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1 Introduction

The asymptotic behavior of expressions of the form Y ;" , f(r,z;) where z; is
an integrated process, 7, is a sequence of norming constants, and f is a mea-
surable function has been the subject of a number of articles in recent years.
We mention Borodin and Ibragimov (1995), Park and Phillips (1999), de Jong
(2004), Jeganathan (2004), Potscher (2004), de Jong and Whang (2005), Berkes
and Horvath (2006), and Christopeit (2009) which study weak convergence re-
sults for such expressions under various conditions on x; and the function f.
Of course, these results also provide information on the order of magnitude of
Sory f(rnz). However, to the best of our knowledge no result is available for
the case where f is non-integrable with respect to Lebesgue-measure in a neigh-
borhood of a given point, say x = 0. In this paper we are interested in bounds
on the order of magnitude of >_}' | |z¢|”“ when a > 1, a case where the implied
function f is not integrable in any neighborhood of zero. More generally, we
shall also obtain bounds on the order of magnitude for Y 7' | vy |z:|” " where
v, are random variables satisfying certain conditions. While the emphasis in
this paper is on negative powers that are non-integrable in any neighborhood
of zero (i.e., @ > 1), we also present results for « < 1 whenever they are eas-
ily obtained. We make no effort to improve the results in case a < 1, but we
shall occasionally mention better results available in this case (or in subcases
thereof) without attempting to be complete in the coverage of such (better) re-
sults specific to the case @ < 1. While my interest in the problem treated in the

*I would like to thank Kalidas Jana for inquiring about the order of magnitude of some of
the quantities now treated in the paper. I am indebted to Robert de Jong for comments on
an early draft that have led to an improvement in Theorem 1. I am grateful to Istvan Berkes,
Hannes Leeb, David Preinerstorfer, Zhan Shi, the referees, and the editor Peter Phillips for
helpful comments.



present paper is purely driven by mathematical curiosity, reciprocals and ratios
of variables that may be integrated are not alien to economic models. Hence
the results presented below are of potential interest for the econometric analysis
of such models.

2 Results

Consider an integrated process
Ty = Tp—1 + Wt

for integer ¢t > 1, with the initial real-valued random variable xy being indepen-
dent of the process (w;);>1 which is assumed to be given by

e
Wy = E Qﬁj&t,j.
=0

Here (g;)icz are independent and identically distributed real-valued random
variables that have mean 0 and a finite variance, which — without loss of gener-
ality —is set equal to 1. The coefficients ¢, are assumed to satisfy E;io ’(éj ’ < 00
and Z;io ¢; # 0. Furthermore, ¢; is supposed to have a density ¢ with respect
to (w.r.t.) Lebesgue-measure. We note that under these assumptions x; pos-
sesses a density w.r.t. Lebesgue-measure for every ¢t > 1, and the same is true for
wy; cf. Section 3.1 in Potscher (2004). Furthermore, the characteristic function
¥ of g; is assumed to satisfy

/ sl ds < oo )

for some 1 < v < oo. These assumptions will be maintained throughout the
paper. They have been used in Potscher (2004), while stricter versions occur,
e.g., in Park and Phillips (1999), de Jong (2004), and de Jong and Whang
(2005). A detailed discussion of the scope of condition (1) is given in Potscher
(2004), Section 3.1. In particular, we recall from Lemma 3.1 in Potscher (2004)
that under the maintained conditions of the present paper densities h; of t—/2z,
exist such that for a suitable integer ¢, > 1

sup |||, < oo (2)
t>t,

is satisfied, where ||-||., denotes the supremum norm. In the following we set
fo= 5Py, [hell oo

2.1 Bounds on the Order of Magnitude of Y, |z;|™*

We first consider the behavior of ' |z;|”“. Note that under our assumptions
this quantity is almost surely well-defined and finite for every oo € R.! Recall

n particular, how, and if, we assign a value in the extended real line to |z¢| ™ on the
event {z¢ = 0} has no consequence for the results.



that we are mainly interested in the case o« > 1. While the next theorem
provides an upper bound on the order of magnitude, lower bounds are discussed
in Remarks 5 and 6 below.

Theorem 1

n Opr(na/Q) ’Lf a>1
Z lz:|~* = ¢ Op(n'/?logn) if a=1
t=1 Op:(n'=%/2)  if —2<a<l.

Proof. Suppose first that a« > 0 holds. Since Zz‘:ll |z|” is almost surely
real-valued it suffices to prove the result for ;" , [z;|”%. For 0 < § < 1 we
have almost surely

n
D el
t=t.

zn: 2 1 (‘t‘l/zxt‘ > 5/(nt>1/2)

t=t.

+ 3 fa 1 (‘t—l/%t

t=t,

= Qn (5) + Rn(é)

where t, is as in (2) and n > t,. First consider R, (d): Set

< 5/(nt)"/?)

S, (6) = U {'t—l%t‘ < 6/(nt)1/2}.

=t

Observe that {R,, () > 0} = S,,(d) up to null-sets and

Pr(R,(0) >0) = Pr(S,(0)) < zn:Pr (‘til/Q:ct

t=t.

< 6/(nt)"?)

n 5/(nt)'/? n
= Z/ hi(z)dz < 2/{5n_1/22t_1/2
t=t, 7 —0/(nt)!/? =

< 4xd

holds for all n > ¢, in view of (2) using the fact that >, , ¢~ 1/2 <> ¢71/2 <
2n'/2. Next we bound Q,,(6): Observe that

1(‘t_1/21't

EQ,(5) = En: t=o2p <‘t_1/2xt B > 5/(nt)1/2)> ,
t=t.



and that for ¢ > ¢,

E (‘t‘lﬂxt)_a 1(‘t_1/2xt
- E (‘tl/%t - > 5/(nt)1/2))

+FE (’t1/21‘t’a 1(‘1&71/2‘%4 Z 1))

> 6/<m>1/2>)

1(1 > ’t71/2$t

1

< / 2] "% he(2)dz + 1 < 2/1/ 2 %z + 1
§/(nt)1/2<|z|<1 6/ (nt)1/2
14 26(a — 1) 181 (nt) (@~ 1/2 if a>1
< 1+ 2klog (6_1) + 2k log ((nt)1/2) if a=1
1+2k(1—a)? if 0<a<l

Consequently, for n > max(t,, 3) we have

(1+26(a—1)"16"" o‘)n /2Z?tt*1/2 if a>1

E(Q,(9)) < (1+2k+2klog (67")) (logn) >y, t~1/2 if a=1
(T+26(l—a) )30, t “al if 0<a<l.
c(a, 8, K)n®/? if a>1

< c(1,6,k)n'?logn  if a=1
cla, 6, k)nt=/2 if 0<a<l.

where ¢(a, 0, k) are positive finite constants.
Now, for arbitrary ¢ > 0 choose §(¢) satisfying 0 < d(¢) < min(1,e/(8k)).
Then choose M = M(e, a, k) > 0 large enough to satisfy

M > 4 e(a, 6(e), K).

Then, with d, = n®/? in case o > 1, d,, = n'/?logn in case o = 1, and
d, =n'"%2 in case 0 < a < 1, we obtain using Markov’s inequality

Pr (dnl PN M)
t=t.

Pr(d;'Q,(5(c)) > M/2) + Pr(d,'R,(6(c)) > M/2)

<
< 2d'EQ,(6(e))/M + Pr(R,(6(c)) >0) < ¢

for all n > max(t.,3). Since Y}, |z;| " is almost surely real-valued for all
n > t,, this completes the proof in case o > 0.
Suppose next that —2 < a < 0 holds. Observe first that

Z\xtragmax ,277 1 <Z|€Et—fﬂo| +nx0|a>. (3)
t=1



By Lyapunov’s inequality and noting that F (z; — :co)2 is of the exact order
t (since wy is a linear process with absolutely summable coefficients satisfying

E;io ¢; # 0) we have

n n
EZ |zy — x| * < th‘a/Q = O(n'~/?)
t=1 t=1

for some finite constant c¢. But then an application of Markov’s inequality gives
S me — 20| ™" = Op(n!=2/2). Together with (3) this establishes the claim.
]

Remark 2 (i) The proof of Theorem 1 in the previous version of this paper
(dated January 2011) is incorrect. For a discussion of the errors and an alter-
native proof see the supplementary notes available on my webpage.

(ii) Remark 6 in the January 2011 version of this paper insinuated that
there is a contradiction between Theorem 1 and results in de Jong and Whang
(2005). However, the argument put forward in this remark is invalid as there is
an elementary sign-mistake in the inequality presented in that remark. Hence,
this remark is completely invalid and I owe apologies to de Jong and Whang.

Remark 3 (i) For values of a such that 2~ is well-defined for every x except
possibly for z = 0, the quantity > ;. , z;* is almost surely well-defined and
real-valued. By the triangle inequality Theorem 1 applies also to > -, z; *.

(ii) Not surprisingly, the expectation of >_}" | |z¢|~® will typically be infinite
in the case a > 1 (e.g., if the density of z; is bounded from below in a neigh-
borhood of zero as is the case if x; is Gaussian). The expectation can, however,
also be infinite in other cases (e.g., if & < —2 and moments of z; of order —«
do not exist).

Remark 4 (i) It follows from Remark 5 below that the bound given for —2 <
a < 0holds in fact for all & < 0 provided the additional condition Z;io g1/ |¢j| <
oo is satisfied. [The additional condition is perhaps unnecessary, but we do not
make any effort to remove it as the focus in this paper is on the case a > 1.]

(i) If Ez2 < oo holds, then Exz? = E (z, — x0)® + E22 is of the order ¢
and thus E |z;|~® is at most of the order t=*/2 for —2 < a < 0 by Lyapunov’s
inequality. This shows that if Ez2 < oo holds the proof of Theorem 1 for the
case —2 < a < 0 can be simplified.

Remark 5 Suppose the stronger summability condition Z‘;’;Ojl/z |¢j| < o0is
satisfied. Under this additional assumption more is known in case —oco < a < 1
than just the upper bound on the order of magnitude of >_}' | |z:|”“ given by
Theorem 1: If —oo < a < 1 then

n 1
w7 ol [ W) ds (@
t=1 0

for n — oo, with the limiting variable being positive with probability one;

as a consequence, n'~%/2 is the exact order of magnitude in probability of



>oiey ||~ Here W is standard Brownian motion and o = > 72 ¢, which is
non-zero by assumption.? Relation (4) follows from the first claim in Corollary
3.3 in Potscher (2004), applied to the function T given by T'(z) = |z|~* for
z # 0 and T(0) = 0, and from the observation that n®/2~1 Zle || — 0 as
n — oo for every fixed integer b. Note that 7" is locally integrable since o < 1
and that T satisfies T'(Az) = |[A\|”“ T(z) for all z € R and all X # 0. Also note
that the integral in (4) is almost surely well-defined and finite (independently of
how one interprets |[W(s)|”“ for W(s) = 0 in case « > 0), cf. (2.4) and Remark
2.1 in Postscher (2004). [In the case a < 0, it is well-known that (4) holds
even under much weaker conditions than used here, cf. Lemma A.1 in P6tscher
(2004). Since the emphasis in this paper is on positive a, we make no attempt
to spell out these sharper and well-known results for o < 0.]

Remark 6 3(i) We first provide a lower bound in case a = 1. Given the addi-
tional assumption E;io g1/2 ‘(bj‘ < 00, a lower bound for the order of magnitude

in probability of >, |z| " is given by n'/2, in the sense that

. -1/2 -1 _
nlLH;O Pr (n ; ||~ > M) 1

holds for every real M, ie., n= Y231 | |z:| " — oo in probability. To see this,
let Tj1(x) = min(k,|z|"") for k& € N with the convention that Ty 1(0) = k.
Then we have almost surely

n

n -1 n
WY el = S |2 Y T (07 )
t=1 t=1

t=1

for every k € N. Furthermore, n=' S"1" | Ty, 1(n~'/2x;) converges in distribution
to fol Ty.1(cW(s))ds by Corollary 3.4 in Potscher (2004).* Now, by Corollary
7.4 in Chung and Williams (1990) and the monotone convergence theorem we
have almost surely

1 00 o]
/ Tr1(cW(s))ds = / Ti1(ox)L(1,z)dx — ‘O’|71/ lz| ' L(1, )dz = oo
0 —o00 —00
for k — oo, where L denotes standard Brownian local time. The last equality
in the above display follows since L(1,0) > 0 almost surely and L(1,z) hav-
ing almost surely continuous sample path together imply that there exists a
neighborhood U of zero (that may depend on the realization of L(1,-)) such
that inf,ey L(1,2) > 0 holds almost surely. Note that the just established

2Clearly, 0 is nothing else than the so-called long-run variance.

3The lower bound results for o > 1 given in this remark together with the lower bound re-
sults for the case —oo < a < 1 implied by Remark 5 provide an improvement over Proposition
6.4 in Park and Phillips (1999) under weaker conditions.

4Since T},1 is continuous, this convergence in fact holds under weaker conditions on the
process z; then used here, cf. Lemma A.1 in Potscher (2004).



lower bound (established under the stricter summability condition on ¢; im-
posed here) and the upper bound given by Theorem 1 agree up to a logarithmic
term and in this sense are close to being sharp.

(ii) We next turn to the case a > 1 and show that the upper bound n®/? on
the order of magnitude is also a lower bound in the sense that

lim liminfPr [ n=/2 - =1
e (1S o

holds: To this end let 3,, be a sequence satisfying 3, — oo and n= 13, — 0 as
n — o0o. Then we have almost surely

(n78,) 02 e = Y8,
t=1 t=1

ﬂnnfl/th

> nt Z BnTk,a(ﬁnn_l/th)a

t=1

where T}, o () = min(k, |z| ) for k € N with the convention that T} ,(0) = k.
Note that T} o is Lebesgue-integrable (since a > 1) and bounded. The version
of Theorem 3 in Jeganathan (2004) given as Proposition 15 in the Appendix
below now shows that the right-hand side of the above display converges in
distribution to -

|a|_1/ Th.o(z)dzL(1,0).

Since L(1,0) > 0 almost surely and [*_ T} o(x)dz — oo for k — oo, it follows

that
n
lim Pr ((nlﬁn)la nfa/zz lze| ™ > M) =1

n— 00
t=1

holds for every real M, i.e., (n’lﬁn)l_a n=®/23"" || — oo in probability.
Note that a > 1 and that this result holds for every sequence (3, satisfying 3,, —
oo and n~13, — 0. A fortiori it then holds for every sequence 3,, > 0 satisfying
n~=18, — 0. Hence we have that n,n=*/23"" | |,] ® — oo in probability for
every sequence 7,, — 00. By Lemma 16 in the Appendix it follows that n®/? is
a lower bound in the sense of (5).

Remark 7 (i) All results above for S . |z:|”“ apply analogously to sums
t=1 pply gously
of the form Y7 |x¢|”* for any (fixed) integer @ > 1. [This follows since
t=a y g

a—1 — . .
Y oieq lze| ™" is almost surely finite]

(ii) In case a < 0 all results given above for > i , |z¢|” " carry over to
S olze] ™. For a > 0 this is again so, provided the distribution of zy does
not assign positive mass to the point 0; otherwise, Z?:o |z|~* is undefined on

the event where 2o = 0; if one chooses to define |z9|”” = oo on this event,
then the above results clearly do not apply (except for the lower bound given
in Remark 6 which then holds a fortiori).



2.2 Bounds on the Order of Magnitude of > " | v |z,] ™

We next illustrate how the above results can be used to derive upper bounds on
the order of magnitude of >_}" | vy [z¢|”“ where v; for ¢ > 1 are random variables
defined on the same probability space as x;. Note that this expression is almost
surely well-defined and finite for every o € R.> The leading case we have in
mind is v; = wf 1 where k& € N. Applying the Cauchy-Schwarz inequality gives

almost surely
n n 1/2 n 1/2
zwmws(zvf) (DW) |
t=1 t=1 t=1

Hence, if sup;>; Ev; < oo (or more generally Y ;" | Ev; = O(n)) holds, we
obtain from Theorem 1

n Op,(nlet1)/2) if a>1/2
> welz] T =14 Op(n* (logn)*/?) if a=1/2 (6)
=1 Op,(n'=2/%) if —1<a<1/2.

Under the additional assumption Z?;Ojl/? ‘th‘ < 00 the bound Opr(nl_a/z)
in fact holds also for a < —1, cf. Remark 5. Variations of the above bound can
obviously be obtained by using Holder’s inequality.

Remark 8 In the case @ = 0 the problem reduces to determining the order of
Z?Zl v, a problem to which this paper has nothing to add to the literature.
We only observe that in this case the above bound can clearly be improved to
Op,(n'/?) whenever v; satisfies a central limit theorem (as is, e.g., the case if
vy = Wy41), or whenever E (37, vt)2 = O(n). The latter condition is, e.g.,
satisfied if v; is mean-zero and weakly stationary with absolutely summable
covariance function, or if v; is a sequence of uncorrelated mean-zero random
variables satisfying sup,~; Ev? < oo. We do not further comment on such
improvements as they are not related to the subject of the paper.

We next provide improvements on the bound (6) under appropriate assump-
tions on v;. Note that the assumptions on v; in the subsequent proposition are
certainly satisfied if vy is independent of x; (or of zy — xg, respectively) for every
t > 1 and the first absolute moment of v; is bounded uniformly in ¢. In partic-
ular, these assumptions are satisfied for the important special case vy = wf_H
provided that ¢; = 0 for all j > 0 (implying that w; = &;) and that E |5t|k is
finite.

5In particular, how, and if, we assign a value in the extended real line to vt |2¢|~® on the
event {x¢ = 0} has no consequence for the results.

6The condition that ¢; = 0 for all j > 0 can of course be replaced by the more general
condition ¢; # 0 for some I > 0 and ¢; = 0 for all j # [. This equally applies to the discussion
immediately preceding Propositions 11 and 13.



Proposition 9 Suppose that in addition to the maintained assumptions we
have that sup;~q E(Jvi]) < 0o holds. Assume further that E(|ve| | x:) = E(|ve])
almost surely holds for all t > 1 if a > 0, and that E(|jve| | z¢ — z0) = E(|v¢])
almost surely holds for allt > 1 if =2 < a < 0. Then

Op,(n®/?) if a>1

Z ve| lze] ™ =< Opy(n'/?logn) if a=1
= Op;(n'=/?) if —2<a<l.

A fortiori the same bound then holds for > | vy |z

Proof. Suppose o > 0. For the same reasons as given in the proof of Theorem
1 it suffices to bound Y} _,. |v¢| ||~ . Define for 0 < § < 1

' (8) = Z log [2e| % 1 (‘rl/%t) > 6/(nt)1/2)

t=t.
and .
=3 Joel 271 (‘t—l/%t( < 5/(m:)1/2) .
t=t.

Observe that now the event {R/ (§) > 0} is contained in S, () up to null-sets
where 5,,(6) has been defined in the proof of Theorem 1. Hence,

Pr(R,,(5) > 0) < 4K

as shown in the proof of Theorem 1. Furthermore, since |v4| is integrable and
lze| " 1 (|t=1/22¢| > 6/(nt)}/?) is a bounded x;-measurable random variable,
the law of iterated expectations and the assumptions on v; imply that

EQ,(0) < <SupE(|vt|)> Z t—a2g (‘tl/zzt -
t>1 =

holds. The remainder of the proof is then identical to the proof of Theorem 1.
Next suppose —2 < a < 0. Then

> " fvel 2|~ < max (1,27°71) <Z|vt||xt—xo| +|xo|“2|vt|>- (7)
t=1 t=1

Observe that the second sum on the right-hand side of the above display is
Op;(n) by an application of Markov’s inequality (since F |v;| is uniformly bounded
by assumption) and since |zg|”* is well-defined and real-valued. Furthermore,
since |vy] is integrable and |z; — 29| is a nonnegative real-valued random vari-
able we may use the law of iterated expectations again (conditioning being on
x; — xo) to obtain that the expectation of the first sum in (7) is bounded by

1(‘t71/2$t

> 5/<nt>1/2>>

n

<bupE los)) ) Z (\a:t - xo\—a) .

This bound is then further treated exactly as in the proof of Theorem 1. m

Ne



Remark 10 If Ex3 < oo is assumed, the condition E(|v| | z; — z0) = E(|vy])
almost surely can be replaced by E(|v¢| | z:) = E(|v¢|) almost surely also in case
—2 < a < 0. The proof then proceeds by directly bounding E > ;_, |ve] |z¢|”*

by (supysy E(|ve])) >opq E (\xtra); cf. Remark 4(ii).

We next turn to the case where v; is a martingale difference sequence. The
improvement over the bound (6) is obtained in this case by observing that
the sequence > ;' , vy |z¢|”“ is then a martingale transform and by combining
Theorem 1 with results in Lai and Wei (1982). [Note that > ;- vy x| will
typically not be a martingale as the first moment will in general not exist,
cf. Remark 3(ii); hence, martingale central limit theorems are not applicable.]
The assumptions in the subsequent proposition are in particular satisfied in the
important special case where v; = w;11 and ¢; = 0 for all j > 0 (implying that
vy = Wir1 = E¢+1) by choosing F; as the o-field generated by x¢11,...,21 for
t>0.

Proposition 11 Suppose that in addition to the maintained assumptions we
have that (v¢)y>1 s a martingale difference sequence with respect to a filtration
(Ft)i>0 such that sup,s, E (v} | Fi—1) < oo holds almost surely. Assume further
that xy 1s Fy_1-measurable for everyt > 1.

(a) Then
n opr (n®/2 (logn)/2*7) if a>1/2
th |z| " = opr(n'/*(logn)'*7) if a=1/2
t=1 opr(n1=)/2 (logn)l/%”) if —1<a<1/2

holds for every T > 0. Under the additional assumption Z;iojl/Q |q§j| < 00
the bound given for the range —1 < a < 1/2 continues to hold for the range
—oo < a<1/2.

(b)

P i opr (nl_“/2+7) if —2<a<l1

holds for every T > 0. Under the additional assumption Z;iojl/Q |¢j| < 00
the bound given for the range —2 < a < 1 continues to hold for the range
—oo<a<l.

Proof. Since 22:1 ws is a (nondegenerate) recurrent random walk under the
assumptions of the proposition that is not of the lattice-type (as it has un-
countably many possible values in the sense of Chung (2001, Section 8.3) by
Lebesgue’s differentiation theorem), it visits every interval infinitely often al-
most surely. From independence of xg and (w;)s>1 we may conclude that almost
surely |z| falls into the interval (1/2,3/2) infinitely often. This shows that the
sum Y ;- o] " " diverges almost surely for every value a # 0, the divergence

10



being trivial in case o = 0. Now apply Lemma 2(iii) in Lai and Wei (1982) to
conclude that

N N 1/2 " 1/246
Z vl " =0 (Z |mt|2°‘> <10g Z |azt|2a> a.s.
t=1 t=1 t=1

and
n n 1+6
2 — —a
Z vi |z =0 (Z |4 ) a.s.
t=1 t=1

for every § > 0. Apply Theorem 1 as well as Remark 5 (applied to 2« and «,
respectively) to complete the proof. m

Remark 12 If sup;>; E (|ve]” | Fi—1) < oo almost surely holds for some v > 2,
applying Corollary 2 in Lai and Wei (1982) yields the slightly better bound

n Op:(n®/? (log n)1/2) if a>1/2
th |z~ = Op,(n'/*logn) if a=1/2
t=1 Op,(n(t=®)/2 (logn)l/Q) if —1<a<1/2,

where under the additional condition Z;O:O G2 ’¢j’ < o0 the bound for the
range —1 < o < 1/2 again continues to hold for —oco < o < 1/2.

In case the martingale difference sequence is square-integrable with a non-
random conditional variance the bound in Part (a) of the above proposition can
be somewhat improved. I owe this observation to a referee. Note that the sub-
sequent proposition in particular covers the important special case v; = w41 =
€141 mentioned above.

Proposition 13 Suppose that in addition to the maintained assumptions we
have that (vy)y>1 is a martingale difference sequence with respect to a filtration
(Ft)e>0 such that E (v} | Fr—1) = E (v}) holds almost surely for all t > 1 and
such that sup;s, E (v?) < oo. Assume further that x: is Fi—1-measurable for
every t > 1. For the case —1 < a < 0 assume additionally Ex3 < co. Then

n Op.(n®/?) if a>1/2
th lz:| "% = 4 Op,(n'/* (logn)l/z) if a=1/2
t=1 Op,(n(1=)/2) if —1<a<1/2

holds.

Proof. Assume a > 0 first. For the same reasons as given in the proof of The-
orem 1 it suffices to bound Y ,. v || ™", For 0 < § < 1 write Y ;. v 2]
as QF(0) + R!(6) where

Qu(0) = Y vl 1 (|2,

t=t.

> 5/(m)1/2)

11



and
n

Ri(8) =3 wilas 1 (‘t_l/%t‘ < 6/(nt)1/2) :

t=t.

Observe that {| R} (d)| > 0} C S,,(d) up to null-sets, and hence Pr (| R (4)] > 0) <
4k§ as shown in the proof of Theorem 1. Observe that the terms making up
Q% () have a finite second moment since the factor multiplying v; is bounded in
view of a > 0. By the martingale difference property of v;, by the assumptions
on its conditional variance, and since z; is F;_j-measurable we obtain arguing
similarly as in the proof of Theorem 1 and setting ¢ = sup,~; E (vf)

> EvE (|o 71 ‘t‘l/%t‘ > 6/ (nt)/?
PRI )
c Z t T °FE (‘t‘1/2xt -
t=t,
+eY tT°E ()tl/%t
t=t,
n 1
< ¢ ™ 2/%/ 2724z + 1.
Z ( 5/ (nt)1/2 )

t=t,

EQ;(8)°

IA

"1 (1 > ‘t‘l/%t

> 5/(nt)1/2>)

21)>

—2a
1 (‘t71/2$t

This gives the bound

O(n* ifa>1/2
EQ:(6)> =4 O (n'?logn) if a=1/2
O (n'=®) if0<a<1/2

An argument similar to the one in the proof of Theorem 1 then completes the
proof in the case a > 0. Next consider the case —1 < a < 0. Since Ex% < 00
is assumed, we have that |x;|”“ is square-integrable for —1 < a < 0. Since
vy is square-integrable by assumption, it follows that v, |x;|”“ is integrable and
hence is a martingale difference sequence w.r.t. (F;)i>0. In fact, v |z|™* is
even square-integrable for —1 < « < 0: since v? and |xt|72°‘ are nonnegative
and integrable, the law of iterated expectations and the assumptions imply

E (v ua| ) = B (Joel " B (07 | Fir)) = B (Joel ) B (17) < o0,

Now, v |z¢|”® being a square-integrable martingale difference sequence implies
that

n 2 n n
E (Z v |mt|°‘> = Z EvlE (\xt|72a) <supE (v}) a1 Zt*a =0 (n'"®)
t=1 t=1 21 t=1

where we use the fact that F |mt|72a < ¢t~ for a finite constant ¢; as shown
in Remark 4(ii). An application of Markov’s inequality then proves the result.
[
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Remark 14 We note that the bounds in Propositions 9 and 13 are given only
for a > —2 or a > —1, respectively. We have not invested effort into extending
the validity of these bounds beyond this range. In the special case v; = wy41 the
bound for Y7, vy || is again Op,(R!=*)/2) for a < —2; this follows from
Theorem 3.1 in Ibragimov and Phillips (2008) which establishes distributional
convergence of n(®=1/23™" 4y, |2,/ ”*. This theorem makes assumptions on
the process z; that are stronger in some dimensions (e.g., higher moment as-
sumptions) but are weaker in other respects (e.g., no assumption about existence
of a density). However, for & > —2 (which includes the case of negative powers
of interest here) the results in Ibragimov and Phillips (2008) do not apply.
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A Appendix

We first present a variant of Theorem 3 in Jeganathan (2004). If zy = 0,
the subsequent proposition follows immediately from Theorem 3 in Jeganathan
(2004). As we show in the proof below, for general xg the proposition follows
from that theorem combined with Remark 4 in Jeganathan (2004) plus a con-
ditioning argument. We also note that the assumptions on x; that we maintain
here are stronger than necessary and the proposition could also be established
under weaker conditions similar to the ones used in Jeganathan (2004). We do
not discuss such a more general result here.

Proposition 15 Suppose f is a Lebesgue-integrable real-valued function on R
that is bounded. Then, under the maintained assumptions on x;, it holds that

. iﬁnf(n_mﬁnwt) & Jol ( /- f(y)dy) 1(1,0) ®)

for any sequence 3, satisfying 3,, — oo andn~13, — 0. (Recall 0 = Z;io b; F#

0.)

Proof. Without loss of generality we may assume that ¢, # 0 (otherwise
shift the sequences ¢; and ¢; appropriately). Set ~,, = nl/Qh(n)anla as in
Jeganathan (2004) with positive h(n), and note that v,, # 0. From Proposition
1 in Jeganathan (2004) we obtain that v, 'S, = v,* > | w; converges in
distribution to N(0,2). In view of the central limit theorem for linear processes
and the fact that h(n) is positive, we conclude that h(n) converges to 271/2 |¢,|.
We also note that sign(y,,) = sign(¢g ') is independent of n. Observe that

WY B 2B, = (02 ) 0N B S (v B (9)
t=1 t=1

where 3, =n~?|y,| B, satisfies B, — oo and n='f,, — 0 and where f*(y) =

f(sign(¢y '0)y).
Assume first that o = 0. Then x; = S; and since all assumptions in Theo-
rem 3(i) (or (ii)) in Jeganathan (2004) are satisfied, we conclude from that theo-

rem that the above expression converges weakly to 21/2 |o| ™" (ffooo f*(y)dy) L(1,0)

where L(1,0) is the local time as defined in Jeganathan (2004). Since [%_ f*(y)dy =
[ f(y)dy and since 2'/2L(1,0) has the same distribution as L(1,0) the result
follows in case xg = 0.

Next assume that zg = ¢, a constant not necessarily equal to zero. By (9)
it again suffices to show that n =231 | B, f* (Va1 Bnze) = n 130 fr(vn tSe)

converges to ([, *(y)dy) L(1,0) weakly, where f;(y) = B, f*(B,(u+c3:).
But, under the maintained assumptions on x;, this follows from the extension
of Theorem 3 discussed in Remark 4 in Jeganathan (2004) if we can verify the
subsequent conditions for f;; (we may assume without loss of generality that
B,, > 0 for all n):
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(i) By change of variables and the integrability assumption on f we have

oo

swp [\ ldy=swp [ |55 Gut+ e Dldy= [ 15wl dy <0

n — o0 —00

(ii) Correcting a typo in Jeganathan (2004), we have to show that

(o]
timsupn ! [ i) dy =0,
—o0

n

Note that the left-hand side can be written as

. P 12 . 15 [
fim sup 1/ 1Bt By + ey, M)| dy =limsupn ™3, [ [f(y)|*dy

— 00

by a change of variables and the definition of f*. But this is zero since n=1f3,, —
0 by assumption and since the integral is finite (f is quadratically integrable
since it is integrable and bounded).

(iii) Again by a change of variables

fim sup [ |f2(0)|dy = Jim sup | 7 d.
d=oc n Jiy|>d d=co n JIB 2—eynt|>d

Since f is integrable, the limit for d — oo is zero for each integral individually.
Hence, it suffices to show that

fim sup [ |fi(w)ldy= Jim sup [ £ ()ldz =0
ly|>d |

d—o0 n>N d—oo n>N B;lzfc’yfll >d

for a suitable N. Choose N such that Bn > 1 and |C’y;1| < 1 holds for n > N.
Then we have for d > 2

sup [ F@les [ ArEld= [ il )
n>NJ|B, a—cynt|>d |z|>d/2 |z|>d/2

since
{Z .

for n > N and d > 2. The upper bound in (10) now converges to zero for
d — oo by integrability of f.

(iv) Define F,(y) as in Remark 4 in Jeganathan (2004). Then for y > 0 we
obtain

/Bn 2707;1

zd}g{z:\ZIZd/Q}

v B B, (y+evih)
&@=AﬁJWMwHﬁw%=/ f(2)dz,

Bnevnt

whereas for y < 0 we obtain

0 - Bnevn!
za@w:—/x%ﬁwnW+emUMu=—/’ £*(2)d=.
Yy

B (y+ernt)
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It follows that
IS ff(z)dz ify>0
F.(y) —» Fly) = 0 ify=0
—f_OOO f*(z)dz ify<0
for every y. Observe that consequently [* L(1,y)dF(y) = (ffooo 1 (y)dy) L(1,0).
FrBuly + vy )| = sup, [f*(y)] = sup, [ f(y)| <

(v)sup,, B, ()| = sup, ,
oo since f is a bounded function.

This proves that (8) holds for arbitrary nonrandom starting values. If the
starting value zq is random, we proceed as follows:

Pr (nl Zﬂn,f(n71/26n$t) S U)
t=1
/Pr <n1 zn:ﬁnf(nflﬂﬁnmt) <wulxg= c) dG(c)
t=1

= / Pr (n S B, f(nY2B,( 1) < u) dci(c)

t=1

where we have made use of independence of z¢ and (Si,...,S,) and where G
denotes the distribution function of xy. By what was shown above, we have that
Pr (=t 3°0, B, f(n™Y2B,,(S; + ¢) < u) converges to the distribution function

Pr ((ffooo f(y)dy) L(1,0) < u) for all continuity points of this distribution func-

tion. Since this distribution function does not depend on ¢, we can conclude
from dominated convergence that

Pr <n éﬁnﬂn—”%nm < u> ([ san) 0.0 <)

for all continuity points. This completes the proof. =

Lemma 16 Suppose Y,, is a sequence of (real-valued or extended real-valued)
nonnegative random variables. Then the following are equivalent:

(1) 1, Y, — 00 in probability as n — oo for every sequence n,, of real numbers
satisfying n,, — oo.

(i) lim._q ¢>o liminf, o Pr (Y, > ¢) = 1.

(#3) liminf,, oo Pr (Y, > €,) = 1 for every sequence of real numbers €, > 0
satisfying e, — 0.

Proof. We first show that (i) implies (iii): For given &, > 0 satisfying ¢, — 0

define n,, = ¢,'. Clearly then n, — oo holds. From (i) we then have that
Pr(n,Y, >1) — 1 as n — oo. But this immediately translates into (iii).
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Next we show that (iii) implies (i): Let n,, — oo be a given sequence and let
0 < M < oo be arbitrary. Define ¢, = M/n,, which is well-defined and positive
for sufficiently large n and satisfies €, — 0. But then

1 =liminf Pr (Y, > &,) = liminf Pr (n,Y,, > M)
holds as a consequence of (iii). Since M was arbitrary, (i) follows.
That (ii) implies (iii) is obvious since for every € > 0 we have Pr (Y,, > ¢,) >
Pr (Y, > ¢) for large n since &,, — 0.
We finally show that (iii) implies (ii): Suppose (ii) does not hold. Then

lim liminfPr (Y, >¢) <1
e—0,e>0 n—oo
must hold, noting that the outer limit exists due to monotonicity with respect

to €. In particular,
lim liminf Pr (Y, > 1/k) < 1

k—oo n—oo

must hold. Hence we can find a strictly increasing sequence nj of integers
diverging to infinity and a constant ¢ < 1 such that

Pr(Y,, >1/k)<c<1

holds for every k > ko for some sufficiently large ko. For n > ny, definee,, = 1/k
if n, <n < nggr, and set €, = 1 for n < ng,. Then ¢, > 0 and ¢, — 0 for
n — oo holds. But

liminf Pr (Y, >¢,) < likmianr (Yo, >én,) < likmianr (Yo, >1/k)<e<1,
:—00 —00

n—oo

showing that (iii) does not hold. m
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