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Abstract

This pape propose the diort rate nodd with acount of the stochatsc dynamis d the
shot rates Widely used financieproducs sengive 1 the daly rate change dictae
importarce d the alequaé noddling o short rates Ther intrinsic propeties ae
invedigated based on #hhistorichmarket dataWe introduce the nev modd with the
non-gawgsian randaen driver and the autecorrelaion factor Specid cdibration
procedures for the nodd are presentedshort rate stochatsc dynamics andits displg in
an overnigh indexeal swap wee invesigated in severanumerca experiments

1. Introduction

An overnigh rate (OR moddiing experienes a canmaon problen how to impose
simultaneoust nongauwssian statistis ard significart interdependese d daly changesThee
are diferent gpproaches to address thee issuesjump processes fat-tal parameterslimiting
boundaris (Jame&000) mixture d normd distributiors (Lee1999 and kn 2000)
correlatiors in quiet ard hectic days (Kim 2000 ard (Embechs 1999) volaility ard
correlation interdependeare (Loreta 2000) usirg the Sudert t-distribution with nonrintege
values o degiee d freedan as a smulation tool to gpproxmate fattail distribution (Heikkinen
2002) a jumpdiffusion modé with the junp intensiy as a ime-dependentunction was usel
by (Samuédes 2001) etc. W intraduce here ne stochasti modé of the shot rate basd on
the intrinsic propertie o daly rate changes.

2. Analysis of the historical data
Statistic o overniglt rates; is basd on the nature bdaly changs Ar, =1, —r,. The
stochasti characteristg& of the OR changes Ar, were derivel from the avélable historichdata

(USD cureng is usel as an example) Typicd patem of OR daly changs is presentgin
Fig.1, ard its probaliit y distribution - in Fig.2.

! The views expressel in this pape are soley thos d the authos ard do nd necessaily refled the views d the
Bark of Montred or the Photonis Reseatt Ontario.
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Fig.1. Fig.2.
Overnigh rate daly changs (USDQ Augug Probatliit y distribution of historicd overnigh
1995- Augug 2001) rate daly changegcune is the Gassian

function)

This distribution represerst narow centrdpek (+ 0.1%) ard wide ba&grourd (“fat
tails”) expandingn the range 6+ 05%. The first ore reflecs low volatlity OR behavioy ard
the secod ore isdue to relativey rare “hectic days” jump in OR Far comparisonwe plated
normad distribution function with tle same standadrdeviation o s tre historichdata

probaliit y distribution The difererce s dovious Stochast distributian of this type caanot
be characterizt by standad deviation only. Thee are dditiond parametersuppe ard lowe

bounds Aru = percentilgAr; , pu) and ArL = percentile(Ar; 1- pu) , uppe ard lowe shortfd

values Arg, = average(Ar,Ar; 2 Ary) andAry = average(Ar;, Ar; < Ar ) . Shortfd value (o tail

conditional expectation (Artzner, Delbaen Ebe ard Heath1999) is usel as a rik cohereh
measureln ou ca® the shortfiavalue is an essentiaparametefor cdibration of our mocel.
Confiderce levéis assume & p, =0.99. Statistcd analyss results a& sunmaried in the

following table.

Statistic an Ar (USD) a the confidence leve99%%

Ary Ar Average | Median o, ar o, Max | Ar |

- 0651% | -0415% | 0.001% | 0.000% | 0.151% | 0.400% | 0.586 % 1.630 %

The average fthe rate didy changs is clog t zem (less tha 000246), ard skewnas
is vely low (we assune it nedigible). Basel on the historichexperierre one ca anticipaé
correlation between daly changs within severbdays interval Dired calculatiors o auto-
correlation paramete z, =covar(Ar,,Ar.,, ) of the ddly change re\ealel tha the oneday

auto-carelation (“memory’) works asa stromy stafii zer. z,=-0.29 (USD) For mog of other

currencies parametez, is al® negatie (for example z,=- 0.25 CAD z=- 0.30 EUR) The

influence d the negative cwelation of this magnitide on the rate tempotdehavia is
obviousl very signifcart (the "nex day' rate change providesone compensatio of the
"previous day rate changethus keepirg rate not too far from the initid value).



3. Overnight rate stochastic model

Basel in the analyss o the historicastochast characteristg o the CR we intraduce
the folowing model The daly chang (i" day) with mdays o ‘memory’is chosa asa
weighted sum of independenrandan values ¢, (eat associate with i day representig "non

correlated daly changes)
Ar, = S a-E-_-(J No) ,I), (1)
I J; | il Y
where vecto a is norméized: Zaf =1.
“

Auto-carrelation vecta Z is definal as

Ar, [Ar,,
7, =——" 2)
(Ari)
Here ar belov the ensemble averagjrof a stochastic variabld’ or averagig of the
historicd data s¢ W, by i is denotedstW . Combinirg (1) ard (2) we have
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Assune thd ¢; are independente; (£, =ai26ij (symbol5|j denots Kroneke symbol) Then

3)
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m-k

ZKZZGJ @, k=0..m, z =1 (4)
&

Vecta O cen ke derival using valus o Z (from marké datg by the folowing iterative
procedure:

Iteration procedure A

1% iteration Choos initid iteration values a§’ =1~z , a®%, =0;

. . . 1 mk .
*) <Miteration calculatea "™ = %k - Za}s) ) Eln the reverse orddik =m,...0);
£

al?

Reped (*) untl equatian (4) is satisfiel with required precision.




Convergele d this praedure is
quite rdiable (e Fig3 for maxmal
error of the euatim (4 versws
numbe of iterations) Dependece d
auto-corelation factos 2z ard
parametes a; on the numbe of daysi
is presente in Fig.4.

The daminart featue d the aute
correlation pdatem is the hich
negatie ‘next-day auto-correlation
(z1 ard ay). Parametesra1 and o, of

the stochasti proces s(al,az,l)
with ‘fat tal” probabhlity distribution
Plxo,.0,,1) represen the low
volatlity ard the highvolatlity

componentsard paramete| is ther
relative contribution to the deviation.
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The naurd way to construt the probaliity distribution function fo modding daly
changs d the overnigh rate is o ue alinea combination (weightel sun) of two norma
distributiors with differert standadl deviations
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Similar approacd (mixture of two lognormal densities as probabili ty density function) to model

the shoriterm dynamis d the euro/dtlar was usel by (Rzepowsk2002).
Parametes g,, o, and! can be fourd & a ungue solution of the carespondig se of

conditions smultaneos fit of the modé standad deviation the uppe bourd and uppe
shortfdl value o the historichones Cdibration baseé on accoun of both the uppe bourd ard
shortfdl provides dficient moddliing of rare jumplike rate deviationsThis solution can be
found using iteratie searh of the minimum of the following obgctive function

Ar
u (00]
F(01,02)= Py~ _f P(x;al,az,l)Dﬂx + Arsu —A{x[E’(x;al,az,l)Edjx (6)

[
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with | = (ag —012)/(05 —02).
A specid random numbe generator S required to praduce seris o values

e(al,az,l) with probaliity distribution (5). For smulation expemments it was usel randaon
numbe generator baskeon repction methal (Pressl992) Typicdly, volaility oy (quiet
periods is mut lowe than g, (hectic period$ by 3 to 6 times ard weiglt | of the az-part

of the distribution is less tha 0.2 For exanple resuls d the cdibration procedure for USD

OR are 01=0.12 % 02=0.38 % and | =0.06. Convergere d the minimization pracedure o

the objet¢ function (6) is show in Fig 5.
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Cdibration algorithm (resultirg in identification of parametes a; (i=1..m), |, o1 and o)
satisfies condiions o a low risk mode (precisin fit is beter than 10%). Fig6 illustrates bes fit
of the modé probability distribution function (§ to historcd distribution Far compariso
there is the Gawsian function pldted with the historichstandad devation
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Modd ‘fat -tail” function fits mud beter the historich distribution thana Gawssian It is
even more persuasiveniFig.7 for the tal area d distributions.
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Historcal (USD)

4. Overnight rate stochastic simulation

An exampté o the historich rate pah ard two dmulated <enaric for USD OR
(startig from Augug 1, 1995 is present# in Fig.8 The smulated pat of the OR (cune

6



"Autocorrelated’) well illustrates two man features o the OR periods with low volatlity ard
periods with rapd fdl or rise d the rate The smulation path ("Nonrcorrelated) illustrates
importarce d the autecorrelation accoun (Smulation with zero carelation shovs unstat
behavior rapd longrange deviatios tha are nd observe historcdly). This illustration
cannat obviousy be usel for statistcd risk estmations it is merey visud aid in the modé
examination
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Statistcd chaiacteristic d the modéand its alility to give ‘statistichforecast are
presentd in Fig.9 Base& on modé parametes identified abowe usimg historcd data from
Augud 1, 1995 to Augusl, 2001 (1450 daysve gplied Monte Carb smulation methal to
derive lowe ard uppe shortfd values as wé as lowea ard uppe perceniles (with confiderce
levd 99%) of the overnigh rate for extende time horizan of 1740 dag (to May 18, 2002) For
comparisonthe historichdata are pléted on the same graph.

Ore can e tha historcd OR cune is lockel insice limits o the  and 99
perceniles (ope circleg during the whole ime spa usel for modé parametes estimation
(1450 days)It isimportart to nok tha even unusully steep downtun of the OR beyonl this
time perial (145G t <1740 is sill inside thelimits o shortfdl curve (sdid circles) It mears
tha the modéis abk o ‘predict (at given confiderce leve) the limits o the CR path.
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Tendeng of the OR probaliit y distribution change as tle ime peria (term) increass
isillustrated in Fig.1l0 and 11 It isimportart to not tha standad deviation of simulated rates
increass as ime tem increass & mud lowe rate than it could in cae o the normédly
(Gaussian distributed stochast proces
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Incae d a Gassian pracess standal deviation increass as

G _ ,Hist
08 =oHis it
g"St =0.151 carespond o thehistorcdly identified standard deviatioof rate daly
changs (®e ddted cune in Figl11). The smulated rates hawe mud lowe standad deviation

(see ‘smulated curve) becaus d the negative autecorrelation influerce

whereo

5. Overnight indexed swap modeling

As a exampd d the OR modé application we usel the exposure valuatioof the
overnigh indexal sways (OIS in the Monte Cad methodoloy framework Value V), of the

OIS (lorg positior) was calculatel es the sum of differentid paymens P [{r, —r;) a momensi
compoundd fromi to the swg maturiy M (commonly usel formula):

M M At
Vy =P (r, —r)At] | @+r, CAt)
y Z 0 ﬂ )
Here P=100% is the notional rate r,is fixed ard r; is the modelé floating ratespaymen
periad is ore day At =1/360.

The Monte Cad se VI\(Ak) was calculatel (k is the index of the K" scenard for the

contad maturity M) usirg the OR model In Fig12 the 95" percenile d the OIS exposue & a
function of the maturiy M at various modéparametes is pldted.

(7)
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The curve P€ carespomls o the complete (coec)) OR modé with accoum of auto
correlatiors (C) ard the fattail daily changs distribution (P) Moddling with a gassian (G)
distribution cause underegation (cune G+C) lad of auto-correlatiors in the modé causs
significart overesimation (cune G is for normdly distributed daly changesard cune P is for
non-carelated daly changs fattail distributed). The whole tem profile o the "worg casé
(0.95" percenile V°*)) value anl carespondig shortfdl <V ©°%>) of the OIS exposurg is
presentd in Fig13.

6. Conclusion

The pape preserns a nev mode for the stochastic dymaics d the shot rates tha
accouns boh for fat-tail distribution ard autecorrelation vector The modéoriginates from
dired statistcd analyss o marke data This analysis shows tharobaliit y distribution of rate
daly changs is fa from gawssian ard tha nextday rate cltanges ae anticorrelated This fat
taill probability distribution is moddled by weightel sun of two gatssian functions The aute
correlation function derivd directly from marke da@ is incorporate into the model
Cdibration of the stochastic modies basel on pecenile measurgard shortfdl values o
historicd data Numerca simulatiors o the overnigh rate temporbbehavio ard its
apgication to the exposure eshatiors d the overnigh indexal swapillustrate thd there is
significart influence of the nongaussian probaliit y distribution ard autecorrelations.
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