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❆❜str❛❝t

❲❤✐❧❡ st✉❞❡♥ts ❢r♦♠ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s t❡♥❞ t♦ ♣❡r❢♦r♠
❜❡tt❡r✱ ✐t ✐s ♥♦t ❝❧❡❛r t❤❛t t❤❡② ❡①❡rt ♠♦r❡ ❡✛♦rt ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ❢r♦♠ ❧❡ss ❛❞✈❛♥✲
t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s✳ ❲❡ ❜✉✐❧❞ ❛ ♠♦❞❡❧ ♦❢ st✉❞❡♥ts✱ s❝❤♦♦❧s✱ ❛♥❞ ❡♠♣❧♦②❡rs
t♦ st✉❞② t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛♥❞ ❡✛♦rt ❡①❡rt❡❞ ❜② t❤❡ st✉❞❡♥t ✐♥
t❤❡ ❡❞✉❝❛t✐♦♥ ♣r♦❝❡ss✳ ❆❝❛❞❡♠✐❝ q✉❛❧✐✜❝❛t✐♦♥s✱ ✇❤✐❝❤ ❡♥t❛✐❧ ❛♥ ✐♥❝♦♠❡ ♣r❡♠✐✉♠ ✐♥
t❤❡ ❧❛❜♦r ♠❛r❦❡t✱ ❛r❡ ♥♦✐s✐❧② ❞❡t❡r♠✐♥❡❞ ❜② ❡✛♦rt ❛♥❞ t❤❡ st✉❞❡♥t✬s ❛❜✐❧✐t② t♦ ❜❡♥❡✜t
❢r♦♠ ❡❞✉❝❛t✐♦♥✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❞❡♣❡♥❞s ♦♥ ❤❡r ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛♥❞ ✐♥♥❛t❡ t❛❧❡♥t✳
■♥ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ s❝❤♦♦❧s s❡t t❤❡ ♦♣t✐♠❛❧ ♣❛ss✐♥❣ st❛♥❞❛r❞✱ t✇♦ ❢❛❝t♦rs t✉r♥ ♦✉t
t♦ ❜❡ ❦❡② ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✿ ✭✐✮
t❤❡ st✉❞❡♥t✬s r✐s❦ ❛✈❡rs✐♦♥ ❛♥❞ ✭✐✐✮ t❤❡ ❞❡❣r❡❡ ✇✐t❤ ✇❤✐❝❤ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛❧t❡rs
t❤❡ st✉❞❡♥t✬s ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❡✛♦rt✳ ❲❡ s❤♦✇ t❤❛t ✇❤❡♥ t❤❡ ❞❡❣r❡❡ ♦❢ r✐s❦
❛✈❡rs✐♦♥ ✐s r❡❧❛t✐✈❡❧② ❧♦✇ ✭❤✐❣❤✮ ❝♦♠♣❛r❡❞ t♦ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ♣r♦✲
❞✉❝t✐✈✐t② ♦❢ t❤❡ st✉❞❡♥t✬s ❡✛♦rt ✇✐t❤ r❡s♣❡❝t t♦ ❤❡r ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✱ t❤❡ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ✐s ♣♦s✐t✐✈❡ ✭♥❡❣❛t✐✈❡✮ ❛♥❞ st✉❞❡♥ts ❢r♦♠ ♠♦r❡
❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s ❡①❡rt ♠♦r❡ ✭❧❡ss✮ ❡✛♦rt✳ ❈♦♥s✐❞❡r✐♥❣ ❙♣❛♥✐s❤ ❞❛t❛
❛♥❞ ❝♦♥tr♦❧❧✐♥❣ ❢♦r s❝❤♦♦❧ ✜①❡❞ ❡✛❡❝ts✱ ✇❡ ✜♥❞ t❤❛t ❛♥ ✐♠♣r♦✈❡♠❡♥t ✐♥ ♣❛r❡♥t❛❧
❡❞✉❝❛t✐♦♥ ❢r♦♠ ♥♦t ❤❛✈✐♥❣ ❝♦♠♣❧❡t❡❞ ❝♦♠♣✉❧s♦r② ❡❞✉❝❛t✐♦♥ t♦ ❤♦❧❞✐♥❣ ❛ ✉♥✐✈❡rs✐t②
❞❡❣r❡❡ ✐s ❛ss♦❝✐❛t❡❞ t♦ ❛r♦✉♥❞ ✶✺✪ ♠♦r❡ ❡✛♦rt ❜② t❤❡ st✉❞❡♥t ✭❛♣♣r♦①✐♠❛t❡❧② ✶ ❤♦✉r
❛♥❞ ✷✵ ♠✐♥✉t❡s ♦❢ ❛❞❞✐t✐♦♥❛❧ ✇❡❡❦❧② ❤♦♠❡✇♦r❦✮✳ ❲❡ ❛❧s♦ ✜♥❞ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡
❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t st✉❞❡♥ts✬ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❡✛♦rt ✈❛r✐❡s
✇✐t❤ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✳

❏❊▲ ❝❧❛ss✐✜❝❛t✐♦♥✿ ■✷✶✱ ■✷✽✱ ❉✽✶✳
❑❡②✇♦r❞s✿ st✉❞❡♥t ❡✛♦rt✱ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✱ r✐s❦ ❛✈❡rs✐♦♥✱ ❡❞✉❝❛t✐♦♥❛❧ st❛♥❞❛r❞s✳

∗❲❡ ✇✐s❤ t♦ t❤❛♥❦ ❏♦sé ▼❛rí❛ Pér❡③ ❞❡ ❱✐❧❧❛rr❡❛❧✱ ❆♥t♦♥✐♦ ❈❛❜r❛❧❡s✱ ❇r✐♥❞✉s❛ ❆♥❣❤❡❧✱ ❘❛q✉❡❧ ❱❡❣❛s✱
❛♥❞ ❆✐♥❤♦❛ ❆♣❛r✐❝✐♦ ❋❡♥♦❧❧ ❢♦r t❤❡✐r ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts✳
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❚❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♣❛r❡♥t❛❧ r❡s♦✉r❝❡s ♦♥ t❤❡ ❛❝❛❞❡♠✐❝ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❝❤✐❧❞r❡♥ ❤❛s r❡✲
❝❡✐✈❡❞ ❛ ❣r❡❛t ❞❡❛❧ ♦❢ ❛tt❡♥t✐♦♥ ✐♥ t❤❡ ❡❝♦♥♦♠✐❝ ❧✐t❡r❛t✉r❡✳ ❋♦r t❤❡ ❯❑✱ ❊r♠✐s❝❤ ❛♥❞
❋r❛♥❝❡s❝♦♥✐ ❬✷✵✵✶❪ ✜♥❞ t❤❛t st✉❞❡♥ts✬ ♣❡r❢♦r♠❛♥❝❡ ✐♥ s❝❤♦♦❧ ✐s str♦♥❣❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤
t❤❡✐r ♣❛r❡♥ts✬ ❡❞✉❝❛t✐♦♥❛❧ ❛tt❛✐♥♠❡♥ts✳ ❆❝❝♦r❞✐♥❣ t♦ ❍❛✈❡♠❛♥ ❛♥❞ ❲♦❧❢❡ ❬✶✾✾✺❪✱ t❤❡
str♦♥❣ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ♣❛r❡♥t❛❧ ✐♥❝♦♠❡ ❛♥❞ st✉❞❡♥t✬s s❝❤♦❧❛r❧② ❛❝❤✐❡✈❡♠❡♥ts ✐s ♦♥❡
♦❢ t❤❡ ♠❛❥♦r ✜♥❞✐♥❣s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ ❝❤✐❧❞r❡♥✬s ❛tt❛✐♥♠❡♥ts✳✶

❍♦✇❡✈❡r✱ t❤❡ ❢❛❝t t❤❛t ❝❤✐❧❞r❡♥ ♦❢ ♣❛r❡♥ts ✇✐t❤ ❤✐❣❤ ❧❡✈❡❧s ♦❢ s❝❤♦♦❧✐♥❣ ♦r ✐♥❝♦♠❡ ♣❡r❢♦r♠
❜❡tt❡r t❤❛♥ t❤♦s❡ ❢r♦♠ ❧❡ss ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ✐♠♣❧②
t❤❛t t❤❡ ❢♦r♠❡r ❡①❡rt r❡❧❛t✐✈❡❧② ♠♦r❡ ❡✛♦rt✳ ❆s ❡✛♦rt ❛♥❞ t❛❧❡♥t ❝♦♥st✐t✉t❡ t❤❡ ❝❡♥t❡r✲
♣✐❡❝❡s ♦❢ ❛ ♠❡r✐t♦❝r❛t✐❝ s♦❝✐❡t②✱ t❤❡ q✉❡st✐♦♥ ♦❢ ❤♦✇ ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ r❡❧❛t❡
✐s ✐♥ ♦✉r ✈✐❡✇ ♦❢ ❣r❡❛t ✐♥t❡r❡st✳

❚❤❡ ❝✉rr❡♥t ♣❛♣❡r ❛tt❡♠♣ts t♦ ❛❞✈❛♥❝❡ ✐♥ t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ ❡✛♦rt
❡①❡rt❡❞ ❜② t❤❡ st✉❞❡♥t ✐♥ t❤❡ ❡❞✉❝❛t✐♦♥ ♣r♦❝❡ss✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐ts r❡❧❛t✐♦♥ ✇✐t❤ ❢❛♠✐❧②
❜❛❝❦❣r♦✉♥❞✳ ❲❡ ❜✉✐❧❞ ❛ ♠♦❞❡❧ ♦❢ st✉❞❡♥ts✱ s❝❤♦♦❧s✱ ❛♥❞ ❡♠♣❧♦②❡rs ✇❤❡r❡ ❛❝❛❞❡♠✐❝ q✉❛❧✐✲
✜❝❛t✐♦♥s✱ ✇❤✐❝❤ ❡♥t❛✐❧ ❛♥ ✐♥❝♦♠❡ ♣r❡♠✐✉♠ ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t✱ ❛r❡ ♥♦✐s✐❧② ❞❡t❡r♠✐♥❡❞ ❜②
❡✛♦rt ❛♥❞ t❤❡ st✉❞❡♥t✬s ❛❜✐❧✐t② t♦ ❜❡♥❡✜t ❢r♦♠ ❡❞✉❝❛t✐♦♥✳ ❚❤✐s ❛❜✐❧✐t② ✐♥ t✉r♥ ❞❡♣❡♥❞s ♦♥
❤❡r ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛♥❞ ❤❡r ✐♥♥❛t❡ t❛❧❡♥t✳ ❖✉r t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t ✐❢ s❝❤♦♦❧s
❝❛♥ s❡t t❤❡ ♦♣t✐♠❛❧ ♣❛ss✐♥❣ st❛♥❞❛r❞✱ t✇♦ ❢❛❝t♦rs t✉r♥ ♦✉t t♦ ❜❡ ❦❡② ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡
r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✿ ✭✐✮ t❤❡ st✉❞❡♥t✬s r✐s❦ ❛✈❡rs✐♦♥ ❛♥❞
✭✐✐✮ t❤❡ ❞❡❣r❡❡ ✇✐t❤ ✇❤✐❝❤ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛❧t❡rs t❤❡ st✉❞❡♥t✬s ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t②
♦❢ ❡✛♦rt✳ ❲❡ s❤♦✇ t❤❛t ✇❤❡♥ t❤❡ ❞❡❣r❡❡ ♦❢ r✐s❦ ❛✈❡rs✐♦♥ ✐s r❡❧❛t✐✈❡❧② ❧♦✇ ❝♦♠♣❛r❡❞ t♦
t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ t❤❡ st✉❞❡♥t✬s ❡✛♦rt ✇✐t❤ r❡s♣❡❝t t♦ ❤❡r
❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✱ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ✐s ♣♦s✐t✐✈❡ ❛♥❞ st✉✲
❞❡♥ts ❢r♦♠ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s ❡①❡rt ♠♦r❡ ❡✛♦rt✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱
✇❤❡♥ t❤❡ ❞❡❣r❡❡ ♦❢ r✐s❦ ❛✈❡rs✐♦♥ ✐s r❡❧❛t✐✈❡❧② ❤✐❣❤✱ st✉❞❡♥ts ❢r♦♠ ❧❡ss ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧②
❜❛❝❦❣r♦✉♥❞s ❡①❡rt ♠♦r❡ ❡✛♦rt t❤❛♥ t❤♦s❡ ❢r♦♠ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s✳
❊♠♣✐r✐❝❛❧❧②✱ ✇❡ ✜♥❞ s✉♣♣♦rt ❢♦r t❤❡ ✜rst ❝❛s❡✳ ❈♦♥s✐❞❡r✐♥❣ ❙♣❛♥✐s❤ ❞❛t❛ ❢♦r ✶✷✲②❡❛r ♦❧❞
st✉❞❡♥ts ❢r♦♠ t❤❡ ▼❛❞r✐❞ r❡❣✐♦♥ ✭✏Pr✉❡❜❛ ❞❡ ❈♦♥♦❝✐♠✐❡♥t♦s ② ❉❡str❡③❛s ■♥❞✐s♣❡♥s❛❜❧❡s✱✑
❈❉■✮ ❛♥❞ ❝♦♥tr♦❧❧✐♥❣ ❢♦r s❝❤♦♦❧ ✜①❡❞ ❡✛❡❝ts✱ ♦✉r r❡s✉❧ts s❤♦✇ t❤❛t ❛♥ ✐♠♣r♦✈❡♠❡♥t ✐♥
♣❛r❡♥t❛❧ ❡❞✉❝❛t✐♦♥ ❢r♦♠ ♥♦t ❤❛✈✐♥❣ ❝♦♠♣❧❡t❡❞ ❝♦♠♣✉❧s♦r② ❡❞✉❝❛t✐♦♥ t♦ ❤♦❧❞✐♥❣ ❛ ✉♥✐✈❡r✲
s✐t② ❞❡❣r❡❡ ✐s ❛ss♦❝✐❛t❡❞ t♦ ❛r♦✉♥❞ ✶✺✪ ♠♦r❡ ❡✛♦rt ❜② t❤❡ st✉❞❡♥t ✭❛♣♣r♦①✐♠❛t❡❧② ✶ ❤♦✉r
❛♥❞ ✷✵ ♠✐♥✉t❡s ♦❢ ❛❞❞✐t✐♦♥❛❧ ✇❡❡❦❧② ❤♦♠❡✇♦r❦✮✳ ❲❡ ❛❧s♦ ✜♥❞ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ❝♦♥s✐s✲

✶ ❆❧s♦✱ ❇❧❛♥❞❡♥ ❛♥❞ ●r❡❣❣ ❬✷✵✵✹❪ s❤♦✇ t❤❛t t❤❡ ♣♦s✐t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❢❛♠✐❧② ✐♥❝♦♠❡ ❛♥❞
❡❞✉❝❛t✐♦♥❛❧ ❛tt❛✐♥♠❡♥t ✐♥ t❤❡ ❯❑ ❤❛s ❜❡❡♥ str❡♥❣t❤❡♥❡❞ ♦✈❡r t✐♠❡✳ ❋❡✐♥st❡✐♥ ❛♥❞ ❙②♠♦♥s ❬✶✾✾✾❪ ❡st❛❜❧✐s❤
♣❛r❡♥t❛❧ ✐♥t❡r❡st✱ t❤r♦✉❣❤ ♠♦t✐✈❛t✐♦♥✱ ❞✐s❝✐♣❧✐♥❡✱ ❛♥❞ s✉♣♣♦rt✱ t♦ ❜❡ ♦♥❡ ♦❢ t❤❡ ♠❛❥♦r ❞❡t❡r♠✐♥❛♥ts ❢♦r
❝❤✐❧❞r❡♥✬s ❛❝❛❞❡♠✐❝ ❛❝❤✐❡✈❡♠❡♥ts✳



t❡♥t ✇✐t❤ ♦✉r t❤❡♦r❡t✐❝❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t st✉❞❡♥ts✬ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❡✛♦rt ✈❛r✐❡s
✇✐t❤ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✳ ❋♦r st✉❞❡♥ts ✇❤♦s❡ ♣❛r❡♥ts ❛r❡ ❜❧✉❡ ❝♦❧❧❛r ✇♦r❦❡rs st✉❞②✐♥❣
❢❡✇❡r t❤❛♥ ✽ ❤♦✉rs ♣❡r ✇❡❡❦ ✐s r❡❧❛t❡❞ t♦ ❛ ❧♦✇❡r t❡st s❝♦r❡✱ ✇❤✐❧❡ ♠♦r❡ t❤❛♥ ✶✷ ❤♦✉rs ♦❢
st✉❞② ❛r❡ r❡❧❛t❡❞ t♦ ❛ ❤✐❣❤❡r t❡st s❝♦r❡✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱ ❢♦r st✉❞❡♥ts ✇❤♦s❡ ♣❛r❡♥ts ❛r❡
♣r♦❢❡ss✐♦♥❛❧ ♦r ❛❞♠✐♥✐str❛t✐✈❡ ✇♦r❦❡rs ✇❤♦ ❤♦❧❞ ❛ ✉♥✐✈❡rs✐t② ❞❡❣r❡❡ ❢❡✇❡r t❤❛♥ ✽ ❤♦✉rs ♦❢
❤♦♠❡✇♦r❦ ♣❡r ✇❡❡❦ ❛r❡ ❛ss♦❝✐❛t❡❞ t♦ ❛ ❤✐❣❤❡r t❡st s❝♦r❡ ✇❤✐❧❡ ♠♦r❡ t❤❛♥ ✶✷ ♦❢ ❤♦✉rs ♦❢
st✉❞② ❛r❡ r❡❧❛t❡❞ t♦ ❛ ❧♦✇❡r t❡st s❝♦r❡✳

❋♦r ❣✐✈❡♥ ❧❡✈❡❧s ♦❢ ❛❜✐❧✐t②✱ st✉❞❡♥t ❡✛♦rt ✐s ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✐♥♣✉t ❢❛❝t♦rs ❢♦r
t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❡❞✉❝❛t✐♦♥✱ ❛♥❞ ❞✐✛❡r❡♥t ❢r♦♠ ♦t❤❡r ✐♥♣✉ts ❧✐❦❡ t❡❛❝❤❡r q✉❛❧✐t②✱ s❝❤♦♦❧
❛✉t♦♥♦♠②✱ ♦r ❝❧❛ss s✐③❡✱ st✉❞❡♥t ❡✛♦rt ✐s ❛♥ ✐♥❞✐✈✐❞✉❛❧ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡✳ ❍♦✇❡✈❡r✱ st✉✲
❞❡♥t ❡✛♦rt ✐♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❡❞✉❝❛t✐♦♥ ❤❛s r❡❝❡✐✈❡❞ ♦♥❧② ❧✐♠✐t❡❞ ❛tt❡♥t✐♦♥ ❜♦t❤ ♦♥
t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡♠♣✐r✐❝❛❧ ❣r♦✉♥❞s✳ ❖♥❡ ♦❢ t❤❡ ❢❡✇ ✇♦r❦s ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ❧✐t❡r❛t✉r❡ t❤❛t
t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t st✉❞❡♥t ❡✛♦rt✱ ✐s ❛♥ ✉♥❞❡s❡r✈✐♥❣❧② ❧✐tt❧❡ ♥♦t✐❝❡❞ ♣❛♣❡r ❜② ❈♦rr❡❛ ❛♥❞
●r✉✈❡r ❬✶✾✽✼❪ ❛♥❛❧②③✐♥❣ t❡❛❝❤❡r✲st✉❞❡♥t ✐♥t❡r❛❝t✐♦♥s ✐♥ ❛ ❣❛♠❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦✳ ❆
♠♦r❡ r❡❝❡♥t ♣❛♣❡r ✐s ❉❡ ❋r❛❥❛ ❛♥❞ ▲❛♥❞❡r❛s ❬✷✵✵✻❪ ✇❤♦ s❤♦✇ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ♣♦✇❡r ♦❢
✐♥❝❡♥t✐✈❡s ❛♥❞ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❝♦♠♣❡t✐t✐♦♥ ✐♥ s❝❤♦♦❧s ♠❛② ❤❛✈❡ t❤❡ ❝♦✉♥t❡r✐♥t✉✐t✐✈❡
❡✛❡❝t ♦❢ ❧♦✇❡r✐♥❣ st✉❞❡♥t ❡✛♦rt✳ ▲❛♥❞❡r❛s ❬✷✵✵✾❪ ❝♦♠♣❛r❡s ❛ st❛♥❞❛r❞ ❣r❛❞✐♥❣ s②st❡♠ t♦
❛ ❝♦♠♣❡t✐t✐✈❡ ❣r❛❞✐♥❣ s②st❡♠ ✭t♦✉r♥❛♠❡♥t✮ ✐♥ t❡r♠s ♦❢ t❤❡ ❧❡✈❡❧ ♦❢ st✉❞❡♥t ❡✛♦rt ❡❛❝❤
s②st❡♠ ✐s ❛❜❧❡ t♦ ♠♦t✐✈❛t❡✱ ❛♥❞ s❤♦✇s t❤❛t t❤❡ s②st❡♠✬s r❡❧❛t✐✈❡ ❛❞✈❛♥t❛❣❡ ❞❡♣❡♥❞s ❝r✉✲
❝✐❛❧❧② ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ♥♦✐s❡ ❞✐st♦rt✐♥❣ ❛❝❛❞❡♠✐❝ ❛❝❤✐❡✈❡♠❡♥t✳ ❚❤❡ ♠♦❞❡❧ ❜② ▲✐♥ ❛♥❞
▲❛✐ ❬✶✾✾✻❪ s❤♦✇s t❤❛t ✇❤❡♥ ❧❡✐s✉r❡ ✐s ❛ ♥♦r♠❛❧ ❣♦♦❞ ❛♥❞ st✉❞❡♥ts ❛r❡ ❣✐✈❡♥ ♠♦♥❡t❛r②
r❡✇❛r❞s ✉♥r❡❧❛t❡❞ t♦ t❤❡✐r ❛❝❛❞❡♠✐❝ ♣❡r❢♦r♠❛♥❝❡ t❤❡② ✇✐❧❧ ❜❡ ❧❡ss ❞✐❧✐❣❡♥t✳

●✐✈❡♥ t❤❡ ❞✐✣❝✉❧t② t♦ ♦❜t❛✐♥ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ♠❡❛s✉r❡ ♦❢ ❡✛♦rt✱ ❡♠♣✐r✐❝❛❧ st✉❞✐❡s r❛r❡❧②
✐♥❝❧✉❞❡ st✉❞❡♥t ❡✛♦rt ✐♥t♦ ❡st✐♠❛t✐♦♥s ♦❢ ❡❞✉❝❛t✐♦♥ ♣r♦❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥s✳✷ ❊①❝❡♣t✐♦♥s ❛r❡
❤♦✇❡✈❡r ❇♦♥❡srø♥♥✐♥❣ ❬✷✵✵✸❪ ❛♥❞ ❬✷✵✵✹❪✱ ❈♦♦❧❡② ❬✷✵✶✵❪✱ ❉❡ ❋r❛❥❛ ❡t ❛❧ ❬✷✵✶✵❪✱ ❛♥❞ ❙t✐♥❡✲
❜r✐❝❦♥❡r ❛♥❞ ❙t✐♥❡❜r✐❝❦♥❡r ❬✷✵✵✽❪ ✇❤✐❝❤ ❛r❡ ❛♠♦♥❣ t❤❡ ❢❡✇ ♣❛♣❡rs t❤❛t ♣r♦✈✐❞❡ ♠❡❛s✉r❡s
♦❢ ❡✛♦rt ❡①❡rt❡❞ ❜② st✉❞❡♥ts ❛♥❞ ♣❛r❡♥ts ❛♥❞ ❡st✐♠❛t❡ t❤❡ ❡✛❡❝ts ♦❢ ❡✛♦rt ♦♥ s❝❤♦♦❧✐♥❣ ❛t✲
t❛✐♥♠❡♥t✳✸ ❍❡♥❝❡✱ t❤❡ ❝✉rr❡♥t ♣❛♣❡r ❛❞✈❛♥❝❡s ❜♦t❤ ♦♥ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡♠♣✐r✐❝❛❧ ❣r♦✉♥❞s✳
■t ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ❜② ♣r♦✈✐❞✐♥❣ ❛ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ♦❢ st✉❞❡♥t ❡✛♦rt ❛♥❞

✷❆♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t ❢❛❝❡❞ ❜② r❡s❡❛r❝❤❡rs ✐s t❤❡ ❢❛❝t t❤❛t ♦♥❧② ❢❡✇ ❞❛t❛ s❡ts ✐♥❝❧✉❞❡ ✐♥❢♦r♠❛t✐♦♥
❛❜♦✉t st✉❞❡♥t ❡✛♦rt✳ ❋♦r t❤❡ ❚■▼❙❙ ✭❚r❡♥❞s ✐♥ ■♥t❡r♥❛t✐♦♥❛❧ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❙❝✐❡♥❝❡ ❙t✉❞②✮ st✉❞②
❢♦r ✐♥st❛♥❝❡✱ t❡❛❝❤❡rs ✐♥st❡❛❞ ♦❢ st✉❞❡♥ts r❡♣♦rt ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❤♦♠❡✇♦r❦ t✐♠❡✱ t✉r♥✐♥❣ t❤❡ ✈❛r✐❛❜❧❡
❤♦♠❡✇♦r❦ t✐♠❡ ✐♥t♦ ❛♥ ❡st✐♠❛t❡ ❜② t❡❛❝❤❡rs ♦❢ t❤❡ t✐♠❡ ♥❡❡❞❡❞ ❢♦r ❤♦♠❡✇♦r❦ ❛ss✐❣♥❡❞✱ r❛t❤❡r t❤❛♥ ❛
♠❡❛s✉r❡ ♦❢ st✉❞② t✐♠❡ ❜② st✉❞❡♥ts✳

✸❚❤❡ ❧✐t❡r❛t✉r❡ ♦♥ t❤✐s t♦♣✐❝ ✐♥ s♦❝✐♦❧♦❣② ❛♥❞ ❡❞✉❝❛t✐♦♥ s❝✐❡♥❝❡ ✐s ❧❡ss s❝❛r❝❡❀ s❡❡ ❋❛♥ ❛♥❞ ❈❤❡♥ ❬✷✵✵✶❪
❢♦r ❛ ♠❡t❛✲❛♥❛❧②s✐s ♦❢ ❡①✐st✐♥❣ ❡♠♣✐r✐❝❛❧ st✉❞✐❡s t❤❛t ❛♥❛❧②③❡ t❤❡ r♦❧❡ ♦❢ ♣❛r❡♥t❛❧ ❡✛♦rt ♦♥ s❝❤♦❧❛r❧②
❛❝❤✐❡✈❡♠❡♥t✳

✷



❛❝❤✐❡✈❡♠❡♥t t❤❛t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ❤♦✇ st✉❞❡♥t ❡✛♦rt ✐♥t❡r❛❝ts ✇✐t❤ r✐s❦ ❛✈❡rs✐♦♥ ❛♥❞
❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✳ ■♥ ❛❞❞✐t✐♦♥✱ ✉s✐♥❣ ❙♣❛♥✐s❤ st✉❞❡♥t ❞❛t❛ t❤❛t ✐♥❝❧✉❞❡ ❛ ♠❡❛s✉r❡ ♦❢
❡✛♦rt ✭❤♦♠❡✇♦r❦ t✐♠❡ ♣❡r ✇❡❡❦✮ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❡♠♣✐r✐❝❛❧❧② t❡st ❝❡rt❛✐♥ ❛ss✉♠♣t✐♦♥s ❛♥❞
r❡s✉❧ts ♦❢ ♦✉r t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝✉rr❡♥t ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ r❛✐s✐♥❣ ❛✇❛r❡♥❡ss t♦ t❤❡ r♦❧❡ ♦❢ st✉❞❡♥ts✬
r✐s❦ ❛✈❡rs✐♦♥ ❢♦r ❡❞✉❝❛t✐♦♥❛❧ ❝❤♦✐❝❡s✳ ❲❤❡♥ ♠❛❦✐♥❣ ❡❞✉❝❛t✐♦♥❛❧ ❝❤♦✐❝❡s ❛♥❞ ❞❡❝✐❞✐♥❣
❛❜♦✉t t❤❡ ❧❡✈❡❧ ♦❢ ❡✛♦rt ❡①❡rt❡❞✱ st✉❞❡♥ts ❢❛❝❡ ✈❛r✐♦✉s t②♣❡s ♦❢ r✐s❦s r❡❧❛t❡❞ t♦ ❧❛❜♦r ♠❛r✲
❦❡t r❡t✉r♥s ❛s ✇❡❧❧ ❛s t♦ t❤❡ ❞✐r❡❝t ❝♦sts ❛♥❞ t❤❡ ♦♣♣♦rt✉♥✐t② ❝♦sts ♦❢ ❡❞✉❝❛t✐♦♥✳ ❖♥❧② ❢❡✇
✇♦r❦s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❤❛✈❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t st✉❞❡♥ts✬ ❛tt✐t✉❞❡s t♦✇❛r❞s r✐s❦ ❛♥❞ t❤❡✐r
❡✛❡❝ts ♦♥ s❝❤♦♦❧✐♥❣ ❝❤♦✐❝❡s✳ ❲❤✐❧❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s ❧✐❦❡ ❉❡ ❋r❛❥❛ ❬✷✵✵✷❪ ❛❞❞r❡ss t❤❡
✐♠♣♦rt❛♥❝❡ ♦❢ r✐s❦ ❛✈❡rs✐♦♥ ❢♦r ❡❞✉❝❛t✐♦♥❛❧ ❝❤♦✐❝❡s✱ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ r❡❣❛r❞✐♥❣ st✉❞❡♥ts✬
r✐s❦ ❛✈❡rs✐♦♥ ✐s st✐❧❧ ❧✐♠✐t❡❞ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ✐♥❝♦♠❡ r✐s❦ ❡✛❡❝ts ♦♥ ❡❞✉✲
❝❛t✐♦♥❛❧ ❝❤♦✐❝❡s ✐s ❤✐❣❤❧② ❞✐s♣✉t❡❞✳ ❋♦r ✐♥st❛♥❝❡✱ ◆✐❡❧s❡♥ ❛♥❞ ❱✐ss✐♥❣✲❏♦r❣❡rs❡♥ ❬✷✵✵✻❪ ✉s❡
❛ str✉❝t✉r❛❧ ♠♦❞❡❧ ♦❢ ❧✐❢❡✲t✐♠❡ ✉t✐❧✐t② ♠❛①✐♠✐③❛t✐♦♥ ❛♥❞ ✜♥❞ ❛ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡ ♦❢ t❤❡
r❡❧❛t✐✈❡ r✐s❦ ❛✈❡rs✐♦♥ ❝♦❡✣❝✐❡♥t ♦❢ ❛r♦✉♥❞ ✺✱ ✇❤✐❧❡ ♦t❤❡r ❡♠♣✐r✐❝❛❧ st✉❞✐❡s s✉❝❤ ❛s ❇❡❧③✐❧
❛♥❞ ▲❡♦♥❛r❞✐ ❬✷✵✵✼❪✱ ❇r♦❞❛t② ❡t ❛❧ ❬✷✵✵✻❪✱ ❛♥❞ ❇❡❧③✐❧ ❛♥❞ ❍❛♥s❡♥ ❬✷✵✵✹❪ ❛❧❧ s✉❣❣❡st ❧♦✇❡r
❞❡❣r❡❡s ♦❢ st✉❞❡♥ts✬ r❡❧❛t✐✈❡ r✐s❦ ❛✈❡rs✐♦♥ ♦❢ ❛r♦✉♥❞ ✵✳✺✱ ❛r♦✉♥❞ ✵✳✼✺✱ ❛♥❞ ✵✳✾✸ r❡s♣❡❝t✐✈❡❧②✳
❇❡❧③✐❧ ❛♥❞ ❍❛♥s❡♥ ❬✷✵✵✹❪ ❛❧s♦ ✜♥❞ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❞❡❣r❡❡ ♦❢ r✐s❦ ❛✈❡rs✐♦♥ ✐♥❝r❡❛s❡s
s❝❤♦♦❧✐♥❣ ❛tt❛✐♥♠❡♥ts✳ ❚❤❡ s❛♠❡ r❡s✉❧t ❤♦❧❞s tr✉❡ ✐♥ ♦✉r ♠♦❞❡❧ ✇❤❡r❡ r✐s❦ ❛✈❡rs✐♦♥ ♣❧❛②s
❛ ❝❡♥tr❛❧ r♦❧❡ ❢♦r t❤❡ st✉❞❡♥t✬s ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥ ♦❢ ❡✛♦rt ❜❡❝❛✉s❡ q✉❛❧✐✜❝❛t✐♦♥s t❤❛t ❡♥t❛✐❧
❛♥ ✐♥❝♦♠❡ ♣r❡♠✐✉♠ ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t ❛r❡ ♥♦✐s✐❧② ❞❡t❡r♠✐♥❡❞ ❜② ❡✛♦rt ❛♥❞ t❤❡ st✉❞❡♥t✬s
❛❜✐❧✐t② t♦ ❜❡♥❡✜t ❢r♦♠ ❡❞✉❝❛t✐♦♥✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ❞❡s❝r✐❜❡s ♦✉r ♠♦❞❡❧✱ t❤❡
st✉❞❡♥t✬s ❝❤♦✐❝❡ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ❡✛♦rt ❡①❡rt❡❞ ❛s ✇❡❧❧ ❛s t❤❡ s❝❤♦♦❧✬s ❞❡❝✐s✐♦♥
r❡❣❛r❞✐♥❣ t❤❡ ♦♣t✐♠❛❧ ♣❛ss✐♥❣ st❛♥❞❛r❞ t❤❛t ♠❛①✐♠✐③❡s st✉❞❡♥t ❡✛♦rt✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡
t❤❡♥ ❛♥❛❧②③❡ ✐♥ ❣r❡❛t❡r ❞❡t❛✐❧ t❤❡ ❡✛❡❝t ♦❢ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ♦♥ st✉❞❡♥t ❡✛♦rt✳ ❙❡❝t✐♦♥ ✹
♣r♦✈✐❞❡s ❛♥ ❡♠♣✐r✐❝❛❧ t❡st ♦❢ ♦✉r t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✺ ❝♦♥❝❧✉❞❡s✳

✷ ❚❤❡ ♠♦❞❡❧

❲❡ ❝♦♥s✐❞❡r ❛ ♠♦❞❡❧ ♦❢ ❡❞✉❝❛t✐♦♥ ✇✐t❤ t❤r❡❡ ❣r♦✉♣s ♦❢ ❛❣❡♥ts✿ st✉❞❡♥ts✱ s❝❤♦♦❧s✱ ❛♥❞
❡♠♣❧♦②❡rs✳ ❖✉r ♠♦❞❡❧ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ▲❛♥❞❡r❛s ❬✷✵✵✾❪✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ✐♥t❡r❞❡✲
♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛♥❞ st✉❞❡♥t ❡✛♦rt✱ ❛s ✇❡❧❧ ❛s ✐♥t❡r❞❡♣❡♥❞❡♥❝✐❡s
❜❡t✇❡❡♥ r✐s❦ ❛✈❡rs✐♦♥ ❛♥❞ st✉❞❡♥t ❡✛♦rt✳✹

✹◆♦t❡ t❤❛t ✐♥ ♣❛rt✐❝✉❧❛r Pr♦♣♦s✐t✐♦♥ ✷✳✷ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❊q✉❛t✐♦♥ ✻ ✐♥ ▲❛♥❞❡r❛s ❬✷✵✵✾❪✳

✸



❙t✉❞❡♥ts ❙t✉❞❡♥ts ❞✐✛❡r ✐♥ t❡r♠s ♦❢ t❤❡✐r ❛❜✐❧✐t② t♦ ❜❡♥❡✜t ❢r♦♠ ❡❞✉❝❛t✐♦♥ a ∈ ■❘,
✇❤✐❝❤ ✐♥ t✉r♥ ❞❡♣❡♥❞s ♦♥ ❛ st✉❞❡♥t✬s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ✭❢❛♠✐❧② r❡s♦✉r❝❡s s✉❝❤ ❛s ❤♦✉s❡✲
❤♦❧❞ ✐♥❝♦♠❡✱ ♣❛r❡♥t❛❧ ❡❞✉❝❛t✐♦♥✱ ❡t❝✳✮ ❞❡♥♦t❡❞ ❜② b ∈ ■❘✱ ❛s ✇❡❧❧ ❛s ♦♥ ❤❡r ✐♥♥❛t❡ t❛❧❡♥t
θ✳ ❚❤✉s✱ a = h (b, θ) , s❛t✐s❢②✐♥❣ hb (·) > 0 ❛♥❞ hθ (·) > 0✳ ❙t✉❞❡♥ts ❢r♦♠ ♠♦r❡ ❛❞✈❛♥✲
t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s ❛♥❞ t❤♦s❡ ✇✐t❤ ♠♦r❡ ✐♥♥❛t❡ t❛❧❡♥t ❤❛✈❡ ❛ ❤✐❣❤❡r ❛❜✐❧✐t② t♦
❜❡♥❡✜t ❢r♦♠ ❡❞✉❝❛t✐♦♥✳ ■♥ ❛❞❞✐t✐♦♥ ✇❡ ❛ss✉♠❡ ❞❡❝r❡❛s✐♥❣ r❡t✉r♥s t♦ s❝❛❧❡ ✐♥ ❜♦t❤ ❢❛❝t♦rs✱
hbb (·) < 0 ❛♥❞ hθθ (·) < 0. ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t ❣✐✈❡♥ t✇♦ st✉❞❡♥ts ❢r♦♠ s✐♠✐❧❛r ❢❛♠✐❧②
❜❛❝❦❣r♦✉♥❞s ❜✉t ✇✐t❤ ❞✐✛❡r❡♥t ✐♥♥❛t❡ t❛❧❡♥t✱ t❤❡ st✉❞❡♥t ✇✐t❤ ❤✐❣❤❡r t❛❧❡♥t ❜❡♥❡✜ts ♠♦r❡
❢r♦♠ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❤❡r ❢❛♠✐❧② r❡s♦✉r❝❡s✱ ❛♥❞ ❤❡♥❝❡ hbθ (·) > 0.

❆ st✉❞❡♥t ❞❡❝✐❞❡s ❛❜♦✉t t❤❡ ❡✛♦rt s❤❡ ❡①❡rts ✐♥ s❝❤♦♦❧ e ∈ E ⊆ ■❘+✱ ✐✳❡✳ t❤❡ t✐♠❡ s❤❡
s♣❡♥❞s st✉❞②✐♥❣✱ ❤♦✇ ❞✐❧✐❣❡♥t s❤❡ ✐s✱ ❤♦✇ ❤❛r❞ s❤❡ ✇♦r❦s✱ ❡t❝✳ ❊①❡rt✐♥❣ ❡✛♦rt ✐♠♣❧✐❡s ❛
✉t✐❧✐t② ❝♦st ♠❡❛s✉r❡❞ ❜② t❤❡ ❢✉♥❝t✐♦♥ ψ (e) , ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡①✱ ψ′ (e) > 0✱ ψ′′ (e) > 0.
●✐✈❡♥ t❤❛t ❡✛♦rt ✐s ♥♦t ♣❡r❢❡❝t❧② ♦❜s❡r✈❛❜❧❡✱ t❤❡ s❝❤♦♦❧ ❝❛♥♥♦t r❡✇❛r❞ ❡✛♦rt ❞✐r❡❝t❧②✳ ❚❤❡
st✉❞❡♥t✬s ✉t✐❧✐t② ❢✉♥❝t✐♦♥ U (y, e)✱ ✐s ❛❞❞✐t✐✈❡❧② s❡♣❛r❛❜❧❡ ✇✐t❤ y ❜❡✐♥❣ t❤❡ ❡①♣❡❝t❡❞ ❛♠♦✉♥t
♦❢ r❡s♦✉r❝❡s ❡♥❥♦②❡❞ ❜② t❤❡ st✉❞❡♥t ✭t❤❡ s✉♠ ♦❢ ❢❛♠✐❧② r❡s♦✉r❝❡s b, ❛♥❞ ❤❡r ♣♦t❡♥t✐❛❧ ❧❛❜♦r
♠❛r❦❡t ✐♥❝♦♠❡ w✮✳✺ ❋♦r♠❛❧❧②✱

U (y, e) = u (b+ w)− ψ (e) , ✭✷✳✶✮

❛ss✉♠❡❞ t♦ s❛t✐s❢② u′ (·) > 0, u′′ (·) ≤ 0✳

❙❝❤♦♦❧s ❙❝❤♦♦❧s ✐ss✉❡ q✉❛❧✐✜❝❛t✐♦♥s q ∈ Q ⊆ ■❘+✳ ❋♦r♠❛❧❧② ✇❡ ❞❡✜♥❡ ❛ q✉❛❧✐✜❝❛t✐♦♥
✐ss✉❡❞ ❜② ❛ s❝❤♦♦❧ ❢♦r ❛ st✉❞❡♥t ❛s✱

q = ξ (h (b, θ) , e) + ǫ. ✭✷✳✷✮

❍❡♥❝❡✱ ❛ st✉❞❡♥t✬s q✉❛❧✐✜❝❛t✐♦♥ ✐s t❤❡ s✉♠ ♦❢ ❤❡r ❡❞✉❝❛t✐♦♥❛❧ ❛tt❛✐♥♠❡♥t ξ (·) ❛♥❞ ❛ r❛♥✲
❞♦♠ ✈❛r✐❛❜❧❡ ε, ✇❤✐❝❤ ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ Φ [ε] , ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ s②♠♠❡tr✐❝ ✇✐t❤
Φ′ [ε] = φ [ε] , ❛♥❞ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ s✉♣♣♦rt ✐♥ t❤❡ r❡❛❧ ❧✐♥❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t q✉❛❧✐✜❝❛t✐♦♥s
♠❡❛s✉r❡ ❛❝❛❞❡♠✐❝ ❛❝❤✐❡✈❡♠❡♥t ✐♠♣❡r❢❡❝t❧②✳ ❆ st✉❞❡♥t✬s tr✉❡ ❛tt❛✐♥♠❡♥t ξ (·) ❞❡♣❡♥❞s ♦♥
❤❡r ❡✛♦rt e ❛♥❞ ♦♥ ❤❡r ❛❜✐❧✐t② t♦ ❜❡♥❡✜t ❢r♦♠ ❡❞✉❝❛t✐♦♥ a✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✐♥♥❛t❡ t❛❧❡♥t θ
❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ b✳✻ ❲❡ ❛ss✉♠❡ ξhb (·) > 0, ξhθ (·) > 0, ❛♥❞ ξe (·) > 0✱ ❛ st✉❞❡♥t

✺❆♥ ❛❧t❡r♥❛t✐✈❡ ♠♦❞❡❧✐♥❣ ❝❤♦✐❝❡ ❢♦r t❤❡ ✐♥❞✐✈✐❞✉❛❧✬s ❝♦st ♦❢ ❡❞✉❝❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ◆✐❡❧s❡♥ ❛♥❞
❱✐ss✐♥❣✲❏♦r❣❡♥s❡♥ ❬✷✵✵✻❪ ✇❤❡r❡ ✐♥st❡❛❞ ♦❢ ❛♥ ✉t✐❧✐t② ❝♦st ♦❢ ❡✛♦rt ❢♦r❣♦♥❡ ✇❛❣❡s ✐♠♣❧② ❛ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥
❢✉rt❤❡r ❡❞✉❝❛t✐♦♥ ❛♥❞ ✇♦r❦✐♥❣✳

✻●❛❧✐♥❞♦✲❘✉❡❞❛ ❛♥❞ ❱✐❣♥♦❧❡s ❬✷✵✵✸❪ s❤♦✇ ❢♦r t❤❡ ❯♥✐t❡❞ ❑✐♥❣❞♦♠ t❤❛t t❤❡ r♦❧❡ ♦❢ ❝♦❣♥✐t✐✈❡ ❛❜✐❧✐t②
♦♥ ❡❞✉❝❛t✐♦♥❛❧ ❛tt❛✐♥♠❡♥t ❤❛s ❛❝t✉❛❧❧② ❞❡❝r❡❛s❡❞ s✐♥❝❡ t❤❡ ✶✾✼✵s ❛♥❞ ✶✾✽✵s✱ ✇❤✐❧❡ t❤❡ r♦❧❡ ♦❢ ♣❛r❡♥t❛❧
s♦❝✐❛❧ ❝❧❛ss ❛♥❞ ✐♥❝♦♠❡ ✐♥ ❞❡t❡r♠✐♥✐♥❣ ❡❞✉❝❛t✐♦♥❛❧ ❛tt❛✐♥♠❡♥t ❤❛s ✐♥❝r❡❛s❡❞✳

✹



✐s ♠♦r❡ ♣r♦❞✉❝t✐✈❡ ✐❢ s❤❡ ❤❛s ❛ ❤✐❣❤❡r ❛❜✐❧✐t② t♦ ❜❡♥❡✜t ❢r♦♠ ❡❞✉❝❛t✐♦♥ ✭❛s ❛ r❡s✉❧t ♦❢ ❛
❤✐❣❤❡r ✐♥♥❛t❡ t❛❧❡♥t ❛♥❞✴♦r ❛ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✮ ❛♥❞ ✐❢ s❤❡ ❡①❡rts
♠♦r❡ ❡✛♦rt ✐♥ s❝❤♦♦❧✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ ❞❡❝r❡❛s✐♥❣ r❡t✉r♥s t♦ s❝❛❧❡ ✐♥ ❛❧❧ ✐♥♣✉t ❢❛❝t♦rs✱
❤❡♥❝❡ ξhbb (·) < 0, ξhθθ (·) < 0, ❛♥❞ ξee (·) < 0✳ ■♥ ❛❞❞✐t✐♦♥ ✇❡ ❛ss✉♠❡ ξeh (·) > 0✱ ✐✳❡✳ ❡❢✲
❢♦rt ✐♥❝r❡❛s❡s ❛tt❛✐♥♠❡♥t ♠♦r❡ ❢♦r st✉❞❡♥ts ✇✐t❤ ❛ ❤✐❣❤❡r ❛❜✐❧✐t② t♦ ❜❡♥❡✜t ❢r♦♠ ❡❞✉❝❛t✐♦♥✳

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❞❡♥♦t❡ ❜② q̂ t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞✱ ✐✳❡✳ t❤❡ ❧❡✈❡❧ ♦❢ q✉❛❧✐✜❝❛t✐♦♥ r❡q✉✐r❡❞
❢♦r ❛ ❜✐♥❛r② ❝r❡❞❡♥t✐❛❧✳ ❙t✉❞❡♥ts ✇❤♦ r❡❝❡✐✈❡ ❛ q✉❛❧✐✜❝❛t✐♦♥ q ❣r❡❛t❡r ♦r ❡q✉❛❧ t❤❛♥ q̂

♦❜t❛✐♥ ❛ ❞❡❣r❡❡✱ ✇❤✐❧❡ t❤♦s❡ ✇✐t❤ q < q̂ s✐♠♣❧② r❡❝❡✐✈❡ ❛ ❝❡rt✐✜❝❛t❡ ♦❢ ❛tt❡♥❞❛♥❝❡✳ ❚❤❡
♣r♦❜❛❜✐❧✐t② ♦❢ ♣❛ss✐♥❣ ❛♥❞ ♦❜t❛✐♥✐♥❣ ❛ ❞❡❣r❡❡ ✐s t❤✉s ❣✐✈❡♥ ❜②

Prob (q ≥ q̂) = 1− Φ (q̂ − ξ (h (b, θ) , e)) . ✭✷✳✸✮

❊♠♣❧♦②❡rs ❇❡❢♦r❡ ❡♥t❡r✐♥❣ t❤❡ ❧❛❜♦r ♠❛r❦❡t ❛❧❧ ✐♥❞✐✈✐❞✉❛❧s ❛tt❡♥❞ s❝❤♦♦❧ ❛♥❞ ❛♥ ✐♥❞✐✲
✈✐❞✉❛❧✬s ✐♥❝♦♠❡ ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t ❞❡♣❡♥❞s ♦♥ ❤❡r s❝❤♦♦❧✐♥❣✳✼ ❈♦♥tr❛❝ts t❛❦❡ t❤❡ ❢♦r♠
♦❢ r❡✇❛r❞ s❝❤❡❞✉❧❡s ❜❛s❡❞ ♦♥ t❤❡ st✉❞❡♥t✬s q✉❛❧✐✜❝❛t✐♦♥✱ ✐✳❡✳ ♥♦✐s② ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡
st✉❞❡♥t✬s tr✉❡ ❛tt❛✐♥♠❡♥t✳ ❆❝❝♦r❞✐♥❣❧②✱ t❤❡ ❧❛❜♦r ♠❛r❦❡t ✐♥❝♦♠❡ ♦r r❡t✉r♥ t♦ ❡❞✉❝❛t✐♦♥
✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t w✱ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s❝❤❡♠❡✿

w =

{
wS = w + x ✐❢ t❤❡ st✉❞❡♥t ♦❜t❛✐♥❡❞ ❛ ❞❡❣r❡❡ q ≥ q̂

wF = w ❡❧s❡ q < q̂,
✭✷✳✹✮

✇❤❡r❡ wS ❛♥❞ wF ❞❡♥♦t❡ t❤❡ st✉❞❡♥t✬s ❧❛❜♦r ♠❛r❦❡t ✐♥❝♦♠❡ ✐♥ ❝❛s❡ ♦❢ ❤❛✈✐♥❣ ♦❜t❛✐♥❡❞
❛ ❞❡❣r❡❡ ❛♥❞ ❡❧s❡✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ t❤✐♥❦ ♦❢ x ❛s t❤❡ r✐s❦ ♣r❡♠✐✉♠ ♦❢ t❤❡ st✉❞❡♥t✬s
❡❞✉❝❛t✐♦♥❛❧ ✐♥✈❡st♠❡♥t✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ❛ss✉♠❡ t❤❛t w = 0.

✷✳✶ ❚❤❡ st✉❞❡♥t✬s ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ ❡✛♦rt

●✐✈❡♥ ❤❡r ❢❛♠✐❧②✬s s♦❝✐♦✲❡❝♦♥♦♠✐❝ ❜❛❝❦❣r♦✉♥❞ b, ❤❡r ✐♥♥❛t❡ t❛❧❡♥t θ, ❛♥❞ t❤❡ s❝❤♦♦❧✬s
♣❛ss✐♥❣ st❛♥❞❛r❞ q̂, t❤❡ st✉❞❡♥t ❝❤♦♦s❡s ❤❡r ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ❡✛♦rt e, s✉❝❤ ❛s t♦ ♠❛①✐♠✐③❡
❤❡r ❡①♣❡❝t❡❞ ✉t✐❧✐t②

EU = [1− Φ (·)] u (b+ x) + Φ (·) u (b)− ψ (e) . ✭✷✳✺✮

❋✐rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✷✳✺ ✇✐t❤ r❡s♣❡❝t t♦
❡✛♦rt e✱ ❛r❡ ❣✐✈❡♥ ❜②✿

EU ′ = φ (·) ξe (·)A− ψ′ (e) = 0, ✭✷✳✻✮

✼❚❤❡r❡ ✐s s✉❜st❛♥t✐❛❧ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ s❤♦✇✐♥❣ ❛ ♣♦s✐t✐✈❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ q✉❛❧✐✜❝❛t✐♦♥ ❛♥❞ ❢✉t✉r❡
❡❛r♥✐♥❣s ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t✱ s❡❡ ❢♦r ✐♥st❛♥❝❡ Ps❛❝❤❛r♦♣♦✉❧♦s ❛♥❞ ▲❛②❛r❞ ❬✶✾✼✾❪ ❢♦r t❤❡ ❯♥✐t❡❞ ❑✐♥❣❞♦♠✳
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EU ′′ =
(
−φ′ (·) ξe (·)

2 + φ (·) ξee (·)
)
A− ψ′′ (e) < 0, ✭✷✳✼✮

✇❤❡r❡ A = [u (b+ x)− u (b)] ❞❡♥♦t❡s t❤❡ ✉t✐❧✐t② ❣❛✐♥ ❢r♦♠ ♣❛ss✐♥❣ t❤❡ s❝❤♦♦❧✬s st❛♥❞❛r❞✳✽

❚❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭✷✳✻✮ ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡s e∗ = e (q̂, x, b, θ)✱ ✐✳❡✳ t❤❡ st✉❞❡♥t✬s
❡①♣❡❝t❡❞ ❡✛♦rt r❡❛❝t✐♦♥ ❢✉♥❝t✐♦♥ t♦ ❝❤❛♥❣❡s ✐♥ ✭✐✮ t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞ q̂, ✭✐✐✮ t❤❡ ❧❛❜♦r
♠❛r❦❡t r✐s❦ ♣r❡♠✐✉♠ x✱ ❛♥❞ ✭✐✐✐✮ ❤❡r ❢❛♠✐❧②✬s s♦❝✐♦✲❡❝♦♥♦♠✐❝ ❜❛❝❦❣r♦✉♥❞ b ❣✐✈❡♥ ❤❡r
✐♥♥❛t❡ t❛❧❡♥t θ✳ ❲❡ ❞❡✜♥❡ ❜② Ax = u′ (b+ x) t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✉t✐❧✐t② ❣❛✐♥ ❢r♦♠
♣❛ss✐♥❣ t❤❡ s❝❤♦♦❧✬s st❛♥❞❛r❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❛❜♦r ♠❛r❦❡t r✐s❦ ♣r❡♠✐✉♠✱ x ❛♥❞ st❛t❡
t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✷✳✶✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t r✐s❦ ♣r❡♠✐✉♠ x, ❜r✐♥❣s ❛❜♦✉t ❛♥ ✐♥❝r❡❛s❡
✐♥ t❤❡ st✉❞❡♥t✬s ❡✛♦rt✱ e✳

Pr♦♦❢✳ ❚♦t❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ ❊q✉❛t✐♦♥ ✷✳✻ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❧❛❜♦r ♠❛r❦❡t r✐s❦ ♣r❡♠✐✉♠✱
x ②✐❡❧❞s

de

dx
=
φ (·) ξe (·)Ax

−EU ′′ (·)
. ✭✷✳✽✮

❙✐♥❝❡ −EU ′′ (·) > 0, t❤❡ s✐❣♥ ♦❢ t❤❡ ❛❜♦✈❡ ❞❡r✐✈❛t✐✈❡ ❞❡♣❡♥❞s ♦♥ Ax, t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t②
❣❛✐♥✳ ●✐✈❡♥ t❤❛t Ax > 0, ❊q✉❛t✐♦♥ ✷✳✽ ✐s ❛❧s♦ ♣♦s✐t✐✈❡ ❛♥❞ ❤❡♥❝❡✱ ❛s t❤❡ ❧❛❜♦r ♠❛r❦❡t r✐s❦
♣r❡♠✐✉♠ ✐♥❝r❡❛s❡s✱ t❤❡ st✉❞❡♥t ✇✐❧❧ ❡①❡rt ♠♦r❡ ❡✛♦rt✳ ❚❤✐s ❡st❛❜❧✐s❤❡s t❤❡ ❧❡♠♠❛✳

▲❡♠♠❛ ✷✳✶ ❝❛♣t✉r❡s t❤❡ ❢❛❝t t❤❛t st✉❞❡♥ts✱ ❛s ♦t❤❡r ❡❝♦♥♦♠✐❝ ❛❣❡♥ts✱ r❡s♣♦♥❞ ♣♦s✐t✐✈❡❧②
t♦ ✐♥❝❡♥t✐✈❡s✳ ❊♠♣❧♦②❡rs ❝❛♥ ❛✛❡❝t ❛ st✉❞❡♥t✬s ❡✛♦rt ❜② ❝❤❛♥❣✐♥❣ t❤❡ ❧❛❜♦r ♠❛r❦❡t r❡✇❛r❞✳
❆ ❤✐❣❤❡r ❧❛❜♦r ♠❛r❦❡t r✐s❦ ♣r❡♠✐✉♠ ✐♥❝r❡❛s❡s t❤❡ ♠❛r❣✐♥❛❧ ✉t✐❧✐t② ❣❛✐♥ ♦❢ ❡✛♦rt✱ ♠❛❦✐♥❣
✐t ✇♦rt❤✇❤✐❧❡ ❢♦r t❤❡ st✉❞❡♥t t♦ ✇♦r❦ ❤❛r❞❡r ✐♥ ♦r❞❡r t♦ ♠❡❡t t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞✳ ❆❞✲
❞✐t✐♦♥❛❧❧②✱ s❝❤♦♦❧s ❝❛♥ ❛❧s♦ ❛✛❡❝t ❛ st✉❞❡♥t✬s ❡✛♦rt ❜② r❡❣✉❧❛t✐♥❣ t❤❡ ❧❡✈❡❧ ♦❢ q✉❛❧✐✜❝❛t✐♦♥
r❡q✉✐r❡❞ t♦ ♦❜t❛✐♥ ❛ ❞❡❣r❡❡✳ ❚❤❡ ♥❡①t r❡s✉❧t ❝❤❛r❛❝t❡r✐③❡s t❤❡ s❝❤♦♦❧✬s ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥
r❡❣❛r❞✐♥❣ t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞✱ q̂∗.

Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ❚❤❡r❡ ❡①✐sts ❛ ❝❤♦✐❝❡ ♦❢ t❤❡ s❝❤♦♦❧✬s ♣❛ss✐♥❣ st❛♥❞❛r❞ q̂, s❛② q̂∗, t❤❛t
♠❛①✐♠✐③❡s st✉❞❡♥t ❡✛♦rt e∗ (q̂, x, b, θ)✳ ❚❤✐s ♦❝❝✉rs ✇❤❡♥ φ′ (q̂ − ξ (h (b, θ) , e)) = 0 ✇❤✐❝❤
r❡q✉✐r❡s q̂ = ξ (·) .

Pr♦♦❢✳ ❚♦t❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ ❊q✉❛t✐♦♥ ✷✳✻ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❝❤♦♦❧✬s ♣❛ss✐♥❣ st❛♥❞❛r❞
q̂, ✇❡ ♦❜t❛✐♥

de

dq̂
=
φ′ (·) ξe (·)A

−EU ′′ (·)
. ✭✷✳✾✮

✽❲❡ ❛ss✉♠❡ t❤❛t φ′ (·) > 0 ❛♥❞ φ′ (·) > φ(·)ξee(·)A−ψ′′(e)

ξe(·)
2A

❢♦r ❛♥② e, s✉❝❤ t❤❛t EU ′′ < 0 ❤♦❧❞s✳

✻



●✐✈❡♥ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ♣♦s✐t✐✈❡✱ t❤❡ s✐❣♥ ♦❢ t❤❡ ❛❜♦✈❡ ❞❡r✐✈❛t✐✈❡
❞❡♣❡♥❞s ♦♥ t❤❡ s✐❣♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ φ′ (·)✳ ❋♦r φ′ (·) > 0, t❤❡
s❝❤♦♦❧✬s ♣❛ss✐♥❣ st❛♥❞❛r❞ ✐s ❧♦✇❡r t❤❛♥ t❤❡ st✉❞❡♥t✬s tr✉❡ ❛tt❛✐♥♠❡♥t✱ q̂ < ξ (·)✳ ■♥
t❤❛t ❝❛s❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♣❛ss✐♥❣ t❤❡ st❛♥❞❛r❞✱ (1− Φ (·)) , ✐s r❡❧❛t✐✈❡❧② ❤✐❣❤ ✭❣r❡❛t❡r
t❤❛♥ 0.5 ❢♦r Φ [ε] s②♠♠❡tr✐❝✮✱ s♦ t❤❡ st✉❞❡♥t ✇♦r❦s ❤❛r❞❡r ✇❤❡♥ t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞ ✐s
✐♥❝r❡❛s❡❞✱ de

dq̂
> 0✳ ❍♦✇❡✈❡r✱ ❢♦r φ′ (·) < 0✱ t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞ q̂ ✐s r❡❧❛t✐✈❡❧② ❤✐❣❤ ✇❤✐❝❤

✐♠♣❧✐❡s t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛✐❧✉r❡ ✐s ❛❧s♦ ❤✐❣❤✳ ■♥ t❤✐s ❝❛s❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ q̂ r❡❞✉❝❡s
t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ❡✛♦rt✱ de

dq̂
< 0✳ ❋✐♥❛❧❧②✱ ❢♦r φ′ (·) = 0✱ ✇❤✐❝❤ ✐♠♣❧✐❡s q̂ = ξ (·)✱ ✇❡

❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢ q̂∗ t❤❛t ♠❛①✐♠✐③❡s e∗ (q̂, x, b, θ)✳ ❍❡♥❝❡✱ t❤❡ ♦♣t✐♠❛❧ ♣❛ss✐♥❣
st❛♥❞❛r❞✱ q̂∗ ❛ss✉r❡s t❤❛t t❤❡ ❧❡✈❡❧ ♦❢ ❡✛♦rt ❝❤♦s❡♥ ❜② t❤❡ st✉❞❡♥t e∗✱ ✐s t❤❡ ❤✐❣❤❡st ❧❡✈❡❧
❢❡❛s✐❜❧❡ ❣✐✈❡♥ t❤❡ st✉❞❡♥t✬s ♣r❡❢❡r❡♥❝❡s✳✾

❋✐❣✉r❡ ✷✳✶ ❞❡♣✐❝ts Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ❚❤❡ ✉♣♣❡r ❣r❛♣❤ r❡♣r❡s❡♥ts t❤❡ st✉❞❡♥t✬s ❡✛♦rt r❡❛❝✲
t✐♦♥ ❢✉♥❝t✐♦♥ e∗ (q̂, x, b, θ)✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ st✉❞❡♥t ❡✛♦rt ❛♥❞ ♣❛ss✐♥❣ st❛♥❞❛r❞
✐s ♥♦♥✲♠♦♥♦t♦♥♦✉s✳ ❚❤❡ st✉❞❡♥t✬s ♦♣t✐♠❛❧ ❡✛♦rt ❧❡✈❡❧ ✐♥❝r❡❛s❡s ✜rst ❛♥❞ t❤❡♥ ❞❡❝r❡❛s❡s
❛s t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞ ✐s r❛✐s❡❞✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ✇❤❡♥ t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞
✐s ❧♦✇✱ st✉❞❡♥ts ✐♥✐t✐❛❧❧② t❡♥❞ t♦ ✇♦r❦ ❤❛r❞❡r ❛s s❝❤♦♦❧s r❛✐s❡ t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞✳ ❍♦✇✲
❡✈❡r✱ ✇❤❡♥ t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞ ❜❡❝♦♠❡s t♦♦ ❤✐❣❤✱ st✉❞❡♥ts ❧♦s❡ ♠♦t✐✈❛t✐♦♥ ❜❡❝❛✉s❡ t❤❡
♠❛r❣✐♥❛❧ ❝♦st ♦❢ ❡✛♦rt ✐s t♦♦ ❤✐❣❤ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❣❛✐♥ ❢r♦♠ t❤❡ ❧❛❜♦r
♠❛r❦❡t r✐s❦ ♣r❡♠✐✉♠ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♦❜t❛✐♥✐♥❣ t❤❡ q✉❛❧✐✜❝❛t✐♦♥✳ ❚❤❡ st✉❞❡♥t✬s r❡❛❝t✐♦♥
❢✉♥❝t✐♦♥ ❛tt❛✐♥s ❛ ♠❛①✐♠✉♠✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♦♣t✐♠❛❧ ♣❛ss✐♥❣ st❛♥❞❛r❞ ❝❤♦s❡♥
❜② s❝❤♦♦❧s✱ q̂∗✳ ❚❤✐s ♣❛ss✐♥❣ st❛♥❞❛r❞ ✐s s❡t s✉❝❤ ❛s t♦ ✐♥❞✉❝❡ t❤❡ ❤✐❣❤❡st ♦♣t✐♠❛❧ ❡✛♦rt
t❤❡ st✉❞❡♥t ✐s ✇✐❧❧✐♥❣ t♦ ❡①❡rt✱ ❛♥❞ ✐t ✐s ✐♠♣❧✐❝✐t❧② ❞❡t❡r♠✐♥❡❞ ✐♥ t❤❡ ❧♦✇❡r ❣r❛♣❤ ♦❢ ❋✐❣✲
✉r❡ ✷✳✶✳ ❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ❡✛♦rt ψ′ (e) , ❛♥❞ t❤❡ ♠❛r❣✐♥❛❧ ❜❡♥❡✜t ♦❢
❡✛♦rt Aφ (·) ξe (·) , ♣✐♥s ❞♦✇♥ t❤❡ ❤✐❣❤❡st ♦♣t✐♠❛❧ ❡✛♦rt t❤❡ st✉❞❡♥t ✐s ✇✐❧❧✐♥❣ t♦ ❡①❡rt ❛♥❞
t❤✉s ✐♠♣❧✐❝✐t❧② ❞❡t❡r♠✐♥❡s t❤❡ ♦♣t✐♠❛❧ ♣❛ss✐♥❣ st❛♥❞❛r❞✳ ❚❤✐s ✐♥t❡rs❡❝t✐♦♥ ♦❝❝✉rs ✇❤❡♥✲
❡✈❡r φ′ (·) = 0✱ ✇❤✐❝❤ ❡♥s✉r❡s t❤❛t t❤❡ st✉❞❡♥t✬s tr✉❡ ❛tt❛✐♥♠❡♥t ✐s ❡q✉❛❧ t♦ t❤❡ ♣❛ss✐♥❣
st❛♥❞❛r❞✱ ξ (·) = q̂✳ ❍❡♥❝❡✱ t❤❡ ♦♣t✐♠❛❧ ♣❛ss✐♥❣ st❛♥❞❛r❞ ✐s s✉❝❤ t❤❛t ✐t ❡❧✐♠✐♥❛t❡s ❛♥②
♥♦✐s❡ t❤❛t st❛♥❞s ❜❡t✇❡❡♥ ❛ st✉❞❡♥t✬s tr✉❡ ❛tt❛✐♥♠❡♥t ❛♥❞ t❤❡ s❝❤♦♦❧✬s ♣❛ss✐♥❣ st❛♥❞❛r❞✳

❋✐❣✉r❡ ✷✳✶ ❛❧s♦ ✐❧❧✉str❛t❡s t❤❡ ❡✛❡❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t r✐s❦ ♣r❡♠✐✉♠ ♦♥
st✉❞❡♥t ❡✛♦rt ✭s❡❡ ▲❡♠♠❛ ✷✳✶✮✳ ❆ ❤✐❣❤❡r ❧❛❜♦r ♠❛r❦❡t r✐s❦ ♣r❡♠✐✉♠ x, ❧❡❛❞s t♦ ❛♥ ✉♣✲
✇❛r❞ s❤✐❢t ♦❢ t❤❡ st✉❞❡♥t✬s ❡✛♦rt r❡❛❝t✐♦♥ ❢✉♥❝t✐♦♥ ✭❞♦tt❡❞ ❧✐♥❡✮✳ ❚❤✐s s❤✐❢t ✐♠♣❧✐❡s ❛ ♥❡✇
✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ψ′ (e) , ❛♥❞ t❤❡ ♠❛r❣✐♥❛❧ ❜❡♥❡✜t ♦❢ ❡✛♦rt Aφ (·) ξe (·) ,
❛♥❞ ❤❡♥❝❡ ✐t ❛❧s♦ ✐♠♣❧✐❡s ❛ ♥❡✇ ♦♣t✐♠❛❧ ♣❛ss✐♥❣ st❛♥❞❛r❞✳ ❆ ❤✐❣❤❡r ❧❛❜♦r ♠❛r❦❡t r❡t✉r♥
✐♥❝r❡❛s❡s t❤❡ ♠❛r❣✐♥❛❧ ❜❡♥❡✜ts ♦❢ st✉❞❡♥t ❡✛♦rt✱ ♠❛❦✐♥❣ ✐t ✇♦rt❤✇❤✐❧❡ ❢♦r t❤❡ st✉❞❡♥t

✾❚❤❡ s❡❝♦♥❞ ♦r❞❡r ❞✐✛❡r❡♥t✐❛❧ ♦❢ ❡✛♦rt e✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞ ✐s✿ d2e/dq̂2 =

[(φ′′ (·) ξe (·)A) (ψ
′′ (e)− φ (·) ξee (·)A)] / [−EU

′′ (·)]
2
✳ ❚❤✐s r❛t✐♦ ✐s ♥❡❣❛t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ φ′′ (·) < 0.

◆♦t❡ t❤❛t t❤✐s ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ♦♥❧② ✐❢ φ (·) ✐s ❝♦♥❝❛✈❡ ♥❡❛r t❤❡ ♠♦❞❡✳

✼



❋✐❣✉r❡ ✷✳✶✿ ❚❤❡ ❖♣t✐♠❛❧ P❛ss✐♥❣ ❙t❛♥❞❛r❞✱ q̂∗

e

ε

( )θ,,;ˆ bxqe
∗

( ) ( )⋅⋅ eA ξφ

( )eψ ′

( ) q̂=⋅ξ

∗
e

q̂

( )θ,,;ˆ bxqe ′∗

( ) ( )⋅⋅′ eA ξφ

∗′
e

∗′
q̂

benefit   Marginal

cost   Marginal

∗
q̂

∗
q̂

t♦ ✇♦r❦ ❤❛r❞❡r ✐♥ ♦r❞❡r t♦ ♠❡❡t t❤❡ ♥❡✇ ❤✐❣❤❡r ♣❛ss✐♥❣ st❛♥❞❛r❞ q̂∗′. ❉✉❡ t♦ t❤✐s ❤✐❣❤❡r
♣❛ss✐♥❣ st❛♥❞❛r❞ t❤❡ ✜♥❛❧ ✐♥❝r❡❛s❡ ✐♥ st✉❞❡♥t ❡✛♦rt ❣♦❡s ❜❡②♦♥❞ t❤❡ ✐♥✐t✐❛❧ ✐♥❝r❡❛s❡ ❝❛✉s❡❞
❜② t❤❡ ❤✐❣❤❡r ❧❛❜♦r ♠❛r❦❡t ♣r❡♠✐✉♠✳

❆ st✉❞❡♥t✬s ✐♥♥❛t❡ t❛❧❡♥t ❛❧s♦ ❛✛❡❝ts ❤❡r ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ ❡✛♦rt ❡①❡rt❡❞✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
❧❡♠♠❛ ❝❛♣t✉r❡s t❤✐s✳

▲❡♠♠❛ ✷✳✸✳ ❲❤❡♥ t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞ ✐s ♦♣t✐♠❛❧ ♦r ❤✐❣❤❡r✱ ❛ ♠♦r❡ ❛❜❧❡ st✉❞❡♥t ❡①❡rts
♠♦r❡ ❡✛♦rt✱ ✐✳❡✳ de

dθ
≥ 0 ✇❤❡♥ φ′ (·) ≤ 0.

Pr♦♦❢✳ ❚♦t❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ ❊q✉❛t✐♦♥ ✷✳✻ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ st✉❞❡♥t✬s ✐♥♥❛t❡ t❛❧❡♥t θ✱
②✐❡❧❞s

de

dθ
=

(−φ′ (·) ξhθ (·) ξe (·) + φ (·) ξehθ (·))A

−EU ′′ (·)
. ✭✷✳✶✵✮

●✐✈❡♥ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ♣♦s✐t✐✈❡ t❤❡ s✐❣♥ ♦❢ t❤❡ ❛❜♦✈❡ ❞❡r✐✈❛t✐✈❡ ❞❡♣❡♥❞s
♦♥ t❤❡ s✐❣♥ ♦❢ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ φ′ (·)✳ ◆♦t❡ t❤❛t ❛❧❧ ♦t❤❡r t❡r♠s ✐♥
t❤❡ ♥✉♠❡r❛t♦r ❛r❡ ♣♦s✐t✐✈❡✳ ❚❤✉s✱ ✇❤❡♥ φ′ (·) ≤ 0, ❊q✉❛t✐♦♥ ✷✳✶✵ ✐s ♣♦s✐t✐✈❡ ❛♥❞ ❤❡♥❝❡✱ ❛
♠♦r❡ ❛❜❧❡ st✉❞❡♥t ❡①❡rts ♠♦r❡ ❡✛♦rt✳ ❚❤❡ ♦♣♣♦s✐t❡ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❤♦❧❞ tr✉❡✳ ❲❤❡♥
φ′ (·) > 0, ❊q✉❛t✐♦♥ ✷✳✶✵ ♠❛② ❜❡ ♣♦s✐t✐✈❡ ♦r ♥❡❣❛t✐✈❡✳ ❚❤✐s ❡st❛❜❧✐s❤❡s t❤❡ ❧❡♠♠❛✳

✽



❲❤❡♥ t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞ ❝❤♦s❡♥ ❜② s❝❤♦♦❧s ✐s ❤✐❣❤✱ ✭q̂ > q̂∗✮ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳✷ st✉❞❡♥ts
❧♦s❡ ♠♦t✐✈❛t✐♦♥ ❜❡❝❛✉s❡ t❤❡ ♠❛r❣✐♥❛❧ ❝♦st ♦❢ ❡✛♦rt ✐s t♦♦ ❤✐❣❤ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①♣❡❝t❡❞
✉t✐❧✐t② ❣❛✐♥ ❢r♦♠ t❤❡ ❧❛❜♦r ♠❛r❦❡t r❡t✉r♥ ♦❢ t❤❡ ❛❝❛❞❡♠✐❝ q✉❛❧✐✜❝❛t✐♦♥✳ ❆❝❝♦r❞✐♥❣ t♦
▲❡♠♠❛ ✷✳✸ ✐♥ s✉❝❤ ❝❛s❡s✱ st✉❞❡♥ts ❡♥❞♦✇❡❞ ✇✐t❤ ❤✐❣❤❡r ✐♥♥❛t❡ t❛❧❡♥t✱ ✇❤✐❝❤ ♣♦s✐t✐✈❡❧②
❛✛❡❝ts st✉❞❡♥t✬s tr✉❡ ❛tt❛✐♥♠❡♥t✱ ✇✐❧❧ ❛❧s♦ ❡①❡rt ♠♦r❡ ❡✛♦rt ✐♥ ♦r❞❡r t♦ ♠❡❡t t❤❡ r❡q✉✐r❡❞
♣❛ss✐♥❣ st❛♥❞❛r❞✳ ❍❡♥❝❡✱ ✐♥♥❛t❡ t❛❧❡♥t ✐♥✢✉❡♥❝❡s ❛❝❤✐❡✈❡♠❡♥t ♣♦s✐t✐✈❡❧② ❜♦t❤ ❞✐r❡❝t❧②✱
ξhθ (·) > 0, ❛♥❞ ✐♥❞✐r❡❝t❧② ✈✐❛ ❛❞❞✐t✐♦♥❛❧ ❡✛♦rt✱ ξehθ (·) > 0✳

✸ ❙t✉❞❡♥t ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞

❆ st✉❞❡♥t✬s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ✐♥✢✉❡♥❝❡s ❤❡r ♣♦t❡♥t✐❛❧ ✐♥❝♦♠❡ ❞✐r❡❝t❧② ✈✐❛ ❜❡tt❡r ❧❡❛r♥✐♥❣
❡✣❝✐❡♥❝② ✭✐✳❡✳ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧✐❡s ❡♥❛❜❧❡ t❤❡✐r ❝❤✐❧❞r❡♥ t♦ ❧❡❛r♥ ♠♦r❡ ❡✛❡❝t✐✈❡❧②✮✱
♦r ✐♥❞✐r❡❝t❧② ✈✐❛ ❣r❡❛t❡r s♦❝✐❛❧ ❝❛♣✐t❛❧✱ ❜❡tt❡r s♦❝✐❛❧ ♥❡t✇♦r❦s ❡t❝✳ ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❝♦♥✲
s✐❞❡r ❤♦✇ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ♠❛② ❛✛❡❝t st✉❞❡♥t✬ s ♣♦t❡♥t✐❛❧ ✐♥❝♦♠❡ ❞✐r❡❝t❧② ❜② ❛✛❡❝t✐♥❣
st✉❞❡♥t ❡✛♦rt ❛♥❞ ❝♦♥s❡q✉❡♥t❧② t❤❡ st✉❞❡♥t✬s ❛❝❛❞❡♠✐❝ ❛tt❛✐♥♠❡♥t ❛♥❞ q✉❛❧✐✜❝❛t✐♦♥✳

✸✳✶ ❆ ❜❡♥❝❤♠❛r❦ ❝❛s❡✿ a = h (θ)

❲❡ ✜rst ❝♦♥s✐❞❡r ❛s ❛ ❜❡♥❝❤♠❛r❦ ❝❛s❡✱ ❛ s✐t✉❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❞♦❡s ♥♦t
❛✛❡❝t ❛ st✉❞❡♥t✬s ❛❜✐❧✐t② t♦ ❜❡♥❡✜t ❢r♦♠ ❡❞✉❝❛t✐♦♥✳ ■♥ s✉❝❤ ❛ ❝❛s❡ ✭a = h(θ)✮ t❤❡ st✉❞❡♥t✬s
tr✉❡ ❛tt❛✐♥♠❡♥t ✐s ❣✐✈❡♥ ❜② ξ (h (θ) , e) ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♣❛ss✐♥❣ t❤❡ s❝❤♦♦❧✬s st❛♥❞❛r❞
❛♥❞ ♦❜t❛✐♥✐♥❣ ❛ ❞❡❣r❡❡ ✐s ❣✐✈❡♥ ❜② Prob (q ≥ q̂) = 1 − Φ (q̂ − ξ (h (θ) , e))✳ ❲❡ ❞❡♥♦t❡
❜② Ab = [u′ (b+ x)− u′ (b)] t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ✉t✐❧✐t② ❣❛✐♥ ❢r♦♠ ♣❛ss✐♥❣ t❤❡ s❝❤♦♦❧✬s
st❛♥❞❛r❞ ✇✐t❤ r❡s♣❡❝t t♦ ❛ st✉❞❡♥t✬s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ b✱ ❛♥❞ ✇❡ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣
❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✶✳ ■❢ t❤❡ st✉❞❡♥t ❡①❤✐❜✐ts r✐s❦ ❛✈❡rs✐♦♥✱ t❤❛t ✐s ✐❢ Ab < 0, t❤❡♥ ♣♦s✐t✐✈❡ ❝❤❛♥❣❡s
✐♥ ❤❡r ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❧❡❛❞ t♦ r❡❞✉❝t✐♦♥s ✐♥ st✉❞❡♥t ❡✛♦rt✳

Pr♦♦❢✳ ❚♦t❛❧❧② ❞✐✛❡r❡♥t✐❛t✐♥❣ ❊q✉❛t✐♦♥ ✷✳✻ ✇✐t❤ r❡s♣❡❝t t♦ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✱ b ✇❤❡♥
a = h(θ), ②✐❡❧❞s

de

db
=
φ (·) ξe (·)Ab

−EU ′′ (·)
< 0. ✭✸✳✶✶✮

❙✐♥❝❡ −EU ′′ (·) > 0, φ (·) > 0 ❛♥❞ ξe (·) > 0, t❤❡ s✐❣♥ ♦❢ t❤❡ ❛❜♦✈❡ ❞❡r✐✈❛t✐✈❡ ❞❡♣❡♥❞s ♦♥
t❤❡ s✐❣♥ ♦❢ Ab. ❆s Ab < 0 ❢♦r t❤❡ ❝❛s❡ t❤❛t t❤❡ st✉❞❡♥t ❡①❤✐❜✐ts r✐s❦ ❛✈❡rs✐♦♥✱ ❊q✉❛t✐♦♥ ✸✳✶✶
✐s ♥❡❣❛t✐✈❡ ❛♥❞ ❤❡♥❝❡✱ st✉❞❡♥ts ❢r♦♠ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s ✭t❤♦s❡ ✇✐t❤
❤✐❣❤❡r b✮ ✇✐❧❧ ❡①❡rt ❧❡ss ❡✛♦rt✳ ❚❤✐s ❡st❛❜❧✐s❤❡s t❤❡ ❧❡♠♠❛✳

✾



❚❤✐s r❡s✉❧t ✐s ❞r✐✈❡♥ ❜② t❤❡ ✇❛② ❛ st✉❞❡♥t✬s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ b✱ ❞❡t❡r♠✐♥❡s ❤♦✇ ❛
❤✐❣❤❡r ❧❛❜♦r ♠❛r❦❡t r❡t✉r♥ x, ❡♥❝♦✉r❛❣❡s ❡✛♦rt✳ ●✐✈❡♥ ♦✉r ♥♦✐s② ❛❝❛❞❡♠✐❝ ❝♦♥t❡①t✱ ❜②
▲❡♠♠❛ ✷✳✶✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ r❡✇❛r❞ ❢♦r ❧❡❛r♥✐♥❣ ✇✐❧❧ ✐♥❞✉❝❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❡✛♦rt✱ ❜✉t ❛s
t❤❡ st✉❞❡♥t ❜❡❝♦♠❡s ❜❡tt❡r✲♦✛✱ t❤❡ ✐♥❝❡♥t✐✈❡ t♦ ✇♦r❦ ❤❛r❞❡r ✐s r❡❞✉❝❡❞ ❛♥❞ t❤❡r❡❢♦r❡ s❤❡
❡①❡rts ❧❡ss ❡✛♦rt✳ ■t ❝❛♥ ❛❧s♦ ❜❡ ❡❛s✐❧② ♣r♦✈❡♥ t❤❛t ✐❢ t❤❡ st✉❞❡♥t ✐s r✐s❦ ♥❡✉tr❛❧✱ (Ab = 0),
❤❡r ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ b, ❤❛s ♥♦ ❡✛❡❝t ♦♥ ❤❡r ♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ ❡✛♦rt e✳ ❚❤❡ r✐s❦ ❛✈❡rs✐♦♥
❤②♣♦t❤❡s✐s ✐s t❤✉s ❦❡② ✐♥ ♦r❞❡r ❢♦r ❛ ♥❡❣❛t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❡✛♦rt e, ❛♥❞ ❢❛♠✐❧②
❜❛❝❦❣r♦✉♥❞ b, t♦ ❛r✐s❡✳ ❍♦✇❡✈❡r✱ ✐❢ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡ ❝♦♥s✐❞❡r❡❞ t❤❡
❛❜✐❧✐t② t♦ ❜❡♥❡✜t ❢r♦♠ ❡❞✉❝❛t✐♦♥ ✐s ❞✐r❡❝t❧② ❛✛❡❝t❡❞ ❜② t❤❡ st✉❞❡♥t✬s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞
t❤✐s ♥❡❣❛t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ♠✐❣❤t ♥♦ ❧♦♥❣❡r ❤♦❧❞✳

✸✳✷ ❚❤❡ ❝❛s❡✿ a = h (b, θ)

❲❤❡♥ ❛ st✉❞❡♥t✬s ❛❜✐❧✐t② t♦ ❜❡♥❡✜t ❢r♦♠ ❡❞✉❝❛t✐♦♥ ✐s ❞✐r❡❝t❧② ✐♥✢✉❡♥❝❡❞ ❜② ❤❡r ❢❛♠✐❧②
❜❛❝❦❣r♦✉♥❞ ✭a = h(b, θ))✱ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ✐s ❛❧t❡r❡❞✳
■♥ t❤✐s ❝❛s❡✱ t❤❡ st✉❞❡♥t✬s tr✉❡ ❛tt❛✐♥♠❡♥t ✐s ❣✐✈❡♥ ❜② ξ (h (b, θ) , e) , ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t②
♦❢ ♣❛ss✐♥❣ t❤❡ s❝❤♦♦❧✬s st❛♥❞❛r❞ ❛♥❞ ♦❜t❛✐♥✐♥❣ ❛ ❞❡❣r❡❡ ✐s ❣✐✈❡♥ ❜② Prob (q ≥ q̂) = 1 −
Φ (q̂ − ξ (h (b, θ) , e))✳ ■♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ t❤❡ ❝♦♥❞✐t✐♦♥s t❤❛t ❞❡t❡r♠✐♥❡ t❤❡ st✉❞❡♥t✬s
♦♣t✐♠❛❧ ❝❤♦✐❝❡ ♦❢ ❡✛♦rt ❢♦r t❤✐s ❝❛s❡ ✇❡ t♦t❛❧❧② ❞✐✛❡r❡♥t✐❛t❡ ❊q✉❛t✐♦♥ ✷✳✻ ✇✐t❤ r❡s♣❡❝t t♦
❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ b, ❛ss✉♠✐♥❣ t❤❛t a = h(b, θ)

de

db
=

−φ′ (·) ξhb (·) ξe (·)A+ φ (·) ξehb (·)A+ φ (·) ξe (·)Ab

−EU ′′ (·)
. ✭✸✳✶✷✮

●✐✈❡♥ t❤r❡❡ ❡✛❡❝ts ✐♥ ♣❧❛②✱ ❛ r✐s❦ ❛✈❡rs✐♦♥ ❡✛❡❝t Ab, ❛ ❞✐r❡❝t ♣r♦❞✉❝t✐✈✐t② ❡✛❡❝t ξhb (·) ,
❛♥❞ ❛ ❝r♦ss ♣r♦❞✉❝t✐✈✐t② ❡✛❡❝t ξehb (·) , t❤❡ ❛❜♦✈❡ ❞❡r✐✈❛t✐✈❡ ❝❛♥ ❤❛✈❡ ❡✐t❤❡r s✐❣♥✳ ❍❡♥❝❡✱
✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ tr❛❝t❛❜❧❡ r❡s✉❧ts✱ ✇❡ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✷✳ ▲❡t ηb (ξe) = ξehb(·)b
ξe(·)

❛♥❞ ηb (A) = Abb

A
❜❡ t❤❡ ❡❧❛st✐❝✐t✐❡s ♦❢ ξe ❛♥❞ A ✇✐t❤

r❡s♣❡❝t t♦ b✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❣❡♥❡r❛❧✱ ❢♦r x s✉✣❝✐❡♥t❧② s♠❛❧❧✱ ηb (A) ❝♦♥✈❡r❣❡s t♦ t❤❡

❝♦❡✣❝✐❡♥t ♦❢ r❡❧❛t✐✈❡ r✐s❦ ❛✈❡rs✐♦♥ RRA (b) = −uyy(·)

uy(·)
b✳

Pr♦♦❢✳ ❋♦r yb = yx = 1, Lim
x→0

(
Ab

A

)
= Lim

x→0

(
uy(b+x)yb−uy(b)yb

u(b+x)−u(b)

)
= Lim

x→0

(
uyy(b+x)yx
uy(b+x)yx

)
= uyy(b)

uy(b)
,

✇❤✐❝❤ ♣r♦✈❡s ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ηb (A) t♦ RRA (b) . ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❢✉♥❝t✐♦♥❛❧ ❢♦r♠s ♦❢ t❤❡
✉t✐❧✐t② ❢✉♥❝t✐♦♥ s✉❝❤ ❛s u (y) = − exp−βy ✭✇❤✐❝❤ ❞✐s♣❧❛②s ❝♦♥st❛♥t ❛❜s♦❧✉t❡ r✐s❦ ❛✈❡rs✐♦♥✮✱
ηb (A) = β = RRA, ✐rr❡s♣❡❝t✐✈❡❧② ♦❢ t❤❡ s✐③❡ ♦❢ x. ❚❤✐s ❡st❛❜❧✐s❤❡s t❤❡ ❧❡♠♠❛✳

✶✵



❚❤❡ ❡❧❛st✐❝✐t② ηb (A) r❡❧❛t❡s t♦ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❛♥❞ ♣r♦✈✐❞❡s ❛ ♠❡❛✲
s✉r❡ ❢♦r t❤❡ st✉❞❡♥t✬s r✐s❦ ❛✈❡rs✐♦♥✱ ✇❤✐❧❡ t❤❡ ❡❧❛st✐❝✐t② ηb (ξe) ♠❡❛s✉r❡s t❤❡ s❡♥s✐t✐✈✐t②
♦❢ t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ st✉❞❡♥t ❡✛♦rt ✇✐t❤ r❡s♣❡❝t t♦ ❤❡r ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ b.✶✵

▲❡♠♠❛ ✸✳✷ ❛❧❧♦✇s ✉s t♦ st❛t❡ t❤❡ ♥❡①t r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✸✳✸✳ ■❢ t❤❡ r✐s❦ ❛✈❡rs✐♦♥ ❡✛❡❝t ❞♦♠✐♥❛t❡s t❤❡ ❝r♦ss ♣r♦❞✉❝t✐✈✐t② ❡✛❡❝t✱ ✐✳❡
ηb (A) > ηb (ξe) ❛♥❞ s❝❤♦♦❧s s❡t ❛ ♣❛ss✐♥❣ st❛♥❞❛r❞ t❤❛t ✐s ❧♦✇❡r t❤❛♥ t❤❡ ♦♣t✐♠❛❧ st❛♥❞❛r❞
✭q̂ < q̂∗✮✱ t❤❡♥ ❡✛♦rt ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ✭de

db
< 0✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

✐❢ t❤❡ ❝r♦ss ♣r♦❞✉❝t✐✈✐t② ❡✛❡❝t ❞♦♠✐♥❛t❡s t❤❡ r✐s❦ ❛✈❡rs✐♦♥ ❡✛❡❝t✱ ✐✳❡ ηb (A) < ηb (ξe) ❛♥❞
s❝❤♦♦❧s s❡t ❛ ♣❛ss✐♥❣ st❛♥❞❛r❞ ❤✐❣❤❡r t❤❛♥ t❤❡ ♦♣t✐♠❛❧ st❛♥❞❛r❞ ✭q̂ > q̂∗✮✱ t❤❡♥ st✉❞❡♥t
❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ r❡❧❛t❡ ♣♦s✐t✐✈❡❧② ✭de

db
> 0✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥ s❝❤♦♦❧s s❡t t❤❡

♦♣t✐♠❛❧ ♣❛ss✐♥❣ st❛♥❞❛r❞ ✭q̂ = q̂∗✮ ❛♥❞ t❤❡ r✐s❦ ❛✈❡rs✐♦♥ ❡✛❡❝t ✐s ❤✐❣❤❡r ✭❧♦✇❡r✮ t❤❛♥ t❤❡

❝r♦ss ♣r♦❞✉❝t✐✈✐t② ❡✛❡❝t ✭ηb (A) T ηb (ξe)✮ t❤❡♥ st✉❞❡♥t ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ r❡❧❛t❡

♥❡❣❛t✐✈❡❧② ✭♣♦s✐t✐✈❡❧②✮ ✭de
∗

db
S 0✮✳

Pr♦♦❢✳ ❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✷✳✷ ✇❡ ❦♥♦✇ t❤❛t ✇❤❡♥ q̂ < q̂∗, t❤❡ s❝❤♦♦❧✬s ♣❛ss✐♥❣ st❛♥❞❛r❞ ✐s
❧♦✇❡r t❤❛♥ t❤❡ st✉❞❡♥t✬s tr✉❡ ❛tt❛✐♥♠❡♥t✱ q̂ < ξ (·) , ✇❤✐❝❤ ✐♠♣❧✐❡s φ′ (·) > 0. ■♥ t❤✐s ❝❛s❡✱
t❤❡ ❡✛❡❝t ♦❢ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ♦♥ st✉❞❡♥t ❡✛♦rt✱ ❝❛♣t✉r❡❞ ❜② ❊q✉❛t✐♦♥ ✸✳✶✷ ❞❡♣❡♥❞s ♦♥

t❤❡ s✐❣♥ ♦❢
(
ηb (ξe)− ηb (A)− bξhb

φ′(·)
φ(·)

)
.●✐✈❡♥ t❤❛t t❤❡ ❧❛st t❡r♠ ✐s ♣♦s✐t✐✈❡✱ t❤❡ ❡①♣r❡ss✐♦♥

✐♥ ♣❛r❡♥t❤❡s❡s ✐s str✐❝t❧② ♥❡❣❛t✐✈❡ ✇❤❡♥❡✈❡r ηb (ξe) < ηb (A)✳ ❚❤❡r❡❢♦r❡ st✉❞❡♥ts ❢r♦♠ ♠♦r❡
❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s ✇✐❧❧ ❡①❡rt ❧❡ss ❡✛♦rt✳ ◆♦t❡ t❤❛t t❤❡ ♦♣♣♦s✐t❡ ❞♦❡s ♥♦t
♥❡❝❡ss❛r✐❧② ❤♦❧❞✳ ❲❤❡♥ q̂ < q̂∗, ❛♥❞ ηb (ξe) > ηb (A) , t❤❡♥ ❊q✉❛t✐♦♥ ✸✳✶✷ ♠❛② ❜❡ ♦❢ ❡✐t❤❡r
s✐❣♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛♠❜✐❣✉✐t② ❞✐s❛♣♣❡❛rs ✇❤❡♥ ηb (ξe) > ηb (A) ❛♥❞ q̂ > q̂∗, ✇❤✐❝❤
♦❝❝✉rs ✇❤❡♥ t❤❡ ♣❛ss✐♥❣ st❛♥❞❛r❞ ✐s ❤✐❣❤❡r t❤❛♥ t❤❡ st✉❞❡♥t✬s tr✉❡ ❛tt❛✐♥♠❡♥t✱ q̂ < ξ (·)✱

✇❤✐❝❤ ✐♠♣❧✐❡s φ′ (·) < 0. ■♥ t❤✐s ❝❛s❡✱ t❤❡ s✐❣♥ ♦❢
(
ηb (ξe)− ηb (A)− bξhb

φ′(·)
φ(·)

)
✐s str✐❝t❧②

♣♦s✐t✐✈❡✱ ✇❤❡♥❡✈❡r ηb (ξe) > ηb (A) , ❛♥❞ t❤❡r❡❢♦r❡ st✉❞❡♥ts ❢r♦♠ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧②
❜❛❝❦❣r♦✉♥❞s ✇✐❧❧ ❡①❡rt ♠♦r❡ ❡✛♦rt✳ ◆♦t❡ t❤❛t ❛❣❛✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧②
❤♦❧❞✳ ❲❤❡♥ q̂ > q̂∗, ❛♥❞ ηb (ξe) < ηb (A) , t❤❡♥ ❊q✉❛t✐♦♥ ✸✳✶✷ ♠❛② ❜❡ ♦❢ ❡✐t❤❡r s✐❣♥✳ ❋♦r
♣r♦♦✜♥❣ t❤❡ t❤✐r❞ st❛t❡♠❡♥t ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳✸ ❝♦♥s✐❞❡r Pr♦♣♦s✐t✐♦♥ ✷✳✷✳ ❚❤❡r❡ ❡①✐sts
❛ ♣❛ss✐♥❣ st❛♥❞❛r❞ ❝❤♦s❡♥ ❜② s❝❤♦♦❧s q̂, s❛② q̂∗, t❤❛t ♠❛①✐♠✐③❡s t❤❡ st✉❞❡♥t✬s ♦♣t✐♠❛❧
❡✛♦rt e∗ (q̂, x, b, θ)✳ ❚❤✐s ♦❝❝✉rs ✇❤❡♥ φ′ (·) = 0, ✇❤✐❝❤ r❡q✉✐r❡s q̂ = ξ (·) . ■♥ t❤✐s ❝❛s❡✱
❊q✉❛t✐♦♥ ✸✳✶✷ ❜❡❝♦♠❡s

de∗

db
=
φ (·) ξehb (·)A+ φ (·) ξe (·)Ab

−EU ′′ (·)
, ✭✸✳✶✸✮

✇✐t❤ EU ′′ (·) = φ (·) ξee (·)A − ψ′′ (e) < 0. ❙✐♥❝❡ t❤❡ ❞❡♥♦♠✐♥❛t♦r ✐s ♣♦s✐t✐✈❡✱ t❤❡ s✐❣♥ ♦❢
❊q✉❛t✐♦♥ ✸✳✶✸ ✐s t❤❡r❡❢♦r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ s✐❣♥ ♦❢ (ηb (ξe)− ηb (A)) . ❚❤❡ r❡st ❢♦❧❧♦✇s
str❛✐❣❤t ❢♦r✇❛r❞✳

✶✵ ηb (A) ❞❡✜♥❡s r❡❧❛t✐✈❡ r✐s❦ ❛✈❡rs✐♦♥ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ ❆rr♦✇✲Pr❛tt ❡❧❛st✐❝✐t②✱ RRA (b) =
−uyy(·)
uy(·)

b.

✶✶



❋✐❣✉r❡ ✸✳✷✿ ❊✛♦rt ❛♥❞ ❋❛♠✐❧② ❇❛❝❦❣r♦✉♥❞ ✇❤❡♥ q̂ = q̂∗✳
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(A) η
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)

η
b
(ξ

e
)

η
b
(ξ

e
)

η
b
(ξ

e
)
η
b
(ξ

e
)

η
b
(ξ

e
)

b bb

b b b

e ee

e(b)

e(b)
e(b)

a) b) c)

b
*

●✐✈❡♥ Pr♦♣♦s✐t✐♦♥ ✸✳✸✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ ❛ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ s❝❤♦♦❧✬s ♣❛ss✐♥❣ st❛♥✲
❞❛r❞ ✐s t❤❡ ♦♣t✐♠❛❧ ♦♥❡ ❛♥❞ ✇❤❡♥ st✉❞❡♥ts ❛r❡ s✉✣❝✐❡♥t❧② r✐s❦ ❛✈❡rs❡✱ st✉❞❡♥ts ❢r♦♠ ❧❡ss
❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ✇❤♦ ❤❛✈❡ ❛ ❧♦✇❡r ❛❜✐❧✐t② t♦ ❜❡♥❡✜t ❢r♦♠ ❡❞✉❝❛t✐♦♥ ❛r❡
t❤❡ ♦♥❡s ✇❤♦ ❡①❡rt ♠♦r❡ ❡✛♦rt✳ ❚❤✐s r❡s✉❧t ❛❧s♦ ❤♦❧❞s ❡✈❡♥ ✐❢ t❤❡ s❝❤♦♦❧ ❝❤♦♦s❡s ❛ ❧♦✇❡r
♣❛ss✐♥❣ st❛♥❞❛r❞ t❤❛♥ t❤❡ ♦♣t✐♠❛❧ ♦♥❡ ❛♥❞ t❤❡ st✉❞❡♥t t❤✉s ❞♦❡s ♥♦t ❝❤♦♦s❡ t❤❡ ♠❛①✐✲
♠✉♠ ❧❡✈❡❧ ♦❢ ❡✛♦rt✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♠♦r❡ r❡❧❛t✐✈❡ r✐s❦✲❛✈❡rs❡ t❤❡ st✉❞❡♥t ✐s✱ t❤❡ ❤✐❣❤❡r
t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ r❡s♣♦♥❞✐♥❣ ♥❡❣❛t✐✈❡❧② ✐♥ t❡r♠s ♦❢ ❡✛♦rt ❛s s❤❡ ❜❡❝♦♠❡s ❜❡tt❡r✲♦✛✳ ❚❤✐s
❝❛s❡ ✐s ❞❡♣✐❝t❡❞ ✐♥ ●r❛♣❤ ❛✮ ♦❢ ❋✐❣✉r❡ ✸✳✷✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❣✐✈❡♥ t❤❡ ♦♣t✐♠❛❧ ♣❛ss✐♥❣ st❛♥❞❛r❞✱ ✐❢ t❤❡ ❞❡❣r❡❡ ♦❢ r✐s❦ ❛✈❡rs✐♦♥ ✐s
r❡❧❛t✐✈❡❧② ❧♦✇ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡❧❛st✐❝✐t② r❡❧❛t❡❞ t♦ t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❡✛♦rt✱
❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛r❡ ♣♦s✐t✐✈❡❧② r❡❧❛t❡❞ ✇✐t❤ t❤♦s❡ ❢r♦♠ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s
❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s ❡①❡rt✐♥❣ ♠♦r❡ ❡✛♦rt ✭s❡❡ ●r❛♣❤ ❝✮ ♦❢ ❋✐❣✉r❡ ✸✳✷✮✳ ❚❤✐s r❡s✉❧t ❛❧s♦
❤♦❧❞s ❡✈❡♥ ✐❢ t❤❡ s❝❤♦♦❧ ❝❛♥♥♦t ✐♥❞✉❝❡ ❡①❛❝t❧② t❤❡ ♠❛①✐♠✉♠ ❡✛♦rt t❤❡ st✉❞❡♥t ✐s ❛❜❧❡
t♦ ❡①❡rt✱ ❜✉t ❡st❛❜❧✐s❤❡s ❛ ♣❛ss✐♥❣ st❛♥❞❛r❞ ❤✐❣❤❡r t❤❛♥ t❤❡ ♦♣t✐♠❛❧ ♦♥❡✳ ❍❡♥❝❡✱ t❤❡
❧❡ss r❡❧❛t✐✈❡ r✐s❦✲❛✈❡rs❡ t❤❡ st✉❞❡♥t ✐s✱ t❤❡ ❤✐❣❤❡r t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ r❡s♣♦♥❞✐♥❣ ♣♦s✐t✐✈❡❧②
✐♥ t❡r♠s ♦❢ ❡✛♦rt ❛s s❤❡ ❜❡❝♦♠❡s ❜❡tt❡r✲♦✛✳ ❚❤❡r❡ ❛❧s♦ ❡①✐sts t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❛ ♥♦♥✲
♠♦♥♦t♦♥♦✉s r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛♥❞ ❡✛♦rt✳ ●r❛♣❤ ❜✮ ♦❢ ❋✐❣✉r❡ ✸✳✷
s❤♦✇s t❤❛t ✐❢ ❢♦r ❧♦✇ ❧❡✈❡❧s ♦❢ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ t❤❡ ❞❡❣r❡❡ ♦❢ r✐s❦ ❛✈❡rs✐♦♥ ✐s ❤✐❣❤❡r

✶✷



t❤❛♥ t❤❡ ❡❧❛st✐❝✐t② r❡❣❛r❞✐♥❣ t❤❡ st✉❞❡♥t✬s ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❡✛♦rt✱ ❡✛♦rt ❞❡❝r❡❛s❡s
✐♥ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ b✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ t✇♦ ❢✉♥❝t✐♦♥s ❝r♦ss ❛t b∗✱ t❤❡ ❡✛❡❝t ♦❢ ❢❛♠✐❧②
❜❛❝❦❣r♦✉♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❡✛♦rt st❛rts t♦ t✉r♥ ♣♦s✐t✐✈❡✳ ❆s t❤❡ ❞❡❣r❡❡ ♦❢ r✐s❦ ❛✈❡rs✐♦♥
✐s r❡❞✉❝❡❞ ❢✉rt❤❡r♠♦r❡ ❛♥❞ t❤❡ ❡❧❛st✐❝✐t② r❡❧❛t❡❞ t♦ t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❡✛♦rt
✐♥❝r❡❛s❡✱ st✉❞❡♥ts ❢r♦♠ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s ✇✐❧❧ ❡①❡rt ♠♦r❡ ❡✛♦rt✳

✹ ❊♠♣✐r✐❝❛❧ ❚❡st

●✐✈❡♥ ♦✉r t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❛♥❞ t❤❡ ❧❛❝❦ ♦❢ ❝♦♥❝❧✉s✐✈❡ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ r❡❣❛r❞✐♥❣ t❤❡
r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ st✉❞❡♥t ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✱ ✇❡ ❝♦♥s✐❞❡r ❛♥ ❡♠♣✐r✐❝❛❧ t❡st
♦❢ ♦✉r t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✳✶✶ ❲❡ ✜rst ❧♦♦❦ ❛t t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞
❛♥❞ st✉❞❡♥t ❡✛♦rt✳ ■♥ ♣❛rt✐❝✉❧❛r ✇❡ ✇❛♥t t♦ t❡st ❡♠♣✐r✐❝❛❧❧② ✐❢ st✉❞❡♥ts ❢r♦♠ ♠♦r❡ ❛❞✲
✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s ❡①❡rt ♠♦r❡ ♦r ❧❡ss ❡✛♦rt ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ❢r♦♠ ❧❡ss
❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s✳ ❆ss✉♠✐♥❣ t❤❛t s❝❤♦♦❧s s❡t t❤❡ ♦♣t✐♠❛❧ ♣❛ss✐♥❣ st❛♥✲
❞❛r❞✱ ✐♥ ♦✉r t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ t❤❡ ✇❛② st✉❞❡♥t ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ r❡❧❛t❡ ✐s
❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ st✉❞❡♥t✬s r✐s❦ ❛✈❡rs✐♦♥ ❛♥❞ t❤❡
♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ t❤❡ st✉❞❡♥t✬s ❡✛♦rt✳ ❍❡♥❝❡✱ ✐♥ ❛ s❡❝♦♥❞ st❡♣ ✇❡ t❡st ✐❢ ❛♥❞ ❤♦✇
t❤✐s ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❡✛♦rt ✈❛r✐❡s ✇✐t❤ ❛ st✉❞❡♥t✬s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✳

✹✳✶ ❉❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❉❛t❛

❉❛t❛ ❜❛s❡ ❋♦r ♦✉r ❡♠♣✐r✐❝❛❧ t❡st ✇❡ ❝♦♥s✐❞❡r ❞❛t❛ ❢r♦♠ ❛ st❛♥❞❛r❞✐③❡❞ t❡st t❤❛t ✻t❤
❣r❛❞❡ st✉❞❡♥ts ✭✶✶ ✲✶✷ ②❡❛rs✮ ✐♥ ❛❧❧ ♣r✐♠❛r② s❝❤♦♦❧s ♦❢ t❤❡ ▼❛❞r✐❞ r❡❣✐♦♥ ❤❛✈❡ t♦ t❛❦❡
❡❛❝❤ ②❡❛r ✭❵Pr✉❡❜❛ ❞❡ ❈♦♥♦❝✐♠✐❡♥t♦s ② ❉❡str❡③❛s ■♥❞✐s♣❡♥s❛❜❧❡s✱✑ ❈❉■✮✳✶✷ ❲❡ ✉s❡ t❤❡
✷✵✵✾✴✷✵✶✵ ✇❛✈❡ ❜❡❝❛✉s❡ ✇❤✐❧❡ t❤❡ t❡st ❤❛s ❜❡❡♥ ❝❛rr✐❡❞ ♦✉t s✐♥❝❡ ✷✵✵✹✴✷✵✵✺✱ ♦♥❧② ✐♥
✷✵✵✾✴✷✵✶✵ ✇❡r❡ st✉❞❡♥ts ❛s❦❡❞ q✉❡st✐♦♥s ❛❜♦✉t t❤❡✐r ❡✛♦rt ✭❤♦♠❡✇♦r❦ ❤❛❜✐ts✮✳ ❚❤❡
♦✉t❝♦♠❡ ♦❢ t❤❡ st❛♥❞❛r❞✐③❡❞ t❡st ❞♦❡s ♥♦t ❤❛✈❡ ❛♥② ✐♠♣❧✐❝❛t✐♦♥s ❢♦r st✉❞❡♥ts✱ ❜✉t ✐s ✉s❡❞
t♦ ♣r♦✈✐❞❡ ✐♥❢♦r♠❛t✐♦♥ t♦ t❤❡ ❡❞✉❝❛t✐♦♥ ❛✉t❤♦r✐t✐❡s✳ ❚❤❡ t❡st ❝♦♥s✐sts ♦❢ t✇♦ ♣❛rts✱ ❡❛❝❤ ♦❢
✹✺ ♠✐♥✉t❡s ❧❡♥❣t❤✳ ❚❤❡ ✜rst ♣❛rt t❡sts st✉❞❡♥ts✬ r❡❛❞✐♥❣✱ ❧❛♥❣✉❛❣❡✱ ❛♥❞ ❣❡♥❡r❛❧ s❦✐❧❧s✱ ❛♥❞
✐t ❛❧s♦ ✐♥❝❧✉❞❡s ❛ ❞✐❝t❛t✐♦♥✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ t❡st ❝♦♥❝❡r♥s ♠❛t❤❡♠❛t✐❝❛❧ s❦✐❧❧s✳ ■♥

✶✶❚❤❡ ♦♥❧② ♦t❤❡r ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s t❤❛t ❝♦♥s✐❞❡rs t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ st✉❞❡♥t ❡✛♦rt ❛♥❞ ❢❛♠✐❧②
❜❛❝❦❣r♦✉♥❞ ✇❡ ❛r❡ ❛✇❛r❡ ♦❢ ✐s ❉❡ ❋r❛❥❛ ❡t ❛❧ ❬✷✵✶✵❪✳ ❉✐✛❡r❡♥t ❢r♦♠ ♦✉r r❡s✉❧ts✱ t❤❡ ❛✉t❤♦rs ✜♥❞ t❤❛t
❝❤✐❧❞r❡♥ ❢r♦♠ ❞✐✛❡r❡♥t ❜❛❝❦❣r♦✉♥❞s ❞♦ ♥♦t ❞✐✛❡r s✐❣♥✐✜❝❛♥t❧② ✐♥ t❤❡✐r ♣r♦♣❡♥s✐t② t♦ ❡①❡rt ❡✛♦rt✳ ❍♦✇❡✈❡r✱
❛s t❤❡ ❛✉t❤♦rs t❤❡♠s❡❧✈❡s ❛❝❦♥♦✇❧❡❞❣❡ t❤❡✐r r❡s✉❧ts ❛r❡ t❡♥t❛t✐✈❡ ❛♥❞ ❝♦♥str❛✐♥❡❞ ❜② t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢
t❤❡ ❞❛t❛ ✉s❡❞✳

✶✷❆❝❝❡ss t♦ t❤✐s ❞❛t❛ s❡t ✐s r❡str✐❝t❡❞ ✇❤✐❝❤ ✐s ♦♥❡ ♦❢ t❤❡ r❡❛s♦♥s t❤❛t ✐t ❤❛s ❜❡❡♥ ✉s❡❞ ❧✐tt❧❡✳ ❖♥❡
❡①❝❡♣t✐♦♥ ✐s ❆♥❣❤❡❧ ❛♥❞ ❈❛❜r❛❧❡s ❬✷✵✶✵❪✳

✶✸



❛❞❞✐t✐♦♥ t♦ t❤❡ t❡st✱ ❡❛❝❤ st✉❞❡♥t ✐s ❛s❦❡❞ t♦ ✜❧❧ ♦✉t ❛ q✉❡st✐♦♥♥❛✐r❡ r❡❣❛r❞✐♥❣ ✐♥❞✐✈✐❞✉❛❧
❛s♣❡❝ts✱ ❢❛♠✐❧② ❝❤❛r❛❝t❡r✐st✐❝s✱ ❛♥❞ ❤♦♠❡✇♦r❦ ❤❛❜✐ts✳

❙❛♠♣❧❡ ■♥ ✷✵✵✾✴✷✵✶✵✱ ❛ t♦t❛❧ ♦❢ ✺✼✱✵✽✵ ♣r✐♠❛r② s❝❤♦♦❧ st✉❞❡♥ts ✇❡r❡ ❡♥r♦❧❧❡❞ ✐♥ ✻t❤
❣r❛❞❡ ✐♥ t❤❡ ▼❛❞r✐❞ r❡❣✐♦♥✳ ❍♦✇❡✈❡r✱ ✇❡ ♦♥❧② ❤❛✈❡ t❡st s❝♦r❡s ❢♦r ✺✸✱✾✼✷ st✉❞❡♥ts✳
■♥ ❛❞❞✐t✐♦♥ ♠✐ss✐♥❣ ✐♥❢♦r♠❛t✐♦♥ r❡❣❛r❞✐♥❣ ❞❛t❛ ❢r♦♠ q✉❡st✐♦♥♥❛✐r❡s ❢✉rt❤❡r r❡str✐❝ts ♦✉r
s❛♠♣❧❡✳ ❊①❝❧✉❞✐♥❣ st✉❞❡♥ts ✇❤♦ r❡♣♦rt ❧❡ss t❤❛♥ ♦♥❡ ❤♦✉r ♦❢ ❤♦♠❡✇♦r❦ ❛ ✇❡❡❦ ✇❡ ❛r❡
t❤✉s ❧❡❢t ✇✐t❤ ❛ s❛♠♣❧❡ ♦❢ ✹✻✱✻✸✻ st✉❞❡♥ts ✐♥ ✶✱✷✷✷ s❝❤♦♦❧s✳

❉❡s❝r✐♣t✐✈❡ ❙t❛t✐st✐❝s ❚❡st r❡s✉❧ts ❞✐✛❡r ❝♦♥s✐❞❡r❛❜❧② ✇✐t❤ s♦♠❡ st✉❞❡♥ts ♦❜t❛✐♥✐♥❣
s❝♦r❡s ♠♦r❡ t❤❛♥ t✇✐❝❡ t❤❡ s❝♦r❡ ♦❢ ♦t❤❡rs ✭s❡❡ ❚❛❜❧❡s ❆✲✶ ❛♥❞ ❆✲✷ ♦❢ t❤❡ ❆♣♣❡♥❞✐① ❆
❢♦r ❛❧❧ s✉♠♠❛r② st❛t✐st✐❝s✮✳✶✸ ❆❜♦✉t ❤❛❧❢ ♦❢ ❛❧❧ st✉❞❡♥ts ❛r❡ ❣✐r❧s ❛♥❞ ♠♦st ❛r❡ ❛r♦✉♥❞
✶✷ ②❡❛rs ♦❧❞✳ ❆r♦✉♥❞ ✶✸✪ ♦❢ st✉❞❡♥ts ❤❛✈❡ r❡♣❡❛t❡❞ ❛t ❧❡❛st ♦♥❡ ❣r❛❞❡✳ ❉✐s❛❜❧❡❞ ❛♥❞
s♣❡❝✐❛❧ ♥❡❡❞s st✉❞❡♥ts ♠❛❦❡ ✉♣ ✷✪ ❛♥❞ ✺✪ ♦❢ ♦✉r s❛♠♣❧❡ r❡s♣❡❝t✐✈❡❧②✳ ▼♦st ✻t❤ ❣r❛❞❡
st✉❞❡♥ts ✐♥ t❤❡ ▼❛❞r✐❞ r❡❣✐♦♥ ❛tt❡♥❞ ♣✉❜❧✐❝ s❝❤♦♦❧s ✭✺✶✪✮ ❢♦❧❧♦✇❡❞ ❜② ❝❤❛rt❡r s❝❤♦♦❧s
✭✸✽✪✮✱ ❛♥❞ ♣r✐✈❛t❡ s❝❤♦♦❧s ✭✶✵✪✮✳ ❖✈❡r ✽✵✪ ♦❢ ❛❧❧ st✉❞❡♥ts ✇❡r❡ ❜♦r♥ ✐♥ ❙♣❛✐♥✱ ✾✪ ♦❢
st✉❞❡♥ts ✇❡r❡ ❜♦r♥ ✐♥ ❛ ❙♣❛♥✐s❤ s♣❡❛❦✐♥❣ ❝♦✉♥tr② ✐♥ ▲❛t✐♥ ❆♠❡r✐❝❛ ✇❤✐❧❡ t❤❡ r❡♠❛✐♥✐♥❣
✽✪ ❝♦♠❡ ❢r♦♠ ❝♦✉♥tr✐❡s ✇✐t❤ ♥❛t✐✈❡ ❧❛♥❣✉❛❣❡s ❞✐✛❡r❡♥t t❤❛♥ ❙♣❛♥✐s❤ ✭❈❤✐♥❛✱ ▼♦r♦❝❝♦✱
❘♦♠❛♥✐❛ ♦r ♦t❤❡rs✮✳ ❆ ❧✐tt❧❡ ♦✈❡r ❤❛❧❢ ♦❢ ❛❧❧ st✉❞❡♥ts ❡♥t❡r❡❞ s❝❤♦♦❧ ❜❡❢♦r❡ t❤❡ ❛❣❡ ♦❢ ✸✱
❛♥❞ ❛❧♠♦st ❛❧❧ st✉❞❡♥ts ✭✾✼✪✮ st❛rt❡❞ s❝❤♦♦❧ ❜❡❢♦r❡ t❤❡ ❛❣❡ ♦❢ ✻✳

❘❡❣❛r❞✐♥❣ ❛ st✉❞❡♥t✬s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❤✐❣❤❡st ❞❡❣r❡❡ ♦❢ ❡❞✉❝❛t✐♦♥
❛♥❞ t❤❡ ❤✐❣❤❡st ♦❝❝✉♣❛t✐♦♥❛❧ ❝❛t❡❣♦r② ❛♠♦♥❣ t❤❡ t✇♦ ♣❛r❡♥ts✳ ❆❧♠♦st ❤❛❧❢ ♦❢ ❛❧❧ st✉❞❡♥ts
❤❛✈❡ ❛t ❧❡❛st ♦♥❡ ♣❛r❡♥t ✇❤♦ ❤♦❧❞s ❛ ✉♥✐✈❡rs✐t② ❞❡❣r❡❡ ❛♥❞ ✶✽✪ ❤❛✈❡ ❛t ❧❡❛st ♦♥❡ ♣❛r❡♥t
✇❤♦ ❤❛s ❝♦♠♣❧❡t❡❞ ❛♥ ❛♣♣r❡♥t✐❝❡s❤✐♣✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ✶✷✪ ❛♥❞ ✶✼✪ ♦❢ st✉❞❡♥ts✱ ❛t ❧❡❛st
♦♥❡ ♣❛r❡♥t ❤❛s ✜♥✐s❤❡❞ ✉♣♣❡r ♦r ❧♦✇❡r s❡❝♦♥❞❛r② ❡❞✉❝❛t✐♦♥ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ♦♥❧② ✺✪ ♦❢
st✉❞❡♥ts ❛r❡ ❝❤✐❧❞r❡♥ ♦❢ ♣❛r❡♥ts ✇❤♦ ❤❛✈❡ ♥♦t ❝♦♠♣❧❡t❡❞ ❝♦♠♣✉❧s♦r② ❡❞✉❝❛t✐♦♥✳ ❯s✐♥❣
t❤❡ ❤✐❣❤❡st ♥✉♠❜❡r ♦❢ ②❡❛rs ♦❢ s❝❤♦♦❧✐♥❣ ❛♠♦♥❣ ♣❛r❡♥ts✱ ♦♥ ❛✈❡r❛❣❡ ♣❛r❡♥ts ❤❛✈❡ r❡❝❡✐✈❡❞
❛♣♣r♦①✐♠❛t❡❧② ✶✸ ②❡❛rs ♦❢ s❝❤♦♦❧✐♥❣✱ ✇❤❡r❡ ✶✷✳✺ ②❡❛rs ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❧❡♥❣t❤ ♦❢ s❝❤♦♦❧✲
✐♥❣ ♥❡❝❡ss❛r② ❢♦r ♦❜t❛✐♥✐♥❣ ❛♥ ❛♣♣r❡♥t✐❝❡s❤✐♣✳✶✹ ❲❡ ❣r♦✉♣ ♣❛r❡♥ts✬ ♦❝❝✉♣❛t✐♦♥s ✐♥t♦✿ ✭✐✮

✶✸●✐✈❡♥ ❞✐✛❡r❡♥❝❡s ✐♥ t❡st s❝♦r❡ s❝❛❧❡s ❢♦r t❤❡ ✈❛r✐♦✉s s✉❜❥❡❝ts✱ ♦r✐❣✐♥❛❧ s❝♦r❡s ❤❛✈❡ ❜❡❡♥ tr❛♥s❢♦r♠❡❞ t♦
r❡♣r❡s❡♥t ♣❡r❝❡♥t❛❣❡s ♦❢ ♠❛①✐♠✉♠ ♣♦✐♥ts ♦❜t❛✐♥❛❜❧❡✳ ❲❡ ♦❜t❛✐♥ ❛♥ ♦✈❡r❛❧❧ t❡st s❝♦r❡ ❜② t❛❦✐♥❣ t❤❡ ♠❡❛♥
♦❢ tr❛♥s❢♦r♠❡❞ t❡st s❝♦r❡s ❢r♦♠ ❛❧❧ ✜✈❡ s✉❜❥❡❝ts✳ ❚❤❡♥✱ ❞❡✈✐❛t✐♦♥s ❢r♦♠ t❤❡ s❛♠♣❧❡ ♠❡❛♥ s❝♦r❡ ❤❛✈❡ ❜❡❡♥
♦❜t❛✐♥❡❞ ❛♥❞ t❤❡② ❤❛✈❡ ❜❡❡♥ ❞✐✈✐❞❡❞ ❜② t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ s❛♠♣❧❡✳ ■♥ ❛ ❧❛st st❡♣✱ ✐♥ ♦r❞❡r t♦
❛✈♦✐❞ ③❡r♦ s❝♦r❡s ✉♥s✉✐t❛❜❧❡ ❢♦r ❛ ❧♦❣❛r✐t❤♠✐❝ s❝❛❧❡✱ s❝♦r❡s ❤❛✈❡ ❜❡❡♥ ❛❞❥✉st❡❞ t♦ ❛♥ ■◗ s❝❛❧❡✱ ♠✉❧t✐♣❧②✐♥❣
t❤❡ r❡s✉❧t ❜② ✶✺ ❛♥❞ s✉♠♠✐♥❣ ♦♥❡ ❤✉♥❞r❡❞ ♣♦✐♥ts ✭s❡❡ ❚❛❜❧❡ ❆✲✸ ♦❢ t❤❡ ❆♣♣❡♥❞✐① ❆ ❢♦r ♠❡❛♥ s❝♦r❡s ❢♦r
❡❛❝❤ s✉❜❥❡❝t✮✳ ❚❤❡ ❢❛❝t t❤❛t ❛✈❡r❛❣❡ s❝♦r❡s ✐♥ ❚❛❜❧❡ ❆✲✶ ❛r❡ ♥♦t ❡①❛❝t❧② ❡q✉❛❧ t♦ ♦♥❡ ❤✉♥❞r❡❞ ♣♦✐♥ts ✐s
❞✉❡ t♦ t❤❡ r❡str✐❝t✐♦♥s ✐♠♣♦s❡❞ ♦♥ ♦✉r s❛♠♣❧❡✳

✶✹❲❡ ❤❛✈❡ tr❛♥s❢♦r♠ ❝❛t❡❣♦r✐❝❛❧ ✈❛r✐❛❜❧❡s ♦♥ ♣❛r❡♥ts✬ ❡❞✉❝❛t✐♦♥ ✐♥t♦ ♥✉♠❡r✐❝❛❧ ✈❛r✐❛❜❧❡s ❛ss✉♠✐♥❣ t❤❛t

✶✹



❜❧✉❡ ❝♦❧❧❛r✱ ✭✐✐✮ ♣r♦❢❡ss✐♦♥❛❧✱ ❛♥❞ ✭✐✐✐✮ ❛❞♠✐♥✐str❛t✐✈❡ ♦❝❝✉♣❛t✐♦♥s✳✶✺ ❆❣❛✐♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡
❤✐❣❤❡st ♦❝❝✉♣❛t✐♦♥❛❧ ❝❛t❡❣♦r② ❛♠♦♥❣ ❜♦t❤ ♣❛r❡♥ts✱ r❛♥❦✐♥❣ ♣r♦❢❡ss✐♦♥❛❧s ❜❡❢♦r❡ ❛❞♠✐♥✐s✲
tr❛t✐✈❡ ✇♦r❦❡rs ❛♥❞ ❜❡❢♦r❡ ❜❧✉❡ ❝♦❧❧❛r ✇♦r❦❡rs✱ ✸✹✪ ❛♥❞ ✷✸✪ ♦❢ st✉❞❡♥ts ❤❛✈❡ ❛t ❧❡❛st ♦♥❡
♣❛r❡♥t ✇❤♦s❡ ♦❝❝✉♣❛t✐♦♥ ✐s ❝❛t❡❣♦r✐③❡❞ ❛s ♣r♦❢❡ss✐♦♥❛❧✱ ❛♥❞ ❛❞♠✐♥✐str❛t✐✈❡ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ♠❛❥♦r✐t② ♦❢ st✉❞❡♥ts ✭✹✹✪✮ ❛r❡ ❝❤✐❧❞r❡♥ ♦❢ ❜❧✉❡ ❝♦❧❧❛r ✇♦r❦❡rs✳ ❘❡❣❛r❞✐♥❣ st✉❞❡♥ts✬
❤♦✉s❡❤♦❧❞ s✐t✉❛t✐♦♥✱ ♠♦st st✉❞❡♥ts ✭✼✻✪✮ ❧✐✈❡ t♦❣❡t❤❡r ✇✐t❤ t❤❡✐r ♠♦t❤❡r ❛♥❞ ❢❛t❤❡r✱ ❛♥❞
✶✸✪ ❧✐✈❡ ✐♥ s✐♥❣❧❡✲♣❛r❡♥t ❤♦✉s❡❤♦❧❞s✳ ■♥ ❛❞❞✐t✐♦♥✱ ♠♦st st✉❞❡♥ts s❤❛r❡ t❤❡✐r ❤♦♠❡ ✇✐t❤ ❛t
❧❡❛st ♦♥❡ s✐❜❧✐♥❣✱ ✻✻✪✳ ❲❤❡♥ r❡t✉r♥✐♥❣ ❤♦♠❡ ❢r♦♠ s❝❤♦♦❧✱ ❛ ❧✐tt❧❡ ♦✈❡r ❤❛❧❢ ♦❢ ❛❧❧ st✉❞❡♥ts
❛r❡ ❛✇❛✐t❡❞ ❜② t❤❡✐r ♠♦t❤❡r ❛♥❞ ✻✪ ♦❢ st✉❞❡♥ts r❡t✉r♥ ❤♦♠❡ t♦ ❛♥ ❡♠♣t② ❤♦✉s❡✳ ❆r♦✉♥❞
✶✺✪ ♦❢ st✉❞❡♥ts ❛r❡ ❛✇❛✐t❡❞ ❜② s♦♠❡❜♦❞② ❞✐✛❡r❡♥t t❤❛♥ t❤❡✐r ♠♦t❤❡r ♦r ❢❛t❤❡r✳

❙t✉❞❡♥ts s♣❡♥❞ ♦♥ ❛✈❡r❛❣❡ ❛❧♠♦st ✾ ❤♦✉rs ♣❡r ✇❡❡❦ ❞♦✐♥❣ ❤♦♠❡✇♦r❦✱ ✇✐t❤ s♦♠❡ r❡♣♦rt✐♥❣
✉♣ t♦ ✹✵ ❤♦✉rs✳ ▼♦st st✉❞❡♥ts r❡❝❡✐✈❡ s♦♠❡ ❤❡❧♣ ✇✐t❤ t❤❡✐r ❤♦♠❡✇♦r❦ ✇❤✐❧❡ ❛r♦✉♥❞ ✷✼✪
r❡♣♦rt t♦ ❞♦ t❤❡✐r ❤♦♠❡✇♦r❦ ❜② t❤❡♠s❡❧✈❡s✳ ❆r♦✉♥❞ ✸✵✪ ♦❢ ❛❧❧ st✉❞❡♥ts r❡❝❡✐✈❡ ❤♦♠❡✇♦r❦
❤❡❧♣ ❢r♦♠ t❤❡✐r ♠♦t❤❡rs✱ ❢♦❧❧♦✇❡❞ ❜② ♠♦t❤❡rs ❛♥❞ ❢❛t❤❡rs✱ ❛♥❞ ❤❡❧♣ ❢r♦♠ t❤❡✐r ❢❛t❤❡rs✳
❖♥❧② ✈❡r② ❢❡✇ st✉❞❡♥ts ✭✺✪✮ r❡❝❡✐✈❡ ❤❡❧♣ ✇✐t❤ t❤❡✐r ❤♦♠❡✇♦r❦ ❢r♦♠ ♣r✐✈❛t❡ t❡❛❝❤❡rs✳
❘❡❣❛r❞✐♥❣ t❤❡ ❡①t❡♥t ♦❢ ❤♦♠❡✇♦r❦ ❤❡❧♣✱ ✶✻ ✪ ♦❢ st✉❞❡♥ts ❞♦ ♥♦t r❡❝❡✐✈❡ ❛♥② ❤❡❧♣ ❛t ❛❧❧
❢r♦♠ t❤❡✐r ♣❛r❡♥ts✱ ✇❤✐❧❡ ♠♦st st✉❞❡♥ts ✭✻✸✪✮ r❡❝❡✐✈❡ ❛ ❧✐tt❧❡ ❤❡❧♣✳

✹✳✷ ❊✛♦rt ❛♥❞ ❋❛♠✐❧② ❇❛❝❦❣r♦✉♥❞

■♥ ♦r❞❡r t♦ t❡st ❡♠♣✐r✐❝❛❧❧② ✐❢ st✉❞❡♥ts ❢r♦♠ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s ❡①❡rt
♠♦r❡ ♦r ❧❡ss ❡✛♦rt ❝♦♠♣❛r❡❞ t♦ t❤♦s❡ ❢r♦♠ ❧❡ss ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s✱ ✇❡
❡st✐♠❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣r❡ss✐♦♥ ♦❢ st✉❞❡♥t ❡✛♦rt (ei,j) ♦♥ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ (bi,j)✱

ei,j = βo + β1bi,j + β2xi,j + aj, ✭✹✳✶✹✮

❝♦♥tr♦❧❧✐♥❣ ❢♦r ✐♥❞✐✈✐❞✉❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ st✉❞❡♥t✱ ❤♦♠❡✇♦r❦ ❤❛❜✐ts✱ ❛♥❞ ❤❡r ❤♦✉s❡✲
❤♦❧❞ s✐t✉❛t✐♦♥ (xi,j) ❛s ✇❡❧❧ ❛s ❢♦r s❝❤♦♦❧ ✜①❡❞ ❡✛❡❝ts (aj)✱ ✇✐t❤ i ❛♥❞ j ❜❡✐♥❣ s✉❜✐♥❞❡①❡s
❢♦r t❤❡ st✉❞❡♥t ❛♥❞ t❤❡ s❝❤♦♦❧ r❡s♣❡❝t✐✈❡❧②✳✶✻ ❚♦ ❡st✐♠❛t❡ ❊q✉❛t✐♦♥ ✹✳✶✹ ✇❡ r✉♥ ❛♥ ❖▲❙

✐♥❞✐✈✐❞✉❛❧s ❞♦ ♥♦t r❡♣❡❛t ❝♦✉rs❡s✳ ❚❛❜❧❡ ❆✲✹ ♦❢ t❤❡ ❆♣♣❡♥❞✐① ❆ ❞✐s♣❧❛②s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ s❝❛❧❡ ✐♥ ②❡❛rs
♦❢ s❝❤♦♦❧✐♥❣ ❢♦r ❡❛❝❤ ❡❞✉❝❛t✐♦♥❛❧ ❝❛t❡❣♦r②✳

✶✺ ❚❤❡s❡ ❣r♦✉♣s ✐♥❝❧✉❞❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✭✐✮ ❜❧✉❡ ❝♦❧❧❛r✿ ♠✐❧✐t❛r②✱ s❡❝r❡t❛r②✱ ✇♦r❦s ✐♥ ❛ r❡st❛✉r❛♥t ♦r
❤♦t❡❧✱ ♣♦❧✐❝❡♠❛♥✱ ✜r❡✲✜❣❤t❡r✱ s❛❧❡s✲♠❛♥✱ s❤♦♣ ❛ss✐st❛♥t✱ ❝❛s❤✐❡r✱ ✇♦r❦s ♦♥ ❝♦♥str✉❝t✐♦♥ s✐t❡✱ ♠❛✐♥t❡♥❛♥❝❡
✇♦r❦❡r✱ ❝❛r♣❡♥t❡r✱ ✇♦r❦s ✐♥ ❛ ❢❛❝t♦r②✱ ✇♦r❦s ✐♥ s♦♠❡❜♦❞②✬ ❡❧s❡ ❤♦✉s❡❤♦❧❞✱ s❡❝✉r✐t② ❣✉❛r❞✱ ❝❧❡❛♥✐♥❣ s❡r✈✐❝❡✱
❥❛♥✐t♦r❀ ✭✐✐✮ ❛❞♠✐♥✐str❛t✐✈❡ ✇♦r❦❡rs✿ ♣r♦❢❡ss✐♦♥❛❧ ♦r t❡❝❤♥✐❝❛❧ ✇♦r❦❡r ✭❢♦r ❡①❛♠♣❧❡✿ ♣r♦❢❡ss♦r✱ s❝✐❡♥t✐st✱
❞♦❝t♦r✱ ❡♥❣✐♥❡❡r✱ ❧❛✇②❡r✱ ❡❝♦♥♦♠✐st✱ ♣s②❝❤♦❧♦❣✐st✱ ❛rt✐st✮❀ ✭✐✐✐✮♣r♦❢❡ss✐♦♥❛❧✿ ♠❛♥❛❣❡s ❛ ✜r♠✱ ✇♦r❦s ✐♥ ❛
▼✐♥✐str②✱ ✇♦r❦s ❢♦r t❤❡ r❡❣✐♦♥❛❧ ❣♦✈❡r♥♠❡♥t✱ ♦r ✇♦r❦s ✐♥ t❤❡ t♦✇♥ ❤❛❧❧✳

✶✻❲❤✐❧❡ t❤❡r❡ ♠✐❣❤t ❡①✐st ❛♥ ❡♥❞♦❣❡♥❡✐t② ♣r♦❜❧❡♠ r❡❣r❡ss✐♥❣ ❤♦♠❡✇♦r❦ ❤❛❜✐ts ♦♥ ❤♦✉rs ♦❢ ❤♦♠❡✇♦r❦✱
✇❡ ❝♦♥s✐❞❡r ✐t ♦❢ s❡❝♦♥❞❛r② ♥❛t✉r❡ ❣✐✈❡♥ t❤❛t ✐t ♦♥❧② ♦♣❡r❛t❡s t❤r♦✉❣❤ t❤❡ ❡✛❡❝t ♦❢ ❤♦♠❡✇♦r❦ ♦♥ ❛❝❤✐❡✈❡✲
♠❡♥t✳

✶✺



r❡❣r❡ss✐♦♥ ✇✐t❤ s❝❤♦♦❧ ✜①❡❞ ❡✛❡❝ts✳ ❙❝❤♦♦❧ ✜①❡❞ ❡✛❡❝ts ❛❧❧♦✇ ✉s t♦ ❝♦♥tr♦❧ ❢♦r ❛ ♣♦ss✐❜❧❡
❜✐❛s t❤❛t ♠✐❣❤t ❛r✐s❡ ❢r♦♠ t❤❡ s♦rt✐♥❣ ♦❢ st✉❞❡♥ts ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞
✐♥t♦ s❝❤♦♦❧s✳ ■❢ s❝❤♦♦❧s ✇✐t❤ st✉❞❡♥ts ❢r♦♠ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s s②s✲
t❡♠❛t✐❝❛❧❧② ❛ss✐❣♥ ♠♦r❡ ❤♦♠❡✇♦r❦✱ st✉❞❡♥ts ❢r♦♠ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s
✇✐❧❧ r❡♣♦rt ♦♥ ❛✈❡r❛❣❡ ♠♦r❡ ✇❡❡❦❧② ❤♦♠❡✇♦r❦ t✐♠❡✳ ■♥ t❤✐s ❝❛s❡✱ ✐❢ ✇❡ ✇❡r❡ t♦ r✉♥ ❛♥ ❖▲❙
r❡❣r❡ss✐♦♥ ✇✐t❤♦✉t s❝❤♦♦❧ ✜①❡❞ ❡✛❡❝ts✱ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ t❤❡ ✈❛r✐❛❜❧❡ ❢♦r ♣❛r❡♥t❛❧ ❜❛❝❦✲
❣r♦✉♥❞ ✇♦✉❧❞ ❛❧s♦ ❜❡ ♣✐❝❦✐♥❣ ✉♣ ❛ s❝❤♦♦❧✬s ♣♦❧✐❝② ♦❢ ❛ss✐❣♥✐♥❣ ♠♦r❡ ❤♦♠❡✇♦r❦✳ ❍❡♥❝❡ ❜②
✐♥tr♦❞✉❝✐♥❣ s❝❤♦♦❧ ✜①❡❞ ❡✛❡❝ts ✐♥t♦ t❤❡ r❡❣r❡ss✐♦♥ ✇❡ ❝❛♥ s❤✉t ♦✛ ❛♥② ❡✛❡❝ts ♦❢ ❞✐✛❡r❡♥t
s❝❤♦♦❧ ♣♦❧✐❝✐❡s ❛♥❞ ❢♦❝✉s ♦♥ t❤❡ ❞✐r❡❝t ❡✛❡❝ts ♦❢ ❛ st✉❞❡♥t✬s ♣❛r❡♥t❛❧ ❜❛❝❦❣r♦✉♥❞ ♦♥ ❡✛♦rt✳

❆s ♠❡❛s✉r❡s ❢♦r t❤❡ st✉❞❡♥t✬s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ✭bi,j✮ ✇❡ ✐♥❝❧✉❞❡ ♣❛r❡♥ts✬ ❧♦❣ ②❡❛rs ♦❢
s❝❤♦♦❧✐♥❣ ❛s ✇❡❧❧ ❛s t❤❡ ❤✐❣❤❡st ♦❝❝✉♣❛t✐♦♥❛❧ ❝❛t❡❣♦r② ❛♠♦♥❣ ♣❛r❡♥ts✬✳ ❲❡ ❛♣♣r♦①✐♠❛t❡
❛ st✉❞❡♥t✬s ✐♥♥❛t❡ t❛❧❡♥t ✭θ✮ ❜② ✉s✐♥❣ ❛ ❞✉♠♠② ✈❛r✐❛❜❧❡ ❢♦r st✉❞❡♥ts ✇❤♦ ❤❛✈❡ r❡♣❡❛t❡❞
❛ ❣r❛❞❡✳ ❆s ❛ ♠❡❛s✉r❡ ♦❢ ❡✛♦rt ✭ei,j) ✇❡ ❝♦♥s✐❞❡r ❧♦❣ ❤♦✉rs ♦❢ ❤♦♠❡✇♦r❦ ♣❡r ✇❡❡❦✳ ❙t✉✲
❞❡♥ts✬ ✐♥❞✐✈✐❞✉❛❧ ✈❛r✐❛❜❧❡s ❝♦♥tr♦❧❧❡❞ ❢♦r ✐♥ ♦✉r r❡❣r❡ss✐♦♥ ❛r❡ ❣❡♥❞❡r✱ ❝♦✉♥tr② ♦❢ ❜✐rt❤✱ ❛❣❡
✇❤❡♥ st❛rt✐♥❣ s❝❤♦♦❧✱ s✐t✉❛t✐♦♥ ❛t ❤♦♠❡✱ ❛♥❞ ❤❡❧♣ ✇✐t❤ ❤♦♠❡✇♦r❦✳✶✼ ❚❛❜❧❡ ✹✳✶ ♣r❡s❡♥ts
♦✉r ❡st✐♠❛t✐♦♥ r❡s✉❧ts✳ ❖✉r ❝♦❡✣❝✐❡♥t ♦❢ ✐♥t❡r❡st ✐s β1✱ ♠❡❛s✉r✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ♣❛r❡♥t❛❧
❜❛❝❦❣r♦✉♥❞ ♦♥ ❡✛♦rt✳

❈♦♥s✐❞❡r✐♥❣ ♦✉r ❞✐r❡❝t ♠❡❛s✉r❡ ♦❢ ♣❛r❡♥t❛❧ ❜❛❝❦❣r♦✉♥❞ ✭♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ②❡❛rs ♦❢
❡❞✉❝❛t✐♦♥ ❛♠♦♥❣ ♣❛r❡♥ts✮✱ ✇❡ ✜♥❞ t❤❛t ♣❛r❡♥t❛❧ ❜❛❝❦❣r♦✉♥❞ ✐s ❝❧❡❛r❧② ♣♦s✐t✐✈❡❧② r❡❧❛t❡❞
t♦ ❤♦✉rs ♦❢ ❤♦♠❡✇♦r❦ ❜② st✉❞❡♥ts✱ ✐✳❡✳ st✉❞❡♥ts ❢r♦♠ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❜❛❝❦❣r♦✉♥❞s
❡①❡rt ♠♦r❡ ❡✛♦rt✳ ❈♦♠♣❛r✐♥❣ ❛ st✉❞❡♥t ✇✐t❤ ❛ ♣❛r❡♥t ✇❤♦ ❣r❛❞✉❛t❡❞ ❢r♦♠ ✉♥✐✈❡rs✐t② t♦
❛ st✉❞❡♥t ✇❤♦s❡ ♣❛r❡♥t ❤❛s ♥♦t ✜♥✐s❤❡❞ ❛♥② ❝♦♠♣✉❧s♦r② ❡❞✉❝❛t✐♦♥✱ ✐❢ t❤❡ ❧❛tt❡r ❞❡❞✐❝❛t❡s
✾ ❤♦✉rs ✭♠❡❛♥ ✈❛❧✉❡✮ ❛ ✇❡❡❦ t♦ ❤♦♠❡✇♦r❦✱ t❤❡ ❢♦r♠❡r st✉❞✐❡s ❛r♦✉♥❞ ✶✵✳✸✷ ❤♦✉rs ♣❡r
✇❡❡❦✱ ✶✹✳✼✻✪ ♠♦r❡✳ ❈♦❡✣❝✐❡♥ts ♦❢ ❞✉♠♠② ✈❛r✐❛❜❧❡s ❢♦r ♣❛r❡♥t❛❧ ♦❝❝✉♣❛t✐♦♥ ♣♦✐♥t ✐♥ t❤❡
s❛♠❡ ❞✐r❡❝t✐♦♥✳ ❈♦♠♣❛r❡❞ t♦ ❝❤✐❧❞r❡♥ ♦❢ ❜❧✉❡ ❝♦❧❧❛r ✇♦r❦❡rs✱ ❝❤✐❧❞r❡♥ ♦❢ ♣r♦❢❡ss✐♦♥❛❧s ❛♥❞
❛❞♠✐♥✐str❛t✐✈❡ ✇♦r❦❡rs s♣❡♥❞ ♠♦r❡ ❤♦✉rs ♣❡r ✇❡❡❦ ❞♦✐♥❣ ❤♦♠❡✇♦r❦✱ ✰✹✪ ❛♥❞ ✰✷✳✺✪
r❡s♣❡❝t✐✈❡❧②✳

✶✼❖✉r ❞❛t❛ s❡t ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❛❧❧ ✐♥❢♦r♠❛t✐♦♥ ♥❡❡❞❡❞ t♦ ❡st✐♠❛t❡ ♦✉r t❤❡♦r❡t✐❝❛❧ st✉❞❡♥t✬s ❡✛♦rt
❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ✭e∗ = e (q̂, x, b, θ)✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❧❛❝❦ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t r✐s❦
♣r❡♠✐✉♠ ✭x)✱ ❛s ✇❡❧❧ ❛s t❤❡ t❤r❡s❤♦❧❞ ❢♦r ♣❛ss✐♥❣ ✭q̂✮✱ ❣✐✈❡♥ t❤❛t t❡st s❝♦r❡s ❤❛✈❡ ♥♦ ❛❝❛❞❡♠✐❝ ❝♦♥s❡q✉❡♥❝❡
❢♦r st✉❞❡♥ts✳

✶✻



❚❛❜❧❡ ✹✳✶✿ ❈♦❡✣❝✐❡♥ts ❢r♦♠ ❙❝❤♦♦❧ ❋✐①❡❞ ❊✛❡❝ts ❘❡❣r❡ss✐♦♥ ❢♦r ▲♦❣ ❍♦✉rs ♦❢ ❍♦♠❡✇♦r❦

▲♦❣ ❨❡❛rs ♦❢ P❛r❡♥ts✬ ❙❝❤♦♦❧✐♥❣ ✵✳✵✽✷✯✯✯ ✭✵✳✵✶✺✮
❖❝❝✉♣❛t✐♦♥❛❧ ❈❛t❡❣♦r② P❛r❡♥ts✿ Pr♦❢❡ss✐♦♥❛❧ ✵✳✵✹✵✯✯✯ ✭✵✳✵✶✵✮
❆❞♠✐♥✐str❛t✐✈❡ ✵✳✵✷✺✯✯ ✭✵✳✵✶✵✮
❍❛s r❡♣❡❛t❡❞ ❣r❛❞❡ ✲✵✳✶✹✽✯✯✯ ✭✵✳✵✶✹✮
❲✐t❤ s♣❡❝✐❛❧ ♥❡❡❞s ✲✵✳✷✺✹✯✯✯ ✭✵✳✵✷✷✮
❉✐s❛❜❧❡❞ ✲✵✳✷✽✷✯✯✯ ✭✵✳✵✸✸✮
●✐r❧ ✵✳✵✻✹✯✯✯ ✭✵✳✵✵✼✮
❍♦♠❡✇♦r❦ ❍❡❧♣ ❢r♦♠✿ ▼♦t❤❡r ❛❧s♦ ✵✳✵✷✼✯✯ ✭✵✳✵✶✵✮
❋❛t❤❡r ✲✵✳✵✷✻✯ ✭✵✳✵✶✹✮
Pr✐✈❛t❡ ❚❡❛❝❤❡r ✲✵✳✵✹✶✯✯ ✭✵✳✵✷✶✮
❖t❤❡rs ✲✵✳✵✵✵ ✭✵✳✵✶✽✮
❍♦♠❡✇♦r❦ ❤❡❧♣ ❢r♦♠ ♣❛r❡♥ts✿ ❆ ❧✐tt❧❡ ✵✳✵✹✽✯✯✯ ✭✵✳✵✶✷✮
◗✉✐t❡ s♦♠❡ ✵✳✵✸✽✯✯ ✭✵✳✵✶✺✮
▼✉❝❤ ✵✳✵✷✻ ✭✵✳✵✷✸✮
❆❧❧ ✲✵✳✵✸✹ ✭✵✳✵✹✼✮
❆t ❤♦♠❡ ✇❤❡♥ r❡t✉r♥✐♥❣ ❢r♦♠ s❝❤♦♦❧✿ ❋❛t❤❡r ❛❧s♦ ✲✵✳✵✵✸ ✭✵✳✵✵✽✮
❖t❤❡rs ✲✵✳✵✶✹ ✭✵✳✵✶✶✮
◆♦❜♦❞② ✲✵✳✵✸✽✯✯ ✭✵✳✵✶✻✮
▲✐✈❡s ✇✐t❤✿ ▼♦t❤❡r ♦♥❧② ✲✵✳✵✼✾✯✯✯ ✭✵✳✵✶✻✮
▼♦t❤❡r ❛♥❞ s✐❜❧✐♥❣s ✲✵✳✵✺✸✯✯✯ ✭✵✳✵✶✻✮
▼♦t❤❡r ❛♥❞ ❢❛t❤❡r ♦♥❧② ✲✵✳✵✶✽✯ ✭✵✳✵✶✶✮
▼♦t❤❡r✱ ❢❛t❤❡r✱ ❛♥❞ ♠♦r❡ t❤❛♥ ♦♥❡ s✐❜❧✐♥❣ ✲✵✳✵✷✸✯✯ ✭✵✳✵✶✵✮
❉✐✛❡r❡♥t ❧✐✈✐♥❣ ❛rr❛♥❣❡♠❡♥t ✲✵✳✵✶✼ ✭✵✳✵✶✸✮
❙t❛rt❡❞ ❙❝❤♦♦❧ ❜❡t✇❡❡♥ ✸ ❛♥❞ ✺ ✲✵✳✵✷✹✯✯✯ ✭✵✳✵✵✽✮
❛❣❡ ✻ ✲✵✳✵✽✶✯✯✯ ✭✵✳✵✸✶✮
❛❣❡ ✼ ✲✵✳✶✺✾✯✯✯ ✭✵✳✵✹✹✮
❇♦r♥ ✐♥ ❘♦♠❛♥✐❛ ✵✳✶✼✵✯✯✯ ✭✵✳✵✷✼✮
▼♦r♦❝❝♦ ✵✳✷✶✵✯✯✯ ✭✵✳✵✹✹✮
❈❤✐♥❛ ✵✳✷✶✺✯✯✯ ✭✵✳✵✺✼✮
❡❧s❡✇❤❡r❡ ✲✵✳✵✸✷ ✭✵✳✵✶✾✮
▲❛t✐♥ ❆♠❡r✐❝❛ ✲✵✳✵✽✹✯✯✯ ✭✵✳✵✶✼✮

❈♦♥st❛♥t ✶✳✼✵✼✯✯✯ ✭✵✳✵✸✼✮
❖❜s❡r✈❛t✐♦♥s ✹✻✱✻✸✻
◆✉♠❜❡r ♦❢ ❙❝❤♦♦❧s ✶✱✷✷✷
❘♦❜✉st st❛♥❞❛r❞ ❡rr♦rs ✐♥ ♣❛r❡♥t❤❡s❡s✿ ✯✯✯♣❁✵✳✵✶✱ ✯✯♣❁✵✳✵✺✱ ✯♣❁✵✳✶✳ ❘❡❢❡r❡♥❝❡ ❣r♦✉♣✿ ❇♦② ❜♦r♥ ✐♥ ❙♣❛✐♥ ✇❤♦

st❛rt❡❞ s❝❤♦♦❧ ❜❡❢♦r❡ t❤❡ ❛❣❡ ♦❢ ✸ ✇❤♦ ❧✐✈❡s ✇✐t❤ ♣❛r❡♥ts ✭❜❧✉❡ ❝♦❧❧❛r ✇♦r❦❡rs✮ ❛♥❞ ♦♥❡ s✐❜❧✐♥❣ ✇❤♦s❡ ♠♦t❤❡r

✐s ❛t ❤♦♠❡ ✇❤❡♥ ❤❡ r❡t✉r♥s ❢r♦♠ s❝❤♦♦❧ ❛♥❞ ✇❤♦ ❞♦❡s ♥♦t r❡❝❡✐✈❡ ❛♥② ❤♦♠❡✇♦r❦ ❤❡❧♣ ❢r♦♠ ❛♥②❜♦❞②✳
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❚❤✉s✱ ♦✉r ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s s✉❣❣❡st t❤❛t ❛♠♦♥❣ t❤❡ ❣r♦✉♣ ♦❢ ✶✷ ②❡❛r ♦❧❞ ❙♣❛♥✐s❤ st✉❞❡♥ts
t❤♦s❡ ❢r♦♠ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❜❛❝❦❣r♦✉♥❞s ❛r❡ t❤❡ ♦♥❡s ❡①❡rt✐♥❣ ♠♦r❡ ❡✛♦rt✳✶✽ ■♥ ❛❞❞✐✲
t✐♦♥✱ ♦✉r ❡st✐♠❛t✐♦♥ ❛❧s♦ ❝♦♥✜r♠ ♦✉r t❤❡♦r❡t✐❝❛❧ r❡s✉❧t t❤❛t st✉❞❡♥ts ♦❢ ❧♦✇❡r ✐♥♥❛t❡ t❛❧❡♥t
❡①❡rt ❧❡ss ❡✛♦rt ✭s❡❡ ▲❡♠♠❛ ✷✳✸✮✳ ❍❛✈✐♥❣ r❡♣❡❛t❡❞ ❛ ❣r❛❞❡ r❡❞✉❝❡s ✇❡❡❦❧② ❤♦♠❡✇♦r❦ ❜②
❛❧♠♦st ✶✺✪✳ ❈♦❡✣❝✐❡♥ts ♦❢ ✈❛r✐❛❜❧❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❝❤❛r❛❝t❡r✐st✐❝s✱ ❤♦♠❡✇♦r❦ ❤❛❜✐ts ❛♥❞
❤♦✉s❡❤♦❧❞ s✐t✉❛t✐♦♥ s❤♦✇ t❤❡ ❡①♣❡❝t❡❞ s✐❣♥s✳

✹✳✸ ▼❛r❣✐♥❛❧ Pr♦❞✉❝t✐✈✐t② ♦❢ ❊✛♦rt ❛♥❞ ❋❛♠✐❧② ❇❛❝❦❣r♦✉♥❞

❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✸✳✸✱ ✐❢ ❛s ✐♥ ♦✉r ❡♠♣✐r✐❝❛❧ r❡s✉❧t✱ st✉❞❡♥ts ❢r♦♠ ♠♦r❡ ❛❞✈❛♥✲
t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s ❡①❡rt ♠♦r❡ ❡✛♦rt ✭de

db
> 0✮ ❛♥❞ ✐❢ s❝❤♦♦❧s ❝❛♥ s❡t t❤❡ ♦♣✲

t✐♠❛❧ ♣❛ss✐♥❣ st❛♥❞❛r❞ ✭q̂ = q̂∗✮ ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤✐s ✐s t❤❛t
ηb(ξe) > ηb(A)✱ ✐✳❡✳ ❡✐t❤❡r ❛ st✉❞❡♥t✬s ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❡✛♦rt ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦
❤❡r ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛♥❞✴♦r ❤❡r r✐s❦ ❛✈❡rs✐♦♥ ✐s ♥♦t ✈❡r② ❤✐❣❤✳ ■♥ ♦r❞❡r t♦ ❜❡tt❡r ❡✈❛❧✲
✉❛t❡ t❤❡ ♣♦ss✐❜❧❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ❡✛❡❝t✱ ✇❡ s♣❡❝✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣
❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ❢♦r t❤❡ st✉❞❡♥t✬s ❛❝❤✐❡✈❡♠❡♥t ❢✉♥❝t✐♦♥

qi,j = βo + β1bi,j + β2ei,j + β1,2bi,jei,j + β3xi,j + aj, ✭✹✳✶✺✮

✇❤❡r❡ ❛s ❜❡❢♦r❡ (ei,j) ❞❡♥♦t❡s st✉❞❡♥t ❡✛♦rt✱ (bi,j) ❛r❡ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ✈❛r✐❛❜❧❡s✱ (xi,j)
❛r❡ ✈❛r✐❛❜❧❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❝❤❛r❛❝t❡r✐st✐❝s✱ ❤♦♠❡✇♦r❦ ❤❛❜✐ts✱ ❛♥❞ ❤♦✉s❡❤♦❧❞ s✐t✉❛t✐♦♥ ❛♥❞
(aj) ❛r❡ s❝❤♦♦❧ ✜①❡❞ ❡✛❡❝ts✱ ✇✐t❤ i ❛♥❞ j ❜❡✐♥❣ s✉❜✐♥❞❡①❡s ❢♦r t❤❡ st✉❞❡♥t ❛♥❞ t❤❡ s❝❤♦♦❧
r❡s♣❡❝t✐✈❡❧②✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❛❧s♦ ✐♥❝❧✉❞❡ ✐♥t❡r❛❝t✐♦♥ t❡r♠s ❜❡t✇❡❡♥ ♣❛r❡♥t❛❧ ❜❛❝❦❣r♦✉♥❞
✈❛r✐❛❜❧❡s ❛♥❞ st✉❞❡♥t ❡✛♦rt ✐♥ ♦r❞❡r t♦ t❡st ♦✉r t❤❡♦r❡t✐❝❛❧ ❛ss✉♠♣t✐♦♥ ♦❢ ❛ ♣♦ss✐❜❧❡ ❞✐s✲
t✐♥❝t ✐♠♣❛❝t ♦❢ st✉❞❡♥t ❡✛♦rt ♦♥ ❛❝❤✐❡✈❡♠❡♥t ❛❝❝♦r❞✐♥❣ t♦ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ✭β1,2 6= 0✮✳
❙♣❡❝✐❢②✐♥❣ qi,j ❛s t❤❡ ❧♦❣ ♦❢ t❤❡ st✉❞❡♥t✬s t❡st s❝♦r❡ ✇❡ ❝❛♥ ❡st✐♠❛t❡ ❊q✉❛t✐♦♥ ✹✳✶✺ ✉s✐♥❣
❛♥ ❖▲❙ r❡❣r❡ss✐♦♥ ✇✐t❤ s❝❤♦♦❧ ✜①❡❞ ❡✛❡❝ts✳ ❙♦rt✐♥❣ ♦❢ st✉❞❡♥ts ✐♥t♦ s❝❤♦♦❧s ❛❝❝♦r❞✐♥❣ t♦
❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✱ ✐♥ ❝♦♠❜✐♥❛t✐♦♥ ✇✐t❤ ❞✐✛❡r❡♥❝❡s ✐♥ s❝❤♦♦❧s✬ r❡s♦✉r❝❡s t❤❛t ♠✐❣❤t ❛✛❡❝t
❛❝❛❞❡♠✐❝ ❛❝❤✐❡✈❡♠❡♥t ♦❢ st✉❞❡♥ts ❞✐✛❡r❡♥t❧② ✭♥✉♠❜❡r ❛♥❞ q✉❛❧✐t② ♦❢ t❡❛❝❤❡rs✱ ✜♥❛♥❝❡ ❡t❝✮
❝♦✉❧❞ ❧❡❛❞ t♦ ❛ ❜✐❛s ✐♥ ❛♥ ❡st✐♠❛t✐♦♥ ✇✐t❤♦✉t ✜①❡❞ ❡✛❡❝ts✳ ❊st✐♠❛t✐♦♥ ♦❢ ❊q✉❛t✐♦♥ ✹✳✶✺
❢❛❝❡s ❛ ❝❧❡❛r ❡♥❞♦❣❡♥❡✐t② ♣r♦❜❧❡♠ ❣✐✈❡♥ t❤❛t t❤❡ t✐♠❡ st✉❞❡♥ts s♣❡♥t ❞♦✐♥❣ ❤♦♠❡✇♦r❦ ♥♦t
♦♥❧② ❞❡t❡r♠✐♥❡s t❤❡✐r ❛❝❤✐❡✈❡♠❡♥t ❜✉t t❤❛t t❤✐s t✐♠❡ ✐s ♣♦ss✐❜❧② ❛❧s♦ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡✐r
♣❛st ❛❝❤✐❡✈❡♠❡♥t✳ ❍♦✇❡✈❡r✱ ✇❤✐❧❡ ✇❡ t❤✉s ❝❛♥♥♦t ❝♦♥❝❧✉❞❡ ❛♥②t❤✐♥❣ ❛❜♦✉t t❤❡ ❝❛✉s❛❧ r❡✲
❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛♥❞ st✉❞❡♥t ❡✛♦rt ♦♥ ❛❝❤✐❡✈❡♠❡♥t✱ ✇❡ ❛r❡ st✐❧❧ ❛❜❧❡

✶✽ ❚❤❡ ❢❛❝t t❤❛t st✉❞❡♥ts ❜♦r♥ ✐♥ ❘✉♠❛♥✐❛✱ ❈❤✐♥❛✱ ❛♥❞ ▼♦r♦❝❝♦ s♣❡♥❞ ✶✼✪ t♦ ✷✷✪ ♠♦r❡ ❤♦✉rs ♦♥
❤♦♠❡✇♦r❦ t❤❛♥ st✉❞❡♥ts ❜♦r♥ ✐♥ ❙♣❛✐♥ ❝♦✉❧❞ ❛t ✜rst ♣♦✐♥t ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥ ♦❢ ♦✉r ✜♥❞✐♥❣s
✭st✉❞❡♥ts ♦❢ ❧❡ss ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s ❡①❡rt✐♥❣ ♠♦r❡ ❡✛♦rt✮✳ ❍♦✇❡✈❡r✱ t❤✐s ❞♦❡s ♥♦t ❤♦❧❞
❢♦r st✉❞❡♥ts ❢r♦♠ ❙♣❛♥✐s❤ s♣❡❛❦✐♥❣ ▲❛t✐♥ ❆♠❡r✐❝❛♥ ❝♦✉♥tr✐❡s ❛♥❞ ❤❡♥❝❡ ♠♦r❡ ❤♦✉rs ♦❢ ❤♦♠❡✇♦r❦ ❜②
st✉❞❡♥ts ❢r♦♠ s♦♠❡ ✐♠♠✐❣r❛♥t ❣r♦✉♣s ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ❞✉❡ t♦ t❤❡✐r ❧✐♠✐t❡❞ ❧❛♥❣✉❛❣❡ s❦✐❧❧s r❛t❤❡r t❤❛♥
❛ ❧❡ss ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✳

✶✽



t♦ s❛② s♦♠❡t❤✐♥❣ ❛❜♦✉t t❤❡ ❞✐✛❡r❡♥t r❡❧❛t✐♦♥ ♦❢ ❡✛♦rt ❛❝❝♦r❞✐♥❣ t♦ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✳✶✾

❚❛❜❧❡ ✹✳✷ s❤♦✇s ♦✉r ❡st✐♠❛t✐♦♥ r❡s✉❧ts✳ ❖✉r ❝♦❡✣❝✐❡♥t ♦❢ ✐♥t❡r❡st ✐s β1,2✱ ✐♥❞✐❝❛t✐♥❣ ♣♦ss✐✲
❜❧❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❡✛♦rt ❛♥❞ ❛❝❤✐❡✈❡♠❡♥t ❢♦r st✉❞❡♥ts ❢r♦♠ ❞✐✛❡r❡♥t
❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s✳ ❲❡ ✜♥❞ t❤❛t ❢♦r st✉❞❡♥ts ✇❤♦s❡ ♣❛r❡♥ts ❛r❡ ♣r♦❢❡ss✐♦♥❛❧ ♦r ❛❞♠✐♥✐s✲
tr❛t✐✈❡ ✇♦r❦❡rs ✇✐t❤ ✉♥✐✈❡rs✐t② ❡❞✉❝❛t✐♦♥ ✇❡❡❦❧② st✉❞② ♦❢ ✉♣ t♦ ❡✐❣❤t ❤♦✉rs ✐s ❛ss♦❝✐❛t❡❞
t♦ ❜❡tt❡r t❡st s❝♦r❡s✱ ✇❤✐❧❡ t❤❡ r❡❧❛t✐♦♥ ✐s ♥❡❣❛t✐✈❡ ✭❤♦✇❡✈❡r ♥♦t s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❢r♦♠
③❡r♦✮ ❢♦r t❤♦s❡ ✇❤♦s❡ ♣❛r❡♥ts ❛r❡ ❜❧✉❡ ❝♦❧❧❛r ✇♦r❦❡rs✳✷✵ ❚❤❡ ♦♣♣♦s✐t❡ ❤♦❧❞s tr✉❡ ❢♦r ✇❡❡❦❧②
❤♦♠❡✇♦r❦ st✉❞② ♦❢ ♠♦r❡ t❤❛♥ ✶✷ ❤♦✉rs ♣❡r ✇❡❡❦✱ t❤♦✉❣❤ ✐♥ t❤✐s ❝❛s❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ♥♦t
s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✳ ■♥ ❣❡♥❡r❛❧ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ♣❛r❡♥t❛❧ ❜❛❝❦❣r♦✉♥❞✱ t❤❡
r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❡✛♦rt ❛♥❞ s❝❤♦❧❛r❧② ❛❝❤✐❡✈❡♠❡♥t ✐♥❞✐❝❛t❡❞ ✐s ❝❧❡❛r❧② ❤✉♠♣✲s❤❛♣❡❞✳ ▲❡ss
t❤❛♥ ❡✐❣❤t ❤♦✉rs ♦❢ ❤♦♠❡✇♦r❦ ♣❡r ✇❡❡❦ s❡❡♠ t♦ ❜❡ ♥❡❣❛t✐✈❡❧② r❡❧❛t❡❞ t♦ ❛❝❤✐❡✈❡♠❡♥t
✇❤✐❧❡ t❤❡ s❛♠❡ ❤♦❧❞s tr✉❡ ❢♦r ♠♦r❡ t❤❛♥ ✶✷ ❤♦✉rs ♣❡r ✇❡❡❦✳✷✶ ❙t✉❞❡♥ts st✉❞②✐♥❣ ❛r♦✉♥❞
✽ t♦ ✶✷ ❤♦✉rs ❛r❡ t❤❡ ♦♥❡s ♦❜t❛✐♥✐♥❣ ❜❡tt❡r s❝♦r❡s✳ ❈♦❡✣❝✐❡♥ts ♦❢ ✈❛r✐❛❜❧❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧
❝❤❛r❛❝t❡r✐st✐❝s✱ ❤♦♠❡✇♦r❦ ❤❛❜✐ts✱ ❛♥❞ ❤♦✉s❡❤♦❧❞ s✐t✉❛t✐♦♥ s❤♦✇ t❤❡ ❡①♣❡❝t❡❞ s✐❣♥s✳

❍❡♥❝❡✱ t❤❡ r❡s✉❧ts ♦❢ ♦✉r ❡♠♣✐r✐❝❛❧ t❡st s❡❡♠ t♦ ✐♥❞✐❝❛t❡ t❤❛t ❛ st✉❞❡♥t✬s ♠❛r❣✐♥❛❧ ♣r♦❞✉❝✲
t✐✈✐t② ♦❢ ❡✛♦rt ✐s q✉✐t❡ s❡♥s✐t✐✈❡ t♦ ❤❡r ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✳ ❚❤✐s s✉❣❣❡sts t❤❛t ♦✉r ✜♥❞✐♥❣
t❤❛t st✉❞❡♥ts ❢r♦♠ ♠♦r❡ ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s ❡①❡rt ♠♦r❡ ❡✛♦rt s❡❡♠s t♦ ❜❡
❧❛r❣❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡s❡ st✉❞❡♥ts ❛r❡ s♦♠❡❤♦✇ ❜❡tt❡r ❡q✉✐♣♣❡❞ t♦ t✉r♥
❤♦✉rs ♦❢ ❤♦♠❡✇♦r❦ ✭❡✛♦rt✮ ✐♥t♦ ❤✐❣❤❡r t❡st s❝♦r❡s ✭❜❡tt❡r ❛❝❤✐❡✈❡♠❡♥ts✮ t❤❛♥ st✉❞❡♥ts
❢r♦♠ ❧❡ss ❛❞✈❛♥t❛❣❡♦✉s ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞s✳ ■♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♣❛rt ♦❢ ♦✉r ♣❛♣❡r ❛ ♣♦s✲
✐t✐✈❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ✐♠♣❧✐❡❞ t❤❛t t❤❡ ❝r♦ss ♣r♦❞✉❝t✐✈✐t②
❡✛❡❝t ❞♦♠✐♥❛t❡❞ t❤❡ r✐s❦ ❛✈❡rs✐♦♥ ❡✛❡❝t✳✷✷ ❍❛✈✐♥❣ ❡st✐♠❛t❡❞ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡
❝r♦ss✲♣r♦❞✉❝t✐✈✐t② ❡✛❡❝t ✈✐❛ ♦✉r ❛❝❤✐❡✈❡♠❡♥t ❢✉♥❝t✐♦♥ s✉❣❣❡sts ❛♥ ❡♠♣✐r✐❝❛❧ ❝♦♥✜r♠❛t✐♦♥
♦❢ t❤✐s t❤❡♦r❡t✐❝❛❧ r❡s✉❧t✳ ❍♦✇❡✈❡r✱ ❣✐✈❡♥ t❤❛t t❤❡r❡ ❞♦❡s ♥♦t ❡①✐st ❛♥② ❝♦♥s✐st❡♥t ❡st✐✲
♠❛t✐♦♥ r❡❣❛r❞✐♥❣ t❤❡ ❞❡❣r❡❡ ♦❢ r✐s❦ ❛✈❡rs✐♦♥ ♦❢ st✉❞❡♥ts✱ ✇❡ ❝❛♥ ♦♥❧② ❝♦♥❝❧✉❞❡ ♦♥ t❤❡
q✉❛❧✐t❛t✐✈❡ ♥❛t✉r❡ ♦❢ t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r✐s❦ ❛✈❡rs✐♦♥ ❡✛❡❝t ❛♥❞ t❤❡ ❝r♦ss ♣r♦❞✉❝✲
t✐✈✐t② ❡✛❡❝t✱ t❤❡ ❧❛t❡r ❛♣♣❛r❡♥t❧② ❞♦♠✐♥❛t✐♥❣ t❤❡ ❢♦r♠❡r✳

✶✾❆❣❛✐♥ st✉❞❡♥t ❛❜✐❧✐t② ✐s ❛♥ ♦♠✐tt❡❞ ✈❛r✐❛❜❧❡✳ ❍♦✇❡✈❡r✱ ❛s ❜❡❢♦r❡ ✇❡ ✉s❡ t❤❡ ❢❛❝t t❤❛t s♦♠❡ st✉❞❡♥ts
❤❛✈❡ r❡♣❡❛t❡❞ ❛ ②❡❛r ❛s ❛ ♣r♦①② ❢♦r ❛❜✐❧✐t②✳

✷✵ ❲❡ ❤❛✈❡ ❣r♦✉♣❡❞ ♣❛r❡♥ts✬ ❡❞✉❝❛t✐♦♥❛❧ ❛♥❞ ♣r♦❢❡ss✐♦♥❛❧ ❝❛t❡❣♦r✐❡s ✐♥t♦ ✭✐✮ ❜❧✉❡ ❝♦❧❧❛r ✇♦r❦❡rs ✭✐✐✮
♣r♦❢❡ss✐♦♥❛❧ ♦r ❛❞♠✐♥✐str❛t✐✈❡ ✇♦r❦❡rs ✇✐t❤♦✉t ✉♥✐✈❡rs✐t② ✭✐✐✐✮ ♣r♦❢❡ss✐♦♥❛❧ ♦r ❛❞♠✐♥✐str❛t✐✈❡ ✇♦r❦❡rs ✇✐t❤
✉♥✐✈❡rs✐t②✳

✷✶ ❲❡ ❤❛✈❡ ❝♦♥✈❡rt❡❞ ❤♦♠❡✇♦r❦ t✐♠❡ ✐♥t♦ ❛ ❝❛t❡❣♦r✐❝❛❧ ✈❛r✐❛❜❧❡✱ ✐♥ ♦r❞❡r t♦ ❜❡tt❡r ✐♥t❡r♣r❡t r❡s✉❧ts ✭
s❡❡ ❚❛❜❧❡ ❆✲✺ ♦❢ t❤❡ ❆♣♣❡♥❞✐① ❆✮✳

✷✷■t ❛❧s♦ ✐♠♣❧✐❡❞ t❤❛t s❝❤♦♦❧ ✇❡r❡ s❡tt✐♥❣ t❤❡ ♦♣t✐♠❛❧ ♦r ❤✐❣❤❡r t❤❛♥ ♦♣t✐♠❛❧ ♣❛ss✐♥❣ st❛♥❞❛r❞s✱ s♦♠❡✲
t❤✐♥❣ t❤❛t ❣✐✈❡♥ t❤❡ ❧✐♠✐t❛t✐♦♥s ♦❢ ♦✉r ❞❛t❛ s❡t ✇❡ ❝❛♥♥♦t ✐♥✈❡st✐❣❛t❡ ❢✉rt❤❡r ❡♠♣✐r✐❝❛❧❧②✳

✶✾



❚❛❜❧❡ ✹✳✷✿ ❈♦❡✣❝✐❡♥ts ❢r♦♠ ❙❝❤♦♦❧✲❋✐①❡❞ ❊✛❡❝ts ❘❡❣r❡ss✐♦♥ ❢♦r ▲♦❣ ❚❡st ❙❝♦r❡

❋❡✇❡r t❤❛♥ ✽ ❍♦✉rs ♦❢ ❍♦♠❡✇♦r❦ ✲✵✳✵✷✸✯✯✯ ✭✵✳✵✵✸✮
▼♦r❡ t❤❛♥ ✶✷ ❍♦✉rs ♦❢ ❍♦♠❡✇♦r❦ ✲✵✳✵✵✻✯ ✭✵✳✵✵✸✮
P❛r❡♥t❛❧ ❇❛❝❦❣r♦✉♥❞✿ ❇❧✉❡ ❈♦❧❧❛r ❲♦r❦❡r ✲✵✳✵✶✸✯✯✯ ✭✵✳✵✵✸✮
Pr♦❢❡ss✐♦♥❛❧ ♦r ❆❞♠✐♥✐str❛t✐✈❡ ✇✐t❤ ❯♥✐ ✵✳✵✷✵✯✯✯ ✭✵✳✵✵✷✮
< 8 ❤♦✉rs ❤♠✇❦✯P❛r❡♥ts ❇❧✉❡ ❈♦❧❧❛r ✲✵✳✵✵✻ ✭✵✳✵✵✹✮
> 12 ❤♦✉rs ❤♠✇❦✯P❛r❡♥ts ❇❧✉❡ ❈♦❧❧❛r ✵✳✵✵✻ ✭✵✳✵✵✹✮
< 8 ❤♦✉rs ❤♠✇❦✯P❛r❡♥ts Pr♦❢❡ss✐♦♥❛❧✴❆❞♠✐♥✐str✳ ❯♥✐ ✵✳✵✵✼✯✯ ✭✵✳✵✵✸✮
> 12 ❤♦✉rs ❤♠✇❦✯P❛r❡♥ts Pr♦❢❡ss✐♦♥❛❧✴❆❞♠✐♥✐str✳ ❯♥✐ ✲✵✳✵✵✺ ✭✵✳✵✵✹✮
❍♦♠❡✇♦r❦ ❍❡❧♣ ❢r♦♠✿ ▼♦t❤❡r ❛❧s♦ ✲✵✳✵✶✹✯✯✯ ✭✵✳✵✵✷✮
❋❛t❤❡r ✲✵✳✵✶✹✯✯✯ ✭✵✳✵✵✷✮
Pr✐✈❛t❡ ❚❡❛❝❤❡r ✲✵✳✵✻✽✯✯✯ ✭✵✳✵✵✸✮
❖t❤❡rs ✲✵✳✵✷✵✯✯✯ ✭✵✳✵✵✸✮
❍♦♠❡✇♦r❦ ❤❡❧♣ ❢r♦♠ ♣❛r❡♥ts✿ ❆ ❧✐tt❧❡ ✲✵✳✵✶✻✯✯✯ ✭✵✳✵✵✷✮
◗✉✐t❡ s♦♠❡ ✲✵✳✵✹✹✯✯✯ ✭✵✳✵✵✷✮
▼✉❝❤ ✲✵✳✵✻✶✯✯✯ ✭✵✳✵✵✹✮
❆❧❧ ✲✵✳✵✽✺✯✯✯ ✭✵✳✵✵✽✮
❆t ❤♦♠❡ ✇❤❡♥ r❡t✉r♥✐♥❣ ❢r♦♠ s❝❤♦♦❧✿ ❋❛t❤❡r ❛❧s♦ ✲✵✳✵✵✷ ✭✵✳✵✵✶✮
❖t❤❡rs ✵✳✵✵✸✯✯ ✭✵✳✵✵✷✮
◆♦❜♦❞② ✲✵✳✵✵✻✯✯ ✭✵✳✵✵✷✮
▲✐✈❡s ✇✐t❤✿ ▼♦t❤❡r ♦♥❧② ✲✵✳✵✸✹✯✯✯ ✭✵✳✵✵✷✮
▼♦t❤❡r ❛♥❞ s✐❜❧✐♥❣s ✲✵✳✵✶✸✯✯✯ ✭✵✳✵✵✸✮
▼♦t❤❡r ❛♥❞ ❢❛t❤❡r ♦♥❧② ✲✵✳✵✶✶✯✯✯ ✭✵✳✵✵✷✮
▼♦t❤❡r✱ ❢❛t❤❡r✱ ❛♥❞ ♠♦r❡ t❤❛♥ ♦♥❡ s✐❜❧✐♥❣ ✲✵✳✵✵✼✯✯✯ ✭✵✳✵✵✷✮
❉✐✛❡r❡♥t ❧✐✈✐♥❣ ❛rr❛♥❣❡♠❡♥t ✲✵✳✵✶✸✯✯✯ ✭✵✳✵✵✷✮
❙t❛rt❡❞ ❙❝❤♦♦❧ ❜❡t✇❡❡♥ ✸ ❛♥❞ ✺ ✲✵✳✵✵✹✯✯✯ ✭✵✳✵✵✶✮
❛❣❡ ✻ ✲✵✳✵✸✵✯✯✯ ✭✵✳✵✵✺✮
❛❣❡ ✼ ✲✵✳✵✻✺✯✯✯ ✭✵✳✵✵✽✮
❇♦r♥ ✐♥ ❘♦♠❛♥✐❛ ✵✳✵✶✷✯✯✯ ✭✵✳✵✵✺✮
▼♦r♦❝❝♦ ✲✵✳✵✺✵✯✯✯ ✭✵✳✵✵✾✮
✐♥ ❈❤✐♥❛ ✲✵✳✵✺✸✯✯✯ ✭✵✳✵✶✷✮
❡❧s❡✇❤❡r❡ ✲✵✳✵✵✹ ✭✵✳✵✵✸✮
▲❛t✐♥ ❆♠❡r✐❝❛ ✲✵✳✵✷✹✯✯✯ ✭✵✳✵✵✸✮
❲✐t❤ s♣❡❝✐❛❧ ♥❡❡❞s ✲✵✳✶✽✺✯✯✯ ✭✵✳✵✵✺✮
❉✐s❛❜❧❡❞ ✲✵✳✷✺✵✯✯✯ ✭✵✳✵✵✼✮
●✐r❧ ✲✵✳✵✵✹✯✯✯ ✭✵✳✵✵✶✮
❍❛s r❡♣❡❛t❡❞ ❣r❛❞❡ ✲✵✳✵✽✸✯✯✯ ✭✵✳✵✵✷✮
❈♦♥st❛♥t ✹✳✻✾✵✯✯✯ ✭✵✳✵✵✸✮
❖❜s❡r✈❛t✐♦♥s ✹✻✱✻✸✻
◆✉♠❜❡r ♦❢ ❙❝❤♦♦❧s ✶✱✷✷✷
❘♦❜✉st st❛♥❞❛r❞ ❡rr♦rs ✐♥ ♣❛r❡♥t❤❡s❡s✿ ✯✯✯♣❁✵✳✵✶✱ ✯✯♣❁✵✳✵✺✱ ✯♣❁✵✳✶ ❘❡❢❡r❡♥❝❡ ❣r♦✉♣✿❇♦② ❜♦r♥ ✐♥ ❙♣❛✐♥✱ ✇❤♦ st❛rt❡❞

s❝❤♦♦❧ ❜❡❢♦r❡ t❤❡ ❛❣❡ ♦❢ ✸ ✇❤♦ ❧✐✈❡s ✇✐t❤ ♣❛r❡♥ts ✭❜❧✉❡ ❝♦❧❧❛r ✇♦r❦❡rs✮ ❛♥❞ ♦♥❡ s✐❜❧✐♥❣ ✇❤♦s❡ ♠♦t❤❡r

✐s ❛t ❤♦♠❡ ✇❤❡♥ ❤❡ r❡t✉r♥s ❢r♦♠ s❝❤♦♦❧ ❛♥❞ ✇❤♦ ❞♦❡s ♥♦t r❡❝❡✐✈❡ ❛♥② ❤♦♠❡✇♦r❦ ❤❡❧♣ ❢r♦♠ ❛♥②❜♦❞②✳



✺ ❈♦♥❝❧✉s✐♦♥

■♥ t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r ❛❝❛❞❡♠✐❝ ❛tt❛✐♥♠❡♥t ✇❤✐❝❤ ❡♥t❛✐❧s ❛♥
✐♥❝♦♠❡ ♣r❡♠✐✉♠ ✐♥ t❤❡ ❧❛❜♦r ♠❛r❦❡t ✐s ♥♦✐s✐❧② ❞❡t❡r♠✐♥❡❞ ❜② ❡✛♦rt ❛♥❞ t❤❡ st✉❞❡♥t✬s
❛❜✐❧✐t② t♦ ❜❡♥❡✜t ❢r♦♠ ❡❞✉❝❛t✐♦♥ ✇❤✐❝❤ ❞❡♣❡♥❞s ✐♥ t✉r♥ ♦♥ ❤❡r ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛♥❞
✐♥♥❛t❡ t❛❧❡♥t✳ ❲❡ s❤♦✇❡❞ t❤❛t ✐❢ s❝❤♦♦❧s ❝❛♥ s❡t t❤❡ ♦♣t✐♠❛❧ ♣❛ss✐♥❣ st❛♥❞❛r❞ t❤❡ r❡✲
❧❛t✐♦♥ ❜❡t✇❡❡♥ ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ✐s ♣♦s✐t✐✈❡ ✭♥❡❣❛t✐✈❡✮ ✇❤❡♥ t❤❡ ❞❡❣r❡❡ ♦❢
r✐s❦ ❛✈❡rs✐♦♥ ✐s s♠❛❧❧❡r ✭❧❛r❣❡r✮ t❤❛♥ t❤❡ ❡❧❛st✐❝✐t② ♠❡❛s✉r✐♥❣ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ♠❛r❣✐♥❛❧
♣r♦❞✉❝t✐✈✐t② ♦❢ t❤❡ st✉❞❡♥t✬s ❡✛♦rt ✇✐t❤ r❡s♣❡❝t t♦ ❤❡r ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✳ ●✐✈❡♥ t❤❛t
t❤❡ ❡♠♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡ r❡❣❛r❞✐♥❣ st✉❞❡♥t ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ✐s q✉✐t❡ s❝❛r❝❡
✇❡ ❛♥❛❧②③❡ t❤❡ q✉❡st✐♦♥ ❡♠♣✐r✐❝❛❧❧② ❛♥❞ ✜♥❞ t❤❛t ❛♥ ✐♠♣r♦✈❡♠❡♥t ✐♥ ♣❛r❡♥t❛❧ ❡❞✉❝❛t✐♦♥
❢r♦♠ ♥♦t ❤❛✈✐♥❣ ❝♦♠♣❧❡t❡❞ ❝♦♠♣✉❧s♦r② ❡❞✉❝❛t✐♦♥ t♦ ❤♦❧❞✐♥❣ ❛ ✉♥✐✈❡rs✐t② ❞❡❣r❡❡ ✐s ❛ss♦❝✐✲
❛t❡❞ t♦ ❛r♦✉♥❞ ✶✺✪ ♠♦r❡ ❡✛♦rt ❜② t❤❡ st✉❞❡♥t ✭❛♣♣r♦①✐♠❛t❡❧② ✶ ❤♦✉r ❛♥❞ ✷✵ ♠✐♥✉t❡s ♦❢
❛❞❞✐t✐♦♥❛❧ ✇❡❡❦❧② ❤♦♠❡✇♦r❦✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ✜♥❞ ❡♠♣✐r✐❝❛❧ s✉♣♣♦rt ❢♦r ♦✉r ❛ss✉♠♣t✐♦♥
t❤❛t st✉❞❡♥ts✬ ♠❛r❣✐♥❛❧ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❡✛♦rt ✈❛r✐❡s ✇✐t❤ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞✳

❖✉r r❡s✉❧ts ❝♦♠❡ ✇✐t❤ ❛ ❝❛✈❡❛t✳ ●✐✈❡♥ t❤❡ ②♦✉♥❣ ❛❣❡ ♦❢ st✉❞❡♥ts ✐♥ ♦✉r ❞❛t❛ ✭✶✷ ②❡❛rs✮✱
✐t ✐s ♥♦t ❝❧❡❛r t❤❛t t❤❡✐r ❞❡❝✐s✐♦♥ ❛❜♦✉t ❤♦✇ ♠✉❝❤ ❡✛♦rt t♦ ❡①❡rt ✐s ❡①❛❝t❧② ❢♦r♠❡❞ ✐♥
t❤❡ ✇❛② s✉❣❣❡st❡❞ ❜② ♦✉r t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✱ ✐✳❡✳ ❢✉❧❧② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❧❛❜♦r ♠❛r✲
❦❡t ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❡①❡rt✐♥❣ ♠♦r❡ ♦r ❧❡ss ❡✛♦rt✳ ❍❡♥❝❡✱ ✇❤✐❧❡ ✇❡ ❝❛♥ ❝♦♥✜r♠ ❛ ♣♦s✐t✐✈❡
r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❢♦r ②♦✉♥❣ s❝❤♦♦❧ ❝❤✐❧❞r❡♥ t❤❡ ♦r✐❣✐♥
♦❢ t❤✐s r❡❧❛t✐♦♥ ♠✐❣❤t ❜❡ s♦♠❡✇❤❛t ♠♦r❡ ❝♦♠♣❧❡①✱ ♣♦ss✐❜❧② ✐♥❝❧✉❞✐♥❣ ♣❛r❡♥t❛❧ ❝♦♥❝❡r♥s✳
❚❤✐s ❝❛✈❡❛t ❝❧❡❛r❧② r❡str✐❝ts t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ♣♦s✐t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥
❡✛♦rt ❛♥❞ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❢♦✉♥❞ t♦ ♦t❤❡r ❣r♦✉♣s ✭✉♥✐✈❡rs✐t② st✉❞❡♥ts✱ ♣♦st❣r❛❞✉❛t❡
st✉❞❡♥ts✮✳ ❚❤❡ ❡✛♦rt ❞❡❝✐s✐♦♥ ♦❢ ♦❧❞❡r st✉❞❡♥ts ♠✐❣❤t ❜❡ ♠♦r❡ s✐♠✐❧❛r t♦ ♦✉r t❤❡♦r❡t✐❝❛❧
♠♦❞❡❧ ❛♥❞ t❤❡✐r ♥♦t✐♦♥ ♦❢ r✐s❦ ❛✈❡rs✐♦♥ ♠♦r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❛t ♦❢ ❛❞✉❧ts✳ ❚❤✉s✱ ✐t
❝♦✉❧❞ ❡✈❡♥ ❜❡ t❤❡ ❝❛s❡ t❤❛t ❢♦r t❤❡♠✱ t❤❡ r✐s❦ ❛✈❡rs✐♦♥ ❡✛❡❝t ❝♦✉❧❞ ❞♦♠✐♥❛t❡ t❤❡ ❝r♦ss ♣r♦✲
❞✉❝t✐✈✐t② ❡✛❡❝t✱ ♣♦ss✐❜❧② r❡✈❡rs✐♥❣ ♦✉r r❡s✉❧t r❡❣❛r❞✐♥❣ t❤❡ ♣♦s✐t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥
❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛♥❞ st✉❞❡♥t ❡✛♦rt✳ ❋✐♥❞✐♥❣s ❜② t❤❡ ❡♠♣✐r✐❝❛❧ ❧✐t❡r❛t✉r❡ ♦♥ ❤✐❣❤❡r ❡❞✲
✉❝❛t✐♦♥ ❛❝❤✐❡✈❡♠❡♥t ♦❢ ♣r✐✈❛t❡ s❝❤♦♦❧ st✉❞❡♥ts ❞♦✐♥❣ ✇♦rs❡ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♠❡❛s✉r❡s ♦❢
♣r✐♦r ❛❝❤✐❡✈❡♠❡♥t ♠❛② ♣♦✐♥t ✐♥t♦ t❤✐s ❞✐r❡❝t✐♦♥✳ ❋♦r ✐♥st❛♥❝❡ ❛❝❝♦r❞✐♥❣ t♦ ❙♠✐t❤ ❛♥❞
◆②❧♦r ❬✷✵✵✶❛❪✱ st✉❞❡♥ts ✇❤♦ ❛tt❡♥❞❡❞ ♣r✐✈❛t❡ s❡❝♦♥❞❛r② s❝❤♦♦❧ ❛r❡ ✹ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥ts
❧❡ss ❧✐❦❡❧② t♦ ❝♦♠♣❧❡t❡ t❤❡✐r ❞❡❣r❡❡ ❝♦♠♣❛r❡❞ t♦ st✉❞❡♥ts ✇❤♦ ❛tt❡♥❞❡❞ ❛ st❛t❡ s❝❤♦♦❧✳
■♥ ❛ ❞✐✛❡r❡♥t ♣❛♣❡r t❤❡ s❛♠❡ ❛✉t❤♦rs✱ ❙♠✐t❤ ❛♥❞ ◆❛②❧♦r ❬✷✵✵✶❜❪ ✜♥❞ ❛ s✐♠✐❧❛r r❡s✉❧t
❢♦r ❞❡❣r❡❡ ❛❝❤✐❡✈❡♠❡♥t✱ ♥❛♠❡❧② t❤❛t ❛tt❡♥❞❛♥❝❡ ♦❢ ♣r✐✈❛t❡ s❡❝♦♥❞❛r② s❝❤♦♦❧s ❤❛s ❛ ♥❡❣✲
❛t✐✈❡ ❡✛❡❝t ♦♥ ❞❡❣r❡❡ ♣❡r❢♦r♠❛♥❝❡ ❢♦r ❡❝♦♥♦♠✐❝s ❣r❛❞✉❛t❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✇❤✐❧❡
♦✉r ❞❛t❛ s❡t ❤❛s t❤❡ s❤♦rt❝♦♠✐♥❣ ❞✐s❝✉ss❡❞ ❤❡r❡✱ ❝♦♥s✐❞❡r✐♥❣ st✉❞❡♥ts ❛t ❛ ②♦✉♥❣❡r ❛❣❡
❛✈♦✐❞s ♣r♦❜❧❡♠s ♦❢ s❡❧❡❝t✐♦♥ t❤❛t ♠✐❣❤t ♦❝❝✉r ❛t ❤✐❣❤❡r ❧❡✈❡❧s ♦❢ s❝❤♦♦❧✐♥❣ ✇✐t❤ t❤♦s❡ ✇❤♦
❡①❡rt ✈❡r② ❧✐tt❧❡ ❡✛♦rt ❞r♦♣♣✐♥❣ ♦✉t ♦❢ s❝❤♦♦❧✳ ■❢ t❤❡ ♠❛❥♦r✐t② ♦❢ ❞r♦♣✲♦✉ts ❝♦♠❡ ❢r♦♠

✷✶



❧❡ss ♣r✐✈✐❧❡❣❡❞ ❜❛❝❦❣r♦✉♥❞s✱ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛♥❞ ❡✛♦rt ❝♦✉❧❞
♣♦ss✐❜❧② ❝❤❛♥❣❡ ❢r♦♠ ❛♥ ✐♥✐t✐❛❧ ♣♦s✐t✐✈❡ r❡❧❛t✐♦♥s❤✐♣ ✐♥ ♣r✐♠❛r② s❝❤♦♦❧ t♦ ❛ ♥❡❣❛t✐✈❡ ♦♥❡
❛t ✉♥✐✈❡rs✐t②✳

●✐✈❡♥ t❤❛t ❞♦✉❜ts ❛❜♦✉t t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❢❛♠✐❧② ❜❛❝❦❣r♦✉♥❞ ❛♥❞ st✉❞❡♥t ❡✛♦rt
r❡♠❛✐♥✱ t❤❡ ♣❛♣❡r ✐❧❧✉str❛t❡s t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❢✉t✉r❡ ❡♠♣✐r✐❝❛❧ r❡s❡❛r❝❤ t♦ ✐❧❧✉str❛t❡ t❤❡
❞❡❣r❡❡ ♦❢ ✐♥❝♦♠❡ r✐s❦ ❡✛❡❝ts ♦♥ ❡❞✉❝❛t✐♦♥❛❧ ❝❤♦✐❝❡s✱ ❛♥❞ ♣❛rt✐❝✉❧❛r❧② ♦♥ st✉❞❡♥t ❡✛♦rt ❢♦r
❞✐✛❡r❡♥t ❛❣❡ ❣r♦✉♣s✳ ❆s ❞✐s❝✉ss❡❞ ❜❡❢♦r❡✱ ♦✉r ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣ ❛r❡ ❢❛r ❢r♦♠ ❝♦♥❝❧✉s✐✈❡
❛♥❞ ❛r❡ ❛❧s♦ ❝❧❡❛r❧② r❡str❛✐♥t ❜② t❤❡ ❡♥❞♦❣❡♥❡✐t② t❤❛t ❛r✐s❡s ✇❤❡♥ r❡❣r❡ss✐♥❣ ❛❝❤✐❡✈❡♠❡♥t
♦♥ ❡✛♦rt✳ ❋✐♥❛❧❧②✱ ♦♥❡ ✐♥t❡r❡st✐♥❣ ❛s♣❡❝t ✐♥ t❡r♠s ♦❢ ♣♦❧✐❝② ❞❡s✐❣♥ ✇♦✉❧❞ ❜❡ t♦ ❞❡✈❡❧♦♣
♠❡❝❤❛♥✐s♠s t❤❛t ❛r❡ ❛❜❧❡ t♦ ✐♥❞✉❝❡ st✉❞❡♥ts t♦ ❡①❡rt ♦♣t✐♠❛❧ ❧❡✈❡❧s ♦❢ ❡✛♦rt✳

❘❡❢❡r❡♥❝❡s

❆♥❣❤❡❧✱ ❇r✐♥❞✉s❛ ❛♥❞ ❆♥t♦♥✐♦ ❈❛❜r❛❧❡s✭✷✵✶✵✮✿ ✏❚❤❡ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ ❙✉❝❝❡ss
✐♥ Pr✐♠❛r② ❊❞✉❝❛t✐♦♥ ✐♥ ❙♣❛✐♥✱✑ ❋❊❉❊❆✱ ❉♦❝✉♠❡♥t♦ ❞❡ ❚r❛❜❛❥♦ ✷✵✶✵✲✷✵✳

❇❡❧③✐❧✱ ❈❤r✐st✐❛♥ ❛♥❞ ❏ör❣❡♥ ❍❛♥s❡♥✭✷✵✵✹✮✿ ✏❊❛r♥✐♥❣s ❉✐s♣❡rs✐♦♥✱ ❘✐s❦ ❆✈❡rs✐♦♥
❛♥❞ ❊❞✉❝❛t✐♦♥✱✑ ❘❡s❡❛r❝❤ ✐♥ ▲❛❜♦r ❊❝♦♥♦♠✐❝s✱ ✷✸✱ ♣♣✳ ✸✸✺✲✸✺✽✳

❇❡❧③✐❧✱ ❈❤r✐st✐❛♥ ❛♥❞ ▼❛r❝♦ ▲❡♦♥❛r❞✐✭✷✵✵✼✮✿ ✏❈❛♥ ❘✐s❦ ❆✈❡rs✐♦♥ ❊①♣❧❛✐♥
❙❝❤♦♦❧✐♥❣ ❆tt❛✐♥♠❡♥ts✳ ❊✈✐❞❡♥❝❡ ❢r♦♠ ■t❛❧②✱✑ ▲❛❜♦✉r ❊❝♦♥♦♠✐❝s✱ ✶✹✭✻✮✱ ♣♣✳ ✾✺✼✲✾✼✵✳

❇❧❛♥❞❡♥✱ ❏♦ ❛♥❞ P❛✉❧ ●r❡❣❣✭✷✵✵✹✮✿ ✏❋❛♠✐❧② ■♥❝♦♠❡ ❛♥❞ ❊❞✉❝❛t✐♦♥❛❧ ❆tt❛✐♥✲
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