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❋❛✐❧✉r❡ t♦ ▲❛✉♥❝❤ ✐♥ ❚✇♦✲❙✐❞❡❞ ▼❛r❦❡ts✿ ❆ ❙t✉❞② ♦❢ t❤❡ ❯✳❙✳

❱✐❞❡♦ ●❛♠❡ ▼❛r❦❡t∗

❨✐②✐ ❩❤♦✉

❖❝t♦❜❡r ✷✵✶✷

❆❜str❛❝t

■♥ t❤❡ ❞②♥❛♠✐❝ t✇♦✲s✐❞❡❞ ♠❛r❦❡t ❡♥✈✐r♦♥♠❡♥t✱ ♦✈❡r♣r✐❝✐♥❣ ♦♥❡ s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t

♥♦t ♦♥❧② ❞✐s❝♦✉r❛❣❡s ❞❡♠❛♥❞ ♦♥ t❤❛t s✐❞❡ ❜✉t ❛❧s♦ ❞✐s❝♦✉r❛❣❡s ♣❛rt✐❝✐♣❛t✐♦♥ ♦♥ t❤❡

♦t❤❡r s✐❞❡✳ ❖✈❡r t✐♠❡✱ t❤✐s ♣r♦❝❡ss ❝❛♥ ❧❡❛❞ t♦ ❛ ❞❡❛t❤ s♣✐r❛❧✳ ❚❤✐s ♣❛♣❡r ❞❡✈❡❧♦♣s ❛

❞②♥❛♠✐❝ str✉❝t✉r❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ✈✐❞❡♦ ❣❛♠❡ ♠❛r❦❡t t♦ st✉❞② ❧❛✉♥❝❤ ❢❛✐❧✉r❡s ✐♥ t✇♦✲s✐❞❡❞

♠❛r❦❡ts✳ ❚❤❡ ♣❛♣❡r ♠♦❞❡❧s ❝♦♥s✉♠❡rs✬ ♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥s ❢♦r ❤❛r❞✇❛r❡ ♣❧❛t❢♦r♠s ❛♥❞

❛✣❧✐❛t❡❞ s♦❢t✇❛r❡ ♣r♦❞✉❝ts ❛♥❞ s♦❢t✇❛r❡ ✜r♠s✬ ❡♥tr② ❛♥❞ ♣r✐❝✐♥❣ ❞❡❝✐s✐♦♥s✳ ❚❤✐s ♣❛♣❡r

❛❧s♦ ❞❡✈❡❧♦♣s ❛ ❇❛②❡s✐❛♥ ▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦ ❛♣♣r♦❛❝❤ t♦ ❡st✐♠❛t❡ ❞②♥❛♠✐❝

str✉❝t✉r❛❧ ♠♦❞❡❧s✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤❡ ❝♦✉♥t❡r❢❛❝t✉❛❧ s✐♠✉❧❛t✐♦♥s s❤♦✇ t❤❛t ❛ ❢❛✐❧❡❞

♣❧❛t❢♦r♠ ❝♦✉❧❞ ❤❛✈❡ s✉r✈✐✈❡❞ ✐❢ ✐t ❤❛❞ ❧♦✇❡r❡❞ ✐ts ❤❛r❞✇❛r❡ ♣r✐❝❡s ❛♥❞ t❤❛t ✐t ❝♦✉❧❞ ♥♦t

❤❛✈❡ ✇❛❧❦❡❞ ♦✉t ♦❢ t❤❡ ❞❡❛t❤ s♣✐r❛❧ ✐❢ ✐t ❤❛❞ s✉❜s✐❞✐③❡❞ s♦❢t✇❛r❡ ❡♥tr②✳

❑❡②✇♦r❞s✿ ❇❛②❡s✐❛♥ ▼❛r❦♦✈ ❈❤❛✐♥ ▼♦♥t❡ ❈❛r❧♦ ✭▼❈▼❈✮ ❊st✐♠❛t✐♦♥✱ ❋❛✐❧✉r❡

t♦ ▲❛✉♥❝❤✱ ❚✇♦✲❙✐❞❡❞ ▼❛r❦❡t✱ ■♥❞✐r❡❝t ◆❡t✇♦r❦ ❊✛❡❝t✱ ❋♦r✇❛r❞✲▲♦♦❦✐♥❣ ❈♦♥s✉♠❡r✱

❱✐❞❡♦ ●❛♠❡ ▼❛r❦❡t

∗❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❚❤❡ ❙t❛t❡ ❯♥✐✈❡rs✐t② ♦❢ ◆❡✇ ❨♦r❦ ❛t ❙t♦♥② ❇r♦♦❦✳ ②✐②✐✳③❤♦✉❅st♦♥②❜r♦♦❦✳❡❞✉✳
❚❤✐s ♣❛♣❡r ✐s ❜❛s❡❞ ♦♥ ♠② ✷✵✶✷ ❞✐ss❡rt❛t✐♦♥✳ ❚❤❡ ♣r❡✈✐♦✉s ✈❡rs✐♦♥ ♦❢ t❤❡ ♣❛♣❡r ✇❛s ❝✐r❝✉❧❛t❡❞ ✉♥❞❡r t❤❡
t✐t❧❡ ✏❇❛②❡s✐❛♥ ❊st✐♠❛t✐♦♥ ♦❢ ❛ ❉②♥❛♠✐❝ ❊q✉✐❧✐❜r✐✉♠ ▼♦❞❡❧ ♦❢ Pr✐❝✐♥❣ ❛♥❞ ❊♥tr② ✐♥ ❚✇♦✲❙✐❞❡❞ ▼❛r❦❡ts✿
❆♣♣❧✐❝❛t✐♦♥ t♦ ❱✐❞❡♦ ●❛♠❡s✑✳ ■ ❛♠ ❡①tr❡♠❡❧② ✐♥❞❡❜t❡❞ t♦ ♠② ❝♦♠♠✐tt❡❡✱ ❙t❡✈❡♥ ❙t❡r♥✱ ❙✐♠♦♥ ❆♥❞❡rs♦♥✱
❛♥❞ ❋❡❞❡r✐❝♦ ❈✐❧✐❜❡rt♦ ❢♦r t❤❡✐r ❣❡♥❡r♦✉s ❣✉✐❞❛♥❝❡✱ ❡♥❝♦✉r❛❣❡♠❡♥t✱ ❛♥❞ s✉♣♣♦rt✳ ❚❤❡ ♣❛♣❡r ❤❛s ❜❡♥❡✜t❡❞
❢r♦♠ ❝♦♠♠❡♥ts ♦❢ s❡♠✐♥❛r ♣❛rt✐❝✐♣❛♥ts ❛t ❋❧♦r✐❞❛ ❙t❛t❡✱ ▼❛r②❧❛♥❞✱ ❖❤✐♦ ❙t❛t❡✱ P❡♥♥s②❧✈❛♥✐❛✱ ❙t♦♥② ❇r♦♦❦✱
❱✐r❣✐♥✐❛ ❛♥❞ ■■❖❈ ♠❡❡t✐♥❣s✱ ❛♥❞ ❝♦♥✈❡rs❛t✐♦♥s ✇✐t❤ ❆♥❞r❡✇ ❈❤✐♥❣✱ ❍✉❧②❛ ❊r❛s❧❛♥✱ ◆❛t❤❛♥ ▲❛rs♦♥✱ ❆♥❞r✐②
◆♦r❡ts✱ ❘❡❣✐s ❘❡♥❛✉❧t✱ ❏♦❤♥ ❘✉st✱ ❍♦❧❣❡r ❙❡✐❣✱ ❊❞✇❛r❞ ❱②t❧❛❝✐❧✱ ●❧❡♥ ❲❡②❧✱ ❑❡♥♥❡t❤ ❲♦❧♣✐♥✱ ❛♥❞ ❉❛♥✐❡❧
❳✉✳ ❋✉rt❤❡r♠♦r❡✱ ■ t❤❛♥❦ ❲❡✐✲▼✐♥ ❍✉ ❢♦r ❛ss✐st❛♥❝❡ ✐♥ ❛❝q✉✐r✐♥❣ ❞❛t❛✳ ■ ❛♠ ❣r❛t❡❢✉❧ ❢♦r ✜♥❛♥❝✐❛❧ s✉♣♣♦rt
❢r♦♠ t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❱✐r❣✐♥✐❛✬s ❇❛♥❦❛r❞ ❋✉♥❞ ❢♦r P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✳ ❆❧❧ ❡rr♦rs ❛r❡ ♠② ♦✇♥✳



✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ♠❛♥② t✇♦✲s✐❞❡❞ ♦r ✏♣❧❛t❢♦r♠✑ ♠❛r❦❡ts✱ ❝♦♥s✉♠❡rs ❥♦✐♥ ❛ ♣❧❛t❢♦r♠ t♦ ❛❝❝❡ss ❣♦♦❞s t❤❛t

✜r♠s ❛✣❧✐❛t❡❞ ✇✐t❤ t❤❛t ♣❧❛t❢♦r♠ ♣r♦✈✐❞❡✱ ❛♥❞ ✜r♠s ❥♦✐♥ ❛ ♣❧❛t❢♦r♠ t♦ r❡❛❝❤ ❝♦♥s✉♠❡rs ✇❤♦

❤❛✈❡ ❥♦✐♥❡❞ t❤❛t ♣❧❛t❢♦r♠✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s✉♠❡rs ♦♥ ❛ ♣❧❛t❢♦r♠ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛✈❛✐❧✲

❛❜✐❧✐t②✱ q✉❛❧✐t②✱ ❛♥❞ ♣r✐❝❡s ♦❢ t❤❡ ❛✣❧✐❛t❡❞ ♣r♦❞✉❝ts✳ ❚❤❡ s✉❝❝❡ss ♦❢ t❤❡ ❛✣❧✐❛t❡❞ ♣r♦❞✉❝ts

❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s✉♠❡rs ♦♥ t❤❡ ♣❧❛t❢♦r♠✳ ■♥ ❧✐t❡r❛t✉r❡ ♦♥ t✇♦✲s✐❞❡❞ ♠❛r❦❡ts✱

t❤✐s ✐♥t❡r❞❡♣❡♥❞❡♥❝❡✱ ♦r ❡①t❡r♥❛❧✐t② ❜❡t✇❡❡♥ t✇♦ ❣r♦✉♣s ♦❢ ❛❣❡♥ts t❤❛t ❛ ♣❧❛t❢♦r♠ s❡r✈❡s✱

✐s ❝❛❧❧❡❞ ✐♥❞✐r❡❝t ♥❡t✇♦r❦ ❡✛❡❝ts✳ ▼♦r❡♦✈❡r✱ ♣❧❛t❢♦r♠ ♠❛r❦❡ts ❛r❡ ♦❢t❡♥ ✐♥❤❡r❡♥t❧② ❞②♥❛♠✐❝

❡♥✈✐r♦♥♠❡♥ts ❞✉❡ t♦ t❤❡ ❞✉r❛❜✐❧✐t② ♦❢ ♣❧❛t❢♦r♠ ✐♥t❡r♠❡❞✐❛r✐❡s ❛♥❞ t❤❡ ❛✣❧✐❛t❡❞ ♣r♦❞✉❝ts✳

❚✇♦✲s✐❞❡❞♥❡ss ❛♥❞ ❞②♥❛♠✐❝s ❛r❡ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡s ♦❢ ♠❛♥② ❦❡② ✐♥❞✉str✐❡s s✉❝❤ ❛s ❡❘❡❛❞❡rs

❛♥❞ ❡❜♦♦❦s✱ ✈✐❞❡♦ ❣❛♠❡s ❛♥❞ ❝♦♥s♦❧❡s✱ ♦♣❡r❛t✐♦♥ s②st❡♠s ❛♥❞ s♦❢t✇❛r❡✱ ❉❱❉ ♣❧❛②❡rs ❛♥❞

❉❱❉s✱ ❛♥❞ s♠❛rt ♣❤♦♥❡s ❛♥❞ ❛♣♣s✳

❙♦♠❡ ♣❧❛t❢♦r♠s ♠❛② ❜❡ ❛❜❧❡ t♦ ❣r♦✇ r❛♣✐❞❧② ❢r♦♠ ❛ s♠❛❧❧ ❜❛s❡ ❜❡❝❛✉s❡ ❝✉st♦♠❡rs ♦♥ ♦♥❡

s✐❞❡ ❛ttr❛❝t ❝✉st♦♠❡rs ❢r♦♠ t❤❡ ♦t❤❡r s✐❞❡✱ ❜✉t ♠♦st ♣❧❛t❢♦r♠s ❞♦ ♥♦t✳ ▼❛♥② ❜❛♥❦s ❧❛✉♥❝❤❡❞

❝r❡❞✐t ❝❛r❞ s②st❡♠s ✐♥ t❤❡ ✶✾✺✵s✱ ❛♥❞ ❛❧♠♦st ❛❧❧ ❢❛✐❧❡❞✳ ❙♦♥② ❇❡t❛♠❛① ❧♦st ✐♥ t❤❡ ✈✐❞❡♦t❛♣❡

❢♦r♠❛t ✇❛r ✇✐t❤ ✐ts ❝♦♠♣❡t✐t♦r ❱❍❙ ✐♥ t❤❡ ❧❛t❡ ✶✾✼✵s ❛♥❞ t❤❡ ✶✾✽✵s✱ ❜✉t ❙♦♥② ❇❧✉✲r❛② t♦♦❦

t❤❡ ❧❡❛❞ ♦✈❡r ✐ts ♠❛✐♥ ❝♦♠♣❡t✐t♦r✱ ❍❉✲❉❱❉✱ ♦♥❧② ♦♥❡ ❛♥❞ ❤❛❧❢ ②❡❛rs ❛❢t❡r ✐ts ❧❛✉♥❝❤✳ ❚❤✐s

♣❛♣❡r ❛s❦s ✇❤② s♦♠❡ ♣❧❛t❢♦r♠s ❧❛✉♥❝❤ s✉❝❝❡ss❢✉❧❧② ❜✉t ♦t❤❡rs ❢❛✐❧✳

❚❤❡♦r② t❡❧❧s ✉s t❤❛t ♣❧❛t❢♦r♠s ♥❡❡❞ t♦ ✏❣❡t ❜♦t❤ s✐❞❡s ♦♥ ❜♦❛r❞✑ t♦ ❧❛✉♥❝❤ s✉❝❝❡ss❢✉❧❧②

✭❘♦❝❤❡t ❛♥❞ ❚✐r♦❧❡✱ ✷✵✵✸❀ ❆r♠str♦♥❣✱ ✷✵✵✻❀ ❍❛❣✐✉✱ ✷✵✵✻❀ ❲❡②❧✱ ✷✵✶✵✮✳ ■♥ t✇♦✲s✐❞❡❞ ♠❛r❦❡ts✱

♣r✐❝✐♥❣ ♦♥ ♦♥❡ s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t ♥♦t ♦♥❧② ❛✛❡❝ts t❤❡ ❞❡♠❛♥❞ ♦♥ t❤❛t s✐❞❡ ❜✉t ❛❧s♦ ❛✛❡❝ts

♣❛rt✐❝✐♣❛t✐♦♥ ♦♥ t❤❡ ♦t❤❡r s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t✳ ❍❡♥❝❡✱ ❝❤❛r❣✐♥❣ ❧♦✇✱ ♦r ❡✈❡♥ ♥❡❣❛t✐✈❡✱ ♣r✐❝❡s

❞✉r✐♥❣ t❤❡ ❧❛✉♥❝❤✐♥❣ st❛❣❡ ✐s ❝r✉❝✐❛❧ t♦ ❛❝❤✐❡✈❡ t❤❡ s♥♦✇❜❛❧❧ ❡✛❡❝t✳ ■♥ ♣r❛❝t✐❝❡✱ ❆♠❛③♦♥ s♦❧❞

t❤❡ ❑✐♥❞❧❡ ❋✐r❡ s❧✐❣❤t❧② ❜❡❧♦✇ ✐ts ♠❛♥✉❢❛❝t✉r✐♥❣ ❝♦st t♦ ❛ttr❛❝t ✉s❡rs ❞✉r✐♥❣ t❤❡ ❧❛✉♥❝❤✐♥❣

st❛❣❡✶✱ ❛♥❞ ②❡❧❧♦✇✲♣❛❣❡ ♣✉❜❧✐s❤❡rs ♦✛❡r ❢r❡❡ ❛❞✈❡rt✐s❡♠❡♥ts ✐♥ t❤❡ ✜rst ②❡❛r t❤❛t t❤❡② ❡♥t❡r

✶❆❝❝♦r❞✐♥❣ t♦ ❛♥ ■❍❙ ❛♥❛❧②s✐s✱ ❆♠❛③♦♥✬s ❑✐♥❞❧❡ ❋✐r❡ ✭✽●❇②t❡✮ ❝♦sts ✩✷✵✶✳✼✵ t♦ ♠❛♥✉❢❛❝t✉r❡ ❜✉t ✇❛s
s♦❧❞ ❛t ✩✶✾✾ ❛t r❡❧❡❛s❡✳

✷



❛ ❧♦❝❛❧ ♠❛r❦❡t✳

❚♦ ❛♥❛❧②③❡ ❤♦✇ ❛ ♣❧❛t❢♦r♠ ❣r♦✇s ♦r s❤r✐♥❦s✱ ✇❡ ♥❡❡❞ t♦ ❦♥♦✇ ❤♦✇ ❝✉st♦♠❡rs ♦♥ ❜♦t❤

s✐❞❡s ♦❢ t❤❡ ♠❛r❦❡t ❜❡❤❛✈❡✳ ■♥ t❤✐s ♣❛♣❡r✱ ■ s❡t ✉♣ ❛ ❞②♥❛♠✐❝ str✉❝t✉r❛❧ ♠♦❞❡❧ t❤❛t ❞❡s❝r✐❜❡s

❝♦♥s✉♠❡rs✬ ♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥s ♦♥ ❤❛r❞✇❛r❡ ♣❧❛t❢♦r♠s ❛♥❞ t❤❡✐r ❛✣❧✐❛t❡❞ s♦❢t✇❛r❡ ♣r♦❞✉❝ts✱

❛♥❞ s♦❢t✇❛r❡ ✜r♠s✬ ❞②♥❛♠✐❝ ♣r✐❝✐♥❣ ❛♥❞ ❡♥tr② ❞❡❝✐s✐♦♥s✳✷ ❚♦ ❡st✐♠❛t❡ t❤❡ ♠♦❞❡❧ ■ ✉s❡ ❛

❞❛t❛ s❡t ❢r♦♠ t❤❡ ✸✷✲ ❛♥❞ ✻✹✲❜✐t ❣❡♥❡r❛t✐♦♥✱ ♦r ✜❢t❤✲❣❡♥❡r❛t✐♦♥✱ ❯✳❙✳ ✈✐❞❡♦ ❣❛♠❡ ♠❛r❦❡t

✐♥❝❧✉❞✐♥❣ t❤r❡❡ ❞♦♠✐♥❛t✐♥❣ ❝♦♥s♦❧❡s✿ ❙❡❣❛ ❙❛t✉r♥✱ ❙♦♥② P❧❛②❙t❛t✐♦♥✱ ❛♥❞ ◆✐♥t❡♥❞♦ ✻✹✳ ❙❡❣❛

❙❛t✉r♥ ❢❛✐❧❡❞ ❞✉r✐♥❣ t❤✐s ❣❡♥❡r❛t✐♦♥✱ ❡✈❡♥ t❤♦✉❣❤ ✐t ❤❛❞ ❜❡❡♥ ✈❡r② s✉❝❝❡ss❢✉❧ ✐♥ t❤❡ ♣r❡✈✐♦✉s

❣❡♥❡r❛t✐♦♥✳ ❚❤❡ ❝♦✉♥t❡r❢❛❝t✉❛❧ s✐♠✉❧❛t✐♦♥s s✉❣❣❡st t❤❛t ❙❡❣❛ ♣r✐❝❡❞ ✐♥❝♦♥s✐st❡♥t❧② ✇✐t❤ t❤❡

t✇♦✲s✐❞❡❞ ❜✉s✐♥❡ss ♣r✐❝✐♥❣ ♠♦❞❡❧ ❛♥❞ t❤❡r❡❢♦r❡ ✇❛s s❤❛❦❡♥ ♦✉t ♦❢ t❤❡ ♠❛r❦❡t✳ ❙❡❣❛ ✇♦✉❧❞

❤❛✈❡ s✉r✈✐✈❡❞ ✐❢ ✐t ❤❛❞ ❧♦✇❡r❡❞ ✐ts ❝♦♥s♦❧❡ ♣r✐❝❡ t♦ ❛ttr❛❝t ♠♦r❡ ❝♦♥s✉♠❡rs ❛♥❞ ❤❡♥❝❡ ♠♦r❡

❣❛♠❡s✳ ❍♦✇❡✈❡r✱ ✐t ✇♦✉❧❞ ♥♦t ❤❛✈❡ ✇❛❧❦❡❞ ♦✉t ♦❢ t❤❡ ❞❡❛t❤ s♣✐r❛❧ ✐❢ ✐t ❤❛❞ ♦♥❧② s✉❜s✐❞✐③❡❞

s♦❢t✇❛r❡ ❡♥tr②✳

❚❤✐s ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ ❧✐t❡r❛t✉r❡ ♦♥ t✇♦✲s✐❞❡❞ ♠❛r❦❡ts t❤❛t ❤❛s ❜❡❡♥ ❣r♦✇✐♥❣ q✉✐❝❦❧②

✐♥ t❤❡ ❧❛st ❞❡❝❛❞❡✳ ❘②s♠❛♥ ✭✷✵✵✾✮ ♣r♦✈✐❞❡s ❛ ❣❡♥❡r❛❧ r❡✈✐❡✇ ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ✐♥ t❤✐s ✜❡❧❞✳ ■♥

t❤♦s❡ ♠❛r❦❡ts ✇✐t❤ ♣♦s✐t✐✈❡ ✐♥❞✐r❡❝t ♥❡t✇♦r❦ ❡✛❡❝ts✱ ♦♥❡ s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t ✐s ❛❧✇❛②s ✇❛✐t✐♥❣

❢♦r t❤❡ ♦t❤❡r s✐❞❡ t♦ ❛❝t ❜❡❢♦r❡ t❛❦✐♥❣ ✐ts ♦✇♥ ❛❝t✐♦♥✳ Pr❡✈✐♦✉s ❧✐t❡r❛t✉r❡ ❤❛s ❡♠♣❤❛s✐③❡❞ t❤❛t

♣❧❛t❢♦r♠s ♥❡❡❞ t♦ ✏❣❡t ❜♦t❤ s✐❞❡s ♦♥ ❜♦❛r❞✑ ❛♥❞ s♦❧✈❡ t❤❡ ✏❝❤✐❝❦❡♥✲❛♥❞✲❡❣❣✑ ❝♦♦r❞✐♥❛t✐♦♥

♣r♦❜❧❡♠ t❤❛t ❈❛✐❧❧❛✉❞ ❛♥❞ ❏✉❧❧✐❡♥ ✭✷✵✵✸✮ ♦r✐❣✐♥❛❧❧② ♣♦✐♥t❡❞ ♦✉t✳ ❲✐t❤ ❛ ❢❡✇ ❡①❝❡♣t✐♦♥s✱

♣r❡✈✐♦✉s st✉❞✐❡s ❤❛✈❡ ✉s✉❛❧❧② ♠♦❞❡❧❡❞ t❤❡ ❧❛✉♥❝❤ ♦❢ ♥❡✇ ♣❧❛t❢♦r♠s ❛s ❛♥ ❡✈❡♥t✱ ♥♦t ❛ ♣r♦❝❡ss❀

t❤❡② ❤❛✈❡ ♥♦t ❢♦❝✉s❡❞ ♦♥ t❤❡ st❛rt✲✉♣ ♣r♦❜❧❡♠s t❤❛t ♥❡✇ ♣❧❛t❢♦r♠s ❢❛❝❡✳✸ ❚❤✐s ♣❛♣❡r ❛♥❛❧②③❡s

✷■ ❞♦ ♥♦t ♠♦❞❡❧ ♣❧❛t❢♦r♠ ♠❛❦❡rs✬ ❞❡❝✐s✐♦♥s ♦♥ ♣r✐❝❡ ❛♥❞ ❡♥tr② ❢♦r t✇♦ r❡❛s♦♥s✳ ❋✐rst✱ ❜♦t❤ ❝♦♥s✉♠❡rs
❛♥❞ s♦❢t✇❛r❡ ✜r♠s ❛r❡ ♠♦❞❡❧❡❞ ❛s ❢♦r✇❛r❞✲❧♦♦❦✐♥❣ ❛❣❡♥ts✱ ❛♥❞ t❤✉s t❤❡✐r ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ♣r♦❝❡ss❡s ❛r❡
❝♦♠♣❧✐❝❛t❡❞ ❜② t❤❡♠s❡❧✈❡s✳ ■t ✐s ❡①tr❡♠❡❧② ❤❛r❞ t♦ ❣♦ ❢✉rt❤❡r t♦ ♠♦❞❡❧ t❤❡ ❞❡❝✐s✐♦♥s ♦❢ ♣❧❛t❢♦r♠ ♠❛❦❡rs ✇❤♦
❝❤♦♦s❡ t❤❡✐r ♣r✐❝❡ ❛♥❞ ❡♥tr② t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❝♦♥s✉♠❡rs✬ ♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥s ❛♥❞ s♦❢t✇❛r❡ ✜r♠s✬ ♣r✐❝❡ ❛♥❞
❡♥tr② ❞❡❝✐s✐♦♥s✳ ❙❡❝♦♥❞✱ t❤❡ ❣♦❛❧ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ st✉❞② ❧❛✉♥❝❤ ❢❛✐❧✉r❡s ✐♥ t✇♦✲s✐❞❡❞ ♠❛r❦❡ts✱ ✐♥ ♣❛rt✐❝✉❧❛r
✇❤❡t❤❡r ❛ ❢❛✐❧❡❞ ♣❧❛t❢♦r♠ ✇♦✉❧❞ s✉r✈✐✈❡ ❜② t❛❦✐♥❣ ❛❧t❡r♥❛t✐✈❡ str❛t❡❣✐❝ ♦♣t✐♦♥s✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s ❣♦❛❧✱ ■ ♠♦❞❡❧
❤♦✇ t❤❡ t✇♦ s✐❞❡s r❡s♣♦♥❞ t♦ ♣❧❛t❢♦r♠ ♠❛❦❡rs✬ ❝❤♦✐❝❡s ❛♥❞ s✐♠✉❧❛t❡ t❤❡ r❡s✉❧ts ✇❤❡♥ ❛ ❢❛✐❧❡❞ ♣❧❛t❢♦r♠ t❛❦❡s
❛♥ ❛❧t❡r♥❛t✐✈❡ ♦♣t✐♦♥✳

✸❖♥❡ ❡①❝❡♣t✐♦♥ ✐s ❊✈❛♥s ❛♥❞ ❙❝❤♠❛❧❡♥s❡❡ ✭✷✵✶✵✮✱ ✇❤♦ s❤♦✇ t❤❛t ❛ ♣❧❛t❢♦r♠ ❜✉s✐♥❡ss ♥❡❡❞s t♦ ♣❛ss ❛♥
✐♥✐t✐❛❧ ❝r✐t✐❝❛❧ ♠❛ss t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ♥❛t✉r❡ ♦❢ ♥❡t✇♦r❦ ❡✛❡❝ts✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝✉st♦♠❡r ❜❡❤❛✈✐♦r✱ ❛♥❞
t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝✉st♦♠❡r t❛st❡s✳

✸



t❤❡ ❞②♥❛♠✐❝s ♦❢ ♣❧❛t❢♦r♠ ❣r♦✇t❤ ❛♥❞ ❧♦♦❦s ❛t ❤♦✇ ❛ ♣r✐❝❡ ❝❤❛♥❣❡ ❞✉r✐♥❣ t❤❡ ❧❛✉♥❝❤✐♥❣ st❛❣❡

❛✛❡❝ts ❛ ♣❧❛t❢♦r♠✬s ❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✳

■♥ t❤✐s ♣❛♣❡r✱ ❝♦♥s✉♠❡rs ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s✱ ❢♦r✇❛r❞✲❧♦♦❦✐♥❣✱ ❛♥❞ ❤❛✈❡ r❛t✐♦♥❛❧ ❡①♣❡❝t❛✲

t✐♦♥s ❛❜♦✉t ❢✉t✉r❡ s♦❢t✇❛r❡ ❡♥tr② ❛♥❞ ♣r✐❝❡s✳ ■♥ ❡❛❝❤ t✐♠❡ ♣❡r✐♦❞✱ ❝♦♥s✉♠❡rs ❝❤♦♦s❡ ✇❤❡t❤❡r

❛♥❞ ✇❤❡♥ t♦ ♣✉r❝❤❛s❡ ❤❛r❞✇❛r❡ ❛♥❞ ❛✣❧✐❛t❡❞ s♦❢t✇❛r❡✳ ❚❤❡ ❤❛r❞✇❛r❡ ♣✉r❝❤❛s❡ ❛♥❞ t❤❡ s♦❢t✲

✇❛r❡ ♣✉r❝❤❛s❡ ❛r❡ ✐♥t❡r❞❡♣❡♥❞❡♥t ❞❡❝✐s✐♦♥s✳ ❖♥ ♦♥❡ ❤❛♥❞✱ t❤❡ ✈❛❧✉❡ ♦❢ ❤❛r❞✇❛r❡ ❞❡♣❡♥❞s ♦♥

t❤❡ ✈❛❧✉❡ ♦❢ ❜❡✐♥❣ ❛❜❧❡ t♦ ♣✉r❝❤❛s❡ ❛✣❧✐❛t❡❞ s♦❢t✇❛r❡✱ s♦ ❝♦♥s✉♠❡rs r❛t✐♦♥❛❧❧② ❛♥t✐❝✐♣❛t❡ t❤❡

s♦❢t✇❛r❡ ♠❛r❦❡t ✇❤❡♥ t❤❡② ♠❛❦❡ t❤❡✐r ❤❛r❞✇❛r❡ ♣✉r❝❤❛s✐♥❣ ❞❡❝✐s✐♦♥s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱

t❤❡ ♥✉♠❜❡r ♦❢ ♣♦t❡♥t✐❛❧ ❝♦♥s✉♠❡rs ❢♦r ❛ s♦❢t✇❛r❡ ♣r♦❞✉❝t ❞❡♣❡♥❞s ♦♥ ❤♦✇ ♠❛♥② ❝♦♥s✉♠❡rs

❤❛✈❡ ♣✉r❝❤❛s❡❞ t❤❡ ❝♦♠♣❛t✐❜❧❡ ❤❛r❞✇❛r❡✳ ❖♥ t❤❡ s♦❢t✇❛r❡ s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t✱ t❤❡r❡ ❡①✐sts ❛

✜♥✐t❡ ♥✉♠❜❡r ♦❢ s❡♣❛r❛t❡ s✉❜♠❛r❦❡ts✳ ■♥ ❡❛❝❤ s✉❜♠❛r❦❡t ❛♥❞ ❡❛❝❤ t✐♠❡ ♣❡r✐♦❞✱ t❤❡ ❡①✐st✐♥❣

s♦❢t✇❛r❡ ✜r♠s ❞❡❝✐❞❡ ❤♦✇ ♠✉❝❤ t♦ ❝❤❛r❣❡✱ ❛♥❞ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥ts ❞❡❝✐❞❡ ✇❤❡t❤❡r t♦ ❡♥t❡r✳

❆t ❡q✉✐❧✐❜r✐✉♠✱ ❣✐✈❡♥ ♦t❤❡r ❛❣❡♥ts✬ str❛t❡❣✐❡s✱ ❡❛❝❤ ❛❣❡♥t✬s ❜❡st r❡s♣♦♥s❡ ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ❛

s✐♥❣❧❡✲❛❣❡♥t ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s t❤❡ ✜①❡❞ ♣♦✐♥t

♦❢ t❤❡ s②st❡♠ ♦❢ ❜❡st r❡s♣♦♥s❡ ♦♣❡r❛t♦rs✳

❚♦ ❡st✐♠❛t❡ t❤✐s ❝♦♠♣❧✐❝❛t❡❞ ♠♦❞❡❧✱ t❤✐s ♣❛♣❡r ♣r♦✈✐❞❡s ❛ ♣r❛❝t✐❝❛❧ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡

t❤❛t ❝♦♠❜✐♥❡s t❤❡ ❇❛②❡s✐❛♥ ❛❧❣♦r✐t❤♠ ❛♥❞ t❤❡ ✜①❡❞✲♣♦✐♥t ❛❧❣♦r✐t❤♠✳ ■♥ t❤❡ ♦✉t❡r✲❧♦♦♣✱ ■

✉s❡ t❤❡ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ❛❧❣♦r✐t❤♠ t♦ ❞r❛✇ ❛ s❡q✉❡♥❝❡ ♦❢ ♣❛r❛♠❡t❡r ✈❡❝t♦rs ❢r♦♠ t❤❡✐r

♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥s✳ ■♥ t❤❡ ✐♥♥❡r✲❧♦♦♣✱ ❢♦r ❛ ❣✐✈❡♥ ♣❛r❛♠❡t❡r ✈❡❝t♦r ❛❧♦♥❣ t❤❡ ▼❈▼❈

❝❤❛✐♥✱ ■ ♥♦♥✲♣❛r❛♠❡tr✐❝❛❧❧② ❛♣♣r♦①✐♠❛t❡ ❡❛❝❤ ❛❣❡♥t✬s ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ ❜❡st r❡s♣♦♥s❡ ❢✉♥❝✲

t✐♦♥ ❜② ✉s✐♥❣ t❤❡ ♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❛♥❞ ♣s❡✉❞♦✲❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ❢r♦♠ ♣r❡✈✐♦✉s

▼❈▼❈ ✐t❡r❛t✐♦♥s✳ ❚❤❡♥ ■ ❛❞♦♣t ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❛♣♣r♦❛❝❤ t♦ ♦❜t❛✐♥ ❡❛❝❤ ❛❣❡♥t✬s ❝♦♥t✐♥✲

✉❛t✐♦♥ ✈❛❧✉❡✱ s♦❧✈❡ ❢♦r ❡❛❝❤ ❛❣❡♥t✬s ❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ✭♣s❡✉❞♦✲❜❡st✲r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥✮

❛♥❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✭♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥✮ ❣✐✈❡♥ t❤❛t ♦t❤❡r ❛❣❡♥ts ♣❧❛② t❤❡✐r ❡q✉✐❧✐❜r✐✉♠

str❛t❡❣✐❡s✱ ❛♥❞ st♦r❡ t❤❡s❡ ♣s❡✉❞♦✲❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ❛♥❞ ♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❢♦r

❢✉t✉r❡ ▼❈▼❈ ✐t❡r❛t✐♦♥s✳ ❚❤✐s ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❞♦❡s ♥♦t ❢✉❧❧② s♦❧✈❡ t❤❡ ❞②♥❛♠✐❝ ♠♦❞❡❧

❜✉t ✐♥❝♦r♣♦r❛t❡s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♥❞ t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ❛♣♣r♦❛❝❤❡s✳ ❚❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡✲

✹



❞✉r❡ s✐❣♥✐✜❝❛♥t❧② ❛❧❧❡✈✐❛t❡s ❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥ ❛♥❞ ♠❛❦❡s t❤❡ ❇❛②❡s✐❛♥ ▼❈▼❈ ♠❡t❤♦❞

❛♣♣❧✐❝❛❜❧❡ t♦ ❡st✐♠❛t✐♥❣ ❞②♥❛♠✐❝ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧s✳

❚❤✐s ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❇❛②❡s✐❛♥ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞s t❤❛t ❤❛s ❜❡❡♥

❝♦♠♠♦♥❧② ❛♣♣❧✐❡❞ t♦ st❛t✐❝ ❞✐s❝r❡t❡ ❝❤♦✐❝❡ ♠♦❞❡❧s ✇✐t❤ ❧❛t❡♥t ✈❛r✐❛❜❧❡s✳✹ ■♠❛✐✱ ❏❛✐♥ ❛♥❞

❈❤✐♥❣ ✭✷✵✵✾✮✱ ❛♥❞ ◆♦r❡ts ✭✷✵✵✾✮ ♣✐♦♥❡❡r❡❞ t❤❡ ✉s❡ ♦❢ ❇❛②❡s✐❛♥ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞s ❢♦r

❞②♥❛♠✐❝ ❞✐s❝r❡t❡ ❝❤♦✐❝❡ ♠♦❞❡❧s✳ ■♥ ❝♦♥tr❛st t♦ t❤♦s❡ t✇♦ ♣❛♣❡rs✱ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡

✐♥ t❤✐s ♣❛♣❡r ✐s ❞❡s✐❣♥❡❞ t♦ ❡st✐♠❛t❡ ❞②♥❛♠✐❝ ❣❛♠❡s t❤❛t ❛r❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❜❡❝❛✉s❡

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s t❤❡ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ❜❡st r❡s♣♦♥s❡ s②st❡♠✳ ❚❤✐s ♣❛♣❡r ❛❧s♦ ❡①t❡♥❞s

t❤❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ♦❢ P❛❦❡s ❛♥❞ ▼❝●✉✐r❡ ✭✷✵✵✶✮ t♦ t❤❡ ❇❛②❡s✐❛♥ ❢r❛♠❡✇♦r❦✳ ■♥ P❛❦❡s

❛♥❞ ▼❝●✉✐r❡✬s ❛❧❣♦r✐t❤♠✱ t❤❡② ❛♣♣r♦①✐♠❛t❡ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ✉s✐♥❣ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡

r❡t✉r♥s ❢r♦♠ ♣❛st ♦✉t❝♦♠❡s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ❛♥❞ t❤❡ ✈❛❧✉❡ ❛♥❞ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s ❛r❡ ✉♣❞❛t❡❞

❛t ❛ r❡❝✉rr❡♥t ❝❧❛ss ♦❢ ♣♦✐♥ts✱ r❛t❤❡r t❤❛♥ ❛t ❛❧❧ ♣♦ss✐❜❧❡ ♣♦✐♥ts✱ ✐♥ t❤❡ st❛t❡ s♣❛❝❡✳

❚❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ❞❡s❝r✐❜❡s t❤❡ ❞❛t❛ s❡t ❛♥❞ t❤❡ ❯✳❙✳

✈✐❞❡♦ ❣❛♠❡ ✐♥❞✉str②✳ ❙❡❝t✐♦♥ ✸ ❜✉✐❧❞s ❛ str✉❝t✉r❛❧ ♠♦❞❡❧ ♦❢ ❞②♥❛♠✐❝ ❞❡♠❛♥❞ ❛♥❞ ❞②♥❛♠✐❝

s✉♣♣❧②✳ ❙❡❝t✐♦♥ ✹ ❞❡s❝r✐❜❡s t❤❡ ❇❛②❡s✐❛♥ ▼❈▼❈ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❛♥❞ ❞✐s❝✉ss❡s t❤❡

r❡❧❛t❡❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ✐ss✉❡s✳ ❙❡❝t✐♦♥ ✺ r❡♣♦rts t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ❛♥❞ ❡①❛♠✐♥❡s t❤❡

✜t ♦❢ t❤❡ ♠♦❞❡❧✳ ■♥ ❙❡❝t✐♦♥ ✻✱ ■ ❝♦♥❞✉❝t t✇♦ ❝♦✉♥t❡r❢❛❝t✉❛❧ ❡①❡r❝✐s❡s t♦ ❡①❛♠✐♥❡ ❙❡❣❛✬s

❛❧t❡r♥❛t✐✈❡ str❛t❡❣✐❝ ♦♣t✐♦♥s✳ ❙❡❝t✐♦♥ ✼ ❝♦♥❝❧✉❞❡s t❤❡ ✜♥❞✐♥❣s✳

✷ ❚❤❡ ❯✳❙✳ ❱✐❞❡♦ ●❛♠❡ ▼❛r❦❡t

❙✐♥❝❡ P♦♥❣ ✇❛s ✜rst ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ❡❛r❧② ✶✾✼✵s✱ t❤❡ ❯✳❙✳ ✈✐❞❡♦ ❣❛♠❡ ✐♥❞✉str② ❤❛s ❣r♦✇♥

s✐❣♥✐✜❝❛♥t❧②✳ ■♥ ✷✵✵✽ t❤❡ ✐♥❞✉str② ❣r♦ss❡❞ ✩✷✷ ❜✐❧❧✐♦♥✱ ♠♦r❡ t❤❛♥ t✇✐❝❡ t❤❡ t♦t❛❧ ❜♦①✲♦✣❝❡

r❡✈❡♥✉❡ ✐♥ t❤❡ ♠♦✈✐❡ ✐♥❞✉str②✱ ✇❤✐❝❤ ❣r♦ss❡s ✩✶✵ ❜✐❧❧✐♦♥✳ ❚❤❡ ✈✐❞❡♦ ❣❛♠❡ ✐♥❞✉str② ✐s ❛ t✇♦✲

s✐❞❡❞ ♠❛r❦❡t ✐♥ ✇❤✐❝❤ ❝♦♥s♦❧❡s ✭❤❛r❞✇❛r❡✮ ❛❝t ❛s ♣❧❛t❢♦r♠ ✐♥t❡r♠❡❞✐❛r✐❡s✱ ❛♥❞ ❝♦♥s✉♠❡rs

❛♥❞ ♣r♦❞✉❝❡rs ♦❢ ✈✐❞❡♦ ❣❛♠❡s ✭s♦❢t✇❛r❡✮ ❛r❡ ♦♥ t❤❡ t✇♦ s✐❞❡s ♦❢ t❤❡ ♠❛r❦❡t✳ ❖♥ ♦♥❡ s✐❞❡

♦❢ t❤❡ ♠❛r❦❡t✱ ❝♦♥s♦❧❡ ♣r♦✈✐❞❡rs ❞❡s✐❣♥ ❛♥❞ s❡❧❧ ❝♦♥s♦❧❡s t♦ ❝♦♥s✉♠❡rs ✇❤♦ ♣❛② ❛ ♦♥❡✲t✐♠❡

✹❙❡❡ ❆❧❜❡rt ❛♥❞ ❈❤✐❜ ✭✶✾✾✸✮✱ ▼❝❈✉❧❧♦❝❤ ❛♥❞ ❘♦ss✐ ✭✶✾✾✹✮✱ ❏✐❛♥❣✱ ▼❛♥❝❤❛♥❞❛ ❛♥❞ ❘♦ss✐ ✭✷✵✵✾✮✳

✺



✜①❡❞ ❢❡❡ ❢♦r t❤❡ ❝♦♥s♦❧❡ t❤❛t ❛❧❧♦✇s t❤❡♠ t♦ ❥♦✐♥ ❛ ♣❧❛t❢♦r♠✳ ❖♥ t❤❡ ♦t❤❡r s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t✱

❝♦♥s♦❧❡ ♣r♦✈✐❞❡rs ❝❤❛r❣❡ ✐♥❞❡♣❡♥❞❡♥t ❣❛♠❡ ♣r♦❞✉❝❡rs ❛ r♦②❛❧t② ❢❡❡ ❢♦r t❤❡ r✐❣❤ts t♦ t❤❡ ❝♦❞❡

t❤❛t ❛❧❧♦✇s ❣❛♠❡ ♣r♦❞✉❝❡rs t♦ ♠❛❦❡ t❤❡✐r ❣❛♠❡s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ❝♦♥s♦❧❡✳ ❚❤❡ r♦②❛❧t②

❢❡❡ ✐s ♥♦t ❛ ♦♥❡✲t✐♠❡ ♣❛②♠❡♥t❀ r❛t❤❡r✱ ✐t ✐s ❛ ✉♥✐t ♣❛②♠❡♥t ❢♦r ❡❛❝❤ ❝♦♣② t❤❛t t❤❡② s❡❧❧ t♦

❝♦♥s✉♠❡rs✳ ■♥ ❢❛❝t✱ ❝♦♥s♦❧❡ ♣r♦✈✐❞❡rs ♠❛♥✉❢❛❝t✉r❡ ❛❧❧ t❤❡ ✈✐❞❡♦ ❣❛♠❡s t❤❡♠s❡❧✈❡s s♦ t❤❡②

❝❛♥ tr❛❝❦ s❛❧❡s ❢♦r r♦②❛❧t② ❝♦❧❧❡❝t✐♦♥✳ ❈♦♥s♦❧❡ ♠❛❦❡rs ❛❧s♦ ❞❡✈❡❧♦♣ ❛♥❞ ♣✉❜❧✐s❤ ✈✐❞❡♦ ❣❛♠❡s

❢♦r t❤❡✐r ♦✇♥ ❤❛r❞✇❛r❡ ♣❧❛t❢♦r♠s❀ ✐♥✲❤♦✉s❡ ❣❛♠❡ t✐t❧❡s ❞♦ ♥♦t ♥❡❡❞ t♦ ♣❛② r♦②❛❧t② ❢❡❡s t♦

❝♦♥s♦❧❡ ♠❛❦❡rs✳ ■ tr❡❛t t❤❡✐r ♣r✐❝❡s ❛♥❞ ❛✈❛✐❧❛❜✐❧✐t✐❡s ❛s ❣✐✈❡♥ t♦ ♦t❤❡r ✐♥❞❡♣❡♥❞❡♥t s♦❢t✇❛r❡

✜r♠s✳

❚♦ s❛t✐s❢② ❝♦♥s✉♠❡rs✬ ♥❡❡❞s ❢♦r t❤❡ ❧❛t❡st t❡❝❤♥♦❧♦❣②✱ ❝♦♥s♦❧❡ ♣r♦✈✐❞❡rs ❤❛✈❡ ✐♥tr♦❞✉❝❡❞

♥❡✇ s②st❡♠s ❛♣♣r♦①✐♠❛t❡❧② ❡✈❡r② ✜✈❡ ②❡❛rs✳ ❚❤❡ ❞❛t❛ ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r ❝♦✈❡r t❤❡ ✸✷✲ ❛♥❞

✻✹✲❜✐t ❣❡♥❡r❛t✐♦♥✱ ♦r ✜❢t❤ ❣❡♥❡r❛t✐♦♥✱ ♦❢ t❤❡ ❯✳❙✳ ✈✐❞❡♦ ❣❛♠❡ ♠❛r❦❡t✳ ❚❤❡ ❞❛t❛ ✐♥❝❧✉❞❡ t❤r❡❡

s♣❡❝✐✜❝ ❝♦♥s♦❧❡s✿ t❤❡ ❙❡❣❛ ❙❛t✉r♥✱ r❡❧❡❛s❡❞ ✐♥ ▼❛② ✶✾✾✺❀ t❤❡ ❙♦♥② P❧❛②❙t❛t✐♦♥✱ r❡❧❡❛s❡❞

✐♥ ❙❡♣t❡♠❜❡r ✶✾✾✺❀ ❛♥❞ t❤❡ ◆✐♥t❡♥❞♦ ✻✹✱ r❡❧❡❛s❡❞ ✐♥ ❙❡♣t❡♠❜❡r ✶✾✾✻✳ ❖♥❡ ♥♦✈❡❧t② ♦❢ t❤✐s

❣❡♥❡r❛t✐♦♥ ✐s t❤❛t ❙❡❣❛✱ ❛ ✈❡r② s✉❝❝❡ss❢✉❧ ✐♥❝✉♠❜❡♥t ❢♦r ♠❛♥② ②❡❛rs ✐♥ t❤✐s ✐♥❞✉str②✱ ❢❛✐❧❡❞

t♦ ❧❛✉♥❝❤ ✐ts ♣❧❛t❢♦r♠ ❛♥❞ ❡①✐t❡❞ t❤❡ ✐♥❞✉str②✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ♥♦♥❡ ♦❢ t❤❡ ❝♦♥s♦❧❡s ✇❛s

❜❛❝❦✇❛r❞❧② ❝♦♠♣❛t✐❜❧❡✱ ❡❧✐♠✐♥❛t✐♥❣ t❤❡ ❝♦♥❝❡r♥ t❤❛t ❛ ♣r❡✈✐♦✉s❧② ❡①✐st✐♥❣ ❝♦♥s✉♠❡r ❜❛s❡

♠✐❣❤t ❤❛✈❡ ❣✐✈❡♥ ♦♥❡ ❝♦♥s♦❧❡ ♣❧❛t❢♦r♠ ❛♥ ❛❞✈❛♥t❛❣❡✳

✷✳✶ ❉❛t❛

❚❤❡ ♠❛✐♥ ❞❛t❛ s❡t ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ◆P❉ ●r♦✉♣✱ ❛ ♠❛r❦❡t r❡s❡❛r❝❤ ✜r♠✳ ❚❤❡ ❞❛t❛

✐♥❝❧✉❞❡ t❤❡ ♠♦♥t❤❧② r❡✈❡♥✉❡ ❛♥❞ ✉♥✐t s❛❧❡s ♦❢ t❤r❡❡ ✜❢t❤✲❣❡♥❡r❛t✐♦♥ ❝♦♥s♦❧❡s✱ ❙❡❣❛ ❙❛t✉r♥

✭❙❛t✉r♥✮✱ ❙♦♥② P❧❛②❙t❛t✐♦♥ ✭P❙✮✱ ❛♥❞ ◆✐♥t❡♥❞♦ ✻✹ ✭◆✻✹✮✱ ❢r♦♠ ▼❛② ✶✾✾✺ t❤r♦✉❣❤ ❋❡❜r✉❛r②

✷✵✵✷✳ ❙♦♥② ✇❛s ❛ ♥❡✇ ❡♥tr❛♥t t♦ t❤✐s ✐♥❞✉str② ❛♥❞ t❤❡ P❙ s♦♦♥ ❜❡❝❛♠❡ t❤❡ ❧❡❛❞✐♥❣ ♣❧❛t❢♦r♠✱

t❛❦✐♥❣ ❛r♦✉♥❞ ✻✵ ♣❡r❝❡♥t ♦❢ t❤❡ ♠❛r❦❡t✳ ◆✐♥t❡♥❞♦ ✇❛s t❤❡ ♠❛✐♥ ❝♦♠♣❡t✐t♦r ♦❢ ❙♦♥② ❛♥❞

❤❛❞ ❛ ♠❛r❦❡t s❤❛r❡ ♦❢ ✸✼ ♣❡r❝❡♥t✳ ❙❡❣❛ r❛♥ ❛ ❞✐st❛♥t t❤✐r❞ ❜❡❤✐♥❞ t❤❡ ♦t❤❡r t✇♦ ❛♥❞

❛❝t✉❛❧❧② st♦♣♣❡❞ ♣r♦❞✉❝✐♥❣ ✐♥ ✶✾✾✽✳ ■ t❛❦❡ t❤❡ r❛t✐♦ ♦❢ r❡✈❡♥✉❡ ♦✈❡r ✉♥✐t s❛❧❡s ✐♥ ❡❛❝❤ ♠♦♥t❤

✻



t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦♥s♦❧❡ ♣r✐❝❡✳ ❙✐♥❝❡ t❤❡ s✐①t❤ ❣❡♥❡r❛t✐♦♥ st❛rt❡❞ ✇❤❡♥ ❙♦♥② ❧❛✉♥❝❤❡❞ ✐ts

P❧❛②❙t❛t✐♦♥ ✷ ✐♥ ❖❝t♦❜❡r ✷✵✵✵✱ t❤❡ ❞❛t❛ s❡t ❝♦✈❡rs t❤❡ ❡♥t✐r❡ ✜❢t❤✲❣❡♥❡r❛t✐♦♥ ✈✐❞❡♦ ❣❛♠❡

✐♥❞✉str②✳

❚❤❡ ❞❛t❛ s❡t ❛❧s♦ ✐♥❝❧✉❞❡s t❤❡ ♠♦♥t❤❧② r❡✈❡♥✉❡ ❛♥❞ ✉♥✐t s❛❧❡s ❢♦r ✶✱✻✾✼ ✉♥✐q✉❡ ❣❛♠❡

t✐t❧❡s r❡❧❡❛s❡❞ ❢♦r t❤❡ t❤r❡❡ ❝♦♥s♦❧❡s ❞✉r✐♥❣ t❤✐s ♣❡r✐♦❞✿ ✷✹✵ ❙❛t✉r♥ ❣❛♠❡ t✐t❧❡s✱ ✶✱✶✼✷ P❙

❣❛♠❡ t✐t❧❡s✱ ❛♥❞ ✸✽✺ ◆✻✹ ❣❛♠❡ t✐t❧❡s✳ ❚❤❡ ❞❛t❛ s❡t ✇❛s ❝♦❧❧❡❝t❡❞ ❢r♦♠ ✸✵ ♦❢ t❤❡ ❧❛r❣❡st

r❡t❛✐❧❡rs ✐♥ t❤❡ ❯✳❙✳✱ r❡t❛✐❧❡rs t❤❛t ❛❝❝♦✉♥t ❢♦r ❛r♦✉♥❞ ✽✺ ♣❡r❝❡♥t ♦❢ ✈✐❞❡♦ ❣❛♠❡ s❛❧❡s✳ ❚❤❡

◆P❉ ●r♦✉♣ ❡①tr❛♣♦❧❛t❡❞ t❤❡ s❡t ❢♦r t❤❡ ❡♥t✐r❡ ❯✳❙✳ ♠❛r❦❡t✳ ■ t❛❦❡ t❤❡ r❛t✐♦ ♦❢ r❡✈❡♥✉❡ ♦✈❡r

✉♥✐t s❛❧❡s ✐♥ ❡✈❡r② ♠♦♥t❤ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❣❛♠❡ ♣r✐❝❡✳ ❚❤❡ ❞❛t❛ ■ ✉s❡ t♦ ❡st✐♠❛t❡ t❤❡ ❣❛♠❡

♠❛r❦❡t ♦♥❧② ✐♥❝❧✉❞❡s s♣♦rts ❣❛♠❡s✳ ■ ❞✐❞ t❤✐s ❜❡❝❛✉s❡ ✐t ✐s r❡❧❛t✐✈❡❧② ❡❛s② t♦ s♦rt s♣♦rts

❣❛♠❡s ✐♥t♦ ❣r♦✉♣s✱ ❛♥❞ ✉s✐♥❣ ❛ s♠❛❧❧❡r s❛♠♣❧❡ r❡❞✉❝❡s ❡st✐♠❛t✐♦♥ t✐♠❡✳ ❚❤❡ ❞❛t❛ ✉s❡❞ ✐♥

t❤❡ ❡st✐♠❛t✐♦♥ ❝♦♥t❛✐♥s ✸✾✼ s♣♦rts ❣❛♠❡s ❞✐✈✐❞❡❞ ✐♥ ✷✾ s♦❢t✇❛r❡ s✉❜♠❛r❦❡ts✳ ❆❞❞✐t✐♦♥❛❧❧②✱

■ ❝♦❧❧❡❝t❡❞ t❤❡ ❞❛t❛ ♦♥ ✉s❡r ❛♥❞ ❝r✐t✐❝s r❛t✐♥❣ s❝♦r❡s ❢♦r ❡❛❝❤ ❣❛♠❡ t✐t❧❡ ❢r♦♠ s❡✈❡r❛❧ ❧❛r❣❡

✇❡❜s✐t❡s s✉❝❤ ❛s ■●◆✱ ●❛♠❡❘❛♥❦✐♥❣s✱ ●❛♠❡❙♣♦t✱ ❛♥❞ ●❛♠❛s✉tr❛✳

●❡♥❡r❛❧ ❞❡s❝r✐♣t✐✈❡ st❛t✐st✐❝s ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ❯♣ t♦ ❋❡❜r✉❛r② ✷✵✵✷✱ t❤❡ ✐♥st❛❧❧❡❞

❜❛s❡s ♦❢ ✉s❡rs ✐♥ t❤❡ ❯✳❙✳ ♠❛r❦❡t ❢♦r t❤❡ ❙❛t✉r♥✱ P❙✱ ❛♥❞ ◆✻✹ ✇❡r❡ ✶✳✷✽ ♠✐❧❧✐♦♥✱ ✷✽✳✷✺ ♠✐❧❧✐♦♥✱

❛♥❞ ✶✼✳✶✼ ♠✐❧❧✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ t♦t❛❧ ✉♥✐t s❛❧❡s ♦❢ t❤❡✐r ❛✣❧✐❛t❡❞ ✈✐❞❡♦ ❣❛♠❡s ✇❡r❡ ✽✳✵✾

♠✐❧❧✐♦♥✱ ✸✵✵✳✵✷ ♠✐❧❧✐♦♥ ❛♥❞ ✶✶✶✳✺✺ ♠✐❧❧✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳ ❊✈❡♥ t❤♦✉❣❤ ❙❛t✉r♥ ✇❛s t❤❡ ✜rst

♠♦✈❡r✱ t❤❡ ❝♦♥s♦❧❡ ❜❡❝❛♠❡ t❤❡ ✏♦t❤❡r✑ s②st❡♠ ❜❛r❡❧② t✇♦ ②❡❛rs ❛❢t❡r ✐ts r❡❧❡❛s❡✱ r✉♥♥✐♥❣ ❛

❞✐st❛♥t t❤✐r❞ ❜❡❤✐♥❞ ✐ts t✇♦ r✐✈❛❧s✳

✷✳✷ ■♥❞✉str② ❉❡s❝r✐♣t✐♦♥

❇❡❧♦✇ ■ ❜r✐❡✢② ❞✐s❝✉ss t❤❡ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡s ♦❢ t❤✐s ✐♥❞✉str②✱ t❤❡ ♣♦s✐t✐✈❡ ✐♥❞✐r❡❝t ♥❡t✇♦r❦

❡✛❡❝t✱ t❤❡ ❞❡❝❧✐♥✐♥❣ ♣❛tt❡r♥ ♦❢ ❣❛♠❡ ♣r✐❝❡ ❛♥❞ s❛❧❡s✱ ❛♥❞ t❤❡ s❡❛s♦♥❛❧✐t② ♦❢ ❝♦♥s♦❧❡ ❛♥❞ ❣❛♠❡

s❛❧❡s✳
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❚❛❜❧❡ ✶✿ ❙t❛t✐st✐❝s ♦❢ t❤❡ ❯✳❙✳ ❋✐❢t❤✲❣❡♥❡r❛t✐♦♥ ❱✐❞❡♦ ●❛♠❡ ■♥❞✉str②

❙❡❣❛ ❙❛t✉r♥ P❧❛②❙t❛t✐♦♥ ◆✐♥t❡♥❞♦ ✻✹

❍❆❘❉❲❆❘❊

❘❡❧❡❛s❡ ❉❛t❡ ▼❛② ✶✾✾✺ ❙❡♣t✳ ✶✾✾✺ ❙❡♣t✳ ✶✾✾✻

Pr♦✈✐❞❡r ❙❡❣❛ ❙♦♥② ◆✐♥t❡♥❞♦

❈P❯ ❜✐ts ✸✷ ✸✷ ✻✹

▼❍❩ ✷✽ ✸✸✳✽✼ ✾✸✳✼✺

❙t❛rt✐♥❣ ♣r✐❝❡ ✩✸✾✾✳✾ ✩✷✾✾✳✼ ✩✶✾✾✳✽

❊♥❞✐♥❣ ♣r✐❝❡ ✩✹✶✳✵ ✩✶✶✷✳✷ ✩✽✼✳✶

❆✈❡r❛❣❡ ✉♥✐t s❛❧❡s ♣❡r ♠♦♥t❤ ✭♠✐❧❧✐♦♥✮ ✵✳✵✷ ✵✳✸✻ ✵✳✷✻

■♥st❛❧❧❡❞ ❜❛s❡ ✭♠✐❧❧✐♦♥✮ ✶✳✷✽ ✷✽✳✷✺ ✶✼✳✶✼

❙❖❋❚❲❆❘❊

❚♦t❛❧ ❛❝t✐✈❡ t✐t❧❡s ✷✹✵ ✶✶✼✷ ✸✽✺

❚♦t❛❧ ✉♥✐t s♦❧❞ ✭♠✐❧❧✐♦♥✮ ✽✳✵✾ ✸✵✵✳✷✵ ✶✶✶✳✺✺

❆✈❡r❛❣❡ ✉♥✐ts s♦❧❞ ♣❡r t✐t❧❡ ✭♠✐❧❧✐♦♥✮ ✵✳✵✸ ✭✵✳✵✹✮ ✵✳✷✻ ✭✵✳✹✽✮ ✵✳✸✾ ✭✵✳✻✼✮

❆✈❡r❛❣❡ r❡✈❡♥✉❡ ♣❡r t✐t❧❡ ✭♠✐❧❧✐♦♥✮ ✶✳✷✺ ✭✶✳✻✶✮ ✽✳✹✼ ✭✷✻✳✼✶✮ ✶✽✳✼✸ ✭✸✹✳✻✾✮

❆✈❡r❛❣❡ st❛rt✐♥❣ ♣r✐❝❡ ✩✺✷✳✻✻ ✭✩✼✳✽✸✮ ✩✹✶✳✺✼ ✭✩✶✷✳✵✷✮ ✩✺✹✳✺✼ ✭✩✽✳✶✻✮

◆♦t❡s✿ ❙✉♠♠❛r② st❛t✐st✐❝s ❢♦r ❙❛t✉r♥ ❛r❡ ❢♦r t❤❡ ✽✷✲♠♦♥t❤ ♣❡r✐♦❞ ❜❡t✇❡❡♥ ▼❛② ✶✾✾✺ ❛♥❞ ❋❡❜r✉❛r② ✷✵✵✷❀

st❛t✐st✐❝s ❢♦r P❙ ❛r❡ ❢♦r t❤❡ ✼✽✲♠♦♥t❤ ♣❡r✐♦❞ ❜❡t✇❡❡♥ ❙❡♣t❡♠❜❡r ✶✾✾✺ ❛♥❞ ❋❡❜r✉❛r② ✷✵✵✷❀ ❛♥❞ st❛t✐st✐❝s ❢♦r

◆✻✹ ❛r❡ ❢♦r t❤❡ ✻✻✲♠♦♥t❤ ♣❡r✐♦❞ ❜❡t✇❡❡♥ ❙❡♣t❡♠❜❡r ✶✾✾✻ ❛♥❞ ❋❡❜r✉❛r② ✷✵✵✷✳ ❊♥❞✐♥❣ ♣r✐❝❡✱ ■♥st❛❧❧❡❞ ❜❛s❡✱

t♦t❛❧ ❛❝t✐✈❡ t✐t❧❡s ❛♥❞ t♦t❛❧ ✉♥✐t s♦❧❞ ✇✐t❤ ❛♥② ❝♦♥s♦❧❡ ❛r❡ ❢♦r ❋❡❜r✉❛r② ✷✵✵✷✱ t❤❡ ❧❛st ♠♦♥t❤ ✐♥ t❤❡ s❛♠♣❧❡✳

◆✉♠❜❡rs ✐♥ ♣❛r❡♥t❤❡s✐s ❛r❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s✳ ❉❛t❛ s♦✉r❝❡✿ ◆P❉ ❣r♦✉♣✳

✶✳ P♦s✐t✐✈❡ ■♥❞✐r❡❝t ◆❡t✇♦r❦ ❊✛❡❝ts

❈♦♥s✉♠❡rs ❜✉② ❛ ❝♦♥s♦❧❡ t♦ ❛❝❝❡ss ✐ts ✈✐❞❡♦ ❣❛♠❡s✱ ❛♥❞ ❣❛♠❡ ♣r♦❞✉❝❡rs ♠❛❦❡ t❤❡✐r ❣❛♠❡s

❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❛ ❝♦♥s♦❧❡ t♦ r❡❛❝❤ ❝♦♥s✉♠❡rs ✇❤♦ ♦✇♥ t❤❛t ❝♦♥s♦❧❡✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ✉s❡rs

♦❢ ❛ ❝♦♥s♦❧❡ ✐s t❤❡r❡❢♦r❡ ❧❛r❣❡❧② ❝♦♥t✐♥❣❡♥t ♦♥ ❝✉rr❡♥t ❛♥❞ ❡①♣❡❝t❡❞ ❛✈❛✐❧❛❜✐❧✐t② ❛♥❞ ❣❛♠❡

♣r✐❝❡s✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❣❛♠❡s ❛✣❧✐❛t❡❞ ✇✐t❤ ❛ ❝♦♥s♦❧❡ ❞❡♣❡♥❞s ♦♥ ❤♦✇ ♠❛♥② ✉s❡rs ❤❛✈❡

♣✉r❝❤❛s❡❞ ❛♥❞ ❛r❡ ❡①♣❡❝t❡❞ t♦ ♣✉r❝❤❛s❡ t❤❛t ❝♦♥s♦❧❡✳ ❋✐❣✉r❡ ✶ s❤♦✇s t❤❛t t❤❡ ✐♥st❛❧❧❡❞

❜❛s❡ ♦❢ ❤❛r❞✇❛r❡ ❛♥❞ t❤❡ s♦❢t✇❛r❡ ✈❛r✐❡t② ❤❛✈❡ t❤❡ s❛♠❡ ❣r♦✇t❤ ♣❛tt❡r♥✱ ✐♠♣❧②✐♥❣ ♣♦s✐t✐✈❡

❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❝♦♥s✉♠❡r ❡♥tr② ❛♥❞ s♦❢t✇❛r❡ ❡♥tr②✳

❖♥ ♦♥❡ s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t✱ ❝♦♥s✉♠❡rs ❞❡❝✐❞❡ ✇❤❡t❤❡r t♦ ♣✉r❝❤❛s❡ ❝♦♥s♦❧❡s ❛♥❞ ❣❛♠❡s✳

❆ ❝♦♥s♦❧❡ ❤❛s ♥♦ st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡❀ ✐ts ✈❛❧✉❡ ❝♦♠❡s ❢r♦♠ ✐ts ❝♦♠♣❛t✐❜❧❡ ❣❛♠❡ t✐t❧❡s✳ ❋✐❣✉r❡

✶ ✭❛✮ ♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ❡❛❝❤ ❝♦♥s♦❧❡✬s ♦✇♥❡rs ❞✉r✐♥❣ t❤❡ s❛♠♣❧❡ ♣❡r✐♦❞✳ ❚❤❡ ✐♥st❛❧❧❡❞

✽



❋✐❣✉r❡ ✶✿ ❍❛r❞✇❛r❡ ■♥st❛❧❧❡❞ ❇❛s❡ ❛♥❞ ❙♦❢t✇❛r❡ ❱❛r✐❡t②

✭❛✮ ❍❛r❞✇❛r❡ ■♥st❛❧❧❡❞ ❇❛s❡
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✭❜✮ ❆❝t✐✈❡ ●❛♠❡ ❱❛r✐❡t②
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◆♦t❡s✿ ✭❛✮ ❚❤❡ ✐♥st❛❧❧❡❞ ❜❛s❡ ✐s ♠❡❛s✉r❡❞ ❜② t❤❡ ❛❝❝✉♠✉❧❛t✐✈❡ ✉♥✐ts s♦❧❞ ♦❢ ❡❛❝❤ ❝♦♥s♦❧❡ ✐♥ ♠✐❧❧✐♦♥s✳ ❚❤❡

♠♦♥t❤❧② s❛❧❡s ♦❢ ❙❛t✉r♥ ✇❡r❡ ❜❡❧♦✇ ✵✳✺ ♠✐❧❧✐♦♥ ✉♥✐ts ❛❢t❡r ❏❛♥✉❛r② ✶✾✾✼✳ ✭❜✮ ❆❝t✐✈❡ ❣❛♠❡s ❛r❡ r❡❢❡rr❡❞ t♦

t❤♦s❡ ✇❤✐❝❤ ❤❛s ♣♦s✐t✐✈❡ s❛❧❡s✳

❜❛s❡s ♦❢ P❙ ✉s❡rs ❛♥❞ ◆✻✹ ✉s❡rs ❣r❡✇ q✉✐❝❦❧② ❞✉r✐♥❣ t❤✐s ♣❡r✐♦❞✳ ❍♦✇❡✈❡r✱ t❤❡ ♥✉♠❜❡r ♦❢

❙❛t✉r♥ ♦✇♥❡rs st♦♣♣❡❞ ❣r♦✇✐♥❣ ♦♥❡ ❛♥❞ ❛ ❤❛❧❢ ②❡❛rs ❛❢t❡r ✐ts r❡❧❡❛s❡✳

❖♥ t❤❡ ♦t❤❡r s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t✱ ✐♥❝✉♠❜❡♥t ❣❛♠❡ ♣r♦❞✉❝❡rs ❝❤♦♦s❡ t❤❡✐r ♣r✐❝❡s✱ ❛♥❞

♣♦t❡♥t✐❛❧ ❡♥tr❛♥ts ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ ❡♥t❡r t❤❡ ♠❛r❦❡t✳ ❋✐❣✉r❡ ✶ ✭❜✮ ♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r

♦❢ ❡①✐st✐♥❣ ❣❛♠❡ t✐t❧❡s s♦❧❞ ❢♦r ❡❛❝❤ ❝♦♥s♦❧❡ ✐♥ ❡✈❡r② ♠♦♥t❤ ❞✉r✐♥❣ t❤❡ s❛♠♣❧❡ ♣❡r✐♦❞✳ ❚❤❡

♥✉♠❜❡r ♦❢ P❙ ❣❛♠❡ t✐t❧❡s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ◆✻✹ ❣❛♠❡ t✐t❧❡s ❣r❡✇ q✉✐❝❦❧②✳ ■♥ ❝♦♥tr❛st✱ t❤❡

♥✉♠❜❡r ♦❢ ❙❛t✉r♥ ❣❛♠❡ t✐t❧❡s st❛rt❡❞ t♦ s❤r✐♥❦ ❢r♦♠ ❏❛♥✉❛r② ✶✾✾✽✳

✷✳ ❈♦♥s♦❧❡ Pr✐❝❡ ❛♥❞ ●❛♠❡ Pr✐❝❡ ❉❡❝❧✐♥❡ ♦✈❡r ❚✐♠❡

❈♦♥s♦❧❡ ♣r✐❝❡s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✭❛✮✳ ❙❛t✉r♥ st❛rt❡❞ r❡t❛✐❧✐♥❣ ❢♦r ✩✸✾✾ ❜✉t ✐♥ ❙❡♣t❡♠❜❡r

✶✾✾✺ ❝✉t ✐ts ♣r✐❝❡ ❜② ✩✶✵✵ t♦ ♠❛t❝❤ t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ♥❡✇❧② ❧❛✉♥❝❤❡❞ P❙✳ P❧❛②❙t❛t✐♦♥ st❛rt❡❞

❛t ✩✷✾✾ ✐♥ ❙❡♣t❡♠❜❡r ✶✾✾✺ ❛♥❞ s✉❞❞❡♥❧② ❞r♦♣♣❡❞ ❜❡❧♦✇ ✩✷✵✵ ✐♥ ▼❛② ✶✾✾✻ ❜❡❢♦r❡ ◆✻✹ ✇❛s

❧❛✉♥❝❤❡❞✳ ◆✐♥t❡♥❞♦ ✻✹ ✇❛s s♦❧❞ ❛t ✩✶✾✾ ✇❤❡♥ ✐t ❝❛♠❡ t♦ ♠❛r❦❡t ❛♥❞ t❤❡r❡❛❢t❡r ✇❛s s♦❧❞ ❛t

❛❧♠♦st t❤❡ s❛♠❡ ♣r✐❝❡ ❛s P❙✳ ❇♦t❤ P❙ ❛♥❞ ◆✻✹ ❝✉t t❤❡✐r ♣r✐❝❡s ❜② ✩✺✵ ✐♥ ▼❛r❝❤ ✶✾✾✼✱ ❜②

❛r♦✉♥❞ ✩✷✵ ✐♥ ❏✉♥❡ ✶✾✾✽✱ ❛♥❞ ❜② ❛r♦✉♥❞ ✩✸✵ ✐♥ ❙❡♣t❡♠❜❡r ✶✾✾✾✳ ❖✈❡r❛❧❧✱ ❤❛r❞✇❛r❡ ♣r✐❝❡s

✾



✇❡r❡ ❞❡❝❧✐♥✐♥❣✳ ■t ✐s ✇✐❞❡❧② s♣❡❝✉❧❛t❡❞ t❤❛t ❛❧❧ t❤❡ ♠❛❥♦r ❝♦♥s♦❧❡s ✇❡r❡ ✐♥✐t✐❛❧❧② s♦❧❞ ❛t ❛

♣r✐❝❡ ♥❡❛r ♠❛r❣✐♥❛❧ ❝♦st✳ ■♥❞✉str② r❡♣♦rts ❛❧s♦ ✐♥❞✐❝❛t❡ t❤❛t ❝♦♥s♦❧❡ ♣r✐❝❡s ❢❡❧❧ s❧♦✇❡r t❤❛♥

♣r♦❞✉❝t✐♦♥ ❝♦sts✱ ❛♥❞ t❤✉s t❤❡ ♠❛r❣✐♥ ❛❝t✉❛❧❧② ✐♥❝r❡❛s❡❞ ♦✈❡r t✐♠❡✳

❋✐❣✉r❡ ✷✭❜✮ s❤♦✇s t❤❡ ❛✈❡r❛❣❡ ❣❛♠❡ ♣r✐❝❡ ❢♦r ❡❛❝❤ ❝♦♥s♦❧❡ ♦✈❡r t✐♠❡✳ ❙♦❢t✇❛r❡ ♣r✐❝❡s

✐♥❝r❡❛s❡❞ s❧✐❣❤t❧② ❞✉r✐♥❣ t❤❡ ✜rst ❢❡✇ ♠♦♥t❤s ❛❢t❡r ❛ ❝♦♥s♦❧❡ ✇❛s ✐♥tr♦❞✉❝❡❞✱ ❛♥❞ t❤❡r❡❛❢t❡r

❞❡❝❧✐♥❡❞ s♠♦♦t❤❧② ♦✈❡r t✐♠❡✳ ■♥✐t✐❛❧❧②✱ ◆✻✹ ❣❛♠❡s ✇❡r❡ ♠✉❝❤ ♠♦r❡ ❡①♣❡♥s✐✈❡ t❤❛♥ ♦t❤❡rs✱

❜✉t t❤❡ ♣r✐❝❡ ❣❛♣ ❜❡❝❛♠❡ s♠❛❧❧❡r ♦✈❡r t✐♠❡✳

❋✐❣✉r❡ ✷✿ ❈♦♥s♦❧❡ Pr✐❝❡ ❛♥❞ ❆✈❡r❛❣❡ ●❛♠❡ Pr✐❝❡ ♦✈❡r ❚✐♠❡
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✭❛✮ ❍❛r❞✇❛r❡ Pr✐❝❡
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✭❜✮ ❆✈❡r❛❣❡ Pr✐❝❡ ♦❢ ●❛♠❡s

◆♦t❡s✿ ✭❛✮ ❆✈❡r❛❣❡ ♠♦♥t❤❧② ✭♥♦♠✐♥❛❧✮ ♣r✐❝❡s ❢❛❝❡❞ ❜② ❝♦♥s✉♠❡rs ✐♥ r❡t❛✐❧❡r st♦r❡s ❢♦r ❡❛❝❤ ❝♦♥s♦❧❡ ✐♥ t❤❡

❯✳❙✳ ♠❛r❦❡t ❢r♦♠ ▼❛② ✶✾✾✺ t♦ ❋❡❜r✉❛r② ✷✵✵✷✳ ✭❜✮ ❆✈❡r❛❣❡ ♠♦♥t❤❧② ✭♥♦♠✐♥❛❧✮ ♣r✐❝❡s ♦❢ ✈✐❞❡♦ ❣❛♠❡s r❡❧❡❛s❡❞

❢♦r ❡❛❝❤ ❝♦♥s♦❧❡✳

✸✳ ❙❡❛s♦♥❛❧✐t② ❛♥❞ ▲✐❢❡✲❈②❝❧❡ P❛tt❡r♥

❋✐❣✉r❡ ✸ s❤♦✇s t❤❡ ♠♦♥t❤❧② ✉♥✐t s❛❧❡s ♦❢ ❡❛❝❤ ❝♦♥s♦❧❡ ❛♥❞ t❤❡ ♠♦♥t❤❧② ✉♥✐t s❛❧❡s ♦❢ t❤❡

❛✣❧✐❛t❡❞ ❣❛♠❡s ❢r♦♠ ▼❛② ✶✾✾✺ t❤r♦✉❣❤ ❋❡❜r✉❛r② ✷✵✵✷✳ ❉✉r✐♥❣ ❤♦❧✐❞❛② ♠♦♥t❤s✱ ◆♦✈❡♠❜❡r

❛♥❞ ❉❡❝❡♠❜❡r✱ s❛❧❡s ❛r❡ ❡❛s✐❧② ❞♦✉❜❧❡ ♦r tr✐♣❧❡ t❤❡ ❛✈❡r❛❣❡ s❛❧❡s ✐♥ ♦t❤❡r ♠♦♥t❤s✳

❆❢t❡r ❛❞❥✉st✐♥❣ ❢♦r s❡❛s♦♥❛❧✐t②✱ ❜♦t❤ t❤❡ ❝♦♥s♦❧❡ ❛♥❞ ❣❛♠❡ s❛❧❡s ❤❛❞ ❯✲s❤❛♣❡❞ ♣❛tt❡r♥s❀

t❤❛t ✐s✱ ❜♦t❤ ❣r❡✇ ✐♥✐t✐❛❧❧② ✉♥t✐❧ r❡❛❝❤✐♥❣ ❛ ♣❡❛❦ ❛♥❞ t❤❡r❡❛❢t❡r ❞❡❝❧✐♥❡❞✳ ❚❤✐s ❧✐❢❡✲❝②❝❧❡ ♣❛t✲

t❡r♥ ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ t❤❡ ❡❛r❧② ♠♦♥t❤s✱ ✈❡r② ❢❡✇ ❝♦♥s✉♠❡rs ♦✇♥❡❞ ❝♦♥s♦❧❡s

✶✵



❛♥❞ t❤❡ s♠❛❧❧ ♠❛r❦❡t s✐③❡ r❡s✉❧t❡❞ ✐♥ ❧♦✇ ❣❛♠❡ s❛❧❡s✳ ▼❡❛♥✇❤✐❧❡✱ ✈❡r② ❢❡✇ ❣❛♠❡s ✇❡r❡ ❛✈❛✐❧✲

❛❜❧❡✱ s♦ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ✈❛❧✉❡s ♦❢ ❝♦♥s♦❧❡s ✇❡r❡ ❧♦✇✱ ❛♥❞ ❝♦♥s♦❧❡ s❛❧❡s ✇❡r❡ ❧♦✇✳ ❍♦✇❡✈❡r✱

❛s ♠♦r❡ ❝♦♥s✉♠❡rs ♣✉r❝❤❛s❡❞ ❝♦♥s♦❧❡s ♦✈❡r t✐♠❡✱ ❣❛♠❡ s❛❧❡s ✐♥❝r❡❛s❡❞✳ ▼❡❛♥✇❤✐❧❡✱ ❛s ♠♦r❡

❛♥❞ ♠♦r❡ ♥❡✇ ❣❛♠❡s ✇❡r❡ r❡❧❡❛s❡❞ ♦✈❡r t✐♠❡✱ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ✈❛❧✉❡ ♦❢ ❝♦♥s♦❧❡s ✐♥❝r❡❛s❡❞

❛♥❞ ❝♦♥s♦❧❡ s❛❧❡s ✐♥❝r❡❛s❡❞✳ ❆t t❤❡ ❡♥❞ ♦❢ t❤❡ s❛♠♣❧❡ ♣❡r✐♦❞✱ t❤❡ ♥❡✇✲❣❡♥❡r❛t✐♦♥ ❝♦♥s♦❧❡s

❛♥❞ ❣❛♠❡s ✇❡r❡ ❛✈❛✐❧❛❜❧❡✱ s♦ t❤❡ s❛❧❡s ♦❢ ♦❧❞✲❣❡♥❡r❛t✐♦♥ ❝♦♥s♦❧❡s ❛♥❞ ❣❛♠❡s ❞❡❝❧✐♥❡❞ ♦✈❡r

t✐♠❡✳

❋✐❣✉r❡ ✸✿ ❯♥✐t ❙❛❧❡s ♦❢ ❈♦♥s♦❧❡s ❛♥❞ ●❛♠❡s ✭♠✐❧❧✐♦♥s✮
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✹✳ ●❛♠❡ Pr✐❝❡s ❛♥❞ ❙❛❧❡s ❉❡❝❧✐♥❡ ✇✐t❤ ❆❣❡

❆♥ ✐♠♣♦rt❛♥t ❢❡❛t✉r❡ ♦❢ t❤❡ ✈✐❞❡♦ ❣❛♠❡ ♠❛r❦❡t ✐s t❤❛t ❣❛♠❡ ♣r✐❝❡ ❛♥❞ s❛❧❡s st❛rt ❛t ❛

❤✐❣❤ ❧❡✈❡❧ t❤❡♥ ❞❡❝❧✐♥❡ r❛♣✐❞❧② ✐♥ t❤❡ ✜rst s✐① ♠♦♥t❤s ❛❢t❡r ❜❡✐♥❣ r❡❧❡❛s❡❞✳ ■♥ ❋✐❣✉r❡ ✹✱ t❤❡

❤♦r✐③♦♥t❛❧ ❛①✐s ✐s t❤❡ ❣❛♠❡ ❛❣❡ ♠❡❛s✉r❡❞ ❜② t❤❡ ♠♦♥t❤s s✐♥❝❡ ✐♥tr♦❞✉❝t✐♦♥✱ ❛♥❞ t❤❡ ✈❡rt✐❝❛❧

❛①✐s ✐s t❤❡ ❛✈❡r❛❣❡ ❣❛♠❡ ♣r✐❝❡ ✐♥ ✭❛✮ ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ✉♥✐t s❛❧❡s ✐♥ ✭❜✮✳ ❚❤❡ ❛✈❡r❛❣❡ ❣❛♠❡

♣r✐❝❡ ✇❛s ❛r♦✉♥❞ ✩✹✺ ♣❡r ❝♦♣② ❛t r❡❧❡❛s❡ ❛♥❞ t❤❡♥ ❞r♦♣♣❡❞ t♦ ❛❜♦✉t ✩✷✸ t❤❡ ❢♦❧❧♦✇✐♥❣ ②❡❛r✳

❚❤❡ ❛✈❡r❛❣❡ ❣❛♠❡ ✉♥✐t s❛❧❡s ✇❡r❡ ❛r♦✉♥❞ ✹✵✱✵✵✵ ✐♥ t❤❡ ✜rst ♠♦♥t❤ ❛♥❞ t❤❡♥ ❢❡❧❧ t♦ ❛r♦✉♥❞

✺✱✵✵✵ ♣❡r ♠♦♥t❤ ❛❢t❡r t❤❡ ✜rst ②❡❛r✳

❲❤❛t ❞r✐✈❡s ❣❛♠❡ ♣r✐❝❡s ❛♥❞ s❛❧❡s t♦ ❞r♦♣ s♦ q✉✐❝❦❧②❄ ❆ ❢❛❧❧✐♥❣✲❝♦st ❡①♣❧❛♥❛t✐♦♥ ✐s

♥♦t ❝♦♥✈✐♥❝✐♥❣ ❢♦r t❤✐s ✐♥❞✉str②✳ ❖♥❝❡ ❛ ✈✐❞❡♦ ❣❛♠❡ ✐s ❞❡✈❡❧♦♣❡❞✱ t❤❡ ♣r♦❞✉❝❡r ♦♥❧② ♥❡❡❞s

t♦ ♣❛② r♦②❛❧t② ❢❡❡s t♦ t❤❡ ❝♦♥s♦❧❡ ♠❛❦❡r ❛♥❞ ♣❛② ❢♦r ✐ts ♦✇♥ ♣r♦❞✉❝t✐♦♥ ❝♦st✳ ❇♦t❤ ❝♦sts

✶✶



❋✐❣✉r❡ ✹✿ ●❛♠❡ Pr✐❝❡ ❛♥❞ ❯♥✐t ❙❛❧❡ ❛t ❊❛❝❤ ❆❣❡

✭❛✮ ●❛♠❡ Pr✐❝❡
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✭❜✮ ●❛♠❡ ❯♥✐t ❙❛❧❡s
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r❡♠❛✐♥ r♦✉❣❤❧② ❝♦♥st❛♥t ♣❡r ✉♥✐t ♦✈❡r t✐♠❡✳✺ ❚❤❡ ♠♦st r❡❛s♦♥❛❜❧❡ ❡①♣❧❛♥❛t✐♦♥ ✐s ✐♥t❡r✲

t❡♠♣♦r❛❧ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ✭◆❛✐r ✷✵✵✼✮✳ ❈♦♥s✉♠❡rs ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s ✐♥ t❤❡✐r ♣r❡❢❡r❡♥❝❡s

❢♦r ♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s✱ ♣r✐❝❡✱ ♦r ❜♦t❤✳ ❈♦♥s✉♠❡rs ♣✉r❝❤❛s❡ ❝♦♥s♦❧❡s ❛♥❞ ❣❛♠❡s ❛t

❞✐✛❡r❡♥t t✐♠❡s✱ ❛♥❞✱ ❛s ❛ r❡s✉❧t✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ♣♦t❡♥t✐❛❧ ❜✉②❡rs ♦❢ ❛ ❣❛♠❡ t✐t❧❡ ❝❤❛♥❣❡s

♦✈❡r t✐♠❡✳ ❚❤❡ ❞✐✛❡r❡♥t ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❝♦♥s✉♠❡rs ❛t ❞✐✛❡r❡♥t t✐♠❡s ✐♥❞✉❝❡s ❣❛♠❡ ♣r♦❞✉❝❡rs

t♦ ❝❤❛r❣❡ ❞✐✛❡r❡♥t ♣r✐❝❡s✳ ■♥t✉✐t✐✈❡❧②✱ ❝♦♥s✉♠❡rs ✇✐t❤ ❤✐❣❤ ♥❡t ✈❛❧✉❛t✐♦♥s ♣✉r❝❤❛s❡ ❡❛r❧✐❡r

t❤❛♥ t❤♦s❡ ✇✐t❤ ❧♦✇ ♥❡t ✈❛❧✉❛t✐♦♥s✳ ❚❤✉s✱ ✐t ✐s ♦♣t✐♠❛❧ ❢♦r ❣❛♠❡ ♣r♦❞✉❝❡rs t♦ s❡t ❤✐❣❤

✐♥✐t✐❛❧ ♣r✐❝❡s t♦ s❡❧❧ t♦ ❝♦♥s✉♠❡rs ✇✐t❤ ❤✐❣❤ ♥❡t ✈❛❧✉❛t✐♦♥s ❛♥❞ t❤❡♥ ❝✉t ♣r✐❝❡s t♦ ❛♣♣❡❛❧

t♦ ❝♦♥s✉♠❡rs ✇✐t❤ ❧♦✇ ♥❡t ✈❛❧✉❛t✐♦♥s✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❡♥tr② ♦❢ ♥❡✇ ❣❛♠❡s ❧❡❛❞s t♦ ♠♦r❡✲

✐♥t❡♥s❡ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ t❤✉s ✐♥❞✉❝❡s t❤❡ ♠❛♥✉❢❛❝t✉r❡rs ♦❢ ❡①✐st✐♥❣ ❣❛♠❡ t✐t❧❡s t♦ ❝✉t t❤❡✐r

♣r✐❝❡s✳

✸ ▼♦❞❡❧ ❋r❛♠❡✇♦r❦

■♥ t❤✐s s❡❝t✐♦♥✱ ■ ♣r❡s❡♥t ❛ str✉❝t✉r❛❧ ♠♦❞❡❧ t♦ ❞❡s❝r✐❜❡ ❝♦♥s✉♠❡rs✬ ❞❡♠❛♥❞ ❢♦r ❤❛r❞✇❛r❡ ❛♥❞

❛✣❧✐❛t❡❞ s♦❢t✇❛r❡ ❛♥❞ s♦❢t✇❛r❡ ✜r♠s✬ ❝❤♦✐❝❡s ♦❢ ❡♥tr② ❛♥❞ ♣r✐❝❡s✳ ❚❤❡ ♠♦❞❡❧ ✐s ❞②♥❛♠✐❝✱ t✐♠❡

✺❈♦✉❣❤❧❛♥ ✭✷✵✵✶✮ r❡♣♦rts t❤❛t ♣r♦❞✉❝t✐♦♥ ❛♥❞ ♣❛❝❦❛❣✐♥❣ ❝♦sts ❢♦r ✸✷✲❜✐t ❈❉✲❘❖▼ ❣❛♠❡s r❡♠❛✐♥s r♦✉❣❤❧②
❝♦♥st❛♥t ❛t ✩✶✳✺✵ ♣❡r ❞✐s❝✳ ◆❛✐r ✭✷✵✵✼✮ r❡♣♦rts t❤❛t t❤❡ r♦②❛❧t② ❢❡❡ ❢♦r t❤❡ ✸✷✲❜✐t ❙♦♥② P❧❛②❙t❛t✐♦♥ ❝♦♠♣❛t✐❜❧❡
❣❛♠❡s ✇❛s ♣r❡✲❛♥♥♦✉♥❝❡❞ ❛♥❞ ❤❡❧❞ ✜①❡❞ ❛t ✩✶✵ ❜② ❙♦♥② t❤r♦✉❣❤♦✉t t❤❡ ❧✐❢❡ ❝②❝❧❡✳
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✐s ❞✐s❝r❡t❡✳ ❛♥❞ t❤❡ ❤♦r✐③♦♥ ✐s ✜♥✐t❡✳✻ ❚❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❤❛r❞✇❛r❡ ♣❧❛t❢♦r♠s✳

P❧❛t❢♦r♠s✬ ❝❤♦✐❝❡s✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❡♥tr② ❢❡❡s t♦ ❡❛❝❤ s✐❞❡ ❛♥❞ t❤❡ tr❛♥s❛❝t✐♦♥ ❢❡❡✱ ❛r❡ t❛❦❡♥ ❛s

❣✐✈❡♥ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ✜rst t✐♠❡ ♣❡r✐♦❞✳✼ ❚❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡ ❞✐s♣❧❛②❡❞

❜② t❤❡ ❋✐❣✉r❡ ✺✳

❋✐❣✉r❡ ✺✿ ▼♦❞❡❧ ❙tr✉❝t✉r❡

❖♥ t❤❡ ❝♦♥s✉♠❡r s✐❞❡✱ ❝♦♥s✉♠❡rs ✇✐t❤ ♥♦ ❤❛r❞✇❛r❡ ❞❡❝✐❞❡ ✇❤❡t❤❡r t♦ ❜✉② ♦♥❡ ✐♥ ❡❛❝❤

t✐♠❡ ♣❡r✐♦❞✳ ❊❛❝❤ ❝♦♥s✉♠❡r ✐s ❛❧❧♦✇❡❞ t♦ ❜✉② ❛t ♠♦st ♦♥❡ ❤❛r❞✇❛r❡ ✐♥ ❤❡r ❧✐❢❡✲t✐♠❡✳✽ ❖♥❝❡

s❤❡ ♦✇♥s ♦♥❡ ❤❛r❞✇❛r❡ ♣❧❛t❢♦r♠✱ s❤❡ ❜❡❝♦♠❡ ❛ ♣♦t❡♥t✐❛❧ ❜✉②❡r ❢♦r t❤❡ ❛✣❧✐❛t❡❞ s♦❢t✇❛r❡

♣r♦❞✉❝ts✳ ❚❤❡ s♦❢t✇❛r❡ s✐❞❡ ❝♦♥s✐sts ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ s❡♣❛r❛t❡ s✉❜♠❛r❦❡ts✳ ❊❛❝❤ ❝♦♥✲

s✉♠❡r ❝❛♥ ♣✉r❝❤❛s❡ ❛t ♠♦st ♦♥❡ s♦❢t✇❛r❡ ♣r♦❞✉❝t ✇✐t❤✐♥ ❛ s✉❜♠❛r❦❡t✳ ❚❤✐s s❡t✉♣ ♦❢ t❤❡

s♦❢t✇❛r❡ ♠❛r❦❡t ❡①♣❧✐❝✐t❧② ❛ss✉♠❡s t❤❛t s♦❢t✇❛r❡ ♣r♦❞✉❝ts ✐♥ t❤❡ s❛♠❡ s✉❜♠❛r❦❡t ❛r❡ s✉❜✲

st✐t✉t❛❜❧❡ ❛♥❞ t❤❛t s♦❢t✇❛r❡ ♣r♦❞✉❝ts ❢r♦♠ ❞✐✛❡r❡♥t s✉❜♠❛r❦❡ts ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳ ■♥ t❤❡

❝♦♥t❡①t ♦❢ ✈✐❞❡♦ ❣❛♠❡s✱ ■ ❞❡✜♥❡ ❛ s♦❢t✇❛r❡ s✉❜♠❛r❦❡t t❤❛t ❛ ❣❛♠❡ t✐t❧❡ ❜❡❧♦♥❣s t♦ ❜❛s❡❞ ♦♥

t❤❡ ❝♦♥s♦❧❡ t❤❛t ❣❛♠❡ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❛♥❞ t❤❡ ❣❛♠❡ ❣❡♥r❡ ✐t ✐s ❣r♦✉♣❡❞ ✐♥✳✾ ■ ❡①❛♠✐♥❡ t❤❡

✻■♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ✈✐❞❡♦ ❣❛♠❡ ✐♥❞✉str②✱ ■ ❢♦❝✉s ♦♥ t❤❡ ✺t❤ ❣❡♥❡r❛t✐♦♥✳ ■ ❛ss✉♠❡ t❤❛t t❤✐s ❣❡♥❡r❛t✐♦♥
❞✐❡s ❛❢t❡r ✶✵✵ ♠♦♥t❤s ✭r♦✉❣❤❧② ✽ ②❡❛rs✮✳

✼❚❤❡ ♠♦❞❡❧ ❞♦❡s ♥♦t ❡♥❞♦❣❡♥✐③❡ t❤❡ ♣❧❛t❢♦r♠s✬ ❝❤♦✐❝❡s✳ ❘❛t❤❡r✱ ✐t ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ ❝♦♥s✉♠❡rs ❛♥❞ t❤❡
s♦❢t✇❛r❡ ✜r♠s r❡s♣♦♥❞ t♦ ♣❧❛t❢♦r♠s✬ ❝❤♦✐❝❡s✳ ❚❤✐s ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s ❛ t✇♦✲st❛❣❡ ❣❛♠❡✿ ✐♥ t❤❡ ✜rst st❛❣❡✱
♣❧❛t❢♦r♠s ❝❤♦♦s❡ t❤❡✐r ♣r✐❝❡s t♦ ❝♦♥s✉♠❡rs ✭❝♦♥s♦❧❡ ♣r✐❝❡s✮ ❛♥❞ t❤❡ ❡♥tr② ❝♦st t♦ s♦❢t✇❛r❡ ✜r♠s ❜❡❢♦r❡ t❤❡
❣❡♥❡r❛t✐♦♥ st❛rts❀ ❛♥❞✱ ✐♥ t❤❡ t❤❡ s❡❝♦♥❞ st❛❣❡✱ ✇✐t❤ ❛❧❧ t❤❡ ❝❤♦✐❝❡s ♠❛❞❡ ❜② t❤❡ ♣❧❛t❢♦r♠s ❣✐✈❡♥✱ ❝♦♥s✉♠❡rs
♠❛❦❡ t❤❡✐r ♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥s ♦❢ ❤❛r❞✇❛r❡ ❛♥❞ ❛✣❧✐❛t❡❞ s♦❢t✇❛r❡✱ ❛♥❞ s♦❢t✇❛r❡ ✜r♠s ❞❡❝✐❞❡ ♦♥ ✇❤❡t❤❡r t♦
❡♥t❡r ❛♥❞ ✇❤❛t ♣r✐❝❡s t♦ ❝❤❛r❣❡✳ ❚❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ s❡❝♦♥❞ st❛❣❡ ♦❢ t❤❡ t✇♦✲st❛❣❡ ❣❛♠❡✳

✽❘✉❧✐♥❣ ♦✉t ♠✉❧t✐♣❧❡ ❝♦♥s♦❧❡ ♣✉r❝❤❛s✐♥❣ ♠❛② ♣♦t❡♥t✐❛❧❧② ❝❛✉s❡ ❜✐❛s❡s✳ ❚❤✐s ♣❛♣❡r ❞♦❡s ♥♦t ❛❧❧♦✇ ❢♦r ❝♦♥✲
s✉♠❡r ♠✉❧t✐✲❤♦♠✐♥❣ ❢♦r t✇♦ ♠❛✐♥ r❡❛s♦♥s✳ ❋✐rst✱ ✐♥❝❧✉❞✐♥❣ ♠✉❧t✐✲❤♦♠✐♥❣ ♣✉r❝❤❛s❡ s✐❣♥✐✜❝❛♥t❧② ❝♦♠♣❧✐❝❛t❡s
t❤❡ ❡st✐♠❛t✐♦♥✳ ▲❡❡ ✭✷✵✶✵✮ ❛❧❧♦✇s ❢♦r ♠✉❧t✐✲❤♦♠✐♥❣✱ ❜✉t ❤❡ ❞♦❡s ♥♦t ♠♦❞❡❧ t❤❡ s✉♣♣❧② s✐❞❡✳ ❍♦✇❡✈❡r✱ t❤❡
♠♦❞❡❧ ✐♥ t❤✐s ♣❛♣❡r ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧ ♦❢ ❜♦t❤ ❞❡♠❛♥❞ ❛♥❞ s✉♣♣❧②✳ ❙❡❝♦♥❞✱ ♣r❡❝✐s❡ ❞❛t❛ ♦♥ t❤❡ ❞❡❣r❡❡
♦❢ ♠✉❧t✐✲❤♦♠✐♥❣ ✐s ✉♥❛✈❛✐❧❛❜❧❡✳

✾❋♦r ❡①❛♠♣❧❡✱ P❙ ❋♦♦t❜❛❧❧ ❣❛♠❡s ✐s ❛ s✉❜♠❛r❦❡t✱ P❙ ❇❛s❡❜❛❧❧ ❣❛♠❡s ✐s ❛ s✉❜♠❛r❦❡t✱ ◆✐♥t❡♥❞♦ ❋♦♦t❜❛❧❧
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s✉❜st✐t✉t❛❜✐❧✐t② ♦❢ s♦❢t✇❛r❡ ♣r♦❞✉❝ts ✭s❡❡ ❆♣♣❡♥❞✐① ❆ ❢♦r ❞❡t❛✐❧s✮✳ ❚❤❡ ♣r❡❧✐♠✐♥❛r② ❡♠♣✐r✐❝❛❧

r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t ❣❛♠❡s ❣r♦✉♣❡❞ ✐♥ t❤❡ s❛♠❡ s✉❜♠❛r❦❡t ❛r❡ str♦♥❣❧② s✉❜st✐t✉t❛❜❧❡✱ ✇❤✐❧❡

❣❛♠❡s ❣r♦✉♣❡❞ ✐♥ ❞✐✛❡r❡♥t s✉❜♠❛r❦❡ts ❛r❡ ✇❡❛❦❧② s✉❜st✐t✉t❛❜❧❡✳

❖♥ t❤❡ s♦❢t✇❛r❡ s✐❞❡✱ ❡❛❝❤ s♦❢t✇❛r❡ ✜r♠ ✐s ❛ss✉♠❡❞ t♦ ♣r♦❞✉❝❡ ♦♥❧② ♦♥❡ ♣r♦❞✉❝t✳✶✵ ❚❤❡

❢♦❧❧♦✇✐♥❣ ❡✈❡♥ts ♦❝❝✉r ✐♥ ❡❛❝❤ s♦❢t✇❛r❡ s✉❜♠❛r❦❡t ❛♥❞ ✐♥ ❡❛❝❤ t✐♠❡ ♣❡r✐♦❞✿

✭✐✮ ❊❛❝❤ ✐♥❝✉♠❜❡♥t s♦❢t✇❛r❡ ✜r♠ ❞❡❝✐❞❡s ❤♦✇ ♠✉❝❤ t♦ ❝❤❛r❣❡✳ ❊❛❝❤ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥t

❞r❛✇s ❛♥ ❡♥tr② ❝♦st ❢r♦♠ ❛ ❦♥♦✇♥ ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ❞❡❝✐❞❡s ✇❤❡t❤❡r t♦ ❡♥t❡r✳ ■❢ ✐t ❡♥t❡rs✱ ✐t

st❛rts t♦ ❡❛r♥ ♣r♦✜t ✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞✳ Pr✐❝❡ ❛♥❞ ❡♥tr② ❞❡❝✐s✐♦♥s ❛r❡ ♠❛❞❡ s✐♠✉❧t❛♥❡♦✉s❧②✳

✭✐✐✮ P♦t❡♥t✐❛❧ ❜✉②❡rs ✐♠♠❡❞✐❛t❡❧② ♦❜s❡r✈❡ t❤❡ s♦❢t✇❛r❡ ♣r✐❝❡s ❜✉t ♥♦t t❤❡ ❡♥tr② ♦✉t❝♦♠❡s✳

❍♦✇❡✈❡r✱ t❤❡② ❤❛✈❡ r❛t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s ❛❜♦✉t s♦❢t✇❛r❡ ✜r♠s✬ ❡♥tr② str❛t❡❣②✳ ❚❤❡② ❞❡❝✐❞❡

✇❤❡t❤❡r t♦ ❜✉② ❛♥ ❛✣❧✐❛t❡❞ s♦❢t✇❛r❡ ♣r♦❞✉❝t ❛♥❞✱ ✐❢ s♦✱ ✇❤✐❝❤ ♦♥❡✳ ❖♥❝❡ s❤❡ ♠❛❦❡s ❛

♣✉r❝❤❛s❡ ✐♥ ❛ s✉❜♠❛r❦❡t✱ s❤❡ ❧❡❛✈❡s t❤❛t s✉❜♠❛r❦❡t ❢♦r❡✈❡r✳

✭✐✐✐✮ ❙♦❢t✇❛r❡ ❡♥tr② ❞❡❝✐s✐♦♥s ❛r❡ ✐♠♣❧❡♠❡♥t❡❞✳ ❲❡ ♠♦✈❡ t♦ t❤❡ ♥❡①t ♣❡r✐♦❞✳

❇❡❧♦✇✱ ■ ✜rst ❞❡s❝r✐❜❡ ❝♦♥s✉♠❡r ❞②♥❛♠✐❝ ♣✉r❝❤❛s❡ ♦❢ ❤❛r❞✇❛r❡ ❛♥❞ s♦❢t✇❛r❡✱ s♦❢t✇❛r❡

✜r♠s✬ ❞②♥❛♠✐❝ ♣r✐❝✐♥❣ ❛♥❞ ❡♥tr②✱ ❛♥❞ ❧❛st❧② t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣t ❢♦r t❤❡ ♠♦❞❡❧✳

✸✳✶ ❉❡♠❛♥❞ ❢♦r ❍❛r❞✇❛r❡

❚❤❡r❡ ✐s ❛ ❞✐s❝r❡t❡ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝♦♥s✉♠❡r t②♣❡s ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✭✐♥❞❡①❡❞ ❜② i✮✱ ❡❛❝❤

❤❛✈✐♥❣ t❤❡ s❛♠❡ ♣r❡❢❡r❡♥❝❡ ❢♦r ♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s ❜✉t ✇✐t❤ ❞✐✛❡r❡♥t ♣r❡❢❡r❡♥❝❡s ♦✈❡r

♣r✐❝❡✳ ❆ ❤❛r❞✇❛r❡ ♣r♦❞✉❝t ✐ts❡❧❢ ❤❛s ♥♦ st❛♥❞✲❛❧♦♥❡ ✈❛❧✉❡❀ ✐ts ✈❛❧✉❡ ❝♦♠❡s ❢r♦♠ t❤❡ ❛✣❧✐❛t❡❞

s♦❢t✇❛r❡✳ ▲❡t Γilt ❜❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ♦♣t✐♠❛❧❧② ♣✉r❝❤❛s✐♥❣ s♦❢t✇❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤

♣❧❛t❢♦r♠ l✳ ❚❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ Γilt ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ s♦❢t✇❛r❡ ❛❞♦♣t✐♦♥ ♣♦rt✐♦♥ ♦❢ t❤❡

♠♦❞❡❧✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳ ❚❤❡ ❡①♣❡❝t❡❞ ❧✐❢❡t✐♠❡ ✉t✐❧✐t② t❤❛t ❛

❣❛♠❡s ✐s ❛♥♦t❤❡r s✉❜♠❛r❦❡t✱ ❛♥❞ s♦ ♦♥✳
✶✵■♥ r❡❛❧✐t②✱ s♦♠❡ s♦❢t✇❛r❡ ✜r♠s ♣✉❜❧✐s❤ ♠♦r❡ t❤❛♥ ♦♥❡ s♦❢t✇❛r❡ t✐t❧❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ❊❆ ❙♣♦rts ♣✉❜❧✐s❤❡❞

♠♦r❡ t❤❛♥ ✶✵✵ ❣❛♠❡ t✐t❧❡s ❢r♦♠ ▼❛② ✶✾✾✺ t♦ ❋❡❜r✉❛r② ✷✵✵✷✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❞✐✣❝✉❧t t♦
❛❝❝♦♠♠♦❞❛t❡ ♠✉❧t✐✲♣r♦❞✉❝t ✜r♠s✳ ❚❤✐s s✐♥❣❧❡✲♣r♦❞✉❝t ❛ss✉♠♣t✐♦♥ ❤♦❧❞s ✐❢ t❤❡ t❡❛♠ ♦❢ ♣✉❜❧✐s❤✐♥❣ ❛ s♦❢t✇❛r❡
t✐t❧❡ ✐s ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❞❡❝✐s✐♦♥ ♠❛❦❡r ❛♥❞ t❤✉s ❡❛❝❤ t❡❛♠ ❝❛♥ ❜❡ tr❡❛t❡❞ ❛s ❛ s✐♥❣❧❡ s♦❢t✇❛r❡ ✜r♠✳
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t②♣❡✲i ❝♦♥s✉♠❡r ❝❛♥ ♦❜t❛✐♥ ❢r♦♠ ♣✉r❝❤❛s✐♥❣ ♣❧❛t❢♦r♠ l ❛t t✐♠❡ t ✐s

Uilt = Γilt − αiPlt +Xtγ + ζlt + εilt,

✇❤❡r❡ Plt ✐s t❤❡ ♣r✐❝❡ ♦❢ ❤❛r❞✇❛r❡ ♣r♦❞✉❝t l✱ αi r❡♣r❡s❡♥ts ❝♦♥s✉♠❡r t②♣❡✲s♣❡❝✐✜❝ s❡♥s✐t✐✈✲

✐t② t♦ ♣r✐❝❡✱ Xt ✐s t❤❡ ❤♦❧✐❞❛② ❞✉♠♠②✶✶✱ ζlt r❡♣r❡s❡♥ts ❛❞❞✐t✐♦♥❛❧ ❤❛r❞✇❛r❡ ❝❤❛r❛❝t❡r✐st✐❝s

♦❜s❡r✈❡❞ ❜② ❝♦♥s✉♠❡rs ❜✉t ♥♦t ❜② r❡s❡❛r❝❤❡rs ❛♥❞ εilt ✐s ✐❞✐♦s②♥❝r❛t✐❝ ❝♦♥s✉♠❡r t❛st❡✳

❙✐♥❝❡ ❤❛r❞✇❛r❡ ♣r♦❞✉❝ts ❛r❡ ❞✉r❛❜❧❡ ❣♦♦❞s✱ ❝♦♥s✉♠❡rs ❛r❡ ❢♦r✇❛r❞✲❧♦♦❦✐♥❣ ✇❤❡♥ t❤❡②

❞❡❝✐❞❡ ✇❤❡t❤❡r t♦ ❜✉② t❤❡♠✳ ❚❤❡ ♥♦✲♣✉r❝❤❛s❡ ♦♣t✐♦♥ ❝❛♣t✉r❡s t❤❡ ✈❛❧✉❡ ♦❢ ❞❡❧❛②✐♥❣ ♣✉r❝❤❛s❡s

t♦ ❛ ❢✉t✉r❡ ♣❡r✐♦❞✳ ■ s♣❡❝✐❢② t❤❡ ✉t✐❧✐t② ♦❢ ♥♦t ❜✉②✐♥❣ ❛t t✐♠❡ t ❛s t❤❡ s✉♠ ♦❢ t❤❡ ❞✐s❝♦✉♥t❡❞

❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ✇❛✐t✐♥❣ ❛♥❞ ❛♥ ✐❞✐♦s②♥❝r❛t✐❝ ❝♦♥s✉♠❡r t❛st❡✿

Ui0t = βcEt

[

max{max
l
Uilt+1, Ui0t+1}

]

+ εi0t,

✇❤❡r❡ βc ✐s t❤❡ ❝♦♥s✉♠❡r✬s ❞✐s❝♦✉♥t ❢❛❝t♦r ❛♥❞ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✐s t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢✉t✉r❡ ✈❛r✐❛❜❧❡s ✉♥❦♥♦✇♥ t♦ t❤❡ ❝♦♥s✉♠❡r ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ❝✉rr❡♥t

✐♥❢♦r♠❛t✐♦♥✳ ❆s ✉s✉❛❧ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ εilt ❛♥❞ εi0t ❛r❡ ❛ss✉♠❡❞ t♦ ❢♦❧❧♦✇ t❤❡ st❛♥❞❛r❞

❚②♣❡✲■ ❊①tr❡♠❡ ❱❛❧✉❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❛r❡ i.i.d. ♦✈❡r t✐♠❡✱ ♣r♦❞✉❝ts✱ ❛♥❞ ❝♦♥s✉♠❡r t②♣❡s✳

▲❡t St ❞❡♥♦t❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ s❡t t❤❛t ❛✛❡❝ts ❝♦♥s✉♠❡r ♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥ ♦❢ ❤❛r❞✇❛r❡

❛t t✐♠❡ t✳ ❚❤❡♥✱ ❛ t②♣❡✲i ❝♦♥s✉♠❡r✬s ❞②♥❛♠✐❝ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Hit(εit,St) = max
{

max
l

Uilt, εi0t + βcE [EεHit+1(εit+1,St+1) | εit,St]
}

,

✇❤❡r❡ Hit(εit,St) ✐s t②♣❡✲i ❝♦♥s✉♠❡r✬s ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✇✐t❤ ✐♥❢♦r♠❛t✐♦♥ s❡t St ❛♥❞ t❛st❡s εit✳

▲❡t Hit(St) ❞❡♥♦t❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✱ t❤❛t ✐s✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❜❡❢♦r❡ ❝♦♥s✉♠❡rs

✶✶■t ✐♥❝❧✉❞❡s t✇♦ ✈❛r✐❛❜❧❡s✱ Novt = I{Novermber} ❛♥❞ Dect = I{December}✱ ✇❤❡r❡ I{·} ✐s ❛♥ ✐♥❞✐❝❛t♦r
❢✉♥❝t✐♦♥✳ ❍❡♥❝❡✱ Xtγ ≡ γNovNovt + γDecDect✳
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❦♥♦✇ t❤❡✐r ❞❡♠❛♥❞ s❤♦❝❦s εit✱

Hit(St) =

ˆ

ε

Hit(εit,St))dFε(εit).

❋♦❧❧♦✇✐♥❣ ❘✉st ✭✶✾✽✼✮✱ t❤❡ ✐♥t❡❣r❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡①tr❡♠❡ ✈❛❧✉❡ ❡rr♦r t❡r♠s ❤❛s ❛

❝❧♦s❡❞ ❢♦r♠✱ ❛♥❞ t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❝♦♥s✉♠❡r✬s ✈❛❧✉❡ ❢✉♥❝t✐♦♥ s❛t✐s✜❡s

Hit(St) = ln{
∑

l

exp(Γilt − αiPlt +Xtγ + ζlt) + exp[βcEHit+1(St+1 | St)]}. ✭✶✮

❚❤❡♥✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ t②♣❡✲i ❝♦♥s✉♠❡r ♣✉r❝❤❛s❡s ❤❛r❞✇❛r❡ l ❛t t✐♠❡ t ✐s

Bilt(St) =
exp(Γilt − αiPlt +Xtγ + ζlt)

exp[βcEHit+1(St+1 | St)] +
∑

l

exp(Γilt − αiPlt +Xtγ + ζlt)
. ✭✷✮

❚❤❡ ❞❡♠❛♥❞ ❢♦r t❤❡ ❤❛r❞✇❛r❡ l ❛t t✐♠❡ t ✐s

Qlt =
∑

i

NitBilt,

✇❤❡r❡ Nit ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s✉♠❡rs ✇❤♦ ❤❛✈❡ ♥♦t ♣✉r❝❤❛s❡❞ ❛♥② ❤❛r❞✇❛r❡ ♣r♦❞✉❝t ❛t

t✐♠❡ t✳ ❘❡❝❛❧❧ t❤❛t ❛ ❝♦♥s✉♠❡r ✐s ❛ss✉♠❡❞ t♦ ❜✉② ❛t ♠♦st ♦♥❡ ❤❛r❞✇❛r❡ ✐♥ ❤❡r ❧✐❢❡ t✐♠❡✱ ❛♥❞

♦♥❝❡ s❤❡ ♠❛❦❡s ❛ ♣✉r❝❤❛s❡ ♦❢ ❤❛r❞✇❛r❡✱ s❤❡ ✐s ♥♦ ❧♦♥❣❡r ❛♥ ❛❝t✐✈❡ ❝♦♥s✉♠❡r ❢♦r t❤❡ ❤❛r❞✇❛r❡

♠❛r❦❡t✳ ❍❡♥❝❡✱ ✐♥ t❤✐s ❞②♥❛♠✐❝ ♠♦❞❡❧s ♦❢ ❞✐s❝r❡t❡ ❝❤♦✐❝❡ ❞❡♠❛♥❞✱ {Nit}
T
t=1 ❡✈♦❧✈❡s ❛❝❝♦r❞✐♥❣

t♦

Nit+1 = Nit(1−
∑

l

Bilt).

✸✳✷ ❉❡♠❛♥❞ ❢♦r ❙♦❢t✇❛r❡

❘❡❝❛❧❧ t❤❛t t❤❡ s♦❢t✇❛r❡ ♠❛r❦❡t ❝♦♥s✐sts ♦❢ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ s❡♣❛r❛t❡ s✉❜♠❛r❦❡ts✳ ❇❡✲

❧♦✇ ■ ❞❡s❝r✐❜❡ ❝♦♥s✉♠❡rs✬ ❞❡♠❛♥❞ ❢♦r s♦❢t✇❛r❡✱ ❛♥❞ s♦❢t✇❛r❡ ✜r♠s✬ ♣r✐❝✐♥❣ ❛♥❞ ❡♥tr② ✐♥ ❛

r❡♣r❡s❡♥t❛t✐✈❡ s♦❢t✇❛r❡ s✉❜♠❛r❦❡t✳
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❙♦❢t✇❛r❡ ❯t✐❧✐t②

▲❡t Jmt ❞❡♥♦t❡ t❤❡ s❡t ♦❢ s♦❢t✇❛r❡ ♣r♦❞✉❝ts ❛✈❛✐❧❛❜❧❡ ❢♦r ❝♦♥s✉♠❡rs t♦ ♣✉r❝❤❛s❡ ✐♥ s✉❜♠❛r❦❡t

m ❛t t✐♠❡ t✳ ❆ t②♣❡✲i ❝♦♥s✉♠❡r✬s ❧✐❢❡t✐♠❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢r♦♠ ♣✉r❝❤❛s✐♥❣ ❛ s♦❢t✇❛r❡ ♣r♦❞✉❝t

j ∈ Jmt ❛t t✐♠❡ t ✭♣r♦✈✐❞❡❞ s❤❡ ❛❧r❡❛❞② ♦✇♥s t❤❡ ❝♦♠♣❛t✐❜❧❡ ❤❛r❞✇❛r❡✮ ✐s

uijt = xjtψ − ϕipjt + ξjt + ǫijt,

✇❤❡r❡ xjt ✐s ❛ ✈❡❝t♦r ♦❢ ♦❜s❡r✈❡❞ s♦❢t✇❛r❡ ♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s✱ ✐♥❝❧✉❞✐♥❣ ♣❧❛t❢♦r♠✲s♣❡❝✐✜❝

❞✉♠♠②✱ ♦♥❧✐♥❡ r❛t✐♥❣ s❝♦r❡✱ ♣r♦❞✉❝t ❛❣❡✱ ❛♥❞ ❤♦❧✐❞❛② ❞✉♠♠✐❡s❀✶✷ pjt ✐s t❤❡ ♣r✐❝❡ ♦❢ s♦❢t✇❛r❡

j❀ ξjt ✐s ❛❞❞✐t✐♦♥❛❧ s♦❢t✇❛r❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❜s❡r✈❡❞ ❜② ❝♦♥s✉♠❡rs ❜✉t ♥♦t ❜② r❡s❡❛r❝❤❡rs❀

❛♥❞ ǫijt ✐s ✐❞✐♦s②♥❝r❛t✐❝ ❝♦♥s✉♠❡r t❛st❡✳ ❍❡r❡✱ ψ r❡♣r❡s❡♥ts ❝♦♥s✉♠❡r ♣r❡❢❡r❡♥❝❡s ✐♥ ♦❜s❡r✈❡❞

s♦❢t✇❛r❡ ❝❤❛r❛❝t❡r✐st✐❝s✱ ❛♥❞ ϕi ✐s t②♣❡✲i ❝♦♥s✉♠❡r✬s s❡♥s✐t✐✈✐t② t♦ s♦❢t✇❛r❡ ♣r✐❝❡✳

■♥ t❤❡ ❞②♥❛♠✐❝ ❡♥✈✐r♦♥♠❡♥t✱ t❤❡ ✉t✐❧✐t② ♦❢ ♥♦t ❜✉②✐♥❣ ✐♥ t❤❡ s✉❜♠❛r❦❡t m ❛t t✐♠❡ t ✐s

t❤❡ s✉♠ ♦❢ t❤❡ ❞✐s❝♦✉♥t❡❞ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ✇❛✐t✐♥❣ ❛♥❞ ❛♥ ✐❞✐♦s②♥❝r❛t✐❝ ❝♦♥s✉♠❡r t❛st❡✿

uim0t = βcEt

[

max{ max
j∈Jmt+1

uijt+1, uim0t+1}

]

+ ǫim0t

✇❤❡r❡ ǫim0t ✐s t❤❡ ✐❞✐♦s②♥❝r❛t✐❝ t❛st❡ ❢r♦♠ ♥♦t ❜✉②✐♥❣ ❛♥② ♣r♦❞✉❝t ✐♥ s✉❜♠❛r❦❡t m✳ ǫijt ❛♥❞

ǫim0t ❛r❡ ❛ss✉♠❡❞ t♦ ❢♦❧❧♦✇ t❤❡ st❛♥❞❛r❞ ❚②♣❡✲■ ❊①tr❡♠❡ ❱❛❧✉❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ i.i.d. ♦✈❡r

t✐♠❡✱ ♣r♦❞✉❝ts ❛♥❞ ❝♦♥s✉♠❡r t②♣❡s✳

❈♦♥s✉♠❡r ❇❡❧✐❡❢

▼♦st ♣r❡✈✐♦✉s r❡s❡❛r❝❤ ♦♥ ❡st✐♠❛t✐♥❣ ❞②♥❛♠✐❝ ❞❡♠❛♥❞ ♠♦❞❡❧s ❛ss✉♠❡s t❤❛t ❝♦♥s✉♠❡r ♣✉r✲

❝❤❛s❡ ❞❡❝✐s✐♦♥s ❛r❡ ♦♥❧② ❜❛s❡❞ ♦♥ ❛ s❝❛❧❛r st❛t❡ ✈❛r✐❛❜❧❡ ✭t❤❡ ✐♥❝❧✉s✐✈❡ ✈❛❧✉❡✮ ✇❤✐❝❤ ❢♦❧❧♦✇s

✶✷❈♦♥s✉♠❡rs✬ ✉t✐❧✐t② ❞❡❝❧✐♥❡s ✇✐t❤ ❣❛♠❡ ❛❣❡ ✐♥ ❞✐✛❡r❡♥t ✇❛②s ❢♦r ♥❡✇ ❣❛♠❡s ❛♥❞ ♦❧❞ ❣❛♠❡s✳ ❙♦✱ ■ tr❡❛t ❛
❣❛♠❡ ❛s ❛ ♥❡✇ ❣❛♠❡ ✐❢ ✐t ❤❛s ❜❡❡♥ ✐♥ t❤❡ ♠❛r❦❡t s❤♦rt❡r t❤❛♥ ♦♥❡ ②❡❛r✱ ❛♥❞ ❛s ❛♥ ♦❧❞ ❣❛♠❡ ✐❢ ✐t ❤❛s ❜❡❡♥ ✐♥
t❤❡ ♠❛r❦❡t ❧♦♥❣❡r t❤❛♥ ♦♥❡ ②❡❛r✳ ❍❡♥❝❡✱ xjtψ = ψN64I{j is aN64 game}+ ψ1ratingj + ψ2min(agejt, 12) +
ψ3max(agejt − 12, 0) + ψNovNovt + ψDecDect✱ ✇❤❡r❡ agejt ✐s t❤❡ ♠♦♥t❤s ❛❢t❡r r❡❧❡❛s❡✳
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❛♥ ❆❘✭✶✮ ♣r♦❝❡ss✳✶✸ ❙✉❝❤ ❛ r❡str✐❝t✐♦♥ ♦♥ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦❢ ❝♦♥s✉♠❡r ❜❡❧✐❡❢s ✐s ❞✐✣✲

❝✉❧t t♦ r❡❝♦♥❝✐❧❡ ✇✐t❤ ❛ s✉♣♣❧② ♠♦❞❡❧✱ ✐♥ ✇❤✐❝❤ ✜r♠s ❝♦♥❞✐t✐♦♥ t❤❡✐r ❛❝t✐♦♥s ♦♥ ❝♦♥s✉♠❡r

r❡s♣♦♥s❡s✳ ❚❤✐s ♣❛♣❡r ❝♦♥s✐❞❡rs ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❤❡r❡ ❝♦♥s✉♠❡rs ❤❛✈❡ r❛t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥s

r❡❣❛r❞✐♥❣ t❤❡ ❢✉t✉r❡ ❡♥✈✐r♦♥♠❡♥t✳ ❚❤❡② ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ❢♦r ❛❧❧ ♠❛r✲

❦❡t ♣❛rt✐❝✐♣❛♥ts ❛s ✇❡❧❧ ❛s t❤❡✐r ♦✇♥ ❡①♣❡❝t❡❞ ✉t✐❧✐t②✳ ❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ❛❧✇❛②s ❛❞♦♣t❡❞ ❜②

t❤❡ t❤❡♦r② ❧✐t❡r❛t✉r❡ ❛♥❞ ❝❛♥ ❜❡ r❡❝♦♥❝✐❧❡❞ ✇✐t❤ ❛ ❝♦♥s✐st❡♥t s✉♣♣❧② ♠♦❞❡❧✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❛

r❡❝❡♥t ❡♠♣✐r✐❝❛❧ ♣❛♣❡r✱ ●♦❡tt❧❡r ❛♥❞ ●♦r❞♦♥ ✭✷✵✶✶✮✱ ❛❧s♦ ❛❞♦♣t❡❞ t❤❡ s❛♠❡ ❛ss✉♠♣t✐♦♥ ❛s

✐♥ t❤✐s ♣❛♣❡r✳

■♥❢♦r♠❛t✐♦♥ ❙❡t

▲❡t smt ❞❡♥♦t❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ s❡t ❛✛❡❝t✐♥❣ ❛❣❡♥ts✬ ❝❤♦✐❝❡s ✐♥ s✉❜♠❛r❦❡t m ❛t t✐♠❡ t✳ ■t

✐♥❝❧✉❞❡s ✭✶✮ t❤❡ t✐♠❡ ♣❡r✐♦❞✱ t❀ ✭✷✮ t❤❡ s❡t ♦❢ ❛✈❛✐❧❛❜❧❡ ♣r♦❞✉❝ts✱ Jmt❀ ✭✸✮ t❤❡ ♦❜s❡r✈❡❞

❛♥❞ ✉♥♦❜s❡r✈❡❞ ♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❡❛❝❤ ❛✈❛✐❧❛❜❧❡ ♣r♦❞✉❝t✱ xmt ≡ {xjt}j∈Jmt
❛♥❞

ξmt ≡ {ξjt}j∈Jmt
❀ ❛♥❞ ✭✹✮ t❤❡ ♠❛ss ♦❢ ❝♦♥s✉♠❡rs r❡♠❛✐♥✐♥❣✱ nmt ≡ {nmit}

I
i=1✱ ✇❤❡r❡ nmit ✐s

t❤❡ ♥✉♠❜❡r ♦❢ t②♣❡✲i ❝♦♥s✉♠❡rs ✇❤♦ ❤❛✈❡ ♥♦t ♣✉r❝❤❛s❡❞ ❛♥② ♣r♦❞✉❝t ✐♥ t❤❡ s✉❜♠❛r❦❡t m ❛t

t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♣❡r✐♦❞ t✳ ❈♦♥s✉♠❡rs ❝❛♥ ❛❧s♦ ♦❜s❡r✈❡ t❤❡ ♣r✐❝❡ ♦❢ ❡❛❝❤ ❛✈❛✐❧❛❜❧❡ ♣r♦❞✉❝t✱

pmt ≡ {pjt}j∈Jmt
✱ ❛♥❞ t❤❡✐r ♦✇♥ ❞❡♠❛♥❞ s❤♦❝❦s ✐♥ s✉❜♠❛r❦❡t m✱ ǫmit = ({ǫijt}j∈Jmt

, ǫim0t)✳

❙♦❢t✇❛r❡ P✉r❝❤❛s❡

▲❡t Git(smt,pmt) ❞❡♥♦t❡ t②♣❡✲i ❝♦♥s✉♠❡r✬s ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳ ❚❤❡♥✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥

❛s

Git(smt,pmt) = log{
∑

j∈Jmt

exp(xjtψ − ϕipjt + ξjt)

+exp[βcEGit+1(smt+1,pmt+1 | smt,pmt)]}. ✭✸✮

✶✸❙❡❡ ▲❡❡ ✭✷✵✶✵✮✱ ●♦✇r✐s❛♥❦❛r❛♥ ❛♥❞ ❘②s♠❛♥ ✭✷✵✶✶✮✱ ●♦✇r✐s❛♥❦❛r❛♥✱ P❛r❦ ❛♥❞ ❘②s♠❛♥ ✭✷✵✶✶✮✱ ❛♥❞
❍❡♥❞❡❧ ❛♥❞ ◆❡✈♦ ✭✷✵✵✼✮✳
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❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ t②♣❡ i ❝♦♥s✉♠❡r ♣✉r❝❤❛s❡s s♦❢t✇❛r❡ j ∈ Jmt ❛t t✐♠❡ t ✐s

bijt(smt,pmt) =
exp(xjtψ − ϕipjt + ξjt)

exp[βcEGit+1(smt+1,pmt+1 | smt,pmt)] +
∑

j∈Jmt

exp(xjtψ − ϕipjt + ξjt)
.✭✹✮

❚❤❡ ❞❡♠❛♥❞ ❢♦r s♦❢t✇❛r❡ j ∈ Jmt ❛t t✐♠❡ t ✐s

qjt(smt,pmt) =
∑

i

nmitbijt(smt,pmt),

✇❤❡r❡ nmit ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡ t②♣❡✲i ❝♦♥s✉♠❡rs ✐♥ s✉❜♠❛r❦❡t m ❛t t✐♠❡ t✳ ❘❡❝❛❧❧ t❤❛t

❡❛❝❤ ❝♦♥s✉♠❡r ✐s ❛ss✉♠❡❞ t♦ ❜✉② ❛t ♠♦st ♦♥❡ s♦❢t✇❛r❡ ♣r♦❞✉❝t ✐♥ ❛ s✉❜♠❛r❦❡t✳ ❯♥❞❡r t❤✐s

❛ss✉♠♣t✐♦♥✱ ❛ ❝♦♥s✉♠❡r ✐s ♥♦ ❧♦♥❣❡r ❛♥ ❛❝t✐✈❡ ❝♦♥s✉♠❡r ✐♥ ❛ s✉❜♠❛r❦❡t ♦♥❝❡ s❤❡ ❤❛s ♠❛❞❡

❛ ♣✉r❝❤❛s❡ ✐♥ t❤❛t s✉❜♠❛r❦❡t✳ ▼❡❛♥✇❤✐❧❡✱ ♥❡✇ ❝♦♥s✉♠❡rs ❡♥t❡r ❛ s✉❜♠❛r❦❡t ♦♥❝❡ t❤❡②

♣✉r❝❤❛s❡ t❤❡ ❝♦♠♣❛t✐❜❧❡ ❤❛r❞✇❛r❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ {nmit} ❢♦❧❧♦✇s

nmit+1 = nmit(1−
∑

j∈Jmt

bijt) + ne
mit, ✭✺✮

✇❤❡r❡ nmit(1 −
∑

j∈Jmt

bijt) ✐s t❤❡ ♠❛ss ♦❢ ❝♦♥s✉♠❡rs ✇❤♦ ❞♦ ♥♦t ❜✉② ✐♥ ♣❡r✐♦❞ t ❛♥❞ r❡♠❛✐♥

❛❝t✐✈❡ t❤❡ ♥❡①t ♣❡r✐♦❞❀ ❛♥❞ ne
mit = NitBilt ✐s t❤❡ ♠❛ss ♦❢ ♥❡✇ ❝♦♥s✉♠❡rs ✇❤♦ ♣✉r❝❤❛s❡

t❤❡ ❝♦♠♣❛t✐❜❧❡ ❤❛r❞✇❛r❡ l✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✳ ◆♦t✐❝❡ t❤❛t t❤❡ ♠❛ss ♦❢

❝♦♥s✉♠❡rs r❡♠❛✐♥✐♥❣ ✐♥ ❛ s✉❜♠❛r❦❡t ✐s ❡♥❞♦❣❡♥♦✉s t♦ t❤❡ ❤✐st♦r✐❝ ❡♥tr② ❛♥❞ ♣r✐❝✐♥❣ ❜❡❤❛✈✐♦r

♦❢ ❛❧❧ s♦❢t✇❛r❡ ✜r♠s ✐♥ t❤❛t s✉❜♠❛r❦❡t✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❡♥tr② ❛♥❞ ♣r✐❝✐♥❣ ✐♥tr♦❞✉❝❡ ❛

❞②♥❛♠✐❝ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❝♦♥s✉♠❡r ❞✐str✐❜✉t✐♦♥ ✐♥ t❤❡ s♦❢t✇❛r❡ s✉❜♠❛r❦❡t m✳

❚♦t❛❧ ❙♦❢t✇❛r❡ ❯t✐❧✐t②

■♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱ ■ s♣❡❝✐❢② t❤❛t t❤❡ ❝♦♥s✉♠♣t✐♦♥ ✈❛❧✉❡ ♦❢ ❛ ❤❛r❞✇❛r❡ ♣r♦❞✉❝t

❞❡♣❡♥❞s ♦♥ t❤❡ t♦t❛❧ ✉t✐❧✐t② ❢r♦♠ ❜❡✐♥❣ ❛❜❧❡ t♦ ♣✉r❝❤❛s❡ ✐ts ❛✣❧✐❛t❡❞ s♦❢t✇❛r❡✱ Γilt✳ ❚♦

❝❧♦s❡ t❤❡ ❞❡♠❛♥❞ s✐❞❡ ♦❢ t❤❡ ♠♦❞❡❧✱ ■ ♥❡❡❞ t♦ ❧✐♥❦ ✐t t♦ t❤❡ ✈❛❧✉❡ ♦❢ ❜❡✐♥❣ ❛❜❧❡ t♦ ♣✉r❝❤❛s❡

t❤❡ ❛✣❧✐❛t❡❞ s♦❢t✇❛r❡ ♣r♦❞✉❝ts✳ ❘❡❝❛❧❧ t❤❛t ❛ ❝♦♥s✉♠❡r ✇❤♦ ♣✉r❝❤❛s❡s ❛ ❤❛r❞✇❛r❡ ♣r♦❞✉❝t

✶✾



st❛rts t♦ ❜✉② t❤❡ ❛✣❧✐❛t❡❞ s♦❢t✇❛r❡ ✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞✳ ❍❡♥❝❡✱ Γilt ✐s t②♣❡✲i ❝♦♥s✉♠❡r✬s

❞✐s❝♦✉♥t❡❞ t♦t❛❧ ✈❛❧✉❡ ❜❡✐♥❣ ❛❝t✐✈❡ ✐♥ ❛❧❧ s✉❜♠❛r❦❡ts ❛✣❧✐❛t❡❞ ✇✐t❤ ❤❛r❞✇❛r❡ l ❛t t✐♠❡ t+1✱

Γilt = βcE

[

∑

m∈Ml

Git+1(smt+1,pmt+1)

]

, ✭✻✮

✇❤❡r❡ Ml ✐s t❤❡ s❡t ♦❢ s♦❢t✇❛r❡ s✉❜♠❛r❦❡ts ❛✣❧✐❛t❡❞ ✇✐t❤ ❤❛r❞✇❛r❡ l✳

✸✳✸ ❙♦❢t✇❛r❡ Pr✐❝✐♥❣ ❛♥❞ ❊♥tr②

■♥ t❤❡ ✺t❤✲❣❡♥❡r❛t✐♦♥ ❯✳❙✳ ✈✐❞❡♦ ❣❛♠❡ ♠❛r❦❡t✱ ❛ s✐♥❣❧❡ s♦❢t✇❛r❡ ♣r♦❞✉❝t ✇❛s t✐♥② ❝♦♠♣❛r❡❞ t♦

t❤❡ ✇❤♦❧❡ ♠❛r❦❡t✳✶✹ ❍❡♥❝❡✱ ■ ❛ss✉♠❡ t❤❛t ♥♦ s✐♥❣❧❡ s♦❢t✇❛r❡ ✜r♠ ❝❛♥ str❛t❡❣✐❝❛❧❧② ✐♥✢✉❡♥❝❡

t❤❡ s❛❧❡s ♦❢ ❤❛r❞✇❛r❡✱ ❛♥❞ s♦ t❤❛t s♦❢t✇❛r❡ ✜r♠s ❞♦ ♥♦t t❛❦❡ t❤❛t ❡✛❡❝t ✐♥t♦ ❛❝❝♦✉♥t ✇❤❡♥

t❤❡② ♠❛❦❡ t❤❡✐r ❝❤♦✐❝❡s✳ ❯♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥✱ str❛t❡❣✐❝ ✐♥t❡r❛❝t✐♦♥s ♦❝❝✉r ♦♥❧② ❛♠♦♥❣

s♦❢t✇❛r❡ ✜r♠s ✐♥ t❤❡ s❛♠❡ s✉❜♠❛r❦❡t✳ ❉✉❜❡✱ ❍✐ts❝❤✱ ❛♥❞ ❈❤✐♥t❛❣✉♥t❛ ✭✷✵✶✵✮ ❛❞♦♣ts t❤❡

s❛♠❡ ❛ss✉♠♣t✐♦♥✳ ◆♦t✐❝❡ t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ✇♦✉❧❞ ❜❡ ♠♦r❡ t❡♥✉♦✉s ❢♦r ♠♦r❡ r❡❝❡♥t

❣❡♥❡r❛t✐♦♥s ♥♦✇ t❤❛t ❜❧♦❝❦❜✉st❡r ❣❛♠❡s ❤❛✈❡ ❜❡❝♦♠❡ ♠♦r❡ ❝♦♠♠♦♥✳

❇❡❧♦✇✱ ■ ❞❡s❝r✐❜❡ ❤♦✇ s♦❢t✇❛r❡ ✜r♠s ❜❡❤❛✈❡ ✐♥ ❛ s✉❜♠❛r❦❡t m✱ t❤❛t ✐s✱ ❤♦✇ t❤❡ ✐♥❝✉♠✲

❜❡♥ts s❡t t❤❡✐r ♦♣t✐♠❛❧ s❡q✉❡♥❝❡ ♦❢ ♣r✐❝❡s ♦✈❡r t✐♠❡ ❛♥❞ ❤♦✇ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥ts ♠❛❦❡ t❤❡✐r

♦♣t✐♠❛❧ ❝❤♦✐❝❡s ♦❢ ✇❤❡t❤❡r ♦r ♥♦t t♦ r❡❧❡❛s❡ ❛ ♥❡✇ ♣r♦❞✉❝t✳

✸✳✸✳✶ ❆♥ ■♥❝✉♠❜❡♥t ❙♦❢t✇❛r❡ ❋✐r♠✬s Pr♦❜❧❡♠

▲❡t cl ❞❡♥♦t❡ t❤❡ ✉♥✐t ❝♦st ♦❢ s♦❢t✇❛r❡ ❛✣❧✐❛t❡❞ t♦ ❤❛r❞✇❛r❡ l✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♣r♦❞✉❝t✐♦♥ ❝♦st

❛♥❞ t❤❡ r♦②❛❧t② ❢❡❡ ♣❛✐❞ t♦ ❤❛r❞✇❛r❡ ♣r♦✈✐❞❡r l✳ ❇♦t❤ ♦❢ t❤❡ t✇♦ ❝♦sts ❛r❡ t✐♠❡✲✐♥✈❛r✐❛♥t

❛♥❞ ♣❧❛t❢♦r♠✲s♣❡❝✐✜❝✳ ❆♥ ✐♥❝✉♠❜❡♥t s♦❢t✇❛r❡ ✜r♠✬s ♦♥❡✲♣❡r✐♦❞ ♣r♦✜t ❞❡♣❡♥❞s ♦♥ ✐ts ♦✇♥

♣r✐❝❡ ❝❤♦✐❝❡ t❤✐s ♣❡r✐♦❞ ✭pjt✮ ❛♥❞ ✐ts ❝♦♠♣❡t✐t♦rs✬ ♣r✐❝❡s ✭p−jt✮❀ ♠♦r❡♦✈❡r✱ ✐t ❛❧s♦ ❞❡♣❡♥❞s

♦♥ t❤❡ st❛t❡ ✈❡❝t♦r smt ✐♥ t❤❡ s✉❜♠❛r❦❡t m ✐♥❝❧✉❞✐♥❣ t❤❡ s❡t ♦❢ ❛✈❛✐❧❛❜❧❡ ♣r♦❞✉❝ts✱ ♣r♦❞✉❝t

✶✹■♥ t❤✐s ❣❡♥❡r❛t✐♦♥✱ t❤❡ ❜❧♦❝❦❜✉st❡r ❣❛♠❡s ✇❡r❡ s♠❛❧❧❡r ✐♥ ♠❛❣♥✐t✉❞❡✳ ❆♠♦♥❣ ❛❧❧ ◆✐♥t❡♥❞♦ ❣❛♠❡s✱ ♦♥❧②
t❤r❡❡ ❣❛♠❡s t♦♦❦ ♦✈❡r ✹✪ ♦❢ t❤❡ t♦t❛❧ ❣❛♠❡ s❛❧❡s ♦♥ t❤❡ ◆✻✹ ♣❧❛t❢♦r♠✱ ❛♥❞ ♦♥❧② ✷✶ ❣❛♠❡s ❝❛♣t✉r❡❞ ♦✈❡r ✶✪
♦❢ t❤❡ t♦t❛❧ ❣❛♠❡ s❛❧❡s✳ ❆♠♦♥❣ ❛❧❧ P❙ ❣❛♠❡s✱ ♦♥❧② ✜✈❡ ❣❛♠❡s ❝❛♣t✉r❡❞ ♦✈❡r ✶✪ ♦❢ t♦t❛❧ ❣❛♠❡ s❛❧❡s ♦♥ t❤❡
P❙ ♣❧❛t❢♦r♠✱ ♥♦♥❡ ♦❢ t❤❡♠ t❛❦✐♥❣ ♦✈❡r ✷✪✳
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❝❤❛r❛❝t❡r✐st✐❝s✱ ❛♥❞ t❤❡ ❝♦♥s✉♠❡r ❞✐str✐❜✉t✐♦♥✳

▲❡t βf ❞❡♥♦t❡ ❛ s♦❢t✇❛r❡ ✜r♠✬s ❞✐s❝♦✉♥t ❢❛❝t♦r✳ ❆♥ ✐♥❝✉♠❜❡♥t✬s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s

t♦ ♣✐❝❦ ❛ ♣r✐❝❡ t♦ ♠❛①✐♠✐③❡ ✐ts ♦✇♥ ❞✐s❝♦✉♥t❡❞ ♣r♦✜t✱

Πjt(smt, pjt,p−jt) = E [πjt(smt, pjt,p−jt)]

+E

{

T
∑

τ=t+1

βτ−t
f

[

max
pjτ

πjτ (smτ , pjτ ,p−jτ )

]

| smt,pmt

}

,

✇❤❡r❡ πjt(smt, pjt,p−jt) = (pjt − cl)qj(smt,pmt) ✐s ✜r♠ j✬s ♦♥❡✲♣❡r✐♦❞ ♣r♦✜t✱ t❤❡ ✜rst ❡①✲

♣❡❝t❛t✐♦♥ ✐s t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ ❝♦♠♣❡t✐t♦rs✬ ♣r✐❝❡ ❝❤♦✐❝❡s ✐♥ t❤✐s t✐♠❡ ♣❡r✐♦❞✱ ❛♥❞ t❤❡

s❡❝♦♥❞ ❡①♣❡❝t❛t✐♦♥ ✐s t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢✉t✉r❡ st❛t❡ ✈❛r✐❛❜❧❡s ❛♥❞

❝♦♠♣❡t✐t♦rs✬ ♣r✐❝❡ ❝❤♦✐❝❡s ✐♥ t❤❡ ❢✉t✉r❡ ♣❡r✐♦❞s✳

✸✳✸✳✷ ❆ P♦t❡♥t✐❛❧ ❙♦❢t✇❛r❡ ❊♥tr❛♥t✬s Pr♦❜❧❡♠

❊✈❡r② ♣❡r✐♦❞✱ t❤❡r❡ ✐s ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥ts ♦✉ts✐❞❡ t❤❡ s♦❢t✇❛r❡ s✉❜♠❛r❦❡t

m✳ ▲❡t Emt ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥ts✳ ❚❤❡ ❡♥tr② ❝♦st ♦❢ ❛ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥t j ✐s

❛ss✉♠❡❞ t♦ ❜❡ λl + νjt ✇❤❡r❡ λl ✐s t❤❡ ❝♦♠♣♦♥❡♥t t❤❛t ✐s ❝♦♠♠♦♥ t♦ ❛❧❧ s♦❢t✇❛r❡ ❛✣❧✐❛t❡❞

✇✐t❤ ♣❧❛t❢♦r♠ l ❛♥❞ νjt ✐s ❛ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ s❤♦❝❦ ✇❤✐❝❤ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥❞❡♣❡♥❞❡♥t❧②

❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ❛❝r♦ss ✜r♠s ❛♥❞ ♣❡r✐♦❞s ✇✐t❤ ❝✳❞✳❢✳ Fν(·)✳

❊❛❝❤ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥t j ∈ Emt ✜rst ❞r❛✇s ❛♥ ❡♥tr② ❝♦st ❢r♦♠ ❛ ❦♥♦✇♥ ❞✐str✐❜✉t✐♦♥

❛♥❞ t❤❡♥ ❞❡❝✐❞❡s ✇❤❡t❤❡r t♦ ❡♥t❡r✳ P♦t❡♥t✐❛❧ ❡♥tr❛♥ts ❛r❡ s❤♦rt✲❧✐✈❡❞ ❛♥❞ ❜❛s❡ t❤❡✐r ❡♥tr②

❞❡❝✐s✐♦♥s ♦♥ t❤❡ ♥❡t ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ ❡♥t❡r✐♥❣ t♦❞❛②❀ t❤❡② ❞♦ ♥♦t t❛❦❡ t❤❡ ♦♣t✐♦♥ ✈❛❧✉❡ ♦❢

❞❡❧❛②✐♥❣ ❡♥tr② ✐♥t♦ ❛❝❝♦✉♥t✳ ■❢ ✐t ❡♥t❡rs✱ ✐t ♣❛②s t❤❡ ❡♥tr② ❝♦st ❛♥❞ st❛rts t♦ ❡❛r♥ ♣r♦✜t ♥❡①t

♣❡r✐♦❞❀ ✐❢ ♥♦t✱ ✐t ❡❛r♥s ③❡r♦ ♣r♦✜ts✳

▲❡t yjt+1 = 1 ❞❡♥♦t❡ t❤❛t ❡♥tr❛♥t j ❞❡❝✐❞❡s t♦ ❡♥t❡r ❛t t✐♠❡ t✳ ❆ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥t j✬s

♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐s t♦ ❝♦♠♣❛r❡ t❤❡ ❡♥tr② ❝♦st ❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ♣r♦✜t✳ ❚❤❡ ♦♣t✐♠❛❧

str❛t❡❣② ✐s t♦ ❡♥t❡r ✐❢ t❤❡ ❡①♣❡❝t❡❞ ♣r♦✜t ❡①❝❡❡❞s t❤❡ ❡♥tr② ❝♦st ❛♥❞ ♥♦t t♦ ❡♥t❡r ♦t❤❡r✇✐s❡✳

✷✶



✸✳✸✳✸ P❡r❝❡✐✈❡❞ ❙tr❛t❡❣② ❋✉♥❝t✐♦♥

❇❡❝❛✉s❡ ❛ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥t✬s ❡♥tr② ❞❡❝✐s✐♦♥ ❞❡♣❡♥❞s ♦♥ ✐ts ♦✇♥ ❡♥tr② ❝♦st s❤♦❝❦ νjt ✇❤✐❝❤

✐s ✉♥♦❜s❡r✈❛❜❧❡ t♦ ❝♦♥s✉♠❡rs ❛♥❞ ♦t❤❡r s♦❢t✇❛r❡ ✜r♠s✱ ♦t❤❡r ❛❣❡♥ts ❝❛♥♥♦t ❦♥♦✇ ❡①❛❝t❧②

❛ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥t✬s ❡♥tr② str❛t❡❣② ❡✈❡♥ ✐❢ t❤❡② ❝❛♥ ♦❜s❡r✈❡ t❤❡ ❛❝t✉❛❧ ♦✉t❝♦♠❡s✳ ❲❡ ❝❛♥

❞❡✜♥❡ ❛ s❡t ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❝❤♦✐❝❡ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r j ∈ Emt s✉❝❤ t❤❛t

ρjt(smt) =

ˆ

I(yjt+1(smt, νjt) = 1)dFν(νjt),

✇❤❡r❡ I(·) ✐s t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t✐❡s r❡♣r❡s❡♥t t❤❡ ❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦r ♦❢

❡♥tr❛♥t j ❢r♦♠ t❤❡ ♣♦✐♥t ♦❢ ✈✐❡✇ ♦❢ ❝♦♥s✉♠❡rs ❛♥❞ t❤❡ r❡st ♦❢ t❤❡ s♦❢t✇❛r❡ ✜r♠s✳ ❚❤❡ ❣❛♠❡

❤❛s ❛ ▼❛r❦♦✈ str✉❝t✉r❡✱ ❛♥❞ ■ ❛ss✉♠❡ t❤❛t ❡❛❝❤ s♦❢t✇❛r❡ ✜r♠ ♣❧❛②s ▼❛r❦♦✈ str❛t❡❣✐❡s✳ ■♥

♣❛rt✐❝✉❧❛r✱ ✐❢ smt = sm′t✱ t❤❡♥ ✜r♠ j✬s ❞❡❝✐s✐♦♥ ✐♥ s✉❜♠❛r❦❡t m ❛♥❞ m′ ❛r❡ t❤❡ s❛♠❡✳ ▲❡t

Ψ = {Ψjt(smt)} ❜❡ ❛ s❡t ♦❢ str❛t❡❣② ❢✉♥❝t✐♦♥s ♦r ❞❡❝✐s✐♦♥ r✉❧❡s✱ ♦♥❡ ❢♦r ❡❛❝❤ s♦❢t✇❛r❡ ✜r♠✱

✇✐t❤ Ψjt(smt) = pjt(smt) ✐❢ j ✐s ❛♥ ✐♥❝✉♠❜❡♥t ✜r♠ ❛♥❞ Ψjt(smt) = ρjt(smt) ✐❢ j ✐s ❛ ♣♦t❡♥t✐❛❧

❡♥tr❛♥t✳

✸✳✸✳✹ ■♥❝✉♠❜❡♥t✬s ❇❡❧❧♠❛♥ ❊q✉❛t✐♦♥

▲❡t Vjt(smt | Ψ) ❞❡♥♦t❡ t❤❡ ❡①♣❡❝t❡❞ ♥❡t ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ ❛❧❧ ❢✉t✉r❡ ❝❛s❤ ✢♦✇s t♦ ✐♥❝✉♠❜❡♥t

✜r♠ j ∈ Jmt ❛t st❛t❡ ✈❡❝t♦r smt✱ ❝♦♠♣✉t❡❞ ✉♥❞❡r t❤❡ ♣r❡s✉♠♣t✐♦♥ t❤❛t ❝♦♥s✉♠❡rs r❡s♣♦♥❞

♦♣t✐♠❛❧❧② ❛♥❞ ♦t❤❡r s♦❢t✇❛r❡ ✜r♠s ❢♦❧❧♦✇ t❤❡✐r str❛t❡❣✐❡s ✐♥ Ψ✳ ❇② ❇❡❧❧♠❛♥✬s ♣r✐♥❝✐♣❧❡ ♦❢

♦♣t✐♠❛❧✐t②✱ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Vjt(smt | Ψ) = max
p̃jt

πjt(smt, p̃jt, p−jt) + βfE [Vjt+1(smt+1 | Ψ) | smt, p̃jt,Ψ−jt] , ✭✼✮

✇❤❡r❡

E [Vjt+1(smt+1 | Ψ) | smt, pjt,Ψ−j ] =

ˆ

ξmt+1





∑

ymt+1

Vjt+1(smt+1 | Ψ)fj(ymt+1 | smt, pjt,Ψ−jt)



 dξmt+1

✷✷



✐s t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ✜r♠ j ❝❤♦♦s✐♥❣ pjt ❛♥❞ t❤❡ ♦t❤❡r ✜r♠s ❜❡❤❛✈✐♥❣

❛❝❝♦r❞✐♥❣ t♦ Ψ✳ ❍❡r❡✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

fj(ymt+1 | smt, pjt,Ψ−j) =
∏

k∈Emt

ρkt(smt)
ykt+1(1− ρkt(smt))

1−ykt+1 . ✭✽✮

❚❤❡ ♦♣t✐♠❛❧ ♣r✐❝✐♥❣ str❛t❡❣② ✐♥ r❡s♣♦♥s❡ t♦ ♣r♦✜❧❡ Ψ ✐s t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡

♦❢ ❡q✉❛t✐♦♥ ✭✼✮✱ ❞❡♥♦t❡❞ ❛s pjt(smt | Ψ)✳

✸✳✸✳✺ ❊♥tr❛♥t✬s ❇❡❧❧♠❛♥ ❊q✉❛t✐♦♥

▲❡t V e
jt(smt, νjt | Ψ) ❞❡♥♦t❡ t❤❡ ❡①♣❡❝t❡❞ ♥❡t ♣r❡s❡♥t ✈❛❧✉❡ ♦❢ ❛❧❧ ❢✉t✉r❡ ❝❛s❤ ✢♦✇s t♦ ♣♦t❡♥t✐❛❧

❡♥tr❛♥t j ∈ Emt ❛t st❛t❡ ✈❡❝t♦r smt ❛♥❞ ❡♥tr② ❝♦st s❤♦❝❦ νjt✱ ❝♦♠♣✉t❡❞ ✉♥❞❡r t❤❡ ♣r❡s✉♠♣t✐♦♥

t❤❛t ❝♦♥s✉♠❡rs r❡s♣♦♥❞ ♦♣t✐♠❛❧❧② ❛♥❞ ♦t❤❡r s♦❢t✇❛r❡ ✜r♠s ❜❡❤❛✈❡ ❛❝❝♦r❞✐♥❣ t♦ str❛t❡❣②

♣r♦✜❧❡ Ψ✿

V e
jt(smt, νjt | Ψ) = max

ỹjt+1

ỹjt+1 {−λl − νjt + βfE[Vjt+1(smt+1 | Ψ) | smt,Ψ]} ,

✇❤❡r❡

E[Vjt+1(smt+1 | Ψ) | smt,Ψ] =

ˆ

ξmt+1

[

∑

ymt+1

Vjt+1(smt+1 | Ψ)fj(ymt+1 | smt,Ψ)

]

dξmt+1

✐s t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ♦♥ s♦❢t✇❛r❡ ✜r♠ j ❝❤♦♦s✐♥❣ ❡♥t❡r✐♥❣ ❛♥❞ t❤❡

♦t❤❡r s♦❢t✇❛r❡ ✜r♠s ❜❡❤❛✈✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ str❛t❡❣② ♣r♦✜❧❡Ψ✳ ❍❡r❡✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ tr❛♥s✐t✐♦♥

♣r♦❜❛❜✐❧✐t② ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

fj(ymt+1 | smt,Ψ) =
∏

k∈Emt,k 6=j

ρkt(smt)
ykt+1(1− ρkt(smt))

1−ykt+1 , ✭✾✮

✇❤❡r❡ t❤❡ jt❤ ❞✐♠❡♥s✐♦♥ ♦❢ ymt+1 ✐s ❡q✉❛❧ t♦ ♦♥❡✳

✷✸



❚❤❡ ♦♣t✐♠❛❧ ❡♥tr② ❞❡❝✐s✐♦♥ ❢♦❧❧♦✇s ❛ ❝✉t♦✛ r✉❧❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜②

yjt+1(smt, νjt | Ψ) =















1, if νjt ≤ ν̄jt(smt | Ψ)

0, otherwise

✇❤❡r❡

ν̄jt(smt | Ψ) = βfE[Vjt+1(smt+1 | Ψ) | smt,Ψ]− λm

✐s t❤❡ ❝✉t♦✛ ❡♥tr② ❝♦st s❤♦❝❦ ❢♦r ✇❤✐❝❤ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥t ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❡♥t❡r✐♥❣

❛♥❞ st❛②✐♥❣ ♦✉t ♦❢ t❤❡ s✉❜♠❛r❦❡t✳ ❚❤❡♥✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡♥t❡r✐♥❣ ✐s

ρjt(smt | Ψ) =

ˆ

I[νjt ≤ ν̄jt(smt | Ψ)]dFν(νjt) = Fν [ν̄jt(smt | Ψ)].

❚❤❡r❡❢♦r❡✱ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥ ♦❢ ❛ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥t j ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

V e
jt(smt | Ψ) = max

ρ̃jt
−

ˆ

νjt<F−1
ν (ρ̃jt)

νjtdFν(νjt)

+ρ̃jt {−λl + βfE[Vjt+1(smt+1 | Ψ) | smt,Ψ]} . ✭✶✵✮

✸✳✹ ❊q✉✐❧✐❜r✐✉♠ ❈♦♥❝❡♣t

❚❤✐s ♣❛♣❡r ❛❞♦♣ts t❤❡ ▼❛r❦♦✈ P❡r❢❡❝t ❊q✉✐❧✐❜r✐✉♠ ✭▼P❊✮ ❝♦♥❝❡♣t✳ ❚❤❡ ▼P❊ ✐♥ t❤✐s ♠♦❞❡❧

✐s ❞❡✜♥❡❞ ❜② ❛ s❡t ♦❢ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s✱ {Git(smt,p
∗
mt), Hit(St)}

I
i=1 ❛♥❞ {Vjt(smt)}j∈Jmt

✱ ❛ s❡t

♦❢ ♣r✐❝❡ ❢✉♥❝t✐♦♥s✱ {p∗jt(smt)}j∈Jmt
✱ ❛♥❞ ❛ s❡t ♦❢ ❡♥tr② ❢✉♥❝t✐♦♥s✱ {ρ∗jt(smt)}j∈Emt

✱ s✉❝❤ t❤❛t

❡q✉❛t✐♦♥ ✭✶✮ ✲ ✭✶✵✮ ❛r❡ s✐♠✉❧t❛♥❡♦✉s❧② s❛t✐s✜❡❞ ❛t ❡✈❡r② st❛t❡ smt✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡

❡q✉✐❧✐❜r✐✉♠ ✐s t❤❡ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ❣❛♠❡ ❞❡✜♥❡❞ ❜② ❡q✉❛t✐♦♥s ✭✶✮ ✲ ✭✶✵✮✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣❡rt✐❡s✳

✭✐✮ ❙♦❢t✇❛r❡ ❋✐r♠s✳ ❊q✉❛t✐♦♥ ✭✼✮ ✐♠♣❧✐❡s t❤❛t ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✇❤❡♥ ❢❛❝❡❞ ✇✐t❤ st❛t❡ smt✱

❡❛❝❤ ✐♥❝✉♠❜❡♥t s♦❢t✇❛r❡ ✜r♠✬s ♣r✐❝✐♥❣ ♣♦❧✐❝② ✐s ❛ ❜❡st r❡s♣♦♥s❡ t♦ ♦t❤❡r s♦❢t✇❛r❡ ✜r♠s✬

✷✹



str❛t❡❣✐❡s ❛♥❞ ❝♦♥s✉♠❡rs✬ ❜❡❤❛✈✐♦r ❛t t❤❛t st❛t❡✳ ▼❡❛♥✇❤✐❧❡✱ ❡q✉❛t✐♦♥ ✭✶✵✮ ✐♠♣❧✐❡s t❤❛t ✐♥

❡q✉✐❧✐❜r✐✉♠✱ ✇❤❡♥ ❢❛❝❡❞ ✇✐t❤ st❛t❡ smt✱ ❡❛❝❤ ❡♥tr❛♥t✬s ❡♥tr② ♣♦❧✐❝② ✐s ❛ ❜❡st r❡s♣♦♥s❡ t♦ ♦t❤❡r

s♦❢t✇❛r❡ ✜r♠s✬ str❛t❡❣✐❡s ❛♥❞ ❝♦♥s✉♠❡rs✬ ❜❡❤❛✈✐♦r ❛t t❤❛t st❛t❡✳

✭✐✐✮ ❈♦♥s✉♠❡rs✳ ❊q✉❛t✐♦♥ ✭✸✮ ❛♥❞ ✭✹✮ ✐♠♣❧② t❤❛t ✇❤❡♥ ❢❛❝❡❞ ✇✐t❤ ❛ st❛t❡ smt ❛♥❞ ♣r✐❝❡

p(smt)✱ ❝♦♥s✉♠❡rs ✇❤♦ ♦✇♥ ❛ ❤❛r❞✇❛r❡ r❛t✐♦♥❛❧❧② ❛♥t✐❝✐♣❛t❡ s♦❢t✇❛r❡ ✜r♠s✬ ❢✉t✉r❡ ♣r✐❝✐♥❣

❛♥❞ ❡♥tr②✱ ❛♥❞ ♦♣t✐♠❛❧❧② ♠❛❦❡ ♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥s ♦❢ s♦❢t✇❛r❡✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ❡q✉❛t✐♦♥

✭✶✮ ❛♥❞ ✭✷✮ ✐♠♣❧② t❤❛t ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❝♦♥s✉♠❡rs ✇❤♦ ❞♦ ♥♦t ♦✇♥ ❛♥② ❤❛r❞✇❛r❡ ♠❛❦❡

♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥s ♦❢ ❤❛r❞✇❛r❡ ❜② ♠❛①✐♠✐③✐♥❣ ✐♥t❡r✲t❡♠♣♦r❛❧ ✉t✐❧✐t②✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✈❛❧✉❡

♦❢ ❛ ❤❛r❞✇❛r❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ❡q✉❛t✐♦♥ ✭✻✮✳

✭✐✐✐✮ ❙t❛t❡ ❚r❛♥s✐t✐♦♥✳ ❙♦❢t✇❛r❡ ✜r♠s t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❡✛❡❝t ♦❢ t❤❡✐r ❛❝t✐♦♥s ♦♥

t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ st❛t❡s ✐♥ t❤❡ s✉❜♠❛r❦❡t✳ ❚❤❡ tr❛♥s✐t✐♦♥ ♦❢ ❝♦♥s✉♠❡r ❞✐str✐❜✉t✐♦♥ ❢♦❧❧♦✇s

t❤❡ ❡q✉❛t✐♦♥ ✭✺✮✳ ■♥ t❤❡ ❡②❡s ♦❢ ✐♥❝✉♠❜❡♥t s♦❢t✇❛r❡ ✜r♠s✱ t❤❡ tr❛♥s✐t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t

❛✈❛✐❧❛❜✐❧✐t② ❢♦❧❧♦✇s t❤❡ ❡q✉❛t✐♦♥ ✭✽✮❀ ❛♥❞ ✐♥ t❤❡ ❡②❡s ♦❢ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥ts ✇❤♦ ❞❡❝✐❞❡ t♦

❡♥t❡r✱ ✐t ❢♦❧❧♦✇s t❤❡ ❡q✉❛t✐♦♥ ✭✾✮✳

✹ ❇❛②❡s✐❛♥ ❊st✐♠❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ■ ❞❡s❝r✐❜❡ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥ ❞❡t❛✐❧✳ ▲❡t θ ❞❡♥♦t❡ t❤❡ ✈❡❝t♦r ♦❢

♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♠♦❞❡❧ t❤❛t ♥❡❡❞ t♦ ❜❡ ❡st✐♠❛t❡❞✳ ▲❡t data ❞❡♥♦t❡ ❛❧❧ t❤❡ ❞❛t❛ ❛✈❛✐❧❛❜❧❡

❢♦r ❡st✐♠❛t✐♦♥ ✇❤✐❝❤ ✐♥❝❧✉❞❡s t✇♦ ♣❛rts✿ ✭✐✮ t❤❡ ♣r✐❝❡s ❛♥❞ q✉❛♥t✐t② s♦❧❞ ♦❢ ❡❛❝❤ ❤❛r❞✇❛r❡

♣r♦❞✉❝t ✐♥ ❡❛❝❤ t✐♠❡ ♣❡r✐♦❞❀ ❛♥❞ ✭✐✐✮ t❤❡ ❛✈❛✐❧❛❜✐❧✐t②✱ ❝❤❛r❛❝t❡r✐st✐❝s✱ ♣r✐❝❡s✱ ❛♥❞ q✉❛♥t✐t②

s♦❧❞ ♦❢ ❡❛❝❤ s♦❢t✇❛r❡ ✐♥ ❡❛❝❤ t✐♠❡ ♣❡r✐♦❞ ❛❝r♦ssM ✐♥❞❡♣❡♥❞❡♥t s♦❢t✇❛r❡ s✉❜♠❛r❦❡ts✳ ❍❡♥❝❡✱

data = {Pt,Qt, {ymt,xmt,pmt,qmt}
M
m=1}

Td

t=1✱ ✇❤❡r❡ Td ✐s t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ ♣❡r✐♦❞s ✐♥ t❤❡

❞❛t❛ s❡t✳ ■ ❛ss✉♠❡ t❤❛t t❤❡ ❞❛t❛ ❛r❡ ❣❡♥❡r❛t❡❞ ❢r♦♠ t❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s

s❡❝t✐♦♥✳

✷✺



✹✳✶ P♦st❡r✐♦r

▲❡t L(data | θ) ❞❡♥♦t❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞✳ ❘❛t❤❡r t❤❛♥ ✉s✐♥❣ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥

♠❡t❤♦❞✱ ■ ❡♠♣❧♦② t❤❡ ❇❛②❡s✐❛♥ ▼❈▼❈ ♠❡t❤♦❞ t♦ s❛♠♣❧❡ t❤❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r θ ❢r♦♠ ✐ts

♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥✱

P(θ | data) ∝ L(data | θ)π(θ), ✭✶✶✮

✇❤❡r❡ π(θ) ✐s t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r θ✳

✹✳✷ ▲✐❦❡❧✐❤♦♦❞ ❈♦♥tr✐❜✉t✐♦♥s

❚❤❡ ❞❡♠❛♥❞ ❢♦r ❤❛r❞✇❛r❡ ✐s ❛ ❞②♥❛♠✐❝ ❞✐s❝r❡t❡ ❝❤♦✐❝❡ ♠♦❞❡❧✳ ■ ❛ss✉♠❡ t❤❛t t❤❡ ✉♥♦❜s❡r✈❡❞

✭t♦ r❡s❡❛r❝❤❡r✮ ♣❧❛t❢♦r♠✲s♣❡❝✐✜❝ ❞❡♠❛♥❞ s❤✐❢t❡rs ζlt ❛r❡ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ ♠❡❛♥ ③❡r♦

❛♥❞ ✈❛r✐❛♥❝❡ σ2
ζ ✱ ✐♥❞❡♣❡♥❞❡♥t ❛❝r♦ss ❛❧❧ ♣r♦❞✉❝ts ❛♥❞ ♦✈❡r t✐♠❡✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡

❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ s❤♦❝❦s ❣❡♥❡r❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✉♥✐ts s♦❧❞ ♦❢ ❡❛❝❤ ❤❛r❞✇❛r❡ ✐♥

❡❛❝❤ t✐♠❡ ♣❡r✐♦❞✳ ❈♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ st❛t❡ St✱ t❤❡ ❥♦✐♥t ❞❡♥s✐t② ♦❢ t❤❡ s❛❧❡s ♦❢ ❛❧❧ ❤❛r❞✇❛r❡

❛t t✐♠❡ t ✐s

LQ(Qt | St; θ) =
∏

l

[φ(ζlt/σζ)/σζ ] |
(

J(Qt→ζlt)

)−1
| . ✭✶✷✮

✇❤❡r❡ φ(·) ✐s t❤❡ pdf ♦❢ t❤❡ st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ❛♥❞ J(Qt→ζlt) ✐s t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐①✳

❚♦ s♣❡❝✐❢② t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ❞❡♠❛♥❞ ❢♦r s♦❢t✇❛r❡✱ ■ ❛ss✉♠❡ t❤❛t t❤❡

✉♥♦❜s❡r✈❡❞ ❣❛♠❡✲s♣❡❝✐✜❝ ❞❡♠❛♥❞ s❤✐❢t❡rs ξjt ❛r❡ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞

✈❛r✐❛♥❝❡ σ2
ξ ✱ ✐♥❞❡♣❡♥❞❡♥t ❛❝r♦ss ❛❧❧ ♣r♦❞✉❝ts ❛♥❞ ♦✈❡r t✐♠❡✳✶✺ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❛❣✲

❣r❡❣❛t❡ ❞❡♠❛♥❞ s❤♦❝❦s ❣❡♥❡r❛t❡ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✉♥✐ts s♦❧❞ ♦❢ ❡❛❝❤ ❡①✐st✐♥❣ s♦❢t✇❛r❡

♣r♦❞✉❝t ✐♥ ❡❛❝❤ t✐♠❡ ♣❡r✐♦❞✳ ❈♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ st❛t❡ (smt,pmt)✱ t❤❡ ❥♦✐♥t ❞❡♥s✐t② ♦❢ t❤❡

s❛❧❡s ♦❢ ❛❧❧ ❡①✐st✐♥❣ s♦❢t✇❛r❡ ♣r♦❞✉❝ts ✐♥ s✉❜♠❛r❦❡t m ❛t t✐♠❡ t ✐s

Lq(qmt | smt,pmt; θ) =
∏

j∈Jmt

[φ(ξjt/σξ)/σξ] |
(

J(qmt→ξmt)

)−1
|, ✭✶✸✮

✶✺■♥ t❤❡ ❝♦♥t❡①t ♦❢ s♣♦rts ✈✐❞❡♦ ❣❛♠❡s✱ ξjt ♠❛② ❝❛♣t✉r❡ s✉❝❤ ❞❡♠❛♥❞ s❤♦❝❦s ❛s ❡✈❡♥ts r❡❧❛t❡❞ t♦ t❤❡
❝❡❧❡❜r✐t✐❡s ♦♥ ✇❤♦♠ ❣❛♠❡ ❝❤❛r❛❝t❡rs ❛r❡ ❜❛s❡❞✱ ❡✳❣✳✱ t❤❡✐r ♣❡r❢♦r♠❛♥❝❡ ✐♥ ♠❛❥♦r t♦✉r♥❛♠❡♥ts ❛♥❞ ❡✈❡♥ t❤❡✐r
s❝❛♥❞❛❧s✳ ❚❤♦s❡ s❤♦❝❦s ♦❝❝✉r ✐♥❞❡♣❡♥❞❡♥t❧② ❛❝r♦ss ♣r♦❞✉❝ts ❛♥❞ ♦✈❡r t✐♠❡✱ ❛♥❞ t❤✉s ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦
❛ss✉♠❡ ♥♦ ❝r♦ss✲❝♦rr❡❧❛t✐♦♥ ❛♥❞ ♥♦ ❛✉t♦✲❝♦rr❡❧❛t✐♦♥✳

✷✻



❚♦ ❡✈❛❧✉❛t❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞✱ ■ ♥❡❡❞ t♦ ❞❡r✐✈❡ ξjt✱ ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✱

❛♥❞ ❡✈❛❧✉❛t❡ t❤❡ ❏❛❝♦❜✐❛♥✱ J(qmt→ξmt)✱ ✇❤✐❝❤ ✐s ❞❡r✐✈❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳✶✳

◆❡①t ■ s♣❡❝✐❢② t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ s♦❢t✇❛r❡ ♣r✐❝✐♥❣ ♣♦❧✐❝② ❢✉♥❝t✐♦♥✳ ▲❡t p̃jt

❛♥❞ p∗jt ❞❡♥♦t❡ t❤❡ ♦❜s❡r✈❡❞ ♣r✐❝❡ ❛♥❞ t❤❡ ❛❝t✉❛❧ ♣r✐❝❡ ♦❢ ♣r♦❞✉❝t j ❛t t✐♠❡ t✱ r❡s♣❡❝t✐✈❡❧②✳ ■

❛ss✉♠❡ t❤❛t t❤❡ ♦❜s❡r✈❡❞ ♣r✐❝❡ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❛❝t✉❛❧ ♣r✐❝❡✱ t❤❛t ✐s✱ p̃jt = p∗jtςjt ✇❤❡r❡

ςjt ✐s t❤❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦r t❤❛t r❡✢❡❝ts ❞✐s❝r❡♣❛♥❝✐❡s ❜❡t✇❡❡♥ t❤❡ ♦❜s❡r✈❡❞ ♣r✐❝❡s ❛♥❞ t❤❡

❛❝t✉❛❧ ♣r✐❝❡s✳✶✻ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ❛ss✉♠❡❞ t♦ ❢♦❧❧♦✇ ❛ ❧♦❣✲♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥

③❡r♦ ❛♥❞ ✈❛r✐❛♥❝❡ σ2
ς ✱ ✐♥❞❡♣❡♥❞❡♥t ♦✈❡r t✐♠❡ ❛♥❞ ❛❝r♦ss ♣r♦❞✉❝ts✳ ❍❡♥❝❡✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡

st❛t❡ ✈❡❝t♦r smt✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ✐♥❝✉♠❜❡♥t j ∈ Jmt ❛t t✐♠❡ t ✐s ❣✐✈❡♥ ❜②

Lp(pjt | smt; θ) =
1

σς
φ

(

ln[p̃jt/pj(smt, θ)]

σς

)

. ✭✶✹✮

❚♦ s♣❡❝✐❢② t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ s♦❢t✇❛r❡ ❡♥tr② ♣♦❧✐❝② ❢✉♥❝t✐♦♥✱ ■ ❛ss✉♠❡ t❤❛t t❤❡

❡♥tr② ❝♦st s❤♦❝❦s ❢♦❧❧♦✇ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ ✈❛r✐❛♥❝❡

σ2
ν ✳
✶✼ ❍❡♥❝❡✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ st❛t❡ ✈❡❝t♦r smt✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❡♥tr❛♥t

j ∈ Emt ✐s

Ly(yjt+1 | smt; θ) =

(

Φ

[

βfE[Vjt+1(smt+1 | smt; θ)]− λ

σν

])yjt+1

×

(

1− Φ

[

βfE[Vjt+1(smt+1 | smt; θ)]− λ

σν

])1−yjt+1

. ✭✶✺✮

❚❤❡r❡❢♦r❡✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

L(data | θ) =

Td
∏

t=1







LQ(Qt | St; θ)
M
∏

m=1



Lq(qmt | smt,pmt; θ)
∏

j∈Jmt

Lp(pjt | smt; θ)
∏

j∈Emt

Ly(yjt+1 | smt; θ)











.

✶✻■♥ t❤❡ ❞❛t❛ s❡t✱ ■ ❝❛♥ ♦❜s❡r✈❡ t❤❡ r❡✈❡♥✉❡ ✭♠❡❛s✉r❡❞ ✐♥ ❞♦❧❧❛rs✮ ❛♥❞ t❤❡ ✉♥✐ts s♦❧❞ ✐♥ ❡❛❝❤ ♠♦♥t❤ ♦❢
❡❛❝❤ ❣❛♠❡ t✐t❧❡ r❡❧❡❛s❡❞ ❞✉r✐♥❣ t❤❡ s❛♠♣❧❡ ♣❡r✐♦❞✳ ❚❤❡ ♣r✐❝❡ ✐♥ ❡❛❝❤ ♠♦♥t❤ ✐s ♠❡❛s✉r❡❞ ❜② t❤❡ ❛✈❡r❛❣❡
♣r✐❝❡ ✐♥ t❤❛t ♠♦♥t❤✱ ✐✳❡✳✱ t❤❡ r❛t✐♦ ♦❢ t❤❡ r❡✈❡♥✉❡ ♦✈❡r t❤❡ ✉♥✐ts s♦❧❞✳ ❍♦✇❡✈❡r✱ t❤✐s ♠❡❛s✉r❡♠❡♥t ♦❢ ♣r✐❝❡
❝♦♥t❛✐♥s s♦♠❡ ♠❡❛s✉r❡♠❡♥t ❡rr♦r ❜❡❝❛✉s❡ t❤❡ ❛❝t✉❛❧ ♣r✐❝❡ ❝❤❛♥❣❡s ❞✉r✐♥❣ ❡❛❝❤ ♠♦♥t❤✳ ❍❡♥❝❡✱ ■ ❛❞❞ t❤❡
♠❡❛s✉r❡♠❡♥t ❡rr♦r t❡r♠ ςjt✳

✶✼❲❡ s❤♦✉❧❞ ♥♦t✐❝❡ t❤❛t t❤✐s ❛ss✉♠♣t✐♦♥ ♦♥ ❡♥tr② ❝♦st s❤♦❝❦s ♠❛② ♥♦t ❤♦❧❞ ✐❢ ✇❡ ❝♦♥s✐❞❡r ❧❡❛r♥✐♥❣✲❜②✲❞♦✐♥❣
♦r t❡❝❤♥♦❧♦❣② s♣✐❧❧♦✈❡r ❡✛❡❝t✳

✷✼



✹✳✸ ❊st✐♠❛t✐♦♥ ❆❧❣♦r✐t❤♠

❚❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥✈♦❧✈❡s t✇♦ ❧♦♦♣s✿ ✐♥ t❤❡ ♦✉t❡r✲❧♦♦♣✱ ■ ✉s❡ t❤❡ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s

❛❧❣♦r✐t❤♠ t♦ ✉♣❞❛t❡ t❤❡ str✉❝t✉r❛❧ ♣❛r❛♠❡t❡rs❀ ❛♥❞ ✐♥ t❤❡ ✐♥♥❡r✲❧♦♦♣✱ ❢♦r ❛ ❣✐✈❡♥ ♣❛r❛♠❡t❡r

✈❡❝t♦r✱ ■ ✉♣❞❛t❡ ❡❛❝❤ ❛❣❡♥t✬s ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ ❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ❜② ✉s✐♥❣ t❤❡ r❡s✉❧ts

❢r♦♠ ♣r❡✈✐♦✉s ▼❈▼❈ ✐t❡r❛t✐♦♥s✳ ❚❤✐s ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❞♦❡s ♥♦t ❢✉❧❧② s♦❧✈❡ t❤❡ ❞②♥❛♠✐❝

♠♦❞❡❧ ❜✉t ✐♥❝♦r♣♦r❛t❡s t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛♣♣r♦❛❝❤✳ ❍❡♥❝❡✱ ✐t s✐❣♥✐✜❝❛♥t❧② ❛❧❧❡✈✐❛t❡s t❤❡

❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥ ❛♥❞ ♠❛❦❡s ❇❛②❡s✐❛♥ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ❛♣♣❧✐❝❛❜❧❡ t♦ ❞②♥❛♠✐❝ ❣❛♠❡s✳

❇❡❧♦✇✱ ■ ❞❡s❝r✐❜❡ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐♥ ❞❡t❛✐❧✳

✹✳✸✳✶ ❖✉t❡r✲▲♦♦♣✿ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ✭▼❍✮ ❙t❡♣

❚❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✐♥ ❡q✉❛t✐♦♥ ✭✶✶✮ ✐s ❛ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ ❝♦♠♣❧❡① ❢✉♥❝t✐♦♥ ♦❢

t❤❡ ♣❛r❛♠❡t❡rs✳ ■t ✐s ❦♥♦✇♥ t❤❛t✱ ✐♥st❡❛❞ ♦❢ ❞r❛✇✐♥❣ t❤❡ ❡♥t✐r❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r ❛t ♦♥❝❡✱ ✐t

✐s ♦❢t❡♥ s✐♠♣❧❡r t♦ ♣❛rt✐t✐♦♥ ✐t ✐♥t♦ ❜❧♦❝❦s ❛♥❞ ❞r❛✇ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❡❛❝❤ ❜❧♦❝❦ s❡♣❛r❛t❡❧②

❣✐✈❡♥ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs ✭s❡❡ ▼❝❈✉❧❧♦❝❤ ❛♥❞ ❘♦ss✐ ✶✾✾✹✱ ❆❧❜❡rt ❛♥❞ ❈❤✐❜ ✶✾✾✸✱ ■♠❛✐✱ ❏❛✐♥

❛♥❞ ❈❤✐♥❣ ✷✵✵✼✮✳ ❇❛s❡❞ ♦♥ t❤❡ ♠♦❞❡❧✱ ■ ♣❛rt✐t✐♦♥ ❛❧❧ ♣❛r❛♠❡t❡rs ✐♥t♦ ❢♦✉r ❜❧♦❝❦s✿ ✭✐✮ t❤❡ ✜rst

❜❧♦❝❦ ✐♥❝❧✉❞❡s ❛❧❧ ♣❛r❛♠❡t❡rs ❞✐r❡❝t❧② ❛✛❡❝t✐♥❣ ❝♦♥s✉♠❡r ♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥s ♦❢ ❤❛r❞✇❛r❡✱

✐✳❡✳✱ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦❢ ❤❛r❞✇❛r❡✱ θ1 = (γ, αi, σζ)❀ ✭✐✐✮ t❤❡ s❡❝♦♥❞

❜❧♦❝❦ ✐♥❝❧✉❞❡s ❛❧❧ ♣❛r❛♠❡t❡rs ❞✐r❡❝t❧② ❛✛❡❝t✐♥❣ ❝♦♥s✉♠❡r ♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥s ♦❢ s♦❢t✇❛r❡✱ ✐✳❡✳✱

t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦❢ s♦❢t✇❛r❡✱ θ2 = (ψ, ϕi, σξ)❀ ✭✐✐✐✮ t❤❡ t❤✐r❞ ❜❧♦❝❦

✐♥❝❧✉❞❡s ❛❧❧ ♣❛r❛♠❡t❡rs ❞✐r❡❝t❧② ❛✛❡❝t✐♥❣ ✐♥❝✉♠❜❡♥t s♦❢t✇❛r❡ ✜r♠s✬ ♣r✐❝✐♥❣ ❞❡❝✐s✐♦♥s✱ ✐✳❡✳✱

t❤❡ ✉♥✐t ❝♦st ♦❢ ❣❛♠❡s s♦❧❞ ♦♥ ❡❛❝❤ ♣❧❛t❢♦r♠ ❛♥❞ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ♣r✐❝✐♥❣ ❡rr♦r✱

θ3 = (cSaturn, cPS, cN64, σς)❀ ❛♥❞ ✭✐✈✮ t❤❡ ❧❛st ❜❧♦❝❦ ✐♥❝❧✉❞❡s ❛❧❧ ♣❛r❛♠❡t❡rs ❞✐r❡❝t❧② ❛✛❡❝t✐♥❣

❡♥tr❛♥ts✬ ❡♥tr② ❞❡❝✐s✐♦♥s✱ ✐✳❡✳✱ t❤❡ ♠❡❛♥ ❛♥❞ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❣❛♠❡ ♣r♦❞✉❝❡rs✬ ❡♥tr②

❝♦st t♦ ❡❛❝❤ ♣❧❛t❢♦r♠✱ θ4 = (λSaturn, λPS, λN64, σν) ✳

❈♦♥s✐❞❡r ❛ ♣❛rt✐❝✉❧❛r ✐t❡r❛t✐♦♥ k✳ ❋♦r ❡❛❝❤ ❜❧♦❝❦ l✱ t❤❡ ♣r♦❝❡❞✉r❡ ❣♦❡s ❛s ❢♦❧❧♦✇s✳

❚❤❡ ✜rst st❡♣ ✐s t♦ ❞r❛✇ t❤❡ ❝❛♥❞✐❞❛t❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r θ
∗(k)
l ❢r♦♠ ❛ ♣r♦♣♦s❡❞ ❞❡♥s✐t②✳

✷✽



❆s ✉s✉❛❧ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱✶✽ ■ ✉s❡ t❤❡ ❘❛♥❞♦♠✲❲❛❧❦ ✭❘❲✮ ▼❡tr♦♣♦❧✐s ❝❤❛✐♥ ❛s t❤❡ ♣r♦♣♦s❛❧

❞❡♥s✐t②

θ
∗(k)
l = θ

(k−1)
l +MVN(0, κΣl)

✇❤❡r❡ Σl ✐s t❤❡ ❝❛♥❞✐❞❛t❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❛♥❞ κ ✐s ❛ s❝❛❧✐♥❣ ❝♦♥st❛♥t✳

❚❤❡ s❡❝♦♥❞ st❡♣ ✐s t♦ ❝♦♥str✉❝t t❤❡ ❛❝❝❡♣t❛♥❝❡✲r❡❥❡❝t✐♦♥ r❛t✐♦✱ ❣✐✈❡♥ ❜②

η
∗(k)
l =

[

∑R
r=1 λ

(k−1)
r Ll(· | θ

∗(k)
l , θ

(k−1)
−l )

]

fl(θ
∗(k)
l | θ

(k−1)
l )πl(θ

∗(k)
l )

[

∑R
r=1 λ

(k−1)
r Ll(· | θ

(k−1)
l , θ

(k−1)
−l ))

]

fl(θ
(k−1)
l | θ

∗(k)
l )πl(θ

(k−1)
l )

,

✇❤❡r❡ Ll(· | θ) ❡q✉❛❧s t♦ ❡q✉❛t✐♦♥ ✭✶✷✮✱ ✭✶✸✮✱ ✭✶✹✮ ❛♥❞ ✭✶✺✮✱ r❡s♣❡❝t✐✈❡❧②❀ fl(θ
∗(k)
l | θ

(k−1)
l ) ✐s

t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t②✱ ❛♥❞ πl(θ
∗(k)
l ) ✐s t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥✳

▲❛st❧②✱ ■ ❛❝❝❡♣t t❤❡ ❝❛♥❞✐❞❛t❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r θ
∗(k)
l ✇✐t❤ ♣r♦❜❛❜✐❧✐t② min{η

∗(k)
l , 1}✳

✹✳✸✳✷ ■♥♥❡r✲▲♦♦♣✿ ❋✐①❡❞ P♦✐♥t ✭❋P✮ ❙t❡♣

❊✈❛❧✉❛t✐♥❣ t❤❡ ❛❝❝❡♣t❛♥❝❡✲r❡❥❡❝t✐♦♥ r❛t✐♦ ✐♥ t❤❡ ♦✉t❡r✲❧♦♦♣ r❡q✉✐r❡s ❡✈❛❧✉❛t✐♥❣ t❤❡ ❧✐❦❡❧✐❤♦♦❞

✇❤✐❝❤ r❡q✉✐r❡s s♦❧✈✐♥❣ t❤❡ ❞②♥❛♠✐❝ ❣❛♠❡ ❣✐✈❡♥ ❛ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥

❞✐✣❝✉❧t② ❝♦♠❡s ✐♥ t✇♦ ♣❛rts✳ ❖♥❡ ♣❛rt ✐s ❝♦♠♣✉t✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ♦❢ ❛❧❧ ❛❣❡♥ts

✇❤✐❝❤ ❛r❡ t❤❡ ✜①❡❞ ♣♦✐♥ts ♦❢ t❤❡ ❜❡st r❡s♣♦♥s❡ s②st❡♠✳ ❚❤❡ ♦t❤❡r ♣❛rt ✐s ❝♦♠♣✉t✐♥❣ ❡❛❝❤

❛❣❡♥t✬s ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ♦t❤❡r ❛❣❡♥ts ♣❧❛② t❤❡✐r ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s✱ ✇❤✐❝❤ ✐s t❤❡ ✜①❡❞

♣♦✐♥t ♦❢ ❛ s✐♥❣❧❡✲❛❣❡♥t ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ✭❉P✮ ♣r♦❜❧❡♠✳ ■♥ t❤✐s ♣❛♣❡r✱ ■ ❞❡✈❡❧♦♣ ❛ ♥❡✇

♣r♦❝❡❞✉r❡ ♦❢ s♦❧✈✐♥❣ t❤❡ ✜①❡❞ ♣♦✐♥t ♦❢ ❛ ❞②♥❛♠✐❝ ♠♦❞❡❧ s✉✐t❛❜❧❡ ❢♦r ✉s❡ ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤

t❤❡ ❇❛②❡s✐❛♥ ▼❈▼❈ ❡st✐♠❛t✐♦♥✳

❋♦r ❛ ❣✐✈❡♥ ❞r❛✇ ♦❢ t❤❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r ❛❧♦♥❣ t❤❡ ▼❈▼❈ ❝❤❛✐♥✱ ■ ✜rst r❛♥❞♦♠❧② ♣✐❝❦

❛ s✉❜s❡t ❢r♦♠ t❤❡ ❡♥t✐r❡ st❛t❡ s♣❛❝❡ ❢♦r ❡❛❝❤ ♣❡r✐♦❞❀ t❤❡♥✱ ❢♦r ❡❛❝❤ ❣✐✈❡♥ ♣♦✐♥t ✐♥ t❤❡ s✉❜s❡t✱

■ ♥♦♥✲♣❛r❛♠❡tr✐❝❛❧❧② ❛♣♣r♦①✐♠❛t❡ ❡❛❝❤ ❛❣❡♥t✬s ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② ❛♥❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❜②

✉s✐♥❣ t❤❡ ♣s❡✉❞♦✲❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ❛♥❞ ♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❢r♦♠ ♣r❡✈✐♦✉s ▼❈▼❈

✐t❡r❛t✐♦♥s❀ ❛❢t❡r t❤❛t✱ ■ ❛❞♦♣t ❛♥ ✐♥t❡r♣♦❧❛t✐♦♥ ❛♣♣r♦❛❝❤ t♦ ♦❜t❛✐♥ ❡❛❝❤ ❛❣❡♥t✬s ❝♦♥t✐♥✉❛t✐♦♥

✶✽❙❡❡ ❏✐❛♥❣✱ ▼❛♥❝❤❛♥❞❛ ❛♥❞ ❘♦ss✐ ✭✷✵✵✾✮✱ ❛♥❞ ■♠❛✐✱ ❏❛✐♥✱ ❛♥❞ ❈❤✐♥❣ ✭✷✵✵✾✮✳

✷✾



✈❛❧✉❡✱ s♦❧✈❡ ❢♦r ❡❛❝❤ ❛❣❡♥t✬s ❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ✭♣s❡✉❞♦✲❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥✮ ❛♥❞ ✈❛❧✉❡

❢✉♥❝t✐♦♥ ✭♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥✮ ❣✐✈❡♥ t❤❛t ♦t❤❡r ❛❣❡♥ts ♣❧❛② t❤❡✐r ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s✱

❛♥❞ st♦r❡ t❤❡s❡ ♣s❡✉❞♦✲❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ❛♥❞ ♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❢♦r ❢✉t✉r❡ ▼❈▼❈

✐t❡r❛t✐♦♥s✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✐s s✐♠✐❧❛r t♦ t❤❡ ♠❡t❤♦❞ ♦❢ P❛❦❡s ❛♥❞ ▼❝●✉✐r❡ ✭✷✵✵✶✮✳ ■♥ t❤❡✐r

❛❧❣♦r✐t❤♠✱ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ r❡t✉r♥s ❢r♦♠ ♣❛st

♦✉t❝♦♠❡s ♦❢ t❤❡ ❛❧❣♦r✐t❤♠✱ ❛♥❞ t❤❡ ✈❛❧✉❡ ❛♥❞ ♣♦❧✐❝② ❢✉♥❝t✐♦♥s ❛r❡ ✉♣❞❛t❡❞ ❛t ❛ r❡❝✉rr❡♥t

❝❧❛ss ♦❢ ♣♦✐♥ts ✭r❛t❤❡r t❤❛♥ ❛t ❛❧❧ ♣♦ss✐❜❧❡ ♣♦✐♥ts✮ ✐♥ t❤❡ st❛t❡ s♣❛❝❡✳

◆♦♥♣❛r❛♠❡tr✐❝ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❊q✉✐❧✐❜r✐✉♠ ❙tr❛t❡❣②

❖♥❡ ❝❤❛❧❧❡♥❣❡ ✐♥ ❝♦♠♣✉t✐♥❣ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ✐s t♦ ❝♦♠♣✉t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ❛ ❞②♥❛♠✐❝ ❣❛♠❡

✇❤✐❝❤ ✐s t❤❡ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ❜❡st r❡s♣♦♥s❡ s②st❡♠✳ ■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡ ♥❡st❡❞ ✜①❡❞

♣♦✐♥t ❛♣♣r♦❛❝❤ ❝♦♠♣✉t❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♥✉♠❡r✐❝❛❧❧②✳✶✾ ❍♦✇❡✈❡r✱ ❛♣♣❧②✐♥❣ ✐t ❢♦r r❡❧❛t✐✈❡❧②

❝♦♠♣❧✐❝❛t❡❞ ♠♦❞❡❧s ❜❡❝♦♠❡s ❡①tr❡♠❡❧② ❞✐✣❝✉❧t ❛♥❞ ❡✈❡♥ ✐♠♣♦ss✐❜❧❡ ❡✈❡♥ ❢♦r ♦♥❡ ❣✉❡ss ♦❢

t❤❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r✳ ❚❤❡ t✇♦✲st❡♣ ❛♣♣r♦❛❝❤ ✭❇❛❥❛r✐✱ ❇❡♥❦❛r❞ ❛♥❞ ▲❡✈✐♥✱ ✷✵✵✼✮✱ s✐❞❡st❡♣s

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♠♣✉t❛t✐♦♥ st❡♣ ❜② s✉❜st✐t✉t✐♥❣ ♥♦♥♣❛r❛♠❡tr✐❝ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❞❛t❛ ❢♦r t❤❡

❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡s ✐♥ t❤❡ ❣❛♠❡✱ ✇❤✐❝❤ ✐s ✐♥ ❣❡♥❡r❛❧ ♠✉❝❤ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡❛s✐❡r t❤❛♥ t❤❡

✜①❡❞ ♣♦✐♥t ❝❛❧❝✉❧❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤✐s ❛♣♣r♦❛❝❤ s✉✛❡rs ❢r♦♠ ❛ s♠❛❧❧ s❛♠♣❧❡ ❜✐❛s ♣r♦❜❧❡♠

❛♥❞ ❛❧s♦ ❝❛♥ ♥♦t ❡❛s✐❧② ❞❡❛❧ ✇✐t❤ t❤❡ ✉♥♦❜s❡r✈❛❜❧❡s✳✷✵

■♥ t❤✐s ♣❛♣❡r✱ ■ ♣r♦♣♦s❡ t♦ ✉s❡ ❛ ❦❡r♥❡❧ ♠❡t❤♦❞ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s

✉s✐♥❣ t❤❡ ♣s❡✉❞♦✲❜❡st r❡s♣♦♥s❡ ♦❢ t❤❡ ♣❛st ✐t❡r❛t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r ✐s ✏❝❧♦s❡✑

t♦ t❤❡ ❝✉rr❡♥t ♣❛r❛♠❡t❡r ✈❡❝t♦r✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② ♦❢ s♦❢t✇❛r❡ ♣r♦❞✉❝❡r j ✐♥ ✐t❡r❛t✐♦♥

k ✐s ❝♦♠♣✉t❡❞ ❛s

Ψ̂
(k)
jt (smt, θ) =

N(k)
∑

n=1

Ψ
(k−n)
jt (smt, θ

∗(k−n))×
Kh(θ − θ∗(k−n))

∑N(k)
n=1 Kh(θ − θ∗(k−n))

, ✭✶✻✮

✶✾❚❤❡ ❣❡♥❡r❛❧ ✐❞❡❛ ✐s t♦ st❛rt ✇✐t❤ ❛♥ ✐♥✐t✐❛❧ ❣✉❡ss ❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ s✉❜st✐t✉t❡ t❤❛t ✐♥t♦ t❤❡ r✐❣❤t✲
❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥✳ ❚❤❡♥✱ ❛t ❡❛❝❤ st❛t❡ ♣♦✐♥t ❛♥❞ ❢♦r ❡❛❝❤ ❛❣❡♥t✱ s♦❧✈❡ t❤❡ ♠❛①✐♠✐③❛t✐♦♥
♣r♦❜❧❡♠ ②✐❡❧❞✐♥❣ ❛ ♥❡✇ ❡st✐♠❛t❡ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳ ■t❡r❛t❡ t❤✐s ♣r♦❝❡❞✉r❡ ✉♥t✐❧ ❝♦♥✈❡r❣❡♥❝❡✳ ❚❤❡
❧✐t❡r❛t✉r❡ ♦❢ ◆❋P ❛♣♣r♦❛❝❤ ✐♥❝❧✉❞❡s P❛❦❡s ❛♥❞ ▼❝●✉✐r❡ ✭✶✾✾✹✱ ✷✵✵✶✮✳

✷✵❍✉ ❛♥❞ ❙❤✉♠ ✭✷✵✶✶✮ ❝♦♥s✐❞❡r ♥♦♥♣❛r❛♠❡tr✐❝ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❞②♥❛♠✐❝ ♠♦❞❡❧s ✇✐t❤ ❣❡♥❡r❛❧ ✉♥♦❜s❡r✈✲
❛❜❧❡s✳

✸✵



✇❤❡r❡ Ψ
(k)
jt ✐s t❤❡ ♣s❡✉❞♦✲❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✐t❡r❛t✐♦♥ k✳ ❋♦r ✐♥❝✉♠❜❡♥t ✜r♠ j✱

t❤❡ ♣s❡✉❞♦✲❜❡st r❡s♣♦♥s❡ ✐♥ ♣r✐❝❡ ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ✐♥❝✉♠❜❡♥t✬s ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱

p
(k)
jt (smt, θ)✱ ❛♥❞ ❆♣♣❡♥❞✐① ❇✳✷ ♣r❡s❡♥ts t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♠❡t❤♦❞ ✐♥ ❞❡t❛✐❧✳ ❋♦r ❡♥tr❛♥t j✱

t❤❡ ♣s❡✉❞♦✲❜❡st r❡s♣♦♥s❡ ✐♥ ❡♥t❡r✐♥❣ ♣r♦❜❛❜✐❧✐t② ✐s t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥t✬s

♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ❡♥tr② ❝♦st s❤♦❝❦s✱ ✐t ✐s

ρ
(k)
jt (smt, θ) = Φ

([

βf ÊV
(k)
jt+1(· | smt)− λ

]

/σν

)

.

■♥ ❡ss❡♥❝❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ❛r❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ♣s❡✉❞♦✲

❜❡st r❡s♣♦♥s❡ ♦❢ ♣❛st ✐t❡r❛t✐♦♥s✳ ■♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥✱ t❤✐s ♠❡t❤♦❞ ✐s ♠✉❝❤ ❡❛s✐❡r t❤❛♥

❝❛❧❝✉❧❛t✐♥❣ t❤❡ ✜①❡❞ ♣♦✐♥t ♦❢ t❤❡ ❜❡st r❡s♣♦♥s❡ s②st❡♠✳ ▼♦r❡♦✈❡r✱ s✐♠✐❧❛r t♦ t❤❡ ✐❞❡❛ ♦❢ t❤❡

■❏❈✱ ❛s t❤❡ ♥✉♠❜❡r ♦❢ ▼❈▼❈ ✐t❡r❛t✐♦♥s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛st ✐t❡r❛t✐♦♥s ❢♦r ❛♣♣r♦①✐♠❛t✐♥❣

t❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ✐♥❝r❡❛s❡✱ t❤❡ ♣s❡✉❞♦✲❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥ ❝♦♥✈❡r❣❡s t♦ t❤❡ tr✉❡

❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥✱ ❛♥❞ t❤❡ ♣♦st❡r✐♦r ♣❛r❛♠❡t❡r ❞r❛✇s ❜❛s❡❞ ♦♥ t❤❡ ♣s❡✉❞♦✲❜❡st r❡s♣♦♥s❡

❢✉♥❝t✐♦♥s ❝♦♥✈❡r❣❡ t♦ t❤❡ tr✉❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥s✳

❇❛s✐❝❛❧❧②✱ ■ ❝♦♠❜✐♥❡ t❤❡ ▼❍ st❡♣ ✇✐t❤ t❤❡ ❋P st❡♣ ❢♦r ❛ s✐♥❣❧❡ ✐t❡r❛t✐♦♥✳ ■ ❞♦ ♥♦t ❢✉❧❧②

s♦❧✈❡ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❞②♥❛♠✐❝ ♠♦❞❡❧ ❜✉t ✉s❡ t❤❡ r❡s✉❧ts ❢r♦♠ ♣r❡✈✐♦✉s ▼❈▼❈

✐t❡r❛t✐♦♥s✳ ❚❤✐s s♣✐r✐t ✐s s✐♠✐❧❛r t♦ ❆❣✉✐rr❡❣❛❜✐r✐❛ ❛♥❞ ▼✐r❛ ✭✷✵✵✼✮✬s ♥❡st❡❞ ♣s❡✉❞♦ ❧✐❦❡❧✐❤♦♦❞

♠❡t❤♦❞ t❤❛t ❣r❛❞✉❛❧❧② ✉♣❞❛t❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦❜❛❜✐❧✐t✐❡s ❛♥❞ r❡❝✉rs✐✈❡❧② ♦❜t❛✐♥s t❤❡

❡st✐♠❛t♦rs✳

◆♦♥✲P❛r❛♠❡tr✐❝ ❆♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❱❛❧✉❡ ❋✉♥❝t✐♦♥

❚♦ ❝♦♠♣✉t❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛t ❛ ❣✐✈❡♥ st❛t❡ ♣♦✐♥t✱ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞s

✐t❡r❛t❡ t❤❡ ❇❡❧❧♠❛♥ ♦♣❡r❛t♦r ✉♥t✐❧ ❝♦♥✈❡r❣❡♥❝❡✳ ■t ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❞✐✣❝✉❧t ❢♦r r❡❧❛t✐✈❡❧②

❝♦♠♣❧✐❝❛t❡❞ ♠♦❞❡❧s✳ ❚❤❡ ■❏❈ ♣r♦♣♦s❡s ❛ ♥♦♥♣❛r❛♠❡tr✐❝ ❦❡r♥❡❧ ❛♣♣r♦❛❝❤ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❡

❡①♣❡❝t❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✉s✐♥❣ t❤❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥s ♦❢ ♠♦st r❡❝❡♥t

✐t❡r❛t✐♦♥s✳ ❯♥❧✐❦❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❛♣♣r♦❛❝❤❡s✱ ✐♥ ✇❤✐❝❤ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ♥❡❡❞ t♦ ❜❡ ❝♦♠♣✉t❡❞ ❛t

❛❧❧ ♦r ❛ s✉❜s❡t ♦❢ ♣r❡✲❞❡t❡r♠✐♥❡❞ ❣r✐❞ ♣♦✐♥ts ✐♥ ❛❧❧ ♣❡r✐♦❞s ✭❡✳❣✳✱ ❘✉st ✶✾✾✼✮✱ t❤❡ ■❏❈ ❛❧❣♦r✐t❤♠

✸✶



❝♦♠♣✉t❡s ♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❛t ♦♥❧② ♦♥❡ r❛♥❞♦♠❧② ❞r❛✇♥ st❛t❡ ♣♦✐♥t ✐♥ ❡❛❝❤ ♣❡r✐♦❞✱ ❛♥❞

t❤❡ ✐♥t❡❣r❛t✐♦♥ ♦❢ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡ ✇✐t❤ r❡s♣❡❝t t♦ ❝♦♥t✐♥✉♦✉s st❛t❡ ✈❛r✐❛❜❧❡s ❝❛♥ s✐♠♣❧②

❜❡ ❞♦♥❡ ❜② t❤❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ ♣❛st ♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥s✳ ❚❤✉s✱ ✐t ❤❛s t❤❡ ♣♦t❡♥t✐❛❧

t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥✳

❖♥❡ ✐ss✉❡ ✐♥ ❛♣♣❧②✐♥❣ t❤❡ ■❏❈ ❛❧❣♦r✐t❤♠ t♦ t❤❡ ❝✉rr❡♥t ♠♦❞❡❧ ✐s t❤❛t ✐t ✐s ❛ ✜♥✐t❡✲♣❡r✐♦❞

♠♦❞❡❧ ✇❤✐❝❤ ✐s ♥♦♥✲st❛t✐♦♥❛r②❀ ❤♦✇❡✈❡r✱ t❤❡ ♦r✐❣✐♥❛❧ ■❏❈ ❛❧❣♦r✐t❤♠ ❛♣♣❧✐❡s t♦ st❛t✐♦♥❛r②

❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♣r♦❜❧❡♠s✳ ❋♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ✐❞❡❛ ❛s ✐♥ ■s❤✐❤❛r❛ ❛♥❞ ❈❤✐♥❣ ✭✷✵✶✶✮✱ ■

❝♦♠♣✉t❡ ❛♥❞ st♦r❡ t❤❡ ♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❢♦r ❡❛❝❤ ♣❡r✐♦❞✱ ❛♥❞ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❡①♣❡❝t❡❞

✈❛❧✉❡ ❢✉♥❝t✐♦♥s ✐♥ ♣❡r✐♦❞ t ✉s✐♥❣ t❤❡ s❡t ♦❢ ♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥s ✐♥ ♣❡r✐♦❞ t+ 1✳

❋♦r ❝♦♥s✉♠❡rs✱ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛t st❛t❡ (smt,pmt) ✐♥ ✐t❡r❛t✐♦♥ k ✐s ❛♣♣r♦①✐♠❛t❡❞ ❛s

Ĝ
(k)
it (smt,pmt, θ) =

N(k)
∑

n=1

G
(k−n)
it (smt,pmt, θ

∗(k−n))×
Kh(θ − θ∗(k−n))

∑N(k)
n=1 Kh(θ − θ∗(k−n))

, ✭✶✼✮

✇❤❡r❡ Kh(·) ✐s ❛ ♠✉❧t✐✈❛r✐❛t❡ ❦❡r♥❡❧ ✇✐t❤ ❜❛♥❞✇✐❞t❤ h > 0✱ ❛♥❞ G
(k)
it (smt,pmt, θ) ✐s ❝♦♥✲

s✉♠❡r✬s ♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛t st❛t❡ (smt,pmt) ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❛t ❛❧❧ s♦❢t✇❛r❡ ✜r♠s ♣❧❛②✲

✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ Ψ̂(k)

G
(k)
it (smt,pmt, θ) = ln{

∑

j∈Jmt

exp(xjtψ − ϕipjt + ξjt)

+exp
(

βcÊ[G
(k)
it+1(smt+1, p̂

(k)
mt+1, θ) | smt,pmt, Ψ̂

(k), θ]
)

} ✭✶✽✮

❚❤❡ ❛♣♣r♦①✐♠❛t❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✭✶✼✮ ✐s t❤❡ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t❤❡

♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥s ♦❢ N(k) ♠♦st r❡❝❡♥t ✐t❡r❛t✐♦♥s✳ ■❏❈ ✭✷✵✵✾✮ s❤♦✇ t❤❛t✱ ❛s t❤❡ ▼❈▼❈

✐t❡r❛t✐♦♥s ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛st ✐t❡r❛t✐♦♥s ❢♦r ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ✐♥❝r❡❛s❡✱

t❤❡ ♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❝♦♥✈❡r❣❡s t♦ t❤❡ tr✉❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s✱ ❛♥❞ t❤❡ ♣♦st❡r✐♦r ♣❛r❛♠❡t❡r

❞r❛✇s ❜❛s❡❞ ♦♥ t❤❡ ♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❝♦♥✈❡r❣❡s t♦ t❤❡ tr✉❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥s✳

▼♦r❡♦✈❡r✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ t♦ t❤❡ tr✉❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥

r❡q✉✐r❡s t❤❛t N(k) → ∞ ❛♥❞ k −N(k) → ∞ ❛s k → ∞✳

✸✷



❆ s✐♠✐❧❛r ♠❡t❤♦❞ ❛♣♣❧✐❡s t♦ ❝♦♠♣✉t✐♥❣ t❤❡ s♦❢t✇❛r❡ ✜r♠✬s ✈❛❧✉❡ ❢✉♥❝t✐♦♥

V̂
(k)
jt (smt, θ) =

N(k)
∑

n=1

V
(k−n)
jt (smt, θ

∗(k−n))×
Kh(θ − θ∗(k−n))

∑N(k)
n=1 Kh(θ − θ∗(k−n))

✭✶✾✮

✇❤❡r❡ V
(k)
jt (smt, θ) ✐s t❤❡ ✐♥❝✉♠❜❡♥t s♦❢t✇❛r❡ ✜r♠ j✬ ♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛t st❛t❡ smt ❝♦♥✲

❞✐t✐♦♥❛❧ ♦♥ t❤❛t ❛❧❧ ♦t❤❡r s♦❢t✇❛r❡ ✜r♠s ♣❧❛②✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ Ψ̂(k)✿

V
(k)
jt (smt, θ) = max

p̃jt
πjt(smt, p̃jt, p̂

(k)
−jt) + βf Ê

[

V
(k)
jt+1(smt+1, θ) | smt, p̃rjt, Ψ̂

(k), θ
]

. ✭✷✵✮

❙t♦r❡ t❤❡ s♦❧✈❡❞ ❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ✭♣s❡✉❞♦✲❜❡st r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s✮✱ p
(k)
jt (smt, θ)✱ ❛♥❞

t❤❡ s♦❧✈❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ✭♣s❡✉❞♦✲✈❛❧✉❡ ❢✉♥❝t✐♦♥s✮✱ V
(k)
jt (smt, θ) ❛♥❞ G

(k)
it (smt,pmt, θ)✱ ❢♦r

❢✉t✉r❡ ▼❈▼❈ ✐t❡r❛t✐♦♥s✳

■♥t❡r♣♦❧❛t✐♦♥

❍♦✇❡✈❡r✱ t♦ ♦❜t❛✐♥ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ✐♥ ❡q✉❛t✐♦♥ ✭✶✽✮ ❛♥❞ ❡q✉❛t✐♦♥ ✭✷✵✮✱ ✇❡ st✐❧❧

♥❡❡❞ t♦ ❝♦♠♣✉t❡ ❡q✉❛t✐♦♥s ✭✶✼✮ ❛♥❞ ✭✶✾✮ ❢♦r ❡✈❡r② ♣♦ss✐❜❧❡ ♣♦✐♥t ♦❢ t❤❡ st❛t❡ s♣❛❝❡✳ ❉✉❡ t♦

t❤❡ ✏❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t②✑✱✷✶ ✐t ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❜✉r❞❡♥s♦♠❡ t♦ ❛❝❤✐❡✈❡ ✐t ❡✈❡♥ ✇✐t❤ t❤❡

♥♦♥♣❛r❛♠❡tr✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ♣r♦♣♦s❡❞ ❛❜♦✈❡✳

■♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ ✐♥t❡r♣♦❧❛t✐♦♥ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞ ❜② ❑❡❛♥❡ ❛♥❞

❲♦❧♣✐♥ ✭✶✾✾✹✮ ❤❛s ❜❡❡♥ t❤❡ ♠♦st ✇✐❞❡❧② ✉s❡❞ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ✇✐t❤ ✜♥✐t❡ ❤♦r✐③♦♥ ♣r♦❜❧❡♠s

✇✐t❤ ❧❛r❣❡ st❛t❡ s♣❛❝❡s✳ ❚❤✐s ♠❡t❤♦❞ ♦❜t❛✐♥s s✐♠✉❧❛t❡❞✲❜❛s❡❞ ❛♣♣r♦①✐♠❛t✐♦♥s t♦ t❤❡ ❡①✲

♣❡❝t❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦♥❧② ❛t ❛ ✭r❛♥❞♦♠❧② ❝❤♦s❡♥✮ s✉❜s❡t ♦❢ t❤❡ st❛t❡ ♣♦✐♥ts ❡✈❡r② ♣❡r✐♦❞✱

❛♥❞ ♦❜t❛✐♥s t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡s ❛t ♦t❤❡r ♣♦✐♥ts ❛s t❤❡ ♣r❡❞✐❝t❡❞ ✈❛❧✉❡s ❢r♦♠ ❛ r❡❣r❡ss✐♦♥

❢✉♥❝t✐♦♥ ✇❤✐❝❤ ✐s ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ♣♦✐♥ts ✐♥ t❤❛t s✉❜s❡t✳

■♥ t❤❡ s♣✐r✐t ♦❢ ❑❡❛♥❡ ❛♥❞ ❲♦❧♣✐♥✬s ♠❡t❤♦❞✱ ■ ♣r♦♣♦s❡ ❛ ♥❡✇ ♣r♦❝❡❞✉r❡ t♦ ❞❡❛❧ ✇✐t❤ t❤❡

❧❛r❣❡ st❛t❡ s♣❛❝❡ ♣r♦❜❧❡♠✳ ■♥ t❤❡ ✜rst st❡♣✱ ■ r❛♥❞♦♠❧② ❝❤♦♦s❡ ❛ s✉❜s❡t ♦❢ t❤❡ st❛t❡ ♣♦✐♥ts

✷✶❚❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ st❛t❡ ✈❡❝t♦rs ❣r♦✇s ❣❡♦♠❡tr✐❝❛❧❧② ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts ❛♥❞ ❡①♣♦♥❡♥t✐❛❧❧② ✐♥
t❤❡ ♥✉♠❜❡r ♦❢ st❛t❡s ♣❡r ❛❣❡♥t✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ✇❡ ❤❛✈❡ N ❛❣❡♥ts✱ K st❛t❡ ✈❛r✐❛❜❧❡s ❡❛❝❤ t❛❦✐♥❣ ♦♥ M
❞✐st✐♥❝t ✈❛❧✉❡s✱ t❤❡♥ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ st❛t❡ ✈❡❝t♦rs ❢♦r ❡❛❝❤ ❛❣❡♥t ✐s (KM)N ✳
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❡✈❡r② ♣❡r✐♦❞✱ ❛♥❞ ♦❜t❛✐♥ t❤❡ ✈❛❧✉❡s ❛t t❤♦s❡ ♣♦✐♥ts ✇✐t❤ t❤❡ ♥♦♥✲♣❛r❛♠❡tr✐❝ ❛♣♣r♦①✐♠❛t✐♦♥

❛♣♣r♦❛❝❤ ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ◆❡①t✱ ■ ✐♥t❡r♣♦❧❛t❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ❛ q✉❛❞r❛t✐❝✲✐♥✲st❛t❡s

♣♦❧②♥♦♠✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t❤❛t s✉❜s❡t✳ ▲❛st❧②✱ ❢♦r ❡❛❝❤ ❝✉rr❡♥t st❛t❡✱ ■ s✐♠✉❧❛t❡ ❛ ♥❡①t✲

♣❡r✐♦❞✲st❛t❡ ✉s✐♥❣ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s✱ ❛♥❞ t❤❡♥ ✉s❡ t❤❡ ♣r❡❞✐❝t❡❞ ✈❛❧✉❡

❛t t❤❛t s✐♠✉❧❛t❡❞ ♥❡①t✲♣❡r✐♦❞✲st❛t❡ ❛s t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡✳ ■♥ ♣r❛❝t✐❝❡✱ ■ s✐♠✉❧❛t❡ t❤❡

♥❡①t✲♣❡r✐♦❞✲st❛t❡ ❢♦r ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ t✐♠❡s ❛♥❞ t❤❡♥ t❛❦❡ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ♣r❡❞✐❝t❡❞

✈❛❧✉❡s✳ ❚❤✐s ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ✐s s✐♠✐❧❛r t♦ P❛❦❡s ❛♥❞ ▼❝●✉✐r❡ ✭✷✵✵✶✮ ✇❤❡r❡ t❤❡② ♥❡✈❡r

❛tt❡♠♣t t♦ ♦❜t❛✐♥ ❛❝❝✉r❛t❡ ♣♦❧✐❝✐❡s ♦♥ t❤❡ ❡♥t✐r❡ st❛t❡ s♣❛❝❡✱ ❥✉st ♦♥ ❛ r❡❝✉rr❡♥t ❝❧❛ss ♦❢

♣♦✐♥ts✳

❚❤✐s ♣r♦❝❡❞✉r❡ s✐❣♥✐✜❝❛♥t❧② ❛❧❧❡✈✐❛t❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥ ❛♥❞ ♠❛❦❡s ✐t ♣♦ss✐❜❧❡

t♦ ❡st✐♠❛t❡ ♠♦❞❡❧s ✇✐t❤ ✈❡r② ❧❛r❣❡ st❛t❡ s♣❛❝❡s ❛♥❞ r✐❝❤ str✉❝t✉r❡✳ ❍♦✇❡✈❡r✱ ✇❡ ❛❧s♦ s❤♦✉❧❞

♥♦t✐❝❡ t❤❛t ❡st✐♠❛t♦rs ♦❢ str✉❝t✉r❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ♥♦t ❝♦♥s✐st❡♥t ❛s ❧♦♥❣ ❛s ✐♥t❡r♣♦❧❛t✐♦♥ ✐s

✉s❡❞✱ ❜❡❝❛✉s❡ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦rs ✐♥ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❡♥t❡r ♥♦♥✲❧✐♥❡❛r❧② ✐♥

♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s✳✷✷

❘❡❝❛❧❧ t❤❛t t❤❡ st❛t❡ ✈❡❝t♦r ✐♥ t❤❡ ♠♦❞❡❧ ✐♥❝❧✉❞❡s t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢

❡❛❝❤ s♦❢t✇❛r❡ ♣r♦❞✉❝t ✐♥ ❛ s✉❜♠❛r❦❡t✱ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ r❡♠❛✐♥✐♥❣ ❝♦♥s✉♠❡rs ♦❢ ❡❛❝❤

t②♣❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ❝♦♥s✉♠❡rs ❝❛♥ ❛❧s♦ ♦❜s❡r✈❡ t❤❡ ♣r✐❝❡ ♦❢ ❡❛❝❤ s♦❢t✇❛r❡ ♣r♦❞✉❝t ✐♥ t❤❡

s✉❜♠❛r❦❡t✳ ❆♠♦♥❣ t❤♦s❡ st❛t❡ ✈❛r✐❛❜❧❡s✱ t❤❡ ♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s ❡✈♦❧✈❡s ❡①♦❣❡♥♦✉s❧②

❛♥❞ ❞❡t❡r♠✐♥✐st✐❝❛❧❧②❀ t❤❡ ❝♦♥s✉♠❡r ❞✐str✐❜✉t✐♦♥ ❡✈♦❧✈❡s ❞❡t❡r♠✐♥✐st✐❝❛❧❧② ❞❡♣❡♥❞✐♥❣ ♦♥ ❝♦♥✲

s✉♠❡rs ♣✉r❝❤❛s❡ ❝❤♦✐❝❡s❀ t❤❡ s♦❢t✇❛r❡ ♣r♦❞✉❝t ❛✈❛✐❧❛❜✐❧✐t② ❞❡♣❡♥❞s ♦♥ ❛❧❧ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥ts✬

❡♥tr② ❝❤♦✐❝❡s ✉♣ t♦ t❤❡ ♣r❡✈✐♦✉s ♣❡r✐♦❞❀ ❛♥❞ t❤❡ s♦❢t✇❛r❡ ♣r✐❝❡ ✐s ❝❤♦s❡♥ ❜② ✐♥❝✉♠❜❡♥t s♦❢t✲

✇❛r❡ ✜r♠s ❜❛s❡❞ ♦♥ t❤❡ st❛t❡ ✈❡❝t♦r✳ ■♥ t❡r♠s ♦❢ ❝♦♠♣✉t❛t✐♦♥✱ ✐t ✐s ❡①tr❡♠❡❧② ❞✐✣❝✉❧t ❛♥❞

❡✈❡♥ ✐♠♣♦ss✐❜❧❡ t♦ ✐♥❝❧✉❞❡ ❛❧❧ ♦❢ t❤♦s❡ st❛t❡ ✈❛r✐❛❜❧❡s✳ ❍❡♥❝❡✱ ■ ❝❤❛r❛❝t❡r✐③❡ ❡❛❝❤ ❛❣❡♥t✬s

st❛t❡ ✈❡❝t♦r ❛s ❢♦❧❧♦✇s✳

❈♦♥s✉♠❡rs tr❛❝❡ t❤❡ t✐♠❡ ♣❡r✐♦❞s t♦ t❤❡ ❡♥❞✱ t❤❡ ♥✉♠❜❡r ♦❢ s♦❢t✇❛r❡ ♣r♦❞✉❝ts ❛✈❛✐❧❛❜❧❡

✷✷◆♦t❡ t❤❛t ❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ✐♥ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ✐s ♥♦t t❤❡ ♦♥❧② s♦✉r❝❡ ♦❢ ♣♦t❡♥t✐❛❧ ✐♥❝♦♥s✐s✲
t❡♥❝②✱ ❢♦r ❡①❛♠♣❧❡✱ ❞✐s❝r❡t✐③❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉♦✉s ✈❛r✐❛❜❧❡s✱ ❛♣♣r♦①✐♠❛t❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❇❡❧❧♠❛♥ ♦♣❡r❛t♦r
✐♥ ✐♥✜♥✐t❡ ❤♦r✐③♦♥ ♣r♦❜❧❡♠s ❛♥❞ ♦t❤❡rs✳
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❢♦r ♣✉r❝❤❛s❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ r❡♠❛✐♥✐♥❣ ❝♦♥s✉♠❡rs ♦❢ ❡❛❝❤ t②♣❡✱ ❤✐s✴❤❡r ♦✇♥ ♠❡❛♥ ✉t✐❧✐t②

❢r♦♠ t❤❡ t♦♣✲r❛♥❦❡❞ s♦❢t✇❛r❡ ♣r♦❞✉❝t✱ ❛♥❞ t❤❡ ❛✈❡r❛❣❡ ♦❢ ❤✐s✴❤❡r ♠❡❛♥ ✉t✐❧✐t② ❢r♦♠ ❛❧❧

❡①✐st✐♥❣ ♣r♦❞✉❝ts✳ ■♥❝✉♠❜❡♥t s♦❢t✇❛r❡ ✜r♠s tr❛❝❡ t❤❡ t✐♠❡ ♣❡r✐♦❞s t♦ t❤❡ ❡♥❞✱ t❤❡ ♥✉♠❜❡r

♦❢ s♦❢t✇❛r❡ ❝♦♠♣❡t✐t♦rs ✐♥ t❤❡ s❛♠❡ s✉❜♠❛r❦❡t✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ r❡♠❛✐♥✐♥❣ ❝♦♥s✉♠❡rs ♦❢

❡❛❝❤ t②♣❡✱ ❝♦♥s✉♠❡r✬s ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ t♦♣✲r❛♥❦❡❞ ♣r♦❞✉❝t✱ ❛♥❞ ❝♦♥s✉♠❡r✬s ✈❛❧✉❛t✐♦♥ ❛❜♦✉t

✐ts ♣r♦❞✉❝t✳ P♦t❡♥t✐❛❧ ❡♥tr❛♥ts tr❛❝❡ ❛❧♠♦st t❤❡ s❛♠❡ ✈❛r✐❛❜❧❡s ❛s ✐♥❝✉♠❜❡♥ts ❞♦✳ ❚❤❡ ♦♥❧②

❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡② tr❛❝❡ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ♥❡✇ ♣r♦❞✉❝t ✐♥st❡❛❞ ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ ✐ts

♦✇♥ ♣r♦❞✉❝t✳

❈♦♠♣✉t✐♥❣ ζlt ❛♥❞ ξjt

❖♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❡ ❝♦♥s✉♠❡r✬s ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡s✱ ✇❡ ❝❛♥ ❝♦♠♣✉t❡ ❡❛❝❤ ❝♦♥s✉♠❡r✬s ♣r♦❜✲

❛❜✐❧✐t② ♦❢ ♣✉r❝❤❛s✐♥❣ ❢r♦♠ ❡q✉❛t✐♦♥ ✭✹✮ ❛♥❞ t❤❡♥ t❤❡ ♣r❡❞✐❝t❡❞ ❞❡♠❛♥❞ ♦❢ ❡❛❝❤ ♣r♦❞✉❝t✳

❚♦ ♦❜t❛✐♥ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❞❡♠❛♥❞ ✐♥ ❡q✉❛t✐♦♥ ✭✶✷✮✱ ■ ✉♣❞❛t❡ t❤❡ ❛❣❣r❡❣❛t❡

❞❡♠❛♥❞ s❤♦❝❦s ❜❛s❡❞ ♦♥ t❤❡ ❡①♣r❡ss✐♦♥✱

ξ
(k)
jt = ξ

(k−1)
jt + ln(q̃jt)− ln

(

q
(k)
jt (smt, θ)

)

,

✇❤❡r❡ q̃jt ✐s t❤❡ ✉♥✐ts s♦❧❞ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❞❛t❛ ❛♥❞ q
(k)
jt (smt, θ) ✐s t❤❡ ♣r❡❞✐❝t❡❞ q✉❛♥t✐t②

✉s✐♥❣ t❤❡ ❞❡♠❛♥❞ s❤♦❝❦s ♦❢ t❤❡ (k − 1)t❤ ✐t❡r❛t✐♦♥✱ ξ
(k−1)
mt ✳ ❚❤✐s ♣r♦❝❡❞✉r❡ ✐s s✐♠✐❧❛r t♦

t❤❡ ✐♥✈❡rs✐♦♥ ♣r♦♣♦s❡❞ ❜② ❇▲P ✭✶✾✾✺✮✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t✱ ✉♥❧✐❦❡ ❇▲P✱ ❝♦♥s✉♠❡rs

✐♥ t❤✐s ♣❛♣❡r ♠❛①✐♠✐③❡ ✐♥t❡r✲t❡♠♣♦r❛❧ ✉t✐❧✐t②✱ ✐♠♣❧②✐♥❣ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❣❣r❡❣❛t❡

❞❡♠❛♥❞s✱ qjt(smt, θ)✱ ❛r❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥s✉♠❡r✬s ✈❛❧✉❡ ♦❢ ✇❛✐t✐♥❣ ❡❛❝❤ ♣❡r✐♦❞✳ ❆♥♦t❤❡r

❞✐✛❡r❡♥❝❡ ✐s t❤❛t✱ ✉♥❧✐❦❡ ❇▲P ✇❤✐❝❤ ✐t❡r❛t❡s t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ s❤♦❝❦s ✉♥t✐❧ ❝♦♥✈❡r❣❡♥❝❡

❢♦r ❛♥② ❣✐✈❡♥ ♣❛r❛♠❡t❡r ✈❡❝t♦r✱ ■ ✉♣❞❛t❡ ✐t ♦♥❧② ♦♥❝❡ ❞✉r✐♥❣ ❡❛❝❤ ▼❈▼❈ ✐t❡r❛t✐♦♥✳ ❆ s✐♠✐❧❛r

♣r♦❝❡❞✉r❡ ❛♣♣❧✐❡s t♦ ❝♦♠♣✉t✐♥❣ t❤❡ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ s❤♦❝❦s ♦❢ ❤❛r❞✇❛r❡✱ ζlt✱ ❣✐✈❡♥ ❜②

ζ
(k)
lt = ζ

(k−1)
lt + ln(Q̃lt)− ln

(

Q
(k)
lt (St, θ)

)

.

✸✺



✺ ❊st✐♠❛t✐♦♥ ❘❡s✉❧ts

✺✳✶ ❊❝♦♥♦♠❡tr✐❝ ❉❡t❛✐❧s

❈♦♥s✉♠❡r ❍❡t❡r♦❣❡♥❡✐t②✳ ❋♦r s✐♠♣❧✐❝✐t② ❜✉t ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ■ ❛ss✉♠❡ t✇♦

❝♦♥s✉♠❡r t②♣❡s ✇❤♦ ❤❛✈❡ ❞✐✛❡r❡♥t s❡♥s✐t✐✈✐t② t♦ ♣r✐❝❡✿ ❤✐❣❤✲t②♣❡ ❝♦♥s✉♠❡rs ❛♥❞ ❧♦✇✲t②♣❡

❝♦♥s✉♠❡rs✳✷✸ ❆t t❤❡ ♦✉ts❡t✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❝❤♦♦s❡ ❛♥ ✐♥✐t✐❛❧ ♥✉♠❜❡r ♦❢ ❝♦♥s✉♠❡rs✱ N0✳

❖♥❝❡ t❤✐s ✐s ♣✐♥♥❡❞ ❞♦✇♥✱ t❤❡ ❢✉t✉r❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡❛❝❤ ❝♦♥s✉♠❡r t②♣❡ ✐s ❞❡t❡r♠✐♥❡❞

❜② t❤❡ ❝♦♥s✉♠❡r ♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥s ♦❢ ❤❛r❞✇❛r❡ ❛♥❞ s♦❢t✇❛r❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥s✉♠❡rs✬

♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥ ♦❢ s♦❢t✇❛r❡ ✐♥ ❛ s✉❜♠❛r❦❡t ❞❡t❡r♠✐♥❡s t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s✉♠❡rs r❡♠❛✐♥✐♥❣

❢♦r t❤❡ ♥❡①t ♣❡r✐♦❞✱ ❛♥❞ t❤❡✐r ♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥ ♦❢ ❤❛r❞✇❛r❡ ❞❡t❡r♠✐♥❡s t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇

❝♦♥s✉♠❡rs ✇❤♦ ❡♥t❡r t❤❡ s♦❢t✇❛r❡ ♠❛r❦❡t ♥❡①t ♣❡r✐♦❞✳ ■♥ t❤✐s ♣❛♣❡r✱ ■ s❡t N0 t♦ ✶✵✵ ♠✐❧❧✐♦♥✳

❉✐s❝♦✉♥t ❋❛❝t♦rs✳ Pr❡✈✐♦✉s ❧✐t❡r❛t✉r❡ ❤❛s ♥♦t❡❞ t❤❛t ✐t ✐s ❞✐✣❝✉❧t t♦ ❡st✐♠❛t❡ ❞✐s❝♦✉♥t

❢❛❝t♦rs✱ s♦ ■ ❞♦ ♥♦t ❛tt❡♠♣t t♦ ❡st✐♠❛t❡ t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦rs ❢♦r ❝♦♥s✉♠❡rs ❛♥❞ s♦❢t✇❛r❡ ✜r♠s

✭βc ❛♥❞ βf ✮✳ ■♥st❡❛❞✱ ■ s❡t t❤❡ ❞✐s❝♦✉♥t r❛t❡s t♦ ✵✳✾✺✱ ✇❤✐❝❤ ✐s ❧♦✇❡r t❤❛♥ t❤❡ ♠♦♥t❤❧② ✐♥t❡r❡st

r❛t❡✳ ❍♦✇❡✈❡r✱ ♣r❡✈✐♦✉s st✉❞✐❡s ✐♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ ❜❡❤❛✈✐♦r❛❧ ❡❝♦♥♦♠✐❝s ❤❛✈❡ ❢♦✉♥❞ t❤❛t

t❤❡ ❞✐s❝♦✉♥t ❢❛❝t♦r ✐s ❧♦✇❡r t❤❛♥ t❤❡ ✐♥t❡r❡st r❛t❡✳

Pr✐♦r ❉✐str✐❜✉t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ ♠♦❞❡❧ ✐t ✐s ♥❡❝❡ss❛r② t♦ s♣❡❝✐❢② t❤❡ ♣r✐♦r

❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡ ♣❛r❛♠❡t❡rs t♦ ❜❡ ❡st✐♠❛t❡❞✳ ❈♦♥s✉♠❡r ♣r❡❢❡r❡♥❝❡ t♦ ♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐s✲

t✐❝s ✭ψ ❛♥❞ γ✮ ❛♥❞ ❝♦♥s✉♠❡r s❡♥s✐t✐✈✐t② t♦ ♣r✐❝❡ ✭ϕi ❛♥❞ αi✮ ❢♦❧❧♦✇ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥s ✇✐t❤

♠❡❛♥s ♦❢ ③❡r♦ ❛♥❞ ❧❛r❣❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s✳ ❚❤❡ ✐♥✐t✐❛❧ s❤❛r❡ ♦❢ ❤✐❣❤✲t②♣❡ ❝♦♥s✉♠❡rs ✭δ✮

❢♦❧❧♦✇s ❛ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ✐♥t❡r✈❛❧ ❬✵✱✶❪✳ ❚♦ ❣✉❛r❛♥t❡❡ t❤❛t ❝♦st ♣❛r❛♠❡t❡rs ❛♥❞

st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡✱ t❤❡✐r ♣r✐♦r ❞✐str✐❜✉t✐♦♥s ❛r❡ ❧♦❣✲♥♦r♠❛❧ ✇✐t❤ ♠❡❛♥s ♦❢

③❡r♦ ❛♥❞ ❧❛r❣❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s✳

✷✸❚❤❡ ♥✉♠❜❡r ♦❢ ❝✉st♦♠❡r t②♣❡s ✭I✮ s❤♦✉❧❞ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② ❛❞❞✐♥❣ t②♣❡s t✐❧❧ ♦♥❡ ♦❢ t❤❡ t②♣❡ s✐③❡s ✐s ♥♦t
st❛t✐st✐❝❛❧❧② ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦ ✭❇❡s❛♥❦♦ ❡t ❛❧✳ ✷✵✵✸✮✳ ◆❛✐r ✭✷✵✵✼✮ s❛②s t❤❛t t❤❡ ❡st✐♠❛t❡s ❢♦r t❤❡ t❤r❡❡✲t②♣❡
♠♦❞❡❧ ②✐❡❧❞❡❞ s❡✈❡r❛❧ ✐♥s✐❣♥✐✜❝❛♥t ♣❛r❛♠❡t❡rs ❛♥❞ t❤✉s ❤❡ ♣r❡s❡♥t❡❞ t❤❡ ❡st✐♠❛t❡s ❢♦r t❤❡ t✇♦✲t②♣❡ ❝❛s❡✳

✸✻



■♥✐t✐❛❧ ●✉❡ss ♦❢ ❊q✉✐❧✐❜r✐✉♠ ❙tr❛t❡❣✐❡s ❛♥❞ ❱❛❧✉❡ ❋✉♥❝t✐♦♥s✳ ❚♦ ❝♦♠♣✉t❡ t❤❡ ✐♥✐✲

t✐❛❧ ❣✉❡ss ❢♦r ❝♦♥s✉♠❡r ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ❛♥❞ ✐♥❝✉♠❜❡♥t ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ■ ❛ss✉♠❡ t❤❛t ❜♦t❤

❝♦♥s✉♠❡rs ❛♥❞ s♦❢t✇❛r❡ ✜r♠s ❛r❡ ♠②♦♣✐❝✳ ❚❤❡ ✐♥✐t✐❛❧ ❣✉❡ss❡s ❢♦r ♣r♦❞✉❝t ♣r✐❝❡s ❛r❡ t❤❡

♣r❡❞✐❝t❡❞ ✈❛❧✉❡s ❢r♦♠ ❛ ❤❡❞♦♥✐❝ r❡❣r❡ss✐♦♥ ♦❢ ♣r✐❝❡ ♦♥ st❛t❡ ✈❛r✐❛❜❧❡s✳ ■ ❝♦♠♣✉t❡ t❤❡ ✐♥✐t✐❛❧

❣✉❡ss ♦❢ t❤❡ ❡♥tr② ♣r♦❜❛❜✐❧✐t② ❜❛s❡❞ ♦♥ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ ❢✉♥❝t✐♦♥s✳

✺✳✷ P♦st❡r✐♦r ❙t❛t✐st✐❝s

■ ❞r❛✇ ✶✵✵✱✵✵✵ s❛♠♣❧❡s ❢r♦♠ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✉s❡ t❤❡ ❧❛st ✺✵✱✵✵✵ s❛♠♣❧❡s t♦

❞❡r✐✈❡ t❤❡ ♣♦st❡r✐♦r ♠❡❛♥s ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s✳ ❚❤❡ ❧❛st ✺✵✱✵✵✵ s❛♠♣❧❡s ❛r❡ r❡♣♦rt❡❞

✐♥ ❚❛❜❧❡ ✷✳ ■ ❛❧s♦ ❝♦♠♣✉t❡ t❤❡ ♣♦st❡r✐♦r ♠❡❛♥s ❛♥❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ❢r♦♠ t❤❡ ❧❛st ✷✺✱✵✵✵

s❛♠♣❧❡s✳ ❚❤❡ ✜♥❞✐♥❣s ✐♥ t❤❡ t✇♦ s❡ts ♦❢ s❛♠♣❧❡s ❛r❡ ♥♦t st❛t✐st✐❝❛❧❧② ❞✐✛❡r❡♥t✳ ■ r❡♣❡❛t t❤✐s

♣r♦❝❡❞✉r❡ s❡✈❡r❛❧ t✐♠❡s ❛♥❞ ✜♥❞ t❤❛t t❤❡ ♣♦st❡r✐♦r st❛t✐st✐❝s ❛r❡ r♦❜✉st t♦ ✐♥✐t✐❛❧ ✈❛❧✉❡s ♦❢

♣❛r❛♠❡t❡rs t❤❛t ❛r❡ ❞r❛✇♥ ❢r♦♠ t❤❡✐r ♣r✐♦r ❞✐str✐❜✉t✐♦♥s✳ ■ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ s❛♠♣❧❡s ■ ✉s❡

t♦ ❝♦♠♣✉t❡ t❤❡ ♣♦st❡r✐♦r st❛t✐st✐❝s ❛r❡ ❞r❛✇♥ ❢r♦♠ ❛ st❛❜❧❡ ❞✐str✐❜✉t✐♦♥✳

❚❤❡ ❡st✐♠❛t❡s ✐♥ t❤❡ ❝♦♥s✉♠❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦❢ ❤❛r❞✇❛r❡ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r ❡①✲

♣❡❝t❛t✐♦♥✳ ❍✐❣❤✲t②♣❡ ❝♦♥s✉♠❡r ♣r✐❝❡ s❡♥s✐t✐✈✐t② t♦ ❤❛r❞✇❛r❡ ✐s ✵✳✵✶✽ ❛♥❞ ❧♦✇✲t②♣❡ ❝♦♥s✉♠❡r

♣r✐❝❡ s❡♥s✐t✐✈✐t② t♦ ❤❛r❞✇❛r❡ ✐s ✵✳✵✻✹✳ ❚❤❡ ♥✉♠❜❡rs ❛r❡ ♣♦s✐t✐✈❡ ❜❡❝❛✉s❡ t❤❡② ❡♥t❡r t❤❡ ✉t✐❧✲

✐t② ❢✉♥❝t✐♦♥ ❛s ❛ ♥❡❣❛t✐✈❡ t❡r♠✳ ❈♦♥s✉♠❡rs ♦❜t❛✐♥ ❤✐❣❤❡r ✉t✐❧✐t② ❢r♦♠ ♣✉r❝❤❛s✐♥❣ ❝♦♥s♦❧❡s ✐♥

◆♦✈❡♠❜❡r ♦r ❉❡❝❡♠❜❡r✱ ♣r♦❜❛❜❧② ❜❡❝❛✉s❡ ❝♦♥s♦❧❡s ❛r❡ ❣♦♦❞ ❣✐❢ts ❞✉r✐♥❣ t❤❡ ❤♦❧✐❞❛② s❡❛s♦♥✳

❍✐❣❤✲t②♣❡ ❝♦♥s✉♠❡rs ❝♦rr❡s♣♦♥❞ t♦ ✶✹✳✻ ♣❡r❝❡♥t ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ ♠❛r❦❡t ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢

t❤❡ ❝♦♥s♦❧❡ ❧✐❢❡❝②❧❡✳

❚❤❡ ❡st✐♠❛t❡s ✐♥ t❤❡ ❝♦♥s✉♠❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦❢ s♦❢t✇❛r❡ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r ❡①✲

♣❡❝t❛t✐♦♥✳ ◆✐♥t❡♥❞♦ ✻✹ ❣❛♠❡s ❣❡♥❡r❛t❡ t❤❡ ❤✐❣❤❡st ✉t✐❧✐t② ❜❡❝❛✉s❡ t❤❡ ❝♦♥s♦❧❡ ✐s ♠♦r❡

t❡❝❤♥♦❧♦❣✐❝❛❧❧② ❛❞✈❛♥❝❡❞ t❤❛♥ t❤❡ ♦t❤❡r t✇♦✳ ❈♦♥s✉♠❡rs ❢❛✈♦r t❤❡ ❣❛♠❡s ✇✐t❤ ❤✐❣❤ ♦♥❧✐♥❡

r❛t✐♥❣s✱ ❛♥❞ ❝♦♥s✉♠❡rs ❞✐s❧✐❦❡ ❣❛♠❡s t❤❛t ❤❛✈❡ ❜❡❡♥ ✐♥ t❤❡ ♠❛r❦❡t ❢♦r ❛ ❧♦♥❣ t✐♠❡✱ ♣❛rt❧②

❜❡❝❛✉s❡ ♠♦st s♣♦rts ❣❛♠❡s ❛r❡ ❞❡s✐❣♥❡❞ ❜❛s❡❞ ♦♥ t❤❡ ❧❛t❡st t♦✉r♥❛♠❡♥ts✳ ❈♦♥s✉♠❡rs ♦❜t❛✐♥

❤✐❣❤❡r ✉t✐❧✐t② ❢r♦♠ ♣✉r❝❤❛s✐♥❣ ❣❛♠❡s ✐♥ ◆♦✈❡♠❜❡r ♦r ❉❡❝❡♠❜❡r✱ ♣r♦❜❛❜❧② ❜❡❝❛✉s❡ t❤❡② ❝❛♥
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s♣❡♥❞ ♠♦r❡ t✐♠❡ ♣❧❛②✐♥❣ ❣❛♠❡s ❞✉r✐♥❣ ❤♦❧✐❞❛② s❡❛s♦♥✳ ❍✐❣❤✲t②♣❡ ❝♦♥s✉♠❡r ♣r✐❝❡ s❡♥s✐t✐✈✐t②

t♦ s♦❢t✇❛r❡ ✐s ✵✳✵✶✹ ❛♥❞ ❧♦✇✲t②♣❡ ❝♦♥s✉♠❡r ♣r✐❝❡ s❡♥s✐t✐✈✐t② t♦ s♦❢t✇❛r❡ ✐s ✵✳✵✺✶✳

❚❛❜❧❡ ✷✿ P♦st❡r✐♦r ▼❡❛♥s ❛♥❞ ❙t❛♥❞❛r❞ ❉❡✈✐❛t✐♦♥s

▲❛st ✺✵✱✵✵✵ ❙❛♠♣❧❡s ▲❛st ✷✺✱✵✵✵ ❙❛♠♣❧❡s

▼❡❛♥ ❙t❞ ❞❡✈ ▼❡❛♥ ❙t❞ ❞❡✈

❇❧♦❝❦ ✶✿ ❉❡♠❛♥❞ ❢♦r ❍❛r❞✇❛r❡

α1 ✭❍✲t②♣❡ ❝♦♥s✉♠❡r ♣r✐❝❡ s❡♥s✐t✐✈✐t②✮ ✵✳✵✶✽ ✵✳✵✵✹ ✵✳✵✶✽ ✵✳✵✵✸

α2 ✭▲✲t②♣❡ ❝♦♥s✉♠❡r ♣r✐❝❡ s❡♥s✐t✐✈✐t②✮ ✵✳✵✻✹ ✵✳✵✶✺ ✵✳✵✻✹ ✵✳✵✶✷

γNov ✭◆♦✈✳ ❞✉♠♠②✮ ✵✳✼✹✺ ✵✳✷✶✼ ✵✳✼✹✻ ✵✳✷✶✾

γDec ✭❉❡❝✳ ❞✉♠♠②✮ ✷✳✹✵✺ ✵✳✾✵✸ ✷✳✸✾✾ ✵✳✾✵✸

σζ ✭st❞ ♦❢ ❤❛r❞✇❛r❡ ❞❡♠❛♥❞ s❤♦❝❦s✮ ✵✳✶✵✺ ✵✳✺✽✶ ✵✳✶✵✻ ✵✳✻✶✷

δ ✭✐♥✐t✐❛❧ s❤❛r❡ ♦❢ ❍✲t②♣❡ ❝♦♥s✉♠❡rs✮ ✵✳✶✹✻ ✵✳✵✾✸ ✵✳✶✹✻ ✵✳✵✾✸

❇❧♦❝❦ ✷✿ ❉❡♠❛♥❞ ❢♦r ❙♦❢t✇❛r❡

ψN64 ✭❞✉♠♠② ❢♦r ◆✻✹ ❣❛♠❡s✮ ✶✳✺✹✹ ✵✳✸✹✸ ✶✳✺✸✼ ✵✳✵✼✹

ψ1 ✭♦♥❧✐♥❡ r❛t✐♥❣ s❝♦r❡ ♦❢ ❣❛♠❡s✮ ✵✳✶✻✾ ✵✳✵✾✵ ✵✳✶✼✶ ✵✳✵✻✽

ψ2 ✭❣❛♠❡ ❛❣❡ ✐❢ ♥❡✇✮ ✲✵✳✸✸✸ ✵✳✵✾✼ ✲✵✳✸✹✶ ✵✳✵✷✸

ψ3 ✭❣❛♠❡ ❛❣❡ ✐❢ ♦❧❞✮ ✲✵✳✶✽✾ ✵✳✵✻✷ ✲✵✳✶✾✸ ✵✳✵✸✸

ψNov ✭◆♦✈✳ ❞✉♠♠②✮ ✵✳✷✸✾ ✵✳✵✼✹ ✵✳✷✹✶ ✵✳✵✹✶

ψDec ✭❉❡❝✳ ❞✉♠♠②✮ ✵✳✻✼✷ ✵✳✷✵✻ ✵✳✻✼✺ ✵✳✶✽✽

ϕ1 ✭❍✲t②♣❡ ❝♦♥s✉♠❡r ♣r✐❝❡ s❡♥s✐t✐✈✐t②✮ ✵✳✵✶✹ ✵✳✵✵✺ ✵✳✵✶✹ ✵✳✵✵✷

ϕ2 ✭▲✲t②♣❡ ❝♦♥s✉♠❡r ♣r✐❝❡ s❡♥s✐t✐✈✐t②✮ ✵✳✵✺✶ ✵✳✵✷✸ ✵✳✵✺✷ ✵✳✵✶✼

σξ ✭st❞ ♦❢ s♦❢t✇❛r❡ ❞❡♠❛♥❞ s❤♦❝❦s✮ ✷✳✼✸✾ ✵✳✶✵✼ ✷✳✼✹✷ ✵✳✵✺✵

❇❧♦❝❦ ✸✿ ❙♦❢t✇❛r❡ Pr✐❝✐♥❣

cSaturn ✭✉♥✐t ❝♦st ♦❢ ❣❛♠❡s ❢♦r ❙❛t✉r♥✮ ✶✹✳✻✺✷ ✷✳✶✼✻ ✶✹✳✼✼✹ ✷✳✸✷✷

cPS1 ✭✉♥✐t ❝♦st ♦❢ ❣❛♠❡s ❢♦r P❙✮ ✶✵✳✼✺✺ ✶✳✻✵✶ ✶✵✳✼✸✶ ✶✳✸✷✺

cN64 ✭✉♥✐t ❝♦st ♦❢ ❣❛♠❡s ❢♦r ◆✻✹✮ ✶✽✳✹✺✽ ✶✳✻✷✾ ✶✽✳✺✷✸ ✶✳✼✷✻

σς ✭st❞ ♦❢ ♣r✐❝❡ ❡rr♦r✮ ✵✳✽✼✾ ✵✳✷✷✵ ✵✳✽✾✺ ✵✳✶✺✹

❇❧♦❝❦ ✹✿ ❙♦❢t✇❛r❡ ❊♥tr②

λSaturn ✭♠❡❛♥ ♦❢ ❡♥tr② ❝♦st t♦ ❙❛t✉r♥✮ ✹✳✼✶✼ ✵✳✹✷✽ ✹✳✼✷✾✷ ✵✳✶✼✵

λPS1 ✭♠❡❛♥ ♦❢ ❡♥tr② ❝♦st t♦ P❙✮ ✸✳✻✻✸ ✵✳✺✵✺ ✸✳✼✵✵ ✵✳✹✶✼

λN64 ✭♠❡❛♥ ♦❢ ❡♥tr② ❝♦st t♦ ◆✻✹✮ ✹✳✻✶✸ ✵✳✶✹✷ ✹✳✻✶✹ ✵✳✵✽✻

σν ✭st❞ ♦❢ ❡♥tr② ❝♦st s❤♦❝❦s✮ ✷✳✹✽✼ ✵✳✶✶✾ ✷✳✹✾✸ ✵✳✶✵✺

❚❤❡ ❝♦st ♣❡r ✉♥✐t ✐s ✩✶✹✳✼✱ ✩✶✵✳✽ ❛♥❞ ✩✶✽✳✺ ❢♦r ❣❛♠❡s r❡❧❡❛s❡❞ ❢♦r ❙❛t✉r♥✱ P❙ ❛♥❞ ◆✻✹✱

r❡s♣❡❝t✐✈❡❧②✳ ❆s ❈♦✉❣❤❧❛♥ ✭✷✵✵✶✮ r❡♣♦rt❡❞✱ t❤❡ ♣r♦❞✉❝t✐♦♥ ❛♥❞ ♣❛❝❦❛❣✐♥❣ ❝♦st ❢♦r ✸✷✲❜✐t

❈❉✲❘❖▼ ❣❛♠❡s ✐s ❛r♦✉♥❞ ✩✶✳✺ ♣❡r ❞✐s❝✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r♦②❛❧t② ❢❡❡s ❝❤❛r❣❡❞ ❜② ❙❡❣❛ ❛♥❞

❙♦♥② ✇❡r❡ ❛r♦✉♥❞ ✩✶✸✳✷ ❛♥❞ ✩✾✳✸ ♣❡r ❝♦♣② s♦❧❞✳ ❚❤❡ ✉♥✐t ❝♦st ♦❢ ◆✻✹ ❣❛♠❡s ✐s ♠✉❝❤ ❤✐❣❤❡r

t❤❛♥ ❙❛t✉r♥ ❣❛♠❡s ❛♥❞ P❙ ❣❛♠❡s ❜❡❝❛✉s❡ ◆✐♥t❡♥❞♦ ✉s❡❞ ❘❖▼ ❝❛rtr✐❞❣❡s t♦ st♦r❡ ❣❛♠❡s✱
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s♦ t❤❡✐r ♣r♦❞✉❝t✐♦♥ ❡①♣❡♥s❡ ✇❛s ♠✉❝❤ ❤✐❣❤❡r t❤❛♥ t❤❡ ♣r♦❞✉❝t✐♦♥ ❡①♣❡♥s❡ ❢♦r t❤❡ ❝♦♠♣❛❝t

❞✐s❝ ❢♦r♠❛t t❤❛t ❝♦♠♣❡t✐t♦rs ✉s❡❞✳

❚❤❡ ❛✈❡r❛❣❡ ❡♥tr② ❝♦st ♦❢ ❙❛t✉r♥ ❣❛♠❡s✱ P❙ ❣❛♠❡s ❛♥❞ ◆✻✹ ❣❛♠❡s ❛r❡ ✩✹✳✼ ♠✐❧❧✐♦♥✱

✩✸✳✼ ♠✐❧❧✐♦♥ ❛♥❞ ✩✹✳✻ ♠✐❧❧✐♦♥✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ ❡♥tr② ❝♦st ✐s ✩✷✳✺

♠✐❧❧✐♦♥✳ ❙❛t✉r♥ ❣❛♠❡s✬ r❡s❡❛r❝❤ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t ❝♦st ✇❛s ♦♥ ❛✈❡r❛❣❡ s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r

t❤❛♥ P❙ ❣❛♠❡s✱ ♣❛rt❧② ❞✉❡ t♦ ❙❛t✉r♥✬s ❞✉❛❧✲❈P❯ ❛r❝❤✐t❡❝t✉r❡ ❛♥❞ ♠♦r❡ ❝♦♠♣❧❡① ❣r❛♣❤✐❝s✱

❡✈❡♥ t❤♦✉❣❤ ❜♦t❤ ❙❡❣❛ ❛♥❞ ❙♦♥② ❛❞♦♣t❡❞ ✈❡r② s✐♠✐❧❛r t❡❝❤♥♦❧♦❣②✳✷✹

✺✳✸ ◆✉♠❡r✐❝❛❧ ❙♦❧✉t✐♦♥

❚♦ ❡①❛♠✐♥❡ t❤❡ ✜t ♦❢ t❤❡ ♠♦❞❡❧✱ ■ tr❡❛t t❤❡ ♣♦st❡r✐♦r ♠❡❛♥s ♦❢ t❤❡ ❧❛st ✺✵✱✵✵✵ s❛♠♣❧❡s

❛s t❤❡ ❡st✐♠❛t❡❞ ✈❛❧✉❡s ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❛♥❞ ♥✉♠❡r✐❝❛❧❧② s♦❧✈❡ t❤❡ ♠♦❞❡❧ ❜② ✉s✐♥❣ t❤❡

❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✐s ♣r♦❣r❛♠♠❡❞ ✐♥

❋♦rtr❛♥ ✾✺ ❛♥❞ ❝♦♥✈❡r❣❡❞ s♠♦♦t❤❧② ❢♦r t❤♦s❡ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧

s♦❧✉t✐♦♥ ✐♥❞✐❝❛t❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ❛t t❤♦s❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s✳✷✺ ❍♦✇❡✈❡r✱

✐t ✐s ♣♦ss✐❜❧❡ t❤❛t ♠✉❧t✐♣❧❡ ❡q✉✐❧✐❜r✐❛ ❡①✐st ❢♦r ♦t❤❡r ♣❛r❛♠❡t❡r ✈❛❧✉❡s✳

■ ♥♦✇ ❝♦♠♣❛r❡ t❤❡ ♣r❡❞✐❝t❡❞ ✈❛❧✉❡s t♦ t❤♦s❡ ♦❜s❡r✈❡❞ ✐♥ t❤❡ ❞❛t❛✳ ❋✐❣✉r❡ ✻ ✭❛✮ ❝♦♠♣❛r❡s

t❤❡ ♣r❡❞✐❝t❡❞ ❛♥❞ t❤❡ ♦❜s❡r✈❡❞ ♥✉♠❜❡r ♦❢ ❝♦♥s♦❧❡ ♦✇♥❡rs✳ ❋✐❣✉r❡ ✻ ✭❜✮ ❝♦♠♣❛r❡s t❤❡ ♣r❡✲

❞✐❝t❡❞ ❛♥❞ t❤❡ ♦❜s❡r✈❡❞ ❝✉♠✉❧❛t✐✈❡ s❛❧❡s ♦❢ s♣♦rts ❣❛♠❡s✳ ❖✈❡r❛❧❧✱ t❤❡ ♠♦❞❡❧ ✜ts t❤❡ ❞❛t❛

✈❡r② ✇❡❧❧✳

✷✹❙❡❡ ❤tt♣✿✴✴❡♥✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴❙❡❣❛❴❙❛t✉r♥★❝✐t❡❴♥♦t❡✲✶✻✳ ✏❖♥❡ ✈❡r② ❢❛st ❝❡♥tr❛❧ ♣r♦❝❡ss♦r ✇♦✉❧❞
❜❡ ♣r❡❢❡r❛❜❧❡✳ ■ ❞♦♥✬t t❤✐♥❦ ❛❧❧ ♣r♦❣r❛♠♠❡rs ❤❛✈❡ t❤❡ ❛❜✐❧✐t② t♦ ♣r♦❣r❛♠ t✇♦ ❈P❯s✖♠♦st ❝❛♥ ♦♥❧② ❣❡t
❛❜♦✉t ♦♥❡✲❛♥❞✲❛✲❤❛❧❢ t✐♠❡s t❤❡ s♣❡❡❞ ②♦✉ ❝❛♥ ❣❡t ❢r♦♠ ♦♥❡ ❙❍✲✷✳ ■ t❤✐♥❦ t❤❛t ♦♥❧② ✶ ✐♥ ✶✵✵ ♣r♦❣r❛♠♠❡rs
❛r❡ ❣♦♦❞ ❡♥♦✉❣❤ t♦ ❣❡t t❤✐s ❦✐♥❞ ♦❢ s♣❡❡❞ ❬♥❡❛r❧② ❞♦✉❜❧❡❪ ♦✉t ♦❢ t❤❡ ❙❛t✉r♥✳ ✑ ✖❨✉ ❙✉③✉❦✐ r❡✢❡❝t✐♥❣ ✉♣♦♥
❙❛t✉r♥ ❱✐rt✉❛❧ ❋✐❣❤t❡r ❞❡✈❡❧♦♣♠❡♥t✳

✷✺●❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱ ✐t ✐s ❞✐✣❝✉❧t t♦ ❛♥❛❧②t✐❝❛❧❧② ♣r♦✈❡ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ▼P❊ ✐♥ ♣✉r❡
str❛t❡❣② ❢♦r ❞②♥❛♠✐❝ ♦❧✐❣♦♣♦❧② ♠♦❞❡❧s✳ ■ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t✱ ✉♥❞❡r s♦♠❡ r❡str✐❝t✐♦♥s✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡
❡q✉✐❧✐❜r✐✉♠ ✐♥ ♣✉r❡ str❛t❡❣② ❢♦r ❛ ❞②♥❛♠✐❝ ♦❧✐❣♦♣♦❧② ♣r✐❝✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❢♦r✇❛r❞✲❧♦♦❦✐♥❣ ❝♦♥s✉♠❡rs✳ ❨❡t ✐t
✐s ❡①tr❡♠❡❧② ❤❛r❞ t♦ ❣♦ ❢✉rt❤❡r t♦ s❤♦✇ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡①✐st❡♥❝❡ ❢♦r t❤✐s ♠♦❞❡❧ ✇❤✐❝❤ ❛❧s♦ ❝♦♥t❛✐♥s s♦❢t✇❛r❡
✜r♠s✬ ❞②♥❛♠✐❝ ❡♥tr② ❛♥❞ ❝♦♥s✉♠❡rs✬ s❡❧❢✲s❡❧❡❝t✐♦♥ t♦ ♣❧❛t❢♦r♠s✳ ❲✐t❤♦✉t ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥s✱ ■ ❛♠ ✉♥❛❜❧❡
t♦ ❢♦r♠❛❧❧② st❛t❡ ✇❤❡t❤❡r ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts ❛♥❞ ✇❤❡t❤❡r ✐t ✐s ✉♥✐q✉❡✳

✸✾



❋
✐❣✉

r❡
✻✿

❆
❝t✉

❛❧
✈
s✳

❋
✐tt❡❞

❆
❝❝✉

♠
✉
❧❛t✐✈❡

❙
❛❧❡s

♦❢
❈
♦♥

s♦❧❡s
❛♥

❞
●
❛♠

❡s

✭❛✮
❙
❡❣❛

❙
❛t✉

r♥

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

�
��

����

����

����

����

����

����

����

����

����

����

��		

��		

��	


��	


����������	
����

�������
��
����������

�
�
�
�
��
��

	


��

�
��

�
��

�
��

�
��

�
��

�
��

����

����

����

����

����

����

����

����

����

����

��		

��		

��	


��	


����������	
����

���������
����

����������

�
�
�
�
��
��

	


��

✭❜
✮
❙
♦♥

②
P
❧❛②

❙
t❛t✐♦♥

� �

�
�

�
�

�
�

�
�

�
�

����

����

����

����

����

����

����

����

����

����

��		

��		

��	


��	


����������	
����

�������
��
����������

�
�
�
�
��
��

	


��

�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

	
�



�

����

����

����

����

����

����

����

����

����

����

��		

��		

��	


��	


����������	
����

���������
����

����������

�
�
�
�
��
��

	


��

✭❝✮
◆
✐♥
t❡♥

❞
♦
✻✹

� �

�
�

�
�

�
�

�
�

����

����

����

����

����

����

����

����

����

����

��		

��		

��	


��	


����������	
����

�������
��
����������

�
�
�
�
��
��

	


��

� �

�
�

�
�

�
�

�
�

�
�

����

����

����

����

����

����

����

����

����

����

��		

��		

��	


��	


����������	
����

���������
����

����������

�
�
�
�
��
��

	


��

◆
♦t❡✿

❙
♦❧✐❞

❧✐♥
❡s

r❡♣
r❡s❡♥

t
❛❝t✉

❛❧
❞
❛t❛✳

❉
❛s❤

❡❞
❧✐♥

❡s
❛r❡

✜
tt❡❞

✈❛❧✉
❡s✳

❋
✐❣✉

r❡
✼
✭❛✮

❝♦♠
♣
❛r❡s

t❤
❡
♣
r❡❞

✐❝t❡❞
❛♥

❞
t❤
❡
♦❜

s❡r✈❡❞
♣
r✐❝❡s

❛❝r♦ss
❛❧❧

s♣
♦rts

❣❛♠
❡s

❛t
❡❛❝❤

❣❛♠
❡✬s

❛❣❡✱
♦r

♠
♦♥

t❤
s
s✐♥

❝❡
t❤
❡
❣❛♠

❡✬s
✐♥
tr♦

❞
✉
❝t✐♦♥

✳
❚
❤
❡
✜
❣✉

r❡
✐♥
❞
✐❝❛t❡s

t❤
❛t

t❤
❡

✹✵



♣r♦♣♦s❡❞ ♠♦❞❡❧ ✐s ❛❜❧❡ t♦ ❡①♣❧❛✐♥ t❤❡ ❞❡❝❧✐♥✐♥❣ ♣❛tt❡r♥ ♦❢ ❣❛♠❡ ♣r✐❝❡✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r❡❞✐❝t❡❞

♣r✐❝❡ ❞♦❡s ♥♦t ❞r♦♣ ❛s q✉✐❝❦❧② t❤❡ ♦❜s❡r✈❡❞ ♣r✐❝❡✳ ❖♥❡ ♣♦ss✐❜❧❡ r❡❛s♦♥ ✐s t❤❛t t❤❡ ♠♦❞❡❧

❞♦❡s ♥♦t ❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞✲❤❛♥❞ ♠❛r❦❡t t❤❛t ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❞❡❝❧✐♥✐♥❣ ❣❛♠❡ ♣r✐❝❡ ✐♥

t❤❡ ❞❛t❛✳ ❋✐❣✉r❡ ✼ ✭❜✮ ❝♦♠♣❛r❡s t❤❡ ♣r❡❞✐❝t❡❞ ❛♥❞ t❤❡ ♦❜s❡r✈❡❞ ✉♥✐t s❛❧❡s ❛❝r♦ss ❛❧❧ s♣♦rts

❣❛♠❡s ❛t ❡❛❝❤ ❛❣❡✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s t❤❛t t❤❡ ♠♦❞❡❧ ✜ts t❤❡ ❞❛t❛ ✈❡r② ✇❡❧❧✳

❋✐❣✉r❡ ✼✿ ❆❝t✉❛❧ ✈s✳ ❋✐tt❡❞ ●❛♠❡ Pr✐❝❡ ❛♥❞ ❯♥✐t ❙❛❧❡s ✐♥ ❆❣❡
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◆♦t❡✿ ❙♦❧✐❞ ❧✐♥❡s r❡♣r❡s❡♥t ❛❝t✉❛❧ ❞❛t❛✳ ❉❛s❤❡❞ ❧✐♥❡s ❛r❡ ✜tt❡❞ ✈❛❧✉❡s✳

✻ ❈♦✉♥t❡r❢❛❝t✉❛❧ ❙✐♠✉❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ■ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ r❡❝♦✈❡r❡❞ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❞❡♠❛♥❞ ❛♥❞ s✉♣♣❧② ♠♦❞❡❧

t♦ ❝♦♥❞✉❝t ❝♦✉♥t❡r❢❛❝t✉❛❧ ❡①❡r❝✐s❡s✳ ❚❤❡ ❣♦❛❧ ✐s t♦ ❡①♣❧♦r❡ ✇❤❛t ❝♦♥tr✐❜✉t❡❞ t♦ t❤❡ ❙❡❣❛

❙❛t✉r♥✬s ❢❛✐❧✉r❡✳ ❚♦ ❜❡ ♠♦r❡ s♣❡❝✐✜❝✱ ✇♦✉❧❞ ❙❡❣❛ ❤❛✈❡ s✉r✈✐✈❡❞ ✐❢ ✐t ❤❛❞ t❛❦❡♥ ❛❧t❡r♥❛t✐✈❡

♦♣t✐♦♥s s✉❝❤ ❛s ❝❤❛r❣✐♥❣ ❧♦✇❡r ❝♦♥s♦❧❡ ♣r✐❝❡s ♦r s✉❜s✐❞✐③✐♥❣ s♦❢t✇❛r❡ ❡♥tr② ✐♥ ✐ts ✐♥✐t✐❛❧ st❛❣❡❄

■♥ t❤❡ ✜rst ❝♦✉♥t❡r❢❛❝t✉❛❧ ❡①❡r❝✐s❡✱ ■ ❡①❛♠✐♥❡ ✇❤❛t ✇♦✉❧❞ ❤❛♣♣❡♥ ✐❢ ❙❡❣❛ ❤❛❞ ❧♦✇❡r❡❞

✐ts ❝♦♥s♦❧❡ ♣r✐❝❡s ❜② ✩✶✵✵ ❢♦r t❤❡ ✜rst t✇♦ ②❡❛rs✳ ❚❤❡ s❡❝♦♥❞ ❝♦✉♥t❡r❢❛❝t✉❛❧ ❡①❡r❝✐s❡ ❧♦♦❦s

❛t ✇❤❡t❤❡r ❙❡❣❛ ✇♦✉❧❞ ❤❛✈❡ s✉r✈✐✈❡❞ ✐❢ ✐t ❤❛❞ r❡❞✉❝❡❞ ❣❛♠❡ ♣r♦❞✉❝❡rs✬ ❡♥tr② ❝♦st✳ ■♥ ❡❛❝❤

s❝❡♥❛r✐♦✱ ■ ❝❤❛♥❣❡ ❙❡❣❛✬s ❡♥tr② ❢❡❡ ❛♥❞ s✐♠✉❧❛t❡ ❜♦t❤ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s♦❧❡ ♦✇♥❡rs ❛♥❞

t❤❡ ♥✉♠❜❡r ♦❢ ❛ss♦❝✐❛t❡❞ ❣❛♠❡s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ♠✐❣❤t ❜❡ ❞♦✉❜t❡❞ ❜❡❝❛✉s❡ t❤❡ ❝♦♠♣❡t✐♥❣

♣❧❛t❢♦r♠s ✇♦✉❧❞ r❡❛❝t t♦ t❤❡ ❝❤❛♥❣❡✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤✐s ♣❛♣❡r ❞♦❡s ♥♦t ❢♦❝✉s ♦♥ t❤❡ ♣r✐❝✐♥❣

✹✶



❝♦♠♣❡t✐t✐♦♥ ❛♠♦♥❣ ♣❧❛t❢♦r♠s✳ ❆s ❛ r❡s✉❧t✱ ■ ❞♦ ♥♦t ❦♥♦✇ ❝♦♠♣❡t✐♥❣ ♣❧❛t❢♦r♠s✬ ❜❡st r❡s♣♦♥s❡

❢✉♥❝t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ♦❢ ❝❤❛♥❣✐♥❣ ♦♥❡ ♣❧❛t❢♦r♠ ❛♥❞ ✜①✐♥❣ t❤❡ ♦t❤❡rs

st✐❧❧ s❤❡❞ s♦♠❡ ❧✐❣❤t ♦♥ ❤♦✇ ❛ ♣❧❛t❢♦r♠✬s ♣r✐❝❡s ❛✛❡❝t t❤❛t ♣❧❛t❢♦r♠✬s ❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤❡

s✐♠✉❧❛t✐♦♥ q✉❛♥t✐t❛t✐✈❡❧② ♠❡❛s✉r❡s ❤♦✇ r❡s♣♦♥s✐✈❡ ❝♦♥s✉♠❡rs ❛♥❞ s♦❢t✇❛r❡ ✜r♠s ❛r❡ t♦ ❛

♣❧❛t❢♦r♠✬s ✐♥tr♦❞✉❝t♦r② ♣r✐❝❡s✳

✻✳✶ ▲♦✇❡r✐♥❣ ❈♦♥s♦❧❡ Pr✐❝❡

❋✐❣✉r❡ ✷ ✭❛✮ ♣r❡s❡♥ts t❤❡ ♣r✐❝❡s ♦❢ t❤❡ t❤r❡❡ ✜❢t❤✲❣❡♥❡r❛t✐♦♥ ❝♦♥s♦❧❡s ✐♥ ❡✈❡r② ♠♦♥t❤ ❞✉r✐♥❣

t❤❡ s❛♠♣❧❡ ♣❡r✐♦❞✳ ❈♦♥s♦❧❡ ♣r✐❝❡s ✇❡r❡ ❣❡♥❡r❛❧❧② ❞❡❝❧✐♥✐♥❣ ♦✈❡r t✐♠❡✳ ❚❤❡ ✜❣✉r❡ ❛❧s♦ s❤♦✇s

t❤❛t ❙❡❣❛✬s ❝♦♥s♦❧❡ ♣r✐❝❡s ✇❡r❡ ✩✶✵✵ ❤✐❣❤❡r t❤❛♥ ❝♦♠♣❡t✐t♦rs✬ ♣r✐❝❡s ❛t t❤❡ s❛♠❡ ❛❣❡ ❢♦r t❤❡

✜rst t✇♦ ②❡❛rs✳ ❆ ❤✐❣❤ ❝♦♥s♦❧❡ ♣r✐❝❡ ❞✐s❝♦✉r❛❣❡❞ ❝♦♥s✉♠❡r ❡♥tr② ❛♥❞ ❤❡♥❝❡ s♦❢t✇❛r❡ ❡♥tr②✳

■t ✐s s♣❡❝✉❧❛t❡❞ t❤❛t t❤✐s ❝♦♥tr✐❜✉t❡❞ t♦ ❙❡❣❛✬s ❢❛✐❧✉r❡✳ ■♥ t❤✐s ❝♦✉♥t❡r❢❛❝t✉❛❧✱ ■ ❝♦♥s✐❞❡r

✇❤❛t ✇♦✉❧❞ ❤❛♣♣❡♥ ✐❢ ❙❡❣❛ ❤❛❞ r❡❞✉❝❡❞ ✐ts ❝♦♥s♦❧❡ ♣r✐❝❡s ❜② ✩✶✵✵ ❢♦r t❤❡ ✜rst t✇♦ ②❡❛rs✳

❚❤❡ ❣♦❛❧ ✐s t♦ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r ❙❡❣❛ ❝♦✉❧❞ ❤❛✈❡ s✉r✈✐✈❡❞ ✐❢ ✐t ❤❛❞ ❝❤❛r❣❡❞ ❧♦✇❡r ♣r✐❝❡s t♦

❝♦♥s✉♠❡rs✳ ❚❤❡ s✐♠✉❧❛t❡❞ r❡s✉❧ts ❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✸✳

❚❛❜❧❡ ✸✿ ❘❡s✉❧ts ♦❢ ❈♦✉♥t❡r❢❛❝t✉r❛❧ ✶✿ ▲♦✇❡r✐♥❣ ❙❡❣❛✬s ❈♦♥s♦❧❡ Pr✐❝❡

❖❜s❡r✈❡❞ ❉❛t❛ ❈♦✉♥t❡r❢❛❝t✉❛❧

❙❡❣❛ ❙❛t✉r♥✿
❍❛r❞✇❛r❡ ♦✇♥❡rs ✭✷✴✷✵✵✷✱ ♠✮ ✶✳✷✽ ✾✳✼✶
❙♦❢t✇❛r❡ ❛❝❝✉♠✉❧❛t✐✈❡ ✉♥✐ts s♦❧❞ ✭✷✴✷✵✵✷✱ ♠✮ ✷✳✶✶ ✶✻✳✵✷
❙♦♥② P❧❛②❙t❛t✐♦♥✿
❍❛r❞✇❛r❡ ♦✇♥❡rs ✭✷✴✷✵✵✷✱ ♠✮ ✷✽✳✷✺ ✷✵✳✾✺
❙♦❢t✇❛r❡ ❛❝❝✉♠✉❧❛t✐✈❡ ✉♥✐ts s♦❧❞ ✭✷✴✷✵✵✷✱ ♠✮ ✼✺✳✾✼ ✺✾✳✻✵
◆✐♥t❡♥❞♦ ✻✹✿
❍❛r❞✇❛r❡ ♦✇♥❡rs ✭✷✴✷✵✵✷✱ ♠✮ ✶✼✳✶✼ ✶✹✳✾✶
❙♦❢t✇❛r❡ ❛❝❝✉♠✉❧❛t✐✈❡ ✉♥✐ts s♦❧❞ ✭✷✴✷✵✵✷✱ ♠✮ ✷✼✳✽✹ ✷✶✳✻✺

❲✐t❤ t❤❡ ♣r♦♣♦s❡❞ ♣r✐❝❡ s❝❤❡❞✉❧❡ ❢♦r ❙❡❣❛✱ t❤❡ ♥✉♠❜❡r ♦❢ ❙❡❣❛ ❝♦♥s♦❧❡ ♦✇♥❡rs ✇♦✉❧❞

✐♥❝r❡❛s❡ ❜② ❛r♦✉♥❞ ✽ ♠✐❧❧✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ s❛♠♣❧❡ ♣❡r✐♦❞ ✭❋❡❜r✉❛r② ✷✵✵✷✮✱ ❛♥❞ ✐ts

❝✉♠✉❧❛t✐✈❡ s♣♦rts ❣❛♠❡ s❛❧❡s ✇♦✉❧❞ ✐♥❝r❡❛s❡ ❜② ❛r♦✉♥❞ ✶✹ ♠✐❧❧✐♦♥ ✉♥✐ts✳ ❇❡❝❛✉s❡ t❤❡ ✩✶✵✵

✹✷



♣r✐❝❡ r❡❞✉❝t✐♦♥ ✐s ♥♦t ❛ ♥❡❣❧✐❣✐❜❧❡ ♥✉♠❜❡r✱ t❤❡ ✐♠♣❛❝t ♦♥ ❝♦♥s✉♠❡r ❛❞♦♣t✐♦♥ ♦❢ ❤❛r❞✇❛r❡

❛♥❞ s♦❢t✇❛r❡ s❛❧❡s ❛r❡ ❝♦♥s✐❞❡r❛❜❧② ❧❛r❣❡✳ ■♥ ♦♥❡✲s✐❞❡❞ ♠❛r❦❡ts✱ t❤❡ r❡s♣♦♥s✐✈❡♥❡ss ♦❢ t❤❡

q✉❛♥t✐t② ❞❡♠❛♥❞❡❞ t♦ ❛ ♣r✐❝❡ ❝❤❛♥❣❡ ❞❡♣❡♥❞s ♦♥ ❝♦♥s✉♠❡rs✬ ❡❧❛st✐❝✐t②✳ ❍♦✇❡✈❡r✱ ✐♥ t✇♦✲

s✐❞❡❞ ♠❛r❦❡ts✱ t❤❡ r❡s♣♦♥s✐✈❡♥❡ss ♦❢ t❤❡ q✉❛♥t✐t② ❞❡♠❛♥❞❡❞ ♥♦t ♦♥❧② ❞❡♣❡♥❞s ♦♥ ❝♦♥s✉♠❡rs✬

❡❧❛st✐❝✐t② ♦♥ t❤❡ ❣♦♦❞ ❜✉t ♦♥ t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ✐♥❞✐r❡❝t ♥❡t✇♦r❦ ❡✛❡❝ts✳ ❋♦r ❡①❛♠♣❧❡✱ ❛

❧♦✇❡r ❝♦♥s♦❧❡ ♣r✐❝❡ ❛ttr❛❝ts ♥❡✇ ✉s❡rs ❛♥❞ ❤❡♥❝❡ ♥❡✇ ❣❛♠❡s❀ ❣❛♠❡s ❛ttr❛❝t ❡①tr❛ ♥❡✇ ✉s❡rs✱

❛♥❞ s♦ ♦♥✳ ❲❤❡♥ ❝♦♥s✉♠❡rs ❛r❡ ✈❡r② s❡♥s✐t✐✈❡ t♦ ❤❛r❞✇❛r❡ ♣r✐❝❡ ❛♥❞ ❣❛♠❡ ♣r♦❞✉❝❡rs ❤✐❣❤❧②

✈❛❧✉❡ t❤❡ ✐♥st❛❧❧❡❞ ❜❛s❡ ♦❢ ✉s❡rs✱ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ❤❛r❞✇❛r❡ ♣r✐❝❡ ✇♦✉❧❞ ❤❛✈❡ ❛ ❤✉❣❡ ✐♠♣❛❝t✳

❍♦✇❡✈❡r✱ ✇❤❡♥ ❝♦♥s✉♠❡rs ❛r❡ ✐♥❡❧❛st✐❝ ❛♥❞ ❣❛♠❡ ♣r♦❞✉❝❡rs ❞♦ ♥♦t ✈❛❧✉❡ t❤❡ ✐♥st❛❧❧❡❞ ❜❛s❡

❛s ♠✉❝❤✱ t❤❡ ✐♠♣❛❝t ♦❢ ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ ❤❛r❞✇❛r❡ ♣r✐❝❡ ✇♦✉❧❞ ♥♦t ❜❡ t❤❛t ❜✐❣✳

❉✉❡ t♦ t❤❡ ❧♦✇❡r ❝♦♥s♦❧❡ ♣r✐❝❡✱ ❙❡❣❛ ✇♦✉❧❞ ❧♦s❡ ✩✹✷✶✳✺ ♠✐❧❧✐♦♥ ♦♥ t❤❡ ❝♦♥s♦❧❡ s✐❞❡ ♦❢ t❤❡

♠❛r❦❡t✳ ❍♦✇❡✈❡r✱ t❤❡ ✐♥❝r❡❛s❡❞ s❛❧❡s ♦❢ t❤❡ s♣♦rts ❣❛♠❡s ✇♦✉❧❞ ❧❡❛❞ t♦ ❛♥ ❡①tr❛ ✩✶✽✸✳✻✶

♠✐❧❧✐♦♥ ✐♥ r♦②❛❧t② ❢❡❡s ❢r♦♠ t❤❡ ❣❛♠❡ ♣r♦❞✉❝❡rs✳ ❙✐♥❝❡ ■ ♦♥❧② ❦♥♦✇ t❤❡ ✐♥❝r❡❛s❡❞ r♦②❛❧t②

❢❡❡s ❢r♦♠ t❤❡ s♣♦rts ❣❛♠❡s✱ t❤❡ t♦t❛❧ ♥❡t ❣❛✐♥ ❢r♦♠ t❤✐s s✉❜s✐❞② ♣❛❝❦❛❣❡ ✐s ✉♥❦♥♦✇♥✳ ■❢

♥♦♥✲s♣♦rts ❣❛♠❡s ❜❡❤❛✈❡ t❤❡ s❛♠❡ ✇❛② ❛s t❤❡ s♣♦rts ❣❛♠❡s✱ t❤❡♥ t❤❡ ✐♥❝r❡❛s❡❞ r♦②❛❧t② ❢❡❡s

❢r♦♠ ❛❧❧ ❣❛♠❡s ✇♦✉❧❞ ❜❡ s❝❛❧❡❞ ✉♣ t♦ ✽✸✶✳✹✹ ✭ ❂ ✶✽✸✳✻✶✯✷✹✵✴✺✸ ✮ ♠✐❧❧✐♦♥ ❞♦❧❧❛rs✷✻✳ ❆s ❛

r❡s✉❧t✱ t❤❡ t♦t❛❧ ♥❡t ❣❛✐♥ ✇♦✉❧❞ ❜❡ ✩✹✵✾✳✾✹ ♠✐❧❧✐♦♥✳ ❚❤❡r❡❢♦r❡✱ r❡❞✉❝✐♥❣ t❤❡ ❝♦♥s♦❧❡ ♣r✐❝❡ ✐♥

t❤❡ ✐♥✐t✐❛❧ st❛❣❡ ✇♦✉❧❞ ❜❡ ✈❡r② ❡✛❡❝t✐✈❡ ✐♥ ♣r♦♠♦t✐♥❣ ❙❡❣❛✬s ♣❧❛t❢♦r♠ s✐③❡ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐ts

♣r♦✜t✳

❙♦♥② P❧❛②❙t❛t✐♦♥ ✇♦✉❧❞ s✉✛❡r ❢r♦♠ ❙❡❣❛✬s ❧♦✇❡r ❝♦♥s♦❧❡ ♣r✐❝❡ str❛t❡❣②✳ P❧❛②❙t❛t✐♦♥✬s

✐♥st❛❧❧❡❞ ❜❛s❡ ♦❢ ✉s❡rs ✇♦✉❧❞ ❞❡❝r❡❛s❡ ❜② ❛r♦✉♥❞ ✼ ♠✐❧❧✐♦♥✱ ❛♥❞ ✐ts ❛❝❝✉♠✉❧❛t❡❞ s♣♦rts ❣❛♠❡

s❛❧❡s ✇♦✉❧❞ ❞❡❝r❡❛s❡ ❜② ❛r♦✉♥❞ ✶✻ ♠✐❧❧✐♦♥✳ ◆✐♥t❡♥❞♦ ✻✹ ✇♦✉❧❞ ♥♦t ❜❡ ❛✛❡❝t❡❞ ❛s ♠✉❝❤✳

P❧❛②❙t❛t✐♦♥ t❡❝❤♥♦❧♦❣② ❛♥❞ ❡♥tr② t✐♠❡ ✇❡r❡ ❛❧♠♦st t❤❡ s❛♠❡ ❛s ❙❛t✉r♥✬s✱ ❛♥❞ t❤❡r❡❢♦r❡ ✇❛s

t❤❡ ♠❛✐♥ r✐✈❛❧ ♦❢ ❙❛t✉r♥✳ ❍♦✇❡✈❡r✱ ◆✻✹ ✇❛s ♠♦r❡ t❡❝❤♥♦❧♦❣✐❝❛❧❧② ❛❞✈❛♥❝❡❞ ❛♥❞ ❡♥t❡r❡❞ t❤❡

♠❛r❦❡t ♦♥❡ ❛♥❞ ❛ ❤❛❧❢ ②❡❛rs ❧❛t❡r t❤❛♥ ❙❛t✉r♥✱ ❛♥❞ ❤❡♥❝❡ ✇❛s ♥♦t ❙❛t✉r♥✬s ❞✐r❡❝t ❝♦♠♣❡t✐t♦r✳

✷✻❚❤❡ s❛♠♣❧❡ ❝♦♥t❛✐♥s ✷✹✵ ❙❛t✉r♥ ❣❛♠❡s ✐♥ t♦t❛❧ ❛♠♦♥❣ ✇❤✐❝❤ ✺✸ ❣❛♠❡s ❛r❡ s♣♦rts ❣❛♠❡s✳
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✻✳✷ ❙✉❜s✐❞✐③❡ ❙♦❢t✇❛r❡ ❊♥tr②

❚❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ❡♥tr② ❝♦sts ♦❢ t❤❡ ❣❛♠❡ ♣r♦❞✉❝❡rs t♦ t❤❡ t❤r❡❡ ♣❧❛t❢♦r♠s ❛r❡ ❝♦♥s✐❞❡r❛❜❧②

❞✐✛❡r❡♥t ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳ ❙❛t✉r♥✬s ❡♥tr② ❝♦st ❢♦r ❣❛♠❡s ✐s ♦♥ ❛✈❡r❛❣❡ s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r

t❤❛♥ P❙ ❣❛♠❡s✳ ❍✐❣❤ ❡♥tr② ❝♦st ❞✐s❝♦✉r❛❣❡s s♦❢t✇❛r❡ ❡♥tr② ❛♥❞ t❤✉s ❞✐s❝♦✉r❛❣❡s ❝♦♥s✉♠❡r

❡♥tr②✳ ■♥ t❤✐s ❝♦✉♥t❡r❢❛❝t✉❛❧✱ ■ ❝♦♥s✐❞❡r ✇❤❛t ✇♦✉❧❞ ❤❛♣♣❡♥ ✐❢ ❙❡❣❛ ❤❛❞ ❣✐✈❡♥ ❣❛♠❡ ♣r♦❞✉❝❡rs

❛ s✉❜s✐❞② ♦❢ ✩✶ ♠✐❧❧✐♦♥ ♣❡r ❣❛♠❡ t✐t❧❡✳ ❊✈❡♥ t❤♦✉❣❤ ❛ s♦❢t✇❛r❡ ♣r♦❞✉❝❡r✬s ❡♥tr② ❝♦st ❞♦❡s ♥♦t

❞✐r❡❝t❧② ❣♦ t♦ ♣❧❛t❢♦r♠ ♣r♦✈✐❞❡rs✬ ♣♦❝❦❡ts✱ ♣❧❛t❢♦r♠s ❝❛♥ st✐❧❧ str❛t❡❣✐❝❛❧❧② ✐♥✢✉❡♥❝❡ t❤❡s❡

s♦❢t✇❛r❡ ❡♥tr② ❢❡❡s✱ ❡✐t❤❡r ❜② ♦✛❡r✐♥❣ ❡❛s✐❡r✲❧❡❛r♥✐♥❣ ❞❡✈❡❧♦♣♠❡♥t t❡❝❤♥♦❧♦❣② ♦r ❜② ❞✐r❡❝t❧②

s✉❜s✐❞✐③✐♥❣ s♦❢t✇❛r❡ r❡s❡❛r❝❤ ❛♥❞ ❞❡✈❡❧♦♣♠❡♥t✳

❚❛❜❧❡ ✹✿ ❘❡s✉❧ts ♦❢ ❈♦✉♥t❡r❢❛❝t✉r❛❧ ✷✿ ▲♦✇❡r✐♥❣ t❤❡ ❊♥tr② ❈♦st ♦❢ ❙❡❣❛ ●❛♠❡s

❖❜s❡r✈❡❞ ❉❛t❛ ❈♦✉♥t❡r❢❛❝t✉❛❧

❙❡❣❛ ❙❛t✉r♥✿
❍❛r❞✇❛r❡ ♦✇♥❡rs ✭✷✴✷✵✵✷✱ ♠✮ ✶✳✷✽ ✹✳✼✸
❙♦❢t✇❛r❡ ❛❝❝✉♠✉❧❛t✐✈❡ ✉♥✐ts s♦❧❞ ✭✷✴✷✵✵✷✱ ♠✮ ✷✳✶✶ ✼✳✸✻
❙♦♥② P❧❛②❙t❛t✐♦♥✿
❍❛r❞✇❛r❡ ♦✇♥❡rs ✭✷✴✷✵✵✷✱ ♠✮ ✷✽✳✷✺ ✷✹✳✼✽
❙♦❢t✇❛r❡ ❛❝❝✉♠✉❧❛t✐✈❡ ✉♥✐ts s♦❧❞ ✭✷✴✷✵✵✷✱ ♠✮ ✼✺✳✾✼ ✻✽✳✸✹
◆✐♥t❡♥❞♦ ✻✹✿
❍❛r❞✇❛r❡ ♦✇♥❡rs ✭✷✴✷✵✵✷✱ ♠✮ ✶✼✳✶✼ ✶✻✳✵✽
❙♦❢t✇❛r❡ ❛❝❝✉♠✉❧❛t✐✈❡ ✉♥✐ts s♦❧❞ ✭✷✴✷✵✵✷✱ ♠✮ ✷✼✳✽✹ ✷✺✳✷✷

❚❛❜❧❡ ✹ r❡♣♦rts t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✳ ❙❡❣❛ ✇♦✉❧❞ ❛ttr❛❝t ✶✷ ♥❡✇ s♣♦rts ❣❛♠❡s✳ ❚❤✐s

r❡q✉✐r❡s ❙❡❣❛ ♣❛② ❛ ✩✻✺✲♠✐❧❧✐♦♥ s✉❜s✐❞② t♦ t❤❡ ♣r♦❞✉❝❡rs ♦❢ s♣♦rts ❣❛♠❡s✳ ❙❡❣❛✬s ❤❛r❞✇❛r❡

✉s❡rs ✇♦✉❧❞ ✐♥❝r❡❛s❡ ❜② ❛r♦✉♥❞ ✸✳✹✻ ♠✐❧❧✐♦♥ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ s❛♠♣❧❡ ♣❡r✐♦❞✱ ❛♥❞ ✐ts ❝✉♠✉✲

❧❛t✐✈❡ s♣♦rts ❣❛♠❡ s❛❧❡s ✇♦✉❧❞ ✐♥❝r❡❛s❡ ❜② ❛r♦✉♥❞ ✺✳✷✺ ♠✐❧❧✐♦♥✳ ❚❤❡ ✐♥❝r❡❛s❡❞ s❛❧❡s ♦❢ s♣♦rts

❣❛♠❡s ✇♦✉❧❞ ❣❡♥❡r❛t❡ ✩✻✾✳✸ ♠✐❧❧✐♦♥ ✐♥ r♦②❛❧t② ❢❡❡s ❢♦r ❙❡❣❛✳ ❆s ❛ r❡s✉❧t✱ t❤✐s s✉❜s✐❞✐③✐♥❣

♣❛❝❦❛❣❡ ✇♦✉❧❞ ❣❡♥❡r❛t❡ ❛ ♥❡t ❣❛✐♥ ♦❢ ✩✹✳✸ ♠✐❧❧✐♦♥ ❢r♦♠ t❤❡ s♣♦rts ❣❛♠❡s✳ ■❢ ♥♦♥✲s♣♦rts ❣❛♠❡s

❜❡❤❛✈❡ t❤❡ s❛♠❡ ❛s s♣♦rts ❣❛♠❡s✱ t❤❡♥ t❤❡ t♦t❛❧ ♥❡t ❣❛✐♥ ✇♦✉❧❞ ❜❡ s❝❛❧❡❞ ✉♣ t♦ ✶✾✳✹✼ ✭ ❂

✹✳✸✯✷✹✵✴✺✸ ✮ ♠✐❧❧✐♦♥ ❞♦❧❧❛rs✳ ❚❤❡r❡❢♦r❡✱ s✉❜s✐❞✐③✐♥❣ s♦❢t✇❛r❡ ❡♥tr② ✇♦✉❧❞ ♥♦t ❤❡❧♣ ❙❡❣❛ ✈❡r②

♠✉❝❤✳ ❚❤✐s r❡s✉❧t ✐♥❞✐❝❛t❡s t❤❛t ✇❤❡♥ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❤✐❣❤ ❝♦♥s♦❧❡ ♣r✐❝❡s t♦ ❝♦♥s✉♠❡rs✱
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t❤❡ ❤✐❣❤ ❡♥tr② ❝♦st t♦ s♦❢t✇❛r❡ ✜r♠s ✇❛s ♥♦t t❤❡ ♠❛✐♥ ❝❛✉s❡ ♦❢ ❙❡❣❛✬s ❢❛✐❧✉r❡✳ ❚❤✐s ♠✐❣❤t

❜❡ ❜❡❝❛✉s❡ s♦❢t✇❛r❡ ✜r♠s ✇❡r❡ ♥♦t ❛s s❡♥s✐t✐✈❡ t♦ ❡♥tr② ❝♦sts✱ ♦r ❜❡❝❛✉s❡ ❝♦♥s✉♠❡rs ❞✐❞ ♥♦t

✈❛❧✉❡ s♦❢t✇❛r❡ ✈❛r✐❡t② ❛s ♠✉❝❤✱ ♦r ❜♦t❤✳

❯♥❞❡r t❤✐s ❝♦✉♥t❡r❢❛❝t✉❛❧✱ P❧❛②❙t❛t✐♦♥✬s ❝♦♥s♦❧❡ ♦✇♥❡rs ✇♦✉❧❞ ❞❡❝r❡❛s❡ ❜② ❛r♦✉♥❞ ✸✳✹✼

♠✐❧❧✐♦♥ ❛♥❞ ✐ts ❝✉♠✉❧❛t✐✈❡ s♣♦rts ❣❛♠❡ s❛❧❡s ✇♦✉❧❞ ❞r♦♣ ❜② ❛r♦✉♥❞ ✼✳✻✸ ♠✐❧❧✐♦♥✳ ◆✐♥t❡♥❞♦

✻✹ ✇♦✉❧❞ ♥♦t s✉✛❡r ✈❡r② ♠✉❝❤✳

✼ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

■♥ t❤✐s ♣❛♣❡r✱ ■ ♣r❡s❡♥t ❛ ❞②♥❛♠✐❝ str✉❝t✉r❛❧ ♠♦❞❡❧ t♦ st✉❞② ❝♦♥s✉♠❡rs✬ ❞❡♠❛♥❞ ❢♦r ❤❛r❞✇❛r❡

❛♥❞ ❛ss♦❝✐❛t❡❞ s♦❢t✇❛r❡✱ ❛♥❞ s♦❢t✇❛r❡ ✜r♠s✬ ❡♥tr② ❛♥❞ ♣r✐❝✐♥❣ ❞❡❝✐s✐♦♥s✳ ■ ❡①❛♠✐♥❡ ❙❡❣❛✬s

❛❧t❡r♥❛t✐✈❡ str❛t❡❣✐❝ ♦♣t✐♦♥s s✉❝❤ ❛s r❡❞✉❝✐♥❣ ✐ts ❝♦♥s♦❧❡ ♣r✐❝❡s ❢♦r t❤❡ ✜rst t✇♦ ②❡❛rs ♦r

s✉❜s✐❞✐③✐♥❣ s♦❢t✇❛r❡ ❡♥tr②✳ ❋♦r ❡❛❝❤ ❛❧t❡r♥❛t✐✈❡ ♦♣t✐♦♥✱ ■ s✐♠✉❧❛t❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛rt✐❝✐♣❛♥ts

❛♥❞ ❙❡❣❛✬s r❡✈❡♥✉❡✳ ❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t ❙❡❣❛ ✇♦✉❧❞ ❤❛✈❡ s✉r✈✐✈❡❞ ✐❢ ✐t ❤❛❞ r❡❞✉❝❡❞ ❝♦♥s♦❧❡

♣r✐❝❡ ❜② ✩✶✵✵ ✐♥ t❤❡ ❧❛✉♥❝❤✐♥❣ st❛❣❡✱ ❛♥❞ t❤❛t s✉❜s✐❞✐③✐♥❣ s♦❢t✇❛r❡ ❡♥tr② ✇♦✉❧❞ ♥♦t ❤❛✈❡

❤❡❧♣❡❞ ❙❡❣❛ ✇❛❧❦ ♦✉t ♦❢ t❤❡ ❞❡❛t❤ s♣✐r❛❧✳

❚❤✐s ♣❛♣❡r ♣r♦✈✐❞❡s ❛ ❢r❛♠❡✇♦r❦ t♦ str✉❝t✉r❛❧❧② ♠♦❞❡❧ ❛ t✇♦✲s✐❞❡❞ ♠❛r❦❡t✱ ❡s♣❡❝✐❛❧❧②

❛ ❤❛r❞✇❛r❡✲s♦❢t✇❛r❡ ♠❛r❦❡t✳ ❖♥ t❤❡ ❝♦♥s✉♠❡r s✐❞❡✱ t❤❡ ✈❛❧✉❡ ♦❢ ❛ ❤❛r❞✇❛r❡ ♣❧❛t❢♦r♠ ❞❡✲

♣❡♥❞s ♦♥ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❡ ♦❢ ♦♣t✐♠❛❧❧② ♣✉r❝❤❛s✐♥❣ s♦❢t✇❛r❡ ♣r♦❞✉❝ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❛t

♣❧❛t❢♦r♠✳ ▼♦r❡♦✈❡r✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦t❡♥t✐❛❧ ❜✉②❡rs ❢♦r ❛ s♦❢t✇❛r❡ ♣r♦❞✉❝t ❞❡♣❡♥❞s ♦♥ t❤❡

♥✉♠❜❡r ♦❢ ✉s❡rs ✇❤♦ ❤❛✈❡ ❛❞♦♣t❡❞ t❤❡ ❝♦♠♣❛t✐❜❧❡ ❤❛r❞✇❛r❡✳ ❚❤❡ ❞❡♠❛♥❞ s②st❡♠ ♦❢ t❤❡

♠♦❞❡❧ ❛❝❝♦✉♥ts ❢♦r ❞②♥❛♠✐❝ s❡❧❡❝t✐♦♥ ♦❢ ❢♦r✇❛r❞✲❧♦♦❦✐♥❣ ❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♥s✉♠❡rs ✐♥t♦

♣❧❛t❢♦r♠s ❢♦r ❛✣❧✐❛t❡❞ s♦❢t✇❛r❡ ♣r♦❞✉❝ts✱ ❛♥❞ ❛❧❧♦✇s ❢♦r t❤❡ ❝♦♥t✐♥❣❡♥❝② ♦❢ ♣❧❛t❢♦r♠s✬ ✈❛❧✉❡

♦♥ t❤❡ ❛✈❛✐❧❛❜✐❧✐t② ❛♥❞ ♣r✐❝❡s ♦❢ t❤❡ ❛✣❧✐❛t❡❞ ♣r♦❞✉❝ts✳ ❇② ✐♥❝♦r♣♦r❛t✐♥❣ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r✲

✐t② ❜❡t✇❡❡♥ ❤❛r❞✇❛r❡ ❛♥❞ s♦❢t✇❛r❡✱ ■ ❛♠ ❛❜❧❡ t♦ ❡①❛♠✐♥❡ t❤❡ ❡✛❡❝ts t❤❛t s✉❜s✐❞✐③✐♥❣ ❡♥tr②

♦❢ t❤❡ s♦❢t✇❛r❡ s✐❞❡ ❤❛s ♦♥ ❝♦♥s✉♠❡r ❡♥tr② t♦ ❛ ♣❧❛t❢♦r♠✳

❖♥ t❤❡ s♦❢t✇❛r❡ s✐❞❡✱ s♦❢t✇❛r❡ ♣r♦❞✉❝❡rs ❝♦♠♣❡t❡ ✇✐t❤✐♥ ❛ s✉❜♠❛r❦❡t✳ ■♥❝✉♠❜❡♥ts ❝❤♦♦s❡
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t❤❡✐r ♣r✐❝❡s✱ ❛♥❞ ♣♦t❡♥t✐❛❧ ❡♥tr❛♥ts ❝❤♦♦s❡ ✇❤❡t❤❡r t♦ ❡♥t❡r✳ P♦t❡♥t✐❛❧ ❡♥tr❛♥ts str❛t❡❣✐❝❛❧❧②

❛❝❝♦✉♥t ❢♦r ❝♦♠♣❡t✐t♦r r❡❛❝t✐♦♥s ❛♥❞ ❝♦♥s✉♠❡r r❡s♣♦♥s❡s✳ ■ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ✐♠♣❛❝ts

t❤❛t s✉❜s✐❞✐③✐♥❣ ❡♥tr② ♦♥ t❤❡ ❝♦♥s✉♠❡r s✐❞❡ ❤❛s ♦♥ s♦❢t✇❛r❡ ♣r♦❞✉❝❡rs✬ ❡♥tr② ❛♥❞ ♣r✐❝❡

❝❤♦✐❝❡s✳ ❈♦✉♥t❡r❢❛❝t✉❛❧ ❡①♣❡r✐♠❡♥ts ❞❡♠♦♥str❛t❡ t❤❛t ❧♦✇❡r✐♥❣ ❝♦♥s♦❧❡ ♣r✐❝❡ ❤❛s s✐❣♥✐✜✲

❝❛♥t❧② ✐♥❝r❡❛s❡❞ ❝♦♥s✉♠❡r ❡♥tr② ❛♥❞ t❤❡r❡❢♦r❡ s♦❢t✇❛r❡ ❡♥tr②✳

❚❤✐s ♣❛♣❡r ❛❧s♦ ❞❡✈❡❧♦♣s ❛ ♣r❛❝t✐❝❛❧ ❇❛②❡s✐❛♥ ▼❈▼❈ ♣r♦❝❡❞✉r❡ ❢♦r str✉❝t✉r❛❧ ❡st✐♠❛t✐♦♥

♦❢ ❞②♥❛♠✐❝ ♠♦❞❡❧s✳ ■ ✉s❡ t❤❡ ♦✉t❝♦♠❡s ❢r♦♠ ♣❛st ▼❈▼❈ ✐t❡r❛t✐♦♥ t♦ ❛♣♣r♦①✐♠❛t❡ ❡❛❝❤

❛❣❡♥t✬s ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② ❛♥❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ❝✉rr❡♥t ❞r❛✇ ♦❢ ♣❛r❛♠❡t❡r ✈❡❝t♦r✳

❚❤✐s ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡s ❝♦♠♣✉t❛t✐♦♥❛❧ ❜✉r❞❡♥✳ ❚♦ ❛✈♦✐❞ ❝♦♠♣✉t✐♥❣

t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛t ❛❧❧ ♣♦ss✐❜❧❡ ♣♦✐♥ts ♦❢ t❤❡ st❛t❡ s♣❛❝❡✱ ■ ❝♦♠❜✐♥❡ t❤❡ ♥♦♥♣❛r❛♠❡tr✐❝

❛♣♣r♦①✐♠❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ ✐♥t❡r♣♦❧❛t✐♦♥ ♠❡t❤♦❞✳ ■ ❛❧s♦ ✐♠♣❧❡♠❡♥t t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡

t♦ ❡st✐♠❛t❡ ❛ ❞②♥❛♠✐❝ ♠♦❞❡❧ ✐♥ t❤❡ ✈✐❞❡♦ ❣❛♠❡ ♠❛r❦❡t✳ ❚❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡

✉s❡❞ t♦ ❡st✐♠❛t❡ ♦t❤❡r ❞②♥❛♠✐❝ ♠♦❞❡❧s✱ ❡s♣❡❝✐❛❧❧② t❤♦s❡ ✇✐t❤ ✉♥♦❜s❡r✈❡❞ ❤❡t❡r♦❣❡♥❡✐t② ❛♥❞

❧❛r❣❡ st❛t❡ s♣❛❝❡✳
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❉✉r❛❜❧❡ ●♦♦❞s ✇✐t❤♦✉t P❤②s✐❝❛❧ ❉❡♣r❡❝✐❛t✐♦♥✿ ❚❤❡ ❈❛s❡ ♦❢ ❏❛♣❛♥❡s❡ ❱✐❞❡♦

●❛♠❡s✑✱ ❲♦r❦✐♥❣ P❛♣❡r✳

❬✶✽❪ ❏✐❛♥❣✱ ❘✳✱ ▼❛♥❝❤❛♥❞❛✱ P✳✱ ❛♥❞ ❘♦ss✐✱ P✳ ✭✷✵✵✾✮✿ ✏❇❛②❡s✐❛♥ ❆♥❛❧②s✐s ♦❢ ❘❛♥❞♦♠

❈♦❡✣❝✐❡♥t ▲♦❣✐t ▼♦❞❡❧s ❯s✐♥❣ ❆❣❣r❡❣❛t❡ ❉❛t❛✑✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s✱ ✶✹✾✱

✶✸✻✲✶✹✽✳

❬✶✾❪ ❑❡❛♥❡✱ ▼✳ ❛♥❞ ❲♦❧♣✐♥✱ ❑✳ ✭✶✾✾✹✮✿ ✏❚❤❡ ❙♦❧✉t✐♦♥ ❛♥❞ ❊st✐♠❛t✐♦♥ ♦❢ ❉✐s❝r❡t❡

❈❤♦✐❝❡ ❉②♥❛♠✐❝ Pr♦❣r❛♠♠✐♥❣ ▼♦❞❡❧s ❜② ❙✐♠✉❧❛t✐♦♥ ❛♥❞ ■♥t❡r♣♦❧❛t✐♦♥✿ ▼♦♥t❡

❈❛r❧♦ ❊✈✐❞❡♥❝❡✑✱ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s✱ ✼✻✭✹✮✱ ✻✹✽✲✻✼✷✳

❬✷✵❪ ▲❡❡✱ ❘♦❜✐♥ ✭✷✵✶✵✮✿ ✏❉②♥❛♠✐❝ ❉❡♠❛♥❞ ❊st✐♠❛t✐♦♥ ✐♥ P❧❛t❢♦r♠ ❛♥❞ ❚✇♦✲❙✐❞❡❞

▼❛r❦❡ts✑✱ ❲♦r❦✐♥❣ P❛♣❡r

✹✽



❬✷✶❪ ▼❝❈✉❧❧♦❝❤✱ ❘✳ ❛♥❞ ❘♦ss✐✱ P✳ ✭✶✾✾✹✮✿ ✏❆♥ ❊①❛❝t ▲✐❦❡❧✐❤♦♦❞ ❆♥❛❧②s✐s ♦❢ t❤❡

▼✉❧t✐♥♦♠✐❛❧ Pr♦❜✐t ▼♦❞❡❧✑✱ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s✱ ✻✹✱ ✷✵✼✲✷✹✵✳

❬✷✷❪ ◆❛✐r✱ ❍✳ ✭✷✵✵✼✮✿ ✏■♥t❡rt❡♠♣♦r❛❧ Pr✐❝❡ ❉✐s❝r✐♠✐♥❛t✐♦♥ ✇✐t❤ ❋♦r✇❛r❞✲▲♦♦❦✐♥❣

❈♦♥s✉♠❡rs✿ ❆♣♣❧✐❝❛t✐♦♥ t♦ t❤❡ ❯❙ ▼❛r❦❡t ❢♦r ❈♦♥s♦❧❡ ❱✐❞❡♦✲❣❛♠❡s✑✱ ◗✉❛♥t✐✲

t❛t✐✈❡ ▼❛r❦❡t✐♥❣ ❛♥❞ ❊❝♦♥♦♠✐❝s✱ ✺✱ ✷✸✾✲✷✾✷✳

❬✷✸❪ ◆♦r❡ts✱ ❆✳ ✭✷✵✵✾✮✿ ✏■♥❢❡r❡♥❝❡ ✐♥ ❉②♥❛♠✐❝ ❉✐s❝r❡t❡ ❈❤♦✐❝❡ ▼♦❞❡❧s ✇✐t❤ ❙❡r✐❛❧❧②

❈♦rr❡❧❛t❡❞ ❯♥♦❜s❡r✈❡❞ ❙t❛t❡ ❱❛r✐❛❜❧❡s✑✱ ❊❝♦♥♦♠❡tr✐❝❛✱ ✼✼✭✺✮✱ ✶✻✻✺✲✶✻✽✷✳

❬✷✹❪ P❛❦❡s✱ ❆✳ ❛♥❞ ▼❝●✉r✐❡✱ P✳ ✭✷✵✵✶✮✿ ✏❙t♦❝❤❛st✐❝ ❆❧❣♦r✐t❤♠s✱ ❙②♠♠❡tr✐❝ ▼❛r❦♦✈

P❡r❢❡❝t ❊q✉✐❧✐❜r✐✉♠✱ ❛♥❞ t❤❡ ❈✉rs❡ ♦❢ ❉✐♠❡♥s✐♦♥❛❧✐t②✑✱ ❊❝♦♥♦♠❡tr✐❝s✱ ✻✾✭✺✮✱

✶✷✻✶✲✶✷✽✶✳

❬✷✺❪ ❘♦❝❤❡t✱ ❏❡❛♥✲❈❤❛r❧❡s✱ ❛♥❞ ❏❡❛♥ ❚✐r♦❧❡ ✭✷✵✵✻✮✿ ✏❚✇♦✲❙✐❞❡❞ ▼❛r❦❡ts✿ ❆ Pr♦❣r❡ss

❘❡♣♦rt✳✑ ❚❤❡ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✸✺✭✸✮✱ ✻✹✺✲✻✻✼✳

❬✷✻❪ ❘✉st✱ ❏✳ ✭✶✾✽✼✮✿ ✏❖♣t✐♠❛❧ ❘❡♣❧❛❝❡♠❡♥t ♦❢ ●▼❈ ❇✉s ❊♥❣✐♥❡s✿ ❆♥ ❊♠♣✐r✐❝❛❧

▼♦❞❡❧ ♦❢ ❍❛r♦❧❞ ❩✉r❝❤❡r✳✑ ❊❝♦♥♦♠❡tr✐❝s✱ ✺✺✭✺✮✱ ✾✾✾✲✶✵✸✸✳

❬✷✼❪ ❘②s♠❛♥✱ ▼✳ ✭✷✵✵✾✮✿ ✏❚❤❡ ❊❝♦♥♦♠✐❝s ♦❢ ❚✇♦✲❙✐❞❡❞ ▼❛r❦❡ts✳✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦✲

♥♦♠✐❝ P❡rs♣❡❝t✐✈❡s✱ ✷✸✭✸✮✱ ✶✷✺✲✶✹✸✳

❬✷✽❪ ❲❡②❧✱ ❊✳ ●❧❡♥ ✭✷✵✶✵✮✿ ✏ ❚❤❡ Pr✐❝❡ ❚❤❡♦r② ♦❢ ▼✉❧t✐✲❙✐❞❡❞ P❧❛t❢♦r♠s✳✑ ❆♠❡r✐❝❛♥

❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✶✵✵✭✹✮✱ ✶✻✹✷✲✶✻✼✷✳

✹✾



❆ ❙✉❜st✐t✉t✐♦♥ ♦❢ t❤❡ ❙♦❢t✇❛r❡ ▼❛r❦❡t

■♥ t❤✐s ♣❛♣❡r✱ ■ ❛ss✉♠❡ t❤❛t s♦❢t✇❛r❡ ♣r♦❞✉❝ts ✐♥ t❤❡ s❛♠❡ s✉❜♠❛r❦❡t ❛r❡ s✉❜st✐t✉t❛❜❧❡ ❛♥❞

s✉❜♠❛r❦❡ts ❛r❡ s❡♣❛r❛t❡ ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳ ❇❡❧♦✇ ■ s♣❡❝✐❢② t❤r❡❡ ❞✐✛❡r❡♥t r❡❣r❡ss✐♦♥ ♠♦❞❡❧s

t♦ t❡st t❤❡ s✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥ s♣♦rts ❣❛♠❡s✱ ❛♥❞ t❤❡ r❡s✉❧ts ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✺✳

❚❛❜❧❡ ✺✿ ❊♠♣✐r✐❝❛❧ ❘❡s✉❧ts ♦❢ ❚❡st✐♥❣ ❙♦❢t✇❛r❡ ❈♦♠♣❡t✐t✐♦♥ ❙tr✉❝t✉r❡

▼♦❞❡❧ ✶ ▼♦❞❡❧ ✷ ▼♦❞❡❧ ✸

♣r✐❝❡ ✭✩✮ ln(qjt) ln(qjt)

✐ts ♦✇♥ ♣r✐❝❡ ✲✳✵✶✷✻∗∗∗ ✲✳✵✵✾∗∗∗

✭✳✵✵✶✾✮ ✭✳✵✵✷✮

❝♦♠♣❡t✐t✐♦♥ ✐♥ t❤❡ s❛♠❡ s✉❜♠❛r❦❡t ✲✳✶✹✽∗∗ ✲✳✵✸✺✾∗∗∗ ✲✳✷✶✾∗∗∗

✭✳✵✻✵✮ ✭✳✵✵✹✺✮ ✭✳✵✶✾✮

❝♦♠♣❡t✐t✐♦♥ ❢r♦♠ ♦t❤❡r s✉❜♠❛r❦❡ts ✲✳✵✶✶ ✳✵✵✵✷ ✲✳✵✶✷

✭✵✳✵✻✻✮ ✭✳✵✵✵✹✮ ✭✳✵✷✹✮

♦♥❧✐♥❡ r❛t✐♥❣ s❝♦r❡ ✶✳✹✶✼∗∗∗ ✳✸✹✶✾∗∗∗ ✳✷✻✶∗∗∗

✭✳✵✹✼✮ ✭✳✵✵✾✾✮ ✭✳✵✶✵✮

♣r♦❞✉❝t ❛❣❡ ✭♠♦♥t❤s✮ ✲✶✳✶✹✶∗∗∗ ✲✳✶✾✽✽∗∗∗ ✲✳✶✾✾∗∗∗

✭✳✵✶✺✮ ✭✳✵✵✾✾✮ ✭✳✵✵✹✮

❛❣❡ sq✉❛r❡ ✳✵✶✸∗∗∗ ✳✵✵✶✺∗∗∗ ✳✵✵✷∗∗∗

✭✳✵✵✷✮ ✭✳✵✵✵✵✮ ✭✳✵✵✵✮

♠❛r❦❡t s✐③❡ ✭♠✐❧❧✐♦♥✮ ✸✳✸✺✸∗∗∗ ✳✷✹✸✽∗∗∗ ✳✽✵✸∗∗∗

✭✳✵✽✽✮ ✭✳✵✹✻✻✮ ✭✳✵✸✹✮

❘✲sq✉❛r❡ ✵✳✻✽ ✵✳✻✸ ✵✳✺✸

♦❜s❡r✈❛t✐♦♥s ✶✸✼✼✾ ✶✸✵✷✹ ✶✷✼✾✹

◆♦t❡s✿ ∗ ✐♥❞✐❝❛t❡s s✐❣♥✐✜❝❛♥❝❡ ❛t ✶✵ ♣❡r❝❡♥t ❧❡✈❡❧❀ ∗∗ ✐♥❞✐❝❛t❡s s✐❣♥✐✜❝❛♥❝❡ ❛t ✺ ♣❡r❝❡♥t ❧❡✈❡❧❀ ❛♥❞
∗∗∗ ✐♥❞✐❝❛t❡s s✐❣♥✐✜❝❛♥❝❡ ❛t ✶ ♣❡r❝❡♥t ❧❡✈❡❧✳

■♥ t❤❡ ✜rst r❡❣r❡ss✐♦♥✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s ❛ ❣❛♠❡✬s ♣r✐❝❡ ❛♥❞ t❤❡ ✐♥❞❡♣❡♥❞❡♥t

✈❛r✐❛❜❧❡s ✐♥❝❧✉❞❡✿ ✭✐✮ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❧❡✈❡❧ ✇✐t❤✐♥ ❛ s✉❜♠❛r❦❡t ♠❡❛s✉r❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢

❡①✐st✐♥❣ ❣❛♠❡s ✐♥ t❤❡ s❛♠❡ ♠❛r❦❡t❀ ✭✐✐✮ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❢r♦♠ ♦t❤❡r s✉❜♠❛r❦❡ts ♠❡❛s✉r❡❞ ❜②

t❤❡ ♥✉♠❜❡r ♦❢ ❡①✐st✐♥❣ ❣❛♠❡s ✐♥ ❛❧❧ ♦t❤❡r s✉❜♠❛r❦❡ts❀ ✭✐✐✐✮ ♦❜s❡r✈❡❞ ❝❤❛r❛❝t❡r✐st✐❝s ✐♥❝❧✉❞✐♥❣

t❤❡ ♦♥❧✐♥❡ r❛t✐♥❣ s❝♦r❡ ❛♥❞ t❤❡ ❣❛♠❡ ❛❣❡ ♠❡❛s✉r❡❞ ❜② t❤❡ ♠♦♥t❤s ❛❢t❡r r❡❧❡❛s❡❀ ✭✐✈✮ t❤❡

♠❛r❦❡t s✐③❡ ♠❡❛s✉r❡❞ ❜② t❤❡ ❧♦❣ ♦❢ t❤❡ ❝♦♥s♦❧❡ ♦✇♥❡rs❀ ❛♥❞ ✭✈✮ ♠♦♥t❤❧② ❞✉♠♠✐❡s✳ ❚❤❡ ✜rst

✐♠♣♦rt❛♥t r❡s✉❧t ✐s t❤❛t t❤❡ ♣r✐❝❡ ♦❢ ❛♥ ❡①✐st✐♥❣ ❣❛♠❡ ✐s ❧♦✇❡r ❜② ✩✵✳✶✹✽ ✐❢ ❛❞❞✐t✐♦♥❛❧ ❣❛♠❡ ✐s

r❡❧❡❛s❡❞ ✐♥ t❤❡ s❛♠❡ s✉❜♠❛r❦❡t ❛♥❞ t❤✐s ✐♠♣❛❝t ✐s st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t✳ ■t ✐♠♣❧✐❡s t❤❛t t❤❡

✺✵



❝♦♠♣❡t✐t✐♦♥ ✇✐t❤✐♥ ❛ ♠❛r❦❡t ✐s str♦♥❣✳ ❚❤❡ s❡❝♦♥❞ ✐♠♣♦rt❛♥t r❡s✉❧t ✐s t❤❛t t❤❡ ❝♦♠♣❡t✐t✐♦♥

❡✛❡❝t ❢r♦♠ ♦t❤❡r s✉❜♠❛r❦❡ts ✐s ♥♦t st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t s✉❜♠❛r❦❡ts

❛r❡ s❡♣❛r❛t❡ ❢r♦♠ ❡❛❝❤ ♦t❤❡r✳ ❇❡s✐❞❡s✱ t❤❡ ❣❛♠❡ ♣r✐❝❡ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ ✐ts ♦♥❧✐♥❡ r❛t✐♥❣ s❝♦r❡✱

❞❡❝❧✐♥✐♥❣ ✐♥ ✐ts ❛❣❡ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s♦❧❡ ♦✇♥❡rs✳

■♥ t❤❡ s❡❝♦♥❞ r❡❣r❡ss✐♦♥✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s t❤❡ ❧♦❣ ♦❢ ❛ ❣❛♠❡✬s ✉♥✐t s❛❧❡s ✭♠❡❛s✉r❡❞

✐♥ t❤♦✉s❛♥❞s✮✳ ❚❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❛r❡ t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ ✜rst ♠♦❞❡❧ ❡①❝❡♣t t❤❛t ■

✐♥❝❧✉❞❡ ❛♥ ❡①tr❛ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✱ t❤❡ ❝✉rr❡♥t ♣r✐❝❡✳ ❚♦ ❛❞❞r❡ss t❤❡ ❡♥❞♦❣❡♥❡✐t② ♦❢ t❤❡

♣r✐❝❡✱ ■ ✉s❡ t❤❡ ❧❛❣❣❡❞ ♣r✐❝❡ ❛s ❛♥ ✐♥str✉♠❡♥t ❢♦r t❤❡ ❝✉rr❡♥t ♣r✐❝❡✳ ❚❤❡ t❤✐r❞ ❝♦❧✉♠♥ ✐♥ t❛❜❧❡

✺ ❧✐sts t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ✇❤✐❝❤ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ str♦♥❣ ❝♦♠♣❡t✐t✐♦♥

✇✐t❤✐♥ ❛ ♠❛r❦❡t ❛♥❞ ✇❡❛❦ ❝♦♠♣❡t✐t✐♦♥ ❛❝r♦ss ♠❛r❦❡ts✳

❚❤❡ ❧❛st r❡❣r❡ss✐♦♥ ♠✐♠✐❝s ◆❛✐r ✭✷✵✵✼✮✳✷✼ ■ st✐❧❧ ✉s❡ t❤❡ ❧♦❣ ♦❢ ❛ ❣❛♠❡✬s ✉♥✐t s❛❧❡s ❛s t❤❡

❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✳ ❍♦✇❡✈❡r✱ ■ ✉s❡ t❤❡ ❧♦❣ ♦❢ t❤❡ t♦t❛❧ ✉♥✐t s❛❧❡s ♦❢ ❛❧❧ ❡①✐st✐♥❣ ❣❛♠❡s ✐♥

t❤❡ s❛♠❡ s✉❜♠❛r❦❡t t♦ ♠❡❛s✉r❡ t❤❡ ❝♦♠♣❡t✐t✐♦♥ ❧❡✈❡❧ ✇✐t❤✐♥ ❛ s✉❜♠❛r❦❡t✱ ❛♥❞ t❤❡ ❧♦❣ ♦❢

t❤❡ t♦t❛❧ ✉♥✐t s❛❧❡s ♦❢ ❛❧❧ ❡①✐st✐♥❣ ❣❛♠❡s ✐♥ ♦t❤❡r s✉❜♠❛r❦❡ts t♦ ♠❡❛s✉r❡ t❤❡ ❝♦♠♣❡t✐t✐♦♥

❡✛❡❝t ❢r♦♠ ♦t❤❡r s✉❜♠❛r❦❡ts✳ ❚♦ ❛❞❞r❡ss t❤❡ ❡♥❞♦❣❡♥❡✐t② ♣r♦❜❧❡♠✱ ■ ✉s❡ t❤❡ ❧❛❣❣❡❞ ♣r✐❝❡ ❛s

❛♥ ✐♥str✉♠❡♥t ❢♦r t❤❡ ❝✉rr❡♥t ♣r✐❝❡✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡①✐st✐♥❣ ❣❛♠❡s ✇✐t❤✐♥ t❤❡ ❛ s✉❜♠❛r❦❡t

❛s ❛♥ ✐♥str✉♠❡♥t ❢♦r t❤❡ ✇✐t❤✐♥✲s✉❜♠❛r❦❡t s❛❧❡s✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❡①✐st✐♥❣ ❣❛♠❡s ✐♥ ♦t❤❡r

s✉❜♠❛r❦❡ts ❛s ❛♥ ✐♥str✉♠❡♥t ❢♦r t❤❡ ♦✉ts✐❞❡✲s✉❜♠❛r❦❡t s❛❧❡s✳ ❚❤❡ r❡s✉❧ts ❛❧s♦ s❤♦✇ t❤❛t

t❤❡ s✉❜st✐t✉t✐♦♥ ❡✛❡❝t ✇✐t❤✐♥ ❛ s✉❜♠❛r❦❡t ✐s str♦♥❣ ✇❤✐❧❡ t❤❡ s✉❜st✐t✉t✐♦♥ ❢r♦♠ ❣❛♠❡s s♦❧❞

✐♥ ♦t❤❡r ♠❛r❦❡ts ✐s ✐♥s✐❣♥✐✜❝❛♥t✳

✷✼■♥ ◆❛✐r ✭✷✵✵✼✮✱ t❤❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡ ✐s ln(sjt/s0t)✱ ✇❤❡r❡ sjt ✐s t❤❡ ♠❛r❦❡t s❤❛r❡ ♦❢ ❣❛♠❡ j ❛♥❞ s0t ✐s
t❤❡ s❤❛r❡ ♦❢ t❤❡ ♦✉ts✐❞❡ ❣♦♦❞✳ ❍❡ ✉s❡s ln(sjt|g/s0t) t♦ ♠❡❛s✉r❡ t❤❡ ❡✛❡❝t ✇✐t❤✐♥ ❛ ♠❛r❦❡t✱ ✇❤❡r❡ sjt|g ✐s t❤❡
s❤❛r❡ ♦❢ ✉♥✐ts s❛❧❡s ♦❢ t❤❡ ❣❛♠❡ ✇✐t❤✐♥ ✐ts ❣❡♥r❡✱ g✳ ❍❡ ✜♥❞s t❤❛t t❤❡ s✉❜st✐t✉t✐♦♥ ❡✛❡❝t ❢r♦♠ ♦t❤❡r ❣❛♠❡s
✇✐t❤ t❤❡ s❛♠❡ ❣❛♠❡ ❣❡♥r❡ ✐s ♥♦t s✐❣♥✐✜❝❛♥t✱ ❛♥❞ t❤✉s ❤❡ ❝♦♥❝❧✉❞❡s t❤❛t ✈✐❞❡♦ ❣❛♠❡s ❛r❡ s❡♣❛r❛t❡ ❢r♦♠ ❡❛❝❤
♦t❤❡r✳

✺✶



❇ ❈♦♠♣✉t❛t✐♦♥

❇✳✶ ❏❛❝♦❜✐❛♥ ▼❛tr✐①

❚❤❡ ❏❛❝♦❜✐❛♥ ▼❛tr✐① ✐♥ ❡q✉❛t✐♦♥ ✭✶✷✮ ✐s

J(qmt→ξmt) ≡‖ ∇ξmt
qmt ‖=













∂q1t/∂ξ1t ... ∂q1t/∂ξJt
✳✳✳

✳ ✳ ✳
✳✳✳

∂qJt/∂ξ1t · · · ∂qJt/∂ξJt













✇✐t❤

∂qjt
∂ξlt

=















−
∑I

i=1 nmit

[

bijtbilt + βcbijtbim0t
∂EGmit+1

∂ξlt

]

if l 6= j

∑I
i=1 nmit

[

bijt(1− bijt) + βcbijtbim0t
∂EGmit+1

∂ξjt

]

if l = j

❍❡r❡✱ bim0t = 1−
∑

j∈Jmt

bijt ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♥♦t ♣✉r❝❤❛s✐♥❣✳ ◆♦t✐❝❡ t❤❛t ∂EGmit/∂ξjt ❛♥❞

∂bim0t/∂ξjt ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✿















∂EGmit+1

∂ξjt
=

∑

l
∂EGmit+1

∂nmlt+1
nmlt

∂bim0t

∂ξjt
for all i

∂bim0t

∂ξjt
= −bijtbim0t + βcbim0t(1− bim0t)

dEGmit+1

dξjt
for all i

■♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♣❛rt✱ ■ ♦♥❧② ❛ss✉♠❡ t✇♦ t②♣❡s ♦❢ ❝♦♥s✉♠❡rs✳ ❙♦✱ t❤❡ ❛❜♦✈❡ s②st❡♠ ✐♥❝❧✉❞❡s

❢♦✉r ❧✐♥❡❛r ❡q✉❛t✐♦♥s ❛♥❞ ❢♦✉r ✉♥❦♥♦✇♥s✳ ■t ✐s ♥♦t ❤❛r❞ t♦ s♦❧✈❡ ❢♦r ∂EGmit/∂ξjt ❢♦r ❛❧❧ i✳

❇✳✷ ❇❡st ❘❡s♣♦♥s❡ ✐♥ Pr✐❝❡

❆♥ ✐♥❝✉♠❜❡♥t s♦❢t✇❛r❡ ✜r♠✬s ♣r♦❜❧❡♠ ✐s t♦ ♣✐❝❦ ❛ ♣r✐❝❡ t♦ ♠❛①✐♠✐③❡ t❤❡ ❞✐s❝♦✉♥t❡❞ ♣r♦✜t✿

max
p̃jt

πj(p̃jt, p−jt, smt) + βfE [Vjt+1(smt+1) | smt, p̃jt,Ψ−j] ,

✺✷



✇✐t❤

πj(pjt, p−jt, smt) = (pjt − c)

[

∑

i

nmitbij(pjt, p−jt, smt)

]

bij(pjt, p−jt, smt) =
exp(xjtψ − ϕipjt + ξjt)

exp[βcEGit+1(pmt+1, smt+1 | pjt, p−jt, smt)] +
∑

j∈Jmt

exp(xjtψ − ϕipjt + ξjt)
.

❇❡❧♦✇ ■ s❤♦✇ ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ♠❛r❣✐♥❛❧ ❡✛❡❝t ♦❢ ❝✉rr❡♥t ♣r✐❝❡ ♦♥ s♦❢t✇❛r❡ ✜r♠s✬ ❝♦♥✲

t✐♥✉❛t✐♦♥ ✈❛❧✉❡s✳ ❚❛❦❡ ❛♥ ✐♥❝✉♠❜❡♥t j✬s ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡✱ E [Vjt+1(smt+1) | smt, p̃jt,Ψ−j]✱

❢♦r ❡①❛♠♣❧❡✳ ❚❤❡ st❛t❡ ✈❡❝t♦r smt ✐♥❝❧✉❞❡s t❤❡ ♥✉♠❜❡r ♦❢ ❡①✐st✐♥❣ ❣❛♠❡s ✐♥ t❤❡ s❛♠❡ s✉❜✲

♠❛r❦❡t✱ t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡ ❤✐❣❤✲t②♣❡ ❝♦♥s✉♠❡rs✱ t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡ ❧♦✇✲t②♣❡ ❝♦♥✲

s✉♠❡rs✱ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ◆♦✳ ✶ ♣r♦❞✉❝t ✐♥ t❤❡ s❛♠❡ s✉❜♠❛r❦❡t✱ ❛♥❞ ✐ts ♦✇♥ ❝♦♥s✉♠♣✲

t✐♦♥ ✈❛❧✉❡✳ ◆♦t✐❝❡ t❤❛t ❣✐✈❡♥ ❝♦♠♣❡t✐t♦rs✬ ♣r✐❝❡s ❛♥❞ ❡♥tr❛♥ts✬ ❡♥tr② ♣r♦❜❛❜✐❧✐t✐❡s✱ ❛ s♦❢t✲

✇❛r❡✬s ❝✉rr❡♥t ♣r✐❝❡ ♦♥❧② ❛✛❡❝ts t❤❡ ♥✉♠❜❡r ♦❢ ♥❡①t✲♣❡r✐♦❞ ❛❝t✐✈❡ ❝♦♥s✉♠❡rs ❜✉t ♥♦t ♦t❤❡r

♥❡①t✲♣❡r✐♦❞ st❛t❡ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♥❡①t✲♣❡r✐♦❞ ❛❝t✐✈❡ ❝♦♥s✉♠❡rs ✐s t❤❡ s✉♠ ♦❢

t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥s✉♠❡rs ✇❤♦ ❞♦ ♥♦t ♠❛❦❡ ❛♥② ♣✉r❝❤❛s❡ t♦❞❛② ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡✇

❝♦♥s✉♠❡rs✿ nmit+1 = nmitbm0it + Qmit✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❛♥❛❧②t✐❝❛❧ ❢♦r♠ ♦❢

∂smt+1(pjt, p−jt, smt)/∂pjt✳ ❋✉rt❤❡r♠♦r❡✱ ❛❧♦♥❣ t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡✱ ■ ❛♣♣r♦①✐♠❛t❡❞ t❤❡

✈❛❧✉❡ ❢✉♥❝t✐♦♥s Vjt+1(smt+1) ❜② ✉s✐♥❣ ♣♦❧②♥♦♠✐❛❧ r❡❣r❡ss✐♦♥ ✐♥ st❛t❡ ✈❛r✐❛❜❧❡s✳ ❚❤❡r❡❢♦r❡✱ ■

❝❛♥ ♣✐♥ ❞♦✇♥ ❤♦✇ ❝✉rr❡♥t ♣r✐❝❡ ❛✛❡❝ts t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ♥❡①t✲♣❡r✐♦❞ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳

❆ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❝♦♠♣✉t✐♥❣ t❤❡ ♠❛r❣✐♥❛❧ ❡✛❡❝t ♦❢ ❝✉rr❡♥t ♣r✐❝❡ ♦♥

❝♦♥s✉♠❡rs✬ ❝♦♥t✐♥✉❛t✐♦♥ ✈❛❧✉❡s✳

✺✸


