (FOB) price of 
fuels as determined in international markets, but are 
further influenced by costs at port, domestic taxes, 
subsidies and tariffs.

Feedstock producers respond to the domestic 
price. Biofuel producers respond to an average of 
international and domestic prices, based on the share 
of total biofuel production that is exported rather 
than consumed domestically. That is,

producer price = export share ×  
international price + (1 – export share) ×  
domestic price      (49)

Producers respond to prices in two ways. First, 
sufficiently high expected profit (which depends 
on prices) drives investment, leading to increased 
production. Second, if prices fall below operating 
costs, then producers reduce their production. They 
compare the producer price 

× ×

 prices fall be

 price [pprod] to t
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× ×

𝑐𝑐prod ≡ 𝑐𝑐recur + � 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖
𝑁𝑁𝑖𝑖=1 − 𝑣𝑣by.

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑎𝑎𝛥𝛥 𝐷𝐷 𝑑𝑑 𝑦𝑦 −𝑆𝑆 𝐾𝐾 𝐹𝐹 𝑑𝑑𝐷𝐷 𝑑𝑑 𝑦𝑦
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  (50)

If the price falls sufficiently far below production 
costs, they reduce production [X] to a fraction of the 
maximum, following the curve in Figure 2.

The producer price for feedstocks is set to the 
domestic producer price. For biofuels, it is set to 
the international producer price, partly because 
of practical limitations of the model, but mainly 
because the biofuel market is directed primarily at an 
external market.
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adjusted FOB price. For internationally traded 
fuels, domestic and international producer prices are 
calculated as

adjusted FOB price + freight, wharfage, etc. = 
landed price
 + taxes and levies = domestic price
 + domestic subsidies = domestic producer price
adjusted FOB price + export taxes + export subsidies 
= international producer price.   (51)

5.2 Domestic fuel prices

Domestic fuel prices are calculated with an 
equilibrium-seeking algorithm. Because most of the 
cross-fuel and cross-business model interactions are 
captured either by the investment or demand models 
described in previous sections, a simplified notation is 
used in this section to explain the algorithm. In this 
simplified notation most subscripts are suppressed.

Once a biofuel producing facility has been 
established, its maximum capacity is limited either 
by the availability of capital [K] or feedstock [F]. As 
discussed above, if the price [p] falls too low, then it 
will run at a fraction of its maximum capacity, so the 
supply of biofuel [S(K, F, p)] depends on K, F, and 
p. The demand [D(p, y)] is calculated as described in 
Section 4, based on prices [p] and income [y]. Capital 
[K] is lost from depreciation, with a coefficient d6 @ 
and is increased by investment [I(p)], where the 
amount of investment depends on prevailing prices.
Prices adjust upward or downward depending 
on whether demand is greater than or less than 
supply (Quandt 1988, Ferguson 1998, Hallegatte 
et al. 2008),

𝑧𝑧𝑖𝑖 𝛾𝛾𝑖𝑖1−𝛼𝛼 𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 � 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖� 11−𝛼𝛼 𝛥𝛥𝑖𝑖0 𝛥𝛥

𝑥𝑥𝐵𝐵 ≥ 𝑟𝑟1−𝑟𝑟 𝑥𝑥𝐹𝐹

𝑧𝑧 𝛾𝛾𝐹𝐹1−𝛼𝛼 𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 � 𝑑𝑑𝜀𝜀𝐹𝐹𝜂𝜂 � 11−𝛼𝛼 𝛥𝛥𝐹𝐹0 𝛥𝛥
𝑥𝑥𝐹𝐹 − 𝑟𝑟 𝐵𝐵 𝑦̄𝑦𝑑𝑑 𝑠𝑠

𝑥𝑥𝐵𝐵 𝑟𝑟 𝐵𝐵 𝑦̄𝑦𝑑𝑑 𝑠𝑠 𝐵𝐵 𝑦̄𝑦𝑑𝑑𝐵𝐵 𝑠𝑠𝐵𝐵
× ×

𝑐𝑐 ≡ 𝑐𝑐 � 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖
𝑁𝑁𝑖𝑖=1 − 𝑣𝑣

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑎𝑎𝛥𝛥 𝐷𝐷(𝑑𝑑,𝑦𝑦)−𝑆𝑆(𝐾𝐾,𝐹𝐹,𝑑𝑑)𝐷𝐷(𝑑𝑑,𝑦𝑦) ,

𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 = 𝐼𝐼(𝛥𝛥) − 𝛿𝛿𝐾𝐾
   (52)

where a, which has units of inverse time, is a constant 
that relates excess demand to changes in price. The 
stock of capital changes due to investment and 
depreciation,

𝑧𝑧𝑖𝑖 𝛾𝛾𝑖𝑖1−𝛼𝛼 𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 � 𝑑𝑑𝑖𝑖𝜀𝜀𝑖𝑖𝜂𝜂𝑖𝑖� 11−𝛼𝛼 𝛥𝛥𝑖𝑖0 𝛥𝛥

𝑥𝑥𝐵𝐵 ≥ 𝑟𝑟1−𝑟𝑟 𝑥𝑥𝐹𝐹

𝑧𝑧 𝛾𝛾𝐹𝐹1−𝛼𝛼 𝑦̄𝑦 − 𝛼𝛼1−𝛼𝛼 � 𝑑𝑑𝜀𝜀𝐹𝐹𝜂𝜂 � 11−𝛼𝛼 𝛥𝛥𝐹𝐹0 𝛥𝛥
𝑥𝑥𝐹𝐹 − 𝑟𝑟 𝐵𝐵 𝑦̄𝑦𝑑𝑑 𝑠𝑠

𝑥𝑥𝐵𝐵 𝑟𝑟 𝐵𝐵 𝑦̄𝑦𝑑𝑑 𝑠𝑠 𝐵𝐵 𝑦̄𝑦𝑑𝑑𝐵𝐵 𝑠𝑠𝐵𝐵
× ×

𝑐𝑐 ≡ 𝑐𝑐 � 𝑑𝑑𝑖𝑖𝜋𝜋𝑖𝑖
𝑁𝑁𝑖𝑖=1 − 𝑣𝑣

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑎𝑎𝛥𝛥 𝐷𝐷 𝑑𝑑 𝑦𝑦 −𝑆𝑆 𝐾𝐾 𝐹𝐹 𝑑𝑑𝐷𝐷 𝑑𝑑 𝑦𝑦
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 = 𝐼𝐼(𝛥𝛥) − 𝛿𝛿𝐾𝐾.     (53)

Together, equations 52 and 53 provide a dynamic, 
equilibrium-seeking behaviour in which consumers 
and producers move toward the price at which 
demand and supply are equal. Since various factors 
influencing demand and supply change over time in 

the model, it is possible that the equilibrium is never 
reached, and is always being sought – as in many 
real markets.

Additional features are added to this model to 
capture the fact that there are different kinds of 
producers (large and small scale) and different 
markets (rural, urban and international). First, 
prices in any market are adjusted by transport 
costs. It is assumed that small-scale producers are 
located in rural areas, while large-scale producers 
are assumed to be located close to urban areas (and 
international ports). Thus, transport costs between 
small-scale producers and rural consumers are lower 
than those between small-scale producers and urban 
consumers. Second, domestic prices do not rise above 
international prices. For example, if a rural consumer 
can get a better price by buying fuel imports, despite 
the cost of transporting the product from a port, 
then they will do that, rather than buying a local 
product. Third, both large and small producers sell 
into the rural, urban and international markets, with 
shares determined by price. Denoting the producer 
price in urban areas (corrected for transport costs) 
as p

U
, in rural areas as p

R
, and internationally as p

I
, a 

producer’s urban share [s
U
] is calculated as𝑠𝑠𝑈𝑈 = 𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘/𝑝𝑝𝐼𝐼𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘/𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝑅𝑅𝑘𝑘/𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝐼𝐼𝑘𝑘/𝑝𝑝𝐼𝐼.

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏𝛥𝛥 𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝐾𝐾 𝑑𝑑𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾

𝑑𝑑𝐾𝐾 𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥𝑘𝑘 𝛥𝛥
𝑘𝑘 𝛥𝛥 ≡ 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑 − 𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑘𝑘 𝛥𝛥 ≈ − � 𝑑𝑑𝑑𝑑 �𝛼𝛼+𝛽𝛽

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 𝑘𝑘𝛥𝛥 𝑘𝑘 𝛥𝛥 𝑘𝑘𝛥𝛥𝛥𝛥𝑘𝑘 𝛥𝛥 �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ −𝑘𝑘 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥

  (54)

The rural and international shares are calculated 
similarly. The factor k/p

I
 is a common scaling factor 

for all terms. The international price [p
I
] ensures 

correct units and a reasonable scale. The constant [k] 
is set to k = 1 in the model.

Because producers shift between markets based on 
shares, while consumers are assumed to buy the 
least expensive option, consumer prices can drop 
slightly below the international price if the local 
market is saturated, but they will not rise above the 
international price.

5.3 Feedstock prices

As with domestic fuel prices, feedstock prices are 
determined by an equilibrium-seeking algorithm, and 
the presentation uses a simplified notation. In the 
case of feedstocks, demand [D(K

fuel
)] is determined 

by the capital invested in fuel production [K
fuel

] 
and non-bioenergy demand [D

other
(p)]. A baseline 

trajectory for non-bioenergy demand for feedstocks 



16   Eric Kemp-Benedict

is specified exogenously; otherwise, demand responds 
to changes in price relative to the previous time-
step through an elasticity. Supply [S(K

feedstock
, p)] is 

determined by the capital invested in feedstocks 
[K

feedstocks
] and possibly also price [p], if it falls low 

enough that feedstock producers operate below their 
maximum level. Investments in fuel production 
[I

fuel
(p)] and feedstock production [I

feedstock
(p)] are 

each influenced by the feedstock price, [p]. The 
equation is then

𝑠𝑠𝑈𝑈 𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝑅𝑅𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝐼𝐼𝑘𝑘 𝑝𝑝𝐼𝐼

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑏𝑏𝛥𝛥 𝐷𝐷(𝐾𝐾fuel)+𝐷𝐷other(𝑑𝑑)−𝑆𝑆(𝐾𝐾feedstock,𝑑𝑑)𝐷𝐷(𝐾𝐾fuel)+𝐷𝐷other(𝑑𝑑) ,

𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾
𝑑𝑑𝐾𝐾 𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥𝑘𝑘 𝛥𝛥

𝑘𝑘 𝛥𝛥 ≡ 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑 − 𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑
𝑘𝑘 𝛥𝛥 ≈ − � 𝑑𝑑𝑑𝑑 �𝛼𝛼+𝛽𝛽

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 𝑘𝑘𝛥𝛥 𝑘𝑘 𝛥𝛥 𝑘𝑘𝛥𝛥𝛥𝛥𝑘𝑘 𝛥𝛥 �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ −𝑘𝑘 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥

 (55)

where b relates excess demand to changes in price. 
The stock of capital changes in each sector due to 
investment and depreciation,

𝑠𝑠𝑈𝑈 𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝑅𝑅𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝐼𝐼𝑘𝑘 𝑝𝑝𝐼𝐼

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏𝛥𝛥 𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝐾𝐾 𝑑𝑑𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑
𝑑𝑑𝐾𝐾fuel𝑑𝑑𝑑𝑑 = 𝐼𝐼fuel(𝛥𝛥) − 𝛿𝛿fuel𝐾𝐾fuel,

𝑑𝑑𝐾𝐾 𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥𝑘𝑘 𝛥𝛥
𝑘𝑘 𝛥𝛥 ≡ 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑 − 𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑘𝑘 𝛥𝛥 ≈ − � 𝑑𝑑𝑑𝑑 �𝛼𝛼+𝛽𝛽

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 𝑘𝑘𝛥𝛥 𝑘𝑘 𝛥𝛥 𝑘𝑘𝛥𝛥𝛥𝛥𝑘𝑘 𝛥𝛥 �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ −𝑘𝑘 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥

  (56a)

𝑠𝑠𝑈𝑈 𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝑅𝑅𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝐼𝐼𝑘𝑘 𝑝𝑝𝐼𝐼

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏𝛥𝛥 𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝐾𝐾 𝑑𝑑𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 = 𝐼𝐼 (𝛥𝛥) − 𝛿𝛿 𝐾𝐾

𝑑𝑑𝐾𝐾feedstock𝑑𝑑𝑑𝑑 = 𝐼𝐼feedstock(𝛥𝛥) − 𝛿𝛿feedstock𝐾𝐾feedstock.

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥𝑘𝑘 𝛥𝛥

𝑘𝑘 𝛥𝛥 ≡ 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑 − 𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑
𝑘𝑘 𝛥𝛥 ≈ − � 𝑑𝑑𝑑𝑑 �𝛼𝛼+𝛽𝛽

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 𝑘𝑘𝛥𝛥 𝑘𝑘 𝛥𝛥 𝑘𝑘𝛥𝛥𝛥𝛥𝑘𝑘 𝛥𝛥 �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ −𝑘𝑘 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥

 (56b)

With these equations, prices adjust via differential 
rates of investment in fuel and feedstock 
operations, as well as the change in non-bioenergy 
feedstock demand.

Both Equation 56a and Equation 53 affect capital 
accumulation for fuel consumption. In the model, 
both the feedstock price and the biofuel price 
affect the attractiveness of biofuel production as 
an investment. To simplify the presentation of the 
algorithm, the combination of effects is not presented 
explicitly here.

5.4 Price adjustment coefficients and 
‘tâtonnement’

In equations 52 and 55, prices adjust when supply is 
not equal to demand, following

𝑠𝑠𝑈𝑈 𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝑅𝑅𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝐼𝐼𝑘𝑘 𝑝𝑝𝐼𝐼

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏𝛥𝛥 𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝐾𝐾 𝑑𝑑𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾

𝑑𝑑𝐾𝐾 𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑘𝑘𝛥𝛥 𝐷𝐷(𝑑𝑑)−𝑆𝑆(𝑑𝑑)𝐷𝐷(𝑑𝑑) ,

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑘𝑘𝛥𝛥𝑘𝑘(𝛥𝛥)
𝑘𝑘 𝛥𝛥 ≡ 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑 − 𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑘𝑘 𝛥𝛥 ≈ − � 𝑑𝑑𝑑𝑑 �𝛼𝛼+𝛽𝛽

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 𝑘𝑘𝛥𝛥 𝑘𝑘 𝛥𝛥 𝑘𝑘𝛥𝛥𝛥𝛥𝑘𝑘 𝛥𝛥 �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ −𝑘𝑘 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥

    (57)

where k is the price adjustment coefficient. This is 
a version of the classical ‘tâtonnement’, or ‘groping’ 
process, described by Walras, in which prices 
are announced by sellers, buyers decide on their 
purchases on the basis of those prices, and then 
sellers subsequently adjust their prices based on their 
observations of the market (Walker 1987, Ferguson 

1998). In contrast to the canonical disequilibrium 
model, in which the adjustment parameter has units 
of quantity per unit price, per unit time, Equation 57 
has only a time scale, and the adjustment parameter k 
as units of inverse time.

In order to better interpret Equation 57 and to gain 
some understanding of reasonable values for k, we 
rewrite Equation 57 as

𝑠𝑠𝑈𝑈 𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝑅𝑅𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝐼𝐼𝑘𝑘 𝑝𝑝𝐼𝐼

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏𝛥𝛥 𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝐾𝐾 𝑑𝑑𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾

𝑑𝑑𝐾𝐾 𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑘𝑘𝛥𝛥 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷(𝑑𝑑)

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑘𝑘𝛥𝛥𝑘𝑘(𝛥𝛥),
𝑘𝑘(𝛥𝛥) ≡ 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑 = 1 − 𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑘𝑘 𝛥𝛥 ≈ − � 𝑑𝑑𝑑𝑑 �𝛼𝛼+𝛽𝛽

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 𝑘𝑘𝛥𝛥 𝑘𝑘 𝛥𝛥 𝑘𝑘𝛥𝛥𝛥𝛥𝑘𝑘 𝛥𝛥 �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ −𝑘𝑘 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥

    (58)

where

𝑠𝑠𝑈𝑈 𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝑅𝑅𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝐼𝐼𝑘𝑘 𝑝𝑝𝐼𝐼

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏𝛥𝛥 𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝐾𝐾 𝑑𝑑𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾

𝑑𝑑𝐾𝐾 𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑘𝑘𝛥𝛥𝑘𝑘(𝛥𝛥)
𝑘𝑘(𝛥𝛥) ≡ 𝐷𝐷(𝑑𝑑)−𝑆𝑆(𝑑𝑑)𝐷𝐷(𝑑𝑑) = 1 − 𝑆𝑆(𝑑𝑑)𝐷𝐷(𝑑𝑑).

𝑘𝑘 𝛥𝛥 ≈ − � 𝑑𝑑𝑑𝑑 �𝛼𝛼+𝛽𝛽

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 𝑘𝑘𝛥𝛥 𝑘𝑘 𝛥𝛥 𝑘𝑘𝛥𝛥𝛥𝛥𝑘𝑘 𝛥𝛥 �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ −𝑘𝑘 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥

  (59)

At the equilibrium price [p*], the ratio [R(p)] is 
equal to zero, and S(p*) = D(p*). Suppose that 
near the equilibrium price, the price elasticity of 
demand is 
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R p ≡
D p −S  p

D  p
= 1−

S  p

D  p
. (59)

At the equilibrium price p*, the ratio R(p) is equal to zero, and S(p*) = D(p*). Suppose that near the 
equilibrium price, the price elasticity of demand is -α, and the price elasticity of supply is β. Then, 
because supply and demand are equal at the equilibrium price, for prices near equilibrium,

R p≈1− p

p
* 


. (60)

Setting the price equal to the equilibrium price plus a small gap, p= p* p , we have

dp

dt
≈k p

*
R p

*k  p R p
*k p

* dR

dp∣p= p*

 p . (61)

Because R(p*) = 0, this simplifies to

dp

dt
≈k p

* dR

dp∣p= p*

 p . (62)

Taking the derivative of R(p) with respect to p using Equation (60), and substituting into Equation (62) 
gives

dp

dt
≈−k  p , (63)

so that, in a time step Δt, the price changes by an amount

 p ≡
dp

dt
 t ≈ −k t  p . (64)

The direction of change is opposite that of Δp, because the tâtonnement process restores prices to 
equilibrium. To understand the value of k, we rearrange Equation (64) and take the absolute value, to 
give

k=
1
∣
 p

 p∣ 1
 t

. (65)

The ratio ∣ p / p∣  is the size of the price step relative to the initial distance from the price at 
equilibrium. If the ratio is close to or greater than one, then price adjustments will tend to overshoot 
and prices will leap about their equilibrium value. If it is significantly less than one then the price will 
tend to converge smoothly towards its equilibrium. The sum α + β is the combined elasticity of demand 
and supply. Since it is in the denominator, for a fixed relative price step, the value of k when demand 
and supply are relatively elastic should be smaller than if demand and supply are relatively inelastic.

Demand and supply elasticities in the model are influenced by many factors, and differ in the short and 
long term due to lags in production. Moreover, the data needed to properly calibrate the model are 
lacking. Thus, we do not apply Equation (65) directly. Instead, in the model we assign default values to 
the price adjustment coefficients that give reasonable behavior, and then carry out sensitivity runs 
between one-half and twice the default value.
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 . 
Then, because supply and demand are equal at the 
equilibrium price, for prices near equilibrium,

𝑠𝑠𝑈𝑈 𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝑅𝑅𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝐼𝐼𝑘𝑘 𝑝𝑝𝐼𝐼

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏𝛥𝛥 𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝐾𝐾 𝑑𝑑𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾

𝑑𝑑𝐾𝐾 𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥𝑘𝑘 𝛥𝛥
𝑘𝑘 𝛥𝛥 ≡ 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑 − 𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑘𝑘(𝛥𝛥) ≈ 1− � 𝑑𝑑𝑑𝑑*
�𝛼𝛼+𝛽𝛽

.

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 𝑘𝑘𝛥𝛥 𝑘𝑘 𝛥𝛥 𝑘𝑘𝛥𝛥𝛥𝛥𝑘𝑘 𝛥𝛥 �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ −𝑘𝑘 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥

   (60)

Setting the price equal to the equilibrium price plus a 
small gap, we have

𝑠𝑠𝑈𝑈 𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝑅𝑅𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝐼𝐼𝑘𝑘 𝑝𝑝𝐼𝐼

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏𝛥𝛥 𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝐾𝐾 𝑑𝑑𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾

𝑑𝑑𝐾𝐾 𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥𝑘𝑘 𝛥𝛥
𝑘𝑘 𝛥𝛥 ≡ 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑 − 𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑘𝑘 𝛥𝛥 ≈ − � 𝑑𝑑𝑑𝑑 �𝛼𝛼+𝛽𝛽

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 𝑘𝑘𝛥𝛥*𝑘𝑘(𝛥𝛥*) + 𝑘𝑘𝛥𝛥𝛥𝛥𝑘𝑘(𝛥𝛥*) + �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ −𝑘𝑘 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥

 

          

𝑠𝑠𝑈𝑈 𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝑅𝑅𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝐼𝐼𝑘𝑘 𝑝𝑝𝐼𝐼

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏𝛥𝛥 𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝐾𝐾 𝑑𝑑𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾

𝑑𝑑𝐾𝐾 𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥𝑘𝑘 𝛥𝛥
𝑘𝑘 𝛥𝛥 ≡ 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑 − 𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑘𝑘 𝛥𝛥 ≈ − � 𝑑𝑑𝑑𝑑 �𝛼𝛼+𝛽𝛽

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 𝑘𝑘𝛥𝛥 𝑘𝑘 𝛥𝛥 𝑘𝑘𝛥𝛥𝛥𝛥𝑘𝑘 𝛥𝛥 ) + �𝑘𝑘𝛥𝛥* 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑*
𝛥𝛥𝛥𝛥.

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ −𝑘𝑘 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥

  (61)

Because R(p*) = 0, this simplifies to

𝑠𝑠𝑈𝑈 𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝑅𝑅𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝐼𝐼𝑘𝑘 𝑝𝑝𝐼𝐼

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏𝛥𝛥 𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝐾𝐾 𝑑𝑑𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾

𝑑𝑑𝐾𝐾 𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥𝑘𝑘 𝛥𝛥
𝑘𝑘 𝛥𝛥 ≡ 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑 − 𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑘𝑘 𝛥𝛥 ≈ − � 𝑑𝑑𝑑𝑑 �𝛼𝛼+𝛽𝛽

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 𝑘𝑘𝛥𝛥 𝑘𝑘 𝛥𝛥 𝑘𝑘𝛥𝛥𝛥𝛥𝑘𝑘 𝛥𝛥 �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ �𝑘𝑘𝛥𝛥* 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑*

𝛥𝛥𝛥𝛥.

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ −𝑘𝑘(𝛼𝛼 + 𝛽𝛽)𝛥𝛥𝛥𝛥
   (62)

Taking the derivative of R(p) with respect to p, using 
Equation 60, and substituting into Equation 62 gives

𝑠𝑠𝑈𝑈 𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼𝑒𝑒𝑝𝑝𝑈𝑈𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝑅𝑅𝑘𝑘 𝑝𝑝𝐼𝐼+𝑒𝑒𝑝𝑝𝐼𝐼𝑘𝑘 𝑝𝑝𝐼𝐼

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑏𝑏𝛥𝛥 𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝐾𝐾 𝑑𝑑𝐷𝐷 𝐾𝐾 +𝐷𝐷 𝑑𝑑
𝑑𝑑𝐾𝐾𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾

𝑑𝑑𝐾𝐾 𝑑𝑑𝑑𝑑 𝐼𝐼 𝛥𝛥 − 𝛿𝛿 𝐾𝐾
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑘𝑘𝛥𝛥𝑘𝑘 𝛥𝛥
𝑘𝑘 𝛥𝛥 ≡ 𝐷𝐷 𝑑𝑑 −𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑 − 𝑆𝑆 𝑑𝑑𝐷𝐷 𝑑𝑑

𝑘𝑘 𝛥𝛥 ≈ − � 𝑑𝑑𝑑𝑑 �𝛼𝛼+𝛽𝛽

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ 𝑘𝑘𝛥𝛥 𝑘𝑘 𝛥𝛥 𝑘𝑘𝛥𝛥𝛥𝛥𝑘𝑘 𝛥𝛥 �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ �𝑘𝑘𝛥𝛥 𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑�𝑑𝑑=𝑑𝑑 𝛥𝛥𝛥𝛥
𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 ≈ −𝑘𝑘(𝛼𝛼 + 𝛽𝛽)𝛥𝛥𝛥𝛥,    (63)

so that, in a time-step [Δt], the price changes by an 
amount
 𝛥𝛥𝛥̂𝛥 ≡ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝛥𝛥𝛥𝛥 ≈ −(𝑘𝑘𝛥𝛥𝛥𝛥)(𝛼𝛼 + 𝛽𝛽)𝛥𝛥𝛥𝛥.

𝑘𝑘 1𝛼𝛼+𝛽𝛽 ∣∣∣𝛥𝛥𝑑𝑑𝛥𝛥𝑑𝑑∣∣∣ 1𝛥𝛥𝑑𝑑

𝑤𝑤 𝑤𝑤0 � 𝑦𝑦𝑦𝑦0�𝜂𝜂

𝛥𝛥𝑁𝑁 𝛥𝛥𝑁𝑁0 � 12 � 𝐴𝐴𝐴𝐴 −𝐴𝐴�3�
𝑟𝑟𝐸𝐸 𝑟𝑟 𝛽𝛽 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 − 𝜃𝜃

𝜌𝜌 �𝑅𝑅 −1+𝜀𝜀5−𝑅𝑅 +𝜀𝜀�2 𝜌𝜌
𝜌𝜌 𝜌𝜌 � − 𝜙𝜙𝑖𝑖 𝑏𝑏𝑖𝑖𝑁𝑁𝑖𝑖=1
𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑𝑑𝑑 𝜅𝜅𝜅𝜅 𝛥𝛥 𝜆𝜆 𝛥𝛥 − 𝜆𝜆 𝛥𝛥

𝜆𝜆 𝛥𝛥 𝜆𝜆 − 𝑒𝑒−𝜅𝜅𝑃𝑃 𝑑𝑑 𝜆𝜆 − 𝜆𝜆0

𝑦𝑦 𝜆𝜆 11−𝑑𝑑0 − 𝜆𝜆0𝑦𝑦 𝑦𝑦 − 𝜆𝜆

  (64)
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The direction of change is opposite that of Δp, 
because the tâtonnement process restores prices 
to equilibrium. To understand the value of k, we 
rearrange Equation 64 and take the absolute value, 
to give

𝛥𝛥𝛥𝛥 ≡ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝛥𝛥𝛥𝛥 ≈ − 𝑘𝑘𝛥𝛥𝛥𝛥 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥
𝑘𝑘 = 1𝛼𝛼+𝛽𝛽 ∣∣∣𝛥𝛥𝑑̂𝑑𝛥𝛥𝑑𝑑∣∣∣ 1𝛥𝛥𝑑𝑑.

𝑤𝑤 𝑤𝑤0 � 𝑦𝑦𝑦𝑦0�𝜂𝜂

𝛥𝛥𝑁𝑁 𝛥𝛥𝑁𝑁0 � 12 � 𝐴𝐴𝐴𝐴 −𝐴𝐴�3�
𝑟𝑟𝐸𝐸 𝑟𝑟 𝛽𝛽 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 − 𝜃𝜃

𝜌𝜌 �𝑅𝑅 −1+𝜀𝜀5−𝑅𝑅 +𝜀𝜀�2 𝜌𝜌
𝜌𝜌 𝜌𝜌 � − 𝜙𝜙𝑖𝑖 𝑏𝑏𝑖𝑖𝑁𝑁𝑖𝑖=1
𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑𝑑𝑑 𝜅𝜅𝜅𝜅 𝛥𝛥 𝜆𝜆 𝛥𝛥 − 𝜆𝜆 𝛥𝛥

𝜆𝜆 𝛥𝛥 𝜆𝜆 − 𝑒𝑒−𝜅𝜅𝑃𝑃 𝑑𝑑 𝜆𝜆 − 𝜆𝜆0

𝑦𝑦 𝜆𝜆 11−𝑑𝑑0 − 𝜆𝜆0𝑦𝑦 𝑦𝑦 − 𝜆𝜆

    (65)

The ratio 

Δp

𝑘𝑘 𝛼𝛼 𝛽𝛽 ∣∣∣𝛥𝛥𝛥𝛥𝛥𝛥𝛥𝛥∣∣∣ 𝛥𝛥𝛥𝛥
e ratio ∣∣𝛥𝛥𝛥̂𝛥/𝛥𝛥𝛥𝛥∣∣ is

ibrium. If the ra

α β

𝑤𝑤 𝑤𝑤 � 𝑦𝑦𝑦𝑦 �𝜂𝜂𝜂𝜂
η η

η

𝛥𝛥𝑁𝑁𝑁𝑁 𝛥𝛥𝑁𝑁𝑁𝑁 � � 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 −𝐴𝐴𝐴𝐴� �

 is the size of the price step 
relative to the initial distance from the price at 
equilibrium. If the ratio is close to or greater than 
one, then price adjustments will tend to overshoot 
and prices will leap about their equilibrium value. 
If it is significantly less than one then the price will 
tend to converge smoothly towards its equilibrium. 
The sum 

The National Bioenergy Investment Model NBIM: Technical Documentation DRAFT

R p ≡
D p −S  p

D  p
= 1−

S  p

D  p
. (59)

At the equilibrium price p*, the ratio R(p) is equal to zero, and S(p*) = D(p*). Suppose that near the 
equilibrium price, the price elasticity of demand is -α, and the price elasticity of supply is β. Then, 
because supply and demand are equal at the equilibrium price, for prices near equilibrium,

R p≈1− p

p
* 


. (60)

Setting the price equal to the equilibrium price plus a small gap, p= p* p , we have

dp

dt
≈k p

*
R p

*k  p R p
*k p

* dR

dp∣p= p*

 p . (61)

Because R(p*) = 0, this simplifies to

dp

dt
≈k p

* dR

dp∣p= p*

 p . (62)

Taking the derivative of R(p) with respect to p using Equation (60), and substituting into Equation (62) 
gives

dp

dt
≈−k  p , (63)

so that, in a time step Δt, the price changes by an amount

 p ≡
dp

dt
 t ≈ −k t  p . (64)

The direction of change is opposite that of Δp, because the tâtonnement process restores prices to 
equilibrium. To understand the value of k, we rearrange Equation (64) and take the absolute value, to 
give

k=
1
∣
 p

 p∣ 1
 t

. (65)

The ratio ∣ p / p∣  is the size of the price step relative to the initial distance from the price at 
equilibrium. If the ratio is close to or greater than one, then price adjustments will tend to overshoot 
and prices will leap about their equilibrium value. If it is significantly less than one then the price will 
tend to converge smoothly towards its equilibrium. The sum α + β is the combined elasticity of demand 
and supply. Since it is in the denominator, for a fixed relative price step, the value of k when demand 
and supply are relatively elastic should be smaller than if demand and supply are relatively inelastic.

Demand and supply elasticities in the model are influenced by many factors, and differ in the short and 
long term due to lags in production. Moreover, the data needed to properly calibrate the model are 
lacking. Thus, we do not apply Equation (65) directly. Instead, in the model we assign default values to 
the price adjustment coefficients that give reasonable behavior, and then carry out sensitivity runs 
between one-half and twice the default value.
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 is the combined elasticity of demand 
and supply. Since it is in the denominator, for a fixed 
relative price step, the value of k when demand and 
supply are relatively elastic should be smaller than if 
demand and supply are relatively inelastic.

Demand and supply elasticities in the model are 
influenced by many factors, and differ in the short 
and long term due to lags in production. Moreover, 
the data needed to properly calibrate the model are 
lacking. Thus, we do not apply Equation 65 directly. 
Instead, in the model, we assign default values to 
the price adjustment coefficients that give reasonable 
behaviour, and then carry out sensitivity runs 
between half and twice the default value.

5.5 Wages and land price

Wages and land prices are important determinants of 
investment and profitability for biofuel and feedstock 
operations. If they are too high, then investments will 
not flow. Also, as wages rise over time, a profitable 
operation can become unprofitable.

Over time, average income (gross domestic product 
per capita) is expected to rise. Wages will also tend 
to rise with average income, but perhaps not at the 
same rate. This is captured in the model by having Figure 3. Land prices with changing area of feedstock

wages [w] vary with average income [y] in the 
following way:

𝛥𝛥𝛥𝛥 ≡ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝛥𝛥𝛥𝛥 ≈ − 𝑘𝑘𝛥𝛥𝛥𝛥 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥
𝑘𝑘 1𝛼𝛼+𝛽𝛽 ∣∣∣𝛥𝛥𝑑𝑑𝛥𝛥𝑑𝑑∣∣∣ 1𝛥𝛥𝑑𝑑

𝑤𝑤 = 𝑤𝑤0 � 𝑦𝑦𝑦𝑦0�𝜂𝜂
,

𝛥𝛥𝑁𝑁 𝛥𝛥𝑁𝑁0 � 12 � 𝐴𝐴𝐴𝐴 −𝐴𝐴�3�
𝑟𝑟𝐸𝐸 𝑟𝑟 𝛽𝛽 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 − 𝜃𝜃

𝜌𝜌 �𝑅𝑅 −1+𝜀𝜀5−𝑅𝑅 +𝜀𝜀�2 𝜌𝜌
𝜌𝜌 𝜌𝜌 � − 𝜙𝜙𝑖𝑖 𝑏𝑏𝑖𝑖𝑁𝑁𝑖𝑖=1
𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑𝑑𝑑 𝜅𝜅𝜅𝜅 𝛥𝛥 𝜆𝜆 𝛥𝛥 − 𝜆𝜆 𝛥𝛥

𝜆𝜆 𝛥𝛥 𝜆𝜆 − 𝑒𝑒−𝜅𝜅𝑃𝑃 𝑑𝑑 𝜆𝜆 − 𝜆𝜆0

𝑦𝑦 𝜆𝜆 11−𝑑𝑑0 − 𝜆𝜆0𝑦𝑦 𝑦𝑦 − 𝜆𝜆

    (66)

where 
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WAGES AND LAND PRICE

Wages and land prices are important determinants of investment and profitability for biofuel and 
feedstock operations. If they are too high, then investments will not flow. Also, as wages rise over time, 
a profitable operation can become unprofitable.

Over time, average income (GDP per capita) is expected to rise. Wages will tend to rise with average 
income, but perhaps not at the same rate. This is captured in the model by having wages w vary with 
average income y in the following way:

w=w0 y

y0 


, (66)

where η is, for low-income jobs, typically less than one. If  η = 1, then wages in the sector (and 
particular business model) rise at the same rate as average income across the economy. If η < 1, then 
wages rise less quickly than for the economy as a whole.

The price of land pN is expected to rise as land becomes more scarce. This is captured in the model with 
the following formula:

p N=pN 0[11
2  A

Amax−A 
3

] . (67)

With this equation, prices stay low until the area planted to feedstock gets quite close to the maximum, 
as shown in Figure 3. The price diverges as the maximum area is approached – the steeply rising price 
effectively shuts off investment at some point below the maximum, when the price rises to the point 
that further investment becomes unprofitable.

Within the model, each feedstock is assigned a maximum land area and a price, with one area specified 
in the case of no agroecological zoning and another area specified with agroecological zoning.
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becomes more scarce. This is captured in the model 
with the following formula:
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  (67)

With this equation, prices stay low until the area 
planted with feedstock gets close to the maximum, 
as shown in Figure 3. The price diverges as the 
maximum area is approached – the steeply rising 
price effectively shuts off investment at some point 
below the maximum, when the price rises to the 
point that further investment becomes unprofitable.

Within the model, each feedstock is assigned a 
maximum land area and a price, with one area 
specified in the case of no agroecological zoning and 
another area specified with agroecological zoning.
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6. Risk and learning

that value into a premium on the discount rate, the 
following transformation is applied,
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   (69)

In Equation 69, 
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Risk and learning

In this model, risk is captured entirely in the expression for the expected return, copied here from 
Equation (16),

r E=rrf  rave−r rf  r currmacromicro− . (68)

In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
risk coefficient β can be calculated for many investments, but not for biofuel investments in most 
countries, as there are insufficient historical data to support the calculation. The micro term ρmicro 

depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
practice, ρmicro might be based on checklists, personal knowledge, or expert opinion [22]. The “irrational 
optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.

SYSTEMATIC RISK AND CURRENCY RISK

As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,

macro= RIHS−1

5−RIHS 
2

macro . (69)

In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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Risk and learning

In this model, risk is captured entirely in the expression for the expected return, copied here from 
Equation (16),

r E=rrf  rave−r rf  r currmacromicro− . (68)

In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
risk coefficient β can be calculated for many investments, but not for biofuel investments in most 
countries, as there are insufficient historical data to support the calculation. The micro term ρmicro 

depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
practice, ρmicro might be based on checklists, personal knowledge, or expert opinion [22]. The “irrational 
optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.

SYSTEMATIC RISK AND CURRENCY RISK

As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,

macro= RIHS−1

5−RIHS 
2

macro . (69)

In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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Risk and learning

In this model, risk is captured entirely in the expression for the expected return, copied here from 
Equation (16),

r E=rrf  rave−r rf  r currmacromicro− . (68)

In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
risk coefficient β can be calculated for many investments, but not for biofuel investments in most 
countries, as there are insufficient historical data to support the calculation. The micro term ρmicro 

depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
practice, ρmicro might be based on checklists, personal knowledge, or expert opinion [22]. The “irrational 
optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.

SYSTEMATIC RISK AND CURRENCY RISK

As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,

macro= RIHS−1

5−RIHS 
2

macro . (69)

In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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Sweden 1.33 0.01%

Japan 1.75 0.05%

Republic of Korea 2.06 0.13%

India 2.73 0.58%

Medium 3.00 1.00%

Ukraine 3.14 1.32%

Cameroon 3.53 2.95%

Tajikistan 3.89 6.70%

Republic of the Sudan 4.28 20.31%
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Risk and learning

In this model, risk is captured entirely in the expression for the expected return, copied here from 
Equation (16),

r E=rrf  rave−r rf  r currmacromicro− . (68)

In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
risk coefficient β can be calculated for many investments, but not for biofuel investments in most 
countries, as there are insufficient historical data to support the calculation. The micro term ρmicro 

depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
practice, ρmicro might be based on checklists, personal knowledge, or expert opinion [22]. The “irrational 
optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.

SYSTEMATIC RISK AND CURRENCY RISK

As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,

macro= RIHS−1

5−RIHS 
2

macro . (69)

In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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Risk and learning

In this model, risk is captured entirely in the expression for the expected return, copied here from 
Equation (16),

r E=rrf  rave−r rf  r currmacromicro− . (68)

In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
risk coefficient β can be calculated for many investments, but not for biofuel investments in most 
countries, as there are insufficient historical data to support the calculation. The micro term ρmicro 

depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
practice, ρmicro might be based on checklists, personal knowledge, or expert opinion [22]. The “irrational 
optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.

SYSTEMATIC RISK AND CURRENCY RISK

As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,

macro= RIHS−1

5−RIHS 
2

macro . (69)

In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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Table 1: Representative values for country risk factors and macro contribution to discount rate

RIHS ρmacro

Sweden 1.33 0.01%

Japan 1.75 0.05%

South Korea 2.06 0.13%

India 2.73 0.58%

Medium 3.00 1.00%

Ukraine 3.14 1.32%

Cameroon 3.53 2.95%

Tajikistan 3.89 6.70%

Sudan 4.28 20.31%

MICROPOLITICAL AND MICROECONOMIC RISK

The remaining term ρmicro is calculated in the model based on perceptions. It is calculated using a simple 
heuristic formula,

micro=micro∏
i=1

N

1−i i
b

, (70)

where the φi are various factors that affect perceived risk, and the exponents bi are weights. In the 
default setting for the model, the weights are all set equal to one. All of the factors take values from 
zero to one, and as they increase, risk goes down. The factor micro  is the value of ρmicro when the level 
of risk is highest.

Separate sets of factors apply to feedstock production and fuel production. For feedstock production, 
the factors are

• political commitment (or political “will”),

• farmer knowledge,

• security of tenure,

while for fuel production, the factors are

• political commitment,

• domestic experience with the particular fuel processing technology.

Political commitment and security of tenure are scenario variables that are simply set as values between 
zero and one. Farmer knowledge and domestic experience are calculated using a “learning” sub-model 
that allows for the stock of farmer and national knowledge to grow over time.
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• farmer knowledge,
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while for fuel production, the factors are

• political commitment,
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zero and one. Farmer knowledge and domestic experience are calculated using a “learning” sub-model 
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In this expression, the risk factors 
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Risk and learning

In this model, risk is captured entirely in the expression for the expected return, copied here from 
Equation (16),

r E=rrf  rave−r rf  r currmacromicro− . (68)

In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
risk coefficient β can be calculated for many investments, but not for biofuel investments in most 
countries, as there are insufficient historical data to support the calculation. The micro term ρmicro 

depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
practice, ρmicro might be based on checklists, personal knowledge, or expert opinion [22]. The “irrational 
optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.

SYSTEMATIC RISK AND CURRENCY RISK

As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,

macro= RIHS−1

5−RIHS 
2

macro . (69)

In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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Risk and learning

In this model, risk is captured entirely in the expression for the expected return, copied here from 
Equation (16),

r E=rrf  rave−r rf  r currmacromicro− . (68)

In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
risk coefficient β can be calculated for many investments, but not for biofuel investments in most 
countries, as there are insufficient historical data to support the calculation. The micro term ρmicro 

depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
practice, ρmicro might be based on checklists, personal knowledge, or expert opinion [22]. The “irrational 
optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.

SYSTEMATIC RISK AND CURRENCY RISK

As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,

macro= RIHS−1

5−RIHS 
2

macro . (69)

In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
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parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.
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The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
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In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
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depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
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optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.

SYSTEMATIC RISK AND CURRENCY RISK

As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,
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In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
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In this model, risk is captured entirely in the expression for the expected return, copied here from 
Equation (16),
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In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
risk coefficient β can be calculated for many investments, but not for biofuel investments in most 
countries, as there are insufficient historical data to support the calculation. The micro term ρmicro 

depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
practice, ρmicro might be based on checklists, personal knowledge, or expert opinion [22]. The “irrational 
optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.

SYSTEMATIC RISK AND CURRENCY RISK

As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,

macro= RIHS−1

5−RIHS 
2

macro . (69)

In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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In this model, risk is captured entirely in the expression for the expected return, copied here from 
Equation (16),

r E=rrf  rave−r rf  r currmacromicro− . (68)

In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
risk coefficient β can be calculated for many investments, but not for biofuel investments in most 
countries, as there are insufficient historical data to support the calculation. The micro term ρmicro 

depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
practice, ρmicro might be based on checklists, personal knowledge, or expert opinion [22]. The “irrational 
optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.

SYSTEMATIC RISK AND CURRENCY RISK

As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,

macro= RIHS−1

5−RIHS 
2

macro . (69)

In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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In this model, risk is captured entirely in the expression for the expected return, copied here from 
Equation (16),

r E=rrf  rave−r rf  r currmacromicro− . (68)

In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
risk coefficient β can be calculated for many investments, but not for biofuel investments in most 
countries, as there are insufficient historical data to support the calculation. The micro term ρmicro 

depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
practice, ρmicro might be based on checklists, personal knowledge, or expert opinion [22]. The “irrational 
optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.

SYSTEMATIC RISK AND CURRENCY RISK

As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,

macro= RIHS−1

5−RIHS 
2

macro . (69)

In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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r E=rrf  rave−r rf  r currmacromicro− . (68)

In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
risk coefficient β can be calculated for many investments, but not for biofuel investments in most 
countries, as there are insufficient historical data to support the calculation. The micro term ρmicro 

depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
practice, ρmicro might be based on checklists, personal knowledge, or expert opinion [22]. The “irrational 
optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.

SYSTEMATIC RISK AND CURRENCY RISK

As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,

macro= RIHS−1

5−RIHS 
2

macro . (69)

In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
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As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.
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In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
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parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.
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In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
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In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
risk coefficient β can be calculated for many investments, but not for biofuel investments in most 
countries, as there are insufficient historical data to support the calculation. The micro term ρmicro 

depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
practice, ρmicro might be based on checklists, personal knowledge, or expert opinion [22]. The “irrational 
optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.
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As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,
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In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
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In this expression, the risk factors γ and ρmacro can, in principle, be gathered from data. The systematic 
risk coefficient β can be calculated for many investments, but not for biofuel investments in most 
countries, as there are insufficient historical data to support the calculation. The micro term ρmicro 

depends to some extent on subjective factors, and so it cannot be estimated from historical data. In 
practice, ρmicro might be based on checklists, personal knowledge, or expert opinion [22]. The “irrational 
optimism” term θ might be estimable from behavioral finance research [30], but in the model it plays 
the role of a scenario parameter or as an adjustment parameter. For example, a scenario may explore 
irrational optimism over some particular biofuel. A positive value for θ can be applied in that scenario.
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As explained in Section Investment, the parameter β is a measure of the correlation between the returns 
from an investment and the market as a whole – the systematic risk. Similarly, the currency risk 
parameter γ represents how correlated the value of the national currency is to a basket of currencies. 
The parameters β and γ are introduced in the same way that they might be reported in earnings reports 
or international tables. While data for biofuel investments are scarce, it is possible to estimate a range 
of possible values for β. This is discussed below, on page 28.

MACROPOLITICAL AND MACROECONOMIC RISK

The macro risk factor ρmacro is estimated in the model using the country risk factors RIHS from IHS 

Global Insight, which rates countries’ risk on a scale from 1 (low risk) to 5 (high risk). To convert that 
value into a premium on the discount rate, the following transformation is applied,
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macro . (69)

In this equation,   is a small value that ensures that ρmacro does not become undefined if the risk factor 
RIHS is equal to five. The value macro  is the value of ρmacro when RIHS = 3: that is, at medium levels of 
risk. Representative values for ρmacro when =0.01  and macro=1 %  are shown in Table 1 for selected 
countries using data from IHS Global Insight. As can be seen, the values begin to increase rapidly at 
higher risk levels.
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Risk and learning
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Separate sets of factors apply to feedstock production 
and fuel production. For feedstock production, the 
factors are

 • political commitment (or political ‘will’);

 • farmer knowledge; and

 • security of tenure;

while for fuel production, the factors are

 • political commitment; and

 • domestic experience with the particular fuel 
processing technology.

Political commitment and security of tenure are 
scenario variables that are simply set as values 
between zero and one. Farmer knowledge and 
domestic experience are calculated using a ‘learning’ 
submodel that allows for the stock of farmer- and 
national-knowledge to grow over time.

6.4 Learning

In the learning submodel, learning takes place in 
the following way. For a learning community (for 
example, farmers or extension workers), there is a 
maximum level of knowledge they can attain, as 
determined by the global level of knowledge. The 
global level is set as an exogenous parameter, with a 
value of zero representing no information at all and 
a value of one representing thorough knowledge that 
supports routine operations and standardization. If 
the maximum level for the ‘learning index’ [
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LEARNING

In the learning sub-model, learning takes place in the following way. For a learning community (for 
example, farmers or extension workers), there is some maximum level of knowledge that they can 
attain, as determined by the global level of knowledge. The global level is set as an exogenous 
parameter, with a value of zero representing no information at all and a value of one representing 
thorough knowledge that supports routine operations and standardization. If the maximum level for the 
“learning index” λ(t) is λmax(t), then the stock of knowledge (the learning index) changes over time as

d t 
d t

= P t max t −t  . (71)

In this equation, annual production is given by P(t). The parameter κ sets the maximum rate of 
accumulation of knowledge. Learning is fast if there is a large gap between local and general 
knowledge, and it slows down as the community’s knowledge approaches the maximum level, which 
can change over time.

For feedstocks, the model for farmer knowledge applies a nested version of Equation (71). First, 
knowledge of extension workers grows toward an exogenously-specified global level. Second, 
smallholder knowledge approaches a weighted average of the initial level and extension worker 
knowledge, depending on how effective extensive services are (a user-specified policy variable). 
Farmers on estates are assumed to have the same level of knowledge (or to have access to the same 
knowledge) as extension agents.

For the biofuel processing sector, Equation (71) is applied directly, with global experience specified 
exogenously and domestic experience approaching the global level with cumulative production.

Learning curves

In Equation (71), learning only takes place if there is production, consistent with conventional models 
of industrial learning [37]. This is a consequence of the factor P(t) before the expression in parentheses. 
The solutions to Equation (71) can be related to observations from studies of industrial learning. In the 
special case where λmax(t) is constant in time, Equation (71) can be solved explicitly to give

t =max−e
−Pcum t max−0  , (72)

where λ0 is the initial value for λ(t) and Pcum is cumulative (rather than annual) production. A sample 
curve is shown in Figure 4. As shown in the figure, the learning index increases in an s-shaped fashion 
with cumulative production. This is the shape observed in learning curves within firms, where 
“learning” is measured by worker productivity [37]. This pattern contrasts with the constant slope 
observed for “experience curves,” which plot the logarithm of unit cost against the logarithm of 
cumulative production within a sector, and are a conventional tool in business and management [38]. 
However, there is good reason to think that the linear slope of experience curves has more to do with 
the benefits of increasing scale and other factors, rather than learning [37]. As scale economies are 
explicitly taken into account in the model described in this report, it is reasonable that the learning 
curve described by Equations (71) and (72) follow the s-shaped pattern observed in studies of industrial 
learning. Nevertheless, we add as a caution  that industrial learning curves are based on the experience 
of individual plants, whereas Equations (71) and (72) are applied at sector level.
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knowledge) as extension agents.
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In this equation, annual production is given as 
P(t)
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In the learning sub-model, learning takes place in the following way. For a learning community (for 
example, farmers or extension workers), there is some maximum level of knowledge that they can 
attain, as determined by the global level of knowledge. The global level is set as an exogenous 
parameter, with a value of zero representing no information at all and a value of one representing 
thorough knowledge that supports routine operations and standardization. If the maximum level for the 
“learning index” λ(t) is λmax(t), then the stock of knowledge (the learning index) changes over time as
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= P t max t −t  . (71)

In this equation, annual production is given by P(t). The parameter κ sets the maximum rate of 
accumulation of knowledge. Learning is fast if there is a large gap between local and general 
knowledge, and it slows down as the community’s knowledge approaches the maximum level, which 
can change over time.

For feedstocks, the model for farmer knowledge applies a nested version of Equation (71). First, 
knowledge of extension workers grows toward an exogenously-specified global level. Second, 
smallholder knowledge approaches a weighted average of the initial level and extension worker 
knowledge, depending on how effective extensive services are (a user-specified policy variable). 
Farmers on estates are assumed to have the same level of knowledge (or to have access to the same 
knowledge) as extension agents.

For the biofuel processing sector, Equation (71) is applied directly, with global experience specified 
exogenously and domestic experience approaching the global level with cumulative production.

Learning curves

In Equation (71), learning only takes place if there is production, consistent with conventional models 
of industrial learning [37]. This is a consequence of the factor P(t) before the expression in parentheses. 
The solutions to Equation (71) can be related to observations from studies of industrial learning. In the 
special case where λmax(t) is constant in time, Equation (71) can be solved explicitly to give

t =max−e
−Pcum t max−0  , (72)

where λ0 is the initial value for λ(t) and Pcum is cumulative (rather than annual) production. A sample 
curve is shown in Figure 4. As shown in the figure, the learning index increases in an s-shaped fashion 
with cumulative production. This is the shape observed in learning curves within firms, where 
“learning” is measured by worker productivity [37]. This pattern contrasts with the constant slope 
observed for “experience curves,” which plot the logarithm of unit cost against the logarithm of 
cumulative production within a sector, and are a conventional tool in business and management [38]. 
However, there is good reason to think that the linear slope of experience curves has more to do with 
the benefits of increasing scale and other factors, rather than learning [37]. As scale economies are 
explicitly taken into account in the model described in this report, it is reasonable that the learning 
curve described by Equations (71) and (72) follow the s-shaped pattern observed in studies of industrial 
learning. Nevertheless, we add as a caution  that industrial learning curves are based on the experience 
of individual plants, whereas Equations (71) and (72) are applied at sector level.

26

 sets the maximum rate of 
accumulation of knowledge. Learning is fast if there 
is a large gap between local and general knowledge, 
and it slows down as the community’s knowledge 
approaches the maximum level, which can change 
over time.

For feedstocks, the model for farmer knowledge 
applies a nested version of Equation 71. First, 
knowledge of extension workers grows toward 
an exogenously specified global level. Second, 
smallholder knowledge approaches a weighted 
average of the global level and extension worker 

knowledge, depending on how effective extension 
services are (a user-specified policy variable). Farmers 
on estates are assumed to have the same level of 
knowledge (or to have access to the same knowledge) 
as extension agents.

For the biofuel processing sector, Equation 71 is 
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the global level with cumulative production.
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In Equation 71, learning only takes place if there is 
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be related to observations from studies of industrial 
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In the learning sub-model, learning takes place in the following way. For a learning community (for 
example, farmers or extension workers), there is some maximum level of knowledge that they can 
attain, as determined by the global level of knowledge. The global level is set as an exogenous 
parameter, with a value of zero representing no information at all and a value of one representing 
thorough knowledge that supports routine operations and standardization. If the maximum level for the 
“learning index” λ(t) is λmax(t), then the stock of knowledge (the learning index) changes over time as

d t 
d t

= P t max t −t  . (71)

In this equation, annual production is given by P(t). The parameter κ sets the maximum rate of 
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knowledge, and it slows down as the community’s knowledge approaches the maximum level, which 
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Farmers on estates are assumed to have the same level of knowledge (or to have access to the same 
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where λ0 is the initial value for λ(t) and Pcum is cumulative (rather than annual) production. A sample 
curve is shown in Figure 4. As shown in the figure, the learning index increases in an s-shaped fashion 
with cumulative production. This is the shape observed in learning curves within firms, where 
“learning” is measured by worker productivity [37]. This pattern contrasts with the constant slope 
observed for “experience curves,” which plot the logarithm of unit cost against the logarithm of 
cumulative production within a sector, and are a conventional tool in business and management [38]. 
However, there is good reason to think that the linear slope of experience curves has more to do with 
the benefits of increasing scale and other factors, rather than learning [37]. As scale economies are 
explicitly taken into account in the model described in this report, it is reasonable that the learning 
curve described by Equations (71) and (72) follow the s-shaped pattern observed in studies of industrial 
learning. Nevertheless, we add as a caution  that industrial learning curves are based on the experience 
of individual plants, whereas Equations (71) and (72) are applied at sector level.

26

 is constant 
in time, Equation 71 can be solved explicitly to give

𝛥𝛥𝛥𝛥 ≡ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝛥𝛥𝛥𝛥 ≈ − 𝑘𝑘𝛥𝛥𝛥𝛥 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥
𝑘𝑘 1𝛼𝛼+𝛽𝛽 ∣∣∣𝛥𝛥𝑑𝑑𝛥𝛥𝑑𝑑∣∣∣ 1𝛥𝛥𝑑𝑑

𝑤𝑤 𝑤𝑤0 � 𝑦𝑦𝑦𝑦0�𝜂𝜂

𝛥𝛥𝑁𝑁 𝛥𝛥𝑁𝑁0 � 12 � 𝐴𝐴𝐴𝐴 −𝐴𝐴�3�
𝑟𝑟𝐸𝐸 𝑟𝑟 𝛽𝛽 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 − 𝜃𝜃

𝜌𝜌 �𝑅𝑅 −1+𝜀𝜀5−𝑅𝑅 +𝜀𝜀�2 𝜌𝜌
𝜌𝜌 𝜌𝜌 � − 𝜙𝜙𝑖𝑖 𝑏𝑏𝑖𝑖𝑁𝑁𝑖𝑖=1
𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑𝑑𝑑 𝜅𝜅𝜅𝜅 𝛥𝛥 𝜆𝜆 𝛥𝛥 − 𝜆𝜆 𝛥𝛥

𝜆𝜆(𝛥𝛥) = 𝜆𝜆max − 𝑒𝑒−𝜅𝜅𝑃𝑃cum(𝑑𝑑)(𝜆𝜆max − 𝜆𝜆0),

𝑦𝑦 𝜆𝜆 11−𝑑𝑑0 − 𝜆𝜆0𝑦𝑦 𝑦𝑦 − 𝜆𝜆
 (72)

where 

The National Bioenergy Investment Model NBIM: Technical Documentation DRAFT

LEARNING

In the learning sub-model, learning takes place in the following way. For a learning community (for 
example, farmers or extension workers), there is some maximum level of knowledge that they can 
attain, as determined by the global level of knowledge. The global level is set as an exogenous 
parameter, with a value of zero representing no information at all and a value of one representing 
thorough knowledge that supports routine operations and standardization. If the maximum level for the 
“learning index” λ(t) is λmax(t), then the stock of knowledge (the learning index) changes over time as

d t 
d t

= P t max t −t  . (71)

In this equation, annual production is given by P(t). The parameter κ sets the maximum rate of 
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smallholder knowledge approaches a weighted average of the initial level and extension worker 
knowledge, depending on how effective extensive services are (a user-specified policy variable). 
Farmers on estates are assumed to have the same level of knowledge (or to have access to the same 
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For the biofuel processing sector, Equation (71) is applied directly, with global experience specified 
exogenously and domestic experience approaching the global level with cumulative production.
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In Equation (71), learning only takes place if there is production, consistent with conventional models 
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cumulative production within a sector, and are a conventional tool in business and management [38]. 
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knowledge) as extension agents.

For the biofuel processing sector, Equation (71) is applied directly, with global experience specified 
exogenously and domestic experience approaching the global level with cumulative production.

Learning curves

In Equation (71), learning only takes place if there is production, consistent with conventional models 
of industrial learning [37]. This is a consequence of the factor P(t) before the expression in parentheses. 
The solutions to Equation (71) can be related to observations from studies of industrial learning. In the 
special case where λmax(t) is constant in time, Equation (71) can be solved explicitly to give

t =max−e
−Pcum t max−0  , (72)

where λ0 is the initial value for λ(t) and Pcum is cumulative (rather than annual) production. A sample 
curve is shown in Figure 4. As shown in the figure, the learning index increases in an s-shaped fashion 
with cumulative production. This is the shape observed in learning curves within firms, where 
“learning” is measured by worker productivity [37]. This pattern contrasts with the constant slope 
observed for “experience curves,” which plot the logarithm of unit cost against the logarithm of 
cumulative production within a sector, and are a conventional tool in business and management [38]. 
However, there is good reason to think that the linear slope of experience curves has more to do with 
the benefits of increasing scale and other factors, rather than learning [37]. As scale economies are 
explicitly taken into account in the model described in this report, it is reasonable that the learning 
curve described by Equations (71) and (72) follow the s-shaped pattern observed in studies of industrial 
learning. Nevertheless, we add as a caution  that industrial learning curves are based on the experience 
of individual plants, whereas Equations (71) and (72) are applied at sector level.
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In Equation (71), learning only takes place if there is production, consistent with conventional models 
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where λ0 is the initial value for λ(t) and Pcum is cumulative (rather than annual) production. A sample 
curve is shown in Figure 4. As shown in the figure, the learning index increases in an s-shaped fashion 
with cumulative production. This is the shape observed in learning curves within firms, where 
“learning” is measured by worker productivity [37]. This pattern contrasts with the constant slope 
observed for “experience curves,” which plot the logarithm of unit cost against the logarithm of 
cumulative production within a sector, and are a conventional tool in business and management [38]. 
However, there is good reason to think that the linear slope of experience curves has more to do with 
the benefits of increasing scale and other factors, rather than learning [37]. As scale economies are 
explicitly taken into account in the model described in this report, it is reasonable that the learning 
curve described by Equations (71) and (72) follow the s-shaped pattern observed in studies of industrial 
learning. Nevertheless, we add as a caution  that industrial learning curves are based on the experience 
of individual plants, whereas Equations (71) and (72) are applied at sector level.
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think that the linear slope of experience curves has 
more to do with the benefits of increasing scale and 
other factors, rather than learning (Hall and Howell 
1985). As scale economies are explicitly taken into 
account in the NBIM, it is reasonable that the 
learning curve described by equations 71 and 72 
follow the s-shaped pattern observed in studies of 
industrial learning. Nevertheless, we add a caution 
that industrial learning curves are based on the 
experience of individual plants, whereas equations 71 
and 72 are applied at sector level.

6.4.2 Learning and yields
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Learning and yields

Yields in the model increase as farmers learn. Yields can increase by a maximum ratio ymax relative to 
the initial value, an increase which is achieved only when the learning factor λ = 1. The ratio y(λ) as a 
function of the learning level is given by

y =
1

1−0
[1−0 ymax ymax−1] . (73)

With this equation, when λ is at its initial value, =0 , y(λ0) = 1, as expected. When  λ is at its 
maximum value of λ = 1, y(1) = ymax, again as expected. Between the two extremes the yield increases 
linearly with the level of knowledge.

Parameter uncertainty

Scenario models are useful tools for exploring options under uncertainty. The most important type of 
uncertainty in a scenario  is the set of highly uncertain and high-impact external factors that can 
significantly affect the success of a policy. However, ordinary parameter uncertainty is also present, as 
it is with any modeling effort. The model described in this document is particularly afflicted by 
parameter uncertainty, as it simulates a poorly-understood (although well-studied) phenomenon, 
investor decision-making. To communicate this uncertainty to the model user, the model is run in a 
“sensitivity mode” in which parameter values are sampled from statistical distributions. Typically, the 
literature provides plausible minimum, maximum, and nominal values, but not a statistical distribution. 
For simplicity, we sample parameters from triangular distributions, as illustrated in Figure 5. As shown 
in the figure, the nominal value (that is, the model default value) is also the mode of the distribution. 
The probability is zero below the minimum and above the maximum, and otherwise the distribution is 
linear.
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it is with any modeling effort. The model described in this document is particularly afflicted by 
parameter uncertainty, as it simulates a poorly-understood (although well-studied) phenomenon, 
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“sensitivity mode” in which parameter values are sampled from statistical distributions. Typically, the 
literature provides plausible minimum, maximum, and nominal values, but not a statistical distribution. 
For simplicity, we sample parameters from triangular distributions, as illustrated in Figure 5. As shown 
in the figure, the nominal value (that is, the model default value) is also the mode of the distribution. 
The probability is zero below the minimum and above the maximum, and otherwise the distribution is 
linear.

27

Figure 4: Learning vs. cumulative production for f = 0, κ = 5%/Mt/year

1

10

100

0.01 0.1 1 10 100

Learning 

index

Cumulative production (million tonnes)

 as a 
function of the learning level is given as

𝛥𝛥𝛥𝛥 ≡ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝛥𝛥𝛥𝛥 ≈ − 𝑘𝑘𝛥𝛥𝛥𝛥 𝛼𝛼 𝛽𝛽 𝛥𝛥𝛥𝛥
𝑘𝑘 1𝛼𝛼+𝛽𝛽 ∣∣∣𝛥𝛥𝑑𝑑𝛥𝛥𝑑𝑑∣∣∣ 1𝛥𝛥𝑑𝑑

𝑤𝑤 𝑤𝑤0 � 𝑦𝑦𝑦𝑦0�𝜂𝜂

𝛥𝛥𝑁𝑁 𝛥𝛥𝑁𝑁0 � 12 � 𝐴𝐴𝐴𝐴 −𝐴𝐴�3�
𝑟𝑟𝐸𝐸 𝑟𝑟 𝛽𝛽 𝑟𝑟 − 𝑟𝑟 𝛾𝛾𝑟𝑟 𝜌𝜌 𝜌𝜌 − 𝜃𝜃

𝜌𝜌 �𝑅𝑅 −1+𝜀𝜀5−𝑅𝑅 +𝜀𝜀�2 𝜌𝜌
𝜌𝜌 𝜌𝜌 � − 𝜙𝜙𝑖𝑖 𝑏𝑏𝑖𝑖𝑁𝑁𝑖𝑖=1
𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑𝑑𝑑 𝜅𝜅𝜅𝜅 𝛥𝛥 𝜆𝜆 𝛥𝛥 − 𝜆𝜆 𝛥𝛥

𝜆𝜆 𝛥𝛥 𝜆𝜆 − 𝑒𝑒−𝜅𝜅𝑃𝑃 𝑑𝑑 𝜆𝜆 − 𝜆𝜆0

𝑦𝑦(𝜆𝜆) = 11−𝑑𝑑0 [1 − 𝜆𝜆0𝑦𝑦max + (𝑦𝑦max − 1)𝜆𝜆].  (73)

With this equation, when 

The National Bioenergy Investment Model NBIM: Technical Documentation DRAFT

Learning and yields

Yields in the model increase as farmers learn. Yields can increase by a maximum ratio ymax relative to 
the initial value, an increase which is achieved only when the learning factor λ = 1. The ratio y(λ) as a 
function of the learning level is given by

y =
1

1−0
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With this equation, when λ is at its initial value, =0 , y(λ0) = 1, as expected. When  λ is at its 
maximum value of λ = 1, y(1) = ymax, again as expected. Between the two extremes the yield increases 
linearly with the level of knowledge.

Parameter uncertainty

Scenario models are useful tools for exploring options under uncertainty. The most important type of 
uncertainty in a scenario  is the set of highly uncertain and high-impact external factors that can 
significantly affect the success of a policy. However, ordinary parameter uncertainty is also present, as 
it is with any modeling effort. The model described in this document is particularly afflicted by 
parameter uncertainty, as it simulates a poorly-understood (although well-studied) phenomenon, 
investor decision-making. To communicate this uncertainty to the model user, the model is run in a 
“sensitivity mode” in which parameter values are sampled from statistical distributions. Typically, the 
literature provides plausible minimum, maximum, and nominal values, but not a statistical distribution. 
For simplicity, we sample parameters from triangular distributions, as illustrated in Figure 5. As shown 
in the figure, the nominal value (that is, the model default value) is also the mode of the distribution. 
The probability is zero below the minimum and above the maximum, and otherwise the distribution is 
linear.
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Yields in the model increase as farmers learn. Yields can increase by a maximum ratio ymax relative to 
the initial value, an increase which is achieved only when the learning factor λ = 1. The ratio y(λ) as a 
function of the learning level is given by
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With this equation, when λ is at its initial value, =0 , y(λ0) = 1, as expected. When  λ is at its 
maximum value of λ = 1, y(1) = ymax, again as expected. Between the two extremes the yield increases 
linearly with the level of knowledge.

Parameter uncertainty

Scenario models are useful tools for exploring options under uncertainty. The most important type of 
uncertainty in a scenario  is the set of highly uncertain and high-impact external factors that can 
significantly affect the success of a policy. However, ordinary parameter uncertainty is also present, as 
it is with any modeling effort. The model described in this document is particularly afflicted by 
parameter uncertainty, as it simulates a poorly-understood (although well-studied) phenomenon, 
investor decision-making. To communicate this uncertainty to the model user, the model is run in a 
“sensitivity mode” in which parameter values are sampled from statistical distributions. Typically, the 
literature provides plausible minimum, maximum, and nominal values, but not a statistical distribution. 
For simplicity, we sample parameters from triangular distributions, as illustrated in Figure 5. As shown 
in the figure, the nominal value (that is, the model default value) is also the mode of the distribution. 
The probability is zero below the minimum and above the maximum, and otherwise the distribution is 
linear.
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Yields in the model increase as farmers learn. Yields can increase by a maximum ratio ymax relative to 
the initial value, an increase which is achieved only when the learning factor λ = 1. The ratio y(λ) as a 
function of the learning level is given by

y =
1

1−0
[1−0 ymax ymax−1] . (73)

With this equation, when λ is at its initial value, =0 , y(λ0) = 1, as expected. When  λ is at its 
maximum value of λ = 1, y(1) = ymax, again as expected. Between the two extremes the yield increases 
linearly with the level of knowledge.

Parameter uncertainty

Scenario models are useful tools for exploring options under uncertainty. The most important type of 
uncertainty in a scenario  is the set of highly uncertain and high-impact external factors that can 
significantly affect the success of a policy. However, ordinary parameter uncertainty is also present, as 
it is with any modeling effort. The model described in this document is particularly afflicted by 
parameter uncertainty, as it simulates a poorly-understood (although well-studied) phenomenon, 
investor decision-making. To communicate this uncertainty to the model user, the model is run in a 
“sensitivity mode” in which parameter values are sampled from statistical distributions. Typically, the 
literature provides plausible minimum, maximum, and nominal values, but not a statistical distribution. 
For simplicity, we sample parameters from triangular distributions, as illustrated in Figure 5. As shown 
in the figure, the nominal value (that is, the model default value) is also the mode of the distribution. 
The probability is zero below the minimum and above the maximum, and otherwise the distribution is 
linear.
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Yields in the model increase as farmers learn. Yields can increase by a maximum ratio ymax relative to 
the initial value, an increase which is achieved only when the learning factor λ = 1. The ratio y(λ) as a 
function of the learning level is given by

y =
1

1−0
[1−0 ymax ymax−1] . (73)

With this equation, when λ is at its initial value, =0 , y(λ0) = 1, as expected. When  λ is at its 
maximum value of λ = 1, y(1) = ymax, again as expected. Between the two extremes the yield increases 
linearly with the level of knowledge.

Parameter uncertainty

Scenario models are useful tools for exploring options under uncertainty. The most important type of 
uncertainty in a scenario  is the set of highly uncertain and high-impact external factors that can 
significantly affect the success of a policy. However, ordinary parameter uncertainty is also present, as 
it is with any modeling effort. The model described in this document is particularly afflicted by 
parameter uncertainty, as it simulates a poorly-understood (although well-studied) phenomenon, 
investor decision-making. To communicate this uncertainty to the model user, the model is run in a 
“sensitivity mode” in which parameter values are sampled from statistical distributions. Typically, the 
literature provides plausible minimum, maximum, and nominal values, but not a statistical distribution. 
For simplicity, we sample parameters from triangular distributions, as illustrated in Figure 5. As shown 
in the figure, the nominal value (that is, the model default value) is also the mode of the distribution. 
The probability is zero below the minimum and above the maximum, and otherwise the distribution is 
linear.
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Yields in the model increase as farmers learn. Yields can increase by a maximum ratio ymax relative to 
the initial value, an increase which is achieved only when the learning factor λ = 1. The ratio y(λ) as a 
function of the learning level is given by

y =
1

1−0
[1−0 ymax ymax−1] . (73)

With this equation, when λ is at its initial value, =0 , y(λ0) = 1, as expected. When  λ is at its 
maximum value of λ = 1, y(1) = ymax, again as expected. Between the two extremes the yield increases 
linearly with the level of knowledge.

Parameter uncertainty

Scenario models are useful tools for exploring options under uncertainty. The most important type of 
uncertainty in a scenario  is the set of highly uncertain and high-impact external factors that can 
significantly affect the success of a policy. However, ordinary parameter uncertainty is also present, as 
it is with any modeling effort. The model described in this document is particularly afflicted by 
parameter uncertainty, as it simulates a poorly-understood (although well-studied) phenomenon, 
investor decision-making. To communicate this uncertainty to the model user, the model is run in a 
“sensitivity mode” in which parameter values are sampled from statistical distributions. Typically, the 
literature provides plausible minimum, maximum, and nominal values, but not a statistical distribution. 
For simplicity, we sample parameters from triangular distributions, as illustrated in Figure 5. As shown 
in the figure, the nominal value (that is, the model default value) is also the mode of the distribution. 
The probability is zero below the minimum and above the maximum, and otherwise the distribution is 
linear.
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Scenario models are useful tools for exploring options 
under uncertainty. The most important types of 
uncertainty in a scenario are the highly uncertain and 
high-impact external factors that can significantly 
affect the success of a policy. However, ordinary 
parameter uncertainty is also present. The NBIM 
is particularly afflicted by parameter uncertainty, 
as it simulates a poorly understood (although well 
studied) phenomenon, investor decision making. 
To communicate this uncertainty to the model 
user, the model is run in a ‘sensitivity mode’, in 
which parameter values are sampled from statistical 
distributions. Typically, the literature provides 
plausible minimum, maximum and nominal values, 
but not a statistical distribution. For simplicity, we 
sample parameters from triangular distributions, as 
illustrated in Figure 5. The nominal value (that is, the 
model default value) is also the mode of distribution. 
The probability is zero below the minimum and 
above the maximum, and otherwise the distribution 
is linear.

7.1 Investment betas

The model simulates two distinct but connected 
markets: that for biofuel feedstocks and that for 
biofuels. To the extent that biofuel feedstock 

markets behave like the market for farmland, b  
can be expected to be relatively low, around 0.2 
(Barry 1980, Canavari et al. 2002). However, sb   for 
agribusiness firms have been found to be close to 1.0 
(Wilson and Featherstone 2006, Tepe 2010). Biofuel 
markets are likely to be sensitive to changes in the 
market as a whole, since they are linked to energy 
markets, so b  is expected to be relatively large. 
While studies of biofuel markets using the ICAPM 
are rare (for example, Baker et al. [2008] applies 
ICAPM to the biofuel market, but does not report 
estimates for b ), renewable energy markets have 
been studied. In Sadorsky (2012), sb  for renewable 
energy companies were found to be quite high, with 
benchmark estimates close to 2.0, but rising for some 
models close to 4.0. In the default settings for the 
model, b  for feedstocks takes a value of 0.50, while 
in sensitivity runs it is assumed to follow a triangular 
distribution with a minimum of 0.25, a maximum 
of 1.50, and a mode of 0.50. The b  for fuels defaults 
to 2.0, and in sensitivity runs follows a triangular 
distribution with a minimum of 0.75, a maximum of 
3.00, and a mode of 2.00.

7.2 Investment uncertainty (entropy 
weight)

The weight [{] given to the entropy term in the 
investment objective function of Equation 19 is 
a tuning parameter for the model. In principle it 
can be estimated by fitting the model to observed 
data. However, few data are available with which 
to calibrate the model, and so it is represented as 
an uncertain parameter. The model user can set 
the minimum, maximum and nominal values. By 
default, for international investors, the values are 
set at 0.10 (minimum), 0.20 (nominal) and 0.30 
(maximum). For domestic investors, the default 
values are 0.05 (minimum), 0.10 (nominal) and 0.15 
(maximum). These values reflect an assumption that 
domestic investors are comparatively knowledgeable 
about local investment opportunities, and so the 
distribution of investments shows less uncertainty 
and less spread than for foreign investors.

7. Parameter uncertainty
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7.3 Fuel and feedstock price 
adjustment coefficients

The price adjustment coefficients a and b for fuels 
and feedstocks determine the rate of price adjustment 
when supply and demand are out of equilibrium, as 
given in equations 52 and 55. As explained in Section 
5.4, the parameters are assigned values that give 
apparently reasonable model behaviour. The user can 
adjust these separately for each fuel and feedstock. 
By default, they are set to 0.04/year for feedstocks 
and 0.50/year for fuels. As the parameters are quite 
uncertain, by default they are set to vary between half 
and twice their default values, that is, 0.02–0.08/year 
for feedstocks and 0.25–1.00/year for fuels.

7.4 Crop yields

In the model it is assumed that investment decisions 
are made on the basis of anticipated yields – that is, 
on the basis of the nominal value for the yields of 
each crop. However, actual production may differ 
from the nominal value by a factor with a nominal 
value of 1.0, and a user-defined minimum and 
maximum value. Users can assign a larger range for 
crops whose yields are less well known than for better 
known crops.



8. Comments

models, which attempt to anticipate human 
behaviour, require particular caution. The intended 
use of the model is to quickly try out a variety of 
options in an environment where any surprising 
outcomes can be investigated in detail. Policy analysts 
and policymakers may eliminate some policy options 
after such an exercise, if they seem to provide limited 
benefits, while choosing other, more promising 
options for further investigation.

The NBIM is a non-equilibrium dynamic model 
that features ‘boom and bust’ cycles, as actually 
experienced in biofuel feedstock and other cash crop 
operations. The model is intended to be used in an 
interactive setting, complimented by a narrative 
scenario process.

As with any model, the outputs are only as good as 
the inputs and the model assumptions. Simulation 
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Annex 1. Policy instruments, drivers, critical uncertainties and trends

 • net present benefit to the economy;

 • net cost;

 • reduced deforestation due to bioenergy 
expansion;

 • percentage of liquid biofuels produced by 
smallholders;

 • total jobs created in the biofuel sector.

Critical uncertainties include the following:

 • risk tolerance;

 • potential to domesticate FDI flows;

 • World Trade Organization rules on biofuels;

 • suitability of auto fleet;

 • prices (fossil fuel, oil as food vs. biodiesel, 
variability);

 • productivity of food crops;

 • political will;

 • land tenure;

 • climate risk;

 • availability of financial resources to advance 
biofuels production;

 • regional coordination on biofuels production.

Trends include the following:

 • demands from EU standards;

 • local technology and innovations;

 • knowledge of extension workers;

 • rights of chiefs to allocate land;

 • domestic demand;

 • level of knowledge about biofuel feedstocks;

 • suitability of auto fleet;

 • economic orientation (export-oriented vs. import 
substitution);

 • value-added potential of agro-processing 
industries;

 • land suitability and availability;

 • international experience with relevant 
technologies and policies;

 • experience of farmers (current and over time) 
with cash crop production;

 • strategic plan to drive the biofuels industry;

 • undermining of price by neighbouring countries;

 • competition with fossil fuels;

 • environmental concerns (nongovernmental 
organisations).

The policy instruments are as follows:

 • Environmental impact assessment (self-reported 
environmental impact statement with and 
without monitoring);

 • tax incentives for foreign direct investment 
(FDI);

 • percentage of domestic ownership;

 • mandatory blend ratios;

 • priority sectors and free trade zones;

 • agroecological zoning (suitability);

 • minimum wages;

 • market-based application of sustainability 
standards;

 • regulations on land allocation;

 • extension and credit services to smallholders;

 • support to negotiation (terms of land lease);

 • repatriation of profits;

 • minimum percentage of smallholder produced 
biofuel;

 • legislating around sustainability standards;

 • tax incentives for FDI with conditionality

The national-level indicators are as follows:

 • percentage of liquid fuel produced domestically;

 • volume of oil imports;

 • value of energy imports as a percentage of gross 
domestic product;

 • kWh of co-generated electricity;

 • proportion of household energy consumption 
from biofuels;

 • volume of national charcoal consumption;

 • dollars saved on imports of oil;

 • value of biofuel exports;

 • percentage of domestic shareholding in biofuel 
companies;

 • proportion of feedstock processed domestically;

 • percentage of domestic biofuel production that is 
consumed nationally;

 • tax revenue at pump;

 • company tax (tax revenue and net profits);

 • tax revenue from salaried employees;

 • import taxes;

 • export taxes;

 • percentage of profits repatriated abroad;
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Source or Object form, that is based on (or derived 
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represent, as a whole, an original work of authorship. 
For the purposes of this License, Derivative Works 
shall not include works that remain separable from, 
or merely link (or bind by name) to the interfaces of, 
the Work and Derivative Works thereof.

“Contribution” shall mean any work of authorship, 
including the original version of the Work and any 
modifications or additions to that Work or Derivative 
Works thereof, that is intentionally submitted to 
Licensor for inclusion in the Work by the copyright 
owner or by an individual or Legal Entity authorised 
to submit on behalf of the copyright owner. For the 
purposes of this definition, “submitted” means any 
form of electronic, verbal, or written communication 
sent to the Licensor or its representatives, including 
but not limited to communication on electronic 
mailing lists, source code control systems, and issue 
tracking systems that are managed by, or on behalf 
of, the Licensor for the purpose of discussing and 
improving the Work, but excluding communication 
that is conspicuously marked or otherwise designated 
in writing by the copyright owner as “Not a 
Contribution.”

“Contributor” shall mean Licensor and any 
individual or Legal Entity on behalf of whom a 
Contribution has been received by Licensor and 
subsequently incorporated within the Work.

2. Grant of Copyright License

Subject to the terms and conditions of this License, 
each Contributor hereby grants to You a perpetual, 
worldwide, non-exclusive, no-charge, royalty-free, 
irrevocable copyright license to reproduce, prepare 
Derivative Works of, publicly display, publicly 
perform, sublicense, and distribute the Work and 
such Derivative Works in Source or Object form.

3. Grant of Patent License

Subject to the terms and conditions of this License, 
each Contributor hereby grants to You a perpetual, 
worldwide, non-exclusive, no-charge, royalty-free, 
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TERMS AND CONDITIONS FOR USE, 
REPRODUCTION, AND DISTRIBUTION

1. Definitions

“License” shall mean the terms and conditions for 
use, reproduction, and distribution as defined by 
Sections 1 through 9 of this document.

“Licensor” shall mean the copyright owner or entity 
authorised by the copyright owner that is granting 
the License.

“Legal Entity” shall mean the union of the acting 
entity and all other entities that control, are 
controlled by, or are under common control with 
that entity. For the purposes of this definition, 
“control” means (i) the power, direct or indirect, to 
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form, including but not limited to compiled object 
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“Work” shall mean the work of authorship, whether 
in Source or Object form, made available under the 
License, as indicated by a copyright notice that is 
included in or attached to the work (an example is 
provided in the Appendix below).
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license to make, have made, use, offer to sell, sell, 
import, and otherwise transfer the Work, where such 
license applies only to those patent claims licensable 
by such Contributor that are necessarily infringed 
by their Contribution(s) alone or by combination 
of their Contribution(s) with the Work to which 
such Contribution(s) was submitted. If You institute 
patent litigation against any entity (including a cross-
claim or counterclaim in a lawsuit) alleging that 
the Work or a Contribution incorporated within 
the Work constitutes direct or contributory patent 
infringement, then any patent licenses granted to You 
under this License for that Work shall terminate as of 
the date such litigation is filed.

4. Redistribution

You may reproduce and distribute copies of the Work 
or Derivative Works thereof in any medium, with or 
without modifications, and in Source or Object form, 
provided that You meet the following conditions:

1. You must give any other recipients of the Work 
or Derivative Works a copy of this License; and

2. You must cause any modified files to carry 
prominent notices stating that You changed the 
files; and

3. You must retain, in the Source form of any 
Derivative Works that You distribute, all 
copyright, patent, trademark, and attribution 
notices from the Source form of the Work, 
excluding those notices that do not pertain to 
any part of the Derivative Works; and

4. If the Work includes a “NOTICE” text file as 
part of its distribution, then any Derivative 
Works that You distribute must include 
a readable copy of the attribution notices 
contained within such NOTICE file, excluding 
those notices that do not pertain to any part 
of the Derivative Works, in at least one of the 
following places: within a NOTICE text file 
distributed as part of the Derivative Works; 
within the Source form or documentation, if 
provided along with the Derivative Works; or, 
within a display generated by the Derivative 
Works, if and wherever such third-party notices 
normally appear. The contents of the NOTICE 
file are for informational purposes only and do 
not modify the License. You may add Your own 
attribution notices within Derivative Works that 
You distribute, alongside or as an addendum to 
the NOTICE text from the Work, provided that 
such additional attribution notices cannot be 
construed as modifying the License.

You may add Your own copyright statement to Your 
modifications and may provide additional or different 
license terms and conditions for use, reproduction, 
or distribution of Your modifications, or for any such 
Derivative Works as a whole, provided Your use, 
reproduction, and distribution of the Work otherwise 
complies with the conditions stated in this License.

5. Submission of Contributions

Unless You explicitly state otherwise, any 
Contribution intentionally submitted for inclusion 
in the Work by You to the Licensor shall be under 
the terms and conditions of this License, without any 
additional terms or conditions. Notwithstanding the 
above, nothing herein shall supersede or modify the 
terms of any separate license agreement you may have 
executed with Licensor regarding such Contributions.

6. Trademarks

This License does not grant permission to use the 
trade names, trademarks, service marks, or product 
names of the Licensor, except as required for 
reasonable and customary use in describing the origin 
of the Work and reproducing the content of the 
NOTICE file.

7. Disclaimer of Warranty

Unless required by applicable law or agreed to in 
writing, Licensor provides the Work (and each 
Contributor provides its Contributions) on an 
“AS IS” BASIS, WITHOUT WARRANTIES 
OR CONDITIONS OF ANY KIND, either 
express or implied, including, without limitation, 
any warranties or conditions of TITLE, NON-
INFRINGEMENT, MERCHANTABILITY, or 
FITNESS FOR A PARTICULAR PURPOSE. 
You are solely responsible for determining the 
appropriateness of using or redistributing the Work 
and assume any risks associated with Your exercise of 
permissions under this License.

8. Limitation of Liability

In no event and under no legal theory, whether in 
tort (including negligence), contract, or otherwise, 
unless required by applicable law (such as deliberate 
and grossly negligent acts) or agreed to in writing, 
shall any Contributor be liable to You for damages, 
including any direct, indirect, special, incidental, or 
consequential damages of any character arising as a 
result of this License or out of the use or inability to 
use the Work (including but not limited to damages 
for loss of goodwill, work stoppage, computer failure 
or malfunction, or any and all other commercial 
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damages or losses), even if such Contributor has been 
advised of the possibility of such damages.

9. Accepting Warranty or Additional Liability

While redistributing the Work or Derivative Works 
thereof, You may choose to offer, and charge a fee for, 
acceptance of support, warranty, indemnity, or other 
liability obligations and/or rights consistent with 
this License. However, in accepting such obligations, 

You may act only on Your own behalf and on 
Your sole responsibility, not on behalf of any other 
Contributor, and only if You agree to indemnify, 
defend, and hold each Contributor harmless for any 
liability incurred by, or claims asserted against, such 
Contributor by reason of your accepting any such 
warranty or additional liability.

END OF TERMS AND CONDITIONS
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