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Abstract

This paper presents a set of rules for matrix differentiation with
respect to a vector of parameters, using the flattered representation of
derivatives, i.e. in form of a matrix. We also introduce a new set of
Kronecker tensor products of matrices. Finally we consider a problem
of differentiating matrix determinant, trace and inverse.
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1 Introduction

Derivatives of matrices with respect to a vector of parameters can be ex-
pressed as a concatenation of derivatives with respect to a scalar parameters.
However such a representation of derivatives is very inconvenient in some
applications, e.g. if higher order derivatives are considered, and or even are
not applicable if matrix functions (like determinant or inverse) are present.
For example finding an explicit derivative of det(0X/00) would be a quite
complicated task. Such a problem arise naturally in many applications, e.g.
in maximum likelihood approach for estimating model parameters.

The same problems emerges in case of a tensor representation of deriva-
tives. Additionally, in this case additional effort is required to find the flat-
tered representation of resulting tensors, which is required, since running
numerical computations efficiently is possible only in case of two dimensional
data structures.

In this paper we derive formulas for differentiating matrices with respect
to a vector of parameters, when one requires the flattered form of resulting
derivatives, i.e. representation of derivatives in form of matrices. To do this



we introduce a new set of the Kronecker matrix products as well as the gener-
alized matrix transposition. Then, first order and higher order derivatives of
functions being compositions of primitive function using elementary matrix
operations like summation, multiplication, transposition and the Kronecker
product, can be expressed in a closed form based on primitive matrix func-
tions and their derivatives, using these elementary operations, the generalized
Kronecker products and the generalized transpositions.

We consider also more general matrix functions containing matrix func-
tions (inverse, trace and determinant). Defining the generalized trace func-
tion we are able to express derivatives of such functions in closed form.

2 Matrix differentiation rules

Let as consider smooth functions @ 3 6 — X(0) € R™" Q > 0 —
Y (0) € RP*9 where 2 C R¥ is an open set. Functions X, Y associate a m x n
and p X ¢ matrix for a given vector of parameters, § = col(6;, 0, ...,0;). Let
the differential of the function X with respect to @ is defined as

OX _[ox ox ox |
90 961 06, " 96y
for 0X/00; € R™*" i =1,2,... k.
Proposition 2.1. The following equations hold
1. %(QX) = a%
2. Z(X+Y)=2 4+ 2
3. Z(XxY)=Z x (I, ®Y)+ X x 2

where a € R and I}, is a k X k dimensional identity matriz, assuming that
differentials exist and matrixz dimensions coincide.

Proof. The first two cases are obvious. We have

0

0X oy ox oy
%(XXY):[%XY—FXXB—HI o G XY + X x g ]
Y . 0
oX 0X S oy 0%
0 Y
0X

Y
:WX<I]§®Y)+XX_



Differentiating matrix transposition is a little bit more complicated. Let
us define a generalized matrix transposition

Definition 2.2. Let X = [X1, Xy, ... X,,], where X; € RP*? ¢ =1,2,....n
is a p X q matriz is a partition of p X nq dimensional matrix X. Then
Proposition 2.3. The following equations hold

1. Z(X") =Ti(%)

2. 55(Ta(X)) = Trxa(%5)
Proof. The first condition is a special case of the second condition for n = 1.
We have

0 a o)
g T (X)) = [ Twy(G5) - TGy |
_ | axg X! X oX, | 8_X
| 86,086, 96, T (kxn) "5
since
8X _ |: 0X1 0Xn 0X1 0Xn :|
80 001 70601 Bek ’ 6919

Let us now turn to differentiating tensor products of matrices. Let for
any matrices X, Y, where X € R™? is a matrix with elements z;; € R for
1=1,2,...,p,7=1,2,...,q. The Kronecker product, X ® Y is defined as
Y - 1Y
XY = : :
Y

Tp1Y Tpg

Similarly as in case of differentiating matrix transposition we need to intro-
duce the generalized Kronecker product

Definition 2.4. Let X = [X1, Xs,... X,,], where X; € RP* ¢ =1,2,....m
is a p X q matriz is a partition of p X mq dimensional matriz X. Let Y =
Y1,Ya,...Y,], where Y; € R™** i =1,2 ... ,n is ar X s matriz is a partition
of r X ns dimensional matriz'Y. Then

X2, Y =[X®Y,...,X®Y,]

Xery =[X;®,Y,...,X, ®;Y]

X @prarme Y = [X @iz Yl, X @pEme Y
(X

X ®m1 M2y Y 2 1m2, Mes Y X ®1 Y2, Mg Y]
m

ni,m2,...,Ns nl sM25005Ms n1,Mn2,...,Ms

assuming that appropriate matrix partitions exist.



Proposition 2.5. The following equations hold

0 o) 0
1L S5XoY)=28oY +X e, %

o) mi,...,Msg _ 0 kma,..., ms 1ma,..., ms O
2. %(X Qe Y) - 8_{0( ®1,n117--~,ns Y+ X ®k,n1l ns 8_}9/

-----

.....

0
spX @i V) = [ gr(X epumY) - go(XepuY) ]
0X omai,...,ms 0X omi,...,ms
= |: 001 ®'”11 ~~~~~ Ns Y 00y, ®nl ----- Ns Y ]
mi,...,ms O mi,....,ms O
+ [ X ®n1 ,,,,, Ns 3;/1 X ®n1 ..... Ns a;; ]
= 5g Sl Y+ X @ =
Since X ® Y = X ®1Y, in case of the standard Kronecker product we obtain
0 0X oY 00X oY
—(XRY)="- 'Y +X®, = QY + X ®; —
g\ X BY) =g SY T X @ Fg = g @Y+ X @ 5
O

In proposition 2.1 we have omitted the case of multiplication of a matrix
by a scalar function, using proposition 2.5 we obtain
Proposition 2.6. Let o is a scalar function of 0 and X is a matriz valued
function of 0, X (0) € RP*9. Then
0 0X O«
—(aX) = X — -
96N =X 55 5

Proof. Expression aX can be represented as aX = (a ® I,) x X, where I,

is a p X p dimensional identity matrix. Hence

9, 0 ~d(a®1,) 0X
Oa 0X Oa 0X
= (gg @) ¥ k@ X)FaxFp =550 X +ax 55
OJ

Let S is a set of smooth matrix valued functions Q 3 6 — X (0) € RP*7

where 0 C R¥ is an open set, for any integers p, ¢ > 1 not necessary the same
for all functions in S. Let dif S = {0X/00 : X € S}. The set S may contain

scalars and matrices, which are interpreted as constant functions.

4



Let ext(S) is a set of functions obtained by applying elementary matrix
operations on the set S, i.e. ext(S) is a smallest set such that if XY €
ext(S), then matrix valued functions X +Y, X x Y, To(X), X @nr ™Y
if exist belong to ext(S), where n,ny,...,ng, my,...,ms are any positive
integers.

Theorem 2.7. dif(ext(S)) = ext(S U dif(S)).

Proof. By induction using propositions 2.1, 2.3, 2.5, 2.6. O]

The theorem 2.7 states, that derivatives of matrix valued functions ob-
tained by applying elementary operations like summation, matrix multi-
plication, generalized transposition and generalized Kronecker tensor prod-
uct can be expressed as a combination of these functions and their deriva-
tives using these elementary operations. Applying the theorem 2.7 to a set
7 = dif(ext(S)) we can see that also higher order derivatives can be ex-
presses, using these elementary operations, as combinations of elementary
functions S and their higher order derivatives.

3 Derivatives of matrix determinant, trace and
inverse

Let us consider derivatives of matrix inverse, determinant and trace. We
need to introduce the generalized trace defined analogously as the generalized
transposition.

Definition 3.1. Let X = [X1, Xy, ... X,,], where X; € RP*P ¢ =1,2,....n

1S a p X p matrix, 1s a partition of p X np dimensional matriz X. Then
tr, (X) = [ tr Xy, tr Xo, ..., tr X, |
Proposition 3.2. The following equations hold

Odet(X _
1. 2900 — det(X) x tr (X1 x 2X)

Otrp (X
2. 2mnX) — (25

-1 _ —
3. 8)8(—9:—)( IX%—);X([]C@X 1)



Proof. We have

Jdet(X) _ [ 9 det(X) 8 det(X) ]
5 . 76,
= [ det(X) tr(X 1 x %) oo det(X) x tr(X ! x gTXk) }
X
= det(X) x trp(X ! x 88—0)
dtr,(X) Bt (X dtr, (X X X 0X
e I R
Similarly
oX! -1 -1 10X v— 18X v—
=L G S = [XTEXT L XTI
X
=-X"'x[Z ... S« (]k®X_1):—X_186—9(Ik®X_1)

since in case of scalar parameter § € R, 9 det(X)/00 = det(X) tr(X 10X/90),
Otr(X)/00 = tr(0X/00), and 90X ' /00 = — X1 (0X/00) X! (see for exam-
ple Petersen, Petersen, (2006)). O

Let a set S and operation dif are defined as in the previous section.
Let exto(S) is a set of functions obtained by applying elementary matrix
operations and matrix determinant, trace and inverse on the set S, i.e. ext(S)
is a smallest set such that if X,Y € exto(S), then matrix valued functions
X+Y, X xY, T, (X), X @Y, det(X), tr,(X), X~ if exist belong

.....

to exty(S), where n,nq,...,ng,my, ..., ms are any positive integers.
Theorem 3.3. dif(exty(S)) = exty(S U dif(S)).
Proof. By induction using propositions 2.1, 2.3, 2.5, 2.6, 3.2. O]

4 Derivatives of function composition

Let f is a matrix valued function given by
RP >z f(x) e R™"

and ¢ is a vector valued function Q@ 5 6 — g(d) € RP. We can define a
function composition 2 3 6 — f(g(6)) € R™*".

Proposition 4.1. The following condition holds

) f(g(8)) _ (0g(0)
g7 90) = =5, X( o0

® In)



Proof. Let

fulz) .o fia(z)
f(z) = : :
fm1(@) oo fon(2)

where f;;(z) are scalar valued functions. Then for s =1,...,k

Ofij(x) _ i Ofij(x)  Ovy _ Ofij(z)  Ox
00, Oxy, 00 Ox 00,

since 0z /00 is a column vector. Further

df11(z) o O fin(z)
fla) | ™= o aa:k () axk
s = | otm@  Ofmal) a“”“ 2
oxy, oxy,
1 2
) 8f(x)] o :&f(x) Ox I
Inxa_es
Finally
f(x)  Of(x) P P of(x)  Ox
= LRI, ... Z=I,|= I
0. ~ or Lo ® o, & dn ] = =57 x (58 1)

5 Properties of the generalized Kronecker prod-
uct

Proposition 5.1. For any matrices A, B
1. A®R*B=A®B.
2. A® . B=Aem B.

Lk,
o110 _ JUTS O
3' A ®...,nk,nk+1,... B - A ®...,nk><nk+1,.“ B
Mg, M 41, _ cey M X415
4 A ®.;.,1 nk+1 B - A ®""nk+17"' B'

assuming that the Kronecker products exist.



Proposition 5.2. For any matrices A, B, C
1A®nm11 ,,,,, mk(B—f-C):A@ml ..... ka+A®m1 ..... ka

..... ng My, N MYy, Nk

2. (A_|_B)®nm1 ..... ka:A®m1 ,,,,, ka+B®m1 ..... ka

1y-e Mk N1, Nk N1y,

assuming that the Kronecker products exist and matrixz dimensions coincide.

Proposition 5.3. For any matrices A, B, C, D

(AB> ®:Lnll 77777 ms (CD) — (A ® C) X (B ®Z7«11 ..... ms D)

assuming that products AB and C'D, as well as Kronecker products exist.

Proof. Observe that X @i Y = X @' "1y and (AB) ®! (CD) =

..... Ns yeeryNg, 1
(A® C) x (B ®! D), since (AB) ® (CD) = (A® C) x (B® D). Let
(AB) @™ (CD) = (A® C) x (B @1 D) for k > 0. Then

Ng,...,n1,l \~ /) 7 L) A g, ni,l

(AB) ®1,mk ..... mi,1 (CD)

Nk 1,Mk 511,51

= [ (AB) @) ™A (CDy) ...,(AB) R " (CDyyyy) |

..... ni,l seeesT1, 1
=[(AeC)(Ber =t D) ..., (AR C) B! Dy,.,) |

= (A®C) x (Bay™ ™" D)

Nt 1,Mk 511, 1

Similarly

(AB) ®mk+1,mk ..... ml,l (CD)

Nt 1,M M1, 1

_ |: (ABl) ®1,mk ,,,,, mi,1 (CD) o (ABmk_,_l) ®1,mk ,,,,, mi,1 (OD) }

Np1,Mk s ny,l N1,y ni,l

N1,k 511,51 Nt+1,Nk,---,N1,1

= (A & C’) X (B ®mk+17mk ----- mi,1 D)

N1,k M1, 1

— [ (A0 OB @ i D) o (A® O) (B, G101 D) |

Proposition 5.4. For any matrices A, B of size p1 X q1 and py X g

A@preis B = (A® B) x (I, @ 1)

T,y s N1,y s
assuming that Kronecker product exists.

Proposition 5.5. For any matrices A, B, C
A (B C) = (AR B)@C

..... ns ooy

assuming that Kronecker products exist.
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Proof. Observe that X @'Y = X @ MLy and A @l (B® C) =

1yeees IR Ns,

(A®IB)®C, since A® (B®C) = (A®B)®C. Let A" (Be () =

A ®1,mk ..... m1,1 (B ® C)

Nt 1,11, 1

=[Agpmt (BieC) ..., Aen it (B, @ C) |
=[ At By eC L. (Aent ™ B )@ C

— (A ®1,mk ..... m1,1 B) ® C

Nt 1,M N1, 1

Similarly
A ®mk+1,mk ..... ml,l (B ® C)

Nk+15Tk ey ni,l

_ |: Al ®1,mk ..... mi,l (B ® C) A ®17mk ..... mi,1 (B ® C) :|

Nk 1,Mk 51,1 » AMpp1 Sy, ng,...,n,l

Nt 1,M M1, 1 Nt 1, Mk s

— (A ®mk+1,mk ..... m1,1 B) ® O

Nt 1,511, 1

_ |: (Al ®1,mk ..... mi,l B) Q o .. : (Amk+1 ®1,mk ..... ml”nl,l,]_ B) ® C ]

Proposition 5.6. For any matrices A, B, C
A®(B®m1 ..... Mms C) — (A@B)@q’ml ----- msC

MN1yeeey Ng 1ni,..., Ns
where q is a number of columns of the matriz A, assuming that Kronecker
products exist.

Proof. Observe that X @pi-msY = X ®nm117jj:;;:':fl’1 Y,and A® (B®;C) =

(A®B)®! C = (A® B) @] C, since A® (B® () = (A® B) ® C and
A®]C = A®C if the Kronecker product exists. Let A® (B, """ ml o) =

,,,,, ni,l
(A® B) @¢mtm" C for k > 0. Let A= [A,,..., A)]. Then
1,mg,..., mi,l
Ai ® (B ®nk+§,nk,...1,n1,1 C)
=[ A@ Byt Gy LA Byt Cy,) ]
=[(A®B)@ ' Cy .. (A®B) @t Oy, |
= (4 ® B) @, 1 C
Similarly
m MMeyenny mi,l

N1, s-N1,1 Nt 1, Mk s

= [ A@ (B 1 ©) o A (B, @401 O) ]

= [ (Ai ® B1) ®1’mk """ mlﬁlg ¢ ..., (Az' ® Bmk+1) ®Lmk ..... ml";l,l c }

Nk41,Nk -5 Np41,Nk sy

— (AZ ® B) ®mk+1,’lnk ,,,,, mi,l C

N1,k 11,1



Finally,

A ® (B ®mk+1 M yenny ml,l C)

T4 1,Ms--,M1 1

|: Al ® (B ®mk+1 S yeeey mq,1 O) A ® (B ®mk+1 Mo yenny mi,1 O) i|

N1,k -1 51 N1,k 11,1

= [ (Al ®B) ®mk+1,mk ,,,,, my,1 C) ~--7(Aq ®B) ®mk+1,mk ,,,,, ma,1l C) }

Nt 1,511, 1 Nt 1,551, 1

— (A@B) qyME41,ME,..m1,1 O

®1 Mpg1,M 11,1

Proposition 5.7. Let A is m x n matriz. Let B is p X q¢ matriz. Then
A®,B= (I, ®,1,) x (B® A)

Proof. Let A’ is i-th column of A and B’ is j-th column of B. Let [I’f denotes
k-th column of p x p identity matrix and let B;'. denotes element of B at j-th
row and ¢-th column. Then

Bl A
(In @, L) x (BP@A)=[1.0L, ... L,®IF]x| ...
BiA’

—Z n®I0) x (AT ® BY) ZAZ I'x Bi) =A@ B’

Further
(In®@L L) x (B @A) = (I, @ L) x [ BB@ A" ... Bi@A"]
:[A1®BJ' A”®Bj}:A®Bj
=[A®B' ... A®B!]|=A,B

Proposition 5.8. Let A is m x n matriz. Let B is p X q¢ matriz. Then

A ®1,n1 ..... 1,ns,1 B = (Im ®1 I ) (B ®m1 ..... ms A)

mi,l,..., m8717q/m p

where m = my X - -+ X my, assuming that the Kronecker products exist.
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Proof. Proposition holds for s = 0. Let for any s > 0 A @""stm

ms,1,...;,m1,1,q/ms

(Im @, I,) x (B @psrm A), where 1, = my X - -+ X m,. Then

(I, ®, I,) x (B @LMam )

p Ns41,Ms,---,11
_ 1 Mg,y M] Mg,...,M1
- (Im ®p Ip) X [ B ®n:,...,n1 Al s B ®nss,l..,n1 Ans+l ]
_ 1,ns,...,1,n1,1 Mgy, 1
- |: Al ®ms’17-~~7m1,17f1/ms B e Ans+1 ®m87~--amlzq/ms B ]

1,ns41,1,ns,...,1,n1,1
1,1,ms,1,...,m1,1,q/ms

=AQ®

(Im @, Ip) x (B@peiime-m A)

p MNs41,Ms;--y
— 1 1,ms,...,m1 1,ms,...,m1 i|
- (Im ®p IP) X [ B, ®ns+1,ns,---,n1 A ... Bms+1 ®ns+1,ns,---7n1 A
_ 1ns41,1,ns,...,1,n1,1 1nst1,1,ns,..,1,m1,1
- |: A ®1»1:m5717--~7m1717Q/ms+1 1 o A ®1,1,m5,1,...,m1,1,q/fns+1 Ms+1

1,ns41,1,ns,...,1,n1,1
mS+1717m8717"'7m1717Q/mS+1

=AQ®

Proposition 5.9.

(L ®; ]q>_1 =1 ®3n I
Proof. Observe that (I, ®, I,) is an orthogonal matrix since this matrix can
be obtained permuting columns of the matrix I,,,. Hence (I, ®é ) =
(Im ®, I,)". Further

L] [ e,
(Im @4 1,)" = = =1,®! I,
L ® (I9)7 (19" @), I,
The second equality can be shown using for example proposition 5.7. ]

Proposition 5.10.
(]m ®1I?L Iq)_l = (]nm ®Z;Cn [q/n) X (qu ®l:n/k Imﬂf)
assuming that the Kronecker product exists.

Proof. Observe that (I, ®} I,) is an orthogonal matrix since this matrix can

be obtained permuting columns of the matrix I,,,. Hence (I, ®} I,)™" =
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(I, ®} I,)". Further

[ (Lyn @y Im) X Iy @ (1)
In @ (Igjn @y, Im) X (Im @, Ig)" = .
| Tgjn @, L) X Iy @ (IM)T
[ ()" @, I

= . =1,®. I,

The second equality can be shown using for example proposition 5.7. Hence
(I @ 1) = (10 ® (Tjn @by L) ™) XUy @}, T)
— (0 © (I @}y Typn) ) % (T @3, )
= (Inm ®Z/n Iq/n) X (Iq ®71n Im)
Further
e\l el o\ "1 ) —1
(fmehty) = (@b @tn L) = (L@ (Lo L 1))

= (Iym ®Z}fn Iym) X (Ikg ®fn/k Ik

O
Proposition 5.11. Let A is m X n matrix. Let B is p X ¢ matriz. Then
A® B = (I,®,I,) x (B® A) x (I, ®, I,)
Proof.
(In @, I,) x (B®A)=A®, B=(A® B) x (I, ®, I,)
=(A® B) x (I,®. 1,)*
O

6 Concluding remarks

Derived formulas requires matrix tensor products, which are absent, when
representing derivatives as the concatenation of derivatives with respect to a
scalar parameters. Hence, this approach may decrease numerical efficiency.
This problem however can be resolved using appropriate data structures.
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