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❙t❛❜✐❧✐t② ❛♥❞ ❚r❡♠❜❧❡s ✐♥ ❊①t❡♥s✐✈❡✲❢♦r♠ ●❛♠❡s

❨✉✈❛❧ ❍❡❧❧❡r
∗
✭❏✉❧② ✾✱ ✷✵✶✸✮

❆❞❞r❡ss✿ ◆✉✣❡❧❞ ❈♦❧❧❡❣❡ ❛♥❞ ❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ◆❡✇ ❘♦❛❞✱ ❖①❢♦r❞✱ ❖❳✶ ✶◆❋✱

❯♥✐t❡❞ ❑✐♥❣❞♦♠✳ ❊♠❛✐❧✿ ②✉✈❛❧✷✻❅❣♠❛✐❧✳❝♦♠ ♦r ②✉✈❛❧✳❤❡❧❧❡r❅❡❝♦♥♦♠✐❝s✳♦①✳❛❝✳✉❦✳

❆❜str❛❝t

❆ ❧❡❛❞✐♥❣ s♦❧✉t✐♦♥ ❝♦♥❝❡♣t ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥❛r② st✉❞② ♦❢ ❡①t❡♥s✐✈❡✲❢♦r♠ ❣❛♠❡s ✐s ❙❡❧t❡♥✬s ✭✶✾✽✸✮ ❬✶✺❪

♥♦t✐♦♥ ♦❢ ❧✐♠✐t ❊❙❙✳ ❲❡ ❞❡♠♦♥str❛t❡ t❤❛t ❛ ❧✐♠✐t ❊❙❙ ❞♦❡s ♥♦t ✐♠♣❧② ♥❡✉tr❛❧ st❛❜✐❧✐t②✱ ❛♥❞ t❤❛t

✐t ♠❛② ❜❡ ❞②♥❛♠✐❝❛❧❧② ✉♥st❛❜❧❡ ✭❛❧♠♦st ❛♥② s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ t❛❦❡s t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛✇❛②✮✳ ❚❤❡s❡

♣r♦❜❧❡♠s ❛r✐s❡ ❞✉❡ t♦ ❛♥ ✐♠♣❧✐❝✐t ❛ss✉♠♣t✐♦♥ t❤❛t ✏♠✉t❛♥ts✑ ❛r❡ ❛r❜✐tr❛r✐❧② r❛r❡ r❡❧❛t✐✈❡ t♦ ✏tr❡♠❜❧✐♥❣✑

✐♥❝✉♠❜❡♥ts✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t ❛ ♥♦✈❡❧ ❞❡✜♥✐t✐♦♥ t❤❛t s♦❧✈❡s t❤✐s ✐ss✉❡ ❛♥❞ ❤❛s ❛♣♣❡❛❧✐♥❣ ♣r♦♣❡rt✐❡s✳

❑❊❨❲❖❘❉❙✿ ▲✐♠✐t ❊❙❙✱ ❡✈♦❧✉t✐♦♥❛r② st❛❜✐❧✐t②✱ ❡①t❡♥s✐✈❡✲❢♦r♠ ❣❛♠❡s✳ ❏❊▲ ❈❧❛ss✐✜❝❛t✐♦♥✿ ❈✼✸✳

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ❛ s❡♠✐♥❛❧ ♣❛♣❡r✱ ▼❛②♥❛r❞✲❙♠✐t❤ ✫ Pr✐❝❡ ❬✶✷❪ ❞❡✜♥❡❞ ❛♥ ❡✈♦❧✉t✐♦♥❛r✐❧② st❛❜❧❡ str❛t❡❣② ✭❊❙❙✮

❛s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ t❤❛t ✐s ❛ str✐❝t❧② ❜❡tt❡r r❡♣❧② ❛❣❛✐♥st ♦t❤❡r ❜❡st✲r❡♣❧② str❛t❡❣✐❡s✳ ■t ✇❛s

❡①t❡♥❞❡❞ ✐♥ ❬✶✶❪ t♦ t❤❡ ✇❡❛❦❡r ♥♦t✐♦♥ ♦❢ ❛ ♥❡✉tr❛❧❧② st❛❜❧❡ str❛t❡❣② ✭◆❙❙✮ t❤❛t ✐s ❛ ✇❡❛❦❧②

❜❡tt❡r r❡♣❧② ❛❣❛✐♥st ♦t❤❡r ❜❡st✲r❡♣❧② str❛t❡❣✐❡s✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤❡s❡ ♥♦t✐♦♥s ✐s t❤❛t ❛

st❛❜❧❡ str❛t❡❣②✱ ✐❢ ❛❞♦♣t❡❞ ❜② ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ ♣❧❛②❡rs✱ ❝❛♥♥♦t ❜❡ ✐♥✈❛❞❡❞ ❜② ❛♥② ❛❧t❡r♥❛t✐✈❡

str❛t❡❣② t❤❛t ✐s ✐♥✐t✐❛❧❧② r❛r❡✳ ❚❤✐s ✐s ❢♦r♠❛❧✐③❡❞ ✐♥ ❬✹✱ ✶✻❪✱ ✐♥ ✇❤✐❝❤ ✐t ✐s s❤♦✇♥ t❤❛t ❛♥② ◆❙❙ ✐s

▲②❛♣✉♥♦✈ st❛❜❧❡ ✐♥ t❤❡ r❡♣❧✐❝❛t♦r ❞②♥❛♠✐❝s✿ ♥♦ s♠❛❧❧ ❝❤❛♥❣❡ ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❝♦♠♣♦s✐t✐♦♥ ❝❛♥

t❛❦❡ ✐t ❛✇❛② ❢r♦♠ t❤❡ st❛t❡ ✐♥ ✇❤✐❝❤ ❡✈❡r②♦♥❡ ❢♦❧❧♦✇s t❤❡ ◆❙❙✱ ❛♥❞ ❛♥② ❊❙❙ ✐s ❛s②♠♣t♦t✐❝❛❧❧②

st❛❜❧❡✿ ❛♥② s✉✣❝✐❡♥t❧② s♠❛❧❧ ❝❤❛♥❣❡ r❡s✉❧ts ✐♥ ❛ ♠♦✈❡♠❡♥t ❜❛❝❦ t♦✇❛r❞ t❤❡ ❊❙❙✳

❊①t❡♥s✐✈❡✲❢♦r♠ ❣❛♠❡s r❛r❡❧② ❛❞♠✐t ❛♥ ❊❙❙ ❞✉❡ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✏❡q✉✐✈❛❧❡♥t✑ str❛t❡❣✐❡s

t❤❛t ❞✐✛❡r ♦♥❧② ♦✛ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤✳ ❙❡❧t❡♥ ❬✶✺❪ r❡❧❛①❡s t❤✐s ♥♦t✐♦♥ ❜② r❡q✉✐r✐♥❣ ❡✈♦❧✉t✐♦♥❛r②

st❛❜✐❧✐t② ✐♥ ❛ ❝♦♥✈❡r❣✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♣❡rt✉r❜❡❞ ❣❛♠❡s ✐♥ ✇❤✐❝❤ t❤❡ ♣❧❛②❡rs ♠❛② ✐♥❢r❡q✉❡♥t❧②

✏tr❡♠❜❧❡✑ ❛♥❞ ♣❧❛② ❞✐✛❡r❡♥t ❛❝t✐♦♥s ❜② ♠✐st❛❦❡ ✭s❡❡ ❙❡❝t✐♦♥ ✷ ❢♦r t❤❡ ❢♦r♠❛❧ ❞❡✜♥✐t✐♦♥s✮✳ ❙❡❧t❡♥✬s

∗■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② ❞❡❡♣ ❣r❛t✐t✉❞❡ t♦ ❊r✐❦ ▼♦❤❧✐♥ ❢♦r ♠❛♥② ✉s❡❢✉❧ ❞✐s❝✉ss✐♦♥s✳

✶



✷ ✷ ❉❡✜♥✐t✐♦♥s

s♦❧✉t✐♦♥ ❝♦♥❝❡♣t✱ ❝❛❧❧❡❞ ❧✐♠✐t ❊❙❙✱ ✐s ❛ ❝❡♥tr❛❧ ♥♦t✐♦♥ ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥❛r② st✉❞② ♦❢ ❣❛♠❡s ✇✐t❤

♠♦r❡ t❤❛♥ ♦♥❡ st❛❣❡✱ ❛♥❞ ✐t ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ✈❛r✐♦✉s ✐♥t❡r❛❝t✐♦♥s ✐♥ t❤❡ ❡❝♦♥♦♠✐❝s ❛♥❞

❜✐♦❧♦❣② ❧✐t❡r❛t✉r❡ ✭s❡❡✱ ❡✳❣✳✱ ❬✸✱ ✻✱ ✽✱ ✶✵❪✮✳✶

❆t ✜rst ❣❧❛♥❝❡✱ ✐t s❡❡♠s t❤❛t t❤❡ ♥♦t✐♦♥ ♦❢ ❧✐♠✐t ❊❙❙ r❡✜♥❡s ♥❡✉tr❛❧ st❛❜✐❧✐t②✳ ❆ ❢❡✇ ♣❛♣❡rs ✐♥

t❤❡ ❧✐t❡r❛t✉r❡ ❤❛✈❡ ❡①♣r❡ss❡❞ t❤✐s ✈✐❡✇✱✷ ❛♥❞✱ t♦ t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ♥♦ ❝♦✉♥t❡r❡①❛♠♣❧❡

❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ♣r❡s❡♥t ❛ s✐♠♣❧❡ ❣❛♠❡ t❤❛t ❛❞♠✐ts ❛ ❧✐♠✐t ❊❙❙ t❤❛t✿ ✭✶✮

✐s ♥♦t ♥❡✉tr❛❧❧② st❛❜❧❡✱ ❛♥❞ ✭✷✮ ✐s ❞②♥❛♠✐❝❛❧❧② ✉♥st❛❜❧❡ ✐♥ ❛ str♦♥❣ s❡♥s❡✿ ❛❧♠♦st ❛♥② ♥❡❛r❜②

✐♥✐t✐❛❧ st❛t❡ t❛❦❡s t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛✇❛② ❢r♦♠ t❤❡ ❧✐♠✐t ❊❙❙✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ s❤♦✇ t❤❛t t❤❡ r❡❛s♦♥

❢♦r t❤✐s ✐s t❤❡ ✐♠♣❧✐❝✐t ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ ♥♦t✐♦♥ ♦❢ ❧✐♠✐t ❊❙❙ t❤❛t ♠✉t❛♥ts ❛r❡ ❛r❜✐tr❛r✐❧② r❛r❡

r❡❧❛t✐✈❡ t♦ t❤❡ ✏tr❡♠❜❧✐♥❣✑ ✐♥❝✉♠❜❡♥ts✳ ❋✐♥❛❧❧②✱ ✇❡ ♣r❡s❡♥t ❛ ♥♦✈❡❧ ❞❡✜♥✐t✐♦♥✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧

❛ ✉♥✐❢♦r♠ ❧✐♠✐t ❊❙❙✱ t❤❛t ♦♥❧② ❛ss✉♠❡s t❤❛t t❤❡ ♠✉t❛♥ts ❛r❡ s✉✣❝✐❡♥t❧② r❛r❡ r❡❧❛t✐✈❡ t♦ t❤❡

♥♦♥✲tr❡♠❜❧✐♥❣ ✐♥❝✉♠❜❡♥ts✳ ❲❡ s❤♦✇ t❤❛t t❤✐s ♥❡✇ ♥♦t✐♦♥ r❡✜♥❡s ❧✐♠✐t ❊❙❙✱ ✐♠♣❧✐❡s ♥❡✉tr❛❧

st❛❜✐❧✐t②✱ ❛♥❞ ❤❛s ❛♣♣❡❛❧✐♥❣ ♣r♦♣❡rt✐❡s✳

✷ ❉❡✜♥✐t✐♦♥s

▲❡t Γ ❜❡ ❛ s②♠♠❡tr✐❝ t✇♦✲♣❧❛②❡r ❡①t❡♥s✐✈❡✲❢♦r♠ ❣❛♠❡ ✭❛ ❢♦r♠❛❧ ❞❡t❛✐❧❡❞ ❞❡✜♥✐t✐♦♥ ✐s ❣✐✈❡♥ ✐♥

t❤❡ ❛♣♣❡♥❞✐①✮✳ ▲❡t ✐♥❞❡① i ∈ {1, 2} ❞❡♥♦t❡ ♦♥❡ ♦❢ t❤❡ ♣❧❛②❡rs✱ ❛♥❞ ❧❡t −i ❞❡♥♦t❡ t❤❡ ♦t❤❡r

♣❧❛②❡r✳ ▲❡t Ui ❜❡ t❤❡ s❡t ♦❢ ✐♥❢♦r♠❛t✐♦♥ s❡ts ♦❢ ♣❧❛②❡r i✳ ❋♦r ❡❛❝❤ s✉❝❤ ✐♥❢♦r♠❛t✐♦♥ s❡t u ∈ Ui,

❧❡t Cu ❜❡ t❤❡ s❡t ♦❢ ❝❤♦✐❝❡s ✭♦r ❛❝t✐♦♥s✮ ✐♥ ✐♥❢♦r♠❛t✐♦♥ s❡t u✳ ❚❤❡ ❣❛♠❡ ✐s ❡♥❞♦✇❡❞ ✇✐t❤ ❛

s②♠♠❡tr② ❢✉♥❝t✐♦♥ T t❤❛t ♠❛♣s ❡❛❝❤ ❝❤♦✐❝❡ c ♦❢ ♣❧❛②❡r i t♦ t❤❡ s②♠♠❡tr✐❝ ❝❤♦✐❝❡ cT ♦❢ ♣❧❛②❡r

−i✳ ▲❡t Bi ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❜❡❤❛✈✐♦r str❛t❡❣✐❡s ♦❢ ♣❧❛②❡r i ✭❛ ♠❛♣♣✐♥❣ t❤❛t ❛ss✐❣♥s ❛ ♣r♦❜❛❜✐❧✐t②

❞✐str✐❜✉t✐♦♥ ♦✈❡r t❤❡ s❡t ♦❢ ❝❤♦✐❝❡s ❛t ❡❛❝❤ ✐♥❢♦r♠❛t✐♦♥ s❡t ♦❢ ♣❧❛②❡r i✮✳ ▲❡t Ri (b1, b2) ❜❡ t❤❡

❡①♣❡❝t❡❞ ♣❛②♦✛ t♦ ♣❧❛②❡r i ✇❤❡♥ ❡❛❝❤ ♣❧❛②❡r i ♣❧❛②s str❛t❡❣② bi ∈ Bi✳ ●✐✈❡♥ str❛t❡❣② b ∈ B1✱

❧❡t bT ❞❡♥♦t❡ t❤❡ s②♠♠❡tr✐❝ str❛t❡❣② ♦❢ ♣❧❛②❡r 2✳ ❚❤❡ s②♠♠❡tr② ❜❡t✇❡❡♥ t❤❡ str❛t❡❣✐❡s ✐♠♣❧✐❡s

t❤❛t R1

(

b, bT
)

= R2

(

b, bT
)

✳

❆♥ ❡✈♦❧✉t✐♦♥❛r✐❧② ✭♥❡✉tr❛❧❧②✮ st❛❜❧❡ str❛t❡❣② ✭❛❜❜r❡✈✐❛t❡❞ ❊❙❙✱ ◆❙❙✮ ✐s ❛ str❛t❡❣② t❤❛t

s❛t✐s✜❡s t✇♦ ❝♦♥❞✐t✐♦♥s✿ ✭✶✮ ✐t ✐s ❛ ❜❡st r❡♣❧② t♦ ✐ts❡❧❢ ✭✐✳❡✳✱ ❛ s②♠♠❡tr✐❝ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠✮✱ ❛♥❞

✭✷✮ ✐t ❛❝❤✐❡✈❡s ❛ str✐❝t❧② ✭✇❡❛❦❧②✮ ❜❡tt❡r ♣❛②♦✛ ❛❣❛✐♥st ❛♥② ♦t❤❡r ❜❡st✲r❡♣❧② str❛t❡❣②✳ ❋♦r♠❛❧❧②✿✸

❉❡✜♥✐t✐♦♥ ✶✳ ❬✶✶✱ ✶✷❪ ❙tr❛t❡❣② b ∈ B1 ✐s ❛♥ ❊❙❙ ✭◆❙❙✮ ✐❢ ❢♦r ❡✈❡r② b̃ ∈ B1 ✭b̃ 6= b✮✿

✶✳ R1

(

b, bT
)

≥ R1

(

b̃, bT
)

❀ ❛♥❞

✶ ❚❤❡ ♥♦t✐♦♥ ✐s ❛❧s♦ ❝❡♥tr❛❧ ✐♥ t❤❡ st✉❞② ♦❢ ❛s②♠♠❡tr✐❝ ♦♥❡✲s❤♦t ❣❛♠❡s t❤❛t ❛r❡ ♣❧❛②❡❞ ❜② ❛ ♣♦♣✉❧❛t✐♦♥ ✐♥
✇❤✐❝❤ ❡❛❝❤ ❛❣❡♥t ✐s r❛♥❞♦♠❧② ❛ss✐❣♥❡❞ ♦♥❡ ♦❢ t❤❡ r♦❧❡s ✐♥ t❤❡ ❣❛♠❡ ✭s❡❡✱ ❡✳❣✳✱ ❬✼✱ ✶✸❪✮✳

✷ ❙❡❡✱ ❡✳❣✳✱ ❇❤❛s❦❛r ❬✶✱ ♣❛❣❡ ✷✼✹❪ ❛♥❞ ❇❤❛s❦❛r ❬✷✱ ♣❛❣❡ ✶✶✺❪✱ ✇❤❡r❡ ✐t ✐s ✇r✐tt❡♥ t❤❛t ✏✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❛
❧✐♠✐t ❊❙❙ ✐s ❛♥ ◆❙❙✳✑

✸ P❛rt ♦❢ t❤❡ ❧✐t❡r❛t✉r❡ ❝❛❧❧s ✐t ✏❞✐r❡❝t✲❊❙❙✱✑ ❛♥❞ ✉s❡s t❤❡ ♥❛♠❡ ✏❊❙❙✑ ♦♥❧② ❢♦r ❢♦r ♠✐①❡❞ str❛t❡❣✐❡s✳



✸

✷✳ ✐❢ R1

(

b, bT
)

= R1

(

b̃, bT
)

✱ t❤❡♥ R1

(

b, b̃T
)

> R1

(

b̃, b̃T
)

✭R1

(

b, b̃T
)

≥ R1

(

b̃, b̃T
)

✮✳

❇♦♠③❡ ✫ ❲❡✐❜✉❧❧ ❬✹❪ s❤♦✇❡❞ t❤❛t ❛♥② ◆❙❙ ✐s ▲②❛♣✉♥♦✈ st❛❜❧❡ ✐♥ t❤❡ r❡♣❧✐❝❛t♦r ❞②♥❛♠✐❝s✿

♣♦♣✉❧❛t✐♦♥s st❛rt✐♥❣ ❝❧♦s❡ ❡♥♦✉❣❤ t♦ t❤❡ ◆❙❙ r❡♠❛✐♥ ❝❧♦s❡ ❢♦r❡✈❡r ✭t❤♦✉❣❤ ❛ s❡q✉❡♥❝❡ ♦❢ s♠❛❧❧

♣❡rt✉r❜❛t✐♦♥s ♠❛② t❛❦❡ t❤❡ ♣♦♣✉❧❛t✐♦♥ ❛✇❛②✮✳❚❛②❧♦r ✫ ❏♦♥❦❡r ❬✶✻❪ s❤♦✇❡❞ t❤❛t ❊❙❙ s❛t✐s✜❡s t❤❡

str♦♥❣❡r ♥♦t✐♦♥ ♦❢ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t② ✿ ♣♦♣✉❧❛t✐♦♥s st❛rt✐♥❣ ❝❧♦s❡ ❡♥♦✉❣❤ t♦ t❤❡ ❊❙❙ ❡✈❡♥t✉❛❧❧②

❝♦♥✈❡r❣❡ t♦ ✐t ✭s❡❡ ❡①t❡♥s✐♦♥s t♦ ♦t❤❡r ♣❛②♦✛✲♠♦♥♦t♦♥✐❝ ❞②♥❛♠✐❝s ✐♥ ❬✺✱ ✶✹❪✮✳

❊①t❡♥s✐✈❡✲❢♦r♠ ❣❛♠❡s r❛r❡❧② ❛❞♠✐t ❛♥ ❊❙❙ ❞✉❡ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✏❡q✉✐✈❛❧❡♥t✑ str❛t❡❣✐❡s

t❤❛t ❞✐✛❡r ♦♥❧② ♦✛ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤✳ ❙❡❧t❡♥ ❬✶✺❪ r❡❧❛①❡s t❤✐s ♥♦t✐♦♥ ❜② r❡q✉✐r✐♥❣ ❡✈♦❧✉✲

t✐♦♥❛r② st❛❜✐❧✐t② ♦♥❧② ✐♥ ❛ ❝♦♥✈❡r❣✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♣❡rt✉r❜❡❞ ❣❛♠❡s ✭❜✉t ♥♦t ♥❡❝❡ss❛r✐❧② ✐♥ t❤❡

✉♥♣❡rt✉r❜❡❞ ❣❛♠❡✮✳ ❋♦r♠❛❧❧②✿

❉❡✜♥✐t✐♦♥ ✷✳ ❬✶✺❪ ❆ ♣❡rt✉r❜❛♥❝❡ ♦❢ ❛ s②♠♠❡tr✐❝ t✇♦✲♣❧❛②❡r ❡①t❡♥s✐✈❡✲❢♦r♠ ❣❛♠❡ Γ ✐s ❛ ♠❛♣✲

♣✐♥❣ η ❢r♦♠ t❤❡ s❡t ♦❢ ❝❤♦✐❝❡s ✐♥t♦ t❤❡ r❡❛❧s s✉❝❤ t❤❛t✿ ✭✶✮ ❢♦r ❡❛❝❤ ❝❤♦✐❝❡ c t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✿

η (c) ≥ 0 ❛♥❞ ηc = ηcT ❀ ❛♥❞ ✭✷✮ ❢♦r ❡❛❝❤ ✐♥❢♦r♠❛t✐♦♥ s❡t u✿
∑

c∈Cu
η (c) < 1✳

❚❤❡ ♣❡rt✉r❜❡❞ ❣❛♠❡ (Γ, η) ❤❛s t❤❡ s❛♠❡ str✉❝t✉r❡ ❛s Γ ❡①❝❡♣t t❤❛t str❛t❡❣② b ✐s ❛❞♠✐ss✐❜❧❡

♦♥❧② ✐❢ bu (c) ≥ ηc ❢♦r ❛❧❧ u ❛♥❞ c✳ ▲❡t Bi (η) ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ s✉❝❤ ❛❞♠✐ss✐❜❧❡ str❛t❡❣✐❡s

♦❢ ♣❧❛②❡r i✳ ❆ ❧✐♠✐t ❊❙❙ ✐s t❤❡ ❧✐♠✐t ♣♦✐♥t ♦❢ t❤❡ ❊❙❙ ♦❢ ❛ ❝♦♥✈❡r❣✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♣❡rt✉r❜❡❞

❣❛♠❡s✳ ◆♦t❡ t❤❛t t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ η ≡ 0 ✐s ♥♦t ❡①❝❧✉❞❡❞❀ ❤❡♥❝❡✱ ❡✈❡r② ❊❙❙ ✐s ❛ ❧✐♠✐t ❊❙❙✳

❉❡✜♥✐t✐♦♥ ✸✳ ❬✶✺❪ ❙tr❛t❡❣② b ∈ B1 ✐s ❛ ❧✐♠✐t ❊❙❙ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡
(

ηk, bk
)

k∈N
s✉❝❤

t❤❛t bk ∈ B1

(

ηk
)

✐s ❛♥ ❊❙❙ ♦❢ t❤❡ ❣❛♠❡
(

Γ, ηk
)

✇✐t❤ ηk → 0 ❛♥❞ bk → b ✇❤❡♥ k → ∞✳

✸ ❊①❛♠♣❧❡✿ ▲✐♠✐t ❊❙❙ ❚❤❛t ✐s ♥♦t ◆❡✉tr❛❧❧② ❙t❛❜❧❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t ❛ ❧✐♠✐t ❊❙❙ t❤❛t ✭✶✮ ✐s ♥♦t ♥❡✉tr❛❧❧② st❛❜❧❡✱ ❛♥❞ ✭✷✮ ✐s ❞②♥❛♠✐❝❛❧❧②

✉♥st❛❜❧❡ ✐♥ ❛ str♦♥❣ s❡♥s❡✳

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✲s❤♦t s②♠♠❡tr✐❝ t✇♦✲♣❧❛②❡r ❣❛♠❡ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ♣❧❛②❡r ❤❛s t♦

s✐♠✉❧t❛♥❡♦✉s❧② ❝❤♦♦s❡ ❡✐t❤❡r c1, c2, c3✱ ❛♥❞ t❤❡ ♣❛②♦✛ ♠❛tr✐① ✐s ❣✐✈❡♥ ❜② ❚❛❜❧❡ ✶✳ ❲✐t❤ ❛ s❧✐❣❤t

❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ ❧❡t ci ❞❡♥♦t❡ t❤❡ str❛t❡❣② t❤❛t ❛ss✐❣♥s ♣r♦❜❛❜✐❧✐t② ♦♥❡ t♦ ❝❤♦✐❝❡ ci✳ ❖❜s❡r✈❡✱

✜rst✱ t❤❛t str❛t❡❣② c1 ✐s ❛ ❧✐♠✐t ❊❙❙✳ ▲❡t t❤❡ s❡q✉❡♥❝❡
(

ηk, bk
)

❜❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s ❢♦r ❡❛❝❤

k ≥ 4✿ ηk (c1) = ηk (c2) = ηk (c3) =
1

k
✱ ❛♥❞ bk (c1) = 1− 2

k
, bk (c2) = bk (c3) =

1

k
✳ ❖❜s❡r✈❡ t❤❛t

❡❛❝❤ bk ✐s ❛♥ ❊❙❙ ♦❢ t❤❡ ♣❡rt✉r❜❡❞ ❣❛♠❡
(

Γ, ηk
)

✇✐t❤ ηk → 0 ❛♥❞ bk → c1 ✇❤❡♥ k → ∞✳

◆❡①t✱ ♦❜s❡r✈❡ t❤❛t str❛t❡❣② c1 ✐s ♥♦t ❛♥ ◆❙❙✱ ❜❡❝❛✉s❡R1 (c2, c1) = R1 (c1, c1) ❛♥❞R1 (c2, c2) >

R1 (c1, c2)✳ ▼♦r❡♦✈❡r✱ str❛t❡❣② c2 ✐s ❞②♥❛♠✐❝❛❧❧② ✉♥st❛❜❧❡ ✐♥ t❤❡ r❡♣❧✐❝❛t♦r ❞②♥❛♠✐❝s✿ ❛♥② ✐♥✐t✐❛❧

st❛t❡ t❤❛t ❛ss✐❣♥s ❛ ♣♦s✐t✐✈❡ ♠❛ss t♦ c2 t❛❦❡s t❤❡ ♣♦♣✉❧❛t✐♦♥ ✐♥ t❤❡ ❧♦♥❣ r✉♥ t♦ ❛ss✐❣♥ ♠❛ss ♦♥❡

t♦ c2✳ ❚❤❡ r❡❛s♦♥ ❢♦r t❤✐s ✐s t❤❛t str❛t❡❣② c3 ✐s str✐❝t❧② ❞♦♠✐♥❛t❡❞ ❛♥❞ ✐ts ❢r❡q✉❡♥❝② ❝♦♥✈❡r❣❡s



✹ ✹ ❯♥✐❢♦r♠ ▲✐♠✐t ❊❙❙

❚❛❜✳ ✶✿ P❛②♦✛ ▼❛tr✐① ♦❢ ❛ ❙②♠♠❡tr✐❝ ❚✇♦✲P❧❛②❡r ●❛♠❡

c1 c2 c3

c1 2
2

1
2

4
0

c2 2
1

3
3

1
0

c3 0
4

0
1

0
0

t♦ ③❡r♦❀ ❛s s♦♦♥ ❛s t❤❡ ❢r❡q✉❡♥❝② ♦❢ c3 ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ str❛t❡❣② c2 ❛❝❤✐❡✈❡s ❛ str✐❝t❧② ❤✐❣❤❡r

♣❛②♦✛ t❤❛♥ ❛❧❧ ♦t❤❡r str❛t❡❣✐❡s ✐♥ ❛❧❧ t❤❡ r❡♠❛✐♥✐♥❣ st❛❣❡s✳

✹ ❯♥✐❢♦r♠ ▲✐♠✐t ❊❙❙

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❢♦r♠✉❧❛t❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❧✐♠✐t ❊❙❙ t♦ ❤✐❣❤❧✐❣❤t ✇❤❛t ❧❡❛❞s t♦ t❤❡ ❝♦✉♥t❡r✲

✐♥t✉✐t✐✈❡ ✐♠♣❧✐❝❛t✐♦♥ ❞❡♠♦♥str❛t❡❞ ✐♥ t❤❡ ❡①❛♠♣❧❡✱ ❛♥❞ ✇❡ ♣r❡s❡♥t ❛ r❡✜♥❡♠❡♥t t❤❛t ❞❡❛❧s ✇✐t❤

t❤✐s ✐ss✉❡✳

■t ✐s ✇❡❧❧ ❦♥♦✇♥ ✭s❡❡✱ ❡✳❣✳✱ ❬✶✽✱ Pr♦♣✳ ✷✳✶ ❛♥❞ ✷✳✺❪✮ t❤❛t ❛ str❛t❡❣② ✐s ❛♥ ❊❙❙ ✐✛ ✐t ♦✉t♣❡r❢♦r♠s

❛♥② ♦t❤❡r str❛t❡❣② ✐♥ ❛ ♠✐①❡❞ ♣♦♣✉❧❛t✐♦♥✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ s❤❛r❡ ♦❢ t❤❡ ♦t❤❡r str❛t❡❣② ✐s

s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ❋♦r♠❛❧❧②✿

❋❛❝t ✶✳ ❙tr❛t❡❣② b ∈ B1 ✐s ❛♥ ❊❙❙ ✐♥ ❛ s②♠♠❡tr✐❝ t✇♦✲♣❧❛②❡r ❣❛♠❡ Γ ✐✛ t❤❡r❡ ❡①✐sts s♦♠❡

ǭ ∈ (0, 1) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② str❛t❡❣② b̃ ∈ B1 ✭b̃ 6= b✮ ❛♥❞ ❡✈❡r② ǫ ∈ (0, ǭ)✿

r1

(

b, ǫ · b̃T + (1− ǫ) · bT
)

> r1

(

b̃, ǫ · b̃T + (1− ǫ) · bT
)

,

✇❤❡r❡ ǫ · b̃T + (1− ǫ) · bT ∈ B2 ✐s t❤❡ str❛t❡❣② t❤❛t ❢♦❧❧♦✇s bT ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1− ǫ ❛♥❞ ❢♦❧❧♦✇s

b̃T ✇✐t❤ t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❜❛❜✐❧✐t② ǫ✳ ❚❤❡ str❛t❡❣② ✐s ❛♥ ◆❙❙ ✐❢ t❤❡ ✇❡❛❦ ✐♥❡q✉❛❧✐t② ❤♦❧❞s✳

❚❤✐s ❛❧❧♦✇s ✉s t♦ r❡❢♦r♠✉❧❛t❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❧✐♠✐t ❊❙❙ ❛s ❢♦❧❧♦✇s✿

❋❛❝t ✷✳ ❙tr❛t❡❣② b ∈ B1 ✐s ❛ ❧✐♠✐t ❊❙❙ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡
(

ηk, bk
)

k∈N
✇✐t❤ ηk → 0 ❛♥❞

bk → b ✇❤❡♥ k → ∞✱ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ k✿ ✭✶✮ bk ∈ B1 (η)✱ ❛♥❞ ✭✷✮ t❤❡r❡ ❡①✐sts ǭk ∈ (0, 1) s✉❝❤

t❤❛t ❢♦r ❡✈❡r② b̃k ∈ B1 (η) ✭b̃k 6= bk✮ ❛♥❞ ❡✈❡r② ǫ ∈ (0, ǭk)✿

r1

(

bk, ǫ · b̃
T

k
+ (1− ǫ) · bT

k

)

> r1

(

b̃k, ǫ · b̃
T

k
+ (1− ǫ) · bT

k

)

.



✺

❚❤❡ ♦r❞❡r ♦❢ q✉❛♥t✐✜❡rs ✐♥ t❤❡ ❛❜♦✈❡ ❞❡✜♥✐t✐♦♥ ✐♠♣❧✐❡s t❤❛t t❤❡ s❤❛r❡ ♦❢ t❤❡ ✏♠✉t❛♥ts✑

✇❤♦ ❢♦❧❧♦✇ t❤❡ ❞✐✛❡r❡♥t str❛t❡❣② ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❧♦✇ r❡❧❛t✐✈❡ t♦ t❤❡ ❢r❡q✉❡♥❝② ♦❢ ✏tr❡♠❜❧✐♥❣✑

✐♥❝✉♠❜❡♥ts✳ ❚❤✐s ✐s ✇❤❛t ❛❧❧♦✇s str❛t❡❣② c1 t♦ ❜❡ ❛ ❧✐♠✐t ❊❙❙ ✐♥ t❤❡ ❛❜♦✈❡ ❡①❛♠♣❧❡ ✭❛s t❤❡

♠✉t❛♥ts✬ ❧♦ss ❛❣❛✐♥st tr❡♠❜❧✐♥❣ ✐♥❝✉♠❜❡♥ts ♦✉t✇❡✐❣❤s t❤❡✐r ❣❛✐♥ ❛❣❛✐♥st ♦t❤❡r ♠✉t❛♥ts✮✳

❲❡ ♥♦✇ ♣r❡s❡♥t ❛♥ ❛❧t❡r♥❛t✐✈❡ ♥♦t✐♦♥ ✭✇❤✐❝❤ ✇❡ ❝❛❧❧ ✉♥✐❢♦r♠ ❧✐♠✐t ❊❙❙✮ t❤❛t ✉s❡s ❛ ✉♥✐❢♦r♠

❜♦✉♥❞ t♦ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ♠✉t❛♥ts t♦ ❝❛♣t✉r❡ t❤❡ ✐❞❡❛ t❤❛t ♠✉t❛♥ts ❛r❡ r❛r❡ r❡❧❛t✐✈❡ t♦

t❤❡ ✐♥❝✉♠❜❡♥ts✱ ❜✉t ♥♦t r❡❧❛t✐✈❡ t♦ t❤❡ ✏tr❡♠❜❧✐♥❣✑ ✐♥❝✉♠❜❡♥ts✳ ❋♦r♠❛❧❧②✿

❉❡✜♥✐t✐♦♥ ✹✳ ❙tr❛t❡❣② b ∈ B1 ✐s ❛ ✉♥✐❢♦r♠ ❧✐♠✐t ❊❙❙ ✐❢ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡
(

ηk, bk
)

k∈N

✇✐t❤ ηk → 0 ❛♥❞ bk → b ✇❤❡♥ k → ∞✱ ❛♥❞ s♦♠❡ ǭ ∈ (0, 1) s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ k✿ ✭✶✮ bk ∈ B1 (η)✱

❛♥❞ ✭✷✮ ❢♦r ❡✈❡r② b̃k ∈ B1 (η) ✭b̃k 6= bk✮ ❛♥❞ ❡✈❡r② ǫ ∈ (0, ǭ)✿

r1

(

bk, ǫ · b̃
T

k
+ (1− ǫ) · bT

k

)

> r1

(

b̃k, ǫ · b̃
T

k
+ (1− ǫ) · bT

k

)

.

■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t ❛♥② ✉♥✐❢♦r♠ ❧✐♠✐t ❊❙❙ ✐s ❛ ❧✐♠✐t ❊❙❙✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s

t❤❛t ❛♥② ✉♥✐❢♦r♠ ❧✐♠✐t ❊❙❙ ✐s ❛♥ ◆❙❙✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❆♥② ✉♥✐❢♦r♠ ❧✐♠✐t ❊❙❙ ✐s ❛♥ ◆❙❙✳

Pr♦♦❢✳ ▲❡t b ∈ B1 (η) ❜❡ ❛ ✉♥✐❢♦r♠ ❧✐♠✐t ❊❙❙✳ ▲❡t b̃ ∈ B1 (η) ❜❡ ❛♥② ♦t❤❡r str❛t❡❣② b̃ 6= b✳

❉❡✜♥✐t✐♦♥ ✹ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐st ǭ ∈ (0, 1) ❛♥❞ ❛ s❡q✉❡♥❝❡
(

ηk, bk, b̃k
)

k∈N

✇✐t❤ ηk → 0✱

bk → b ❛♥❞ b̃k → b̃ ✇❤❡♥ k → ∞✱ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ k ❛♥❞ ❡✈❡r② ǫ ∈ (0, ǭ)✿

r1

(

bk, ǫ · b̃
T

k
+ (1− ǫ) · bT

k

)

> r1

(

b̃k, ǫ · b̃
T

k
+ (1− ǫ) · bT

k

)

.

❇② ❝♦♥t✐♥✉✐t②✱ t❤❡ ❛♥❛❧♦❣♦✉s ✇❡❛❦ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ✇❤❡♥ b r❡♣❧❛❝❡s bk ❛♥❞ b̃ r❡♣❧❛❝❡s b̃k✳

✺ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

✶✳ ❚❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ❧✐♠✐t ❊❙❙ ✭❡✳❣✳✱ ❬✸✱ ✻✱ ✼✱ ✽✱ ✶✵❪✮ ❛❧s♦ s❛t✐s❢② t❤❡ r❡✜♥❡✲

♠❡♥t ♦❢ ❛ ✉♥✐❢♦r♠ ❧✐♠✐t ❊❙❙✳ ■♥ t❤✐s s❡♥s❡✱ t❤❡ r❡✜♥❡♠❡♥t ✐s ♥♦t ✏t♦♦ str♦♥❣✑✿ ✐t ♦♠✐ts

✐♠♣❧❛✉s✐❜❧❡ ❧✐♠✐t ❊❙❙s ❧✐❦❡ t❤❡ ♦♥❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ❜✉t ✐t ✐♥❝❧✉❞❡s ✐♥t❡r❡st✐♥❣ ❛♥❞

♣❧❛✉s✐❜❧❡ ❧✐♠✐t ❊❙❙s ✐♥ ❛♣♣❧✐❝❛t✐♦♥s✳

✷✳ ■♥ ❬✻❪ ✇❡ ♣r❡s❡♥t❡❞ ❛♥♦t❤❡r r❡✜♥❡♠❡♥t ♦❢ ❧✐♠✐t ❊❙❙✱ ✇❤✐❝❤ ✇❡ ❝❛❧❧❡❞ str✐❝t ❧✐♠✐t ❊❙❙✱ t❤❛t

r❡q✉✐r❡s t❤❡ str❛t❡❣② t♦ ❜❡ t❤❡ ❧✐♠✐t ♦❢ ❊❙❙ ❢♦r ❡✈❡r② ❝♦♥✈❡r❣✐♥❣ s❡q✉❡♥❝❡ ♦❢ ✉❜✐q✉✐t♦✉s

♣❡rt✉r❜❡❞ ❣❛♠❡s ✭✇❤✐❝❤ ❛ss✐❣♥ ❛ ♠✐♥✐♠❛❧ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ❢♦r ❡❛❝❤ ❝❤♦✐❝❡ ❛t ❡❛❝❤

✐♥❢♦r♠❛t✐♦♥ s❡t✮✳ ❖♥❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡s❡ t✇♦ r❡✜♥❡♠❡♥ts ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✳



✻ ❆ ❆ ❋♦r♠❛❧ ❉❡t❛✐❧❡❞ ❉❡✜♥✐t✐♦♥ ♦❢ ❛ ❚✇♦✲P❧❛②❡r ❙②♠♠❡tr✐❝ ●❛♠❡

✸✳ Pr♦♣✳ ✶ ✐♠♣❧✐❡s t❤❛t ❛♥② ✉♥✐❢♦r♠ ❧✐♠✐t ❊❙❙ ✐s ▲②❛♣✉♥♦✈ st❛❜❧❡✳ ❲❡ ❝♦♥❥❡❝t✉r❡ t❤❛t ❛

✉♥✐❢♦r♠ ❧✐♠✐t ❊❙❙✱ ✇❤✐❝❤ ✐s ❛❧s♦ ❛ str✐❝t ❧✐♠✐t ❊❙❙✱ s❛t✐s✜❡s ❛ str♦♥❣❡r ♥♦t✐♦♥ ♦❢ ❞②♥❛♠✐❝

st❛❜✐❧✐t② ✭❜✉t ✇❡❛❦❡r t❤❛♥ ❛s②♠♣t♦t✐❝ st❛❜✐❧✐t②✮✿ t❤❡ s❤❛r❡ ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ✇❤♦ ❢♦❧❧♦✇s

t❤❡ ✉♥✐❢♦r♠ ❧✐♠✐t ❊❙❙ str✐❝t❧② ✐♥❝r❡❛s❡s ❢r♦♠ ❛❧♠♦st ❛♥② ❝❧♦s❡ ❡♥♦✉❣❤ ✐♥✐t✐❛❧ st❛t❡✳

❆ ❆ ❋♦r♠❛❧ ❉❡t❛✐❧❡❞ ❉❡✜♥✐t✐♦♥ ♦❢ ❛ ❚✇♦✲P❧❛②❡r ❙②♠♠❡tr✐❝ ●❛♠❡

❚❤❡ ❞❡✜♥✐t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❬✶✺❪ ❛♥❞ ❬✶✼✱ ❈❤❛♣t❡rs ✻ ❛♥❞ ✾❪✱ ❛♥❞ ✇❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ t❤❡s❡

r❡❢❡r❡♥❝❡s ❢♦r ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞ ❢✉rt❤❡r ❞❡t❛✐❧s✳

❆ s②♠♠❡tr✐❝ t✇♦✲♣❧❛②❡r ❡①t❡♥s✐✈❡✲❢♦r♠ ❣❛♠❡ ✐s ❛ t✉♣❧❡ Γ = (K,P, U, C, p, r, T ) ✇❤❡r❡✿

• ❚❤❡ ❣❛♠❡ tr❡❡ K ✐s ❛ ✜♥✐t❡ tr❡❡ ✇✐t❤ ❛ ❞✐st✐♥❣✉✐s❤❡❞ ♥♦❞❡ φ ✲ t❤❡ r♦♦t ♦❢ K✳ ●✐✈❡♥ ❛ ♥♦❞❡

✐♥ t❤❡ tr❡❡ x✱ ❧❡t S (x) ❞❡♥♦t❡ ✐ts ✭✐♠♠❡❞✐❛t❡✮ s✉❝❝❡ss♦r✳ ▲❡t Z ❜❡ t❤❡ ❡♥❞♣♦✐♥ts ♦❢ t❤❡

tr❡❡ ✭♥♦❞❡s ✇✐t❤ ♥♦ s✉❝❝❡ss♦rs✮✱ ❛♥❞ ❧❡t X ❜❡ t❤❡ s❡t ♦❢ ♥♦❞❡s ✇✐t❤ s✉❝❝❡ss♦rs ✭❞❡❝✐s✐♦♥

♣♦✐♥ts✮✳ ❚❤❡ ✉♥✐q✉❡ s❡q✉❡♥❝❡ ♦❢ ♥♦❞❡s ❛♥❞ ❜r❛♥❝❤❡s ❝♦♥♥❡❝t✐♥❣ t❤❡ r♦♦t φ ✇✐t❤ ❛ ♥♦❞❡ x

✐s ❝❛❧❧❡❞ t❤❡ ♣❛t❤ t♦ x✳ ❲❡ s❛② t❤❛t x ❝♦♠❡s ❜❡❢♦r❡ y ✐❢ x ✐s ♦♥ t❤❡ ♣❛t❤ t♦ y ❛♥❞ x 6= y✳

• ❚❤❡ ♣❧❛②❡r ♣❛rt✐t✐♦♥ P ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ X ✐♥t♦ ✸ s❡ts✿ P0, P1, P2✳ ❚❤❡ s❡t Pi ✐s t❤❡ s❡t

♦❢ ❞❡❝✐s✐♦♥ ♣♦✐♥ts ♦❢ ♣❧❛②❡r i✳ P❧❛②❡r ✵ ✐s t❤❡ ❝❤❛♥❝❡ ♣❧❛②❡r r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ r❛♥❞♦♠

♠♦✈❡s ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ❣❛♠❡✳

• ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ♣❛rt✐t✐♦♥ ❯ ✐s ❛ ♣❛✐r (U1, U2)✱ ✇❤❡r❡ Ui ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ Pi ✭t❤❡ s♦✲❝❛❧❧❡❞

✐♥❢♦r♠❛t✐♦♥ s❡ts ♦❢ ♣❧❛②❡r ✐✮ s✉❝❤ t❤❛t✿ ✭✶✮ ❡✈❡r② ♣❛t❤ ✐♥t❡rs❡❝ts ❡❛❝❤ ✐♥❢♦r♠❛t✐♦♥ s❡t ❛t

♠♦st ♦♥❝❡✱ ❛♥❞ ✭✷✮ ❛❧❧ ♥♦❞❡s ✐♥ ❡❛❝❤ ✐♥❢♦r♠❛t✐♦♥ s❡t ❤❛✈❡ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ s✉❝❝❡ss♦rs✳

• ❚❤❡ ❝❤♦✐❝❡ ♣❛rt✐t✐♦♥ ❈ ✐s ❛ ❝♦❧❧❡❝t✐♦♥ C = {Cu|u ∈ U1 ∪ U2}✱ ✇❤❡r❡ Cu ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢

∪x∈US (x) ✐♥t♦ s♦✲❝❛❧❧❡❞ ❝❤♦✐❝❡s ✭♦r ❛❝t✐♦♥s✮ ❛t u✱ s✉❝❤ t❤❛t ❡✈❡r② ❝❤♦✐❝❡ ❝♦♥t❛✐♥s ❡①❛❝t❧②

♦♥❡ ❡❧❡♠❡♥t ♦❢ S (x) ❢♦r ❡✈❡r② x ∈ U ✳

• ❚❤❡ ♣r♦❜❛❜✐❧✐t② ❛ss✐❣♥♠❡♥t p s♣❡❝✐✜❡s ❢♦r ❡✈❡r② x ∈ P0 ❛ ❝♦♠♣❧❡t❡❧② ♠✐①❡❞ ♣r♦❜❛❜✐❧✐t②

❞✐str✐❜✉t✐♦♥ px ♦♥ S (x)✳

• ❚❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥ r ✐s ❛ ♣❛✐r (r1, r2)✱ ✇❤❡r❡ ri : Z → R ❛ss✐❣♥s ❛ ♣❛②♦✛ t♦ ♣❧❛②❡r i ❛t

❡❛❝❤ t❡r♠✐♥❛❧ ♥♦❞❡✳

• ❚❤❡ s②♠♠❡tr② ❢✉♥❝t✐♦♥ T ✐s ❛ ♠❛♣♣✐♥❣ (·)T ❢r♦♠ ❝❤♦✐❝❡s t♦ ❝❤♦✐❝❡s ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣

♣r♦♣❡rt✐❡s✿ ✭✶✮ ✐❢ c ∈ C0✱ t❤❡♥ cT ∈ C0 ❛♥❞ p (c) = p
(

cT
)

❀ ✭✷✮ ✐❢ c ∈ Ci✱ t❤❡♥ cT ∈ C−i❀ ✭✸✮
(

cT
)T

= c ❢♦r ❛❧❧ c❀ ✭✹✮ ❢♦r ❡✈❡r② ✐♥❢♦r♠❛t✐♦♥ s❡t u t❤❡r❡ ❡①✐sts ❛♥ ✐♥❢♦r♠❛t✐♦♥ s❡t uT s✉❝❤

t❤❛t ❡✈❡r② ❝❤♦✐❝❡ ❛t u ✐s ♠❛♣♣❡❞ ♦♥t♦ ❛ ❝❤♦✐❝❡ ❛t uT ❀ ✭✺✮ ❢♦r ❡✈❡r② ❡♥❞♣♦✐♥t z t❤❡r❡ ❡①✐sts
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❛♥ ❡♥❞♣♦✐♥t zT s✉❝❤ t❤❛t ✐❢ z ✐s r❡❛❝❤❡❞ ❜② t❤❡ s❡q✉❡♥❝❡ c1, c2, ..., ck✱ t❤❡♥ zT ✐s r❡❛❝❤❡❞

❜② ❛ ♣❡r♠✉t❛t✐♦♥ ♦❢ cT
1
, cT

2
, ..., cT

k
❀ ❛♥❞ ✭✻✮ ri (z) = r−i

(

zT
)

❢♦r ❡✈❡r② ❡♥❞♣♦✐♥t z✳

❆s ✐s st❛♥❞❛r❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ✇❡ r❡str✐❝t t❤❡ ❛♥❛❧②s✐s t♦ ❣❛♠❡s ✇✐t❤ ♣❡r❢❡❝t r❡❝❛❧❧ ✭❑✉❤♥

❬✾❪✮✳ ❋♦r♠❛❧❧②✱ ❢♦r ❡❛❝❤ ♣❧❛②❡r i✱ ✐♥❢♦r♠❛t✐♦♥ s❡ts u, v ∈ Ui✱ ❝❤♦✐❝❡ c ∈ Cu✱ ❛♥❞ ♥♦❞❡s x, y ∈ v✱

✇❡ ❛ss✉♠❡ t❤❛t c ❝♦♠❡s ❜❡❢♦r❡ x ✐✛ c ❝♦♠❡s ❜❡❢♦r❡ y✳ ❆ ❜❡❤❛✈✐♦r str❛t❡❣② ♦❢ ♣❧❛②❡r i ✐s ❛

♠❛♣♣✐♥❣ t❤❛t ❛ss✐❣♥s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦✈❡r t❤❡ s❡t ♦❢ ❝❤♦✐❝❡s Cu t♦ ❡✈❡r② ✐♥❢♦r♠❛t✐♦♥

s❡t u ∈ Ui✳ ▲❡t Bi ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❜❡❤❛✈✐♦r str❛t❡❣✐❡s ♦❢ ♣❧❛②❡r i✱ ❛♥❞ ❧❡t B = B1 ×B2 ❜❡ t❤❡

s❡t ♦❢ ❛❧❧ str❛t❡❣② ♣r♦✜❧❡s✳ ●✐✈❡♥ str❛t❡❣② ♣r♦✜❧❡ b = (b1, b2) ∈ B✱ ❧❡t Pb (z) ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t②

t❤❛t ❡♥❞♣♦✐♥t z ✐s r❡❛❝❤❡❞ ✇❤❡♥ b ✐s ♣❧❛②❡❞✱ ❛♥❞ ❧❡t Ri (b) ❜❡ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ t♦ ♣❧❛②❡r i

✇❤❡♥ t❤❡ ♣❧❛②❡rs ♣❧❛② str❛t❡❣② ♣r♦✜❧❡ b✿ Ri (b) =
∑

z∈Z
Pb (z) · ri (z)✳ ■❢ b ∈ B1 ✐s ❛ ❜❡❤❛✈✐♦r

str❛t❡❣② ♦❢ ♣❧❛②❡r 1 ✐♥ Γ✱ t❤❡♥ t❤❡ s②♠♠❡tr✐❝ ✐♠❛❣❡ ♦❢ b ✐s t❤❡ ❜❡❤❛✈✐♦r str❛t❡❣② bT♦❢ ♣❧❛②❡r ✷

❞❡✜♥❡❞ ❜②✿ βT

u
(c) := βuT

(

cT
)

❢♦r ❡❛❝❤ u ∈ U2 ❛♥❞ c ∈ Cu✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡

s②♠♠❡tr② ❢✉♥❝t✐♦♥ ✐♠♣❧② t❤❛t R1

(

b, bT
)

= R2

(

b, bT
)

✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❇❤❛s❦❛r✱ ❱✐♥✐t✳ ✶✾✾✺✳ ❖♥ t❤❡ ♥❡✉tr❛❧ st❛❜✐❧✐t② ♦❢ ♠✐①❡❞ str❛t❡❣✐❡s ✐♥ ❛s②♠♠❡tr✐❝ ❝♦♥t❡sts✳

▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❛❧ ❙❝✐❡♥❝❡s✱ ✸✵✭✸✮✱ ✷✼✸✕✷✽✹✳

❬✷❪ ❇❤❛s❦❛r✱ ❱✐♥✐t✳ ✶✾✾✽✳ ◆♦✐s② ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❝♦♦♣❡r❛t✐♦♥✳ ❏♦✉r♥❛❧ ♦❢

❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✽✷✭✶✮✱ ✶✶✵✕✶✸✶✳

❬✸❪ ❇♦❧t♦♥✱ ●❛r② ❊✳ ✶✾✾✼✳ ❚❤❡ r❛t✐♦♥❛❧✐t② ♦❢ s♣❧✐tt✐♥❣ ❡q✉❛❧❧②✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r

❛♥❞ ❖r❣❛♥✐③❛t✐♦♥✱ ✸✷✭✸✮✱ ✸✻✺✕✸✽✶✳

❬✹❪ ❇♦♠③❡✱ ■♠♠❛♥✉❡❧ ▼✱ ✫ ❲❡✐❜✉❧❧✱ ❏ör❣❡♥ ❲✳ ✶✾✾✺✳ ❉♦❡s ♥❡✉tr❛❧ st❛❜✐❧✐t② ✐♠♣❧② ▲②❛♣✉♥♦✈

st❛❜✐❧✐t②❄ ●❛♠❡s ❛♥❞ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r✱ ✶✶✭✷✮✱ ✶✼✸✕✶✾✷✳

❬✺❪ ❈r❡ss♠❛♥✱ ❘♦ss✳ ✶✾✾✼✳ ▲♦❝❛❧ st❛❜✐❧✐t② ♦❢ s♠♦♦t❤ s❡❧❡❝t✐♦♥ ❞②♥❛♠✐❝s ❢♦r ♥♦r♠❛❧ ❢♦r♠ ❣❛♠❡s✳

▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❛❧ ❙❝✐❡♥❝❡s✱ ✸✹✭✶✮✱ ✶✕✶✾✳

❬✻❪ ❍❡❧❧❡r✱ ❨✳ ✷✵✶✸✳ ❚❤r❡❡ st❡♣s ❛❤❡❛❞✳ ♠✐♠❡♦✳

❬✼❪ ❑✐♠✱ ❨♦♥❣✲●✇❛♥✳ ✶✾✾✸✳ ❊✈♦❧✉t✐♦♥❛r② st❛❜✐❧✐t② ✐♥ t❤❡ ❛s②♠♠❡tr✐❝ ✇❛r ♦❢ ❛ttr✐t✐♦♥✳ ❏♦✉r♥❛❧

♦❢ t❤❡♦r❡t✐❝❛❧ ❜✐♦❧♦❣②✱ ✶✻✶✭✶✮✱ ✶✸✳

❬✽❪ ❑✐♠✱ ❨♦♥❣✲●✇❛♥✳ ✶✾✾✹✳ ❊✈♦❧✉t✐♦♥❛r✐❧② st❛❜❧❡ str❛t❡❣✐❡s ✐♥ t❤❡ r❡♣❡❛t❡❞ ♣r✐s♦♥❡r✬s ❞✐❧❡♠♠❛✳

▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❛❧ ❙❝✐❡♥❝❡s✱ ✷✽✭✸✮✱ ✶✻✼✕✶✾✼✳
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❬✾❪ ❑✉❤♥✱ ❍❛r♦❧❞ ❲✳ ✶✾✺✸✳ ❊①t❡♥s✐✈❡ ❣❛♠❡s ❛♥❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✐♥❢♦r♠❛t✐♦♥✳ ❈♦♥tr✐❜✉t✐♦♥s t♦

t❤❡ ❚❤❡♦r② ♦❢ ●❛♠❡s✱ ✷✭✷✽✮✱ ✶✾✸✕✷✶✻✳

❬✶✵❪ ▲❡✐♠❛r✱ ❖❧♦❢✳ ✶✾✾✼✳ ❘❡♣❡❛t❡❞ ❣❛♠❡s✿ ❛ st❛t❡ s♣❛❝❡ ❛♣♣r♦❛❝❤✳ ❏♦✉r♥❛❧ ♦❢ ❚❤❡♦r❡t✐❝❛❧

❇✐♦❧♦❣②✱ ✶✽✹✭✹✮✱ ✹✼✶✕✹✾✽✳

❬✶✶❪ ▼❛②♥❛r❞ ❙♠✐t❤✱ ❏✳ ✶✾✽✷✳ ❊✈♦❧✉t✐♦♥ ❛♥❞ t❤❡ t❤❡♦r② ♦❢ ❣❛♠❡s✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✳

❬✶✷❪ ▼❛②♥❛r❞✲❙♠✐t❤✱ ❏✳✱ ✫ Pr✐❝❡✱ ●✳❘✳ ✶✾✼✸✳ ❚❤❡ ▲♦❣✐❝ ♦❢ ❆♥✐♠❛❧ ❈♦♥✢✐❝t✳ ◆❛t✉r❡✱ ✷✹✻✱ ✶✺✳

❬✶✸❪ ❙❛♠✉❡❧s♦♥✱ ▲❛rr②✱ ✫ ❩❤❛♥❣✱ ❏✐❛♥❜♦✳ ✶✾✾✷✳ ❊✈♦❧✉t✐♦♥❛r② st❛❜✐❧✐t② ✐♥ ❛s②♠♠❡tr✐❝ ❣❛♠❡s✳

❏♦✉r♥❛❧ ♦❢ ❡❝♦♥♦♠✐❝ t❤❡♦r②✱ ✺✼✭✷✮✱ ✸✻✸✕✸✾✶✳

❬✶✹❪ ❙❛♥❞❤♦❧♠✱ ❲✐❧❧✐❛♠ ❍✳ ✷✵✶✵✳ ▲♦❝❛❧ st❛❜✐❧✐t② ✉♥❞❡r ❡✈♦❧✉t✐♦♥❛r② ❣❛♠❡ ❞②♥❛♠✐❝s✳ ❚❤❡♦r❡t✐❝❛❧
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