
Munich Personal RePEc Archive

Overconfidence and diversification

Heller, Yuval

Nuffield College Department of Economics, University of Oxford

18 February 2013

Online at https://mpra.ub.uni-muenchen.de/44469/

MPRA Paper No. 44469, posted 19 Feb 2013 00:12 UTC



❖✈❡r❝♦♥✜❞❡♥❝❡ ❛♥❞ ❉✐✈❡rs✐✜❝❛t✐♦♥
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❆❜str❛❝t

❊①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ s✉❣❣❡sts t❤❛t ♣❡♦♣❧❡ t❡♥❞ t♦ ❜❡ ♦✈❡r❝♦♥✜❞❡♥t ✐♥ t❤❡ s❡♥s❡

t❤❛t t❤❡② ♦✈❡r❡st✐♠❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡✐r ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✳ ■♥ t❤✐s ♣❛♣❡r ✇❡

s❤♦✇ t❤❛t r✐s❦✲❛✈❡rs❡ ♣r✐♥❝✐♣❛❧s ♠✐❣❤t ♣r❡❢❡r ♦✈❡r❝♦♥✜❞❡♥t ❛❣❡♥ts ✐♥ ✈❛r✐♦✉s str❛t❡❣✐❝

✐♥t❡r❛❝t✐♦♥s ❜❡❝❛✉s❡ t❤❡s❡ ❛❣❡♥ts ❤❡❧♣ ❞✐✈❡rs✐❢② t❤❡ ❛❣❣r❡❣❛t❡ r✐s❦✳ ❚❤✐s ♠❛② ❤❡❧♣

✉♥❞❡rst❛♥❞✐♥❣ ✇❤② s✉❝❝❡ss❢✉❧ ❛♥❛❧②sts ❛♥❞ ❡♥tr❡♣r❡♥❡✉rs t❡♥❞ t♦ ❜❡ ♦✈❡r❝♦♥✜❞❡♥t✳

■♥ ❛❞❞✐t✐♦♥✱ ❛ ❞✐✛❡r❡♥t ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♣r❡s❡♥ts ❛ ♥♦✈❡❧ ❡✈♦❧✉t✐♦♥❛r②

❢♦✉♥❞❛t✐♦♥ ❢♦r ♦✈❡r❝♦♥✜❞❡♥❝❡✱ ❛♥❞ ❡①♣❧❛✐♥s ✈❛r✐♦✉s st②❧✐③❡❞ ❢❛❝ts ❛❜♦✉t t❤✐s ❜✐❛s✳

❑❡② ✇♦r❞s✿ ♦✈❡r❝♦♥✜❞❡♥❝❡✱ ❞✐✈❡rs✐✜❝❛t✐♦♥✱ ❡✈♦❧✉t✐♦♥✳ ❏❊▲ ❈❧❛ss✐✜❝❛t✐♦♥✿ ❈✼✸✱ ❉✽✷✳

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ♠❛♥② ❡①♣❡r✐♠❡♥t❛❧ st✉❞✐❡s ♣❛rt✐❝✐♣❛♥ts ❛r❡ ❛s❦❡❞ t♦ ❛♥s✇❡r tr✐✈✐❛ q✉❡st✐♦♥s✱ ❛♥❞ t♦ r❡♣♦rt

t❤❡ ❧❡✈❡❧ ♦❢ ❝♦♥✜❞❡♥❝❡ ✭s✉❜❥❡❝t✐✈❡ ♣r♦❜❛❜✐❧✐t②✮ t❤❛t t❤❡② ❛♥s✇❡r❡❞ ❡❛❝❤ ♦❢ t❤❡s❡ q✉❡st✐♦♥s

❝♦rr❡❝t❧②✳ ❚❤❡ t②♣✐❝❛❧ r❡s✉❧t ✐♥ s✉❝❤ ❡①♣❡r✐♠❡♥ts ✐s t❤❛t ♣❡♦♣❧❡ ❛r❡ ♦✈❡r❝♦♥✜❞❡♥t✿ t❤❡✐r ❝♦♥✜✲

❞❡♥❝❡ s②st❡♠❛t✐❝❛❧❧② ❡①❝❡❡❞s t❤❡ tr✉❡ ❛❝❝✉r❛❝② ✭❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳✷✮✳ ❚❤❛t ✐s✱ ♣❡♦♣❧❡

♦✈❡r❡st✐♠❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡✐r ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✱ ♣❡rs♦♥❛❧ ❥✉❞❣♠❡♥t ❛♥❞ ✐♥t✉✐t✐♦♥✳

❱❛r✐♦✉s ❡✈✐❞❡♥❝❡ s✉❣❣❡st t❤❛t ♦✈❡r❝♦♥✜❞❡♥❝❡ s✉❜st❛♥t✐❛❧❧② ✐♥✢✉❡♥❝❡s ❡❝♦♥♦♠✐❝ ❜❡❤❛✈✐♦r

♦❢ ❛♥❛❧②sts ✭❋r✐❡s❡♥ ❛♥❞ ❲❡❧❧❡r✱ ✷✵✵✻✮✱ ✐♥✈❡st♦rs ✭❇❡r❜❡r ❛♥❞ ❖❞❡❛♥✱ ✷✵✵✶✮✱ ❡♥tr❡♣r❡♥❡✉rs

✭❈♦♦♣❡r✱ ❲♦♦ ❛♥❞ ❉✉♥❦❡❧❜❡r❣✱ ✶✾✽✽✮✱ ♠❛♥❛❣❡rs ✭❘❛❜✐♥ ❛♥❞ ❙❝❤r❛❣✱ ✶✾✾✾❀ ●❡r✈❛✐s✱ ❍❡❛t♦♥

❛♥❞ ❖❞❡❛♥✱ ✷✵✶✵✮✱ ❛♥❞ ❝♦♥s✉♠❡rs ✭●r✉❜❜✱ ✷✵✵✾✮✳

❊♠❛✐❧ ❛❞❞r❡ss✿ ②✉✈❛❧✳❤❡❧❧❡r❅❡❝♦♥♦♠✐❝s✳♦①✳❛❝✳✉❦ ♦r ②✉✈❛❧✷✻❅❣♠❛✐❧✳❝♦♠ ✭❨✉✈❛❧ ❍❡❧❧❡r✮✳
1 ❚❤✐s ✇♦r❦ ✐s ✐♥ ♣❛rt✐❛❧ ❢✉❧✜❧❧♠❡♥t ♦❢ t❤❡ r❡q✉✐r❡♠❡♥ts ❢♦r P❤✳❉✳ ❞❡❣r❡❡ ❛t ❚❡❧✲❆✈✐✈ ❯♥✐✈❡rs✐t②✱
❛♥❞ ✐t ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ■sr❛❡❧ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥ ✭❣r❛♥t ♥✉♠❜❡r ✷✶✷✴✵✾✮✳ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦
❊✐❧♦♥ ❙♦❧❛♥ ❢♦r ❤✐s ❝❛r❡❢✉❧ s✉♣❡r✈✐s✐♦♥✱ ❛♥❞ ❢♦r t❤❡ ❝♦♥t✐♥✉♦✉s ❤❡❧♣ ❤❡ ❤❛s ♦✛❡r❡❞✳ ■ ✇♦✉❧❞ ❛❧s♦ ❧✐❦❡
t♦ ❡①♣r❡ss ♠② ❞❡❡♣ ❣r❛t✐t✉❞❡ t♦ ❊❞❞✐❡ ❉❡❦❡❧✱ ❚③❛❝❤✐ ●✐❧❜♦❛✱ ▼♦t✐ ▼✐❝❤❛❡❧✐✱ ❩✈✐❦❛ ◆❡❡♠❛♥✱ ❆r✐❡❧
❘✉❜✐♥st❡✐♥✱ ❆ss❛❢ ❘♦♠♠✱ ❘❛♥ ❙♣✐❡❣❧❡r✱ ❘♦❡❡ ❚❡♣❡r✱ ❛♥ ❛♥♦♥②♠♦✉s r❡❢❡r❡❡✱ ❛♥❞ t❤❡ s❡♠✐♥❛r ♣❛rt✐❝✲
✐♣❛♥ts ❛t ❚❡❧✲❆✈✐✈ ❯♥✐✈❡rs✐t②✱ ❍❡❜r❡✇ ❯♥✐✈❡rs✐t② ♦❢ ❏❡r✉s❛❧❡♠✱ ■sr❛❡❧ ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❍❛✐❢❛
❯♥✐✈❡rs✐t②✱ ❇❡♥✲●✉r✐♦♥ ❯♥✐✈❡rs✐t②✱ ❊❝♦❧❡ P♦❧②t❡❝❤♥✐q✉❡✱ ❯♥✐✈❡rs✐t② ♦❢ ❙♦✉t❤❛♠♣t♦♥✱ ❯♥✐✈❡rs✐t❛t
P♦♠♣❡✉ ❋❛❜r❛✱ ❛♥❞ ❯♥✐✈❡rs✐t② ♦❢ ❖①❢♦r❞✱ ❢♦r ♠❛♥② ✉s❡❢✉❧ ❝♦♠♠❡♥ts✱ ❞✐s❝✉ss✐♦♥s ❛♥❞ ✐❞❡❛s✳

❋❡❜r✉❛r② ✶✽✱ ✷✵✶✸



■♥ t❤✐s ♣❛♣❡r ✇❡ st✉❞② t❤❡ str❛t❡❣✐❝ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❛ r✐s❦✲❛✈❡rs❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ ♣r✐✈❛t❡❧②✲

✐♥❢♦r♠❡❞ ❛❣❡♥ts✱ ❛♥❞ s❤♦✇ ✇❤② t❤❡ ♣r✐♥❝✐♣❛❧ ♠❛② ♣r❡❢❡r ♦✈❡r❝♦♥✜❞❡♥t ❛❣❡♥ts✳ ❋♦r ❡①❛♠♣❧❡✱

❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❛ ❈❊❖ ❛♥❞ ❛♥❛❧②sts✳

❊①❛♠♣❧❡ ✶ ❆ r✐s❦✲❛✈❡rs❡ ❈❊❖ ♦❢ ❛ ✈❡♥t✉r❡ ❝❛♣✐t❛❧ ❢✉♥❞ ✐s ✐♥ ❝❤❛r❣❡ ♦❢ s❡✈❡r❛❧ ❛♥❛❧②sts✳

❊❛❝❤ ❛♥❛❧②st ♠❛♥❛❣❡s t❤❡ ✐♥✈❡st♠❡♥ts ♦❢ t❤❡ ❢✉♥❞ ✐♥ ❤✐s ❛r❡❛✿ ❤❡ ✐♥✈❡st✐❣❛t❡s s❡✈❡r❛❧ st❛rt✉♣

❝♦♠♣❛♥✐❡s✱ ❛♥❞ s❡❧❡❝ts ♦♥❡ ♦❢ t❤❡♠✳ ❚❤❡ ❢✉♥❞ ✐♥✈❡sts ♠♦♥❡② ✐♥ t❤❡ st❛rt✉♣ ❝♦♠♣❛♥✐❡s t❤❛t

✇❡r❡ s❡❧❡❝t❡❞ ❜② t❤❡ ❞✐✛❡r❡♥t ❛♥❛❧②sts✳ ❊❛❝❤ ❛♥❛❧②st ♠❛② ❡✐t❤❡r ♠❛❦❡✿ ✭✶✮ ❛ ❝♦♥✈❡♥t✐♦♥❛❧

❝❤♦✐❝❡ ✲ ❢♦❧❧♦✇ ❛❝❝❡♣t❡❞ ❣✉✐❞❡❧✐♥❡s ❛♥❞ ❝❤♦♦s❡ ✇❤❛t ❛ t②♣✐❝❛❧ ❛♥❛❧②st ✇♦✉❧❞ ✐♥ s✉❝❤ ❛ s✐t✉✲

❛t✐♦♥✱ ♦r ✭✷✮ ❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡ ❜❛s❡❞ ♦♥ ❤✐s ♣❡rs♦♥❛❧ ❥✉❞❣♠❡♥t ❛♥❞ ✐♥t✉✐t✐♦♥✳ ❊❛❝❤

✐♥✈❡st♠❡♥t ♠❛② ❡✐t❤❡r s✉❝❝❡❡❞ ♦r ❢❛✐❧✳ ❚❤❡ ♦✉t❝♦♠❡s ♦❢ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s ❛r❡ ♣♦s✐t✐✈❡❧②

❝♦rr❡❧❛t❡❞✱ ❛s t❤❡② ❛❧❧ ❞❡♣❡♥❞ ♦♥ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ❛❝❝❡♣t❡❞ ❣✉✐❞❡❧✐♥❡s✳ ❚❤❡ ♦✉t❝♦♠❡s

♦❢ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ❛s t❤❡② ❛r❡ ✐♥❞✉❝❡❞ ❜② ❞✐✈❡rs❡ ✐♥t✉✐t✐♦♥s✳ ❊❛❝❤

❛♥❛❧②st ✇✐s❤❡s t♦ ♠❛①✐♠✐③❡ t❤❡ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t② ♦❢ ❤✐s ✐♥✈❡st♠❡♥t✳ ❚❤❡ ❈❊❖ ✇✐s❤❡s t♦

♠❛①✐♠✐③❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ s✉❝❝❡ss❢✉❧ ✐♥✈❡st♠❡♥ts✱ ❛♥❞ ❡❛❝❤ ❛❞❞✐t✐♦♥❛❧ s✉❝❝❡ss ❤❛s ❛

s♠❛❧❧❡r ♠❛r❣✐♥❛❧ ♣❛②♦✛✳ ❋✐♥❛❧❧②✱ t❤❡ ❈❊❖ ❝❛♥ ❜♦♦st ✭♦r ❞❡❝r❡❛s❡✮ ❛❣❡♥ts✬ ❝♦♥✜❞❡♥❝❡ ✐♥

♠❛❦✐♥❣ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s✳

❊①❛♠♣❧❡ ✶ ✐s ❢♦r♠❛❧✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡r❡ ✐s ❛ str❛t❡❣✐❝ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❛ r✐s❦✲❛✈❡rs❡

♣r✐♥❝✐♣❛❧ ❛♥❞ ♠❛♥② ❛❣❡♥ts t❤❛t ✐♥❝❧✉❞❡s t✇♦ st❛❣❡s✳ ❆t st❛❣❡ ✶ t❤❡ ♣r✐♥❝✐♣❛❧ ✉s❡s ❤✐s ♠❛♥✲

❛❣❡r✐❛❧ s❦✐❧❧s t♦ ✐♥✢✉❡♥❝❡ ❛❣❡♥ts✬ ❝♦♥✜❞❡♥❝❡ ✐♥ r❡❧②✐♥❣ ♦♥ t❤❡✐r ♣❡rs♦♥❛❧ ❥✉❞❣♠❡♥t✳ 2 ❋♦r

tr❛❝t❛❜✐❧✐t②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ♠❛② ✐♥❞✉❝❡ ❛♥② ❜✐❛s ❢✉♥❝t✐♦♥ g✱ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡s

❤♦✇ ❛❣❡♥ts ❡✈❛❧✉❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ ♣❡rs♦♥❛❧ ❥✉❞❣♠❡♥t✿ ✐❢ t❤❡ r❡❛❧ ❛❝❝✉r❛❝② ✐s p✱ ❡❛❝❤ ❛❣❡♥t

❜❡❧✐❡✈❡s ✐t t♦ ❜❡ g (p)✳ ❙✐♠✐❧❛r q✉❛❧✐t❛t✐✈❡ r❡s✉❧ts ✇♦✉❧❞ ❤♦❧❞ ✐❢ t❤❡ ♠♦❞❡❧ ✐s ❛♠❡♥❞❡❞ ❜②

❛❞❞✐♥❣ ❛ ♠♦❞❡r❛t❡ ❝♦st t♦ t❤❡ ♣r✐♥❝✐♣❛❧✬s ✐♥✢✉❡♥❝❡ ♦r ❜② s♦♠❡✇❤❛t ❧✐♠✐t✐♥❣ ✐ts ❛❝❝✉r❛❝②✳

❆t st❛❣❡ ✷✱ ❛❧❧ ❛❣❡♥ts r❡❝❡✐✈❡ s✐❣♥❛❧ q ✲ t❤❡ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡✳ ■♥

❛❞❞✐t✐♦♥✱ ❡❛❝❤ ❛❣❡♥t i ♣r✐✈❛t❡❧② r❡❝❡✐✈❡s s✐❣♥❛❧ pi ✭❡✈❛❧✉❛t❡❞ ❛s g (pi)✮ ✲ t❤❡ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t②

♦❢ ❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡ ✭t❤❡ pi✲s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞✮✳ ❚❤❡♥

❡❛❝❤ ❛❣❡♥t ❝❤♦♦s❡s ✇❤❡t❤❡r t♦ ♠❛❦❡ ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡ ♦r ❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ♦♥❡✳ ❊❛❝❤

❛❣❡♥t ✇❤♦ ♠❛❦❡s ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡ s✉❝❝❡❡❞s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② q❀ ♦✉t❝♦♠❡s ♦❢ ❞✐✛❡r❡♥t

❛❣❡♥ts ✇❤♦ ♠❛❦❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s ❛r❡ ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ❛s t❤❡② ❞❡♣❡♥❞ ♦♥ ❛ ❝♦♠♠♦♥

✉♥❦♥♦✇♥ ❢❛❝t♦r ✭t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ ❛❝❝❡♣t❡❞ ❣✉✐❞❡❧✐♥❡s ✐♥ ❊①❛♠♣❧❡ ✶✮✳ ❊❛❝❤ ❛❣❡♥t i ✇❤♦

♠❛❦❡s ❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡ s✉❝❝❡❡❞s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② pi ✐♥❞❡♣❡♥❞❡♥t ♦❢ ♦t❤❡r ❛❣❡♥ts✳

❈♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s ❜❡❛r ❛ ❧❛r❣❡r ❛❣❣r❡❣❛t❡ r✐s❦ ❞✉❡ t♦ t❤❡ ♣♦s✐t✐✈❡ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡

♦✉t❝♦♠❡s ♦❢ ❞✐✛❡r❡♥t ❛❣❡♥ts✳ ❚❤✐s ❝r❡❛t❡s ❛ ❝♦♥✢✐❝t ♦❢ ✐♥t❡r❡sts ❜❡t✇❡❡♥ ❝❛❧✐❜r❛t❡❞ ❛❣❡♥ts

✭g (pi) = pi✮ ✇❤♦ ♠❛①✐♠✐③❡ t❤❡✐r ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss✱ ❛♥❞ t❤❡ r✐s❦✲❛✈❡rs❡ ♣r✐♥❝✐♣❛❧✳ ❚❤❡

♣r✐♥❝✐♣❛❧ ❤❛s ❛ tr❛❞❡♦✛ ❜❡t✇❡❡♥ t✇♦ ♦❜❥❡❝t✐✈❡s✿ ✭✶✮ ♠❛①✐♠✐③✐♥❣ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢

s✉❝❝❡ss❡s✱ ❛♥❞ ✭✷✮ r❡❞✉❝✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ s✉❝❝❡ss❡s✳ ❚❤❡ ✜rst ❣♦❛❧ ✐s ❢✉❧❧②

❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐♥t❡r❡sts ♦❢ ❝❛❧✐❜r❛t❡❞ ❛❣❡♥ts✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡ s❡❝♦♥❞ ❣♦❛❧✱ t❤❡

♣r✐♥❝✐♣❛❧ ✇♦✉❧❞ ❧✐❦❡ ❛❣❡♥ts ✇✐t❤ pi ❛ ❧✐tt❧❡ ❜✐t s♠❛❧❧❡r t❤❛♥ q t♦ ❢♦❧❧♦✇ t❤❡✐r ❧❡ss ❛❝❝✉r❛t❡

♣❡rs♦♥❛❧ ❥✉❞❣♠❡♥t✱ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ✈❛r✐❛♥❝❡ ❛♥❞ ❛❝❤✐❡✈❡ ❛ ❜❡tt❡r ❞✐✈❡rs✐✜❝❛t✐♦♥ ♦❢

2 ❚❤❡ ♣r✐♥❝✐♣❛❧ ❝❛♥ ❛❧s♦ ✐♥✢✉❡♥❝❡ ❛❣❡♥ts✬ ❝♦♥✜❞❡♥❝❡ ❜② s❝r❡❡♥✐♥❣ ❝❛♥❞✐❞❛t❡s✿ ♦❜t❛✐♥✐♥❣ ❛ s✐❣♥❛❧
❛❜♦✉t t❤❡ ❝♦♥✜❞❡♥❝❡ ♦❢ ❡❛❝❤ ❝❛♥❞✐❞❛t❡✱ ❛♥❞ ❛❞❥✉st✐♥❣ t❤❡ ❤✐r✐♥❣ ♣r✐♦r✐t✐❡s ❛❝❝♦r❞✐♥❣❧②✳

✷



r✐s❦✳

❖✉r ✜rst r❡s✉❧t s❤♦✇s t❤❛t ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ t❤❡♥ t❤✐s ❝♦♥✢✐❝t

✐s ♦♣t✐♠❛❧❧② r❡s♦❧✈❡❞ ❜② ❤❛✈✐♥❣ ♦✈❡r❝♦♥✜❞❡♥t ❛❣❡♥ts✳ ❚❤❛t ✐s✱ t❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉♦✉s ❛♥❞

✐♥❝r❡❛s✐♥❣ ❜✐❛s ❢✉♥❝t✐♦♥ g∗✱ ✇❤✐❝❤ ❛❧✇❛②s ♦✈❡r❡st✐♠❛t❡s t❤❡ ♣❡r❝❡✐✈❡❞ ❛❝❝✉r❛❝② ♦❢ ❛❣❡♥t✬s

♣❡rs♦♥❛❧ ❥✉❞❣♠❡♥t ✭g∗ (p) > p ❢♦r ❡✈❡r② 0 < p < 1✮✱ s✉❝❤ t❤❛t ✐❢ ❛❧❧ ❛❣❡♥ts ❤❛✈❡ t❤✐s ❜✐❛s

❢✉♥❝t✐♦♥✱ ✐t ❛♣♣r♦①✐♠❛t❡❧② ✐♥❞✉❝❡s t❤❡ ✏✜rst✲❜❡st✑ ♦✉t❝♦♠❡ ❢♦r t❤❡ ♣r✐♥❝✐♣❛❧ ✲ t❤❡ ♦✉t❝♦♠❡

❤❡ ✇♦✉❧❞ ❛❝❤✐❡✈❡ ✐❢ ❤❡ ❝♦✉❧❞ r❡❝❡✐✈❡ ❛❧❧ t❤❡ ♣r✐✈❛t❡ s✐❣♥❛❧s ❛♥❞ ❞✐r❡❝t❧② ❝♦♥tr♦❧ t❤❡ ❛❝t✐♦♥s ♦❢

❛❧❧ ❛❣❡♥ts✳ ❲❡ ❢✉rt❤❡r s❤♦✇ t❤❛t g∗ ✐s ✉♥✐q✉❡✿ ❛❧❧ ♦t❤❡r ❜✐❛s ♣r♦✜❧❡s✱ ✐♥❝❧✉❞✐♥❣ ❤❡t❡r♦❣❡♥❡♦✉s

♣r♦✜❧❡s ✐♥ ✇❤✐❝❤ ❛❣❡♥ts ❤❛✈❡ ❞✐✛❡r❡♥t ❜✐❛s ❢✉♥❝t✐♦♥s✱ ✐♥❞✉❝❡ str✐❝t❧② ✇♦rs❡ ♦✉t❝♦♠❡s✳ ❖✉r

t❤✐r❞ r❡s✉❧t s❤♦✇s t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ♣r❡❢❡rs ♠♦r❡ ♦✈❡r❝♦♥✜❞❡♥t ❛❣❡♥ts ✐❢✿ ✭✶✮ ❤❡ ❜❡❝♦♠❡s

♠♦r❡ r✐s❦✲❛✈❡rs❡✱ ♦r ✭✷✮ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❜❡t✇❡❡♥ t❤❡ ♦✉t❝♦♠❡s ♦❢ ❝♦♥✈❡♥t✐♦♥❛❧

❝❤♦✐❝❡s ❜❡❝♦♠❡s ❧❛r❣❡r✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ♦❢ ❜♦t❤ r❡s✉❧ts ✐s t❤❛t ❜♦t❤ ❝❤❛♥❣❡s ❞❡❡♣❡♥ t❤❡ ❝♦♥✢✐❝t

♦❢ ✐♥t❡r❡sts ❜❡t✇❡❡♥ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ ❝❛❧✐❜r❛t❡❞ ❛❣❡♥ts✱ ❛♥❞ ♠♦r❡ ♦✈❡r❝♦♥✜❞❡♥❝❡ ✐s r❡q✉✐r❡❞

t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r ✐t✳

❚❤❡ ❝♦♥✢✐❝t ♦❢ ✐♥t❡r❡sts ❜❡t✇❡❡♥ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ t❤❡ ❛❣❡♥ts ❝❛♥ ❛❧s♦ ❜❡ r❡s♦❧✈❡❞ ❜② ❤❛✈✐♥❣

❝❛❧✐❜r❛t❡❞ ❛❣❡♥ts ❛♥❞ ❛✛❡❝t✐♥❣ t❤❡✐r ♣❛②♦✛s ✇✐t❤ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ♣❛②✐♥❣

❡❛❝❤ ❛❣❡♥t✿ ✭✶✮ s♦♠❡ ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ ✜r♠✬s ♦✈❡r❛❧❧ ♣r♦✜t✱ ♦r ✭✷✮ ❛ ❜♦♥✉s ✇❤❡♥ ❤❡ ♠❛❦❡s

❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡✳ ❖✉r ♠♦❞❡❧ ♦✛❡rs t❤❡ s❛♠❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ❝♦♥✢✐❝t r❡s♦❧✉t✐♦♥

✉s✐♥❣ t❤❡ ♥♦♥✲st❛♥❞❛r❞ ♠❡❝❤❛♥✐s♠ ♦❢ ❜♦♦st✐♥❣ ❛❣❡♥ts✬ ❝♦♥✜❞❡♥❝❡✳ ❚❤❡r❡ ❛r❡ s✐t✉❛t✐♦♥s ♦❢

❡❝♦♥♦♠✐❝ ✐♥t❡r❡st ✐♥ ✇❤✐❝❤ t❤❡ ♣r✐♥❝✐♣❛❧ ✐s ❧✐♠✐t❡❞ ✐♥ ❤✐s ❛❜✐❧✐t② t♦ ✉s❡ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✱

❛♥❞ ♦✉r ♠❡❝❤❛♥✐s♠ ♠❛② ❜❡ ❡❛s✐❡r t♦ ✐♠♣❧❡♠❡♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ r✐s❦✲❛✈❡rs❡ ❈❊❖s ❛r❡ t②♣✐✲

❝❛❧❧② s✉♣❡r✈✐s❡❞ ❜② t❤❡ ✜r♠✬s s❤❛r❡❤♦❧❞❡rs✱ ✇❤✐❝❤ t❡♥❞ t♦ r✐s❦✲♥❡✉tr❛❧✐t② ❞✉❡ t♦ ❞✐✈❡rs✐✜❡❞

♣♦rt❢♦❧✐♦s✳ ❙✉❝❤ s❤❛r❡❤♦❧❞❡rs ✇✐❧❧ ♥♦t ❛♣♣r♦✈❡ ♠♦♥❡t❛r② ♠❡❝❤❛♥✐s♠s t❤❛t r❡❞✉❝❡ t❤❡ ❛❣❣r❡✲

❣❛t❡ r✐s❦ ❜② ❧♦✇❡r✐♥❣ t❤❡ ❡①♣❡❝t❡❞ ♣r♦✜t✳ ❚❤✉s✱ ✐♥ s✉❝❤ ❝❛s❡s✱ t❤❡ ❈❊❖ ♠✉st r❡❧② ♦♥❧② ♦♥

✐♥❢♦r♠❛❧ ♠❡❝❤❛♥✐s♠s✱ s✉❝❤ ❛s ❜♦♦st✐♥❣ t❤❡ ❛❣❡♥ts✬ ❝♦♥✜❞❡♥❝❡✳ 3

❆♥♦t❤❡r ❡①❛♠♣❧❡ ❢♦r s✉❝❤ s✐t✉❛t✐♦♥s ✐s t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ♣r✐♥❝✐♣❛❧ ✐s ❛ r✐s❦✲❛✈❡rs❡ ❛♥❣❡❧

✐♥✈❡st♦r ❛♥❞ t❤❡ ❛❣❡♥ts ❛r❡ ❡♥tr❡♣r❡♥❡✉rs ✇❤♦ ✇♦r❦ ✐♥ r❡❧❛t❡❞ ❛r❡❛s✳ ❚❤❡ ✐♥✈❡st♦r ✇♦✉❧❞

❧✐❦❡ t♦ ❡♥❝♦✉r❛❣❡ t❤❡ ❡♥tr❡♣r❡♥❡✉rs t♦ ♠❛❦❡ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡

❛❣❣r❡❣❛t❡ r✐s❦✳ ❯s✐♥❣ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s ❢♦r t❤✐s ♠❛② ❜❡ t♦♦ ❡①♣❡♥s✐✈❡✿ ✐❢ ❡❛❝❤ ❡♥tr❡♣r❡♥❡✉r

❤♦❧❞s ❛ ❧❛r❣❡ s❤❛r❡ ♦❢ ❤✐s ❝♦♠♣❛♥②✱ t❤❡♥ ❧❛r❣❡ ❜♦♥✉s❡s ❛r❡ r❡q✉✐r❡❞ t♦ ❡♥❝♦✉r❛❣❡ ✉♥❝♦♥✈❡♥✲

t✐♦♥❛❧ ❝❤♦✐❝❡s ✇✐t❤ s♠❛❧❧❡r s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t✐❡s✳ ❈♦♥tr❛r② t♦ t❤✐s✱ ✐t ♠✐❣❤t ❜❡ r❡❧❛t✐✈❡❧② ❡❛s②

t♦ ❜♦♦st t❤❡ ❝♦♥✜❞❡♥❝❡ ♦❢ ✐♥❡①♣❡r✐❡♥❝❡❞ ❡♥tr❡♣r❡♥❡✉rs✳ ❚❤✐s ♣r❡s❡♥ts ❛ ♥♦✈❡❧ ❡①♣❧❛♥❛t✐♦♥ ❢♦r

t❤❡ ❤✐❣❤ ❧❡✈❡❧s ♦❢ ♦✈❡r❝♦♥✜❞❡♥❝❡ ❛♠♦♥❣ ❡♥tr❡♣r❡♥❡✉rs ✭s❡❡ ❈♦♦♣❡r✱ ❲♦♦✱ ❛♥❞ ❉✉♥❦❡❧❜❡r❣✱

✶✾✽✽❀ ❛♥❞ ❇✉s❡♥✐t③ ❛♥❞ ❇❛r♥❡②✱ ✶✾✾✼✮✳ 4

◆❡①t ✇❡ ♥♦t❡ t❤❛t ❛ ❞✐✛❡r❡♥t ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ♣r❡s❡♥ts ❛ ♥♦✈❡❧ ❡✈♦❧✉t✐♦♥❛r② ❢♦✉♥✲

❞❛t✐♦♥ ❢♦r ♦✈❡r❝♦♥✜❞❡♥❝❡ ✭❛s ❞❡t❛✐❧❡❞ ✐♥ s❡❝t✐♦♥ ✹✮✳ ❈♦♥s✐❞❡r ❛ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ✇✐t❤ s❡✈❡r❛❧

t②♣❡s✱ ✇❤❡r❡ ❡❛❝❤ t②♣❡ ✐♥❞✉❝❡s ❛ ❜✐❛s ❢✉♥❝t✐♦♥ ❢♦r ✐ts ♠❡♠❜❡rs✳ ■♥ ❡❛❝❤ ❣❡♥❡r❛t✐♦♥✱ ❡❛❝❤

3 ■♥ ❛❞❞✐t✐♦♥✱ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s ❛r❡ ❛❧s♦ ❝♦♥str❛✐♥❡❞ ❜② t❤❡ ❧✐♠✐t❡❞ ❧✐❛❜✐❧✐t② ♦❢ t❤❡ ❛❣❡♥ts✳
4 ❚❤✐s ❡①♣❧❛♥❛t✐♦♥ ❤❛s ❛ ✉♥✐q✉❡ ❢❛❧s✐✜❛❜❧❡ ♣r❡❞✐❝t✐♦♥✿ ❡♥tr❡♣r❡♥❡✉rs ✐♥ ❛r❡❛s ✐♥ ✇❤✐❝❤ t②♣✐❝❛❧
✐♥✈❡st♦rs ❛r❡ ✐♥❞✐✈✐❞✉❛❧s ❛♥❞ ❛r❡❛✲s♣❡❝✐✜❝ ❢✉♥❞s ✇♦✉❧❞ ❜❡ ♠♦r❡ ♦✈❡r❝♦♥✜❞❡♥t✱ t❤❛♥ ❡♥tr❡♣r❡♥❡✉rs
✐♥ ❛r❡❛s ✐♥ ✇❤✐❝❤ t❤❡ t②♣✐❝❛❧ ✐♥✈❡st♦rs ❛r❡ ❧❛r❣❡ ♠✉❧t✐✲❛r❡❛ ❢✉♥❞s ♦r ❛ ❣♦✈❡r♥♠❡♥t✳

✸



✐♥❞✐✈✐❞✉❛❧ ❤❛s t♦ t❛❦❡ ❡✐t❤❡r ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ❛❝t✐♦♥ ♦r ❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ♦♥❡✱ ❛♥❞ t❤❡ ♦✉t✲

❝♦♠❡ ✐♥✢✉❡♥❝❡s ❤✐s ✜t♥❡ss✳ ❚❤❡ s✐③❡ ♦❢ t❤❡ ❡❛❝❤ t②♣❡ ✐♥ t❤❡ ♥❡①t ❣❡♥❡r❛t✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜②

✐ts ❛✈❡r❛❣❡ ✜t♥❡ss ✭r❡♣❧✐❝❛t♦r ❞②♥❛♠✐❝s✮✳ ❆ s✐♠♣❧❡ ❛❞❛♣t❛t✐♦♥ ♦❢ ❛♥ ❡①✐st✐♥❣ r❡s✉❧t ✭❘♦❜s♦♥✱

✶✾✾✻✮ s❤♦✇s t❤❛t ✐♥ t❤❡ ❧♦♥❣ r✉♥ ❛ ✉♥✐q✉❡ t②♣❡ ♣r❡✈❛✐❧s ♦✈❡r t❤❡ ❡♥t✐r❡ ♣♦♣✉❧❛t✐♦♥✿ t❤❡ t②♣❡

t❤❛t ♠❛①✐♠✐③❡s t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ❛✈❡r❛❣❡ ✜t♥❡ss✳ ❚❤❛t ✐s✱ ❛❧❧ ✐♥❞✐✈✐❞✉❛❧s ♣r❡s❡♥t t❤❡ ♦♣✲

t✐♠❛❧ ❝♦♥✜❞❡♥❝❡ ❜✐❛s g∗ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧✲❛❣❡♥t ♠♦❞❡❧✱ ✇❤❡r❡ t❤❡ ♣r✐♥❝✐♣❛❧ ❤❛s ❛ ❧♦❣❛r✐t❤♠✐❝

✉t✐❧✐t②✳

❖✉r ❧❛st r❡s✉❧t ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ❡✈♦❧✉t✐♦♥❛r② ✐♥t❡r♣r❡t❛t✐♦♥✳ ■t ❛ss✉♠❡s t❤❛t t❤❡ ♣r✐♥✲

❝✐♣❛❧✬s ✉t✐❧✐t② ❤❛s ❝♦♥st❛♥t r❡❧❛t✐✈❡ r✐s❦ ❛✈❡rs✐♦♥✱ ❛♥❞ ✐t s❤♦✇s t❤❛t t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢

♦✈❡r❝♦♥✜❞❡♥❝❡ ✐s ❤✐❣❤❡r ✐❢✿ ✭✶✮ t❤❡r❡ ✐s ❛ ❧❛r❣❡r ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♣❛②♦✛s ♦❢ s✉❝❝❡ss ❛♥❞

❢❛✐❧✉r❡❀ t❤✐s r❡s✉❧t ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✜♥❞✐♥❣ ♦❢ ❙✐❡❜❡r ✭✶✾✼✹✮ ✇❤✐❝❤ s✉❣✲

❣❡sts t❤❛t ♣❡♦♣❧❡ ❛r❡ ♠♦r❡ ♦✈❡r❝♦♥✜❞❡♥t ✇✐t❤ r❡s♣❡❝t t♦ ♠♦r❡ ✐♠♣♦rt❛♥t ❞❡❝✐s✐♦♥s❀ ❛♥❞ ✭✷✮

t❤❡ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ t❤❡ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s t❡♥❞ t♦ ❜❡ ❧♦✇❡r ✭✜rst✲♦r❞❡r st♦❝❤❛st✐❝

❞♦♠✐♥❛♥❝❡✮❀ t❤✐s r❡s✉❧t ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜s❡r✈❡❞ ❤❛r❞✲❡❛s② ❡✛❡❝t

✭▲✐❝❤t❡♥st❡✐♥✱ ❋✐s❝❤❤♦✛✱ ❛♥❞ P❤✐❧❧✐♣s✱ ✶✾✽✷✮✿ t❤❡ ♠♦r❡ ❞✐✣❝✉❧t t❤❡ t❛s❦✱ t❤❡ ❣r❡❛t❡r t❤❡

♦❜s❡r✈❡❞ ♦✈❡r❝♦♥✜❞❡♥❝❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ ❝♦♥❞✐t✐♦♥s t❤❛t ✐♥❞✉❝❡ t❤❡ ❢❛❧s❡ ❝❡r✲

t❛✐♥t② ❡✛❡❝t ✭❋✐s❝❤❤♦✛✱ ❙❧♦✈✐❝✱ ❛♥❞ ▲✐❝❤t❡♥st❡✐♥✱ ✶✾✼✼✮✿ ♣❡♦♣❧❡ ❛r❡ ♦❢t❡♥ ✇r♦♥❣ ✇❤❡♥ t❤❡②

❛r❡ ❝❡rt❛✐♥ ❛❜♦✉t t❤❡✐r ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✳

❚❤✐s ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts t❤❡ ♠♦❞❡❧ ❛♥❞ ❙❡❝t✐♦♥ ✸ ♣r❡s❡♥ts t❤❡

r❡s✉❧ts✳ ❚❤❡ ❡✈♦❧✉t✐♦♥❛r② ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ■♥ ❙❡❝t✐♦♥ ✺ ✇❡ ❜r✐❡✢②

❞❡s❝r✐❜❡ s❡✈❡r❛❧ ✈❛r✐❛♥ts ❛♥❞ ❡①t❡♥s✐♦♥s ✭✇❤✐❝❤ ❛r❡ ❞❡t❛✐❧❡❞ ✐♥ t❤❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐①✮ ❛♥❞

❞✐s❝✉ss t❤❡ r❡❧❛t❡❞ ❧✐t❡r❛t✉r❡✳ ❋♦r♠❛❧ ♣r♦♦❢s ❛♣♣❡❛r ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✷ ▼♦❞❡❧

❖✉r ♠♦❞❡❧ ✐♥❝❧✉❞❡s s❡✈❡♥ ♣❛r❛♠❡t❡rs✿ (I, ρ, fq, fp, L,H, h)✳ I = {1, ..., n} ✐s ❛ s❡t ♦❢ ❛❣❡♥ts✱

❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t n >> 1 ✭s❡❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐① ❢♦r ❞✐s❝✉ss✐♥❣ t❤❡ ❝❛s❡s ✐♥ ✇❤✐❝❤ t❤❡ ♥✉♠❜❡r

♦❢ ❛❣❡♥ts ✐s s♠❛❧❧ ♦r ❡♥❞♦❣❡♥♦✉s✮✳ ❆ t②♣✐❝❛❧ ❛❣❡♥t ✐s ❞❡♥♦t❡❞ ❜② i ♦r j✳ ❊❛❝❤ ❛❣❡♥t ❢❛❝❡s ❛

❝❤♦✐❝❡ ❜❡t✇❡❡♥ t✇♦ ❛❝t✐♦♥s✿ ac ❛♥❞ au✳ ❚❤❡ ❢♦r♠❡r ✭r❡s♣✳✱ ❧❛tt❡r✮ ✐s ✐♥t❡r♣r❡t❡❞ ❛s ♠❛❦✐♥❣ ❛

❝♦♥✈❡♥t✐♦♥❛❧ ✭r❡s♣✳✱ ✉♥❝♦♥✈❡♥t✐♦♥❛❧✮ ❝❤♦✐❝❡ ❜② ❢♦❧❧♦✇✐♥❣ ❛❝❝❡♣t❡❞ ❣✉✐❞❡❧✐♥❡s ✭r❡s♣✳✱ ♣❡rs♦♥❛❧

❥✉❞❣♠❡♥t✮✳ P❛r❛♠❡t❡r 0 < ρ < 1 ✐s t❤❡ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❜❡t✇❡❡♥ t❤❡ ♦✉t❝♦♠❡s ♦❢ t✇♦

❛❣❡♥ts ✇❤♦ ♠❛❦❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s✳ ■❢ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❛❣❡♥ts ♠❛❦❡s ❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧

❝❤♦✐❝❡✱ t❤❡♥ t❤❡✐r s✉❝❝❡ss❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳

P❛r❛♠❡t❡rs L,H ∈ R ✭H > L✮ ❛r❡ t❤❡ ♣❛②♦✛s ❛♥ ❛❣❡♥t ♠❛② ♦❜t❛✐♥✿ s✉❝❝❡ss ②✐❡❧❞s H ❛♥❞

❢❛✐❧✉r❡ ②✐❡❧❞s L✳ ■♥ t❤❡ ♣r✐♥❝✐♣❛❧✲❛❣❡♥t ✐♥t❡r❛❝t✐♦♥s ✭❧✐❦❡ ❊①❛♠♣❧❡ ✶✮ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t

H = 1 ❛♥❞ L = 0✳ ■♥ t❤❡ ❡✈♦❧✉t✐♦♥❛r② ✐♥t❡r♣r❡t❛t✐♦♥ ✭s❡❡ ❙❡❝t✐♦♥ ✹✮ H ✭L✮ ✐s t❤❡ ✜t♥❡ss ♦❢

❛ s✉❝❝❡ss❢✉❧ ✭✉♥s✉❝❝❡ss❢✉❧✮ ❛❣❡♥t✳ ❋✉♥❝t✐♦♥ h : [L,H] → R ✐s t❤❡ ✉t✐❧✐t② ♦❢ t❤❡ r✐s❦✲❛✈❡rs❡

♣r✐♥❝✐♣❛❧✳ ■t ✐s str✐❝t❧② ❝♦♥❝❛✈❡ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ❛♥❞ ✐t s❛t✐s✜❡s ❞❡❝r❡❛s✐♥❣ ❛❜s♦❧✉t❡ r✐s❦ ❛✈❡rs✐♦♥

✭❉❆❘❆✮✳ ❚❤❛t ✐s✿ ✭✶✮ h′ > 0✱ ✭✷✮ h′′ < 0✱ ❛♥❞ ✭✸✮ ❆rr♦✇✲Pr❛tt ❝♦❡✣❝✐❡♥t rA (x) = −h′′(x)
h′(x)

✐s

❞❡❝r❡❛s✐♥❣ ✐♥ x✳ ✭❉❆❘❆ ❛ss✉♠♣t✐♦♥ ✐s r❡q✉✐r❡❞ ❢♦r ♣❛rt ✷ ♦❢ ❚❤❡♦r❡♠ ✶ ❛♥❞ ❢♦r ❚❤❡♦r❡♠

✸✳✮

✹



❚❤❡ ✉♥❦♥♦✇♥ st❛t❡ ♦❢ ♥❛t✉r❡ ❞❡t❡r♠✐♥❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ t✉♣❧❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s

(

q, (pi)i∈I , ξq, (ξi,p, ξi,q)i∈I

)

∈
(

[0, 1]× [0, 1]I × {0, 1} × ({0, 1} , {0, 1}) I
)

.

❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ q ∼ fq ✐s t❤❡ ✭✉♥❝♦♥❞✐t✐♦♥❛❧✮ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t② ♦❢ ❡❛❝❤ ❛❣❡♥t ✇❤♦

♠❛❦❡s ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡✳ ❋♦r ❡❛❝❤ i ∈ I✱ t❤❡ ✈❛r✐❛❜❧❡ pi ∼ fp ✐s t❤❡ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t②

♦❢ ❛❣❡♥t i ✐❢ ❤❡ ♠❛❦❡s ❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡✳ ❚❤❡ ✈❛r✐❛❜❧❡s
(

q, (pi)i∈N

)

❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳

❉✐str✐❜✉t✐♦♥s fq ❛♥❞ fp ❛r❡ ❝♦♥t✐♥✉♦✉s ♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t② ❢✉♥❝t✐♦♥s ✇✐t❤ ❢✉❧❧ s✉♣♣♦rt✿ ∀0 <
p, q < 1, fp (p) > 0, fq (q) > 0✳ ❚❤❡ ❢✉❧❧ s✉♣♣♦rt ❛ss✉♠♣t✐♦♥ ✐s ♥♦t ❡ss❡♥t✐❛❧ ❛♥❞ ✐t ✐s ✉s❡❞

t♦ s✐♠♣❧✐❢② t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts✳

❱❛r✐❛❜❧❡ ξq ✐s ❡q✉❛❧ t♦ ✶ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② q ✭❛♥❞ ✵ ♦t❤❡r✇✐s❡✮✳ ❲❤❡♥ ξq = 1 ✭r❡s♣✳✱ ξq = 0✮ t❤❡

❛❝❝❡♣t❡❞ ❣✉✐❞❡❧✐♥❡s ❛r❡ ❡✛❡❝t✐✈❡ ✭r❡s♣✳✱ ♥♦♥✲❡✛❡❝t✐✈❡✮ ❛♥❞ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s ❤❛✈❡ ❤✐❣❤❡r

✭r❡s♣✳✱ ❧♦✇❡r✮ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t②✿ ❡❛❝❤ ξi,q ✐s ❡q✉❛❧ t♦ ✶ ✇✐t❤ ♣r♦❜❛❜✐❧✐t②✿
√
ρ+

(

1−√
ρ
)

· q
✭r❡s♣✳✱

(

1−√
ρ
)

· q✮✳ ❆ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡ ②✐❡❧❞s ❛❣❡♥t i ❤✐❣❤ ✭❧♦✇✮ ♣❛②♦✛ ✇❤❡♥ ξi ,q = 1

✭ξi ,q = 0✮✳ ❋♦r ❡❛❝❤ i ∈ I✱ ξi,p ✐s ❡q✉❛❧ t♦ ✶ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② pi ✭❛♥❞ ✵ ♦t❤❡r✇✐s❡✮✳ ❲❤❡♥

ξi ,p = 1 ✭r❡s♣✳✱ ξi,p = 0✮ t❤❡ ♣❡rs♦♥❛❧ ❥✉❞❣♠❡♥t ♦❢ ❛❣❡♥t i ✐s ❝♦rr❡❝t ✭r❡s♣✳✱ ✐♥❝♦rr❡❝t✮✱ ❛♥❞

❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡ ✇♦✉❧❞ ②✐❡❧❞ ❛❣❡♥t i ❤✐❣❤ ✭r❡s♣✳✱ ❧♦✇✮ ♣❛②♦✛✳ ❱❛r✐❛❜❧❡s (ξi,q, ξi,p)i∈N
❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ (q, ξq)✱ ❛♥❞ ✈❛r✐❛❜❧❡s

(

ξq, (ξi,p)i∈N

)

❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳

◆♦t❡ t❤❛t ✇✐t❤♦✉t ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ ξq t❤❡ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡ ✐s q✿

P (ξi,q = 1|q = q) = (1− q) · (1−√
ρ) · q + q · (√ρ+ (1−√

ρ) · q) = q.

❆❧s♦ ♦❜s❡r✈❡ t❤❛t ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ q✱ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❜❡t✇❡❡♥ t❤❡ ♦✉t❝♦♠❡s ♦❢

❡❛❝❤ t✇♦ ❛❣❡♥ts i, j ✇❤♦ ❢♦❧❧♦✇ t❤❡ ♣✉❜❧✐❝ s✐❣♥❛❧ ✐s ρ✳ ❚❤❛t ✐s✱ ❢♦r ❡❛❝❤ q ∈ [0, 1]✿

ρ (ξi,q, ξj,q|q = q) =
E (ξi,q · ξj,q|q = q)− E (ξi,q|q = q) · E (ξj,q|q = q)

√

var (ξq,i|q = q) · var (ξq,i|q = q)

=
q
(√

ρ+
(

1−√
ρ
)

· q
)2

+ (1− q)
((

1−√
ρ
)

· q
)2 − q2

√

q (1− q) q (1− q)
=

−ρq2 + qρ

q (1− q)
= ρ.

❚❤❡ str❛t❡❣✐❝ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ t❤❡ ❛❣❡♥ts ✐♥❝❧✉❞❡s t✇♦ st❛❣❡s✳ ❆t st❛❣❡

✶ t❤❡ ♣r✐♥❝✐♣❛❧ ✭✇❤♦ ❤❛s ♥♦ ✐♥❢♦r♠❛t✐♦♥ ♦♥ t❤❡ st❛t❡ ♦❢ ♥❛t✉r❡✮ ❝❤♦♦s❡s ❛ ♣r♦✜❧❡ ♦❢ ❜✐❛s

❢✉♥❝t✐♦♥s (gi)i∈I ✳ ❊❛❝❤ ❢✉♥❝t✐♦♥ gi : [0, 1] → [0, 1] ❞❡t❡r♠✐♥❡s t❤❡ ❜✐❛s ♦❢ ❛❣❡♥t i ✇❤❡♥

❡st✐♠❛t✐♥❣ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❤✐s ♦✇♥ ❥✉❞❣♠❡♥t✳ ❚❤❛t ✐s✱ ✐❢ t❤❡ tr✉❡ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥

✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡ ❜❛s❡❞ ♦♥ ♣❡rs♦♥❛❧ ❥✉❞❣♠❡♥t ✐s pi✱ t❤❡♥ ❛❣❡♥t i ♠✐st❛❦❡♥❧② ❜❡❧✐❡✈❡s ✐t

t♦ ❜❡ gi (pi) ✭s❡❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐① ❢♦r ❛❧❧♦✇✐♥❣ ❛❧s♦ ❜✐❛s❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧

❝❤♦✐❝❡✳✮✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❜✐❛s ♣r♦✜❧❡ (gi)i∈I ✐s ✐♥t❡r♣r❡t❡❞

t♦ ❜❡ t❤❡ r❡s✉❧t ♦❢ ✉s✐♥❣ ♠❛♥❛❣❡r✐❛❧ s❦✐❧❧s t♦ ✐♥✢✉❡♥❝❡ t❤❡ ❝♦♥✜❞❡♥❝❡ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❛❣❡♥ts✳

❚❤❡ ♣r✐♥❝✐♣❛❧ ❦♥♦✇s ❛❧❧ ❛s♣❡❝ts ♦❢ t❤❡ ♠♦❞❡❧✱ ✇❤✐❧❡ ❡❛❝❤ ❛❣❡♥t ✐s ♥♦t ❛✇❛r❡ t❤❛t ❤❡ ❤❛s ❛

❝♦♥✜❞❡♥❝❡ ❜✐❛s✳ ✭❙❡❡ t❤❡ r❡❧❛t❡❞ ❡①♣❡r✐♠❡♥t❛❧ ✜♥❞✐♥❣s ♦❢ ❋r✐❡s❡♥ ❛♥❞ ❲❡❧❧❡r ✭✷✵✵✻✮ ✇❤✐❝❤

s✉❣❣❡st t❤❛t✿ ✭✶✮ ❛♥❛❧②sts ❛r❡ ♦✈❡r❝♦♥✜❞❡♥t❀ ✭✷✮ ❛♥ ❛♥❛❧②st ✐s ♥♦t ❛✇❛r❡ ♦❢ ❤✐s ♦✇♥ ❜✐❛s❀ ❛♥❞

✭✸✮ ❛♥ ❛♥❛❧②st ✐s ❛✇❛r❡ t❤❛t ♦t❤❡r ❛♥❛❧②sts t❡♥❞ t♦ ❜❡ ♦✈❡r❝♦♥✜❞❡♥t✳✮

✺



❆❢t❡r st❛❣❡ ✶✱ ❛❧❧ ❛❣❡♥ts ❛r❡ ♣✉❜❧✐❝❧② ✐♥❢♦r♠❡❞ ❛❜♦✉t t❤❡ ✈❛❧✉❡ ♦❢ q✱ ❛♥❞ ❡❛❝❤ ❛❣❡♥t i ✇✐t❤

❜✐❛s ❢✉♥❝t✐♦♥ gi✱ ✐s ♣r✐✈❛t❡❧② ♠✐s✐♥❢♦r♠❡❞ t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ pi ✐s gi (pi)✳ ❆t st❛❣❡ ✷ ❡❛❝❤

❛❣❡♥t i ❝❤♦♦s❡s ❛♥ ❛❝t✐♦♥ ai ∈ {ac, au}✱ ✇❤❡r❡ ac ✭au✮ ✐s ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❝♦♥✈❡♥t✐♦♥❛❧

✭✉♥❝♦♥✈❡♥t✐♦♥❛❧✮ ❝❤♦✐❝❡✳ ❚❤❡ ♣❛②♦✛ ♦❢ ❛❣❡♥t i ✐s ✭s❡❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐① ❢♦r ❞✐s❝✉ss✐♥❣ ❛ s❛❢❡r

❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡✮✿

ui (ac) =







H ✐❢ ξi,q = 1

L ✐❢ ξi,q = 0
, ❛♥❞ ui (au) =







H ✐❢ ξi,p = 1

L ✐❢ ξi,p = 0
.

❖✉r ❛ss✉♠♣t✐♦♥ t❤❛t fp ❛♥❞ fq ❛r❡ ❝♦♥t✐♥✉♦✉s ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ✐♥❡q✉❛❧✐t② q 6= g (pi)

❤♦❧❞s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✳ ❚❤✉s✱ ❡❛❝❤ ❜✐❛s ♣r♦✜❧❡ (gi)i∈I ✐♥❞✉❝❡s ❛ str✐❝t❧② ❞♦♠✐♥❛♥t str❛t❡❣②

♣r♦✜❧❡ ❢♦r ❡❛❝❤ ❛❣❡♥t i✿ t❛❦✐♥❣ ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ❛❝t✐♦♥ ✐❢ q > gi (pi)✱ ❛♥❞ ❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧

♦♥❡ ✐❢ q < gi (pi) ✭❛♥❞ ♣❧❛②✐♥❣ ❛r❜✐tr❛r② ✐❢ q = g (pi) ✲ ❛ ✵✲♣r♦❜❛❜✐❧✐t② ❡✈❡♥t✮✳ ▲❡t ui (gi) =

ui (gi,pi,q✱ξq , ξi,p, ξi,q) ❜❡ t❤❡ r❛♥❞♦♠ ♣❛②♦✛ ♦❢ ❛❣❡♥t i ✇❤♦ ✉s❡s t❤✐s ❞♦♠✐♥❛♥t str❛t❡❣②✳

❚❤❡ ♣r✐♥❝✐♣❛❧ ✐s ❛♥ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♠❛①✐♠✐③❡r ✇✐t❤ ❛ ♣❛②♦✛ ❢✉♥❝t✐♦♥ t❤❛t ✐s str✐❝t❧② ❝♦♥❝❛✈❡

❛♥❞ ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❛✈❡r❛❣❡ ❛❣❡♥t ♣❛②♦✛ ✭♦r✱ ❡q✉✐✈❛❧❡♥t❧②✱ t❤❡ ♥✉♠❜❡r ♦❢ s✉❝❝❡ss❢✉❧ ❛❣❡♥ts✮✿

u
(

(gi)i∈I

)

= E(pi )i∈I ,q✱(ξi,p ,ξi,q )i∈I

(

h

(

1

n

∑

i∈I

ui (gi)

))

.

✸ ❘❡s✉❧ts

❆ ❢❡✇ ❛✉①✐❧✐❛r② ❞❡✜♥✐t✐♦♥s ❛r❡ r❡q✉✐r❡❞ ❜❡❢♦r❡ ♣r❡s❡♥t✐♥❣ ♦✉r r❡s✉❧ts✳ ▲❡t t❤❡ ✜rst✲❜❡st ♣❛②♦✛

♦❢ t❤❡ ❣❛♠❡✱ ❜❡ t❤❡ ♣❛②♦✛ t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ❜② t❤❡ ♣r✐♥❝✐♣❛❧ ✇❤❡♥ ❤❡ ♦❜t❛✐♥s ❛❧❧ t❤❡

♣r✐✈❛t❡ s✐❣♥❛❧s pi✲s ❛♥❞ ❤❛s ❢✉❧❧ ❝♦♥tr♦❧ ♦✈❡r t❤❡ ❛❝t✐♦♥s ♦❢ t❤❡ ❛❣❡♥ts✳ ❆ ❜✐❛s ♣r♦✜❧❡ ǫ✲✐♥❞✉❝❡s

t❤❡ ✜rst✲❜❡st ♣❛②♦✛ ✐❢ ✐ts ♣❛②♦✛ ✐s ❛s ❣♦♦❞ ❛s t❤❡ ✜rst✲❜❡st ♣❛②♦✛ ✉♣ t♦ ǫ✳ ❇✐❛s ♣r♦✜❧❡ (gi)i∈I
✐s ❤♦♠♦❣❡♥❡♦✉s ✐❢ ❛❧❧ ❛❣❡♥ts ❤❛✈❡ t❤❡ s❛♠❡ ❜✐❛s ❢✉♥❝t✐♦♥✿ ∀i, j ∈ I, gi = gj✳ ❲✐t❤ s♦♠❡ ❛❜✉s❡

♦❢ ♥♦t❛t✐♦♥s✱ ✇❡ ✐❞❡♥t✐❢② ❢✉♥❝t✐♦♥ g : [0, 1] → [0, 1] ✇✐t❤ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦✜❧❡ (g)i∈I ✳

❲❡ s❛② t❤❛t g ❛s②♠♣t♦t✐❝❛❧❧② ✐♥❞✉❝❡s t❤❡ ✜rst✲❜❡st ♣❛②♦✛ ✐❢ ❢♦r ❡✈❡r② ǫ > 0✱ t❤❡r❡ ✐s ❧❛r❣❡

❡♥♦✉❣❤ n0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② ❣❛♠❡ ✇✐t❤ ❛t ❧❡❛st n0 ❛❣❡♥ts✱ g ǫ✲✐♥❞✉❝❡s t❤❡ ✜rst✲❜❡st ♣❛②♦✛✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ✉♥✐q✉❡ ♦♣t✐♠❛❧ ❜✐❛s ❢✉♥❝t✐♦♥✳

❚❤❡♦r❡♠ ✶ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❜✐❛s ❢✉♥❝t✐♦♥ g∗ t❤❛t ❛s②♠♣t♦t✐❝❛❧❧② ✐♥❞✉❝❡s t❤❡ ✜rst✲❜❡st

♣❛②♦✛✳ ▼♦r❡♦✈❡r✱ g∗ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✶✮ ❖✈❡r❝♦♥✜❞❡♥❝❡✿ g∗ (p) > p ❢♦r ❡✈❡r② 0 < p < 1✳

✭✷✮ ❈♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t❧② ✐♥❝r❡❛s✐♥❣✿ dg∗(p)
dp

> 0 ∀ 0 < p < 1✱ g∗ (0) = 0✱ ❛♥❞ g∗ (1) = 1✳

✭✸✮ g∗ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ fq✳

❚❤❡ ✐♥t✉✐t✐♦♥ ❢♦r ❚❤❡♦r❡♠ ✶ ✐s ❛s ❢♦❧❧♦✇s✳ ❚❤❡r❡ ✐s ❛ ❝♦♥✢✐❝t ♦❢ ✐♥t❡r❡st ❜❡t✇❡❡♥ ❝❛❧✐❜r❛t❡❞

❛❣❡♥ts ✭gi (pi) = pi✮ ✇❤♦ ♠❛①✐♠✐③❡ t❤❡✐r ♣r♦❜❛❜✐❧✐t② ♦❢ s✉❝❝❡ss✱ ❛♥❞ t❤❡ ♣r✐♥❝✐♣❛❧ ✇❤♦ ✇✐s❤❡s

s♦♠❡ ❛❣❡♥ts ✇✐t❤ pi < q t♦ ♠❛❦❡ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s ✐♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ❜❡tt❡r r✐s❦

✻



❞✐✈❡rs✐✜❝❛t✐♦♥ ❛♥❞ t♦ r❡❞✉❝❡ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❢r❛❝t✐♦♥ ♦❢ s✉❝❝❡ss❡s✳ ❚❤❡ ♦♣t✐♠❛❧ ❛❝t✐♦♥

♦❢ ❛❣❡♥t i ✐♥ t❤❡ ♣r✐♥❝✐♣❛❧✬s ✜rst✲❜❡st ♣r♦✜❧❡ ✭✐❢ t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦✉❧❞ ♦❜s❡r✈❡ ❛❣❡♥ts✬ ♣r✐✈❛t❡

s✐❣♥❛❧s✮ ❣❡♥❡r❛❧❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❡♥t✐r❡ r❡❛❧✐③❡❞ ♣r♦✜❧❡ ♦❢ s✐❣♥❛❧s✿ (p1, ..,pn,q)✳ ❍♦✇❡✈❡r✱

✇❤❡♥ t❤❡r❡ ❛r❡ ♠❛♥② ❛❣❡♥ts✱ t❤❡ r❡❛❧✐③❡❞ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ (p1, ..,pn) ✐s ✈❡r② ❝❧♦s❡ t♦

✐ts ♣r✐♦r ❞✐str✐❜✉t✐♦♥ fp✳ ❚❤✉s✱ ❛♣♣r♦①✐♠❛t❡❧②✱ t❤❡ ✜rst✲❜❡st ❝❤♦✐❝❡ ♦❢ ❛❣❡♥t i ♦♥❧② ❞❡♣❡♥❞s ♦♥

t❤❡ r❡❛❧✐③❛t✐♦♥s ♦❢ pi ❛♥❞ q✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❢♦r ❡✈❡r② q✱ t❤❡r❡ ✐s s♦♠❡ t❤r❡s❤♦❧❞ ❧❡✈❡❧ g−1 (q) < q✱

✇❤✐❝❤ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥t✐♥✉♦✉s ✐♥ q✱ s✉❝❤ t❤❛t ✐t ✐s ❛♣♣r♦①✐♠❛t❡❧② ♦♣t✐♠❛❧ ❢♦r t❤❡

♣r✐♥❝✐♣❛❧ ✐❢ ❡❛❝❤ ❛❣❡♥t i ♠❛❦❡s ❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ pi > g−1 (q)✳ ❚❤❡s❡

t❤r❡s❤♦❧❞s ❝♦♥str✉❝t t❤❡ ♦♣t✐♠❛❧ ❜✐❛s ❢✉♥❝t✐♦♥ g (p) . ❚❤✐s ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ♦✈❡r❝♦♥✜❞❡♥❝❡

❛❧✐❣♥s t❤❡ ♣r❡❢❡r❡♥❝❡s ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ t❤❡ ❛❣❡♥ts✳ ❚❤❛t ✐s✱ t❤❡ ❛❣❡♥ts ❜❡❤❛✈❡ ❛s ✐❢ t❤❡②

❤❛✈❡ t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣r✐♥❝✐♣❛❧✳

P❛rt ✸ ♦❢ ❚❤❡♦r❡♠ ✶ ❤♦❧❞s ❞✉❡ t♦ ♦✉r s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥ t❤❛t ❛❧❧ ❛❣❡♥ts ❤❛✈❡ t❤❡ s❛♠❡

s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t② ✇❤❡♥ ♠❛❦✐♥❣ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s✳ ■❢ ❛❣❡♥ts ✇❡r❡ ❢❛❝✐♥❣ ❞✐✛❡r❡♥t ✈❛❧✉❡s

♦❢ q ✇❤❡♥ ♠❛❦✐♥❣ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s✱ t❤❡♥ ♦✉r r❡s✉❧ts ✇♦✉❧❞ r❡♠❛✐♥ q✉❛❧✐t❛t✐✈❡❧② s✐♠✐❧❛r

❜✉t t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ♦✈❡r❝♦♥✜❞❡♥❝❡ ✇♦✉❧❞ ❛❧s♦ ❞❡♣❡♥❞ ♦♥ fq✳

❚❤❡♦r❡♠ ✶ s❤♦✇s ✉♥✐q✉❡♥❡ss ✐♥ t❤❡ s❡t ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❜✐❛s ♣r♦✜❧❡s✳ ❚❤❛t ✐s✱ ✐t s❤♦✇s

t❤❛t ❛♥② ♦t❤❡r ❤♦♠♦❣❡♥❡♦✉s ❜✐❛s ♣r♦✜❧❡ ✐♥❞✉❝❡s ❛ ✇♦rs❡ ♦✉t❝♦♠❡ t❤❛♥ g∗✱ ❣✐✈❡♥ t❤❛t t❤❡

♥✉♠❜❡r ♦❢ ❛❣❡♥ts ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ❚❤❡♦r❡♠ ✷ ❡①t❡♥❞s t❤❡ ✉♥✐q✉❡♥❡ss ❛❧s♦ t♦ t❤❡ s❡t ♦❢

❤❡t❡r♦❣❡♥❡♦✉s ♣r♦✜❧❡s✳ ❇✐❛s ♣r♦✜❧❡ (gi)i∈I ✐s ❤❡t❡r♦❣❡♥❡♦✉s ✐❢ t❤❡r❡ ✐s ❛ s❡t Q ⊆ [0, 1] ✇✐t❤ ❛

♣♦s✐t✐✈❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ q ∈ Q✱ mini (gi)
−1 (q) < maxi (gi)

−1 (q)✳ ❲✐t❤

s♦♠❡ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ✐❞❡♥t✐❢② t❤❡ ❜✐❛s ♣r♦✜❧❡ (gi)i∈I ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐❛s ♣r♦✜❧❡ ✐♥

❛ ❣❛♠❡ ✇✐t❤ k · |I| ❛❣❡♥ts✿ ❛❣❡♥ts {1, ..., k} ❤❛✈❡ ❜✐❛s ❢✉♥❝t✐♦♥ g1✱ ❛❣❡♥ts {k + 1, ..., 2k} ❤❛✈❡

❜✐❛s ❢✉♥❝t✐♦♥ g2✱ ✳✳✳✱ ❛♥❞ ❛❣❡♥ts {k · (|I| − 1) + 1, ..., k |I|} ❤❛✈❡ ❜✐❛s ❢✉♥❝t✐♦♥ g|I|✳ ❚❤❡♦r❡♠

✷ s❤♦✇s t❤❛t ❡✈❡r② ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦✜❧❡ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♣r♦✜❧❡ t❤❛t

✐♥❞✉❝❡s ❛ str✐❝t❧② ❜❡tt❡r ♦✉t❝♦♠❡✱ ❣✐✈❡♥ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳

❚❤❡♦r❡♠ ✷ ▲❡t (gi)i∈I ❜❡ ❛♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦✜❧❡✳ ❚❤❡♥ t❤❡r❡ ✐s k0 ∈ N s✉❝❤ t❤❛t t❤❡r❡

✐s ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♣r♦✜❧❡ t❤❛t ✐♥❞✉❝❡s ❛ str✐❝t❧② ❜❡tt❡r ♣❛②♦✛ t❤❛♥ (gi)i∈I ✐♥ t❤❡ ❣❛♠❡ ✇✐t❤

k · |I| ❛❣❡♥ts ❢♦r ❡✈❡r② k ≥ k0✳

❚❤❡ ✐♥t✉✐t✐♦♥ ❢♦r ❚❤❡♦r❡♠ ✷ ✐s ❛s ❢♦❧❧♦✇s✳ ▲❡t g ❜❡ ❛ ❜✐❛s ❢✉♥❝t✐♦♥ ✭❛♥ ❤♦♠♦❣❡♥❡♦✉s ♣r♦✜❧❡✮

t❤❛t ✐♥❞✉❝❡s t❤❡ s❛♠❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts ✇❤♦ ❢♦❧❧♦✇ t❤❡ ♣✉❜❧✐❝ s✐❣♥❛❧ ❛s t❤❡ ♣r♦✜❧❡

(gi)i∈I ✭❢♦r ❡❛❝❤ q✮✳ ❉✐✈✐❞❡ t❤❡ s❡t ♦❢ ❛❣❡♥ts ✐♥t♦ t✇♦ ❞✐s❥♦✐♥t s✉❜s❡ts I1 ❛♥❞ I2✱ ✇❤❡r❡ I1
✐♥❝❧✉❞❡s ❛❣❡♥ts ✇✐t❤ ❜✐❛s ❢✉♥❝t✐♦♥s t❤❛t ✐♥❞✉❝❡ ❤✐❣❤❡r ♣r♦❜❛❜✐❧✐t✐❡s t♦ ❢♦❧❧♦✇ t❤❡ ✉♥❝♦♥✲

✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡ ✭r❡❧❛t✐✈❡ t♦ g✮✱ ❛♥❞ I2 ✐s t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② s❡t✳ ■❢ t❤❡ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts ✐s

s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ t❤❡♥ t❤❡ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs ✐♠♣❧✐❡s t❤❛t r❡♣❧❛❝✐♥❣ t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ❜✐❛s

♣r♦✜❧❡ (gi)i∈I ✇✐t❤ t❤❡ ❤♦♠♦❣❡♥♦✉s ❜✐❛s ❢✉♥❝t✐♦♥ g✱ ✇♦✉❧❞ r❡s✉❧t ✐♥ ❤❛✈✐♥❣ s❡✈❡r❛❧ ❛❣❡♥ts

❢r♦♠ I1 ♠♦✈✐♥❣ ❢r♦♠ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s t♦ ❝♦♥✈❡♥t✐♦♥❛❧ ♦♥❡s✱ ❛♥❞ s❡✈❡r❛❧ ❛❣❡♥ts ❢r♦♠ I2
❞♦✐♥❣ t❤❡ ♦♣♣♦s✐t❡ ♠♦✈❡✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ✏♠♦✈✐♥❣✲♦✉t✑ I1 ❛❣❡♥ts ❤❛✈❡ ❧♦✇❡r pi✲s t❤❛♥ t❤❡

✏♠♦✈✐♥❣✲✐♥✑ I2 ❛❣❡♥ts✱ ❛s ❡✈❡r②♦♥❡ ✉s❡s t❤❡ s❛♠❡ t❤r❡s❤♦❧❞ ✭g−1 (q)✮ ✇❤❡♥ ❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r

♦r ♥♦t t♦ t❛❦❡ t❤❡ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❛❝t✐♦♥✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t g ✐♥❞✉❝❡s ❛ str✐❝t❧② ❜❡tt❡r ♣❛②♦✛

✭❜② ✉s✐♥❣ ❛❣❛✐♥ t❤❡ ❧❛✇ ♦r ❧❛r❣❡ ♥✉♠❜❡rs✮✳

❖✉r t❤✐r❞ r❡s✉❧t s❤♦✇s t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ♣r❡❢❡rs ♠♦r❡ ♦✈❡r❝♦♥✜❞❡♥t ❛❣❡♥ts ✐❢✿ ✭✶✮ ❤❡ ❜❡❝♦♠❡s

✼



♠♦r❡ r✐s❦✲❛✈❡rs❡✱ ♦r ✭✷✮ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ρ ❜❡❝♦♠❡s ❧❛r❣❡r✳

❚❤❡♦r❡♠ ✸ ▲❡t g∗1 ✭❘❡s♣✳✱ g∗2✮ ❜❡ t❤❡ ✉♥✐q✉❡ ❜✐❛s ❢✉♥❝t✐♦♥ t❤❛t ❛s②♠♣t♦t✐❝❛❧❧② ✐♥❞✉❝❡s t❤❡

✜rst✲❜❡st ♣❛②♦✛ ❣✐✈❡♥ t❤❡ ♣❛r❛♠❡t❡rs (ρ1, fq,1, fp,1, L1, H1, h1) ✭r❡s♣✳✱ (ρ2, fq,2, fp,2, L2, H2, h2)✮✳

❚❤❡♥ g∗1 (p) > g∗2 (p) ❢♦r ❡✈❡r② 0 < p < 1 ✐♥ ❡❛❝❤ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s✿

✭✶✮ h1 = ψ ◦ h2 ✇❤❡r❡ ψ′ > 0 ❛♥❞ ψ′′ < 0 ✭❛♥❞ ❛❧❧ ♦t❤❡r ♣❛r❛♠❡t❡rs ❛r❡ t❤❡ s❛♠❡✮✳

✭✷✮ ρ1 > ρ2 ✭❛♥❞ ❛❧❧ ♦t❤❡r ♣❛r❛♠❡t❡rs ❛r❡ t❤❡ s❛♠❡✮✳

❚❤❡ ✐♥t✉✐t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✸ ✐s ❛s ❢♦❧❧♦✇s✳ ■❢ t❤❡ ♣r✐♥❝✐♣❛❧ ❜❡❝♦♠❡s ♠♦r❡ r✐s❦✲❛✈❡rs❡✱ t❤❡♥ ❤❡

❣✐✈❡s ♠♦r❡ ✇❡✐❣❤t t♦ r❡❞✉❝✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ s✉❝❝❡ss❡s✳ ❚❤✐s ❞❡❡♣❡♥s t❤❡

❝♦♥✢✐❝t ♦❢ ✐♥t❡r❡st ✇✐t❤ ❝❛❧✐❜r❛t❡❞ ❛❣❡♥ts✱ ❛♥❞ ♠♦r❡ ♦✈❡r❝♦♥✜❞❡♥❝❡ ✐s r❡q✉✐r❡❞ t♦ ❛❧✐❣♥ t❤❡

♣r❡❢❡r❡♥❝❡s ♦❢ t❤❡ ❛❣❡♥ts ❛♥❞ t❤❡ ♣r✐♥❝✐♣❛❧✳ ❙✐♠✐❧❛r❧②✱ ✐❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❜❡❝♦♠❡s

❧❛r❣❡r✱ t❤✐s ❡♥❧❛r❣❡s t❤❡ ❛❣❣r❡❣❛t❡ r✐s❦ t❤❛t ✐s ✐♥❞✉❝❡❞ ❜② ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s✱ ❛♥❞ ✐t ❞❡❡♣❡♥s

t❤❡ ❝♦♥✢✐❝t ♦❢ ✐♥t❡r❡st ❜❡t✇❡❡♥ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞ ❝❛❧✐❜r❛t❡❞ ❛❣❡♥ts✳

❋✐♥❛❧❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ❤❛s ❛ ❝♦♥st❛♥t r❡❧❛t✐✈❡ r✐s❦ ❛✈❡rs✐♦♥ ✭❈❘❘❆✮ ✉t✐❧✐t②✿

h (x) =







x1−φ

1−φ
✐❢ φ > 0, φ 6= 1,

ln (x) ✐❢ φ = 1,

▲❡t D = H−L
L

❜❡ t❤❡ ✭♥♦r♠❛❧✐③❡❞✮ ♣♦t❡♥t✐❛❧ ❣❛✐♥✿ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❡①tr❛ ♣❛②♦✛ t❤❛t ❝❛♥

❜❡ ❣❛✐♥❡❞ ✇❤❡♥ s✉❝❝❡❡❞✐♥❣ ✭H−L✮ ❛♥❞ t❤❡ ♠✐♥✐♠❛❧ ❣✉❛r❛♥t❡❡❞ ♣❛②♦✛ ✭L✮✳ ❚❤❡♦r❡♠ ✹ s❤♦✇s

t❤❛t ❛ss✉♠✐♥❣ ❈❘❘❆ ✉t✐❧✐t② ②✐❡❧❞s t❤r❡❡ ❛❞❞✐t✐♦♥❛❧ r❡s✉❧ts✳ ❚❤❡ ✜rst r❡s✉❧t ✭♣❛rts ✶✲✷✮ s❤♦✇s

t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ❤✐r❡s ♠♦r❡ ♦✈❡r❝♦♥✜❞❡♥t ❛❣❡♥ts ✐❢ t❤❡r❡ ✐s ❛ ❧❛r❣❡r ♣♦t❡♥t✐❛❧ ❣❛✐♥✳ ▲❛r❣❡r

♣♦t❡♥t✐❛❧ ❣❛✐♥s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ♠♦r❡ ✐♠♣♦rt❛♥t ❞❡❝✐s✐♦♥s✱ ❛♥❞ ❣✐✈❡♥ t❤❡ ❡✈♦❧✉t✐♦♥❛r②

✐♥t❡r♣r❡t❛t✐♦♥ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✱ t❤✐s r❡s✉❧t ✜ts t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✜♥❞✐♥❣s t❤❛t ♣❡♦♣❧❡

t❡♥❞ t♦ ❜❡ ♠♦r❡ ♦✈❡r❝♦♥✜❞❡♥t ✇❤❡♥ ♠❛❦✐♥❣ ✐♠♣♦rt❛♥t ❞❡❝✐s✐♦♥s ✭❡✳❣✳✱ ❙✐❡❜❡r✱ ✶✾✼✹✮✳ ❚❤❡

s❡❝♦♥❞ r❡s✉❧t ✭♣❛rt ✸✮ s❤♦✇s t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ❤✐r❡s ♠♦r❡ ♦✈❡r❝♦♥✜❞❡♥t ❛❣❡♥ts ✐❢ t❤❡ s✉❝❝❡ss

♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s ❜❡❝♦♠❡ s♠❛❧❧❡r✱ ❛♥❞ t❤✐s ✜ts t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧②

♦❜s❡r✈❡❞ ❤❛r❞✲❡❛s② ❡✛❡❝t ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✷✮✳ ❚❤❡ ❧❛st r❡s✉❧t ✭♣❛rt ✹✮ s❤♦✇s t❤❛t t❤❡ ✐♥❞✉❝❡❞

♦✈❡r❝♦♥✜❞❡♥❝❡ ✜ts t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜s❡r✈❡❞ ❢❛❧s❡ ❝❡rt❛✐♥t② ❡✛❡❝t ✭s❡❡ ❙❡❝t✐♦♥ ✺✳✷✮✳ 5

❚❤❡♦r❡♠ ✹ ▲❡t g∗1 ✭❘❡s♣✳✱ g∗2✮ ❜❡ t❤❡ ✉♥✐q✉❡ ❜✐❛s ❢✉♥❝t✐♦♥ t❤❛t ❛s②♠♣t♦t✐❝❛❧❧② ✐♥❞✉❝❡s t❤❡

✜rst✲❜❡st ♣❛②♦✛ ❣✐✈❡♥ t❤❡ ♣❛r❛♠❡t❡rs (ρ1, fq,1, fp,1, L1, H1, h1) ✭r❡s♣✳✱ (ρ2, fq,2, fp,2, L2, H2, h2)✮✳

❆ss✉♠❡ t❤❛t ❜♦t❤ h1 ❛♥❞ h2 s❛t✐s❢② ❈❘❘❆✳ ❚❤❡♥✿

✭✶✮ ❊❛❝❤ g∗k ✭k ∈ {1, 2}✮ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛②♦✛s ♦♥❧② t❤r♦✉❣❤ ✐ts ❞❡♣❡♥❞❡♥❝② ♦♥ Di =
Hk−Lk

Lk
✳

✭✷✮ ■❢ D1 > D2 ✭❛♥❞ ❛❧❧ ♦t❤❡r ♣❛r❛♠❡t❡rs ❛r❡ t❤❡ s❛♠❡✮ t❤❡♥ g∗1 (p) > g∗2 (p) ∀ 0 < p < 1✳

✭✸✮ ■❢ ❞✐str✐❜✉t✐♦♥ fp,2 ❤❛s ✜rst ♦r❞❡r st♦❝❤❛st✐❝ ❞♦♠✐♥❛♥❝❡ ♦✈❡r fp,1 ✭❛♥❞ ❛❧❧ ♦t❤❡r ♣❛r❛♠✲

❡t❡rs ❛r❡ t❤❡ s❛♠❡✮ t❤❡♥ g∗1 (p) > g∗2 (p) ∀ 0 < p < 1✳

5 P❛rt ✭✹✮ ✐♠♣❧✐❡s t❤✐s ❡✛❡❝t ♦♥❧② ✉♥❞❡r t❤❡ str♦♥❣ ❛ss✉♠♣t✐♦♥s t❤❛t D ✐s ❤✐❣❤ ❛♥❞ ρ ✐s ❝❧♦s❡ t♦
✶✳ ❍♦✇❡✈❡r✱ ♦♥❡ ❝❛♥ ❡①t❡♥❞ t❤✐s r❡s✉❧t ✐♥t♦ ❛ s❡t✉♣ ✇❤❡r❡ D ❛♥❞ ρ ❛r❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ❤❛✈✐♥❣ ❛
❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ✇❡✐❣❤t ♦♥ ❤✐❣❤ ✈❛❧✉❡s✱ ❛♥❞ t❤❡ ♣r✐♥❝✐♣❛❧ ✐s ❧✐♠✐t❡❞ t♦ ✐♥❞✉❝✐♥❣ ❛
s✐♥❣❧❡ ❜✐❛s ❢✉♥❝t✐♦♥ g∗ (p) ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ D ❛♥❞ ρ✳

✽



✭✹✮ ❚❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ♣❡r❝❡✐✈❡❞ ❛♥❞ t❤❡ tr✉❡ ❡rr♦r ♣r♦❜❛❜✐❧✐t② ♦❢ ♣❡rs♦♥❛❧ ❥✉❞❣♠❡♥t

✭
1−g∗

k
(p)

1−p
✮ ❝♦♥✈❡r❣❡s t♦ (1/ (Dk + 1))φ =

(

Lk

Hk

)φ
✇❤❡♥ ❜♦t❤ p ❛♥❞ ρ ❝♦♥✈❡r❣❡ t♦ ✶✳

❚❤❡ ✐♥t✉✐t✐♦♥ ♦❢ t❤❡ ♣❛rt ✭✶✮ ✐s t❤❛t ❡✈❛❧✉❛t✐♦♥s ❜❛s❡❞ ♦♥ ❛ ❈❘❘❆ ✉t✐❧✐t② ❛r❡ ✉♥❛✛❡❝t❡❞

❜② s❝❛❧❡✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ♦❢ ♣❛rt ✭✷✮ ✐s t❤❛t ❧❛r❣❡r ♣♦t❡♥t✐❛❧ ❣❛✐♥✱ ❡♥❧❛r❣❡s t❤❡ ❛❣❣r❡❣❛t❡ r✐s❦

♦❢ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❛❝t✐♦♥s✳ ❚❤✐s ❞❡❡♣❡♥s t❤❡ ❝♦♥✢✐❝t ♦❢ ✐♥t❡r❡st ❜❡t✇❡❡♥ t❤❡ ♣r✐♥❝✐♣❛❧ ❛♥❞

❝❛❧✐❜r❛t❡❞ ❛❣❡♥ts✱ ❛♥❞ ♠♦r❡ ♦✈❡r❝♦♥✜❞❡♥❝❡ ✐s r❡q✉✐r❡❞ t♦ ❝♦♠♣❡♥s❛t❡ ❢♦r ✐t✳ ❚❤❡ ✐♥t✉✐t✐♦♥

♦❢ ♣❛rt ✭✸✮ ✐s t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ✇✐s❤❡s t❤❛t ❛❣❡♥ts ✇✐t❤ t❤❡ ❤✐❣❤❡st s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t✐❡s

✇♦✉❧❞ ♠❛❦❡ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s✳ ❲❤❡♥ ❧♦✇❡r s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ♠♦r❡ ❢r❡q✉❡♥t✱

❡❛❝❤ ❛❝❝✉r❛❝② ❧❡✈❡❧ pi ✐s ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ♦♥❡ ♦❢ t❤❡ ❤✐❣❤❡r ❧❡✈❡❧s✳

✹ ❊✈♦❧✉t✐♦♥❛r② ■♥t❡r♣r❡t❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ ❞✐✛❡r❡♥t ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♦✉r ♠♦❞❡❧ t♦ s❤♦✇ ✇❤② ♦✈❡r❝♦♥✜❞❡♥❝❡

✐s ❛ ✉♥✐q✉❡ ❡✈♦❧✉t✐♦♥❛r② st❛❜❧❡ ❜❡❤❛✈✐♦r✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❛❜♦✉t ❝❤♦✐❝❡s ♦❢

✐♥❞✐✈✐❞✉❛❧s ✐♥ ♣r❡❤✐st♦r✐❝ s♦❝✐❡t✐❡s✳

❊①❛♠♣❧❡ ✷ ❍✉♠❛♥ ❤✉♥t✐♥❣ ✐♥ ♣r❡❤✐st♦r✐❝ ❤✉♥t❡r✲❣❛t❤❡r❡r s♦❝✐❡t✐❡s ✐s ❛ s❦✐❧❧✲✐♥t❡♥s✐✈❡ ❛❝✲

t✐✈✐t②✳ ❍✉♠❛♥ ❤✉♥t❡rs ✉s❡ ❛ ✇❡❛❧t❤ ♦❢ ✐♥❢♦r♠❛t✐♦♥ t♦ ♠❛❦❡ ❝♦♥t❡①t✲s♣❡❝✐✜❝ ❞❡❝✐s✐♦♥s ❞✉r✐♥❣

❜♦t❤ t❤❡ s❡❛r❝❤ ❛♥❞ ❡♥❝♦✉♥t❡r ♣❤❛s❡s ♦❢ ❤✉♥t✐♥❣✳ ❆❝q✉✐r✐♥❣ ❣♦♦❞ ❤✉♥t✐♥❣ s❦✐❧❧s r❡q✉✐r❡s ♠❛♥②

②❡❛rs ♦❢ tr❛✐♥✐♥❣ ❛♥❞ s♣❡❝✐❛❧✐③❛t✐♦♥ ✭❑❛♣❧❛♥ ❡t ❛❧✳✱ ✷✵✵✵✮✳ ❈♦♥s✐❞❡r ❛♥ ✐♥❞✐✈✐❞✉❛❧ t❤❛t ❤❛s

t♦ ❝❤♦♦s❡ ✐♥ ✇❤✐❝❤ ❤✉♥t✐♥❣ t❡❝❤♥✐q✉❡ t♦ s♣❡❝✐❛❧✐③❡✳ ❚❤❡ ❤✉♥t❡r ♠❛② ❡✐t❤❡r ♠❛❦❡ t❤❡ ❝♦♥✈❡♥✲

t✐♦♥❛❧ ❝❤♦✐❝❡ ✲ s♣❡❝✐❛❧✐③❡ ✐♥ t❤❡ ❤✉♥t✐♥❣ t❡❝❤♥✐q✉❡ t❤❛t ✇❛s ♠♦st s✉❝❝❡ss❢✉❧ ✐♥ t❤❡ ♣r❡✈✐♦✉s

❣❡♥❡r❛t✐♦♥✱ ♦r ✉s❡ ❤✐s ♣❡rs♦♥❛❧ ❥✉❞❣♠❡♥t t♦ ❞❡✈❡❧♦♣ ❛♥❞ s♣❡❝✐❛❧✐③❡ ✐♥ ❛ ♥❡✇ ✉♥❝♦♥✈❡♥t✐♦♥❛❧

❤✉♥t✐♥❣ t❡❝❤♥✐q✉❡✱ ✇❤✐❝❤ ♠✐❣❤t ❜❡tt❡r ✜t t❤❡ ❝❤❛♥❣✐♥❣ ❡♥✈✐r♦♥♠❡♥t ♦r ❤✐s ♦✇♥ ♣❡rs♦♥❛❧

q✉❛❧✐✜❝❛t✐♦♥s✳ ❊❛❝❤ ❛❣❡♥t ♠❛② ❡✐t❤❡r s✉❝❝❡❡❞ ♦r ❢❛✐❧✱ ❛♥❞ t❤✐s ❤❛s ❧❛r❣❡ ✐♥✢✉❡♥❝❡ ♦♥ ❤✐s r❡✲

♣r♦❞✉❝t✐✈❡ ❛❜✐❧✐t②✳ ❚❤❡ ♦✉t❝♦♠❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧s ✇❤♦ s♣❡❝✐❛❧✐③❡ ✐♥ t❤❡ s❛♠❡ ❤✉♥t✐♥❣ t❡❝❤♥✐q✉❡

❛r❡ ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞✱ ✇❤✐❧❡ t❤❡ ♦✉t❝♦♠❡s ♦❢ ❞✐✛❡r❡♥t ❤✉♥t✐♥❣ t❡❝❤♥✐q✉❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳

❊①❛♠♣❧❡ ✷ ✐s ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ❆ ❧❛r❣❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ ✐♥❞✐✈✐❞✉❛❧s ✐♥❝❧✉❞❡s s❡✈❡r❛❧ ❣❡♥❡t✐❝

t②♣❡s✿ (T1, ..., TK)✳ ❊❛❝❤ t②♣❡ k ✐♥❞✉❝❡s ❛ ✭♣♦ss✐❜❧② r❛♥❞♦♠✮ ❜✐❛s ❢✉♥❝t✐♦♥ gk ❢♦r ✐ts ♠❡♠✲

❜❡rs✳ ■♥ ❡❛❝❤ ❣❡♥❡r❛t✐♦♥✱ ❡❛❝❤ ❛❣❡♥t ❢❛❝❡s ❛♥ ✐♠♣♦rt❛♥t ❞❡❝✐s✐♦♥ t❤❛t ✐♥✢✉❡♥❝❡s ❤✐s ✜t♥❡ss

✭r❡♣r♦❞✉❝t✐♦♥ ❛❜✐❧✐t②✮✱ ❧✐❦❡ t❤❡ ❤✉♥t✐♥❣ ♠❡t❤♦❞ ✐♥ ❊①❛♠♣❧❡ ✷✳ ❲❤❡♥ ♠❛❦✐♥❣ ❛ ❞❡❝✐s✐♦♥ t❤❡

✐♥❞✐✈✐❞✉❛❧ ♠❛② ❡✐t❤❡r t❛❦❡ ❛ ❝♦♥✈❡♥t✐♦♥❛❧ ❛❝t✐♦♥ t❤❛t ❢♦❧❧♦✇s ❛❝❝❡♣t❡❞ ❣✉✐❞❡❧✐♥❡s ✐♥ ❤✐s s♦❝✐✲

❡t②✱ ♦r ❢♦❧❧♦✇ ❤✐s ♦✇♥ ❥✉❞❣♠❡♥t ❛♥❞ t❛❦❡ ❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ❛❝t✐♦♥✳ ❆t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❡❛❝❤

❣❡♥❡r❛t✐♦♥ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ i r❡❝❡✐✈❡s t✇♦ s✐❣♥❛❧s 0 < pi < 1 ❛♥❞ 0 < q < 1✳ ❚❤❡s❡ s✐❣♥❛❧s

❤❛✈❡ t❤❡ s❛♠❡ ✐♥t❡r♣r❡t❛t✐♦♥ ❛s ✐♥ t❤❡ ♣r✐♥❝✐♣❛❧✲❛❣❡♥t ♠♦❞❡❧✿ pi ✭r❡s♣✳✱ q✮ ✐s t❤❡ ✐♥❞❡♣❡♥❞❡♥t

✭r❡s♣✳✱ ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞✮ s✉❝❝❡ss ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ✭r❡s♣✳✱ ❝♦♥✈❡♥t✐♦♥❛❧✮

❝❤♦✐❝❡✳

❚❤❡ ❝❤♦s❡♥ ❛❝t✐♦♥ ❛♥❞ t❤❡ st❛t❡ ♦❢ ♥❛t✉r❡ ❧❡❛❞s ❡❛❝❤ ❛❣❡♥t ❡✐t❤❡r t♦ s✉❝❝❡ss ♦r t♦ ❢❛✐❧✉r❡✿

s✉❝❝❡ss ✭r❡s♣✳✱ ❢❛✐❧✉r❡✮ ②✐❡❧❞s ✜t♥❡ss H ✭r❡s♣✳✱ L✮✳ ❚❤❡ s✐③❡ ♦❢ ❡❛❝❤ t②♣❡ ✭t❤❡ ♥✉♠❜❡r ♦❢ ✐ts

♠❡♠❜❡rs✮ ✐♥ t❤❡ ♥❡①t ❣❡♥❡r❛t✐♦♥ ✐s ❞❡t❡r♠✐♥❡❞ ❜② r❡♣❧✐❝❛t♦r ❞②♥❛♠✐❝s ✇✐t❤ ❛ s♠❛❧❧ ♣♦s✐t✐✈❡

♠✉t❛t✐♦♥ r❛t❡✳ ❚❤❛t ✐s✱ ❜❛s✐❝❛❧❧② t❤❡ ♥❡✇ s✐③❡ ♦❢ ❡❛❝❤ t②♣❡ ✐♥ t❤❡ ♥❡①t ❣❡♥❡r❛t✐♦♥ ✐s t❤❡✐r s✐③❡

✾



✐♥ t❤❡ ♣r❡✈✐♦✉s ❣❡♥❡r❛t✐♦♥ ♠✉❧t✐♣❧✐❡❞ ❜② t❤❡✐r ❛✈❡r❛❣❡ ✜t♥❡ss✳ ■♥ ❛❞❞✐t✐♦♥✱ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧

✐♥ t❤❡ ♥❡①t ❣❡♥❡r❛t✐♦♥ ❤❛s ❛ s♠❛❧❧ ❝❤❛♥❝❡ t♦ ❜❡ r❛♥❞♦♠❧② ❛ss✐❣♥❡❞ ✐♥t♦ ❛ ♥❡✇ t②♣❡✳

❆ ✇❡❧❧ ❦♥♦✇♥ ❛r❣✉♠❡♥t ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥❛r② ❧✐t❡r❛t✉r❡ ✭s❡❡✱ ▲❡✇♦♥t✐♥ ❛♥❞ ❈♦❤❡♥✱ ✶✾✻✾❀

❙❛♠✉❡❧s♦♥✱ ✶✾✼✶❀ ❘♦❜s♦♥✱ ✶✾✾✻✮ s❤♦✇s t❤❛t ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② ✐♥ t❤❡ ❧♦♥❣ r✉♥ ❛ ✉♥✐q✉❡

t②♣❡ ♣r❡✈❛✐❧s ♦✈❡r t❤❡ ❡♥t✐r❡ ♣♦♣✉❧❛t✐♦♥✿ t❤❡ t②♣❡ t❤❛t ♠❛①✐♠✐③❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡

❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ❛✈❡r❛❣❡ ✜t♥❡ss ✐♥ ❡❛❝❤ ❣❡♥❡r❛t✐♦♥✳ ❋♦r♠❛❧❧②✱ ❧❡t ξt = 1 ✭r❡s♣✳✱ ξt = 0✮ ❜❡ t❤❡

❡✈❡♥t t❤❛t t❤❡ ❛❝❝❡♣t❡❞ ❣✉✐❞❡❧✐♥❡s ❛r❡ ❝♦rr❡❝t ✭r❡s♣✳✱ ✐♥❝♦rr❡❝t✮ ✐♥ ❣❡♥❡r❛t✐♦♥ t ✭❞❡♥♦t❡❞ ❜②

ξq ✐♥ ❙❡❝t✐♦♥ ✷✮✳ ❘❡❝❛❧❧ t❤❛t P (ξt = 1) = q✱ ❛♥❞ ❛ss✉♠❡ t❤❛t ξt✲s ✐♥ ❞✐✛❡r❡♥t ❣❡♥❡r❛t✐♦♥s ❛r❡

✐♥❞❡♣❡♥❞❡♥t✳ ▲❡t ui,k,t ❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ♦✛s♣r✐♥❣ ♦❢ ❛❣❡♥t i ♦❢ t②♣❡ k ✐♥ ❣❡♥❡r❛t✐♦♥ t✱ ❛♥❞

❧❡t mk (ξt) = E (ui,k,t|ξt) ❜❡ t❤❡ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ♦✛s♣r✐♥❣ ♣r♦❞✉❝❡❞ ❜② ❛♥ ❛❣❡♥t ♦❢ t②♣❡

k ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ξt✳ ❘♦❜s♦♥ ✭✶✾✾✻✱ ❚❤❡♦r❡♠ ✷✲✐✐✐✮ s❤♦✇s t❤❛t ✐❢ ♠✉t❛t✐♦♥ r❛t❡s ❛r❡ s♠❛❧❧✱ ❛

❧♦♥❣ t✐♠❡ ❡❧❛♣s❡❞✱ ❛♥❞ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐s ❢♦✉♥❞ t♦ ❤❛✈❡ ❛✈♦✐❞❡❞ ❡①t✐♥❝t✐♦♥✱ t❤❡♥ t❤❡ ❡♥t✐r❡

♣♦♣✉❧❛t✐♦♥ ✐s ❞♦♠✐♥❛t❡❞ ❜② t❤❡ t②♣❡ t❤❛t ♠❛①✐♠✐③❡s✿

E (ln (mk)) = q · ln (mk (ξt = 1)) + (1− q) · ln (mk (ξt = 0)) .

❖❜s❡r✈❡ t❤❛t ❞✉❡ t♦ t❤❡ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✱ ✐❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♦❢ t②♣❡ k ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱

t❤❡♥ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ ξt✱ t❤❡ r❡❛❧✐③❡❞ ❛✈❡r❛❣❡ ✜t♥❡ss ♦❢ t❤❡ ♠❡♠❜❡rs ♦❢ t②♣❡ k ✐♥

❣❡♥❡r❛t✐♦♥ t ✐s ✈❡r② ❝❧♦s❡ t♦ mk (ξt)✿ mk (ξt) ≈ 1
|Tk|

∑

i∈Tk
ui,k,t✳ ❚❤✉s✱ ❘♦❜s♦♥ ✭✶✾✾✻✮✬s r❡s✉❧t

✐♠♣❧✐❡s t❤❛t ✐♥ t❤❡ ❧♦♥❣ r✉♥ ♥❛t✉r❡ s❡❧❡❝ts t❤❡ t②♣❡ t❤❛t ♠❛①✐♠✐③❡s t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡

❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ❛✈❡r❛❣❡ ✜t♥❡ss ✐♥ ❡❛❝❤ ❣❡♥❡r❛t✐♦♥✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s✱ t❤❡ ❧♦♥❣ r✉♥ ❧✐♠✐t✐♥❣

❜❡❤❛✈✐♦r t❤❛t ✐s t❤❡ r❡s✉❧t ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s t❤❡ ❜✐❛s ♣r♦✜❧❡

t❤❛t ✐s ❞✐r❡❝t❧② ❝❤♦s❡♥ ❜② ❛ r✐s❦✲❛✈❡rs❡ ♣r✐♥❝✐♣❛❧ ✇✐t❤ ❛ ❧♦❣❛r✐t❤♠✐❝ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✳ ❚❤✉s✱

✐♥ t❤❡ ❧♦♥❣ r✉♥ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❜✐❛s ♣r♦✜❧❡ g∗ ✐s ❛ ✉♥✐q✉❡ ❡✈♦❧✉t✐♦♥❛r② st❛❜❧❡ ❜❡❤❛✈✐♦r✱

❛♥❞ ❛❧❧ ♦❢ t❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✸ ❤♦❧❞ ✐♥ t❤✐s s❡t✉♣ ❛s ✇❡❧❧✳

■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ s❦❡t❝❤ ♦✉t t❤❡ ✐♥t✉✐t✐♦♥ ❜❡❤✐♥❞ t❤✐s r❡s✉❧t✳ ▲❡t nk ❜❡ t❤❡ ✐♥✐t✐❛❧ ♥✉♠❜❡r

♦❢ ♠❡♠❜❡rs ♦❢ t②♣❡ k✱ ❛♥❞ ❧❡t Xt,k = 1
|Tk|

∑

i∈Tk
ui,k,t ❜❡ t❤❡ ❛✈❡r❛❣❡ ✜t♥❡ss ♦❢ t②♣❡ k ✐♥

❣❡♥❡r❛t✐♦♥ t✳ ❚❤❡ s✐③❡ ♦❢ ❡❛❝❤ t②♣❡ Tk ❛❢t❡r M ❣❡♥❡r❛t✐♦♥s ✐s ❡q✉❛❧ t♦✿

nk ·X1,k · ... · ·XM,k = nk · elog(X1,k·...··XM,k) = nk · elog(X1,k)+...+log(XM,k).

❆ss✉♠❡ t❤❛t nk ✐s ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ t❤❛t E (log (Xt,k)) > 0✱ t❤❡♥ ❡❛❝❤ Xt,k ✐s ❛♣♣r♦①✐♠❛t❡❧②

✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞✳ ❆ss✉♠✐♥❣ t❤❛t M ✐s ❧❛r❣❡ ❡♥♦✉❣❤ t❤❡♥ t❤❡ s✐③❡ ♦❢ t②♣❡ Tk ❛❢t❡r

M ❣❡♥❡r❛t✐♦♥s ✐s ❛♣♣r♦①✐♠❛t❡❧② ✭✉s✐♥❣ t❤❡ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✮✿ nk · eM ·E(log(Xt,k)). ❚❤✐s

❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡ ❛✈❡r❛❣❡ ✜t♥❡ss ✐♥ ❡❛❝❤ ❣❡♥❡r❛t✐♦♥✱

❛♥❞ t❤❡ t②♣❡ t❤❛t ♠❛①✐♠✐③❡s t❤✐s ❡①♣r❡ss✐♦♥ ✇✐❧❧ ❡①♣❛♥❞ ❡①♣♦♥❡♥t✐❛❧❧② ❢❛st❡r t❤❛♥ ❛♥② ♦t❤❡r

t②♣❡✳

❆t ✜rst ❣❧❛♥❝❡✱ ✐t ♠✐❣❤t ❜❡ ♣✉③③❧✐♥❣ t❤❛t ♦✉r ❞②♥❛♠✐❝s ✐s ❡♥t✐r❡❧② ❜❛s❡❞ ♦♥ ✐♥❞✐✈✐❞✉❛❧

s❡❧❡❝t✐♦♥✱ ❛♥❞ ②❡t ♥❛t✉r❛❧ s❡❧❡❝t✐♦♥ ❞♦❡s ♥♦t ❝❤♦♦s❡ ❛❣❡♥ts ✇❤♦ ♠❛①✐♠✐③❡ t❤❡ ❡①♣❡❝t❡❞

♥✉♠❜❡r ♦❢ ❝❤✐❧❞r❡♥✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ♥❛t✉r❛❧ s❡❧❡❝t✐♦♥ ✏❝❛r❡s✑ ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ♦✛s♣r✐♥❣

✐♥ t❤❡ ❧♦♥❣ r✉♥✳ ❚❤✐s ✐s ♥♦t t❤❡ s❛♠❡ ❛s ♠❛①✐♠✐③✐♥❣ t❤❡ ✏s❤♦rt✲r✉♥✑ ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢

❝❤✐❧❞r❡♥✳ ❆ ❝❛❧✐❜r❛t❡❞ ❛❣❡♥t ❤❛s ❛♥ ❤✐❣❤❡r ❡①♣❡❝t❡❞ ♥✉♠❜❡r ♦❢ ❝❤✐❧❞r❡♥ t❤❛♥ ❛♥ ❛❣❡♥t ✇✐t❤

❜✐❛s g∗ ❜✉t ❤❡ ❛❧s♦ ❤❛s ❛ ❤✐❣❤❡r ✈❛r✐❛♥❝❡✳ ●❡♥❡r❛t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ r❡❛❧✐③❡❞ ❛✈❡r❛❣❡ ♥✉♠❜❡r

✶✵



♦❢ ❝❤✐❧❞r❡♥ ♦❢ ❝❛❧✐❜r❛t❡❞ ❛❣❡♥ts ✐s s♠❛❧❧✱ s✉❜st❛♥t✐❛❧❧② r❡❞✉❝❡ t❤❡✐r ♥✉♠❜❡r ♦❢ ♦✛s♣r✐♥❣ ✐♥

t❤❡ ❧♦♥❣ r✉♥✳

❖✉r r❡s✉❧ts ✐♠♣❧② t❤❛t ❛❧❧ ❡✈♦❧✉t✐♦♥❛r② ❤✐st♦r✐❡s ✐♥❞✉❝❡ ♦✈❡r❝♦♥✜❞❡♥❝❡✱ ❜✉t t❤❛t t❤❡r❡ ✐s ❛

❧❛r❣❡ ✈❛r✐❡t② ✐♥ t❤❡ ❧❡✈❡❧ ♦❢ ✐♥❞✉❝❡❞ ♦✈❡r❝♦♥✜❞❡♥❝❡ ❣✐✈❡♥ ❞✐✛❡r❡♥t ❤✐st♦r✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐t

✐♠♣❧✐❡s t❤❛t ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ♦✈❡r❝♦♥✜❞❡♥❝❡ ✐s ✐♥❞✉❝❡❞ ✐❢ t❤❡ ♦✉t❝♦♠❡s ♦❢ t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧

❝❤♦✐❝❡s ❤❛✈❡ ❜❡❡♥ ♠♦r❡ ❝♦rr❡❧❛t❡❞ t❤r♦✉❣❤ t❤❡ ❤✐st♦r②✳ ❚❤✐s ✐♠♣❧✐❝❛t✐♦♥ ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡

✇✐t❤ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✜♥❞✐♥❣s s✉r✈❡②❡❞ ✐♥ ❨❛t❡s ❡t ❛❧✳ ✭✷✵✵✷✮✳

✺ ❉✐s❝✉ss✐♦♥

✺✳✶ ❱❛r✐❛♥ts ❛♥❞ ❊①t❡♥s✐♦♥s

❚❤❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐① ♣r❡s❡♥ts s❡✈❡r❛❧ ✈❛r✐❛♥ts ❛♥❞ ❡①t❡♥s✐♦♥s✿ ✭✶✮ ✇❡ ❛❧❧♦✇ ❛❣❡♥ts t♦ ❤❛✈❡

❜✐❛s ❛❧s♦ ✇✐t❤ r❡s♣❡❝t t♦ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s✱ ❛♥❞ ✇❡ s❤♦✇ t❤❛t t❤❡ r❡s✉❧ts ❛r❡ s✐♠✐❧❛r❀

✭✷✮ ✇❡ ❡①t❡♥❞ ♦✉r r❡s✉❧ts t♦ ❛ s❡t✉♣ ✇❤❡r❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s ❛r❡ s❛❢❡r ✭❤❛✈❡ ❛ s♠❛❧❧❡r

✈❛r✐❛♥❝❡✮❀ ✭✸✮ ✇❡ r❡❢♦r♠✉❧❛t❡ t❤❡ ♠♦❞❡❧ t♦ ❝❛♣t✉r❡ ♦✈❡r❝♦♥✜❞❡♥❝❡ ❛s ✉♥❞❡r❡st✐♠❛t✐♥❣ t❤❡

✈❛r✐❛♥❝❡ ♦❢ ❛ ❝♦♥t✐♥✉♦✉s ♥♦✐s② s✐❣♥❛❧❀ ✭✹✮ ✇❡ ❡①t❡♥❞ ♦✉r r❡s✉❧ts t♦ ❛ s❡t✉♣ ✇❤❡r❡ ♣r✐✈❛t❡

✐♥❢♦r♠❛t✐♦♥ ✐s ❝♦st❧②✱ ❛♥❞ ❡❛❝❤ ❛❣❡♥t ❤❛s t♦ ✐♥✈❡st ❡✛♦rt ✐♥ ✐♠♣r♦✈✐♥❣ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❤✐s

♣❡rs♦♥❛❧ ❥✉❞❣♠❡♥t❀ ✭✺✮ ✇❡ ❞❡♠♦♥str❛t❡ t❤❛t ♦✉r r❡s✉❧ts ❞♦ ♥♦t ❤♦❧❞ ❢♦r ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢

❛❣❡♥ts✱ ❛♥❞ ✇❡ s❤♦✇ t❤❛t ♣r✐♥❝✐♣❛❧s ✇♦✉❧❞ ♣r❡❢❡r ❤❛✈✐♥❣ ♠❛♥② ❛❣❡♥ts❀ ✭✻✮ ✇❡ s❤♦✇ t❤❛t

♦✉r r❡s✉❧ts ❛❧s♦ ❤♦❧❞ ✇❤❡♥ ❛❣❡♥ts ❛r❡ ✐♥❢♦r♠❡❞ ❡①♣❡rts ✇❤♦ r❡❝♦♠♠❡♥❞ t❤❡ ♣r✐♥❝✐♣❛❧ ✇❤✐❝❤

❛❝t✐♦♥ t♦ ❝❤♦♦s❡✱ ❛♥❞ ✇❤❡♥ t❤❡ ❛❣❡♥ts ❛r❡ r✐s❦✲❛✈❡rs❡❀ ✭✼✮ ✇❡ ❞✐s❝✉ss ❤♦✇ ✐♥❝♦r♣♦r❛t✐♥❣

✉♥❜✐❛s❡❞ r❛♥❞♦♠ ❥✉❞❣♠❡♥t ❡rr♦rs ✇♦✉❧❞ ✐♠♣❧② t❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♦❜s❡r✈❡❞ ✉♥❞❡r❝♦♥✜❞❡♥❝❡

❢♦r ❡❛s② t❛s❦s❀ ❛♥❞ ✭✽✮ ✇❡ ❞❡♠♦♥str❛t❡ ❤♦✇ ♦✈❡r❝♦♥✜❞❡♥❝❡ ❝❛♥ ✐♠♣r♦✈❡ s♦❝✐❛❧ ✇❡❧❢❛r❡✳

✺✳✷ ❘❡❧❛t❡❞ ▲✐t❡r❛t✉r❡

❲❡ ❝♦♥❝❧✉❞❡ ❜② ❞✐s❝✉ss✐♥❣ ❛ s♠❛❧❧ ♣♦rt✐♦♥ ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ♦✈❡r❝♦♥✜❞❡♥❝❡✳ ❚❤❡ ✐♥t❡r❡st❡❞

r❡❛❞❡r ✐s r❡❢❡rr❡❞ t♦ t❤❡ s✉r✈❡②s ♦❢ ▲✐❝❤t❡♥st❡✐♥✱ ❋✐s❝❤❤♦✛ ❛♥❞ P❤✐❧❧✐♣s ✭✶✾✽✷✮✱ ●r✐✣♥ ❛♥❞

❇r❡♥♥❡r ✭✷✵✵✹✮✱ ❛♥❞ ❙❦❛❧❛ ✭✷✵✵✽✮✳

❚❤❡ t❡r♠ ♦✈❡r❝♦♥✜❞❡♥❝❡ ❤❛s t❤r❡❡ ❞✐✛❡r❡♥t ❜✉t r❡❧❛t❡❞ ❞❡✜♥✐t✐♦♥s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❚❤❡

♠♦st ♣♦♣✉❧❛r ❞❡✜♥✐t✐♦♥✱ ❛❧s♦ ❝❛❧❧❡❞ ♦✈❡r❡st✐♠❛t✐♦♥✱ ❞❡s❝r✐❜❡s ♦✈❡r❝♦♥✜❞❡♥❝❡ ❛s ❛ s②st❡♠❛t✐❝

❝❛❧✐❜r❛t✐♦♥ ❜✐❛s✱ ❢♦r ✇❤✐❝❤ t❤❡ ❛ss✐❣♥❡❞ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❛♥s✇❡rs ❣✐✈❡♥ ❛r❡ ❝♦rr❡❝t ❡①✲

❝❡❡❞s t❤❡ tr✉❡ ❛❝❝✉r❛❝② ✭s❡❡ ❡✳❣✳✱ ❖s❦❛♠♣✱ ✶✾✻✺❀ ▲✐❝❤t❡♥st❡✐♥✱ ❋✐s❝❤❤♦✛ ❛♥❞ P❤✐❧❧✐♣s✱ ✶✾✽✷✮✳

❚❤❡ s❡❝♦♥❞ ❞❡✜♥✐t✐♦♥✱ ❛❧s♦ ❝❛❧❧❡❞ ♦✈❡r♣r❡❝✐s✐♦♥✱ ❞❡❛❧s ✇✐t❤ ❡①❝❡ss✐✈❡ ❝❡rt❛✐♥t② r❡❣❛r❞✐♥❣

t❤❡ ❛❝❝✉r❛❝② ♦❢ ♦♥❡✬s ❜❡❧✐❡❢s ❛❜♦✉t ❛♥ ✉♥❝❡rt❛✐♥ ❝♦♥t✐♥✉♦✉s q✉❛♥t✐t② ✭s❡❡✱ ❡✳❣✳✱ ▲✐❝❤t❡♥✲

st❡✐♥✱ ❋✐s❝❤❤♦✛ ❛♥❞ P❤✐❧❧✐♣s✱ ✶✾✽✷❀ ❘✉ss♦ ❛♥❞ ❙❝❤♦❡♠❛❦❡r✱ ✶✾✾✷✮✳ ❚❤❡ t❤✐r❞ ❞❡✜♥✐t✐♦♥✱ ❛❧s♦

❝❛❧❧❡❞ ♦✈❡r♣❧❛❝❡♠❡♥t✱ ❞❡s❝r✐❜❡s t❤❡ ♣❤❡♥♦♠❡♥♦♥ ✐♥ ✇❤✐❝❤ ♣❡♦♣❧❡ ❜❡❧✐❡✈❡ t❤❡♠s❡❧✈❡s t♦ ❜❡

❜❡tt❡r t❤❛♥ ❛✈❡r❛❣❡ ✭❙✈❡♥s♦♥✱ ✶✾✽✶❀ ❚❛②❧♦r ❛♥❞ ❇r♦✇♥✱ ✶✾✽✽✮✳ ❊♠♣✐r✐❝❛❧ ❞❛t❛ s✉❣❣❡sts t❤❛t

✶✶



♦✈❡r❝♦♥✜❞❡♥❝❡ ✐s ♥♦t ❧✐♠✐t❡❞ t♦ t❤❡ ❧❛❜ ✲ ✐t ✐s ❛❧s♦ ♣r❡s❡♥t❡❞ ❜② ❡①♣❡r✐❡♥❝❡❞ ❛❣❡♥ts ✐♥ r❡❛❧✲

❧✐❢❡ s✐t✉❛t✐♦♥s✿ ❣❡♦❧♦❣✐sts ✭❘✉ss♦ ❛♥❞ ❙❝❤♦❡♠❛❦❡r✱ ✶✾✾✷✮✱ tr❛❞❡rs ✭❇❛r❜❡r ❛♥❞ ❖❞❡❛♥✱ ✷✵✵✶❀

❇❡♥✲❉❛✈✐❞✱ ●r❛❤❛♠ ❛♥❞ ❍❛r✈❡②✱ ✷✵✶✵✮✱ ❛♥❞ ❛♥❛❧②sts ✭❋r✐❡s❡♥ ❛♥❞ ❲❡❧❧❡r✱ ✷✵✵✻✮✳

❖✈❡r❝♦♥✜❞❡♥❝❡ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ s❡✈❡r❛❧ ✜♥❛♥❝✐❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ ♠♦❞❡❧s✳ ❆ ❢❡✇ ♣❛♣❡rs ✐♥✲

✈❡st✐❣❛t❡ ♠♦t✐✈❛t✐♦♥❛❧ r❡❛s♦♥s ❢♦r ♦✈❡r❝♦♥✜❞❡♥❝❡✿ ❞❡❝❡✐✈✐♥❣ ❢✉t✉r❡ s❡❧❢ ✭❇é♥❛❜♦✉ ❛♥❞ ❚✐r♦❧❡✱

✷✵✵✷✮✱ ♣♦s✐t✐✈❡ ❡♠♦t✐♦♥s ✐♠♣r♦✈❡ ♣❡r❢♦r♠❛♥❝❡ ✭❈♦♠♣t❡ ❛♥❞ P♦st❧❡✇❛✐t❡✱ ✷✵✵✹✮✱ ✏❡❣♦✑ ✉t✐❧✐t②

❢r♦♠ ♣♦s✐t✐✈❡ s❡❧❢✲✐♠❛❣❡ ✭❑ös③❡❣✐✱ ✷✵✵✻❀ ❲❡✐♥❜❡r❣✱ ✷✵✵✾✮✱ ❛♥❞ ❝♦♥✜r♠❛t♦r② ❜✐❛s ✭❘❛❜✐♥ ❛♥❞

❙❝❤r❛❣✱ ✶✾✾✾✮✳ ❱❛♥ ❞❡♥ ❙t❡❡♥ ✭✷✵✵✹✮ ❛♥❞ ❙❛♥t♦s✲P✐♥t♦ ❛♥❞ ❙♦❜❡❧ ✭✷✵✵✺✮ ❞❡♠♦♥str❛t❡ ❤♦✇

✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦❜s❡r✈❡ ♦✈❡r❝♦♥✜❞❡♥❝❡ ❛♠♦♥❣ r❛t✐♦♥❛❧ ❛❣❡♥ts ✇❤♦ ❝❤♦♦s❡ ❛❝t✐♦♥s ❜❛s❡❞ ♦♥

✉♥❜✐❛s❡❞ r❛♥❞♦♠ ❡rr♦rs✳ ❇❧✉♠❡ ❛♥❞ ❊❛s❧❡② ✭✶✾✾✷✮✱ ❲❛♥❣ ✭✷✵✵✶✮✱ ●❡r✈❛✐s ❛♥❞ ❖❞❡❛♥ ✭✷✵✵✶✮✱

❛♥❞ ❑❤❛❝❤❛tr②❛♥ ❛♥❞ ❲❡✐❜✉❧❧ ✭✷✵✶✶✮ st✉❞② t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ✇❤✐❝❤ ♦✈❡r❝♦♥✜❞❡♥❝❡ ❝❛♥ s✉r✲

✈✐✈❡ ♦r ❡✈❡♥ ❞♦♠✐♥❛t❡ ✐♥ ✜♥❛♥❝✐❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ ♠❛r❦❡ts✳ ❋✐♥❛❧❧②✱ ❖❞❡❛♥ ✭✶✾✾✽✮ ✐♥✈❡st✐❣❛t❡s

t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ♦✈❡r❝♦♥✜❞❡♥t ❛❣❡♥ts ✐♥ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✱ ❛♥❞ ❙❛♥❞r♦♥✐ ❛♥❞ ❙q✉✐♥t❛♥✐ ✭✷✵✵✼✮

st✉❞② t❤❡✐r ✐♥✢✉❡♥❝❡ ✐♥ ✐♥s✉r❛♥❝❡ ♠❛r❦❡ts✳

■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ❢♦❝✉s ♦♥ ♦✈❡r❡st✐♠❛t✐♦♥✱ ❛♥❞ ❞❡s❝r✐❜❡ s♦♠❡ ♦❢ ✐ts ♠❛✐♥ ❡①♣❡r✐♠❡♥t❛❧

st②❧✐③❡❞ ❢❛❝ts✳ ❆ ♠❛✐♥ ❡①♣❡r✐♠❡♥t❛❧ ✜♥❞✐♥❣ ✐s t❤❛t t❤❡ ❞❡❣r❡❡ ♦❢ ♦✈❡r❝♦♥✜❞❡♥❝❡ ❞❡♣❡♥❞s

♦♥ t❤❡ ❞✐✣❝✉❧t② ♦❢ t❤❡ t❛s❦ ✲ t❤❡ ❤❛r❞✲❡❛s② ❡✛❡❝t✳ ❚❤❡ ♠♦r❡ ❞✐✣❝✉❧t t❤❡ t❛s❦✱ t❤❡ ❣r❡❛t❡r

t❤❡ ♦❜s❡r✈❡❞ ♦✈❡r❝♦♥✜❞❡♥❝❡ ✭▲✐❝❤t❡♥st❡✐♥✱ ❋✐s❝❤❤♦✛✱ ❛♥❞ P❤✐❧❧✐♣s✱ ✶✾✽✷❀ ▼♦♦r❡ ❛♥❞ ❍❡❛❧②✱

✷✵✵✽✮✿ ♣❡♦♣❧❡ ♣r❡s❡♥t s✉❜st❛♥t✐❛❧ ♦✈❡r❝♦♥✜❞❡♥❝❡ ❢♦r ❤❛r❞ t❛s❦s✱ ♠♦❞❡r❛t❡ ♦✈❡r❝♦♥✜❞❡♥❝❡

❢♦r ♠❡❞✐✉♠ t❛s❦s✱ ❛♥❞ ♠♦❞❡r❛t❡ ✉♥❞❡r❝♦♥✜❞❡♥❝❡ ❢♦r ❡❛s② t❛s❦s✳ ❆ ❢❡✇ ♣❛♣❡rs s✉❣❣❡st t❤❛t

t❤❡ ❤❛r❞✲❡❛s② ❡✛❡❝t✱ ❛♥❞ ❛♣♣❛r❡♥t ♦✈❡r❝♦♥✜❞❡♥❝❡ ✐♥ ❣❡♥❡r❛❧✱ ♠❛② ❜❡ t❤❡ r❡s✉❧t ♦❢ ❝❤♦♦s✲

✐♥❣ ✉♥r❡♣r❡s❡♥t❛t✐✈❡ ❤❛r❞ q✉❡st✐♦♥s ✐♥ ❡①♣❡r✐♠❡♥ts ❛♥❞ r❡❣r❡ss✐♦♥ t♦✇❛r❞ t❤❡ ♠❡❛♥ ✭s❡❡✱

❡✳❣✳✱ ❊r❡✈✱ ❲❛❧❧st❡♥ ❛♥❞ ❇✉❞❡s❝✉✱ ✶✾✾✹✮✳ ❘❡❝❡♥t ❡①♣❡r✐♠❡♥ts ❞❡♠♦♥str❛t❡ t❤❛t ♣❡♦♣❧❡ st✐❧❧

♣r❡s❡♥t ♦✈❡r❝♦♥✜❞❡♥❝❡✱ t❤♦✉❣❤ t♦ ❛ ❧❡ss ❡①t❡♥t✱ ✇❤❡♥ r❡♣r❡s❡♥t❛t✐✈❡ q✉❡st✐♦♥s ❛r❡ ✉s❡❞

✭✇❤✐❝❤ ❛r❡ r❛♥❞♦♠❧② s❛♠♣❧❡❞ ❢r♦♠ ❛ ♥❛t✉r❛❧ s❡t✮ ❛♥❞ ✇❤❡♥ ✉♥❜✐❛s❡❞ ❥✉❞❣♠❡♥t❛❧ r❛♥❞♦♠

❡rr♦rs ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡ ❛♥❛❧②s✐s ✭s❡❡ ❇✉❞❡s❝✉✱ ❲❛❧❧st❡♥✱ ❛♥❞ ❆✉✱ ✶✾✾✼❀ ●❧❛s❡r✱

▲❛♥❣❡r ❛♥❞ ❲❡❜❡r✱ ✷✵✶✷✮✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ ✜♥❞✐♥❣ ✐s t❤❡ ❢❛❧s❡ ❝❡rt❛✐♥t② ❡✛❡❝t ✿ ♣❡♦♣❧❡ ❛r❡ ♦❢t❡♥

✇r♦♥❣ ✇❤❡♥ t❤❡② ❛r❡ ❝❡rt❛✐♥ ✐♥ t❤❡✐r ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✳ ■♥ t❤❡ ❡①♣❡r✐♠❡♥t ♦❢ ❋✐s❝❤❤♦✛✱

❙❧♦✈✐❝✱ ❛♥❞ ▲✐❝❤t❡♥st❡✐♥ ✭✶✾✼✼✮ ♣❛rt✐❝✐♣❛♥ts s❡✈❡r❡❧② ✉♥❞❡r❡st✐♠❛t❡❞ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❡②

❡rr❡❞ ✐♥ s❡❡♠✐♥❣❧② ❡❛s② q✉❡st✐♦♥s✳ ❚❤❡ ♣❛rt✐❝✐♣❛♥ts ❤❛❞ s✉✣❝✐❡♥t ❢❛✐t❤ ✐♥ t❤❡✐r ❝♦♥✜❞❡♥❝❡

❥✉❞❣♠❡♥ts t♦ ❜❡ ✇✐❧❧✐♥❣ t♦ st❛❦❡ ♠♦♥❡② ♦♥ t❤❡✐r ✈❛❧✐❞✐t②✳

❚❤❡ ❡✈♦❧✉t✐♦♥❛r② ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♦✉r ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ ❘♦❜s♦♥ ✭✶✾✾✻✮✬s

r❡s✉❧t✱ ✇❤✐❝❤ s❤♦✇s t❤❛t ◆❛t✉r❡ s❤♦✉❧❞ ❞❡s✐❣♥ ♣❡♦♣❧❡ t♦ ❜❡ r✐s❦ ❛✈❡rs❡ ✇✐t❤ r❡s♣❡❝t t♦

❛❣❣r❡❣❛t❡ r✐s❦ ❛♥❞ r✐s❦ ♥❡✉tr❛❧ ✇✐t❤ r❡s♣❡❝t t♦ ✐❞✐♦s②♥❝r❛t✐❝ r✐s❦✳ ❖✉r ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥

❜❡②♦♥❞ ❘♦❜s♦♥✬s r❡s✉❧t ✐s t❤r❡❡❢♦❧❞✿ ✭✶✮ ✇❡ r❡❧❛t❡ t❤✐s r✐s❦ ❛tt✐t✉❞❡ ✇✐t❤ ♦✈❡r❝♦♥✜❞❡♥❝❡❀ ✭✷✮

✇❡ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ✐♥❞✉❝❡❞ ♦✈❡r❝♦♥✜❞❡♥❝❡ s❛t✐s✜❡s ❡♠♣✐r✐❝❛❧❧② ♣❧❛✉s✐❜❧❡ ❝♦♠♣❛r❛t✐✈❡

st❛t✐❝s ❛♥❞ ✜ts ✈❛r✐♦✉s st②❧✐③❡❞ ❢❛❝ts❀ ❛♥❞ ✭✸✮ ✇❡ s❤♦✇ t❤❛t t❤❡ s❛♠❡ ♠❡❝❤❛♥✐s♠ ❤❡❧♣s t♦

✉♥❞❡rst❛♥❞ str❛t❡❣✐❝ ✭♥♦♥✲❡✈♦❧✉t✐♦♥❛r②✮ ♣r✐♥❝✐♣❛❧✲❛❣❡♥t ✐♥t❡r❛❝t✐♦♥s✳

❘❡❝❡♥t❧② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ♦✉r ♣❛♣❡r✱ ▲♦✉❣❡ ✭✷✵✶✵✮ ❛❞❛♣t❡❞ ❘♦❜s♦♥ ✭✶✾✾✻✮✬s r❡s✉❧t t♦

s❤♦✇ t❤❛t ◆❛t✉r❡ s❤♦✉❧❞ ❞❡s✐❣♥ ♣❡♦♣❧❡ t♦ ❤❛✈❡ ♦✈❡r❝♦♥✜❞❡♥❝❡✲r❡❧❛t❡❞ ❜✐❛s❡s✿ ✭✶✮ ❛ ❜✐❛s

t♦✇❛r❞s ❛❝t✐♦♥s t❤❛t ❞❡❢② ✏❝♦♠♠♦♥ ✇✐s❞♦♠✑✱ ❛♥❞ ✭✷✮ ♠♦r❡ ❡①tr❡♠❡ ♣✉❜❧✐❝ ✐♥❢♦r♠❛t✐♦♥ ✐s

r❡q✉✐r❡❞ ❜❡❢♦r❡ ❞✐sr❡❣❛r❞✐♥❣ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✳ ▲♦✉❣❡ ❛♣♣❧✐❡❞ t❤✐s r✉❧❡ t♦ ❝❛s❝❛❞❡ ✐♥t❡r✲

✶✷



❛❝t✐♦♥s ❛♥❞ ❞❡♠♦♥str❛t❡❞ t❤❛t ❤❡r❞s ❡✈❡♥t✉❛❧❧② ❛r✐s❡✱ ❜✉t t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❤❡r❞✐♥❣ ♦♥ t❤❡

✇r♦♥❣ ❛❝t✐♦♥ ✐s ❧♦✇❡r t❤❛♥ ✇✐t❤ ❛ r❛t✐♦♥❛❧ r✉❧❡✳ ❖✉r ♠♦❞❡❧ ❞✐✛❡rs ❢r♦♠ ▲♦✉❣❡ ✭✷✵✶✵✮ ✐♥ ❛ ❢❡✇

❛s♣❡❝ts✿ ✭✶✮ ✇❡ ❛❧s♦ ❞❡❛❧ ✇✐t❤ str❛t❡❣✐❝ ♣r✐♥❝✐♣❛❧✲❛❣❡♥t ✐♥t❡r❛❝t✐♦♥s❀ ✭✷✮ ♦✉r ♠♦❞❡❧ ❡①♣❧❛✐♥s

✈❛r✐♦✉s st②❧✐③❡❞ ❢❛❝ts ❛❜♦✉t ♦✈❡r❝♦♥✜❞❡♥❝❡❀ ❛♥❞ ✭✸✮ ✇❡ ❛❧❧♦✇ ❢♦r ♣❛rt✐❛❧ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥

❝♦♥✈❡♥t✐♦♥❛❧ ❝❤♦✐❝❡s✱ ❛♥❞ ❢♦r ❝♦st❧② ♣r✐✈❛t❡ s✐❣♥❛❧s ✭s❡❡ ♦♥❧✐♥❡ ❛♣♣❡♥❞✐①✮✳

❲❡ ❝♦♥❝❧✉❞❡ ❜② q✉✐❝❦❧② s✉r✈❡②✐♥❣ ♦t❤❡r ❡✈♦❧✉t✐♦♥❛r② ❢♦✉♥❞❛t✐♦♥s t♦ ♦✈❡r❝♦♥✜❞❡♥❝❡✳ ❲❛❧❞✲

♠❛♥ ✭✶✾✾✹✮ s❤♦✇❡❞ t❤❛t ✏s❡❝♦♥❞✲❜❡st✑ ❛❞❛♣t❛t✐♦♥s ❝❛♥ ❜❡ ❡✈♦❧✉t✐♦♥❛r✐❧② st❛❜❧❡ ✇✐t❤ s❡①✉❛❧

✐♥❤❡r✐t❛♥❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❤❡ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♦✈❡r❝♦♥✜❞❡♥❝❡ ✇✐t❤ ❡①✲

❝❡ss ❞✐s✉t✐❧✐t② ❢r♦♠ ❡✛♦rt ✐s ❛ ✏s❡❝♦♥❞✲❜❡st✑ ❛❞❛♣t❛t✐♦♥✳ ❙✐♠✐❧❛r❧②✱ ❇❧✉♠❡ ❛♥❞ ❊❛s❧❡② ✭✶✾✾✷✮

❛♥❞ ❲❛♥❣ ✭✷✵✵✶✮ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ♦✈❡r❝♦♥✜❞❡♥❝❡ ❛♥❞ ❡①❝❡ss r✐s❦ ❛✈❡r✲

s✐♦♥ ❛r❡ ✏s❡❝♦♥❞✲❜❡st✑ ❛❞❛♣t❛t✐♦♥s✳ ❈♦♥tr❛r② t♦ t❤❛t✱ ✐♥ ♦✉r ♠♦❞❡❧ ♦✈❡r❝♦♥✜❞❡♥❝❡ ✐♥❞✉❝❡s

t❤❡ ✜rst✲❜❡st ♦✉t❝♦♠❡✱ ❛♥❞ ❞♦❡s ♥♦t ❝♦♠♣❡♥s❛t❡ ❢♦r ♦t❤❡r ❡rr♦rs✳ ❋✐♥❛❧❧②✱ ❇❡r♥❛r❞♦ ❛♥❞

❲❡❧❝❤ ✭✷✵✵✶✮ s❤♦✇ t❤❛t ❛♥ ❤❡t❡r♦❣❡♥❡♦✉s ♣♦♣✉❧❛t✐♦♥ t❤❛t ✐♥❝❧✉❞❡ ❜♦t❤ ♦✈❡r❝♦♥✜❞❡♥t ❛♥❞

❝❛❧✐❜r❛t❡❞ ❛❣❡♥ts ♠❛② ❜❡ st❛❜❧❡ ✐❢ ❡✈♦❧✉t✐♦♥ ❝♦♠❜✐♥❡s ❜♦t❤ ❣r♦✉♣ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ s❡❧❡❝t✐♦♥✿

❜❡✐♥❣ ♦✈❡r❝♦♥✜❞❡♥t r❡❞✉❝❡s t❤❡ ✜t♥❡ss ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧✱ ❜✉t ✐t s✉❜st❛♥t✐❛❧❧② ✐♠♣r♦✈❡s t❤❡

✜t♥❡ss ♦❢ ❤✐s ❣r♦✉♣✱ ❜② ✐♥❞✉❝✐♥❣ ♣♦s✐t✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ❡①t❡r♥❛❧✐t② ✐♥ ❛ ❝❛s❝❛❞❡ ✐♥t❡r❛❝t✐♦♥✳

❈♦♥tr❛r② t♦ t❤❛t✱ ♦✉r ♠♦❞❡❧ ♦♥❧② r❡❧✐❡s ♦♥ ✐♥❞✐✈✐❞✉❛❧ s❡❧❡❝t✐♦♥✱ ❛♥❞ ✐t ❞♦❡s ♥♦t ✐♥❝❧✉❞❡

✐♥❢♦r♠❛t✐♦♥ ❡①t❡r♥❛❧✐t✐❡s✳

❆ Pr♦♦❢s

❆✳✶ Pr❡❧✐♠✐♥❛r✐❡s

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ♣r❡s❡♥ts ❛♥ ❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥ ❢♦r ❉❆❘❆ ♣r♦♣❡rt②✳

▲❡♠♠❛ ✶ ▲❡t h (y) ❜❡ ❛ str✐❝t❧② ❝♦♥❝❛✈❡ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥✳ ❚❤❡♥ h (y) s❛t✐s✜❡s ✭str✐❝t❧②✮

❞❡❝r❡❛s✐♥❣ ❛❜s♦❧✉t❡ r✐s❦ ❛✈❡rs✐♦♥ ✭❉❆❘❆✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ fa (y) =
h′(y)

h′(y+a)
✐s ❛ str✐❝t❧② ❞❡❝r❡❛s✐♥❣

❢✉♥❝t✐♦♥ ♦❢ y ❢♦r ❡❛❝❤ a > 0✳

P❘❖❖❋✳ h (y) s❛t✐s✜❡s ❉❆❘❆ ⇔ ❢♦r ❡✈❡r② y, a > 0✱ rA (y) > rA (y + a)

⇔ −h
′′ (y)

h′ (y)
> −h

′′ (y + a)

h′ (y + a)
⇔ h′′ (y) · h′ (y + a)− h′′ (y + a) · h′ (y) < 0

⇔ f ′
a (y) =

h′′ (y) · h′ (y + a)− h′′ (y + a) · h′ (y)
(h′ (y + a))2

< 0. �

❆✳✷ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶

❚❤❡ ♣r♦♦❢ ✐♥❝❧✉❞❡s t✇♦ ♣❛rts✿ ✭✶✮ s❤♦✇✐♥❣ t❤❛t t❤❡ ✜rst✲❜❡st ♦✉t❝♦♠❡ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞

❜② ❛ ❜✐❛s ❢✉♥❝t✐♦♥✱ ❛♥❞ ✭✷✮ ❝❤❛r❛❝t❡r✐③✐♥❣ t❤✐s ✉♥✐q✉❡ ❜✐❛s ❢✉♥❝t✐♦♥✳
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❆♣♣r♦①✐♠❛t✐♥❣ t❤❡ ✜rst✲❜❡st ♣❛②♦✛ ❜② ❛ ❜✐❛s ❢✉♥❝t✐♦♥

❲❡ ❜❡❣✐♥ ❜② ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ✏✜rst✲❜❡st✑ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ♣r✐♥❝✐♣❛❧ r❡❝❡✐✈❡s ❛❧❧ ♣r✐✈❛t❡

s✐❣♥❛❧s (pi)i∈I ❛♥❞ ♣✉❜❧✐❝ s✐❣♥❛❧ q ❛♥❞ ❝❤♦♦s❡s t❤❡ ❛❝t✐♦♥s ♦❢ ❛❧❧ t❤❡ ❛❣❡♥ts✳ ❲✐t❤♦✉t ❧♦ss ♦❢

❣❡♥❡r❛❧✐t② t❤❡ ✜rst✲❜❡st str❛t❡❣② ✐s ❛ ❢✉♥❝t✐♦♥ φ t❤❛t ❝❤♦♦s❡s ❛ t❤r❡s❤♦❧❞ p = φ (q, p1, ..., pn)✱

s✉❝❤ t❤❛t ❡❛❝❤ ❛❣❡♥t i ✇✐t❤ ❤✐❣❤❡r ✭r❡s♣✳✱ ❧♦✇❡r✮ ❛❝❝✉r❛❝② ❧❡✈❡❧ pi ≥ p ✭r❡s♣✳✱ pi < p✮ ♠❛❦❡s

❛♥ ✉♥❝♦♥✈❡♥t✐♦♥❛❧ ✭r❡s♣✳✱ ❝♦♥✈❡♥t✐♦♥❛❧✮ ❝❤♦✐❝❡✳ ❚❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ✭u✮ ♦❢ t❤✐s t❤r❡s❤♦❧❞ ✐s✿

E

(

h
(

L+ (H − L) ·
(

1

n
(|{i|pi < p✱ ξi,q = 1}|+ |{i|pi ≥ p, ξi,p = 1}|)

))

|q, (pi)i∈I
)

.

❱❛r✐❛❜❧❡s (ξi,q, ξi,p)i∈I ❛r❡ ❝♦♥❞✐t✐♦♥❛❧❧② ✐♥❞❡♣❡♥❞❡♥t ❣✐✈❡♥ ξq✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢

❛❣❡♥ts ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ✐s ✇❡❧❧ ❛♣♣r♦①✐♠❛t❡❞ ❜②

u = P (ξq = 1) · h


L+
H − L

n
·




∑

pi<p

P (ξi,q = 1|ξq = 1) +
∑

pi≥p

P (ξi,p = 1)







+

P (ξq = 0) · h


L+
H − L

n
·




∑

pi<p

P (ξi,q = 1|ξq = 0) +
∑

pi≥p

P (ξi,p = 1)







+ o (ǫ) .

⇔ u = q · h


L+
H − L

n
·


(
√
ρ+ (1−√

ρ) · q) ·# {i|pi < p}+
∑

pi≥p

pi







+

(1− q) · h


L+
H − L

n
·


((1−√
ρ) · q) ·# {i|pi < p}+

∑

pi≥p

pi







+ o (ǫ) .

❚♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥ ❧❡t f = fp ❛♥❞ F = Fp✳ ❆ss✉♠✐♥❣ ❛❣❛✐♥ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts ✐s

❧❛r❣❡ ❡♥♦✉❣❤✱ ♦♥❡ ❝❛♥ ❛♣♣r♦①✐♠❛t❡ t❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♣r✐✈❛t❡ s✐❣♥❛❧s (p1, ..., pn)

❜② t❤❡✐r ♣r✐♦r ❞✐str✐❜✉t✐♦♥ f ✳ ❚❤✐s ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t✐♦♥✿

u = q · h
(

L+ (H − L) ·
(

(
√
ρ+ (1−√

ρ) · q) · F (p) +

ˆ 1

p

x · f (x) dx
))

+ ✭❆✳✶✮

(1− q) · h
(

L+ (H − L) ·
(

((1−√
ρ) · q) · F (p) +

ˆ 1

p

x · f (x) dx
))

+ o (ǫ) .

❈♦♥s✐❞❡r t❤❡ ❜✐❛s ❢✉♥❝t✐♦♥ g∗ (p) t❤❛t ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ p = (g∗)−1 (q) ✐s t❤❡ t❤r❡s❤♦❧❞

t❤❛t ♠❛①✐♠✐③❡s ❊q✳ ❆✳✶ ✭♥❡❣❧❡❝t✐♥❣ t❤❡ ❡rr♦r t❡r♠ o (ǫ)✮✳ ❇② t❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥ts✱ s✉❝❤ ❛

❜✐❛s ❢✉♥❝t✐♦♥ ǫ✲✐♥❞✉❝❡s t❤❡ ✜rst✲❜❡st ♣❛②♦✛✳

❈❤❛r❛❝t❡r✐③✐♥❣ t❤❡ ✉♥✐q✉❡ ♦♣t✐♠❛❧ ❜✐❛s ❢✉♥❝t✐♦♥ g∗ (p)

❲❡ ♥♦✇ ❝❛❧❝✉❧❛t❡ t❤❡ ✈❛❧✉❡ ♦❢ p = (g∗)−1 (q) t❤❛t ♠❛①✐♠✐③❡s ❊q✳ ❆✳✶ ✭♥❡❣❧❡❝t✐♥❣ t❤❡ ❡rr♦r

t❡r♠ o (ǫ)✮✳ ❖❜s❡r✈❡ ✜rst t❤❛t p ♠✉st ❜❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧
[(

1−√
ρ
)

· q, q
]

❜❡❝❛✉s❡ ❢♦r s♠❛❧❧❡r

✶✹



✭r❡s♣✳✱ ❧❛r❣❡r✮ p✲s ❢♦❧❧♦✇✐♥❣ ac ✭r❡s♣✳✱ au✮ str✐❝t❧② ❞♦♠✐♥❛t❡s ❢♦❧❧♦✇✐♥❣ au ✭r❡s♣✳✱ ac✮ ❛s ✐t

②✐❡❧❞s ❛ ✶st✲♦r❞❡r ✭r❡s♣✳✱ ✷♥❞✲♦r❞❡r✮ st♦❝❤❛st✐❝ ❞♦♠✐♥❛♥t ♣❛②♦✛✳ ❚♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥ ❧❡t✿

Ap,q,ρ = L+ (H − L) ·
(

((1−√
ρ) · q) · F (p) +

ˆ 1

p

x · f (x) dx
)

,

Bp,q,ρ = Ap,q,ρ +
√
ρ · F (p) · (H − L) .

❙✉❜st✐t✉t✐♥❣ t❤❡s❡ ✐♥t♦ ✭❆✳✶✮ ②✐❡❧❞s✿ u (p, q) = q · h (Bp,q,ρ) + (1− q) · h (Ap,q,ρ)✳ ❋♦r ❡✈❡r②

0 < q < 1 ✇❡ ✜♥❞ p = (g∗)−1 (q) ❜② ❞❡r✐✈❛t✐♦♥ ✭♦♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t g∗ (0) = 0 ❛♥❞ g∗ (1) = 1✮✿

du

dp
= q · h′ (Bp,q,ρ) ·

∂Bp,q,ρ

∂p
+ (1− q) · h′ (Ap,q,ρ) ·

∂Ap,q,ρ

∂p
.

❆ss✉♠✐♥❣ ❛♥ ✐♥t❡r♥❛❧ s♦❧✉t✐♦♥ ✭du
dp

= 0✮ ②✐❡❧❞s✿

h′ (Ap,q,ρ)

h′ (Bp,q,ρ)
=

q · ∂Bp,q,ρ

∂p

(1− q) · ∂Ap,q,ρ

∂p

=
q ·
(√

ρ+
(

1−√
ρ
)

· q − p
)

(1− q) ·
(

p−
(

1−√
ρ
)

· q
) . ✭❆✳✷✮

❖❜s❡r✈❡ t❤❛t Ap,q,ρ ✭r❡s♣✳✱ Bp,q,ρ✮ ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✭r❡s♣✳✱ ✐♥❝r❡❛s✐♥❣✮ ✐♥ p ✐♥ t❤❡ ✐♥t❡r✈❛❧
((

1−√
ρ
)

· q, q
)

✳ ❯s✐♥❣ t❤❡ str✐❝t ❝♦♥❝❛✈✐t② ♦❢ h✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✭❧✳❤✳s✳✮ ♦❢

❊q✳ ❆✳✷ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ p✳ ◆♦t❡ t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✭r✳❤✳s✳✮ ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣

✐♥ p✱ ❛♥❞ t❤❛t ❢♦r p ❝❧♦s❡ ❡♥♦✉❣❤ t♦
(

1−√
ρ
)

· q t❤❡ r✳❤✳s✳ ✐s str✐❝t❧② ❧❛r❣❡r t❤❛♥ t❤❡ ❧✳❤✳s✱

✇❤✐❧❡ t❤❡ ♦♣♣♦s✐t❡ ❤♦❧❞s ❢♦r p ❝❧♦s❡ ❡♥♦✉❣❤ t♦ q✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❢♦r ❡❛❝❤ 0 < q < 1 t❤❡r❡

✐s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ p = (g∗)−1 (q) t♦ ❊q✳ ❆✳✷ ✐♥
((

1−√
ρ
)

· q, q
)

✱ ✇❤✐❝❤ ✐s ❝♦♥t✐♥✉♦✉s ✐♥ q✳

❖❜s❡r✈❡ t❤❛t Ap,q,ρ ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ✐♥ q✳ ❇② ▲❡♠♠❛ ✶✱ ✐t ✐♠♣❧✐❡s t❤❛t t❤❡ ❧✳❤✳s✳ ♦❢ ❊q✳ ❆✳✷

✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✐♥ q✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t t❤❡ r✳❤✳s✳ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ q✳ ❯s✐♥❣ t❤❡

♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✱ ✐t ✐♠♣❧✐❡s t❤❛t p = (g∗)−1 (q) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥

q✳ ❖♥❡ ❝❛♥ ✈❡r✐❢② t❤❛t du
dp
> 0 ❢♦r ❡✈❡r② p < (g∗)−1 (q)✱ ❛♥❞ du

dp
< 0 ❢♦r ❡✈❡r② p > (g∗)−1 (q)✳

❚❤✉s✱ ❛♥② ♦t❤❡r ❜✐❛s t❤r❡s❤♦❧❞ p 6= (g∗)−1 (q) ✇♦✉❧❞ ②✐❡❧❞ ❛ str✐❝t❧② ❧♦✇❡r ❡①♣❡❝t❡❞ ♣❛②♦✛✳

❋✐♥❛❧❧②✱ ♦❜s❡r✈❡ ✭❊q✳ ❆✳✷✮✱ t❤❛t g∗ (p) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ fq✳�

❆✳✸ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷

▲❡t g̃ ❜❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐❛s ❢✉♥❝t✐♦♥ ✭❤♦♠♦❣❡♥❡♦✉s ❜✐❛s ♣r♦✜❧❡✮✿ ❢♦r ❡❛❝❤ q ∈ [0, 1]✱ (g̃) (q)−1

✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿

F
(

(g̃)−1 (q)
)

=
∑

i∈I

1

|I|
(

F
(

g−1
i (q)

))

.

❚❤❛t ✐s✱ g̃ ✐s ❛ ❜✐❛s ❢✉♥❝t✐♦♥ t❤❛t ❛✈❡r❛❣❡s t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦✜❧❡ (gi)i∈I ✳ ❋✐① ❛♥② 0 <

q < 1 s❛t✐s❢②✐♥❣ mini (gi)
−1 (q) < maxi (gi)

−1 (q)✳ ❚♦ s✐♠♣❧✐❢② ♥♦t❛t✐♦♥ ❧❡t pi = g−1
i (q) ❛♥❞

p̃ = g̃−1 (q)✳ ❇② t❤❡ ❛r❣✉♠❡♥ts ❣✐✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱ ❢♦r ❡❛❝❤ q✱ t❤❡ ❡①♣❡❝t❡❞

♣❛②♦✛ ♦❢ t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ♣r♦✜❧❡ (gi)i∈N ✐♥ t❤❡ ❣❛♠❡ ✇✐t❤ k · |I| ❛❣❡♥ts ✭❢♦r ❧❛r❣❡ ❡♥♦✉❣❤

k✮ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❣✐✈❡♥ ❜②

✶✺



q · h
(

L+ (H − L) ·
(

1

|I|
∑

i∈I

(

(
√
ρ+ (1−√

ρ) · q) · F (pi) +

ˆ 1

pi

x · f (x) dx
)))

+

(1− q) · h
(

L+ (H − L) ·
(

1

|I|
∑

i∈I

(

((1−√
ρ) · q) · F (pi) +

ˆ 1

pi

x · f (x) dx
)))

,

❛♥❞ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦✜❧❡ g̃ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❣✐✈❡♥ ❜②

q · h
(

L+ (H − L) ·
(

(
√
ρ+ (1−√

ρ) · q) · F (p̃) +

ˆ 1

p̃

x · f (x) dx
))

+

(1− q) · h
(

L+ (H − L) ·
(

((1−√
ρ) · q) · F (p̃) +

ˆ 1

p̃

x · f (x) dx
))

.

❆s F (p̃) =
∑

i∈I
1
|I|

(F (p̃i))✱ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦✜❧❡ ②✐❡❧❞s ❛ ❤✐❣❤❡r ♣❛②♦✛ ✐❢ ❛♥❞ ♦♥❧② ✐❢

1

|I|
∑

i∈I

ˆ 1

pi

xf (x) dx <

ˆ 1

p̃

xf (x) dx

⇔ 1

|I|
∑

i∈I

(

ˆ 1

pi

xf (x) dx−
ˆ 1

p̃

xf (x) dx

)

< 0 ⇔ 1

|I|
∑

i∈I

ˆ p̃

pi

xf (x) dx < 0

⇔ 1

n

∑

i∈I

(F (p̃)− F (pi)) · E (p|min (pi, p̃) ≤ p ≤ max (pi, p̃)) < 0. ✭❆✳✸✮

✭❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ t❤❛t
´ b

a
f (x) dx = −

´ a

b
f (x) dx ✇❤❡♥ b < a✳✮ ❖❜s❡r✈❡ t❤❛t

1

n

∑

i∈I

(F (p̃)− F (pi)) = 0,

❛♥❞ t❤❛t E (p|min (pi, p̃) ≤ p ≤ max (pi, p̃)) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ pi ❛♥❞ str✐❝t❧② ❞❡❝r❡❛s✐♥❣

✐♥ (F (p̃)− F (pi))✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✭❆✳✸✮ ❤♦❧❞s✳

❚❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥ts s❤♦✇ t❤❛t ❢♦r ❡❛❝❤ q s✉❝❤ t❤❛t mini (gi)
−1 (q) < maxi (gi)

−1 (q)✱ g̃ ❤❛s

❤✐❣❤❡r ❡①♣❡❝t❡❞ ✈❛❧✉❡ t❤❛♥ (gi)i∈I ✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ q = q✳ ❚❤❡ ❢❛❝t t❤❛t (gi)i∈I ✐s ❛ ❤❡t❡r♦❣❡✲

♥❡♦✉s ❜✐❛s ♣r♦✜❧❡ ✭✐✳❡✳✱ t❤❛t mini (gi)
−1 (q) < maxi (gi)

−1 (q) ✐♥ ❛ s❡t ✇✐t❤ ♣♦s✐t✐✈❡ ▲❡❜❡s❣✉❡

♠❡❛s✉r❡✮✱ ✐♠♣❧✐❡s t❤❛t g̃ ❤❛s ❤✐❣❤❡r ❡①♣❡❝t❡❞ ✈❛❧✉❡ t❤❛♥ (gi)i∈I ✭✇✐t❤♦✉t ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ t❤❡

✈❛❧✉❡ ♦❢ q✮✳ ❇② t❤❡ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs✱ ✐❢ t❤❡ ♥✉♠❜❡r ♦❢ ❛❣❡♥ts ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡ t❤❡♥ ✐t

✐♠♣❧✐❡s t❤❛t ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② g̃ ✐♥❞✉❝❡s ❛ str✐❝t❧② ❧❛r❣❡r ♣❛②♦✛ t❤❛♥ (gi)i∈I ✳ �

❆✳✹ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸

✭✶✮ ❘❡♣❧❛❝✐♥❣ h ✇✐t❤ ψ ◦ h ✐♥ ❡q✉❛t✐♦♥ ✭❆✳✷✮ ②✐❡❧❞s✿

ψ′ (h (Ap,q,ρ)) · h′ (Ap,q,ρ)

ψ′ (h (Bp,q,ρ)) · h′ (Bp,q,ρ)
=
q ·
(√

ρ+
(

1−√
ρ
)

· q − p
)

(1− q) ·
(

p−
(

1−√
ρ
)

· q
) .

✶✻



❖❜s❡r✈❡ t❤❛t t❤❡ ❧✳❤✳s✳ ❤❛s ❜❡❝♦♠❡ str✐❝t❧② ❧❛r❣❡r ✭❞✉❡ t♦ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ ψ✮✱ ✇❤✐❧❡ t❤❡

r✳❤✳s✳ ✐s ✉♥❝❤❛♥❣❡❞✳ ❇② ✉s✐♥❣ t❤❡ ♦❜s❡r✈❛t✐♦♥s ♠❛❞❡ ❡❛r❧✐❡r t❤❛t t❤❡ ❧✳❤✳s ✭r❡s♣✳✱ r✳❤✳s✳✮

✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✭r❡s♣✳✱ str✐❝t❧② ✐♥❝r❡❛s✐♥❣✮ ✐♥ q✱ ✐t ✐♠♣❧✐❡s t❤❛t g∗1 (p) > g∗2 (p)✳

✭✷✮ ❖❜s❡r✈❡ t❤❛t t❤❡ r✳❤✳s✳ ♦❢ ❊q✳ ✭❆✳✷✮ ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ ρ✱ ✇❤✐❧❡ t❤❡ t❤❡ ❧✳❤✳s✳ ♦❢

❊q✳ ✭❆✳✷✮ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ ρ ✭❛s ∂Ap,q,ρ

∂ρ
< 0 ❛♥❞ ∂Bp,q,ρ

∂ρ
> 0✮✳ ❇② ✉s✐♥❣ t❤❡ ❛❜♦✈❡

❛r❣✉♠❡♥t✱ ✐t ✐♠♣❧✐❡s t❤❛t g∗1 (p) > g∗2 (p)✳ �

❆✳✺ Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹

✭✶✮ ▲❡t D = H−L
L

✳ P❧❛❝✐♥❣ h′ (x) = x−φ ✐♥ t❤❡ ❧✳❤✳s✳ ♦❢ ✭❆✳✷✮ ②✐❡❧❞s✿

(Ap,q,ρ)
−φ

(Bp,q,ρ)
−φ

=

(

Ap,q,ρ +
√
ρ · F (p) · (H − L)

Ap,q,ρ

)φ

=

(

1 +

√
ρ · F (p) · (H − L) /L

Ap,q,ρ/L

)

=φ



1 +
D · √ρ · F (p)

1 +D
(((

1−√
ρ
)

· q
)

· F (p) +
´ 1

p
x · f (x) dx

)





φ

✭❆✳✹✮

✭✷✮ ❖❜s❡r✈❡ t❤❛t t❤✐s ❧❛st ❡①♣r❡ss✐♦♥ str✐❝t❧② ✐♥❝r❡❛s❡s ✐♥ D✳ ❇② ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t

❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣r♦♦❢✱ ✐t ✐♠♣❧✐❡s t❤❛t ❛ ❧❛r❣❡r D ✐♥❞✉❝❡s ♠♦r❡ ♦✈❡r❝♦♥✜❞❡♥❝❡✳

✭✸✮ ❆ss✉♠❡ t❤❛t ✐s✱ F2 (p) < F1 (p) ❢♦r ❡✈❡r② 0 < p < 1✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t g∗1 ≥ g∗2✳

❖❜s❡r✈❡ t❤❛t ✭❆✳✹✮ ✐s ❧❛r❣❡r ✇❤❡♥ fp,1 r❡♣❧❛❝❡s fp,2✳ ❚❤✐s ✐s ❜❡❝❛✉s❡



1 +
D · √ρ · F2 (p)

1 +D
(((

1−√
ρ
)

· q
)

· F2 (p) +
´ 1

p
x · f (x) dx

)





φ

=





1 +





1 +D
(((

1−√
ρ
)

· q
)

· F2 (p) +
´ 1

p
(1− F2 (x)) dx

)

D · √ρ · F2 (p)





−1






φ

=





1 +





D
((

1−√
ρ
)

· q
)

· F2 (p)

D · √ρ · F2 (p)
+

1 +D
´ 1

p
(1− F2 (x)) dx

D · √ρ · F2 (p)





−1






φ

≤





1 +





((

1−√
ρ
)

· q
)

√
ρ

+
1 +D

´ 1

p
(1− F2 (x)) dx

D · √ρ · F1 (p)





−1






φ

≤





1 +





((

1−√
ρ
)

· q
)

√
ρ

+
1 +D

´ 1

p
(1− F1 (x)) dx

D · √ρ · F1 (p)





−1






φ

.

❙✐♠✐❧❛r t♦ t❤❡ ❛r❣✉♠❡♥ts ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✱ g∗1 (p) ≥ g∗2 (p) ❢♦r ❡✈❡r② p✳

✭✹✮ ▲❡t ❜♦t❤ p ❛♥❞ ρ ❝♦♥✈❡r❣❡ t♦ ✶ ✭✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t q ❛❧s♦ ❝♦♥✈❡r❣❡s t♦ ✶✮✳ ❙✉❜st✐t✉t✐♥❣

✐t ✐♥ ❊q✳ ✭❆✳✹✮ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✿
(

H
L

)φ
= (1 +D)φ ≈ (1−p)

(1−q)
.�

✶✼
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