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■❞❡♥t✐t② ▼❛♥❛❣❡♠❡♥t ❛♥❞ ■♥❝❡♥t✐✈❡s ✐♥ t❤❡ ❲♦r❦♣❧❛❝❡∗

❏♦❝❡❧②♥ ❉♦♥③❡† ❛♥❞ ❚r✉❞❡ ●✉♥♥❡s‡

▼❛r❝❤ ✺✱ ✷✵✶✸

❆❜str❛❝t

❚❤✐s ♣❛♣❡r st✉❞✐❡s ❤♦✇ ❛ ✜r♠ ❢♦st❡rs ❢♦r♠❛❧ ❛♥❞ ✐♥❢♦r♠❛❧ ✐♥t❡r❛❝t✐♦♥s ❛♠♦♥❣ ✐ts ❡♠♣❧♦②❡❡s t♦

❝r❡❛t❡ ❛ ❝♦❧❧❡❝t✐✈❡ ✐❞❡♥t✐t② ❛♥❞ ♣♦s✐t✐✈❡❧② ✐♥✢✉❡♥❝❡ ❡✛♦rt✳ ❲❡ ❞❡✈❡❧♦♣ ❛ ♠♦❞❡❧ ✇❤❡r❡ ❡♠♣❧♦②❡❡s

❤❛✈❡ ❜♦t❤ ❛ ♣❡rs♦♥❛❧ ❛♥❞ ❛ s♦❝✐❛❧ ✐❞❡❛❧ ❢♦r ❡✛♦rt✱ ❛♥❞ ✇❤❡r❡ t❤❡ ✜r♠ ❝❛♥ ♠❛❦❡ ✐ts ✇♦r❦❢♦r❝❡

♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤✐s s♦❝✐❛❧ ✐❞❡❛❧ ❜② ❛❧❧♦❝❛t✐♥❣ ♣❛rt ♦❢ t❤❡ ✇♦r❦ t✐♠❡ t♦ s♦❝✐❛❧ ✐♥t❡r❛❝t✐♦♥s✳ ❲❡

s❤♦✇ t❤❛t ❜② ✐♥✈❡st✐♥❣ ✐♥ s♦❝✐❛❧ ❝❛♣✐t❛❧✱ t❤❡ ✜r♠ ❝❛♥ ✐♥❝r❡❛s❡ t❤❡ ♣♦✇❡r ♦❢ ♣❡❡r ♣r❡ss✉r❡✱ ♠❛❦❡

s❝r❡❡♥✐♥❣ ❛♠♦♥❣ ❤❡t❡r♦❣❡♥❡♦✉s ❡♠♣❧♦②❡❡s ❧❡ss ❝♦st❧② ❛♥❞✱ ✜♥❛❧❧②✱ ❛✉❣♠❡♥t t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢

♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✳

❏❊▲✲❝♦❞❡s✿ ❉✷✶✱ ❉✽✻✱ ▼✺✱ ❏✸✸

❑❊❨❲❖❘❉❙✿ ♠♦♥❡t❛r② ❛♥❞ ♥♦♥ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✱ s♦❝✐❛❧ ♥♦r♠s✱ ♥♦r♠ r❡❣✉❧❛t✐♦♥

∗❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♣❛rt✐❝✐♣❛♥ts ❛t t❤❡ ◆♦r✇❡❣✐❛♥ ❛♥♥✉❛❧ ♠❡❡t✐♥❣ ❢♦r ❡❝♦♥♦♠✐sts ❢♦r ❝♦♠♠❡♥ts✳
†❇❡t❛ ✭❯♥✐✈❡rs✐té ❞❡ ❙tr❛s❜♦✉r❣✮ ❛♥❞ ❚♦✉❧♦✉s❡ ❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s ✭❯♥✐✈❡rs✐té ❚♦✉❧♦✉s❡ ✶ ❈❛♣✐t♦❧❡✮
‡❙t❛t✐st✐❝s ◆♦r✇❛②✱ ❘❡s❡❛r❝❤ ❞❡♣❛rt♠❡♥t

✶



✏❖✉r ♦✣❝❡s ❛♥❞ ❝❛❢❡s ❛r❡ ❞❡s✐❣♥❡❞ t♦ ❡♥❝♦✉r❛❣❡ ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ●♦♦❣❧❡rs ✇✐t❤✐♥

❛♥❞ ❛❝r♦ss t❡❛♠s✱ ❛♥❞ t♦ s♣❛r❦ ❝♦♥✈❡rs❛t✐♦♥ ❛❜♦✉t ✇♦r❦ ❛s ✇❡❧❧ ❛s ♣❧❛②✳✑

✭●♦♦❣❧❡ ✇❡❜s✐t❡✱ ✷✵✶✷✮

✏■ ❝❛❧❧ ✐t t❤❡ ❵♣r♦♥♦✉♥ t❡st✬✱ ■ ❛s❦ ❢r♦♥t❧✐♥❡ ✇♦r❦❡rs ❛ ❢❡✇ ❣❡♥❡r❛❧ q✉❡st✐♦♥s ❛❜♦✉t t❤❡

❝♦♠♣❛♥②✳ ■❢ t❤❡ ❛♥s✇❡rs ■ ❣❡t ❜❛❝❦ ❞❡s❝r✐❜❡ t❤❡ ❝♦♠♣❛♥② ✐♥ t❡r♠s ❧✐❦❡ ❵t❤❡②✬ ❛♥❞ ❵t❤❡♠✱✬

t❤❡♥ ■ ❦♥♦✇ ✐t✬s ♦♥❡ ❦✐♥❞ ♦❢ ❝♦♠♣❛♥②✳ ■❢ t❤❡ ❛♥s✇❡rs ❛r❡ ♣✉t ✐♥ t❡r♠s ❧✐❦❡ ❵✇❡✬ ♦r ❵✉s✱✬

t❤❡♥ ■ ❦♥♦✇ ✐t✬s ❛ ❞✐✛❡r❡♥t ❦✐♥❞ ♦❢ ❝♦♠♣❛♥②✳✑

✭❋♦r♠❡r ❯✳❙✳ ❙❡❝r❡t❛r② ♦❢ ▲❛❜♦r✱ ❘♦❜❡rt ❇✳ ❘❡✐❝❤✱ ✇❤❡♥ ✈✐s✐t✐♥❣ ❛ ❝♦♠♣❛♥② ❢♦r t❤❡

✜rst t✐♠❡✮

✶ ■♥tr♦❞✉❝t✐♦♥

❯♥✐t❡❞ P❛r❝❡❧ ❙❡r✈✐❝❡ ✭t❤❡r❡❛❢t❡r ❯P❙✮ ✐s ❦♥♦✇♥ ❛s ❛ ❝♦♠♣❛♥② ❝♦♥st❛♥t❧② str✐✈✐♥❣ t♦ ✐♠♣r♦✈❡ ✐ts

❡✣❝✐❡♥❝②✿ ♣❛❝❦❛❣❡s ❛r❡ s♦rt❡❞ ❜② ❝♦♠♣✉t❡rs t♦ ♦♣t✐♠✐③❡ t❤❡ ♦r❞❡r ♦❢ ❞❡❧✐✈❡r②❀ ❞❡❧✐✈❡r② r♦✉t❡s ❛r❡

❞❡s✐❣♥❡❞ t♦ ❛✈♦✐❞ ❧❡❢t t✉r♥s✱ s♦ t❤❛t t❤❡r❡ ✐s ♥♦ t✐♠❡ ✇❛st❡❞ ♦♥ ✇❛✐t✐♥❣ ❢♦r ❛ ❣❛♣ ✐♥ ♦♥❝♦♠✐♥❣

tr❛✣❝❀ ❞r✐✈❡rs ❛r❡ r❡q✉✐r❡❞ t♦ ❝❛rr② ❦❡② r✐♥❣s ♦♥ ❛ ✜♥❣❡r t♦ ❛✈♦✐❞ ❧♦♦❦✐♥❣ ❢♦r t❤❡♠✱ ❛♥❞ t❤❡②

❤❛✈❡ t♦ ❦❡❡♣ ❛ ❢❛st ♣❛❝❡ ✇❤❡♥ ✇❛❧❦✐♥❣✳ ■♥ t❤✐s ❝♦♠♣❛♥② t❤❛t ✐s ❝♦♥t✐♥✉♦✉s❧② ❧♦♦❦✐♥❣ t♦ s❛✈❡

s❡❝♦♥❞s ❛❧♦♥❣ t❤❡ s✉♣♣❧② ❝❤❛✐♥✱ ❛ s♦♠❡✇❤❛t ✉♥❡①♣❡❝t❡❞ ♣r❛❝t✐❝❡ t❛❦❡s ♣❧❛❝❡✿ s❡✈❡r❛❧ ♠✐♥✉t❡s ❛r❡

❣r❛♥t❡❞ t♦ ❞r✐✈❡rs ❛♥❞ ❧♦❛❞❡rs ❢♦r ❛ ✏♣r❡✲✇♦r❦ ❤✉❞❞❧❡✑✱ ❛ t❡❛♠ ❣❛t❤❡r✐♥❣ ❜❡❢♦r❡ t❤❡ ❞r✐✈❡rs ❧❡❛✈❡ t❤❡

❞✐str✐❜✉t✐♦♥ ❝❡♥t❡r✳ ❆❝❝♦r❞✐♥❣ t♦ ❯P❙ ♠❛♥❛❣❡♠❡♥t✱ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣r❛❝t✐❝❡ ✐s t♦ ❡♥❣❡♥❞❡r

❛ t❡❛♠ s♣✐r✐t ❜❡t✇❡❡♥ ❧♦❛❞❡rs ❛♥❞ ❞r✐✈❡rs✳ ❋❛✈♦r✐♥❣ ❛ ❝❡rt❛✐♥ ❛♠♦✉♥t ♦❢ s♦❝✐❛❧ ❜♦♥❞✐♥❣ ❛♠♦♥❣

❡♠♣❧♦②❡❡s ✐s ♥♦t s♣❡❝✐✜❝ t♦ ❯P❙✳ ❖✈❡r t❤❡ ♣❛st ❢❡✇ ❞❡❝❛❞❡s✱ ♠❛♥② ✜r♠s ❤❛✈❡ ✐♥tr♦❞✉❝❡❞ ♥❡✇

♣r❛❝t✐❝❡s t♦ ♠❛❦❡ ✐t ❡❛s✐❡r ❢♦r ❡♠♣❧♦②❡❡s t♦ ❞❡✈❡❧♦♣ ❢♦r♠❛❧ ❛♥❞ ✐♥❢♦r♠❛❧ ✐♥t❡r❛❝t✐♦♥s ✭❈♦❤❡♥ ❛♥❞

Pr✉s❛❦✱ ✷✵✵✶✮✳ ◆❡✇ ♣❤②s✐❝❛❧ s♣❛❝❡s ❧✐❦❡ ♦♣❡♥✲♣❧❛♥ ♦✣❝❡s✱ ♣❧❛❝❡s t♦ r❡❧❛①✱ ❛♥❞ ♠❡❡t✐♥❣ ♣♦✐♥ts

❤❛✈❡ ❜❡❡♥ ❞❡s✐❣♥❡❞ t♦ ♣r♦♠♦t❡ ❛♥ ❡♥✈✐r♦♥♠❡♥t ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ✐♥❢♦r♠❛t✐♦♥ s❤❛r✐♥❣ ❛♠♦♥❣

❝♦❧❧❡❛❣✉❡s✳ ❲♦r❦s❤♦♣s ❛♥❞ ❜r❛✐♥st♦r♠✐♥❣ s❡ss✐♦♥s ❤❛✈❡ ❛✐♠❡❞ ❛t ❣❡♥❡r❛t✐♥❣ ❝♦❧❧❡❝t✐✈❡ ❝r❡❛t✐✈✐t② ❛♥❞

♠✉t✉❛❧ ✉♥❞❡rst❛♥❞✐♥❣✳ ■♥❢♦r♠❛t✐♦♥ t❡❝❤♥♦❧♦❣✐❡s s✉❝❤ ❛s ❡♠❛✐❧s✱ ✐♥tr❛♥❡t ❛♥❞ ❝❤❛ts ❤❛✈❡ ❢❛✈♦r❡❞

❡①❝❤❛♥❣❡s✳ ❚❡❛♠ ❜✉✐❧❞✐♥❣ ❛❝t✐✈✐t✐❡s✱ ❞❡✜♥❡❞ ❛s ❛ ✈❛r✐❡t② ♦❢ ♣r❛❝t✐❝❡s r❛♥❣✐♥❣ ❢r♦♠ s✐♠♣❧❡ ❜♦♥❞✐♥❣

❡①❡r❝✐s❡s t♦ ❝♦♠♣❧❡① s✐♠✉❧❛t✐♦♥s ❛♥❞ ♠✉❧t✐✲❞❛② r❡tr❡❛ts✱ ❤❛✈❡ ❜❡❡♥ ❞❡s✐❣♥❡❞ t♦ ❞❡✈❡❧♦♣ ❛ s❡♥s❡ ♦❢
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❝♦❤❡s✐✈❡♥❡ss ❛♠♦♥❣ ❡♠♣❧♦②❡❡s✳

❲❤② ❞♦ ✜r♠s ❛❧❧♦❝❛t❡ t✐♠❡ ❛♥❞ s♣❛❝❡ r❡s♦✉r❝❡s t♦ ❢♦st❡r ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ t❤❡✐r ❡♠♣❧♦②❡❡s❄

❇❡s✐❞❡s ❝r❡❛t✐♥❣ ❛ ❣r❡❛t ❛t♠♦s♣❤❡r❡ ❛♥❞ ❢❛❝✐❧✐t❛t✐♥❣ t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ♥❡✇ ✐❞❡❛s✱ t❤❡ ❧✐t❡r❛t✉r❡

♦♥ ♦r❣❛♥✐③❛t✐♦♥❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥✱ ❛ s✉❜✜❡❧❞ ✐♥ t❤❡ ♠❛♥❛❣❡♠❡♥t ❧✐t❡r❛t✉r❡✱ ❤❛s s✉❣❣❡st❡❞ t❤❛t ❜②

♣r♦♠♦t✐♥❣ ❢♦r♠❛❧ ❛♥❞ ✐♥❢♦r♠❛❧ ✐♥t❡r❛❝t✐♦♥s ❛♠♦♥❣ ❡♠♣❧♦②❡❡s ❛ ✜r♠ ♠❛② ❜❡ s❡❡❦✐♥❣ t♦ ✐♥❞✉❝❡ ✐ts

✇♦r❦❢♦r❝❡ t♦ ✐❞❡♥t✐❢② ❛s ♣❛rt ♦❢ ❛ ❝♦❧❧❡❝t✐✈❡ ✭t❤❡ ❣r♦✉♣ ♦r t❤❡ ♦r❣❛♥✐③❛t✐♦♥✮ ❛♥❞ ❜❡❤❛✈❡ ✐♥ ✇❛②s t❤❛t

❛r❡ ♥♦r♠❛t✐✈❡ ❢♦r t❤❡ ❝♦❧❧❡❝t✐✈❡ ✐❞❡♥t✐t② ✭❡✳❣✳ Pr❛tt✱ ✷✵✵✵❀ ❊❧❧❡♠❡rs✱ ❉❡ ●✐❧❞❡r ❛♥❞ ❍❛s❧❛♠✱ ✷✵✵✹❀

❱❛♥ ❉✐❝❦✱ ✷✵✵✹❀ ❈♦❤❡♥ ❛♥❞ Pr✉s❛❦✱ ✷✵✵✶✮✳✶ ❆❝❝♦r❞✐♥❣ t♦ t❤❡s❡ ❛✉t❤♦rs✱ s❤✐❢t✐♥❣ t❤❡ ❡♠♣❧♦②❡❡s✬

✐❞❡♥t✐t② ❢r♦♠ ❜❡✐♥❣ ♣❡rs♦♥❛❧ ✭✧■✧✮ t♦ ❝♦❧❧❡❝t✐✈❡ ✭✧✇❡✧✮ ❤❛s t✇♦ ♣♦s✐t✐✈❡ ❝♦♥s❡q✉❡♥❝❡s✳ ❋✐rst✱ t❤❡

❣r♦✉♣✲❜❛s❡❞ ❡①♣❡❝t❛t✐♦♥s✱ ❣♦❛❧s✱ ♦r ♦✉t❝♦♠❡s ❜❡❝♦♠❡ ❛ s♦✉r❝❡ ♦❢ ✐♠♣❧✐❝✐t ✐♥❝❡♥t✐✈❡s ❢♦r ✇♦r❦❡rs✱

❝♦♠✐♥❣ t♦ s✉♣♣❧❡♠❡♥t ♦r ❡✈❡♥ r❡♣❧❛❝❡ ♦t❤❡r ❡①♣❧✐❝✐t ❛♥❞ ✐♠♣❧✐❝✐t ✐♥❝❡♥t✐✈❡s✳ ❙❡❝♦♥❞✱ ❜② ♣r♦♠♦t✐♥❣

t❤❡ ❝♦❧❧❡❝t✐✈❡ ✐❞❡♥t✐t②✱ t❤❡ ✜r♠ ❝❛♥ ❤♦❧❞ ♣♦ss✐❜❧② ❤❡t❡r♦❣❡♥❡♦✉s ❡♠♣❧♦②❡❡s t♦❣❡t❤❡r ❛♥❞ s❡❝✉r❡ t❤❡✐r

✐♥✈♦❧✈❡♠❡♥t ✐♥ t❤❡ ✇♦r❦✐♥❣ ❡♥✈✐r♦♥♠❡♥t✳✷

■♥ t❤✐s ❝♦♥t❡①t✱ t❤❡ r✐s❡ ♦❢ ♣r❛❝t✐❝❡s ❛✐♠❡❞ ❛t ❡♥❝♦✉r❛❣✐♥❣ ❡♠♣❧♦②❡❡s✬ ✐♥t❡r❛❝t✐♦♥ ❛♥❞ ❜✉✐❧❞✐♥❣

❝♦❧❧❡❝t✐✈❡ ✐❞❡♥t✐t✐❡s ❝♦✉❧❞ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥ ❛tt❡♠♣t ❜② ✜r♠s t♦ ❝♦✉♥t❡r ✐♥❝r❡❛s❡❞ ✏❡①t❡r♥❛❧ ❛♥❞

✐♥t❡r♥❛❧ ✈♦❧❛t✐❧✐t②✑ ❝❛✉s❡❞ ❜② ❤✐❣❤❡r ❡♠♣❧♦②❡❡ t✉r♥♦✈❡r✱ r❡❞✉❝❡❞ ✇♦r❦❢♦r❝❡ ❧♦②❛❧t②✱ ♥❡✇ ♣❛rt♥❡rs❤✐♣s

♦r ♠❡r❣❡rs ❛♥❞ ❛❝q✉✐s✐t✐♦♥s ✭❈♦❤❡♥ ❛♥❞ Pr✉s❛❦✱ ✷✵✵✶❀ ❈❛s❡②✱ ✶✾✾✻✮✳ ❈❛s❡② ✭✶✾✾✻✮ ♥♦t❡s ❢♦r ❡①❛♠♣❧❡

t❤❛t ✏t❤❡ ❞❡✈✐❝❡s ♦❢ ✇♦r❦♣❧❛❝❡ ❢❛♠✐❧② ❛♥❞ t❡❛♠ ♠❛♥✐❢❡st ❛ ❝♦r♣♦r❛t❡ ❡✛♦rt t♦ ♣r♦✈✐❞❡ ❡♠♦t✐♦♥❛❧

❣r❛t✐✜❝❛t✐♦♥s ❛t ✇♦r❦ t♦ ❝♦✉♥t❡r t❤❡ ❛ttr❛❝t✐♦♥s ♦❢ r❛♠♣❛♥t ✐♥❞✐✈✐❞✉❛❧✐s♠✑✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ❞❡✈❡❧♦♣ ❛♥ ❛❣❡♥❝② ♠♦❞❡❧ ✇✐t❤ s♦❝✐❛❧ ♥♦r♠s t♦ ❢♦r♠❛❧✐③❡ t❤❡ ✐❞❡❛ t❤❛t ❛ ✜r♠

✶❈♦❤❡♥ ❛♥❞ Pr✉s❛❦ ❣✐✈❡ ♥✉♠❡r♦✉s ❡①❛♠♣❧❡s ♦❢ ✜r♠s ♣r♦✈✐❞✐♥❣ ✏s♣❛❝❡ ❛♥❞ t✐♠❡✑ t♦ ❛❧❧♦✇ t❤❡✐r ❡♠♣❧♦②❡❡s t♦
✐♥t❡r❛❝t✳ ❆♠♦♥❣ ♦t❤❡r ❡①❛♠♣❧❡s✱ t❤❡② ❞❡s❝r✐❜❡ ❤♦✇ ❆❧❝♦❛✱ t❤❡ ✇♦r❧❞✬s ❧❡❛❞✐♥❣ ♣r♦❞✉❝❡r ♦❢ ❛❧✉♠✐♥✉♠✱ ♠♦✈❡❞ t♦ ❛
♥❡✇ ❤❡❛❞q✉❛rt❡r ✐♥ ✶✾✾✽ ✐♥ ✇❤✐❝❤ ❣❧❛ss✲✇❛❧❧❡❞ ❝♦♥❢❡r❡♥❝❡ r♦♦♠s✱ ♠❡❡t✐♥❣ ♣❧❛❝❡s✱ ❦✐t❝❤❡♥s✱ ❛♥❞ ❡s❝❛❧❛t♦rs ♦❝❝✉♣② t❤❡
❝❡♥t❡r ♦❢ ❡❛❝❤ ✢♦♦r ♦❢ ♦✣❝❡s ❛♥❞ ❛r❡ ❞❡s✐❣♥❡❞ t♦ ❡♥❝♦✉r❛❣❡ ✇♦r❦❡rs t♦ ♠❡❡t✱ ♠✐①✱ ❛♥❞ ❝❤❛t✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❈❊❖
♦❢ ❆❧❝♦❛✱ P❛✉❧ ❖✬◆❡✐❧❧✱ t❤❡ ✉❧t✐♠❛t❡ ❣♦❛❧ ✇❛s t♦ ♣r♦♠♦t❡ ✏❛ s❡♥s❡ ♦❢ ❝♦♥♥❡❝t✐♦♥✑ ❛♠♦♥❣ ❡♠♣❧♦②❡❡s✳ ■♥ t❤❡ ♦♣♣♦s✐t❡
✇❛②✱ ❈♦❤❡♥ ❛♥❞ Pr✉s❛❦ q✉♦t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①tr❛❝t ♦❢ ❛ ❜♦♦❦ ❜② ❘♦❜✐♥ ❉✉♥❜❛r ✭✏❣r♦♦♠✐♥❣ ❣♦ss✐♣ ❛♥❞ t❤❡ ❡✈♦❧✉t✐♦♥
♦❢ ❧❛♥❣✉❛❣❡✑✮✱ ✐♥ ✇❤✐❝❤ t❤❡ ❛✉t❤♦r ❡①♣❧❛✐♥s ✇❤② ❛ ❚❱ ♣r♦❞✉❝t✐♦♥ ✉♥✐t ❤❛❞ ♣r♦❞✉❝t✐✈✐t② ❛♥❞ ♠♦r❛❧❡ ♣r♦❜❧❡♠s ❛❢t❡r
❜❡✐♥❣ ♠♦✈❡❞ t♦ ❛ ♥❡✇ ✇♦r❦♣❧❛❝❡✿ ✏■t t✉r♥❡❞ ♦✉t t❤❛t ✇❤❡♥ t❤❡ ❛r❝❤✐t❡❝ts ✇❡r❡ ❞❡s✐❣♥✐♥❣ t❤❡ ♥❡✇ ❜✉✐❧❞✐♥❣✱ t❤❡②
❞❡❝✐❞❡❞ t❤❛t t❤❡ ❝♦✛❡❡ r♦♦♠ ✇❤❡r❡ ❡✈❡r②♦♥❡ ❛t❡ t❤❡✐r s❛♥❞✇✐❝❤❡s ❛t ❧✉♥❝❤ t✐♠❡ ✇❛s ❛♥ ✉♥♥❡❝❡ss❛r② ❧✉①✉r② ❛♥❞ s♦
❞✐s♣❡♥s❡❞ ✇✐t❤ ✐t ✳✳✳ ■❢ ♣❡♦♣❧❡ ✇❡r❡ ❡♥❝♦✉r❛❣❡❞ t♦ ❡❛t t❤❡✐r s❛♥❞✇✐❝❤❡s ❛t t❤❡✐r ❞❡s❦s✱ t❤❡♥ t❤❡② ✇❡r❡ ♠♦r❡ ❧✐❦❡❧② t♦
❣❡t ♦♥ ✇✐t❤ t❤❡✐r ✇♦r❦ ❛♥❞ ❧❡ss ❧✐❦❡❧② t♦ ✐❞❧❡ t✐♠❡ ❛✇❛②✳ ❆♥❞ ✇✐t❤ t❤❛t✱ t❤❡② ✐♥❛❞✈❡rt❡♥t❧② ❞❡str♦②❡❞ t❤❡ ✐♥t✐♠❛t❡

s♦❝✐❛❧ ♥❡t✇♦r❦s t❤❛t ❡♠♣♦✇❡r❡❞ t❤❡ ✇❤♦❧❡ ♦r❣❛♥✐③❛t✐♦♥✑ ✭✐t❛❧✐❝s ❛❞❞❡❞✮✳
✷❚❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ♦r❣❛♥✐③❛t✐♦♥❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ❜❛s❡❞ ✉♣♦♥ ✐♥s✐❣❤ts ❢r♦♠ s♦❝✐❛❧ ✐❞❡♥t✐t② t❤❡♦r② ✭❚❛❥❢❡❧✱ ✶✾✼✷❀

❚❛❥❢❡❧ ❛♥❞ ❚✉r♥❡r ✶✾✼✾✮✳ ❙♦❝✐❛❧ ✐❞❡♥t✐t② t❤❡♦r② s✉❣❣❡sts t❤❛t ❛ ♣❡rs♦♥✬s ✐❞❡♥t✐t② ✐s ❝♦♠♣♦s❡❞ ♦❢ t✇♦ ❞✐✛❡r❡♥t ❢❛❝❡ts✳
P❡rs♦♥❛❧ ✐❞❡♥t✐t② ❝♦rr❡s♣♦♥❞s t♦ ✐♥❞✐✈✐❞✉❛❧ ❛ttr✐❜✉t❡s t❤❛t ❛r❡ ♥♦t t♦ ❜❡ s❤❛r❡❞ ✇✐t❤ ♦t❤❡r ♣❡♦♣❧❡✳ ❙♦❝✐❛❧ ✐❞❡♥t✐t②
❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣❡rs♦♥✬s ✐♥t❡r♥❛❧ ❞❡✜♥✐t✐♦♥ t❤❛t r❡s✉❧ts ❢r♦♠ ❤✐♠ ♦r ❤❡r ❜❡✐♥❣ ♠❡♠❜❡r ♦❢ ❛ s♦❝✐❛❧ ❣r♦✉♣✳ ❚❤❡
❧✐t❡r❛t✉r❡ ♦♥ ♦r❣❛♥✐③❛t✐♦♥ ✐❞❡♥t✐✜❝❛t✐♦♥ ❣♦❡s ❛ st❡♣ ❢✉rt❤❡r ❜② s✉❣❣❡st✐♥❣ t❤❛t ❛♥ ♦r❣❛♥✐③❛t✐♦♥ ❝❛♥ r❡✐♥❢♦r❝❡ ✐ts
❡♠♣❧♦②❡❡s✬ s♦❝✐❛❧ ✐❞❡♥t✐t② t❤r♦✉❣❤ s♦❝✐❛❧ ❜♦♥❞✐♥❣ ♦r tr❛✐♥✐♥❣ ✐♥ ♦r❞❡r t♦ ❝r❡❛t❡ ✐♠♣❧✐❝✐t ❣r♦✉♣ ✐♥❝❡♥t✐✈❡s✳

✸



♠❛② ✜♥❞ ✐t ♣r♦✜t❛❜❧❡ t♦ ❛❧❧♦❝❛t❡ t✐♠❡ ❢♦r ✐ts ❡♠♣❧♦②❡❡s t♦ ✐♥t❡r❛❝t✱ ❞❡✈❡❧♦♣ s♦❝✐❛❧ t✐❡s ❛♥❞ ❝r❡❛t❡

❛ ❝♦❧❧❡❝t✐✈❡ ✐❞❡♥t✐t②✳ ❆♥ ❡♠♣❧♦②❡❡✬s ✐❞❡♥t✐t② ✐s ♠♦❞❡❧❧❡❞ ❛s ❛♥ ✐❞❡❛❧ ❢♦r ❡✛♦rt✱ ✇❤✐❝❤ ✐s ❛ ✇❡✐❣❤t❡❞

❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❛ ♣❡rs♦♥❛❧ ✐❞❡❛❧ ❛♥❞ ❛ s❤❛r❡❞ s♦❝✐❛❧ ✐❞❡❛❧✳ P❡rs♦♥❛❧ ✐❞❡❛❧s ♠✐❣❤t ❞✐✛❡r ❛❝r♦ss ❡♠♣❧♦②✲

❡❡s ❛♥❞ ❛r❡ ♥♦t ♦❜s❡r✈❡❞ ❜② t❤❡ ✜r♠✳ ❚❤✐s ❣✐✈❡s r✐s❡ t♦ ❛♥ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠✳ ❊♠♣❧♦②❡❡s

♣❡r❢♦r♠ ✐♥❞❡♣❡♥❞❡♥t ♣r♦❞✉❝t✐♦♥ t❛s❦s ✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ♦♥❧② ❡①t❡r♥❛❧✐t✐❡s ❛♠♦♥❣ ✇♦r❦❡rs ❛r❡

s♦❝✐❛❧ ❛♥❞ ♥♦t t❡❝❤♥♦❧♦❣✐❝❛❧✳ ❲❡ ❛r❡ t❤❡♥ ❛❜❧❡ t♦ ♦❜t❛✐♥ t❤r❡❡ ♠❛✐♥ r❡s✉❧ts✳ ❋✐rst✱ ✇❡ r❡❛s♦♥ ❢♦r

❛ ❣✐✈❡♥ ❡♠♣❧♦②❡❡s✬ s❡♥s✐t✐✈✐t② t♦ t❤❡ s♦❝✐❛❧ ✐❞❡❛❧ ❛♥❞ ❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ ♣❛②♠❡♥t s❝❤❡♠❡✳ ❲❡

s❤♦✇ t❤❛t t❤❡ ♠♦r❡ ❡♠♣❧♦②❡❡s ❛r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ s♦❝✐❛❧ ♥♦r♠✱ t❤❡ ❤✐❣❤❡r ✇✐❧❧ ❜❡ t❤❡ ♣♦✇❡r ♦❢

♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s ❝❤♦s❡♥ ❜② t❤❡ ✜r♠ ❛♥❞ ✐ts ♣r♦✜ts✳ ❚❤✐s r❡s✉❧t ✐s ❞✉❡ t♦ ❛♥ ❡✛❡❝t ❦♥♦✇♥ ✐♥ t❤❡

❡❝♦♥♦♠✐❝ ❧✐t❡r❛t✉r❡ ❛s t❤❡ s♦❝✐❛❧ ♠✉❧t✐♣❧✐❡r ❡✛❡❝t ✇❤✐❝❤✱ ✇❤❡♥ ❛♣♣❧✐❡❞ t♦ ❛♥ ❛❣❡♥❝② ❝♦♥t❡①t✱ ♠❡❛♥s

t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s♦❝✐❛❧ ♥♦r♠ r❡✐♥❢♦r❝❡s t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s ✭s❡❡ ❢♦r

❡①❛♠♣❧❡ ❋✐s❝❤❡r ❛♥❞ ❍✉❞❞❛rt✱ ✷✵✵✽✮✳ ❙❡❝♦♥❞✱ ✇❡ ❛❧❧♦✇ t❤❡ ✜r♠ t♦ ❛❧t❡r t❤❡ ❡♠♣❧♦②❡❡s✬ s❡♥s✐t✐✈✐t②

t♦ t❤❡ s♦❝✐❛❧ ♥♦r♠ ❜② ❝❤♦♦s✐♥❣ t❤❡ ♣❛rt ♦❢ t❤❡ ✇♦r❦ t✐♠❡ ❛❧❧♦❝❛t❡❞ t♦ s♦❝✐❛❧ ✐♥t❡r❛❝t✐♦♥s✳ ❋♦r t❤❡

✜r♠ t❤❡r❡ ✐s ❛ ❝♦st ♦❢ ✐♥✈❡st✐♥❣ ✐♥ s♦❝✐❛❧ ❝❛♣✐t❛❧ ❜❡❝❛✉s❡ ❧❡ss t✐♠❡ ✐s ❧❡❢t ❢♦r ♣r♦❞✉❝t✐♦♥✳ ❚❤❡r❡ ✐s

❛❧s♦ ❛ ❜❡♥❡✜t✿ ❜② ❢❛✈♦r✐♥❣ s♦❝✐❛❧ ❜♦♥❞✐♥❣ t❤❡ ✜r♠ ♠❛❦❡s ✐ts ✇♦r❦❢♦r❝❡ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ s♦❝✐❛❧

✐❞❡❛❧✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ✜r♠ ❛❧❧♦❝❛t❡s ♠♦r❡ t✐♠❡ ❢♦r s♦❝✐❛❧ ✐♥t❡r❛❝t✐♦♥s ✇❤❡♥ ❡♠♣❧♦②❡❡s ❤❛✈❡ ❧♦✇

♣❡rs♦♥❛❧ ✐❞❡❛❧s ❢♦r ❡✛♦rt✳ ▼♦t✐✈❛t✐♥❣ ❡♠♣❧♦②❡❡s t❤r♦✉❣❤ t❤❡ ❝♦❧❧❡❝t✐✈❡ ✐❞❡♥t✐t② ✐s ✉s❡❞ ❛s ❛ s✉❜st✐✲

t✉t❡ t♦ ❧♦✇ ✐♥❞✐✈✐❞✉❛❧ ✇♦r❦ ❡t❤✐❝s✳ ❚❤✐r❞✱ ✇❡ s❤♦✇ t❤❛t ✐♥✈❡st✐♥❣ ✐♥ s♦❝✐❛❧ ❝❛♣✐t❛❧ ❛❧❧♦✇s t❤❡ ✜r♠ t♦

❛❧❧❡✈✐❛t❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥❛❧ ♣r♦❜❧❡♠ ❞✉❡ t♦ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥✳ ❇② ♣r♦♠♦t✐♥❣ t❤❡ s❤❛r❡❞ s♦❝✐❛❧ ✐❞❡❛❧✱

t❤❡ ✜r♠ ✐s ❛❜❧❡ t♦ ❧✐♠✐t t❤❡ ❡✛❡❝t ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ♦♥ ✐♥❞✐✈✐❞✉❛❧ ❜❡❤❛✈✐♦rs ❛♥❞ t❤❡r❡❢♦r❡ t♦ ❞✐♠✐♥✐s❤

t❤❡ ❝♦♥tr❛❝t✉❛❧ ❞✐st♦rt✐♦♥s ❞✉❡ t♦ ✐♥❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t t❤❡ ✜r♠ ❣✐✈❡s

❡♠♣❧♦②❡❡s ♠♦r❡ t✐♠❡ t♦ ❞❡✈❡❧♦♣ s♦❝✐❛❧ t✐❡s ✇❤❡♥ t❤❡ ✇♦r❦❢♦r❝❡ ✐s ❤❡t❡r♦❣❡♥❡♦✉s✳ ◆♦t❡ t❤❛t t❤❡ ❧❛st

t✇♦ r❡s✉❧ts ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✜♥❞✐♥❣s ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ♦r❣❛♥✐③❛t✐♦♥❛❧ ✐❞❡♥t✐✜❝❛t✐♦♥✳

❚❤❡r❡ ✐s ❛ ❜✉r❣❡♦♥✐♥❣ t❤❡♦r❡t✐❝❛❧ ❧✐t❡r❛t✉r❡ t❤❛t s✉❣❣❡sts t❤❛t s♦❝✐❛❧ ♥♦r♠s ❤❛✈❡ ✐♠♣♦rt❛♥t

❡✛❡❝ts ♦♥ ✇♦r❦❡rs✬ ❜❡❤❛✈✐♦r ✐♥ t❤❡ ✇♦r❦♣❧❛❝❡✳ ❑❛♥❞❡❧ ❛♥❞ ▲❛③❡❛r ✭✶✾✾✷✮ ❛ss✉♠❡ t❤❛t ♠❡♠❜❡rs

♦❢ ❛ t❡❛♠ s✉✛❡r ❛ ✉t✐❧✐t② ❧♦ss ✇❤❡♥ t❤❡✐r ♦✇♥ ❡✛♦rt ❧❡✈❡❧ ❢❛❧❧s s❤♦rt ♦❢ t❤❛t ♦❢ t❤❡✐r ❝♦✲✇♦r❦❡rs✳

❚❤❡ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t ✇♦r❦❡rs ❡①❡rt ♠♦r❡ ❡✛♦rt t❤❛♥ ✐❢ ♣❡❡r ❡✛❡❝ts ✇❡r❡ ❛❜s❡♥t✳ ■♥ ❛♥ ❛❣❡♥❝②

❝♦♥t❡①t✱ ❋✐s❝❤❡r ❛♥❞ ❍✉❞❞❛rt ✭✷✵✵✽✮ s❤♦✇ ❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♦❝✐❛❧ ♥♦r♠s ❢♦st❡rs t❤❡ ❡✛❡❝t✐✈❡♥❡ss

♦❢ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✳ ❆❧t❤♦✉❣❤ t❤❡② ❞♦ ♥♦t s♦❧✈❡ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✱ t❤❡② ❞❡r✐✈❡ s♦♠❡

✐♠♣❧✐❝❛t✐♦♥s r❡❣❛r❞✐♥❣ t❤❡ ♦r❣❛♥✐③❛t✐♦♥❛❧ ❜♦✉♥❞❛r✐❡s ♦❢ ✜r♠s ❜② ❞✐st✐♥❣✉✐s❤✐♥❣ ❜❡t✇❡❡♥ ❛ ❞❡s✐r❛❜❧❡

✹



❛♥❞ ❛♥ ✉♥❞❡s✐r❛❜❧❡ ❛❝t✐♦♥✱ ❡❛❝❤ ✇✐t❤ ✐ts ♦✇♥ ♥♦r♠✳ ❍ü❝❦✱ ❑ü❜❧❡r ❛♥❞ ❲❡✐❜✉❧❧ ✭✷✵✶✷✮ s❤♦✇ t❤❛t ❛

♣❛rt✐❝✉❧❛r ♥♦r♠ ❝❛♥ ❜❡ ♦✉t♣✉t✲✐♥❝r❡❛s✐♥❣✱ ♥❡✉tr❛❧✱ ♦r ♦✉t♣✉t✲❞❡❝r❡❛s✐♥❣ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥❝❡♥t✐✈❡

s❝❤❡♠❡ ♦✛❡r❡❞ ❜② ❛ ✜r♠✳ ❚❤❡② ❢✉rt❤❡r s❤♦✇ t❤❛t ❧♦✇✲❡✛♦rt ❡q✉✐❧✐❜r✐❛ ✭✇❤❡r❡ ❛♥②♦♥❡ ❡①❡rts ❧♦✇

❡✛♦rt ❜❡❝❛✉s❡ ♦t❤❡rs ❞♦ t❤❡ s❛♠❡✮ ❝❛♥ ❝♦❡①✐st ✇✐t❤ ❤✐❣❤✲❡✛♦rt ❡q✉✐❧✐❜r✐❛ ✭✇❤❡r❡ ❛♥②♦♥❡ ❡①❡rts ❤✐❣❤

❡✛♦rt ❜❡❝❛✉s❡ ♦t❤❡rs ❞♦ t❤❡ s❛♠❡✮✳ ❖♥ t❤❡ ❡♠♣✐r✐❝❛❧ s✐❞❡✱ ❇❛♥❞✐❡r❛✱ ❇❛r❛♥❦❛② ❛♥❞ ❘❛s✉❧ ✭✷✵✶✵✮

st✉❞② ✇❤❡t❤❡r t❤❡ ♣r♦❞✉❝t✐✈✐t② ♦❢ ❢r✉✐t ♣✐❝❦❡rs ✐s ❛✛❡❝t❡❞ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝♦✇♦r❦❡rs ✇✐t❤ ✇❤♦♠

t❤❡② s❤❛r❡ s♦❝✐❛❧ t✐❡s✳ ❚❤❡② ❝♦♥s✐❞❡r ❛ ❢r❛♠❡✇♦r❦ ✐♥ ✇❤✐❝❤ t❤❡r❡ ❛r❡ ♥♦ ❡①t❡r♥❛❧✐t✐❡s ❛♠♦♥❣ ✇♦r❦❡rs

✐♥ ♣r♦❞✉❝t✐♦♥ ♦r ❝♦♠♣❡♥s❛t✐♦♥✳ ❚❤❡② ✜♥❞ t❤❛t ❝♦♠♣❛r❡❞ t♦ t❤❡ s✐t✉❛t✐♦♥ ✇✐t❤♦✉t s♦❝✐❛❧ t✐❡s✱ ❛ ❣✐✈❡♥

✇♦r❦❡r✬s ♣r♦❞✉❝t✐✈✐t② ✐s s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ♠♦r❡ ❛❜❧❡ ❢r✐❡♥❞s✱ ❜✉t s✐❣♥✐✜❝❛♥t❧②

❧♦✇❡r ✇❤❡♥ ✇♦r❦✐♥❣ ✇✐t❤ ❧❡ss ❛❜❧❡ ❢r✐❡♥❞s✳ ■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✱ ✇❡ r❡❧② ♦♥ t❤❡ ♠♦❞❡❧ ♦❢ ❋✐s❝❤❡r ❛♥❞

❍✉❞❞❛rt ✭✷✵✵✽✮ t♦ ✐♥tr♦❞✉❝❡ ❛ s♦❝✐❛❧ ♥♦r♠ ❢♦r ❡✛♦rt ✐♥ t❤❡ ❡♠♣❧♦②❡❡s✬ ♣r❡❢❡r❡♥❝❡s✳ ❈♦♠♣❛r❡❞ t♦

t❤❡ t❤❡♦r❡t✐❝❛❧ ♣❛♣❡rs q✉♦t❡❞ ❛❜♦✈❡✱ ✇❡ ❛❞❞ t✇♦ ♥❡✇ ❡❧❡♠❡♥ts ✐♥t♦ t❤❡ ♠♦❞❡❧✳ ❋✐rst ✇❡ ❛ss✉♠❡ t❤❛t

t❤❡ ✜r♠ ✐s ❛❜❧❡ t♦ ❛✛❡❝t t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❡♠♣❧♦②❡❡s t♦ t❤❡ s❤❛r❡❞ s♦❝✐❛❧ ✐❞❡❛❧ ❜② ♣r♦✈✐❞✐♥❣ t❤❡♠

✇✐t❤ t✐♠❡ ❛♥❞ s♣❛❝❡ t♦ ✐♥t❡r❛❝t ❛♥❞ ❞❡✈❡❧♦♣ s♦❝✐❛❧ t✐❡s✳ ❲❡ s❤♦✇ t❤❛t ❛ ✜rst ♠♦t✐✈❡ ❢♦r t❤❡ ✜r♠

t♦ ✐♥✈❡st ✐♥ s♦❝✐❛❧ ❝❛♣✐t❛❧ ✐s t♦ ❝♦♠♣❧❡♠❡♥t t❤❡ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✳ ❲❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♣r❡❝✐s❡

❝✐r❝✉♠st❛♥❝❡s ✉♥❞❡r ✇❤✐❝❤ t❤✐s ✐♥✈❡st♠❡♥t ✐s r❡✇❛r❞✐♥❣✳ ❙❡❝♦♥❞ ✇❡ ❛❧❧♦✇ ❢♦r ❤❡t❡r♦❣❡♥❡✐t② ❛♠♦♥❣

❡♠♣❧♦②❡❡s ✇✐t❤ r❡❣❛r❞ t♦ t❤❡✐r ♣❡rs♦♥❛❧ ✐❞❡❛❧s ❢♦r ✇♦r❦✳ ❚❤❡ ✜r♠ ❞♦❡s ♥♦t ♦❜s❡r✈❡ t❤❡ ♣❡rs♦♥❛❧

✐❞❡❛❧s ✇❤✐❝❤ ❣✐✈❡s r✐s❡ t♦ ❛ ♣r♦❜❧❡♠ ♦❢ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥✳ ❚❤✐s ❣✐✈❡s ❛♥♦t❤❡r ♠♦t✐✈❡ t♦ ✐♥✈❡st ✐♥ s♦❝✐❛❧

❝❛♣✐t❛❧✱ ♥❛♠❡❧② ❝r❡❛t✐♥❣ ❛ s❤❛r❡❞ ✐❞❡♥t✐t② ✐♥ ♦r❞❡r t♦ ❛tt❡♥✉❛t❡ t❤❡ ❡✛❡❝t ♦❢ ✐♥❞✐✈✐❞✉❛❧ ❞✐✛❡r❡♥❝❡s✳

❆❦❡r❧♦❢ ❛♥❞ ❑r❛♥t♦♥ ✭✷✵✵✽✮ ❛❧s♦ ❝♦♥s✐❞❡r ❛♥ ♦r❣❛♥✐③❛t✐♦♥ t❤❛t ✐s ❛❜❧❡ t♦ ❛✛❡❝t ✐ts ✇♦r❦❡rs✬ ✐❞❡♥t✐t②

✭✐❞❡❛❧ ❢♦r ❡✛♦rt✮ t❤r♦✉❣❤ t❤❡ st②❧❡ ♦❢ ♠❛♥❛❣❡♠❡♥t✳ ❚❤❡r❡ ✐s ♠♦r❛❧ ❤❛③❛r❞ ♦♥ ✇♦r❦❡rs✬ ❡✛♦rt ❛♥❞ t❤❡

♦r❣❛♥✐③❛t✐♦♥ ❝❛♥ ❡✐t❤❡r ❞❡❝✐❞❡ t♦ ♠♦♥✐t♦r ✐ts ✇♦r❦❢♦r❝❡ t✐❣❤t❧② ♦r ❝❤♦♦s❡ ❧♦♦s❡ s✉♣❡r✈✐s✐♦♥✳ ❚❤❡②

❛ss✉♠❡ t❤❛t ♠♦♥✐t♦r✐♥❣ ✇♦r❦❡rs ❛❧❧♦✇s t♦ ❞❡t❡❝t s❤✐r❦✐♥❣ ♠♦r❡ ❡❛s✐❧② ❜✉t ❛t t❤❡ s❛♠❡ t✐♠❡ r❡❞✉❝❡s

✇♦r❦❡rs✬ ✐❞❡❛❧ ❢♦r ❡✛♦rt ❛s t❤❡r❡ ✐s ❧❡ss ✐❞❡♥t✐✜❝❛t✐♦♥ ✇✐t❤ t❤❡ ✇♦r❦❣r♦✉♣✳ ❚❤❡② ❝❤❛r❛❝t❡r✐③❡ t❤❡

❝✐r❝✉♠st❛♥❝❡s ✉♥❞❡r ✇❤✐❝❤ t❤❡ ♦r❣❛♥✐③❛t✐♦♥ ♣r❡❢❡rs ❧♦♦s❡ s✉♣❡r✈✐s✐♦♥✳ ■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❡♥❞♦❣❡♥✐③❡

✇♦r❦❡rs✬ ❝♦❧❧❡❝t✐✈❡ ✐❞❡♥t✐t② ❛♥❞ ❞❡s❝r✐❜❡ ♠♦r❡ ❢✉❧❧② t❤❡ ✇❛② t❤❡ ✜r♠ ✐s ❛❜❧❡ t♦ r❡❣✉❧❛t❡ t❤✐s ✐❞❡♥t✐t②✳✸

❚❤❡ ♣❛♣❡r ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷ ✇❡ ♣r❡s❡♥t t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✳ ■♥ s❡❝t✐♦♥ ✸ ✇❡

✸❘♦t❡♠❜❡r❣ ✭✶✾✾✹✮ ❛♥❞ ❉✉r ❛♥❞ ❙♦❧ ✭✷✵✶✵✮ ❝♦♥s✐❞❡r ♠♦❞❡❧s ✇✐t❤♦✉t s♦❝✐❛❧ ♥♦r♠s ❜✉t ✐♥ ✇❤✐❝❤ t✇♦ ✇♦r❦❡rs ❛r❡
❡♥❞♦✇❡❞ ✇✐t❤ ❛❧tr✉✐st✐❝ ♣r❡❢❡r❡♥❝❡s t❤❡② ❝❛♥ ❛✛❡❝t ❜② t❤❡✐r ❝❤♦✐❝❡s✳ ■♥ ❘♦t❡♠❜❡r❣✱ ✇♦r❦❡r i ❞❡❝✐❞❡s t❤❡ ❞❡❣r❡❡ t♦
✇❤✐❝❤ ❤❡ ✐♥t❡r♥❛❧✐③❡s t❤❡ ✉t✐❧✐t② ♦❢ ✇♦r❦❡r j✳ ■♥ ❉✉r ❛♥❞ ❙♦❧✱ ✇♦r❦❡r i ✐s ❛❜❧❡✱ ❜② ❡♥❣❛❣✐♥❣ s♦❝✐❛❧ ✐♥t❡r❛❝t✐♦♥s ✇✐t❤
✇♦r❦❡r j✱ t♦ ✐♥❝r❡❛s❡ j✬s ❞❡❣r❡❡ ♦❢ ❛❧tr✉✐s♠✳ ❇♦t❤ ♣❛♣❡rs s❤♦✇ t❤❛t ✐t ✐s r❛t✐♦♥❛❧ ❢♦r ✇♦r❦❡rs t♦ ✐♥✈❡st ✐♥ ❛❧tr✉✐st✐❝
❛❝t✐✈✐t✐❡s t♦ s♦♠❡ ❡①t❡♥t✳ ■♥ t✉r♥ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s ❡♥❤❛♥❝❡❞✳

✺



❞❡r✐✈❡ t❤❡ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❝♦♥tr❛❝t✳ ■♥ s❡❝t✐♦♥ ✹ ✇❡ ❛♥❛❧②③❡ ❤♦✇ t❤❡ ✜r♠ ❝❛♥ r❡❣✉❧❛t❡ t❤❡ s♦❝✐❛❧

♥♦r♠ ❛♠♦♥❣ t❤❡ ❡♠♣❧♦②❡❡s✳ ❙❡❝t✐♦♥ ✺ ♦✛❡rs s♦♠❡ ❝♦♥❝❧✉s✐♦♥s✳

✷ ▼♦❞❡❧✐♥❣ ♣❡rs♦♥❛❧ ❛♥❞ s♦❝✐❛❧ ✐❞❡❛❧s

❲❡ t❛❦❡ ❛ ❢r❛♠❡✇♦r❦ à ❧❛ ❍♦❧♠strö♠ ❛♥❞ ▼✐❧❣r♦♠ ✭✶✾✽✼✮ ❛♥❞ ❡①t❡♥❞ ✐t t♦ ✐♥❝❧✉❞❡ ❛ s♦❝✐❛❧ ✐❞❡❛❧

❢♦r ❡✛♦rt ❛♥❞ s♦♠❡ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ t❤❡ ✇♦r❦❢♦r❝❡✳

❆❣❡♥ts✳ ❆ r✐s❦ ♥❡✉tr❛❧ ✜r♠ ❡♠♣❧♦②s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❡♠♣❧♦②❡❡s ♦❢ s✐③❡ ♦♥❡ t♦ ♣❡r❢♦r♠ s✐♠✐❧❛r✱ ❜✉t

✐♥❞❡♣❡♥❞❡♥t t❛s❦s✳ ❊❛❝❤ ❡♠♣❧♦②❡❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❤✐s ♣❡rs♦♥❛❧ ✐❞❡❛❧ ❢♦r ❡✛♦rt✱ t✳ P❡rs♦♥❛❧ ✐❞❡❛❧s

❛r❡ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ f(t) ❞❡✜♥❡❞ ♦♥ ❛ s❡t T =
[

t, t
]

✳

▲❡t F (t) ❞❡♥♦t❡ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❛ss♦❝✐❛t❡❞ ✇✐t❤ f(t)✳ ❊❛❝❤ ❡♠♣❧♦②❡❡ ❡①❡rts ❛

❧❡✈❡❧ ♦❢ ❡✛♦rt e✱ ♥♦t ♦❜s❡r✈❡❞ ❜② t❤❡ ✜r♠✱ ❛♥❞ ♣r♦❞✉❝❡s ❛ ♣✉❜❧✐❝❧② ♦❜s❡r✈❛❜❧❡ ♦✉t♣✉t y = e+ε✳ ❚❤❡

t❡r♠ ε ✐s ❛♥ ✐❞✐♦s②♥❝r❛t✐❝ ✉♥♦❜s❡r✈❛❜❧❡ ♥♦✐s❡ ❢♦❧❧♦✇✐♥❣ ❛ ❝❡♥t❡r❡❞ ♥♦r♠❛❧ ✇✐t❤ ✈❛r✐❛♥❝❡ σ2✳ ❚❤❡

♥♦✐s❡ t❡r♠s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛❝r♦ss ❡♠♣❧♦②❡❡s✳

❈♦♥tr❛❝ts✳ ❆s ❡♠♣❧♦②❡❡s ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s✱ t❤❡ ✜r♠ ♠❛② ✜♥❞ ✐t ♦♣t✐♠❛❧ t♦ ♦✛❡r ❞✐✛❡r❡♥t ❝♦♥✲

tr❛❝ts t♦ ❞✐✛❡r❡♥t ❡♠♣❧♦②❡❡s✳ ❲❡ ❞❡♥♦t❡ t❤❡ ♠❡♥✉ ♦❢ ❝♦♥tr❛❝ts ❜② {w(t)}t∈T ✇❤❡r❡ w(t) ✐s t❤❡

❝♦♠♣❡♥s❛t✐♦♥ ♣❛✐❞ ❜② t❤❡ ✜r♠ t♦ ❛♥ ❡♠♣❧♦②❡❡ ✇✐t❤ ♣❡rs♦♥❛❧ ✐❞❡❛❧ t✳ ❆s ✐s ❝♦♠♠♦♥ ✐♥ t❤❡ ❝♦♥tr❛❝t✲

✐♥❣ ❧✐t❡r❛t✉r❡✱ ✇❡ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦ ❧✐♥❡❛r ❝♦♥tr❛❝ts ♦❢ t❤❡ s❤❛♣❡ w(t) = α(t)y(t) + β(t) ✇❤❡r❡

α(t) ✐s t❤❡ ♣r♦♣♦rt✐♦♥❛❧ s❤❛r❡ ❛♥❞ β(t) ✐s t❤❡ ✜①❡❞ s❛❧❛r②✳ ❲❡ ✇✐❧❧ r❡❢❡r t♦ α(t) ❛s t❤❡ ♣♦✇❡r ♦❢

✐♥❝❡♥t✐✈❡s ❢♦r ❡♠♣❧♦②❡❡ ♦❢ ♣❡rs♦♥❛❧ ✐❞❡❛❧ t✳

P❛②♦✛s✳ ❚❤❡ ❈❆❘❆ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦❢ ❛♥ ❡♠♣❧♦②❡❡ ♦❢ ♣❡rs♦♥❛❧ ✐❞❡❛❧ t ❝❤♦♦s✐♥❣ t❤❡ ❝♦♥tr❛❝t w(t)

❛♥❞ t❤❡ ❡✛♦rt e(t) ✐s ❣✐✈❡♥ ❜②

U(w(t), e(t), n(t)) = −exp [−η (w(t)− C(e(t), n(t))] ✭✶✮

✇❤❡r❡ η r❡♣r❡s❡♥ts t❤❡ ❡♠♣❧♦②❡❡✬s ❝♦♥st❛♥t ❛❜s♦❧✉t❡ r✐s❦ ❛✈❡rs✐♦♥✱ ❛♥❞ C(e(t), n(t)) = 1
2c (e(t)− n(t))2

r❡♣r❡s❡♥ts t❤❡ ❡①t❡♥❞❡❞ ❝♦st ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❡♠♣❧♦②❡❡✳ ❲❡ ❛ss✉♠❡ t❤❛t ✐t ✐s ❝♦st❧② ❢♦r ❡♠♣❧♦②❡❡

t t♦ ❝❤♦♦s❡ ❛♥ ❡✛♦rt ❧❡✈❡❧ t❤❛t ❞❡✈✐❛t❡s ❢r♦♠ ❛♥ ✐❞❡❛❧ ❧❡✈❡❧ ♦❢ ❡✛♦rt✱ n(t)✳ ❚❤✐s ✐❞❡❛❧ ❝♦rr❡s♣♦♥❞s

t♦ t❤❡ ❡✛♦rt t❤❛t t❤❡ ❡♠♣❧♦②❡❡ ❡①❡rts ✇❤❡♥ t❤❡ ✈❛r✐❛❜❧❡ r❛t❡ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t✐♦♥ ✐s ③❡r♦ ❜✉t t❤❡

❜❛s❡ s❛❧❛r② ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤ t♦ ♠❛❦❡ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ✇❡ ❞❡✜♥❡ ❜❡❧♦✇ s❛t✐s✜❡❞✳ ❚❤❡

✻



❝♦st ♦❢ ❡✛♦rt ✐s ❞❡❝r❡❛s✐♥❣ ✉♣ t♦ t❤❡ ♣♦✐♥t ✇❤❡r❡ t❤❡ ✐❞❡❛❧ ✐s r❡❛❝❤❡❞ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ❜❡②♦♥❞ t❤✐s

♣♦✐♥t✳ ❋♦❧❧♦✇✐♥❣ ❋✐s❝❤❡r ❛♥❞ ❍✉❞❞❛rt ✭✷✵✵✽✮✱ t❤❡ ✐❞❡❛❧ n(t) ✐s ❛ ✇❡✐❣❤t❡❞ ❛✈❡r❛❣❡ ♦❢ t✇♦ ❡❧❡♠❡♥ts✿

t❤❡ ♣❡rs♦♥❛❧ ✐❞❡❛❧ ♦❢ t❤❡ ❡♠♣❧♦②❡❡ ❡q✉❛❧ t♦ t ❛♥❞ ❛ s❤❛r❡❞ s♦❝✐❛❧ ✐❞❡❛❧ ✇❤✐❝❤ ✇❡ t❛❦❡ ❡q✉❛❧ t♦ t❤❡

❛✈❡r❛❣❡ ❡✛♦rt ❛❝r♦ss ❡♠♣❧♦②❡❡s✱ E [e]✳✹ ❲❡ ✇r✐t❡

n(t) = λt+ (1− λ)E [e] ✭✷✮

✇❤❡r❡ λ ∈ (0, 1] ❛♥❞

E [e] =

t̄
ˆ

t

e(t)f(t)dt ✭✸✮

❚❤❡ t❡r♠ 1−λ ♦❢ ❡①♣r❡ss✐♦♥ ✭✷✮ r❡✢❡❝ts t❤❡ ❡♠♣❧♦②❡❡s✬ s❡♥s✐t✐✈✐t② t♦ t❤❡ s♦❝✐❛❧ ✐❞❡❛❧✳ ❚❤❡ st❛♥❞❛r❞

❝♦st ❢✉♥❝t✐♦♥ ✐s ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ λ = 1 ❛♥❞ t = 0✳ ◆♦t❡ t❤❛t ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✱ ♣r♦❞✉❝t✐♦♥ t❛s❦s

❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛❝r♦ss ❡♠♣❧♦②❡❡s ❛♥❞ ♣❛②♠❡♥t s❝❤❡♠❡s ❛r❡ ❜❛s❡❞ ♦♥ ✐♥❞✐✈✐❞✉❛❧ ♣❡r❢♦r♠❛♥❝❡s✳ ❚❤✐s

♠❡❛♥s t❤❛t t❤❡ ♦♥❧② ❡①t❡r♥❛❧✐t✐❡s ❛♠♦♥❣ ✇♦r❦❡rs ❛r❡ s♦❝✐❛❧ ❛♥❞ ♥♦t t❡❝❤♥♦❧♦❣✐❝❛❧ ♦r ♠♦♥❡t❛r②✳

❲❡ ❛ss✉♠❡ t❤❛t ❡♠♣❧♦②❡❡s ❤❛✈❡ t❤❡ s❛♠❡ r❡s❡r✈❛t✐♦♥ ✉t✐❧✐t② ❧❡✈❡❧✱ ❞❡♥♦t❡❞ U(w0)✳ ❚❤❡ t❡r♠ w0

✐s t❤❡ ❝❡rt❛✐♥ ♠♦♥❡t❛r② ❡q✉✐✈❛❧❡♥t ♦❢ t❤❡ ❡♠♣❧♦②❡❡s✬ ❝♦♠♣❡♥s❛t✐♦♥ ❝♦♥tr❛❝t✳

❚❤❡ r✐s❦✲♥❡✉tr❛❧ ✜r♠✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✐s ❡q✉❛❧ t♦ t❤❡ ♣❛rt ♦❢ t❤❡ ❡①♣❡❝t❡❞ ♣r♦❞✉❝t✐♦♥ ❛❝❝r✉✐♥❣

t♦ ✜r♠ ♥❡t ♦❢ t❤❡ ✜①❡❞ s❛❧❛r✐❡s ♣❛✐❞ t♦ t❤❡ ❡♠♣❧♦②❡❡s✿

t̄
ˆ

t

((1− α(t))e(t)− β(t)) f(t)dt ✭✹✮

❚✐♠✐♥❣ ♦❢ t❤❡ ❣❛♠❡

• ❋✐rst✱ t❤❡ ✜r♠ ❝❤♦♦s❡s t❤❡ ❛♠♦✉♥t ♦❢ t❤❡ ✇♦r❦ t✐♠❡ ❧❡❢t ❢♦r ❡♠♣❧♦②❡❡s t♦ ✐♥t❡r❛❝t✳ ❚❤✐s ❛♠♦✉♥t

❛❧t❡rs t❤❡ ❡♠♣❧♦②❡❡s✬ s❡♥s✐t✐✈✐t② t♦ t❤❡ s♦❝✐❛❧ ✐❞❡❛❧ ✐♥ ❛ ✇❛② ✇❡ ✇✐❧❧ ♠❛❦❡ ♣r❡❝✐s❡ ✐♥ s❡❝t✐♦♥ ✹✳

• ❙❡❝♦♥❞✱ t❤❡ ✜r♠ ♣r♦♣♦s❡s ❛ ♠❡♥✉ ♦❢ ❝♦♥tr❛❝ts {w(t)}t∈T ✳

• ❚❤✐r❞✱ ❡♠♣❧♦②❡❡s ❝❤♦♦s❡ ♦♥❡ ❝♦♥tr❛❝t ♦r ❡①❡rt t❤❡✐r ♦✉ts✐❞❡ ♦♣t✐♦♥✳

• ❋♦✉rt❤✱ ❡♠♣❧♦②❡❡s ❡①❡rt ❡✛♦rt ❛♥❞ ♣r♦❞✉❝t✐♦♥s ❛♥❞ ♣❛②♦✛s ❛r❡ r❡❛❧✐③❡❞✳

✹❍❡♥❝❡✱ t❤❡ s♦❝✐❛❧ ♥♦r♠ ✐s ❛ss♦❝✐❛t❡❞ t♦ ❛ ✉♥✐q✉❡ r❡❢❡r❡♥❝❡ ❣r♦✉♣ ✇❤✐❝❤ ✐s t❤❡ ❡♥t✐r❡ ✇♦r❦❢♦r❝❡✳

✼



✸ ❚❤❡ ♦♣t✐♠❛❧ ❧✐♥❡❛r ❝♦♥tr❛❝t

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s❡♥s✐t✐✈✐t② ♦❢ ❡♠♣❧♦②❡❡s t♦ t❤❡ s♦❝✐❛❧ ♥♦r♠ ✐s ❣✐✈❡♥✳ ❋✐rst✱ ✇❡

❞❡r✐✈❡ t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ❡✛♦rt ❢♦r ❡♠♣❧♦②❡❡s✳ ❙❡❝♦♥❞✱ ✇❡ s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ✜r♠ ❛♥❞ ❞❡r✐✈❡

t❤❡ ♦♣t✐♠❛❧ ♠❡♥✉ ♦❢ ❧✐♥❡❛r ❝♦♥tr❛❝ts✳

✸✳✶ Pr♦❜❧❡♠ ♦❢ ❛♥ ❡♠♣❧♦②❡❡

❙✉♣♣♦s❡ ❛♥ ❡♠♣❧♦②❡❡ ♦❢ ♣❡rs♦♥❛❧ ✐❞❡❛❧ t ❤❛s ❝❤♦s❡♥ t❤❡ ❝♦♥tr❛❝t w(t)✳ ❍❡ ❝❤♦♦s❡s ❤✐s ❡✛♦rt ❧❡✈❡❧

❜② ♠❛①✐♠✐③✐♥❣ ❤✐s ❝❡rt❛✐♥t② ❡q✉✐✈❛❧❡♥t ♣❛②♦✛

α(t)e(t) + β(t)−
1

2
ησ2α2(t)−

1

2
c (e(t)− n(t))2 ✭✺✮

❚❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ✐s α(t)− c(e(t)− n(t)) = 0 ✱ s♦ t❤❛t

e(t) = n(t) +
α(t)

c
✭✻✮

✇❤❡r❡ n(t) ✐s ❣✐✈❡♥ ❜② ✭✷✮✳ ❊①♣r❡ss✐♦♥ ✭✻✮ ❝❤❛r❛❝t❡r✐③❡s t❤❡ ❡✛♦rt ❡①❡rt❡❞ ❜② t❤❡ ❡♠♣❧♦②❡❡ ❣✐✈❡♥ t❤❡

✇♦r❦ ✐❞❡❛❧✱ n(t)✳ ■❢ t❤❡ ✜r♠ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❛♥② ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡ ❛t ❛❧❧ ✭t❤❛t ✐s✱ ✐❢ α(t) = 0✮✱

❡♠♣❧♦②❡❡ t ❝❤♦♦s❡s ❛ ❧❡✈❡❧ ♦❢ ❡✛♦rt ❡q✉❛❧ t♦ ❤✐s ✇♦r❦ ✐❞❡❛❧✳ ❇② t❛❦✐♥❣ t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡ ♦❢

❡①♣r❡ss✐♦♥ ✭✻✮ ✇✐t❤ r❡s♣❡❝t t♦ α(t)✱ ♦♥❡ ❝❛♥ st✉❞② ❤♦✇ ✐♥❝r❡❛s✐♥❣ t❤❡ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡ ❛t t❤❡

♠❛r❣✐♥ ❛✛❡❝ts t❤❡ ❡✛♦rt ❡①❡rt❡❞ ✇❤❡♥ t❤❡ ❡✛❡❝t ♦❢ t❤❡ s♦❝✐❛❧ ♥♦r♠ ✐s ♥❡✉tr❛❧✐③❡❞✳ ❲❡ ❣❡t

∂e(t)

∂α(t)
=

1

c
✭✼✮

❚❤✐s ❡①♣r❡ss✐♦♥ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❛♣♣❡❛r✐♥❣ ✐♥ ❍♦❧♠strö♠ ❛♥❞ ▼✐❧❣r♦♠ ✭✶✾✽✼✮✳ ❊✛♦rt ✐♥❝r❡❛s❡s

❛s t❤❡ ✜r♠ ♣r♦✈✐❞❡s ♠♦r❡ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✳ ❲❡ ♥♦✇ ❡♥❞♦❣❡♥✐③❡ t❤❡ s♦❝✐❛❧ ♥♦r♠✳ ❇② ♣❧✉❣❣✐♥❣

❡①♣r❡ss✐♦♥ ✭✻✮ ✐♥t♦ ❡①♣r❡ss✐♦♥ ✭✸✮ ❛♥❞ s♦❧✈✐♥❣✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❛✈❡r❛❣❡ ❡✛♦rt ❡①❡rt❡❞ ❜② ❡♠♣❧♦②❡❡s✿

E [e] = E [t] +
E [α]

λc
✭✽✮

✇❤❡r❡ E [α] =
´ t̄

t
α(t)f(t)dt ✐s t❤❡ ❛✈❡r❛❣❡ ♣♦✇❡r ♦❢ ✐♥❝❡♥t✐✈❡s ❛♥❞ E [t] =

´ t̄

t
tf(t)dt ✐s t❤❡ ❛✈❡r❛❣❡

♣❡rs♦♥❛❧ ✐❞❡❛❧✳

✽



❊①♣r❡ss✐♦♥ ✭✽✮ s❤♦✇s t❤❡r❡ ❛r❡ t✇♦ s♦✉r❝❡s t❤❛t ❢✉❡❧ ❡♠♣❧♦②❡❡s✬ ❡✛♦rt✿ ♣❡rs♦♥❛❧ ✇♦r❦ ✐❞❡❛❧s ❛♥❞

♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ✇❛② t❤❡ ❛✈❡r❛❣❡ ❡✛♦rt ❞❡♣❡♥❞s ♦♥ t❤❡ ❛✈❡r❛❣❡ ♣❡rs♦♥❛❧ ✇♦r❦

❡t❤✐❝ ✐s ♥♦t ❛✛❡❝t❡❞ ❜② t❤❡ ❡♠♣❧♦②❡❡s✬ s❡♥s✐t✐✈✐t② t♦ t❤❡ s♦❝✐❛❧ ✐❞❡❛❧✿ ❢♦r t❤❡ ✜r♠✱ ❤❛✈✐♥❣ ❛ ♣r♦ s♦❝✐❛❧

✇♦r❦❢♦r❝❡ ❞♦❡s ♥♦t ❞❛♠♣❡♥ t❤❡ ♣♦s✐t✐✈❡ ✐♥✢✉❡♥❝❡ ♦❢ ♣❡rs♦♥❛❧ ✐❞❡❛❧s ♦♥ ❡✛♦rt✳ ❍♦✇❡✈❡r✱ t❤❡ ✇❛②

t❤❡ ❛✈❡r❛❣❡ ❡✛♦rt ❞❡♣❡♥❞s ♦♥ t❤❡ ❛✈❡r❛❣❡ ♣♦✇❡r ♦❢ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s ✐s ❛✛❡❝t❡❞ ❜② ❡♠♣❧♦②❡❡s✬

s❡♥s✐t✐✈✐t② t♦ t❤❡ s♦❝✐❛❧ ✐❞❡❛❧✿ ❛ ❤✐❣❤❡r s❡♥s✐t✐✈✐t② ♠❛❦❡s ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s ♠♦r❡ ❡✛❡❝t✐✈❡✳ ❚❤❡

t✇♦ ♣r❡✈✐♦✉s r❡s✉❧ts ❛r❡ ❞r✐✈❡♥ ❜② s✐♠✐❧❛r ♠✉❧t✐♣❧✐❡r ❡✛❡❝ts✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ♦♥❧② ❞❡s❝r✐❜❡ t❤❡

♠✉❧t✐♣❧✐❡r ❡✛❡❝t ♦♥ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✳ ❆♥❛❧②t✐❝❛❧❧②✱ ✐t t❛❦❡s t❤❡ ❢♦❧❧♦✇✐♥❣ s❤❛♣❡✿

dE [e]

dE [α]
=

1

λc
=

1

λ
×

∂E [e]

∂E [α]
✭✾✮

✇✐t❤ 1/λ ≥ 1✳ ❚♦ ❡①♣❧♦r❡ t❤❡ ❢✉♥❝t✐♦♥✐♥❣ ♦❢ t❤❡ s♦❝✐❛❧ ♠✉❧t✐♣❧✐❡r✱ ❧❡t ✉s s✉♠ ❡①♣r❡ss✐♦♥ ✭✻✮ ♦✈❡r

t②♣❡s✱ ✇❡✐❣❤t❡❞ ❜② t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ f ✳ ❲❡ ♦❜t❛✐♥

E [e] = λE [t] + (1− λ)E [e] +
E [α]

c
✭✶✵✮

▲❡t ✉s s✉♣♣♦s❡ t❤❛t t❤❡ ❛✈❡r❛❣❡ ♣♦✇❡r ♦❢ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s E [α] ✐♥❝r❡❛s❡s ❜② ❛♥ ❛♠♦✉♥t ❡q✉❛❧ t♦

△E [α]✳ ■♥ ❛ ✜rst r♦✉♥❞✱ t❤✐s ❤❛s ❛ ❞✐r❡❝t ❡✛❡❝t ♦♥ ❛✈❡r❛❣❡ ❡✛♦rt✿ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥ ❡①♣r❡ss✐♦♥

✭✶✵✮ ✐♥❝r❡❛s❡s ❜② △E [α] /c✱ ✇❤✐❝❤ ❝❛✉s❡s t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ E [e] t♦ r✐s❡ ❜② t❤❡ s❛♠❡ ❛♠♦✉♥t✳ ■♥

t❤❡ s❡❝♦♥❞ r♦✉♥❞✱ t❤❡ ❝❤❛♥❣❡ ✐♥ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s ❤❛s ❛♥ ✐♥❞✐r❡❝t ❡✛❡❝t ♦♥ ❡✛♦rt t❤r♦✉❣❤ t❤❡

s♦❝✐❛❧ ♥♦r♠✿ ❛ ❤✐❣❤❡r s♦❝✐❛❧ ✇♦r❦ ✐❞❡❛❧ ❤❛s ❡♠❡r❣❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ♣r❡✈✐♦✉s r♦✉♥❞✱ ✐♥❞✉❝✐♥❣ t❤❡

❡♠♣❧♦②❡❡s t♦ ❡①❡rt ❡✈❡♥ ♠♦r❡ ❡✛♦rt✳ ❋♦r♠❛❧❧②✱ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐♥❝r❡❛s❡s ❜② (1 − λ)△E [α] /c✱

✇❤✐❝❤ ❝❛✉s❡s ❛♥ ❡q✉✐✈❛❧❡♥t r✐s❡ ♦❢ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡✳ ❙✉♠♠✐♥❣ t❤❡ s✉❝❝❡ss✐✈❡ ✐♥❝r❡❛s❡s✱ ✇❡ ♦❜t❛✐♥✿

△E [e] =
[

1 + (1− λ) + (1− λ)2 + ...
] △E [α]

c
=

1

λ

△E [α]

c
✭✶✶✮

❚❤❡ ♠✉❧t✐♣❧✐❡r 1
λ
✐s t❤❡ s✉♠ ♦❢ t❤❡ ❞✐r❡❝t ♠♦♥❡t❛r② ❡✛❡❝t✱ ✶✱ ❛♥❞ t❤❡ ✐♥❞✐r❡❝t s♦❝✐❛❧ ❡✛❡❝t✱ 1−λ

λ
✳

❯s✐♥❣ ❡q✉❛t✐♦♥s ✭✻✮ ❛♥❞ ✭✽✮✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❡✛♦rt ♦❢ ❛♥ ❡♠♣❧♦②❡❡ ♦❢ ♣❡rs♦♥❛❧ ✐❞❡❛❧ t ❛s

e∗(t) = λt+ (1− λ)E [t] +
1

λc
(λα(t) + (1− λ)E [α]) ✭✶✷✮

❊①♣r❡ss✐♦♥ ✭✶✷✮ st❛t❡s t❤❛t t❤❡ ❡✛♦rt ❧❡✈❡❧ e∗(t) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ♣♦✇❡r ♦❢ ✐♥❝❡♥t✐✈❡s✱ α(t)✳ ❲❤❡♥

✾



❡♠♣❧♦②❡❡s ❛r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ❝♦❧❧❡❝t✐✈❡ ✭t❤❛t ✐s✱ ✇❤❡♥ λ < 1✮✱ ❛♥ ❡♠♣❧♦②❡❡ ✇✐t❤ ❛ ❧♦✇ ♣❡rs♦♥❛❧ ✐❞❡❛❧

❝❤♦♦s❡s ❛♥ ❡✛♦rt ❧❡✈❡❧ ❛❜♦✈❡ t❤❡ ♦♥❡ ❤❡ ✇♦✉❧❞ ❝❤♦♦s❡ ✐❢ t❤❡ s❡♥s✐t✐✈✐t② t♦ t❤❡ s♦❝✐❛❧ ♥♦r♠ ✇❛s ③❡r♦

✭t❤❛t ✐s✱ ✇❤❡♥ λ = 1✮✳ ◆♦t❡ t❤❛t ❛♥ ❡♠♣❧♦②❡❡ ✇✐t❤ ❛ ❤✐❣❤ ♣❡rs♦♥❛❧ ✐❞❡❛❧ ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ❝❤♦♦s❡

❛ ❧♦✇❡r ❡✛♦rt ❧❡✈❡❧ ✇❤❡♥ ❤❡ ✐s ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ❝♦❧❧❡❝t✐✈❡ ✐❞❡♥t✐t②✿ ❛❧t❤♦✉❣❤ ❤❡ ✐s ❛ttr❛❝t❡❞ ❜②

t❤❡ ❧♦✇❡r ❛✈❡r❛❣❡ ✇♦r❦ ❡t❤✐❝✱ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s ❜❡❝♦♠❡ ♠♦r❡ ❡✛❡❝t✐✈❡ s♦ t❤❛t ❡✛♦rt ♠❛② ✐♥❝r❡❛s❡✳

❊①♣r❡ss✐♦♥ ✭✶✷✮ ❛❧s♦ s❤♦✇s t❤❛t ❛♥ ❡♠♣❧♦②❡❡ ✇❤♦ ❤❛s ❝❤♦s❡♥ ❛ ❝♦♥tr❛❝t ✇✐t❤ ❛ ❧♦✇ ✭r❡s♣❡❝t✐✈❡❧②

❤✐❣❤✮ ♣r♦♣♦rt✐♦♥❛❧ s❤❛r❡ ❝❤♦♦s❡s ❛♥ ❡✛♦rt ❧❡✈❡❧ ❛❜♦✈❡ ✭r❡s♣❡❝t✐✈❡❧② ❜❡❧♦✇✮ t❤❡ ❧❡✈❡❧ ❤❡ ✇♦✉❧❞ ❝❤♦♦s❡

✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ s♦❝✐❛❧ ✐❞❡❛❧✳ ❲❡ s✉♠♠❛r✐③❡ t❤❡ ♠❛✐♥ r❡s✉❧ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ✭✶✮ ❈♦♥s✐❞❡r ❛ ❣✐✈❡♥ ♠❡♥✉ ♦❢ ❧✐♥❡❛r ❝♦♥tr❛❝ts {w(t)}t∈T ✳ ❚❤❡♥✱

✭❛✮ ❚❤❡ ❛✈❡r❛❣❡ ❧❡✈❡❧ ♦❢ ❡✛♦rt E [e] ❞❡♣❡♥❞s ❧✐♥❡❛r❧② ♦♥ t❤❡ ❛✈❡r❛❣❡ ♣❡rs♦♥❛❧ ✐❞❡❛❧ E [t]✳ ❚❤✐s

r❡❧❛t✐♦♥s❤✐♣ ✐s ♥♦t ❛✛❡❝t❡❞ ❜② t❤❡ ❡♠♣❧♦②❡❡s✬ s❡♥s✐t✐✈✐t② t♦ t❤❡ s♦❝✐❛❧ ✐❞❡❛❧✳

✭❜✮ ❚❤❡ ❛✈❡r❛❣❡ ❧❡✈❡❧ ♦❢ ❡✛♦rt E [e] ✐s ❤✐❣❤❡r ✇❤❡♥ ❡♠♣❧♦②❡❡s ❛r❡ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ s♦❝✐❛❧

✐❞❡❛❧ ✭t❤❛t ✐s✱ ✇❤❡♥ λ ✐s s♠❛❧❧❡r✮✳

✭✷✮ ❚❤❡ ❢❛❝t t❤❛t ❡♠♣❧♦②❡❡s✬ ♣r❡❢❡r❡♥❝❡s ✐♥❝♦r♣♦r❛t❡ ❛ s♦❝✐❛❧ ✐❞❡❛❧ ❝r❡❛t❡s ❛ s♦❝✐❛❧ ♠✉❧t✐♣❧✐❡r ❡✛❡❝t✱

❞❡✜♥❡❞ ✐♥ ✭✾✮✱ ♦♥ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✳

❚♦ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ❝❡rt❛✐♥t② ❡q✉✐✈❛❧❡♥t ♣❛②♦✛ ❢♦r ❛♥

❡♠♣❧♦②❡❡ ✇✐t❤ ♣❡rs♦♥❛❧ ✐❞❡❛❧ t ✇❤❡♥ ❤❡ ❡①❡rts t❤❡ ♦♣t✐♠❛❧ ❡✛♦rt ❧❡✈❡❧ ✭✶✷✮✳ ❲❡ ❤❛✈❡

u(t, α(t), β(t)) = β(t) +
1− λ

λ

α(t)E [α]

c
+ (λt+ (1− λ)E [t])α(t) +

1

2c
(1− cησ2)α2(t) ✭✶✸✮

◆♦t❡ t❤❛t ∂2u/∂t∂α(t) = λ > 0✿ ❡♠♣❧♦②❡❡s ✇✐t❤ ❛ ❤✐❣❤ ♣❡rs♦♥❛❧ ✐❞❡❛❧ ❛r❡ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ ❛♥ ✐♥❝r❡❛s❡

✐♥ t❤❡ ♣♦✇❡r ♦❢ ✐♥❝❡♥t✐✈❡s t❤❛♥ ❡♠♣❧♦②❡❡s ✇✐t❤ ❛ ❧♦✇ ♣❡rs♦♥❛❧ ✐❞❡❛❧✳ ❚❤✐s s✐♥❣❧❡✲❝r♦ss✐♥❣ ❝♦♥❞✐t✐♦♥

✇✐❧❧ ❤❡❧♣ t❤❡ ✜r♠ t♦ s❝r❡❡♥ t❤❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❡♠♣❧♦②❡❡s ✉♥❞❡r ✐♥❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥✳

✸✳✷ Pr♦❜❧❡♠ ♦❢ t❤❡ ✜r♠

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ✜r♠ ❢♦r ❛ ❣✐✈❡♥ ❧❡✈❡❧ ♦❢ ❡♠♣❧♦②❡❡s✬ s❡♥s✐t✐✈✐t② t♦ t❤❡ s♦❝✐❛❧ ✐❞❡❛❧✳

❆s ❛ ❜❡♥❝❤♠❛r❦ ✇❡ ✜rst ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ✜r♠ ❦♥♦✇s t❤❡ ❡♠♣❧♦②❡❡s✬ ♣❡rs♦♥❛❧ ✐❞❡❛❧s✳

❲❡ t❤❡♥ ❝♦♥s✐❞❡r t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡ t❤❡ ✜r♠ ❝❛♥♥♦t ♦❜s❡r✈❡ ❡♠♣❧♦②❡❡s✬ ♣❡rs♦♥❛❧ ✐❞❡❛❧s✳

✶✵



✸✳✷✳✶ ❚❤❡ ❝❛s❡ ♦❢ ❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥

❚❤❡ ✜r♠ ❞❡t❡r♠✐♥❡s t❤❡ ♠❡♥✉ ♦❢ ❝♦♥tr❛❝ts ❜② ♠❛①✐♠✐③✐♥❣ ✐ts ❡①♣❡❝t❡❞ ♣r♦✜t

max
{α(t),β(t)}

t̄
ˆ

t

((1− α(t))e∗(t)− β(t)) f(t)dt ✭✶✹✮

✉♥❞❡r t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥ts

∀t ∈ T, u(t, α(t), β(t)) ≥ w0 ✭✶✺✮

❚❤❡ ❡①♣r❡ss✐♦♥ ♦❢ e∗(t) ❛♣♣❡❛rs ✐♥ ✭✶✷✮✳ ❆t t❤❡ ♦♣t✐♠✉♠ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥ts ♠✉st ❜❡

❜✐♥❞✐♥❣✳ ❯s✐♥❣ ❡①♣r❡ss✐♦♥ ✭✶✸✮✱ ✇❡ s❤♦✇ ✐♥ ❆♣♣❡♥❞✐① ✶ t❤❛t t❤❡ ✜r♠✬s ♣r♦❣r❛♠ ❝❛♥ ❜❡ ✇r✐tt❡♥

max
{α(t)}

t̄
ˆ

t

(

α(t)

λc
+ t− w0 −

1

2c
(1 + cησ2)α2(t)

)

f(t)dt ✭✶✻✮

▼❛①✐♠✐③✐♥❣ ♣♦✐♥t✇✐s❡ ✇❡ ♦❜t❛✐♥ t❤❡ ♦♣t✐♠❛❧ ♣♦✇❡r ♦❢ ✐♥❝❡♥t✐✈❡s✿

∀t ∈ T, α∗
CI(t) =

1

λ(1 + cησ2)
✭✶✼✮

✇❤❡r❡ ❈■ st❛♥❞s ❢♦r ❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤r❡❡ t❤✐♥❣s ❛r❡ ✇♦rt❤ ♥♦t✐♥❣ ❛❜♦✉t t❤❡ ♦♣t✐♠❛❧ ♣♦✇❡r

♦❢ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✳ ❋✐rst✱ t❤❡ ✜r♠ ❝❤♦♦s❡s t❤❡ s❛♠❡ ♣r♦♣♦rt✐♦♥❛❧ s❤❛r❡ ❢♦r ❛❧❧ ❡♠♣❧♦②❡❡s✱

r❡❣❛r❞❧❡ss ♦❢ t❤❡✐r ♣❡rs♦♥❛❧ ✐❞❡❛❧s✳ ❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ ♣❡rs♦♥❛❧ ✐❞❡❛❧ ♦❢ ❡♠♣❧♦②❡❡s ❞♦❡s

♥♦t ❛✛❡❝t t❤❡ ✇❛② t❤❡✐r ❡✛♦rt r❡s♣♦♥❞s t♦ t❤❡ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✿ ❡①♣r❡ss✐♦♥ ✭✶✷✮ ✐♠♣❧✐❡s t❤❛t

∂2e∗(t)/∂t∂α(t) = 0✳ ❙❡❝♦♥❞✱ t❤❡ ✜r♠ ❝❤♦♦s❡s ❛ ❤✐❣❤❡r ♣♦✇❡r ♦❢ ✐♥❝❡♥t✐✈❡s ✇❤❡♥ ❡♠♣❧♦②❡❡s ❛r❡ ♠♦r❡

s❡♥s✐t✐✈❡ t♦ t❤❡ s♦❝✐❛❧ ✐❞❡❛❧✳ ■♥❞❡❡❞ t❤❡ s♦❝✐❛❧ ♠✉❧t✐♣❧✐❡r ❡✛❡❝t ✭✾✮ ✐s ❤✐❣❤❡r ✇❤❡♥ ❡♠♣❧♦②❡❡s ❛r❡

♠♦r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❝♦❧❧❡❝t✐✈❡✳ ❚❤✐r❞✱ ❛t ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ✜r♠ ❤❛s t♦ ♦✛❡r ❛ ❤✐❣❤❡r ❜❛s❡ s❛❧❛r②

t♦ ❡♠♣❧♦②❡❡s ✇✐t❤ ❛ ❧♦✇ ♣❡rs♦♥❛❧ ✐❞❡❛❧✳ ■t ❝♦♠❡s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❢♦r ❛ ❣✐✈❡♥ ♣♦✇❡r ♦❢ ✐♥❝❡♥t✐✈❡

α(t)✱ t❤❡ ❝❡rt❛✐♥t② ❡q✉✐✈❛❧❡♥t ✭✶✸✮ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❡♠♣❧♦②❡❡s✬ ♣❡rs♦♥❛❧ ✐❞❡❛❧✳ ❚❤✐s ❡①♣❧❛✐♥s t❤❛t

✉♥❞❡r ✐♥❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥✱ t❤❡ ✜r♠ ✇✐❧❧ ❤❛✈❡ t♦ ♣r♦♣♦s❡ ❛ ❞✐✛❡r❡♥t ♠❡♥✉ ♦❢ ❝♦♥tr❛❝ts ✐♥ ♦r❞❡r

t♦ ♣r❡✈❡♥t ❡♠♣❧♦②❡❡s ✇✐t❤ ❤✐❣❤ ♣❡rs♦♥❛❧ ✐❞❡❛❧s t♦ ❞❡✈✐❛t❡ t♦ ❝♦♥tr❛❝ts ❛✐♠❡❞ ❛t ❡♠♣❧♦②❡❡s ✇✐t❤ ❧♦✇

♣❡rs♦♥❛❧ ✐❞❡❛❧s✳

✶✶



✸✳✷✳✷ ❚❤❡ ❝❛s❡ ♦❢ ✐♥❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥

❲❡ ♥♦✇ ❛ss✉♠❡ t❤❛t t❤❡ ✜r♠ ❞♦❡s ♥♦t ♦❜s❡r✈❡ t❤❡ ❡♠♣❧♦②❡❡s✬ ♣❡rs♦♥❛❧ ✐❞❡❛❧s✳ ❚❤❡ ✜r♠ ❤❛s t♦

♠❛❦❡ s✉r❡ t❤❛t ❡❛❝❤ t②♣❡ ♦❢ ❡♠♣❧♦②❡❡ ❝❤♦♦s❡s t❤❡ ❝♦♥tr❛❝t t❤❛t ✐s s♣❡❝✐❛❧❧② ❞❡s✐❣♥❡❞ ❢♦r ❤✐♠✳ ❚❤❡

♣r♦✜t ♠❛①✐♠✐③✐♥❣ ♣r♦❣r❛♠ ❜❡❝♦♠❡s

max
{α(t),β(t)}

t̄
ˆ

t

((1− α(t))e∗(t)− β(t)) f(t)dt ✭✶✽✮

✉♥❞❡r t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥ts

∀t ∈ T, u(t, α(t), β(t)) ≥ w0 ✭✶✾✮

❛♥❞ t❤❡ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts

∀t, t′ ∈ T, u(t, α(t), β(t)) ≥ u(t, α(t′), β(t′)) ✭✷✵✮

❯s✐♥❣ st❛♥❞❛r❞ ❛r❣✉♠❡♥ts✱ ✇❡ s❤♦✇ ✐♥ ❆♣♣❡♥❞✐① ✷ t❤❛t t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ t❤❡ ✜r♠ ❝❛♥

❜❡ s✐♠♣❧✐✜❡❞ t♦

max
{α(t)}

t̄
ˆ

t

(

α(t)

λc
+ t− w0 −

λα(t) (1− F (t))

f(t)
−

1

2c
(1 + cησ2)α2(t)

)

f(t)dt ✭✷✶✮

✉♥❞❡r t❤❡ ❝♦♥str❛✐♥ts

∀t ∈ T,
dα(t)

dt
≥ 0 ✭✷✷✮

❊①♣r❡ss✐♦♥s ✭✶✻✮ ❛♥❞ ✭✷✶✮ ❞✐✛❡r ❜❡❝❛✉s❡ ♦❢ t❤❡ t❡r♠
´ t

t
λα(t)(1−F (t))

f(t) f(t)dt r❡✢❡❝t✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥❛❧

r❡♥t t❤❡ ✜r♠ ❤❛s t♦ ❣✐✈❡ t♦ t②♣❡s t > t ❢♦r t❤❡♠ ♥♦t t♦ ❞❡✈✐❛t❡ ❢r♦♠ t❤❡✐r s♣❡❝✐✜❡❞ ❝♦♥tr❛❝ts✳ ❚❤✐s

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝♦st ♦❢ ❤❛✈✐♥❣ ✐♥❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❡♠♣❧♦②❡❡s✬ ♣❡rs♦♥❛❧ ✐❞❡❛❧s✳ ◆♦t❡

t❤❛t t❤✐s ❝♦st ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ λ✿ t❤❡ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠ ✐s ♠♦r❡ s❡✈❡r❡ ✇❤❡♥ ❡♠♣❧♦②❡❡s ❛r❡

❧❡ss ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❝♦❧❧❡❝t✐✈❡ ✐❞❡♥t✐t②✳ ❚❤❡ ❝♦♥str❛✐♥ts ✭✷✷✮ st❛t❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ ♣♦✇❡r ♦❢

✐♥❝❡♥t✐✈❡s s❤♦✉❧❞ ❜❡ ♥♦♥ ❞❡❝r❡❛s✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❡rs♦♥❛❧ ✇♦r❦ ✐❞❡❛❧✳ ❲❡ ✐❣♥♦r❡ ♠♦♠❡♥t❛r✐❧②

✶✷



✭✷✷✮✱ ❛♥❞ ♠❛①✐♠✐③❡ ❡①♣r❡ss✐♦♥ ✭✷✶✮ ♣♦✐♥t✇✐s❡✳ ❲❡ ♦❜t❛✐♥

∀t ∈ T, α∗
II(t) =

1

λ(1 + cησ2)
− λ

1− F (t)

f(t)

c

1 + cησ2
✭✷✸✮

✇❤❡r❡ II st❛♥❞s ❢♦r ✐♥❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥✳ ❚♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ❝♦♥str❛✐♥ts ✭✷✷✮ ❛r❡ ✈❡r✐✜❡❞✱ ✇❡

♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✱ ❝♦♠♠♦♥ ✐♥ ❛♥ ❛❣❡♥❝② ❝♦♥t❡①t✿

❆ss✉♠♣t✐♦♥ ✶✳ ❚❤❡ ❤❛③❛r❞ r❛t❡ f(t)
1−F (t) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t✳✺

❯♥❞❡r ❛ss✉♠♣t✐♦♥ ✶ t❤❡ ✜r♠ ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ s❝r❡❡♥ ❡♠♣❧♦②❡❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r ♣❡rs♦♥❛❧ ✐❞❡❛❧s✳

❚❤❡ ♣r♦♣❡rt✐❡s ♦❢ α∗
II(t) ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳

✶✳ ❚❤❡ ♣♦✇❡r ♦❢ ✐♥❝❡♥t✐✈❡s α∗
II(t) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t✳ ❚❤❡r❡ ✐s ♥♦ ❞✐st♦rt✐♦♥ ✐♥ t❤❡ ❝♦♥tr❛❝t

❞❡s✐❣♥❡❞ ❢♦r t❤❡ ❤✐❣❤❡st ♣❡rs♦♥❛❧ ✐❞❡❛❧✿ α∗
II(t̄) = α∗

CI(t̄) ❛♥❞ ❛ ❞♦✇♥✇❛r❞ ❞✐st♦rt✐♦♥ ❢♦r t❤❡ ♦t❤❡r

♣❡rs♦♥❛❧ ✐❞❡❛❧s✿ α∗
CI(t)− α∗

II(t) = λ1−F (t)
f(t)

c
1+cησ2 ✐♥❝r❡❛s❡s ❛s t ❣❡ts ❝❧♦s❡r t♦ t✳

✷✳ ❚❤❡ ✜r♠ ♣r♦✈✐❞❡s str♦♥❣❡r ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s ✇❤❡♥ ❡♠♣❧♦②❡❡s ❛r❡ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡

s♦❝✐❛❧ ♥♦r♠✿ α∗
II(t) ✐♥❝r❡❛s❡s ✇❤❡♥ λ ❞❡❝r❡❛s❡s✳ ❋✉rt❤❡r♠♦r❡ t❤❡ ❞✐st♦rt✐♦♥ ♠❡❛s✉r❡❞ ❜② α∗

CI(t) −

α∗
II(t) ❞❡❝r❡❛s❡s ✇❤❡♥ ❡♠♣❧♦②❡❡s ❛r❡ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ s♦❝✐❛❧ ♥♦r♠✳

✸✳ ❚❤❡ ♣♦✇❡r ♦❢ ✐♥❝❡♥t✐✈❡s α∗
II(t) ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ ♣❡r❝❡✐✈❡❞ r✐s❦ ❧❡✈❡❧✱ ησ2✳

P♦✐♥t ✶ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✷ ✐s ❛ r❡s✉❧t t②♣✐❝❛❧ ♦❢ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠s✳ ❚♦ ♣r❡✈❡♥t ❡♠♣❧♦②❡❡s

✇✐t❤ ❛ ❤✐❣❤ ♣❡rs♦♥❛❧ ✐❞❡❛❧ t♦ ❞❡✈✐❛t❡✱ t❤❡ ✜r♠ ❤❛s t♦ ❣✐✈❡ ❡♠♣❧♦②❡❡s ✇✐t❤ s♠❛❧❧❡r ♣❡rs♦♥❛❧ ✐❞❡❛❧s

❛ ❝♦♥tr❛❝t ✇❤❡r❡ t❤❡ ♣♦✇❡r ♦❢ ✐♥❝❡♥t✐✈❡s ✐s ❧♦✇❡r t❤❛♥ ✉♥❞❡r ❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥✱ ❜✉t t❤❡ ✜①❡❞

♣❛rt ♦❢ t❤❡ ❝♦♠♣❡♥s❛t✐♦♥ ✐s ❧❛r❣❡r ✭t♦ s❛t✐s❢② t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t✮✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡r❡

✐s ❛ ❞♦✇♥✇❛r❞ ❞✐st♦rt✐♦♥ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥✳ P♦✐♥t ✷ ❝♦♥✈❡②s t✇♦

✐♠♣♦rt❛♥t r❡s✉❧ts✳ ❋✐rst✱ t❤❡ ✜r♠ ❝❤♦♦s❡s ❛ ❤✐❣❤❡r ♣♦✇❡r ♦❢ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s ✇❤❡♥ ❡♠♣❧♦②❡❡s

❛r❡ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ s♦❝✐❛❧ ✐❞❡❛❧✳ ❆s ❡♠♣❧♦②❡❡s ❜❡❝♦♠❡ ♠♦r❡ ♦r✐❡♥t❡❞ t♦✇❛r❞ t❤❡ ❝♦❧❧❡❝t✐✈❡✱ t❤❡

s♦❝✐❛❧ ♠✉❧t✐♣❧✐❡r st❛t❡❞ ✐♥ ♣r♦♣♦s✐t✐♦♥ ✶ ❤❛s ❛ str♦♥❣❡r ❡✛❡❝t ♦♥ t❤❡ ❛✈❡r❛❣❡ ❡✛♦rt✿ dE[e]/dE[α] = 1/λc

✐♥❝r❡❛s❡s ❛s λ ❞❡❝r❡❛s❡s✳ ❙❡❝♦♥❞✱ t❤❡ ❞✐st♦rt✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥ ❝❛s❡ ❛♥❞ t❤❡

✐♥❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥ ❝❛s❡✱ α∗
CI(t)− α∗

II(t)✱ ✐s r❡❞✉❝❡❞ ✇❤❡♥ ❡♠♣❧♦②❡❡s ❛r❡ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡

✺❚❤✐s ❛ss✉♠♣t✐♦♥ ✐s ✈❡r✐✜❡❞ ❢♦r ❞✐str✐❜✉t✐♦♥s s✉❝❤ ❛s t❤❡ ✉♥✐❢♦r♠✱ t❤❡ ♥♦r♠❛❧✱ t❤❡ ❡①♣♦♥❡♥t✐❛❧✱ t❤❡ ❧♦❣✐st✐❝ ❛♥❞
t❤❡ ▲❛♣❧❛❝❡✱ ❛♠♦♥❣ ♦t❤❡rs✳

✶✸



s♦❝✐❛❧ ♥♦r♠✳ ■♥ ❢❛❝t t❤❡ ❡✛❡❝t ♦❢ ❡♠♣❧♦②❡❡✬s ♣❡rs♦♥❛❧ ✐❞❡❛❧s ♦♥ t❤❡✐r ❜❡❤❛✈✐♦r ❜❡❝♦♠❡s s❡❝♦♥❞❛r② t♦

♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s ❛s t❤❡② ❜❡❝♦♠❡ ♠♦r❡ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❣r♦✉♣ ❡♥✈✐r♦♥♠❡♥t✳ ■♥ t❤✐s ❝❛s❡ t❤❡

✜r♠ ♣r♦♣♦s❡s ❧❡ss ❞✐✛❡r❡♥t✐❛t❡❞ ♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s✳✻

❆t ❡q✉✐❧✐❜r✐✉♠ t❤❡ ♣❛②♦✛ ♦❢ t❤❡ ✜r♠ ✐s

π∗(λ) = E [t]− w0 +
1

2c(1 + cησ2)

t̄
ˆ

t

1

λ2

(

1− c
λ2 (1− F (t))

f(t)

)2

f(t)dt ✭✷✹✮

◆♦t s✉r♣r✐s✐♥❣❧②✱ t❤❡ ♣r♦✜t ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❛✈❡r❛❣❡ ♣❡rs♦♥❛❧ ✐❞❡❛❧✱ E [t]✱ ❛♥❞ ✐♥❝r❡❛s✐♥❣ ✇❤❡♥

❡♠♣❧♦②❡❡s ❜❡❝♦♠❡ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ s♦❝✐❛❧ ✐❞❡❛❧✳

✹ ❘❡❣✉❧❛t✐♥❣ t❤❡ s♦❝✐❛❧ ✐❞❡❛❧

❲❡ ♥♦✇ ❛ss✉♠❡ t❤❛t t❤❡ ✜r♠ ✐s ❛❜❧❡ t♦ ❛✛❡❝t t❤❡ s♦❝✐❛❧ ♦r✐❡♥t❛t✐♦♥ ♦❢ ✐ts ✇♦r❦❢♦r❝❡ ❜② ❝❤♦♦s✐♥❣

t❤❡ ❛♠♦✉♥t ♦❢ t✐♠❡ ❡♠♣❧♦②❡❡s ❝❛♥ ✐♥t❡r❛❝t✳ ■♥t❡r❛❝t✐♦♥s ❝❛♥ ❢♦r ❡①❛♠♣❧❡ ❜❡ ❢❛✈♦r❡❞ ❛♥❞ s♦♠❡✇❤❛t

❝♦♥tr♦❧❧❡❞ t❤r♦✉❣❤ ✇♦r❦s❤♦♣s ❛♥❞ t❡❛♠✲❜✉✐❧❞✐♥❣ ❛❝t✐✈✐t✐❡s✱ ♦r ❜② ❢❛❝✐❧✐t❛t✐♥❣ r❡❝r❡❛t✐♦♥❛❧ ❜r❡❛❦s✳

❚❤❡r❡ ✐s ❛ ❧❛r❣❡ ❛♠♦✉♥t ♦❢ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ✐♥ s♦❝✐♦❧♦❣②✱ ♠❛♥❛❣❡♠❡♥t ❛♥❞ ❡❝♦♥♦♠✐❝s s✉❣❣❡st✐♥❣

t❤❛t ✐♥❞✐✈✐❞✉❛❧s ❛r❡ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ ❛ ❣r♦✉♣ ♥♦r♠ ✇❤❡♥ t❤❡② ❤❛✈❡ ❢r❡q✉❡♥t ✐♥t❡r❛❝t✐♦♥s ✇✐t❤

t❤❡ ♦t❤❡r ✐♥❞✐✈✐❞✉❛❧s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❣r♦✉♣ ✭❡✳❣✳ ❈✐❛❧❞✐♥✐ ❛♥❞ ❚r♦st✱ ✷✵✵✽✱ ❢♦r s♦❝✐♦❧♦❣②❀ ❈♦❤❡♥

❛♥❞ Pr✉s❛❦✱ ✷✵✵✶✱ ❢♦r ♠❛♥❛❣❡♠❡♥t❀ ❇❛♥❞✐❡r✐✱ ❇❛r❛♥❦❛② ❛♥❞ ❘❛s✉❧✱ ✷✵✵✽ ❛♥❞ ✷✵✶✵✱ ❢♦r ❡❝♦♥♦♠✐❝s✮✳

❈♦❤❡♥ ❛♥❞ Pr✉s❛❦ ♥♦t❡ ❢♦r ❡①❛♠♣❧❡ t❤❛t ✏✐❢ ②♦✉ ✇❛♥t ♣❡♦♣❧❡ t♦ ❝♦♥♥❡❝t✱ t♦ t❛❧❦✱ t♦ ❜❡❣✐♥ t♦

✉♥❞❡rst❛♥❞ ❛♥❞ ❞❡♣❡♥❞ ♦♥ ♦♥❡ ❛♥♦t❤❡r✱ ❣✐✈❡ t❤❡♠ ♣❧❛❝❡s ❛♥❞ ♦❝❝❛s✐♦♥s ❢♦r ♠❡❡t✐♥❣✱ ❛♥❞ ❡♥♦✉❣❤

t✐♠❡ t♦ ❞❡✈❡❧♦♣ ♥❡t✇♦r❦s ❛♥❞ ❝♦♠♠✉♥✐t✐❡s✳ ❙♦❝✐❛❧ ❝❛♣✐t❛❧ ♥❡❡❞s ❜r❡❛t❤✐♥❣ r♦♦♠ ✲ s♦❝✐❛❧ s♣❛❝❡ ❛♥❞

t✐♠❡ ✲ ✇✐t❤✐♥ ✇♦r❦ ❛♥❞ s✉rr♦✉♥❞✐♥❣ ✇♦r❦✑✳✼ ❙♦❝✐♦❧♦❣✐sts ❡♠♣❤❛s✐③❡ t❤❡ ❢❛❝t t❤❛t ♣❡♦♣❧❡ ❧❡❛r♥ ❛♥❞

✐♥t❡r♥❛❧✐③❡ t❤❡ ✈❛❧✉❡s ❡♠❜♦❞✐❡❞ ✐♥ t❤❡ ♥♦r♠s t❤r♦✉❣❤ r❡♣❡❛t❡❞ ✐♥t❡r❛❝t✐♦♥s ✇✐t❤ ♦t❤❡rs✳ ❚❤❡ ❛❝t

✻◆♦t❡ t❤❛t ✐❢ ❛❧❧ ❡♠♣❧♦②❡❡s ❤❛✈❡ t❤❡ s❛♠❡ ♣❡rs♦♥❛❧ ✐❞❡❛❧ t̂ ✭t❤❛t ✐s✱ T =
{

t̂
}

✮✱ t❤❡♥ 1−F (t̂)

f(t̂)
= 0 ❛♥❞ ✇❡ ❤❛✈❡

α
∗
II(t̂) =

1

λ(1 + cησ2)

❲❡ r❡tr✐❡✈❡ t❤❡ r❡s✉❧t ♦❢ t❤❡ ❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥ ❝❛s❡✳
✼❋r✐❡❞❧❡② ❛♥❞ ▼❛♥❝❤❡st❡r ✭✷✵✵✺✮ ♠❛❦❡ ❛ s✐♠✐❧❛r ♣♦✐♥t t♦ ❡①♣❧❛✐♥ ✇❤❛t ❞❡t❡r♠✐♥❡s t❡❛♠ ❝♦❤❡s✐♦♥ ✐♥ s♣❡❡❝❤ t❡❛♠s

✐♥ ❤✐❣❤ s❝❤♦♦❧s ❛♥❞ ❝♦❧❧❡❣❡s ✿ ✏■t ✐s ❝♦♠♠✉♥✐❝❛t✐♦♥ ✐♥ t❤❡ ❤✉♠❛♥ ♠♦♠❡♥t t❤❛t ❛❧s♦ ♠♦st ♣♦✇❡r❢✉❧❧② ❝r❡❛t❡s t❡❛♠
❝♦❤❡s✐♦♥ ✲ ❛ str♦♥❣ s❡♥s❡ ♦❢ ❧♦②❛❧t② ❛♥❞ ❝♦♠♠✐t♠❡♥t t♦ t❤❡ t❡❛♠ ✈✐s✐♦♥ ❛s ♦♥❡✬s ♦✇♥ ✳✳✳ ❲❤❡t❤❡r ❛ r♦♦♠ ♦r ❧♦✉♥❣❡
✇❤❡r❡ t❡❛♠ ♠❡♠❜❡rs ❝❛♥ ❝♦♥❣r❡❣❛t❡ ❜❡t✇❡❡♥ ❝❧❛ss❡s ❛♥❞ t❤❡ ❡♥❞ ♦❢ t❤❡ ❞❛②✱ ♣r❛❝t✐❝❡ s♣❛❝❡ ❢♦r ❢♦r♠❛❧ ❛♥❞ ✐♥❢♦r♠❛❧
❝♦❛❝❤✐♥❣ s❡ss✐♦♥s✱ tr❛✈❡❧ t✐♠❡ ✐♥ ❝❛rs ❛♥❞ ✈❛♥s✱ ♦r s♦❝✐❛❧ t✐♠❡ t♦ ❡♥❥♦② ♣✐③③❛ ❛♥❞ ❛ ♠♦✈✐❡✱ ❜♦t❤ q✉❛♥t✐t② ❛♥❞ q✉❛❧✐t②
♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛r❡ ♥❡❝❡ss❛r② t♦ ❜✉✐❧❞ ❛ ❝♦❤❡s✐✈❡ t❡❛♠ ❝❧✐♠❛t❡ ♦❢ ♦♣❡♥♥❡ss ❛♥❞ tr✉st✳✑

✶✹



♦❢ ♠❛t❝❤✐♥❣ ❜❡❤❛✈✐♦rs ❛♥❞ ❜❡❧✐❡❢s t♦ ❛ ❣r♦✉♣ ♥♦r♠ ✐s r❡❢❡rr❡❞ t♦ ❛s ❝♦♥❢♦r♠✐t② ❛♥❞ ✐s s❡❡♥ ❛s t❤❡

r❡s✉❧t ♦❢ ✉♥❝♦♥s❝✐♦✉s ✐♥✢✉❡♥❝❡s✱ s♦❝✐❛❧ ♣r❡ss✉r❡✱ r❡✇❛r❞s ♦r ♣✉♥✐s❤♠❡♥ts ✐♥✢✐❝t❡❞ ❜② t❤❡ ❣r♦✉♣ ✇❤❡♥

❢♦❧❧♦✇✐♥❣ ♦r ♥♦t t❤❡ ♥♦r♠✳ ❲❤❡♥ ✐♥❞✐✈✐❞✉❛❧s ✐♥t❡r❛❝t ❢r❡q✉❡♥t❧②✱ t❤❡② ❜❡❝♦♠❡ ♠♦r❡ ❛✛❡❝t❡❞ ❜② t❤❡s❡

❜❡♥❡✜ts ❛♥❞ ❝♦sts ❛♥❞ t❤❡② ❛r❡ ♠♦r❡ ✇✐❧❧✐♥❣ t♦ ❜❡❛r t❤❡ ❡♠♦t✐♦♥❛❧ ✐♥✈❡st♠❡♥t ✐♥✐t✐❛❧❧② r❡q✉✐r❡❞ t♦

❝♦♥❢♦r♠✿ t❤❡✐r s❡♥s✐t✐✈✐t② t♦ t❤❡ ❣r♦✉♣ ♥♦r♠ ✐♥❝r❡❛s❡s✳

❲❡ ♥♦r♠❛❧✐③❡ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ❡♠♣❧♦②❡❡s✬ ✇♦r❦ t✐♠❡ t♦ ✶✳ ❚❤❡ ✜r♠ ❞✐✈✐❞❡s t❤❡ ❡♠♣❧♦②❡❡s✬ t✐♠❡

❜❡t✇❡❡♥ ❛ ♣r♦❞✉❝t✐✈❡ ♣❡r✐♦❞ ♦❢ ❧❡♥❣t❤ p ✇❤❡r❡ t❤❡ ✐♥st❛♥t❛♥❡♦✉s ♣r♦❞✉❝t✐♦♥ ♣r♦❜❧❡♠ ✐s ❞❡s❝r✐❜❡❞ ✐♥

t❤❡ t✇♦ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✱ ❛♥❞ ❛ ♣❡r✐♦❞ ♦❢ ❧❡♥❣t❤ b = 1− p ❞✉r✐♥❣ ✇❤✐❝❤ s♦❝✐❛❧ ❜♦♥❞✐♥❣ t❛❦❡s ♣❧❛❝❡

❜❡t✇❡❡♥ ❡♠♣❧♦②❡❡s✳ ❆s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❡♠♣❧♦②❡❡s✬ s❡♥s✐t✐✈✐t② t♦ t❤❡ s♦❝✐❛❧

✐❞❡❛❧ ✐s ❛✛❡❝t❡❞ ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✜r♠✳ ❚❤❡ ♠♦r❡ t✐♠❡ ✐s ❛❧❧♦❝❛t❡❞ t♦ s♦❝✐❛❧ ✐♥t❡r❛❝t✐♦♥s✱ t❤❡

♠♦r❡ ❡♠♣❧♦②❡❡s ❜❡❝♦♠❡ s❡♥s✐t✐✈❡ t♦ t❤❡ s♦❝✐❛❧ ♥♦r♠✳ ❋♦r♠❛❧❧②✱ λ(p) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ p✳✽ ❲❡ ❛ss✉♠❡

t❤❛t ❞✉r✐♥❣ t❤❡ ♣❡r✐♦❞ ✐♥ ✇❤✐❝❤ s♦❝✐❛❧ ❜♦♥❞✐♥❣ t❛❦❡s ♣❧❛❝❡✱ t❤❡ ❡♠♣❧♦②❡❡s r❡❝❡✐✈❡ t❤❡✐r r❡s❡r✈❛t✐♦♥

❝♦♠♣❡♥s❛t✐♦♥✱ w0✱ ❛t ❡❛❝❤ ✐♥st❛♥t ♦❢ t✐♠❡✳ ❚❤❡ ✜r♠ ♠❛①✐♠✐③❡s

max
p

pπ∗ (λ(p)) + (1− p)(−w0)

✇❤❡r❡ π∗ (λ) ✐s ❣✐✈❡♥ ❜② ❡①♣r❡ss✐♦♥ ✭✷✹✮✳ ▲❡t ελ(p) ❞❡♥♦t❡ t❤❡ ❡❧❛st✐❝✐t② ♦❢ λ ✇✐t❤ r❡s♣❡❝t t♦ p✿

ελ(p) =
pλ′(p)
λ(p) ✳ ❲❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✳

❆ss✉♠♣t✐♦♥ ✷✳ ✭❛✮ ❚❤❡ ❢✉♥❝t✐♦♥ ελ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ p✳ ✭❜✮ ❚❤❡r❡ ✐s ❛ ❧❡✈❡❧ p̂ ∈ (0, 1) s❛t✐s❢②✐♥❣

ελ(p̂) = 1/2✳ ▲❡t b̂ = 1− p̂.

❚❤❡ ✜rst ♣❛rt ♦❢ ❛ss✉♠♣t✐♦♥ ✷ ♠❡❛♥s t❤❛t ✐♥✈❡st✐♥❣ ✐♥ s♦❝✐❛❧ ❝❛♣✐t❛❧ ❤❛s ❞❡❝r❡❛s✐♥❣ r❡t✉r♥s✿

✇❤❡♥ t❤❡ ✐♥✐t✐❛❧ ❧❡✈❡❧ ♦❢ ✐♥t❡r❛❝t✐♦♥s ✐s ❧♦✇ ✭r❡s♣❡❝t✐✈❡❧② ❤✐❣❤✮✱ ❛❧❧♦✇✐♥❣ ❢♦r ♠♦r❡ ✐♥t❡r❛❝t✐♦♥s ❛♠♦♥❣

❡♠♣❧♦②❡❡s ❤❛s ❛ str♦♥❣ ♣♦s✐t✐✈❡ ✐♠♣❛❝t ✭r❡s♣❡❝t✐✈❡❧② ❛ ❧♦✇ ✐♠♣❛❝t✮ ♦♥ t❤❡✐r s❡♥s✐t✐✈✐t② t♦ t❤❡ s♦❝✐❛❧

♥♦r♠✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ❡✛❡❝t ♦❢ ✐♥❝r❡❛s✐♥❣ ✐♥t❡r❛❝t✐♦♥s ♦♥

❡♠♣❧♦②❡❡✬s s❡♥s✐t✐✈✐t② t♦ t❤❡ ❣r♦✉♣ ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ✜r♠ ✇✐❧❧ ✜♥❞ ✐t ♣r♦✜t❛❜❧❡

t♦ ✐♥✈❡st ✐♥ s♦❝✐❛❧ ❝❛♣✐t❛❧✳ ❲❡ ❞❡t❡r♠✐♥❡ t❤❡ ♦♣t✐♠❛❧ ❧❡♥❣t❤ ❢♦r s♦❝✐❛❧ ✐♥t❡r❛❝t✐♦♥s ✐♥ ❆♣♣❡♥❞✐① ✸✳

❚❤❡ ♣r♦♣❡rt✐❡s ❛r❡ st❛t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

✽■t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❡①♣r❡ss t❤❡ ❛♥❛❧②t✐❝❛❧ ♣r♦❜❧❡♠ ✐♥ p r❛t❤❡r t❤❛♥ ✐♥ b✳

✶✺



Pr♦♣♦s✐t✐♦♥ ✸✳ ❙✉♣♣♦s❡ t❤❡ ❛✈❡r❛❣❡ ♣❡rs♦♥❛❧ ✐❞❡❛❧ ♦❢ ❡♠♣❧♦②❡❡s ✐s E(t) = t̂✳

✶✳ ❲❤❡♥ ❡♠♣❧♦②❡❡s ❛r❡ ❤♦♠♦❣❡♥❡♦✉s ✇✐t❤ r❡❣❛r❞ t♦ t❤❡✐r ♣❡rs♦♥❛❧ ✐❞❡❛❧s (T =
{

t̂
}

)✱ t❤❡ ✜r♠

❝❤♦♦s❡s t♦ ❞❡✈♦t❡ ❛ s❤❛r❡ b∗ ♦❢ ✇♦r❦✐♥❣ t✐♠❡ t♦ ❞❡✈❡❧♦♣ t❤❡ ❡♠♣❧♦②❡❡s✬ ♦r✐❡♥t❛t✐♦♥ t♦ t❤❡ s♦❝✐❛❧ ✐❞❡❛❧✳

❲❡ ❤❛✈❡ b∗ = b̂ ✐❢ t̂ = 0✱ ✇❤❡r❡ b̂ ✐s ❞❡✜♥❡❞ ✐♥ ❛ss✉♠♣t✐♦♥ ✷✳ ❋✉rt❤❡r♠♦r❡✱ b∗ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ t̂✳

✷✳ ❲❤❡♥ ❡♠♣❧♦②❡❡s ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s ✇✐t❤ r❡❣❛r❞ t♦ t❤❡✐r ♣❡rs♦♥❛❧ ✐❞❡❛❧s✱ t❤❡ ✜r♠ ❝❤♦♦s❡s t♦

❞❡✈♦t❡ ❛ s❤❛r❡ b∗∗ ♦❢ ✇♦r❦✐♥❣ t✐♠❡ ❢♦r s♦❝✐❛❧ ✐♥t❡r❛❝t✐♦♥s✳ ❲❡ ❤❛✈❡ b∗∗ > b∗✳ ❋✉rt❤❡r♠♦r❡ b∗∗ ✐s

❞❡❝r❡❛s✐♥❣ ✐♥ t̂✳

Pr♦♣♦s✐t✐♦♥ ✸ st❛t❡s t✇♦ r❡s✉❧ts✳ ❋✐rst✱ ✐t ✐s ♠♦r❡ ♣r♦✜t❛❜❧❡ ❢♦r t❤❡ ✜r♠ t♦ ❞❡✈♦t❡ t✐♠❡ t♦

❞❡✈❡❧♦♣ t❤❡ ❡♠♣❧♦②❡❡s✬ s♦❝✐❛❧ ✐❞❡❛❧ ✇❤❡♥ t❤❡✐r ❛✈❡r❛❣❡ ♣❡rs♦♥❛❧ ✐❞❡❛❧ ✐s ❧♦✇✳ ■♥ t❤✐s ❝❛s❡ ❡✛♦rt ✐s

❧❡ss ❢✉❡❧❡❞ ❜② ♣❡rs♦♥❛❧ ✇♦r❦ ❡t❤✐❝s ❛♥❞ ✐t ✐s t❤❡r❡❢♦r❡ ❧❡ss ❝♦st❧② ❢♦r t❤❡ ✜r♠ t♦ s✉❜st✐t✉t❡ ♣r♦❞✉❝t✐✈❡

❛❝t✐✈✐t✐❡s ❜② ❜♦♥❞✐♥❣ ❛❝t✐✈✐t✐❡s✳ ❙❡❝♦♥❞✱ ❢♦r ❛ ❣✐✈❡♥ ❛✈❡r❛❣❡ ♣❡rs♦♥❛❧ ✐❞❡❛❧✱ t❤❡ ✜r♠ ❞❡✈♦t❡s ♠♦r❡

t✐♠❡ t♦ ❞❡✈❡❧♦♣ s♦❝✐❛❧ ✐♥t❡r❛❝t✐♦♥s ❢♦r ❤❡t❡r♦❣❡♥❡♦✉s ❡♠♣❧♦②❡❡s t❤❛♥ ❢♦r ❤♦♠♦❣❡♥❡♦✉s ❡♠♣❧♦②❡❡s✳

❲❤❡♥ ❡♠♣❧♦②❡❡s ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s✱ t❤❡ ✜r♠ ❢❛❝❡s ❛♥ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ♣r♦❜❧❡♠ ✇❤❡♥ ❞❡s✐❣♥✐♥❣ t❤❡

❝♦♥tr❛❝ts ❛♥❞ ✐t ❤❛s t♦ ❣✐✈❡ ❛ r❡♥t t♦ t❤❡ ❡♠♣❧♦②❡❡s ✇✐t❤ ❛ ❤✐❣❤ ♣❡rs♦♥❛❧ ✐❞❡❛❧ ❢♦r ❡✛♦rt t♦ ♠❛❦❡

t❤❡♠ ❝❤♦♦s❡ t❤❡ r✐❣❤t ❝♦♥tr❛❝t✳ ❇② ❢♦st❡r✐♥❣ t❤❡ s♦❝✐❛❧ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ✇♦r❦❢♦r❝❡✱ t❤❡ ✜r♠ ✐s

❛❜❧❡ t♦ r❡❞✉❝❡ t❤❡ ❡✛❡❝t ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ♦♥ ✐♥❞✐✈✐❞✉❛❧ ❜❡❤❛✈✐♦rs ❛♥❞ ❛❧❧❡✈✐❛t❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥❛❧

♣r♦❜❧❡♠✳ ■ts ♣r♦✜ts ✐♥❝r❡❛s❡✳ ◆♦t❡ ✜♥❛❧❧② t❤❛t ✐❢ ❛ss✉♠♣t✐♦♥ ✷✭❜✮ ✇❛s ♥♦t s❛t✐s✜❡❞✱ t❤❡ ✜r♠ ✇♦✉❧❞

♥❡✈❡r ❛❧❧♦❝❛t❡ t✐♠❡ ❢♦r s♦❝✐❛❧ ✐♥t❡r❛❝t✐♦♥s ✐❢ ❢❛❝❡❞ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❡♠♣❧♦②❡❡s✳

✺ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❚❤❡ ❧✐t❡r❛t✉r❡ ✐♥ ❡❝♦♥♦♠✐❝s ❛♥❞ ♠❛♥❛❣❡♠❡♥t t❤❡♦r② ❤❛✈❡ r❡❝❡♥t❧② ❡♠♣❤❛s✐③❡❞ t❤❛t ✇♦r❦❡rs ❛r❡ ♥♦t

❞r✐✈❡♥ s♦❧❡❧② ❜② ♣❡rs♦♥❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ❜✉t ❛r❡ ❛❧s♦ ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❣♦❛❧s ❛♥❞ ❜❡❧✐❡❢s ♦❢ t❤❡

❣r♦✉♣ ♦r ♦r❣❛♥✐③❛t✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡② ✇♦r❦✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❤❛s ❧❡❛❞ s♦♠❡ ❛✉t❤♦rs t♦ s✉❣❣❡st t❤❛t

t❤❡ ✜r♠ ❝♦✉❧❞ r❡❣✉❧❛t❡ ✇♦r❦❡rs✬ s❡♥s✐t✐✈✐t② t♦ t❤❡ ❝♦❧❧❡❝t✐✈❡ ✐❞❡♥t✐t② ✐♥ ♦r❞❡r t♦ ❢♦st❡r ♣❡r❢♦r♠❛♥❝❡✳

■♥ ❊❝♦♥♦♠✐❝s✱ ❖r❣❛♥✐③❛t✐♦♥s ❛♥❞ ▼❛♥❛❣❡♠❡♥t✱ ▼✐❧❣r♦♠ ❛♥❞ ❘♦❜❡rts ✭✶✾✾✷✮ ♥♦t❡ ❢♦r ❡①❛♠♣❧❡ t❤❛t

✧✐♠♣♦rt❛♥t ❢❡❛t✉r❡s ♦❢ ♠❛♥② ♦r❣❛♥✐③❛t✐♦♥s ❝❛♥ ❜❡st ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❡r♠s ♦❢ ❞❡❧✐❜❡r❛t❡ ❛tt❡♠♣ts

t♦ ❝❤❛♥❣❡ ♣r❡❢❡r❡♥❝❡s ♦❢ ✐♥❞✐✈✐❞✉❛❧ ♣❛rt✐❝✐♣❛♥ts✧✳ ❖♥❡ ✇❛② ❢♦r ✜r♠s t♦ s❤❛♣❡ ❛♥❞ ❝❤❛♥❣❡ ✐❞❡♥t✐t✐❡s

✐s t♦ ❢♦st❡r ✐♥t❡r❛❝t✐♦♥s ❜❡t✇❡❡♥ ❡♠♣❧♦②❡❡s ❜② ♣r♦✈✐❞✐♥❣ t❤❡♠ ✇✐t❤ t✐♠❡ ❛♥❞ s♣❛❝❡ t♦ ♠❡❡t✳ ■♥ t❤✐s

♣❛♣❡r ✇❡ ❤❛✈❡ ❞❡✈❡❧♦♣❡❞ ❛ ♠♦❞❡❧ t♦ st✉❞② t❤❡ ❝✐r❝✉♠st❛♥❝❡s ✉♥❞❡r ✇❤✐❝❤ ❛ ✜r♠ ✐♥✈❡sts ✐♥ s♦❝✐❛❧

✶✻



❝❛♣✐t❛❧ ✐♥ ♦r❞❡r t♦ str❡♥❣t❤❡♥ t❤❡ s♦❝✐❛❧ ♦r✐❡♥t❛t✐♦♥ ♦❢ ✐ts ❡♠♣❧♦②❡❡s ❛♥❞ ♣r♦✈✐❞❡ ❡①tr❛ ✐♥❝❡♥t✐✈❡s t♦

❡①❡rt ❡✛♦rt✳ ❲❤✐❧❡ t❤❡r❡ ✐s ❛♥ ♦♣♣♦rt✉♥✐t② ❝♦st ❛ss♦❝✐❛t❡❞ t♦ ❜♦♥❞✐♥❣ ❛❝t✐✈✐t✐❡s✱ ♥❛♠❡❧② t❤❡ ❧❡ss❡r

t✐♠❡ ❛✈❛✐❧❛❜❧❡ ❢♦r ♣r♦❞✉❝t✐♦♥✱ t❤❡r❡ ❛r❡ ❛❧s♦ t✇♦ ❜❡♥❡✜ts✳ ❋✐rst✱ ❛ s♦❝✐❛❧ ♠✉❧t✐♣❧✐❡r ❡✛❡❝t ♠❛❦❡s

♠♦♥❡t❛r② ✐♥❝❡♥t✐✈❡s ♠♦r❡ ❡✛❡❝t✐✈❡✳ ❙❡❝♦♥❞✱ t❤❡ ❞✐st♦rt❡❞ ❡✛❡❝t ♦❢ ❛❞✈❡rs❡ s❡❧❡❝t✐♦♥ ♦♥ ❝♦♥tr❛❝ts ✐s

r❡❞✉❝❡❞ ❛s t❤❡ s❤❛r❡❞ s♦❝✐❛❧ ✐❞❡❛❧ ❜❡❝♦♠❡s ♠♦r❡ ✐♠♣♦rt❛♥t ❢♦r ❡♠♣❧♦②❡❡s t❤❛♥ t❤❡✐r ❤❡t❡r♦❣❡♥❡♦✉s

♣❡rs♦♥❛❧ ✐❞❡❛❧s✳

❚❤❡ ♣❛st ❢❡✇ ❞❡❝❛❞❡s ❤❛✈❡ s❡❡♥ ❛ s✉r❣❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s ✉s✐♥❣ ❜♦♥❞✐♥❣ ❛❝t✐✈✐t✐❡s✳ ❲❤❛t

❤❛s ❞r✐✈❡♥ s✉❝❤ ❛ ❝❤❛♥❣❡❄ ❙♦♠❡ r❡s❡❛r❝❤❡rs s✉❣❣❡st t❤❛t✱ ✐♥ t✐♠❡s ✇❤❡r❡ ❥♦❜ s❡❝✉r✐t② ❛♥❞ ❡♠♣❧♦②❡❡s✬

❛tt❛❝❤♠❡♥t t♦ ✜r♠s ❛r❡ ❞✐♠✐♥✐s❤✐♥❣✱ ✜r♠s ❝♦✉❧❞ ✉s❡ s♦❢t ♠❛♥❛❣❡♠❡♥t ♣♦❧✐❝✐❡s t♦ s❤✐❢t ❡♠♣❧♦②❡❡s✬

✐❞❡♥t✐t② ❢r♦♠ ❜❡✐♥❣ ♣❡rs♦♥❛❧ t♦ ❝♦❧❧❡❝t✐✈❡ ✭❈❛s❡②✱ ✶✾✾✻ ♦r Pr❛tt✱ ✷✵✵✵✮✳ ❈♦❤❡♥ ❛♥❞ Pr✉s❛❦ ✭✷✵✵✶✮

❡①♣❧❛✐♥ ❢♦r ❡①❛♠♣❧❡ t❤❛t ♥✉rt✉r✐♥❣ ♣r♦❢❡ss✐♦♥❛❧ ❛♥❞ ♣❡rs♦♥❛❧ ❝♦♥♥❡❝t✐♦♥s ❛♠♦♥❣ ✇♦r❦❡rs ✐s ❛ ✇❛②

❢♦r ✜r♠s t♦ ❞❡❛❧ ✇✐t❤ r✐s✐♥❣ ✈♦❧❛t✐❧✐t② ❛♥❞ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ t❤❡ ✇♦r❦♣❧❛❝❡✳ ❖✉r ♠♦❞❡❧ ✐s ❝♦♥s✐st❡♥t

✇✐t❤ t❤✐s ❡①♣❧❛♥❛t✐♦♥✿ ❛ ❞❡❝r❡❛s❡ ✐♥ t❤❡ ❛✈❡r❛❣❡ ♣❡rs♦♥❛❧ ✇♦r❦ ✐❞❡❛❧s ♦❢ ❡♠♣❧♦②❡❡s ♦r ❛ ❣r❡❛t❡r

❤❡t❡r♦❣❡♥❡✐t② ♦❢ t❤❡ ✇♦r❦❢♦r❝❡ ❧❡❛❞s t❤❡ ✜r♠ t♦ ❛❧❧♦❝❛t❡ ♠♦r❡ t✐♠❡ t♦ ❜♦♥❞✐♥❣ ❛❝t✐✈✐t✐❡s✳ ▼♦t✐✈❛t✐♥❣

❡♠♣❧♦②❡❡s t❤r♦✉❣❤ t❤❡ ❝♦❧❧❡❝t✐✈❡ ✐❞❡♥t✐t② ❛❝ts ❛s ❛ s✉❜st✐t✉t❡ t♦ ❞❡❝❧✐♥✐♥❣ ✐♥❞✐✈✐❞✉❛❧ ✇♦r❦ ❡t❤✐❝s

❛♥❞ ❝♦♥st✐t✉t❡s ❛ s♦❧✉t✐♦♥ t♦ ❞❡❛❧ ✇✐t❤ ❛ ❣r❡❛t❡r ❤❡t❡r♦❣❡♥❡✐t② ✐♥ t❤❡ ✇♦r❦❢♦r❝❡✳

❚✇♦ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧ ❝♦✉❧❞ ❜❡ ♦❢ ✐♥t❡r❡st✳ ❋✐rst ✐♥ ♦✉r ❢r❛♠❡✇♦r❦✱ t❤❡r❡ ✐s ♦♥❧② ♦♥❡

r❡❢❡r❡♥❝❡ ❣r♦✉♣✱ ♥❛♠❡❧② t❤❡ ❡♥t✐r❡ ✇♦r❦❢♦r❝❡✱ r❡❧❛t✐✈❡❧② t♦ ✇❤✐❝❤ t❤❡ s♦❝✐❛❧ ♥♦r♠ ♦❢ ❡✛♦rt ✐s ❞❡✜♥❡❞✳

■t ❝♦✉❧❞ ✐♥t❡r❡st✐♥❣ t♦ ♠❛❦❡ t❤❡ ♥✉♠❜❡r ♦❢ r❡❢❡r❡♥❝❡ ❣r♦✉♣s ❡♥❞♦❣❡♥♦✉s ❛♥❞ ❝♦♥s✐❞❡r t❤❛t ❡♠♣❧♦②❡❡s

❝❤♦♦s❡ t❤❡ ❣r♦✉♣ t❤❡② ✇❛♥t t♦ ❝♦♥❢♦r♠ t♦✳ ❙❡❝♦♥❞✱ ✇❡ ❛ss✉♠❡ t❤❛t ❡♠♣❧♦②❡❡s ❤❛✈❡ t❤❡ s❛♠❡

s❡♥s✐❜✐❧✐t② t♦ t❤❡ s♦❝✐❛❧ ♥♦r♠✳ ❖♥❡ ❝♦✉❧❞ t❤❡r❡❢♦r❡ ❡①t❡♥❞ t❤❡ ❢r❛♠❡✇♦r❦ t♦ ❛❧❧♦✇ ❢♦r ❞✐✛❡r❡♥t

❞❡❣r❡❡s ♦❢ s❡♥s✐❜✐❧✐t②✳
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❬✶✵❪ ❋r✐❡❞❧❡②✱ ❙✳ ❛♥❞ ❇✳ ▼❛♥❝❤❡st❡r ✭✷✵✵✺✮✳ ❇✉✐❧❞✐♥❣ ❚❡❛♠ ❈♦❤❡s✐♦♥✿ ❇❡❝♦♠✐♥❣ ✧❲❡✧
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■♥t❡rt❡♠♣♦r❛❧ ■♥❝❡♥t✐✈❡s✳ ❊❝♦♥♦♠❡tr✐❝❛ ✺✺✱ ✸✵✸✲✷✽✳
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❆♣♣❡♥❞✐① ✶✳ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✉♥❞❡r ❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥

❙❡tt✐♥❣ ❡①♣r❡ss✐♦♥ ✭✺✮ ❡q✉❛❧ t♦ w0 ❛♥❞ ✉s✐♥❣ ❡①♣r❡ss✐♦♥s ✭✻✮ ❛♥❞ ✭✶✷✮✱ ✇❡ ❝❛♥ ✇r✐t❡

t̄
ˆ

t

((1− α(t))e∗(t)− β(t)) f(t)dt =

t̄
ˆ

t

(

e∗(t)− w0 −
1

2c
(1 + cησ2)α2(t)

)

f(t)dt

=

t̄
ˆ

t

(

λt+ (1− λ)E [t] +
λα(t) + (1− λ)E [α]

λc
− w0 −

α2(t)

2c
(1 + cησ2)

)

f(

=

t̄
ˆ

t

(

α(t)

λc
+ t− w0 −

1

2c
(1 + cησ2)α2(t)

)

f(t)dt

❆♣♣❡♥❞✐① ✷✳ ❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ✉♥❞❡r ✐♥❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛t✐♦♥

❲❡ ✇❛♥t t♦ s❤♦✇ t❤❛t t❤❡ ♣r♦❣r❛♠

max
{α(t),β(t)}

t̄
ˆ

t

((1− α(t))e∗(t))− β(t)) f(t)dt ✭✷✺✮

s✉❜❥❡❝t t♦

∀t ∈ T, u(t, α(t), β(t)) ≥ w0 ✭✷✻✮

❛♥❞

∀t, t′ ∈ T, u(t, α(t), β(t)) ≥ u(t, α(t′), β(t′)) ✭✷✼✮

❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ t♦

max
{α(t)}

t̄
ˆ

t

(

α(t)

λc
+ t− w0 −

λα(t) (1− F (t))

f(t)
−

1

2c
(1 + cησ2)α2(t)

)

f(t)dt ✭✷✽✮

s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥ts

∀t ∈ T,
dα(t)

dt
≧ 0 ✭✷✾✮

✷✵



❲❡ ❢♦❧❧♦✇ r♦✉❣❤❧② t❤❡ ♠❡t❤♦❞ ♦❢ ▲❛✛♦♥t ❛♥❞ ▼❛rt✐♠♦rt ✭✷✵✵✶✮✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡ ❧❡t ✉s ❞❡✜♥❡

u(t, t̃) = u(t, α(t̃), β(t̃)) ✭✸✵✮

✇❤❡r❡

u(t, α(t̃), β(t̃)) = β(t̃) +
1− λ

λ

α(t̃)E [α]

c
+ (λt+ (1− λ)E [t])α(t̃) +

1

2c
(1− cησ2)α2(t̃) ✭✸✶✮

✐s t❤❡ ❝❡rt❛✐♥t② ❡q✉✐✈❛❧❡♥t ♣❛②♦✛ ❢♦r ❛♥ ❡♠♣❧♦②❡❡ ✇✐t❤ ♣❡rs♦♥❛❧ ✐❞❡❛❧ t ✇❤❡♥ ❤❡ ❤❛s ❝❤♦s❡♥ t❤❡

❝♦♥tr❛❝t
{

α(t̃), β(t̃)
}

✭s❡❡ ❡q✉❛t✐♦♥ ✭✶✸✮✮✳ ▲❡t

u(t) = u(t, t) ✭✸✷✮

❈♦♥❞✐t✐♦♥ ✭✷✼✮ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❝❛❧ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r t②♣❡ t✿

∂u(t, t̃)

∂t̃

∣

∣

∣

∣

t̃=t

= 0 ✭✸✸✮

♦r

dβ(t)

dt
+

1− λ

λc

dα(t)

dt
E [α] + (λt+ (1− λ)E [t])

dα(t)

dt
+ (

1

c
− ησ2)α(t)

dα(t)

dt
= 0 ✭✸✹✮

❚❤❡ ❧♦❝❛❧ s❡❝♦♥❞✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ❢♦r t ✐s

∂2u(t, t̃)

∂t̃2

∣

∣

∣

∣

t̃=t

≤ 0 ✭✸✺✮

♦r

d2β(t)

dt2
+

1− λ

λc

d2α(t)

dt2
E [α] + (λt+ (1− λ)E [t])

d2α(t)

dt2
+ (

1

c
− ησ2)

(

(

dα(t)

dt

)2

+ α(t)
d2α(t)

dt2

)

≤ 0

✭✸✻✮

❇② ❞✐✛❡r❡♥t✐❛t✐♥❣ ✭✸✹✮ ✇✐t❤ r❡s♣❡❝t t♦ t✱ ✇❡ ✜♥❞

d2β(t)

dt2
+
1− λ

λc

d2α(t)

dt2
E [α]+λ

dα(t)

dt
+(λt+(1−λ)E [t])

d2α(t)

dt2
+(

1

c
−ησ2)

(

(

dα(t)

dt

)2

+ α(t)
d2α(t)

dt2

)

= 0

✭✸✼✮

✷✶



❇② ✉s✐♥❣ ✭✸✻✮✱ ✭✸✼✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ♠♦r❡ s✐♠♣❧② ❛s

dα(t)

dt
≥ 0 ✭✸✽✮

◆♦t❡ t❤❛t t❤❡ ❧♦❝❛❧ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥t ❢♦r ❡♠♣❧♦②❡❡ t ✭❡①♣r❡ss✐♦♥ ✭✸✹✮✮ ✐♠♣❧✐❡s t❤❡ ❣❧♦❜❛❧ ✐♥❝❡♥t✐✈❡

❝♦♥str❛✐♥t ❢♦r t ✭❡①♣r❡ss✐♦♥ ✭✷✼✮✮✳ ■♥❞❡❡❞ ❧❡t ✉s ❝♦♥s✐❞❡r t′ 6= t✳ ❯s✐♥❣ ✭✸✹✮✱ ✇❡ ❝❛♥ ✇r✐t❡

β(t)− β(t′) =

ˆ t

t′
β̇(τ)dτ ✭✸✾✮

= −

ˆ t

t′

(

1− λ

λ

α̇(τ)E [α]

c
+ (λτ + (1− λ)E [t])α̇(τ) + (

1

c
− ησ2)α(τ)α̇(τ)

)

dτ

= −

ˆ t

t′

∂

∂τ

(

1− λ

λ

α(τ)E [α]

c
+ (λτ + (1− λ)E [t])α(τ) +

1

2
(
1

c
− ησ2)α2(τ)− λA(τ)

)

dτ

✇❤❡r❡ A(τ) ✐s ❛ ♣r✐♠✐t✐✈❡ ♦❢ α(τ)✳ ❲❡ ❤❛✈❡

β(t)− β(t′) = −

[

1− λ

λ

α(τ)E [α]

c
+ (λτ + (1− λ)E [t])α(τ) +

1

2
(
1

c
− ησ2)α2(τ)

]t

t′
+

ˆ t

t′
λα(τ)dτ

= −
1− λ

λ

α(t)E [α]

c
− (λt+ (1− λ)E [t])α(t)−

1

2
(
1

c
− ησ2)α2(t) +

1− λ

λ

α(t′)E [α]

c

+(λt′ + (1− λ)E [t])α(t′) +
1

2
(
1

c
− ησ2)α2(t′) +

ˆ t

t′
λα(τ)dτ ✭✹✵✮

❍❡♥❝❡

β(t) +
1− λ

λ

α(t)E [α]

c
+ (λt+ (1− λ)E [t])α(t) +

1

2
(
1

c
− ησ2)α2(t)

= β(t′) +
1− λ

λ

α(t′)E [α]

c
+ (λt′ + (1− λ)E [t])α(t′) +

1

2
(
1

c
− ησ2)α2(t′) +

ˆ t

t′
λα(τ)dτ

= β(t′)+
1− λ

λ

α(t′)E [α]

c
+(λt+(1−λ)E [t])α(t′)+

1

2
(
1

c
−ησ2)α2(t′)−λ(t−t′)α(t′)+

ˆ t

t′
λα(τ)dτ

✭✹✶✮

❚❤❡r❡❢♦r❡ u(t, t) = u(t, t′) − λ(t − t′)α(t′) +
´ t

t′
λα(τ)dτ ✳ ❍♦✇❡✈❡r −λ(t − t′)α(t′) +

´ t

t′
λα(τ)dτ ✐s

♣♦s✐t✐✈❡ ❜❡❝❛✉s❡ ✇❡ ❦♥♦✇ ❢r♦♠ ✭✸✽✮ t❤❛t α(t) ✐s ✐♥❝r❡❛s✐♥❣✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ❣❧♦❜❛❧ ✐♥❝❡♥t✐✈❡

❝♦♥str❛✐♥t ✐s s❛t✐s✜❡❞ ❢♦r t②♣❡ t✳

✷✷



❲❡ ♥♦✇ r❡✇r✐t❡ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ t❤❡ ✜r♠ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ α(t) ❛♥❞ u(t) ✐♥st❡❛❞ ♦❢

α(t) ❛♥❞ β(t)✳ ❲❡ ❦♥♦✇ t❤❛t u(t) = β(t)+ 1−λ
λ

α(t)E[α]
c

+(λt+(1−λ)E [t])α(t)+ 1
2c(1− cησ2)α2(t)✳

❚❤❡ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ✭✸✹✮ ❛r❡ r❡♣❧❛❝❡❞ ❜② t❤❡ ❝♦♥str❛✐♥ts du(t)
dt

= λα(t) ❛♥❞ dα(t)
dt

≥ 0✳✾ ❯s✐♥❣

du(t)
dt

> 0 ❛❧❧♦✇s t♦ ✇r✐t❡ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ✭✷✻✮ ❛s u(t) = w0✳ ❚❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❣r❛♠

♦❢ t❤❡ ✜r♠ ❜❡❝♦♠❡s

max
{α(t),u(t)}

t̄
ˆ

t

(

λα(t) + (1− λ)E [α]

λc
+ λt+ (1− λ)E [t]− u(t)−

1

2c
(1 + cησ2)α2(t)

)

f(t)dt ✭✹✷✮

✉♥❞❡r t❤❡ ❝♦♥str❛✐♥ts✿

∀t ∈ T,
du(t)

dt
= λα(t) ✭✹✸✮

∀t ∈ T,
dα(t)

dt
≧ 0 ✭✹✹✮

u(t) = w0 ✭✹✺✮

❯s✐♥❣ ✭✹✸✮ ✇❡ ❝❛♥ ✇r✐t❡

u(t)− u(t) =

t
ˆ

t

λα(τ)dτ ✭✹✻✮

❯s✐♥❣ ✭✹✺✮ ❛♥❞ ✭✹✻✮✱ ✇❡ r❡✇r✐t❡ ✭✹✷✮ ❛s

max
{α(t)}

t̄
ˆ

t





λα(t) + (1− λ)E [α]

λc
+ λt+ (1− λ)E [t]−

t
ˆ

t

λα(τ)dτ − w0 −
1

2c
(1 + cησ2)α2(t)



 f(t)dt

✭✹✼✮

✾■♥❞❡❡❞ du(t)
dt

= λα(t) +
(

dβ(t)
dt

+ 1−λ
λc

dα(t)
dt

E [α] + (λt+ (1− λ)E [t]) dα(t)
dt

+ ( 1
c
− ησ2)α(t) dα(t)

dt

)

✱ ❜✉t t❤❡ t❡r♠ ✐♥

♣❛r❡♥t❤❡s❡s ✐s ③❡r♦ ❢r♦♠ t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ✭✸✹✮✳

✷✸



❍♦✇❡✈❡r

t̄
ˆ

t





t
ˆ

t

λα(τ)dτ



 f(t)dt =



F (t)

t
ˆ

t

λα(τ)dτ





t

t

−

t̄
ˆ

t

(λα(t))F (t)dt

=

t̄
ˆ

t

λα(t)dt−

t̄
ˆ

t

λα(t)F (t)dt =

t̄
ˆ

t

λα(t) (1− F (t)) dt ✭✹✽✮

❆s ❛ ❝♦♥s❡q✉❡♥❝❡ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ♦❢ t❤❡ ✜r♠ ❜❡❝♦♠❡s

max
{α(t)}

t̄
ˆ

t

(

λα(t) + (1− λ)E [α]

λc
+ λt+ (1− λ)E [t]− w0 −

λα(t) (1− F (t))

f(t)
−

1

2c
(1 + cησ2)α2(t)

)

f(t)dt

✭✹✾✮

s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥ts ✭✹✹✮✱ ♦r

max
{α(t)}

t̄
ˆ

t

(

α(t)

λc
+ t− w0 −

λα(t) (1− F (t))

f(t)
−

1

2c
(1 + cησ2)α2(t)

)

f(t)dt ✭✺✵✮

s✉❜❥❡❝t t♦ ✭✹✹✮✳

❆♣♣❡♥❞✐① ✸✳ Pr♦♦❢ ♦❢ ♣r♦♣♦s✐t✐♦♥ ✸✳

❲❡ s♦❧✈❡

max
p

p



E [t]− w0 +
1

2c(1 + cησ2)λ2(p)

t̄
ˆ

t

(

1−
cλ2(p) (1− F (t))

f(t)

)2

f(t)dt



+ (1− p)(−w0) ✭✺✶✮

✷✹



▲❡t X(t, p) = 1− cλ2(p)(1−F (t))
f(t) ✳ ❚❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ✐s

E [t] +
1

2c(1 + cησ2)λ2(p)

t̄
ˆ

t

X2(t, p)f(t)dt

−p





λ′(p)

c(1 + cησ2)λ3(p)

t̄
ˆ

t

X2(t, p)f(t)dt+
2

c(1 + cησ2)λ2(p)

t̄
ˆ

t

cλ(p)λ′(p)(1− F (t))

f(t)
X(t, p)f(t)dt



 = 0

✭✺✷✮

♦r

E [t] +
1

c(1 + cησ2)λ2(p)

(

1

2
− ελ(p)

)

t̄
ˆ

t

X2(t, p)f(t)dt

−
2p

c(1 + cησ2)λ2(p)

t̄
ˆ

t

cλ(p)λ′(p)(1− F (t))

f(t)
X(t, p)f(t)dt = 0 ✭✺✸✮

✇❤❡r❡ ελ(p) =
pλ′(p)
λ(p) ✳

▲❡t E(t) = t̂✳ ❙✉♣♣♦s❡ t❤❛t ❡♠♣❧♦②❡❡s ❛r❡ ✐❞❡♥t✐❝❛❧✳ ❊①♣r❡ss✐♦♥ ✭✺✸✮ r❡❞✉❝❡s t♦

t̂+
1

c(1 + cησ2)λ2(p)

(

1

2
− ελ(p)

)

= 0 ✭✺✹✮

■❢ t̂ = 0 t❤❡♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✺✹✮ ✐s p∗ = p̂ ✇✐t❤ ελ(p̂) = 1/2✳ ■❢ t̂ > 0 t❤❡♥ t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✺✹✮ ✐s

p∗ > p̂✳ ■t ✐s ❡❛s✐❧② ✈❡r✐✜❡❞ t❤❛t p∗ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t̂✳

❙✉♣♣♦s❡ ❡♠♣❧♦②❡❡s ❛r❡ ♥♦t ✐❞❡♥t✐❝❛❧ ✭❛♥❞ ❤❡♥❝❡ ♥❡❝❡ss❛r✐❧② t̂ > 0✮ t❤❡♥
´ t̄

t
X2(t, p)f(t)dt < 1✳

❚❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✺✸✮ ✐s p∗∗ < p∗ ✐❢ t̂ ✐s ♥♦t t♦♦ ❧❛r❣❡✳

✷✺


