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ESSENTIAL EQUILIBRIA OF LARGE GAMES

SOFIA CORREA AND JUAN PABLO TORRES-MARTINEZ

ABSTRACT. We characterize essential stability of Cournot-Nash equilibria for generalized games
with a continuum of players. As application, we rationalize the active participation of politically
engaged individuals as the unique essential equilibrium in an electoral game with a continuum of

Cournot-Nash equilibria.

KEYWORDS. Essential equilibria - Essential sets and components - Large games
JEL CLASSIFICATION: C62, C72, C02.

1. INTRODUCTION

In this study we focus on essential stability of Cournot-Nash equilibria for large generalized
games, analyzing how equilibrium allocations change when some characteristics of the game are
perturbed. We allow for any kind of perturbation, provided that it can be defined through a
continuous parametrization over a complete metric space of parameters.

In large generalized games, strategy profiles may affect players’ objective functions and admissible
strategies. There is a continuum set of non-atomic players, and a finite number of atomic players.
Atomic players’ strategies may directly affect decisions of other individuals, while decisions of non-
atomic players impact others participants only through aggregate information. Indeed, strategy
profiles of non-atomic players are codified and aggregated, generating messages to other participants
to the game. Under mild conditions on the characteristics of the generalized game, pure strategy
Cournot-Nash equilibrium always exists (cf. Balder (1999, 2002), Riascos and Torres-Martinez
(2012), Carmona and Podczeck (2013)).

In this context, it is natural to ask how equilibrium strategies of atomic players and equilibrium
messages induced by decisions of non-atomic players—the pieces of information that fully determine
the strategic behavior of players—change when the characteristics of the generalized game are per-
turbed. The approach is on essential stability: under which conditions Cournot-Nash equilibria of

a large game can be approximated by equilibria of perturbed games.
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2 CORREA AND TORRES-MARTINEZ

We depart our analysis of essential stability assuming that games are continuous' and any char-
acteristic can be perturbed, i.e., objective functions, action sets or correspondences of admissible
strategies. In this context, our first result ensures that for a dense residual subset of the space of
generalized games, messages and atomic players’ strategies associated to Cournot-Nash equilibria
are stable to perturbations (Theorem 1).> Also, uniqueness of equilibrium messages and actions
for atomic players is a sufficient condition for stability. We analyze stability of subsets of equilib-
rium messages and actions, obtaining results analogous to those ensured in the literature for convex
games with finitely many players: every generalized game have essential subsets of Cournot-Nash
equilibria (Theorem 2).

Stability results above are extended to allow for specific perturbations, that we capture through
parametrizations of the set of generalized games. We prove that, if the set of parameters constitutes
a complete metric space and the mapping associating parameters with large generalized games is
continuous, then stability results previously described still holds (Theorem 3) and essential sets are
stable too (Theorem 4). As byproduct, we obtain stability results for convex continuous generalized
games with finitely many players, extending the literature to enable a great variety of admissible
perturbations and dependence of admissible strategies on other players actions (cf. Wu and Jian
(1962), Jiang (1963), Yu (1999), Yu, Yang and Xiang (2005), Zhou, Yu and Xiang (2007), Yu
(2009)).

After that, we extend our analysis to allow for discontinuities on objective functions and cor-
respondences of admissible strategies. To guarantee equilibrium existence, we follow the results
of Carmona and Podczeck (2013), who recently generalize the model of Balder (2002) to the dis-
continuous case. We concentrate in the case of large generalized games with upper semicontinuous
payoff functions and upper hemicontinuous correspondences of admissible strategies. In this context,
we prove that the collection of generalized payoff secure large games (cf. Carmona and Podczeck
(2013, Definition 4)) is a complete metric space. Thus, when perturbations on payoff functions
can be captured through continuous parametrization defined on complete metric space of param-
eters, Cournot-Nash equilibria are generically essential and any large game have essential subsets
of equilibria that are stable (Theorem 5). Since the model captures finite-player convex games as
a particular case, our findings about stability of discontinuous games complements the previous
results obtained by Yu(1999), Carbonell-Nicolau (2010), and Scalzo (2012).

To obtain our results about essential stability, regardless of whether the game is continuous or
discontinuous, we prove that the compact-valued correspondence that associates generalized games
with sets of equilibrium messages-actions, referred as Cournot-Nash correspondence, has closed
graph. To guarantee this property, we use the fact that the set of non-atomic players has finite
measure and their strategies are transformed into finite-dimensional codes (which are integrated to
obtain messages). Indeed, under these conditions, we can ensure the closed graph property of the
Cournot-Nash correspondence by applying the multidimensional Fatou’s Lemma (cf. Hildenbrand
(1974, Lemma 3, page 69)).

!That is, for every player, objective functions and correspondences of admissible strategies are continuous.

2A subset of a metric space is residual if it contains the intersection of a countable family of dense and open sets.
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Essential stability of equilibrium messages and atomic player actions have relevant implications in
applied game theory. Our results ensure that in models based in large generalized games, small errors
in the estimation or calibration of some parameters does not necessarily affect player’s decisions.
In addition, essential stability can also be used as a refinement criteria in the presence of multiple
equilibria. We illustrate this last possibility through an electoral games with the aim to give a
rationale for electoral participation of politically engaged individuals.

The rest of the paper is organized as follows: Section 2 is devoted to discuss the related literature.
In Section 3 we describe the space of large continuous generalized games. In Section 4 and 5 we
analyze essential stability properties of Cournot-Nash equilibria. In Section 6 we apply our results
to an electoral game. In Section 7 we extend our model to include discontinuous games. The proofs

of our results are given in the Appendix.

2. RELATED LITERATURE

The concept of essential stability has its origins in the mathematical analysis literature, where it
was introduced as a natural property of fixed points of functions and correspondences. In a seminal
paper, Fort (1950) introduces the concept of essential fixed point of a continuous function: a fixed
point is essential if it can be approximated by fixed points of functions close to the original one. In
addition, a continuous function is essential if it has only essential fixed points. Considering the set
of continuous functions from a compact metric space to itself, Fort (1950) ensures that the set of
essential functions is dense. He also proves that continuous functions that have only one fixed point
are essential. These concepts and properties have natural extensions to multivalued mappings,
as shown by Jiang (1962). However, not all mappings are essential and, therefore, it is natural
to analyze the stability of subsets of fixed points. With this aim, Kinoshita (1952) introduces the
concept of essential component of the set of fixed points of a function: a maximal connected set that is
stable to perturbations on the characteristics of the function. He proves that any continuous mapping
has at least one essential component. Jiang (1963) and Yu and Yang (2004) extend these results
to multivalued mappings. They prove that compact-valued upper hemicontinuous correspondences
have at least one essential component, although fixed points of these correspondences may not be
essential. These results are complemented by Yu, Yang, and Xiang (2005) who also analyze how
essential components change when mappings are perturbed.

This literature motivates the study of equilibrium stability in games. Since in every non-
cooperative game the set of Nash equilibria coincides with the set of fixed points of the aggregate
best response correspondence, techniques described above allow to analyze how the equilibria of a
game change when payoffs and action sets are perturbed. In this direction, essential stability of
Nash equilibria of games with finitely many players is studied by Wu and Jiang (1962), Yu (1999),
Yu, Yang, and Xiang (2005), Zhou, Yu and Xiang (2007), Yu (2009), Carbonell-Nicolau (2010) and
Scalzo (2012).

More precisely, Wu and Jiang (1962) address stability of the set of Nash equilibria for finite
games. They ensure that any game can be approximated by a game whose equilibria are all essential.

Yu (1999) formalizes and extends these results for convex games with a finite number of players
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and infinite many strategies, analyzing perturbations in payoffs, action sets and correspondences of
admissible strategies. Jiang (1963), Yu, Yang, and Xiang (2005) and Yu (2009) analyze the existence
of essential components of the set of Nash equilibria for games and generalized games. Zhou, Yu
and Xiang (2007) study the notion of essential stability for mixed-strategy equilibria in games with
compact sets of pure strategies and finitely many players. They also compare the concept of essential
stability with strategic stability, a notion studied by Kohlberg and Mertens (1986), Hillas (1990),
and Al-Najjar (1995). Allowing for discontinuities on objective functions, Yu (1999), Carbonell-
Nicolau (2010) and Scalzo (2012) analyze the essential stability of Nash equilibria for games with
finitely many players.

As we describe in the introduction, our goal is to contribute to this growing literature by address-
ing essential stability properties of Cournot-Nash equilibria in large generalized games. However,
results of essential stability for games with finitely many players take advantage of the fact that
the equilibrium correspondence® is closed, with non-empty and compact values. Actually, with
these properties, the equilibrium correspondence is generically lower hemicontinuous, which in turn
implies generic stability. In our case, under mild conditions on the characteristics of the general-
ized game, a pure strategy Cournot-Nash equilibrium always exists.* However, even when a large
generalized game is continuous, the equilibrium correspondence may not have compact values (see
footnote 7). Therefore, the traditional analysis of essential stability can not be directly implemented
in our context.

Nevertheless, associated to any Cournot-Nash equilibrium of a large generalized game there is a
vector of messages (generated by strategy profiles of non-atomic players) and a vector of optimal
strategies of atomic players. These messages-actions vectors constitute all the relevant information
that a player takes into account to make optimal decisions. In addition, the correspondence that
associates games with the set of equilibrium messages and atomic players’ profiles has closed graph
and compact values (see Theorem 1 and Theorem 5). Hence, we focus our analysis on the stability

of equilibrium messages-actions to perturbations on the characteristics of the generalized game.

3. THE SPACE G(T%,Ts, (K, (Ki)ter,, H)) OF CONTINUOUS GENERALIZED GGAMES

We introduce continuous large generalized games, as those studied by Riascos and Torres-Martinez
(2013). Through our model some characteristics of the games are fixed and summarized by a vector
(Ty, Ty, (K, (IA(t)teTz,H)). The set of non-atomic players 77 is a non-empty and compact subset
of a metric space and there is a o-algebra A such that, for some finite measure p, (17,4, 1) is a
complete atomless measure space. The set of atomic players, denoted by T, is non-empty and finite.
Kisa non-empty and compact metric space where non-atomic players’ strategies belongs. For any
atomic player ¢, let IAQ be the non-empty set of actions, that we assume to be a compact subset of

a metrizable and locally convex topological vector space. Finally, non-atomic players’ strategies are

3That is, the correspondence that associates games with the set of its pure strategy equilibria
4See Schmeidler (1973) for continuous large games, Balder (1999, 2002) and Riascos and Torres-Martinez (2013)

for continuous generalized games, and Carmona and Podczeck (2013) for the discontinuous case.
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codified by a function H : T X K- R"™ which is continuous with respect to the product topology
induced by the metrics of 77 and K.

In a game G((Ky, Ty, ut)ier, ut, ), €ach t € Th has associated a closed and non-empty action space
K, C K , while each t € T has a closed, convex and non-empty action space K; C I?t. A strategy
profile of players in T3 is given by a function f : T3 — K such that f(t) € Ky, for any t € Ty.
Any vector a = (as;t € Ta) € [[,cp, K¢ constitutes a strategy profile for players in Tp. For each
i € {1,2}, let F"((K¢)ter;) be the space of strategy profiles for agents in T;. In addition, for any
t € Ty, let F2,((K;)jer,\ 1) be the set of vectors a_; € e, (11 K.

Each participant to the game considers aggregated information about strategies taken by players
in T7. Thus, if non-atomic players choose a strategy profile f € F'((K;)ier,), then its relevant
characteristics are coded by the function H. Also, each player only take into account, for strategic
purposes, aggregated information about these available characteristics through a message m(f) :=
le H(t, f(t))du. For this reason, we concentrate our attention only on those profiles of strategies
for which messages are well defined, by considering profiles f € F!((K;)ier,) such that H(-, f(-))
is a measurable function from 7; to R™.5 Therefore, the set of messages associated with strategy

profiles of non-atomic players is given by
M((Koer) =8 [HFO)dus 1€ FH(Kiier,) A HC. ) is measurable
T

Let M = M((K)ier,), F' = FY(K)ier,), F? = FA(Ki)ier,), and F2, = F2((KJ)sem\(1))-
Assume that messages and strategy profiles may restrict players admissible strategies. Hence, the set
of strategies available for a player ¢ € T is determined by a correspondence I'; : M x F2 - K, with
non-empty and compact values, where for every (m,a) € M x F2 the correspondence associating to
any t € T7 the set I'y(m, a) is measurable. Analogously, the set of strategies that ¢ € T5 can choose
is determined by a correspondence I : M x ]?Et — K with non-empty, compact and convex values.

Given a set S, let U(S) be the collection of bounded functions u : S — R endowed with the
sup norm topology. We assume that the map U : T1 X KxMxF2 SR given by U(t,z,m,a) =
ug(z, m,a) belongs to U(Ty x K x M x ﬁz) and the mapping associating to any ¢ € T7 the function
u; is measurable. Each atomic player ¢t € T5 has an objective function u; € U (Z/W\ X .7?2) which is

quasi-concave in its own strategy a; (we refer to this subset of U(M x F2) as Uy (M x F2)).

DEFINITION 1. A Cournot-Nash equilibrium of G((Ky, Ty, ut)teryum,) 1S given by a strategy profile
(f*,a*) € F! x F2, with m(f*) € M, such that,
(i) For almost allt € Ty, f*(t) € Ty(m(f*,a*) and
u(f7 (), m(f7),a") 2w (f(t),m*,a”), Vf(t) € Te(m(f),a”).
(i) For any t € Ty, af € T'y(m(f*),a*,) and

ug(m) f*),a*) > w(m(f*),ae,a*,), Va, € Te(m(f*),a’y).

5That is, for any Borelian set E C R™, {t €Ty : H(t, f(t)) € E} belongs to A.
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Riascos and Torres-Martinez (2013, Theorem 1) ensure that, for any large generalized game
G((Kt, T, ut)ter,ur,) satisfying assumptions described above, the set of Cournot-Nash equilibria

CN(G) is non-empty provided that the following hypotheses hold:

(A1) For any t € Ty U Ty, the objective function uy is continuous.

(A2) For any t € Ty U Ty, the correspondence of admissible strategies Ty is continuous.®

Let G = G(T1, 1>, (I/(\', (I?t)teTz,H)) be the collection of large generalized games satisfying the
hypotheses previously described. We endow the set G with the following metric:
p(G1,G2) = sup sup luf (2, m, a) —uZ(z,m,a)|
teT (w,m,a)EI?X]T/I\Xf:Q

+ sup sup dH(F%(m,a), Ff(m7 a)) + sup dH(Ktl7 Kf)

t€TY (m,a)eMxF2 teT
+max sup lul(m, z,a_;) — u(m,z,a_,)|
teTs (m,z,a_t)el/w\xgt Xﬁ%t
+max Sub dir o (Ty (m,a—y), T (m,ay)) + max At (K} K7,

(m7a,t)€]T/[\><]?3t

where G; = G; (K}, T%, ul)ier,ur, ), di denotes the Hausdorff distance induced by the metric of K
over the collection of its non-empty and compact subsets, and for every ¢t € T; the Hausdorff distance
induced by the metric of K; is denoted by dp . Since (11, (K, (IA(t)teTz)) are compact sets, Ty is
finite, and Mis a non-empty and compact set (see Riascos and Torres-Martinez (2013, Theorem 1,

Step 1)), it follows that (G, p) is a complete metric space (see the Appendix for detailed arguments).

Our main objective is the study of stability properties of Cournot-Nash equilibria for a generalized
game G((Ky, Ty, ut)ter,ur,) when parameters (K, 'y, ut)ter,ur, change. Note that, the correspon-
dence that associates the parameters that define the generalized game with the set of Cournot-Nash
equilibria is not necessarily compact valued,” a property that was required by the previous litera-
ture of essential stability in games with finitely many players. However, given any Cournot-Nash

equilibrium (f*,a*) € CN(G), the pair (m(f*),a*) contains all the information that players require

6Continuity of correspondences (I't)tc7, requires that, for every t € Ty, Ty : Mx F? - K¢ be both upper
hemicontinuous and lower hemicontinuous. Upper hemicontinuity is satisfied at (m,a) € M x F? when for any
open set A C Ky such that I'ty(m,a) C A, there exists an open set U C M x F2? such that T¢(m/,a’) C A for
every (m/,a’) € U. Lower hemicontinuity is satisfied at (m,a) € M x F2 when for any open set A C Ky such that
Ti(m,a) N A # 0, there exists an open set U C M x F2 such that ['+(m/,a’) N A # 0 for every (m/,a’) € U. Same
definitions apply for the correspondences of admissible strategies associated to atomic players (I'¢)ie, -

"For instance, consider an electoral game with a continuum of non-atomic players, 71 = [0, 1], which vote for a
party in {a,b}. Let z¢ be the action of player ¢t € T1, and assume that his objective function, u¢, only takes into
account the benefits that he receives for any party {v¢(a),v¢(b)} weighted by the support that each party has in the
population, i.e. uz = ve(a)u({s € T1 : s = a}) + v¢(b)(1 — u({s € T1 : xs = a})), where p denotes the Lebesgue
measure in [0,1]. That is, the utility level of a player ¢ € T1 in unaffected by his own action and, therefore, any
measurable profile z : [0,1] — {a,b} constitutes a Nash equilibrium of the game. Hence, the set of Nash equilibria
is not compact. However, if we consider that each player receives as a message the support that party a has in the

population, m = u({s € T1 : zs = a}), then the set of equilibrium messages is equal to [0, 1], which is a compact set.
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to take their decisions. Thus, we can focus our analysis of stability in the effects that perturbations

on the characteristics of a game have on messages and strategies of atomic players.®

DEFINITION 2. The Cournot-Nash correspondence of G(T1, 15, (1?7 (IA(t)tGTwH)) is given by the
multivalued function A : G — M x F2 that associates to any G € G the set of messages and actions
(m*,a*) € M x F2 such that, for some f* € F1, we have m* = m(f*) and (f*,a*) € CN(G).

4. ESSENTIAL STABILITY OF EQUILIBRIA IN G(T7, T3, (IA(, (IA{t)tGTyH))

We analyze how the set of Cournot-Nash equilibria of a generalized game changes when the
parameters that define the game are modified. Our analysis is based on the concept of essential
stability, that was introduced in the literature by Fort (1950), for single valued mappings, and by

Jiang (1962), for the case of correspondences.

DEFINITION 3. Let G' C G(Tl,TQ,(IA(, (IA(t)teTQ,H)). Given a large generalized game Gy € G/,
(f*,a*) € CN(Gy) is an essential equilibrium of Gy with respect to G' when, for any open set
O C M x F2 such that (m(f*),a*) € O, there exists € > 0 such that A(G)NO # 0, for any G € G’
that satisfies p(Go, G) < €. A generalized game Gy is essential with respect to G’ if its Cournot-Nash

equilibria are essential with respect to G’.

Hence, a large generalized game Gy € G’ is essential with respect to G’ C G if and only if messages
and atomic players strategies associated to a Cournot-Nash equilibrium of Gy can be approximated
by equilibrium messages and strategies of generalized games in G’ close to it. Note that, if Gy is
essential with respect to G’, then it is essential with respect to any non-empty set G’ C G’ that

contains it. Unfortunately, as the following example shows, not all games in G are essential.

EXAMPLE. Suppose that Ty = [0,1], Ty = {a}, K = {0,1}, K, = [0,1]. Consider a generalized
game G where for each t € Ty, (K;,T}) = (K,K), (Ka,Ta) = (Ka,Ks), and H(-,z) = z. In
addition, u,(m,z) = —||m — z||? and, for every t € T1, (u:(0,m,a4),u:(1,m,a,)) = (0.5,0.5).
Then, there is a continuum of Cournot-Nash equilibria and A(G) = {(A\,\) € R? : X € [0,1]}.
On the other hand, given € > 0, let G. be the generalized game obtaining from G by changing the
objective functions of non-atomic players to (u§(0,m,aq), us(1,m,as)) = (0.5(1 + €),0.5), for any
t € Ty. It follows that G. has only one Cournot-Nash equilibrium and A(G.) = {(0,0)}. Since € is
arbitrary and p(G,G.) < ¢, we conclude that G is not essential with respect to G. O

THEOREM 1. Let G' be a closed subset of G(Tl,Tg,(IA(, ([A(t)teTQ,H)). Then, the collection of
generalized games that are essential with respect to G’ is a dense residual subset of G'.

Given G € G/, if A(G) is a singleton, then G is essential with respect to G'.

8Since action profiles are coded using the function H, there may exist several Cournot-Nash equilibria that induce

a same message. Even that, this indetermination does not have real effects on players utility levels.
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The proof is given in the Appendix.

It follows that the set of generalized games that are essential with respect to a closed set G’ C G
is dense and contains the intersection of a sequence of dense and open subsets of G’. In particular,

given Gy € G/, for any e > 0 there exists an essential generalized game G € G’ such that p(Gy, G) < e.

Furthermore, even unessential generalized games may have subsets of Cournot-Nash equilibria
that are stable. To formalize this property, we introduce concepts of stability for subsets of equilib-

rium points.

DEFINITION 4. Let G' C G(Tv, Ty, (K, (Ky)ier,, H)). Given Gy € G/, a subset e(Go) C A(Go) is

essential with respect to G’ if it is non-empty, compact, and for any open set O C M x ﬁz,
[e(Go) COl = [Fe>0:G € G, p(Go,G) <e= AG)NO #0].

An essential set e(Gp) is minimal if it is a minimal element ordered by set inclusion.
A set e(Go) is a component of A(Go) if there is (m*,a*) € A(Go) such that, e(Go) is the union of all

connected subsets of A(Go) containing (m*,a*).

This definition adapts to our framework the concepts of essential set and essential component
that were introduced by Jiang (1963) and Yu and Yang (2004) in the context of stability of fixed
point of multivalued mappings. These concepts were also addressed by Zhou, Yu, and Xiang (2007)
to study stability of mixed strategy equilibria in non-convex finite-player games.

Since the Cournot-Nash correspondence A is non-empty valued and upper hemicontinuous (see
the proof of Theorem 1), it follows from the topological characterization of upper hemicontinuity
that, given G’ C G(T1, T», (I?, (IA(t)teTz, H)), for any G € G’ the set A(G) is essential with respect
to G'. Moreover, given A C B C A(G), if A is essential with respect to G’ and B is compact, then

9

B is essential with respect to G’ too.” Thus, we focus the attention on the existence of minimal

essentials sets.

In this direction, given a closed set G' C G(Ty,Ts, (K, (K;)ier,, H)), some results can be inferred

from Theorem 1:

(i) If for some G € G’ there is an essential Cournot-Nash equilibrium (f*,a*) € CN(G), then
{(m(f*),a*)} is a minimal essential subset of A(G) with respect to G’. Therefore, it follows from
Theorem 1 that there exists a dense residual collection of generalized games with at least one minimal

essential subset that is also connected.

(ii) Since for any G € G’ the set A(G) is compact, any component of A(G) is non-empty, connected and

compact.!® Hence, when (f*,a*) € CN(G) is essential, the component associated to {(m(f*),a*)}

9Indeed7 B is non-empty and compact. Also, for any open set O C M x F2 such that B C O we have that A C O.

Thus, the essentiality of A with respect to G’ ensures that B is essential too.

10By definition, components are non-empty. Since a component is the union of connected sets with at least one
common element, it is connected too. Since the closure of a connected set is connected, components of compact sets

are closed and, therefore, compact (for more details, see Berge (1997, page 98)).
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is an essential subset of A(G) with respect to G’ (because it is compact and contains the essential
set {(m(f*),a*)}). Therefore, it follows from Theorem 1 that there exists a dense residual subset of

G’ in which any generalized game has at least one essential component.

The following result ensures that the two properties above hold for every generalized game when

spaces of strategies are Banach.

THEOREM 2. Let G’ be a closed subset of G(Ty, Ty, (K, (Ki)ier,, H)). For each G € G’ there is a
minimal essential set of A(G) with respect to G'. In addition, if A(G) has a connected essential set
with respect to G, then it has an essential component.

Iff/(\' and IAQ, where t € Ty, are conver subsets of Banach spaces with metrics induced by norms,

then every minimal essential set of A(G) is connected.

The proof is given in the Appendix.

Suppose that K and IAQ, with ¢ € Ty, are convex subsets of Banach spaces with metrics induced
by norms. It follows from Theorem 2 that, given a closed set G’ C G(Ty, T, (K, (I?t)teTz, H)) and
G € G, if A(G) is a finite set, then at least one Cournot-Nash equilibrum of G is essential with
respect to G’.1! In particular, if G € G’ has a finite number of Cournot-Nash equilibria, then it has

at least one essential equilibrium with respect to G'.

5. ESSENTIAL STABILITY FOR PARAMETERIZATIONS OF G(T1,Ts, (K, (Kt)ter,, H))

In this section, we discuss stability of Cournot-Nash equilibria when only some characteristics of

the large generalized game are perturbed.

DEFINITION 5. A parametrization T = ((X,7), ) of the space G(Ty, Ty, (K, (K;)ier,, H)) is given
by a complete metric space (X, ) of parameters and a continuous function k : X — G that associates

parameters with generalized games.

DEFINITION 6. Let T = ((X, 1), k) be a parametrization of the space G.

(i) Given a parameter Xy € X, a Cournot-Nash equilibrium (f*,a*) € CN(k(Xy)) is essential with
respect to the set of parameters X under k, if for any open set O C MxF? such that (m(f*),a*) € O,
there exists € > 0 such that A(k(X))NO # 0, for any parameter X € X that satisfies (X, X) < e.
(ii) A generalized game Gy € G is T -essential if there exists Xy € X such that Gy = k(Xp), and all
of its Cournot-Nash equilibrium are essential with respect to X under k.

(iii) Given a generalized game Gy € G, a subset e(Go) C A(Go) is T-essential—or essential with
respect to X under k—if there exists a parameter Xy € X such that: (a) Go = &(Xo); (b) e(Go) is
non-empty and compact; and (c) for any open set O C M x F2? with e(Go) C O there exists € > 0
such that, if X € X and 7(Xp, X) < €, then A(k(X))NO # 0.

HTheorem 2 ensures that A(G) has a minimal essential set which is connected. Since A(G) is finite, the only

possibility is that minimal essential sets be equal to a singleton.
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Some remarks:

(i) A generalized game G is essential with respect to G’ C G if and only if it is T-essential for any
parametrization 7 = ((X, 7), k) such that, for some X € X, G = x(X).!2 As a consequence, generi-
cally for games G € G and for any complete metric space (X, 7) there is at least one parametrization
T = ((X,7), k) such that G is T-essential. Indeed, it is sufficient to consider «(-) = G.

(ii) Assume that 7 = ((X,7), ) satisfies X C G, 7 = p, and « is the immersion of X on G. Then,
for any X € X, k(X) is T-essential if and only if X is essential with respect to X.

The following result states stability properties of Cournot-Nash equilibria when admissible per-
turbations are determined by a parametrization of G(T7, 15, (IA(, (IA(t)teTz, H)). Hence, we obtain
stability results of Cournot-Nash equilibria when some but not necessarily all characteristics that

define a generalized game are allowed to change.'?

THEOREM 3. Given a parametrization T = ((X,7), k) of G(T1, T3, (IA(, (IA(t)teTQ, H)), the collection
of parameters X € X for which k(X) is T -essential is a dense residual subset of X.

Furthermore, for any X € X we have that:

(i) If A(k(X)) is a singleton, then k(X) is T -essential.

(i1) There is a minimal T -essential subset of A(k(X)).

(iii) Any T -essential and connected set m(X) C A(k(X)) is contained in a T -essential component.
(iv) Suppose that (X, 7) is a convex metric space contained in a Banach space, where T is a metric

induced by a norm. Then, every minimal T -essential subset of A(k(X)) is connected.

PROOF. By assumptions k : X — G is continuous and (X, 7) is a complete metric space. In addi-
tion, Theorem 1 ensures that A is a closed correspondence that has non-empty and compact values.
Thus, the set-valued mapping Aok : X — M x F2 has closed graph with non-empty and compact
values. Therefore, the first two properties follow from identical arguments to those made in the
proof of Theorem 1. Furthermore, properties (ii)-(iv) can be obtained by analogous arguments of
those made in the proof of Theorem 2, changing (G, p,A) by (X, 7, Ao k). Q.E.D.

If we fix a generalized game in which strategies chosen by non-atomic players have no effects on
other agents decisions, then equilibrium strategies associated to atomic players are Cournot-Nash

equilibria of a convex generalized game where they are the only participants. Therefore, stability

12A direct consequence of the (7, p)-continuity of x : X — G.

BFor instance, when only objective functions or sets of admissible strategies can be perturbed. Or even, when there
are personalized perturbations on players characteristics. As an example, fix a game G = G((K¢,T't, ut)iemut,) € G.
Given i € {1,2}, let T7, Tib, T¢ C T; be, respectively, the subsets of players in T; for which we allow perturbations on
objective functions, on strategy sets, and on correspondences of admissible strategies. Let Gg((T¢, Tib, Tic)ie{1,2}) -
G be the set of generalized games G = G((K¢,I't, Ut)rer,ur,) such that: (1) for any ¢ € (T1 \ T{) U (Te \ T%'),
T = ug; (2) for any t € (T1 \ TP) U (T2 \ T?), Kt = Ky; and (3) for any t € (T1 \ TS) U (T2 \ T2), T+ = T¢. Since
Gg((T{,T7, T )icq1,2}) is p-closed, it follows that (Gg (T}, T, T{*)ic{1,2} ), p) is a complete metric space. Therefore,

as the immersion ¢ : Gg < G is continuous, ((Gg, p),¢) is a parametrization of G.
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properties of equilibria in continuous and convex generalized games with a finite number of players

can be obtained as a particular case of our results above.

We close this section with results about stability of essential sets and essential components. The
following result ensures that essential sets varies continuously when parameters are perturbed.
Given € > 0 and A C M x F2, the e-neighborhood of A is defined by

Ble, A] = {(m, a)e M x F2: 3(m’,d') € A, 5((m,a),(m',a)) < e},

where o is the metric associated to the product topology of R™ x Ht€T2 I/(\'t.

DEFINITION 7. Fiz a parametrization T = ((X,7),k) and X € X.

(i) The set E € A(k(X)) is stable if for every e > 0 there is 6 > 0 such that, given X' € X with
T(X,X') < 4§, there exists a minimal T -essential set E' € A(k(X")) for which E' C Ble, E].

(i1) The set E € A(k(X)) is strongly stable if for every e > 0 there is § > 0 such that, given X’ € X
with (X, X') < 8, there exists a T -essential component E' € A(k(X')) for which E' C Ble, EJ.

Note that, any set £’ € A(x(X)) which contains a (strongly) stable set, is (strongly) stable too.

THEOREM 4. Fiz a parametrization T = ((X,7), k) and let X € X.
(i) Every T -essential subset of A(k(X)) is stable.
(ii) Suppose that (X,7) is a convex metric space contained in a Banach space, where T is a metric

induced by a norm. Then, every T -essential component of A(k(X)) is strongly stable.

The proof is given in the Appendix.

6. ESSENTIAL STABILITY AS A RATIONALE FOR ELECTORAL PARTICIPATION

In a recent paper Barlo and Carmona (2011) introduce the refinement concept of strategic equi-
libria in large games. Intuitively, a Nash equilibrium of a large game is strategic if it is the limit
of equilibria in abstract perturbed games, where players believe that have a positive impact on the
social choice.'* As an application of their results, they give a rationale to explain why electors vote
for their favorite candidate. Introducing a large game with proportional voting, they show that
there is a continuum of Cournot-Nash equilibria, but only one strategic equilibrium: that in which
electors vote by their favorite party (see Barlo and Carmona (2011, Example 2.1)).

Inspired by this result, we analyze a large generalized electoral game where electors have different

degrees of political interest. The Cournot-Nash equilibrium where only politically engaged players

MM ore precisely, departing from a large game G with only non-atomic players, for any € > 0 define an e-perturbed
game G as a game in which every player perceives that he, but no other, has a positive small impact on the
social choice. Then, following our notation, (f,a) € Flx Fisa strategic equilibrium for a game G if there exists
{ex}ren C (0,1) decreasing to zero, and a sequence {(fx,ax)}ren C F1 x F2? converging to (f, a), such that (f%,ax)

is a Cournot-Nash equilibrium for G, for any k € N.
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vote and support their favorite party appears as the unique 7T -essential equilibrium of our electoral

game, for some parametrization 7.

Given a set of parties P = {1,...,p} and a parameter p > 0, consider an electoral game
Eu(Th, T, (K, (K)ery, H), (K, Ty, ug)ier,ur, ), where for any non-atomic player ¢t € Ty = [0,1]
the action space is given by K; = K= {(xl, .o, Tp) € Zf_ : gzl Ty < 1} , and strategies of other
players do not affect her admissible allocations, i.e., I'; = K. Thus, any ¢ € T} can either vote for a
party p € P by choosing « € K; such that x,, = 1, or she can not vote by choosing (z1,...,z5) = 0.

Each ¢ € Ty gives an importance v¢(p) > 0 to party p € P and has a favorite party p; € P, i.e.
ve(py) > vi(p) for all p € P\ {p;}. Her objective function is given by the weighted average of the
utilities getting from individual parties, and a component that reflect the private level of satisfaction

associated to her action, that is, for any x = (z1,...,25) € K,

uy (z,a) = th(p)% +u Z(Ut(p) = 1) Tps
p=1 p=1

where a,, is the probability that party p has to win the election, and the coefficient 1, > 0 measures
the electoral engagement of player ¢. Indeed, when p > 0, as greater 7; less interested in the election
would be player t. We assume that for any ¢ € Ty either n; > v(pf) or n: < ve(pf). The set of
politically engaged players is defined as Ty = {t € T1 : n: < v(p})}, and we assume that it is a
subset of T} with positive measure.

On the other hand, there is an atomic player To = {e} whose objective is to determine the

probabilities (a1,...,ap) that parties have to win. These probabilities are taken as given by non-
atomic players. Hence, K, = K, = ', = {(z1,...,2p) € Rf_ : 2:1 zp = 1}, and
_ _ 2
P P
ue(m,a):—z apZmp/—mp ,
p=1 p'=1
where m = (mq,...,mp) is the message obtained from non-atomic players votes, assuming that

H(t,z) = x. In other words, when a positive measure of players vote, probabilities are given by the
proportion of issued votes that each party receives.

In any generalized game &, with ;> 0, the strategy chosen by a non-atomic player does not
affect the social choice. However, the vote of a non-atomic player ¢t € T affects her own utility level

when she gives a private value to her actions, i.e., when p > 0.

Consider the case where non-atomic players do not give importance to their strategies, i.e., 4 = 0.

Then, given a measurable action profile x : T} — K and a strategy a € I/(\'e, the vector

xp(t)dt
z, | —— . if [ x(t)dt #0;
P [ aa(tyar 7
s=17y peP
(x,a), if [ x(t)dt = 0;

T
constitutes a Cournot-Nash equilibrium for &. Thus, when electors do not give any private value

to electoral participation, there is a continuum of equilibria.
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On the other hand, for any ;> 0 the generalized game &,, has only one Cournot-Nash equilibrium.
Indeed, any player ¢t € T;" votes for his favorite party, while any player in T} \ T} does not vote. As
T} has positive measure, the equilibrium vector of probabilities is well defined. Hence, it follows
from Theorem 1 that &, is an essential generalized game for any p > 0.

Since the space ([0,1],] - |) is complete and « : [0,1] — G given by s(p) = &, is continuous,
T = (([0,1],] - |), ) is a parametrization of G, in the sense of Definition 5. Therefore, we conclude
that &y—the electoral game where players do not give any value to their private strategies—has a
unique T -essential Cournot-Nash equilibrium, the one in which only politically engaged players vote
supporting their favorite party. That is, we obtain a rationale for electoral participation of politically
engaged agents using essential stability as a refinement concept of Cournot-Nash equilibria.

Note that, under alternative perturbations we can still ensure that the only essential equilibrium
is that where only politically engaged players vote. It is sufficient that only non-atomic player’s
payoff functions suffer perturbations, and the importance level that players give to the result of the

election be small enough to maintain the same preferences over alternatives.'®

7. ON ESSENTIAL EQUILIBRIA OF DISCONTINUOUS LARGE GAMES

In this section we extend previous result of essential stability to a complete metric space that

includes discontinuous generalized games.

DEFINITION 9. Given a large generalized game G((Ky, Ty, ut)rer,ury) and an open set U C M x fz’
(pt)temyuT, are selectors of strategies supported on U when, for everyt € TYUTy, ¢ : U — Ky is a
closed correspondence with non-empty values, and the following properties hold for each (m,a) € U:
(i) For each (t,k) € Ty X Ta, @i(m,a) X pr(m,a) CTy(m,a) x Ty(m,a_y).

(i) The correspondence associating to each t € Th the set pi(m,a) is measurable.

(iii) For any t € Ty, pi(m,a) is conver.

The following definition, that generalizes the notion of continuous security of Barelli and Meneghel
(2012), was introduced by Carmona and Podczeck (2013) as a key element to ensure equilibrium

existence in discontinuous large generalized games.

DEFINITION 10 (CONTINUOUS SECURITY). A large generalized game G((Ky, Ty, ug)te uT,) Satisfies
continuous security if for every (m,a) ¢ A(G) there is an open set U C M x F? containing (m, a)
such that, for some selectors of strategies supported on U, (pt)teryuT,, and for some measurable
function o : Ty UTy — [—00, +00], the following properties hold:

(i) For every (m’,a’) € U there exists a full measure set T{ C Ty satisfying

L5perturbations on actions sets for non-atomic players, or on any characteristic of the atomic player, may change

the underline institutional structure, destroying the electoral dimension of the game. However, a natural perturbation
P

p=1
Cournot-Nash equilibrium for &y, all voters participate on the election. In addition, the 7 -essential Cournot-Nash

in action set is to forbid voluntary vote, by changing K to {(wl, .., Tp) € Zi Y Tp = 1} . In this case, in any

equilibria of &y are those in which politically engaged players vote supporting their favorite party.
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ug(x,m’,a’) > a(t), Vt € T, Va € pi(m/,ad’),

us(m’,x,a’,) > a(t), Vt € Ty, Vo € pr(m’,d’).
(ii) Fiz (f',a') € F* x F2 such that (m(f'),d’) € U, f'(t) € Ty(m(f"),a’) for almost allt € Ty, and
a, € Ty(m(f'),a’,) for allt € Ty. Then, either there exists a positive measure set T] C T1 such that
us(f' (), m(f"),a’) < a(t), Vt € Ty, or there exists t € Ty such that us(m(f'),a;,a’_,) < a(t).

As was shown by Carmona and Podczeck (2013, Theorem 3 and Example 2), under the hypothesis
described on Section 3, continuous security is weaker than (A1)-(A2) and, therefore, it is satisfied
by any large generalized game in G(Ty, Ty, (K, (K;)ier,, H)). Furthermore, Carmona and Podczeck
(2013, Theorem 1) guarantee that any large generalized game satisfying continuous security has a

pure strategy Nash equilibrium.

To characterize essential stability of equilibria, we strength continuous security to ensure that
the set of large generalized games is a complete metric space. The following concept was introduced
by Carmona and Podczeck (2013) as a natural extension to large generalized games of generalized

payoff security, a property introduced for finite-player games by Barelli and Soza (2009).

DEFINITION 11 (GENERALIZED PAYOFF SECURITY). A large generalized game G((Ky, Ty, ut)ter,uts)
satisfies generalized payoff security if for every (m,a) € M x 72 and € > 0 there exists an open
set U ¢ M x F? containing (m,a) such that, for some selectors of strategies supported on U,
(pe)teryums, and for some measurable function o : Ty U Ty — [—00, +00], we have:
(i) For every (m’,a’) € U there exists a full measure set T{ C Ty satisfying

ug(x,m’',a’) > a(t), Vt € T, Va € pi(m/,ad’),

ug(m’,x,a’ ) > a(t), Vt € Ty, Yo € pr(m’,a’).
(ii) For any atomic player t € Ty we have that a(t) + € > SUP,er, (m,a_,) (M, T,a—¢). In addition,

the set {t € T1 : a(t) +€ > SUp,er, (m,q) Ut(T, M, a)} has a measure greater than or equal to pu(T1) — €.

DEFINITION 12. A large generalized game G((Ky, Ty, ut)ter,um,) 18 upper semicontinuous when for

any t € Ty U Ty both uy, is upper semicontinuous and Ty is upper hemicontinuous.'S

Any large generalized game G((Ky, Ty, ut)ter,ur,) that is generalized payoff secure and upper
semicontinuous satisfies continuous security—see the proof in the Appendix—and, therefore, has a

non-empty set of Cournot-Nash equilibria.

Note that, allowing for perturbations on actions sets or on correspondences of admissible strate-
gies, the collection of generalized payoff secure and upper semicontinuous games is not necessarily

a p-closed set, as the following example illustrates.

~

EXAMPLE. Suppose that T = [0, 1], K = [0,1], and H(¢,z) = z. Thus, M = [0,1]. For any n € N,

let G,, a large generalized game with only non-atomic players, characterized by K| = [0, 1-— ﬂ,

16Given a topological space X, u: X — R is upper semicontinuous if {x € X : u(z) > a} is open for any a € R.
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I'?(m) = [0,min{m,1— 1}], and u?(f(t),m) = v(f(t)), where v : [0,1] — {0,1} is such that
v(z) = 1 if and only if 2 = 1. Hence, G,, is generalized payoff secure and upper semicontinuous.'”
Let G be the large generalized game characterized by K; = [0,1], I'y(m) = [0, min{m, 1}], and

u(f(t),m) = v(f(t)). It follows that p(G,,G) converges to zero as n goes to infinity. However,
although G is upper semicontinuous, it is no generalized payoff secure.'®

Therefore, if we consider perturbations on action sets or on admissible strategies, we can not
ensure that the collection of large generalized games that are generalized payoff secure and upper

semicontinuous is a complete metric space under the distance p. 0O

Taking as given actions spaces and correspondences of admissible strategies (Ky, I't)ier,urs,
let Gy = Gu(T1, To, (IA(, (IA(t)teTmH), (K4, Tt)teryur,) be the collection of large generalized games
G((ue)teryuT, ) that satisfies the hypothesis described in Section 3 but instead of Assumption (Al)-
(A2) are both generalized payoff secure and upper semicontinuous.

Since (Gy, p) is a complete metric space—see the proof in the Appendix—we can adapt our pre-

vious arguments to ensure the following properties of essential stability.

THEOREM 5. Given a parametrization T = ((X,7),k) of Ga, the collection of parameters X € X
for which k(X)) is T -essential is a dense residual subset of X.

Furthermore, for any X € X we have that:

(i) If A(k(X)) is a singleton, then k(X) is T -essential.

(i1) There is a minimal T -essential subset of A(k(X)).

(iii) Any T -essential and connected set m(X) C A(k(X)) is contained in a T -essential component.
(iv) Every T -essential subset of A(k(X)) is stable.

The proof is given in the Appendix.

Our findings complement the previous results of stability for finite-player discontinuous games
(see Yu (1999), Carbonell-Nicolau (2010), and Scalzo (2012)). Indeed, our model includes finite-
player convex games as a particular case.!® Therefore, although we focus on a particular set of
hypotheses—generalized payoff security and upper semicontinuity of games—we contribute to this
growing literature analyzing essential stability for generalized games, under general types of pertur-

bations on objective functions, and including results of existence and stability for essential sets.

8. CONCLUDING REMARKS

In this paper, we use the stability theory of fixed points developed by Fort (1950) and Jiang

(1962) to address the essential stability of Cournot-Nash equilibria in large generalized games.

7For every m € M and € > 0, generalized payoff security holds by choosing o = 0.

18Taking m = 1 and € € (0,1), if generalized payoff security holds for G, then Definition 11(i) implies that
a(t) <0,Vt € Th. On the other hand, Definition 11(ii) ensures that there exists a positive measure set T/ C T such
that a(t) + € > supger, (1) ut(@, 1), which in turn implies that € > 1. A contradiction.

191f non-atomic players’ strategies have no effects on other agents decisions, equilibrium actions of atomic players

are a Cournot-Nash equilibrium for the game in which they are the only participants.
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We guarantee that essential stability is a generic property in the space of continuous large gener-
alized games. Essential equilibria are still generic in a space of discontinuous large games provided
that only payoff perturbations be allowed. Furthermore, all games have essential subsets of the set
of equilibria which varies continuously.

Our results are compatible with general types of perturbations on the characteristics of general-
ized games. Indeed, stability properties still hold when (i) admissible perturbations can be captured
by a continuous parametrization of the set of generalized games; and (ii) the set of parameters

constitutes a complete metric space.

APPENDIX

COMPLETENESS OF (G, p).

Given a metric space (5, d), consider the sets A(S) = {K C S : K is non-empty and compact},
and A.(S) = {C € A(S) : C is convex}. Denote by dy the Hausdorff metric induced by the metric
of S. If S is compact, then (A(S),dy) is a complete metric space. Also, when S is compact and
convex, (A.(S),dg) is complete.?°

Let {Gn}nen a Cauchy sequence on (G, p), where G, = G, ((Knt;Tnts Unt)teryur,)- By the
definition of G and p it follows that, for any non-atomic player ¢t € Th, {K, }nen is a Cauchy

~

sequence on (A(K),dm). Also, for any atomic player s € Ts, {K, s }nen is a Cauchy sequence on
(Ao(Ky), dp s). Hence, there are sets {K; }tc1,uT, such that: (i) (K¢, K) € A(K)x Ad(Ky), V(t, s) €
Ty x Ty; and (ii) for any (¢,s) € Ty x Tz, we have that

lim dH(Kn,th) = 11)5[} dH,s(Kn,&?s) = 0.

n——+oo

The definition of the metric p ensures that, for any ¢t € Ty and (m,a) € M x F 2, the sequence
{Thn,e(m,a)}bnen C A(K) is Cauchy and, therefore, there exists a set K;(m,a) € A(K) such that

dp(Tyt(m,a), Ki(m,a)) converges to zero as n goes to infinity. Let T : M x 72 —» K be the

set-valued mapping defined by T';(m,a) = K;(m,a). Correspondences (T';);er are continuous.?!

By analogous arguments, we can ensure that for any s € T there is a continuous correspondence
T, : M x ]?33 — K, such that, for each (m,a_,) € M x ]?Es both Ty(m,a_s) € A(K,) and

dp s(Tn.s(m,a_s),I's(m,a_s)) converges to zero as n increases.
Since {Gy }nen is Cauchy on (G, p), there is a function U € U(Ty x K x M x F2) such that, for

every t € Ty, U(t) := W, is a continuous function and {u, ¢ }nen C Z/{(I? x M x ]?2) converges to

20Gince (S,d) is a compact metric space, it follows from Aliprantis and Border (2006, Theorem 3.85-(3) and
Theorem 3.88-(2), pages 116 and 119) that A(S) is a complete metric space under the Hausdorff distance induced by
d. When the space is restricted to Ac(S), (Ac(S),dp) remains a complete metric space, since the Hausdorff limit of
a sequence of convex sets is still a convex set.

21Gince M x F2 is compact and (A(IA{), dpr) is complete, for every ¢ € Ty the continuity of the correspondence T
follows from the completeness of the space of continuous functions v : M x 72 - A(I?) under the uniform metric
induced by the Haussdorf distance. Indeed, any correspondence T" : M x F?2 - K with non-empty and compact
values can be identified with the function Bp : M x F2 — A(IA() given by Br(m,a) = I'(m, a), in such form that I" is
continuous if and only if Br is continuous (see Aliprantis and Border (2006, Lemma 3.97 and Theorem 17.15, pages
124 and 563)).
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it. Analogously, for any s € Ty, the Cauchy sequence {uy s }nen C Us (J\//I x F %) converges to some
continuous function u, € Us(M x F2).

Let G = G((K+, T4, %) ter,ut,)- It follows from arguments above that ngl}rloo 0(Gn,G) = 0. Thus,
to prove that (G, p) is complete, it is sufficient to guarantee that:

(i) the function U : Ty — U(I? x M x ﬁ2) defined by U(t) = u; is measurable;

(ii) for any (m,a) € M x F2, the correspondence ¢ € Ty —» T'¢(m,a) is measurable.

The definition of p ensures that measurable functions U, : Ty — U(K x M x F2) defined by
Uy, (t) = uy; converge to U. Since T} is a measurable space and UK x M x F2) is a metric space,
U is measurable (see Aliprantis and Border (2006, Lemma 4.29, page 142)). Hence, item (i) holds.

Fix (m,a) € M x F2. Given n € N, the correspondence that associates to any t € Ty the set
I, (m,a) is measurable. Thus, it follows form Aliprantis and Border (2006, Theorem 18.10, page
598) that the function ©,, (mq) : T1 — A(I?) defined by ©,, (11,4 (t) = I'n,¢(m, a) is Borel measurable.
Also, the sequence {©,, (15,4 }nen converges to @(m,a) T — A(I?), where @(m,a)(t) = T¢(m,a).
By Aliprantis and Border (2006, Lemma 4.29), @(m,a) is a Borel measurable function. Thus,
t € Ty — T4(m,a) is measurable (cf. Aliprantis and Border (2006, Theorem 18.10)). Q.ED

PROOF OF THEOREM 1.

The proof of the theorem is a direct consequence of the following steps.

Step 1. The correspondence A : G — M x F2? is upper hemicontinuous with compact values.

Since M x F2 is compact and non-empty, we only need to prove that Graph(A) is closed, where
Graph(A) := {(g, (m,a)) € G x M x F2: (m,a) € A(g)}.

Let {(Gn, (Mn,an))tnen C Graph(A) such that (G,, (mn,an)) — (G, (M, a)) € G x M x F2, where
Gn = Gn((KP, TP uM)ter,ur,) and G = G((Ky, Ty, Ut )ter,uts, ). To prove that Graph(A) is closed it

is sufficient to ensure that (7, a) € A(G).
Since (M, an) € A(Gp), for almost all ¢ € Ty there exists f,,(¢) € T (my,, ay,) such that,

Mp = H<t7fn(t>)d:u’ u?(fn(t)’mman) = max u?(xamnaan)7
T €l (My,an)

where the function g, () = H(-, f»(*)) is measurable.

Claim A. For any t € Ty there exists f(t) € K such that T = Ir, H(t, f(t))dp.

Proof. Since H is continuous, 77 is compact and, for almost all ¢ € T1, f,(t) € K, it follows
that the sequence {g, }nen is uniformly integrable (see Hildenbrand (1974, page 52)). In addition,
{le gn(t)dp}nen C R™ converges to T as n goes to infinity and, therefore, the Fatou’s Lemma in
m-dimension (see Hildenbrand (1974, page 69)) guarantees that there is g : 73 — R™ integrable

such that, 22

(1) lim [ gn(O)dp = [7, 9(t)dp

22Although functions {gn}nen can take negative values, they are uniformly bounded from below (since H is
continuous and {I?, T1} are compact sets). Thus, as T1 has finite Lebesgue measure, we can apply the Fatou’s

Lemma.
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(2) There exists 71 C T} such that, for any t € Ty, g(t) € Ls(gn(t)), where Lg(gn(t)) is the set

of cluster points of {g, (t)}nen and T; \ T} has zero measure.?’

Fix t € Ty. Then there is a subsequence (g, (t)), converging to g(t). Since { fn, (t)}ren C K,

taking a subsequence again if it is necessary, we can ensure that there exists f(¢t) € K such that

both f, (1) = F(8) and g(t) = lim F(t, fu, (1)) = H(L, /(1)
Let f: Ty — K such that

_ {f(t)}7 lf te Tla
f(t) e argmax u(x,m,a), if te T\T).
z€T¢(Mm,a)
By definition m = 1i_>m m, and for any n € N we have that m, = le gn(t)dp, where g,(t) =
H(t, fn(t)). Then, it follows that
m=lin [ gu0du= [ g0du= [ HefO)n= [ HEFO)n
n o0 Tl T1 T1 Tl

where the last equality follows from the fact that T} \Tl has zero measure. O

Claim B. For anyt € T1, f(t) € Ty(m,a).
Proof. The results follows by definition for any t € Ty \ T;. Thus, fix t € Ty and let {f,, (t)}xen the
sequence that was obtained in the previous claim and that converges to f(t). We known that, for

any k €N, f,,, (t) € I'{*(my,, an,) and, therefore,

— o~ —

d(f(t),Te(m,@)) < d(f(t), fa, () Fd(fur (1), TF* (Maryes any ) +da (T (M, any ), Te (Mg, any.)
+dH (ft(mnk ) Any, ), Tt (mv E))
< d(F(t), far (D) + PG, §) + dig (Te(mn, , an, ), T (M, ),

where d denotes the metric of the compact metric space K. Since T; is continuous, by taking the

limit as k goes to infinity, we obtain the result. O

Claim C. For any t € Ty, f(t) € argmax u(x,m,a).
zel (m,a)
Proof. As in the previous claim, the case t € T} \ T1 follows from definition. With the same notation

used in the previous claim, we have that
di (TP (Mg s @ny ), Te(,3@) < p(Gnys G) + dar(Ti(min, . an, ), Te(M,3)), VYt € Th.

Then I'}* (my,,, an,) —k L¢(M,@). Since u}* converges uniformly to i, it follows from Yu (1999,
Lemma 2.5) and Aubin (1982, Theorem 3, page 70) that,

u?k (f’ﬂk (t)a Mnpys aﬂk) = o 08X u?k (CC, Mny s a’nk) —k max Ug (CL‘, m, a)
Iel—‘tk(mnk,ank) z€ly(m,a)

On the other hand,

|u?k (fnk (t)’ My, a’"k) — U (?(t)7m7 a)| < p(gmm?) + |ﬂt(fnk (t)v Mny,, ank) - at(f(t)vm7 a)|

Taking the limit as k goes to infinity, we obtain that u"* (f,, (t), Mn,, an, ) — U (f(t), 7, a). Hence,

it follows from Claim B that f(t) € argmax T (z,m,a). O
zeT (m,a)

231n other words, for any ¢ € Ty there is at least one subsequence of {gn(t)}nen converging to g(t).
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Claim D. For any t € Ty, @y € Ty(M,a_y).
Proof. For any (t,n) € Ty x N, a,,; € '} (my, an,—;) and, therefore,

d(a,, Ty(m,a_y)) < C/Z\t(at, an,t) + d(an,e, U7 (M, an,—¢)) + dio(TF (M, an,—t)aft(mruan,—t))

+dH7t(ft(mn7 an,—t)a Ft(m, a—t))
< (/Z\t(at; anyt) + p(gn,g) + dH,t(Ft(mn, an’it)’fﬁ(m’ait))7

where c/l\t denotes the metric of K. Taking the limit as n goes to infinity, we obtain the result. O

Claim E. For anyt € Ty, a; € argmax (M, z,a_¢).
x€T(T,a—+)
Proof. Following the same arguments of Claim C, we have that

A (LY (M, an,—), Te(m,a—y)) < P(gnyg)+dH,t(ft(mwuan,—t)aft(mva—t))a

which implies that T'7?(m,,,a,, _;) converges to I'y(,a_;) as n goes to infinity. Hence, Yu (1999,

Lemma 2.5) ensures that,

n n —_ —
uy (M, ap) = max up (Mp, @, G, —¢) — max W (M, z,a_y).
z€LP (M ,an, 1) z€T(M,a_+)
Since nglfoo ul (M, an) = (M, a),?* it follows that @, € argmax (7, z,a_). ]

z€T (M,a_+)

It follows from Claims A, C and E that (m,a) € A(G). Thus, we ensure that A is an upper

hemicontinuous correspondence with compact values.

Step 2. There is a dense residual set Q C G’ where A is lower hemicontinuous.

As G’ is a closed subset of G, it follows that (G', p) is a complete metric space and, therefore, G’ is
a Baire space. Since the correspondence A is non-empty, compact-valued and upper hemicontinuous,
it follows from Lemmas 5 and 6 in Carbonell-Nicolau (2010) (see also Fort (1949) and Jiang (1962))

that there exists a dense residual subset @ of G’ in which A is lower hemicontinuous.

Step 3. If G € G’ is a point of lower hemicontinuity of A, then G is essential with respect to G'.
Fix an equilibrium (f*,a*) € CN(G). Then, for any open set O C M x F2 such that (m(f*),a*) €
O we have A(G) N O # 0 and, therefore, the lower inverse {G' € G' : A(G') N O # 0} contains a
neighborhood of G in G’. That is, there is € > 0 such that, for any G’ € G’ such that p(G’,G) < e,
we have A(G') N O # (). Hence, all Cournot-Nash equilibrium of G are essential with respect to G'.

It follows from Steps 2 and 3 that any generalized game in the dense residual set @) is essential.
Finally, suppose that for a game G € G’ the set A(G) is a singleton. Then, A s continuous at this
point. Using Step 3, we conclude that G is an essential generalized game with respect to G'. Q.E.D.

PROOF OF THEOREM 2.

241t is a direct consequence of the fact that, for any n € N, we have

[u (mn, an) —w(m,a)] <  p(Gn,G) + [wi(mn,an) — w(m,a)|.
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(i) Fix G € G'. Let S be the family of essential subsets of A(G) with respect to G’ ordered by set
inclusion. Since A is upper hemicontinuous, we have that A(G) € S and, hence, S # 0. As any
element of S is compact, any totally ordered subset of S has a lower bounded element. By Zorn’s
Lemma, S has a minimal element, and by definition of S, its minimal element is an essential set of
A(G) with respect to G'.

(ii) Suppose that there is a connected essential set of A(G) with respect to G’, denoted by ¢(G).
Since by definition ¢(G) is non-empty, fix (m,a) € c(G) and consider the set A(z.5)(G) defined
as the union of all connected subsets of A(G) that contains (m,a). By definition, A 5)(G) is a
component of A(G). As the closure of a connected set is connected and A(G) is compact, it follows
that Az 5)(G) is compact. Hence, the essentiality of ¢(G) C A, 5)(G) with respect to G’ ensures
that the component Az 5)(G) is also an essential subset of A(G) with respect to G'.

(iii) Suppose that K and I?t, where ¢t € Ty, are convex subsets of Banach spaces with metrics
induced by the norm of the associated spaces. Fix a minimal essential set of A(G) with respect to
G’, denoted by m(G). We want to prove that m(G) is connected.

By contradiction, if m(G) is not connected, then there are closed and non-empty subsets of
Ag/ (G), Ay and Ag such that AyN Ay = () and m(G) = A3 U Ay. Also, there are open sets Vi, V5 such
that Ay C Vi, Ay C V5 and V3 NVa = . Since m(G) is minimal, neither A; nor A, are essentials
with respect to G’.

Fix ¢ € {1,2}. Since A; is not essential with respect to G’, there exists an open set O; such that
A; C O; and for all € > 0 there exists G; € G’ such that p(G,G;) < € and A(G;) N O; = (). Since A;
is compact, there exists an open set U; such that 4; C U; C U; C V; N O;.

Therefore, m(G) C Uy UU, and U1 NU5 = 0. As m(G) is essential with respect to G’, there exists
v > 0 such that for every G’ € G’ with p(G,G’) < v, we have A(G") N (U U Us) # 0.

On the other hand, given i € {1,2}, as U; C Oy, there exists G; € G’ such that p(G,G;) < % and
AGHNU; =0. Let G : M x F2 - G’ be the correspondence

G(m, a) = A(m,a)G; + (1 — A(m,a))Gh, ¥(m,a) € M x F2,

where \: M x F2 — [0, 1] is the continuous function given by,

A(m,a) =

Notice that, (m,a) € U; if and only if G(m,a) = G.
In addition, for any (m,a) € M x ]?2, we have that,

2
< p(95.61) < 0(G5,9) +0(6.)) < T

N

which implies that,

p(G,G(m,a)) < p(G,G1) + p(G;,G(m,a)) < v,
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and, therefore, for each (m,a) € M x 72, A(G(m,a)) N (U UUy) # 0.2

Claim. There exists (m,a) € Uy such that, (m,a) € A(G(W,q)).

Proof. Let Ay C U; be a compact, convex and non-empty set. Define © : A; x A; — A; x
Aq by O((mq,a1), (msg,a2)) = (@G(mlyal)(m%ag) ﬂfll) x {(mq,a1)}, where for every G € G the
correspondence g : M x F2 — M x F2 is given by ®g(m,a) = (Q9(m, a), (Bf (m,a_¢))ier,) with

Qg(maa) = H(taBtg(mva))dN;
T
BY(m,a) = argmax u(z¢,m,a), VteTy;
z €l (m,a)
Btg(m,a,t) = argmax ui(xy,mya_y), VYt € Th.

x €l (m,a_y)

It follows from Riascos and Torres-Martinez (2013, Theorem 1) that for every game G € G the
correspondence ®g is upper hemicontinuous with non-empty, compact and convex values. Thus,
by Kakutani’s Fixed Point Theorem, the set of fixed points of ®g is non-empty and compact.
Furthermore, (f*,a*) is a Cournot-Nash equilibrium of G if and only if (m*,a*) € M x F2 is a fixed
point of ®g, where m* = [ H(t, f*(t))dp.

Therefore, if ©1 : Ay x A; — Ay given by ©1((m1,a1), (m2,a2)) = Pg(m,,a,) (M2, a2) N Ay has
closed graph, then the correspondence © is upper hemicontinuous and has non-empty, compact and
convex values. Thus, applying the Kakutani’s Fixed Point Theorem we can find (77,a) € A; C Uy
such that, (m,a) € A(G(m,q)).

Thus, let {(27, 2%, (m"™,a™))}neny C Graph(©;) a sequence that converges to (21, 22, (T, a)) €
Ay x Ay x A;. We want to prove that (m,a) € ©1(21, 22).

Fix t € T, and let v; : (Z/W\ X fft) x Ay —» K; the correspondence characterized by

v((mya—y),2z) = argmax  ve(xz, (Mm,a_¢), 2),
z€¥((m,a—y),z)
where
\I/((m, a—t), Z) = )‘(Z)F% (m’ a*t) +(1— )\(Z))F%(ﬂ% a*t>7
ve(w, (mya_y),2) = M2)up(m,z,a_s) + (1= X2))ui(m,z,a_y),

and, for each i € {1,2}, G/ = GI((K}, T}, ul)ter,um,)-2 Since Gi, G, € G’ and A is continuous,
it follows that ~; is upper hemicountinuous with non-empty and compact values. Therefore, the
correspondence 7 : (]\/4\>< F2)x Ay — Iyeq, Ky given by y((m, a), z0) = [Lier, 7:((m, a—t), 2) is upper
hemicontinuous with compact and non-empty values. In particular, v has closed graph. Therefore,
as for any n € N, (27, 21", a™) € Graph(7), it follows that a € (21, 22).

On the other hand, for each n € N there exists f, : Ty — K such that, m, = le H(t, fu(t))dp
and, for any t € Th, fn(t) € &(27,28) := argmax wv(x, 27, 22'), where we use analogous notations

z€U (=} ,23)

25The additional assumptions about metric spaces K and {Rt}teTz ensure that for any (m,a) € M x F2 both
G(m,a) is a well defined generalized game and p(G(m,a),G;) < p(G5,G1).

26Remember that A(z) = #%
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to those described above. Thus, as in the case of v, the correspondences (&;¢ € T1) have closed
graph.

Since m™ — 7, analogous arguments to those made in Claim A of Theorem 1 ensure that,
applying the multidimensional Fatou’s Lemma (see Hildenbrand (1974, page 69)), there exists a
zero-measure set 17 C T; and a function T — K such that,

(i) For any t € Ty, f(t) € &(%1, %2);
(ii) For any t € T} \ T}, there is a subsequence of {f,(t)}nen that converges to f(t);
(i) i = [, H(tT(t))dp.

As for any t € T; \ T, the correspondence & is closed, it follows from item (i) above that
f(t) € &(Z1,%). By items (i) and (iii), jointly with the fact that @ € ~(Z1, %), we have that
(m,a) € ©1(21, Z2). This concludes the proof of the claim. O

Since (m,a) € Uy, G(m,a) = G} and, therefore, by the definition of G] we have that A(G (T, a)) N
Uy = A(G]) NUL = (. A contradiction, since both (m,a) € U; and (m,a) € A(G(m,a)). Thus, the
set m(G) is connected. Q.E.D.

PrROOF OF THEOREM 4.
This result follows from Theorem 3 and Yu, Yang and Xiang (2005, Theorems 4.1 and 4.2).

(i) It follows from the definition of stability that it suffices to guarantee that minimal essential
sets are stable. Let A,,(7,X) be the set of minimal 7T -essential subsets of A(k(X)). Suppose, by
contradiction, that there is A € A, (T, X) and €y > 0 such that, for any 6 > 0 there is X’ € X with
T(X,X') < § and A’ N Bleg, A]° # 0, VA" € Ay, (T, X).

Since A is T-essential, there is 6y > 0 such that, for any X’ € X with (X, X’) < 9 we have that

A(k(X")) N B(eg, A) # (), where B(eg, A) = {(m,a) €M x F2: (m/iflllf)eA?f((m,a), (m',d)) < e}.
Fix X’ € X with 7(X,X’) < d§p. It follows that A(k(X’)) N Bleo, 4] is a non-empty and closed set
contained in Bleg, A] and, therefore, it is not and essential subset of A(k(X’))—a direct consequence
of the property stated in the previous paragraph.

Hence, there exists €; > 0 such that, for any n € N there is X,, € X with 7(X’", X,) < % and
B(e1, A(k(X')) N Bleo, A]) NA(Kk(X,)) = 0, where §; > 0 satisfies 7(X", X') < 61 = 7(X", X) < .
The last property ensures that 7(X, X,) < do for any n € N, which implies that A(x(X,,)) N B(eo, A)
is non-empty. Take a sequence {(my,, an)}nen such that (my,a,) € A(k(X,)) N B(ep, 4), Vn € N.
Without loss of generality, there is (mg, ag) € Bleo, A] such that (my,, a,) —» (mo,ap). The upper
hemicontinuity of (Ao k) ensures that (mg,ag) € A(k(X’)). That is, (mo,a0) € A(k(X")) N Bleo, A].

However, as for any n € N, (my,, a,,) € A(k(X,)) and B(er, A(k(X")) N Bleg, A]) N A(k(Xy)) = 0,
it follows that (mu,a,) ¢ B(er, A(k(X')) N Bleo, 4]), ¥n € N. A contradiction, because (mg, ag) €
A(k(X")) N Bleo, A].

(ii) Since A(k(X)) is a compact and locally connected metric space, it has a finite number of

connected components (see Berge (1997, Theorem 2, page 100)). Thus, there always exists = > 0
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such that, B[m, A] N B[r,A(k(X)) \ A] = 0 for any A € A.(T,X), where A.(T,X) is the set of
T-essential components of A(k(X)).

Let A € A (T, X). It follows from the proof of Theorem 2 (item (i)) that there is A,, € Ay (T, X)
such that A,, € A. By the previous item, for each € > 0 there is 6; > 0 such that, given X’ € X
with 7(X, X’) < 01, there exists A}, € A,,,(T, X’) for which A}, C Ble, A,,,] C Ble, A]l. By Theorem
3(iv), minimal essential sets are connected and, therefore, following analogous arguments to those
made in the proof of Theorem 2 we can ensure that for any X’ € X with 7(X, X’) < §; there is an
essential component A" € A (T, X’) which contains A/, .

Since the correspondence A o  is upper hemicontinuous, there is d3 > 0 such that for any X’ € X
with 7(X, X’) < d2 we have that A(k(X’)) C B(e, A(k(X))) C Ble, A]U Ble, A(k(X)) \ A].

Notice that A(k(X))\ A is a compact set.?” Let § = min{dy, §; } and fix X" € X with 7(X, X’) < 6.
If A'N Ble, A]¢ # 0, then A’N Ble, A(k(X))\ 4] # 0 and A’ N Ble, A] # 0. In addition, when e < 7 it
follows that Ble, A] () Ble, A(k(X)) \ 4] = 0. Since A and A(x(X)) \ A are compact sets, it follows
that Ble, A] and Ble, A(k(X)) \ A] are closed sets. Thus, we obtain a partition of the connected set
A’ into two non-empty and disjoint closed sets, A’ N Ble, A(k(X)) \ A] and A’ N Ble, A], which is a
contradiction. Therefore, for any X’ € X with 7(X, X’) < 6 we have that A’ C Ble, A]. Q.E.D.

PROPOSITION 1. Let G = G((K+, Tt ut)teryur,) be a generalized payoff secure and upper semicon-

tinuous game. Then, G satisfies continuous security.

PROOF. Given (m,a) ¢ A(G), generalized payoff security guarantees that, for any € > 0 there exists
(US, (¢)teryumy, @) satisfying the requirements imposed by item (i) on Definition 10. Thus, to
guarantee that G is continuous secure, it is sufficient to prove that (U€, ac) satisfies Definition 10(ii)
for some € > 0. Suppose, by contradiction, that for any n € N there is (f,,, an) € Flx F2 satisfying,

(a) (m(fn),an) € U™,

(b) fn(t) € Te(m(fn), an) for almost all t € T,

(€) ant € Te(m(fn), an,—¢) for all t € Ty,

(d) for almost all £ € Ty, wy(fu(t), m(fn), an) > aw (t),

(e) for any t € To, ug(m(fn), Gnts Gn,—t) > a%(t)

Since we can assume that (), Uwn = {(m,a)}, it follows from (a) that (m(fy),an) —n (m,a).
Conditions (b)-(c) guarantee that, using analogous arguments to those made in the proof of Claim
A on Theorem 1, we can find a strategy profile f € F((K;)ier,) such that m = m(f) and, for
almost all player ¢t € Ty, f(¢) € Ls(fn(t)). In addition, as correspondences of admissible strategies
have closed graph, it follows that: (i) for almost all ¢ € Ty, f(¢) € Te(m(f),a); (ii) for all k € Ty,
ar, € Tr(m(f),a—g).

27Indeed, since (A(k(X)) \ A) C A(k(X)), it is sufficient to ensure that it is closed. Let {(mn,an)tnen C
(A(k(X)) \ A) be a sequence that converges to (mo,ag) € M x Fy. For any n € N, (mn,an) € A(k(X)) and
(Mmn,an) ¢ A. Thus, (mo,a0) € A(k(X)). Furthermore, if (mo, ag) € A, then for n large enough (mn,ar) € Blr, A],
a contradiction with B[r, A(k(X)) \ A] N Bm, A] = 0. Therefore, (mo, ag) € A(k(X)) \ A.
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Hence, as (m,a) ¢ A(G), there exists 6 > 0 such that either for a positive measure set 7" C T,

u(f(t),m,a) + 6 < sup wu(z,m,a), VteT’,
z€l¢(m,a)

or for some t € T5,

ut(maataa—t) + § < sup ut(m,x7a—t)'
z€Tl(m,a_¢)

Since G is upper semicontinuous and (m(f,), a,) —n (m,a), it follows from the definition of f that

for any n € N large enough we have that either for all ¢ in a positive measure set 7" C T”,

(1) ut(fn(t),m(fn),an) + 056 <  sup  u(z,m,a),
z€lt(m,a)

or for some t € Ty,

(2) w(m(fn), Gntsan,—¢) + 0.5 < sup ug(m, x,a_y).
€l (m,a_y)

On the other hand, it follows from conditions (d)-(e) above and Definition 11(ii) that for any
n € N there exists T, C Ty with u(7,) > u(T1) — £ such that, or any t € T},

1
w(fu®)sm(fa)san) > sup wi(w,m,a) — —,
z€l'y(m,a) n
and for every atomic player ¢t € T,
1
ut(m(fn), Qn,ty an,—t) > sup ug(m, z,a—t) — e

zel(m,a_y)

Thus, lim,, u¢(fn(t), m(fn), an) > SUPger, (m,q) Ut (T, M, a) for almost all non-atomic player ¢ € 11,
and lim, ui(m(fn), @n,ts Gn,—t) > SUPzer, (m,a_,) Ut(M, T, a—¢) for each atomic player ¢ € T5. These

properties contradict conditions (1) and (2). Q.E.D.

COMPLETENESS OF (Gg, p).

Since (K¢, I't)ter,ur, does not change, (Gg, p) can be consider as a subset of the space of bounded
functions B := U(Ty x K x M x F2) x [Lien, Ut(]\//f x F2). Note that (B, p) is a complete metric
space and, therefore, it is sufficient to ensure that G is a closed subset of B.

Fix a sequence {Gp}nen C Gy, with G, = G, ((u})ter,ur,) for any n € N, which converges to
G = G((W)ter,ut,) € B. We want to prove that G € Gy.

Claim. G is generalized payoff secure.

Given (m,a) € M x F?and € > 0, fix (01,d2) > 0 such that 0; + d2 < e. Generalized payoff
security of G, at ((m,a),d;) implies that there exists (U™%, (@7°")er,um,, ™) such that, for
almost all t € Ty, for all k € Ty, and for every (m’,a’) € U™ the following properties hold,

71,61

ul (v, m',a’) > a™OL(t) — da, Y € % (m',a’),
u(m',z,a’ ) > a™0 (k) — 0y, YV € @Z’él (m/,d).

Thus, for n large enough, for almost all ¢ € T, and for all k € T5,
Ty(x,m’,a') > a™% (1) — 0.5y, Yo € o1 (m/,a'),

n,61

U (m’, w,a,) > a1 (k) — 0.582, Vo € % (m/,d’).
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Furthermore, Definition 11(ii) ensures that, for n large enough, and for all k € Ty,
(oz""Sl (k)—05 52) +e> sup uy(m,x,a_g) +0.502 > sup g (m, x, a_g).
€l (m,a_y) z€lt(m,a_y)

Analogously, for n large enough,

z€l¢(m,a)

i {t cT: (oc"’51 (t)—0.5 52) +e> sup ut(x,m,a)} > u(Ty) — 01.

Since §; < e, taking n large enough and choosing (U™1, (cp?’él)teTluTQ,a”"sl —0.593), we ensure

that G is generalized payoff secure at ((m,a),¢). O

It is a direct consequence of Carbonell-Nicolau (2010, Lemma 1, page 425) that G is upper semi-
continuous and atomic players’ objective functions (%):cr, are quasi-concave. In addition, the same
arguments made in the proof of the completeness of (G, p) guarantee that the map associating to

each t € T7 the function u; is measurable. This concludes the proof. Q.E.D.

PRrROOF OF THEOREM 5.

Since (Gg, p) is complete, it follows from the proofs of Theorems 1-4 that all the properties on
Theorem 5 hold provided that A still has a closed graph when its domain is extended to Ggy.

Thus, let {(G,, (Mn, an)) tnen C Graph(A) such that (G,,, (M, a,)) — (G, (M, @)) € Gy x M x F2,
where G, = G,,(u?)¢er,ur,) and G = G((Ut)ter,uT, ). We want to prove that (7, @) € A(G).

Since (mpy, an) € A(Gy), for almost all ¢t € Ty there exists f,,(t) € T'¢(my, a,) such that,

Mp = H(t, fu(t))dp, ug (fn(t), mn, an) = sup ug (@, M, an),
T1 €l (Mmy,an)

where the function g, (-) = H(:, f,(+)) is measurable. Therefore, using analogous arguments to those
made in the proof of Claim A on Theorem 1, we can find a strategy profile f € F'((K¢)¢er,) such

that ™ = m(f) and, for almost all player ¢t € Ty, f(t) € Ls(fn(t)). The closed graph property of

correspondences of admissible strategies ensures that: (i) for almost all ¢ € Ty, f(t) € Ty(T, @); (ii)
for all k € Ty, @y € Tx(M,a—g).

If we suppose that (7,a@) ¢ A(G), then as G is upper semicontinuous we can obtain, by identical
arguments to those made in the proof of Proposition 1 to ensure conditions (1)-(2), that there exists
0 > 0 such that for n large enough either for all ¢ in a positive measure set 77 C T,

T (fr(t),mn,a,) + 0 < sup w(x,m,a),
z€T, (m,a)

or for some t € Ty,

Ut(Myy G tyan—t) + 0 < sup  w(m,z,a_y).
z€l(m,a_)

Thus, as p(Gn,G) —n 0,for n large enough and either for all ¢ in a positive measure set 7" C T”,
(3) u;ﬁn(fn(t)vmna an) + 056 < sup ﬂt(x,m, E),
zely (m,a)

or for some t € Ty,

(4) up (M, A gy Gn—t) + 0.5 < sup  w(m,x,a_y).

z€ly(M,a—t)
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On the other hand, since G is a generalized payoff secure large game, for every e > 0 there exists
(U<, (¢9)terumy, @) satistfying Definition 11. In particular, as (mpy,a,) —, (T0,a), there exists a
set T! C Ty with u(T!) > p(T) — € such that, for any n large enough we have (m,,, a,) € U¢ and the
following properties hold for every (¢,k) € T! x Ts:

sup ﬂt(m;mnva’n) > sup ﬂt(xamfha’n) > sup ﬂt(ﬂ?,m,a) -6
€l (My,an) €S (Mn,an) z€ly (m,a)
sup U (M, Ty Q) > sup U (Mp, T, A, ) > sup  up(m,r,a_x) — €.
TET K (Mn,an, —k) TEPS (M ,Qn, —k) z€lk (M,a—k)

As objective functions are bounded, the uniform convergence of G,, to G ensures that, for n large

enough, for almost all ¢ € 71, and for all k € T5,

ug (fn(t),mp,an) +€ = sup uy (T, My, ap) + € > sup U (x, My, Gy,
JJEFt(mn7an) l'ert(mrman)
up (M, G ks, Gn—) + € = sup ugy (M, @, apy —k) + € > sup Uk (M, T, Ay —k)-
2EL L (Mn,0n, 1) ZEL L (Mn, G, 1)

Therefore, for every € > 0, there exists 7. C T with p(T)) > u(11) — € such that, for every player
(t,k) € T x Ty we have

himnu?(fn(t)vmnvan) +e > sup Ht(w,m,a) — €,
zely (m,a)
lim,, uj (M, Gn ks, Gn—k) + € > sup ug (M, x,a_p) — €.

z€l(m,a_x)

Taking the limit as e goes to zero, we contradict conditions (3)-(4), concluding the proof. Q.E.D.
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