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▼♦❞❡❧✐♥❣ ❚❤❡ ❚✐♠❡✲❱❛r②✐♥❣ ❙❦❡✇♥❡ss ✈✐❛

❉❡❝♦♠♣♦s✐t✐♦♥ ❋♦r ❖✉t✲♦❢✲❙❛♠♣❧❡ ❋♦r❡❝❛st∗

❳✐❛♦❝❤✉♥ ▲✐✉†

❆✉❣✉st ✷✽✱ ✷✵✶✷

❆❜str❛❝t

❚❤✐s ♣❛♣❡r ♠♦❞❡❧s t✐♠❡✲✈❛r②✐♥❣ s❦❡✇♥❡ss ❢♦r ✜♥❛♥❝✐❛❧ r❡t✉r♥ ❞②✲

♥❛♠✐❝s✳ ❲❡ ❞❡❝♦♠♣♦s❡ ✜♥❛♥❝✐❛❧ r❡t✉r♥s ✐♥t♦ t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ❛❜s♦✲

❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s✱ s♦✲❝❛❧❧❡❞ t❤❡ ✐♥tr✐❣✉✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❚❤❡

❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❞❡❝♦♠♣♦s❡❞ ❝♦♠♣♦♥❡♥ts ✐s ♠♦❞❡❧❡❞

t❤r♦✉❣❤ ❛ ❝♦♣✉❧❛ ❢✉♥❝t✐♦♥ ✇✐t❤ ♠❛r❣✐♥❛❧s✳ ❆❧❧♦✇✐♥❣ t❤❡ ❝♦♣✉❧❛ ❞❡✲

♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r t✐♠❡✲✈❛r②✐♥❣✱ ✇❡ ❡st✐♠❛t❡ t❤❡ ❞②♥❛♠✐❝ ♥♦♥❧✐♥❡❛r

❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s✱ ✇❤✐❝❤ ❣♦✈❡r♥s t✐♠❡✲

✈❛r②✐♥❣ s❦❡✇♥❡ss ❢♦r ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st ♦❢ ✜♥❛♥❝✐❛❧ r❡t✉r♥s✳

❚❤❡ ❡♠♣✐r✐❝❛❧ r❡s✉❧ts ✐♥ t❤✐s ♣❛♣❡r s❤♦✇ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧s

✇✐t❤ ❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡ ♦❜t❛✐♥ ❜❡tt❡r ❣❛✐♥s ♦❢ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡✲

❝❛st✱ ❛♥❞ s✉❣❣❡st t❤❡ r♦❜✉st str❛t❡❣② ❢♦r ❛ r✐s❦✲❛✈❡rs❡ ✐♥✈❡st♦r ✐♥ r❡✲

s♣♦♥s❡ t♦ t❤❡ ♠❛r❦❡t t✐♠✐♥❣✳ ❚❤✐s ♣❛♣❡r ❛❧s♦ ❡①♣❧♦r❡s t❤❡ s♦✉r❝❡s

♦❢ t❤❡ ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✈✐❛ ❛ r❡❝❡♥t❧② ❞❡✈❡❧♦♣❡❞ ❡❝♦♥♦♠❡tr✐❝

♣✐♥✲❞♦✇♥ ❛♣♣r♦❛❝❤✳ ❇❡②♦♥❞ t❤❡ ♣✉r❡ st❛t✐st✐❝❛❧ s❡♥s❡✱ ✇❡ ✜♥❞ t❤❛t

t❤❡ ❢♦r❡❝❛sts ♦❢ t✐♠❡✲✈❛r②✐♥❣ s❦❡✇♥❡ss tr❛❝❡ ❝❧♦s❡❧② t♦ ◆❇❊❘✲❞❛t❡❞

❜✉s✐♥❡ss✲❝②❝❧❡ ♣❤❛s❡s✳

❑❡②✇♦r❞s✿ ❚✐♠❡✲✈❛r②✐♥❣ s❦❡✇♥❡ss✱ ❉②♥❛♠✐❝ ♥♦♥❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡✱

❈♦♣✉❧❛s✱ ❖✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st✱ ❙♦✉r❝❡s ♦❢ ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡

❏❊▲✿ ●✶✼ ●✶✷ ❈✺✸ ❈✺✽

∗❚❤✐s ♣❛♣❡r ✇❛s ♣r❡✈✐♦✉s❧② t✐t❧❡❞ ❛s ✬▼♦❞❡❧✐♥❣ ❘♦❜✉st ❋✐♥❛♥❝✐❛❧ ❘❡t✉r♥ ❉②♥❛♠✐❝s✿
❚❤❡ ❚✐♠✐♥❣ ❛♥❞ ❙♦✉r❝❡s ♦❢ ❋♦r❡❝❛st✐♥❣ P❡r❢♦r♠❛♥❝❡ ❛♥❞ ▲✐♥❦s t♦ ❘❡❛❧ ❊❝♦♥♦♠②✬✳

†❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❊♠♦r② ❯♥✐✈❡rs✐t②✱ ❯❙❆✳ ❊♠❛✐❧✿ ①✐❛♦❝❤✉♥✳❧✐✉❅❡♠♦r②✳❡❞✉

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❆♥ ✐♥tr✐❣✉✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢r❛♠❡✇♦r❦ ❞❡❝♦♠♣♦s❡s ❛ ✜♥❛♥❝✐❛❧ r❡t✉r♥ ✐♥t♦

t❤❡ ♣r♦❞✉❝t ♦❢ ✐ts ❛❜s♦❧✉t❡ r❡t✉r♥ ❛♥❞ ✐ts s✐❣♥✱ ❡✳❣✳✱ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐✲

♥♦✈ ✭✷✵✶✵✮✱ ❈❤r✐st♦✛❡rs❡♥ ❛♥❞ ❉✐❡❜♦❧❞ ✭✷✵✵✻✮✱ ❈❤r✐st♦✛❡rs❡♥ ❡t✳ ❛❧✳ ✭✷✵✵✼✮✱

❍♦♥❣ ❛♥❞ ❈❤✉♥❣ ✭✷✵✵✸✮✱ ▲✐♥t♦♥ ❛♥❞ ❲❤❛♥❣ ✭✷✵✵✼✮✱ ❚❤♦♠❛❦♦s ❛♥❞ ❲❛♥❣

✭✷✵✶✵✮✱ ❈❤✉♥❣ ❛♥❞ ❍♦♥❣ ✭✷✵✵✼✮✱ ❛♠♦♥❣ ♦t❤❡rs✳ ▲❡t rt ❞❡♥♦t❡ t❤❡ ❡①❝❡ss

r❡t✉r♥ ❛t t✐♠❡ t✱ t❤❡ ✐♥tr✐❣✉✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❣✐✈❡♥ ❜②✳

rt = |rt|sign(rt) ✭✶✳✶✮

❚❤✐s s✐♠♣❧❡ r❡t✉r♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ♣r❡s❡♥ts t❤❡ ♣♦t❡♥t✐❛❧ ♥♦♥❧✐♥❡❛r ❞❡♣❡♥✲

❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ r❡t✉r♥ ❤✐❣❤❡r ♠♦♠❡♥ts s✉❝❤ ❛s ✈♦❧❛t✐❧✐t②✱ s❦❡✇♥❡ss✱ ❞♦✇♥✲

s✐❞❡ r✐s❦✱ ❛♥❞ t❤❡ ❞✐r❡❝t✐♦♥✲♦❢✲❝❤❛♥❣❡✱ ❡t❝✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ♥❡❣❛t✐✈❡ s✐❣♥s

♦❢ ✜♥❛♥❝✐❛❧ r❡t✉r♥s ♠❛t❡r✐❛❧✐③❡ t❤❡ ♠❛r❦❡t ❞♦✇♥t✉r♥ ❣❡♥❡r❛❧❧② ❛ss♦❝✐❛t❡❞

✇✐t❤ ❤✐❣❤❡r r❡t✉r♥ ✈♦❧❛t✐❧✐t② ❛♥❞ ✐♥tr✐❣✉✐♥❣ t❤❡ ❛s②♠♠❡tr✐❝ ❡✛❡❝ts ❛♠♦♥❣

✐♥✈❡st♦rs✳ ❆s s✉❝❤✱ t❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤❡ ✐♥tr✐❣✉✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s t❤❛t

t❤❡ ♥♦♥❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s ❝♦♥t❛✐♥ ✈❛❧✉✲

❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ❢♦r r❡t✉r♥ ❢♦r❡❝❛st✐♥❣✱ t❤r♦✉❣❤ ❛ ❞✐r❡❝t ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥

r❡t✉r♥ ✈♦❧❛t✐❧✐t② ❢♦r❡❝❛st❛❜✐❧✐t② ❛♥❞ s✐❣♥ ❢♦r❡❝❛st❛❜✐❧✐t②✳ ❚❤✐s ❝♦♥♥❡❝t✐♦♥ ❤❛s

❜❡❡♥ r❡✈❡❛❧❡❞ ✐♥ t❤❡ r❡❝❡♥t ✇♦r❦s✳ ❈❤r✐st♦✛❡rs❡♥ ❛♥❞ ❉✐❡❜♦❧❞ ✭✷✵✵✻✮ s❤♦✇

t❤❛t ✈♦❧❛t✐❧✐t② ❞❡♣❡♥❞❡♥❝❡ ♣r♦❞✉❝❡s s✐❣♥ ❞❡♣❡♥❞❡♥❝❡ t♦ ❤❡❧♣ ❢♦r❡❝❛st t❤❡ ♠❛r✲

❦❡t t✐♠✐♥❣✱ ✇❤✐❝❤ ✐s ♥♦t ❧✐❦❡❧② t♦ ❜❡ ❞❡t❡❝t❡❞ ✈✐❛ tr❛❞✐t✐♦♥❛❧ ♠❡t❤♦❞s ❞✉❡ t♦

t❤❡ s♣❡❝✐❛❧ ♥♦♥❧✐♥❡❛r ♥❛t✉r❡ ♦❢ s✐❣♥ ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ t❤❡ ❞②♥❛♠✐❝s ❜❡t✇❡❡♥

❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s✳ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈ ✭✷✵✶✵✮ s❤♦✇ ♣r♦♠✐s✲

✐♥❣ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st✐♥❣ r❡s✉❧ts t❤r♦✉❣❤ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ❝♦♥st❛♥t

♥♦♥❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s✳

❆s ✐♥ ❈❤r✐st♦✛❡rs❡♥ ❛♥❞ ❉✐❡❜♦❧❞ ✭✷✵✵✻✮✱ t❤❡ ♥♦♥❧✐♥❡❛r ✏❝♦♠♠♦♥ ❢❡❛t✉r❡✑

r❛✐s❡s t❤❡ q✉❡st✐♦♥s t♦ ✉♥❞❡rst❛♥❞ ❛♥❞ ♠♦❞❡❧ t❤❡ ♥♦♥❧✐♥❡❛r✐t✐❡s ❜❡t✇❡❡♥ ❛❜s♦✲

❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s ✐♥ ❛♥② ♣♦ss✐❜❧❡ ❢♦r♠s✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧❧② ♥♦♥✲●❛✉ss✐❛♥

❡♥✈✐r♦♥♠❡♥ts✱ ❢♦r ❡①❛♠♣❧❡✱ ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ s❦❡✇♥❡ss r❡♠❛✐♥

✉♥t❛♣♣❡❞ ❢♦r t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ✈♦❧❛t✐❧✐t② ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ s✐❣♥ ❞❡♣❡♥❞❡♥❝❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ♣❛♣❡r ❢♦❝✉s❡s ♦♥ t❤❡ ❤✐❣❤❡r ♠♦♠❡♥ts✬ ❞②♥❛♠✐❝s ♦❢ ✜♥❛♥✲

❝✐❛❧ r❡t✉r♥s✳ ❲❡ ♣r❡t❡st t❤❡ ❝♦♥st❛♥❝② ♦❢ ♥♦♥❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡

✷



✭s❡❡ ❞❡t❛✐❧s ✐♥ ❙❡❝t✐♦♥ ✷✮ ❛♥❞ s❤♦✇ str♦♥❣ ❡✈✐❞❡♥❝❡ ❢♦r ❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡

❛♥❞ t✐♠❡✲✈❛r②✐♥❣ ❛s②♠♠❡tr② ❛❝r♦ss ❞✐✛❡r❡♥t q✉❛♥t✐❧❡s✴t❛✐❧s✳ ❚❤❡ ♣r❡t❡st✲

✐♥❣ r❡s✉❧ts ✐♠♣❧② t❤❛t t✐♠❡✲✈❛r②✐♥❣ ❤✐❣❤❡r ♠♦♠❡♥ts s❤♦✉❧❞ ❜❡ ❛♣♣r♦♣r✐❛t❡❧②

♠♦❞❡❧❡❞ ❛♥❞ ❡st✐♠❛t❡❞✳ ❚❤❡ t❡st r❡s✉❧ts ❛r❡ ❛❧s♦ ✐♥ ❧✐♥❡ ✇✐t❤ ❏♦♥❞❡❛✉ ❛♥❞

❘♦❝❦✐♥❣❡r ✭✷✵✵✻✱ ✷✵✵✼✱ ✷✵✶✷✮ ❛♥❞ P❛tt♦♥ ✭✷✵✵✹✮ ✇❤♦ s❤♦✇ t❤❡ ✐♠♣♦rt❛♥❝❡

♦❢ t✐♠❡ ✈❛r✐❛❜✐❧✐t② ✐♥ ❤✐❣❤❡r ♠♦♠❡♥ts ❢♦r ❛ss❡t ❛❧❧♦❝❛t✐♦♥✳

❚❤✐s ♣❛♣❡r ♠♦❞❡❧s t❤❡ t✐♠❡✲✈❛r②✐♥❣ s❦❡✇♥❡ss ❢♦r t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡✲

❝❛st ♦❢ ✜♥❛♥❝✐❛❧ r❡t✉r♥s✳ ❲❡ ♣r♦♣♦s❡ ❛ ❝❧❛ss ♦❢ ♥♦✈❡❧ ❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡

str✉❝t✉r❡s ✇✐t❤✐♥ t❤❡ ✐♥tr✐❣✉✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢r❛♠❡✇♦r❦✿ ✭✐✮ t♦ ❢♦r❡❝❛st ♦✉t✲

♦❢✲s❛♠♣❧❡ r❡t✉r♥s✱ ✭✐✐✮ t♦ ❝♦♥str✉❝t✐✈❡❧② ❡①♣❧♦r❡ ❜♦t❤ t❤❡ t✐♠✐♥❣ ❛♥❞ s♦✉r❝❡s

♦❢ ❢♦r❡❝❛st ♣❡r❢♦r♠❛♥❝❡ ✈✐❛ ❛♥ ❡❝♦♥♦♠❡tr✐❝ ♣✐♥✲❞♦✇♥ ❛♣♣r♦❛❝❤✱ ✭✐✐✐✮ ❛♥❞ t♦

❡❝♦♥♦♠✐❝❛❧❧② ❧✐♥❦ t❤❡ ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡ t♦ r❡❛❧ ❡❝♦♥♦♠② ❢♦r ❡❝♦♥♦♠✐❝

❥✉st✐✜❝❛t✐♦♥✳ ❚❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛❜✲

s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s ✐s ♠♦❞❡❧❡❞ ❛s ❛ ❝♦♣✉❧❛ ❢✉♥❝t✐♦♥ ✇✐t❤ t✇♦ ♠❛r❣✐♥❛❧s✿

❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡rr♦r ♠♦❞❡❧ ❢♦r t❤❡ ♠❛r❣✐♥❛❧ ♦❢ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ ❛ ❞②✲

♥❛♠✐❝ ❧♦❣✐st✐❝ ❧✐♥❦❡❞ ♠♦❞❡❧ ❢♦r t❤❡ ♠❛r❣✐♥❛❧ ♦❢ s✐❣♥s✳ ❚❤❡ ♣r♦♣♦s❡❞ ❡✈♦❧✉t✐♦♥

❡q✉❛t✐♦♥s ❢♦r ❝♦♣✉❧❛ ❢✉♥❝t✐♦♥s✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣r❡✈✐♦✉s ✈❛❧✉❡s ♦❢ t❤❡ ❞❡✲

♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡ ❤✐st♦r✐❝❛❧ ❞❛t❛✱ ❛❧❧♦✇ ♠♦❞❡❧✐♥❣ t❤❡ ✜♥❛♥❝✐❛❧

r❡t✉r♥ ❞②♥❛♠✐❝s ✐♥ t❛✐❧ ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ✈❛r②✐♥❣ ✐♥ ❛s②♠♠❡tr② ♦✈❡r t✐♠❡✳

❋✉rt❤❡r✱ t❤❡ ❢♦r❡❝❛st ♣❡r❢♦r♠❛♥❝❡ ✐s ❡❝♦♥♦♠❡tr✐❝❛❧❧② ♣✐♥✲❞♦✇♥❡❞ t♦ t❤r❡❡

s♦✉r❝❡ ❝♦♠♣♦♥❡♥ts✱ ♥❛♠❡❧② ✐♥st❛❜✐❧✐t② ✐♥ ♠♦❞❡❧s✬ ❢♦r❡❝❛st ❛❜✐❧✐t②✱ ❞✐✛❡r❡♥❝❡

✐♥ ♣r❡❞✐❝t✐✈❡ ❝♦♥t❡♥t ❛♥❞ t❤❡ ♦✈❡r✲✜tt✐♥❣ ✐ss✉❡✳ ❚❤✐s ❡❝♦♥♦♠❡tr✐❝ ♣✐♥✲❞♦✇♥

❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ❘♦ss✐ ❛♥❞ ❙❡❦❤♣♦s②❛♥ ✭✷✵✶✶✮ ❛tt❡♠♣ts t♦ ✉♥❞❡rst❛♥❞ t❤❡

r❡❛s♦♥s ✇❤② ❛ ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧ ♣❡r❢♦r♠ ❜❡tt❡r ♦r ✇♦rs❡ t❤❛♥ ❜❡♥❝❤♠❛r❦s✳

■♥ ❛❞❞✐t✐♦♥ ❜❡②♦♥❞ ❛ ♣✉r❡ st❛t✐st✐❝ s❡♥s❡✱ ✐t ✐s ❛❧s♦ ✐♠♣♦rt❛♥t t♦ s❡❡ ✐❢ t❤❡

❢♦r❡❝❛st ♣❡r❢♦r♠❛♥❝❡ ✐s ❞r✐✈❡♥ ❜② t❤❡ ✢✉❝t✉❛t✐♦♥ ♦❢ r❡❛❧ ❡❝♦♥♦♠②✳ ❚♦ ♦✉r

❜❡st ❦♥♦✇❧❡❞❣❡✱ t❤❡ ❧❛tt❡r t✇♦ ✐♥✈❡st✐❣❛t✐♦♥s ❤❛✈❡ ❜❛r❡❧② ❜❡❡♥ st✉❞✐❡❞ ✐♥

❧✐t❡r❛t✉r❡✳

❲❡ ❛♣♣❧② t❤❡ ♣r♦♣♦s❡❞ ♠♦❞❡❧s t♦ t❤❡ ❢♦r❡❝❛st ♦❢ ❯✳❙✳ ✜♥❛♥❝✐❛❧ r❡t✉r♥s✳

❚❤❡ ❡♠♣✐r✐❝❛❧ r❡s✉❧ts ✐♥ t❤✐s ♣❛♣❡r s❤♦✇ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❞②♥❛♠✐❝ ❞❡❝♦♠✲

♣♦s✐t✐♦♥ ♠♦❞❡❧s ❝♦♥s✐st❡♥t❧② ♣❡r❢♦r♠ ❜❡tt❡r ♦✉t✲♦❢✲s❛♠♣❧❡ t❤❛♥ ❜❡♥❝❤♠❛r❦s

✐♥❝❧✉❞✐♥❣ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡✱ ❧✐♥❡❛r ♣r❡❞✐❝t✐✈❡ r❡❣r❡ss✐♦♥✱ ❛♥❞ ❝♦♥st❛♥t ❞❡❝♦♠✲

♣♦s✐t✐♦♥ ♠♦❞❡❧✳ ❚❤❡ ❧❛r❣❡st ❞✐✛❡r❡♥❝❡ ✐♥ ❢♦r❡❝❛st ❣❛✐♥s ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞

✸



❛s ✶✺✳✽✽✪ ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ♦✈❡r t❤❡ ❝♦♥st❛♥t

❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s✳

▼♦r❡ ✐♥t❡r❡st✐♥❣❧②✱ t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ♣❡r❢♦r♠❛♥❝❡ ❡①❤✐❜✐ts s♣❡❝✐✜❝ ♠❛r✲

❦❡t t✐♠✐♥❣ ❢♦r❡❝❛st❛❜✐❧✐t②✱ ✇❤✐❝❤ ✐s r❡♠❛r❦❛❜❧② ✉s❡❢✉❧ ❢♦r ❛ r✐s❦✲❛✈❡rs❡ ✐♥✲

✈❡st♦r✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❛ss✉♠✐♥❣ ❛ ❝♦♥✲

❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s ❤❛✈❡ ♠✉❝❤ ❜❡tt❡r

♦✉t✲♦❢✲s❛♠♣❧❡ ♣❡r❢♦r♠❛♥❝❡ ❞✉r✐♥❣ t❤❡ st✉❞✐❡❞ t✉r♠♦✐❧ t✐♠❡s✱ ✇❤❡r❡❛s t❤❡②

s❡❡♠ ♥♦t ♣❡r❢♦r♠✐♥❣ ❡q✉❛❧❧② ✇❡❧❧ ✐♥ t❤❡ tr❛♥q✉✐❧ ♣❡r✐♦❞s❀ ❜② ❝♦♥tr❛st✱ ✇❡

♦❜t❛✐♥ t❤❡ ♦♣♣♦s✐t❡ ♣❡r❢♦r♠❛♥❝❡ ❢♦r t❤❡ ❞②♥❛♠✐❝ ♠♦❞❡❧s ❛ss✉♠✐♥❣ ❛ ❝♦♥❞✐✲

t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ❜❡tt❡r ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡

❞②♥❛♠✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ♠♦❞❡❧s r❡✢❡❝ts t❤❡ s✐❣♥✐✜❝❛♥t❧② ✐♥❝r❡❛s✐♥❣

❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✈♦❧❛t✐❧✐t② ✭❛❜s♦❧✉t❡ r❡t✉r♥s✮ ❛♥❞ ❛s②♠♠❡tr✐❝ ❡✛❡❝ts

✭s✐❣♥s✮ ✐♥ ❛ t✉r♠♦✐❧ ♣❡r✐♦❞✳ ■♥ ❝♦♥tr❛st✱ t❤❡ ❝♦♠♦✈❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ✈♦❧❛t✐❧✲

✐t② ❛♥❞ ❛s②♠♠❡tr✐❝ ❡✛❡❝ts ✐s ❧♦✇ ✐♥ ❛ ♥♦r♠❛❧ t✐♠❡✳ ❚❤❡s❡ ❡♠♣✐r✐❝❛❧ r❡s✉❧ts

s❡❡♠ t♦ s✉❣❣❡st t❤❡ r♦❜✉st str❛t❡❣② t❤❛t ❛♥ ✐♥✈❡st♦r ❡✛❡❝t✐✈❡❧② ❜❡♥❡✜ts ❢r♦♠

❛♣♣❧②✐♥❣ t❤❡ ❞✐✛❡r❡♥t ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ✐♥ ❞✐✛❡r❡♥t ❡❝♦♥♦♠✐❝

st❛t❡s✳

❲❡ ❡♠♣❧♦② ❛ r❛♥❣❡ ♦❢ r❡❝❡♥t❧② ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤❡s t♦ t❡st t❤❡ ❡♠♣✐r✐❝❛❧

r❡s✉❧ts✱ ✐♥❝❧✉❞✐♥❣ ❛ ❞✐r❡❝t ❝♦♠♣❛r✐s♦♥ ❜❛s❡❞ ♦♥ ❝♦♥❞✐t✐♦♥❛❧ ♣r❡❞✐❝t✐✈❡ ❛❜✐❧✐t②

t❡st ♦❢ ●✐❛❝♦♠✐♥✐ ❛♥❞ ❲❤✐t❡ ✭✷✵✵✻✮ ❛♥❞ ❛♥ ✐♥❞✐r❡❝t ❝♦♠♣❛r✐s♦♥ ❢♦r ♦✉t✲♦❢✲

s❛♠♣❧❡ ❞❡♥s✐t② ❢♦r❡❝❛sts ❜❛s❡❞ ♦♥ ❉✐❦s ❡t ❛❧✳ ✭✷✵✶✵✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡ t❡sts

❢✉rt❤❡r ❝♦♥s♦❧✐❞❛t❡ t❤❡ ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s ✐♥ t❤✐s ♣❛♣❡r✳

❚❤✐s ♣❛♣❡r ❛❧s♦ ❡♠♣❤❛s✐③❡s ✐♥ ❛ ❣♦♦❞ ✉♥❞❡rst❛♥❞✐♥❣ ❢♦r t❤❡ r❡❛s♦♥s ✇❤②

t❤❡ ❢♦r❡❝❛st✐♥❣ ♠♦❞❡❧s ♣❡r❢♦r♠ ❞✐✛❡r❡♥t❧②✳ ❲❡ ❛♣♣❧② t❤❡ ❡❝♦♥♦♠❡tr✐❝ ♣✐♥✲

❞♦✇♥ ❛♣♣r♦❛❝❤✱ r❡❝❡♥t❧② ♣r♦♣♦s❡❞ ❜② ❘♦ss✐ ❛♥❞ ❙❡❦❤♣♦s②❛♥ ✭✷✵✶✶✮✱ t♦ ❡①✲

tr❛❝t t❤❡ ✉♥❝♦rr❡❧❛t❡❞ s♦✉r❝❡s ♦❢ ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳ ❚❤❡ ✐❞❡♥t✐✜❡❞

s♦✉r❝❡s ♦❢ ❛ ♠♦❞❡❧✬s s✉♣❡r✐♦r ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✐s ❝❛♣❛❜❧❡ ♦❢ ♣r♦✈✐❞✐♥❣

✈❛❧✉❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ ❢♦r ✐♠♣r♦✈❡♠❡♥t✱ ❢♦r ✐♥st❛♥❝❡✱ t❤❡ ❛❜✐❧✐t✐❡s t♦ ♠♦❞❡❧ t❤❡

♠❛r❦❡t t✐♠✐♥❣ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ s❦❡✇♥❡ss✳

❲❡ ❣❛✐♥ ❜❡tt❡r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡ s♦✉r❝❡s ✐♥

❛ st❛t✐st✐❝❛❧ s❡♥s❡❀ ♥❡✈❡rt❤❡❧❡ss✱ ✐t t❡❧❧s ✈❡r② ❧✐tt❧❡ ❛❜♦✉t t❤❡ ❡❝♦♥♦♠✐❝ s❡♥s❡

♦❢ ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳ ❚♦ ♣r♦✈✐❞❡ ✐♥s✐❣❤ts ♦♥ t❤❡ ❡❝♦♥♦♠✐❝ s♦✉r❝❡s

♦❢ ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡✱ ✇❡ ❛♥❛❧②③❡ ✇❤❡t❤❡r t❤❡ ❢♦r❡❝❛st ♣❡r❢♦r♠❛♥❝❡

✹



❝❛♥ ❜❡ s✐❣♥✐✜❝❛♥t❧② ❡①♣❧❛✐♥❡❞ ❜② r❡❛❧ ❡❝♦♥♦♠②✳ ❆ ❢❡✇ st✉❞✐❡s ✐♥ t❤❡ ❧✐t✲

❡r❛t✉r❡ ❤❛✈❡ ♣✉rs✉❡❞ ✐♥ t❤✐s r❡s♣❡❝t✱ ❡✳❣✳✱ ❘❛♣❛❝❤ ❡t ❛❧✳ ✭✷✵✶✵✮✱ ●❤②s❡❧s

❡t ❛❧✳ ✭✷✵✶✶✮✱ ❛♠♦♥❣ ♦t❤❡rs✳ ❖✉r r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❢♦r❡❝❛sts ♦❢ t✐♠❡✲

✈❛r②✐♥❣ r❡t✉r♥ ❤✐❣❤❡r ♠♦♠❡♥ts ❡①❤✐❜✐t ✇❡❧❧✲❞❡✜♥❡❞ ♣❛tt❡r♥s t♦ tr❛❝❡ ❝❧♦s❡❧②

t♦ ◆❇❊❘✲❞❛t❡❞ ❜✉s✐♥❡ss✲❝②❝❧❡ ♣❤❛s❡s✱ ❛♥❞ ♣r❡❝✐s❡❧② ♣r❡❞✐❝t t✉r♥✐♥❣ ♣♦✐♥ts

❢♦r t❤♦s❡ ♣❡❛❦s ❛♥❞ tr♦✉❣❤s✳ ❆ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t✐♦♥ s❤♦✇s t❤❡ s✐❣♥✐✜❝❛♥t

r❡❧❛t✐♦♥s ✇✐t❤ ♠❛❝r♦❡❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡s✱ ✐✳❡✳✱ t❡r♠ s♣r❡❛❞✱ t❡r♠ ♣r❡♠✐✉♠✱

✐♥t❡r❡st r❛t❡✱ ❤♦✉s✐♥❣ ♣r✐❝❡✱ ✐♥✢❛t✐♦♥ ❛♥❞ ✐♥❞✉str✐❛❧ ♣r♦❞✉❝t✐♦♥ ❣r♦✇t❤✳

❚❤❡ r❡st ♦❢ t❤✐s ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r❡t❡sts t❤❡

❯✳❙✳ ✜♥❛♥❝✐❛❧ r❡t✉r♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ t❤❡ ❝♦♥st❛♥❝② ♦❢

❝♦♣✉❧❛s ❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s✳ ❙❡❝t✐♦♥ ✸ ♣r❡s❡♥ts ♦✉r ❞②♥❛♠✐❝

❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s✳ ❙❡❝t✐♦♥ ✹ ♣r♦✈✐❞❡s ❢♦r❡❝❛st✐♥❣ ♠❡t❤♦❞s✳ ❙❡❝t✐♦♥ ✺

❞❡s❝r✐❜❡s ❞❛t❛✳ ❙❡❝t✐♦♥ ✻ r❡♣♦rts ❛♥❞ ❡✈❛❧✉❛t❡s t❤❡ ❡♠♣✐r✐❝❛❧ r❡s✉❧ts ♦❢ ♦✉t✲

♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛sts✳ ❙❡❝t✐♦♥ ✼ ❛♣♣❧✐❡s t❤❡ ❡❝♦♥♦♠❡tr✐❝ ♣✐♥✲❞♦✇♥ ❛♣♣r♦❛❝❤

t♦ ✉♥❞❡rst❛♥❞ t❤❡ s♦✉r❝❡s ♦❢ ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳ ❙❡❝t✐♦♥ ✽ ❧✐♥❦s t❤❡

♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛sts t♦ r❡❛❧ ❡❝♦♥♦♠②✳ ❙❡❝t✐♦♥ ✾ ❝♦♥❝❧✉❞❡s t❤✐s ♣❛♣❡r✳

✷ Pr❡t❡sts ❇❛s❡❞ ♦♥ ❊♠♣✐r✐❝❛❧ ❈♦♣✉❧❛ Pr♦❝❡ss

❲❡ ♣r❡t❡st t❤❡ ❯✳❙✳ st♦❝❦ r❡t✉r♥ ❞❛t❛ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❡r♥s✿ ✭✶✮ ✇❤❡t❤❡r

t❤❡ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ❡①✐sts ❢♦r t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛❜s♦❧✉t❡ r❡t✉r♥s

❛♥❞ s✐❣♥s❄ ✭✷✮ ✇❤❡t❤❡r t❤❡ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ s✉♣♣♦rts t❤❡ t✐♠❡✲✈❛r②✐♥❣ ❞❡✲

♣❡♥❞❡♥❝❡ ✐♥ t❤❡ ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥❄ ✭✸✮ ✇❤✐❝❤ ❝♦♣✉❧❛ ❢✉♥❝t✐♦♥

✐s ❝❤♦s❡♥ ❜② t❤❡ ❝♦♣✉❧❛ ❣♦♦❞♥❡ss✲♦❢✲✜t t❡sts❄

P❛♥❡❧ ❆ ✐♥ ❚❛❜❧❡ ✶ r❡♣♦rts t❤❡ t❡st r❡s✉❧ts ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❞❡♣❡♥❞❡♥❝❡

❜❛s❡❞ ♦♥ ●❡♥❡st ❛♥❞ ❘é♠✐❧❧❛r❞ ✭✷✵✵✹✱ ✷✵✵✻✱ ✷✵✵✼✮✳ P❛r❛♠❡tr✐❝ ❜♦♦tstr❛♣ ✐s

✉s❡❞ t♦ ♦❜t❛✐♥ ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳ ❚❤❡ t❡sts✱ ❜❛s❡❞ ♦♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦♣✉❧❛

♣r♦❝❡ss❡s✱ ❤❛✈❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥s ♦❢ ❈r❛♠ér✲✈♦♥ ▼✐s❡s✳ ❚❤❡ ♥✉❧❧ ❤②✲

♣♦t❤❡s❡s ♦❢ ❜♦t❤ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛♥❞ s❡r✐❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛r❡ r❡❥❡❝t❡❞ ❛t ✺✪

❛♥❞ ✶✪ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧s✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ r❡s✉❧ts ♣r❡s❡♥t ❛ st❛t✐st✐❝❛❧❧②

s✉❜st❛♥t✐❛❧ ❞❡❣r❡❡ ♦❢ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s✳ ■♥

P❛♥❡❧ ❇ ♦❢ ❚❛❜❧❡ ✶✱ t❤❡ ❝♦♣✉❧❛ ❣♦♦❞♥❡ss✲♦❢✲✜t t❡sts✱ ❜❛s❡❞ ♦♥ ●❡♥❡st✱ ❘❡♠✐❧✲

❧❛r❞ ❛♥❞ ❇❡❛✉❞♦✐♥ ✭✷✵✵✾✮✱ ●❡♥❡st ❛♥❞ ❘❡♠✐❧❧❛r❞ ✭✷✵✵✽✮✱ ❑♦❥❛❞✐♥♦✈✐❝✱ ❨❛♥

✺



❛♥❞ ❍♦❧♠❡s ✭✷✵✶✶✮✱ ❑♦❥❛❞✐♥♦✈✐❝ ❛♥❞ ❨❛♥ ✭✷✵✶✵✮✱ ❛♥❞ ❑♦❥❛❞✐♥♦✈✐❝ ❛♥❞ ❨❛♥

✭✷✵✶✶✮✱ ❛r❡ ✐♥ ❢❛✈♦r ♦❢ ❈❧❛②t♦♥ ❝♦♣✉❧❛✱ ✇❤✐❧❡ r❡❥❡❝t ●✉♠❜❡❧ ❝♦♣✉❧❛ ❛♥❞ ♦t❤❡r

❡❧❧✐♣t✐❝❛❧ ❝♦♣✉❧❛s✳ ❚❤❡ ❢❛✈♦r ✐♥ ❈❧❛②t♦♥ ❝♦♣✉❧❛✱ ❛ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❛ ❧♦✇❡r

t❛✐❧ ❞❡♣❡♥❞❡♥❝❡✱ ✐♥❞✐❝❛t❡s t❤❡ s✐❣♥✐✜❝❛♥t ❛s②♠♠❡tr✐❝ ❡✛❡❝ts ✐♥ t❤❡ ❯✳❙✳ r❡✲

t✉r♥ ❞❛t❛✳

❬❚❛❜❧❡ ✶ ❛❜♦✉t ❤❡r❡❪

P❛♥❡❧ ❈ ✐♥ ❚❛❜❧❡ ✶ r❡♣♦rts t❤❡ ❝♦♣✉❧❛ ❝♦♥st❛♥❝② t❡sts ❜❛s❡❞ ♦♥ ❇✉s❡tt✐

❛♥❞ ❍❛r✈❡② ✭✷✵✶✶✮ ❛♥❞ ❍❛r✈❡② ✭✷✵✶✵✮✳ ❚❤❡✐r t❡st ❛♣♣r♦❛❝❤❡s ❛r❡ ✢❡①✐❜❧❡ ❛♥❞

✉s❡❢✉❧ ✐♥ t❤❡ ✇❛② t❤❛t t❡sts ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞✐✛❡r❡♥t q✉❛♥t✐❧❡s ♠❛② ♣♦✐♥t t♦

❝❤❛♥❣❡s ✐♥ t❤❡ ❞✐✛❡r❡♥t ♣❛rts ♦❢ ❛ ❝♦♣✉❧❛ ❞✐str✐❜✉t✐♦♥✳ τ ✐s t❤❡ ❝❤♦s❡♥ q✉❛♥t✐❧❡

❧❡✈❡❧✳ ❋♦r τ = 50%✱ t❤❡ t❡st r❡s✉❧ts r❡❥❡❝t ❜♦t❤ t❤❡ ❝♦♥st❛♥t ❧♦✇❡r ❛♥❞ t❤❡

❝♦♥st❛♥t ✉♣♣❡r t❛✐❧ ❞❡♣❡♥❞❡♥❝✐❡s✱ ✇❤✐❧❡ t❤❡ ❝♦♥st❛♥❝② ♦❢ ♦✈❡r❛❧❧ ❝♦♣✉❧❛ ✐s ♥♦t

r❡❥❡❝t❡❞ ❛♥❞ t❤❡r❡ ✐s ♥♦ ❡✈✐❞❡♥❝❡ s❤♦✇✐♥❣ ❛ ❥♦✐♥t❧② ❝❤❛♥❣✐♥❣ ✐♥ t❤❡ ❧♦✇❡r✲

✉♣♣❡r t❛✐❧s✳ ❋✉rt❤❡r✱ t❤❡ t❡st r❡s✉❧ts s❤♦✇ t❤❡ s✐❣♥✐✜❝❛♥t❧② ❝❤❛♥❣✐♥❣ ✐♥ t❤❡

❧♦✇❡r t❛✐❧ ❞❡♣❡♥❞❡♥❝❡ ❛t t❤❡ q✉❛♥t✐❧❡ ❧❡✈❡❧✱ τ = 25%✱ ✇❤❡r❡❛s t❤❡ ✉♣♣❡r

t❛✐❧ ❝♦✉♥t❡r♣❛rt r❡♠❛✐♥s ❝♦♥st❛♥t ❛t t❤❡ q✉❛♥t✐❧❡ ❧❡✈❡❧✱ τ = 75%✳ ❊✈✐❞❡♥t❧②✱

❝❤❛♥❣✐♥❣ ✐♥ ❛s②♠♠❡tr② ✐s st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❛❝r♦ss ❛❧❧ t❡st❡❞ q✉❛♥t✐❧❡

❧❡✈❡❧s✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ❡✈✐❞❡♥❝❡ ♦❢ ❝❤❛♥❣✐♥❣ ✐♥ t❤❡ ❧♦✇❡r t❛✐❧ ❞❡♣❡♥❞❡♥❝❡ ❛♥❞

✈❛r②✐♥❣ ✐♥ ❛s②♠♠❡tr② ♦✈❡r t✐♠❡ ✐s s✉❜st❛♥t✐❛❧❧② str♦♥❣ ❢♦r t❤❡ ❥♦✐♥t ❜❡❤❛✈✐♦r

♦❢ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s✳

❖✈❡r❛❧❧✱ t❤❡ ♣r❡❧✐♠✐♥❛r② ❡✈✐❞❡♥❝❡s ❡♠♣✐r✐❝❛❧❧② s❤♦✇ ❜♦t❤ t❤❡ ❡①✐st❡♥❝❡

♦❢ s✐❣♥✐✜❝❛♥t ❞❡♣❡♥❞❡♥❝❡✱ ❛♥❞ t✐♠❡✲✈❛r②✐♥❣ t❛✐❧ ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ❛s②♠♠❡tr②

❜❡t✇❡❡♥ t❤❡ ❯✳❙✳ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s✳ ❈♦♥s❡q✉❡♥t❧②✱ t♦ ❢♦r❡❝❛st t❤❡

✜♥❛♥❝✐❛❧ r❡t✉r♥s✱ ✇❡ ♣❛② ♦✉r ❛tt❡♥t✐♦♥ t♦ ♠♦❞❡❧✐♥❣ ❞②♥❛♠✐❝ t❛✐❧ ❜❡❤❛✈✐♦rs

❛♥❞ t✐♠❡✲✈❛r②✐♥❣ ❛s②♠♠❡tr② ❜② ❛❞♦♣t✐♥❣ ❛ ❈❧❛②t♦♥ ❝♦♣✉❧❛✳

✸ ▼❡t❤♦❞♦❧♦❣✐❝❛❧ ❋r❛♠❡✇♦r❦

❚❤❡ ✐♥tr✐❣✉✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ ❡q✭✶✳✶✮ ✐s ❣❡♥❡r❛❧✐③❡❞ ❛s✿

rt = c+ sign(rt − c) |rt − c|

✻



✇❤❡r❡ c ✐s ❛ ✉s❡r✲❞❡t❡r♠✐♥❡❞ t❤r❡s❤♦❧❞ ❢♦r ❣❡♥❡r❛❧✐t②✳ ◆♦♥③❡r♦ t❤r❡s❤♦❧❞s ♠❛②

❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r ❡✳❣✳✱ tr❛♥s❛❝t✐♦♥ ❝♦sts✱ ❛♥❞ t❛r❣❡t✐♥❣ r❛t❡s✱ ❡t❝✳ ❈❤r✐st♦❢✲

❢❡rs❡♥ ❛♥❞ ❉✐❡❜♦❧❞ ✭✷✵✵✻✮ ❛♥❞ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈ ✭✷✵✶✵✮ ❝♦♥s✐❞❡r

t❤❡ ❧❡❛❞✐♥❣ ❝❛s❡✱ c = 0✳ ❚❤❡ r❡t✉r♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ✇✐t❤ t❤❡

❧❡❛❞✐♥❣ ❝❛s❡ ❛s✿

rt = 2 |rt| I(rt > 0)− |rt| ✭✸✳✶✮

✇❤❡r❡ I(·) ✐s ❛♥ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❡❞ r❡t✉r♥ ✐s t❤❡

✐♥t❡r❡st ♦❢ ❛ ❞②♥❛♠✐❝ ♠♦❞❡❧ ❣✐✈❡♥ ❜②

Et−1rt = 2Et−1 |rt| I(rt > 0)− Et−1 |rt| ✭✸✳✷✮

✇❤❡r❡ Et−1(·) ❞❡♥♦t❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦♣❡r❛t♦r ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ✐♥❢♦r♠❛✲

t✐♦♥✱ It−1✱ ❛✈❛✐❧❛❜❧❡ ✉♣ t♦ t✐♠❡ t− 1✳ ❋♦r s✐♠♣❧✐❝✐t②✱ It−1 ✐s s✉♣♣r❡ss❡❞ ❛s t❤❡

s✉❜s❝r✐♣t t− 1✳

❚❤❡ ❦❡② t♦ ♣r❡❞✐❝t r❡t✉r♥s ✐s t♦ ♠♦❞❡❧✐♥❣ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❜s♦❧✉t❡

✈❛❧✉❡s✱ |rt| ❛♥❞ ✐♥❞✐❝❛t♦rs✱ I(rt > 0)✳ ❚❤✐s ♣❛♣❡r ♠♦❞❡❧s t❤❡ ❥♦✐♥t ❞✐str✐❜✉✲

t✐♦♥ t❤r♦✉❣❤ ❛ ❝♦♣✉❧❛ ❢✉♥❝t✐♦♥ ❞✉❡ t♦ t❤❡ ♠✐①❡❞ ♠❛r❣✐♥❛❧s ♦❢ ❛ ❝♦♥t✐♥✉♦✉s

❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ ❛ ❞✐s❝r❡t❡ ❜✐♥❛r② ❞✐str✐❜✉t✐♦♥ ❢♦r

s✐❣♥s✳ ❚❤❡ ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ❝♦♣✉❧❛ ❢✉♥❝t✐♦♥ ❣♦✈❡r♥s t❤❡ ♥♦♥❧✐♥✲

❡❛r r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛❧❧♦✇ t❤❡

❝♦♣✉❧❛ ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r t✐♠❡ ✈❛r②✐♥❣ ❢♦r t❤❡ ❞②♥❛♠✐❝ s❦❡✇♥❡ss✳

❈♦♣✉❧❛ ♠♦❞❡❧s ❛r❡ ✇✐❞❡❧② ✉s❡❞ ✐♥ ✜♥❛♥❝✐❛❧ ❡❝♦♥♦♠✐❝s ❛♥❞ r✐s❦ ♠❛♥❛❣❡✲

♠❡♥t✳ ❈♦♣✉❧❛s✱ ✇❤✐❝❤ ❛r❡ ❛♣♣❧✐❡❞ t♦ ✜♥❛♥❝✐❛❧ t✐♠❡ s❡r✐❡s ❞❛t❛✱ ❛r❡ ♠♦st

♦❢ t✐♠❡ tr❡❛t❡❞ ❛s ❝♦♥st❛♥t ♦✈❡r t✐♠❡✳ ❍♦✇❡✈❡r✱ ✐t ❤❛s ❜❡❝♦♠❡ ❛ st②❧✐③❡❞

❢❛❝t t❤❛t ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ✜♥❛♥❝✐❛❧ ❞❛t❛ ❛r❡ ♥♦t ❝♦♥st❛♥t t❤r♦✉❣❤ t✐♠❡✳

❚❤❡ ❞②♥❛♠✐❝ str✉❝t✉r❡ ♦❢ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❞❛t❛ ❝❛♥ ❜❡ ♠♦❞❡❧❡❞

❜② ❛❧❧♦✇✐♥❣ ❡✐t❤❡r t❤❡ ❝♦♣✉❧❛ ❢✉♥❝t✐♦♥ ♦r t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r t♦ ❜❡

t✐♠❡ ✈❛r②✐♥❣✳ P❛tt♦♥ ✭✷✵✵✻✮ ♣r♦♣♦s❡s ❛ ♣❛r❛♠❡tr✐❝ ♠♦❞❡❧ t♦ ❞❡s❝r✐❜❡ t❤❡

❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ●❛✉ss✐❛♥ ❝♦♣✉❧❛ ♣❛r❛♠❡t❡r✱ ✇❤✐❧❡ ❏♦♥❞❡❛✉ ❛♥❞ ❘♦❝❦✐♥❣❡r

✭✷✵✵✻✮ ❡st✐♠❛t❡ ❛ t✐♠❡✲✈❛r②✐♥❣ s❦❡✇❡❞ ❙t✉❞❡♥t✲t ❝♦♣✉❧❛ ●❆❘❈❍ ♠♦❞❡❧ ❢♦r

❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝✐❡s ❜❡t✇❡❡♥ ✐♥t❡r♥❛t✐♦♥❛❧ st♦❝❦ ♠❛r❦❡ts✳

◆❡①t ✇❡ ❜r✐❡✢② ✐♥tr♦❞✉❝❡ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈✬s ❝♦♥st❛♥t ❞❡❝♦♠✲

✼



♣♦s✐t✐♦♥ ♠♦❞❡❧❀ t❤❡♥✱ ♦✉r ❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡ ♠♦❞❡❧s ❛r❡ ♣r♦♣♦s❡❞✳

✸✳✶ ❈♦♥st❛♥t ❉❡❝♦♠♣♦s✐t✐♦♥ ▼♦❞❡❧

▲❡t ut = |rt| ❛♥❞ vt = I(rt > 0). ❚❤❡ ❥♦✐♥t ❞❡♥s✐t②✴♠❛ss ❢✉♥❝t✐♦♥ frt(u, v)

❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s ✐s ❞❡r✐✈❡❞ ✐♥ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈

✭✷✵✶✵✮ ❛s✿

frt(ut, vt) = f(ut|ψt)̺t[F (ut|ψt)]
v {1− ̺t[F (ut|ψt))]}

1−v ✭✸✳✸✮

✇❤❡r❡ ̺t(z) = 1−∂C(z, 1−pt, α)/∂w1t ✇✐t❤ w1t = F (ut|·) ❛♥❞ ψt = Et−1|rt|✳

F (ut|·) ❛♥❞ f(ut|·) ❛r❡ t❤❡ ♠❛r❣✐♥❛❧ ❈❉❋ ❛♥❞ P❉❋ ♦❢ t❤❡ ❛❜s♦❧✉t❡ r❡t✉r♥s

✇❤✐❝❤ ✇✐❧❧ ❜❡ s♣❡❝✐✜❡❞ ✐♥ ❧❛t❡r s❡❝t✐♦♥s✳ pt = Et−1I(rt > 0) ❛r❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

❡①♣❡❝t❛t✐♦♥s ♦❢ s✐❣♥s✳ α✱ ❛s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r ♦❢ ❛ ❝♦♣✉❧❛ ❢✉♥❝t✐♦♥✱

C(·)✱ ✐s ❝♦♥st❛♥t✳

❘❡♠❛r❦ ✸✳✶✳ ❚❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧ ❡st✐♠❛t❡s t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥

❛❜s♦❧✉t❡ ✈❛❧✉❡s ❛♥❞ s✐❣♥s✱ ❛♥❞ t❤❡♥ ♣r❡❞✐❝t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦❢ r❡✲

t✉r♥s ✈✐❛ ❡q✭✸✳✷✮✳ ■t ♠✐❣❤t ❜❡ ❤❡❧♣❢✉❧ t♦ ✉♥❞❡rst❛♥❞ ❤♦✇ t❤❡ s❛♠♣❧❡ ♠♦♠❡♥ts

♦❢ r❡t✉r♥s ❛r❡ ❛✛❡❝t❡❞ ❜② t❤❡ ❝❤❛♥❣❡s ✐♥ α✳ ❲❡ ❝♦♥❞✉❝t ❛ s♠❛❧❧ s✐♠✉❧❛t✐♦♥

❡①♣❡r✐♠❡♥t✳✶ ❚❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✐♥ ❋✐❣✉r❡ ✶ s❤♦✇ t❤❛t t❤❡ ❞❡♣❡♥❞❡♥❝❡

♣❛r❛♠❡t❡r ♦❢ ❈❧❛②t♦♥ ❝♦♣✉❧❛ ✐s ♥❡❣❛t✐✈❡❧② r❡❧❛t❡❞ t♦ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞

♠♦♠❡♥ts ♦❢ r❡t✉r♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ ✐♥ α✱ t❤❡ r❡t✉r♥ s❦❡✇♥❡ss

✐s ♠♦r❡ ♥❡❣❛t✐✈❡✱ ✇❤✐❧❡ ✈♦❧❛t✐❧✐t② ❞❡❝r❡❛s❡s❀ t❤✐s ✐♥❞✐❝❛t❡s t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡

❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s r❛✐s❡s t❤❡ ❛s②♠♠❡tr✐❝ ❡✛❡❝ts

❛♥❞ t❛✐❧ ❞❡♣❡♥❞❡♥❝❡✱ ❜✉t r❡❞✉❝❡s t❤❡ r✐s❦ ♦❢ r❡t✉r♥s✳

❬❋✐❣✉r❡ ✶ ❛❜♦✉t ❤❡r❡❪

✶❲❡ t❛❦❡ ✷✵✵ ♣♦✐♥ts ❢♦r α ∈ (0, 5]✳ ❆t ❡❛❝❤ ♣♦✐♥t✱ ✇❡ r❛♥❞♦♠❧② ❞r❛✇ ✶✵✱✵✵✵ ♣❛✐rs ♦❢
❞❛t❛ ❢r♦♠ ❈❧❛②t♦♥ ❝♦♣✉❧❛✱ ❛♥❞ t❤❡♥ tr❛♥s❢♦r♠ t❤❡ ❞❛t❛ t♦ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ❛♥❞ ✐♥❞✐❝❛✲
t♦rs t❤r♦✉❣❤ t❤❡✐r ♠❛r❣✐♥❛❧s t♦ ❣❡♥❡r❛t❡ s✐♠✉❧❛t❡❞ r❡t✉r♥s✳ ❲❡ t❛❦❡ t❤❡ ❡st✐♠❛t❡❞ s❝❛❧❡
♣❛r❛♠❡t❡r✱ k = 1.275✱ ❢r♦♠ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈ ✭✷✵✶✵✮ ❢♦r t❤❡ ❲❡✐❜✉❧❧ ♠❛r❣✐♥❛❧
❞✐str✐❜✉t✐♦♥ ♦❢ ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦❢ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ✐s ❡st✐♠❛t❡❞
❢r♦♠ t❤❡ s❛♠♣❧❡ ❞❛t❛ ❛♥❞ t❤❡♥ r❡s❛♠♣❧❡❞ ✇✐t❤ r❡♣❧❛❝❡♠❡♥t✳ ❲❡ ✉s❡ t❤❡ s✐♠✉❧❛t❡❞ r❡t✉r♥s
t♦ ❝♦♠♣✉t❡ t❤❡ s❛♠♣❧❡ ✈♦❧❛t✐❧✐t② ❛♥❞ s❦❡✇♥❡ss ❛❣❛✐♥st ✷✵✵ ♣♦✐♥ts ♦❢ α✳

✽



❘❡♠❛r❦ ✸✳✷✳ ■♥ ❋✐❣✉r❡ ✶✱ t❤❡ s♦❧✐❞ ❧✐♥❡s ❛r❡ t❤❡ ❧❡✈❡❧s ♦❢ s❛♠♣❧❡ ♠♦♠❡♥ts

❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ❯✳❙✳ r❡t✉r♥ ❞❛t❛✱ ❛♥❞ t❤❡ ❞♦t ❧✐♥❡s ❛r❡ t❤❡ ❡st✐♠❛t❡❞ ❞❡✲

♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r✱ α = 0.087✱ ❢r♦♠ t❤❡ ❝♦♥st❛♥t ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧ ♦❢

❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈ ✭✷✵✶✵✮✳ ❆s s❡❡♥✱ t❤❡ s❛♠♣❧❡ ✈♦❧❛t✐❧✐t② ❛♥❞ s❦❡✇✲

♥❡ss r❡q✉❡st t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡♣❡♥❞❡♥❝❡ ❛r♦✉♥❞ ✷✳✺ ❛♥❞ ✵✳✾✱ r❡s♣❡❝t✐✈❡❧②✱

♠✉❝❤ ❤✐❣❤❡r t❤❛♥ t❤❡ ❡st✐♠❛t❡❞ ❝♦♥st❛♥t ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r✳ ❚❤❡ ❞❡✲

♣❡♥❞❡♥❝❡ ✉♥❞❡r❡st✐♠❛t✐♦♥ ❝♦♥s❡q✉❡♥t❧② ❧❡❛❞s t♦ t❤❡ ✉♥❞❡r❡st✐♠❛t❡❞ r❡t✉r♥

s❦❡✇♥❡ss✳

✸✳✷ ❉②♥❛♠✐❝ ❉❡❝♦♠♣♦s✐t✐♦♥ ▼♦❞❡❧s

❚❤❡ ❡♠♣❤❛s✐s ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ♠♦❞❡❧✐♥❣ t❤❡ t✐♠❡✲✈❛r②✐♥❣ s❦❡✇♥❡ss ❛ss♦❝✐✲

❛t❡❞ ✇✐t❤ t❤❡ ❞②♥❛♠✐❝ t❛✐❧ ❜❡❤❛✈✐♦rs ❛♥❞ ✈❛r②✐♥❣ ✐♥ ❛s②♠♠❡tr② ✇✐t❤✐♥ t❤❡

✐♥tr✐❣✉✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ❆s t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ❢♦r ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞

s✐❣♥s✱ ❈❧❛②t♦♥ ❝♦♣✉❧❛ ✐s ❣✐✈❡♥ ❜②✿

C(w1t, w2t) = (w−αt

1t + w−αt

2t − 1)−1/αt ✭✸✳✹✮

❛♥❞ ❤❡♥❝❡✱ ̺t(z) ✐♥ ❡q✭✸✳✸✮ ✐s ❞❡r✐✈❡❞ ❛s

̺t(zt) = 1−

(

1 +
(1− pt)

−αt − 1

z−αt

t

)−1/αt−1

✭✸✳✺✮

✇❤❡r❡ αt > 0 ✐s ✈❛r②✐♥❣ ♦✈❡r t✐♠❡ ❛s s♣❡❝✐✜❡❞ ✐♥ ❡q✭✸✳✻✮✲✭✸✳✶✸✮ ❛♥❞ w2t =

1 − pt✳ αt✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✐ts ♣❛st ✈❛❧✉❡s ❛♥❞ ❤✐st♦r✐❝❛❧ ❞❛t❛✱ ❣♦✈❡r♥s t❤❡

t✐♠❡✲✈❛r②✐♥❣ s❦❡✇♥❡ss✳

✸✳✷✳✶ ❉②♥❛♠✐❝ ❚❛✐❧ ❉❡♣❡♥❞❡♥❝❡

P❛tt♦♥ ✭✷✵✵✻✮ ♣r♦♣♦s❡s t❤❡ ♦❜s❡r✈❛t✐♦♥ ❞r✐✈❡♥ ❝♦♣✉❧❛ ♠♦❞❡❧s ❢♦r ✇❤✐❝❤ t❤❡

t✐♠❡✲✈❛r②✐♥❣ ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r ♦❢ ❛ ❝♦♣✉❧❛ ✐s ❛ ♣❛r❛♠❡tr✐❝ ❢✉♥❝t✐♦♥ ♦❢

tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤❡ ❧❛❣❣❡❞ ❞❛t❛ ❛♥❞ ❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ t❡r♠✳ P❛tt♦♥ ✭✷✵✵✻✮

❛ss✉♠❡s t❤❛t t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ t❤❡ ❝♦♣✉❧❛ r❡♠❛✐♥s ✜①❡❞ ♦✈❡r t❤❡ s❛♠♣❧❡

♣❡r✐♦❞✱ ✇❤❡r❡❛s t❤❡ ♣❛r❛♠❡t❡rs ✈❛r② ❛❝❝♦r❞✐♥❣ t♦ s♦♠❡ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥✳

■♥ ❣❡♥❡r❛❧✱ t❤❡ ♠♦❞❡❧ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r ✭♦r t❛✐❧

❞❡♣❡♥❞❡♥❝❡✮ ♦❢ ❛ ❝♦♣✉❧❛ ✐s s♣❡❝✐✜❡❞ ❛s✿

✾



αt = Λ

(

ω + βΛ−1(αt−1) + γ
1

m

m
∑

i=1

|w1,t−i − w2,t−i|+ δzt−1

)

✭✸✳✻✮

✇❤❡r❡ Λ(x) = exp(x) ✐s t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r ❈❧❛②t♦♥ ❝♦♣✉❧❛✳ zt ✐s ❛ ✈❡❝t♦r

♦❢ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s✳ w1t = F (ut|ψt) ❛♥❞ w2t = 1 − pt ❛r❡ t❤❡ ♠❛r❣✐♥❛❧

❈❉❋s ♦❢ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s ❢r♦♠ ❡q✭✸✳✶✺✮ ❛♥❞ ✭✸✳✶✼✮✳ P❛tt♦♥ ❝❤♦♦s❡

m = 10✳ ◆♦t❡ t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤✐s ❞✐st❛♥❝❡ ♠❡❛s✉r❡ ✐s ✐♥✈❡rs❡❧②

r❡❧❛t❡❞ t♦ t❤❡ ❝♦♥❝♦r❞❛♥❝❡ ♦r❞❡r✐♥❣ ♦❢ ❝♦♣✉❧❛s✳ ■♥ t❤❡ ❡♠♣✐r✐❝❛❧ s❡❝t✐♦♥✱ ✇❡

r❡❢❡r t❤✐s s♣❡❝✐✜❝❛t✐♦♥ ❛s P❛tt♦♥✳

✸✳✷✳✷ ❊①♣♦♥❡♥t✐❛❧❧② ❲❡✐❣❤t❡❞ ✭❊①♣❲❡✐❣❤t✮ ❉②♥❛♠✐❝ ❉❡♣❡♥❞❡♥❝❡

❆s ♣♦✐♥t❡❞ ♦✉t ✐♥ P❛tt♦♥ ✭✷✵✵✻✮✱ t❤❡ ❞✐✣❝✉❧t② ✐♥ s♣❡❝✐❢②✐♥❣ ❤♦✇ t❤❡ ♣❛r❛♠✲

❡t❡rs ❡✈♦❧✈❡ ♦✈❡r t✐♠❡ ❧✐❡s ✐♥ ❞❡✜♥✐♥❣ t❤❡ ❢♦r❝✐♥❣ ✈❛r✐❛❜❧❡s ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥

❡q✉❛t✐♦♥✳ ❚❤❡ ❡q✭✸✳✻✮ s✉❣❣❡st❡❞ ❜② P❛tt♦♥ ✭✷✵✵✻✮ ✐s ❛ ♠❛rt✐♥❣❛❧❡ ♣r♦❝❡ss

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♣❛st✱ m✱ ♣❛t❤✳

❇❛s❡❞ ♦♥ ❡q✭✸✳✻✮✱ ✇❡ ♣r♦♣♦s❡ ❛ ♥❡✇ ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ✉s✐♥❣ t❤❡ ❡①♣♦♥❡♥t✐❛❧❧②✲

✇❡✐❣❤t❡❞ ❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡ ❛s✿

αt = Λ

(

ω + βΛ−1(αt−1) + γ
1− λ

1− λt−1

t−1
∑

i=1

λi−1 |w1,t−i − w2,t−i|+ δzt−1

)

✭✸✳✼✮

✇❤❡r❡ 0 < λ < 1 ❛♥❞ 1−λ
1−λt−1

∑t−1
i=1 λ

j−1 = 1✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧❧② ✇❡✐❣❤t❡❞

❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡ ❛ss✐❣♥s ♠♦r❡ ✇❡✐❣❤ts t♦ t❤❡ r❡❝❡♥t ♦❜s❡r✈❛t✐♦♥s ❝❧♦s❡r

t♦ t✐♠❡ t✱ ✇❤❡r❡❛s ✐t ❣✐✈❡s ❧❡ss ✇❡✐❣❤ts t♦ t❤❡ ♣❛st ♦❜s❡r✈❛t✐♦♥s ❢❛r ❛✇❛② ❢r♦♠

t✐♠❡ t✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ♦❢ t❤✐s ❡✈♦❧✉t✐♦♥ ❡q✉❛t✐♦♥ ✐s ❢r♦♠ t❤❡ ❣❡♥❡r❛❧ ❢❛❝t t❤❛t

t❤❡ ❧❛t❡st ❡✈❡♥ts ❛♥❞ ♦❜s❡r✈❛t✐♦♥s ❤❛✈❡ ❧❛r❣❡r ✐♥✢✉❡♥❝❡ ♦♥ ❝✉rr❡♥t ❛♥❞ ♥❡❛r

❢✉t✉r❡ ❞❡♣❡♥❞❡♥❝❡ ❡✈♦❧✉t✐♦♥ t❤❛♥ t❤❡ ❢❛r ♣❛st✳

✶✵



✸✳✷✳✸ ●❆❘❈❍✲t②♣❡ ✭●t②♣❡✮ ❉②♥❛♠✐❝ ❉❡♣❡♥❞❡♥❝❡

❏♦♥❞❡❛✉ ❛♥❞ ❘♦❝❦✐♥❣❡r ✭✷✵✵✸✮ ♣r❡s❡♥t ✈❛r✐♦✉s ♣♦ss✐❜❧❡ s♣❡❝✐✜❝❛t✐♦♥s ❢♦r t❤❡

❞②♥❛♠✐❝s ♦❢ ❙❦❡✇❡❞ ❙t✉❞❡♥t✲t ❞✐str✐❜✉t✐♦♥ ♣❛r❛♠❡t❡rs✳ ❙✐♠✐❧❛r t♦ t❤❡ s♣❡❝✲

✐✜❝❛t✐♦♥ ✐♥ t❤❡✐r ♠♦❞❡❧ ✭✸✮✱ ✇❡ t❛❦❡ ❛ ❧✐♥❡❛r str✉❝t✉r❡ ♦❢ t❤❡ t②♣❡ ♦❢ ❤❡t✲

❡r♦s❦❡❞❡st✐❝✐t② ❛✉t♦r❡❣r❡ss✐✈❡ ❢♦r♠ ✇✐t❤ t❤❡ ❡①♣♦♥❡♥t✐❛❧ tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r

❈❧❛②t♦♥ ❝♦♣✉❧❛ ❛s✿

αt = Λ
(

ω + βΛ−1(αt−1) + γ |w1,t−1 − w2,t−1|
)

✭✸✳✽✮

✇✐t❤ t❤❛t t❤❡ st❛❜✐❧✐t② ♦❢ t❤❡ ❞②♥❛♠✐❝s ✐s ❛ss✉♠❡❞✱ ❢♦r ❡①❛♠♣❧❡✱ |β| < 1✳

✸✳✷✳✹ ■♥t❡❣r❛t❡❞ ●❆❘❈❍✲t②♣❡ ✭■●t②♣❡✮ ❉②♥❛♠✐❝ ❉❡♣❡♥❞❡♥❝❡

❚❤❡ ✐♥t❡❣r❛t❡❞✲●❆❘❈❍ t②♣❡ ❞②♥❛♠✐❝s ✐s ❛ ✈❛r✐❛♥t ♦❢ ❡q✭✸✳✽✮ ❛s ❢♦❧❧♦✇s✱ ❜②

r❡str✐❝t✐♥❣ ω = 0 ❛♥❞ β + γ = 1✿

αt = βαt−1 + γ |w1,t−1 − w2,t−1| ✭✸✳✾✮

✇❤❡r❡ 0 ≤ β, γ < 1✳

❆❧t❡r♥❛t✐✈❡❧②✱ ❡q✭✸✳✾✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ r❡❝✉rs✐✈❡ ❢♦r♠ ♦❢ ❡q✭✸✳✼✮ ❛s ❛

s✐♠♣❧❡ ❡①♣♦♥❡♥t✐❛❧ s♠♦♦t❤✐♥❣✿

αt = λαt−1 + (1− λ) |w1,t−1 − w2,t−1|

✸✳✷✳✺ ❖♥❡✲❙✐❞❡❞ ❆s②♠♠❡tr✐❝ ✭❖❙❆✮ ❉②♥❛♠✐❝ ❉❡♣❡♥❞❡♥❝❡

❚❤❡ ❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r ✐s ♠♦❞❡❧❡❞ ❢♦r t❤❡ ♥♦♥❧✐♥❡❛r r❡❧❛t✐♦♥

❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s❀ ✐t ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ t❤❛t αt ♠❡❛s✉r❡s t❤❡

✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ♦❢ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s ❛s t❤❡ ✉♥❝❡♥t❡r❡❞ ♣r♦❞✉❝t✱

ϑt = |rt| I(rt > 0)✳ ❍❡♥❝❡✱ ✇❡ s♣❡❝✐❢② ❛ ♥❡✇ ❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡ ❛s✿

αt = ω + βαt−1 + γϑt−1 ✭✸✳✶✵✮

❚❤❡ ✉♥❝❡♥t❡r❡❞ ♣r♦❞✉❝t ✐s t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ ❡q✭✶✳✶✮✳ ❉❡s♣✐t❡ ϑt r❡✈❡❛❧s

t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❢♦r ♠♦❞❡❧✐♥❣ αt✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ αt✱ ✐s ♥♦t ❡q✉❛❧ t♦ t❤❡

✶✶



❡①♣❡❝t❛t✐♦♥ ♦❢ ϑt✳ ❋♦r st❛t✐♦♥❛r②✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢ ✐♥ ❩❛❦♦✐❛♥ ✭✶✾✾✹✮ ❛♥❞

◆❡❧s❡♥ ✭✶✾✾✵✱ ✶✾✾✶✮✱ ✇❡ ❤❛✈❡ t❤❡ ❝♦♥❞✐t✐♦♥s✱ ω > 0✱ 0 ≤ β < 1✱ ❛♥❞ γ ≥ 0✳

■♥ t❤❡ ❡♠♣✐r✐❝❛❧ s❡❝t✐♦♥✱ ✇❡ ❡st✐♠❛t❡ ❡q✭✸✳✶✵✮ ✈✐❛ ❛ ❧♦❣❛r✐t❤♠ tr❛♥s❢♦r✲

♠❛t✐♦♥ ❢♦r ❡❛s② ❝♦♥✈❡r❣❡♥❝❡ ♣✉r♣♦s❡ ❛s

logαt = ω + βlogαt−1 + γϑt−1 + δzt−1

✇✐t❤ |β| < 1✳

✸✳✷✳✻ ❚✇♦✲❙✐❞❡❞ ❆s②♠♠❡tr✐❝ ✭❚❙❆✮❉②♥❛♠✐❝ ❉❡♣❡♥❞❡♥❝❡

❆♥ ❡①t❡♥s✐♦♥ t♦ ❡q✭✸✳✶✵✮ ✐s ❛ t✇♦✲s✐❞❡❞ ❛s②♠♠❡tr✐❝ t❛✐❧ ❞❡♣❡♥❞❡♥❝❡ ❛s✿

logαt = ω + βlogαt−1 + γϑ+
t−1 + λϑ−

t−1 + δzt−1 ✭✸✳✶✶✮

✇❤❡r❡ |β| < 1✳ ϑ+
t = |rt| I(rt > 0), ϑ−

t = |rt| I(rt < 0)✳ ❙✉❝❤ ❛ s♣❡❝✐✜❝❛t✐♦♥

❤❛s ❜❡❡♥ ❛❧s♦ s✉❣❣❡st❡❞ ❜② ●❧♦st❡♥ ❡t ❛❧✳ ✭✶✾✾✸✮ ❛♥❞ ❩❛❦♦✐❛♥ ✭✶✾✾✹✮✳ ❏♦♥❞❡❛✉

❛♥❞ ❘♦❝❦✐♥❣❡r ✭✷✵✵✸✮ ✉s❡ t❤❡ s✐♠✐❧❛r s♣❡❝✐✜❝❛t✐♦♥ ❢♦r ❛ ❣❡♥❡r❛❧✐③❡❞ s❦❡✇✲t

❞✐str✐❜✉t✐♦♥ ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ ♣❛r❛♠❡t❡rs✳ ❊q✭✸✳✶✶✮ ❛❧❧♦✇s ♠♦❞❡❧✐♥❣ t❤❡

❞❡♣❡♥❞❡♥❝❡ ✐♥ t❡r♠s ♦❢ t✐♠❡✲✈❛r②✐♥❣ ❛s②♠♠❡tr②✳

✸✳✷✳✼ ❚❱❈ ❉②♥❛♠✐❝ ❉❡♣❡♥❞❡♥❝❡

❚❤❡ t✐♠❡✲✈❛r②✐♥❣ ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡r✱ αt✱ ✐s r❡❧❛t❡❞ t♦ ❑❡♥❞❛❧❧✬s τ ✈✐❛

τt =
αt

αt+2
✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t 0 < τt < 1✱ ❞✉❡ t♦ αt > 0✳ ❚❤❡ t✐♠❡ ✈❛r✐❛t✐♦♥

✐♥ αt ❝❛♥ ❜❡ ♠♦❞❡❧❡❞ ❛s αt =
2τt
1−τt

✇✐t❤ τt ✐ts❡❧❢ ❣♦✈❡r♥❡❞ ❜② t❤❡ ❚❱❈✲t②♣❡

❡q✉❛t✐♦♥ ♦❢ ❚s❡ ❛♥❞ ❚s✉✐ ✭✷✵✵✷✮ ❛s✿

τt = ω + βτt−1 + γτ̃t−1 ✭✸✳✶✷✮

✇❤❡r❡ ω > 0 ✱ 0 ≤ β, γ < 1 ❛♥❞ β+ γ < 1✳ τ̃t−1 ✐s t❤❡ ♥♦♥✲♥❡❣❛t✐✈❡ ❡st✐♠❛t❡s

tr❛♥s❢♦r♠❡❞ ❢r♦♠ s❛♠♣❧❡ ❑❡♥❞❛❧❧✬s τ̂ ❜❡t✇❡❡♥ ♣❡r✐♦❞s t −m ❛♥❞ t − 1❀ ✐✳❡✳✱

❢♦r ❡❛❝❤ ♦❢ t❤❡ m(m−1)/2 ♣♦ss✐❜❧❡ ♣❛✐rs✱ ❛♥ ❡st✐♠❛t❡ ♦❢ ❑❡♥❞❛❧❧✬s τ̂ ❜❡t✇❡❡♥

t✐♠❡s t−m ❛♥❞ t− 1 ✐s ✜rst ❝♦♠♣✉t❡❞ ❛s

✶✷



τ̂t−1 =
2

m(m− 1)

∑

t−m≤t1<t2≤t−1

sign [(w1,t1 − w1,t2) (w2,t1 − w2,t2)]

❛♥❞ t❤❡♥✱ s✐♥❝❡ t❤❡ ❞♦♠❛✐♥ ♦❢ s❛♠♣❧❡ ❑❡♥❞❛❧❧✬s τ̂ ✐s [−1, 1]✱ ✇❡ t❛❦❡ t❤❡

❢♦❧❧♦✇✐♥❣ tr❛♥s❢♦r♠❛t✐♦♥ t♦ ❡♥s✉r❡ τ̃t−1 ∈ [0, 1] ❜② ❦❡❡♣✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ♠♦✈❡✲

♠❡♥t ♦❢ s❛♠♣❧❡ ❑❡♥❞❛❧❧✬s τ̂ ✐♥t❛❝t✿

τ̃t−1 =
exp(τ̂t−1)

1 + exp(τ̂t−1)

❚❤❡ ❡q✭✸✳✶✷✮ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡s ❛ ♠❛rt✐♥❣❛❧❡ ♣r♦❝❡ss t♦ ❝❛♣t✉r❡ t❤❡ ✈❛r✐❛t✐♦♥

♦❢ s❛♠♣❧❡ ❑❡♥❞❛❧❧✬s τ̂t✳ ❚❤❡ s✐♠✐❧❛r ❚❱❈ ❛♣♣r♦❛❝❤ ✐s ❛❧s♦ s♣❡❝✐✜❡❞ ✐♥ ❏♦♥❞❡❛✉

❛♥❞ ❘♦❝❦✐♥❣❡r ✭✷✵✵✻✮ ❢♦r ❛ t✐♠❡✲✈❛r②✐♥❣ ❙t✉❞❡♥t✲t ❝♦♣✉❧❛✳

■♥ t❤✐s ♣❛♣❡r ❢♦r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❚❱❈ ❞❡♣❡♥❞❡♥❝❡✱ ✇❡ ❛♣♣❧② ❛ ✈❛r✐❛♥❝❡✲

t❛r❣❡t✐♥❣✲❧✐❦❡ ♠❡t❤♦❞ s✉❣❣❡st❡❞ ❜② ❊♥❣❧❡ ❛♥❞ ❙❤❡♣♣❛r❞ ✭✷✵✵✺✮ ❛♥❞ t❤❡ ❝❤❛♣✲

t❡r ✶✶ ♦❢ ❊♥❣❧❡ ✭✷✵✵✾✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♠♦❞❡❧ t❤❡ ❑❡♥❞❛❧❧✬s τ ❛s

τt = (1− β − γ)ψ̄ + βτt−1 + γτ̃ t−1

✇❤❡r❡ 0 ≤ β, γ < 1✱ β + γ < 1✳ ψ̄ =
∑t−1

i=t−R τ̃i/R ✇✐t❤ R ❜❡✐♥❣ t❤❡ ❧❡♥❣t❤ ♦❢

t❤❡ ❡st✐♠❛t✐♦♥ ✇✐♥❞♦✇ s♣❡❝✐✜❡❞ ✐♥ ❧❛t❡r s❡❝t✐♦♥s✳

✸✳✷✳✽ ■♥t❡❣r❛t❡❞✲❚❱❈ ✭■❚❱❈✮ ❉②♥❛♠✐❝ ❉❡♣❡♥❞❡♥❝❡

❚❤❡ ✐♥t❡❣r❛t❡❞✲❚❱❈ ✐s s✐♠♣❧② ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❚❱❈ s♣❡❝✐✜❝❛t✐♦♥ ❜② r❡str✐❝t✲

✐♥❣ ω = 0 ❛♥❞ β + γ = 1 ✱ s✉❝❤ t❤❛t

τt = βτt−1 + γτ̃t−1 ✭✸✳✶✸✮

✇❤❡r❡ 0 ≤ β, γ < 1✳

✸✳✸ ▼❛r❣✐♥❛❧s

❚❤❡ ✐♥❣r❡❞✐❡♥ts ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❛❧s♦ r❡q✉✐r❡ ❢♦r t❤❡

s♣❡❝✐✜❝❛t✐♦♥s ♦❢ ♠❛r❣✐♥❛❧s ❢♦r ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s✳ ❙✐♥❝❡ |rt| ✐s ❛

✶✸



♣♦s✐t✐✈❡❧② ✈❛❧✉❡❞ ✈❛r✐❛❜❧❡✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛❜s♦❧✉t❡ r❡t✉r♥s ✐s s♣❡❝✐✜❡❞ ✉s✐♥❣

t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡rr♦r ♠♦❞❡❧ ✭▼❊▼✮ ❢r❛♠❡✇♦r❦✿

|rt| = ψtηt ✭✸✳✶✹✮

✇❤❡r❡ ψt = Et−1 |rt| ❛♥❞ ηt ✐s ❛ ♣♦s✐t✐✈❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡rr♦r ✇✐t❤Et−1(ηt) = 1✱

❛♥❞ ✐ts ❝♦♥❞✐t✐♦♥❛❧ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ D✳ ❙✉❝❤ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❡rr♦r ♠♦❞❡❧

✭▼❊▼✮ ❤❛s r❡❝❡♥t❧② ❞❡✈♦t❡❞ t♦ ♠♦❞❡❧✐♥❣ ✈♦❧❛t✐❧✐t② ♠❡❛s✉r❡❞ ❜❛s❡❞ ♦♥ ✉❧tr❛✲

❤✐❣❤ ❢r❡q✉❡♥❝② ❞❛t❛✱ ✈♦❧✉♠❡s✱ ♥✉♠❜❡r ♦❢ tr❛❞❡s✱ ❛♥❞ ❞✉r❛t✐♦♥s✱ ❡t❝✳✷ ▼❊▼

✐s ♣❛rt✐❝✉❧❛r❧② s✉✐t❡❞ t♦ ♠♦❞❡❧ ♥♦♥✲♥❡❣❛t✐✈❡ t✐♠❡ s❡r✐❡s✳ ❇r♦✇♥❧❡❡s ❡t ❛❧✳

✭✷✵✶✶✮ ♣r♦✈✐❞❡ ❛ r❡✈✐❡✇ ♦❢ ▼❊▼✳

❚❤❡ ❞②♥❛♠✐❝s ❢♦r ψt ✐s s♣❡❝✐✜❡❞ ✐♥ ❛ ❧♦❣❛r✐t❤♠✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❛✉t♦r❡❣r❡s✲

s✐✈❡ ♠♦❞❡❧ ❛s✿

lnψt = ωv + βvlnψt−1 + γvln |rt−1|+ ρvI(rt−1 > 0) + x
′

t−1δv ✭✸✳✶✺✮

✇❤❡r❡ xt−1 ❛r❡ ❡❝♦♥♦♠✐❝ ♣r❡❞✐❝t♦rs ❛♥❞ ♦❜s❡r✈❛❜❧❡s ❛t t✐♠❡ t− 1✳ ❚❤❡ ♠❛✐♥

❛❞✈❛♥t❛❣❡ ♦❢ ❡q✭✸✳✶✺✮ ✐s t❤❛t ♥♦ ♣❛r❛♠❡t❡r r❡str✐❝t✐♦♥s ❛r❡ ♥❡❡❞❡❞ t♦ ❡♥✲

❢♦r❝❡ ♣♦s✐t✐✈✐t② ♦❢ Et−1 |rt|✱ ❡s♣❡❝✐❛❧❧② ✇❤❡♥ ✭✇❡❛❦❧②✮ ❡①♦❣❡♥♦✉s ♣r❡❞✐❝t♦rs

❛r❡ ♣r❡s❡♥t✳ ❚❤❡ ♣❡rs✐st❡♥❝❡ ♦❢ t❤❡ ♣r♦❝❡ss ✐s ❣♦✈❡r♥❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡r

|βv + γv|✳ ❊q✭✸✳✶✺✮✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧✳

❚❤❡ ♣♦ss✐❜❧❡ ❝❤♦✐❝❡s ❢♦r D ✐♥❝❧✉❞❡ ❡①♣♦♥❡♥t✐❛❧✱ ❲❡✐❜✉❧❧✱ ❇✉rr✱ ❛♥❞ ●❡♥✲

❡r❛❧✐③❡❞ ●❛♠♠❛ ❞✐str✐❜✉t✐♦♥s✱ ❡t❝✳ ■♥ ❡♠♣✐r✐❝❛❧ s❡❝t✐♦♥ ❢♦❧❧♦✇✐♥❣ ❆♥❛t♦❧②❡✈

❛♥❞ ●♦s♣♦❞✐♥♦✈ ✭✷✵✵✶✵✮✱ ✇❡ ✉s❡ t❤❡ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ s❤❛♣❡ ♣❛r❛♠✲

❡t❡r✱ k > 0 ❛♥❞ s❝❛❧❡ ♣❛r❛♠❡t❡r✱ ς > 0✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ t♦ ❛♣♣❧② t❤❡ ❲❡✐❜✉❧❧

❞✐str✐❜✉t✐♦♥ ✐s t❤❛t t❤❡ ❲❡✐❜✉❧❧ ♣❛r❛♠❡t❡rs ❛r❡ r❡❞✉❝❡❞ t♦ ♦♥❡ ♣❛r❛♠❡t❡r ❞✐s✲

tr✐❜✉t✐♦♥ ❜② ✉s✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥ ♦❢ Et−1(ηt) = 1✳ ❚❤❡ ❝✉♠✉❧❛t✐✈❡ ♣r♦❜❛❜✐❧✐t②

❢✉♥❝t✐♦♥ ♦❢ ❛ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✐s ❣✐✈❡♥ ❜②

F (x; k, ς) = 1− e−(
x

ς )
k

✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥✱ f(x, k, ς)✱

✷s❡❡✱ ❡✳❣✳✱ ❊♥❣❧❡ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ❈❤♦✉✭✷✵✵✺✮✱ ❊♥❣❧❡ ❛♥❞ ●❛❧❧♦✭✷✵✵✻✮✱ ❊♥❣❧❡ ❛♥❞ ❘✉ss❡❧
✭✶✾✾✽✮✱ ❆♥❛t♦❧②❡✈ ✭✷✵✵✾✮✱ ❛♠♦♥❣ ♦t❤❡rs

✶✹



f(x; k, ς) =







k
ς

(

x
ς

)k−1
e−(

x

ς )
k

x ≥ 0

0 x < 0
✭✸✳✶✻✮

❚❤❡ ♠❡❛♥ ♦❢ ❛❲❡✐❜✉❧❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛sE(X) = ςΓ (1 + 1/k)✳

Γ(·) ✐s ❛ ❣❛♠♠❛ ❢✉♥❝t✐♦♥✳ ■♥ ♦✉r ❝❛s❡✱ Et−1(ηt) = 1✱ s✉❝❤ t❤❛t ς = Γ−1 (1 + 1/k)✳

❍❡♥❝❡✱ t❤❡ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥ ❤❛s ❜❡❡♥ r❡❞✉❝❡❞ t♦ ♦♥❡ ♣❛r❛♠❡t❡r ❢✉♥❝t✐♦♥✳

❇② s❡tt✐♥❣ x = ηt = |rt| /ψt ✇✐t❤ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ψt ✐♥ ❡q✭✸✳✶✺✮✱ ✇❡ ❤❛✈❡

t❤❡ ♠❛r❣✐♥❛❧ P❉❋ ❛♥❞ ❈❉❋ ❢✉♥❝t✐♦♥s ❢♦r ❡q✭✸✳✸✮✳

❙♣❡❝✐❢②✐♥❣ t❤❡ s✐❣♥ ❞②♥❛♠✐❝s✱ ✇❡ t❛❦❡ ❛ ❇❡r♥♦✉❧❧✐ ♠❛r❣✐♥❛❧ ♦❢ t❤❡ ❢♦r♠✿

B(pt) = pvt (1− pt)
1−v

✇✐t❤ pt ✐s s♣❡❝✐✜❡❞ ❛s ❛ ❞②♥❛♠✐❝ ❧♦❣✐t✲❧✐♥❦❡❞ ♠♦❞❡❧✿

pt =
exp(θt)

1 + exp(θt)

✇✐t❤

θt = ωd + φdI(rt−1 > 0) + y
′

t−1δd ✭✸✳✶✼✮

✇❤❡r❡ ❡q✭✸✳✶✼✮ ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❞✐r❡❝t✐♦♥ ♠♦❞❡❧✳ yt−1 ✐♥❝❧✉❞❡s t❤❡ s❡t ♦❢

♣r❡❞✐❝t♦rs s✉❝❤ ❛s ♠❛❝r♦❡❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡s ❛s ✇❡❧❧ ❛s r❡❛❧✐③❡❞ r❡t✉r♥ ❤✐❣❤❡r

♠♦♠❡♥ts✳

✸✳✹ ▲✐❦❡❧✐❤♦♦❞ ❋✉♥❝t✐♦♥

❲✐t❤ t❤❡ ♠❛r❣✐♥❛❧s ♦❢ ❡q✭✸✳✶✺✮ ❛♥❞ ✭✸✳✶✼✮✱ t❤❡ ❝♦♣✉❧❛ ❢✉♥❝t✐♦♥ ❡q✭✸✳✹✮ ❛♥❞

✭✸✳✺✮✱ ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡s ♦❢ ❡q✭✸✳✻✮✲✭✸✳✶✸✮✱ ✇❡ ❤❛✈❡ t❤❡

s❛♠♣❧❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ❛s✿

L(Φ) =
T
∑

t=1

{I(rt > 0)ln̺t[F (ut|ψt))]

+[1− I(rt > 0)]ln(1− ̺t[F (ut|ψt))])}

+
T
∑

t=1

lnf(ut|ψt)

✶✺



❲✐t❤ ❛❧❧ t❤❡ s♣❡❝✐✜❡❞ ✐♥❣r❡❞✐❡♥ts✱ t❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs t♦ ❜❡ ❡st✐♠❛t❡❞ ❜②

♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ✐s Φ = (ωv, βv, γv, ρv, δv, k, ωd, φd, δd, Θ)✱

✇❤❡r❡ Θ ❝♦♥t❛✐♥s t❤❡ ❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡rs✱ (ω, β, γ, λ) ❢r♦♠

❡q✭✸✳✻✮✲✭✸✳✶✸✮✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ♣❛♣❡r✱ ❛❧❧ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ s❡t✱ Φ✱ ❛r❡

♦❜t❛✐♥❡❞ ❢r♦♠ ♠❛①✐♠✐③✐♥❣ t❤❡ s❛♠♣❧❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ♦❢ t❤❡ ❢✉❧❧ ❞❡❝♦♠♣♦s✐t✐♦♥

♠♦❞❡❧s✳

✹ ❋♦r❡❝❛st✐♥❣ ▼❡t❤♦❞s

✹✳✶ ❈♦♥❞✐t✐♦♥❛❧ ▼❡❛♥ ❋♦r❡❝❛sts

❇❛s❡❞ ♦♥ t❤❡ ❡q✭✸✳✷✮✱ t❤❡ ♦♥❡✲♣❡r✐♦❞ ❛❤❡❛❞ ❢♦r❡❝❛st ♦❢ ✜♥❛♥❝✐❛❧ r❡t✉r♥s ❛t

t✐♠❡ t+ 1 ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ♣❛st ✐♥❢♦r♠❛t✐♦♥ ✐s ❣✐✈❡♥ ❜②

r̂t+1 = 2ξ̂t+1|t − ψ̂t+1|t ✭✹✳✶✮

✇❤❡r❡ ψ̂t+1|t ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❢♦r❡❝❛st ♦❢ |rt+1| ✉s✐♥❣ ❡q✭✸✳✶✺✮✳

ξ̂t+1|t = ̂Et |rt+1| I(rt+1 > 0) ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ❢♦r❡❝❛st ❢♦r t❤❡

❝r♦ss ♣r♦❞✉❝t ♦❢ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ ✐♥❞✐❝❛t♦rs✳ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈

✭✷✵✶✵✮ ✜♥❞ t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❝r♦ss ♣r♦❞✉❝t ❤❛♣♣❡♥s t♦ ❜❡ ✇❡❛❦❧②

❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡✳ ❚❤✉s✱ ♦♥❡ ♠✐❣❤t ✐❣♥♦r❡ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❜② ❛ss✉♠✐♥❣

t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ ✐♥❞✐❝❛t♦rs ❛s

r̂t+1 = (2p̂t+1|t − 1)ψ̂t+1|t ✭✹✳✷✮

✇❤❡r❡ p̂t+1|t ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❢♦r❡❝❛st ❢r♦♠ ❡q✭✸✳✶✼✮✳ ◆♦t❡ t❤❛t ❡q✭✹✳✷✮ ✇✐❧❧

♥♦t ❜❡ ♦♣t✐♠❛❧ ✉♥❞❡r ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣♦♥❡♥ts✳

❋♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❡❞

❝r♦ss✲♣r♦❞✉❝t ✐s ❣✐✈❡♥ ❜②

ξ̂t+1|t = ̂Et |rt+1| I(rt+1 > 0)

=

ˆ +∞

0

uf
(

u|ψ̂t+1|t

)

ˆ̺t+1

(

F
(

u|ψ̂t+1|t

))

du ✭✹✳✸✮

✶✻



✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs✱ Φ̂✱ ❛t t✐♠❡ t✳ ❊q✭✹✳✸✮ ✐s ✐♥t❡✲

❣r❛t❡❞ ❜② ✉s✐♥❣ t❤❡ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ✐♥ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈ ✭✷✵✶✵✮✳

✹✳✷ ❘❡t✉r♥ ❍✐❣❤❡r ▼♦♠❡♥ts ❋♦r❡❝❛sts

❯s✐♥❣ t❤❡ ♠♦❞❡❧ ❡st✐♠❛t♦rs✱ ✇❡ ❝❛♥ ❛❧s♦ ❢♦r❡❝❛st t❤❡ t✐♠❡✲✈❛r②✐♥❣ ❤✐❣❤❡r

♠♦♠❡♥ts✱ s✐♠✐❧❛r t♦ ❡q✭✹✳✸✮✳ P❛rt✐❝✉❧❛r❧②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡

❢♦r❡❝❛sts ❢♦r ❞♦✇♥s✐❞❡ r✐s❦ ❛♥❞ s❦❡✇♥❡ss ✉s❡❞ ✐♥ t❤❡ s❡❝t✐♦♥ ✽✳

▲❡t Qt(z) ❞❡♥♦t❡ t❤❡ q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥ ❢♦r

❛❜s♦❧✉t❡ r❡t✉r♥s✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ s❦❡✇♥❡ss ❛t t✐♠❡ t+ 1 ✐s ❢♦r❡❝❛st❡❞ ❛s

̂skewt(rt+1) =

̂Et
(

r3t+1

)

− 3Êt(rt+1) ̂vart(rt+1)−
[

Êt(rt+1)
]3

[

̂vart(rt+1)
]

3
2

✭✹✳✹✮

✇❤❡r❡

̂vart(rt+1) = Êt(r2t+1)−
[

Êt(rt+1)
]2

✇✐t❤ Êt(rt+1) ✐s ❡st✐♠❛t❡❞ ❜② ❡q✭✹✳✶✮ ❛♥❞ Êt(r2t+1) =
´ 1

0

[

Q̂t+1|t(z)
]2

dz✱ ❛♥❞✱

Ê(r3t ) = 2 ̂Et
[

|rt+1|
3
I(rt+1 > 0)

]

− ̂Et
(

|rt+1|
3)

✇✐t❤

̂Et|rt+1|3I(rt+1 > 0) =

ˆ 1

0

[

Q̂t+1|t(z)
]3

ˆ̺t+1|t (z) dz ✭✹✳✺✮

̂Et|rt+1|3 =

ˆ 1

0

[

Q̂t+1|t(z)
]3

dz ✭✹✳✻✮

❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞♦✇♥s✐❞❡ r✐s❦ ✐s ❛❧s♦ r❡❢❡rr❡❞ t♦ s❡♠✐✲✈❛r✐❛♥❝❡ ❛s

semivariance =
1

T

T
∑

t=1

[

(rt − µ)2I(rt < µ)
]

→ E
[

(rt − µ)2I(rt < µ)
]

✇❤❡r❡ µ ✐s t❤❡ ♠❡❛♥ ♦r ❛✈❡r❛❣❡ ♦❢ r❡t✉r♥s✳ ■♥ ♦✉r ❝❛s❡✱ ✇❡ s❡t µ = 0✳ ❚❤✉s✱

✶✼



t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞♦✇♥s✐❞❡ r✐s❦ ✭s❡♠✐✲✈❛r✐❛♥❝❡✮ ❢♦r❡❝❛st ✭d̂riskt+1✮ ✐s ❣✐✈❡♥ ❜②

̂driskt(rt+1) = Êt(r2t+1)−
̂Et

[

r2t+1I(rt+1 > 0)
]

✭✹✳✼✮

✇✐t❤ ̂Et
[

r2t+1I(rt+1 > 0)
]

=
´ 1

0

[

Q̂t+1|t(z)
]2

ˆ̺t+1|t (z) dz✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆ ❢♦r

t❤❡ ♣r♦♦❢s✳

◆♦t❡ t❤❛t ❡❛❝❤ s♦❧✉t✐♦♥ ♦❢ t❤❡s❡ ❤✐❣❤❡r ♠♦♠❡♥ts ❤❛s ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥✲

❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ❝♦✉♥t❡r♣❛rt✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♦♥❧② ❡st✐♠❛t❡

❤✐❣❤❡r ♠♦♠❡♥ts ❢♦r ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ❝❛s❡s✳ ■♥ t❤❡ ❡♠♣✐r✐❝❛❧ s❡❝t✐♦♥✱

✇❡ ❛♣♣❧② ❜♦t❤ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ t❤❡ ●❛✉ss✲❈❤❡❜②s❤❡✈

q✉❛❞r❛t✉r❡ ❢♦r♠✉❧❛s ✭❏✉❞❞ ✶✾✾✽✱ s❡❝t✐♦♥ ✼✳✷✮ t♦ ❡✈❛❧✉❛t❡ ✐♥t❡❣r❛❧s✳ ❙✐♥❝❡

t❤❡s❡ ♠❡t❤♦❞s ❤❛✈❡ s❤♦✇♥ s✐♠✐❧❛r r❡s✉❧ts✱ ✇❡ ♦♥❧② r❡♣♦rt t❤❡ r❡s✉❧ts ♦❜✲

t❛✐♥❡❞ ❢r♦♠ t❤❡ ●❛✉ss✲❈❤❡❜②s❤❡✈ q✉❛❞r❛t✉r❡✳

✺ ❉❛t❛

❚❤❡ ♠♦♥t❤❧② ❯✳❙✳ r❡t✉r♥ ❞❛t❛ ❢r♦♠ ❏❛♥✉❛r② ✶✾✺✷ t♦ ❉❡❝❡♠❜❡r ✷✵✵✷ ✐s ❛✈❛✐❧✲

❛❜❧❡ ❢r♦♠ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈✬s ✇❡❜s✐t❡✳ ❲❡ ❡①t❡♥❞ t❤❡✐r ❞❛t❛s❡t t♦

❝♦✈❡r t❤❡ ♣❡r✐♦❞ ♦❢ t❤❡ r❡❝❡♥t ✜♥❛♥❝✐❛❧ ❝r✐s✐s t✐❧❧ ❉❡❝❡♠❜❡r ✷✵✶✵✳ ❋♦r t❤❡

❡①t❡♥❞❡❞ ♣❡r✐♦❞✱ t❤❡ ✈❛❧✉❡✲✇❡✐❣❤t❡❞ ❡①❝❡ss r❡t✉r♥ ✐s t❛❦❡♥ ❢r♦♠ t❤❡ ❈❡♥✲

t❡r ❢♦r ❘❡s❡❛r❝❤ ✐♥ ❙❡❝✉r✐t② Pr✐❝❡s ✭❈❘❙P✮❀ t❤❡ ❡❛r♥✐♥❣s✲♣r✐❝❡ r❛t✐♦ ✭ep✮

❛♥❞ ❞✐✈✐❞❡♥❞✲♣r✐❝❡ r❛t✐♦ ✭dp✮ ❞❛t❛ ✐♥ ❧♦❣s ❛r❡ ❝♦♥str✉❝t❡❞ ✉s✐♥❣ t❤❡ ❞❛t❛s❡t

♣r♦✈✐❞❡❞ ❜② ❙❤✐❧❧❡r ✭✷✵✵✺✮❀ t❤❡ t❤r❡❡✲♠♦♥t❤ ❚✲❜✐❧❧ r❛t❡ ✭ir3✮✱ ❛♥❞ ▼♦♦❞②✬s

❆❛❛ ❛♥❞ ❇❛❛ ❝♦r♣♦r❛t❡ ❜♦♥❞ ②✐❡❧❞ ❞❛t❛✱ ❛r❡ ❢r♦♠ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❇❛♥❦ ♦❢

❙t✳ ▲♦✉✐s✳ ❲❡ ❝♦♥str✉❝t t❤❡ ②✐❡❧❞ s♣r❡❛❞ ✭irs✮ ❜② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥

▼♦♦❞②✬s ❆❛❛ ❛♥❞ ❇❛❛✳

■♥ t❤✐s ♣❛♣❡r✱ t❤❡ r❡❛❧✐③❡❞ ❤✐❣❤❡r ♠♦♠❡♥ts✱ ✐✳❡✳✱ r❡❛❧✐③❡❞ ✈❛r✐❛♥❝❡ ✭RV ✮✱

❜✐♣♦✇❡r ✈❛r✐❛t✐♦♥ ✭BPV ✮✱ r❡❛❧✐③❡❞ t❤✐r❞ ✭RS✮ ❛♥❞ ❢♦✉rt❤ ✭RK✮ ♠♦♠❡♥ts✱

❛r❡ ❛❧s♦ ❡①t❡♥❞❡❞ t✐❧❧ ❉❡❝❡♠❜❡r ✷✵✶✵ ❛♥❞ ❝♦♥str✉❝t❡❞ ❢r♦♠ ❞❛✐❧② ❞❛t❛ ♦♥

t❤❡ ◆❨❙❊✴❆▼❊❳ ✈❛❧✉❡✲✇❡✐❣❤t❡❞ ✐♥❞❡① ❢r♦♠ ❈❘❙P✳ ❆s t❤❡ ♣r♦①✐❡s ❢♦r t❤❡

✉♥♦❜s❡r✈❡❞ ✈♦❧❛t✐❧✐t② ♣r♦❝❡ss✱ t❤❡ r❡❛❧✐③❡❞ ✈❛r✐❛♥❝❡ ✐s ❛♥ ❡st✐♠❛t♦r ♦❢ ✐♥t❡✲

❣r❛t❡❞ ✈❛r✐❛♥❝❡ ♣❧✉s ❛ ❥✉♠♣ ❝♦♠♣♦♥❡♥t ✇❤✐❧❡ t❤❡ ❧❛tt❡r ✐s ✉♥❛✛❡❝t❡❞ ❜② t❤❡

✶✽



♣r❡s❡♥❝❡ ♦❢ ❥✉♠♣s✳ ❋♦r t❤❡ ❞❡t❛✐❧ ❢♦r♠✉❧❛✱ s❡❡ ❡✳❣✳✱ ❇❛r♥❞♦r✛✲◆✐❡❧s❡♥ ❛♥❞

❙❤❡♣❤❛r❞ ✭✷✵✵✹✱ ✷✵✵✻✱ ✷✵✵✼✮✱ ❛♥❞ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈ ✭✷✵✶✵✮✱ ❛♠♦♥❣

♦t❤❡rs✳

❲❡ ✉s❡ ♣r❡❞✐❝t♦rs xt = (dpt, ept, ir3t, irst) ✐♥ ❡q✭✸✳✶✺✮ ❢♦r t❤❡ ♠❛r❣✐♥❛❧

❞②♥❛♠✐❝s ♦❢ ❛❜s♦❧✉t❡ r❡t✉r♥s✱ ❛♥❞ yt = (dpt, ept, ir3t, irst, RVt, BPVt, RSt, RKt)

✐♥ ❡q✭✸✳✶✼✮ ❢♦r t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❇❡r♥♦✉❧❧✐ ♠❛r❣✐♥❛❧✳ ❲❡ ❡♠♣❧♦② ❛ r♦❧❧✐♥❣

✇✐♥❞♦✇ ✇✐t❤ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣❛st ✸✻✵ ♠♦♥t❤s ❢♦r ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st✳

■t r❡s✉❧ts ✐♥ t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ♣❡r✐♦❞ ❢r♦♠ ❏❛♥✉❛r② ✶✾✽✷ t♦ ❉❡❝❡♠❜❡r ✷✵✶✵✱

✇❤✐❝❤ ❝♦✈❡rs t❤❡ ❢♦r❡❝❛st✐♥❣ ♣❡r✐♦❞ ✐♥ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈ ✭✷✵✶✵✮✱

❛♥❞ ❡①t❡♥❞s t♦ t❤❡ r❡❝❡♥t ✜♥❛♥❝✐❛❧ ❝r✐s✐s ♦❢ ✷✵✵✼✲✷✵✵✾✳

❲❡ ❜r✐❡✢② ✐♥tr♦❞✉❝❡ t❤❡ ♥❛♠❡ ❝♦♥✈❡♥t✐♦♥ ✉s❡❞ ✐♥ t❤❡ ❡♠♣✐r✐❝❛❧ s❡❝t✐♦♥✳

❚❤✐s ♣❛♣❡r ❡st✐♠❛t❡s ❜♦t❤ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ✭CI✱ ❡q✭✹✳✷✮✮ ❛♥❞ ❝♦♥❞✐✲

t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ✭CD✱ ❡q✭✹✳✶✮✮ s❝❡♥❛r✐♦s✳ ❈♦♥st❛♥t ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s

❛r❡ ❞❡♥♦t❡❞ ❛s CDM ✱ ❛♥❞ DDM ❢♦r ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s✳ ❍❡♥❝❡✱

✇❡ r❡♣r❡s❡♥t ❛ ❝♦♥st❛♥t ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧ ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥✲

❞❡♥❝❡ ❡st✐♠❛t✐♦♥ ❛s CDM −CI✱ ❛♥❞ DDM −CI ❢♦r ❛ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐✲

t✐♦♥ ♠♦❞❡❧ ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ❡st✐♠❛t✐♦♥✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡

❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧ ♦❢ OSA ✭❡q✭✸✳✶✵✮✮✱ ✐❢ ✐t ✇❡r❡ ❡st✐♠❛t❡❞ ❢r♦♠

t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡✱ ✇♦✉❧❞ ❜❡ ❞❡♥♦t❡❞ ❛s OSA− CD✳

✻ ❊♠♣✐r✐❝❛❧ ❘❡s✉❧ts

❚❛❜❧❡ ✷ ♣r❡s❡♥ts t❤❡ ✐♥✲s❛♠♣❧❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts✳ ❚❤❡ s✉❜s❛♠♣❧❡ ❡st✐♠❛t✐♦♥

❢r♦♠ ❏❛♥✉❛r② ✶✾✺✷ t♦ ❉❡❝❡♠❜❡r ✷✵✵✷ ✐s ♠❛❞❡ ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ r❡s✉❧ts ♦❢

❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈ ✭✷✵✶✵✮✳ ❚❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥s ✐♥ P❛♥❡❧ ❆

❛r❡ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❛t ❝♦♥✈❡♥t✐♦♥❛❧ ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧s✳ ❚❤❡ ❲❛❧❞ t❡sts

✐♥ P❛♥❡❧ ❇ s❤♦✇ t❤❛t t❤❡ ❡st✐♠❛t♦rs ♦❢ t❤❡ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞✲

❡❧s ❛r❡ ❥♦✐♥t❧② s✐❣♥✐✜❝❛♥t✳ ❆s s❡❡♥ ✐♥ P❛♥❡❧ ❇✱ t❤❡ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥

♠♦❞❡❧s ♦❜t❛✐♥ ❤✐❣❤❡r ▼▲❊ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ✈❛❧✉❡s t❤❛♥ t❤❡ ❝♦♥st❛♥t ❞❡❝♦♠♣♦✲

s✐t✐♦♥ ♠♦❞❡❧s✱ ❛♥❞ t❤❡ ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡sts r❡❥❡❝t t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ❛t ✶✪

s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧✳

❬❚❛❜❧❡ ✷ ❛❜♦✉t ❤❡r❡❪

✶✾



❚❤❡ ♣❡rs✐st❡♥❝❡ ♦❢ ❛ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ✐s ♠❡❛s✉r❡❞ ❜② t❤❡ ♣❛r❛♠❡t❡r

β✳ ❆♠♦♥❣ t❤❡ ❞②♥❛♠✐❝ ♠♦❞❡❧s✱ ❖❙❆ ❛♥❞ ❚❙❆ ❤❛✈❡ t❤❡ ❤✐❣❤❡st ♣❡rs✐st❡♥❝❡✱

✇❤❡r❡❛s P❛tt♦♥ s❤♦✇s ❧❡ss ♣❡rs✐st❡♥❝❡ ✐♥ ❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡✳ ❚❤❡ s♠♦♦t❤✲

✐♥❣ ✇❡✐❣❤t✐♥❣ ♣❛r❛♠❡t❡r✱ λ✱ ✐s s✐❣♥✐✜❝❛♥t ❛t ✶✪ ❧❡✈❡❧✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡

❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ✇❡✐❣❤t✐♥❣ ♦❢ t❤❡ t✐♠❡ s❡r✐❡s ♦❜s❡r✈❛t✐♦♥s✳ ❚❤❡ ✐♥t❡❣r❛t❡❞

♠♦❞❡❧s ♦❢ ■●t②♣❡ ❛♥❞ ■❚❱❈ ❤❛✈❡ t❤❡ ♣❡rs✐st❡♥❝❡ ♦❢ ❛r♦✉♥❞ ✵✳✼✺ ✇❤✐❝❤ ✐s

❧♦✇❡r t❤❛♥ 0.94✱ t❤❡ ✈❛❧✉❡ ❝❛❧✐❜r❛t❡❞ ❢♦r ✐♥t❡❣r❛t❡❞ ●❆❘❈❍ ♠♦❞❡❧ ❜② ❏✳P✳

▼♦r❣❛♥ ❘✐s❦▼❡tr✐❝s✳

❚❤❡ ✐♥✲s❛♠♣❧❡ ❡✈✐❞❡♥❝❡s s✉♣♣♦rt t❤❡ ❤②♣♦t❤❡s✐s ♦❢ t✐♠❡✲✈❛r②✐♥❣ ♥♦♥❧✐♥✲

❡❛r ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s✳ ❚❤❡ r❡s✉❧ts ❛r❡ ❛❧s♦

❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♣r❡t❡st✐♥❣ r❡s✉❧ts ♦❢ r❡❥❡❝t✐♥❣ t❤❡ ❝♦♥st❛♥❝② ♦❢ ❝♦♣✉❧❛s✳

✻✳✶ ❖✉t✲♦❢✲❙❛♠♣❧❡ ❋♦r❡❝❛st

❚❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ❝♦❡✣❝✐❡♥t ♦❢ ♣r❡❞✐❝t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ (OS)✱ s✉❣❣❡st❡❞ ❜②

❈❛♠♣❜❡❧❧ ❛♥❞ ❚❤♦♠♣s♦♥ ✭✷✵✵✽✮✱ ✐s ✉s❡❞ ❢♦r ❢♦r❡❝❛st✐♥❣ ❡✈❛❧✉❛t✐♦♥ ❛s

OS = 1−

∑T
t=R+1 L(rt − r̂t)

∑T
t=R+1 L(rt − r̄t)

✇❤❡r❡ L(s) = s2 ✐❢ ✐t ✐s ❜❛s❡❞ ♦♥ sq✉❛r❡❞ ❡rr♦rs✱ ❛♥❞ L(s) = |s| ✐❢ ✐t ✐s ❜❛s❡❞

♦♥ ❛❜s♦❧✉t❡ ❡rr♦rs✳ ❲❡ ✉s❡ ❛ r♦❧❧✐♥❣ s❛♠♣❧❡ ✇✐♥❞♦✇ ♦❢ ❧❡♥❣t❤✱ R = 360 ❢♦r

♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st✱ ✇❤✐❧❡ T ✐s t❤❡ t♦t❛❧ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ s❛♠♣❧❡ ♣❡r✐♦❞✱

s✉❝❤ t❤❛t t❤❡ ♦♥❡✲st❡♣ ❛❤❡❛❞ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st ♣❡r✐♦❞ ✐s H ∈ [R+1, T ]✳

r̄t ✐s t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ♠❡❛♥ ♦❢ rt ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ❧❛st R ♦❜s❡r✈❛t✐♦♥s

✐♥ t❤❡ r♦❧❧✐♥❣ s❝❤❡♠❡✱ ✇❤✐❝❤ ✐s r❡❢❡rr❡❞ t♦ ❛s t❤❡ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡✳ r̂t ✐s ❛

❢♦r❡❝❛st ❛t t✐♠❡ t ❢r♦♠ ✐♥❞✐✈✐❞✉❛❧ ♠♦❞❡❧s✳

❚❤❡ OS st❛t✐st✐❝s ♠❡❛s✉r❡s t❤❡ r❡❞✉❝t✐♦♥ ✐♥ ❢♦r❡❝❛st✐♥❣ ❡rr♦rs r❡❧❛t✐✈❡ t♦

t❤❡ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡ ❢♦r❡❝❛st✳ ❚❤✉s✱ ✐❢ OS > 0✱ t❤❡ r̂t ❢♦r❡❝❛st ♦✉t♣❡r❢♦r♠s

t❤❡ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡ ❢♦r❡❝❛st❀ ✐❢ OS < 0✱ t❤❡ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡ ❢♦r❡❝❛st

♣❡r❢♦r♠s ❜❡tt❡r✳

❋✐❣✉r❡ ✷ ♣❧♦ts t❤❡ r❡t✉r♥ ❢♦r❡❝❛sts ❢r♦♠ t❤❡ ❧✐♥❡❛r ♣r❡❞✐❝t✐✈❡ r❡❣r❡ss✐♦♥✱

❝♦♥st❛♥t ❛♥❞ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✲

✈❛t✐♦♥s ✐♥ ♦r❞❡r✳ ❋✐rst✱ s✐♠✐❧❛r t♦ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈ ✭✷✵✶✵✮✱ ❋✐❣✉r❡

✷✵



✷ s❤♦✇ t❤❛t ✐♥ t❤❡ ❧❛t❡ ♦❢ ✶✾✾✵s t❤❡ ❧✐♥❡❛r ♣r❡❞✐❝t✐✈❡ ♠♦❞❡❧ ✉♥❞❡r❡st✐♠❛t❡s

t❤❡ ❜✉❧❧ ♠❛r❦❡t ❜② ♣r❡❞✐❝t✐♥❣ ♣r❡❞♦♠✐♥❛♥t❧② ♥❡❣❛t✐✈❡ r❡t✉r♥s✱ ✇❤✐❧❡ ❜♦t❤

❝♦♥st❛♥t ❛♥❞ ❞②♥❛♠✐❝ ♠♦❞❡❧s ❝❛♣t✉r❡ ✇❡❧❧ t❤❡ ✉♣✇❛r❞ tr❡♥❞ ✐♥ t❤❡ ♠❛r❦❡t

❛♥❞ t❤❡ ✐♥❝r❡❛s❡❞ ✈♦❧❛t✐❧✐t② ✐♥ t❤❡ ❡❛r❧② ✷✵✵✵s✳

❬❋✐❣✉r❡ ✷ ❛❜♦✉t ❤❡r❡❪

❙❡❝♦♥❞✱ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❢♦r❡❝❛sts ❜❡t✇❡❡♥ t❤❡ ❝♦♥st❛♥t ❛♥❞ ❞②♥❛♠✐❝

♠♦❞❡❧s ❡①✐sts ♦✈❡r t✐♠❡✳ ❚❤❡ ❧❛r❣❡st ❞✐s❛❣r❡❡♠❡♥ts ♦❝❝✉r ❞✉r✐♥❣✿ ✭✶✮ t❤❡ t✐♠❡

❢r♦♠ ❧❛t❡ ✶✾✾✵s ✭❛r♦✉♥❞ t❤❡ ❧❛t❡ ♦❢ ✶✾✾✼ ✇❤❡♥ ❆s✐❛ ✜♥❛♥❝✐❛❧ ❝r✐s✐s st❛rt❡❞✮

t♦ t❤❡ ❡❛r❧② ✷✵✵✵s ✭t❤❡ ♣❡r✐♦❞ ♦❢ ■❚ ❜✉❜❜❧❡ ❜✉st✮❀ ❛♥❞ ✭✷✮ t❤❡ r❡❝❡♥t ✜♥❛♥❝✐❛❧

❝r✐s✐s t✐♠❡✳

❇❛s❡❞ ♦♥ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛❜♦✈❡✱ t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ♣❡r✐♦❞ ✐s ❞✐✈✐❞❡❞ ✐♥t♦

s✉❜✲s❛♠♣❧❡s✿ ✭✶✮ ❛ r❡❧❛t✐✈❡❧② tr❛♥q✉✐❧ ♣❡r✐♦❞✿ ✶✾✽✷✿✵✶ ✲ ✶✾✾✼✿✶✷❀ ✭✷✮ t❤❡

✜rst r❡❧❛t✐✈❡❧② t✉r♠♦✐❧ ♣❡r✐♦❞✿ ✶✾✾✽✿✵✶ ✲ ✷✵✵✷✿✶✷❀ ✭✸✮ t❤❡ s❡❝♦♥❞ t✉r♠♦✐❧

♣❡r✐♦❞✿ ✷✵✵✼✿✵✼ ✲ ✷✵✶✵✿✶✷❀ ✭✹✮ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣❡r✐♦❞ ✇✐t❤ ❆♥❛t♦❧②❡✈ ❛♥❞

●♦s♣♦❞✐♥♦✈✿ ✶✾✽✷✿✵✶ ✲ ✷✵✵✷✿✶✷✳

❚❛❜❧❡ ✸ ♣r❡s❡♥ts t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st r❡s✉❧ts✳ ❚❤❡ ❛✈❡r❛❣❡ ♣❡r❢♦r✲

♠❛♥❝❡ ♦❢ t❤❡ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❛r❡ ❛❧s♦ r❡♣♦rt❡❞✳ ❚❤❡ ❢♦r❡❝❛sts

❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛r❡ ❡st✐♠❛t❡❞ ❜② ✐❣♥♦r✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s t❤r♦✉❣❤ ❡q✭✹✳✷✮✱

✇❤✐❧❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ❢♦r❡❝❛sts ❛r❡ ❝♦♠♣✉t❡❞ ✈✐❛ ❡q✭✹✳✶✮ t❤r♦✉❣❤

♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥s✳

❬❚❛❜❧❡ ✸ ❛❜♦✉t ❤❡r❡❪

■♥ ❧✐♥❡ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s st✉❞✐❡s✱ ❡✳❣✳✱ ❘❛♣❛❝❤ ❡t ❛❧✳ ✭✷✵✶✵✮✱ ❲❡❧❝❤ ❛♥❞

●♦②❛❧✭✷✵✵✽✮✱ ❛♥❞ ❈❛♠♣❜❡❧❧ ❛♥❞ ❚❤♦♠♣s♦♥ ✭✷✵✵✽✮✱ ❡t❝✳✱ t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡

❢♦r❡❝❛st ♦❢ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡ ✐♥ ❚❛❜❧❡ ✸ ♣❡r❢♦r♠s ❜❡tt❡r t❤❛♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

❧✐♥❡❛r ♠♦❞❡❧ ❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ❢♦r❡❝❛st ❣❛✐♥ ✐s ❛r♦✉♥❞ ✺✪✳ ❚❤❡ ❞❡❝♦♠✲

♣♦s✐t✐♦♥ ♠♦❞❡❧s ❞♦♠✐♥❛t❡ ❜♦t❤ t❤❡ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡ ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ❧✐♥❡❛r

♠♦❞❡❧s ✐♥ t❡r♠s ♦❢ OS st❛t✐st✐❝s✳ ❖❜s❡r✈❛❜❧②✱ t❤❡ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥

♠♦❞❡❧s ❛❝❤✐❡✈❡ t❤❡ ♠♦st ♦✉tst❛♥❞✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳

❖❢ ✐♥t❡r❡st✱ ✇❡ t✉r♥ ♥❡①t t♦ t❤❡ ❞❡t❛✐❧ ❛♥❛❧②s✐s ❢♦r ❝♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥

t❤❡ ❝♦♥st❛♥t ❛♥❞ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s✱ ❛♥❞ ❜❡t✇❡❡♥ ❝♦♥❞✐t✐♦♥❛❧

✐♥❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡✳

✷✶



✻✳✶✳✶ ❚r❛♥q✉✐❧ P❡r✐♦❞ ✈s✳ ❚✉r♠♦✐❧ ❚✐♠❡

❆s s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✸✱ t❤❡ ♣r♦♣♦s❡❞ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❝♦♥s✐s✲

t❡♥t❧② ♣❡r❢♦r♠ ❜❡tt❡r ♦✉t✲♦❢✲s❛♠♣❧❡ t❤❛♥ t❤❡ ❝♦♥st❛♥t ♠♦❞❡❧s ❜♦t❤ ✐♥❞✐✈✐❞✉✲

❛❧❧② ❛♥❞ ♦♥ ❛✈❡r❛❣❡ ❛❝r♦ss s❛♠♣❧❡ ♣❡r✐♦❞s✳ ❋♦r ✐♥st❛♥❝❡✱ CDM −CI ❤❛s t❤❡

OS st❛t✐st✐❝s ♦❢ ✵✳✶✽✪ ✐♥ t❤❡ ❢✉❧❧ s❛♠♣❧❡ ♣❡r✐♦❞✱ ✇❤✐❧❡ t❤❡ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦✲

s✐t✐♦♥ ♠♦❞❡❧s ❤❛✈❡ ✶✳✹✶✪ ♦♥ ❛✈❡r❛❣❡ ✇✐t❤ t❤❡ ❤✐❣❤❡st ✐♥❞✐✈✐❞✉❛❧ ❣❛✐♥✱ ✷✳✺✸✪✱

❜② TSA−CI ♠♦❞❡❧✳ ❚❤❡ ❜❡st ♦✉t✲♦❢✲s❛♠♣❧❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ❢✉❧❧ s❛♠♣❧❡

♣❡r✐♦❞ ✐s ✸✳✺✾✪ ❛♥❞ ✸✳✺✼✪ ❢r♦♠ IGtype−CD ❛♥❞ OSA−CD✱ r❡s♣❡❝t✐✈❡❧②✱

✇❤✐❧❡ t❤❡ ❜❡st ❢♦r t❤❡ ❝♦♠♣❛r✐s♦♥ s✉❜♣❡r✐♦❞ ✐s ✹✳✻✷✪ ❢r♦♠ IGtype− CI✳✸

■♥t❡r❡st✐♥❣❧②✱ ❛♠♦♥❣ t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛sts✱ t❤❡ ❧❛r❣❡st ❞✐✛❡r❡♥❝❡ ✐♥

❣❛✐♥s ✐s ✽✳✻✸✪ ❞✉r✐♥❣ t❤❡ r❡❝❡♥t ✜♥❛♥❝✐❛❧ ❝r✐s✐s t✐♠❡ ❜❡t✇❡❡♥ CDM ✭CDM−

CI ✇✐t❤ ✲✸✳✺✼✪✮ ❛♥❞ DDM ✭TSA − CI ✇✐t❤ ✺✳✵✻✪✮❀ ♠♦r❡♦✈❡r✱ ❢♦r t❤❡

❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ❝❛s❡✱ t❤❡ ❧❛r❣❡st ❣❛✐♥ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ CDM ❛♥❞

DDM ❛r❡ ✹✳✻✹✪ ✭CDM − CI ✇✐t❤ ✺✳✶✽✪ ❛♥❞ Patton − CD ✇✐t❤ ✾✳✽✷✪✮✱

❛♥❞ ✺✳✺✾✪ ✭CDM − CI ✇✐t❤ ✻✳✼✷✪ ❛♥❞ IGtype− CD ✇✐t❤ ✶✷✳✸✶✪✮ ✐♥ t❤❡

t✇♦ t✉r♠♦✐❧ ♣❡r✐♦❞s✳ ❍♦✇❡✈❡r✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❢♦r t❤❡ tr❛♥q✉✐❧ t✐♠❡✱ ❛r♦✉♥❞

1% ♦r ❧❡ss✱ ✐s ♠✉❝❤ ❧❡ss t❤❛♥ t❤♦s❡ ✐♥ t❤❡ t✉r♠♦✐❧ ♣❡r✐♦❞s✳

■♥ s✉♠♠❛r②✱ ✇❡ s❡❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ❢♦r❡❝❛st✐♥❣ ❣❛✐♥s ❜❡t✇❡❡♥ t❤❡

❝♦♥st❛♥t ❛♥❞ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ✐s ❝♦♥s✐❞❡r❛❜❧② ❧❛r❣❡ ❞✉r✐♥❣ t❤❡

t✉r♠♦✐❧ t✐♠❡s✱ ❛t ❧❡❛st ❢♦r ♦✉r s❛♠♣❧❡ ♣❡r✐♦❞s✱ ✇❤❡r❡❛s t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡

tr❛♥q✉✐❧ ♣❡r✐♦❞s ✐s st✐❧❧ ❧❛r❣❡ ✐♥ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❧❡✈❡❧✱ ❜✉t r❡❧❛t✐✈❡❧② s♠❛❧❧ ♦♥

❛✈❡r❛❣❡✳ ❆s ❛ r❡s✉❧t✱ t❤❡s❡ r❡s✉❧ts ✐♠♣❧② t❤❛t ❛♥ ✐♥✈❡st♦r ✇✐❧❧ ❜❡♥❡✜t ♦✉t✲

✸◆♦t❡ t❤❛t t❤❡ OS st❛t✐st✐❝s ✐♥ ❚❛❜❧❡ ✸ ♦❢ t❤❡ ❝♦♥st❛♥t ♠♦❞❡❧ ❢♦r t❤❡ s✉❜♣❡r✐♦❞ ♦❢
✶✾✽✷✿✵✶✲✷✵✵✷✿✶✷ ✐s s✐♠✐❧❛r t♦✱ ❜✉t ❤✐❣❤❡r t❤❛♥ t❤❡ r❡s✉❧ts ♦❢ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈
✭✷✵✶✵✮✳ ❚❤❡ r❡❛s♦♥s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✭✐✮ ✇❡ ❞r♦♣ t❤❡ ✜rst m = 10 ♦❜s❡r✈❛t✐♦♥s ❢♦r ❛❧❧
❝♦♥st❛♥t ❛♥❞ ❞②♥❛♠✐❝ ♠♦❞❡❧s✱ ❛s r❡q✉✐r❡❞ ❜② ❡q✭✸✳✻✮✱ t♦ ♠❛❦❡ t❤❡♠ ❝♦♠♣❛r❛❜❧❡ ❛♥❞ t♦
s♦♠❡ ❡①t❡♥t r❡❞✉❝❡ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❡✛❡❝ts✳ ❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❞❛t❛s❡t ❛♥❞ ✜♥❞ t❤❡ ✜rst
t❡♥ ♦❜s❡r✈❛t✐♦♥s ❤❛✈❡ ❧❛r❣❡ ✈♦❧❛t✐❧✐t②✱ ✇❤✐❝❤ ♠✐❣❤t ❤❛✈❡ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts❀
✭✐✐✮ ❚❤❡ ❡①tr❡♠❡ ❡✈❡♥ts ❛♥❞ ♦✉t❧✐❡rs ♦❢ r❡t✉r♥s ❛♥❞ t❤❡✐r r❡❛❧✐③❡❞ ❤✐❣❤❡r ♠♦♠❡♥ts ♣r♦❞✉❝❡
s♦♠❡ ❡①tr❡♠❡ ✈❛❧✉❡s ❢♦r t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❇❡r♥♦✉❧❧✐ ♠❛r❣✐♥❛❧ ❞✐str✐❜✉t✐♦♥✱ s✉❝❤ ❛s pt ♠✐❣❤t
r❡❛❝❤ t❤❡ ❡①tr❡♠❡ ✈❛❧✉❡s ❜② pt = 0, or 1✳ ❚❤❡s❡ ❡①tr❡♠❡ ✈❛❧✉❡s✱ ♠♦st ❧✐❦❡❧② ♦❝❝✉rr✐♥❣ ✐♥
❝r✐s✐s t✐♠❡s s✉❝❤ ❛s t❤❡ ❇❧❛❝❦ ❋r✐❞❛② ✐♥ ✶✾✽✼✱ ✇✐❧❧ ♠❛❦❡ t❤❡ s❛♠♣❧❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥
❡①♣❧♦❞❡❞ ♦r ❝♦❧❧❛♣s❡❞✳ ❲❡ ❝♦♥s✉❧t t❤✐s ✐ss✉❡ ❜② ❡♠♣✐r✐❝❛❧❧② r❡str✐❝t✐♥❣ 0.002 ≤ pt ≤ 0.998✳
❋♦r t❤♦s❡ ✈❛❧✉❡s ♦✉t ♦❢ t❤✐s r❛♥❣❡✱ ✇❡ s❡t pt = 0.002 ✐❢ pt < 0.002 ❛♥❞ pt = 0.998 ✐❢
pt > 0.998✳ ❚❤❡ r❡str✐❝t✐♦♥s s❤♦✉❧❞ ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❛r❣✉♠❡♥t ♦❢ ❈❛♠♣❜❡❧❧ ❛♥❞
❚❤♦♠♣s♦♥ ✭✷✵✵✽✮ t❤❛t ✐♠♣♦s✐♥❣ t❤❡♦r❡t✐❝❛❧❧② ❛♥❞ ❡❝♦♥♦♠✐❝❛❧❧② ♠♦t✐✈❛t❡❞ r❡str✐❝t✐♦♥s ♦♥
✐♥❞✐✈✐❞✉❛❧ ♠♦❞❡❧s ❝❛♥ ✐♠♣r♦✈❡ t❤❡✐r ♦✉t✲♦❢✲s❛♠♣❧❡ ♣❡r❢♦r♠❛♥❝❡✳
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♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st✐♥❣ ❢r♦♠ t❤❡ ❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡ ♠♦❞❡❧s ✐♥ ❣❡♥❡r❛❧✱ ❛♥❞

❡✈❡♥ ♠♦r❡ ❞✉r✐♥❣ ❛ t✉r♠♦✐❧ t✐♠❡✳

✻✳✶✳✷ ❈♦♥❞✐t✐♦♥❛❧ ■♥❞❡♣❡♥❞❡♥❝❡ ✈s✳ ❈♦♥❞✐t✐♦♥❛❧ ❉❡♣❡♥❞❡♥❝❡

■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦♥❞✐✲

t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ❞❡♣❡♥❞❡♥❝❡ ✐s ❛❧s♦ ❣r❡❛t ♦❢ ✐♥t❡r❡st✳ ❋✐rst✱ ✐♥ t❤❡

❢✉❧❧ s❛♠♣❧❡ ♣❡r✐♦❞✱ t❤❡ ❢♦r❡❝❛st ❣❛✐♥s ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ❤❛✈❡

❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ t❤❛♥ t❤♦s❡ ❢r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡✳ ■♥ ♣❛r✲

t✐❝✉❧❛r✱ CDM −CD ❤❛s ❤✐❣❤❡r ❢♦r❡❝❛st✐♥❣ ❣❛✐♥ t❤❛♥ CDM −CI ❜② ✷✪ ♦r

s♦✱ ✇❤✐❧❡ DDM − CDs ❤❛✈❡ ✷✳✻✷✪ ❢♦r❡❝❛st✐♥❣ ❣❛✐♥ ♦♥ ❛✈❡r❛❣❡✱ ❧❛r❣❡r t❤❛♥

DDM − CIs ✇✐t❤ ✶✳✹✶✪✳ ❆❧❧ t❤❡ ✐♥❞✐✈✐❞✉❛❧ DDM − CDs ♣❡r❢♦r♠ ❜❡tt❡r

t❤❛♥ t❤❡✐r ❝♦✉♥t❡r♣❛rts ❢r♦♠ DDM − CIs✳ ❋♦r ✐♥st❛♥❝❡✱ OSA− CD ❣❛✐♥s

✷✪ ♠♦r❡ t❤❛♥ ❢r♦♠ OSA− CI✳

❙❡❝♦♥❞✱ ✇❡ ♦❜s❡r✈❡ t❤❡ ♠✉❝❤ ❧❛r❣❡r ❞✐✛❡r❡♥❝❡ ✐♥ ❢♦r❡❝❛st✐♥❣ ❣❛✐♥s ❜❡✲

t✇❡❡♥ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ✐♥ t❤❡ t✇♦ t✉r✲

♠♦✐❧ t✐♠❡s✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ✜rst t✉r♠♦✐❧ ♣❡r✐♦❞ ✐s ✹✳✵✻✪ ❢♦r CDM−CD

♦✈❡r CDM − CI✱ ❛♥❞ ✼✳✶✽✪ ❢♦r DDM − CD ♦✈❡r DDM − CI ♦♥ ❛✈❡r❛❣❡✱

❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ❢♦r t❤❡ r❡❝❡♥t ✜♥❛♥❝✐❛❧ ❝r✐s✐s ✐s ✶✵✳✷✾✪ ❢♦r CDM − CD

♦✈❡r CDM −CI✱ ❛♥❞ ✼✳✷✺✪ ❢♦r DDM −CD ♦✈❡r DDM −CI ♦♥ ❛✈❡r❛❣❡✳

❈♦♥✈❡rs❡❧②✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ✐♥ tr❛♥q✉✐❧ ♣❡r✐♦❞s ♣❡r❢♦r♠s

❜❡tt❡r ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st t❤❛♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡✳ ❉✉r✐♥❣ ✶✾✽✷✿✵✶

✲ ✶✾✾✼✿✶✷✱ DDM − CI ♣❡r❢♦r♠ ❜❡tt❡r ♦✉t✲♦❢✲s❛♠♣❧❡ t❤❛♥ DDM − CD ❜②

✸✳✷✻✪✳ ▼♦st ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧DDM−CIs ♦✉t♣❡r❢♦r♠DDM−CDs ✐♥ tr❛♥✲

q✉✐❧ ♣❡r✐♦❞s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ♣❡r✐♦❞ ❛❧s♦ s❤♦✇s t❤❡ ❝♦♥❞✐t✐♦♥❛❧

✐♥❞❡♣❡♥❞❡♥❝❡ s❧✐❣❤t❧② ❜❡tt❡r ♦♥ ❛✈❡r❛❣❡✳

❆s ❛ r❡s✉❧t✱ ✇❡ s❡❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ♣r♦✈✐❞❡s ❜❡tt❡r ♦✈❡r❛❧❧

♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st t❤❛♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡✱ ❡s♣❡❝✐❛❧❧② ❞✉r✐♥❣

t❤❡ t✉r♠♦✐❧ t✐♠❡s❀ ❤♦✇❡✈❡r✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ❞♦❡s ❛ ❜❡tt❡r ❥♦❜

✐♥ t❤❡ tr❛♥q✉✐❧ ♣❡r✐♦❞ r❡❧❛t✐✈❡ t♦ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡✳

■♥t✉✐t✐✈❡❧②✱ t❤❡ ❜❡tt❡r ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥✲

❞❡♥❝❡ r❡✢❡❝ts t❤❛t t❤❡ ✈♦❧❛t✐❧✐t② ✭❛❜s♦❧✉t❡ r❡t✉r♥s✮ ✐s ❤✐❣❤❡r ❛♥❞ ❛s②♠♠❡tr✐❝

❡✛❡❝ts ✭s✐❣♥s✮ ❛r❡ ❧❛r❣❡r ✐♥ ❛ t✉r♠♦✐❧ ♣❡r✐♦❞✱ ❛♥❞ t❤❡② ❛r❡ ♠♦r❡ ❝♦rr❡❧❛t❡❞

✷✸



❛♥❞ ❝♦♠♦✈❡❞ ✐♥ ❛ ❜❛❞ t✐♠❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♠❛r❦❡ts ❛r❡ ♠♦r❡ st❛❜❧❡ ✐♥ ❛

♥♦r♠❛❧ t✐♠❡ s✉❝❤ t❤❛t ✈♦❧❛t✐❧✐t② ✐s ❧♦✇ ❛♥❞ t❤❡ s❦❡✇♥❡ss ✐s ❧❡ss ♥❡❣❛t✐✈❡✱ ❛♥❞

t❤❡✐r ❝♦rr❡❧❛t✐♦♥ ✐s ❧❡ss s✐❣♥✐✜❝❛♥t ✐♥ ❛ tr❛♥q✉✐❧ t✐♠❡✳ ❆s s✉❝❤✱ t❤❡ ❡♠♣✐r✐❝❛❧

❡✈✐❞❡♥❝❡ ✐♥ t❤✐s ♣❛♣❡r s✉♣♣♦rts t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥

♠♦❞❡❧s ✇❡❧❧ ❝❛♣t✉r❡ t❤❡s❡ st②❧✐③❡❞ ❢❛❝ts ❛♥❞ ♥♦♥❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ✐♥ ❞✐✛❡r✲

❡♥t ♠❛r❦❡t t✐♠✐♥❣s✱ ❜② ❡st✐♠❛t✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ✐♥ ❛ ♥♦r♠❛❧ t✐♠❡

❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ❞✉r✐♥❣ ❛ t✉r♠♦✐❧ ♣❡r✐♦❞✳

■♥ s✉♠♠❛r②✱ t❤❡ r♦❜✉st str❛t❡❣② ❢♦r ❛♥ ✐♥✈❡st♦r ✐s t♦ ❛❞♦♣t t❤❡ ❞②♥❛♠✐❝

❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❜② ❡①♣❧♦✐t✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡ ❢♦r ❛ t✉r♠♦✐❧

t✐♠❡✳ ❙✉❣❣❡st✐✈❡❧②✱ t❤❡ ❜❡tt❡r ❝❤♦✐❝❡ ❢♦r ❛ tr❛♥q✉✐❧ ♣❡r✐♦❞ ✐s t♦ t❛❦❡ t❤❡ ❞②✲

♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❜② ❛ss✉♠✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡✳ ❍❡♥❝❡✱

t❤❡ ✐♠♣❧✐❝❛t✐♦♥ ✐s ✉s❡❢✉❧ ❢♦r ❛♥ ✐♥✈❡st♦r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♠♦❞❡❧ ❝❤♦✐❝❡s ❜❛s❡❞

♦♥ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ ❛♥ ❡❝♦♥♦♠② ♦r t❤❡ t✐♠✐♥❣ ♦❢ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✳

✻✳✶✳✸ ❚✐♠❡✲❱❛r②✐♥❣ ❉❡♣❡♥❞❡♥❝❡

❚❤❡ ❝♦♥❝❡r♥ ❤❛s ❛❧s♦ ❜❡❡♥ r❛✐s❡❞ ❜② ❘❡♠❛r❦ ✸✳✷ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✿

✇❤❡t❤❡r t❤❡ ❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡ s♣❡❝✐✜❝❛t✐♦♥s r❡❞✉❝❡ t❤❡ ❣❛♣s ❜❡t✇❡❡♥ t❤❡

❞❡♣❡♥❞❡♥❝❡ r❡q✉❡st❡❞ ❜② t❤❡ s❛♠♣❧❡ r❡t✉r♥ ♠♦♠❡♥ts ❛♥❞ ❡st✐♠❛t❡❞ ❜② ❞②✲

♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s✳ ❋✐❣✉r❡ ✸ ♣❧♦ts t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ❞❡♣❡♥❞❡♥❝❡

♣❛r❛♠❡t❡rs✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ❝♦♥st❛♥t ♠♦❞❡❧ ❛r❡ r❡❧❛✲

t✐✈❡❧② st❛❜❧❡ ❛r♦✉♥❞ ✐ts ♠❡❛♥ ✭✵✳✵✽✶✻✮ ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ✭✵✳✵✸✺✮ ❛♥❞ ♠❛①✐✲

♠✉♠ ✭✵✳✶✼✾✮✳ ❇② ❝♦♥tr❛st✱ t❤❡ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❤❛✈❡ t❤❡ ❞❡✲

♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡rs ♠♦r❡ ✈♦❧❛t✐❧❡ t❤❛♥ t❤❡ ❝♦♥st❛♥t ♠♦❞❡❧ ♦✈❡r t✐♠❡✳ ❋♦r

✐♥st❛♥❝❡✱ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧❧② ✇❡✐❣❤t❡❞ ❞②♥❛♠✐❝ ♠♦❞❡❧s ❤❛✈❡ t❤❡ ❡st✐♠❛t❡❞

❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡rs ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ✭✵✳✵✵✵✵✹✮ ❛♥❞ ♠❛①✐♠✉♠ ✭✶✳✺✺✮✳

■ts ♠✐♥✐♠✉♠ ✈❛❧✉❡ ❝❧♦s❡ t♦ ③❡r♦ ✐♠♣❧✐❡s ❛ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡✱ ✇❤✐❧❡

✐ts ♠❛①✐♠✉♠ ✈❛❧✉❡ t❡♥❞s t♦ ❝❧♦s❡ t❤❡ ❣❛♣✳

❬❋✐❣✉r❡ ✸ ❛❜♦✉t ❤❡r❡❪

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❡st✐♠❛t❡❞ ❞❡♣❡♥❞❡♥❝❡ ❞❡❣r❡❡ ✐s r❡♠❛r❦❛❜❧② ❤✐❣❤❡r ❢♦r t❤❡

t✉r♠♦✐❧ t✐♠❡s✳ IGtype ♠♦❞❡❧ ❤❛s t❤❡ ❤✐❣❤❡st ❡st✐♠❛t❡❞ ♠❡❛♥ ❞❡♣❡♥❞❡♥❝❡

❛r♦✉♥❞ ✵✳✷✼✺ ✇❤✐❝❤ ✐s ✸✳✹ t✐♠❡s ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ❝♦♥st❛♥t ♠♦❞❡❧❀ ♠♦r❡
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✐♠♣♦rt❛♥t❧②✱ ■●t②♣❡ ♠♦❞❡❧ ❤❛s ❛❝❝♦♠♣❧✐s❤❡❞ ❜❡tt❡r ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st

t❤❛♥ ♠♦st ♦❢ ♦t❤❡rs✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ ❝♦♥st❛♥t ♠♦❞❡❧✱ t❤❡ ❞②♥❛♠✐❝ ♠♦❞✲

❡❧s ✐♠♣r♦✈❡ t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st ♣❡r❢♦r♠❛♥❝❡ ❜② ❤❛✈✐♥❣ t❤❡ ❡st✐♠❛t❡❞

❞❡♣❡♥❞❡♥❝❡ str✉❝t✉r❡ ❝❧♦s❡r t♦ t❤♦s❡ r❡q✉❡st❡❞ ❜② s❛♠♣❧❡ r❡t✉r♥ ♠♦♠❡♥ts✳

✻✳✷ ❚❡sts ♦❢ Pr❡❞✐❝t✐✈❡ ❆❜✐❧✐t②

❚♦ ❡✈❛❧✉❛t❡ t❤❡ st❛t✐st✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤❡ ❢♦r❡❝❛st✐♥❣ r❡s✉❧ts✱ ✇❡ ❛❞♦♣t

●✐❛❝♦♠✐♥✐ ❛♥❞ ❲❤✐t❡ ✭✷✵✵✻✮ t❡st ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ♣r❡❞✐❝t✐✈❡ ❛❜✐❧✐t②✳ ❚❛❜❧❡

✹ ♣r❡s❡♥ts t❤❡ t❡st r❡s✉❧ts✳ ❚❤❡ r❡❥❡❝t✐♦♥ ♦❢ t❤❡ ♥✉❧❧ ♦❢ ❡q✉❛❧ ♣r❡❞✐❝t✐✈❡

❛❜✐❧✐t② ✐s ❞❡♥♦t❡❞ ❜② ✯✱ ✯✯✱ ✯✯✯ ❛t ✶✵✪✱ ✺✪✱ ❛♥❞ ✶✪ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧s✳

❘❡❧❛t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ s✉♠♠❛r✐③❡s t❤❡ r❡❧❛t✐✈❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ♣❡r❢♦r♠❛♥❝❡ ❜②

❝♦♠♣✉t✐♥❣ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ t✐♠❡s ♦✈❡r t❤❡ ✇❤♦❧❡ ❢♦r❡❝❛st✐♥❣ ♣❡r✐♦❞ t❤❛t

t❤❡ ❢♦r❡❣♦✐♥❣ ❞❡❝✐s✐♦♥ r✉❧❡ ❝❤♦♦s❡s t❤❡ ♠♦❞❡❧ ❣✐✈❡♥ ✐♥ ❝♦❧✉♠♥ ❤❡❛❞✐♥❣ ♦✈❡r

t❤❡ ♠♦❞❡❧ ❣✐✈❡♥ ✐♥ r♦✇ ❤❡❛❞✐♥❣✳ ❚❤❡ ❡♥tr✐❡s ♦❢ ❞❡❝✐s✐♦♥ r✉❧❡✱ s❝❛❧❡❞ ❜②

104✱ ✐s t❤❡ ♠❡❛♥ ✈❛❧✉❡s ♦❢ ✜tt❡❞ ❧♦ss ❢✉♥❝t✐♦♥ ❞✐✛❡r❡♥❝❡✳ ❋♦❧❧♦✇✐♥❣ t❤❡ t✇♦✲

st❡♣ ♣r♦❝❡❞✉r❡ ♦❢ ●✐❛❝♦♠✐♥✐ ❛♥❞ ❲❤✐t❡ ✭✷✵✵✻✮✱ ✐♥ t❤❡ ❝❛s❡ ♦❢ r❡❥❡❝t✐♦♥✱ t❤❡

❞❡❝✐s✐♦♥ r✉❧❡ ❝❤♦♦s❡s t❤❡ ♠♦❞❡❧ ✐♥ ❝♦❧✉♠♥ ❤❡❛❞✐♥❣ ✐❢ ✐ts ❡♥tr② ✐s ♣♦s✐t✐✈❡✱

❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❋♦r t❡❝❤♥✐❝❛❧ ❞❡t❛✐❧s✱ s❡❡ ●✐❛❝♦♠✐♥✐ ❛♥❞ ❲❤✐t❡ ✭✷✵✵✻✮✳ P❛♥❡❧

❆ ❛♥❞ P❛♥❡❧ ❇ r❡♣♦rt t❤❡ t❡st r❡s✉❧ts ❢r♦♠ t❤❡ sq✉❛r❡❞ ❛♥❞ ❛❜s♦❧✉t❡ ❡rr♦rs✱

r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ t❡st r❡s✉❧ts ❢♦r t❤❡ ❢✉❧❧ ❛♥❞ ❝♦♠♣❛r✐s♦♥ ❢♦r❡❝❛st ♣❡r✐♦❞s ❛r❡

r❡♣♦rt❡❞✳✹

❬❚❛❜❧❡ ✹ ❛❜♦✉t ❤❡r❡❪

❋♦r t❤❡ ❝♦♥st❛♥t ♠♦❞❡❧s ✐♥ t❤❡ ❝♦♠♣❛r✐s♦♥ s❛♠♣❧❡ ♣❡r✐♦❞✱ ❚❛❜❧❡ ✹ ❤❛s

t❤❡ s✐♠✐❧❛r r❡s✉❧ts t♦ ❆♥❛t♦❧②❡✈ ❛♥❞ ●♦s♣♦❞✐♥♦✈ ✭✷✵✶✵✮ t❤❛t t❤❡ ❝♦♥st❛♥t

❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❞♦ ♥♦t s❤♦✇ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s ❢r♦♠

❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡ ❛♥❞ ❧✐♥❡❛r ♠♦❞❡❧s✱ ❛❧t❤♦✉❣❤ t❤❡ r❡❧❛t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ s✉❣✲

❣❡sts t❤❛t t❤❡ ❝♦♥st❛♥t ♠♦❞❡❧s ❞♦♠✐♥❛t❡ ❜♦t❤ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡ ❛♥❞ ❧✐♥❡❛r

♠♦❞❡❧s✳

❍♦✇❡✈❡r✱ t❤❡ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s t❡❧❧ ❞✐✛❡r❡♥t st♦r✐❡s t❤❛t t❤❡

st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s ❢r♦♠ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡ ❛♥❞ ❧✐♥❡❛r ♠♦❞❡❧s

✹❖t❤❡r s✉❜s❛♠♣❧❡ ♣❡r✐♦❞s ❛r❡ t♦♦ s❤♦rt t♦ ❝♦♥❞✉❝t ●✐❛❝♦♠✐♥✐ ❛♥❞ ❲❤✐t❡✬s t❡st✳

✷✺



❤❛✈❡ ❜❡❡♥ ♦❜s❡r✈❡❞ ✐♥ ♠❛♥② ❞②♥❛♠✐❝ ♠♦❞❡❧ ❡st✐♠❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥

t❤❡ ❝♦♠♣❛r✐s♦♥ ♣❡r✐♦❞ ❜❛s❡❞ ♦♥ ❛❜s♦❧✉t❡ ❡rr♦rs✱ ♠♦st DDM − CIs ❛r❡ s✐❣✲

♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❢r♦♠ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡✱ ❛♥❞ ♠♦st ♦❢ DDM − CDs ❛r❡

s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❢r♦♠ ❧✐♥❡❛r ♠♦❞❡❧✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ t❡sts ❜❛s❡❞ ♦♥ t❤❡

❢✉❧❧ s❛♠♣❧❡ ♣❡r✐♦❞ ♣r♦✈✐❞❡ ♠♦r❡ ❝♦♥✈✐♥❝✐♥❣ ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ s✉♣❡r✐♦r ♣r❡❞✐❝✲

t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ ❜❛s❡❞ ♦♥ ❜♦t❤ sq✉❛r❡❞ ❛♥❞ ❛❜s♦❧✉t❡ ❡rr♦rs✳ ❚❛❜❧❡ ✹ ❛❧s♦

s❤♦✇s t❤❛t t❤❡ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❛r❡ st❛t✐st✐❝❛❧❧② ❞✐✛❡r❡♥t ❢r♦♠

❝♦♥st❛♥t ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧ ✐♥ ❜♦t❤ s❛♠♣❧❡ ♣❡r✐♦❞s ❛♥❞ ❞✐✛❡r❡♥t ♠❡❛s✉r❡s

♦❢ ❧♦ss ❢✉♥❝t✐♦♥s✳

▼♦r❡ ✐♠♣♦rt❛♥t❧②✱ ✐♥ t❤❡s❡ s✐❣♥✐✜❝❛♥t ❝❛s❡s✱ t❤❡ ✈❛❧✉❡s ♦❢ ❞❡❝✐s✐♦♥ r✉❧❡

❛r❡ ♣♦s✐t✐✈❡✱ ✇❤✐❝❤ ✐♠♣❧② t❤❡ ❞❡❝✐s✐♦♥s ♦❢ ❝❤♦♦s✐♥❣ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥

♠♦❞❡❧s ❣✐✈❡♥ ✐♥ ❝♦❧✉♠♥ ❤❡❛❞✐♥❣s✳ ■♥ ❛❞❞✐t✐♦♥✱ ❛❧❧ t❤❡ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥

♠♦❞❡❧s ❤❛✈❡ ❞♦♠✐♥❛t❡❞ ❜❡♥❝❤♠❛r❦s ✐♥ t❡r♠s ♦❢ r❡❧❛t✐✈❡ ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r✲

♠❛♥❝❡✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❤❛✈❡ ♦♥ ❛✈❡r❛❣❡

❛♣♣r♦①✐♠❛t❡❧② ✾✵✪ ♦❢ t❤❡ t✐♠❡s ♦✈❡r t❤❡ ✇❤♦❧❡ ❢♦r❡❝❛st✐♥❣ ♣❡r✐♦❞ ♣❡r❢♦r♠✲

✐♥❣ ❜❡tt❡r t❤❛♥ ❜❡♥❝❤♠❛r❦s✳

■♥ ❣❡♥❡r❛❧✱ t❤❡ ♣❧♦t ♦❢ t❤❡ ♣r❡❞✐❝t❡❞ ❧♦ss ❞✐✛❡r❡♥❝❡s ✐s ✉s❡❢✉❧ ❢♦r ❛ss❡ss✐♥❣

t❤❡ r❡❧❛t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❝♦♠♣❡t✐♥❣ ♠❡t❤♦❞s ❛t ❞✐✛❡r❡♥t t✐♠❡s✳ ❋✐❣✲

✉r❡ ✹ ♣❧♦ts t❤❡ ♣r❡❞✐❝t❡❞ ❧♦ss ❞✐✛❡r❡♥❝❡s ♦✈❡r t✐♠❡✿ P❛♥❡❧ ❆ ✉s❡s ❤✐st♦r✐❝❛❧

❛✈❡r❛❣❡ ❛s ❜❡♥❝❤♠❛r❦ ❛♥❞ P❛♥❡❧ ❇ ✉s❡s CDM −CI ❛s ❜❡♥❝❤♠❛r❦✳ ❆ ♣♦s✐✲

t✐✈❡ ✈❛❧✉❡ ❛t t✐♠❡ t ✐♥❞✐❝❛t❡s t❤❡ ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧s ♣❡r❢♦r♠ ❜❡tt❡r t❤❛♥ t❤❡

❜❡♥❝❤♠❛r❦s✳

❬❋✐❣✉r❡ ✹ ❛❜♦✉t ❤❡r❡❪

P❛♥❡❧ ❆ ✐s ❛❜❧❡ t♦ ❞✐st✐♥❣✉✐s❤ t❤❡ ✉♥❞❡r✲ ✈s✳ ♦✉t✲♣❡r❢♦r♠❛♥❝❡ ♣❡r✐♦❞s ♦❢

t❤❡ ♠♦❞❡❧s✳ ❇♦t❤ CDM−CD ❛♥❞ DDM−CD ❤❛✈❡ ♣♦s✐t✐✈❡ ❧♦ss ❞✐✛❡r❡♥❝❡s

✐♥ ♠♦st ♦❢ t✐♠❡ ♣❡r✐♦❞s ❛❜♦✈❡ t❤❡ ③❡r♦ ❧✐♥❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❞✉r✐♥❣ t❤❡ ✜♥❛♥❝✐❛❧

❝r✐s✐s✱ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❛r❡ ✐♠♣r♦✈❡❞ ❞r❛♠❛t✐❝❛❧❧② ❜② ❡①♣❧♦✐t✐♥❣ t❤❡

❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ r❡t✉r♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ❛♥❞ s✐❣♥s✱ ✇❤✐❝❤ t✉r♥s t❤❡ ❧♦ss

❞✐✛❡r❡♥❝❡ t♦ ❜❡ ♣♦s✐t✐✈❡✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ ❝❛s❡s

✇✐t❤ ♥❡❣❛t✐✈❡ ❧♦ss ❞✐✛❡r❡♥❝❡✳ ❚❤❡ ❡✈✐❞❡♥❝❡ ✐s ❡✈❡♥ ♠♦r❡ ❝♦♥s♦❧✐❞❛t❡❞ ✇❤❡♥

❝♦♠♣❛r✐♥❣ ❞②♥❛♠✐❝ ♠♦❞❡❧s t♦ ❝♦♥st❛♥t ♠♦❞❡❧s ✐♥ P❛♥❡❧ ❇✳ ❚❤❡ ♠♦st ✐♠♣r❡s✲

s✐✈❡ ✐♠♣r♦✈❡♠❡♥t ✐s ❞✉r✐♥❣ t❤❡ t✇♦ t✉r♠♦✐❧ t✐♠❡s s❤♦✇♥ ❛s t❤❡ ♣♦s✐t✐✈❡ ❧♦ss

✷✻



❞✐✛❡r❡♥❝❡ ♦✈❡r t❤❡ ♣❡r✐♦❞ ♦❢ t✐♠❡✳

✻✳✸ ❈♦♣✉❧❛ ❙♣❡❝✐✜❝❛t✐♦♥s✿ ❖✉t✲♦❢✲❙❛♠♣❧❡ ❉❡♥s✐t② ❋♦r❡✲

❝❛st ❈♦♠♣❛r✐s♦♥

■t ❤❛s ❜❡❡♥ r❡❝❡♥t❧② ❞❡✈❡❧♦♣❡❞ t♦ ❛ss❡ss r❡❧❛t✐✈❡ ♣r❡❞✐❝t✐✈❡ ❛❝❝✉r❛❝② ❜② ❝♦♠✲

♣❛r✐♥❣ ♦✉t✲♦❢✲s❛♠♣❧❡ ❞❡♥s✐t② ❢♦r❡❝❛st t❤r♦✉❣❤ t❤❡ ❑✉❧❧❜❛❝❦✲▲❡✐❜❧❡r ✐♥❢♦r♠❛✲

t✐♦♥ ❝r✐t❡r✐♦♥ ✭❑▲■❈✮✳ ❆♠✐s❛♥♦ ❛♥❞ ●✐❛❝♦♠✐♥✐ ✭✷✵✵✼✮ ♣r♦✈✐❞❡ ❛♥ ✐♥t❡r❡st✲

✐♥❣ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ❑▲■❈✲❜❛s❡❞ ❝♦♠♣❛r✐s♦♥ ✐♥ t❡r♠s ♦❢ s❝♦r✐♥❣ r✉❧❡s✱

✇❤✐❝❤ ❛r❡ ❧♦ss ❢✉♥❝t✐♦♥s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❞❡♥s✐t② ❢♦r❡❝❛st ❛♥❞ t❤❡ ❛❝t✉❛❧❧②

♦❜s❡r✈❡❞ ❞❛t❛✳ ❉✐❦s ❡t ❛❧✳ ✭✷✵✶✵✮ ❝♦♠♣❛r❡ ♣r❡❞✐❝t✐✈❡ ❛❝❝✉r❛❝② ♦❢ ✈❛r✐♦✉s

❝♦♣✉❧❛ s♣❡❝✐✜❝❛t✐♦♥s ❢r♦♠ ❛♥ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st✐♥❣ ♣❡rs♣❡❝t✐✈❡ ❜② ✉s✐♥❣

♦✉t✲♦❢✲s❛♠♣❧❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ s❝♦r❡s ♦❜t❛✐♥❡❞ ❢r♦♠ ❝♦♣✉❧❛ ❞❡♥s✐t② ❢♦r❡❝❛sts✳

❚❤❡✐r t❡st ♠❡t❤♦❞ ✐s ✈❛❧✐❞ ✉♥❞❡r ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❝♦♠♣❡t✐♥❣ ❝♦♣✉✲

❧❛s ✐♥❝❧✉❞✐♥❣ t❤❡ ❞❡♥s✐t② ❢♦r❡❝❛sts ❢r♦♠ t✐♠❡✲✈❛r②✐♥❣ ❝♦♣✉❧❛ ♣❛r❛♠❡t❡rs✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛♣♣❧② ❉✐❦s ❡t ❛❧✳ ✭✷✵✶✵✮ ❛♣♣r♦❛❝❤ t♦ ❡✈❛❧✉❛t❡ t❤❡

♣r❡❞✐❝t✐✈❡ ❛❝❝✉r❛❝② ♦❢ ❞❡♥s✐t② ❢♦r❡❝❛sts ❛♠♦♥❣ ♦✉r ❝♦♣✉❧❛ ❞❡❝♦♠♣♦s✐t✐♦♥

s♣❡❝✐✜❝❛t✐♦♥s✱ ♣❛rt✐❝✉❧❛r❧② ❡q✭✸✳✻✮✲✭✸✳✶✸✮✳ ❚❤❡ ❑▲■❈ ♦❢ ❞❡♥s✐t② ❢♦r❡❝❛st

♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❝♦♣✉❧❛✲❜❛s❡❞ ♠♦❞❡❧ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ❛s KLICt+1 =
∑d

j=1 logf̂j,t(Yj,t+1) + logĉt(Ût+1)✱ ✇❤❡r❡ ĉt ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦♣✉❧❛ ❞❡♥s✐t②

❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❞❡♥s✐t② ❢♦r❡❝❛st✱ ❛♥❞ f̂j,t ✐s t❤❡ ❢♦r❡❝❛st ♦❢ ♠❛r❣✐♥❛❧ ❞✐s✲

tr✐❜✉t✐♦♥✱ j✳ ■♥ ♦✉r ❝❛s❡✱ d = 2 ❢♦r ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s✳ ❙✐♥❝❡ ✐♥ t❤✐s

♣❛♣❡r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♠❛r❣✐♥❛❧s ❛r❡ ✐❞❡♥t✐❝❛❧❧② s♣❡❝✐✜❡❞✱ t❤❡ ♠❛r❣✐♥❛❧ ❧♦❣✲

❧✐❦❡❧✐❤♦♦❞✱ logf̂t(Yt+1)✱ ❛r❡ ❝❛♥❝❡❧❡❞ ♦✉t✱ s♦ t❤❛t t❤❡ t❡st ❢♦r t❤❡ ♥✉❧❧ ❤②♣♦t❤✲

❡s✐s ♦❢ ❡q✉❛❧ ♣r❡❞✐❝t✐✈❡ ❛❝❝✉r❛❝② ✐s H0 : E(△KLIC) = E(logĉA,t(Ût+1)) −

E(logĉB,t(Ût+1)) = 0✱ ✇❤❡r❡ t❤❡ t❡r♠ logĉi,t(Ût+1) ✐s ❛ s❝♦r❡ ❛ss✐❣♥❡❞ t♦ t❤❡

❝♦♣✉❧❛ ♠♦❞❡❧ i ❜❛s❡❞ ♦♥ t❤❡ ♦❜t❛✐♥❡❞ ♣r♦❜❛❜✐❧✐t② ✐♥t❡❣r❛❧ tr❛♥s❢♦r♠ ✭P■❚✮

Ût+1✳ ❚❤❡ t❡st st❛t✐st✐❝ ♦❢ ❡q✉❛❧ ❑▲■❈ s❝♦r❡s✱ ❜❛s❡❞ ♦♥ ❛ ❤❡t❡r♦s❦❡❞❛st✐❝✲

✐t② ❛♥❞ ❛✉t♦✲❝♦✈❛r✐❛♥❝❡ ❝♦♥s✐st❡♥t ✭❍❆❈✮ ❡st✐♠❛t♦r✱ ❛s②♠♣t♦t✐❝❛❧❧② ❢♦❧❧♦✇s

❛ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ❜② ❛♣♣❧②✐♥❣ ❚❤❡♦r❡♠ ✹ ♦❢ ●✐❛❝♦♠✐♥✐ ❛♥❞

❲❤✐t❡ ✭✷✵✵✻✮✳ ❋♦r ❞❡t❛✐❧s✱ s❡❡ ❉✐❦s ❡t ❛❧✳ ✭✷✵✶✵✮✳

❚❛❜❧❡ ✺ ♣r❡s❡♥ts t❤❡ t❡st r❡s✉❧ts ♦❢ ♦✉t✲♦❢✲s❛♠♣❧❡ ❞❡♥s✐t② ❢♦r❡❝❛sts ❢♦r

t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s✳ ❲❡ ✉s❡ t❤❡ ❝♦♥st❛♥t ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧ ❛s
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❜❡♥❝❤♠❛r❦✱ cA✱ ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ♠♦❞❡❧s ❛s cB✳ ❚❤❡ ✈❛❧✉❡s ✐♥ ❚❛❜❧❡ ✺ ✐s

t❤❡ ♠❡❛♥ ♦❢ △KLIC✳ ❚❤❡ ✈❛❧✉❡ s✐❣♥s ✐♥❞✐❝❛t❡ ✇❤✐❝❤ ❝♦♣✉❧❛ s♣❡❝✐✜❝❛t✐♦♥s

♣❡r❢♦r♠ ❜❡tt❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛ ♥❡❣❛t✐✈❡ ✈❛❧✉❡ ✐♥❞✐❝❛t❡s t❤❡ ❜❡tt❡r ♣r❡❞✐❝t✐✈❡

❛❝❝✉r❛❝② ❢r♦♠ t❤❡ ❝♦♣✉❧❛ ♠♦❞❡❧ ❣✐✈❡♥ ✐♥ ❝♦❧✉♠♥ ❤❡❛❞✐♥❣✱ ❛s ❛ ❤✐❣❤❡r ❛✈❡r❛❣❡

❝♦♣✉❧❛ s❝♦r❡ ✐s ♣r❡❢❡rr❡❞✳

❬❚❛❜❧❡ ✺ ❛❜♦✉t ❤❡r❡❪

❚❤❡ t❡st r❡s✉❧ts ✐♥ ❚❛❜❧❡ ✺ s❤♦✇ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❝♦♣✉❧❛

♠♦❞❡❧s ❛r❡ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t✳ ■♥ ♠♦st ♦❢ t❤❡ s✐❣♥✐✜❝❛♥t ❝❛s❡s✱ t❤❡ ❞✐❢✲

❢❡r❡♥❝❡s ❜❡t✇❡❡♥ ❑▲■❈ s❝♦r❡s ❛r❡ ♥❡❣❛t✐✈❡✳ ❋♦r ✐♥st❛♥❝❡✱ IGtype✱ OSA ❛♥❞

TSA ❤❛✈❡ t❤❡ ❜❡st ♣r❡❞✐❝t✐✈❡ ❛❝❝✉r❛❝② ♦❢ ❞❡♥s✐t② ❢♦r❡❝❛sts✳ ❆❧❧ t❤❡s❡ ♠♦❞❡❧s

st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t❧② ♦✉t♣❡r❢♦r♠ t❤❡ ❝♦♥st❛♥t ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧ ❞✉❡

t♦ t❤❡✐r ♥❡❣❛t✐✈❡ △KLIC s✐❣♥s ❛❝r♦ss ✈❛r✐♦✉s s❛♠♣❧❡ ♣❡r✐♦❞s✳ ❚❛❜❧❡ ✺ ❛❧s♦

❡①❤✐❜✐ts t❤❛t ❊①♣❲❡✐❣❤t ❛♥❞ ●t②♣❡ ❞②♥❛♠✐❝ ♠♦❞❡❧s ❤❛✈❡ ♥❡❣❛t✐✈❡ s✐❣♥s ❜✉t

✐♥s✐❣♥✐✜❝❛♥t✳ ❆s ❛ r❡s✉❧t✱ t❤❡ t❡st r❡s✉❧ts ❢♦r ♦✉t✲♦❢✲s❛♠♣❧❡ ❞❡♥s✐t② ❢♦r❡❝❛st

❛❝❝✉r❛❝② ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ t❡sts ♦❢ ●✐❛❝♦♠✐♥✐ ❛♥❞ ❲❤✐t❡ ✭✷✵✵✻✮ t❤❛t

❜♦t❤ s❤♦✇ t❤❡ ❢♦r❡❝❛st✐♥❣ ✐♠♣r♦✈❡♠❡♥t ❢r♦♠ ♠♦❞❡❧✐♥❣ t✐♠❡✲✈❛r②✐♥❣ s❦❡✇♥❡ss

❜② ❛❧❧♦✇✐♥❣ t❤❡ ❞②♥❛♠✐❝ ❝♦♣✉❧❛ s♣❡❝✐✜❝❛t✐♦♥s ✳

✼ ❚❤❡ ❙♦✉r❝❡s ♦❢ ❋♦r❡❝❛st✐♥❣ P❡r❢♦r♠❛♥❝❡

❚❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡ ♦♥ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st✐♥❣ ❤❛s ❞❡✈♦t❡❞ t♦ t❡st ✇❤❡t❤❡r

♦♥❡ ♠♦❞❡❧ ♣❡r❢♦r♠s ❡q✉❛❧❧② ✇❡❧❧ ♦r s✉♣❡r✐♦r t♦ t❤❡ ♦t❤❡r ♠♦❞❡❧s ✐♥ ❛ st❛t✐s✲

t✐❝❛❧ s❡♥s❡✱ ❡✳❣✳✱ ❉✐❡❜♦❧❞ ❛♥❞ ▼❛r✐❛♥♦ ✭✶✾✾✺✮✱ ❲❡st ✭✶✾✾✻✮✱ ❲❤✐t❡ ✭✷✵✵✵✮

❛♥❞ ❈❧❛r❦ ❛♥❞ ❲❡st ✭✷✵✵✻✮✱ ❛♠♦♥❣ ♦t❤❡rs✳ ❊❧❧✐♦tt ❛♥❞ ❚✐♠♠❡r♠❛♥♥ ✭✷✵✵✽✮

♣r♦✈✐❞❡❞ ❛ r❡✈✐❡✇✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ✐♥ ❛ ♣s❡✉❞♦ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡✲

❝❛st✐♥❣ ❡♥✈✐r♦♥♠❡♥t ✐♥❢♦r♠s t❤❡ r❡s❡❛r❝❤❡r ♦♥❧② ❛❜♦✉t ✇❤✐❝❤ ♠♦❞❡❧ ❢♦r❡❝❛sts

❜❡st✱ ❛♥❞ ❞♦ ♥♦t s❤❡❞ ❧✐❣❤t ♦♥ ✇❤② t❤❛t ✐s t❤❡ ❝❛s❡✳ ■♥ ❝♦♥tr❛st✱ t❤❡ r❡❝❡♥t

♣❛♣❡r✱ ❘♦ss✐ ❛♥❞ ❙❡❦❤♣♦s②❛♥ ✭✷✵✶✶✮✱ ♣r♦♣♦s❡s ❛ ♥❡✇ ❡❝♦♥♦♠❡tr✐❝ ♣✐♥✲❞♦✇♥

♠❡t❤♦❞ t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ❡①✐st✐♥❣ ♠❡❛s✉r❡s ♦❢ ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡ ✐♥t♦

t❤❡ ✉♥❝♦rr❡❧❛t❡❞ ❝♦♠♣♦♥❡♥ts✱ ♥❛♠❡❧② ♣r❡❞✐❝t✐✈❡ ❝♦♥t❡♥t✱ ♦✈❡r✲✜tt✐♥❣ ✐ss✉❡✱

❛♥❞ ✉♥st❛❜❧❡ ❢♦r❡❝❛st✐♥❣ ❛❜✐❧✐t②✱ ✐♥ ♦r❞❡r t♦ ❡①♣❧♦✐t✐♥❣ t❤❡ s♦✉r❝❡s ♦❢ ❢♦r❡✲

❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳
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❚❤✐s ♣❛♣❡r ♣❛rt✐❝✉❧❛r❧② ❡♠♣❤❛s✐③❡ ✐♥ t❤❡ s♦✉r❝❡ ❝♦♠♣♦♥❡♥t ♦❢ ✉♥st❛❜❧❡

❢♦r❡❝❛st ❛❜✐❧✐t②✳ ❚❤❡ ✉♥st❛❜❧❡ ❢♦r❡❝❛st✐♥❣ ❛❜✐❧✐t② ♠✐❣❤t ❜❡ ❝❛✉s❡❞ ❜② ❝❤❛♥❣❡s

✐♥ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧s✱ ❛s ✇❡❧❧ ❛s ❜② ✉♥♠♦❞❡❧❡❞ ❝❤❛♥❣❡s ✐♥ t❤❡

st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ❣❡♥❡r❛t✐♥❣ t❤❡ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ✐♥st❛❜✐❧✐t② ♦❢ ♠♦❞❡❧s✬ ❢♦r❡✲

❝❛st✐♥❣ ❛❜✐❧✐t② ♠❡❛s✉r❡s t❤❡ ♣r❡s❡♥❝❡ ♦❢ t✐♠❡ ✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ♠♦❞❡❧s✬ ♣❡r✲

❢♦r♠❛♥❝❡ r❡❧❛t✐✈❡ t♦ t❤❡✐r ❛✈❡r❛❣❡ ♣❡r❢♦r♠❛♥❝❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥♦ t✐♠❡

✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ❡①♣❡❝t❡❞ r❡❧❛t✐✈❡ ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳

❚❛❜❧❡ ✻ ♣r❡s❡♥ts t❤❡ t❡st r❡s✉❧ts ❢♦r t❤❡ ✉♥st❛❜❧❡ ❢♦r❡❝❛st ❛❜✐❧✐t② ✇✐t❤

t❤❡ ❢♦r❡❝❛st✐♥❣ ♣❡r✐♦❞✿ ✶✾✽✷✿✵✶✲✷✵✶✵✿✶✷✳✺ ❚❤❡ ♠♦❞❡❧s ✐♥ t❤❡ ✜rst ❝♦❧✉♠♥

❛s ❜❡♥❝❤♠❛r❦s ❛r❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♠♦❞❡❧s ✐♥ t❤❡ ✜rst r♦✇✳ ❚❤❡ ❡♥tr✐❡s ✐♥

t❛❜❧❡ ✻ ❛r❡ t❤❡ t❡st st❛t✐st✐❝s ❢♦r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s❡s ♦❢ ♥♦ ❞✐✛❡r❡♥❝❡ ✐♥ t✐♠❡

✈❛r✐❛t✐♦♥ ♦❢ ❢♦r❡❝❛st✐♥❣ ❛❜✐❧✐t②✱ ❞❡♥♦t❡❞ ❛s Γ
(A)
p ✐♥ ❘♦ss✐ ❛♥❞ ❙❡❦❤♣♦s②❛♥

✭✷✵✶✶✮✳ P❛♥❡❧ ❆ ❛♥❞ ❇ r❡♣♦rt t❤❡ t❡st r❡s✉❧ts ❢r♦♠ t❤❡ ❧♦ss ❢✉♥❝t✐♦♥s ♦❢

sq✉❛r❡❞ ❡rr♦rs ❛♥❞ ❛❜s♦❧✉t❡ ❡rr♦rs✱ r❡s♣❡❝t✐✈❡❧②✳

❬❚❛❜❧❡ ✻ ❛❜♦✉t ❤❡r❡❪

❚❤❡ t❡st r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❛❝❝♦✉♥t✐♥❣

❢♦r t✐♠❡✲✈❛r②✐♥❣ s❦❡✇♥❡ss ❤❛✈❡ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❢♦r❡❝❛st✐♥❣ ❛❜✐❧✐t② ♦✈❡r

t✐♠❡✳ ❚❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ ♥♦ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ t✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ ❢♦r❡❝❛st✐♥❣

❛❜✐❧✐t② ❛r❡ r❡❥❡❝t❡❞ ❢♦r ❛❧❧ ♣❛✐r✇✐s❡ ♠♦❞❡❧ ❝♦♠♣❛r✐s♦♥s ❜❛s❡❞ ♦♥ ❜♦t❤ sq✉❛r❡❞

❛♥❞ ❛❜s♦❧✉t❡ ❡rr♦r ❧♦ss ❢✉♥❝t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥

♠♦❞❡❧s ❝♦✉❧❞ ♦✉t♣❡r❢♦r♠ ❝♦♥st❛♥t ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ✇✐t❤✐♥ ❛ ❝❡rt❛✐♥

t✐♠❡ ♣❡r✐♦❞✱ ❜✉t ♣♦ss✐❜❧② ✉♥❞❡r♣❡r❢♦r♠ ❢♦r t❤❡ ♦t❤❡r s✉❜♣❡r✐♦❞✳ Pr♦♠✐♥❡♥t❧②✱

t❤❡s❡ t❡st r❡s✉❧ts s✉❜st❛♥t✐❛❧❧② s✉♣♣♦rt ♦✉r ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣s ✐♥ ♣r❡✈✐♦✉s

s❡❝t✐♦♥s t❤❛t t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st ♦❢ ♦✉r ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s

❣❡♥❡r❛t❡s ♠✉❝❤ ❜✐❣❣❡r ❣❛✐♥s t❤❛♥ t❤❡ ❝♦♥st❛♥t ♠♦❞❡❧s❀ ♥♦♥❡t❤❡❧❡ss✱ t❤❡ ❣❛✐♥s

❛r❡ ♠✉❝❤ s♠❛❧❧❡r ✐♥ ❛ tr❛♥q✉✐❧ ♣❡r✐♦❞ t❤❛♥ ❞✉r✐♥❣ ❛ t✉r♠♦✐❧ t✐♠❡✳ ❆❧s♦✱

❛♥ ✐♥✈❡st♦r ❜❡♥❡✜ts ❧❛r❣❡❧② ❢r♦♠ t❤❡ ❢♦r❡❝❛st ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ❝♦♥❞✐t✐♦♥❛❧

❞❡♣❡♥❞❡♥❝❡ ✇✐t❤✐♥ ❛ t✉r♠♦✐❧ t✐♠❡✳ ❚❤✐s t✐♠✐♥❣ s♣❡❝✐✜❝ ♥❛t✉r❡ ✐s ❤✐❣❤❧② ✐♥

❧✐♥❡ ✇✐t❤ t❤❡ t❡st r❡s✉❧ts ❢♦r ✉♥st❛❜❧❡ ❢♦r❡❝❛st✐♥❣ ❛❜✐❧✐t②✳ ❚❡sts ❢♦r t❤❡ ♦t❤❡r

t✇♦ ❝♦♠♣♦♥❡♥ts✱ ♥♦t r❡♣♦rt❡❞ ❤❡r❡✱ ❛❧s♦ ♣r♦✈✐❞❡ t❤❡ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡s ❢♦r

✺❖t❤❡r s✉❜s❛♠♣❧❡ ♣❡r✐♦❞s ❛r❡ t♦♦ s❤♦rt t♦ ❝♦♥❞✉❝t t❤❡ t❡st ♦❢ ❘♦ss✐ ❛♥❞ ❙❡❦❤♣♦s②❛♥
✭✷✵✶✶✮✳

✷✾



✉♥❞❡rst❛♥❞✐♥❣ t❤❡ ❞✐✛❡r❡♥t ❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡s ❜❡t✇❡❡♥ ♠♦❞❡❧s✳ ❚❤❡

s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡ ✐♥ ♣r❡❞✐❝t✐✈❡ ❝♦♥t❡♥t ✐s ❞✉❡ t♦ t❤❡ ❞②♥❛♠✐❝ ❢✉♥❝t✐♦♥

❢♦r♠ ✐♥ ❞❡♣❡♥❞❡♥❝❡ ♣❛r❛♠❡t❡rs ❢♦r ♠♦❞❡❧✐♥❣ t✐♠❡✲✈❛r②✐♥❣ t❛✐❧ ❞❡♣❡♥❞❡♥❝❡

❛♥❞ ❛s②♠♠❡tr②✳ ❇② ❝♦♥tr❛st✱ ♥♦ str♦♥❣ ❡✈✐❞❡♥❝❡ s❤♦✇ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ♦✈❡r✲

✜tt✐♥❣ ✐ss✉❡ ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧s✳

✽ ▲✐♥❦s t♦ ❘❡❛❧ ❊❝♦♥♦♠②

❚❤❡ ❢✉rt❤❡r ❢♦r❡❝❛st✐♥❣ ✐♠♣r♦✈❡♠❡♥t ❝♦✉❧❞ ❛❧s♦ ❧✐❡ ✐♥ ✇❤❡t❤❡r t❤❡ ❢♦r❡❝❛sts

❛r❡ s✐❣♥✐✜❝❛♥t❧② ❛♥❞ ❡❝♦♥♦♠✐❝❛❧❧② ❝♦♥♥❡❝t❡❞ t♦ r❡❛❧ ❡❝♦♥♦♠② ❛♥❞ ❥✉st✐✜❡❞

❜② ❡❝♦♥♦♠✐❝ t❤❡♦r✐❡s✳ ❈❛♠♣❜❡❧❧ ❛♥❞ ❚❤♦♠♣s♦♥ ✭✷✵✵✽✮ ❛r❣✉❡ t❤❛t t❤❡ ❡♠✲

♣✐r✐❝❛❧ ♠♦❞❡❧s ❝❛♥ ②✐❡❧❞ ✉s❡❢✉❧ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛sts ✐❢ ♦♥❡ r❡str✐❝ts t❤❡✐r

♣❛r❛♠❡t❡rs ✐♥ ❡❝♦♥♦♠✐❝❛❧❧② ❥✉st✐✜❡❞ ✇❛②s✳ ❘❡❝❡♥t❧②✱ t❤❡ ✜♥❛♥❝❡ ❧✐t❡r❛t✉r❡

❤❛s ❜❡❡♥ ❡①♣❧♦✐t✐♥❣ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ❛♥❞ ❡✈✐❞❡♥❝❡ ♦❢ ❡❝♦♥♦♠✐❝ t❤❡♦r✐❡s ✐♥

♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st✐♥❣✳ ❊♥❣❧❡ ❛♥❞ ❘❛♥❣❡❧ ✭✷✵✵✽✮ ❛♥❞ ❊♥❣❧❡ ❡t ❛❧✳ ✭✷✵✵✽✮

✜♥❞ t❤❛t ✐♠♣✉t✐♥❣ ❡❝♦♥♦♠✐❝ ❢✉♥❞❛♠❡♥t❛❧s ✐♥t♦ st♦❝❦ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧s ♣❛②s

♦✛ ✐♥ t❡r♠s ♦❢ ❜♦t❤ ❧♦♥❣ ❛♥❞ s❤♦rt ❤♦r✐③♦♥ ❢♦r❡❝❛st✐♥❣✳ ●❤②s❡❧s ❡t ❛❧✳ ✭✷✵✶✶✮

s❤♦✇ ❛ str♦♥❣ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ s❦❡✇♥❡ss ❛♥❞ ♠❛❝r♦❡❝♦✲

♥♦♠✐❝ ✈❛r✐❛❜❧❡s✳ ❘❛♣❛❝❤ ❡t ❛❧✳ ✭✷✵✶✵✮ ❧✐♥❦ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ❢♦r❡❝❛sts t♦ t❤❡

r❡❛❧ ❡❝♦♥♦♠② ❢♦r ❛♥ ❡❝♦♥♦♠✐❝ r❛t✐♦♥❛❧❡ ♦❢ t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ❣❛✐♥s✳

P❛rt✐❝✉❧❛r❧②✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r t❤❡ ❢♦r❡❝❛sts ♦❢ t✐♠❡✲✈❛r②✐♥❣ s❦❡✇✲

♥❡ss ❛♥❞ ❞♦✇♥s✐❞❡ r✐s❦s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ❛ s❡t ♦❢ ♣r❡❞❡t❡r♠✐♥❡❞ st❛t❡

✈❛r✐❛❜❧❡s ❛♥❞ ✇❡❧❧ tr❛❝❡ t♦ ❡❝♦♥♦♠✐❝ ✢✉❝t✉❛t✐♦♥s✳ ❚❤❡ ♠♦♥t❤❧② ❡❝♦♥♦♠✐❝

st❛t❡ ✈❛r✐❛❜❧❡s✱ ✐♥❝❧✉❞✐♥❣ ◆❇❊❘✲❞❛t❡❞ ❜✉s✐♥❡ss✲❝②❝❧❡✱ ●❉P ❣r♦✇t❤ r❛t❡✱ ✐♥✲

✢❛t✐♦♥✱ s❤♦rt✲t❡r♠ ✐♥t❡r❡st r❛t❡✱ t❡r♠ ♣r❡♠✐✉♠ ❛♥❞ t❡r♠ s♣r❡❛❞✱ ✇❡r❡ t❛❦❡♥

❢r♦♠ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❇❛♥❦ ♦❢ ❙t✳ ▲♦✉✐s ❛♥❞ t❤❡ ❤♦✉s✐♥❣ ♣r✐❝❡ ❢r♦♠ ❋❡❞✲

❡r❛❧ ❍♦✉s✐♥❣ ❋✐♥❛♥❝❡ ❆❣❡♥❝②✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝♦r♣♦r❛t❡ ❜♦♥❞ ❆❛❛

❛♥❞ ❇❛❛ ②✐❡❧❞s r❡♣r❡s❡♥ts t❡r♠ ♣r❡♠✐✉♠ ❛s ❛ ♣r♦①② ♦❢ ❝r❡❞✐t r✐s❦✱ ✇❤✐❧❡

t❡r♠ s♣r❡❛❞ ✐s ❝♦♠♣✉t❡❞ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ✶✵✲②❡❛r ❛♥❞ ✸✲♠♦♥t❤ ❚✲

❜✐❧❧ r❛t❡s ❛s ❛♥ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❡r♠ str✉❝t✉r❡ ❢♦r ❢✉t✉r❡ ❡❝♦♥♦♠✐❝ ❝♦♥❞✐t✐♦♥✳

❯s✐♥❣ t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ r♦❧❧✐♥❣ ✇✐♥❞♦✇✱ ✇❡ ❛❧s♦ ❝♦♠♣✉t❡ t❤❡ ✈♦❧❛t✐❧✐t② ❢♦r

s❤♦rt✲t❡r♠ ✐♥t❡r❡st r❛t❡✱ ●❉P ❣r♦✇t❤✱ ✐♥✢❛t✐♦♥ ❛♥❞ ❤♦✉s✐♥❣ ♣r✐❝❡ ❛s t❤❡

♣r♦①② ♦❢ ♠❛❝r♦❡❝♦♥♦♠✐❝ ✉♥❝❡rt❛✐♥t②✳

✸✵



✽✳✶ ❚r❛❝❡ t♦ ◆❇❊❘✲❞❛t❡❞ ❇✉s✐♥❡ss ❈②❝❧❡ P❤❛s❡s

■♥ t❤❡ s♣✐r✐t ♦❢ ❘❛♣❛❝❤ ❡t ❛❧✳ ✭✷✵✶✵✮✱ ✇❡ tr❛❝❡ t❤❡ t✐♠❡✲✈❛r②✐♥❣ s❦❡✇♥❡ss ❛♥❞

❞♦✇♥ r✐s❦ ❢♦r❡❝❛sts t♦ ◆❇❊❘✲❞❛t❡❞ ❜✉s✐♥❡ss ❝②❝❧❡ ♣❤❛s❡s✱ t♦ s❡❡ ✐❢ t❤❡r❡ ✐s ❛♥②

❡✈✐❞❡♥❝❡ ❢♦r t❤❡ ❝♦♥♥❡❝t✐♦♥s t♦ ♠❛❝r♦❡❝♦♥♦♠✐❝ ✢✉❝t✉❛t✐♦♥✳ ❋✐❣✉r❡ ✺ ❞❡♣✐❝ts

t❤❡ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛sts ❛❧♦♥❣ ✇✐t❤ ✈❡rt✐❝❛❧ ❧✐♥❡s ✐♥❞✐❝❛t✐♥❣ ◆❇❊❘✲❞❛t❡❞

❜✉s✐♥❡ss✲❝②❝❧❡ ♣❤❛s❡s ♦❢ r❡❝❡ss✐♦♥s ✭❘❡❝✮ ❛♥❞ ❡①♣❛♥s✐♦♥s ✭❊①♣❛♥✮✳ P❡❛❦s ✭P✮

❛♥❞ tr♦✉❣❤s ✭❚✮ ✐♥ ❋✐❣✉r❡ ✺ ❛r❡ ✉s❡❞ t♦ tr❛❝❦ t✉r♥✐♥❣ ♣♦✐♥ts ♦❢ t❤❡s❡ ♣❤❛s❡s✳

❖✈❡r t❤❡ ✶✾✽✷✿✵✶✲✷✵✶✵✿✶✷ ♦✉t✲♦❢✲s❛♠♣❧❡ ♣❡r✐♦❞✱ t❤❡r❡ ❛r❡ ❢♦✉r r❡❝❡ss✐♦♥s✿

✭✶✮ ✶✾✽✷✿✵✶✲✶✾✽✷✿✶✶❀ ✭✷✮ ✶✾✾✵✿✵✽✲✶✾✾✶✿✵✸❀ ✭✸✮ ✷✵✵✶✿✵✹✲✷✵✵✶✿✶✶❀ ✭✹✮ ✷✵✵✽✿✵✶✲

✷✵✵✾✿✵✻✳

❬❋✐❣✉r❡ ✺ ❛❜♦✉t ❤❡r❡❪

❋✐❣✉r❡ ✺ s❤♦✇s ✇❡❧❧✲❞❡✜♥❡❞ ♣❛tt❡r♥s ❢♦r t❤❡s❡ ❢♦r❡❝❛sts ❛r♦✉♥❞ t❤❡ ♣❡❛❦s

❛♥❞ tr♦✉❣❤s✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s ✐♥ ♦r❞❡r✿

✭✐✮ ❚❤❡ ❢♦r❡❝❛sts ♦❢ r❡t✉r♥ ❞♦✇♥s✐❞❡ r✐s❦ ❤❛✈❡ s❤❛r♣ ✐♥❝r❡❛s❡s ❞✉r✐♥❣ t❤❡s❡

r❡❝❡ss✐♦♥ ♣❡r✐♦❞s ❛♥❞ q✉✐❝❦ ❞r♦♣s ❛t t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ r❡❝❡ss✐♦♥ ♣❡r✐♦❞ t♦

❜❡❝♦♠❡ t✉r♥✐♥❣ ♣♦✐♥ts ♦❢ r❡❝♦✈❡r✐♥❣ ❢r♦♠ ❜❛❞ t✐♠❡s✳ ❚❤❡s❡ ❢♦r❡❝❛sts ❛❧s♦

s❤♦✇ ❧♦✇ ✈❛❧✉❡s ❝❧♦s❡❧② ♥❡❛r t❤❡ ♣❡❛❦s ♣r❡❝❡❞✐♥❣ t❤❡s❡ r❡❝❡ss✐♦♥s✱ ✇❤✐❝❤

t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❢♦❧❧♦✇❡❞ s❤❛r♣ ✐♥❝r❡❛s❡s ❢♦r♠ t✉r♥✐♥❣ ♣♦✐♥ts ♦❢ ❡♥t❡r✐♥❣

❜❛❞ t✐♠❡s✳ ❚❤❡ ❢♦r❡❝❛sts ♦❢ ❞♦✇♥s✐❞❡ r✐s❦ ❞✉r✐♥❣ ❡①♣❛♥s✐♦♥ t✐♠❡s ❛r❡ ❧♦✇

✇✐t❤ ❞♦✇♥tr❡♥❞✳

✭✐✐✮ ❚❤❡ ❢♦r❡❝❛st ♦❢ r❡t✉r♥ s❦❡✇♥❡ss ❢♦r t❤❡ r❡❝❡ss✐♦♥ ♦❢ ❡❛r❧② ✶✾✾✵s ✐s

♠♦❞❡st✱ ✇❤✐❧❡ t❤❡ ❧❛r❣❡st ❝❤❛♥❣❡s ✐♥ r❡t✉r♥ s❦❡✇♥❡ss ❢♦r❡❝❛st ♦❝❝✉r ✐♥ t❤❡

r❡❝❡♥t ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❚❤✐s ♠❛❦❡s s❡♥s❡✱ s✐♥❝❡ t❤❡ ❢♦r♠❡r r❡❝❡ss✐♦♥ ✐s ♠✉❝❤

♠✐❧❞❡r t❤❛♥ t❤❡ r❡❝❡♥t ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❚❤❡ s❦❡✇♥❡ss ❢♦r❡❝❛sts ❤❛✈❡ ✇❡❧❧

r❡✢❡❝t❡❞ t❤❡ t✉r♥✐♥❣ ♣♦✐♥ts ♦❢ ✐♥ ❛♥❞ ♦✉t ♦❢ ❜❛❞ t✐♠❡s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱

t❤❡r❡ ✐s ♥♦t ♠✉❝❤ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ s❦❡✇♥❡ss ❢♦r❡❝❛sts ♦❢ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡✱

✇❤✐❝❤ ❤❛s ♦♥❧② ❛ s✉❞❞❡♥ ❛♥❞ ♣❡r♠❛♥❡♥t ❞❡❝r❡❛s✐♥❣ ✐♥ ✶✾✽✼✱ ❝♦rr❡s♣♦♥❞✐♥❣

t♦ t❤❡ st♦❝❦ ♠❛r❦❡t ❝♦❧❧❛♣s❡✳

❖✈❡r❛❧❧✱ ❋✐❣✉r❡ ✺ ❞❡♠♦♥str❛t❡s t❤❛t t❤❡ ❢♦r❡❝❛sts ♦❢ t✐♠❡✲✈❛r②✐♥❣ r❡t✉r♥

❤✐❣❤❡r ♠♦♠❡♥ts ❝❧♦s❡❧② tr❛❝❦ ◆❇❊❘✲❞❛t❡❞ ❜✉s✐♥❡ss✲❝②❝❧❡ ♣❤❛s❡s✳ ❚❤❡ ❤✐s✲

t♦r✐❝❛❧ ❛✈❡r❛❣❡ ❢♦r❡❝❛st ❛♣♣❡❛rs t♦♦ s♠♦♦t❤❀ t❤❛t ✐s✱ ❢r♦♠ ❛♥ ❡❝♦♥♦♠✐❝ ♣❡r✲

s♣❡❝t✐✈❡✱ t❤❡ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡ ❢♦r❡❝❛st ✐❣♥♦r❡s ❜✉s✐♥❡ss✲❝②❝❧❡ ✢✉❝t✉❛t✐♦♥s
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❛♥❞ t❤✉s ❢❛✐❧s t♦ ✐♥❝♦r♣♦r❛t❡ ♠❡❛♥✐♥❣❢✉❧ ♠❛❝r♦❡❝♦♥♦♠✐❝ ✐♥❢♦r♠❛t✐♦♥✳ ❖♣♣♦✲

s✐t❡ t♦ t❤❡ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡ ❢♦r❡❝❛st✱ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧ ✐s ❝❛♣❛❜❧❡ ♦❢

✐♥❝❧✉❞✐♥❣ r❡❧❡✈❛♥t ♠❛❝r♦❡❝♦♥♦♠✐❝ ✐♥❢♦r♠❛t✐♦♥✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❢✉rt❤❡r

✐♥✈❡st✐❣❛t❡ t❤❡ r❡❧❛t✐♦♥ s✐❣♥✐✜❝❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❢♦r❡❝❛sts ❛♥❞ ♠❛❝r♦❡❝♦♥♦♠✐❝

✈❛r✐❛❜❧❡s✳

✽✳✷ ❘❡❧❛t✐♦♥ ✇✐t❤ ▼❛❝r♦❡❝♦♥♦♠✐❝ ❱❛r✐❛❜❧❡s

❚♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❝♦♥♥❡❝t✐♦♥s ♦❢ t❤❡s❡ ❢♦r❡❝❛sts t♦ ♠❛❝r♦❡❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡s✱

❢♦❧❧♦✇✐♥❣ ●❤②s❡❧s ❡t ❛❧✳ ✭✷✵✶✶✮✱ ✇❡ r✉♥ t❤❡ r❡❣r❡ss✐♦♥s ♦❢ t❤❡ ❢♦r❡❝❛st✐♥❣

✈❛❧✉❡s ❛t t✐♠❡ t+ 1 ♦♥ st❛t❡ ✈❛r✐❛❜❧❡s ❛t t✐♠❡ t✿

υ̂t+1 = φ0 + φ1xt + et+1

✇❤❡r❡ ν̂t+1 =
{

d̂riskt+1, ŝkewt+1

}

❛r❡ ❢♦r❡❝❛st ✈❛❧✉❡s ❛t t✐♠❡ t + 1 ♦❢

t✐♠❡✲✈❛r②✐♥❣ ❞♦✇♥s✐❞❡ r✐s❦ ❛♥❞ s❦❡✇♥❡ss ❢r♦♠ ✭✹✳✹✮ ❛♥❞✭✹✳✼✮❀ ❛♥❞✱ xt =

{GGt, Inflt, IRt, HPt, TPt, TSt, } ❝♦♥t❛✐♥s t❤❡ s❡t ♦❢ ♠❛❝r♦❡❝♦♥♦♠✐❝ ✈❛r✐✲

❛❜❧❡s ❛t t✐♠❡ t✱ ♥❛♠❡❧② ●❉P ❣r♦✇t❤✱ ✐♥✢❛t✐♦♥✱ s❤♦rt✲t❡r♠ ✐♥t❡r❡st r❛t❡✱

❤♦✉s✐♥❣ ♣r✐❝❡✱ t❡r♠ ♣r❡♠✐✉♠ ❛♥❞ t❡r♠ s♣r❡❛❞✱ r❡s♣❡❝t✐✈❡❧②✳ et+1 ✐s ❡rr♦r

t❡r♠s✳ ❚❤❡ s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t✱ φ1 ✐s ♦❢ ✐♥t❡r❡st ❢♦r ❛ r❡❧❛t✐♦♥s❤✐♣

t❡st✐♥❣ ♣✉r♣♦s❡✳ ❚❛❜❧❡ ✼ r❡♣♦rts t❤❡ r❡❣r❡ss✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❝♦❡✣❝✐❡♥t✱ φ1

❛❧♦♥❣ ✇✐t❤ ✐ts s✐❣♥✐✜❝❛♥❝❡ ❛t ✶✪✱ ✺✪✱ ❛♥❞ ✶✵✪ ❧❡✈❡❧s ❞❡♥♦t❡❞ ❜② ✯✯✯✱ ✯✯✱

❛♥❞ ✯✳

❬❚❛❜❧❡ ✼ ❛❜♦✉t ❤❡r❡❪

✽✳✷✳✶ ❚❡r♠ Pr❡♠✐✉♠ ❛♥❞ ❚❡r♠ ❙♣r❡❛❞

❚❤❡ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❢♦r❡❝❛sts ❛♥❞ t❡r♠ s♣r❡❛❞ ❛r❡ st❛t✐st✐❝❛❧❧② s✐❣✲

♥✐✜❝❛♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❡r♠ s♣r❡❛❞ ✐s ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ ❞♦✇♥s✐❞❡

r✐s❦ ❛♥❞ ♥❡❣❛t✐✈❡❧② ✇✐t❤ s❦❡✇♥❡ss✳ ❙✉❝❤ s✐❣♥✐✜❝❛♥t ❝♦rr❡❧❛t✐♦♥s ✐♥❞✐❝❛t❡ t❤❛t

t❤❡ ❢♦r❡❝❛sts ❢r♦♠ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❡✛❡❝t✐✈❡❧② ✐♥❝♦r♣♦r❛t❡ ♠❛❝r♦❡✲

❝♦♥♦♠✐❝ ✐♥❢♦r♠❛t✐♦♥ ✭❡✳❣✳✱ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ ❢✉t✉r❡ ❡❝♦♥♦♠✐❝ ❝♦♥❞✐t✐♦♥s✮✱

❛♥❞ t❤❡✐r ❢♦r❡❝❛st ♣❡r❢♦r♠❛♥❝❡ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ✭❥✉st✐✜❡❞✮ t♦ s♦♠❡ ❡①t❡♥t

❜② ❡❝♦♥♦♠✐❝ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ❢♦r❡❝❛sts ❛r❡ ❛❧s♦ s✉❜st❛♥t✐❛❧❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤

✸✷



❝r❡❞✐t r✐s❦✭t❡r♠ ♣r❡♠✐✉♠✮✳ ❚❤✐s r❡s✉❧t ✐♥❞✐❝❛t❡s t❤❛t ❝r❡❞✐t r✐s❦ ✐s ♠♦r❡

❧✐❦❡❧② ❛ t②♣❡ ♦❢ t❛✐❧ r✐s❦ ♦r ❡①tr❡♠❡ ❡✈❡♥ts ✇❤✐❝❤ ❝❛♥ ❜❡ ❜❡tt❡r ♠♦❞❡❧❡❞ ❜②

t❤❡ t❛✐❧ ❞❡♣❡♥❞❡♥❝❡✳

✽✳✷✳✷ ■♥t❡r❡st ❘❛t❡

❆❧❧ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s ❤❛✈❡ s❤♦✇♥ s✐❣♥✐✜❝❛♥t ♥❡❣❛t✐✈❡ r❡❧❛t✐♦♥s ♦❢ t❤❡

s❤♦rt✲t❡r♠ ✐♥t❡r❡st r❛t❡ ✇✐t❤ ❞♦✇♥s✐❞❡ r✐s❦✱ ✇❤❡r❡❛s t❤❡ s✐❣♥✐✜❝❛♥t ♣♦s✐t✐✈❡

❝♦rr❡❧❛t✐♦♥s ✇✐t❤ r❡t✉r♥ s❦❡✇♥❡ss ❢♦r❡❝❛st ❝❛♥ ❜❡ s❡❡♥ ♦♥❧② ✐♥ ❊①♣❲❡✐❣❤t

❛♥❞ ■●t②♣❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s✳ ❚❤❡ ♥❡❣❛t✐✈❡ ❝♦rr❡❧❛t✐♦♥s ♦❢ t❤❡ ✐♥t❡r❡st

r❛t❡ ✇✐t❤ ❞♦✇♥s✐❞❡ r✐s❦ ❢♦r❡❝❛sts ♠❛❦❡ s❡♥s❡ ✐♥ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✐♥t❡r❡st

r❛t❡ ✇✐❧❧ ❣❡♥❡r❛❧❧② ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ st♦❝❦ ♠❛r❦❡ts✳

❚❤❡ ✈♦❧❛t✐❧✐t② ♦❢ s❤♦rt✲t❡r♠ ✐♥t❡r❡st r❛t❡ ✐s ♥♦t ❝♦rr❡❧❛t❡❞ ✇✐t❤ ❞♦✇♥s✐❞❡

r✐s❦ ❛♥❞ s❦❡✇♥❡ss ❢♦r❡❝❛sts✳ ❚❤❡s❡ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ✐♥t❡r❡st r❛t❡ ✉♥✲

❝❡rt❛✐♥t② ❞♦❡s ♥♦t ❡①♣❧❛✐♥ ✇❡❧❧ t❤❡ ❢♦r❡❝❛st ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥

♠♦❞❡❧s❀ ❛♥❞✱ t❤❡r❡ ✐s ❧❡ss ❡✈✐❞❡♥❝❡ t❤❛t t❤❡ ❛s②♠♠❡tr✐❝ ❡✛❡❝ts ♦❢ r❡t✉r♥s

✭s❦❡✇♥❡ss✮ ❛r❡ ❛✛❡❝t❡❞ ❜② s❤♦rt✲t❡r♠ ✐♥t❡r❡st r❛t❡✳

✽✳✷✳✸ ●❉P ●r♦✇t❤

❲❡ s❡❡ t❤❛t t❤❡ s❦❡✇♥❡ss ❢♦r❡❝❛sts ❛r❡ ♥♦t s✐❣♥✐✜❝❛♥t❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ ●❉P

❣r♦✇t❤ r❛t❡❀ ❤♦✇❡✈❡r✱ ●❉P ❣r♦✇t❤ r❛t❡ ❝❛♥ s✐❣♥✐✜❝❛♥t❧② ❡①♣❧❛✐♥ t❤❡ ❢♦r❡✲

❝❛st ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s✱ ❤❛✈✐♥❣ ♥❡❣❛t✐✈❡ ❝♦rr❡❧❛t✐♦♥s ✇✐t❤

❞♦✇♥s✐❞❡ r✐s❦✳ ❚❤❡ ♥❡❣❛t✐✈❡ ❝♦rr❡❧❛t✐♦♥s s✉♣♣♦rt t❤❡ ❤②♣♦t❤❡s✐s t❤❛t ❛ ❣♦♦❞

❡❝♦♥♦♠✐❝ ❝♦♥❞✐t✐♦♥ ❣❡♥❡r❛t❡s ❧♦✇❡r ❧❡✈❡❧ ♦❢ ❞♦✇♥s✐❞❡ r✐s❦✳

■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♠❛❝r♦❡❝♦♥♦♠✐❝ ✉♥❝❡rt❛✐♥t② ♠❡❛s✉r❡❞ ❜② t❤❡ ✈♦❧❛t✐❧✐t② ♦❢

●❉P ❣r♦✇t❤ ✐s ❝♦rr❡❧❛t❡❞ ♣♦s✐t✐✈❡❧② ✇✐t❤ ❞♦✇♥s✐❞❡ r✐s❦✱ ❛♥❞ ♥❡❣❛t✐✈❡❧② ✇✐t❤

✐ts s❦❡✇♥❡ss ❢♦r❡❝❛st✳ ❇♦t❤ t❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ❝♦rr❡❧❛t✐♦♥s ❝♦♥s♦❧✐✲

❞❛t❡ t❤❡ r✐s❦✲❛✈❡rs✐♦♥ ❛♥❞ ❛s②♠♠❡tr✐❝ ❤②♣♦t❤❡s✐s t❤❛t ❛♥ ✐♥✈❡st♦r r❡q✉✐r❡s

❤✐❣❤❡r ♣r❡♠✐✉♠ ❢♦r ❜❡❛r✐♥❣ ♠❛❝r♦❡❝♦♥♦♠✐❝ r✐s❦✳ ❆s ❛ r❡s✉❧t✱ t❤❡s❡ r❡s✉❧ts

✐♥❞✐❝❛t❡ t❤❛t t❤❡ ♦✈❡r❛❧❧ ❡❝♦♥♦♠✐❝ ❝♦♥❞✐t✐♦♥ ❛♥❞ ✐♥✈❡st♠❡♥t ❡♥✈✐r♦♥♠❡♥t ❛r❡

t❤❡ ✐♠♣♦rt❛♥t ❢❛❝t♦rs t♦ t❤❡ ❢♦r❡❝❛st ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s✳

❚❤❡ r❡t✉r♥ ❛s②♠♠❡tr✐❝ ❡✛❡❝ts ❛♥❞ ❡①tr❡♠❡ ❡✈❡♥t ❡✛❡❝ts ❛r❡ ✐♥ ❛ ❧❛r❣❡ s❝❛❧❡

r❡❧❛t❡❞ t♦ t❤❡ ❝✉rr❡♥t ❡❝♦♥♦♠✐❝ st❛t❡✳

✸✸



✽✳✷✳✹ ■♥✢❛t✐♦♥

❚❤❡r❡ ✐s ♥♦ ❡✈✐❞❡♥❝❡ t♦ s❤♦✇ ✐♥✢❛t✐♦♥ ❝♦rr❡❧❛t❡❞ ✇✐t❤ t❤❡ ❢♦r❡❝❛sts✳ ❍♦✇❡✈❡r✱

✇❡ ❞♦ ✜♥❞ str♦♥❣ ❡✈✐❞❡♥❝❡ ✐♥ t❤❡ ✐♥✢❛t✐♦♥ ✢✉❝t✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s s✐❣♥✐✜❝❛♥t❧②

r❡❧❛t❡❞ ♣♦s✐t✐✈❡❧② ✇✐t❤ ❞♦✇♥s✐❞❡ r✐s❦ ❛♥❞ ♥❡❣❛t✐✈❡❧② ✇✐t❤ s❦❡✇♥❡ss✳ ❚❤✐s

r❡s✉❧t s❡❡♠s t♦ s❤♦✇ t❤❛t ❛♥ ✐♥✈❡st♦r ♠♦r❡ ❝❛r❡ ❛❜♦✉t ❜❡❛r✐♥❣ ✐♥✢❛t✐♦♥ r✐s❦✱

❜✉t ✐❣♥♦r✐♥❣ t❤❡ ❧❡✈❡❧ ♦❢ ✐♥✢❛t✐♦♥✳ ❘❡❣❛r❞❧❡ss ♦❢ t❤❡ ✐♥✢❛t✐♦♥ ❧❡✈❡❧ ❤✐❣❤ ♦r

❧♦✇✱ ❛s ❧♦♥❣ ❛s ✐t r❡♠❛✐♥s st❛❜❧❡✱ ❛♥ ✐♥✈❡st♦r ❝❛♥ st❛② ✇✐t❤ ✐t q✉✐t❡ ✇❡❧❧

✇✐t❤♦✉t r❡q✉✐r✐♥❣ ♠✉❝❤ r✐s❦ ♣r❡♠✐✉♠✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❡✈❡♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛

❧♦✇ ✐♥✢❛t✐♦♥ ❧❡✈❡❧✱ ♦♥❝❡ t❤❡ ✐♥✢❛t✐♦♥ r✐s❦ ✐♥❝r❡❛s❡s✱ ❛ r✐s❦✲❛✈❡rs✐♦♥ ✐♥✈❡st♦r

✇✐❧❧ r❡q✉✐r❡ ❛ s✐❣♥✐✜❝❛♥t ❧❡✈❡❧ ♦❢ r✐s❦ ♣r❡♠✐✉♠ ❢♦r ❜❡❛r✐♥❣ s✉❝❤ ✐♥✢❛t✐♦♥

✉♥❝❡rt❛✐♥t②✱ ❛♥❞ ❡✈❡♥ ♠♦r❡ ✐♥ r❡❝❡ss✐♦♥ t✐♠❡s ❞✉❡ t♦ t❤❡ ❛s②♠♠❡tr✐❝ ❡✛❡❝ts

✭t❤❡ ✐♥❝r❡❛s❡❞ ❞❡❣r❡❡ ♦❢ s❦❡✇♥❡ss✮✳

✽✳✷✳✺ ❍♦✉s✐♥❣ Pr✐❝❡

❙✐♥❝❡ t❤❡ ❝r❡❞✐t ❝r✉♥❝❤ ❛♥❞ ❞❡❢❛✉❧ts ✐♥ ♠♦rt❣❛❣❡ ♠❛r❦❡ts ❤❛✈❡ tr✐❣❣❡r❡❞ t❤❡

r❡❝❡♥t ✜♥❛♥❝✐❛❧ ❝r✐s✐s✱ ❤♦✉s✐♥❣ ♣r✐❝❡ ❤❛s ❞r❛✇♥ ♠✉❝❤ ♠♦r❡ r❡s❡❛r❝❤❡r✬s ❛tt❡♥✲

t✐♦♥s ♥♦✇❛❞❛②s✳ ❚❛❜❧❡ ✼ s❤♦✇s t❤❛t ♥♦ ❢♦r❡❝❛sts ❛r❡ s✐❣♥✐✜❝❛♥t❧② ❝♦rr❡❧❛t❡❞

✇✐t❤ ❤♦✉s✐♥❣ ♣r✐❝❡✳ ❍♦✇❡✈❡r✱ t❤❡ ♥❡❣❛t✐✈❡ ❡❝♦♥♦♠✐❝ ❝♦♥♥❡❝t✐♦♥ ✐s str♦♥❣❧②

❡st❛❜❧✐s❤❡❞ ❜❡t✇❡❡♥ t❤❡ ❤♦✉s✐♥❣ ♣r✐❝❡ ✢✉❝t✉❛t✐♦♥ ❛♥❞ t❤❡ ❢♦r❡❝❛sts ♦❢ r❡t✉r♥

❞♦✇♥s✐❞❡ r✐s❦✳ ❚❤✐s ♥❡✇ ❡✈✐❞❡♥❝❡ s❤♦✇s t❤❛t t❤❡ ❡①♣❡❝t❛t✐♦♥ ❢♦r ❛ ✏❜❛❞✑

t❤✐♥❣ ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ❢✉t✉r❡ st♦❝❦ ♣❡r❢♦r♠❛♥❝❡ ✇✐❧❧ ❜❡ r✐s❡♥ s✉❜st❛♥t✐❛❧❧② ❜②

t❤❡ ❤♦✉s✐♥❣ ♣r✐❝❡ ✉♥❝❡rt❛✐♥t②✳ ■❢ ❛♥ ✐♥✈❡st♦r ✐s ❧❡ss ❝❧❡❛r ❛❜♦✉t t❤❡ ❤♦✉s✐♥❣

♣r✐❝❡ r✐s❦✱ ❤❡ ♦r s❤❡ ✇✐❧❧ ❜❡ ♠♦r❡ ❛♥①✐❡t② t♦ ❡①♣❡❝t ❛ ✇♦rs❡ ❢✉t✉r❡ ✐♥ st♦❝❦

♣❡r❢♦r♠❛♥❝❡✳

✾ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ♣r♦♣♦s❡s t❤❡ ✐♥tr✐❣✉✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ❢r❛♠❡✇♦r❦ ❢♦r ♠♦❞❡❧✐♥❣

t❤❡ t✐♠❡✲✈❛r②✐♥❣ r❡t✉r♥ ❤✐❣❤❡r ♠♦♠❡♥ts ✐♥ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛st✳ ❚❤❡ ❡♠✲

♣✐r✐❝❛❧ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ♣r♦♣♦s❡❞ ❞②♥❛♠✐❝ ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧s✱ ❜②

❛❧❧♦✇✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞ s✐❣♥s t✐♠❡✲

✈❛r②✐♥❣✱ ❝♦♥s✐st❡♥t❧② ♣❡r❢♦r♠ ❜❡tt❡r ♦✉t✲♦❢✲s❛♠♣❧❡ t❤❛♥ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧s✳

✸✹



▼♦r❡ ✐♥t❡r❡st✐♥❣❧②✱ t❤❡ t✐♠❡✲✈❛r②✐♥❣ ♥♦♥❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ s❤♦✇s s♦♠❡ s♣❡✲

❝✐✜❝ ❝❛♣❛❜✐❧✐t② ♦❢ t✐♠✐♥❣ ♠❛r❦❡ts✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s r❡♠❛r❦❛❜❧② ✉s❡❢✉❧ ✐♠♣❧✐❝❛✲
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✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❞②♥❛♠✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ♠✉❧t✐✈❛r✐❛t❡

●❆❘❈❍✳ ❲♦r❦✐♥❣ ♣❛♣❡r✱ ❯♥✐✈❡rs✐t② ♦❢ ❈❛❧✐❢♦r♥✐❛✱ ❙❛♥ ❉✐❡❣♦✳
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❬✶✾❪ ❊♥❣❧❡✱ ❘✳❋✳ ✭✷✵✵✾✮ ❆♥t✐❝✐♣❛t✐♥❣ ❈♦rr❡❧❛t✐♦♥s✿ ❆ ◆❡✇ P❛r❛❞✐❣♠

❢♦r ❘✐s❦ ▼❛♥❛❣❡♠❡♥t✳ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✱ Pr✐♥❝❡t♦♥

❛♥❞ ❖①❢♦r❞

❬✷✵❪ ❊♥❣❧❡✱ ❘✳ ❋✳✱ ●✳▼✳ ●❛❧❧♦✱ ❛♥❞ ▼✳ ❱❡❧✉❝❝❤✐ ✭✷✵✶✶✮ ❱♦❧❛t✐❧✐t②

❙♣✐❧❧♦✈❡rs ✐♥ ❊❛st ❆s✐❛♥ ❋✐♥❛♥❝✐❛❧ ▼❛r❦❡ts✿ ❆ ▼❊▼✲❜❛s❡❞ ❆♣✲

♣r♦❛❝❤✳ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s✱ ❢♦rt❤❝♦♠✐♥❣✳

❬✷✶❪ ❊♥❣❧❡✱ ❘✳❋✳✱ ❛♥❞ ❏✳●✳ ❘❛♥❣❡❧ ✭✷✵✵✽✮ ❚❤❡ ❙♣❧✐♥❡✲●❆❘❈❍ ▼♦❞❡❧

❢♦r ▲♦✇✲❋r❡q✉❡♥❝② ❱♦❧❛t✐❧✐t② ❛♥❞ ■ts ●❧♦❜❛❧ ▼❛❝r♦❡❝♦♥♦♠✐❝

❈❛✉s❡s✳ ❚❤❡ ❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧ ❙t✉❞✐❡s ✷✶✭✸✮✿ ✶✶✽✼✲✶✷✷✷

❬✷✷❪ ❊♥❣❧❡✱ ❘✳ ❋✳✱ ❊✳ ●❤②s❡❧s✱ ❛♥❞ ❇✳ ❙♦❤♥ ✭✷✵✵✽✮ ❖♥ t❤❡ ❊❝♦♥♦♠✐❝

❙♦✉r❝❡s ♦❢ ❙t♦❝❦ ▼❛r❦❡t ❱♦❧❛t✐❧✐t②✳ ❲♦r❦✐♥❣ P❛♣❡r

❬✷✸❪ ❊♥❣❧❡✱ ❘✳ ❋✳✱ ❛♥❞ ●✳▼✳ ●❛❧❧♦ ✭✷✵✵✻✮ ❆ ▼✉❧t✐♣❧❡ ■♥❞✐❝❛t♦rs

▼♦❞❡❧ ❢♦r ❱♦❧❛t✐❧✐t② ❯s✐♥❣ ■♥tr❛✲❉❛✐❧② ❉❛t❛✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦✲

♠❡tr✐❝s ✶✸✶✿ ✸✕✷✼

❬✷✹❪ ❊♥❣❧❡✱ ❘✳ ❋✳✱ ❛♥❞ ❏✳❘✳ ❘✉ss❡❧❧ ✭✶✾✾✽✮ ❆✉t♦r❡❣r❡ss✐✈❡ ❈♦♥❞✐✲

t✐♦♥❛❧ ❉✉r❛t✐♦♥✿ ❆ ◆❡✇ ▼♦❞❡❧ ❢♦r ■rr❡❣✉❧❛r❧② ❙♣❛❝❡❞ ❚r❛♥s❛❝✲

t✐♦♥ ❉❛t❛✳ ❊❝♦♥♦♠❡tr✐❝❛✱ ✻✻✿ ✶✶✷✼✕✶✶✻✷

❬✷✺❪ ●❡♥❡st✱ ❈✳✱ ❛♥❞ ❇✳ ❘é♠✐❧❧❛r❞ ✭✷✵✵✹✮ ❚❡sts ♦❢ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛♥❞

r❛♥❞♦♠♥❡ss ❜❛s❡❞ ♦♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦♣✉❧❛ ♣r♦❝❡ss✳ ❚❡st ✶✸✿

✸✸✺✕✸✻✾

❬✷✻❪ ●❡♥❡st✱ ❈✳✱ ❛♥❞ ❇✳ ❘é♠✐❧❧❛r❞ ✭✷✵✵✻✮ ▲♦❝❛❧ ❡✣❝✐❡♥❝② ♦❢ ❛

❈r❛♠❡r✲✈♦♥ ▼✐s❡s t❡st ♦❢ ✐♥❞❡♣❡♥❞❡♥❝❡✳ ❏♦✉r♥❛❧ ♦❢ ▼✉❧t✐✈❛r✐❛t❡

❆♥❛❧②s✐s ✾✼✭✶✮✿ ✷✼✹✕✷✾✹✳

❬✷✼❪ ●❡♥❡st✱ ❈✳✱ ❛♥❞ ❇✳ ❘é♠✐❧❧❛r❞ ✭✷✵✵✼✮ ❆s②♠♣t♦t✐❝ ❧♦❝❛❧ ❡✣❝✐❡♥❝②

♦❢ ❈r❛♠ér✲✈♦♥ ▼✐s❡s t❡sts ❢♦r ♠✉❧t✐✈❛r✐❛t❡ ✐♥❞❡♣❡♥❞❡♥❝❡✳ ❚❤❡

❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s ✸✺✭✶✮✿ ✶✻✻✕✶✾✶

❬✷✽❪ ●❡♥❡st✱ ❈✳✱ ❛♥❞ ❇✳ ❘❡♠✐❧❧❛r❞ ✭✷✵✵✽✮ ❱❛❧✐❞✐t② ♦❢ t❤❡ ♣❛r❛♠❡tr✐❝

❜♦♦tstr❛♣ ❢♦r ❣♦♦❞♥❡ss✲♦❢✲✜t t❡st✐♥❣ ✐♥ s❡♠✐♣❛r❛♠❡tr✐❝ ♠♦❞❡❧s✳
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❆♥♥❛❧❡s ❞❡ ❧✬■♥st✐t✉t ❍❡♥r✐ P♦✐♥❝❛r❡✲Pr♦❜❛❜✐❧✐t❡s ❡t ❙t❛t✐st✐q✉❡s

✹✹✭✻✮✿ ✶✵✾✻✲✶✶✷✼✳

❬✷✾❪ ●❡♥❡st✱ ❈✳ ✱ ❇✳ ❘❡♠✐❧❧❛r❞ ❛♥❞ ❉✳ ❇❡❛✉❞♦✐♥ ✭✷✵✵✾✮ ●♦♦❞♥❡ss✲

♦❢✲✜t t❡sts ❢♦r ❝♦♣✉❧❛s✿ ❆ r❡✈✐❡✇ ❛♥❞ ❛ ♣♦✇❡r st✉❞②✳ ■♥s✉r❛♥❝❡✿

▼❛t❤❡♠❛t✐❝s ❛♥❞ ❊❝♦♥♦♠✐❝s ✹✹✿ ✶✾✾✲✷✶✹✳

❬✸✵❪ ●✐❛❝♦♠✐♥✐✱ ❘✳✱ ❛♥❞ ❍✳ ❲❤✐t❡ ✭✷✵✵✻✮ ❚❡sts ♦❢ ❈♦♥❞✐t✐♦♥❛❧ Pr❡✲

❞✐❝t✐✈❡ ❆❜✐❧✐t②✳ ❊❝♦♥♦♠❡tr✐❝❛ ✼✹✿ ✶✺✹✺✕✶✺✼✽

❬✸✶❪ ●❧♦st❡♥✱ ❘✳❚✳✱ ❘✳ ❏❛❣❛♥♥❛t❤❛♥✱ ❛♥❞ ❉✳ ❘✉♥❦❧❡ ✭✶✾✾✸✮ ❖♥ t❤❡

r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❛♥❞ t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ t❤❡

♥♦♠✐♥❛❧ ❡①❝❡ss r❡t✉r♥ ♦♥ st♦❝❦s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ✹✽✭✺✮✿ ✶✼✼✾✲

✶✽✵✶

❬✸✷❪ ●❤②s❡❧s✱ ❊✳✱ ❆✳ P❧❛③③✐✱ ❛♥❞ ❘✳ ❱❛❧❦❛♥♦✈ ✭✷✵✶✶✮ ❈♦♥❞✐t✐♦♥❛❧

❙❦❡✇♥❡ss ♦❢ ❙t♦❝❦ ▼❛r❦❡t ❘❡t✉r♥s ✐♥ ❉❡✈❡❧♦♣❡❞ ❛♥❞ ❊♠❡r❣✲

✐♥❣ ▼❛r❦❡ts ❛♥❞ ✐ts ❊❝♦♥♦♠✐❝ ❋✉♥❞❛♠❡♥t❛❧s✳ ❲♦r❦✐♥❣ P❛♣❡r

❬✸✸❪ ❍❛r✈❡②✱ ❆✳ ✭✷✵✶✵✮ ❚r❛❝❦✐♥❣ ❛ ❝❤❛♥❣✐♥❣ ❝♦♣✉❧❛✳ ❏♦✉r♥❛❧ ♦❢ ❊♠✲

♣✐r✐❝❛❧ ❋✐♥❛♥❝❡ ✶✼✿ ✹✽✺✲✺✵✵

❬✸✹❪ ❍♦♥❣✱ ❨✳✱ ❛♥❞ ❏✳ ❈❤✉♥❣ ✭✷✵✵✸✮ ❆r❡ t❤❡ ❉✐r❡❝t✐♦♥s ♦❢ ❙t♦❝❦ Pr✐❝❡

❈❤❛♥❣❡s Pr❡❞✐❝t❛❜❧❡❄ ❙t❛t✐st✐❝❛❧ ❚❤❡♦r② ❛♥❞ ❊✈✐❞❡♥❝❡✳ ❈♦r♥❡❧❧

❯♥✐✈❡rs✐t②✱ ❲♦r❦✐♥❣ P❛♣❡r

❬✸✺❪ ❏✉❞❞✱ ❑✳ ✭✶✾✾✽✮ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ✐♥ ❊❝♦♥♦♠✐❝s✳ ❈❛♠❜r✐❞❣❡✱

▼❆✿ ▼■❚ Pr❡ss✳

❬✸✻❪ ❏♦♥❞❡❛✉✱ ❊✳✱ ❛♥❞ ▼✳ ❘♦❝❦✐♥❣❡r ✭✷✵✵✻✮ ❚❤❡ ❝♦♣✉❧❛✲❣❛r❝❤ ♠♦❞❡❧

♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝✐❡s✿ ❆♥ ✐♥t❡r♥❛t✐♦♥❛❧ st♦❝❦ ♠❛r❦❡t ❛♣✲

♣❧✐❝❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ▼♦♥❡② ❛♥❞ ❋✐♥❛♥❝❡ ✷✺✿ ✽✷✼✲

✽✺✸

❬✸✼❪ ❏♦♥❞❡❛✉✱ ❊✳✱ ❛♥❞ ▼✳ ❘♦❝❦✐♥❣❡r ✭✷✵✵✸✮ ❈♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t②✱

s❦❡✇♥❡ss✱ ❛♥❞ ❦✉rt♦s✐s✿ ❡①✐st❡♥❝❡✱ ♣❡rs✐st❡♥❝❡✱ ❛♥❞ ❝♦♠♦✈❡♠❡♥t✳

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ✫ ❈♦♥tr♦❧ ✷✼✿ ✶✻✾✾✲✶✼✸✼
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❬✸✽❪ ❑♦❥❛❞✐♥♦✈✐❝✱ ■✳✱ ❏✳ ❨❛♥ ❛♥❞ ▼✳ ❍♦❧♠❡s ✭✷✵✶✶✮✳ ❋❛st ❧❛r❣❡✲s❛♠♣❧❡

❣♦♦❞♥❡ss✲♦❢✲✜t t❡sts ❢♦r ❝♦♣✉❧❛s✳ ❙t❛t✐st✐❝❛ ❙✐♥✐❝❛✳ ✷✶✿ ✽✹✶✲✽✼✶

❬✸✾❪ ❑♦❥❛❞✐♥♦✈✐❝✱ ■✳ ❛♥❞ ❏✳ ❨❛♥ ✭✷✵✶✶✮ ❆ ❣♦♦❞♥❡ss✲♦❢✲✜t t❡st ❢♦r

♠✉❧t✐✈❛r✐❛t❡ ♠✉❧t✐♣❛r❛♠❡t❡r ❝♦♣✉❧❛s ❜❛s❡❞ ♦♥ ♠✉❧t✐♣❧✐❡r ❝❡♥✲

tr❛❧ ❧✐♠✐t t❤❡♦r❡♠s✳ ❙t❛t✐st✐❝s ❛♥❞ ❈♦♠♣✉t✐♥❣ ✷✶✭✶✮✿ ✶✼✲✸✵

❬✹✵❪ ❑♦❥❛❞✐♥♦✈✐❝✱ ■✳ ❛♥❞ ❏✳ ❨❛♥ ✭✷✵✶✵✮ ▼♦❞❡❧✐♥❣ ▼✉❧t✐✈❛r✐❛t❡ ❉✐str✐✲

❜✉t✐♦♥s ✇✐t❤ ❈♦♥t✐♥✉♦✉s ▼❛r❣✐♥s ❯s✐♥❣ t❤❡ ❝♦♣✉❧❛ ❘ P❛❝❦❛❣❡✳

❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝❛❧ ❙♦❢t✇❛r❡ ✸✹✭✾✮✿ ✶✲✷✵✳

❬✹✶❪ ▲✐♥t♦♥✱ ❖✳✱ ❛♥❞ ❨✳❏✳ ❲❤❛♥❣ ✭✷✵✵✼✮ ❚❤❡ ◗✉❛♥t✐❧♦❣r❛♠✿ ❲✐t❤

❛♥ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❊✈❛❧✉❛t✐♥❣ ❉✐r❡❝t✐♦♥❛❧ Pr❡❞✐❝t❛❜✐❧✐t②✳ ❏♦✉r♥❛❧

♦❢ ❊❝♦♥♦♠❡tr✐❝s ✶✹✶✿ ✷✺✵✕✷✽✷

❬✹✷❪ ◆❡❧s♦♥✱ ❉✳ ❇✳ ✭✶✾✾✵✮ ❙t❛t✐♦♥❛r✐t② ❛♥❞ P❡rs✐st❡♥❝❡ ✐♥ t❤❡

●❆❘❈❍✭✶✱✶✮ ▼♦❞❡❧✳ ❊❝♦♥♦♠❡tr✐❝ ❚❤❡♦r② ✻✭✸✮✿ ✸✶✽✲✸✸✹

❬✹✸❪ ◆❡❧s♦♥✱ ❉✳ ❇✳ ✭✶✾✾✶✮ ❈♦♥❞✐t✐♦♥❛❧ ❍❡t❡r♦s❦❡❞❛st✐❝✐t② ✐♥ ❆ss❡t

❘❡t✉r♥s✿ ❆ ◆❡✇ ❆♣♣r♦❛❝❤✳ ❊❝♦♥♦♠❡tr✐❝❛ ✺✾✭✷✮✿ ✸✹✼✲✸✼✵

❬✹✹❪ P❛tt♦♥✱ ❆✳ ✭✷✵✵✻✮ ▼♦❞❡❧❧✐♥❣ ❛s②♠♠❡tr✐❝ ❡①❝❤❛♥❣❡ r❛t❡ ❞❡♣❡♥✲

❞❡♥❝❡✳ ■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✹✼✿ ✺✷✼✲✺✺✻

❬✹✺❪ ❘❛♣❛❝❤✱ ❉✳❊✳✱ ❏✳❑✳ ❙tr❛✉ss✱ ❛♥❞ ●✳ ❩❤♦✉ ✭✷✵✶✵✮ ❖✉t✲♦❢✲

❙❛♠♣❧❡ ❊q✉✐t② Pr❡♠✐✉♠ Pr❡❞✐❝t✐♦♥✿ ❈♦♠❜✐♥❛t✐♦♥ ❋♦r❡❝❛sts

❛♥❞ ▲✐♥❦s t♦ t❤❡ ❘❡❛❧ ❊❝♦♥♦♠②✳ ❚❤❡ ❘❡✈✐❡✇ ♦❢ ❋✐♥❛♥❝✐❛❧ ❙t✉❞✲

✐❡s ✷✷✸✭✷✮✿✽✷✶✲✽✻✷

❬✹✻❪ ❘♦ss✐✱ ❇✳✱ ❛♥❞ ❚✳ ❙❡❦❤♣♦s②❛♥ ✭✷✵✶✶✮ ❯♥❞❡rst❛♥❞✐♥❣ ♠♦❞❡❧✬s

❢♦r❡❝❛st✐♥❣ ♣❡r❢♦r♠❛♥❝❡✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✶✻✹✭✶✮✿ ✶✺✽✲

✶✼✷

❬✹✼❪ ❙❤✐❧❧❡r✱ ❘✳ ❏✳ ✭✷✵✵✺✮ ■rr❛t✐♦♥❛❧ ❊①✉❜❡r❛♥❝❡✳ ✷♥❞ ❡❞✐t✐♦♥✱ Pr✐♥❝❡✲

t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss

✹✵



❬✹✽❪ ❚❤♦♠❛❦♦s✱ ❉✳ ❉✳✱ ❛♥❞ ❚✳ ❲❛♥❣ ✭✷✵✶✵✮ ✬❖♣t✐♠❛❧✬ ♣r♦❜❛❜✐❧✐s✲

t✐❝ ❛♥❞ ❞✐r❡❝t✐♦♥❛❧ ♣r❡❞✐❝t✐♦♥s ♦❢ ✜♥❛♥❝✐❛❧ r❡t✉r♥s✳ ❏♦✉r♥❛❧ ♦❢

❊♠♣✐r✐❝❛❧ ❋✐♥❛♥❝❡ ✶✼✿ ✶✵✷✲✶✶✾

❬✹✾❪ ❚s❡✱ ❨✳❑✳✱ ❛♥❞ ❆✳❑✳❈✳ ❚s✉✐ ✭✷✵✵✷✮ ❆ ▼✉❧t✐✈❛r✐❛t❡ ●❡♥❡r❛❧✲

✐③❡❞ ❆✉t♦r❡❣r❡ss✐✈❡ ❈♦♥❞✐t✐♦♥❛❧ ❍❡t❡r♦s❝❡❞❛st✐❝✐t② ▼♦❞❡❧ ✇✐t❤

❚✐♠❡✲❱❛r②✐♥❣ ❈♦rr❡❧❛t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss ✫ ❊❝♦♥♦♠✐❝

❙t❛t✐st✐❝s ✷✵✭✸✮✿ ✸✺✶✲✸✻✷

❬✺✵❪ ❲❡❧❝❤✱ ■✳✱ ❛♥❞ ❆✳ ●♦②❛❧ ✭✷✵✵✽✮ ❆ ❈♦♠♣r❡❤❡♥s✐✈❡ ▲♦♦❦ ❛t t❤❡

❊♠♣✐r✐❝❛❧ P❡r❢♦r♠❛♥❝❡ ♦❢ ❊q✉✐t② Pr❡♠✐✉♠ Pr❡❞✐❝t✐♦♥✳ ❘❡✈✐❡✇

♦❢ ❋✐♥❛♥❝✐❛❧ ❙t✉❞✐❡s ✷✶✭✹✮✿ ✶✹✺✺✕✶✺✵✽✳

❬✺✶❪ ❲❡st✱ ❑✳❉✳ ✭✶✾✾✻✮ ❆s②♠♣t♦t✐❝ ✐♥❢❡r❡♥❝❡ ❛❜♦✉t ♣r❡❞✐❝t✐✈❡ ❛❜✐❧✲

✐t②✳ ❊❝♦♥♦♠❡tr✐❝❛ ✻✹ ✭✺✮✱ ✶✵✻✼✕✶✵✽✹✳

❬✺✷❪ ❲❤✐t❡✱ ❍✳ ✭✷✵✵✵✮ ❆ ❘❡❛❧✐t② ❈❤❡❝❦ ❢♦r ❉❛t❛ ❙♥♦♦♣✐♥❣✳ ❊❝♦♥♦✲

♠❡tr✐❝❛ ✻✽✿ ✶✵✾✼✲✶✶✸✻

❬✺✸❪ ❩❛❦♦✐❛♥✱ ❏✳ ✭✶✾✾✹✮ ❚❤r❡s❤♦❧❞ ❤❡t❡r♦s❦❡❞❛st✐❝ ♠♦❞❡❧s✳ ❏♦✉r♥❛❧

♦❢ ❊❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧ ✶✽✿ ✾✸✶✲✾✺✺

✹✶



❚❛❜❧❡ ✶✿ Pr❡t❡st✐♥❣ t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡✱ ❝♦♥st❛♥❝② ❛♥❞ ❝❤♦✐❝❡ ♦❢ ❈♦♣✉❧❛s✳ ❆❧❧
t❡sts✱ ❜❛s❡❞ ♦♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❝♦♣✉❧❛ ♣r♦❝❡ss❡s✱ ❤❛✈❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥s
♦❢ ❈r❛♠ér✲✈♦♥ ▼✐s❡s ✇✐t❤ ❞✐✛❡r❡♥t ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❚❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡
❛♥❞ s❡r✐❛❧ ✐♥❞❡♣❡♥❞❡♥❝❡ t❡sts ✐♥ P❛♥❡❧ ❆ ❛r❡ ❛s ♣r♦♣♦s❡❞ ❜② ●❡♥❡st ❛♥❞
❘é♠✐❧❧❛r❞ ✭✷✵✵✹✱ ✷✵✵✻✱ ✷✵✵✼✮✳ ❚❤❡ ❣♦♦❞♥❡ss✲♦❢✲✜t t❡sts ✐♥ P❛♥❡❧ ❇ ❛r❡ ❜❛s❡❞
♦♥ ●❡♥❡st ❛♥❞ ❘❡♠✐❧❧❛r❞ ✭✷✵✵✽✮✱ ●❡♥❡st✱ ❘❡♠✐❧❧❛r❞ ❛♥❞ ❇❡❛✉❞♦✐♥ ✭✷✵✵✾✮✱
❑♦❥❛❞✐♥♦✈✐❝✱ ❨❛♥ ❛♥❞ ❍♦❧♠❡s ✭✷✵✶✶✮✱ ❑♦❥❛❞✐♥♦✈✐❝ ❛♥❞ ❨❛♥ ✭✷✵✶✵ ✫ ✷✵✶✶✮✳
❚❤❡ ❝♦♥st❛♥❝② t❡sts ✐♥ P❛♥❡❧ ❈ ❛r❡ ❜❛s❡❞ ♦♥ ❇✉s❡tt✐ ❛♥❞ ❍❛r✈❡② ✭✷✵✶✶✮✱ ❛♥❞
❍❛r✈❡② ✭✷✵✶✵✮✳ t ❞❡♥♦t❡s q✉❛♥t✐❧❡s✳

Panel A: Independence Tests

Indep. 

Test

Serial Indep. 

Test

p value 0.041 <0.001

Panel B: Goodness-of-fit Tests

Normal 

Copula

Student-t 

Copula

Frank 

Copula

FGM 

Copula

Gumbel 

Copula

Clayton 

Copula

p value 0.040 0.043 0.040 0.035 <0.001 0.154

Panel C: Constancy Tests τ p value τ p value τ p value

Overall Constant Copula 0.5 0.378

Joint Constancy of Lower-Upper Tails 0.25 0.384

Constant Lower Tail Dependence 0.25 0.031 0.5 0.019

Constant Upper Tail Dependence 0.5 0.006 0.75 0.076

Constant Asymmetry 0.25 0.006 0.5 <0.001 0.75 <0.001

✹✷



❚❛❜❧❡ ✷✿ ■♥✲❙❛♠♣❧❡ ❊st✐♠❛t✐♦♥s✳ ❚❤❡ ♠♦♥t❤❧② s❛♠♣❧❡ ♣❡r✐♦❞s ❡st✐♠❛t❡❞ ❛r❡
❏❛♥✳ ✶✾✺✷✲❉❡❝✳ ✷✵✶✵ ✇✐t❤ ✼✵✽ ♦❜s❡r✈❛t✐♦♥s✱ ❛♥❞ ❏❛♥✳ ✶✾✺✷✲❉❡❝✳ ✷✵✵✷ ✇✐t❤
✻✶✷ ♦❜s❡r✈❛t✐♦♥s✳ P❛♥❡❧ ❆ ✐s t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ❛♥❞ t❤❡✐r st❛t✐st✐❝s✳
P❛♥❡❧ ❇ ✐s r♦❜✉st♥❡ss t❡sts✳ ▲♦❣✲❧✐❦❡❧✐❤♦♦❞ ✈❛❧✉❡s ❛r❡ ❝♦♠♣✉t❡❞ ❛s t❤❡ ♠❡❛♥
♦❢ t❤❡ s❛♠♣❧❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ✈❛❧✉❡s✳ ❙t❛♥❞❛r❞ ❡rr♦rs ❛r❡ r❡♣♦rt❡❞ ✐♥ sq✉❛r❡
❜r❛❝❦❡ts✳ ✯✱ ✯✯✱ ✯✯✯ r❡♣r❡s❡♥t t❤❡ s✐❣♥✐✜❝❛♥t ❧❡✈❡❧s ♦❢ ✶✵✪✱ ✺✪✱ ❛♥❞ ✶✪✱
r❡s♣❡❝t✐✈❡❧②✳ ♣✲✈❛❧✉❡s ❛r❡ r❡♣♦rt❡❞ ❢♦r ❧✐❦❡❧✐❤♦♦❞ r❛t✐♦ t❡sts ❛♥❞ ❲❛❧❞ ❥♦✐♥t
s✐❣♥✐✜❝❛♥❝❡ t❡sts✳

Patton Exp-Weighted IGtype Gtype OSA TSA TVC ITVC

Full Sample: 1/1952-12/2010

Panel A

ω -2.940*** -2.222* -1.249 -0.221* -0.314

[0.895] [1.198] [0.948] [0.133] [0.324]

β 0.218 0.512 0.767*** 0.489** 0.932*** 0.901*** 0.645* 0.732**

[0.455] [0.395] [0.138] [0.219] [0.062] [0.125] [0.358] [0.361]

ϒ 4.815*** 3.909*** 0.313 4.865*** 3.785** 0.087

[0.637] [0.571] [0.545] [1.120] [1.712] [0.111]

λ 0.702*** 1.848

[0.286] [3.027]

α 0.112**

[0.052]

Panel B

Log-Likelihood Values 1.830 1.831 1.822 1.827 1.833 1.831 1.833 1.831 1.834

Likelihood Ratio Test <0.001 <0.001 <0.001 0.004 0.040 0.005 0.002 0.036

Wald Joint Significance Test <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 0.041

Subsample: 1/1952-12/2002

Panel A

ω -2.664** -2.236* -1.366 -0.235 -0.247

[1.255] [1.325] [1.439] [0.153] [0.200]

β 0.436 0.492 0.768*** 0.436 0.933*** 0.927*** 0.608 0.753

[0.381] [0.415] [0.148] [0.480] [0.063] [0.090] [0.791] [0.492]

ϒ 4.749* 3.802 0.092 5.301** 4.031*** 0.046

[2.814] [2.398] [0.825] [2.310] [1.590] [0.153]

λ 0.677** 1.016

[0.292] [1.890]

α 0.093*

[0.055]

Panel B

Log-Likelihood Values 1.855 1.856 1.857 1.850 1.855 1.856 1.855 1.855 1.855

Likelihood Ratio Test <0.001 <0.001 <0.001 0.003 0.041 0.006 0.001 0.030

Wald Joint Significance Test 0.002 0.012 <0.001 0.011 <0.001 <0.001 0.065 0.120

Constant 

Decomposition 

Model

Dynamic Decomposition  Models

 ✹✸



❚❛❜❧❡ ✸✿ ❖✉t✲♦❢✲❙❛♠♣❧❡ ❋♦r❡❝❛st ❘❡s✉❧ts✳ ❱❛❧✉❡s ✐♥ t❤✐s t❛❜❧❡ ❛r❡ t❤❡ ❖❙ st❛t✐st✐❝ ✐♥ ♣❡r❝❡♥t❛❣❡✳ ❈♦♥❞✐t✐♦♥❛❧
■♥❞❡♣❡♥❞❡♥❝❡ ✐s ✐❣♥♦r✐♥❣ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ❜② ❛ss✉♠✐♥❣ ❝♦♥❞✐t✐♦♥❛❧❧② ✐♥❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥ ❛❜s♦❧✉t❡ r❡t✉r♥s ❛♥❞
s✐❣♥s❀ ✐ts ❢♦r❡❝❛sts ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❡q✭✹✳✷✮✳ ■♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♣❡♥❞❡♥❝❡✱ t❤❡ ❢♦r❡❝❛sts ❛r❡ ❝♦♠♣✉t❡❞ ❜② ❡q✭✹✳✶✮✳
❚❤❡ ❛✈❡r❛❣❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❞②♥❛♠✐❝ ❞❡♣❡♥❞❡♥❝❡ ♠♦❞❡❧s ❛r❡ ❝♦♠♣✉t❡❞✳

Patton ExpWeight Igtype Gtype OSA TSA TVC ITVC Average Patton ExpWeight Igtype Gtype OSA TSA TVC ITVC Average

1982:02-2010:12

Squared errors -3.87 0.18 1.33 0.88 1.69 0.87 1.57 2.53 1.76 0.62 1.41 2.16 3.03 1.58 3.59 0.99 3.57 1.91 2.98 3.32 2.62

Absolute errors -3.54 0.70 1.67 1.08 1.59 1.46 1.67 1.74 1.45 0.53 1.40 2.23 2.81 1.76 2.79 2.16 3.12 2.51 2.67 2.94 2.59

1982:01-2002:12

Squared errors -4.61 3.23 3.80 3.89 4.62 3.18 3.34 3.46 3.32 3.62 3.66 2.79 3.18 3.11 3.44 2.56 2.88 2.92 2.81 3.22 3.01

Absolute errors -4.81 2.45 3.05 3.05 3.39 3.38 2.76 2.49 2.78 2.44 2.92 2.30 2.76 2.81 2.83 3.77 2.53 2.40 2.72 3.50 2.92

1982:01-1997:12

Squared errors -4.42 4.13 4.22 5.26 5.05 5.26 4.56 4.75 3.68 4.34 4.64 0.79 0.89 1.14 1.66 1.76 1.25 1.66 0.95 1.73 1.38

Absolute errors -4.95 3.61 4.06 4.61 4.20 5.32 4.07 3.76 3.69 3.62 4.17 1.87 1.83 2.36 2.31 3.73 1.79 1.93 2.23 2.98 2.39

1998:01-2002:12

Squared errors -5.08 1.12 2.82 0.70 3.62 -1.72 0.49 0.44 2.48 1.94 1.35 5.18 9.82 8.52 9.36 8.58 8.77 5.34 8.25 9.62 8.53

Absolute errors -4.44 -0.50 0.49 -0.92 1.33 -1.56 -0.58 -0.74 0.44 -0.57 -0.26 3.42 5.15 3.97 4.16 3.88 4.43 3.59 3.98 4.82 4.25

2007:07-2010:12

Squared errors 0.67 -3.57 -0.41 0.91 1.79 -1.36 1.57 5.06 3.52 -2.58 1.06 6.72 9.30 7.30 12.31 -0.01 11.21 6.49 10.84 9.02 8.31

Absolute errors 2.42 2.06 4.18 5.15 6.15 1.72 5.73 6.78 5.43 1.42 4.57 6.55 8.40 6.74 10.99 1.78 11.38 8.37 9.09 7.22 8.00

Linear 

Model

Conditional Independence Conditional Dependence

Constant 

Model

Dynamic Dependence Models Constant 

Model

Dynamic Dependence Models

 

✹✹



❚❛❜❧❡ ✹✿ ❚❡sts ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ♣r❡❞✐❝t✐✈❡ ❛❜✐❧✐t② ❜❛s❡❞ ♦♥ ●✐❛❝♦♠✐♥✐ ❛♥❞ ❲❤✐t❡ ✭✷✵✵✻✮✳ ❬❛❪✿ ❚❤❡ r❡❧❛t✐✈❡ ♣❡r❢♦r♠❛♥❝❡
✐♥❞✐❝❛t❡s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ t✐♠❡s t❤❡ ♠♦❞❡❧ ✐♥ ❝♦❧✉♠♥ j ❞♦♠✐♥❛t❡s t❤❡ ♠♦❞❡❧ ✐♥ r♦✇ i ♦✈❡r t❤❡ ✇❤♦❧❡ ❢♦r❡❝❛st✐♥❣
♣❡r✐♦❞✳ ❬❜❪✿ ❞❡❝✐s✐♦♥ r✉❧❡ ✐s t❤❡ t✇♦✲st❡♣ ♣r♦❝❡❞✉r❡ ❢♦r ❛❞❛♣t✐✈❡❧② s❡❧❡❝t✐♥❣ ❛ ❢♦r❡❝❛st✐♥❣ ♠❡t❤♦❞ ❛t t✐♠❡ t✳ ❚❤❡
❡♥tr✐❡s ✐♥ ❞❡❝✐s✐♦♥ r✉❧❡ ❛r❡ t❤❡ ❧♦ss ❞✐✛❡r❡♥❝❡s✱ E(∆Lm,t+t|FT )✳ ❙t❡♣ ✶✿ ❚❡st t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ ❡q✉❛❧ ❝♦♥❞✐t✐♦♥❛❧
♣r❡❞✐❝t✐✈❡ ❛❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧ ✐♥ ❝♦❧✉♠♥ j ❛♥❞ t❤❡ ♠♦❞❡❧ ✐♥ ❝♦❧✉♠♥ i✳ ❚❤❡ r❡❥❡❝t✐♦♥ ❛t 10%✱ 5% ❛♥❞ 1% ❛r❡
❞❡♥♦t❡❞ ❜② ✯✱ ✯✯✱ ✯✯✯✱ r❡s♣❡❝t✐✈❡❧②✳ ❙t❡♣ ✷✿ ✐♥ ❝❛s❡ ♦❢ r❡❥❡❝t✐♦♥✱ t❤❡ ❞❡❝✐s✐♦♥ r✉❧❡ ✐s✿ ✉s❡ t❤❡ ♠♦❞❡❧ ✐♥ ❝♦❧✉♠♥ j ✐❢
E(∆Lm,t+t|FT ) > c ❛♥❞ ✉s❡ t❤❡ ♠♦❞❡❧ ✐♥ r♦✇ i ✐❢ E(∆Lm,t+t|FT ) < c✳ c ✐s ❛ ✉s❡r✲s♣❡❝✐✜❡❞ t❤r❡s❤♦❧❞✳ ■♥ ♦✉r ❝❛s❡✱
✇❡ ✉s❡ c = 0✳ ❚❡st ❞❡t❛✐❧s ❛r❡ r❡❢❡rr❡❞ t♦ ●✐❛❝♦♠✐♥✐ ❛♥❞ ❲❤✐t❡ ✭✷✵✵✻✮✳

Linear 

Model Patton ExpWeight IGtype Gtype OSA TSA TVC ITVC Patton ExpWeight IGtype Gtype OSA TSA TVC ITVC

Panel A: Squared Errors

1982:02-2010:12

Historical Average

[a]: relative performance 0.081 0.418 0.885 0.767 0.697 0.723 0.637 0.749 0.807 0.778 0.599 0.954 0.948 0.914 0.741 0.902 0.752 0.983 0.994

[b]: decision rule -0.762 -0.047 0.371 0.179 0.090 0.247** 0.089*** 0.224 0.414** 0.262 0.038* 0.541 0.258 0.653 0.144 0.649 0.324** 0.531 0.599

Linear Model

[a]: relative performance 0.856 0.804 0.862 0.816 0.939 1.000 0.925 0.934 0.890 0.890 0.821 0.726 0.816 0.830 0.841 0.856 0.810 0.824

[b]: decision rule 0.715* 1.133*** 0.941** 0.852** 1.010 0.852 0.986 1.176 1.024 0.801 1.303*** 1.020*** 1.415*** 0.906*** 1.410*** 1.086*** 1.293*** 1.361***

CDM-CI

[a]: relative performance 0.784 0.885 0.879 0.942 0.882 0.954 0.899 0.954 0.879 0.833 0.700 0.824 0.986 0.824 0.804 0.813 0.850

[b]: decision rule 0.417*** 0.226*** 0.137 0.295 0.136 0.270* 0.460*** 0.309 0.086 0.588*** 0.304*** 0.700*** 0.191 0.695*** 0.371*** 0.577*** 0.646***

CDM-CD

[a]: relative performance 0.314 0.242 0.343 0.285 0.311 0.548 0.352 0.265 0.937 0.104 0.827 0.130 0.965 0.268 0.879 0.850

[b]: decision rule -0.19*** -0.28** -0.12*** -0.28*** -0.14*** 0.043** -0.10*** -0.33*** 0.171 -0.113 0.282*** -0.22** 0.278 -0.04** 0.160*** 0.228***

1982:01-2002:12

Historical Average

[a]: relative performance 0.000 0.797 0.932 0.916 0.988 0.908 0.972 0.988 0.841 0.884 0.928 1.000 0.857 0.984 0.960 0.924 0.821 0.980 0.976

[b]: decision rule -0.846 0.521 0.201 0.629 0.645 0.781 0.513 0.540 0.566 0.540 0.594 0.365 0.324 0.443 0.410 0.357 0.216 0.284 0.466

Linear Model

[a]: relative performance 0.980 0.841 0.988 1.000 1.000 0.964 0.996 1.000 0.980 1.000 0.857 0.817 0.833 0.857 0.873 0.880 0.837 0.857

[b]: decision rule 1.367 1.046*** 1.475 1.491 1.627 1.358 1.386 1.412 1.386 1.440 1.210** 1.169*** 1.289*** 1.255*** 1.202** 1.061* 1.129*** 1.311***

CDM-CI

[a]: relative performance 0.378 0.896 0.968 0.841 0.287 0.857 0.964 0.912 0.801 0.462 0.474 0.514 0.486 0.454 0.355 0.430 0.542

[b]: decision rule -0.32*** 0.108 0.123 0.259*** -0.009 0.019 0.045 0.018 0.073** -0.15*** -0.19*** -0.07*** -0.11*** -0.16*** -0.30*** -0.23*** -0.05***

CDM-CD

[a]: relative performance 0.677 0.681 0.705 0.677 0.673 0.673 0.637 0.653 0.992 0.968 1.000 0.892 0.952 0.964 0.992 0.964

[b]: decision rule 0.428*** 0.444*** 0.580*** 0.311*** 0.339*** 0.365*** 0.339*** 0.393*** 0.164 0.123 0.243 0.209 0.156 0.015 0.083 0.265

Panel B: Absolute Errors

1982:02-2010:12

Historical Average

[a]: relative performance 0.003 0.516 0.746 0.963 0.764 0.850 0.960 0.899 0.772 0.827 0.352 0.761 0.671 0.738 0.839 0.769 0.697 0.841 0.914

[b]: decision rule -12.943 0.291 5.746 3.514 1.538 3.225 2.810 3.483 3.772 2.802 -0.286 7.697** 4.205* 7.641** 5.542 8.727** 6.692*** 7.211 8.134

Linear Model

[a]: relative performance 0.813 0.893 0.847 0.850 0.882 0.971 0.902 0.916 0.856 0.853 0.908 0.873 0.928 0.914 0.911 0.963 0.890 0.879

[b]: decision rule 13.23** 18.68** 16.45*** 14.48* 16.16* 15.753 16.42* 16.714 15.74** 12.65** 20.63** 17.14** 20.58** 18.48** 21.66*** 19.635 20.15*** 21.07***

CDM-CI

[a]: relative performance 0.793 0.847 0.720 0.827 0.876 0.994 0.798 0.968 0.271 0.844 0.784 0.957 0.919 0.816 0.824 0.807 0.914

[b]: decision rule 5.455** 3.223*** 1.247*** 2.934*** 2.520 3.193 3.481*** 2.512 -0.57* 7.406* 3.915 7.351 5.252 8.436** 6.401* 6.920* 7.844

CDM-CD

[a]: relative performance 0.352 0.098 0.323 0.271 0.219 0.297 0.314 0.205 0.879 0.308 0.617 0.354 0.980 0.712 0.804 0.862

[b]: decision rule -2.23** -4.207 -2.52* -2.936 -2.262 -1.974 -2.94** -6.03** 1.952 -1.54*** 1.896*** -0.204 2.982 0.946*** 1.465*** 2.388**

1982:01-2002:12

Historical Average

[a]: relative performance 0.020 0.665 0.892 0.717 0.845 0.801 0.781 0.737 0.677 0.673 0.705 0.944 0.996 0.984 0.948 0.876 0.876 0.928 1.000

[b]: decision rule -17.215 5.234** 5.281 7.192** 7.147 8.260* 8.252** 6.192 5.381** 6.291*** 5.175* 6.808 6.954 7.034 10.085 6.090 5.616 6.655 9.198

Linear Model

[a]: relative performance 0.936 0.944 0.952 1.000 0.996 1.000 0.996 0.984 0.936 0.980 0.952 0.920 0.936 0.964 0.936 0.964 0.944 0.924

[b]: decision rule 22.449 22.496 24.408 24.362 25.475 25.468 23.407 22.597 23.507 22.391 24.023 24.16* 24.24* 27.300 23.305 22.831 23.870 26.41*

CDM-CI

[a]: relative performance 0.546 0.884 0.976 0.801 0.944 0.880 0.622 0.900 0.426 0.594 0.598 0.590 0.717 0.574 0.582 0.598 0.701

[b]: decision rule 0.046*** 1.958* 1.913 3.025*** 3.018 0.957 0.147 1.057 -0.059 1.573*** 1.719*** 1.799*** 4.850*** 0.855*** 0.382 1.420*** 3.963**

CDM-CD

[a]: relative performance 0.554 0.558 0.590 0.633 0.526 0.470 0.498 0.474 1.000 0.964 0.857 0.972 0.896 0.992 0.932 1.000

[b]: decision rule 1.911*** 1.866** 2.979** 2.971* 0.911 0.100** 1.010*** -0.10*** 1.527 1.673 1.753 4.804 0.809 0.335 1.374 3.917

CDM-CI CDM-CD

Conditional Independence Conditional Dependence

 

✹✺



❚❛❜❧❡ ✺✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ❝♦♣✉❧❛ s♣❡❝✐✜❝❛t✐♦♥s ✐♥ ♦✉t✲♦❢✲s❛♠♣❧❡ ❞❡♥s✐t② ❢♦r❡✲
❝❛sts✳ ❚❤❡ ✈❛❧✉❡s✱ s❝❛❧❡❞ ❜② ✶✵✵✱ ❛r❡ r❡♣♦rt❡❞ t❤❡ ❛✈❡r❛❣❡s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥
❞❡♥s✐t② ❢♦r❡❝❛sts ❜❡t✇❡❡♥ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ❛♥❞ ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧s✳ ❚❤❡
❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ✐s t❤❡ ❝♦♥st❛♥t ❞❡❝♦♠♣♦s✐t✐♦♥ ♠♦❞❡❧✳ ❚❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s
✐s t❤❡ ❡q✉❛❧✐t② ♦❢ t❤❡ ❞❡♥s✐t② ❢♦r❡❝❛sts ❜❡t✇❡❡♥ t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧ ❛♥❞
❛ ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧✳ ✯✱ ✯✯✱ ✯✯✯ r❡♣r❡s❡♥t t❤❡ s✐❣♥✐✜❝❛♥t ❧❡✈❡❧s ♦❢ ✶✵✪✱ ✺✪✱
❛♥❞ ✶✪✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡ ❝❛s❡ ♦❢ r❡❥❡❝t✐♦♥✱ ❛ ♥❡❣❛t✐✈❡ ✈❛❧✉❡ ♣r♦✈✐❞❡s t❤❡
❡✈✐❞❡♥❝❡ ♦❢ t❤❡ s✉♣❡r✐♦r ❞❡♥s✐t② ❢♦r❡❝❛st ❛❜✐❧✐t② ♦❢ ❛ ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧ ♦✈❡r
t❤❡ ❜❡♥❝❤♠❛r❦ ♠♦❞❡❧✳ ❚❤❡ t❡sts ✐♥ t❤✐s t❛❜❧❡ ❛r❡ ❜❛s❡❞ ♦♥ ❉✐❦s ❡t ❛❧✳ ✭✷✵✶✵✮✳

Patton ExpWeight IGtype Gtype OSA TSA TVC ITVC

1982:02-2010:12 0.236*** 0.052 -0.909*** -0.521 -0.243*** -0.516*** 0.175 0.052

1982:01-2002:12 0.484 -1.020 -1.272*** -0.204 -0.277 -0.423*** 0.181*** 0.247

1982:01-1997:12 0.551 -1.441*** -1.435*** -0.364 -0.439*** -0.445*** 0.255 0.312**

1998:01-2002:12 -0.025 0.235** -0.806*** 0.245 0.214 -0.348*** -0.106*** -0.017

2007:07-2010:12 -0.229*** 2.664*** -0.189 2.039*** 0.376 -0.636 -0.612 -0.604

 

✹✻



❚❛❜❧❡ ✻✿ ❙♦✉r❝❡s ♦❢ ❋♦r❡❝❛st✐♥❣ P❡r❢♦r♠❛♥❝❡✳ ❚❤❡ ❡♥tr✐❡s ❛r❡ t❡st st❛t✐st✐❝s ❢♦r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s❡s ♦❢ ♥♦ ❞✐✛❡r❡♥❝❡
✐♥ t✐♠❡ ✈❛r✐❛t✐♦♥ ♦❢ ❢♦r❡❝❛st✐♥❣ ❛❜✐❧✐t②✳ ❚❤❡ ❤✐st♦r✐❝❛❧ ❛✈❡r❛❣❡✱ ❧✐♥❡❛r ♠♦❞❡❧✱ ❛♥❞ ❝♦♥st❛♥t ♠♦❞❡❧s ✐♥ t❤❡ ✜rst ❝♦❧✉♠♥
❛s ❜❡♥❝❤♠❛r❦s ❛r❡ ❝♦♠♣❛r❡❞ t♦ ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧s ✐♥ t❤❡ ✜rst r♦✇✳ ✯✱ ✯✯✱ ✯✯✯ ❞❡♥♦t❡ t❤❡ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧s ❛t ✶✵✪✱
✺✪✱ ❛♥❞ ✶✪✳ P❛♥❡❧ ❆ ❛♥❞ ❇ ✉s❡ sq✉❛r❡❞ ❛♥❞ ❛❜s♦❧✉t❡ ❡rr♦r ❛s ❛ ❧♦ss ❢✉♥❝t✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳

CDM-CI CDM-CD Patton ExpWeight IGtype Gtype OSA TSA TVC ITVC Patton ExpWeight IGtype Gtype OSA TSA TVC ITVC

Panel A: Squared Errors

Historical Average 10.54 12.17*** 12.44*** 13.38*** 20.42*** 18.02*** 11.16 14.04*** 20.52*** 14.45*** 11.54 13.06*** 19.43*** 17.22*** 10.11 14.19*** 21.94*** 14.77*** 11.85

Linear Model 13.14*** 13.21*** 13.27*** 19.42*** 17.39*** 16.11*** 14.15*** 14.70*** 14.07*** 13.77*** 13.08*** 18.66*** 16.73*** 16.11*** 14.40*** 16.22*** 14.39*** 13.98***

CDM-CI 9.102 19.45*** 28.51*** 25.56*** 27.80*** 23.50*** 27.01*** 35.86*** 15.41*** 14.68*** 26.60*** 22.35*** 25.83*** 20.83*** 25.03*** 35.39*** 11.17

CDM-CD 21.70*** 27.44*** 23.83*** 29.43*** 23.59*** 28.87*** 34.34*** 20.58*** 18.30*** 26.37*** 23.17*** 28.32*** 23.34*** 27.65*** 36.70*** 16.94***

Panel B: Absolute Errors

Historical Average 12.39*** 14.96*** 14.69*** 14.84*** 21.78*** 18.90*** 15.64*** 13.75*** 17.39*** 14.59*** 14.10*** 15.65*** 21.89*** 19.40*** 15.66*** 15.11*** 19.69*** 15.80*** 14.05***

Linear Model 19.31*** 19.29*** 17.73*** 17.98*** 16.81*** 18.16*** 17.53*** 17.39*** 19.35*** 17.92*** 17.44*** 18.22*** 16.84*** 18.22*** 17.24*** 17.18*** 19.15*** 18.14***

CDM-CI 13.72*** 15.96*** 24.63*** 20.82*** 22.64*** 21.85*** 26.65*** 23.46*** 8.978 15.11*** 24.79*** 21.30*** 20.06*** 23.53*** 25.05*** 25.82*** 8.376

CDM-CD 15.91*** 22.74*** 17.71*** 24.13*** 21.00*** 28.09*** 23.68*** 11.41 16.42*** 23.45*** 20.76*** 22.74*** 24.21*** 26.89*** 25.15*** 7.707

Conditional Independence Conditional Dependence
Linear 

Model
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❚❛❜❧❡ ✼✿ ▲✐♥❦s t♦ r❡❛❧ ❡❝♦♥♦♠②✳ ❚P ✐s t❡r♠ ♣r❡♠✐✉♠✳ ❚❙ ✐s t❡r♠ s♣r❡❛❞✳ ■❘ ✐s s❤♦rt✲t❡r♠ ✐♥t❡r❡st r❛t❡✱ ✇❤✐❝❤
✐s ✸✲♠♦♥t❤ ❚✲❜✐❧❧ ✐♥ t❤✐s ❝♦♥t❡①t✳ ●● ✐s ●❉P ❣r♦✇t❤ ❝♦♠♣✉t❡❞ ❛s t❤❡ ❝❤❛♥❣❡s ✐♥ ✐♥❞✉str✐❛❧ ♣r♦❞✉❝t✐♦♥✳ ■♥✢ ✐s
✐♥✢❛t✐♦♥✳ ❍P ✐s ❤♦✉s✐♥❣ ♣r✐❝❡ ❝❤❛♥❣❡s✳ ✯✱ ✯✯✱ ✯✯✯ ❞❡♥♦t❡ t❤❡ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧s ❛t ✶✵✪✱ ✺✪✱ ❛♥❞ ✶✪✳

TP TS IR GG infl HP IR GG infl HP

Panel A: Downside Risk

Historical Average 0.009*** -9.30 -0.00*** -0.00 -0.00** -0.00 -0.00*** -0.03** 0.036 -0.00***

Constant Model -0.06*** 0.008** -0.00** -0.02*** 0.014 0.0006 0.001 0.446*** 2.392*** -0.0014***

Patton -0.06*** 0.009** -0.00** -0.02*** 0.019 0.0006 0.001 0.488*** 2.677*** -0.0012**

ExpWeight -0.06*** 0.012*** -0.00 -0.02*** 0.016 0.0007 0.003 0.448*** 2.371*** -0.0010**

IGtype -0.06*** 0.012*** -0.00** -0.02*** 0.019 0.0006 0.004** 0.543*** 2.719*** -0.0010**

Gtype -0.05*** 0.004 -0.00 -0.02*** 0.020 0.0003 0.001 0.375*** 1.932*** -0.0012***

OSA -0.06*** 0.009** -0.00** -0.02*** 0.017 0.0007 0.002 0.468*** 2.460*** -0.0013***

TSA -0.05*** 0.007** -0.00** -0.02*** 0.014 0.0002 0.001 0.444*** 2.313*** -0.0013***

TVC -0.06*** 0.010** -0.00** -0.02*** 0.014 0.0003 0.002 0.496*** 2.653*** -0.0013***

ITVC -0.06*** 0.009** -0.00** -0.02*** 0.016 0.0003 0.001 0.474*** 2.575*** -0.0013***

Panel B: Skewness

Historical Average -7.54*** 5.259*** 6.033*** 6.289*** 11.57** 0.150 4.736*** 7.878 -638.*** 1.410***

Constant Model 4.789*** -2.77*** 0.330 0.361 3.795 0.089 -0.68 -32.3** -187.*** -0.12

Patton 3.857** -1.26 -0.27 0.996 4.399 0.152 -0.23 7.189 34.12 -0.08

ExpWeight 2.285 -0.84 -1.81*** 3.110 3.348 0.099 0.204 78.75*** 524.7*** -0.22

IGtype 0.859 -0.13 -1.28*** 1.564 3.509 0.144 -0.10 42.68** 275.6*** -0.15

Gtype 4.149** -1.27** 0.465 1.543 5.111 0.156 -0.42 -27.4** -190.*** -0.04

OSA 2.454 -1.94** -0.12 -0.17 1.333 0.093 -0.58 -4.24 -49.2 -0.17**

TSA 3.492** -2.29*** 0.072 0.597 3.397 0.125 -0.65 -8.61 -85.4 -0.14

TVC 4.964*** -2.76*** 0.223 0.124 4.714 0.100 -0.77 -32.5** -189.*** -0.13

ITVC 4.774** -2.44*** 0.310 0.734 4.767 0.101 -0.70 -34.7** -223.*** -0.13

Macro Variable in Level Macro Variable in Volatility
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Figure 2: Out−of−Sample Return Forecast
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Historical Average vs. Constant Model From Conditional Independence
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Historical Average vs. Dynamic ModelFrom Conditional Independence
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Time−varying Downside Risk and NBER−dated Business−Cycle
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❆ ❍✐❣❤❡r ▼♦♠❡♥ts✬ ❋♦r❡❝❛st✐♥❣

❲❡ ✐♥t❡❣r❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❧

ξt = Et−1 (|rt − c| I[rt > c])

=

ˆ +∞

0

uf (u|ψ) ̺t (F (u|ψ)) du ✭❆✳✶✮

❲❡ tr❛♥s❢♦r♠ t❤❡ ✐♥✜♥✐t② ❞♦♠❛✐♥ t♦ ❜❡ [0, 1] ❜② ❧❡tt✐♥❣ z = F (u|ψ)✳

❍❡♥❝❡✱ ✇❡ ❤❛✈❡ u = F
−1
(z|ψ) ✇✐t❤ 0 ≤ z ≤ 1 s✐♥❝❡ F (·) ✐s ❛ CDF ❢✉♥❝t✐♦♥✳

◆♦✇✱ ✇❡ r❡✇r✐t❡ ✭❆✳✶✮ ❛s✿

ξt =

ˆ 1

0

Q(z)̺t (z) dz ✭❆✳✷✮

✇❤❡r❡ Q(z) = F
−1
(z|ψ)f

(

F
−1
(z|ψ)|ψ

)

∂F
−1

(z|ψ)
∂z

✳

■♥ ♦✉r ❝❛s❡✱ z = F (u|ψ) = 1 − e−(
u

λ)
k

✇✐t❤ k, λ > 0 ✐s ❛ ❲❡✐❜✉❧❧ ❈❉❋

❞✐str✐❜✉t✐♦♥✱ ❛♥❞ u = F
−1
(z|ψ) = λ [−ln (1− z)]

1
k ✳ ❋✉rt❤❡r✱ t❤❡ P❉❋ ❢♦r ❛

❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥ ✐s✿

f(u;λ, k) =







k
λ

(

u
λ

)k−1
e−(

u

λ)
k

u ≥ 0

0 u < 0

s✉❝❤ t❤❛t

f
(

F
−1

(z;λ, k); λ, k
)

= f
{

λ [−ln (1− z)]
1
k

}

=
k

λ

(

λ [−ln (1− z)]
1
k

λ

)k−1

e
−

(

λ[−ln(1−z)]
1
k

λ

)k

=
k(1− z)

λ
[−ln (1− z)]1−

1
k ✭❆✳✸✮
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❛♥❞

∂F
−1
(z;λ, k)

∂z
=

∂
{

λ [−ln (1− z)]
1
k

}

∂z

=
λ

k(1− z)
[−ln (1− z)]

1
k
−1 ✭❆✳✹✮

❈♦♠❜✐♥❡ ✭❆✳✸✮ ❛♥❞ ✭❆✳✹✮ t♦ ♦❜t❛✐♥

Q(z) = λ [−ln (1− z)]
1
k ✭❆✳✺✮

❚❤❡r❡❢♦r❡✱ Q(z) = u = F−1(z|ψ) ✐s t❤❡ q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❲❡✐❜✉❧❧

❞✐str✐❜✉t✐♦♥ ❢♦r z✳

❚❤❡ s♦❧✉t✐♦♥ ❢♦r E(rt)
2 ✐s ❞❡r✐✈❡❞ ❛s✿

E(rt)
2 =

ˆ +∞

0

u2f(u|ψt)du

=

ˆ 1

0

[

F−1(z|ψt)
]2
f
(

F
−1

(z|ψt)|ψt

)

dF−1(z|ψt)

=

ˆ 1

0

[

F−1(z|ψt)
]2
f
(

F
−1

(z|ψt)|ψt

) ∂F
−1
(z;λ, k)

∂z
dz

=

ˆ 1

0

[

F−1(z|ψt)
]2
dz

◆♦t❡ t❤❛t u = F−1(z|ψt) = Q(z)✱ ❛♥❞ ❜❛s❡❞ ❡q✭❆✳✸✮ ❛♥❞ ❆✳✹✱ f
(

F
−1
(z|ψt)|ψt

)

∂F
−1

(z;λ,k)
∂z

=

1✳ ❚❤✉s✱ ✇❡ ❤❛✈❡

E(rt)
2 =

ˆ 1

0

[Q(z)]2 dz ✭❆✳✻✮

❢♦r Q(z) = λ [−ln (1− z)]
1
k ❛s ✐♥ ❡q✭❆✳✺✮✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❡q✭❆✳✻✮✱ ✇❡

❝❛♥ ♦❜t❛✐♥ t❤❡ s♦❧✉t✐♦♥s ♦❢ E |rt|
3 ❛s ✐♥ ✭✹✳✻✮✳

❚❤❡ s♦❧✉t✐♦♥ ❢♦r E(r2t I(rt > 0)) ✐s ❞❡r✐✈❡❞ ❛s

✺✺



E(r2t I(rt > 0)) =

ˆ +∞

0

u2f(u|ψt)̺t(F (u|ψt))du

=

ˆ 1

0

[

F−1(z|ψt)
]2
f
(

F
−1

(z|ψt)|ψt

)

̺t(z)
∂F

−1
(z;λ, k)

∂z
dz

=

ˆ 1

0

[

F−1(z|ψt)
]2
̺t(z)dz

=

ˆ 1

0

[Q(z)]2 ̺t(z)dz

❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ s♦❧✉t✐♦♥ ♦❢ E(|rt|
3
I(rt > 0)) ❛s ✐♥ ❡q✭✹✳✺✮✳

✺✻
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