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Abstract

We propose a test for state dependence in binary panel data under the dynamic logit
model with individual covariates. For this aim, we rely on a quadratic exponential
model in which the association between the response variables is accounted for in a
different way with respect to more standard formulations. The level of association is
measured by a single parameter that may be estimated by a conditional maximum
likelihood approach. Under the dynamic logit model, the conditional estimator of
this parameter converges to zero when the hypothesis of absence of state dependence
is true. This allows us to implement a Wald test for this hypothesis which may be
very simply performed and attains the nominal significance level under any struc-
ture of the individual covariates. Through an extensive simulation study, we find
that our test has good finite sample properties and it is more robust to the presence
of (autocorrelated) covariates in the model specification in comparison with other
existing testing procedures for state dependence. The test is illustrated by an ap-
plication based on data coming from the Panel Study of Income Dynamics.

KEYWORDS: CONDITIONAL INFERENCE, DYNAMIC LOGIT MODEL, QUADRATIC EX-
PONENTIAL MODEL, WALD TEST



1 Introduction

In the analysis of panel data, a question of main interest is if the choice (or the condition)
of an individual in the current period may influence his/her future choice (or condition),
either directly (via the so—called “true state dependence”) or through the presence of un-
observed time-invariant heterogeneity; see Feller (1943) and Heckman (1981). Different
policy consequences may derive from disentangling the individual unobserved heterogene-
ity from the true state dependence, where idiosyncratic shocks may last for a long time.
In the case of binary panel data, a very relevant model in which the effects are disen-
tangled is the dynamic logit model (Hsiao, 2005). This model includes individual-specific
intercepts and, further to time-constant and/or time-varying individual covariates, the
lagged response variable. In particular, the regression coefficient for the lagged response
is a measure of the true state dependence.

A drawback of the dynamic logit model, with respect to the static logit model that
does not include the lagged response among the covariates, is that simple sufficient statis-
tics do not exist for the individual-specific intercepts. Therefore, conditional likelihood
inference becomes more complex and may be performed only under certain conditions
on the distribution of the covariates (Chamberlain, 1993; Honoré and Kyriazidou, 2000).
We recall that the main advantage of this approach, as other fixed-effects approaches, is
that it does not require to formulate any assumption on the distribution of the individual
intercepts and on the correlation between these effects and the covariates; assumptions of
this type are instead required within the random-effects approach.

In order to test for (true) state dependence, Halliday (2007) developed an interesting
approach which does not require any distributional assumption for the individual-specific
intercepts. However, this approach is explicitly formulated for the case of two time periods
(further to an initial observation) and it cannot be easily applied for panel data with
more than two periods. Moreover, it does not explicitly allow for individual covariates.

In particular, when covariates are present, they can be accounted for only by splitting the



overall sample in strata corresponding to different configurations of these covariates, but
this makes the procedure more complex and its results depending on arbitrary choices.
At least to our knowledge, no other approaches having a complexity comparable to that
of Halliday (2007) exist in the literature for testing for state dependence.

In the econometric literature, Bartolucci and Nigro (2010) introduced a dynamic
model, belonging to the quadratic exponential family (Cox, 1972), which may be used
to analyze binary panel data; its parameters have an interpretation very similar to the
parameters of the dynamic logit model. Moreover, under the model of Bartolucci and Ni-
gro (2010), simple sufficient statistics for the the individual-specific intercepts exist which
are the sums of the response variables at individual level. A conditional maximum likeli-
hood estimator may be then used to estimate the model parameters. Moreover, Bartolucci
and Nigro (2012) showed how to use this technique also for estimating the parameters of
the dynamic logit model. The resulting pseudo conditional maximum likelihood (PCML)
estimator has good performance in comparison with the method proposed by Honoré and
Kyriazidou (2000) and Carro (2007) and related estimators. In particular, with respect
to the estimator of Honoré and Kyriazidou (2000), the PCML estimator has the advan-
tage of better exploiting the information in the sample and of allowing for aggregate
time-covariates (such as time-dummies).

In this paper, we propose a test for state dependence based on a modified version
of the quadratic exponential model of Bartolucci and Nigro (2010), which relies on a
different formulation of the structure regarding the conditional association between the
response variables given the individual-specific intercepts for the unobserved heterogeneity
and the covariates. We show that the proposed model may be still represented as a
latent index model where the errors are logistically distributed and the systematic part
is formulated in terms of future expectations. This model may be estimated in a simple
way by a conditional likelihood approach based on the same sufficient statistics as the

original quadratic exponential model. Moreover, we show that, when data are generated



from the dynamic logit model, the estimator of the parameter measuring the association
between the response variables converges to zero in absence of state dependence even in
the presence of covariates. It is then natural to test for state dependence on the basis of
the proposed quadratic exponential model by a Wald test statistic.

The test we propose is directly comparable with the one of Halliday (2007) in terms
of simplicity of implementation. Differently from Halliday’s, our test may be used in
the presence of individual covariates and for panel settings of length greater than two.
In addition, we show that, in the special case of two time periods and no individual
covariates, the two procedures employ the same information in the data to test for state
dependence.

We compared the proposed test with that of Halliday (2007) through a deep simulation
study. It turns out that in absence of individual covariates and with two time occasions,
the two testing approaches perform very similarly in terms of significance level and power,
but in the other cases the former clearly outperforms the latter. In particular, we show
that ignoring the covariates, as Halliday (2007)’s test does, may lead to unsatisfactory
finite-sample properties. Furthermore, the proposed test, which is based on the modified
quadratic exponential model, proves to be more powerful than a Wald test based on more
standard formulations of this model and a test directly based on the PCML estimator.

With the aim of illustrating the proposed test, we consider an application about the
relation between women’s employment and fertility, which is based on a dataset deriving
from the Panel Study of Income Dynamics (PSID). This analysis is related to those
proposed by Hyslop (1999) and Bartolucci and Farcomeni (2009).

The paper is organized as follows. In Section 2 we describe the dynamic logit model
and the alternative quadratic exponential model of Bartolucci and Nigro (2010); for the
purpose of our comparison, in the same section we also illustrate Halliday (2007)’s testing
approach. In Section 3 we introduce the proposed Wald test for state dependence based

on a new formulation of the quadratic exponential model. The empirical size and the



power of this test are studied by simulation in Section 4. Finally, in Section 5 we provide
the empirical illustration based on the PSID dataset. In the last section we draw the
main conclusions.

We make our R implementation of all the algorithms illustrated in this paper, and in
particular of the algorithm to perform the proposed test for state dependence, available

to the reader upon request.

2 Preliminaries

For a panel of n subjects observed at T" time occasions, let y;; denote the binary response
variable for subject ¢ at occasion t and let «;; denote the corresponding vector of individual
covariates. Also let y; = (i1, ..., vir) denote the vector of all outcomes for subject ¢ and
X, = (@1 -+ x;r) denote the matrix of all covariates for this subject.

In the following, we briefly review the dynamic logit model for these data and then
the quadratic exponential model as an alternative model that includes a state dependence

parameter. We also review the test for state dependence proposed by Halliday (2007).

2.1 Dynamic logit model

The dynamic logit model assumes that, for ¢ = 1,...,n and t = 1,...,T, the binary

response y;; has conditional distribution

explyi (o + ;8 + yz’,t—ﬂ)] 1)

i iaXiaiw"a’if = ) iy Lty Yi,t— = )
p(yt|04 Yio Yit 1) p(yt\oz Lit, Yit 1) 1+eXp(ai+w§tﬁ+y@t7w)

where 3 and ~ are the parameters of interest and the individual-specific intercepts «; are
often considered as nuisance parameters; moreover, the initial observation y; is given.

Therefore, the joint probability of y, given «;, X;, and y;o has expression

exp(yir i + >, iy B + Yisy)
p(Y;loi, X, yi0) = P\Yit|OG, Ly Yit—1) = )
v g H (los @i 910m1) = T el + 248 + g0 17)]



where y;y = >, yir and yi = Y, Yir—1Ya, with the product [], and the sum ), ranging
overt=1,...,T.

It is important to stress that v measures the effect of the true state dependence
and then the hypothesis on which we focus is Hy : v = 0, meaning absence of this
form of dependence. The parameter v may be identified and consistently estimated if
the «; parameters are properly taken into account. In particular, Chamberlain (1985)
showed that a conditional approach, in the case of no covariates, may identify the state
dependence parameter by suitable sufficient conditions for the «; parameters. Along
these lines, Honoré and Kyriazidou (2000) extended the conditional estimator including
exogenous covariates in the model. Under particular conditions on the support of the
covariates, they showed that, for 7' = 3, y, is conditionally independent of «a; given
the initial and the final observations of the response variable and that y;; + yi» = 1.
Their estimator has the advantage, as in any fixed-effects estimator, to let «; be freely
correlated with the covariates in X; and it does not require to formulate any assumption
on the distribution of these effects. One of its characteristics is that a weight is attached
to each observation; this weight depends on the covariates through a kernel function which
reduces the rate of convergence of the estimator, which is slower than y/n. Also due to
this condition, the sample size substantially shrinks lowering the overall efficiency of the
estimator. Moreover, this approach does not allow for time-dummies or trend variables
and may be applied only with 7" > 2, beyond the initial observation.

A different fixed-effects approach is based on bias corrected estimators; see Hahn and
Newey (2004), Carro (2007), Fernandez-Val (2009), and Hahn and Kuersteiner (2011).
They are only consistent as T — oo but have a reduced order of bias and they remain
asymptotically efficient. For this reason, these estimators are shown to have good perfor-

mance also in quite short panels.



2.2 Quadratic exponential model

The quadratic exponential model directly defines the joint probability of y, given X; and

Yio, and also given an individual-specific effect here denoted by 9;, as follows:

exp(Yir6i + D, YTy @ + Yist))
>, exp(240; + Y0, 2T P + zin1h)’

p(y;10:, X, yio) = (2)

where the sum ), ranges over all the possible binary response vectors z = (z1,..., 2r)’,

2y = Y, 4, and zi = Yoz + Do, s—14. We refer to this model as QE1. Here we
use a different notation from that used for the dynamic logit model, where the vector of
regression coefficients is denoted by ¢ and the state dependence parameter by . These
parameters are collected in the vector @ = (¢, 1)’

The model is a special case of that proposed by Bartolucci and Nigro (2010) with
the parameters ¢ assumed to be equal for all time occasions'. The same results of their
paper apply straight to model (2); therefore, the conditional probability of y; may be

represented as

p(yit|5i7 X, Yo, - - ,yz‘,tq) =

)

exp{yul0; + i + yi 10 + e(6;, X))}
1+ exp[d; + & + yir—10 + e(6;, X))

where

1+ exp[&- + mé,tJrld) + et+1(6i7 Xz) + w] — log pt—i—l(yi,t—i—l = 0|5i, X, i = 0)

(& 5Z)X’L =lo ’
o ) S expld; + &} ;1P + er1(0s, X)) Per1 (Y1 = 0[5, X,y = 1)

fort =1,...,7 — 1, with er(d;, X;) = 0. This correction term may be interpreted as
the effect of the current choice y; on the expected utility of the future choice y;;11.
Furthermore, the quadratic exponential model shares with the dynamic logit the same
interpretation of the state dependence parameter as log-odds ratio between any pair of
response variables (y;:—1,¥:); moreover, y; is conditionally independent of any other

response variable given y; ;1 and y;,4+1. Actually, when 1) = 0 this model coincides with

!Bartolucci and Nigro (2010) used a different parametrization for ¢ = T in order to approximate the
probability in the last time period, where future covariates cannot be observed.



the static logit model, and this is an important point for the approach here proposed.
The main advantage of model QE1 defined above is the availability of simple suffi-

cient statistics for the unobserved heterogeneity parameters. In particular, the sufficient

statistic for each parameter «; is y;,. Therefore, a /n-consistent estimator 6 = (& ,0)

may be derived maximizing a likelihood based on the conditional probability

exp (32, v d + yist))
ZiZ4=Yit exXp (Zt th;tqb + Zz*w) ’

where the sum ) is extended to all response configurations z with sum equal to

224 =Yit
Y. The estimator may be computed through a Newton-Raphson algorithm. Moreover,
it allows for time-dummies and can be used even with T" = 2.

Bartolucci and Nigro (2012) also showed that, up to a correction term, a quadratic
exponential model of the type above may approximate the dynamic logit. On the basis of
this result they derived a PCML estimator which is very competitive in terms of efficiency
compared with the other estimators proposed in the econometric literature. In particular,

this estimator typically results more efficient than the estimator of Honoré and Kyriazidou

(2000) and it does not impose any conditions on the support of the covariates.

2.3 Available test for state dependence

Halliday (2007) proposed a test for state dependence allowing for the presence of aggregate
time variables in a dynamic logit model of type (1). The proposed approach, which follows
the lines of the conditional approach of Chamberlain (1985), is based on the construction
of conditional probability inequalities that depend only on the sign of the state dependence
parameter ~y.

In the case of T' = 2, Halliday (2007) considered the events A; = {yi0 = 1,yn =

L,y =0} and B;1 = {yi0 = 0,9:1 = 1, y;2 = 0} and he proved that

p(An| X vio =1L yir = 1) > p(Bi| X4, 0 = 0,9+ = 1) for v>0



and

p(Ain| X, yio = L yiy = 1) < p(Ba| X, 90 = 0,454 = 1) for <0,

under assumption (1). When x;; and x;» are constant across subjects, and therefore there
are only time-dummies common to all sample units, it is possible to consistently estimate

pa = p<Ai1|XiayiO =Ly = 1) and pp = p(BﬂlXiayiO = 0,94 = 1) as follows

R > HAn| X} N1

Pa = — Zil{Bi1|Xi} __To10
oWy = Lo =11X1 my

S Wy = Ly =0 X} mo’

and pp =

where 1{-} is the indicator function, n,,,,,, is the frequency of sample units with response
configuration (yo, y1, y2), and my, = ny01 +ny10. The test statistic for Hy : v = 0 is then
defined as

5=y AT lE @

6(pa — bB)

where 6(pa — pp) is the estimated standard deviation of the numerator. As the sample
size grows to infinity, the test statistic converges to a standard normal distribution only
under Hy; otherwise it diverges to 400 or to —oo, as n grows to infinity, according to
whether v > 0 or v < 0. It is worth noting that the test statistic exploits all the possible
configurations of the response variable, conditionally on 3;, = 1; in fact, after some simple
algebra, the numerator of (4) may be written as

Npo1M110 — M1017M010 (5>
mimy ’

Pa — P =

The method of Halliday (2007) identifies the sign of the state dependence parameter
without estimating v and avoiding distributional assumptions on the unobserved hetero-
geneity parameters. Nevertheless, this result cannot be easily generalized for " > 2. A
possible solution may be using a multiple testing technique (Hochberg and Tamhane,
1987), where tests for all possible triples (y;—1, ¥it, Yir41), t = 1,...,T — 1, are combined
together. Furthermore, to take into account individual covariates that vary across individ-

uals and/or time occasions, the test must to be performed for different configurations of



the covariates. Consequently, the results may depend on how the covariate configurations

are taken and may give a final ambiguous solution.

3 Proposed test for state dependence

In the following, we first illustrate a modified version of the quadratic exponential model
QE1 outlined in Section 2.2 and then we show how to test for state dependence on the

basis of the estimates of the parameters of this model.

3.1 Modified quadratic exponential model

To construct a test for state dependence we propose to modify the quadratic exponential

model based on expression (2) in the following way:

exp(Yir6i + D, YTy @ + Uixt))
> exp(2idi + D, mi @ + Zia))’

P(y;10i, X, vio) = (6)

where g = Y, H{yir = Yiz—1} and Ziw = {21 = yio} + >, 1{z = 21}, and where we
use p(-|-) instead of p(:|-) for the probability function in order to avoid confusion, given
that the two models use the same parameters; in particular, the parameters of interest
are still collected in the vector 8. This model is referred to as QE2. The main difference
between models QE1 and QE2 is in how the association between the response variables is
modeled. Here this structure is based on the statistic ¢;, that, differently from y;,, is equal
to the number of consecutive pairs of outcomes which are equal each other, regardless if
they are equal to 0 or 1.

Regarding the interpretation of model QE2 based on assumption (6), it useful to
consider how this expression becomes after recursive marginalizations of the response

variables in backward order. In particular, for t =1,...,T — 1, we have that

exp(ZZ:1 Yin0; + 22:1 yihwéhcﬁ + 2};1 1{yih = yi,hq}?ﬁ)f]t(%t, 0s, Xz)
Y. exp(ziy 0 + D0, %X P + Zina)) ’

ﬁ(yib v 7yit’Xi7yi0) =

10



where

Ge(Yit, 01, X)) = Gea1(0, 03, X3) exp[(1 — yi) 0] + Gegr (1, 63, X3) exp(d; + @, 1@ + yart)),

with gr(yir, 0;, X;) = 1. Consequently, for t =1,...,T, we have that

PWits - Yir—1,Yir = 1 X, Yio)

log =
P(Yits - Yig—1, Yir = 01X, io)

=8 +xid+ 2y — 1)+ &(6i, X)),

where

60 X)) = log 9:(1,65, Xi) _ log Ge+1(0, 04, X3) + Ge11(1, 05, X)) exp(0; + 1 + 1)
e ! §t<07 6i7 Xz) §t+1<07 6i7 Xl) eXp<¢) + §t+1(1> 5i7 Xl) eXp((Si + x;t_t,_ld))

1 +exp[d; + ), 1+ Y+ e1(6i, X))

= lo —~ , 7
8 oxD(0) + oxp0; + @ yry b+ Gt (00, X)) @)

fort=1,...,7 — 1, with é7(d;, X;) = 0. For ¢t = T, this implies that

- exp{y[6; + x5, + (2ys—1 — 1)Y]
7 57La Xi7 it—1) — : )
Plya vi 2 1+ exp[d; + zj,¢p + (2yi,t71 — 1)9]

this expression may be seen as a reparametrization of the probability expression holding

under the dynamic logit model (1). For t =1,...,T — 1, instead, we have

Sl XKoo y) — SO+ @+ Qs = DY =¥ + & (8, X))
1t Yy 1y Jr,i— 1 + eXp[(Si + iB;tQS + (Qyi,t—l - 1)w - 77/1 + ét<5i7 Xz)] '

Regarding the interpretation of the last expression, first of all consider that for ¢y = 0
definition (7) implies that €;(d;, X;) = 0 and then we have again a reparametrization of
the dynamic logit model. Moreover, it may be easily proved that

P(Yitr1 = 0|;, X, yie = 0)

€ (Sz,Xl =lo = .
4 ) gp<yi,t+1 = 0[0;, X, yir = 1)

This correction term depends on the data only through «;;.1,...,x;r and has a similar
interpretation in terms of the probability of future choices as model QE1 and the quadratic
exponential model of Bartolucci and Nigro (2010).

Moreover, model QE2 reproduces the same conditional independence relations of the

11



log

dynamic logit model between the response variable y;; and vio, ..., ¥it—2, Yitto, - - - YiT,
given oy, X, yip—1, and y; .1 (0 =2,..., T —1).
Finally, we have

P(yir = 165, Xis Yig—1 = 1) p(yse = 0[63, X, yi0—1 = 0)
P(yir = 016:, Xy Yie—1 = 1) p(yie = 1(63, X, yip—1 = 0)

=2, i=1,....n, t=1,....T,

meaning that the log-odds ratio between every consecutive pair of response variables has

the same sign of ¥ and it is equal to 0 if there is no state dependence.

3.2 Model estimation and testing for state dependence

As for model QE1, the sums of the response variables at the individual level, y;., are
sufficient statistics for the individual-specific intercepts d;. Conditioning on the sum of
the response variables, we obtain for model QE2 the following conditional probability

function:
exp(zt yitmétd) + gz*1/})
ZZy =Yyt eXp(Zt Ztm;tgb + 21*¢) ’

which directly compares with (3). For making inference on the state dependence param-

P(Y;| X i, Yio, vit) = D (8)

eter 1, the new quadratic exponential model allows us to use a larger set of information
with respect to the initial model QE1. This issue will be discussed in more detail at the
end of this session.

On the basis of expression (8), we obtain the conditional log-likelihood

7(0) = 5140 < yiy < T}Hi(6), (9)

7

where

0;(0) = logp(y;| X, vio, i)

= >yl ¢+ iy —log > exp (Z 2Ty + w) (10)

22+ =Yi+
is the individual contribution to the conditional log-likelihood. Note that the response

configurations with y;, equal to 0 or 7" do not contribute to the likelihood.

12



Function 5(0) may by maximized by a Newton-Raphson algorithm in a similar way
as for model QE1, using the score vector and the information matrix reported below; see

also Bartolucci and Nigro (2010). In this regard, it is convenient to write

(i(0)

(X, yio, y;)'0 — log Z expla (X, yio, 2)'0],

Ziap=Yit
with /
w(X i, yio, y;) = (Zyamgt,gn> ,
t
so that, using the standard theory about the regular exponential family, we have the

following expressions for the score for £(6):

él(o) = ﬁ<XzayZOJyz> - Eﬂ[ﬂ’(XzayZO7yz)|Xl7y207yl+]

Regarding the observed information matrix we have

J(0) =V ((0) = Z Vola(X i, yio, ¥,)| Xi, yio, i - (11)
In these expressions, Eg [u(X, vio, ;)| X i, Yio, yir | denotes the conditional expected value
of (X, vi0,y;) given X; and y;; under model QE2, whereas the corresponding condi-

tional variance is denoted by Va[(X, 0, ¥;)| X, Yo, Yii]. These are given by

Eol@(X s, yi0, u) | X vio yir] = D 521X, yio, i )W(Xi, g0, 2)
ZiZ4=Yit

Volu(X i, yio, ¥:)| Xi, yio, yiv] = Z P(2|1 X5, yio, iy ) (X, yio, 2)d( X, yio, 2),
224 =Yit

with d(X;, 30, 2) = @(X;, yi0, 2) — Ee[t( X, yio, ¥,)| X, Yo, yi+]. Note that J(8) is al-
ways non-negative definite since it corresponds to the sum of a series of variance-covariance
matrices and therefore £(6) is always concave. Moreover, a necessary condition for the
Information matrix J (@) to be non-singular, and then for £(0) to be strictly concave, is

that time-constant covariates are ruled out, as it happens in any fixed-effect approach.

13



The conditional maximum likelihood estimator of @ based on the maximization of (9) is
denoted by 6 = (qy, D).
Once the parameters of the proposed quadratic exponential model are estimated, it is

straightforward to construct a standard Wald statistic for testing that ) = 0, as follows:

W= —— (12)

where se(-) is the standard error which is estimated by the sandwich formula reported in
Appendix. It is worth noting that when v = 0, the dynamic logit model corresponds to
the proposed quadratic exponential model QE2 when 1) = 0. This implies the following

main result.

Proposition 1 Under the dynamic logit model and if the null hypothesis Hy : v = 0
holds, the test statistic W defined in (12) has asymptotic standard normal distribution as
n — 0o.

Moreover, if data are generated from the dynamic logit model but v # 0, then the
value of W is expected to diverge to 400 or —oo according to whether the true value of
~ is positive or negative. This is because, as we show at the end of Section 3.1, the sign
of 1) is the same of the log-odds ratio between pairs of consecutive response variables and
the latter is equal to v under the dynamic logit model. Therefore, within the proposed
approach we reject Hy against the unidirectional alternative H; : v > 0 at the significance
level « if the observed value of W is greater than z,, where z, is the 100a-th upper
percentile of the standard normal distribution. Similarly, we reject Hy against Hy : v < 0
if the observed value of W is smaller than —z, and we reject Hy against the bidirectional
alternative H; : vy # 0 if the observed value of |[W] is greater than z,s.

In the following, we illustrate the case with 7" = 2 and only time dummies con-
sidered by Halliday (2007) and illustrated in Section 2.3. In this case, the conditional
log-likelihood of model QE2, as defined in (9), allows us to identify two parameters, that

is, ¢ corresponding to the difference between the effect to the two time-dummies and 1)

14



for the state dependence, so that @ = (¢,v). Moreover, after some simple algebra we

have

Y

(60) = Z 1{yi+ = 1H{y¢ + (H{yin =y} + Hy = ya } )Y

7

— log Z explz2¢ + (1{z1 = vio} + {22 = 21}1/’)}7

224 =Yit

that, in terms of sample frequencies, may be expressed as

0(8) = (noor + n101)d + (noo1 + n110)1) — mg log k(0) — my log k(1),

where k(yi0) = exp[¢ + (1 — yi0)¥] + exp(yi010). Consequently, the score function is

Yir — M
~ o o (2 k i
5(0) = Z Hyir =1} Hyin = yio} — 1{%1yio}egpo[(lkzif)w-&-l{yilyio}lﬂ

Noo1 + Ni1p — 22 e’}?{égﬁ%) _ ml]jz(lp)(d’)

B <n001 + njgp — 2 e’;‘(’éf’w — ml;al;(¢))

In order to solve the system of two equations $(8) = 0, we initially subtract the first

equation from the second and, after some algebra, we obtain

exp(th) = —12 exp(g). (13)

ni1o1

We then substitute this result in the first equation obtaining

~ 1 No1M101
b = ~ g Mo0rToL.
2 No10M110

Finally, by substituting this solution in (13), we have

0 1 Npo1M110
Y = = log 210
2 7 noionio

This result shows that our test statistic is based on the same response variable configura-

tions of Halliday’s test statistic in expression (5) and then it exploits the same information.

15



Moreover, the two test statistics always exhibit the same sign since

sign(v) = sign[log(noini10) — log(noion101)] = sign(neo1ni10 — nooni01) = sign(pa — P),

where p4 — pp in the numerator of Halliday’s test statistic S defined in (4). This confirms
that our estimator 1; identifies the sign of the state dependence parameter v under the
dynamic logit model. A consequence is that the proposed test statistic W and the test
statistic S have the same asymptotic distribution with mean centered in 0 under the
dynamic logit model when Hy : v = 0 holds; both test statistics diverge to +oo or
—oo under the dynamic logit model with 7 # 0 (the first case when the true value of
7 is positive and the second when it is negative). This is in agreement with the similar
performance of the tests based on the two statistics, S and W, in terms of actual size and
power that we note in the simulation study (see Section 4) when 7" = 2 and in absence of
individual covariate.

A relevant issue is if the same Wald test as above may be based on the initial quadratic
exponential model QE1, using a statistic of type 1 / se(zﬂ), as also this model is equal to
the static logit model when ¢ = 0. Our conjecture is that this test is less powerful than
the test based on the test statistic W defined above, since the latter is based on a version
of the quadratic exponential model, the estimator of which better exploits the information
about the association between the response variables. In order to illustrate this point,
we consider the simple case in which there are two time occasions, no covariates, and no
time-dummies. In this case it is possible to prove that the conditional likelihood estimator
of ¢ under model QEL1 is equal to

0 N110
Y =log —
n101

in terms of sample frequencies, whereas, under model QE2, the estimator of this parameter

is equal to
Noo1 + N110
No10 + N101

=
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Both estimators converge in probability to the true value of v under the dynamic logit
model if Hy : v = 0 holds. However, the first estimator exploits a reduced amount of
information with respect to the second, as it ignores the response configurations .y, y,
with 19 = 0; this also happens in more complex situations. Consequently the test based
on estimator zZAJ (QE1) attains a reduced power than the one based on the estimator 0
(QE2) when the true value of v is different from 0. As will be shown in Section 4.2,
this different behavior is also confirmed by the simulation results. A related point is how
the proposed test compares with a Wald test based on one of the fixed-effects estimators
for the dynamic logit model, as the PCML estimator proposed by Bartolucci and Nigro
(2012). Since this estimator is based on model QE1, as an approximating model, we
expect a similar difference in terms of power with respect to the proposed test for state

dependence.

4 Simulation study

In order to study the finite-sample properties of the Wald test for state dependence
proposed in Section 3, we performed a comprehensive Monte Carlo experiment based on

a simulation design similar to the one adopted by Honoré and Kyriazidou (2000).

4.1 Design

In particular, we generated samples from a dynamic logit model where the conditional
mean specification includes individual-specific intercepts, one covariate, and the lag of the

response variable, as follows:

Yir = 1{a; + 248 + yi—1y + i > 0},

fori=1,...,nand t=1,...,T, with initial condition

vio = 1{a; + woB +ei>0},i=1,...,n.
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The error terms g, are independent, and have zero—mean logistic distribution with vari-
ance m2/3. For T > 2, the individual intercepts a; are defined as a; = %Z?:o T, where

the covariate x;; is generated as

Tio ~~ N(O,TFQ/?)),
Tig = Tig—1p + U,

uy ~ N(0,(1—p%) 7%/3),

so that x; and €; have the same stationary variance. In this way, the generating model
admits a correlation between the covariates and the individual-specific intercepts and also
it allows for an autocorrelation of the covariate for the same unit according to an AR(1)
dependence structure. In particular, the covariate is autocorrelated if the parameter p is
different from 0, whereas if p is equal to 0 we have a simulation design with independent
covariate values at different occasions.

Based on the above generating model, we ran experiments for values of v on a grid
between —1.0 and 1.0 with step 0.1. The values of sample size we considered are 500 and
1000; we also considered panels of length T"= 2,5, 3 = 0,1, and p = 0.5. The number of
Monte Carlo replications was fixed at 1, 000.

We performed the proposed Wald test for state dependence based on model QE2
comparing its behavior with that of the test of Halliday (2007). An important feature of
the latter is that it does not allow to take into account individual covariates. A possible
solution is performing the test separately for subgroups of individuals (see Section 2.3).
The problem is relevant when the covariates are autocorrelated, as it is reasonable to
expect in standard economic applications. A procedure that ignores the presence of these
explanatory variables may confound state dependence with the persistence that comes
from the correlation of y;;,—; with z;, as both depend on z;_;. We, therefore, expect
Halliday’s test to exhibit rather wrong size properties in these circumstances.

Another issue is that, from Halliday (2007), it is not obvious how to test for state
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dependence when T > 2. In our simulation, we considered all the possible triples
(Yit—1,Yits Yirs1), t = 1,...,T — 1, computed Halliday’s test for each of these triples
and then decided when to reject Hy : v = 0 by a multiple testing technique (see Hochberg
and Tamhane, 1987). In particular, Hy is rejected if at least one of the p—values that are
obtained from each of the T — 1 triples of consecutive observations is smaller than the
Bonferroni corrected nominal size. Such a correction ensures that the family-wise error
rate is controlled for. For instance, if we test the null hypothesis for a nominal size of

0.05, the corrected nominal size is 1 — “+/0.95 for each single test.

4.2 Simulation results

Figure 1 depicts the power curves resulting from the simulation study illustrated in the
previous section for the proposed Wald test based on statistic W defined in (12); and
that proposed by Halliday (2007) and based on statistic S defined in (4). For a better
comparison with the Halliday’s test (see Section 2.3), we estimated model QE2 on which
our test is based, including the covariate x;; and without this covariate. All rejection rates
are displayed for a nominal size a = 0.05 and considering the null hypothesis Hy : v = 0
against the bidirectional alternative hypothesis Hy : v # 0. For the Wald test statistic,
the curve labelled by “test_cov” refers to the situation in which z;; is included in the
model specification; the curve is labelled by “test_ nocov” when this covariate is ignored.
For certain relevant values of 7, Table 1 displays the rejection rate of this bidirectional

test.

[Figure 1 about here.]
[Table 1 about here.]

For each approach, we also considered both lower and upper tailed tests (Figures 2 and

3) which are referred to Hy : v < 0 and H; : v > 0, respectively.

[Figure 2 about here.|
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[Figure 3 about here.]

The top panels of Figures 1-3 show that the proposed test has size equal to the
nominal level & when § = 0 and T = 2 and with both sample sizes, whereas a sample
size of at least 1000 is needed to exhibit satisfactory power properties. In these scenarios,
Halliday’s test statistic presents a behavior very similar to the proposed test. With T'=5
and § = 0, the rejection rate for the proposed test sensibly increases (see the second-row
panels of Figures 1-3) reaching almost 100% for |y| = 0.6 (with n = 500) and |y| = 0.4
(with » = 1000). On the contrary, the generalization of Halliday’s test statistic to cases
with 7" > 2 leads to a remarkable power loss: with n = 500 and |y| = 0.5 the rejection
rate is about one half of that of the proposed test (see Table 1).

The third and fourth row—panels of Figures 1-3 provide an illustration of the simulation
results with g = 1. While the proposed “test_cov” maintains its size properties, Halliday’s
test over-rejects the null hypothesis of absence of state dependence when this hypothesis
is true. Moreover, the test size bias grows with the sample size: when T' = 2, for example,
it rises from 23% with n = 500 to 44% with n = 1000 (see Table 1). As expected, ignoring
the presence of the covariate x;; in testing for state dependence leads to mistakenly detect
a significant persistence in the dependent variable. This result is also confirmed by the
rejection rates of “test_nocov” that exhibit the same behavior as Halliday’s. Regarding
the power, it decreases for all the three tests when [ = 1 rather than g = 0. Nevertheless,
our test shows a better performance in the case 7 < 0. On the other hand, for v > 0 and
T = 2 this test has less power than Halliday’s, which, however, confounds the positive
autocorrelation in the covariate with a positive state dependence.

In conclusion, the above simulation results confirm our conjecture that in absence
of individual covariates and when T" = 2, the proposed Wald test for state dependence
performs similarly, in terms of size and power, to the test proposed by Halliday (2007).
Furthermore, in all other situations, our test is superior to the other one, mainly due to

the fact that its nominal size level is attained with any 7' > 2 and in the presence of
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individual covariates.

A final point concerns performing a Wald test for state dependence which is based
on the initial quadratic exponential model QE1 defined in (2). We recall that the main
difference with the model here adopted for the test (QE2) is in the way the association
between the response variables is accounted for. In this regard, Table 2 shows the Monte
Carlo results for the test based on model QE1 and in particular on the estimator of v

coming from the maximization of conditional likelihood (3).
[Table 2 about here.]

As expected, the power properties of the test based on the initial QE1 model are less
satisfactory compared to those of the proposed test. This is due to an information loss:
model QE1 only considers the information concerning pairs of consecutive observations
such that (y;;—1 = 1,y = 1). Nevertheless, this test shows a better size with respect to

Halliday’s, in particular for 5 = 1.

5 Empirical application

In this section, we illustrate an application of the proposed testing procedure based on
a dataset derived from the Panel Study of Income Dynamics?. Our example closely
resembles the empirical analyses in Hyslop (1999) and in Bartolucci and Farcomeni (2009)
that focus on the effect of fertility on women’s employment and on the magnitude of the
state dependence effect in both variables.

For the purposes of the present article, we restrict the analysis to testing for state
dependence for women’s employment and fertility. The dataset concerns n = 1446 married
women between 18 and 46 years of age followed for 17" = 5 time occasions, from 1987 to
1992 (the first year of observation is taken as initial condition). The covariates in the

model specification are: number of children in the family between 1 and 2 years of age

2The database is available at http://psidonline.isr.umich.edu
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“child 1-2” and, similarly, “child 3-5”, “child 6-14”, “child 14-”, “income” of the husband
in dollars, time-dummies, “lagged employment”, and “lagged fertility”.

We computed the proposed Wald test statistic for Hy : v = 0, which is based on the
modified the quadratic exponential model QE2 defined in (8), and the Halliday’s test
statistic defined in (4) for each triple (y;;—1,Yit, Yie+1), t = 1,...,T — 1, applying the
Bonferroni corrected nominal size (see Section 4).

In the case the null hypothesis of no state dependence is rejected, it is necessary to
estimate the model parameters in a dynamic framework. As illustrated in Section 2.2,
suitable approaches are based on the conditional estimator of Honoré and Kyriazidou
(2000), the PCML estimator (Bartolucci and Nigro, 2012), or biased-corrected fixed-
effects estimators (Carro, 2007). If the null hypothesis is not rejected, we simply estimate
a static logit model.

For the dataset here considered, Table 3 reports the test statistics computed by the
different approaches using the complete sample of n = 1446 women. The proposed test
strongly rejects the null hypothesis of absence of state dependence for both response
variables employment and fertility. The signs of Halliday’s test statistics also indicate
positive state dependence for employment and negative for fertility. The values of these
statistics are such that the null hypothesis is rejected: in both cases there is at least one

p—value lower than the Bonferroni corrected nominal size.
[Table 3 about here.]

Since the null hypothesis of absence of state dependence is rejected, we estimated the
dynamic logit model by the PCML estimator. The estimation results, reported in Table 4,
confirm a strong positive state dependence for employment with an estimated coefficient
4 close to 1.5 and a negative state dependence for fertility with 4 equal to —0.9. However,
in the second case, the value of the Wald test statistic based on this estimate is closer to
zero than the value of the proposed Wald test statistic. The difference is that the PCML

estimator is based on an approximating model having a structure similar to model QE1
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and then it leads to a less powerful test with respect to the proposed approach based on

model QE2.

[Table 4 about here.]

As discussed in Section 2.3, in order for Halliday’s procedure to take into account
observed heterogeneity in terms of individual covariates, the test must be performed sep-
arately for different configurations of such covariates. As an illustration, we performed
this test for two different groups of women created on the basis of the covariate “educa-
tion”: we grouped observations of women with at most 12 years of schooling and those of
women with more than 12 years of schooling (12 is the education median value). Table 5
shows the test statistics for the two groups: in both cases the positive state dependence

in employment is detected by all the test statistics, as they reject Hy.

[Table 5 about here.]

On the contrary, Halliday’s test does not seem to detect the negative state dependence
in fertility for less educated women; this is an important difference with respect to our
approach. For this subsample, the PCML estimate of the state dependence parameter
is negative (equal to —0.14; see Table 6) but not significantly different form 0. Overall,
in this case the higher power of the proposed testing approach emerges over both the
Halliday’s approach and the approach based on the PCML estimator.

Finally, for women with more than 12 years of schooling, there is agreement between
all the tests which reject the null hypothesis of absence of state dependence in fertility.

For this subsample, the PCML estimate of 7 is equal to —1.3 (see Table 7).

[Table 6 about here.]

[Table 7 about here.]
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6 Conclusions

In this paper, we propose a test for state dependence under the dynamic logit model with
individual covariates. The test is based on a modified version of the quadratic exponential
model proposed in Bartolucci and Nigro (2010) in order to exploit more information
about the association between the response variables. We show that this model correctly
identifies the presence of state dependence regardless of whether individual covariates are
present or not.

Our test directly compares with the one proposed by Halliday (2007), which, however,
cannot be easily applied in a panel with more than two periods (further to the initial
observation) and does not allow for individual covariates. In the special case of two time
periods and no covariates, the proposed test employs the same information on the response
variables as Halliday’s.

We studied the finite—sample properties of the Wald test for state dependence proposed
in this paper by means of a comprehensive Monte Carlo experiment in which we also
compare it with the test proposed by Halliday (2007). Simulation results show that the
proposed test attains the nominal size even with not large samples (500 sample units),
while it exhibits satisfactory power properties with large sample sizes. As expected,
ignoring the presence of time-varying covariates in testing for state dependence leads to
mistakenly detect a significant persistence in the response variable: the proposed test
maintains its size properties, whereas Halliday’s test over-rejects the true null hypothesis
of absence of state dependence. Moreover, when state dependence is negative and the
covariate positively affects the response variable, Halliday’s test shows a remarkable power
loss.

This result is confirmed by our empirical study based on a dataset derived from the
Panel Study of Income Dynamics: when using either the whole sample or different subsam-
ples, the proposed test always rejects the null hypothesis of absence of state dependence

in fertility for parameter estimates of about —1, whereas Halliday’s test may fail to detect
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the state dependence.

Overall, the main advantages of the proposed test are the simplicity of use and its
flexibility. In fact, it can be very simply performed and does not require to formulate
any parametric assumption on the distribution of the individual-specific intercepts (or on
the correlation between these intercepts and the covariates) as random-effects approaches
instead require. Moreover, it may be used even with only two time occasions (further
to an initial observations) and with individual covariates of any nature (time-constant or
time-varying), including time-dummies. It is also worth noting that, as in typical fixed-
effects approaches, how the time-constant covariates affect the response variables needs
not to be specified, as their effect is absorbed into to the individual-specific intercepts.

Finally, it is worth noting that the proposed test, being based on a modified quadratic
exponential model, is more powerful than a Wald test based on more traditional quadratic
exponential models or on the pseudo conditional likelihood estimator of Bartolucci and
Nigro (2012). We noticed this aspect in the simulation study and in the empirical appli-

cation.
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Appendix: the standard error of conditional maximum
likelihood estimator

In order to derive an expression for the standard error used in the Wald test statistic, we

rely on the sandwich estimator of White (1982). From the log-likelihood equation defined
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in (10), the variance covariance matrix of 6 is

V(0)=J(6) 'H(0)J(6) ]

where

H(9) = Z 0 < yir <T}5,(0)5:(0)

)

and J(0) is the information matrix defined in (11). Once the matrix V(@) has been
computed as above, the standard error for 1; may be obtained in the usual way from the

main diagonal of this matrix.
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n=500, T=2, B = 0

n=1000, T=2, B = 0

Figure 1: Power plots for Wald (QE2) and Halliday’s tests: bidirectional (H; : vy # 0)
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(“test_cov” refers to the case in which the covariate x;; is included in the QE2 model; “test_nocov” is
referred to the case in which the covariate is not included; power curves are smoothed by means of
sixth-order polynomials)
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Figure 2: Power plots for Wald (QE2) and Halliday’s tests: lower tailed (H; : v < 0)
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Figure 3: Power plots for Wald (QE2) and Halliday’s tests: upper tailed (H; : v > 0)
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Table 1: Simulation results for Wald (QE2) and Halliday’s test statistics: bidirectional

n = 500 n = 1000
v | test_cov test_.nocov Halliday | test_cov test_nocov Halliday
=0 -1.0| 0.854 0.855 0.846 0.989 0.988 0.987
T=2 -05]| 0.313 0.314 0.312 0.557 0.550 0.556
0.0 | 0.048 0.044 0.052 0.054 0.058 0.059
0.5 ] 0.261 0.262 0.270 0.474 0.471 0.474
1.0 0.684 0.690 0.682 0.943 0.946 0.930
=0 -1.0 1.000 1.000 0.990 1.000 1.000 1.000
T=5 -05] 0.983 0.982 0.524 0.998 0.998 0.849
0.0 | 0.054 0.055 0.053 0.060 0.061 0.058
0.5 ] 0.971 0.972 0.413 0.998 0.998 0.719
1.0 1.000 1.000 0.929 1.000 1.000 1.000
=1 -1.0| 0.523 0.122 0.122 0.815 0.172 0.171
T=2 -05]| 0.158 0.059 0.064 0.270 0.076 0.078
0.0 | 0.052 0.226 0.233 0.051 0.430 0.441
0.5 ] 0.137 0.573 0.583 0.243 0.848 0.850
1.0 0.368 0.832 0.832 0.658 0.983 0.980
=1 -1.0 1.000 0.530 0.452 1.000 0.800 0.745
T=5 -05] 0.810 0.123 0.073 0.980 0.146 0.113
0.0 | 0.056 0.951 0.283 0.043 1.000 0.417
0.5 ] 0.761 1.000 0.748 0.971 1.000 0.980
1.0 1.000 1.000 0.981 1.000 1.000 1.000

(“test_cov” refers to the case in which the covariate x;; is included in the QE2 model; “test nocov” is

referred to the case in which the covariate is not included)
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Table 2: Simulation results for Wald test (QE1) test statistic: bidirectional

n = 500 n = 1000
v | test_cov test_nocov | test_cov test_nocov
=0 -10] 0.709 0.710 0.935 0.933
T=2 -05| 0.195 0.191 0.351 0.354
0.0 | 0.045 0.050 0.050 0.056
0.5 0.130 0.130 0.220 0.222
1.0 | 0.268 0.268 0.483 0.480
g=1 -10] 0.347 0.102 0.600 0.149
T=2 -05| 0.110 0.058 0.169 0.062
0.0 | 0.039 0.148 0.045 0.246
0.5 0.091 0.311 0.136 0.525
1.0 | 0.158 0.448 0.308 0.772

(“test_cov” refers to the case in which the covariate x;; is included in the QE1 model; “test_nocov” is

referred to the case in which the covariate is not included)

Table 3: Tests for state dependence (H; : v # 0): proposed Wald test (QE2) and Halli-
day’s test statistics for the overall PSID dataset

Employment Fertility

stat. p-value  stat. p-value

Proposed Wald test

w 13.58 0.00 —6.80 0.00
Halliday’s test

S (1st triple) 5.75 0.00 —4.74 0.00
Sy (2nd triple) 4.80 0.00 —4.97 0.00
S3 (3rd triple 4.02 0.00 —1.09 0.27
S, (4th triple 4.27  0.00 —5.10 0.00
Sample size 1446 1446

(QE2 model is estimated with covariates; Bonferroni corrected nominal size: 0.010206)
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Table 4: Estimation results based on the PCML approach (Bartolucci and Nigro, 2012):
overall PSID dataset

Employment Fertility

coeff. s.e. Wald-stat. p-value coeff. s.e. Wald-stat. p-value

Child 1-2 -0.675 0.13 -5.10  0.00 -0.719 0.15 -4.72 0.00
Child 3-5 -0.312  0.12 -2.52  0.01  -1.085 0.21 -5.05  0.00
Child 6-13 -0.032 0.12 -0.25 040  -1.055 0.26 -4.08  0.00
Child 14— -0.010 0.14 -0.07 047  -0.800 0.43 -1.86  0.03
Income/1000 -0.007 0.00 -1.68  0.05  -0.000 0.00 -0.13 045
1989 0.089 0.14 -1.12 0.13 0.402 0.15 4.64  0.00
1990 0.317 0.13 0.65  0.26 0.445 0.19 2.64  0.00
1991 0.089 0.13 249  0.01 0.397 0.24 231 0.01
1992 0.001 0.13 0.67  0.25 0.448 0.29 1.66  0.05
Lag fertility -0.185 0.17 0.01 050 -0.906 0.21 1.56  0.06
Lag employment  1.550 0.11 13.93  0.00 0.801 0.17 -4.35  0.00

Table 5: Tests for state dependence (H; : v # 0): proposed Wald test (QE2) and Halli-
day’s test statistics for the PSID dataset

Years of schooling < 12 Years of schooling > 12

Employment Fertility Employment Fertility

stat. p-value  stat. p-value stat. p-value stat. p-value

Proposed Wald test
w 10.18  0.00 —=2.70  0.01 9.04 0.00 —-6.25 0.00

Halliday’s test

Sy (1st triple) 3.04 000 -160 0.11 527 0.00 =579 0.00
Sy (2nd triple) 349  0.00 —0.81 0.4l 3.30  0.00 —6.28 0.00
Ss (3rd triple 283 0.00 -—-0.79 043 275 001 —-0.78  0.00
Sy (4th triple 440 0.00 —-1.18 0.24 1.68 0.09 —5.45  0.00

Sample size 773 673

(QE2 model is estimated with covariates; Bonferroni corrected nominal size: 0.010206)
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Table 6: Estimation results based on the PCML approach (Bartolucci and Nigro, 2012):
PSID dataset for the subsample with years of schooling < 12

Employment Fertility
coeff. s.e. Wald-stat. p-value coeff. s.e. Wald-stat. p-value
Child 1-2 -0.419 0.20 -2.12 0.02 -0.726 0.24 -2.96  0.00
Child 3-5 0.055 0.17 0.32 033 -0.750 0.33 -2.26 0.02
Child 6-13 0.127 0.16 0.77 0.22 -0.524 0.38 -1.36  0.17
Child 14— 0.067 0.17 0.38 035 -0.757 0.69 -1.10  0.27
Income/1000 -0.018 0.01 -247  0.01  -0.004 0.01 -0.27  0.78
1989 0.153 0.19 0.13 045 0.328 0.23 3.99  0.00
1990 0.193 0.17 0.82  0.20 0.189 0.29 1.41  0.16
1991 0.341 0.18 1.13  0.13 0.004 0.36 0.66  0.51
1992 -0.102 0.18 1.92  0.03 -0.516 0.46 0.01  0.99
Lag fertility 0.031 0.25 -0.57 028  -0.145 0.32 -1.13  0.26
Lag employment 1.529 0.15 10.10  0.00 1.090 0.27 -0.45  0.65

Table 7: Estimation results based on the PCML approach (Bartolucci and Nigro, 2012):
PSID dataset for the subsample with years of schooling > 12

Employment Fertility
coeff. s.e. Wald-stat. p-value coeff. s.e. Wald-stat. p-value
Child 1-2 -0.932 0.19 -0.86  0.19  -0.763 0.20 -3.89  0.00
Child 3-5 -0.690 0.19 -0.64 0.19 -1.350 0.29 -4.68  0.00
Child 6-13 -0.220 0.21 -495 0.00 -1.438 0.36 -3.99  0.00
Child 14— -0.154  0.25 -3.59  0.00 -0.811 0.61 -1.34  0.09
Income,/1000 -0.001 0.00 -1.05  0.15  -0.000 0.00 -0.02  0.49
1989 0.038 0.29 -0.61  0.27 0.529 0.21 299  0.00
1990 0.505 0.20 -0.24 041 0.670 0.26 2.57  0.01
1991 -0.139 0.21 -1.43  0.08 0.694 0.33 253  0.01
1992 0.208 0.21 0.18 0.43 1.071 0.39 2.10  0.02
Lag fertility -0.325  0.23 257 0.01 -1.275 0.28 2,71 0.00
Lag employment  1.591 0.17 -0.68  0.25 0.684 0.23 -4.57  0.00
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