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❙♣❛rs❡ ▲✐♥❡❛r ▼♦❞❡❧s ❛♥❞ ❚✇♦✲❙t❛❣❡ ❊st✐♠❛t✐♦♥ ✐♥ ❍✐❣❤✲❉✐♠❡♥s✐♦♥❛❧

❙❡tt✐♥❣s ✇✐t❤ P♦ss✐❜❧② ▼❛♥② ❊♥❞♦❣❡♥♦✉s ❘❡❣r❡ss♦rs∗

❨✐♥❣ ❩❤✉†

❙❡♣t❡♠❜❡r ✶✻✱ ✷✵✶✸

❆❜str❛❝t

❚❤✐s ♣❛♣❡r ❡①♣❧♦r❡s t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ t✇♦✲st❛❣❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r s♣❛rs❡ ❧✐♥❡❛r ♠♦❞❡❧s ✐♥

❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣s ✇✐t❤ ♣♦ss✐❜❧② ♠❛♥② ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡♥✲

❞♦❣❡♥♦✉s r❡❣r❡ss♦rs ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ✐♥str✉♠❡♥ts ✐♥ t❤❡ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥s ❝❛♥ ❣r♦✇ ✇✐t❤

❛♥❞ ❡①❝❡❡❞ t❤❡ s❛♠♣❧❡ s✐③❡ n✳ ❚❤❡ ❛♥❛❧②s✐s ❝♦♥❝❡r♥s t❤❡ ❡①❛❝t s♣❛rs✐t② ❝❛s❡✱ ✐✳❡✳✱ t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r

♦❢ ♥♦♥✲③❡r♦ ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ ✈❡❝t♦rs ♦❢ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥s✱ k1✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢

♥♦♥✲③❡r♦ ❝♦♠♣♦♥❡♥ts ✐♥ t❤❡ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ s❡❝♦♥❞✲st❛❣❡ ❡q✉❛t✐♦♥✱ k2✱ ❛r❡ ❛❧❧♦✇❡❞ t♦ ❣r♦✇

✇✐t❤ n ❜✉t s❧♦✇❧② ❝♦♠♣❛r❡❞ t♦ n✳ ■ ❝♦♥s✐❞❡r t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤❡ t✇♦✲st❛❣❡ ❧❡❛st sq✉❛r❡

❡st✐♠❛t♦r ✇❤❡r❡ ♦♥❡ ♦❜t❛✐♥s t❤❡ ✜tt❡❞ r❡❣r❡ss♦rs ❢r♦♠ t❤❡ ✜rst✲st❛❣❡ r❡❣r❡ss✐♦♥ ❜② ❛ ❧❡❛st sq✉❛r❡ ❡st✐✲

♠❛t♦r ✇✐t❤ l1✲ r❡❣✉❧❛r✐③❛t✐♦♥ ✭t❤❡ ▲❛ss♦ ♦r ❉❛♥t③✐❣ s❡❧❡❝t♦r✮ ✇❤❡♥ t❤❡ ✜rst✲st❛❣❡ r❡❣r❡ss✐♦♥ ❝♦♥❝❡r♥s

❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐♥str✉♠❡♥ts r❡❧❛t✐✈❡ t♦ n✱ ❛♥❞ t❤❡♥ ❝♦♥str✉❝t ❛ s✐♠✐❧❛r ❡st✐♠❛t♦r ✉s✐♥❣ t❤❡s❡ ✜tt❡❞

r❡❣r❡ss♦rs ✐♥ t❤❡ s❡❝♦♥❞✲st❛❣❡ r❡❣r❡ss✐♦♥✳ ❚❤❡ ♠❛✐♥ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r ❛r❡ ♥♦♥✲❛s②♠♣t♦t✐❝

❜♦✉♥❞s ❢r♦♠ ✇❤✐❝❤ ■ ❡st❛❜❧✐s❤ s✉✣❝✐❡♥t s❝❛❧✐♥❣ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ s❛♠♣❧❡ s✐③❡ ❢♦r ❡st✐♠❛t✐♦♥ ❝♦♥s✐st❡♥❝②

✐♥ l2−♥♦r♠ ❛♥❞ ✈❛r✐❛❜❧❡✲s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝② ✭✐✳❡✳✱ t❤❡ t✇♦✲st❛❣❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❡st✐♠❛t♦rs ❝♦rr❡❝t❧②

s❡❧❡❝t t❤❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✮✳ ❆ t❡❝❤♥✐❝❛❧ ✐ss✉❡ r❡❣❛r❞✐♥❣

t❤❡ s♦✲❝❛❧❧❡❞ ✏r❡str✐❝t❡❞ ❡✐❣❡♥✈❛❧✉❡ ✭❘❊✮ ❝♦♥❞✐t✐♦♥✑ ❢♦r ❡st✐♠❛t✐♦♥ ❝♦♥s✐st❡♥❝② ❛♥❞ t❤❡ ✏♠✉t✉❛❧ ✐♥❝♦✲

❤❡r❡♥❝❡ ✭▼■✮ ❝♦♥❞✐t✐♦♥✑ ❢♦r s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝② ❛r✐s❡s ✐♥ t❤❡ t✇♦✲st❛❣❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❢r♦♠

❛❧❧♦✇✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ r❡❣r❡ss♦rs ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ t♦ ❡①❝❡❡❞ n ❛♥❞ t❤✐s ♣❛♣❡r ♣r♦✈✐❞❡s ❛♥❛❧②s✐s

t♦ ✈❡r✐❢② t❤❡s❡ ❘❊ ❛♥❞ ▼■ ❝♦♥❞✐t✐♦♥s✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss✉♠♣t✐♦♥s t❤❛t ❛r❡ ✐♠♣♦s❡❞✱

t❤❡ ✉♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ l2−❡rr♦r ❛♥❞ t❤❡ s❛♠♣❧❡ s✐③❡ r❡q✉✐r❡❞ t♦ ♦❜t❛✐♥ t❤❡s❡ ❝♦♥s✐st❡♥❝② r❡s✉❧ts

❞✐✛❡r ❜② ❢❛❝t♦rs ✐♥✈♦❧✈✐♥❣ k1 ❛♥❞✴♦r k2✳ ❙✐♠✉❧❛t✐♦♥s ❛r❡ ❝♦♥❞✉❝t❡❞ t♦ ❣❛✐♥ ✐♥s✐❣❤t ♦♥ t❤❡ ✜♥✐t❡ s❛♠♣❧❡

♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ t✇♦✲st❛❣❡ ❡st✐♠❛t♦r✳

❏❊▲ ❈❧❛ss✐✜❝❛t✐♦♥✿ ❈✶✸✱ ❈✸✶✱ ❈✸✻

❑❡②✇♦r❞s✿ ❍✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ st❛t✐st✐❝s❀ ▲❛ss♦❀ s♣❛rs❡ ❧✐♥❡❛r ♠♦❞❡❧s❀ ❡♥❞♦❣❡♥❡✐t②❀ t✇♦✲st❛❣❡ ❡st✐♠❛t✐♦♥

∗❋✐rst ❛♥❞ ❢♦r❡♠♦st✱ ■ t❤❛♥❦ ❏❛♠❡s P♦✇❡❧❧ ❛♥❞ ▼❛rt✐♥ ❲❛✐♥✇r✐❣❤t ❢♦r ✉s❡❢✉❧ s✉❣❣❡st✐♦♥s ❛♥❞ ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts✳ ■ ❛♠ ❛❧s♦
❣r❛t❡❢✉❧ t♦ ❘♦♥ ❇❡r♠❛♥✱ ❊❧❡♥❛ ▼❛♥r❡s❛✱ ▼✐♥❥✉♥❣ P❛r❦✱ ❉❡♠✐❛♥ P♦✉③♦✱ ▼✐❣✉❡❧ ❱✐❧❧❛s✲❇♦❛s✱ ❛♥❞ ♦t❤❡r ♣❛rt✐❝✐♣❛♥ts ❛t t❤❡
❯❈ ❇❡r❦❡❧❡② ❡❝♦♥♦♠❡tr✐❝ s❡♠✐♥❛r✳ ❆❧❧ ❡rr♦rs ❛r❡ ♠② ♦✇♥✳ ❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② ❍❛❛s ❙❝❤♦♦❧ ♦❢ ❇✉s✐♥❡ss ❛t ❇❡r❦❡❧❡②✳

†❍❛❛s ❙❝❤♦♦❧ ♦❢ ❇✉s✐♥❡ss✱ ❯❈ ❇❡r❦❡❧❡②✳ ✷✷✷✵ P✐❡❞♠♦♥t ❆✈❡✳✱ ❇❡r❦❡❧❡②✱ ❈❆ ✾✹✼✷✵✳ ②✐♥❣❴③❤✉❅❤❛❛s✳❜❡r❦❡❧❡②✳❡❞✉✳ ❚❡❧✿
✹✵✻✲✹✻✺✲✵✹✾✽✳ ❋❛①✿ ✺✶✵✲✻✹✸✲✹✷✺✺

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣❛♣❡r ✐s ❝♦♥s✐st❡♥t ❡st✐♠❛t✐♦♥ ❛♥❞ s❡❧❡❝t✐♦♥ ♦❢ r❡❣r❡ss✐♦♥ ❝♦❡✣❝✐❡♥ts ✐♥ ♠♦❞❡❧s ✇✐t❤

❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs✳ ❈♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ♠♦❞❡❧

yi = xT
i β

∗ + ǫi =

p
∑

j=1

xijβ
∗
j + ǫi, i = 1, ..., n ✭✶✮

✇❤❡r❡ ǫi ✐s ❛ ③❡r♦✲♠❡❛♥ r❛♥❞♦♠ ❡rr♦r ♣♦ss✐❜❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤ xi ❛♥❞ β
∗ ✐s ❛♥ ✉♥❦♥♦✇♥ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs

♦❢ ♦✉r ♠❛✐♥ ✐♥t❡r❡sts✳ ❚❤❡ jth ❝♦♠♣♦♥❡♥t ♦❢ β∗ ✐s ❞❡♥♦t❡❞ ❜② β∗j ✳ ❆ ❝♦♠♣♦♥❡♥t ✐♥ t❤❡ p−❞✐♠❡♥s✐♦♥❛❧

✈❡❝t♦r xi ✐s s❛✐❞ t♦ ❜❡ ❡♥❞♦❣❡♥♦✉s ✐❢ ✐t ✐s ❝♦rr❡❧❛t❡❞ ✇✐t❤ ǫi ✭✐✳❡✳✱ E(xiǫi) 6= 0✮ ❛♥❞ ❡①♦❣❡♥♦✉s ♦t❤❡r✇✐s❡

✭✐✳❡✳✱ E(xiǫi) = 0✮✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ■ ✇✐❧❧ ❛ss✉♠❡ ❛❧❧ r❡❣r❡ss♦rs ❛r❡ ❡♥❞♦❣❡♥♦✉s t❤r♦✉❣❤♦✉t t❤❡

r❡st ♦❢ t❤✐s ♣❛♣❡r ❢♦r ♥♦t❛t✐♦♥❛❧ ❝♦♥✈❡♥✐❡♥❝❡ ✭❛ ♠♦❞✐✜❝❛t✐♦♥ t♦ ❛❧❧♦✇ ♠✐① ♦❢ ❡♥❞♦❣❡♥♦✉s ❛♥❞ ❡①♦❣❡♥♦✉s

r❡❣r❡ss♦rs ✐s tr✐✈✐❛❧✳✮✳ ❲❤❡♥ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs ❛r❡ ♣r❡s❡♥t✱ t❤❡ ❝❧❛ss✐❝❛❧ ❧❡❛st sq✉❛r❡s ❡st✐♠❛t♦r ✇✐❧❧

❜❡ ✐♥❝♦♥s✐st❡♥t ❢♦r β∗ ✭✐✳❡✳✱ β̂OLS
p
9 β∗✮ ❡✈❡♥ ✇❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥ p ♦❢ β∗ ✐s s♠❛❧❧ r❡❧❛t✐✈❡ t♦ t❤❡ s❛♠♣❧❡

s✐③❡ n✳ ❚❤❡ ❝❧❛ss✐❝❛❧ s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠ ♦❢ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs s✉♣♣♦s❡s t❤❛t t❤❡r❡ ✐s s♦♠❡ L✲

❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r ♦❢ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s✱ ❞❡♥♦t❡❞ ❜② zi✱ ✇❤✐❝❤ ✐s ♦❜s❡r✈❛❜❧❡ ❛♥❞ s❛t✐s✜❡s E(ziǫi) = 0

❢♦r ❛❧❧ i✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ t✇♦✲st❡♣ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡s ✐♥❝❧✉❞✐♥❣ t❤❡ t✇♦✲st❛❣❡ ❧❡❛st sq✉❛r❡ ✭✷❙▲❙✮

❡st✐♠❛t✐♦♥ ❛♥❞ t❤❡ ❝♦♥tr♦❧ ❢✉♥❝t✐♦♥ ❛♣♣r♦❛❝❤ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ❛❝❝♦✉♥t✐♥❣ ❢♦r ❡♥❞♦❣❡♥❡✐t② t❤❛t

❝♦♠❡s ❢r♦♠ ✐♥❞✐✈✐❞✉❛❧ ❝❤♦✐❝❡ ♦r ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠ ✭❡✳❣✳✱ ❲♦♦❧❞r✐❣❡✱ ✷✵✵✷✮✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✏✜rst

st❛❣❡✑ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ xi

xij = zTijπ
∗
j + ηij =

dj
∑

l=1

zijlπ
∗
jl + ηij , i = 1, ...., n, j = 1, ..., p. ✭✷✮

❋♦r ❡❛❝❤ j = 1, ..., p✱ zij ✐s ❛ dj × 1 ✈❡❝t♦r ♦❢ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s✱ ❛♥❞ ηij ❛ ③❡r♦✲♠❡❛♥ r❛♥❞♦♠ ❡rr♦r

✇❤✐❝❤ ✐s ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ zij ✱ ❛♥❞ π
∗
j ✐s ❛♥ ✉♥❦♥♦✇♥ ✈❡❝t♦r ♦❢ ♥✉✐s❛♥❝❡ ♣❛r❛♠❡t❡rs✳ ■ ✇✐❧❧ r❡❢❡r t♦ t❤❡

❡q✉❛t✐♦♥ ✐♥ ✭✶✮ ❛s t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ✭♦r s❡❝♦♥❞✲st❛❣❡ ❡q✉❛t✐♦♥✮ ❛♥❞ t❤❡ ❡q✉❛t✐♦♥s ✐♥ ✭✷✮ ❛s t❤❡ ✜rst✲st❛❣❡

❡q✉❛t✐♦♥s✳ ❚❤r♦✉❣❤♦✉t t❤❡ r❡st ♦❢ t❤✐s ♣❛♣❡r✱ ■ ✇✐❧❧ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✳ ❲✐t❤♦✉t ❧♦ss ♦❢

❣❡♥❡r❛❧✐t②✱ t❤✐s ❛ss✉♠♣t✐♦♥ ✐♠♣❧✐❡s ❛ tr✐❛♥❣✉❧❛r s✐♠✉❧t❛♥❡♦✉s ❡q✉❛t✐♦♥s ♠♦❞❡❧ str✉❝t✉r❡✳

❆ss✉♠♣t✐♦♥ ✶✳✶✿ ❚❤❡ ❞❛t❛ {yi, xi, zi}ni=1 ❛r❡ ✐✳✐✳❞✳ ✇✐t❤ ✜♥✐t❡ s❡❝♦♥❞ ♠♦♠❡♥ts❀ E(zijǫi) = E(zijηij) = 0

❢♦r ❛❧❧ j = 1, ..., p ❛♥❞ E(zijηij′ ) = 0 ❢♦r ❛❧❧ j 6= j
′
✳

❙t❛t✐st✐❝❛❧ ❡st✐♠❛t✐♦♥ ❛♥❞ ✈❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥ ✐♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ ♠♦❞❡❧s

✐♥ ✇❤✐❝❤ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡sts ✐s ❧❛r❣❡r t❤❛♥ t❤❡ s❛♠♣❧❡ s✐③❡✳ ■♥ t❤❡ ♣❛st ❞❡❝❛❞❡✱

❛ tr❡♠❡♥❞♦✉s ✐♥❝r❡❛s❡ ♦❢ r❡s❡❛r❝❤ ❛❝t✐✈✐t✐❡s ✐♥ t❤✐s ✜❡❧❞ ❤❛s ❜❡❡♥ ❢❛❝✐❧✐t❛t❡❞ ❜② t❤❡ ❛❞✈❛♥❝❡s ✐♥ ❞❛t❛

❝♦❧❧❡❝t✐♦♥ t❡❝❤♥♦❧♦❣②✳ ■♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s♣❛rs❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧s✱ ❛ ❣r❡❛t ❞❡❛❧

♦❢ ❛tt❡♥t✐♦♥ ❤❛s ❜❡❡♥ ❣✐✈❡♥ t♦ t❤❡ l1−♣❡♥❛❧✐③❡❞ ❧❡❛st sq✉❛r❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ▲❛ss♦ ❛♥❞ t❤❡ ❉❛♥t③✐❣

s❡❧❡❝t♦r ❛r❡ t❤❡ ♠♦st st✉❞✐❡❞ t❡❝❤♥✐q✉❡s ✭s❡❡✱ ❡✳❣✳✱ ❚✐❜s❤✐r❛♥✐✱ ✶✾✾✻❀ ❈❛♥❞ès ❛♥❞ ❚❛♦✱ ✷✵✵✼❀ ❇✐❝❦❡❧✱ ❘✐t♦✈✱

❛♥❞ ❚s②❜❛❦♦✈✱ ✷✵✵✾❀ ❇❡❧❧♦♥✐✱ ❈❤❡r♥♦③❤✉❦♦✈✱ ❛♥❞ ❲❛♥❣✱ ✷✵✶✶❀ ❇❡❧❧♦♥✐ ❛♥❞ ❈❤❡r♥♦③❤✉❦♦✈✱ ✷✵✶✶❜❀ ▲♦❤

❛♥❞ ❲❛✐♥✇r✐❣❤t✱ ✷✵✶✷❀ ◆❡❣❛❤❜❛♥✱ ❘❛✈✐❦✉♠❛r✱ ❲❛✐♥✇r✐❣❤t✱ ❛♥❞ ❨✉✱ ✷✵✶✷✮✳ ❱❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥ ✇❤❡♥ t❤❡

❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ❧❛r❣❡r t❤❛♥ t❤❡ s❛♠♣❧❡ s✐③❡ ❤❛s ❛❧s♦ ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♠❡t❤♦❞

✷



s❡tt✐♥❣ ✇✐t❤ ♣❡♥❛❧t② ❢✉♥❝t✐♦♥s ♦t❤❡r t❤❛♥ t❤❡ l1−♥♦r♠ ✭s❡❡✱ ❡✳❣✳✱ ❋❛♥ ❛♥❞ ▲✐✱ ✷✵✵✶❀ ❋❛♥ ❛♥❞ ▲✈✱ ✷✵✶✶✮✳

▲❡❝t✉r❡ ♥♦t❡s ❜② ❑♦❧t❝❤✐♥s❦✐✐ ✭✷✵✶✶✮✱ ❛s ✇❡❧❧ ❛s r❡❝❡♥t ❜♦♦❦s ❜② ❇ü❤❧♠❛♥♥ ❛♥❞ ✈❛♥ ❞❡ ●❡❡r ✭✷✵✶✶✮ ❛♥❞

❲❛✐♥✇r✐❣❤t ✭✷✵✶✹✮ ❤❛✈❡ ❣✐✈❡♥ ❛ ♠♦r❡ ❝♦♠♣r❡❤❡♥s✐✈❡ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ st❛t✐st✐❝s✳

❚❤❡ ▲❛ss♦ ♣r♦❝❡❞✉r❡ ✐s ❛ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ t❤❡ r❡s✐❞✉❛❧ s✉♠ ♦❢ sq✉❛r❡s ❛♥❞ ❛ l1−r❡❣✉❧❛r✐③❛t✐♦♥ ❞❡✜♥❡❞

❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❣r❛♠

min
β∈Rp

{

1

2n
|y −Xβ|22 + λn|β|1

}

.

❉❡♥♦t❡ t❤❡ ♠✐♥✐♠✐③❡r t♦ t❤❡ ❛❜♦✈❡ ♣r♦❣r❛♠ ❜② β̂Las✳ ❆ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦❢ β̂Las ✐s t❤❛t

0 ❜❡❧♦♥❣s t♦ t❤❡ s✉❜❞✐✛❡r❡♥t✐❛❧ ♦❢ t❤❡ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ β 7→ 1
2n |y −Xβ|22 + λn|β|1✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡

▲❛ss♦ s♦❧✉t✐♦♥ β̂Las s❛t✐s✜❡s t❤❡ ❝♦♥str❛✐♥t

∣

∣

∣

∣

1

2n
XT (y −Xβ̂Las)

∣

∣

∣

∣

∞
≤ λn.

❚❤❡ ❉❛♥t③✐❣ s❡❧❡❝t♦r ♦❢ t❤❡ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s ❛ ✈❡❝t♦r ❤❛✈✐♥❣ t❤❡ s♠❛❧❧❡st l1−♥♦r♠
❛♠♦♥❣ ❛❧❧ β s❛t✐s❢②✐♥❣ t❤❡ ❛❜♦✈❡ ❝♦♥str❛✐♥t✱ ✐✳❡✳✱

β̂Dan = argmin

{

|β|1 :
∣

∣

∣

∣

1

2n
XT (y −Xβ)

∣

∣

∣

∣

∞
≤ λn

}

.

❘❡❝❡♥t❧②✱ t❤❡s❡ l1−♣❡♥❛❧✐③❡❞ t❡❝❤♥✐q✉❡s ❤❛✈❡ ❜❡❡♥ ❛♣♣❧✐❡❞ ✐♥ ❛ ♥✉♠❜❡r ♦❢ ❡❝♦♥♦♠✐❝s st✉❞✐❡s✳ ❈❛♥❡r

✭✷✵✵✾✮ st✉❞✐❡s ❛ ▲❛ss♦✲t②♣❡ ●▼▼ ❡st✐♠❛t♦r✳ ❘♦s❡♥❜❛✉♠ ❛♥❞ ❚s②❜❛❦♦✈ ✭✷✵✶✵✮ st✉❞② t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧

❡rr♦rs✲✐♥✲✈❛r✐❛❜❧❡s ♣r♦❜❧❡♠ ✇❤❡r❡ t❤❡ ♥♦♥✲r❛♥❞♦♠ r❡❣r❡ss♦rs ❛r❡ ♦❜s❡r✈❡❞ ✇✐t❤ ❛❞❞✐t✐✈❡ ❡rr♦r ❛♥❞ t❤❡②

♣r❡s❡♥t ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❤❡❞❣❡ ❢✉♥❞ ♣♦rt❢♦❧✐♦ r❡♣❧✐❝❛t✐♦♥✳ ▲❡❝t✉r❡ ♥♦t❡s ❜② ❇❡❧❧♦♥✐ ❛♥❞ ❈❤❡r♥♦③❤✉❦♦✈

✭✷✵✶✶❜✮ ❞✐s❝✉ss t❤❡ l1−❜❛s❡❞ ♣❡♥❛❧✐③❛t✐♦♥ ♠❡t❤♦❞s ✇✐t❤ ✈❛r✐♦✉s ❡❝♦♥♦♠❡tr✐❝ ♣r♦❜❧❡♠s ✐♥❝❧✉❞✐♥❣ ❡❛r♥✐♥❣

r❡❣r❡ss✐♦♥s ❛♥❞ ✐♥str✉♠❡♥t❛❧ s❡❧❡❝t✐♦♥ ✐♥ ❆♥❣r✐st ❛♥❞ ❑r✉❡❣❡r ❞❛t❛ ✭✶✾✾✶✮✳ ❇❡❧❧♦♥✐ ❛♥❞ ❈❤❡r♥♦③❤✉❦♦✈

✭✷✵✶✶❛✮ st✉❞② t❤❡ l1✲♣❡♥❛❧✐③❡❞ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥ ❛♥❞ ✐❧❧✉str❛t❡ ✐ts ✉s❡ ♦♥ ❛♥ ✐♥t❡r♥❛t✐♦♥❛❧ ❡❝♦♥♦♠✐❝

❣r♦✇t❤ ❛♣♣❧✐❝❛t✐♦♥✳ ❇❡❧❧♦♥✐✱ ❈❤❡♥✱ ❈❤❡r♥♦③❤✉❦♦✈✱ ❛♥❞ ❍❛♥s❡♥ ✭✷✵✶✷✮ ❡st✐♠❛t❡ t❤❡ ♦♣t✐♠❛❧ ✐♥str✉♠❡♥ts

✉s✐♥❣ t❤❡ ▲❛ss♦ ❛♥❞ ✐♥ ❛♥ ❡♠♣✐r✐❝❛❧ ❡①❛♠♣❧❡ ❞❡❛❧✐♥❣ ✇✐t❤ t❤❡ ❡✛❡❝t ♦❢ ❥✉❞✐❝✐❛❧ ❡♠✐♥❡♥t ❞♦♠❛✐♥ ❞❡❝✐s✐♦♥s

♦♥ ❡❝♦♥♦♠✐❝ ♦✉t❝♦♠❡s✱ t❤❡② ✜♥❞ t❤❡ ▲❛ss♦✲❜❛s❡❞ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡ ❡st✐♠❛t♦r ♦✉t♣❡r❢♦r♠s ❛♥ ✐♥t✉✐t✐✈❡

❜❡♥❝❤♠❛r❦✳ ❇❡❧❧♦♥✐✱ ❈❤❡r♥♦③❤✉❦♦✈✱ ❛♥❞ ❍❛♥s❡♥ ✭✷✵✶✷✮ ♣r♦♣♦s❡ r♦❜✉st ♠❡t❤♦❞s ❢♦r ✐♥❢❡r❡♥❝❡ ♦♥ t❤❡ ❡✛❡❝t

♦❢ ❛ tr❡❛t♠❡♥t ✈❛r✐❛❜❧❡ ♦♥ ❛ s❝❛❧❛r ♦✉t❝♦♠❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✈❡r② ♠❛♥② ❝♦♥tr♦❧s ✇✐t❤ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦

❛❜♦rt✐♦♥ ❛♥❞ ❝r✐♠❡✳ ❋❛♥✱ ▲✈✱ ❛♥❞ ▲✐ ✭✷✵✶✶✮ r❡✈✐❡✇ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ s♣❛rs❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❡❝♦♥♦♠❡tr✐❝

♠♦❞❡❧s ✐♥❝❧✉❞✐♥❣ t❤❡ ✈❡❝t♦r ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧ ❢♦r ♠❡❛s✉r✐♥❣ t❤❡ ❡✛❡❝ts ♦❢ ♠♦♥❡t❛r② ♣♦❧✐❝②✱ ♣❛♥❡❧ ❞❛t❛

♠♦❞❡❧ ❢♦r ❢♦r❡❝❛st✐♥❣ ❤♦♠❡ ♣r✐❝❡✱ ❛♥❞ ✈♦❧❛t✐❧✐t② ♠❛tr✐① ❡st✐♠❛t✐♦♥ ✐♥ ✜♥❛♥❝❡✳ ❚❤❡✐r ❞✐s❝✉ss✐♦♥ ✐s ♥♦t

r❡str✐❝t❡❞ t♦ l1−❜❛s❡❞ r❡❣✉❧❛r✐③❛t✐♦♥ ♠❡t❤♦❞s✳

❍✐❣❤ ❞✐♠❡♥s✐♦♥❛❧✐t② ❛r✐s❡s ✐♥ t❤❡ tr✐❛♥❣✉❧❛r s✐♠✉❧t❛♥❡♦✉s ❡q✉❛t✐♦♥s str✉❝t✉r❡ ✭✶✮ ❛♥❞ ✭✷✮ ✇❤❡♥ t❤❡

❞✐♠❡♥s✐♦♥ p ♦❢ β∗ ✐s ❧❛r❣❡ r❡❧❛t✐✈❡ t♦ t❤❡ s❛♠♣❧❡ s✐③❡ n ✭♥❛♠❡❧②✱ p ≫ n✮ ♦r ✇❤❡♥ t❤❡ ❞✐♠❡♥s✐♦♥ dj ♦❢ π
∗
j

✐s ❧❛r❣❡ r❡❧❛t✐✈❡ t♦ t❤❡ s❛♠♣❧❡ s✐③❡ n ✭♥❛♠❡❧②✱ dj ≫ n✮ ❢♦r ❛t ❧❡❛st ♦♥❡ j✳ ■♥ t❤✐s ♣❛♣❡r✱ ■ ❝♦♥s✐❞❡r t❤❡

s❝❡♥❛r✐♦ ✇❤❡r❡ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ✐♥ β∗ ❛♥❞ π∗j ✐s s♠❛❧❧ r❡❧❛t✐✈❡ t♦ n ✭✐✳❡✳✱ β∗ ❛♥❞ π∗j ❢♦r

j = 1, ..., p ❛r❡ ❡①❛❝t❧② s♣❛rs❡✮✳ ❚❤❡ ❝❛s❡ ✇❤❡r❡ dj ≫ n ❢♦r ❛t ❧❡❛st ♦♥❡ j ❜✉t p ≪ n ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞

❜② ❇❡❧❧♦♥✐ ❛♥❞ ❈❤❡r♥♦③❤✉❦♦✈ ✭✷✵✶✶❜✮✱ ✇❤❡r❡ t❤❡② s❤♦✇❡❞ t❤❡ ✐♥str✉♠❡♥ts s❡❧❡❝t❡❞ ❜② t❤❡ ▲❛ss♦ t❡❝❤♥✐q✉❡

✐♥ t❤❡ ✜rst✲st❛❣❡ r❡❣r❡ss✐♦♥ ❝❛♥ ♣r♦❞✉❝❡ ❛♥ ❡✣❝✐❡♥t ❡st✐♠❛t♦r ✇✐t❤ ❛ s♠❛❧❧ ❜✐❛s ❛t t❤❡ s❛♠❡ t✐♠❡✳ ❚♦ t❤❡

✸



❜❡st ♦❢ ♠② ❦♥♦✇❧❡❞❣❡✱ t❤❡ ❝❛s❡ ✇❤❡r❡ p ≫ n ❛♥❞ dj ≪ n ❢♦r ❛❧❧ j✱ ♦r t❤❡ ❝❛s❡ ✇❤❡r❡ p ≫ n ❛♥❞ dj ≫ n

❢♦r ❛t ❧❡❛st ♦♥❡ j ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ tr✐❛♥❣✉❧❛r s✐♠✉❧t❛♥❡♦✉s ❡q✉❛t✐♦♥s ✇✐t❤ t✇♦✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❤❛s ♥♦t

❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ♦♥❡ ❝❛♥ st✐❧❧ ✉s❡ t❤❡ ✐❞❡❛s ♦❢ t❤❡ ✷❙▲❙ ❡st✐♠❛t✐♦♥ t♦❣❡t❤❡r

✇✐t❤ t❤❡ ▲❛ss♦ t❡❝❤♥✐q✉❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ p≫ n ❛♥❞ dj ≪ n ❢♦r ❛❧❧ j✱ ♦♥❡ ❝❛♥ ♦❜t❛✐♥ t❤❡

✜tt❡❞ r❡❣r❡ss♦rs ❜② ❛ st❛♥❞❛r❞ ❧❡❛st sq✉❛r❡ ❡st✐♠❛t✐♦♥ ♦♥ ❡❛❝❤ ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥s s❡♣❛r❛t❡❧② ❛s

✉s✉❛❧ ❛♥❞ t❤❡♥ ❛♣♣❧② ❛ ▲❛ss♦✲t②♣❡ t❡❝❤♥✐q✉❡ ✇✐t❤ t❤❡s❡ ✜tt❡❞ r❡❣r❡ss♦rs ✐♥ t❤❡ s❡❝♦♥❞✲st❛❣❡ r❡❣r❡ss✐♦♥✳

❙✐♠✐❧❛r❧②✱ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ p≫ n ❛♥❞ dj ≫ n ❢♦r ❛❧❧ j✱ ♦♥❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ✜tt❡❞ r❡❣r❡ss♦rs ❜② ♣❡r❢♦r♠✐♥❣

❛ r❡❣r❡ss✐♦♥ ✇✐t❤ ❛ ▲❛ss♦✲t②♣❡ ❡st✐♠❛t♦r ♦♥ ❡❛❝❤ ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥s s❡♣❛r❛t❡❧② ❛♥❞ t❤❡♥ ❛♣♣❧②

❛♥♦t❤❡r ▲❛ss♦✲t②♣❡ ❡st✐♠❛t♦r ✇✐t❤ t❤❡s❡ ✜tt❡❞ r❡❣r❡ss♦rs ✐♥ t❤❡ s❡❝♦♥❞✲st❛❣❡ r❡❣r❡ss✐♦♥✳

❈♦♠♣❛r❡❞ t♦ ❡①✐st✐♥❣ t✇♦✲st❛❣❡ t❡❝❤♥✐q✉❡s ✇❤✐❝❤ ❧✐♠✐t t❤❡ ♥✉♠❜❡r ♦❢ r❡❣r❡ss♦rs ❡♥t❡r✐♥❣ t❤❡ ✜rst✲st❛❣❡

❡q✉❛t✐♦♥s ♦r t❤❡ s❡❝♦♥❞✲st❛❣❡ ❡q✉❛t✐♦♥ ♦r ❜♦t❤✱ t❤❡ t✇♦✲st❛❣❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡s ✇✐t❤ l1−r❡❣✉❧❛r✐③❛t✐♦♥

✐♥ ❜♦t❤ st❛❣❡s ❛r❡ ♠♦r❡ ✢❡①✐❜❧❡ ❛♥❞ ♣❛rt✐❝✉❧❛r❧② ♣♦✇❡r❢✉❧ ❢♦r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ ✈❡❝t♦r ♦❢ ♣❛r❛♠✲

❡t❡rs ♦❢ ✐♥t❡r❡sts ✐s s♣❛rs❡ ❛♥❞ t❤❡r❡ ✐s ❧❛❝❦ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ r❡❧❡✈❛♥t ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛♥❞

✐♥str✉♠❡♥ts✳ ■♥ t❡r♠s ♦❢ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✱ t❤❡s❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ t✇♦✲st❛❣❡

❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡s ❛r❡ ✐♥t✉✐t✐✈❡ ❛♥❞ ❝❛♥ ❜❡ ❡❛s✐❧② ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ❡①✐st✐♥❣ s♦❢t✇❛r❡ ♣❛❝❦❛❣❡s ❢♦r

t❤❡ st❛♥❞❛r❞ ▲❛ss♦✲t②♣❡ t❡❝❤♥✐q✉❡ ❢♦r ❧✐♥❡❛r ♠♦❞❡❧s ✇✐t❤♦✉t ❡♥❞♦❣❡♥❡✐t②✳ ■♥ ❛♥❛❧②③✐♥❣ t❤❡ st❛t✐st✐❝❛❧

♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ ❡st✐♠❛t♦rs✱ t❤❡ ❡①t❡♥s✐♦♥ ❢r♦♠ ♠♦❞❡❧s ✇✐t❤ ❛ ❢❡✇ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs t♦ ♠♦❞❡❧s ✇✐t❤

♠❛♥② ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs ✭p ≫ n✮ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ tr✐❛♥❣✉❧❛r s✐♠✉❧t❛♥❡♦✉s ❡q✉❛t✐♦♥s ✇✐t❤ t✇♦✲st❛❣❡

❡st✐♠❛t✐♦♥ ✐s ♥♦t ♦❜✈✐♦✉s✳ ❚❤✐s ♣❛♣❡r ❛✐♠s t♦ ❡①♣❧♦r❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡s❡ t✇♦✲st❡♣ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡s

❢♦r t❤❡ tr✐❛♥❣✉❧❛r s✐♠✉❧t❛♥❡♦✉s ❧✐♥❡❛r ❡q✉❛t✐♦♥ ♠♦❞❡❧s ✐♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ✉♥❞❡r t❤❡ s♣❛rs✐t②

s❝❡♥❛r✐♦✳

■♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs✱ t❤❡ ❞✐r❡❝t ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ▲❛ss♦ ♦r ❉❛♥t③✐❣ s❡❧❡❝t♦r ❢❛✐❧s

❛s s♣❛rs✐t② ♦❢ ❝♦❡✣❝✐❡♥ts ✐♥ ❡q✉❛t✐♦♥ ✭✶✮ ❞♦❡s ♥♦t ❝♦rr❡s♣♦♥❞ t♦ s♣❛rs✐t② ♦❢ ❧✐♥❡❛r ♣r♦❥❡❝t✐♦♥ ❝♦❡✣❝✐❡♥ts✳

❚❤❡ ❧✐♥❡❛r ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡ ♠♦❞❡❧ ✇✐t❤ ❛ s✐♥❣❧❡ ♦r ❛ ❢❡✇ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs ❛♥❞ ♠❛♥② ✐♥str✉♠❡♥ts

❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❡ ❡❝♦♥♦♠❡tr✐❝s ❧✐t❡r❛t✉r❡ ♦♥ ❤✐❣❤ ❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧s✳ ❋♦r ❡①❛♠♣❧❡✱ ❇❡❧❧♦♥✐ ❛♥❞

❈❤❡r♥♦③❤✉❦♦✈ ✭✷✵✶✶❜✮ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ tr✐❛♥❣✉❧❛r s✐♠✉❧t❛♥❡♦✉s ❡q✉❛t✐♦♥ ♠♦❞❡❧✿

yi = θ0 + θ1x1i + xT
2iγ + ǫi

x1i = zTi β + xT
2iδ + ηi,

✇✐t❤ E(ǫi|x2i, zi) = E(ηi|x2i, zi) = 0. ❍❡r❡ yi✱ x1i✱ ❛♥❞ x2i ❞❡♥♦t❡ ✇❛❣❡✱ ❡❞✉❝❛t✐♦♥ ✭t❤❡ ❡♥❞♦❣❡♥♦✉s

r❡❣r❡ss♦r✮✱ ❛♥❞ ❛ ✈❡❝t♦r ♦❢ ♦t❤❡r ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ✭t❤❡ ❡①♦❣❡♥♦✉s r❡❣r❡ss♦rs✮ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ zi

❞❡♥♦t❡s ❛ ✈❡❝t♦r ♦❢ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s t❤❛t ❤❛✈❡ ❞✐r❡❝t ❡✛❡❝t ♦♥ ❡❞✉❝❛t✐♦♥ ❜✉t ❛r❡ ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤

t❤❡ ✉♥♦❜s❡r✈❛❜❧❡s ✭✐✳❡✳✱ ǫi✮ s✉❝❤ ❛s ✐♥♥❛t❡ ❛❜✐❧✐t✐❡s ✐♥ t❤❡ ✇❛❣❡ ❡q✉❛t✐♦♥✳

■♥ ♠❛♥② ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs ✐s ❛❧s♦ ❧❛r❣❡ r❡❧❛t✐✈❡ t♦ t❤❡ s❛♠♣❧❡ s✐③❡✳ ❖♥❡

❡①❛♠♣❧❡ ❝♦♥❝❡r♥s t❤❡ ♥♦♥♣❛r❛♠❡tr✐❝ r❡❣r❡ss✐♦♥ ♠♦❞❡❧ ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s✳ ❈♦♥s✐❞❡r

t❤❡ ♠♦❞❡❧ yi = f(xi) + ǫi ✇❤❡r❡ ǫi ∼ N (0, σ2) ❛♥❞ f(·) ✐s ❛♥ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥ ♦❢ ✐♥t❡r❡st✳ ❆ss✉♠❡

E(ǫi|Xi) 6= 0 ❢♦r ❛❧❧ i✳ ❙✉♣♣♦s❡ ✇❡ ✇❛♥t t♦ ❛♣♣r♦①✐♠❛t❡ f(xi) ❜② ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s ♦❢ s♦♠❡ s❡t ♦❢ ❜❛s✐s

❢✉♥❝t✐♦♥s✱ ✐✳❡✳✱ f(xi) =
∑p

j=1 βjφj(xi)✱ ✇❤❡r❡ {φ1, ..., φp} ❛r❡ s♦♠❡ ❦♥♦✇♥ ❢✉♥❝t✐♦♥s✳ ❚❤❡♥✱ ✇❡ ❡♥❞ ✉♣

✇✐t❤ ❛ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧ ✇✐t❤ ♠❛♥② ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs✳

❊♠♣✐r✐❝❛❧ ❡①❛♠♣❧❡s ♦❢ ♠❛♥② ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❤❡❞♦♥✐❝ ♣r✐❝❡ r❡❣r❡ss✐♦♥s ♦❢ ❝♦♥✲

✹



s✉♠❡r ♣r♦❞✉❝ts ✭❡✳❣✳✱ ♣❡rs♦♥❛❧ ❝♦♠♣✉t❡rs✱ ❛✉t♦♠♦❜✐❧❡s✱ ♣❤❛r♠❛❝❡✉t✐❝❛❧ ❞r✉❣s✱ r❡s✐❞❡♥t✐❛❧ ❤♦✉s✐♥❣✱ ❡t❝✳✮

s♦❧❞ ✇✐t❤✐♥ ❛ ♠❛r❦❡t ✭s❛②✱ ♠❛r❦❡t ✐✮ ♦r ❜② ❛ ✜r♠ ✭s❛②✱ ✜r♠ ✐✮✳ ❚❤❡r❡ ❛r❡ t✇♦ ♠❛❥♦r ✐ss✉❡s ✇✐t❤ ✉s✐♥❣ ✜r♠

✐ ✬s ✭♦r✱ ♠❛r❦❡t ✐ ✬s✮ ♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s ❛s t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s✳ ❋✐rst✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡①♣❧❛♥❛✲

t♦r② ✈❛r✐❛❜❧❡s ❢♦r♠❡❞ ❜② t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s ✭❛♥❞ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥s ♦❢ t❤❡s❡ ❝❤❛r❛❝t❡r✐st✐❝s✮ ♦❢ ♣r♦❞✉❝ts

s✉❝❤ ❛s ♣❡rs♦♥❛❧ ❝♦♠♣✉t❡rs✱ ❛✉t♦♠♦❜✐❧❡s✱ ❛♥❞ r❡s✐❞❡♥t✐❛❧ ❤♦✉s❡s ❝❛♥ ❜❡ ✈❡r② ❧❛r❣❡✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡

st✉❞② ♦❢ ❤❡❞♦♥✐❝ ♣r✐❝❡ ✐♥❞❡① ❛♥❛❧②s✐s ✐♥ ♣❡rs♦♥❛❧ ❝♦♠♣✉t❡rs✱ t❤❡ ❞❛t❛ ❝♦♥s✐❞❡r❡❞ ❜② ❇❡♥❦❛r❞ ❛♥❞ ❇❛❥❛r✐

✐♥✈♦❧✈❡❞ ✻✺ ♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s ✭❇❡♥❦❛r❞ ❛♥❞ ❇❛❥❛r✐✱ ✷✵✵✺✮✳ ❚♦❣❡t❤❡r ✇✐t❤ t❤❡ ✈❛r✐♦✉s tr❛♥s❢♦r♠❛✲

t✐♦♥s ♦❢ t❤❡s❡ ❝❤❛r❛❝t❡r✐st✐❝s✱ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ r❡❣r❡ss♦rs ❝❛♥ ❜❡ ✈❡r② ❧❛r❣❡✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ✐t ✐s ♣❧❛✉s✐❜❧❡ t❤❛t ♦♥❧② ❛ ❢❡✇ ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s ♠❛tt❡r t♦ t❤❡ ✉♥❞❡r❧②✐♥❣ ♣r✐❝❡s ❜✉t ✇❤✐❝❤ ✈❛r✐❛❜❧❡s

❝♦♥st✐t✉t❡ t❤❡ r❡❧❡✈❛♥t r❡❣r❡ss♦rs ❛r❡ ✉♥❦♥♦✇♥ t♦ t❤❡ r❡s❡❛r❝❤❡rs✳ ❍♦✉s✐♥❣ ❞❛t❛ ❛❧s♦ t❡♥❞s t♦ ❡①❤✐❜✐t ❛

s✐♠✐❧❛r ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❜✉t s♣❛rs❡ ♣❛tt❡r♥ ✐♥ t❡r♠s ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ✭❡✳❣✳✱ ▲✐♥ ❛♥❞

❩❤❛♥❣✱ ✷✵✵✻❀ ❘❛✈✐❦✉♠❛r✱ ❡t✳ ❛❧✱ ✷✵✵✾✮✳ ❙❡❝♦♥❞✱ ✜r♠ ✐ ✬s ♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ ❧✐❦❡❧② t♦ ❜❡ ❡♥❞♦❣❡♥♦✉s

❜❡❝❛✉s❡ ❥✉st ❧✐❦❡ ♣r✐❝❡✱ ♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ t②♣✐❝❛❧❧② ❝❤♦✐❝❡ ✈❛r✐❛❜❧❡s ♦❢ ✜r♠s✱ ❛♥❞ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t

t❤❡② ❛r❡ ❝♦rr❡❧❛t❡❞ ✇✐t❤ ✉♥♦❜s❡r✈❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ♣r✐❝❡ ✭❆❝❦❡r❜❡r❣ ❛♥❞ ❈r❛✇❢♦r❞✱ ✷✵✵✾✮✳ ❆♥ ❛❧t❡r♥❛t✐✈❡

✐s t♦ ✉s❡ ♦t❤❡r ✜r♠s✬ ✭♦t❤❡r ♠❛r❦❡ts✬✮ ♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s ❛s t❤❡ ✐♥str✉♠❡♥ts ❢♦r ✜r♠ ✐ ✬s ✭♠❛r❦❡t ✐ ✬s✮

♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s✳ ■♥ ❞❡♠❛♥❞ ❡st✐♠❛t✐♦♥ ❧✐t❡r❛t✉r❡✱ t❤✐s t②♣❡ ♦❢ ✐♥str✉♠❡♥ts ❛r❡ s♦♠❡t✐♠❡s r❡❢❡rr❡❞

t♦ ❛s ❇▲P ✐♥str✉♠❡♥ts✱ ❡✳❣✳✱ ❇❡rr②✱ ❡t✳ ❛❧✳✱ ✶✾✾✺ ✭r❡s♣❡❝t✐✈❡❧②✱ ❍❛✉s♠❛♥ ✐♥str✉♠❡♥ts✱ ❡✳❣✳✱ ◆❡✈♦✱ ✷✵✵✶✮✳

❆♥♦t❤❡r ❡♠♣✐r✐❝❛❧ ❡①❛♠♣❧❡ ♦❢ ♠❛♥② ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs ❝♦♥❝❡r♥s t❤❡ st✉❞② ♦❢ ♥❡t✇♦r❦ ♦r ❝♦♠♠✉♥✐t②

✐♥✢✉❡♥❝❡✳ ❋♦r ❡①❛♠♣❧❡✱ ▼❛♥r❡s❛ ✭✷✵✶✸✮ ❧♦♦❦s ❛t ❤♦✇ ❛ ✜r♠✬s ♣r♦❞✉❝t✐♦♥ ♦✉t♣✉t ✐s ✐♥✢✉❡♥❝❡❞ ❜② t❤❡

✐♥✈❡st♠❡♥t ♦❢ ♦t❤❡r ✜r♠s✳ ❆s ❛ ❢✉t✉r❡ ❡①t❡♥s✐♦♥✱ s❤❡ s✉❣❣❡sts ❛♥ ❛❧t❡r♥❛t✐✈❡ ♠♦❞❡❧ t❤❛t ❧♦♦❦s ❛t t❤❡

♥❡t✇♦r❦ ✐♥✢✉❡♥❝❡ ✐♥ t❡r♠s ♦❢ t❤❡ ♦✉t♣✉t ♦❢ t❤❡ ♦t❤❡r ✜r♠s r❛t❤❡r t❤❛♥ t❤❡✐r ✐♥✈❡st♠❡♥t✿

yit = αi + ζt + xT
itθ +

∑

j∈{1,...,n}, j 6=i

βjiyjt + ǫit, i = 1, ..., n, t = 1, ..., T

xit ❞❡♥♦t❡s ❛ ✈❡❝t♦r ♦❢ ❡①♦❣❡♥♦✉s r❡❣r❡ss♦rs s♣❡❝✐✜❝ t♦ ✜r♠ ✐ ✭❡✳❣✳✱ ✐♥✈❡st♠❡♥t✮ ❛t ♣❡r✐♦❞ t✳ αi ❛♥❞ ζt

❛r❡ t❤❡ ✜①❡❞ ❡✛❡❝ts ♦❢ ✜r♠ ✐ ❛♥❞ ♣❡r✐♦❞ t✱ r❡s♣❡❝t✐✈❡❧②✳ ◆♦t✐❝❡ t❤❛t yjt✱ t❤❡ ♦✉t♣✉t ♦❢ ♦t❤❡r ✜r♠s ❡♥t❡rs

t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ❛❜♦✈❡ ❛s ❛❞❞✐t✐♦♥❛❧ r❡❣r❡ss♦rs ❛♥❞ βji✱ j = 1, ..., n✱ ❛♥❞ j 6= i ❛r❡

✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ♥❡t✇♦r❦ ✐♥✢✉❡♥❝❡ ❛r✐s✐♥❣ ❢r♦♠ ♦t❤❡r ✜r♠s✬ ♦✉t♣✉t ♦♥ ✜r♠ ✐ ✬s ♦✉t♣✉t✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡

✐♥✢✉❡♥❝❡ ♦♥ ✜r♠ ✐ ❢r♦♠ ✜r♠ ❥ ✐s ❛❧❧♦✇❡❞ t♦ ❞✐✛❡r ❢r♦♠ t❤❡ ✐♥✢✉❡♥❝❡ ♦♥ ✜r♠ ❥ ❢r♦♠ ✜r♠ ✐✳ ❊♥❞♦❣❡♥❡✐t②

❛r✐s❡s ❢r♦♠ t❤❡ s✐♠✉❧t❛♥❡✐t② ♦❢ t❤❡ ♦✉t♣✉t ✈❛r✐❛❜❧❡s ✇❤❡♥ ❝♦✈(ǫit, ǫjt) 6= 0 ✭❡✳❣✳✱ ♣r❡s❡♥❝❡ ♦❢ ✉♥♦❜s❡r✈❡❞

♥❡t✇♦r❦ ❝❤❛r❛❝t❡r✐st✐❝s t❤❛t ❛r❡ ❝♦♠♠♦♥ t♦ ❛❧❧ ✜r♠s✮✳ ❆s ❛ r❡s✉❧t✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs ✐♥

t❤❡ ♠♦❞❡❧ ❛❜♦✈❡ ✐s ♦❢ t❤❡ ♦r❞❡r O(n)✱ ✇❤✐❝❤ ❡①❝❡❡❞s t❤❡ ♥✉♠❜❡r ♦❢ ♣❡r✐♦❞s ❚ ✐♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❝♦♥s✐❞❡r❡❞

❜② ▼❛♥r❡s❛ ✭✷✵✶✸✮✳

❚❤❡ ❝❛s❡ ♦❢ ♠❛♥② ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs ❛♥❞ ♠❛♥② ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s ❤❛s ❜❡❡♥ st✉❞✐❡❞ ✐♥ t❤❡

❝♦♥t❡①t ♦❢ ●❡♥❡r❛❧✐③❡❞ ▼❡t❤♦❞ ♦❢ ▼♦♠❡♥ts ❜② ❋❛♥ ❛♥❞ ▲✐❛♦ ✭✷✵✶✶✮✱ ❛♥❞ ●❛✉t✐❡r ❛♥❞ ❚s②❜❛❦♦✈ ✭✷✵✶✶✮✳

❋❛♥ ❛♥❞ ▲✐❛♦ s❤♦✇ t❤❛t t❤❡ ♣❡♥❛❧✐③❡❞ ●▼▼ ❛♥❞ ♣❡♥❛❧✐③❡❞ ❡♠♣✐r✐❝❛❧ ❧✐❦❡❧✐❤♦♦❞ ❛r❡ ❝♦♥s✐st❡♥t ✐♥ ❜♦t❤

❡st✐♠❛t✐♦♥ ❛♥❞ s❡❧❡❝t✐♦♥✳ ●❛✉t✐❡r ❛♥❞ ❚s②❜❛❦♦✈ ♣r♦♣♦s❡ ❛ ♥❡✇ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❝❛❧❧❡❞ t❤❡ ❙❡❧❢ ❚✉♥✐♥❣

■♥str✉♠❡♥t❛❧ ❱❛r✐❛❜❧❡s ✭❙❚■❱✮ ❡st✐♠❛t♦r ❜❛s❡❞ ♦♥ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s E(ziǫi) = 0✳ ❚❤❡② ❞✐s❝✉ss t❤❡

❙❚■❱ ♣r♦❝❡❞✉r❡ ✇✐t❤ ❡st✐♠❛t❡❞ ❧✐♥❡❛r ♣r♦❥❡❝t✐♦♥ t②♣❡ ✐♥str✉♠❡♥ts✱ ❛❦✐♥ t♦ t❤❡ ✷❙▲❙ ♣r♦❝❡❞✉r❡✱ ❛♥❞ ✜♥❞ ✐t

✇♦r❦s s✉❝❝❡ss❢✉❧❧② ✐♥ s✐♠✉❧❛t✐♦♥✳ ●❛✉t✐❡r ❛♥❞ ❚s②❜❛❦♦✈ ❛❧s♦ s♣❡❝✉❧❛t❡ ♦♥ t❤❡ r❛t❡ ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤✐s

t②♣❡ ♦❢ t✇♦✲st❛❣❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡s ✇❤❡♥ ❜♦t❤ st❛❣❡ ❡q✉❛t✐♦♥s ❛r❡ ✐♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣s✳

✺



❆s ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ t❤❡ s✉❜s❡q✉❡♥t s❡❝t✐♦♥✱ t❤❡ r❡s✉❧ts ✐♥ t❤✐s ♣❛♣❡r ♣❛rt✐❛❧❧② ❝♦♥✜r♠ t❤❡✐r ❝♦♥❥❡❝t✉r❡✳

■♥ t❤❡ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✷❙▲❙ ❛♥❞ ●▼▼ ❡st✐♠❛t♦rs ❛r❡ ✇❡❧❧✲✉♥❞❡rst♦♦❞✳

❍♦✇❡✈❡r✱ ✐t ✐s ✉♥❝❧❡❛r ❤♦✇ t❤❡ r❡❣✉❧❛r✐③❡❞ ✷❙▲❙ ♣r♦❝❡❞✉r❡s ❝♦♠♣❛r❡ t♦ t❤❡ r❡❣✉❧❛r✐③❡❞ ●▼▼ ♣r♦❝❡❞✉r❡s

✐♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ s♣❛rs❡ s❡tt✐♥❣✱ s♦ ✐t ✐s ✐♠♣♦rt❛♥t t♦ st✉❞② t❤❡s❡ r❡❣✉❧❛r✐③❡❞ t✇♦✲st❛❣❡ ❤✐❣❤✲

❞✐♠❡♥s✐♦♥❛❧ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❞❡♣t❤✳ ❆♥♦t❤❡r ✐♠♣♦rt❛♥t ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ✐♥tr♦❞✉❝❡

❛ s❡t ♦❢ ❛ss✉♠♣t✐♦♥s t❤❛t ❛r❡ s✉✐t❛❜❧❡ ❢♦r s❤♦✇✐♥❣ ❡st✐♠❛t✐♦♥ ❝♦♥s✐st❡♥❝② ❛♥❞ s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡

t✇♦✲st❡♣ t②♣❡ ♦❢ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❡st✐♠❛t♦rs✳ ❲❤❡♥ ❡♥❞♦❣❡♥❡✐t② ✐s ❛❜s❡♥t ❢r♦♠ ♠♦❞❡❧ ✭✶✮✱ t❤❡r❡ ✐s ❛

✇❡❧❧✲❞❡✈❡❧♦♣❡❞ t❤❡♦r② ♦♥ ✇❤❛t ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ❞❡s✐❣♥ ♠❛tr✐① X ∈ R
n×p ❛r❡ s✉✣❝✐❡♥t ✭s✉✣❝✐❡♥t ❛♥❞

♥❡❝❡ss❛r②✮ ❢♦r ❛♥ l1−❜❛s❡❞ r❡❣✉❧❛r✐③❡❞ ❡st✐♠❛t♦r t♦ ❝♦♥s✐st❡♥t❧② ❡st✐♠❛t❡ ✭s❡❧❡❝t✮ β∗✳ ■♥ s♦♠❡ s✐t✉❛t✐♦♥s

♦♥❡ ❝❛♥ ✐♠♣♦s❡ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❞✐r❡❝t❧② ❛s ❛♥ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞❡s✐❣♥ ♠❛tr✐①✳ ❍♦✇❡✈❡r✱

✇❤❡♥ ❡♠♣❧♦②✐♥❣ ❛ r❡❣✉❧❛r✐③❡❞ ✷❙▲❙ ❡st✐♠❛t♦r ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ tr✐❛♥❣✉❧❛r s✐♠✉❧t❛♥❡♦✉s ❧✐♥❡❛r ❡q✉❛t✐♦♥

♠♦❞❡❧s ✐♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱ ♥❛♠❡❧②✱ ✭✶✮ ❛♥❞ ✭✷✮✱ t❤❡r❡ ✐s ♥♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ r❛♥❞♦♠ ♠❛tr✐①

X̂T X̂ ✭✇✐t❤ X̂ ♦❜t❛✐♥❡❞ ❢r♦♠ r❡❣r❡ss✐♥❣ X ♦♥ t❤❡ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s✮ ✇♦✉❧❞ ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s❢② t❤❡s❡

♣r❡✈✐♦✉s❧② ❡st❛❜❧✐s❤❡❞ ❝♦♥❞✐t✐♦♥s ❢♦r ❡st✐♠❛t✐♦♥ ♦r s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝②✳ ❚❤✐s ♣❛♣❡r ❡①♣❧✐❝✐t❧② ♣r♦✈❡s t❤❛t

t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❡st✐♠❛t✐♦♥ ❝♦♥s✐st❡♥❝② ✐♥❞❡❡❞ ❤♦❧❞ ❢♦r X̂T X̂ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t② ✉♥❞❡r ❛ ❜r♦❛❞ ❝❧❛ss

♦❢ s✉❜✲●❛✉ss✐❛♥ ❞❡s✐❣♥ ♠❛tr✐❝❡s ❢♦r♠❡❞ ❜② t❤❡ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s ❛❧❧♦✇✐♥❣ ❢♦r ❛r❜✐tr❛r② ❝♦rr❡❧❛t✐♦♥s

❛♠♦♥❣ t❤❡ ❝♦✈❛r✐❛t❡s✳ ■t ❛❧s♦ ❡st❛❜❧✐s❤❡s t❤❡ s❛♠♣❧❡ s✐③❡ r❡q✉✐r❡❞ ❢♦r X̂T X̂ t♦ s❛t✐s❢② t❤❡s❡ ❝♦♥❞✐t✐♦♥s✳

❋✉rt❤❡r♠♦r❡✱ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ str♦♥❣❡r ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡ ❞❡s✐❣♥ ♠❛tr✐❝❡s ❢♦r♠❡❞ ❜②

t❤❡ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s✱ t❤✐s ♣❛♣❡r s❤♦✇s X̂T X̂ ❛❧s♦ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝②

✉♥❞❡r ❛ str♦♥❣❡r s❛♠♣❧❡ s✐③❡ r❡q✉✐r❡♠❡♥t✳ ■♥ s✉♠♠❛r②✱ t❤❡ ❛✐♠s ♦❢ t❤✐s ♣❛♣❡r✱ ❛s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱

❛r❡ t♦ ♣r♦✈✐❞❡ ❛ t❤❡♦r❡t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥ t❤❛t ❤❛s ♥♦t ❜❡❡♥ ❣✐✈❡♥ ✐♥ ❧✐t❡r❛t✉r❡ ❢♦r t❤❡s❡ r❡❣✉❧❛r✐③❡❞ ✷❙▲❙

♣r♦❝❡❞✉r❡s ✐♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✳

■ ❜❡❣✐♥ ✐♥ ❙❡❝t✐♦♥ ✷ ✇✐t❤ ❜❛❝❦❣r♦✉♥❞ ♦♥ t❤❡ st❛♥❞❛r❞ ▲❛ss♦ t❤❡♦r② ♦❢ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❡st✐♠❛t✐♦♥

t❡❝❤♥✐q✉❡s ❛s ✇❡❧❧ ❛s ❜❛s✐❝ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥ ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r✳ ❘❡s✉❧ts r❡❣❛r❞✐♥❣ t❤❡ ❡st✐♠❛t✐♦♥

❝♦♥s✐st❡♥❝② ❛♥❞ s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ✷❙▲❙ ♣r♦❝❡❞✉r❡ ✉♥❞❡r t❤❡ s♣❛rs✐t② s❝❡♥❛r✐♦

❛r❡ ❡st❛❜❧✐s❤❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❙❡❝t✐♦♥ ✹ ♣r❡s❡♥ts s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✳ ❙❡❝t✐♦♥ ✺ ❝♦♥❝❧✉❞❡s t❤✐s ♣❛♣❡r ❛♥❞

❞✐s❝✉ss❡s ❢✉t✉r❡ ❡①t❡♥s✐♦♥s✳ ❆❧❧ t❤❡ ♣r♦♦❢s ❛r❡ ❝♦❧❧❡❝t❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ✭❙❡❝t✐♦♥ ✻✮✳

✷ ❇❛❝❦❣r♦✉♥❞✱ ♥♦t❛t✐♦♥ ❛♥❞ ❞❡✜♥✐t✐♦♥s

◆♦t❛t✐♦♥✳ ❋♦r t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ t❤❡ r❡❛❞❡r✱ ■ s✉♠♠❛r✐③❡ ❤❡r❡ ♥♦t❛t✐♦♥s t♦ ❜❡ ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s

♣❛♣❡r✳ ❚❤❡ lq ♥♦r♠ ♦❢ ❛ ✈❡❝t♦r v ∈ m×1 ✐s ❞❡♥♦t❡❞ ❜② |v|q✱ 1 ≤ q ≤ ∞ ✇❤❡r❡ |v|q := (
∑m

i=1 |vi|q)
1/q ✇❤❡♥

1 ≤ q <∞ ❛♥❞ |v|q := maxi=1,...,m |vi| ✇❤❡♥ q = ∞✳ ❋♦r ❛ ♠❛tr✐① A ∈ R
m×m✱ ✇r✐t❡ |A|∞ := maxi,j |aij | t♦

❜❡ t❤❡ ❡❧❡♠❡♥t✇✐s❡ l∞✲ ♥♦r♠ ♦❢ A✳ ❚❤❡ l2✲♦♣❡r❛t♦r ♥♦r♠✱ ♦r s♣❡❝tr❛❧ ♥♦r♠ ♦❢ t❤❡ ♠❛tr✐① A ❝♦rr❡s♣♦♥❞s t♦

✐ts ♠❛①✐♠✉♠ s✐♥❣✉❧❛r ✈❛❧✉❡❀ ✐✳❡✳✱ ✐t ✐s ❞❡✜♥❡❞ ❛s ||A||2 := supv∈Sm−1 |Av|2✱ ✇❤❡r❡ Sm−1 = {v ∈ R
m | |v|2 =

1}✳ ❚❤❡ l∞ ♠❛tr✐① ♥♦r♠ ✭♠❛①✐♠✉♠ ❛❜s♦❧✉t❡ r♦✇ s✉♠✮ ♦❢ A ✐s ❞❡♥♦t❡❞ ❜② ||A||∞ := maxi
∑

j |aij | ✭♥♦t❡
t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ |A|∞ ❛♥❞ ||A||∞✮✳ ■ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❜♦✉♥❞ ||A||∞ ≤ √

m||A||2 ❢♦r ❛♥② s②♠♠❡tr✐❝

♠❛tr✐① A ∈ R
m×m✳ ❋♦r ❛ ♠❛tr✐① Σ✱ ❞❡♥♦t❡ ✐ts ♠✐♥✐♠✉♠ ❡✐❣❡♥✈❛❧✉❡ ❛♥❞ ♠❛①✐♠✉♠ ❡✐❣❡♥✈❛❧✉❡ ❜② λmin(Σ)

❛♥❞ λmax(Σ)✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r ❢✉♥❝t✐♦♥s f(n) ❛♥❞ g(n)✱ ✇r✐t❡ f(n) % g(n) t♦ ♠❡❛♥ t❤❛t f(n) ≥ cg(n)

❢♦r ❛ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥t c ∈ (0, ∞) ❛♥❞ s✐♠✐❧❛r❧②✱ f(n) - g(n) t♦ ♠❡❛♥ t❤❛t f(n) ≤ c
′
g(n) ❢♦r ❛ ✉♥✐✲

✈❡rs❛❧ ❝♦♥st❛♥t c
′ ∈ (0, ∞)✳ f(n) ≍ g(n) ✇❤❡♥ f(n) % g(n) ❛♥❞ f(n) - g(n) ❤♦❧❞ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❋♦r

✻



s♦♠❡ ✐♥t❡❣❡r s ∈ {1, 2, ...,m}✱ t❤❡ l0✲❜❛❧❧ ♦❢ r❛❞✐✉s s ✐s ❣✐✈❡♥ ❜② B
m
0 (s) := {v ∈ R

m | |v|0 ≤ s} ✇❤❡r❡

|v|0 :=
∑m

i=1 1{vi 6= 0}✳ ❙✐♠✐❧❛r❧②✱ t❤❡ l2✲❜❛❧❧ ♦❢ r❛❞✐✉s r ✐s ❣✐✈❡♥ ❜② B
m
2 (r) := {v ∈ R

m | |v|2 ≤ r}✳
❆❧s♦✱ ✇r✐t❡ K(s, m) := B

m
0 (s) ∩ B

m
2 (1) ❛♥❞ K

2(s, m) := K(s, m) × K(s, m)✳ ❋♦r ❛ ✈❡❝t♦r v ∈ R
p✱ ❧❡t

J(v) = {j ∈ {1, ..., p} | vj 6= 0} ❜❡ ✐ts s✉♣♣♦rt✱ ✐✳❡✳✱ t❤❡ s❡t ♦❢ ✐♥❞✐❝❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐ts ♥♦♥✲③❡r♦ ❝♦♠♣♦✲

♥❡♥ts vj ✳ ❚❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ ❛ s❡t J ⊆ {1, ..., p} ✐s ❞❡♥♦t❡❞ ❜② |J |✳

■ ✇✐❧❧ ❜❡❣✐♥ ✇✐t❤ ❛ ❜r✐❡❢ r❡✈✐❡✇ ♦❢ t❤❡ ❝❛s❡ ✇❤❡r❡ ❛❧❧ ❝♦♠♣♦♥❡♥ts ✐♥ X ✐♥ ✭✶✮ ❛r❡ ❡①♦❣❡♥♦✉s✳ ❆ss✉♠❡

t❤❡ ♥✉♠❜❡r ♦❢ r❡❣r❡ss♦rs p ✐♥ ❡q✉❛t✐♦♥ ✭✶✮ ❣r♦✇s ✇✐t❤ ❛♥❞ ❡①❝❡❡❞s t❤❡ s❛♠♣❧❡ s✐③❡ n✳ ▲❡t ✉s ❢♦❝✉s ♦♥ t❤❡

❝❧❛ss ♦❢ ♠♦❞❡❧s ✇❤❡r❡ β∗ ❤❛s ❛t ♠♦st k ♥♦♥✲③❡r♦ ♣❛r❛♠❡t❡rs✱ ✇❤❡r❡ k ✐s ❛❧s♦ ❛❧❧♦✇❡❞ t♦ ✐♥❝r❡❛s❡ t♦ ✐♥✜♥✐t②

✇✐t❤ n ❜✉t s❧♦✇❧② ❝♦♠♣❛r❡❞ t♦ n✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❛ss♦ ♣r♦❣r❛♠✿

β̂Las ∈ arg min
β∈Rp

{

1

2n
|y −Xβ|22 + λn|β|1

}

,

✇❤❡r❡ λn > 0 ✐s s♦♠❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡r✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ❛ ❝♦♥str❛✐♥❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ▲❛ss♦

β̂Las ∈ arg min
β∈Rp

1

2n
|Y −Xβ|22 s✉❝❤ t❤❛t |β|1 ≤ R.

❇② ▲❛❣r❛♥❣✐❛♥ ❞✉❛❧✐t② t❤❡♦r②✱ t❤❡ ❛❜♦✈❡ t✇♦ ♣r♦❣r❛♠s ❛r❡ ❡q✉✐✈❛❧❡♥t✳ ❋♦r ❡①❛♠♣❧❡✱ ❢♦r ❛♥② ❝❤♦✐❝❡ ♦❢

r❛❞✐✉s R > 0 ✐♥ t❤❡ ❝♦♥str❛✐♥❡❞ ✈❛r✐❛♥t ♦❢ t❤❡ ▲❛ss♦✱ t❤❡r❡ ✐s ❛ t✉♥✐♥❣ ♣❛r❛♠❡t❡r λn(R) ≥ 0 s✉❝❤ t❤❛t

s♦❧✈✐♥❣ t❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠ ♦❢ t❤❡ ▲❛ss♦ ✐s ❡q✉✐✈❛❧❡♥t t♦ s♦❧✈✐♥❣ t❤❡ ❝♦♥str❛✐♥❡❞ ✈❡rs✐♦♥✳

❈♦♥s✐❞❡r t❤❡ ❝♦♥str❛✐♥❡❞ ▲❛ss♦ ♣r♦❣r❛♠ ❛❜♦✈❡ ✇✐t❤ r❛❞✐✉s R = |β∗|1✳ ❲✐t❤ t❤✐s s❡tt✐♥❣✱ t❤❡ tr✉❡

♣❛r❛♠❡t❡r ✈❡❝t♦r β∗ ✐s ❢❡❛s✐❜❧❡ ❢♦r t❤❡ ♣r♦❜❧❡♠✳ ❇② ❞❡✜♥✐t✐♦♥✱ t❤❡ ❡st✐♠❛t❡ β̂Las ♠✐♥✐♠✐③❡s t❤❡ q✉❛❞r❛t✐❝

❧♦ss ❢✉♥❝t✐♦♥ L(β; (y, X)) = 1
2n |y − Xβ|22 ♦✈❡r t❤❡ l1−❜❛❧❧ ♦❢ r❛❞✐✉s R✳ ❆s n ✐♥❝r❡❛s❡s✱ ✇❡ ❡①♣❡❝t t❤❛t

β∗ s❤♦✉❧❞ ❜❡❝♦♠❡ ❛ ♥❡❛r✲♠✐♥✐♠✐③❡r ♦❢ t❤❡ s❛♠❡ ❧♦ss✱ s♦ t❤❛t L(β̂Las; (y, X)) ≈ L(β∗; (y, X))✳ ❇✉t ✇❤❡♥

❞♦❡s ❝❧♦s❡♥❡ss ✐♥ t❤❡ ❧♦ss ✐♠♣❧② t❤❛t t❤❡ ❡rr♦r ✈❡❝t♦r v := β̂Las − β∗ ✐s ❛❧s♦ s♠❛❧❧❄ ❚❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡

❡①❝❡ss ❧♦ss L(β̂Las) − L(β∗) ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ ❡rr♦r v = β̂Las − β∗ ✐s t❤❡ ❍❡ss✐❛♥ ♦❢ t❤❡ ❧♦ss ❢✉♥❝t✐♦♥✱

∇2L(β) = 1
nX

TX✱ ✇❤✐❝❤ ❝❛♣t✉r❡s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❧♦ss ❢✉♥❝t✐♦♥✳ ■♥ t❤❡ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣

✇❤❡r❡ p < n✱ ❛s ❧♦♥❣ ❛s r❛♥❦(X) = p✱ ✇❡ ❛r❡ ❣✉❛r❛♥t❡❡❞ t❤❛t t❤❡ ❍❡ss✐❛♥ ♠❛tr✐①✱ Σ̂ = 1
nX

TX✱ ♦❢ t❤❡

❧♦ss ❢✉♥❝t✐♦♥ ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ ✐✳❡✳✱ vT Σ̂v ≥ δ > 0 ❢♦r v ∈ R
p\{0}✳ ■♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ✇✐t❤

p > n✱ t❤❡ ❍❡ss✐❛♥ ✐s ❛ p× p ♠❛tr✐① ✇✐t❤ r❛♥❦ ❛t ♠♦st n✱ s♦ t❤❛t ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ ❣✉❛r❛♥t❡❡ t❤❛t ✐t ❤❛s

❛ ♣♦s✐t✐✈❡ ❝✉r✈❛t✉r❡ ✐♥ ❛❧❧ ❞✐r❡❝t✐♦♥s✳

❚❤❡ r❡str✐❝t❡❞ ❡✐❣❡♥✈❛❧✉❡ ✭❘❊✮ ❝♦♥❞✐t✐♦♥ ✐s ♦♥❡ ♦❢ t❤❡ ♣❧❛✉s✐❜❧❡ ✇❛②s t♦ r❡❧❛① t❤❡ str✐♥❣❡♥❝② ♦❢ t❤❡

✉♥✐❢♦r♠ ❝✉r✈❛t✉r❡ ❝♦♥❞✐t✐♦♥✳ ❚❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ❛ss✉♠❡s t❤❛t t❤❡ ❍❡ss✐❛♥ ♠❛tr✐①✱ Σ̂ = 1
nX

TX✱ ♦❢ t❤❡ ❧♦ss

❢✉♥❝t✐♦♥ ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♦♥ ❛ r❡str✐❝t❡❞ s❡t ✭t❤❡ ❝❤♦✐❝❡ ♦❢ t❤✐s s❡t ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ l1−♣❡♥❛❧t②
❛♥❞ t♦ ❜❡ ❡①♣❧❛✐♥❡❞ s❤♦rt❧②✮✳ ■♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱ ✐t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥

✐s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r lq✲ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ▲❛ss♦ ❡st✐♠❛t❡ β̂Las ✭s❡❡✱ ❡✳❣✳✱ ❇✐❝❦❡❧✱ ❡t✳ ❛❧✳✱ ✷✵✵✾❀

▼❡✐♥s❤❛✉s❡♥ ❛♥❞ ❨✉✱ ✷✵✵✾❀ ❘❛s❦✉tt✐ ❡t ❛❧✳✱ ✷✵✶✵❀ ❇ü❤❧♠❛♥♥ ❛♥❞ ✈❛♥ ❞❡ ●❡❡r✱ ✷✵✶✶❀ ▲♦❤ ❛♥❞ ❲❛✐♥✇r✐❣❤t✱

✷✵✶✷❀ ◆❡❣❛❤❜❛♥✱ ❡t✳ ❛❧✳✱ ✷✵✶✷✮✳ ■♥ t❤✐s ♣❛♣❡r✱ ■ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ✭s❡❡✱ ◆❡❣❛❤❜❛♥✱ ❡t✳ ❛❧✳✱

✷✵✶✷❀ ❲❛✐♥✇r✐❣❤t✱ ✷✵✶✹✮✳

❉❡✜♥✐t✐♦♥ ✶ ✭❘❊✮✿ ❚❤❡ ♠❛tr✐① X ∈ R
n×p s❛t✐s✜❡s t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ♦✈❡r ❛ s✉❜s❡t S ⊆ {1, 2, ..., p}

✼



✇✐t❤ ♣❛r❛♠❡t❡r (δ, γ) ✐❢
1
n |Xv|22
|v|22

≥ δ > 0 ❢♦r ❛❧❧ v ∈ C(S; γ)\{0}, ✭✸✮

✇❤❡r❡

C(S; γ) := {v ∈ R
p | |vSc |1 ≤ γ|vS |1} ❢♦r s♦♠❡ ❝♦♥st❛♥t γ ≥ 1

✇✐t❤ vS ❞❡♥♦t✐♥❣ t❤❡ ✈❡❝t♦r ✐♥ R
p t❤❛t ❤❛s t❤❡ s❛♠❡ ❝♦♦r❞✐♥❛t❡s ❛s v ♦♥ S ❛♥❞ ③❡r♦ ❝♦♦r❞✐♥❛t❡s ♦♥ t❤❡

❝♦♠♣❧❡♠❡♥t Sc ♦❢ S✳

❲❤❡♥ t❤❡ ✉♥❦♥♦✇♥ ✈❡❝t♦r β∗ ∈ R
p ✐s ❡①❛❝t❧② s♣❛rs❡✱ ❛ ♥❛t✉r❛❧ ❝❤♦✐❝❡ ♦❢ S ✐s t❤❡ s✉♣♣♦rt s❡t ♦❢ β∗✱

✐✳❡✳✱ J(β∗)✳ ❘❊ ✐s ❛ ✇❡❛❦❡r ❝♦♥❞✐t✐♦♥ t❤❛♥ ♦t❤❡r r❡str✐❝t✐♦♥s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✐♥❝❧✉❞✐♥❣ t❤❡ ♣❛✐r✇✐s❡

✐♥❝♦❤❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✭❉♦♥♦❤♦✱ ✷✵✵✻❀ ●❛✉t✐❡r ❛♥❞ ❚s②❜❛❦♦✈✱ ✷✵✶✶✱ Pr♦♣♦s✐t✐♦♥ ✹✳✷✮ ❛♥❞ t❤❡ r❡str✐❝t❡❞

✐s♦♠❡tr② ♣r♦♣❡rt② ✭❈❛♥❞ès ❛♥❞ ❚❛♦✱ ✷✵✵✼✮✳ ❆s s❤♦✇♥ ❜② ❇✐❝❦❡❧ ❡t ❛❧✳✱ ✷✵✵✾✱ t❤❡ r❡str✐❝t❡❞ ✐s♦♠❡tr② ♣r♦♣✲

❡rt② ✐♠♣❧✐❡s t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ❜✉t ♥♦t ✈✐❝❡ ✈❡rs❛✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❘❛s❦✉tt✐ ❡t ❛❧✳✱ ✷✵✶✵ ❣✐✈❡ ❡①❛♠♣❧❡s ♦❢

♠❛tr✐① ❢❛♠✐❧✐❡s ❢♦r ✇❤✐❝❤ t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✱ ❜✉t t❤❡ r❡str✐❝t❡❞ ✐s♦♠❡tr② ❝♦♥st❛♥ts t❡♥❞ t♦ ✐♥✜♥✐t②

❛s (n, |S|) ❣r♦✇✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡② s❤♦✇ t❤❛t ❡✈❡♥ ✇❤❡♥ ❛ ♠❛tr✐① ❡①❤✐❜✐ts ❛ ❤✐❣❤ ❛♠♦✉♥t ♦❢ ❞❡♣❡♥❞❡♥❝②

❛♠♦♥❣ t❤❡ ❝♦✈❛r✐❛t❡s✱ ✐t ♠✐❣❤t st✐❧❧ s❛t✐s❢② ❘❊✳ ❚♦ ❜❡ ♠♦r❡ ♣r❡❝✐s❡✱ t❤❡② s❤♦✇ t❤❛t✱ ✐❢ X ∈ R
n×p ✐s ❢♦r♠❡❞

❜② ✐♥❞❡♣❡♥❞❡♥t❧② s❛♠♣❧✐♥❣ ❡❛❝❤ r♦✇ Xi ∼ N(0, Σ)✱ t❤❡♥ t❤❡r❡ ❛r❡ str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts (κ1, κ2)✱

❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ t❤❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① Σ✱ s✉❝❤ t❤❛t

|Xv|22
n

≥ κ1|v|22 − κ2
log p

n
|v|21, ❢♦r ❛❧❧ v ∈ R

p,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1−c1 exp(−c2n) ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥ts c1 ❛♥❞ c2✳ ❚❤❡ ❜♦✉♥❞ ❛❜♦✈❡ ❡♥s✉r❡s

t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ✇✐t❤ δ = κ1
2 ❛♥❞ γ = 3 ❛s ❧♦♥❣ ❛s n > 32κ2

κ1
k log p✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t❡ t❤❛t ❢♦r

❛♥② v ∈ C(J(β∗), 3)✱ ✇❡ ❤❛✈❡ |v|21 ≤ 16|vJ(β∗)|21 ≤ 16k|vJ(β∗)|22✳ ●✐✈❡♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❛❜♦✈❡✱ ❢♦r ❛♥②

v ∈ C(J(β∗); 3)✱ ✇❡ ❤❛✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞

|Xv|22
n

≥
(

κ1 − 16κ2
k log p

n

)

|v|22 ≥
κ1
2
|v|22,

✇❤❡r❡ t❤❡ ✜♥❛❧ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❛s ❧♦♥❣ ❛s n > 32(κ2
κ1
)2k log p✳ ❆♥ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡ ♦❢ t❤❡ t✉♥✐♥❣

♣❛r❛♠❡t❡r λn ✐♥ t❤❡ ▲❛ss♦ ♣r♦❣r❛♠ ❡♥s✉r❡s v̂ := β̂Las − β∗ ∈ C(J(β∗); 3)✳ ❚❤✐s ❢❛❝t ❝❛♥ ❜❡ ❢♦r♠❛❧✐③❡❞ ✐♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ❋♦r t❤❡ ❧✐♥❡❛r ♠♦❞❡❧ yi = xiβ
∗ + ǫi ✇❤❡r❡ E(xiǫi) = 0✱ ✐❢ ✇❡ s♦❧✈❡ t❤❡ ▲❛ss♦ ♣r♦✲

❣r❛♠ ✇✐t❤ ♣❛r❛♠❡t❡r λn ≥ 2
n ||XT ǫ||∞ > 0✱ t❤❡♥ t❤❡ ❡rr♦r v̂ := β̂Las − β∗ ∈ C(J(β∗), 3)✳

Pr♦♦❢✳ ❉❡✜♥❡ t❤❡ ▲❛❣r❛♥❣✐❛♥ L(β; λn) =
1
2n |y −Xβ|22 + λn|β|1✳ ❙✐♥❝❡ β̂Las ✐s ♦♣t✐♠❛❧✱ ✇❡ ❤❛✈❡

L(β̂; λn) ≤ L(β∗; λn) =
1

2n
|ǫ|22 + λn|β∗|1,

✽



❙♦♠❡ ❛❧❣❡❜r❛✐❝ ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ t❤❡ ❜❛s✐❝ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡ ②✐❡❧❞s

0 ≤ 1

2n
|Xv̂|22 ≤

1

n
ǫXv̂ + λn

{

|β∗J(β∗)|1 − |(β∗J(β∗) + v̂J(β∗), v̂J(β∗)c)|1
}

≤ |v̂|1|
1

n
XT ǫ|∞ + λn

{

|v̂J(β∗)|1 − |v̂J(β∗)c |1
}

≤ λn
2

{

3|v̂J(β∗)|1 − |v̂J(β∗)c |1
}

,

✇❤❡r❡ t❤❡ ❧❛st ❧✐♥❡ ❛♣♣❧✐❡s t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ λn✳ �

❘✉❞❡❧s♦♥ ❛♥❞ ❩❤♦✉ ✭✷✵✶✶✮ ❛s ✇❡❧❧ ❛s ▲♦❤ ❛♥❞ ❲❛✐♥✇r✐❣❤t ✭✷✵✶✷✮ ❡①t❡♥❞ t❤✐s t②♣❡ ♦❢ ❘❊ ❛♥❛❧②s✐s ❢r♦♠

t❤❡ ❝❛s❡ ♦❢ ●❛✉ss✐❛♥ ❞❡s✐❣♥s t♦ t❤❡ ❝❛s❡ ♦❢ s✉❜✲●❛✉ss✐❛♥ ❞❡s✐❣♥s✳ ❚❤❡ s✉❜✲●❛✉ss✐❛♥ ❛ss✉♠♣t✐♦♥ s❛②s t❤❛t

t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ♥❡❡❞ t♦ ❜❡ ❞r❛✇♥ ❢r♦♠ ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ✇❡❧❧✲❜❡❤❛✈❡❞ t❛✐❧s ❧✐❦❡ ●❛✉ss✐❛♥✳ ■♥

❝♦♥tr❛st t♦ t❤❡ ●❛✉ss✐❛♥ ❛ss✉♠♣t✐♦♥✱ s✉❜✲●❛✉ss✐❛♥ ✈❛r✐❛❜❧❡s ❝♦♥st✐t✉t❡ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ❢❛♠✐❧② ♦❢ ❞✐str✐❜✉✲

t✐♦♥s✳ ■♥ t❤✐s ♣❛♣❡r✱ ■ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥ ❢♦r ❛ s✉❜✲●❛✉ss✐❛♥ ♠❛tr✐①✳

❉❡✜♥✐t✐♦♥ ✷✿ ❆ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ X ✇✐t❤ ♠❡❛♥ µ = E[X] ✐s s✉❜✲●❛✉ss✐❛♥ ✐❢ t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ♥✉♠✲

❜❡r σ s✉❝❤ t❤❛t

E[exp(t(X − µ))] ≤ exp(σ2t2/2) ❢♦r ❛❧❧ t ∈ R,

❛♥❞ ❛ r❛♥❞♦♠ ♠❛tr✐① A ∈ R
n×p ✐s s✉❜✲●❛✉ss✐❛♥ ✇✐t❤ ♣❛r❛♠❡t❡rs (ΣA, σ

2
A) ✐❢ ✭❛✮ ❡❛❝❤ r♦✇ AT

i ∈ R
p ✐s

s❛♠♣❧❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ❢r♦♠ ❛ ③❡r♦✲♠❡❛♥ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ΣA✱ ✭❜✮ ❢♦r ❛♥② ✉♥✐t ✈❡❝t♦r u ∈ R
p✱

t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ uTAT
i ✐s s✉❜✲●❛✉ss✐❛♥ ✇✐t❤ ♣❛r❛♠❡t❡r ❛t ♠♦st σ2A✳

❋♦r ❡①❛♠♣❧❡✱ ✐❢ A ∈ R
n×p ✐s ❢♦r♠❡❞ ❜② ✐♥❞❡♣❡♥❞❡♥t❧② s❛♠♣❧✐♥❣ ❡❛❝❤ r♦✇ Ai ∼ N(0, ΣA)✱ t❤❡♥ t❤❡

r❡s✉❧t✐♥❣ ♠❛tr✐① A ∈ R
n×p ✐s ❛ s✉❜✲●❛✉ss✐❛♥ ♠❛tr✐① ✇✐t❤ ♣❛r❛♠❡t❡rs (ΣA, ||ΣA||2)✱ r❡❝❛❧❧✐♥❣ ||ΣA||2

❞❡♥♦t❡s t❤❡ s♣❡❝tr❛❧ ♥♦r♠ ♦❢ ΣA✳

✸ ❍✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ✷❙▲❙ ❡st✐♠❛t✐♦♥

❙✉♣♣♦s❡ ❢r♦♠ ♣❡r❢♦r♠✐♥❣ ❛ ✜rst✲st❛❣❡ r❡❣r❡ss✐♦♥ ♦♥ ❡❛❝❤ ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✐♥ ✭✷✮ s❡♣❛r❛t❡❧②✱ ✇❡ ♦❜t❛✐♥

❡st✐♠❛t❡s π̂j ❛♥❞ ❧❡t x̂j := Zj π̂j ❢♦r j = 1, ..., p✳ ❉❡♥♦t❡ t❤❡ ✜tt❡❞ r❡❣r❡ss♦rs ❢r♦♠ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥

❜② X̂✱ ✇❤❡r❡ X̂ = (x̂1, ..., x̂p)✳ ❋♦r t❤❡ s❡❝♦♥❞✲st❛❣❡ r❡❣r❡ss✐♦♥✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❛ss♦ ♣r♦❣r❛♠✿

β̂H2SLS ∈ ❛r❣♠✐♥β∈Rp :
1

2n
|y − X̂β|22 + λn|β|1. ✭✹✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✐s ❛ st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ s♣❛rs✐t② ❢♦r ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r ♠♦❞❡❧s✳

❆ss✉♠♣t✐♦♥ ✸✳✶✿ ❚❤❡ ♥✉♠❜❡rs ♦❢ r❡❣r❡ss♦rs p(= pn) ❛♥❞ dj(= djn) ❢♦r ❡✈❡r② j = 1, ..., p ✐♥ ✭✶✮ ❛♥❞

✭✷✮ ❝❛♥ ❣r♦✇ ✇✐t❤ ❛♥❞ ❡①❝❡❡❞ t❤❡ s❛♠♣❧❡ s✐③❡ n✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦ ❝♦♠♣♦♥❡♥ts ✐♥ π∗j ✐s ❛t ♠♦st

k1(= k1n) ❢♦r ❛❧❧ j = 1, ..., p✱ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦ ❝♦♠♣♦♥❡♥ts ✐♥ β∗ ✐s ❛t ♠♦st k2(= k2n)✳ ❇♦t❤ k1

❛♥❞ k2 ❝❛♥ ✐♥❝r❡❛s❡ t♦ ✐♥✜♥✐t② ✇✐t❤ n ❜✉t s❧♦✇❧② ❝♦♠♣❛r❡❞ t♦ n✳

■ ✜rst ♣r❡s❡♥t ❛ ❣❡♥❡r❛❧ ❜♦✉♥❞ ♦♥ t❤❡ st❛t✐st✐❝❛❧ ❡rr♦r ♠❡❛s✉r❡❞ ❜② t❤❡ q✉❛♥t✐t② |β̂H2SLS − β∗|2✳

✾



▲❡♠♠❛ ✸✳✶ ✭●❡♥❡r❛❧ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ l2−❡rr♦r✮✳ ▲❡t Γ̂ = 1
nX̂

T X̂ ❛♥❞ e = (X − X̂)β∗ + ηβ∗ + ǫ✳

❙✉♣♣♦s❡ t❤❡ r❛♥❞♦♠ ♠❛tr✐① Γ̂ s❛t✐s✜❡s t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ✭✸✮ ✇✐t❤ γ = 3 ❛♥❞ t❤❡ ✈❡❝t♦r β∗ ✐s s✉♣♣♦rt❡❞

♦♥ ❛ s✉❜s❡t J(β∗) ⊆ {1, 2, ...p} ✇✐t❤ ✐ts ❝❛r❞✐♥❛❧✐t② |J(β∗)| ≤ k2✳ ■❢ ❛ s♦❧✉t✐♦♥ β̂H2SLS ✱ ❞❡✜♥❡❞ ✐♥ ✭✹✮ ❤❛s

λn s❛t✐s❢②✐♥❣

λn ≥ 2| 1
n
X̂T e|∞ > 0,

❢♦r ❛♥② ❣✐✈❡♥ n✱ t❤❡♥ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t c > 0 s✉❝❤ t❤❛t

|β̂H2SLS − β∗|2 ≤
c

δ

√

k2λn.

❚❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✸✳✶ ✐s ♣r♦✈✐❞❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✶✳

◆♦t✐❝❡ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ λn ✐♥ ▲❡♠♠❛ ✸✳✶ ❞❡♣❡♥❞s ♦♥ ✉♥❦♥♦✇♥ q✉❛♥t✐t✐❡s ❛♥❞ t❤❡r❡❢♦r❡ ▲❡♠♠❛ ✸✳✶

❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❣✉✐❞❛♥❝❡ t♦ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❘❛t❤❡r✱ ✐t s❤♦✉❧❞ ❜❡ ✈✐❡✇❡❞ ❛s ❛♥ ✐♥t❡r♠❡❞✐❛t❡

❧❡♠♠❛ ❢♦r ♣r♦✈✐♥❣ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ t✇♦✲st❛❣❡ ❡st✐♠❛t♦r ❧❛t❡r ♦♥✳ ■♥ t❤❡ ❛♣♣❡♥❞✐① ✭❙❡❝t✐♦♥ ✻✮ ✇❡ s❤♦✇

t❤❛t t❤❡ t❡r♠ | 1nX̂T e|∞ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ❛♥❞ t❤❡ ♦r❞❡r ♦❢ t❤❡ r❡s✉❧t✐♥❣ ✉♣♣❡r ❜♦✉♥❞ ❝❛♥ ❜❡ ✉s❡❞

t♦ s❡t t❤❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡r λn✳ ■♥ ♦r❞❡r t♦ ❛♣♣❧② ▲❡♠♠❛ ✸✳✶ t♦ ♣r♦✈❡ ❝♦♥s✐st❡♥❝②✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ ✭✐✮

Γ̂ = 1
nX̂

T X̂ s❛t✐s✜❡s t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ✭✸✮ ✇✐t❤ γ = 3 ❛♥❞ ✭✐✐✮ t❤❡ t❡r♠ | 1nX̂T e|∞ - f(k1, k2, d1, ..., dp, p, n)

✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✱ ❛♥❞ t❤❡♥ ✇❡ ❝❛♥ s❤♦✇

|β̂H2SLS − β∗|2 -
√

k2f(k1, k2, d1, ..., dp, p, n)

❜② ❝❤♦♦s✐♥❣ λn ≍ f(k1, k2, d1, ..., dp, p, n)✳ ❚❤❡ ❛ss✉♠♣t✐♦♥
√
k2f(k1, k2, d1, ...dp, p, n) = o(1) ✇✐❧❧ t❤❡r❡✲

❢♦r❡ ✐♠♣❧② t❤❡ l2✲❝♦♥s✐st❡♥❝② ♦❢ β̂H2SLS ✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✸✳✶ t♦ t❤❡ tr✐❛♥❣✉❧❛r s✐♠✉❧t❛♥❡♦✉s ❡q✉❛t✐♦♥s

♠♦❞❡❧ ✭✶✮ ❛♥❞ ✭✷✮ r❡q✉✐r❡s ❛❞❞✐t✐♦♥❛❧ ✇♦r❦ t♦ ❡st❛❜❧✐s❤ ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ✇❤✐❝❤

❞❡♣❡♥❞s ♦♥ t❤❡ s♣❡❝✐✜❝ ✜rst✲st❛❣❡ ❡st✐♠❛t♦r ❢♦r X̂✳ ■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥✐♥❣ t❤❛t✱ ✇❤✐❧❡ ✐♥ ♠❛♥② s✐t✉❛t✐♦♥s

♦♥❡ ❝❛♥ ✐♠♣♦s❡ t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ❛s ❛♥ ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❞❡s✐❣♥ ♠❛tr✐① ✭❡✳❣✳✱ ❇❡❧❧♦♥✐ ❛♥❞ ❈❤❡r♥♦③❤✉❦♦✈✱

✷✵✶✶❜❀ ❇❡❧❧♦♥✐✱ ❈❤❡♥✱ ❈❤❡r♥♦③❤✉❦♦✈✱ ❛♥❞ ❍❛♥s❡♥✱ ✷✵✶✷✮ ✐♥ ❛♥❛❧②③✐♥❣ t❤❡ ❝♦♥s✐st❡♥❝② ♣r♦♣❡rt② ♦❢ t❤❡ ▲❛ss♦✱

❛♣♣r♦♣r✐❛t❡ ❛♥❛❧②s✐s ✐s ♥❡❡❞❡❞ ✐♥ t❤✐s ♣❛♣❡r t♦ ✈❡r✐❢② t❤❛t 1
nX̂

T X̂ s❛t✐s✜❡s t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ❜❡❝❛✉s❡ X̂

✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❛♥❞ t❤❡r❡ ✐s ♥♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ r❛♥❞♦♠ ♠❛tr✐① 1
nX̂

T X̂ ✇♦✉❧❞

❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s❢② t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥✳ ❚♦ t❤❡ ❜❡st ♦❢ ♠② ❦♥♦✇❧❡❞❣❡✱ ♣r❡✈✐♦✉s ❧✐t❡r❛t✉r❡ ❤❛s ♥♦t ❞❡❛❧t

✇✐t❤ t❤✐s ✐ss✉❡ ❞✐r❡❝t❧②✳ ❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❘❊ ❛♥❛❧②s✐s ✐♥tr♦❞✉❝❡❞ ✐♥ t❤✐s ♣❛♣❡r ✐s ♣❛rt✐❝✉❧❛r❧② ✉s❡❢✉❧ ❢♦r

❛♥❛❧②③✐♥❣ t❤❡ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t✇♦✲st❡♣ t②♣❡ ♦❢ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❡st✐♠❛t♦rs ✐♥ t❤❡ s✐♠✉❧t❛♥❡♦✉s

❡q✉❛t✐♦♥s ♠♦❞❡❧ ❝♦♥t❡①t✳ ❆s ❞✐s❝✉ss❡❞ ♣r❡✈✐♦✉s❧②✱ t❤✐s ♣❛♣❡r ❢♦❝✉s❡s ♦♥ t❤❡ ❝❛s❡ ✇❤❡r❡ p≫ n ❛♥❞ dj ≪ n

❢♦r ❛❧❧ j ❛♥❞ t❤❡ ❝❛s❡ ✇❤❡r❡ p ≫ n ❛♥❞ dj ≫ n ❢♦r ❛t ❧❡❛st ♦♥❡ j✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s✉❜s❡❝t✐♦♥s ♣r❡s❡♥t

r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ❡st✐♠❛t✐♦♥ ❝♦♥s✐st❡♥❝② ❛♥❞ ✈❛r✐❛❜❧❡✲s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝② ❢♦r t❤❡ ❡①❛❝t s♣❛rs✐t② ❝❛s❡✳

✸✳✶ ❊st✐♠❛t✐♦♥ ❝♦♥s✐st❡♥❝② ❢♦r t❤❡ s♣❛rs✐t② ❝❛s❡

❚♦ ❞❡r✐✈❡ t❤❡ ♥♦♥✲❛s②♠♣t♦t✐❝ ❜♦✉♥❞s ❛♥❞ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ✭✐✳❡✳✱ ❡st✐♠❛t✐♦♥ ❝♦♥s✐st❡♥❝② ❛♥❞ s❡❧❡❝t✐♦♥

❝♦♥s✐st❡♥❝②✮ ❢♦r β̂H2SLS ✱ ■ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s✳

❆ss✉♠♣t✐♦♥ ✸✳✷✿ ❚❤❡ ❡rr♦r t❡r♠s ǫ ❛♥❞ ηj ❢♦r j = 1, ..., p ❛r❡ ✐✳✐✳❞✳ ③❡r♦✲♠❡❛♥ s✉❜✲●❛✉ss✐❛♥ ✈❡❝✲

✶✵



t♦rs ✇✐t❤ ♣❛r❛♠❡t❡rs σ2ǫ ❛♥❞ σ2η✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ r❛♥❞♦♠ ♠❛tr✐① Zj ∈ R
n×dj ✐s s✉❜✲●❛✉ss✐❛♥ ✇✐t❤

♣❛r❛♠❡t❡rs (ΣZj , σ
2
Z) ❢♦r j = 1, ..., p✳

❆ss✉♠♣t✐♦♥ ✸✳✸✿ ❋♦r ❡✈❡r② j = 1, ..., p✱ x∗
j := Zjπ

∗
j ✳ ❚❤❡ ♠❛tr✐① X∗ ∈ R

n×p ✐s s✉❜✲●❛✉ss✐❛♥ ✇✐t❤

♣❛r❛♠❡t❡rs (ΣX∗ , σ2X∗) ✇❤❡r❡ t❤❡ jt❤ ❝♦❧✉♠♥ ♦❢ X∗ ✐s x∗
j ✳

❆ss✉♠♣t✐♦♥ ✸✳✹✿ ❋♦r ❡✈❡r② j = 1, ..., p✱ wj := Zjvj ✇❤❡r❡ vj ∈ K(k1, dj) := B
dj
0 (k1) ∩ B

dj
2 (1)✳ ❚❤❡

♠❛tr✐① W ∈ R
n×p ✐s s✉❜✲●❛✉ss✐❛♥ ✇✐t❤ ♣❛r❛♠❡t❡rs (ΣW , σ

2
W ) ✇❤❡r❡ t❤❡ jt❤ ❝♦❧✉♠♥ ♦❢ W ✐s wj ✳

❆ss✉♠♣t✐♦♥ ✸✳✺❛✿ ❚❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦r π̂T ∈ R
p×d s❛t✐s✜❡s t❤❡ ❜♦✉♥❞ maxj=1,...,p |π̂j − π∗j |1 ≤

cση

λmin(ΣZ)k1

√

logmax(d, p)
n ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1 − c1 exp(−c2 logmax(d, p, n)) ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ❝♦♥✲

st❛♥ts c1 ❛♥❞ c2✱ ✇❤❡r❡ d = maxj=1,...,p dj ❛♥❞ λmin(ΣZ) = minj=1,...,p λmin(ΣZj )✳

❆ss✉♠♣t✐♦♥ ✸✳✺❜✿ ❚❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦r π̂T ∈ R
p×d s❛t✐s✜❡s t❤❡ ❜♦✉♥❞ maxj=1,...,p |π̂j − π∗j |2 ≤

cση

λmin(ΣZ)

√

k1 logmax(d, p)
n ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1 − c1 exp(−c2 logmax(d, p, n)) ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ❝♦♥✲

st❛♥ts c1 ❛♥❞ c2✱ ✇❤❡r❡ d = maxj=1,...,p dj ❛♥❞ λmin(ΣZ) = minj=1,...,p λmin(ΣZj )✳

❆ss✉♠♣t✐♦♥ ✸✳✻✿ ❋♦r ❡✈❡r② j = 1, ..., p✱ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦r π̂j ❛❝❤✐❡✈❡s t❤❡ s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝②

✭✐✳❡✳✱ ✐t r❡❝♦✈❡rs t❤❡ tr✉❡ s✉♣♣♦rt J(π∗j )✮ ♦r ❤❛s ❛t ♠♦st k∗j ❝♦♠♣♦♥❡♥ts t❤❛t ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ❝♦♠♣♦✲

♥❡♥ts ✐♥ J(π∗j ) ✇❤❡r❡ k
∗
j ≪ n✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(d, p, n)) ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧

❝♦♥st❛♥ts c1 ❛♥❞ c2✱ ✇❤❡r❡ d = maxj=1,...,p dj ✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ✜rst✲st❛❣❡

❡st✐♠❛t♦r r❡❝♦✈❡rs t❤❡ tr✉❡ s✉♣♣♦rt J(π∗j ) ❢♦r ❡✈❡r② j = 1, ..., p✳

❘❡♠❛r❦s

❆ss✉♠♣t✐♦♥ ✸✳✷ ✐s ❝♦♠♠♦♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭s❡❡✱ ▲♦❤ ❛♥❞ ❲❛✐♥✇r✐❣❤t✱ ✷✵✶✷❀ ◆❡❣❛❤❜❛♥✱ ❡t✳ ❛❧ ✷✵✶✷❀

❘♦s❡♥❜❛✉♠ ❛♥❞ ❚s②❜❛❦♦✈✱ ✷✵✶✸✮✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t Zj ∈ R
n×dj ✐s s✉❜✲●❛✉ss✐❛♥ ✇✐t❤ ♣❛r❛♠❡t❡rs

(ΣZj , σ
2
Z) ❢♦r ❛❧❧ j ♣r♦✈✐❞❡s ❛ ♣r✐♠✐t✐✈❡ ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ r❛♥❞♦♠ ♠❛tr✐① ❢♦r♠❡❞ ❜② t❤❡

✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s s❛t✐s✜❡s t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳

❇❛s❡❞ ♦♥ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ ❆ss✉♠♣t✐♦♥ ✸✳✷ t❤❛t Zj ∈ R
n×dj ✐s s✉❜✲●❛✉ss✐❛♥ ✇✐t❤ ♣❛r❛♠❡t❡rs

(ΣZj , σ
2
Z) ❢♦r ❛❧❧ j✱ ✇❡ ❤❛✈❡ t❤❛t Zjπ

∗
j := x∗

j ❛♥❞ Zjvj := wj ❛r❡ s✉❜✲●❛✉ss✐❛♥ ✈❡❝t♦rs ✇❤❡r❡ vj ∈
K(k1, dj) := B

dj
0 (k1) ∩ B

dj
2 (1)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥❞✐t✐♦♥s t❤❛t X∗ ∈ R

n×p ✐s ❛ s✉❜✲●❛✉ss✐❛♥ ♠❛tr✐① ✇✐t❤

♣❛r❛♠❡t❡rs (ΣX∗ , σ2X∗) ✇❤❡r❡ t❤❡ jt❤ ❝♦❧✉♠♥ ♦❢ X∗ ✐s x∗
j ✭❆ss✉♠♣t✐♦♥ ✸✳✸✮ ❛♥❞ W ∈ R

n×p ✐s ❛ s✉❜✲

●❛✉ss✐❛♥ ♠❛tr✐① ✇✐t❤ ♣❛r❛♠❡t❡rs (ΣW , σ
2
W ) ✇❤❡r❡ t❤❡ jt❤ ❝♦❧✉♠♥ ♦❢ W ✐s wj ✭❆ss✉♠♣t✐♦♥ ✸✳✹✮ ❛r❡ ♠✐❧❞

❡①t❡♥s✐♦♥s✳ ■♥ t❡r♠s ♦❢ t❤❡ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡✐r ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥s✱ ❆ss✉♠♣t✐♦♥s ✸✳✷✲✸✳✹

t♦❣❡t❤❡r ✇✐t❤ ❆ss✉♠♣t✐♦♥ ✸✳✺❛ ✭♦r ✸✳✺❜✮ ♦♥ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ♣r♦✈✐❞❡ ♣r✐♠✐t✐✈❡ ❝♦♥❞✐t✐♦♥s

✇❤✐❝❤ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ r❛♥❞♦♠ ♠❛tr✐① 1
nX̂

T X̂ ❢♦r♠❡❞ ❜② t❤❡ ✜tt❡❞ r❡❣r❡ss♦rs x̂j(:= Zj π̂j) ❢♦r j = 1, ..., p

s❛t✐s✜❡s t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳

❋♦r ❆ss✉♠♣t✐♦♥s ✸✳✺❛✭❜✮✱ ♠❛♥② ❡①✐st✐♥❣ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡s s✉❝❤ ❛s t❤❡ ▲❛ss♦

♦r ❉❛♥t③✐❣ s❡❧❡❝t♦r ✭s❡❡✱ ❡✳❣✳✱ ❈❛♥❞ès ❛♥❞ ❚❛♦✱ ✷✵✵✼❀ ❇✐❝❦❡❧✱ ❡t✳ ❛❧✱ ✷✵✵✾❀ ◆❡❣❛❤❜❛♥✱ ❡t✳ ❛❧✳ ✷✵✶✷✮

s✐♠✉❧t❛♥❡♦✉s❧② s❛t✐s❢② t❤❡ ❡rr♦r ❜♦✉♥❞s maxj=1,...,p |π̂j−π∗j |1 ≤
cση

λmin(ΣZ)k1

√

logmax(d, p)
n ✭❆ss✉♠♣t✐♦♥ ✸✳✺❛✮

✶✶



❛♥❞ maxj=1,...,p |π̂j − π∗j |2 ≤
cση

λmin(ΣZ)

√

k1 logmax(d, p)
n ✭❆ss✉♠♣t✐♦♥ ✸✳✺❜✮ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡ r❡❛s♦♥

■ ✐♥tr♦❞✉❝❡ ❆ss✉♠♣t✐♦♥s ✸✳✺❛ ❛♥❞ ✸✳✺❜ s❡♣❛r❛t❡❧② ✇✐❧❧ ❜❡ ❡①♣❧❛✐♥❡❞ s❤♦rt❧②✳ ■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ✇❤✐❧❡

t❤❡ l1−❡rr♦r ✭l2−❡rr♦r✮ ❢r♦♠ ❛♣♣❧②✐♥❣ t❤❡ ▲❛ss♦ ♦♥ ❛ s✐♥❣❧❡ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥ s❤♦✉❧❞ ❜❡ ♦❢ t❤❡ ♦r❞❡r

O

(

k1

√

log d
n

)

✭r❡s♣❡❝t✐✈❡❧②✱ O

(

√

k1 log d
n

)

✮ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1 − c1 exp(−c2 logmax(d, n))✱ t❤❡

❡①tr❛ t❡r♠ log p ✐♥ t❤❡ ❡rr♦rs maxj=1,...,p |π̂j−π∗j |1 ❛♥❞ maxj=1,...,p |π̂j−π∗j |2 ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ❣✉❛r❛♥t❡❡

1− c1 exp(−c2 logmax(d, p, n)) ✇✐t❤ ✇❤✐❝❤ t❤❡s❡ ❡rr♦rs ❤♦❧❞ ❝♦♠❡s ❢r♦♠ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ✉♥✐♦♥ ❜♦✉♥❞

✇❤✐❝❤ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ❛r❡ p ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ❛♥❞ ❤❡♥❝❡✱

p ❡q✉❛t✐♦♥s t♦ ❡st✐♠❛t❡ ✐♥ t❤❡ ✜rst✲st❛❣❡✳ ❆s ❛ r❡s✉❧t✱ ✐t ✐s ♥♦t ❤❛r❞ t♦ s❡❡ t❤❛t t❤❡ s❛♠♣❧❡ s✐③❡ r❡q✉✐r❡❞

❢♦r ❝♦♥s✐st❡♥t❧② ❡st✐♠❛t✐♥❣ p ❡q✉❛t✐♦♥s s✐♠✉❧t❛♥❡♦✉s❧② ✇❤❡♥ ❛ ▲❛ss♦✲t②♣❡ ♣r♦❝❡❞✉r❡ ✐s ❛♣♣❧✐❡❞ ♦♥ ❡❛❝❤

♦❢ t❤❡ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥s s❡♣❛r❛t❡❧② s❤♦✉❧❞ s❛t✐s❢②

√

k1 logmax(d, p)
n = o(1) ❛s ♦♣♣♦s❡❞ t♦ t❤❡ ❝♦♥❞✐t✐♦♥

√

k1 log d
n = o(1) ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ ❛ s✐♥❣❧❡ ❡q✉❛t✐♦♥ ✐s ❡st✐♠❛t❡❞ ✇✐t❤ ❛ ▲❛ss♦✲t②♣❡ ♣r♦❝❡❞✉r❡✳

❆ss✉♠♣t✐♦♥ ✸✳✻ s❛②s t❤❛t t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦rs ❝♦rr❡❝t❧② s❡❧❡❝t t❤❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ✇✐t❤ ♣r♦❜✲

❛❜✐❧✐t② ❝❧♦s❡ t♦ ✶✳ ■♥ ❛♥❛❧♦❣② t♦ t❤❡ ✈❛r✐♦✉s s♣❛rs✐t② ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ tr✉❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❤✐❣❤✲

❞✐♠❡♥s✐♦♥❛❧ st❛t✐st✐❝s ❧✐t❡r❛t✉r❡ ✭✐♥❝❧✉❞✐♥❣ t❤❡ ❝❛s❡ ♦❢ ❡①❛❝t s♣❛rs✐t② ❛ss✉♠♣t✐♦♥ ♠❡❛♥✐♥❣ t❤❛t t❤❡ tr✉❡

♣❛r❛♠❡t❡r ✈❡❝t♦r ❤❛s ♦♥❧② ❛ ❢❡✇ ♥♦♥✲③❡r♦ ❝♦♠♣♦♥❡♥ts✱ ♦r ❛♣♣r♦①✐♠❛t❡ s♣❛rs✐t② ❛ss✉♠♣t✐♦♥ ❜❛s❡❞ ♦♥ ✐♠✲

♣♦s✐♥❣ ❛ ❝❡rt❛✐♥ ❞❡❝❛② r❛t❡ ♦♥ t❤❡ ♦r❞❡r❡❞ ❡♥tr✐❡s ♦❢ t❤❡ tr✉❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r✮✱ ❆ss✉♠♣t✐♦♥ ✸✳✻ ❝❛♥ ❜❡

✐♥t❡r♣r❡t❡❞ ❛s ❛♥ ❡①❛❝t s♣❛rs✐t② ❝♦♥str❛✐♥t ♦♥ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡ π̂j ❢♦r j = 1, ..., p✱ ✐♥ t❡r♠s ♦❢ t❤❡

l0✲ ❜❛❧❧✱ ❣✐✈❡♥ ❜②

B
dj
0 (k1) :=







π̂j ∈ R
dj |

dj
∑

l=1

1{π̂jl 6= 0} ≤ k1







❢♦r j = 1, ..., p.

■t ✐s ❦♥♦✇♥ t❤❛t ✉♥❞❡r s♦♠❡ str✐♥❣❡♥t ❝♦♥❞✐t✐♦♥s s✉❝❤ ❛s t❤❡ ✏✐rr❡♣r❡s❡♥t❛❜❧❡ ❝♦♥❞✐t✐♦♥✑ ✭❩❤❛♦ ❛♥❞ ❨✉✱

✷✵✵✻❀ ❇ü❤❧♠❛♥♥ ❛♥❞ ✈❛♥ ❞❡ ●❡❡r✱ ✷✵✶✶✮ ♦r t❤❡ ✏♠✉t✉❛❧ ✐♥❝♦❤❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥✑ ✭❲❛✐♥✇r✐❣❤t✱ ✷✵✵✾✮ t♦❣❡t❤❡r

✇✐t❤ t❤❡ ✏❜❡t❛✲♠✐♥ ❝♦♥❞✐t✐♦♥✑ ✭❇ü❤❧♠❛♥♥ ❛♥❞ ✈❛♥ ❞❡ ●❡❡r✱ ✷✵✶✶✮✱ ▲❛ss♦ ❛♥❞ ❉❛♥t③✐❣ t②♣❡s ♦❢ s❡❧❡❝t♦rs ❝❛♥

r❡❝♦✈❡r t❤❡ s✉♣♣♦rt ♦❢ t❤❡ tr✉❡ ♣❛r❛♠❡t❡r ✈❡❝t♦r ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡ ✏✐rr❡♣r❡s❡♥t❛❜❧❡ ❝♦♥❞✐t✐♦♥✑✱

❛s ❞✐s❝✉ss❡❞ ✐♥ ❇ü❤❧♠❛♥♥ ❛♥❞ ✈❛♥ ❞❡ ●❡❡r✱ ✷✵✶✶✱ ✐s ✐♥ ❢❛❝t ❛ s✉✣❝✐❡♥t ❛♥❞ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ t♦ ❛❝❤✐❡✈❡

✈❛r✐❛❜❧❡✲s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝② ✇✐t❤ t❤❡ ▲❛ss♦✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡② s❤♦✇ t❤❛t t❤❡ ✏✐rr❡♣r❡s❡♥t❛❜❧❡ ❝♦♥❞✐t✐♦♥✑

✐♠♣❧✐❡s t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥✳ ❆ss✉♠♣t✐♦♥ ✸✳✻ ✐s t❤❡ ❦❡② ❝♦♥❞✐t✐♦♥ t❤❛t ❞✐✛❡r❡♥t✐❛t❡s t❤❡ ✉♣♣❡r ❜♦✉♥❞s ✐♥

t❤❡ t✇♦ t❤❡♦r❡♠s t♦ ❜❡ ♣r❡s❡♥t❡❞ ✐♠♠❡❞✐❛t❡❧②✳ ❙✐♠✐❧❛r t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❡st✐♠❛t✐♥❣ p ❡q✉❛t✐♦♥s ❛s ✐♥

t❤❡ ❞✐s❝✉ss✐♦♥ ♦❢ ❆ss✉♠♣t✐♦♥s ✸✳✺❛✭❜✮✱ t❤❡ s❛♠♣❧❡ s✐③❡ r❡q✉✐r❡❞ ❢♦r ❝♦♥s✐st❡♥t❧② s❡❧❡❝t✐♥❣ t❤❡ ❝♦❡✣❝✐❡♥ts

✐♥ ❡❛❝❤ ♦❢ t❤❡ p ❡q✉❛t✐♦♥s s✐♠✉❧t❛♥❡♦✉s❧② ✇❤❡♥ ❛ ▲❛ss♦✲t②♣❡ s❡❧❡❝t♦r ✐s ❛♣♣❧✐❡❞ ♦♥ ❡❛❝❤ ♦❢ t❤❡ ✜rst✲st❛❣❡

❡q✉❛t✐♦♥s s❡♣❛r❛t❡❧② s❤♦✉❧❞ s❛t✐s❢②

√

k1 logmax(d, p)
n = O(1) ❛s ♦♣♣♦s❡❞ t♦ t❤❡ ❝♦♥❞✐t✐♦♥

√

k1 log d
n = O(1)

❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ ❛ s✐♥❣❧❡ ❡q✉❛t✐♦♥ ✐s ❡st✐♠❛t❡❞ ✇✐t❤ ❛ ▲❛ss♦✲t②♣❡ s❡❧❡❝t♦r✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ✏❜❡t❛✲♠✐♥✑

❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥s✐st❡♥t s❡❧❡❝t✐♦♥ ✐♥ t❤❡ p✲❡q✉❛t✐♦♥ ♣r♦❜❧❡♠ ♥❡❡❞s t♦ s❛t✐s❢② minj=1,...,pminl∈J(π∗
j )
|π∗jl| ≥

O

(

√

logmax(d, p)
n

)

❛s ♦♣♣♦s❡❞ t♦ minj=1,...,pminl∈J(π∗
j )
|π∗jl| ≥ O

(

√

log d
n

)

❢♦r t❤❡ ❝♦♥s✐st❡♥t s❡❧❡❝t✐♦♥ ✐♥

❛ s✐♥❣❧❡ ❡q✉❛t✐♦♥ ♣r♦❜❧❡♠✳

❋✐rst✱ ■ ♣r❡s❡♥t t✇♦ r❡s✉❧ts ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ p ≫ n ❛♥❞ dj ≫ n ❢♦r ❛t ❧❡❛st ♦♥❡ j✳ ❆s ❞✐s❝✉ss❡❞

❡❛r❧✐❡r✱ t❤❡ ❦❡② ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ t❤❡♦r❡♠s ✐s t❤❛t t❤❡ ❜♦✉♥❞ ✐♥ t❤❡ s❡❝♦♥❞ t❤❡♦r❡♠ ❤✐♥❣❡s ♦♥

t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦rs ❝♦rr❡❝t❧② s❡❧❡❝t t❤❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ✇✐t❤

♣r♦❜❛❜✐❧✐t② ❝❧♦s❡ t♦ ✶✱ ✐✳❡✳✱ ❆ss✉♠♣t✐♦♥ ✸✳✻✳ ❲✐t❤ t❤✐s ❛ss✉♠♣t✐♦♥✱ ✇❤❡♥ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r

✶✷



❞♦♠✐♥❛t❡s t❤❡ s❡❝♦♥❞✲st❛❣❡ ❡rr♦r✱ t❤❡ st❛t✐st✐❝❛❧ ❡rr♦r ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡sts ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥

❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜② t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ✐♥ l2−♥♦r♠✳ ❍♦✇❡✈❡r✱ ✇✐t❤♦✉t ❆ss✉♠♣t✐♦♥ ✸✳✻✱ t❤❡

st❛t✐st✐❝❛❧ ❡rr♦r ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ♥❡❡❞s t♦ ❜❡ ❜♦✉♥❞❡❞ ❜② t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥

❡rr♦r ✐♥ l1−♥♦r♠✳

❚❤❡♦r❡♠ ✸✳✷ ✭❯♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ l2−❡rr♦r ❛♥❞ ❡st✐♠❛t✐♦♥ ❝♦♥s✐st❡♥❝②✮✿ ❙✉♣♣♦s❡ ❆ss✉♠♣t✐♦♥s ✶✳✶✱

✸✳✶✲✸✳✸✱ ❛♥❞ ✸✳✺❛ ❤♦❧❞✳ ❚❤❡♥✱ ✐❢ ✶

k21k
2
2 logmax(d, p)

n
= O(1),

k21 logmax(d, p)

n
= o(1),

❛♥❞ t❤❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡r λn s❛t✐s✜❡s

λn ≍ k1k2

√

logmax(d, p)

n
,

✇❡ ❤❛✈❡

|β̂H2SLS − β∗|2 - max{ϕ1

√

k1k2

√

k1 logmax(d, p)

n
, ϕ2

√

k2 log p

n
},

✇❤❡r❡

ϕ1 =
ση maxj,j′ |❝♦✈(x∗1j′ , z1j)|∞|β∗|1

λmin(ΣZ)λmin(ΣX∗)
,

ϕ2 = max

{

σX∗ση|β∗|1
λmin(ΣX∗)

,
σX∗σǫ

λmin(ΣX∗)

}

,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1−c1 exp(−c2 logmax(min(p, d), n)) ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts c1 ❛♥❞

c2✳ ■❢ ✇❡ ❛❧s♦ ❤❛✈❡ k2k1

√

k2 logmax(d, p)
n = o(1)✱ t❤❡♥✷ t❤❡ t✇♦✲st❛❣❡ ❡st✐♠❛t♦r β̂H2SLS ✐s l2−❝♦♥s✐st❡♥t ❢♦r

β∗✳

❚❤❡♦r❡♠ ✸✳✸ ✭❆♥ ✐♠♣r♦✈❡❞ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ l2−❡rr♦r ❛♥❞ ❡st✐♠❛t✐♦♥ ❝♦♥s✐st❡♥❝②✮✿ ❙✉♣♣♦s❡ ❆s✲

s✉♠♣t✐♦♥s ✶✳✶✱ ✸✳✶✲✸✳✹✱ ✸✳✺❜✱ ❛♥❞ ✸✳✻ ❤♦❧❞✳ ❚❤❡♥✱ ✐❢

1

n
min

{

k21k
2
2 logmax(d, p), min

r∈[0, 1]
max

{

k3−2r
1 log d, k3−2r

1 log p, kr1k2 log d, k
r
1k2 log p

}

}

= O(1)

k1 logmax(d, p)

n
= o(1),

✶■❢ t❤❡ t❡r♠ o(1) ✐♥ ✏
k2

1
logmax(d, p)

n
= o(1)✑ ✭s✐♠✐❧❛r❧②✱ o(1) ✐♥ ✏ k1 logmax(d, p)

n
= o(1)✑ ✐♥ ❚❤❡♦r❡♠ ✸✳✸✱ o(1) ✐♥ ✏ log p

n
= o(1)✑

✐♥ ❈♦r♦❧❧❛r② ✸✳✹✱ o(1) ✐♥ ✏max
{

k1M
2(d, p, k1, n),

log p
n

}

= o(1)✑ ✐♥ ❚❤❡♦r❡♠ ✸✳✺✱ ❛♥❞ o(1) ✐♥ ✏max
{

M2(d, p, k1, n),
log p
n

}

=
o(1)✑ ✐♥ ❚❤❡♦r❡♠ ✸✳✻✮ ✐s r❡♣❧❛❝❡❞ ❜② O(1)✱ t❤❡ st❛t✐st✐❝❛❧ ❡rr♦r ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ✇✐❧❧ ❤❛✈❡ t❤❡ s❛♠❡
s❝❛❧✐♥❣ ✐♥ t❡r♠s ♦❢ d✱ p✱ k1✱ k2✱ ❛♥❞ n ❛s ❜❡❢♦r❡ ✇✐t❤ t❤❡ ♦♥❧② ❝❤❛♥❣❡s t♦ t❤❡ ❝♦♥st❛♥ts ✐♥ ϕ1 ❛♥❞ ϕ2✳

✷❚❤❡ ❡①tr❛ ❢❛❝t♦r k2 ✐♥ ❢r♦♥t ♦❢ t❤❡s❡ s❝❛❧✐♥❣ ❝♦♥❞✐t✐♦♥s ❢♦r ❝♦♥s✐st❡♥❝② ✐♥ ❚❤❡♦r❡♠ ✸✳✷ ✭❛s ✇❡❧❧ ❛s ✐♥ t❤❡ s✉❜s❡q✉❡♥t
t❤❡♦r❡♠s ✸✳✸✱ ✸✳✺✱ ✸✳✻✱ ❛♥❞ ❈♦r♦❧❧❛r② ✸✳✹✮ ❝♦♠❡s ❢r♦♠ t❤❡ s✐♠♣❧❡ ✐♥❡q✉❛❧✐t② |β∗|1 ≤ k2 maxj β

∗
j ✳

✶✸



❛♥❞ t❤❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡r λn s❛t✐s✜❡s

λn ≍ k2

√

k1 logmax(d, p)

n
,

✇❡ ❤❛✈❡✱

|β̂H2SLS − β∗|2 - max{ϕ1

√

k2

√

k1 logmax(d, p)

n
, ϕ2

√

k2 log p

n
},

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1 − c1 exp(−c2 logmax(min(p, d), n)) ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts c1

❛♥❞ c2✱ ✇❤❡r❡ ϕ1 ❛♥❞ ϕ2 ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✷✳ ■❢ ✇❡ ❛❧s♦ ❤❛✈❡ k2

√

k1k2 logmax(d, p)
n = o(1)✱ t❤❡♥ t❤❡

t✇♦✲st❛❣❡ ❡st✐♠❛t♦r β̂H2SLS ✐s l2−❝♦♥s✐st❡♥t ❢♦r β∗✳

❚❤❡ ♣r♦♦❢s ❢♦r ❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✸✳✸ ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❙❡❝t✐♦♥s ✻✳✷ ❛♥❞ ✻✳✸✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ♣r♦♦❢s ❢♦r ❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✸✳✸ ❡❛❝❤ ❝♦♥s✐st ♦❢ t✇♦ ♣❛rts✳ ❚❤❡ ✜rst ♣❛rt ✐s t♦ s❤♦✇ 1
nX̂

T X̂ s❛t✐s✜❡s

t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ✭✸✮ ❛♥❞ t❤❡ s❡❝♦♥❞ ♣❛rt ✐s t♦ ❜♦✉♥❞ t❤❡ t❡r♠ | 1nX̂T e|∞ ❢r♦♠ ❛❜♦✈❡✳ ❇❛s❡❞ ♦♥ ▲❡♠♠❛

✸✳✶✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥ | 1nX̂T e|∞ ♣✐♥s ❞♦✇♥ t❤❡ s❝❛❧✐♥❣ r❡q✉✐r❡♠❡♥t ♦❢ λn✱ ❛s ♠❡♥t✐♦♥❡❞ ♣r❡✈✐♦✉s❧②✳ ❚❤❡

s❝❛❧✐♥❣ ❝♦♥❞✐t✐♦♥s ♦❢ n ❛♥❞ λn ❞❡♣❡♥❞ ♦♥ t❤❡ s♣❛rs✐t② ♣❛r❛♠❡t❡rs k1 ❛♥❞ k2✱ ✇❤✐❝❤ ❛r❡ t②♣✐❝❛❧❧② ✉♥❦♥♦✇♥✳

◆❡✈❡rt❤❡❧❡ss✱ ■ ✇✐❧❧ ❛ss✉♠❡ t❤❛t ✉♣♣❡r ❜♦✉♥❞s ♦♥ k1 ❛♥❞ k2 ❛r❡ ❛✈❛✐❧❛❜❧❡✱ ✐✳❡✳✱ ✇❡ ❦♥♦✇ t❤❛t k1 ≤ k̄1 ❛♥❞

k2 ≤ k̄2 ❢♦r s♦♠❡ ✐♥t❡❣❡rs k̄1 ❛♥❞ k̄2 t❤❛t ❣r♦✇ ✇✐t❤ n ❥✉st ❧✐❦❡ k1 ❛♥❞ k2✳ ▼❡❛♥✐♥❣❢✉❧ ✈❛❧✉❡s ♦❢ k̄1 ❛♥❞

k̄2 ❛r❡ s♠❛❧❧ r❡❧❛t✐✈❡ t♦ n ♣r❡s✉♠✐♥❣ t❤❛t ♦♥❧② ❛ ❢❡✇ r❡❣r❡ss♦rs ❛r❡ r❡❧❡✈❛♥t✳ ❚❤✐s t②♣❡ ♦❢ ✉♣♣❡r ❜♦✉♥❞

❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ s♣❛rs✐t② ✐s ❝❛❧❧❡❞ s♣❛rs✐t② ❝❡rt✐✜❝❛t❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ✭s❡❡✱ ❡✳❣✳✱ ●❛✉t✐❡r ❛♥❞ ❚s②❜❛❦♦✈✱

✷✵✶✶✮✳

■♥ ❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✸✳✸✱ ✇❡ s❡❡ t❤❛t t❤❡ st❛t✐st✐❝❛❧ ❡rr♦rs ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡sts ✐♥ t❤❡ ♠❛✐♥

❡q✉❛t✐♦♥ ❞❡♣❡♥❞ ♦♥ ση✱ σǫ✱ σX∗ ✱ λmin(ΣZ)✱ λmin(ΣX∗)✱ ❛♥❞ maxj,j′ |❝♦✈(x∗1j′ , z1j)|∞✳ ■♥ t❤❡ s✐♠♣❧❡ ❝❛s❡

♦❢ ση = 0 ✭❢♦r ❡①❛♠♣❧❡✱ η = 0 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶ ❛s ✐♥ ❛ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧ ✇✐t❤♦✉t

❡♥❞♦❣❡♥❡✐t②✮✱ t❤❡ l2−❡rr♦rs ✐♥ ❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✸✳✸ r❡❞✉❝❡ t♦ |β̂H2SLS −β∗|2 - σX∗σǫ

λmin(ΣX∗ )

√

k2 log p
n ✱ ✇❤❡r❡

t❤❡ ❢❛❝t♦r σX∗σǫ

λmin(ΣX∗ ) ❤❛s ❛ ♥❛t✉r❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❛♥ ✐♥✈❡rs❡ s✐❣♥❛❧✲t♦✲♥♦✐s❡ r❛t✐♦✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ X∗

✐s ❛ ③❡r♦✲♠❡❛♥ ●❛✉ss✐❛♥ ♠❛tr✐① ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ΣX∗ = σ2X∗I✱ ♦♥❡ ❤❛s λmin(ΣX∗) = σ2X∗ ✱ s♦

σX∗σǫ
λmin(ΣX∗)

=
σǫ
σX∗

,

✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ ✐♥✈❡rs❡ s✐❣♥❛❧✲t♦✲♥♦✐s❡ r❛t✐♦ ♦❢ t❤❡ r❡❣r❡ss♦rs ✐♥ ❛ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r r❡❣r❡ss✐♦♥

♠♦❞❡❧ ✇✐t❤♦✉t ❡♥❞♦❣❡♥❡✐t②✳ ❍❡♥❝❡✱ t❤❡ st❛t✐st✐❝❛❧ ❡rr♦r ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡sts ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥

♠❛t❝❤❡s t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ▲❛ss♦ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r r❡❣r❡ss✐♦♥

♠♦❞❡❧ ✇✐t❤♦✉t ❡♥❞♦❣❡♥❡✐t②✱ ✐✳❡✳✱
√

k2 log p
n ✳

❚❤❡ t❡r♠s maxj,j′ |❝♦✈(x∗1j′ , z1j)|∞ ✐♥ ❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✸✳✸ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❞❡❣r❡❡ ♦❢ ❞❡♣❡♥❞❡♥❝②

❜❡t✇❡❡♥ t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ❞❡s✐❣♥ ♠❛tr✐❝❡s ❢♦r♠❡❞ ❜② t❤❡ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡✐r ❧✐♥❡❛r ❝♦♠❜✐✲

♥❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r ❛♥② l = 1, ..., dj ❛♥❞ j = 1, ..., p✱ ♥♦t✐❝❡ t❤❛t

❝♦✈(x∗1j , z1jl) = ❝♦✈(z1jπ
∗
j , z1jl).

❚❤❡ ❤✐❣❤❡r ❞❡♣❡♥❞❡♥❝② ❜❡t✇❡❡♥ t❤❡ ❝♦❧✉♠♥s ♦❢ t❤❡ ❞❡s✐❣♥ ♠❛tr✐① Zj ✇❡ ❤❛✈❡✱ t❤❡ ❣r❡❛t❡rmaxl ❝♦✈(x
∗
1j , z1jl)

✐s✱ ❛♥❞ t❤❡ ❤❛r❞❡r t❤❡ ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ❜❡❝♦♠❡s✳ ■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ maxj,j′ |❝♦✈(x∗1j′ , z1j)|∞ = σ2Z ✱

✶✹



λmin(ΣZ) = σ2Z ✱ ❛♥❞ λmin(ΣX∗) = σ2X∗ ✱ ϕ1 =
ση

σ2
X∗

|β∗|1 = 1
σX∗

(

ση

σX∗

)

|β∗|1✱ ✇❤❡r❡ t❤❡ ♠✉❧t✐♣❧✐❡r 1
σX∗

(

ση

σX∗

)

✐♥ ϕ1 ✐s t❤❡ ✐♥✈❡rs❡ s✐❣♥❛❧✲t♦✲♥♦✐s❡ r❛t✐♦ ♦❢ X∗ s❝❛❧❡❞ ❜② 1
σX∗

✳

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦rs ❝♦rr❡❝t❧② s❡❧❡❝t t❤❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ✇✐t❤ ❤✐❣❤

♣r♦❜❛❜✐❧✐t② ✭❆ss✉♠♣t✐♦♥ ✸✳✻✮✱ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ s❛♠♣❧❡ s✐③❡ r❡q✉✐r❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✸ ✐s ❣✉❛r❛♥t❡❡❞ t♦ ❜❡

♥♦ ❣r❡❛t❡r ✭❛♥❞ ✐♥ s♦♠❡ ❝❛s❡s str✐❝t❧② s♠❛❧❧❡r✮ t❤❛♥ t❤❛t ✐♥ ❚❤❡♦r❡♠ ✸✳✷✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ p ≤ d ✱ t❤❡♥

❧❡tt✐♥❣ r = 1 ②✐❡❧❞s

max {k1 log d, k1 log p, k1k2 log d, k1k2 log p} = k1k2 log d ≤ k21k
2
2 logmax(d, p) = k21k

2
2 log d.

■♥ t❤✐s ❡①❛♠♣❧❡✱ ❚❤❡♦r❡♠ ✸✳✷ s✉❣❣❡sts t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ s❛♠♣❧❡ s✐③❡ ♥❡❡❞s t♦ s❛t✐s❢②
k21k

2
2 log d
n = O(1) ❛♥❞

k21 log d
n = o(1) ✇❤✐❧❡ ❚❤❡♦r❡♠ ✸✳✸ s✉❣❣❡sts t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ s❛♠♣❧❡ s✐③❡ ♦♥❧② ♥❡❡❞s t♦ s❛t✐s❢② k1k2 log d

n =

O(1) ❛♥❞ k1 log d
n = o(1)✳

❋r♦♠ ❚❤❡♦r❡♠ ✸✳✷ ✭r❡s♣❡❝t✐✈❡❧②✱ ❚❤❡♦r❡♠ ✸✳✸✮✱ ✇❡ s❡❡ t❤❛t t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢

✐♥t❡r❡sts ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ✐♥ l2−♥♦r♠
♠✉❧t✐♣❧✐❡❞ ❜② ❛ ❢❛❝t♦r ♦❢

√
k1k2 ✭r❡s♣❡❝t✐✈❡❧②✱

√
k2✮ ❛♥❞ t❤❡ s❡❝♦♥❞✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r✳ ❯♣♦♥ t❤❡

❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦rs ❝♦rr❡❝t❧② s❡❧❡❝t t❤❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ✇✐t❤ ♣r♦❜❛❜✐❧✐t②

❝❧♦s❡ t♦ ✶✱ ♥♦t❡ t❤❛t t❤❡ ❜♦✉♥❞ ♦♥ t❤❡ l2−❡rr♦r ♦❢ β̂H2SLS ✐♥ ❚❤❡♦r❡♠ ✸✳✸ ✐s ✐♠♣r♦✈❡❞ ✉♣♦♥ t❤❛t ✐♥ ❚❤❡♦r❡♠

✸✳✷ ❜② ❛ ❢❛❝t♦r ♦❢
√
k1 ✐❢ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❜r❛❝❡s ❞♦♠✐♥❛t❡s t❤❡ s❡❝♦♥❞ ♦♥❡✳ ■t ✐s ♣♦ss✐❜❧❡ t❤❛t t❤❡

❡rr♦r ❜♦✉♥❞ ❛♥❞ s❝❛❧✐♥❣ ♦❢ t❤❡ s❛♠♣❧❡ s✐③❡ r❡q✉✐r❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✷ ✐s s✉❜♦♣t✐♠❛❧✳ ❙❡❝t✐♦♥ ✺ ♣r♦✈✐❞❡s ❛

❤❡✉r✐st✐❝ ❛r❣✉♠❡♥t t❤❛t ♠❛② ♣♦t❡♥t✐❛❧❧② ✐♠♣r♦✈❡ t❤❡ ❜♦✉♥❞ ♦♥ t❤❡ l2−❡rr♦r ♦❢ β̂H2SLS ✐♥ ❚❤❡♦r❡♠ ✸✳✷

✇❤❡♥ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s ❢❛✐❧ t♦ s❛t✐s❢② t❤❡ ❡①❛❝t s♣❛rs✐t② ❝♦♥str❛✐♥t s♣❡❝✐✜❡❞ ❜② t❤❡ l0✲ ❜❛❧❧ ❞✐s❝✉ss❡❞

❡❛r❧✐❡r✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ♠♦st ❞✐r❡❝t ❡✛❡❝t ♦♥ t❤❡ l2−❡rr♦r ♦❢ t❤❡ s❡❝♦♥❞✲st❛❣❡ ❡st✐♠❛t❡ β̂H2SLS s❤♦✉❧❞

❜❡ ❛ttr✐❜✉t❡❞ t♦ t❤❡ l2−❡rr♦rs ✭r❛t❤❡r t❤❛♥ t❤❡ s❡❧❡❝t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ♣❡r s❡✮ ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s✳

■♠♣♦s✐♥❣ t❤❡ ❡①❛❝t s♣❛rs✐t② ❝♦♥str❛✐♥t✱ ♥❛♠❡❧②✱ s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝② ♦♥ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s s✉❝❤ ❛s

❆ss✉♠♣t✐♦♥ ✸✳✻ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ s❤♦✇✐♥❣ ❤♦✇ s♣❡❝✐❛❧ str✉❝t✉r❡s t❤❛t ✐♠♣♦s❡ ❛ ❝❡rt❛✐♥ ❞❡❝❛② r❛t❡ ♦♥ t❤❡

♦r❞❡r❡❞ ❡♥tr✐❡s ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s ❢r♦♠ t❤❡ l1−r❡❣✉❧❛r✐③❡❞ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ✉t✐❧✐③❡❞ t♦ t✐❣❤t❡♥

t❤❡ l2−❡rr♦r ❜♦✉♥❞✳
❚❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡sts ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜② t❤❡ ♠❛①✐✲

♠✉♠ ♦❢ ❛ t❡r♠ ✐♥✈♦❧✈✐♥❣ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ❛♥❞ ❛ t❡r♠ ✐♥✈♦❧✈✐♥❣ t❤❡ s❡❝♦♥❞✲st❛❣❡ ❡st✐♠❛t✐♦♥

❡rr♦r✱ ✇❤✐❝❤ ♣❛rt✐❛❧❧② ❝♦♥✜r♠s✸ t❤❡ s♣❡❝✉❧❛t✐♦♥ ✐♥ ●❛✉t✐❡r ❛♥❞ ❚s②❜❛❦♦✈ ✭✷✵✶✶✮ ✭❙❡❝t✐♦♥ ✼✳✷✮ t❤❛t t❤❡

t✇♦✲st❛❣❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❝❛♥ ❛❝❤✐❡✈❡ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ♦❢ ❛♥ ♦r❞❡r
√

log p
n ✳ ▼② r❡s✉❧ts s❤♦✇

t❤❛t
√

log p
n ✐s ❛❝❤✐❡✈❡❞ ❡✐t❤❡r ✇❤❡♥ t❤❡ s❡❝♦♥❞✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ❞♦♠✐♥❛t❡s t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥

❡rr♦r✱ ♦r ✇❤❡♥ p ✐s ❧❛r❣❡ r❡❧❛t✐✈❡ t♦ d✳ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ s❡❝♦♥❞✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ❞♦♠✐♥❛t❡s

t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r✱ t❤❡ st❛t✐st✐❝❛❧ ❡rr♦r ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡sts ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥

♠❛t❝❤❡s ✭✉♣ t♦ ❛ ❢❛❝t♦r ♦❢ |β∗|1✮ t❤❡ ♦r❞❡r ♦❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ▲❛ss♦ ❡st✐♠❛t❡ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡

❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧ ✇✐t❤♦✉t ❡♥❞♦❣❡♥❡✐t②✱ ✐✳❡✳✱
√

k2 log p
n ✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ t❤❡ s❡❝♦♥❞

❝❛s❡ ✇❤❡r❡ p ✐s ❧❛r❣❡ r❡❧❛t✐✈❡ t♦ d ✐s ✇❤❡♥ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❝♦♥❝❡r♥s r❡❣r❡ss✐♦♥s ✐♥ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧

s❡tt✐♥❣s ❛♥❞ t❤❡ r❡s✉❧t ❢♦r t❤✐s s♣❡❝✐✜❝ ❡①❛♠♣❧❡ ✐s ❢♦r♠❛❧❧② st❛t❡❞ ✐♥ ❈♦r♦❧❧❛r② ✸✳✹ ❜❡❧♦✇✳

✸❚♦ ✈❡r✐❢② ✇❤❡t❤❡r t❤❡ r❛t❡
√

log p
n

✐s ❛❝❤✐❡✈❛❜❧❡ ❢♦r t❤❡ tr✐❛♥❣✉❧❛r s✐♠✉❧t❛♥❡♦✉s ❧✐♥❡❛r ❡q✉❛t✐♦♥s ♠♦❞❡❧s✱ ❛ ♠✐♥✐♠❛① ❧♦✇❡r

❜♦✉♥❞ r❡s✉❧t ♥❡❡❞s t♦ ❜❡ ❡st❛❜❧✐s❤❡❞ ✐♥ ❢✉t✉r❡ ✇♦r❦✳

✶✺



❈♦r♦❧❧❛r② ✸✳✹ ✭❋✐rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ✐♥ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣s✮✿ ❙✉♣♣♦s❡ ❆ss✉♠♣t✐♦♥s ✶✳✶✱ ✸✳✷✱ ❛♥❞

✸✳✸ ❤♦❧❞✳ ❆ss✉♠❡ t❤❡ ♥✉♠❜❡r ♦❢ r❡❣r❡ss♦rs p(= pn) ✐♥ ✭✶✮ ❝❛♥ ❣r♦✇ ✇✐t❤ ❛♥❞ ❡①❝❡❡❞ t❤❡ s❛♠♣❧❡ s✐③❡ n❀

t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦ ❝♦♠♣♦♥❡♥ts ✐♥ β∗ ✐s ❛t ♠♦st k2✱ ✇❤✐❝❤ ✐s ❛❧❧♦✇❡❞ t♦ ✐♥❝r❡❛s❡ t♦ ✐♥✜♥✐t② ✇✐t❤ n ❜✉t

s❧♦✇❧② ❝♦♠♣❛r❡❞ t♦ n❀ ❛❧s♦ d = maxj=1,...,p dj ≪ n ❛♥❞ ❞♦❡s ♥♦t ❣r♦✇ ✇✐t❤ n✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ✜rst✲st❛❣❡

❡st✐♠❛t♦r π̂ s❛t✐s✜❡s t❤❡ ❜♦✉♥❞ maxj=1,...,p |π̂j − π∗j |2 -

√

log p
n ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1 − O( 1

max(p, n))✳

❚❤❡♥✱ ✐❢

k2 log p

n
= O(1),

log p

n
= o(1),

❛♥❞ t❤❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡r λn s❛t✐s✜❡s

λn ≍ k2

√

log p

n
,

✇❡ ❤❛✈❡

|β̂H2SLS − β∗|2 - max{ϕ1

√

k2

√

log p

n
, ϕ2

√

k2 log p

n
},

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1 − O( 1
max(p, n))✱ ✇❤❡r❡ ϕ1 ❛♥❞ ϕ2 ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✷✳ ■❢ ✇❡ ❛❧s♦ ❤❛✈❡

k2

√

k2 log p
n = o(1)✱ t❤❡♥ t❤❡ t✇♦✲st❛❣❡ ❡st✐♠❛t♦r β̂H2SLS ✐s l2−❝♦♥s✐st❡♥t ❢♦r β∗✳

◆♦t❡ t❤❛t ❈♦r♦❧❧❛r② ✸✳✹ ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✸✳✸ ❛♥❞ ❤❡♥❝❡ t❤❡ r❡s✉❧t ✐s ♦❜✈✐♦✉s ❢r♦♠ ❚❤❡♦r❡♠

✸✳✸✳

❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦rs ❝♦rr❡❝t❧② s❡❧❡❝t t❤❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ✇✐t❤ ♣r♦❜✲

❛❜✐❧✐t② ❝❧♦s❡ t♦ ✶✱ ✇❡ ❝❛♥ ❛❧s♦ ❝♦♠♣❛r❡ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ t✇♦✲st❛❣❡ ❡st✐♠❛t♦r β̂H2SLS ✇✐t❤ ❛♥♦t❤❡r

t②♣❡ ♦❢ ♠✉❧t✐✲st❛❣❡ ♣r♦❝❡❞✉r❡✳ ❚❤❡s❡ ♠✉❧t✐✲st❛❣❡ ♣r♦❝❡❞✉r❡s ✐♥❝❧✉❞❡ t❤r❡❡ st❡♣s✳ ■♥ t❤❡ ✜rst st❡♣✱ ♦♥❡

❝❛rr✐❡s ♦✉t t❤❡ s❛♠❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❛s ❜❡❢♦r❡ s✉❝❤ ❛s ❛♣♣❧②✐♥❣ t❤❡ ▲❛ss♦ ♦r ❉❛♥t③✐❣ s❡❧❡❝t♦r✳ ❯♥❞❡r

s♦♠❡ str✐♥❣❡♥t ❝♦♥❞✐t✐♦♥s t❤❛t ❣✉❛r❛♥t❡❡ t❤❡ s❡❧❡❝t✐♦♥✲❝♦♥s✐st❡♥❝② ♦❢ t❤❡s❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦rs ✭s✉❝❤ ❛s

t❤❡ ✏✐rr❡♣r❡s❡♥t❛❜❧❡ ❝♦♥❞✐t✐♦♥✑ ♦r t❤❡ ✏♠✉t✉❛❧ ✐♥❝♦❤❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥✑ ❞❡s❝r✐❜❡❞ ❡❛r❧✐❡r✮✱ ✇❡ ❝❛♥ r❡❝♦✈❡r t❤❡

s✉♣♣♦rts ♦❢ t❤❡ tr✉❡ ♣❛r❛♠❡t❡r ✈❡❝t♦rs ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳ ■♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ✇❡ ❛♣♣❧② ❖▲❙ ✇✐t❤ t❤❡

r❡❣r❡ss♦rs ✐♥ t❤❡ ❡st✐♠❛t❡❞ s✉♣♣♦rt s❡t t♦ ♦❜t❛✐♥ π̂OLS
j ❢♦r j = 1, ..., p✳ ■♥ t❤❡ t❤✐r❞ st❡♣✱ ✇❡ ❛♣♣❧② ❛ ▲❛ss♦

t❡❝❤♥✐q✉❡ t♦ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ✇✐t❤ t❤❡s❡ ✜tt❡❞ r❡❣r❡ss♦rs ❜❛s❡❞ ♦♥ t❤❡ s❡❝♦♥❞✲st❛❣❡ ❖▲❙ ❡st✐♠❛t❡s✳ ❚❤✐s

t②♣❡ ♦❢ ♣r♦❝❡❞✉r❡ ✐s ✐♥ t❤❡ s✐♠✐❧❛r s♣✐r✐t ❛s t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ s♣❛rs✐t② ✐♥ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r ♠♦❞❡❧s

✇✐t❤♦✉t ❡♥❞♦❣❡♥❡✐t② ✭s❡❡✱ ❡✳❣✳✱ ❈❛♥❞ès ❛♥❞ ❚❛♦✱ ✷✵✵✼❀ ❇❡❧❧♦♥✐ ❛♥❞ ❈❤❡r♥♦③❤✉❦♦✈✱ ✷✵✶✸✮✳

❯♥❞❡r t❤✐s t❤r❡❡✲st❛❣❡ ♣r♦❝❡❞✉r❡✱ ❈♦r♦❧❧❛r② ✸✳✹ ❛❜♦✈❡ t❡❧❧s ✉s t❤❛t t❤❡ st❛t✐st✐❝❛❧ ❡rr♦r ♦❢ t❤❡ ♣❛r❛♠❡t❡rs

♦❢ ✐♥t❡r❡sts ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ✐s ♦❢ t❤❡ ♦r❞❡r O

(

|β∗|1
√

k2 log p
n

)

✱ ✇❤✐❝❤ ✐s ❛t ❧❡❛st ❛s ❣♦♦❞ ❛s β̂H2SLS ✳

◆❡✈❡rt❤❡❧❡ss✱ t❤✐s ✐♠♣r♦✈❡❞ st❛t✐st✐❝❛❧ ❡rr♦r ✐s ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ✐♠♣♦s✐♥❣ str✐♥❣❡♥t ❝♦♥❞✐t✐♦♥s t❤❛t ❡♥s✉r❡

t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦rs t♦ ❛❝❤✐❡✈❡ s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝②✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ♦♥❧② ❤♦❧❞ ✐♥ ❛ r❛t❤❡r ♥❛rr♦✇

r❛♥❣❡ ♦❢ ♣r♦❜❧❡♠s✱ ❡①❝❧✉❞✐♥❣ ♠❛♥② ❝❛s❡s ✇❤❡r❡ t❤❡ ❞❡s✐❣♥ ♠❛tr✐❝❡s ❡①❤✐❜✐t str♦♥❣ ✭❡♠♣✐r✐❝❛❧✮ ❝♦rr❡❧❛t✐♦♥s✳

■❢ t❤❡s❡ str✐♥❣❡♥t ❝♦♥❞✐t✐♦♥s ✐♥ ❢❛❝t ❞♦ ♥♦t ❤♦❧❞✱ t❤❡♥ t❤❡ t❤r❡❡✲st❛❣❡ ♣r♦❝❡❞✉r❡ ♠❛② ♥♦t ✇♦r❦✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ ❡✈❡♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ t❤❡ s❡❧❡❝t✐♦♥✲❝♦♥s✐st❡♥❝② ✐♥ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥✱ β̂H2SLS ✐s st✐❧❧

❛ ✈❛❧✐❞ ♣r♦❝❡❞✉r❡ ❛♥❞ t❤❡ ❜♦✉♥❞ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦♥s✐st❡♥❝② r❡s✉❧t ✐♥ ❚❤❡♦r❡♠ ✸✳✷ st✐❧❧ ❤♦❧❞✳ ❚❤❡r❡❢♦r❡✱

β̂H2SLS ♠❛② ❜❡ ♠♦r❡ ❛♣♣❡❛❧✐♥❣ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t ✇♦r❦s ❢♦r ❛ ❜r♦❛❞❡r r❛♥❣❡ ♦❢ ♣r♦❜❧❡♠s ✐♥ ✇❤✐❝❤ t❤❡

✶✻



✜rst✲st❛❣❡ ❞❡s✐❣♥ ♠❛tr✐❝❡s ✭❢♦r♠❡❞ ❜② t❤❡ ✐♥str✉♠❡♥ts✮ Zj ∈ R
n×dj ❢♦r j = 1, ..., p ❡①❤✐❜✐t ❛ ❤✐❣❤ ❛♠♦✉♥t

♦❢ ❞❡♣❡♥❞❡♥❝② ❛♠♦♥❣ t❤❡ ❝♦✈❛r✐❛t❡s✳

❋♦r ❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✸✳✸✱ t❤❡ r❡s✉❧ts ❛r❡ ❞❡r✐✈❡❞ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ ❡❛❝❤ ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥s ✐s

❡st✐♠❛t❡❞ s❡♣❛r❛t❡❧② ✇✐t❤ ❛ ▲❛ss♦✲t②♣❡ ♣r♦❝❡❞✉r❡✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s♣❡❝✐✜❝ str✉❝t✉r❡s ♦❢ t❤❡ ✜rst✲st❛❣❡

❡q✉❛t✐♦♥s✱ ♦t❤❡r ♠❡t❤♦❞s t❤❛t t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥t❡rr❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡s❡ ❡q✉❛t✐♦♥s ♠✐❣❤t ②✐❡❧❞

❛ s♠❛❧❧❡r ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ❛ ♣♦t❡♥t✐❛❧ ✐♠♣r♦✈❡♠❡♥t ♦♥ t❤❡ l2−❡rr♦r ♦❢ β̂H2SLS ✳

❚❤✐s ♣❛♣❡r ❞♦❡s ♥♦t ♣✉rs✉❡ t❤❡s❡ ♠♦r❡ ❡✣❝✐❡♥t ✜rst✲st❛❣❡ ❡st✐♠❛t♦rs ❜✉t r❛t❤❡r ❝♦♥s✐❞❡rs t❤❡ ❡①t❡♥s✐♦♥s

♦❢ ❚❤❡♦r❡♠s ✸✳✷ ❛♥❞ ✸✳✸ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♥♥❡r✳ ◆♦t✐❝❡ t❤❛t ❢♦r ❚❤❡♦r❡♠ ✸✳✷ ✭♦r ❚❤❡♦r❡♠ ✸✳✸✮✱ ✇❡

❣✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❢♦r♠ ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ✐♥ ❆ss✉♠♣t✐♦♥s ✸✳✺❛ ✭r❡s♣❡❝t✐✈❡❧②✱ ✸✳✺❜✮ ❛♥❞ ❛s

❞✐s❝✉ss❡❞ ❡❛r❧✐❡r✱ ▲❛ss♦ t②♣❡ ♦❢ t❡❝❤♥✐q✉❡s ②✐❡❧❞ t❤❡s❡ ❡st✐♠❛t✐♦♥ ❡rr♦rs✳ ❍♦✇❡✈❡r✱ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ♦❢

t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡sts ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜② t❤❡ ♠❛①✐♠✉♠ ♦❢ ❛ t❡r♠ ✐♥✈♦❧✈✐♥❣ t❤❡

✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ✐♥ l2−♥♦r♠ ♠✉❧t✐♣❧✐❡❞ ❜② ❛ ❢❛❝t♦r ♦❢
√
k1k2 ✭♦r

√
k2 ✐❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦rs

❝♦rr❡❝t❧② s❡❧❡❝t t❤❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❝❧♦s❡ t♦ ✶✮ ❛♥❞ ❛ t❡r♠ ✐♥✈♦❧✈✐♥❣ t❤❡ s❡❝♦♥❞✲st❛❣❡

❡st✐♠❛t✐♦♥ ❡rr♦r✱ ✇❤✐❝❤ ❤♦❧❞s ❢♦r ❣❡♥❡r❛❧ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦rs ❛s ❧♦♥❣ ❛s |π̂j −π∗j |1 ≍
√
k1|π̂j −π∗j |2

❢♦r✹ j = 1, ..., p✳ ❚❤✐s ❝❧❛✐♠ ✐s ❢♦r♠❛❧❧② st❛t❡❞ ✐♥ ❚❤❡♦r❡♠s ✸✳✺ ❛♥❞ ✸✳✻ ❜❡❧♦✇✳

❚❤❡♦r❡♠ ✸✳✺✿ ❙✉♣♣♦s❡ ❆ss✉♠♣t✐♦♥s ✶✳✶ ❛♥❞ ✸✳✶✲✸✳✸ ❤♦❧❞✳ ❆❧s♦✱ ❛ss✉♠❡ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦r π̂

s❛t✐s✜❡s t❤❡ ❜♦✉♥❞ maxj=1,...,p |π̂j − π∗j |1 ≤
√
k1M(d, p, k1, n) ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1− α✳ ❚❤❡♥✱ ✐❢

max

{

k22k1M
2(d, p, k1, n),

k2 log p

n

}

= O(1),

max

{

k1M
2(d, p, k1, n),

log p

n

}

= o(1),

❛♥❞ t❤❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡r λn s❛t✐s✜❡s

λn ≍ k2max

{

√

k1M(d, p, k1, n),

√

log p

n

}

,

✇❡ ❤❛✈❡

|β̂H2SLS − β∗|2 - max{ϕ1

√

k1k2M(d, p, k1, n), ϕ2

√

k2 log p

n
},

✇❤❡r❡

ϕ1 =
maxj,j′ |❝♦✈(x∗1j′ , z1j)|∞|β∗|1

λmin(ΣX∗)
,

ϕ2 = max

{

σX∗ση|β∗|1
λmin(ΣX∗)

,
σX∗σǫ

λmin(ΣX∗)

}

,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1−α− c1 exp(−c2 logmax(p, n)) ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts c1 ❛♥❞ c2✳

■❢ ✇❡ ❛❧s♦ ❤❛✈❡ k2max

{√
k1k2M(d, p, k1, n),

√

k2 log p
n

}

= o(1)✱ t❤❡♥ t❤❡ t✇♦✲st❛❣❡ ❡st✐♠❛t♦r β̂H2SLS ✐s

l2−❝♦♥s✐st❡♥t ❢♦r β∗✳

✹◆❡❣❛❤❜❛♥✱ ❡t✳ ❛❧ ✭✷✵✶✷✮ ❞✐s❝✉ss❡s t❤❡ t②♣❡ ♦❢ ♣❡♥❛❧✐③❡❞ ❡st✐♠❛t♦rs t❤❛t s❛t✐s❢② s✉❝❤ ❛ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ l1−❡rr♦r
❛♥❞ t❤❡ l2−❡rr♦r✳

✶✼



❚❤❡♦r❡♠ ✸✳✻✿ ❙✉♣♣♦s❡ ❆ss✉♠♣t✐♦♥s ✶✳✶✱ ✸✳✶✲✸✳✹✱ ❛♥❞ ✸✳✻ ❤♦❧❞✳ ❆❧s♦✱ ❛ss✉♠❡ t❤❡ ✜rst st❛❣❡ ❡st✐♠❛✲

t♦r π̂ s❛t✐s✜❡s t❤❡ ❜♦✉♥❞ maxj=1,...,p |π̂j − π∗j |2 ≤M(d, p, k1, n) ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1− α✳ ❚❤❡♥✱ ✐❢

min
{

max
{

k22k1M
2(d, p, k1, n),

k2 log p
n

}

, minr∈[0, 1]max
{

k2−2r
1 M2(d, p, k1, n),

kr1k2 log d
n ,

kr1k2 log p
n

}}

= O(1),

max

{

M2(d, p, k1, n),
log p

n

}

= o(1),

❛♥❞ t❤❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡r λn s❛t✐s✜❡s

λn ≍ k2max

{

M(d, p, k1, n),

√

log p

n

}

,

✇❡ ❤❛✈❡

|β̂H2SLS − β∗|2 - max{ϕ1

√

k2M(d, p, k1, n), ϕ2

√

k2 log p

n
},

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1−α− c1 exp(−c2 logmax(p, n)) ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts c1 ❛♥❞ c2✱

✇❤❡r❡ ϕ1 ❛♥❞ ϕ2 ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✺✳ ■❢ ✇❡ ❛❧s♦ ❤❛✈❡ k2max

{√
k2M(d, p, k1, n),

√

k2 log p
n

}

=

o(1)✱ t❤❡♥ t❤❡ t✇♦✲st❛❣❡ ❡st✐♠❛t♦r β̂H2SLS ✐s l2−❝♦♥s✐st❡♥t ❢♦r β∗✳

❚❤❡ ♣r♦♦❢s ❢♦r ❚❤❡♦r❡♠s ✸✳✺ ❛♥❞ ✸✳✻ ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✹✳

❯♣♦♥ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦rs ❝♦rr❡❝t❧② s❡❧❡❝t t❤❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❝❧♦s❡ t♦ ✶✱ ♥♦t❡ t❤❛t t❤❡ ❜♦✉♥❞ ♦♥ t❤❡ l2−❡rr♦r ♦❢ β̂H2SLS ✐♥ ❚❤❡♦r❡♠ ✸✳✻ ✐s ✐♠♣r♦✈❡❞

✉♣♦♥ t❤❛t ✐♥ ❚❤❡♦r❡♠ ✸✳✺ ❜② ❛ ❢❛❝t♦r ♦❢
√
k1 ✐❢ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❜r❛❝❡s ❞♦♠✐♥❛t❡s t❤❡ s❡❝♦♥❞ ♦♥❡✳ ❚❤❡

s❝❛❧✐♥❣ ♦❢ t❤❡ s❛♠♣❧❡ s✐③❡ r❡q✉✐r❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✻ ✐s ❛❧s♦ ✐♠♣r♦✈❡❞ ✉♣♦♥ t❤❛t ✐♥ ❚❤❡♦r❡♠ ✸✳✺✳

✸✳✷ ❱❛r✐❛❜❧❡✲s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝②

■♥ t❤✐s s✉❜s❡❝t✐♦♥✱ ■ ❛❞❞r❡ss t❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥✿ ❣✐✈❡♥ ❛♥ ♦♣t✐♠❛❧ t✇♦✲st❛❣❡ ▲❛ss♦ s♦❧✉t✐♦♥ β̂H2SLS ✱

✇❤❡♥ ❞♦ ✇❡ ❤❛✈❡ P[J(β̂H2SLS) = J(β∗)] → 1❄ ❚❤❛t ✐s✱ ✇❤❡♥ ❝❛♥ ✇❡ ❝♦♥❝❧✉❞❡ β̂H2SLS ❝♦rr❡❝t❧② s❡❧❡❝ts

t❤❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②❄ ❚❤✐s ♣r♦♣❡rt② ✐s r❡❢❡rr❡❞ t♦ ❛s

✈❛r✐❛❜❧❡✲s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝②✳ ❋♦r ❝♦♥s✐st❡♥t ✈❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥ ✇✐t❤ t❤❡ st❛♥❞❛r❞ ▲❛ss♦ ✐♥ t❤❡ ❝♦♥t❡①t

♦❢ ❧✐♥❡❛r ♠♦❞❡❧s ✇✐t❤♦✉t ❡♥❞♦❣❡♥❡✐t②✱ ✐t ✐s ❦♥♦✇♥ t❤❛t t❤❡ s♦✲❝❛❧❧❡❞ ✏♥❡✐❣❤❜♦r❤♦♦❞ st❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥✑

✭▼❡✐♥s❤❛✉s❡♥ ❛♥❞ ❇ü❤❧♠❛♥♥✱ ✷✵✵✻✮ ❢♦r t❤❡ ❞❡s✐❣♥ ♠❛tr✐①✱ r❡✲❢♦r♠✉❧❛t❡❞ ✐♥ ❛ ♥✐❝❡r ❢♦r♠ ❛s t❤❡ ✏✐rr❡♣r❡✲

s❡♥t❛❜❧❡ ❝♦♥❞✐t✐♦♥✑ ❜② ❩❤❛♦ ❛♥❞ ❨✉✱ ✷✵✵✻✱ ✐s s✉✣❝✐❡♥t ❛♥❞ ♥❡❝❡ss❛r②✳ ❆ ❢✉rt❤❡r r❡✜♥❡❞ ❛♥❛❧②s✐s ✐s ❣✐✈❡♥

✐♥ ❲❛✐♥✇r✐❣❤t ✭✷✵✵✾✮✱ ✇❤✐❝❤ ♣r❡s❡♥ts ✉♥❞❡r ❛ ❝❡rt❛✐♥ ✏✐♥❝♦❤❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥✑ t❤❡ s♠❛❧❧❡st s❛♠♣❧❡ s✐③❡

♥❡❡❞❡❞ t♦ r❡❝♦✈❡r ❛ s♣❛rs❡ s✐❣♥❛❧✳ ■♥ t❤✐s ♣❛♣❡r✱ ■ ❛❞♦♣t t❤❡ ❛♥❛❧②s✐s ❜② ❲❛✐♥✇r✐❣❤t ✭✷✵✵✾✮✱ ❘❛✈✐❦✉♠❛r✱

❲❛✐♥✇r✐❣❤t✱ ❛♥❞ ▲❛✛❡rt② ✭✷✵✶✵✮✱ ❛♥❞ ❲❛✐♥✇r✐❣❤t ✭✷✵✶✹✮ t♦ ❛♥❛❧②③❡ t❤❡ s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝② ♦❢ β̂H2SLS ✳

■♥ ♣❛rt✐❝✉❧❛r✱ ■ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✳

❆ss✉♠♣t✐♦♥ ✸✳✼✿

∥

∥

∥

∥

E

[

X∗T
1,J(β∗)cX

∗
1,J(β∗)

] [

E(X∗T
1,J(β∗)X

∗
1,J(β∗))

]−1
∥

∥

∥

∥

∞
≤ 1− φ ❢♦r s♦♠❡ φ ∈ (0, 1]✳

✶✽



❆ss✉♠♣t✐♦♥ ✸✳✽✿ ❚❤❡ s♠❛❧❧❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ t❤❡ s✉❜♠❛tr✐① E

[

X∗T
1,J(β∗)X

∗
1,J(β∗)

]

s❛t✐s✜❡s t❤❡ ❜♦✉♥❞

λmin

(

E

[

X∗T
1,J(β∗)X

∗
1,J(β∗)

])

≥ Cmin > 0.

❘❡♠❛r❦s

❆ss✉♠♣t✐♦♥ ✸✳✼✱ t❤❡ s♦✲❝❛❧❧❡❞ ✏♠✉t✉❛❧ ✐♥❝♦❤❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥✑ ♦r✐❣✐♥❛❧❧② ❢♦r♠❛❧✐③❡❞ ❜② ❲❛✐♥✇r✐❣❤t ✭✷✵✵✾✮✱

❝❛♣t✉r❡s t❤❡ ✐♥t✉✐t✐♦♥ t❤❛t t❤❡ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ✐rr❡❧❡✈❛♥t ❝♦✈❛r✐❛t❡s ❝❛♥♥♦t ❡①❡rt ❛♥ ♦✈❡r❧② str♦♥❣ ❡✛❡❝t

♦♥ t❤❡ s✉❜s❡t ♦❢ r❡❧❡✈❛♥t ❝♦✈❛r✐❛t❡s✳ ■♥ t❤❡ ♠♦st ❞❡s✐r❛❜❧❡ ❝❛s❡✱ t❤❡ ❝♦❧✉♠♥s ✐♥❞❡①❡❞ ❜② j ∈ J(β∗)c ✇♦✉❧❞

❛❧❧ ❜❡ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ ❝♦❧✉♠♥s ✐♥❞❡①❡❞ ❜② j ∈ J(β∗) ❛♥❞ t❤❡♥ ✇❡ ✇♦✉❧❞ ❤❛✈❡ φ = 1✳ ■♥ t❤❡ ❤✐❣❤✲

❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✱ t❤✐s ♣❡r❢❡❝t ♦rt❤♦❣♦♥❛❧✐t② ✐s ♥♦t ♣♦ss✐❜❧❡✱ ❜✉t ♦♥❡ ❝❛♥ st✐❧❧ ❤♦♣❡ ❢♦r ❛ t②♣❡ ♦❢ ✏♥❡❛r

♦rt❤♦❣♦♥❛❧✐t②✑ t♦ ❤♦❧❞✳

◆♦t✐❝❡ t❤❛t ✐♥ ♦r❞❡r ❢♦r t❤❡ ❧❡❢t✲❤❛♥❞✲s✐❞❡ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✐♥ ❆ss✉♠♣t✐♦♥ ✸✳✼ t♦ ❛❧✇❛②s ❢❛❧❧ ✐♥ [0, 1)✱

♦♥❡ ♥❡❡❞s s♦♠❡ t②♣❡ ♦❢ ♥♦r♠❛❧✐③❛t✐♦♥ ♦♥ t❤❡ ♠❛tr✐① X∗
j = (X∗

1j , ... , X
∗
nj)

T ❢♦r ❛❧❧ j = 1, ..., p✳ ❖♥❡

♣♦ss✐❜✐❧✐t② ✐s t♦ ✐♠♣♦s❡ ❛ ❝♦❧✉♠♥ ♥♦r♠❛❧✐③❛t✐♦♥ ❛s ❢♦❧❧♦✇s✿

max
j=1,...,p

|X∗
j |2√
n

≤ κc, 0 < κc <∞.

❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✳✶ ❛♥❞ ✸✳✸✱ ✇❡ ❦♥♦✇ t❤❛t ❡❛❝❤ ❝♦❧✉♠♥ X∗
j ✱ j = 1, ..., p ✐s ❝♦♥s✐st❡❞ ♦❢ ✐✳✐✳❞✳ s✉❜✲

●❛✉ss✐❛♥ ✈❛r✐❛❜❧❡s✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ❝❛♥ ❛ss✉♠❡ E(X∗
1j) = 0 ❢♦r ❛❧❧ j = 1, ..., p✳ ❈♦♥s❡q✉❡♥t❧②✱

t❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❛❜♦✈❡ ❢♦❧❧♦✇s ❢r♦♠ ❛ st❛♥❞❛r❞ ❜♦✉♥❞ ❢♦r t❤❡ ♥♦r♠s ♦❢ ③❡r♦✲♠❡❛♥ s✉❜✲●❛✉ss✐❛♥ ✈❡❝t♦rs

❛♥❞ ❛ ✉♥✐♦♥ ❜♦✉♥❞

P

[

max
j=1,...,p

|X∗
j |2√
n

≤ κc

]

≥ 1− 2 exp(−cn+ log p) ≥ 1− 2 exp(−c′n),

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ n≫ log p✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ X∗ ❤❛s ❛ ●❛✉ss✐❛♥ ❞❡s✐❣♥✱ t❤❡♥ ✇❡ ❤❛✈❡

max
j=1,...,p

|X∗
j |2√
n

≤ max
j=1,...,p

Σjj

(

1 +

√

32 log p

n

)

,

✇❤❡r❡ maxj=1,..,pΣjj ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♠❛①✐♠❛❧ ✈❛r✐❛♥❝❡ ♦❢ ❛♥② ❡❧❡♠❡♥t ♦❢ X∗✭s❡❡ ❘❛s❦✉tt✐✱ ❡t✳ ❛❧✱ ✷✵✶✶✮✳

❆ss✉♠♣t✐♦♥ ✸✳✽ ✐s r❡q✉✐r❡❞ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ♠♦❞❡❧ ✐s ✐❞❡♥t✐✜❛❜❧❡ ❡✈❡♥ ✐❢ t❤❡ s✉♣♣♦rt s❡t J(β∗) ✇❡r❡

❦♥♦✇♥ ❛ ♣r✐♦r✐✳ ❆ss✉♠♣t✐♦♥ ✸✳✽ ✐s r❡❧❛t✐✈❡❧② ♠✐❧❞ ❝♦♠♣❛r❡❞ t♦ ❆ss✉♠♣t✐♦♥ ✸✳✼✳

❚❤❡♦r❡♠ ✸✳✼ ✭❙❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝②✮✿ ❙✉♣♣♦s❡ ❆ss✉♠♣t✐♦♥s ✶✳✶✱ ✸✳✶✲✸✳✸✱ ✸✳✺❛✱ ✸✳✼✱ ❛♥❞ ✸✳✽ ❤♦❧❞✳ ■❢

1

n
max

{

k1k
3/2
2 log p, k32 log p

}

= O(1),

1

n
k21k

2
2 logmax(d, p) = o(1),

✶✾



❛♥❞ t❤❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡r λn s❛t✐s✜❡s

λn ≍ k1k2

√

logmax(d, p)

n
,

t❤❡♥✱ ✇❡ ❤❛✈❡✿ ✭❛✮ ❚❤❡ ▲❛ss♦ ❤❛s ❛ ✉♥✐q✉❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ β̂H2SLS ✱ ✭❜✮ t❤❡ s✉♣♣♦rt J(β̂H2SLS) ⊆ J(β∗)✱

✭❝✮ |β̂H2SLS, J(β∗) − β∗H2SLS, J(β∗)|∞ ≤ cmax

{

ϕ1k1

√

k2 logmax(d, p)

n
, ϕ2

√

k2 log p

n

}

:= B1,

✇❤❡r❡

ϕ1 =
ση maxj,j′ |❝♦✈(x∗1j′ , z1j)|∞|β∗|1

λmin(ΣZ)Cmin
,

ϕ2 = max

{

σX∗ση|β∗|1
Cmin

,
σX∗σǫ
Cmin

}

,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1−c1 exp(−c2 logmax(min(p, d), n))✱ ✭❞✮ ✐❢minj∈J(β∗) |β∗j | > B1✱ t❤❡♥ J(β̂H2SLS) ⊇
J(β∗) ❛♥❞ ❤❡♥❝❡ β̂H2SLS ✐s ✈❛r✐❛❜❧❡✲s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥t✱ ✐✳❡✳✱ J(β̂H2SLS) = J(β∗)✳

❚❤❡♦r❡♠ ✸✳✽ ✭❙❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝②✮✿ ❙✉♣♣♦s❡ ❆ss✉♠♣t✐♦♥s ✶✳✶✱ ✸✳✶✲✸✳✹✱ ✸✳✺❜✱ ✸✳✻✲✸✳✽ ❤♦❧❞✳ ■❢

1

n
max

{

k
1/2
1 k

3/2
2 log p k32 log p

}

= O(1),

1

n
min

{

k21k
2
2 logmax(d, p), min

r∈[0, 1]
max

{

k3−2r
1 log d, k3−2r

1 log p, kr1k2 log d, k
r
1k2 log p

}

}

= o(1),

1

n
k1k

2
2 logmax(d, p) = o(1),

❛♥❞ t❤❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡r λn s❛t✐s✜❡s

λn ≍ k2

√

k1 logmax(d, p)

n
,

t❤❡♥✱ ✇❡ ❤❛✈❡✿ ✭❛✮ ❚❤❡ ▲❛ss♦ ❤❛s ❛ ✉♥✐q✉❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ β̂H2SLS ✱ ✭❜✮ t❤❡ s✉♣♣♦rt J(β̂H2SLS) ⊆ J(β∗)✱

❛♥❞

✭❝✮ |β̂H2SLS, J(β∗) − β∗H2SLS, J(β∗)|∞ ≤ c
′

max

{

ϕ1

√

k1k2 logmax(d, p)

n
, ϕ2

√

k2 log p

n

}

:= B2

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(min(p, d), n))✱ ✇❤❡r❡ ϕ1 ❛♥❞ ϕ2 ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠

✸✳✼✱ ✭❞✮ ✐❢ minj∈J(β∗) |β∗j | > B2✱ t❤❡♥ J(β̂H2SLS) ⊇ J(β∗) ❛♥❞ ❤❡♥❝❡ β̂H2SLS ✐s ✈❛r✐❛❜❧❡✲s❡❧❡❝t✐♦♥ ❝♦♥s✐s✲

t❡♥t✱ ✐✳❡✳✱ J(β̂H2SLS) = J(β∗)✳

❚❤❡ ♣r♦♦❢s ❢♦r ❚❤❡♦r❡♠s ✸✳✼ ❛♥❞ ✸✳✽ ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✻✳

❚❤❡ ♣r♦♦❢ ❢♦r ❚❤❡♦r❡♠s ✸✳✼ ❛♥❞ ✸✳✽ ❤✐♥❣❡s ♦♥ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧t t❤❛t s❤♦✇s t❤❡ ✏♠✉t✉❛❧ ✐♥✲

❝♦❤❡r❡♥❝❡✑ ❛ss✉♠♣t✐♦♥ ♦♥ E[X∗T
1 X∗

1 ] ✭t❤❡ ♣♦♣✉❧❛t✐♦♥ ✈❡rs✐♦♥ ♦❢ 1
nX

∗TX∗✮ ❣✉❛r❛♥t❡❡s t❤❛t✱ ✇✐t❤ ❤✐❣❤

✷✵



♣r♦❜❛❜✐❧✐t②✱ ❛♥❛❧♦❣♦✉s ❝♦♥❞✐t✐♦♥s ❤♦❧❞ ❢♦r t❤❡ ❡st✐♠❛t❡❞ q✉❛♥t✐t② 1
nX̂

T X̂✱ ❢♦r♠❡❞ ❜② t❤❡ ✜tt❡❞ r❡❣r❡ss♦rs

❢r♦♠ t❤❡ ✜rst✲st❛❣❡ r❡❣r❡ss✐♦♥✳ ❚❤✐s r❡s✉❧t ✐s ❡st❛❜❧✐s❤❡❞ ✐♥ ▲❡♠♠❛ ✻✳✺ ✐♥ ❙❡❝t✐♦♥ ✻✳✺✳

❚❤❡ ♣r♦♦❢s ❢♦r ❚❤❡♦r❡♠s ✸✳✼ ❛♥❞ ✸✳✽ ❛r❡ ❜❛s❡❞ ♦♥ ❛ ❝♦♥str✉❝t✐♦♥ ❝❛❧❧❡❞ Pr✐♠❛❧✲❉✉❛❧ ❲✐t♥❡ss ✭P❉❲✮

♠❡t❤♦❞ ❞❡✈❡❧♦♣❡❞ ❜② ❲❛✐♥✇r✐❣❤t ✭✷✵✵✾✮ ✭❛❧s♦ s❡❡ ❲❛✐♥✇r✐❣❤t✱ ✷✵✶✹✮✳ ❚❤✐s ♠❡t❤♦❞ ❝♦♥str✉❝ts ❛ ♣❛✐r

(β̂, µ̂)✳ ❲❤❡♥ t❤✐s ♣r♦❝❡❞✉r❡ s✉❝❝❡❡❞s✱ t❤❡ ❝♦♥str✉❝t❡❞ ♣❛✐r ✐s ♣r✐♠❛❧✲❞✉❛❧ ♦♣t✐♠❛❧✱ ❛♥❞ ❛❝ts ❛s ❛ ✇✐t♥❡ss

❢♦r t❤❡ ❢❛❝t t❤❛t t❤❡ ▲❛ss♦ ❤❛s ❛ ✉♥✐q✉❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ ❝♦rr❡❝t s✐❣♥❡❞ s✉♣♣♦rt✳ ❚❤❡ ♣r♦❝❡❞✉r❡

✐s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳

✶✳ ❙❡t β̂J(β∗)c = 0✳

✷✳ ❖❜t❛✐♥ (β̂J(β∗), µ̂J(β∗)) ❜② s♦❧✈✐♥❣ t❤❡ ♦r❛❝❧❡ s✉❜♣r♦❜❧❡♠

β̂J(β∗) ∈ arg min
βJ(β∗)∈Rk2

{ 1

2n
|y − X̂J(β∗)βJ(β∗)|22 + λn|βJ(β∗)|1},

❛♥❞ ❝❤♦♦s❡ µ̂J(β∗) ∈ ∂|β̂J(β∗)|1✱ ✇❤❡r❡ ∂|β̂J(β∗)|1 ❞❡♥♦t❡s t❤❡ s❡t ♦❢ s✉❜❣r❛❞✐❡♥ts ❛t β̂J(β∗) ❢♦r t❤❡

❢✉♥❝t✐♦♥ | · |1 : Rk2 → R✳

✸✳ ❙♦❧✈❡ ❢♦r µ̂J(β∗)c ✈✐❛ t❤❡ ③❡r♦✲s✉❜❣r❛❞✐❡♥t ❡q✉❛t✐♦♥

1

n
X̂T (y − X̂β̂) + λnµ̂ = 0,

❛♥❞ ❝❤❡❝❦ ✇❤❡t❤❡r ♦r ♥♦t t❤❡ str✐❝t ❞✉❛❧ ❢❡❛s✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ |µ̂J(β∗)c |∞ < 1 ❤♦❧❞s✳

❚❤❡♦r❡♠s ✸✳✼ ❛♥❞ ✸✳✽ ✐♥❝❧✉❞❡ ❢♦✉r ♣❛rts✳ P❛rt ✭❛✮ ❣✉❛r❛♥t❡❡s t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥

♦❢ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ♣r♦❝❡❞✉r❡✱ β̂H2SLS ✭❢r♦♠ t❤❡ ♣r♦♦❢s ❢♦r ❚❤❡♦r❡♠s ✸✳✼ ❛♥❞ ✸✳✽✱ ✇❡ ❤❛✈❡ t❤❛t

β̂H2SLS = (β̂J(β∗), 0) ✇❤❡r❡ β̂J(β∗) ✐s t❤❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✷ ♦❢ t❤❡ P❉❲ ❝♦♥str✉❝t✐♦♥ ❛❜♦✈❡✮✳

❇❛s❡❞ ♦♥ t❤✐s ✉♥✐q✉❡♥❡ss ❝❧❛✐♠✱ ♦♥❡ ❝❛♥ t❤❡♥ t❛❧❦ ✉♥❛♠❜✐❣✉♦✉s❧② ❛❜♦✉t t❤❡ s✉♣♣♦rt ♦❢ t❤❡ t✇♦✲st❛❣❡

▲❛ss♦ ❡st✐♠❛t❡✳ P❛rt ✭❜✮ ❣✉❛r❛♥t❡❡s t❤❛t t❤❡ ▲❛ss♦ ❞♦❡s ♥♦t ❢❛❧s❡❧② ✐♥❝❧✉❞❡ ❡❧❡♠❡♥ts t❤❛t ❛r❡ ♥♦t ✐♥ t❤❡

s✉♣♣♦rt ♦❢ β∗✳

P❛rt ✭❝✮ ❡♥s✉r❡s t❤❛t β̂H2SLS, J(β∗) ✐s ✉♥✐❢♦r♠❧② ❝❧♦s❡ t♦ β∗J(β∗) ✐♥ t❤❡ l∞−♥♦r♠✺✳ ◆♦t✐❝❡ t❤❛t t❤❡

l∞−❜♦✉♥❞ ✐♥ P❛rt ✭❝✮ ♦❢ ❚❤❡♦r❡♠ ✸✳✽ ✐s ✐♠♣r♦✈❡❞ ❜② ❛ ❢❛❝t♦r ♦❢
√
k1 ✉♣♦♥ t❤❛t ✐♥ P❛rt ✭❝✮ ♦❢ ❚❤❡♦r❡♠

✸✳✼ ✐❢ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ ❜r❛❝❡s ❞♦♠✐♥❛t❡s t❤❡ s❡❝♦♥❞ ♦♥❡✳ ❆❧s♦✱ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ s❛♠♣❧❡ s✐③❡ r❡q✉✐r❡❞

✐♥ ❚❤❡♦r❡♠ ✸✳✽ ✐s ✐♠♣r♦✈❡❞ ✉♣♦♥ t❤❛t ✐♥ ❚❤❡♦r❡♠ ✸✳✼✳ ❙✐♠✐❧❛r ♦❜s❡r✈❛t✐♦♥s ✇❡r❡ ♠❛❞❡ ❡❛r❧✐❡r ✇❤❡♥ ✇❡

❝♦♠♣❛r❡❞ t❤❡ ❜♦✉♥❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✷ ✇✐t❤ t❤❡ ❜♦✉♥❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✸ ✭♦r✱ t❤❡ ❜♦✉♥❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✺ ✇✐t❤ t❤❡

❜♦✉♥❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✻✮✳ ❆❣❛✐♥✱ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❛ttr✐❜✉t❡❞ t♦ t❤❛t t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡

✜rst✲st❛❣❡ ❡st✐♠❛t♦rs ❝♦rr❡❝t❧② s❡❧❡❝t✐♥❣ t❤❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ✭❆ss✉♠♣t✐♦♥ ✸✳✻✮ ✐s ✐♠♣♦s❡❞ ✐♥ ❚❤❡♦r❡♠

✸✳✽ ❜✉t ♥♦t ✐♥ ❚❤❡♦r❡♠ ✸✳✼✳ ❘❡❝❛❧❧ ❡❛r❧✐❡r ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❚❤❡♦r❡♠ ✸✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✸✳✸ ✐♥ t❤❡

s❝❛❧✐♥❣ ♦❢ t❤❡ r❡q✉✐r❡❞ s❛♠♣❧❡ s✐③❡✳ ❆ s✐♠✐❧❛r ❝♦♠♣❛r✐s♦♥ ❝❛♥ ❜❡ ♠❛❞❡ ❜❡t✇❡❡♥ ❚❤❡♦r❡♠ ✸✳✼ ❛♥❞ ❚❤❡♦r❡♠

✸✳✽✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t♦rs ❝♦rr❡❝t❧② s❡❧❡❝t t❤❡ ♥♦♥✲③❡r♦ ❝♦❡✣❝✐❡♥ts ✇✐t❤

❤✐❣❤ ♣r♦❜❛❜✐❧✐t② ✭❆ss✉♠♣t✐♦♥ ✸✳✻✮✱ t❤❡ s❝❛❧✐♥❣ ♦❢ t❤❡ s❛♠♣❧❡ s✐③❡ r❡q✉✐r❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✽ ✐s ❣✉❛r❛♥t❡❡❞

t♦ ❜❡ ♥♦ ❣r❡❛t❡r ✭❛♥❞ ✐♥ s♦♠❡ ❝❛s❡s str✐❝t❧② s♠❛❧❧❡r✮ t❤❛♥ t❤❛t ✐♥ ❚❤❡♦r❡♠ ✸✳✼✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ p ≤ d ✱

✺❚❤❡ ❢❛❝t♦r
√
k2 ✐♥ t❤❡ l∞−❜♦✉♥❞ ✐♥ ❚❤❡♦r❡♠s ✸✳✼ ❛♥❞ ✸✳✽ s❡❡♠s t♦ ❜❡ ❡①tr❛ ❛♥❞ r❡♠♦✈✐♥❣ ✐t ♠❛② r❡q✉✐r❡ ❛ ♠♦r❡ ✐♥✈♦❧✈❡❞

❛♥❛❧②s✐s ✐♥ ❢✉t✉r❡ ✇♦r❦✳

✷✶



t❤❡♥ ❜② ❧❡tt✐♥❣ r = 1✱

min
{

k21k
2
2 logmax(d, p), max {k1 log d, k1 log p, k1k2 log d, k1k2 log p}

}

= k1k2 log d.

■♥ t❤✐s ❡①❛♠♣❧❡✱ ❚❤❡♦r❡♠ ✸✳✼ s✉❣❣❡sts t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ s❛♠♣❧❡ s✐③❡ ♥❡❡❞s t♦ s❛t✐s❢②
k21k

2
2 log d
n = o(1)

❛♥❞
max

{

k1k
3/2
2 log p, k32 log p

}

n = O(1) ✇❤✐❧❡ ❚❤❡♦r❡♠ ✸✳✽ s✉❣❣❡sts t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ s❛♠♣❧❡ s✐③❡ ♦♥❧② ♥❡❡❞s

t♦ s❛t✐s❢②
k1k22 log d

n = o(1) ❛♥❞
max

{

k
1/2
1 k

3/2
2 log p, k32 log p

}

n = O(1)✳ ❍♦✇❡✈❡r✱ ❛s ❞✐s❝✉ss❡❞ ♣r❡✈✐♦✉s❧②✱ ✐t ✐s

♣♦ss✐❜❧❡ t❤❛t t❤❡ ❡rr♦r ❜♦✉♥❞ ❛♥❞ s❝❛❧✐♥❣ ♦❢ t❤❡ s❛♠♣❧❡ s✐③❡ r❡q✉✐r❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✼ ✐s s✉❜♦♣t✐♠❛❧✳

❙❡❝t✐♦♥ ✺ ♣r♦✈✐❞❡s ❛ ❤❡✉r✐st✐❝ ❛r❣✉♠❡♥t t❤❛t ♠❛② ♣♦t❡♥t✐❛❧❧② ✐♠♣r♦✈❡ t❤❡ ❜♦✉♥❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✼ ✇❤❡♥ t❤❡

✜rst✲st❛❣❡ ❡st✐♠❛t❡s ❢❛✐❧ t♦ s❛t✐s❢② t❤❡ ❡①❛❝t s♣❛rs✐t② ❝♦♥str❛✐♥t s♣❡❝✐✜❡❞ ❜② t❤❡ l0✲ ❜❛❧❧✳

❚❤❡ ❧❛st ❝❧❛✐♠ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ✉♥✐❢♦r♠ ♥♦r♠ ❜♦✉♥❞✿ ❛s ❧♦♥❣ ❛s t❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ ♦❢ |β∗j |
♦✈❡r j ∈ J(β∗) ✐s ♥♦t t♦♦ s♠❛❧❧✱ t❤❡♥ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ❞♦❡s ♥♦t ❢❛❧s❡❧② ❡①❝❧✉❞❡ ❡❧❡♠❡♥ts t❤❛t ❛r❡ ✐♥ t❤❡

s✉♣♣♦rt ♦❢ β∗ ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳ ❚❤❡ ♠✐♥✐♠✉♠ ✈❛❧✉❡ r❡q✉✐r❡♠❡♥t ♦❢ |β∗j | ♦✈❡r j ∈ J(β∗) ✐s ❝♦♠♣❛r❛❜❧❡

t♦ t❤❡ s♦✲❝❛❧❧❡❞ ✏❜❡t❛✲♠✐♥✑ ❝♦♥❞✐t✐♦♥ ✐♥ ❇ü❤❧♠❛♥♥ ❛♥❞ ✈❛♥ ❞❡ ●❡❡r ✭✷✵✶✶✮✳ ❈♦♠❜✐♥✐♥❣ t❤❡ ❝❧❛✐♠s ❢r♦♠

✭❜✮ ❛♥❞ ✭❞✮✱ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ✐s ✈❛r✐❛❜❧❡✲s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥t ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳

✹ ❙✐♠✉❧❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ s✐♠✉❧❛t✐♦♥s ❛r❡ ❝♦♥❞✉❝t❡❞ t♦ ❣❛✐♥ ✐♥s✐❣❤t ♦♥ t❤❡ ✜♥✐t❡ s❛♠♣❧❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ r❡❣✉❧❛r✐③❡❞

t✇♦✲st❛❣❡ ❡st✐♠❛t♦rs✳ ■ ❝♦♥s✐❞❡r t❤❡ tr✐❛♥❣✉❧❛r s✐♠✉❧t❛♥❡♦✉s ❡q✉❛t✐♦♥s ♠♦❞❡❧ ✭✶✮ ❛♥❞ ✭✷✮ ❢r♦♠ ❙❡❝t✐♦♥ ✶

✇❤❡r❡ dj = d ❢♦r ❛❧❧ j = 1, ..., p✱ (yi, x
T
i , z

T
i , ǫi, ηi) ❛r❡ i.i.d.✱ ❛♥❞ (ǫi, ηi) ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❥♦✐♥t ♥♦r♠❛❧

❞✐str✐❜✉t✐♦♥

(ǫi, ηi) ∼ N































0

0
✳✳✳

0













,



















σ2ǫ ρσǫση · · · · · · ρσǫση

ρσǫση σ2η 0 · · · 0
✳✳✳ 0 σ2η · · · ✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳ ✳ ✳ 0

ρσǫση 0 · · · 0 σ2η





































.

❚❤❡ ♠❛tr✐① zTi ✐s ❛ p×d ♠❛tr✐① ♦❢ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ✐❞❡♥t✐❝❛❧ ✈❛r✐❛♥❝❡s σz✱ ❛♥❞ zTij ✐s ✐♥❞❡♣❡♥✲

❞❡♥t ♦❢ (ǫi, ηi1, ..., ηip) ❢♦r ❛❧❧ j = 1, ..., p✳ ❲✐t❤ t❤✐s s❡t✉♣✱ ■ s✐♠✉❧❛t❡ ✶✵✵✵ s❡ts ♦❢ (yi, x
T
i , z

T
i , ǫi, ηi)

n
i=1

✇❤❡r❡ n ✐s t❤❡ s❛♠♣❧❡ s✐③❡ ✭✐✳❡✳✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞❛t❛ ♣♦✐♥ts✮ ✐♥ ❡❛❝❤ s❡t✱ ❛♥❞ ♣❡r❢♦r♠ ✶✹ ▼♦♥t❡ ❈❛r❧♦

s✐♠✉❧❛t✐♦♥ ❡①♣❡r✐♠❡♥ts ❝♦♥str✉❝t❡❞ ❢r♦♠ ✈❛r✐♦✉s ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✭d✱ k1✱ p✱ k2✱ β
∗✱ σǫ✱

❛♥❞ ση✮✱ t❤❡ ❞❡s✐❣♥ ♦❢ zi✱ t❤❡ r❛♥❞♦♠ ♠❛tr✐① ❢♦r♠❡❞ ❜② t❤❡ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s✱ ❛s ✇❡❧❧ ❛s t❤❡ t②♣❡s

♦❢ ✜rst✲st❛❣❡ ❛♥❞ s❡❝♦♥❞✲st❛❣❡ ❡st✐♠❛t♦rs ❡♠♣❧♦②❡❞ ✭▲❛ss♦ ✈s✳ ❖▲❙✮✳ ❋♦r ❡❛❝❤ r❡♣❧✐❝❛t✐♦♥ t = 1, ..., 1000✱

■ ❝♦♠♣✉t❡ t❤❡ ❡st✐♠❛t❡s β̂t ♦❢ t❤❡ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs β∗✱ l2−❡rr♦rs ♦❢ t❤❡s❡ ❡st✐♠❛t❡s✱ |β̂t − β∗|2✱
❛♥❞ s❡❧❡❝t✐♦♥ ♣❡r❝❡♥t❛❣❡s ♦❢ β̂t ✭❝♦♠♣✉t❡❞ ❜② t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ❡❧❡♠❡♥ts ✐♥ β̂t s❤❛r✐♥❣ t❤❡ s❛♠❡ s✐❣♥ ❛s

t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡♠❡♥ts ✐♥ β∗✱ ❞✐✈✐❞❡❞ ❜② t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ✐♥ β∗✮✳ ❚❛❜❧❡ ✹✳✶ ❞✐s♣❧❛②s t❤❡

❞❡s✐❣♥s ♦❢ t❤❡ ✶✹ ❡①♣❡r✐♠❡♥ts✳ ❋♦r ❊①♣❡r✐♠❡♥t ✶ ❛♥❞ ❊①♣❡r✐♠❡♥ts ✸✲✶✹✱ ■ s❡t t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ✐♥

❡❛❝❤ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥ d = 100✱ t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ p = 50✱ t❤❡ ♥✉♠❜❡r ♦❢

♥♦♥✲③❡r♦ ♣❛r❛♠❡t❡rs ✐♥ ❡❛❝❤ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥ k1 = 4✱ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦♥✲③❡r♦ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♠❛✐♥

❡q✉❛t✐♦♥ k2 = 5✳ ❆❧s♦✱ ❝❤♦♦s❡ (π∗j1, ..., π
∗
j4) = 1✱ (π∗j5, ..., π

∗
j100) = 0 ❢♦r ❛❧❧ j = 1, ..., 50❀ ❛♥❞ (β∗1 , ..., β

∗
5) = 1✱

✷✷



(β
∗6 ,...,β

∗5
0 )

=
0
✳
❋
♦r

❝♦♥
✈❡♥

✐❡♥
❝❡✱

✐♥
t❤
❡
❢♦❧❧♦✇

✐♥
❣
❞
✐s❝✉

ss✐♦♥
✱
■
✇
✐❧❧

r❡❢❡r
t♦

t❤
♦s❡

♥
♦♥

✲③❡r♦
♣
❛r❛♠

❡t❡rs

❛s
✏r❡❧❡✈❛♥

t✑
♣
❛r❛♠

❡t❡rs
❛♥

❞
t❤
♦s❡

③❡r♦
♣
❛r❛♠

❡t❡rs
❛s

✏✐rr❡❧❡✈❛♥
t✑

♣
❛r❛♠

❡t❡rs✳
❊
①
♣
❡r✐♠

❡♥
t
✷
s❡ts

d
=

4✱

p
=

5✱
(π

∗j1 ,...,π
∗j4 )

=
1
✱
❛♥

❞
(β

∗1 ,...,β
∗5 )

=
1
✳
❚
❤
❡
♠
♦t✐✈❛t✐♦♥

s
♦❢

t❤
❡s❡

❡①
♣
❡r✐♠

❡♥
ts

❛r❡
❡①

♣
❧❛✐♥

❡❞
✐♥

t❤
❡

❢♦❧❧♦✇
✐♥
❣
❞
✐s❝✉

ss✐♦♥
✳

❚❛❜❧❡ ✹✳✶✿ ❉❡s✐❣♥s ♦❢ t❤❡ ▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥ ❡①♣❡r✐♠❡♥ts✱ ✶✵✵✵ r❡♣❧✐❝❛t✐♦♥s

❊①♣❡r✐♠❡♥t ★ ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵ ✶✶ ✶✷ ✶✸ ✶✹

d ✶✵✵ ✹ ◆❆ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵ ✶✵✵

k1 ✹ ✹ ◆❆ ✹ ✹ ✹ ✹ ✹ ✹ ✹ ✹ ✹ ✹ ✹

p ✺✵ ✺ ✺✵ ✺✵ ✺✵ ✺✵ ✺✵ ✺✵ ✺✵ ✺✵ ✺✵ ✺✵ ✺✵ ✺✵

k2 ✺ ✺ ✺ ✺ ✺ ✺ ✺ ✺ ✺ ✺ ✺ ✺ ✺ ✺

(β1, ..., β5) ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✵✳✵✶

(β6, ..., β50) ✵ ◆❆ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵

(πj1, ..., πj4) ❢♦r ❛❧❧ j ✶ ✶ ◆❆ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶ ✶

(πj5, ..., πj100) ❢♦r ❛❧❧ j ✵ ◆❆ ◆❆ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵ ✵

σǫ ✵✳✹ ✵✳✹ ✵✳✹ ✵✳✹ ✵✳✹ ✵✳✹ ✶ ✵✳✹ ✵✳✹ ✵✳✹ ✶ ✵✳✹ ✵✳✹ ✵✳✹

ση ✵✳✹ ✵✳✹ ◆❆ ✵✳✹ ✵✳✹ ✵✳✹ ✵✳✹ ✶ ✵✳✹ ✵✳✹ ✵✳✹ ✶ ✵✳✹ ✵✳✹

σz ✶ ✶ ◆❆ ✶ ✶ ✶ ✶ ✶ ✵✳✹ ✶ ✶ ✶ ✵✳✹ ✶

❘♦✇ ❝♦rr✳ ✐♥ z
T
i ❢♦r i = 1, ..., n ◆♦ ◆♦ ◆❆ ◆♦ ◆♦ ◆♦ ◆♦ ◆♦ ◆♦ ❨❡s ❨❡s ❨❡s ❨❡s ◆♦

✶st✲st❛❣❡ ❡st✐♠❛t✐♦♥ ▲❛ss♦ ❖▲❙ ◆❆ ❖▲❙ ▲❛ss♦ ❖▲❙ ▲❛ss♦ ▲❛ss♦ ▲❛ss♦ ▲❛ss♦ ▲❛ss♦ ▲❛ss♦ ▲❛ss♦ ▲❛ss♦

✷♥❞✲st❛❣❡ ❡st✐♠❛t✐♦♥ ▲❛ss♦ ❖▲❙ ▲❛ss♦ ▲❛ss♦ ❖▲❙ ❖▲❙ ▲❛ss♦ ▲❛ss♦ ▲❛ss♦ ▲❛ss♦ ▲❛ss♦ ▲❛ss♦ ▲❛ss♦ ▲❛ss♦

✷✸



❚❤❡ ❜❛s❡❧✐♥❡ ❡①♣❡r✐♠❡♥t ✭❊①♣❡r✐♠❡♥t ✶✮ ❛♣♣❧✐❡s t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ♣r♦❝❡❞✉r❡ t♦ t❤❡ ❡♥❞♦❣❡♥♦✉s

s♣❛rs❡ ❧✐♥❡❛r ♠♦❞❡❧ ✇✐t❤ ❛ tr✐❛♥❣✉❧❛r s✐♠✉❧t❛♥❡♦✉s ❡q✉❛t✐♦♥s str✉❝t✉r❡ ✭✶✮ ❛♥❞ ✭✷✮✳ ❋♦r ❡❛❝❤ ❞❛t❛ ♣♦✐♥t

i = 1, ..., n✱ t❤❡ ✐♥str✉♠❡♥ts zTi ✐s ❛ p × d ♠❛tr✐① ♦❢ ✐♥❞❡♣❡♥❞❡♥t st❛♥❞❛r❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❆s

❛ ❜❡♥❝❤♠❛r❦ ❢♦r ❊①♣❡r✐♠❡♥t ✶✱ ❊①♣❡r✐♠❡♥t ✷ ❝♦♥❝❡r♥s t❤❡ ❝❧❛ss✐❝❛❧ ✷❙▲❙ ♣r♦❝❡❞✉r❡ ✇❤❡♥ ❜♦t❤ st❛❣❡

❡q✉❛t✐♦♥s ❛r❡ ✐♥ t❤❡ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ❛♥❞ t❤❡ s✉♣♣♦rts ♦❢ t❤❡ tr✉❡ ♣❛r❛♠❡t❡rs ✐♥ ❜♦t❤ st❛❣❡s ❛r❡

❦♥♦✇♥ ❛ ♣r✐♦r✐✳ ❆s ❛♥♦t❤❡r ❜❡♥❝❤♠❛r❦ ❢♦r ❊①♣❡r✐♠❡♥t ✶✱ ❊①♣❡r✐♠❡♥t ✸ ❛♣♣❧✐❡s ❛ ♦♥❡✲st❡♣ ▲❛ss♦ ♣r♦❝❡❞✉r❡

✭✇✐t❤♦✉t ✐♥str✉♠❡♥t✐♥❣ t❤❡ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs✮ t♦ t❤❡ s❛♠❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ♠♦❞❡❧ ✭✶✮ ❛s ✐♥ ❊①♣❡r✐♠❡♥t

✶✳

❊①♣❡r✐♠❡♥ts ✹✲✻ ❝♦♥❝❡r♥✱ ✐♥ ❛ r❡❧❛t✐✈❡❧② ❧❛r❣❡ s❛♠♣❧❡ s✐③❡ s❡tt✐♥❣ ✇✐t❤ s♣❛rs✐t②✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢

❛❧t❡r♥❛t✐✈❡ ✏♣❛rt✐❛❧❧②✑ r❡❣✉❧❛r✐③❡❞ ♦r ♥♦♥✲r❡❣✉❧❛r✐③❡❞ ❡st✐♠❛t♦rs✿ ✜rst✲st❛❣❡✲❖▲❙✲s❡❝♦♥❞✲st❛❣❡✲▲❛ss♦ ✭❊①✲

♣❡r✐♠❡♥t ✹✮✱ ✜rst✲st❛❣❡✲▲❛ss♦✲s❡❝♦♥❞✲st❛❣❡✲❖▲❙ ✭❊①♣❡r✐♠❡♥t ✺✮✱ ❛♥❞ ✜rst✲st❛❣❡✲❖▲❙✲s❡❝♦♥❞✲st❛❣❡✲❖▲❙

✭❊①♣❡r✐♠❡♥t ✻✮✳ ❊①♣❡r✐♠❡♥ts ✼✲✶✹ r❡t✉r♥ t♦ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ♣r♦❝❡❞✉r❡ ✇✐t❤ ❝❤❛♥❣❡s ❛♣♣❧✐❡❞ t♦ t❤❡

♠♦❞❡❧ ♣❛r❛♠❡t❡rs t❤❛t ❣❡♥❡r❛t❡ t❤❡ ❞❛t❛✳ ❊①♣❡r✐♠❡♥t ✼ ✭❊①♣❡r✐♠❡♥t ✽✮ ✐♥❝r❡❛s❡s t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥

♦❢ t❤❡ ✏♥♦✐s❡✑ ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥✱ σǫ ✭r❡s♣❡❝t✐✈❡❧②✱ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ✏♥♦✐s❡✑ ✐♥ t❤❡ ✜rst✲st❛❣❡

❡q✉❛t✐♦♥s✱ ση✮❀ ❊①♣❡r✐♠❡♥t ✾ r❡❞✉❝❡s σz✱ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ✏s✐❣♥❛❧✑✱ ✐✳❡✳✱ t❤❡ ✐♥str✉♠❡♥t❛❧

✈❛r✐❛❜❧❡s❀ ❊①♣❡r✐♠❡♥t ✶✵ ✐♥tr♦❞✉❝❡s ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ r♦✇s ♦❢ t❤❡ ❞❡s✐❣♥ ♠❛tr✐① zTi ✳ ◆♦t✐❝❡ t❤❛t

❡❛❝❤ r♦✇ ♦❢ zTi ∈ R
p×d ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ♦❢ t❤❡ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs ❛♥❞ t❤❡ r♦✇✲✇✐s❡ ❝♦rr❡❧❛t✐♦♥

✐♥ zTi ❤❡♥❝❡ ✐♥tr♦❞✉❝❡s ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✏♣✉r❣❡❞✑ r❡❣r❡ss♦rs X∗
j ❛♥❞ X∗

j
′ ❢♦r ❛❧❧ j 6= j

′
✳ ❚❤❡ ❧❡✈❡❧

♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ✐s s❡t t♦ 0.5✱ ✐✳❡✳✱ ❝♦rr(zijl, zij′ l) = 0.5 ❢♦r j 6= j
′
❛♥❞ l = 1, ..., d ✭♥♦t✐❝❡ t❤❛t ✇❡ st✐❧❧

❤❛✈❡ ❝♦rr(zijl, zijl′ ) = 0 ❢♦r l 6= l
′
❛♥❞ j = 1, ..., p❀ ✐✳❡✳✱ t❤❡r❡ ✐s ♥♦ ❝♦❧✉♠♥✲✇✐s❡ ❝♦rr❡❧❛t✐♦♥ ✐♥ zTi ✮✳ ❊①✲

♣❡r✐♠❡♥t ✶✶ ✭❊①♣❡r✐♠❡♥t ✶✷✮ ✐♥❝r❡❛s❡s t❤❡ ✏♥♦✐s❡✑ ❧❡✈❡❧ ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ✭r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ✏♥♦✐s❡✑

❧❡✈❡❧ ✐♥ t❤❡ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥s✮ ❛♥❞ ✐♥tr♦❞✉❝❡s t❤❡ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✏♣✉r❣❡❞✑ r❡❣r❡ss♦rs X∗
j ❛♥❞

X∗
j
′ ❢♦r ❛❧❧ j 6= j

′
s✐♠✉❧t❛♥❡♦✉s❧②✳ ❊①♣❡r✐♠❡♥t ✶✸ r❡❞✉❝❡s t❤❡ ✏s✐❣♥❛❧✑ ❧❡✈❡❧ ♦❢ t❤❡ ✐♥str✉♠❡♥t❛❧ ✈❛r✐❛❜❧❡s

❛♥❞ ✐♥tr♦❞✉❝❡s t❤❡ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✏♣✉r❣❡❞✑ r❡❣r❡ss♦rs X∗
j ❛♥❞ X∗

j′
❢♦r ❛❧❧ j 6= j

′
s✐♠✉❧t❛♥❡♦✉s❧②✳

❊①♣❡r✐♠❡♥t ✶✹ r❡❞✉❝❡s t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ (β∗1 , ... , β
∗
5) ❢r♦♠ (1, ... , 1) t♦ (0.01, ... , 0.01)✳

❚❤❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡rs λ1n ✐♥ t❤❡ ✜rst✲st❛❣❡ ▲❛ss♦ ❡st✐♠❛t✐♦♥ ✭✐♥ ❊①♣❡r✐♠❡♥ts ✶✱ ✺✱ ✼✲✶✹✮ ❛r❡ ❝❤♦s❡♥

❛❝❝♦r❞✐♥❣ t♦ t❤❡ st❛♥❞❛r❞ ▲❛ss♦ t❤❡♦r② ♦❢ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❡st✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡s ✭❡✳❣✳✱ ❇✐❝❦❡❧✱ ✷✵✵✾✮❀

✐♥ ♣❛rt✐❝✉❧❛r✱ λ1n = 0.4
√

log d
n ✳ ❚❤❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡rs λ2n ✐♥ t❤❡ s❡❝♦♥❞✲st❛❣❡ ▲❛ss♦ ❡st✐♠❛t✐♦♥ ✭✐♥

❊①♣❡r✐♠❡♥ts ✶✱ ✸✱ ✹✱ ✼✲✶✹✮ ❛r❡ ❝❤♦s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ s❝❛❧✐♥❣ ❝♦♥❞✐t✐♦♥ ✐♥ ❚❤❡♦r❡♠ ✸✳✸❀ ✐♥ ♣❛rt✐❝✉❧❛r✱ λ2n =

0.1 · k2max

{

√

k1 log d
n ,

√

log p
n

}

✐♥ ❊①♣❡r✐♠❡♥ts ✶✱ ✸✱ ✹✱ ✼✲✶✸ ❛♥❞ λ2n = 0.001 · k2max

{

√

k1 log d
n ,

√

log p
n

}

✐♥ ❊①♣❡r✐♠❡♥t ✶✹✳ ❚❤❡ ✈❛❧✉❡ ♦❢ λ2n ✐♥ ❊①♣❡r✐♠❡♥ts ✶✱ ✸✱ ✹✱ ✼✲✶✸ ❡①❝❡❡❞s t❤❡ ✈❛❧✉❡ ♦❢ λ2n ✐♥ ❊①♣❡r✐♠❡♥ts ✶✹

❜② ❛ ❢❛❝t♦r ♦❢ 0.01✳ ❚❤✐s ❛❞❥✉st♠❡♥t r❡✢❡❝ts t❤❡ ❢❛❝t t❤❛t t❤❡ ♥♦♥✲③❡r♦ ♣❛r❛♠❡t❡rs (β1, ..., β5) = (1, ... , 1)

✐♥ ❊①♣❡r✐♠❡♥ts ✶✱ ✸✱ ✹✱ ✼✲✶✸ ❡①❝❡❡❞ t❤❡ ♥♦♥✲③❡r♦ ♣❛r❛♠❡t❡rs (β1, ..., β5) = (0.01, ... , 0.01) ✐♥ ❊①♣❡r✐♠❡♥t

✶✹ ❜② ❛ ❢❛❝t♦r ♦❢ 0.01✳

❋✐❣✉r❡ ✹✳✶❛ ♣❧♦ts ✭✐♥ ❛s❝❡♥❞✐♥❣ ✈❛❧✉❡s✮ t❤❡ ✶✵✵✵ ❡st✐♠❛t❡s ♦❢ β∗5 ✇❤❡♥ t❤❡ s❛♠♣❧❡ s✐③❡ n = 47✳ ❚❤❡

❡st✐♠❛t❡s ♦❢ ♦t❤❡r ✏r❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❜❡❤❛✈❡ s✐♠✐❧❛r❧② ❛s t❤❡ ❡st✐♠❛t❡s ♦❢ β∗5 ✳ ❋✐❣✉r❡

✹✳✶❜ ♣❧♦ts ✭✐♥ ❛s❝❡♥❞✐♥❣ ✈❛❧✉❡s✮ t❤❡ ✶✵✵✵ ❡st✐♠❛t❡s ♦❢ β∗6 ✇❤❡♥ t❤❡ s❛♠♣❧❡ s✐③❡ n = 47✳ ❚❤❡ ❡st✐♠❛t❡s ♦❢

♦t❤❡r ✏✐rr❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❜❡❤❛✈❡ s✐♠✐❧❛r❧② ❛s t❤❡ ❡st✐♠❛t❡s ♦❢ β∗6 ✳ ❚❤❡ s❛♠♣❧❡ s✐③❡ ✹✼

s❛t✐s✜❡s t❤❡ s❝❛❧✐♥❣ ❝♦♥❞✐t✐♦♥ ✐♥ ❚❤❡♦r❡♠ ✸✳✸✳ ❲✐t❤ t❤❡ ❝❤♦✐❝❡ ♦❢ d = 100✱ k1 = 4✱ p = 50✱ k2 = 5 ✐♥

❊①♣❡r✐♠❡♥ts ✶ ❛♥❞ ✸✱ t❤❡ s❛♠♣❧❡ s✐③❡ n = 47 r❡♣r❡s❡♥ts ❛ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣ ✇✐t❤ s♣❛rs✐t②✳ ❋✐❣✉r❡

✹✳✶❝ ✭❋✐❣✉r❡ ✹✳✶❞✮ ✐s s✐♠✐❧❛r t♦ ❋✐❣✉r❡ ✹✳✶❛ ✭❋✐❣✉r❡ ✹✳✶❜✮ ❡①❝❡♣t t❤❛t t❤❡ s❛♠♣❧❡ s✐③❡ n = 4700✳

✷✹



❲✐t❤ t❤❡ ✶✵✵✵ ❡st✐♠❛t❡s ♦❢ t❤❡ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❢r♦♠ ❊①♣❡r✐♠❡♥ts ✶✲✸✱ ❚❛❜❧❡ ✹✳✷ s❤♦✇s t❤❡

♠❡❛♥ ♦❢ t❤❡ l2−❡rr♦rs ♦❢ t❤❡s❡ ❡st✐♠❛t❡s ✭❝♦♠♣✉t❡❞ ❛s 1
1000

∑1000
t=1 |β̂t − β∗|2✮✱ t❤❡ ♠❡❛♥ ♦❢ t❤❡ s❡❧❡❝t✐♦♥

♣❡r❝❡♥t❛❣❡s ✭❝♦♠♣✉t❡❞ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥ ❛s t❤❡ ♠❡❛♥ ♦❢ t❤❡ l2−❡rr♦rs ♦❢ t❤❡ ❡st✐♠❛t❡s ♦❢ β∗✮✱ t❤❡ ♠❡❛♥

♦❢ t❤❡ sq✉❛r❡❞ l2−❡rr♦rs ✭✐✳❡✳✱ t❤❡ s❛♠♣❧❡ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦r✱ ❙▼❙❊✱ ❝♦♠♣✉t❡❞ ❛s 1
1000

∑1000
t=1 |β̂t − β∗|22✮✱

❛♥❞ t❤❡ s❛♠♣❧❡ sq✉❛r❡❞ ❜✐❛s
∑50

j=1(
¯̂
βj − β∗j )

2 ✭✇❤❡r❡
¯̂
βj = 1

1000

∑1000
t=1 β̂

t
j ❢♦r j = 1, ..., 50✮✳ ❚♦ ♣r♦✈✐❞❡

❛ s❡♥s❡ ♦❢ ❤♦✇ ✇❡❧❧ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s ❜❡❤❛✈❡✱ ❚❛❜❧❡ ✹✳✷ ❛❧s♦ ❞✐s♣❧❛②s t❤❡ ✏❛✈❡r❛❣❡❞✑ ♠❡❛♥ ♦❢ t❤❡

l2−❡rr♦rs ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s ✭❝♦♠♣✉t❡❞ ❛s 1
50

∑50
j=1

1
1000

∑1000
t=1 |π̂tj − π∗j |2✮✱ t❤❡ ✏❛✈❡r❛❣❡❞✑ ♠❡❛♥

♦❢ t❤❡ s❡❧❡❝t✐♦♥ ♣❡r❝❡♥t❛❣❡s ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s ✭❝♦♠♣✉t❡❞ ✐♥ ❛ s✐♠✐❧❛r ❢❛s❤✐♦♥ ❛s t❤❡ ✏❛✈❡r❛❣❡❞✑

♠❡❛♥ ♦❢ t❤❡ l2−❡rr♦rs ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s✮✱ t❤❡ ✏❛✈❡r❛❣❡❞✑ ♠❡❛♥ ♦❢ t❤❡ sq✉❛r❡❞ l2−❡rr♦rs ✭✐✳❡✳✱ t❤❡

✏❛✈❡r❛❣❡❞✑ ❙▼❙❊✱ ❝♦♠♣✉t❡❞ ❛s 1
50

∑50
j=1

1
1000

∑1000
t=1 |π̂tj − π∗j |22✮✱ ❛♥❞ t❤❡ ✏❛✈❡r❛❣❡❞✑ s❛♠♣❧❡ sq✉❛r❡❞ ❜✐❛s

1
50

∑50
j=1

∑100
l=1(

¯̂πjl − π∗jl)
2 ✭✇❤❡r❡ ¯̂πjl =

1
1000

∑1000
t=1 π̂

t
jl ❢♦r j = 1, ..., 50 ❛♥❞ l = 1, ..., 100✮✳

❈♦♠♣❛r❡❞ t♦ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ♣r♦❝❡❞✉r❡✱ ✐♥ ❡st✐♠❛t✐♥❣ t❤❡ ✏r❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs

✇✐t❤ ❜♦t❤ s❛♠♣❧❡ s✐③❡s n = 47 ❛♥❞ n = 4700✱ ❋✐❣✉r❡s ✹✳✶❛ ❛♥❞ ✹✳✶❝ s❤♦✇ t❤❛t t❤❡ ❝❧❛ss✐❝❛❧ ✷❙▲❙ ♣r♦❝❡❞✉r❡

✇❤❡r❡ t❤❡ s✉♣♣♦rts ♦❢ t❤❡ tr✉❡ ♣❛r❛♠❡t❡rs ✐♥ ❜♦t❤ st❛❣❡s ❛r❡ ❦♥♦✇♥ ❛ ♣r✐♦r✐ ♣r♦❞✉❝❡s ❧❛r❣❡r ❡st✐♠❛t❡s

✇❤✐❧❡ t❤❡ ♦♥❡✲st❡♣ ▲❛ss♦ ♣r♦❝❡❞✉r❡ ✭✇✐t❤♦✉t ✐♥str✉♠❡♥t✐♥❣ t❤❡ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs✮ ♣r♦❞✉❝❡s s♠❛❧❧❡r

❡st✐♠❛t❡s✳ ❚❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ♦✉t♣❡r❢♦r♠s t❤❡ ❝❧❛ss✐❝❛❧ ✷❙▲❙ ❛❜♦✈❡ t❤❡ 60th ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ❡st✐♠❛t❡s

✇❤✐❧❡ ✉♥❞❡r❡st✐♠❛t❡s t❤❡ ✏r❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❜❡❧♦✇ t❤❡ 60th ♣❡r❝❡♥t✐❧❡ r❡❧❛t✐✈❡ t♦ t❤❡

❝❧❛ss✐❝❛❧ ✷❙▲❙ ♣r♦❝❡❞✉r❡✳ ❚❤❡ ♦♥❡✲st❡♣ ▲❛ss♦ ♣r♦❝❡❞✉r❡ ✭✇✐t❤♦✉t ✐♥str✉♠❡♥t✐♥❣ t❤❡ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs✮

♣r♦❞✉❝❡s t❤❡ ♣♦♦r❡st ❡st✐♠❛t❡s ♦❢ t❤❡ ✏r❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ♠❡❛♥
¯̂
β5 ♦❢ t❤❡ ✶✵✵✵

❡st✐♠❛t❡s β̂5 ❢r♦♠ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ✐s 0.931 ✭r❡s♣❡❝t✐✈❡❧②✱ 1.000 ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ✷❙▲❙ ❛♥❞ 0.826 ❢r♦♠

t❤❡ ♦♥❡✲st❡♣ ▲❛ss♦✮ ✇❤❡♥ n = 47 ❛♥❞ 0.997 ✭r❡s♣❡❝t✐✈❡❧②✱ 1.000 ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ✷❙▲❙ ❛♥❞ 0.988 ❢r♦♠

t❤❡ ♦♥❡✲st❡♣ ▲❛ss♦✮ ✇❤❡♥ n = 4700✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ②✐❡❧❞s s♠❛❧❧❡r ❡st✐♠❛t❡s ♦❢ t❤❡

✏r❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs r❡❧❛t✐✈❡ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ✷❙▲❙ ❢♦r ❜♦t❤ s❛♠♣❧❡ s✐③❡s ✐s ♠♦st ❧✐❦❡❧② ❞✉❡

t♦ t❤❡ s❤r✐♥❦❛❣❡ ❡✛❡❝t ❢r♦♠ t❤❡ l1−♣❡♥❛❧✐③❛t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞✲st❛❣❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦

♣r♦❝❡❞✉r❡✳

■♥ ❡st✐♠❛t✐♥❣ t❤❡ ✏✐rr❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs✱ t❤❡ ❡st✐♠❛t❡s ♦❢ (β∗6 , ..., β
∗
50) ❢r♦♠ ❜♦t❤

t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ❛♥❞ t❤❡ ♦♥❡✲st❡♣ ▲❛ss♦ ❛r❡ ❡①❛❝t❧② 0 ❛t t❤❡ 5th ♣❡r❝❡♥t✐❧❡✱ t❤❡ ♠❡❞✐❛♥✱ ❛♥❞ t❤❡

95th♣❡r❝❡♥t✐❧❡ ✇❤❡♥ n = 47 ❛♥❞ n = 4700✳ ❚❤❡ ♠❡❛♥ st❛t✐st✐❝s ♦❢ t❤❡ ❡st✐♠❛t❡s ♦❢ (β∗6 , ..., β
∗
50) r❛♥❣❡ ❢r♦♠

−0.001 ✭−2.938 × 10−4✮ t♦ 0.001 ✭3.403 × 10−4✮ ✇❤❡♥ n = 47✱ ❛♥❞ −6.926 × 10−5 ✭0✮ t♦ 5.593 × 10−5

✭3.076× 10−6✮ ✇❤❡♥ n = 4700 ❢♦r t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ✭r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ♦♥❡✲st❡♣ ▲❛ss♦✮✳ ❚❛❜❧❡ ✹✳✷ s❤♦✇s

t❤❛t t❤❡ s❡❧❡❝t✐♦♥ ♣❡r❝❡♥t❛❣❡s ♦❢ t❤❡ ♠❛✐♥✲❡q✉❛t✐♦♥ ❡st✐♠❛t❡s ❢r♦♠ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ❛♥❞ t❤❡ ♦♥❡✲st❡♣

▲❛ss♦ ❛r❡ ❤✐❣❤ ❢♦r t❤❡ ❞❡s✐❣♥s ❝♦♥s✐❞❡r❡❞✳ ❋✐❣✉r❡s ✹✳✶❜ ❛♥❞ ✹✳✶❞ s❤♦✇ t❤❛t✱ ✐♥ ❡st✐♠❛t✐♥❣ t❤❡ ✏✐rr❡❧❡✈❛♥t✑

♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs✱ t❤❡ ♦♥❡✲st❡♣ ▲❛ss♦ ♣❡r❢♦r♠s s❧✐❣❤t❧② ❜❡tt❡r r❡❧❛t✐✈❡ t♦ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦

♣r♦❝❡❞✉r❡ ❜❡❧♦✇ t❤❡ 2nd ♣❡r❝❡♥t✐❧❡ ❛♥❞ ❛❜♦✈❡ t❤❡ 98th ♣❡r❝❡♥t✐❧❡✳

■♥ t❡r♠s ♦❢ ❡st✐♠❛t✐♦♥ ❡rr♦rs ❛♥❞ s❛♠♣❧❡ ❜✐❛s✱ ❢r♦♠ ❚❛❜❧❡ ✹✳✷ ✇❡ s❡❡ t❤❛t t❤❡ ♠❡❛♥ ♦❢ t❤❡ l2−❡rr♦rs

♦❢ t❤❡ ❡st✐♠❛t❡s β̂H2SLS ♦❢ β∗ ✭♦r t❤❡ ✏❛✈❡r❛❣❡❞✑ ♠❡❛♥ ♦❢ t❤❡ l2−❡rr♦rs ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s✮ ❢r♦♠

t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ❛r❡ ❣r❡❛t❡r t❤❛♥ t❤♦s❡ ♦❢ β̂2SLS ✭r❡s♣❡❝t✐✈❡❧②✱ ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s✮ ❢r♦♠ t❤❡

❝❧❛ss✐❝❛❧ ✷❙▲❙ ♣r♦❝❡❞✉r❡ ❢♦r ❜♦t❤ n = 47 ❛♥❞ n = 4700✳ ❆s n ✐♥❝r❡❛s❡s✱ t❤❡ ♠❡❛♥ ♦❢ t❤❡ l2−❡rr♦rs ♦❢

β̂H2SLS ❛♥❞ t❤❡ ♠❡❛♥ ♦❢ t❤❡ l2−❡rr♦rs ♦❢ β̂2SLS ❜❡❝♦♠❡ ✈❡r② ❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡r ❛s ✐♥ t❤❡ ❝❛s❡ ✇❤❡♥

n = 4700✳ ❆❧s♦✱ t❤❡ s❛♠♣❧❡ ❜✐❛s ♦❢ β̂H2SLS ✭♦r✱ t❤❡ ✏❛✈❡r❛❣❡❞✑ s❛♠♣❧❡ ❜✐❛s ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s✮

❢r♦♠ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ❛r❡ ❣r❡❛t❡r ❜② ❛ ♠❛❣♥✐t✉❞❡ ♦❢ 100 ∼ 1000 ✭r❡s♣❡❝t✐✈❡❧②✱ 1000 ∼ 104✮ t❤❛♥ t❤♦s❡

✷✺



♦❢ β̂2SLS ✭r❡s♣❡❝t✐✈❡❧②✱ ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s✮ ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ✷❙▲❙ ♣r♦❝❡❞✉r❡ ❢♦r ❜♦t❤ s❛♠♣❧❡ s✐③❡s✳

❋♦r ♠♦r❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦♥ ❤♦✇ t❤❡ l2−❡rr♦r ❛♥❞ s❛♠♣❧❡ ❜✐❛s ♦❢ β̂H2SLS ❝♦♠♣❛r❡ t♦ t❤♦s❡ ♦❢ β̂2SLS ✱

■ ❤❛✈❡ ❛❧s♦ ❝♦♥s✐❞❡r❡❞ ❞❡s✐❣♥s ✇❤❡r❡ σǫ ❛♥❞✴♦r ση ❛r❡ ✐♥❝r❡❛s❡❞ ♦r ❞❡❝r❡❛s❡❞ ✇❤✐❧❡ ❡✈❡r②t❤✐♥❣ ❡❧s❡ ✐♥

❊①♣❡r✐♠❡♥ts ✶ ❛♥❞ ✷ r❡♠❛✐♥s t❤❡ s❛♠❡✳ ■♥ t❤❡s❡ ♠♦❞✐✜❡❞ ❞❡s✐❣♥s ❡①❝❡♣t ❢♦r t❤♦s❡ ✇✐t❤ ✈❡r② ❧❛r❣❡ ✈❛❧✉❡s

♦❢ σǫ ✉♥❞❡r n = 47✱ t❤❡ ♠❡❛♥ ♦❢ t❤❡ l2−❡rr♦rs ♦❢ β̂H2SLS ❛r❡ ❣❡♥❡r❛❧❧② ❣r❡❛t❡r t❤❛♥ t❤♦s❡ ♦❢ β̂2SLS ✳ ❚❤❡

s❛♠♣❧❡ ❜✐❛s ♦❢ β̂H2SLS ❛r❡ ❝♦♥s✐st❡♥t❧② ❣r❡❛t❡r ❜② ❛ ♠❛❣♥✐t✉❞❡ ♦❢ 10 ∼ 105 t❤❛♥ t❤♦s❡ ♦❢ β̂2SLS ❢♦r ❜♦t❤

s❛♠♣❧❡ s✐③❡s✳ ❚❤✐s s✉❣❣❡sts t❤❛t t❤❡ s❤r✐♥❦❛❣❡ ❡✛❡❝t ❢r♦♠ t❤❡ l1−♣❡♥❛❧✐③❛t✐♦♥ ✐♥ ❜♦t❤ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞

st❛❣❡ ❡st✐♠❛t✐♦♥s ♦❢ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ♣r♦❝❡❞✉r❡ ♠✐❣❤t ❤❛✈❡ ♠❛❞❡ ✐ts ❜✐❛s t❡r♠ ❝♦♥✈❡r❣❡ t♦ ③❡r♦ ❛t ❛

s❧♦✇❡r r❛t❡ r❡❧❛t✐✈❡ t♦ t❤❡ ❝❧❛ss✐❝❛❧ ✷❙▲❙ ❢♦r t❤❡ ❞❡s✐❣♥s ❝♦♥s✐❞❡r❡❞ ❤❡r❡✳ ❲❤❡t❤❡r t❤✐s ❝♦♥❥❡❝t✉r❡ ❤♦❧❞s

tr✉❡ ❢♦r ❣❡♥❡r❛❧ ❞❡s✐❣♥s ✐s ❛♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ ❢♦r ❢✉rt❤❡r r❡s❡❛r❝❤✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦

❛♥❞ t❤❡ ❝❧❛ss✐❝❛❧ ✷❙▲❙✱ t❤❡ ♦♥❡✲st❡♣ ▲❛ss♦ ♣r♦❝❡❞✉r❡ ✇✐t❤♦✉t ✐♥str✉♠❡♥t✐♥❣ t❤❡ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs

②✐❡❧❞s t❤❡ ❧❛r❣❡st l2−❡rr♦rs ❛s ✇❡❧❧ ❛s s❛♠♣❧❡ ❜✐❛s ♦❢ t❤❡ ♠❛✐♥✲❡q✉❛t✐♦♥ ❡st✐♠❛t❡s ❢♦r ❜♦t❤ n = 47 ❛♥❞

n = 4700✱ ✇❤✐❝❤ ✐s ❡①♣❡❝t❡❞✳ ❋✐♥❛❧❧② ♥♦t✐❝❡ t❤❛t t❤❡ l2−❡rr♦rs ✭❛♥❞ t❤❡ s❛♠♣❧❡ ❜✐❛s✮ s❤r✐♥❦ ❛s t❤❡ s❛♠♣❧❡

s✐③❡ ✐♥❝r❡❛s❡s✳ |β̂2SLS − β∗|2 ❜❡✐♥❣ ♣r♦♣♦rt✐♦♥❛❧ t♦ 1√
n
✐s ❛ ❦♥♦✇♥ ❢❛❝t ✐♥ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣s✳ ❋r♦♠

❙❡❝t✐♦♥ ✸✳✶✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t t❤❡ ✉♣♣❡r ❜♦✉♥❞s ❢♦r |β̂H2SLS − β∗|2 ❛r❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ 1√
n
✉♣ t♦ ❢❛❝t♦rs

✐♥✈♦❧✈✐♥❣ log d✱ log p✱ k1✱ ❛♥❞ k2✳
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Figure 4.1a: Estimates of the fifth parameter (n = 47)
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Figure 4.1b: Estimates of the sixth parameter (n = 47)

 

 
Exp.1
Exp.3

✷✻



0 100 200 300 400 500 600 700 800 900 1000
0.97

0.98

0.99

1

1.01

1.02

1.03

1.04

1.05

1.06

t

E
st

im
at

e

Figure 4.1c: Estimates of the fifth parameter (n = 4700)
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Figure 4.1d: Estimates of the sixth parameter (n = 4700)
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❚❛❜❧❡ ✹✳✷✿ l2−❡rr♦rs✱ ❙▼❙❊✱ ❜✐❛s✱ ❛♥❞ s❡❧❡❝t✐♦♥ ✭❊①♣✳ ✶✲✸✮

▼❡❛♥ n = 47 n = 4700

❊①♣✳ ★ ✶ ✷ ✸ ✶ ✷ ✸

2nd−st❛❣❡ s❡❧❡❝t ✪ ✾✼✳✸ ◆❆ ✾✾✳✺ ✾✽✳✶ ◆❆ ✶✵✵

2nd−st❛❣❡ l2−❡rr♦r ✵✳✷✽✽ ✵✳✶✺✻ ✵✳✹✶✷ ✵✳✵✶✽ ✵✳✵✶✺ ✵✳✵✷✻

2nd−st❛❣❡ ❙▼❙❊ ✵✳✵✾✾ ✵✳✵✷✽ ✵✳✶✼✾ 3.38× 10−4 2.43× 10−4 7.07× 10−4

2nd−st❛❣❡ sq✉❛r❡❞ ❜✐❛s ✵✳✵✷✹ 1.49× 10−5 ✵✳✶✺✹ 5.04× 10−5 1.84× 10−7 6.66× 10−4

1st✲st❛❣❡ s❡❧❡❝t ✪ ✵✳✾✼✼ ◆❆ ◆❆ ✵✳✾✽✺ ◆❆ ◆❆

1st−st❛❣❡ l2−❡rr♦r ✵✳✸✹✾ ✵✳✶✶✺ ◆❆ ✵✳✵✷✽ ✵✳✵✶✶ ◆❆

1st−st❛❣❡ ❙▼❙❊ ✵✳✶✸✷ ✵✳✵✵✸ ◆❆ 7.92× 10−4 2.78× 10−5 ◆❆

1st−st❛❣❡ sq✉❛r❡❞ ❜✐❛s ✵✳✵✾✼ 1.07× 10−5 ◆❆ 6.31× 10−4 1.23× 10−7 ◆❆

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐✈❡❧② ❧❛r❣❡ s❛♠♣❧❡ s✐③❡ s❡tt✐♥❣ ✭✐✳❡✳✱ n = 4700✮ ✇✐t❤ s♣❛rs✐t②✱ ■ ❝♦♠♣❛r❡ t❤❡ ♣❡r✲

❢♦r♠❛♥❝❡ ♦❢ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ❡st✐♠❛t♦r ✇✐t❤ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ t❤❡ ❛❧t❡r♥❛t✐✈❡ ✏♣❛rt✐❛❧❧②✑ r❡❣✉❧❛r✐③❡❞

♦r ♥♦♥✲r❡❣✉❧❛r✐③❡❞ ❡st✐♠❛t♦rs ❛s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✳ ❋✐❣✉r❡ ✹✳✷❛ ♣❧♦ts ✭✐♥ ❛s❝❡♥❞✐♥❣ ✈❛❧✉❡s✮ t❤❡ ✶✵✵✵ ❡st✐✲

♠❛t❡s ♦❢ β∗5 ✇❤❡♥ t❤❡ s❛♠♣❧❡ s✐③❡ n = 4700✳ ❋✐❣✉r❡ ✹✳✷❜ ♣❧♦ts ✭✐♥ ❛s❝❡♥❞✐♥❣ ✈❛❧✉❡s✮ t❤❡ ✶✵✵✵ ❡st✐♠❛t❡s ♦❢

β∗6 ✇❤❡♥ t❤❡ s❛♠♣❧❡ s✐③❡ n = 4700✳ ❲✐t❤ t❤❡ ✶✵✵✵ ❡st✐♠❛t❡s ♦❢ t❤❡ ✏r❡❧❡✈❛♥t✑ ✭✏✐rr❡❧❡✈❛♥t✑✮ ♠❛✐♥✲❡q✉❛t✐♦♥

♣❛r❛♠❡t❡rs ❢r♦♠ ❊①♣❡r✐♠❡♥t ✶ ❛♥❞ ❊①♣❡r✐♠❡♥ts ✹✲✻✱ ❋✐❣✉r❡s ✹✳✷❝✲✹✳✷❢ ✭r❡s♣❡❝t✐✈❡❧②✱ ❋✐❣✉r❡s ✹✳✷❣✲✹✳✷❥✮

❞✐s♣❧❛② t❤❡ 5th ♣❡r❝❡♥t✐❧❡✱ t❤❡ ♠❡❞✐❛♥✱ t❤❡ 95th ♣❡r❝❡♥t✐❧❡✱ ❛♥❞ t❤❡ ♠❡❛♥ ♦❢ t❤❡s❡ ❡st✐♠❛t❡s✳ ❚❤❡ ♠❡❛♥ ♦❢

t❤❡ l2−❡rr♦rs ❛♥❞ t❤❡ ♠❡❛♥ ♦❢ t❤❡ s❡❧❡❝t✐♦♥ ♣❡r❝❡♥t❛❣❡s ♦❢ t❤❡ ♠❛✐♥✲❡q✉❛t✐♦♥ ❡st✐♠❛t❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡

✷✼



✏❛✈❡r❛❣❡❞✑ ♠❡❛♥ ♦❢ t❤❡ l2−❡rr♦rs ❛♥❞ t❤❡ ✏❛✈❡r❛❣❡❞✑ ♠❡❛♥ ♦❢ t❤❡ s❡❧❡❝t✐♦♥ ♣❡r❝❡♥t❛❣❡s ♦❢ t❤❡ ✜rst✲st❛❣❡

❡st✐♠❛t❡s ❢r♦♠ t❤❡s❡ ✏♣❛rt✐❛❧❧②✑ r❡❣✉❧❛r✐③❡❞ ♦r ♥♦♥✲r❡❣✉❧❛r✐③❡❞ ❡st✐♠❛t♦rs ❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❚❛❜❧❡ ✹✳✸✳

❋✐❣✉r❡ ✹✳✷❛ ❛♥❞ ❋✐❣✉r❡s ✹✳✷❝✲✹✳✷❢ s❤♦✇ t❤❛t✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ♣r♦❝❡❞✉r❡✱ ✐♥ ❡st✐♠❛t✐♥❣

t❤❡ ✏r❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ✇❤❡♥ n = 4700✱ t❤❡ ✜rst✲st❛❣❡✲▲❛ss♦✲s❡❝♦♥❞✲st❛❣❡✲❖▲❙ ❡st✐♠❛t♦r

❛♥❞ t❤❡ ✜rst✲st❛❣❡✲❖▲❙✲s❡❝♦♥❞✲st❛❣❡✲❖▲❙ ❡st✐♠❛t♦r ♣r♦❞✉❝❡ ❧❛r❣❡r ❡st✐♠❛t❡s ✇❤✐❧❡ t❤❡ ✜rst✲st❛❣❡✲❖▲❙✲

s❡❝♦♥❞✲st❛❣❡✲▲❛ss♦ ❡st✐♠❛t♦r ♣r♦❞✉❝❡s s♠❛❧❧❡r ❡st✐♠❛t❡s✳ ■♥ ❡st✐♠❛t✐♥❣ t❤❡ ✏✐rr❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥

♣❛r❛♠❡t❡rs ✇❤❡♥ n = 4700✱ ❋✐❣✉r❡ ✹✳✷❜ ❛♥❞ ❋✐❣✉r❡s ✹✳✷❣✲✹✳✷❥ s❤♦✇ t❤❛t t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ❛♥❞ t❤❡

✜rst✲st❛❣❡✲❖▲❙✲s❡❝♦♥❞✲st❛❣❡✲▲❛ss♦ ❡st✐♠❛t♦r ♣❡r❢♦r♠ ✇❡❧❧ ✇❤✐❧❡ t❤❡ ✜rst✲st❛❣❡✲▲❛ss♦✲s❡❝♦♥❞✲st❛❣❡✲❖▲❙

❛♥❞ t❤❡ ✜rst✲st❛❣❡✲❖▲❙✲s❡❝♦♥❞✲st❛❣❡✲❖▲❙ ❞♦ ♣♦♦r❧② ✭❛❧s♦ s❡❡ ❚❛❜❧❡ ✹✳✸ ❢♦r ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡

s❡❧❡❝t✐♦♥ ♣❡r❝❡♥t❛❣❡s ♦❢ t❤❡s❡ ❡st✐♠❛t♦rs✮✳ ❚❤✐s s✉❣❣❡sts t❤❛t ❡♠♣❧♦②✐♥❣ r❡❣✉❧❛r✐③❛t✐♦♥ ✐♥ t❤❡ s❡❝♦♥❞✲st❛❣❡

❡st✐♠❛t✐♦♥ ❤❡❧♣s s❡❧❡❝t✐♥❣ t❤❡ ✏r❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs✳

❚✉r♥✐♥❣ t♦ t❤❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ✏♣❛rt✐❛❧❧②✑ r❡❣✉❧❛r✐③❡❞ ♦r ♥♦♥✲r❡❣✉❧❛r✐③❡❞ ❡st✐♠❛t♦rs ✐♥ t❡r♠s ♦❢

l2−❡rr♦rs✱ ❢r♦♠ ❚❛❜❧❡ ✹✳✸ ✇❡ s❡❡ t❤❛t t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ❡st✐♠❛t♦r ❛❝❤✐❡✈❡s t❤❡ s♠❛❧❧❡st l2−❡rr♦r ♦❢

t❤❡ ♠❛✐♥✲❡q✉❛t✐♦♥ ❡st✐♠❛t❡s ❛♠♦♥❣ ❛❧❧ t❤❡ ❡st✐♠❛t♦rs ❝♦♥s✐❞❡r❡❞ ❤❡r❡✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ l2−❡rr♦r ✭♦❢

t❤❡ ♠❛✐♥✲❡q✉❛t✐♦♥ ❡st✐♠❛t❡s✮ ♦❢ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ❡st✐♠❛t♦r ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ l2−❡rr♦rs ♦❢ t❤❡ ✜rst✲

st❛❣❡✲❖▲❙✲s❡❝♦♥❞✲st❛❣❡✲▲❛ss♦ ❡st✐♠❛t♦r ❛♥❞ t❤❡ ✜rst✲st❛❣❡✲❖▲❙✲s❡❝♦♥❞✲st❛❣❡✲❖▲❙ ❡st✐♠❛t♦r ❝♦✉❧❞ ❜❡ ❛t✲

tr✐❜✉t❡❞ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❇❛s❡❞ ♦♥ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ❢r♦♠ t❤❡s❡ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ✜rst✲st❛❣❡

▲❛ss♦ ❡st✐♠❛t♦r ♦✉t♣❡r❢♦r♠s t❤❡ ✜rst✲st❛❣❡ ❖▲❙ ❡st✐♠❛t♦r ✐♥ ❜♦t❤ ❡st✐♠❛t✐♦♥ ❡rr♦rs ❛♥❞ ✈❛r✐❛❜❧❡ s❡❧❡❝t✐♦♥s

❡✈❡♥ ✐♥ t❤❡ r❡❧❛t✐✈❡❧② ❧❛r❣❡ s❛♠♣❧❡ s✐③❡ s❡tt✐♥❣ ✇✐t❤ s♣❛rs✐t②✳ ❘❡❝❛❧❧ ✐♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t✱ t❤❡

❡st✐♠❛t✐♦♥ ❡rr♦r ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡sts ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❜② t❤❡ ♠❛①✐♠✉♠ ♦❢

❛ t❡r♠ ✐♥✈♦❧✈✐♥❣ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ❛♥❞ ❛ t❡r♠ ✐♥✈♦❧✈✐♥❣ t❤❡ s❡❝♦♥❞✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡rr♦r✳

●✐✈❡♥ t❤❡ ❝❤♦✐❝❡s ♦❢ p✱ d✱ k1✱ ❛♥❞ k2 ✐♥ ❊①♣❡r✐♠❡♥t ✶ ❛♥❞ ❊①♣❡r✐♠❡♥ts ✹✲✻✱ t❤❡s❡ r❡s✉❧ts ❛❣r❡❡ ✇✐t❤ t❤❡

t❤❡♦r❡♠s ✐♥ ❙❡❝t✐♦♥ ✸✳✶✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✜rst✲st❛❣❡✲❖▲❙✲s❡❝♦♥❞✲st❛❣❡✲❖▲❙ ❡st✐♠❛t♦r✱ t❤❡

❢❛❝t t❤❛t t❤❡ l2−❡rr♦r ✭♦❢ t❤❡ ♠❛✐♥✲❡q✉❛t✐♦♥ ❡st✐♠❛t❡s✮ ♦❢ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ❡st✐♠❛t♦r ✐s s♠❛❧❧❡r t❤❛♥ t❤❡

l2−❡rr♦r ♦❢ t❤❡ ✜rst✲st❛❣❡✲❖▲❙✲s❡❝♦♥❞✲st❛❣❡✲❖▲❙ ❡st✐♠❛t♦r ❝❛♥ ❛❧s♦ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ t✇♦✲

st❛❣❡ ▲❛ss♦ r❡❞✉❝❡s t❤❡ l2−❡rr♦r ♦❢ t❤❡ ✜rst✲st❛❣❡✲❖▲❙✲s❡❝♦♥❞✲st❛❣❡✲❖▲❙ ❡st✐♠❛t❡s ❢r♦♠ O

(

√

max(p, d)
n

)

t♦ O

(

√

logmax(p, d)
n

)

✱ ❛s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❢❛❝t t❤❛t t❤❡ l2−❡rr♦r ✭♦❢ t❤❡ ♠❛✐♥✲

❡q✉❛t✐♦♥ ❡st✐♠❛t❡s✮ ♦❢ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ❡st✐♠❛t♦r ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ l2−❡rr♦r ♦❢ t❤❡ ✜rst✲st❛❣❡✲▲❛ss♦✲

s❡❝♦♥❞✲st❛❣❡✲❖▲❙ ❡st✐♠❛t♦r ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ r❡❞✉❝❡s t❤❡ l2−❡rr♦r ♦❢

t❤❡ ✜rst✲st❛❣❡✲▲❛ss♦✲s❡❝♦♥❞✲st❛❣❡✲❖▲❙ ❡st✐♠❛t❡s ❢r♦♠ O

(

√

max(p, log d)
n

)

t♦ O

(

√

logmax(p, d)
n

)

✳
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Figure 4.2a: Estiamtes of the fifth parameter (n = 4700)

 

 
Exp.1
Exp.4
Exp.5
Exp.6

0 100 200 300 400 500 600 700 800 900 1000
−0.03

−0.02

−0.01

0

0.01

0.02

0.03

t

E
s
ti
m

a
te

Figure 4.2b: Estimates of the sixth parameter (n = 4700)
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Figure 4.2c: Estimates of "relevant" parameters (5th percentile)
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Figure 4.2d: Estimates of "relevant" parameters (median)
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Figure 4.2e: Estimates of "relevant" parameters (95th percentile)
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Figure 4.2f: Estimates of "relevant" parameters (mean)
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Figure 4.2g: Estimates of "irrelevant" parameters (5th percentile)
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Figure 4.2h: Estimates of "irrelevant" parameters (median)
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Figure 4.2i: Estimates of "irrelevant" parameters (95th percentile)
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Figure 4.2j: Estimates of "irrelevant" parameters (mean)
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❚❛❜❧❡ ✹✳✸✿ l2−❡rr♦rs ❛♥❞ s❡❧❡❝t✐♦♥ ✭❊①♣✳ ✶✱ ✹✲✻✮

▼❡❛♥ n = 4700

❊①♣✳ ★ ✶ ✹ ✺ ✻

2nd−st❛❣❡ s❡❧❡❝t ✪ ✾✽✳✶ ✾✽✳✶ ✺✺✳✵ ✺✹✳✺

2nd−st❛❣❡ l2−❡rr ✵✳✵✶✽ ✵✳✵✸✽ ✵✳✵✻✷ ✵✳✵✺✹

1st✲st❛❣❡ s❡❧❡❝t ✪ ✾✽✳✺ ✺✷✳✵ ✾✽✳✺ ✺✷✳✵

1st−st❛❣❡ l2−❡rr ✵✳✵✷✽ ✵✳✵✺✾ ✵✳✵✷✽ ✵✳✵✺✾

■♥ t❤❡ ♥❡①t ❣r♦✉♣ ♦❢ ❡①♣❡r✐♠❡♥ts ✇❤✐❝❤ ❡①♣❧♦r❡ t❤❡ s❡♥s✐t✐✈✐t② ♦❢ t❤❡ r❡s✉❧ts ❢♦r t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦

❡st✐♠❛t♦r t♦ ❞❡s✐❣♥ ♣❛r❛♠❡t❡rs✱ ❝❤❛♥❣❡s ❛r❡ ❛♣♣❧✐❡❞ t♦ σǫ✱ ση✱ σz✱ ❛♥❞ t❤❡ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ r♦✇s

♦❢ t❤❡ ❞❡s✐❣♥ ♠❛tr✐① zTi ∈ R
p×d ❢♦r ❛❧❧ i = 1, ..., n✳ ❋✐❣✉r❡ ✹✳✸❛ ♣❧♦ts ✭✐♥ ❛s❝❡♥❞✐♥❣ ✈❛❧✉❡s✮ t❤❡ ✶✵✵✵

❡st✐♠❛t❡s ♦❢ β∗5 ✇❤❡♥ t❤❡ s❛♠♣❧❡ s✐③❡ n = 47✳ ❋✐❣✉r❡ ✹✳✸❜ ♣❧♦ts ✭✐♥ ❛s❝❡♥❞✐♥❣ ✈❛❧✉❡s✮ t❤❡ ✶✵✵✵ ❡st✐♠❛t❡s

✸✶



♦❢ β∗6 ✇❤❡♥ t❤❡ s❛♠♣❧❡ s✐③❡ n = 47✳ ❋✐❣✉r❡s ✹✳✸❝✲✹✳✸❢ ✭❋✐❣✉r❡s ✹✳✸❣✲✹✳✸❥✮ ❞✐s♣❧❛②s t❤❡ 5th ♣❡r❝❡♥t✐❧❡✱ t❤❡

♠❡❞✐❛♥✱ t❤❡ 95th ♣❡r❝❡♥t✐❧❡✱ ❛♥❞ t❤❡ ♠❡❛♥ ♦❢ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ✏r❡❧❡✈❛♥t✑ ✭✏✐rr❡❧❡✈❛♥t✑✮ ♠❛✐♥✲❡q✉❛t✐♦♥

♣❛r❛♠❡t❡rs ❢r♦♠ ❊①♣❡r✐♠❡♥t ✶ ❛♥❞ ❊①♣❡r✐♠❡♥ts ✼✲✶✸✳ ❚❤❡ ♠❡❛♥ ♦❢ t❤❡ l2−❡rr♦rs ❛♥❞ t❤❡ ♠❡❛♥ ♦❢ t❤❡

s❡❧❡❝t✐♦♥ ♣❡r❝❡♥t❛❣❡s ♦❢ t❤❡ ♠❛✐♥✲❡q✉❛t✐♦♥ ❡st✐♠❛t❡s t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✏❛✈❡r❛❣❡❞✑ ♠❡❛♥ ♦❢ t❤❡ l2−❡rr♦rs

❛♥❞ t❤❡ ✏❛✈❡r❛❣❡❞✑ ♠❡❛♥ ♦❢ t❤❡ s❡❧❡❝t✐♦♥ ♣❡r❝❡♥t❛❣❡s ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s ❢r♦♠ t❤❡s❡ ❡①♣❡r✐♠❡♥ts

❛r❡ ❞✐s♣❧❛②❡❞ ✐♥ ❚❛❜❧❡ ✹✳✹✳

❖✈❡r❛❧❧✱ ✇❡ s❡❡ ❢r♦♠ ❚❛❜❧❡ ✹✳✹ t❤❛t✱ r❡❧❛t✐✈❡ t♦ t❤❡ ❜❛s❡❧✐♥❡ ❡①♣❡r✐♠❡♥t ✭❊①♣❡r✐♠❡♥t ✶✮✱ t❤❡ ♠❡❛♥ ♦❢

t❤❡ l2−❡rr♦rs ♦❢ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ✐♥❝r❡❛s❡ ✐♥ ❊①♣❡r✐♠❡♥ts ✼✲✶✸❀ t❤❡ ♠❡❛♥ ♦❢

t❤❡ s❡❧❡❝t✐♦♥ ♣❡r❝❡♥t❛❣❡s ♦❢ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❞❡❝r❡❛s❡ ✐♥ ❊①♣❡r✐♠❡♥ts ✼✱ ✽✱

✶✵✲✶✸✳ ❚❤❡ ✏❛✈❡r❛❣❡❞✑ ♠❡❛♥ ♦❢ t❤❡ l2−❡rr♦rs ♦❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s ✐♥❝r❡❛s❡ t❤❡ ♠♦st ✐♥ ❊①♣❡r✐♠❡♥ts

✽✱ ✾✱ ✶✷✱ ❛♥❞ ✶✸ ✇❤✐❧❡ t❤♦s❡ ✜rst✲st❛❣❡ st❛t✐st✐❝s ✐♥ ❊①♣❡r✐♠❡♥t ✶✵ ❛r❡ ❝♦♠♣❛r❛❜❧❡ t♦ t❤♦s❡ ✐♥ ❊①♣❡r✐♠❡♥t

✶✳ ❚❤✐s ♠❛❦❡s s❡♥s❡ s✐♥❝❡ ❊①♣❡r✐♠❡♥ts ✽✱ ✾✱ ✶✷✱ ❛♥❞ ✶✸ ✐♥✈♦❧✈❡ ✐♥❝r❡❛s✐♥❣ t❤❡ ♥♦✐s❡ ❧❡✈❡❧ ση ♦r ❞❡❝r❡❛s✐♥❣

t❤❡ s✐❣♥❛❧ ❧❡✈❡❧ σz ♦❢ t❤❡ ✐♥str✉♠❡♥ts ✐♥ t❤❡ ✜rst✲st❛❣❡ ♠♦❞❡❧ ✇❤✐❧❡ ✐♥tr♦❞✉❝✐♥❣ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡

r♦✇s ♦❢ t❤❡ ❞❡s✐❣♥ ♠❛tr✐① zTi ✭❢♦r i = 1, ..., n✮ ✭❊①♣❡r✐♠❡♥t ✶✵✮ s❤♦✉❧❞ ❤❛✈❡ ❧✐tt❧❡ ✐♠♣❛❝t ♦♥ t❤❡ ✜rst✲st❛❣❡

❡st✐♠❛t❡s✱ ✇❤✐❝❤ ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♣❡r❢♦r♠✐♥❣ t❤❡ ▲❛ss♦ ♣r♦❝❡❞✉r❡ ♦♥ ❡❛❝❤ ♦❢ t❤❡ ✺✵ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥s

s❡♣❛r❛t❡❧②✳ ◆♦t❡ t❤❛t s✐♥❝❡ ❊①♣❡r✐♠❡♥t ✼ ✭❊①♣❡r✐♠❡♥t ✶✶✮ ❤❛s ❡①❛❝t❧② t❤❡ s❛♠❡ ✜rst✲st❛❣❡ s❡t ✉♣ ❛s

❊①♣❡r✐♠❡♥t ✶ ✭r❡s♣❡❝t✐✈❡❧②✱ ❊①♣❡r✐♠❡♥t ✶✵✮✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❧♦♦❦ ❛t t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡✐r ✜rst✲st❛❣❡

❡st✐♠❛t❡s s❡♣❛r❛t❡❧②✳

❋r♦♠ ❋✐❣✉r❡ ✹✳✸❛✱ ✇❡ s❡❡ t❤❛t✱ ❜❡❧♦✇ t❤❡ 10th ♣❡r❝❡♥t✐❧❡✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❜❛s❡❧✐♥❡ ❡①♣❡r✐♠❡♥t ✭❊①✲

♣❡r✐♠❡♥t ✶✮✱ ✐♥tr♦❞✉❝✐♥❣ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ r♦✇s ♦❢ t❤❡ ❞❡s✐❣♥ ♠❛tr✐① zTi ✭❢♦r i = 1, ..., n✮ ✐♠♣r♦✈❡s

t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ✏r❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ✇❤✐❧❡ t❤❡ ♦t❤❡r ❝❤❛♥❣❡s t♦ t❤❡ ❞❛t❛ ❣❡♥❡r❛t✐♥❣

♣r♦❝❡ss ②✐❡❧❞ ✇♦rs❡ ❡st✐♠❛t❡s❀ ❛❜♦✈❡ t❤❡ 80th ♣❡r❝❡♥t✐❧❡✱ ❋✐❣✉r❡ ✹✳✸❛ s❤♦✇s t❤❛t✱ ❛♥② ❝❤❛♥❣❡s ♠❛❞❡ t♦ t❤❡

❞❛t❛ ❣❡♥❡r❛t✐♥❣ ♣r♦❝❡ss ②✐❡❧❞ ✇♦rs❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ✏r❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs❀ ❛t t❤❡ ♠❡❞✐❛♥

✭♦r ♠❡❛♥✮✱ ❋✐❣✉r❡s ✹✳✸❛ ❛♥❞ ✹✳✸❞ ✭r❡s♣❡❝t✐✈❡❧②✱ ❋✐❣✉r❡ ✹✳✸❢✮ s❤♦✇ t❤❛t✱ ✐♥❝r❡❛s✐♥❣ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥

♦❢ t❤❡ ✏♥♦✐s❡✑ ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥✱ σǫ✱ ❛♥❞ r❡❞✉❝✐♥❣ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ✏s✐❣♥❛❧✑✱ σz✱ ②✐❡❧❞ ✇♦rs❡

❡st✐♠❛t❡s ♦❢ t❤❡ ✏r❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs✳ ❋✐❣✉r❡s ✹✳✸❜ ❛♥❞ ✹✳✸❥ s❤♦✇ t❤❛t✱ ✐♥ ❡st✐♠❛t✐♥❣ t❤❡

✏✐rr❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs✱ ❛♥② ❝❤❛♥❣❡s t♦ t❤❡ ❞❛t❛ ❣❡♥❡r❛t✐♥❣ ♣r♦❝❡ss ②✐❡❧❞ ✇♦rs❡ ❡st✐♠❛t❡s❀

✐♥ ♣❛rt✐❝✉❧❛r✱ t❤♦s❡ t❤❛t ✐♥✈♦❧✈❡ ✐♥tr♦❞✉❝✐♥❣ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ r♦✇s ♦❢ t❤❡ ❞❡s✐❣♥ ♠❛tr✐① zTi ✭❢♦r

i = 1, ..., n✮ ✭❊①♣❡r✐♠❡♥ts ✶✵✲✶✸✮ ②✐❡❧❞ t❤❡ ♣♦♦r❡st ❡st✐♠❛t❡s ♦❢ t❤❡ ✏✐rr❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs

✭❛❧s♦ s❡❡ ❚❛❜❧❡ ✹✳✹ ❢♦r ❛ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ s❡❧❡❝t✐♦♥ ♣❡r❝❡♥t❛❣❡s ♦❢ t❤❡s❡ ❡①♣❡r✐♠❡♥ts✮✳ ❘❡❝❛❧❧ t❤❛t

❡❛❝❤ r♦✇ ♦❢ zTi ∈ R
p×d ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❛❝❤ ♦❢ t❤❡ ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs ❛♥❞ r♦✇✲✇✐s❡ ❝♦rr❡❧❛t✐♦♥s ✐♥

zTi ❤❡♥❝❡ ✐♥tr♦❞✉❝❡ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✏♣✉r❣❡❞✑ r❡❣r❡ss♦rs X∗
j ❛♥❞ X∗

j′
❢♦r ❛❧❧ j 6= j

′
✳ ❆s s❡❡♥ ✐♥

❙❡❝t✐♦♥ ✸✳✷✱ s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝② ❤✐♥❣❡s ♦♥ ❆ss✉♠♣t✐♦♥ ✸✳✼ ✭t❤❡ ✏♠✉t✉❛❧ ✐♥❝♦❤❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥✑✮✱ ✇❤♦s❡

✈✐♦❧❛t✐♦♥ ❝❛♥ ❧❡❛❞ t❤❡ ▲❛ss♦ t♦ ❢❛❧s❡❧② ✐♥❝❧✉❞❡ ❡❧❡♠❡♥ts t❤❛t ❛r❡ ♥♦t ✐♥ t❤❡ s✉♣♣♦rt ♦❢ β∗✱ ♥❛♠❡❧②✱ t❤❡

✈✐♦❧❛t✐♦♥ ♦❢ P❛rt ✭❜✮ ✐♥ ❚❤❡♦r❡♠s ✸✳✼ ❛♥❞ ✸✳✽✳ ❋♦r t❤❡ ❜❛s❡❧✐♥❡ ❡①♣❡r✐♠❡♥t ✭❊①♣❡r✐♠❡♥t ✶✮✱ t❤❡ q✉❛♥t✐t②
∥

∥

∥

∥

E

[

X∗T
1,J(β∗)cX

∗
1,J(β∗)

] [

E(X∗T
1,J(β∗)X

∗
1,J(β∗))

]−1
∥

∥

∥

∥

∞
✐♥ ❆ss✉♠♣t✐♦♥ ✸✳✼ ❡q✉❛❧s 0 ✭❜❡❝❛✉s❡ zTi ✐s ❛ p×d ♠❛tr✐①

♦❢ ✐♥❞❡♣❡♥❞❡♥t st❛♥❞❛r❞ ♥♦r♠❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✮ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✸✳✼ ✐s ❡❛s✐❧② s❛t✐s✜❡❞✳ ❋♦r ❊①♣❡r✐♠❡♥ts

✶✵✲✶✸✱ t❤✐s q✉❛♥t✐t② ✐♥❝r❡❛s❡s✱ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥ t❤❡s❡ ❡①♣❡r✐♠❡♥ts✱ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ✏✐rr❡❧❡✈❛♥t✑ ♠❛✐♥✲

❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ ✇♦rs❡ r❡❧❛t✐✈❡ t♦ t❤❡ ❜❛s❡❧✐♥❡ ❡①♣❡r✐♠❡♥t✳
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Figure 4.3a: Estimates of the fifth parameter (n = 47)
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Figure 4.3b: Estiamtes of the sixth parameter (n = 47)
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Figure 4.3c: Estimates of "relevant" parameters (5th percentile)
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Figure 4.3d: Estimates of the "relevant" parameters (median)
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Figure 4.3e: Estimates of the "relevant" parameters (95th percentile)
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Figure 4.3f: Estimates of the "relevant" parameters (mean)
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Figure 4.3g: Estimates of the "irrelevant" parameters (5th percentile)
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Figure 4.3h: Estimates of the "irrelevant" parameters (median)
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Figure 4.3i: Estimates of the "irrelevant" parameters (95th percentile)
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Figure 4.3j: Estimates of the "irrelevant" parameters (mean)
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❚❛❜❧❡ ✹✳✹✿ l2−❡rr♦rs ❛♥❞ s❡❧❡❝t✐♦♥ ✭❊①♣✳ ✶✱ ✼✲✶✸✮

▼❡❛♥ n = 47

❊①♣✳ ★ ✶ ✼ ✽ ✾ ✶✵ ✶✶ ✶✷ ✶✸

2nd−st❛❣❡ s❡❧❡❝t ✪ ✾✼✳✸ ✾✹✳✸ ✾✸✳✽ ✾✼✳✸ ✽✼✳✵ ✽✺✳✹ ✽✼✳✽ ✽✼✳✶

2nd✲st❛❣❡ l2−❡rr ✵✳✷✽✽ ✵✳✹✷✷ ✵✳✸✼✻ ✵✳✹✾✼ ✵✳✸✻✺ ✵✳✺✺✼ ✵✳✹✼✶ ✵✳✻✷✻

1st−st❛❣❡ s❡❧❡❝t ✪ ✾✼✳✼ ✾✼✳✼ ✾✵✳✽ ✾✼✳✼ ✾✼✳✼ ✾✼✳✼ ✾✵✳✽ ✾✼✳✼

1st−st❛❣❡ l2−❡rr ✵✳✸✹✾ ✵✳✸✹✾ ✵✳✼✽✾ ✵✳✺✺✷ ✵✳✸✺✷ ✵✳✸✺✷ ✵✳✼✾✸ ✵✳✺✺✼

■♥ t❤❡ ✜♥❛❧ ❡①♣❡r✐♠❡♥t ✶✹ ✇❤❡r❡ (β∗1 , ... , β
∗
5) = (0.01, ... , 0.01) ✭❛s ♦♣♣♦s❡❞ t♦ (β∗1 , ... , β

∗
5) = (1, ... , 1)

✐♥ t❤❡ ♣r❡✈✐♦✉s ❡①♣❡r✐♠❡♥ts✮✱ ❜❛s❡❞ ♦♥ t❤❡ ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ♣r♦❝❡❞✉r❡✱ ■

❝♦✉♥t t❤❡ ♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s t❤❛t ❡❛❝❤ ❡st✐♠❛t❡ β̂H2SLS, 1, ... , β̂H2SLS, 5 ❡q✉❛❧s ❡①❛❝t❧② 0✱ r❡s♣❡❝t✐✈❡❧②✱

♦✈❡r t❤❡ ✶✵✵✵ r❡♣❧✐❝❛t✐♦♥s ✭❚❛❜❧❡ ✹✳✺✮✳ ❇❡❝❛✉s❡ t❤❡ ✏r❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ r❡❞✉❝❡❞ ❜②
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❛ ❢❛❝t♦r ♦❢ ✶✵✵✱ ✐t ✐s ❝❧❡❛r❧② ♠♦r❡ ❞✐✣❝✉❧t ❢♦r t❤❡ t✇♦✲st❛❣❡ ▲❛ss♦ ♣r♦❝❡❞✉r❡ t♦ ❞✐st✐♥❣✉✐s❤ t❤❡ ✏r❡❧❡✈❛♥t✑

❝♦❡✣❝✐❡♥ts ❢r♦♠ t❤❡ ✏✐rr❡❧❡✈❛♥t✑ ❝♦❡✣❝✐❡♥ts ❛♥❞ ❚❛❜❧❡ ✹✳✺ ✈❡r✐✜❡s t❤✐s✳ ❘❡❝❛❧❧ ✐♥ ❊①♣❡r✐♠❡♥ts ✶✵✲✶✸✱

❜② ✐♥tr♦❞✉❝✐♥❣ ❝♦rr❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✏♣✉r❣❡❞✑ r❡❣r❡ss♦rs X∗
j ❛♥❞ X∗

j′
❢♦r ❛❧❧ j 6= j

′
✱ t❤❡ ❡st✐♠❛t❡s

♦❢ t❤❡ ✏✐rr❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❜❡❝♦♠❡ ✇♦rs❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♠❛❦✐♥❣ t❤❡ ✏r❡❧❡✈❛♥t✑

♠❛✐♥✲❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs s✉✣❝✐❡♥t❧② s♠❛❧❧❡r r❡s✉❧ts ✐♥ ✇♦rs❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ✏r❡❧❡✈❛♥t✑ ♠❛✐♥✲❡q✉❛t✐♦♥

♣❛r❛♠❡t❡rs✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ❝♦♥✜r♠s P❛rt ✭❞✮ ♦❢ ❚❤❡♦r❡♠s ✸✳✼ ❛♥❞ ✸✳✽❀ ✐✳❡✳✱ t❤❡ ✈✐♦❧❛t✐♦♥ ♦❢ t❤❡ ✏❜❡t❛✲

♠✐♥✑ ❝♦♥❞✐t✐♦♥ ❝❛♥ ❧❡❛❞ t❤❡ ▲❛ss♦ t♦ ♠✐st❛❦❡ t❤❡ ✏r❡❧❡✈❛♥t✑ ❝♦❡✣❝✐❡♥ts ❢♦r t❤❡ ✏✐rr❡❧❡✈❛♥t✑ ❝♦❡✣❝✐❡♥ts✳ ■♥

t❡r♠s ♦❢ t❤❡ l2−❡rr♦rs ❛♥❞ ♦✈❡r❛❧❧ s❡❧❡❝t✐♦♥ ♣❡r❝❡♥t❛❣❡s✱ ❢r♦♠ ❚❛❜❧❡ ✹✳✺ ✇❡ s❡❡ t❤❛t ♣♦♦r❡r ❡st✐♠❛t✐♦♥ ♦❢ t❤❡

✏r❡❧❡✈❛♥t✑ ♣❛r❛♠❡t❡rs ❛❧s♦ r❡s✉❧ts ✐♥ ❧❛r❣❡r l2−❡rr♦rs✻ ❛♥❞ ✇♦rs❡ s❡❧❡❝t✐♦♥ ♣❡r❝❡♥t❛❣❡s✱ ❛s ❡①♣❡❝t❡❞✳ ❚❤❡

s✐❣♥✐✜❝❛♥t ❞r♦♣ ✐♥ t❤❡ ♦✈❡r❛❧❧ s❡❧❡❝t✐♦♥ ♣❡r❝❡♥t❛❣❡s s✉❣❣❡sts t❤❛t ♥♦t ♦♥❧② t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✏r❡❧❡✈❛♥t✑

❝♦❡✣❝✐❡♥ts ❜❡❝♦♠❡s ❧❡ss ❛❝❝✉r❛t❡ ✐♥ ❊①♣❡r✐♠❡♥t ✶✹ ❜✉t ❛❧s♦ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✏✐rr❡❧❡✈❛♥t✑ ❝♦❡✣❝✐❡♥ts✳

❚❛❜❧❡ ✹✳✺✿ ❊①♣✳ ✶✹

n = 47
★ ♦❢ ③❡r♦s

2nd−st❣ s❡❧❡❝t ✪ 2nd−st❣ l2−❡rr
β1 β2 β3 β4 β5

❊①♣✳ ✶ ✵ ✵ ✵ ✵ ✵ ✾✼✳✸ ✵✳✷✽✽

❊①♣✳ ✶✹ ✶✽✼ ✶✽✼ ✷✶✽ ✶✾✹ ✶✾✸ ✺✼✳✼ ✶✶✳✺

✺ ❈♦♥❝❧✉s✐♦♥ ❛♥❞ ❡①t❡♥s✐♦♥s

❚❤✐s ♣❛♣❡r ❤❛s ❡①♣❧♦r❡❞ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ t✇♦✲st❛❣❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❢♦r s♣❛rs❡ ❧✐♥❡❛r ♠♦❞❡❧s ✐♥ ❤✐❣❤✲

❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣s ✇✐t❤ ♣♦ss✐❜❧② ♠❛♥② ❡♥❞♦❣❡♥♦✉s r❡❣r❡ss♦rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♥✉♠❜❡r ♦❢ ❡♥❞♦❣❡♥♦✉s

r❡❣r❡ss♦rs ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥str✉♠❡♥ts ✐♥ t❤❡ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥s ❛r❡ ♣❡r♠✐tt❡❞

t♦ ❣r♦✇ ✇✐t❤ ❛♥❞ ❡①❝❡❡❞ n✳ ❙✉✣❝✐❡♥t s❝❛❧✐♥❣ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ s❛♠♣❧❡ s✐③❡ ❢♦r ❡st✐♠❛t✐♦♥ ❝♦♥s✐st❡♥❝②

✐♥ l2−♥♦r♠ ❛♥❞ ✈❛r✐❛❜❧❡✲s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ t✇♦✲st❛❣❡ ❡st✐♠❛t♦rs ❤❛✈❡ ❜❡❡♥

❡st❛❜❧✐s❤❡❞✳ ■ ♣r♦✈✐❞❡ t❤❡♦r❡t✐❝❛❧ ❥✉st✐✜❝❛t✐♦♥s t♦ ❛ t❡❝❤♥✐❝❛❧ ✐ss✉❡ ✭r❡❣❛r❞✐♥❣ t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ❛♥❞ t❤❡

▼■ ❝♦♥❞✐t✐♦♥✮ t❤❛t ❛r✐s❡s ✐♥ t❤❡ t✇♦✲st❛❣❡ ❡st✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡ ❢r♦♠ ❛❧❧♦✇✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ r❡❣r❡ss♦rs ✐♥

t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ t♦ ❣r♦✇ ✇✐t❤ ❛♥❞ ❡①❝❡❡❞ n✳ ❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❛ss✉♠♣t✐♦♥s t❤❛t ❛r❡ ✐♠♣♦s❡❞✱

t❤❡ ✉♣♣❡r ❜♦✉♥❞s ♦♥ t❤❡ l2−❡rr♦r ❛♥❞ t❤❡ s❛♠♣❧❡ s✐③❡ r❡q✉✐r❡❞ t♦ ♦❜t❛✐♥ t❤❡s❡ ❝♦♥s✐st❡♥❝② r❡s✉❧ts ❞✐✛❡r

❜② ❢❛❝t♦rs ✐♥✈♦❧✈✐♥❣ t❤❡ s♣❛rs✐t② ♣❛r❛♠❡t❡rs k1 ❛♥❞✴♦r k2✳ ❙✐♠✉❧❛t✐♦♥s ❛r❡ ❝♦♥❞✉❝t❡❞ t♦ ❣❛✐♥ ✐♥s✐❣❤t ♦♥

t❤❡ ✜♥✐t❡ s❛♠♣❧❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ t✇♦✲st❛❣❡ ❡st✐♠❛t♦r✳

❚❤❡ ❛♣♣r♦❛❝❤ ❛♥❞ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r s✉❣❣❡st ❛ ♥✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ❡①t❡♥s✐♦♥s ✐♥❝❧✉❞✐♥❣ t❤❡ ♦♥❡s

❧✐st❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❤✐❝❤ ❛r❡ ❧❡❢t t♦ ❢✉t✉r❡ r❡s❡❛r❝❤✳

❘❡✈✐s✐t✐♥❣ t❤❡ ❜♦✉♥❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✷ ✳ ❆s ❞✐s❝✉ss❡❞ ❡❛r❧✐❡r✱ ❆ss✉♠♣t✐♦♥ ✸✳✻ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞

✻❚♦ ❝♦♠♣❡♥s❛t❡ ❢♦r t❤❡ ❢❛❝t t❤❛t (β1, ..., β5) = (1, ... , 1) ✐♥ ❊①♣❡r✐♠❡♥t ✶ ❡①❝❡❡❞s t❤❡ ♣❛r❛♠❡t❡rs (β1, ..., β5) =
(0.01, ... , 0.01) ✐♥ ❊①♣❡r✐♠❡♥ts ✶✹ ❜② ❛ ❢❛❝t♦r ♦❢ 0.01✱ t❤❡ l2−❡rr♦r ✐♥ ❊①♣❡r✐♠❡♥t ✶✹ ✐s ❛❞❥✉st❡❞ ❛s
[∑

5

j=1
(β̂j−β∗

j )2

0.012
+

∑j=50
j=6 (β̂j − β∗

j )
2

]1/2

✳ ❚❤❡ ✉♥❛❞❥✉st❡❞ l2−❡rr♦r ✐♥ ❊①♣❡r✐♠❡♥t ✶✹ ✐s ✵✳✸✽✽✳

✸✼



❛s ❛ s♣❛rs✐t② ❝♦♥str❛✐♥t ♦♥ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡ π̂j ❢♦r j = 1, ..., p✱ ✐♥ t❡r♠s ♦❢ t❤❡ l0✲ ❜❛❧❧✱ ❣✐✈❡♥ ❜②

B
dj
0 (k1) :=







π̂j ∈ R
dj |

dj
∑

l=1

1{π̂jl 6= 0} ≤ k1







❢♦r j = 1, ..., p.

❚❤❡ s♣❛rs✐t② ❝♦♥str❛✐♥t ✭♥❛♠❡❧②✱ t❤❡ s❡❧❡❝t✐♦♥ ❝♦♥s✐st❡♥❝②✮ r❡❣❛r❞✐♥❣ t❤❡s❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s ✐s ❣✉❛r✲

❛♥t❡❡❞ ✉♥❞❡r s♦♠❡ ❝♦♥❞✐t✐♦♥s t❤❛t ♠❛② ❜❡ ✈✐♦❧❛t❡❞ ✐♥ ♠❛♥② ♣r♦❜❧❡♠s✳ ■t s❡❡♠s ♣♦ss✐❜❧❡ t♦ ❡①t❡♥❞

❆ss✉♠♣t✐♦♥ ✸✳✻ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐♠❛t❡ s♣❛rs✐t② ❝♦♥str❛✐♥t ♦♥ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s ✐♥ t❡r♠s ♦❢

l1✲ ❜❛❧❧s✱ ❣✐✈❡♥ ❜②

B
dj
1 (Rj) :=







π̂j ∈ R
dj | |π̂j |1 =

dj
∑

l=1

|π̂jl| ≤ Rj







❢♦r j = 1, ..., p.

■❢ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t✐♦♥ ❡♠♣❧♦②s t❤❡ ▲❛ss♦ ♦r ❉❛♥t③✐❣ s❡❧❡❝t♦r ♦r s♦♠❡ ♦t❤❡r ♣r♦❝❡❞✉r❡s ✇✐t❤ t❤❡

l1−t②♣❡ ♦❢ r❡❣✉❧❛r✐③❛t✐♦♥✱ t❤❡♥ ✇❡ ❛r❡ ❣✉❛r❛♥t❡❡❞ t♦ ❤❛✈❡ π̂j ∈ B
dj
1 (Rj) ❢♦r ❡✈❡r② j = 1, ..., p✳ ❉❡♣❡♥❞✐♥❣

♦♥ t❤❡ t②♣❡ ♦❢ s♣❛rs✐t② ❛ss✉♠♣t✐♦♥s ✐♠♣♦s❡❞ ♦♥ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s✱ t❤❡ st❛t✐st✐❝❛❧ ❡rr♦r ♦❢ t❤❡ ❤✐❣❤✲

❞✐♠❡♥s✐♦♥❛❧ t✇♦✲st❛❣❡ ❡st✐♠❛t♦r β̂H2SLS ✐♥ l2−♥♦r♠ ❛♥❞ t❤❡ r❡q✉✐r❡❞ s❛♠♣❧❡ s✐③❡ ❞✐✛❡r✳

❆♥ ✐♥s♣❡❝t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ❢♦r ❚❤❡♦r❡♠ ✸✳✷ s✉❣❣❡sts t❤❛t t❤❡ ❡rr♦r ❜♦✉♥❞ ❛♥❞ r❡q✉✐r❡♠❡♥t ♦❢ t❤❡

s❛♠♣❧❡ s✐③❡ ✐♥ ❚❤❡♦r❡♠ ✸✳✷ ✇✐❧❧ ❤♦❧❞ r❡❣❛r❞❧❡ss ♦❢ t❤❡ s♣❛rs✐t② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ✜rst✲st❛❣❡ ❡st✐♠❛t❡s✳

❍♦✇❡✈❡r✱ ✉♥❞❡r t❤❡s❡ s♣❡❝✐❛❧ str✉❝t✉r❡s t❤❛t ✐♠♣♦s❡ ❛ ❝❡rt❛✐♥ ❞❡❝❛② r❛t❡ ♦♥ t❤❡ ♦r❞❡r❡❞ ❡♥tr✐❡s ♦❢ t❤❡

✜rst✲st❛❣❡ ❡st✐♠❛t❡s✱ t❤❡ ❜♦✉♥❞ ❛♥❞ s❝❛❧✐♥❣ ♦❢ t❤❡ r❡q✉✐r❡❞ s❛♠♣❧❡ s✐③❡ ✐♥ ❚❤❡♦r❡♠ ✸✳✷ ✐s ❧✐❦❡❧② t♦ ❜❡

s✉❜♦♣t✐♠❛❧✳ ❚♦ ♦❜t❛✐♥ s❤❛r♣❡r r❡s✉❧ts✱ t❤❡ ♣r♦♦❢ t❡❝❤♥✐q✉❡ ❛❞♦♣t❡❞ ❢♦r s❤♦✇✐♥❣ ❚❤❡♦r❡♠ ✸✳✸ s❡❡♠s ♠♦r❡

❛♣♣r♦♣r✐❛t❡✳ ■ ❣✐✈❡ ❛ ❤❡✉r✐st✐❝ tr✉♥❝❛t✐♦♥ ❛r❣✉♠❡♥t t♦ ✐❧❧✉str❛t❡ ❤♦✇ t❤❡ ♣r♦♦❢ ❢♦r ❚❤❡♦r❡♠ ✸✳✸ ♠✐❣❤t ❜❡

❡①t❡♥❞❡❞ t♦ ❛❧❧♦✇ t❤❡ ✇❡❛❦❡r s♣❛rs✐t② ❝♦♥str❛✐♥t ✭✐♥ t❡r♠s ♦❢ l1−❜❛❧❧s✮ ♦♥ t❤❡ ✜rst✲st❛❣❡ ▲❛ss♦ ❡st✐♠❛t❡s✳

❙✉♣♣♦s❡ ❢♦r ❡✈❡r② j = 1, ..., p✱ ✇❡ ❝❤♦♦s❡ t❤❡ t♦♣ sj ❝♦❡✣❝✐❡♥ts ♦❢ π̂j ✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✱ t❤❡♥ t❤❡ ❢❛st

❞❡❝❛② ✐♠♣♦s❡❞ ❜② t❤❡ l1✲ ❜❛❧❧ ❝♦♥❞✐t✐♦♥ ♦♥ π̂j ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ▲❛ss♦ ♣r♦❝❡❞✉r❡ ✇♦✉❧❞ ♠❡❛♥ t❤❛t t❤❡

r❡♠❛✐♥✐♥❣ dj − sj ❝♦❡✣❝✐❡♥ts ✇♦✉❧❞ ❤❛✈❡ r❡❧❛t✐✈❡❧② ❧✐tt❧❡ ✐♠♣❛❝t✳ ❲✐t❤ t❤✐s ✐♥t✉✐t✐♦♥✱ t❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s

❛s ✐❢ ❆ss✉♠♣t✐♦♥ ✸✳✻ ✇❡r❡ ✐♠♣♦s❡❞ ✇✐t❤ t❤❡ ♦♥❧② ❡①❝❡♣t✐♦♥ t❤❛t ✇❡ ❛❧s♦ ♥❡❡❞ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡

❛♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r ❛r✐s✐♥❣ ❢r♦♠ t❤❡ t❤❡ r❡♠❛✐♥✐♥❣ dj − sj ❝♦❡✣❝✐❡♥ts ♦❢ π̂j ✳

❚❤❡ ❛♣♣r♦①✐♠❛t❡ s♣❛rs✐t② ❝❛s❡✳ ■t ✐s ✉s❡❢✉❧ t♦ ❡①t❡♥❞ t❤❡ ❛♥❛❧②s✐s ❢♦r t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ✷❙▲❙

❡st✐♠❛t♦r t♦ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♣❛rs✐t② ❝❛s❡✱ ✐✳❡✳✱ ♠♦st ♦❢ t❤❡ ❝♦❡✣❝✐❡♥ts ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ❛♥❞✴♦r t❤❡

✜rst✲st❛❣❡ ❡q✉❛t✐♦♥s ❛r❡ t♦♦ s♠❛❧❧ t♦ ♠❛tt❡r✳ ❖♥❡ ❝❛♥ ❤❛✈❡ t❤❡ ❛♣♣r♦①✐♠❛t❡ s♣❛rs✐t② ❛ss✉♠♣t✐♦♥ ✐♥ t❤❡

✜rst✲st❛❣❡ ❡q✉❛t✐♦♥s ♦♥❧② ✭❛♥❞ ❛ss✉♠❡ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ♣❛r❛♠❡t❡rs ❛r❡ s♣❛rs❡✮✱ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ♦♥❧②

✭❛♥❞ ❛ss✉♠❡ t❤❡ ✜rst✲st❛❣❡ ❡q✉❛t✐♦♥s ♣❛r❛♠❡t❡rs ❛r❡ s♣❛rs❡✮ ♦r ❜♦t❤✲st❛❣❡ ❡q✉❛t✐♦♥s✳ ❲❤❡♥ t❤❡ ✜rst✲st❛❣❡

❡q✉❛t✐♦♥s ♣❛r❛♠❡t❡rs ❛r❡ ❛♣♣r♦①✐♠❛t❡❧② s♣❛rs❡✱ t❤❡ ❛r❣✉♠❡♥t ✐♥ t❤❡ ♣r♦♦❢ ❢♦r ❚❤❡♦r❡♠ ✸✳✷ ❝❛♥ st✐❧❧ ❜❡

❝❛rr✐❡❞ t❤r♦✉❣❤ ✇❤✐❧❡ t❤❡ ♣r♦♦❢ ❢♦r ❚❤❡♦r❡♠ ✸✳✸ ✐s ♥♦ ❧♦♥❣❡r ♠❡❛♥✐♥❣❢✉❧✳

❈♦♥tr♦❧ ❢✉♥❝t✐♦♥ ❛♣♣r♦❛❝❤ ✐♥ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣s ✳ ❆s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡ ✏t✇♦✲st❛❣❡✑

❡st✐♠❛t✐♦♥ ♣r♦♣♦s❡❞ ❤❡r❡✱ ✐t ✇♦✉❧❞ ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ❡①♣❧♦r❡ t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ t✇♦✲st❛❣❡

❡st✐♠❛t♦rs ❜❛s❡❞ ♦♥ t❤❡ ✏❝♦♥tr♦❧ ❢✉♥❝t✐♦♥✑ ❛♣♣r♦❛❝❤ ✐♥ t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣✳ ❲❤❡♥ ❜♦t❤ t❤❡ ✜rst

❛♥❞ s❡❝♦♥❞✲st❛❣❡ ❡q✉❛t✐♦♥s ❛r❡ ✐♥ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣s ✭✐✳❡✳✱ p≪ n ❛♥❞ dj ≪ n ❢♦r ❛❧❧ j = 1, ..., p✮ ❛♥❞

✸✽



t❤❡ s✉♣♣♦rts ♦❢ t❤❡ tr✉❡ ♣❛r❛♠❡t❡rs ✐♥ ❜♦t❤ st❛❣❡s ❛r❡ ❦♥♦✇♥ ❛ ♣r✐♦r✐✱ t❤❡ ✷❙▲❙ ♣r♦❝❡❞✉r❡ ✐s ❛❧❣❡❜r❛✐❝❛❧❧②

❡q✉✐✈❛❧❡♥t t♦ ❛ ✏❝♦♥tr♦❧ ❢✉♥❝t✐♦♥✑ ❡st✐♠❛t♦r ♦❢ β∗ t❤❛t ✐♥❝❧✉❞❡s ✜rst✲st❛❣❡ r❡s✐❞✉❛❧s η̂ij = xij − zTij π̂j ❛s

✏❝♦♥tr♦❧ ✈❛r✐❛❜❧❡s✑ ✐♥ t❤❡ r❡❣r❡ss✐♦♥ ♦❢ yi ♦♥ xi ✭❡✳❣✳✱ ●❛r❡♥✱ ✶✾✽✹✮✳ ❙✉❝❤ ❛❧❣❡❜r❛✐❝ ❡q✉✐✈❛❧❡♥❝❡ ♥♦ ❧♦♥❣❡r

❤♦❧❞s ❢♦r r❡❣✉❧❛r✐③❡❞ ❡st✐♠❛t♦rs ❜❡❝❛✉s❡ t❤❡ r❡❣✉❧❛r✐③❛t✐♦♥ ❡♠♣❧♦②❡❞ ❞❡str♦②s t❤❡ ♣r♦❥❡❝t✐♦♥ ❛❧❣❡❜r❛✳ ❚❤❡

❡①t❡♥s✐♦♥ ❢♦r t❤❡ ✷❙▲❙ ❡st✐♠❛t♦r ❢r♦♠ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣s t♦ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣s ✐s s♦♠❡✇❤❛t

♠♦r❡ ♥❛t✉r❛❧ t❤❛♥ t❤❡ ❡①t❡♥s✐♦♥ ❢♦r t❤❡ t✇♦✲st❛❣❡ ❡st✐♠❛t♦r ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥tr♦❧ ❢✉♥❝t✐♦♥ ❛♣♣r♦❛❝❤✳ ❖♥❡

q✉❡st✐♦♥ t♦ ❛s❦ ✐s✿ ✉♥❞❡r ✇❤❛t ❝♦♥❞✐t✐♦♥s ❝❛♥ ✇❡ tr❛♥s❧❛t❡ t❤❡ s♣❛rs✐t② ♦r ❛♣♣r♦①✐♠❛t❡ s♣❛rs✐t② ❛ss✉♠♣✲

t✐♦♥ ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts β∗ ✐♥ t❤❡ tr✐❛♥❣✉❧❛r s✐♠✉❧t❛♥❡♦✉s ❡q✉❛t✐♦♥s ♠♦❞❡❧ ✭✶✮ ❛♥❞ ✭✷✮ t♦ t❤❡ s♣❛rs✐t②

♦r ❛♣♣r♦①✐♠❛t❡ s♣❛rs✐t② ❛ss✉♠♣t✐♦♥ ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts β∗ ❛♥❞ α∗ ✐♥ t❤❡ ♠♦❞❡❧ yi = xT
i β

∗ + ηiα
∗ + ξi

✇❤❡r❡ E(ηiξi) = E(xiξi) = 0❄ ❆ s✐♠♣❧❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r s✉❝❤ ❛ tr❛♥s❧❛t✐♦♥ ✐s t♦ ✐♠♣♦s❡ t❤❡ ❥♦✐♥t

♥♦r♠❛❧✐t② ❛ss✉♠♣t✐♦♥ ♦❢ t❤❡ ❡rr♦r t❡r♠s ǫi ❛♥❞ ηi = (ηi1, ..., ηip)✳ ❚❤❡♥✱ ❜② t❤❡ ♣r♦♣❡rt② ♦❢ ♠✉❧t✐✈❛r✐❛t❡

♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥s✱ ✇❡ ❤❛✈❡

E(ǫi|ηi) = ΣǫηΣ
−1
ηη η

T
i .

■❢ ✇❡ ❢✉rt❤❡r ❛ss✉♠❡ ♦♥❧② ❛ ❢❡✇ ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts (ρǫiηi1 , ..., ρǫiηip) ✭❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦✈❛r✐✲

❛♥❝❡ ♠❛tr✐① Σǫη✮ ❛r❡ ♥♦♥✲③❡r♦ ♦r ♠♦st ♦❢ t❤❡s❡ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts ❛r❡ t♦♦ s♠❛❧❧ t♦ ♠❛tt❡r✱ t❤❡ s♣❛rs✐t②

♦r ❛♣♣r♦①✐♠❛t❡ s♣❛rs✐t② ❝❛♥ ❜❡ ❝❛rr✐❡❞ t♦ t❤❡ ♠♦❞❡❧ yi = xT
i β

∗ + ηiα
∗ + ξi✳ ❚❤❡♥✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❝♦♥s✐s✲

t❡♥t ❡st✐♠❛t❡s ♦❢ η✱ η̂✱ ❢r♦♠ t❤❡ ✜rst✲st❛❣❡ r❡❣r❡ss✐♦♥ ❜② ❡✐t❤❡r ❛ st❛♥❞❛r❞ ❧❡❛st sq✉❛r❡ ❡st✐♠❛t♦r ✇❤❡♥ t❤❡

✜rst✲st❛❣❡ r❡❣r❡ss✐♦♥ ❝♦♥❝❡r♥s ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ r❡❣r❡ss♦rs r❡❧❛t✐✈❡ t♦ n✱ ♦r ❛ ❧❡❛st sq✉❛r❡ ❡st✐♠❛t♦r ✇✐t❤

l1✲ r❡❣✉❧❛r✐③❛t✐♦♥ ✭t❤❡ ▲❛ss♦ ♦r ❉❛♥t③✐❣ s❡❧❡❝t♦r✮ ✇❤❡♥ t❤❡ ✜rst✲st❛❣❡ r❡❣r❡ss✐♦♥ ❝♦♥❝❡r♥s ❛ ❧❛r❣❡ ♥✉♠❜❡r

♦❢ r❡❣r❡ss♦rs r❡❧❛t✐✈❡ t♦ n✱ ❛♥❞ t❤❡♥ ❛♣♣❧② ❛ ▲❛ss♦ t❡❝❤♥✐q✉❡ ✐♥ t❤❡ s❡❝♦♥❞ st❛❣❡ ❛s ❢♦❧❧♦✇s

β̂HCF ∈ ❛r❣♠✐♥β,α∈Rp :
1

2n
|y −Xβ − η̂α|22 + λn (|β|1 + |α|1) .

❚❤❡ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ β̂HCF ❝❛♥ ❜❡ ❛♥❛❧②③❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s t❤♦s❡ ♦❢ β̂H2SLS ✳ ❍♦✇ t❤✐s ❛r❣✉✲

♠❡♥t ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ♥♦♥✲●❛✉ss✐❛♥ ❡rr♦r s❡tt✐♥❣s ✐s ❛♥ ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥ ❢♦r ❢✉t✉r❡ r❡s❡❛r❝❤✳

▼✐♥✐♠❛① ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r ♠♦❞❡❧s ✇✐t❤ ❡♥❞♦❣❡♥❡✐t② ✳ ■t ✇♦✉❧❞

❜❡ ✇♦rt❤✇❤✐❧❡ t♦ ❡st❛❜❧✐s❤ t❤❡ ♠✐♥✐♠❛① ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡

❧✐♥❡❛r ♠♦❞❡❧s ✐♥ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣s ✇✐t❤ ❡♥❞♦❣❡♥❡✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❣♦❛❧ ✐s t♦ ❞❡r✐✈❡ ❧♦✇❡r

❜♦✉♥❞s ♦♥ t❤❡ ❡st✐♠❛t✐♦♥ ❡rr♦r ❛❝❤✐❡✈❛❜❧❡ ❜② ❛♥② ❡st✐♠❛t♦r✱ r❡❣❛r❞❧❡ss ♦❢ ✐ts ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t②✳

❖❜t❛✐♥✐♥❣ ❧♦✇❡r ❜♦✉♥❞s ♦❢ t❤✐s t②♣❡ ✐s ✉s❡❢✉❧ ❜❡❝❛✉s❡ ♦♥ ♦♥❡ ❤❛♥❞✱ ✐❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♠❛t❝❤❡s t❤❡ ✉♣♣❡r

❜♦✉♥❞ ✉♣ t♦ s♦♠❡ ❝♦♥st❛♥t ❢❛❝t♦rs✱ t❤❡♥ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ s❡❛r❝❤ ❢♦r ❡st✐♠❛t♦rs ✇✐t❤ ❛ ❧♦✇❡r st❛t✐st✐❝❛❧

❡rr♦r ✭❛❧t❤♦✉❣❤ ✐t ♠✐❣❤t st✐❧❧ ❜❡ ✉s❡❢✉❧ t♦ st✉❞② ❡st✐♠❛t♦rs ✇✐t❤ ❧♦✇❡r ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦sts✮✳ ❖♥ t❤❡ ♦t❤❡r

❤❛♥❞✱ ✐❢ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❞♦❡s ♥♦t ♠❛t❝❤ t❤❡ ❜❡st ❦♥♦✇♥ ✉♣♣❡r ❜♦✉♥❞s✱ t❤❡♥ ✐t ✐s ✇♦rt❤✇❤✐❧❡ t♦ s❡❛r❝❤

❢♦r ♥❡✇ ❡st✐♠❛t♦rs t❤❛t ♣♦t❡♥t✐❛❧❧② ❛❝❤✐❡✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞✳ ❚♦ t❤❡ ❜❡st ♦❢ ♠② ❦♥♦✇❧❡❞❣❡✱ ✐♥ ❡❝♦♥♦✲

♠❡tr✐❝ ❧✐t❡r❛t✉r❡✱ t❤❡r❡ ❤❛s ❜❡❡♥ ♦♥❧② ❧✐♠✐t❡❞ ❛tt❡♥t✐♦♥ ❣✐✈❡♥ t♦ t❤❡ ♠✐♥✐♠❛① r❛t❡s ♦❢ ❧✐♥❡❛r ♠♦❞❡❧s ✇✐t❤

❡♥❞♦❣❡♥❡✐t② ✐♥ ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ s❡tt✐♥❣s✳

✸✾



✻ ❆♣♣❡♥❞✐①✿ Pr♦♦❢s

❋♦r t❡❝❤♥✐❝❛❧ s✐♠♣❧✐✜❝❛t✐♦♥s✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♦❢s✱ ■ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t t❤❡ ✜rst

♠♦♠❡♥t ♦❢ (yi, xi, zi) ✐s ③❡r♦ ❢♦r ❛❧❧ i ✭✐❢ ✐t ✐s ♥♦t t❤❡ ❝❛s❡✱ ✇❡ ❝❛♥ s✐♠♣❧② s✉❜tr❛❝t t❤❡✐r ♣♦♣✉❧❛t✐♦♥ ♠❡❛♥✮✳

❆❧s♦✱ ❢♦r ♥♦t❛t✐♦♥❛❧ s✐♠♣❧✐❝✐t②✱ ❛ss✉♠❡ dj = d ❢♦r ❛❧❧ j = 1, ..., p❀ ❛❞❞✐t✐♦♥❛❧❧②✱ ❛s ✐♥ ♠♦st ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧

st❛t✐st✐❝s ❧✐t❡r❛t✉r❡✱ ■ ❛ss✉♠❡ t❤❡ r❡❣✐♠❡ ♦❢ ✐♥t❡r❡st ✐s p ≥ n ❛♥❞ d ≥ n ✭❡①❝❡♣t ❢♦r ❈♦r♦❧❧❛r② ✸✳✹ ✇❤❡r❡

d ≪ n ✐s ❛ss✉♠❡❞✮✳ ❚❤❡ ♠♦❞✐✜❝❛t✐♦♥ t♦ ❛❧❧♦✇ p < n ♦r d < n ♦r dj 6= dj′ ❢♦r s♦♠❡ j ❛♥❞ j
′
✐s tr✐✈✐❛❧✳

❆❧s♦✱ ❛s ❛ ❣❡♥❡r❛❧ r✉❧❡ ❢♦r t❤❡ ♣r♦♦❢s✱ b ❝♦♥st❛♥ts ❞❡♥♦t❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts t❤❛t ❞♦ ♥♦t ✐♥✈♦❧✈❡ n✱ p✱ d✱

k1 ❛♥❞ k2 ❜✉t ♣♦ss✐❜❧② t❤❡ s✉❜✲●❛✉ss✐❛♥ ♣❛r❛♠❡t❡rs ❞❡✜♥❡❞ ✐♥ ❆ss✉♠♣t✐♦♥s ✸✳✷✲✸✳✹❀ c ❝♦♥st❛♥ts ❞❡♥♦t❡

✉♥✐✈❡rs❛❧ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts t❤❛t ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❜♦t❤ n✱ p✱ d✱ k1 ❛♥❞ k2 ❛s ✇❡❧❧ ❛s t❤❡ s✉❜✲●❛✉ss✐❛♥

♣❛r❛♠❡t❡rs✳ ❚❤❡ s♣❡❝✐✜❝ ✈❛❧✉❡s ♦❢ t❤❡s❡ ❝♦♥st❛♥ts ♠❛② ❝❤❛♥❣❡ ❢r♦♠ ♣❧❛❝❡ t♦ ♣❧❛❝❡✳

✻✳✶ ▲❡♠♠❛ ✸✳✶

Pr♦♦❢✳ ❋✐rst✱ ✇r✐t❡

y = Xβ∗ + ǫ = X∗β∗ + (Xβ∗ −X∗β∗ + ǫ)

= X∗β∗ + (ηβ∗ + ǫ)

= X̂β∗ + (X∗ − X̂)β∗ + ηβ∗ + ǫ

= X̂β∗ + e,

✇❤❡r❡ e := (X∗− X̂)β∗+ηβ∗+ ǫ✳ ❉❡✜♥❡ v̂0 = β̂H2SLS−β∗ ❛♥❞ t❤❡ ▲❛❣r❛♥❣✐❛♥ L(β; λn) =
1
2n |y− X̂β|22+

λn|β|1✳ ❙✐♥❝❡ β̂H2SLS ✐s ♦♣t✐♠❛❧✱ ✇❡ ❤❛✈❡

L(β̂H2SLS ; λn) ≤ L(β∗; λn) =
1

2n
|e|22 + λn|β∗|1,

❙♦♠❡ ❛❧❣❡❜r❛✐❝ ♠❛♥✐♣✉❧❛t✐♦♥ ♦❢ t❤❡ ❜❛s✐❝ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡ ②✐❡❧❞s

0 ≤ 1

2n
|X̂v̂0|22 ≤

1

n
eT X̂v̂0 + λn

{

|β∗J(β∗)|1 − |(β∗J(β∗) + v̂0J(β∗), v̂
0
J(β∗)c)|1

}

≤ |v̂0|1|
1

n
X̂T e|∞ + λn

{

|v̂0J(β∗)|1 − |v̂0J(β∗)c |1
}

≤ λn
2

{

3|v̂0J(β∗)|1 − |v̂0J(β∗)c |1
}

,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❛s ❧♦♥❣ ❛s λn ≥ 2| 1nX̂T e|∞ > 0✳ ❈♦♥s❡q✉❡♥t❧②✱ |v̂0|1 ≤ 4|v̂0J(β∗)|1 ≤
4
√
k2|v̂0J(β∗)|2 ≤ 4

√
k2|v̂0|2✳ ◆♦t❡ t❤❛t ✇❡ ❛❧s♦ ❤❛✈❡

1

2n
|X̂v̂0|22 ≤ |v̂0|1|

1

n
X̂T e|∞ + λn

{

|v̂0J(β∗)|1 − |v̂0J(β∗)c |1
}

≤ 4
√

k2|v̂0|2λn.

❙✐♥❝❡ ✇❡ ❛ss✉♠❡ ✐♥ ▲❡♠♠❛ ✸✳✶ t❤❛t t❤❡ r❛♥❞♦♠ ♠❛tr✐① Γ̂ = X̂T X̂ s❛t✐s✜❡s t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ✭✸✮ ✇✐t❤

γ = 3✱ ✇❡ ❤❛✈❡

|β̂H2SLS − β∗|2 ≤
c
′

δ

√

k2λn.
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✻✳✷ ❚❤❡♦r❡♠ ✸✳✷

❆s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ t❤❡ l2✲❝♦♥s✐st❡♥❝② ♦❢ β̂H2SLS r❡q✉✐r❡s ✈❡r✐✜❝❛t✐♦♥s ♦❢ t✇♦ ❝♦♥❞✐t✐♦♥s✿ ✭✐✮

Γ̂ = X̂T X̂ s❛t✐s✜❡s t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ✭✸✮ ✇✐t❤ γ = 3✱ ❛♥❞ ✭✐✐✮ t❤❡ t❡r♠ | 1nX̂T e|∞ - f(k1, k2, d, p, n)

✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳ ❚❤✐s ✐s ❞♦♥❡ ✈✐❛ ▲❡♠♠❛s ✻✳✶ ❛♥❞ ✻✳✷✳

▲❡♠♠❛ ✻✳✶ ✭❘❊ ❝♦♥❞✐t✐♦♥✮✿ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✳✶✱ ✸✳✶✱ ✸✳✸✱ ✸✳✺❛ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥

n % max{k21 log d, k21 log p},

✇❡ ❤❛✈❡✱ ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥ts c✱ c1✱ ❛♥❞ c2✱

|X̂v0|22
n

≥ κ1|v0|22 − cκ2k1

√

logmax(p, d)

n
|v0|21, ❢♦r ❛❧❧ v0 ∈ R

p,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✱ ✇❤❡r❡

κ1 =
λmin(ΣX∗)

2
, κ2 = max {b0, b1, b2} ,

b0 = λmin(ΣX∗)max

{

σ4X∗

λ2min(ΣX∗)
, 1

}

,

b1 = max

{

ση maxj′ , j |E(x∗ij′ , zij)|∞
λmin(ΣZ)

,
σησX∗σZ
λmin(ΣZ)

}

,

b2 = max

{

σ2η maxj′ , j |E(zij′ , zij)|∞
λ2min(ΣZ)

,
σ2ησ

2
Z

λ2min(ΣZ)

}

.

Pr♦♦❢✳ ❲❡ ❤❛✈❡

∣

∣

∣

∣

∣

v0T
X̂T X̂

n
v0

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

v0T

(

X∗TX∗ − X̂T X̂

n

)

v0

∣

∣

∣

∣

∣

≥
∣

∣

∣

∣

v0T
X∗TX∗

n
v0
∣

∣

∣

∣

,

✇❤✐❝❤ ✐♠♣❧✐❡s

∣

∣

∣

∣

∣

v0T
X̂T X̂

n
v0

∣

∣

∣

∣

∣

≥
∣

∣

∣

∣

v0T
X∗TX∗

n
v0
∣

∣

∣

∣

−
∣

∣

∣

∣

∣

v0T

(

X∗TX∗ − X̂T X̂

n

)

v0

∣

∣

∣

∣

∣

≥
∣

∣

∣

∣

v0T
X∗TX∗

n
v0
∣

∣

∣

∣

−
∣

∣

∣

∣

∣

X∗TX∗ − X̂T X̂

n

∣

∣

∣

∣

∣

∞

∣

∣v0
∣

∣

2

1

≥
∣

∣

∣

∣

v0T
X∗TX∗

n
v0
∣

∣

∣

∣

−
(∣

∣

∣

∣

∣

X∗T (X̂ −X∗)
n

∣

∣

∣

∣

∣

∞
+

∣

∣

∣

∣

∣

(X̂ −X∗)T X̂
n

∣

∣

∣

∣

∣

∞

)

∣

∣v0
∣

∣

2

1

≥
∣

∣

∣

∣

v0T
X∗TX∗

n
v0
∣

∣

∣

∣

−
∣

∣

∣

∣

∣

X∗T (X̂ −X∗)
n

∣

∣

∣

∣

∣

∞

∣

∣v0
∣

∣

2

1

−
∣

∣

∣

∣

∣

(X̂ −X∗)TX∗

n

∣

∣

∣

∣

∣

∞

∣

∣v0
∣

∣

2

1
−
∣

∣

∣

∣

∣

(X̂ −X∗)T (X̂ −X∗)
n

∣

∣

∣

∣

∣

∞

∣

∣v0
∣

∣

2

1
.
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❚♦ ❜♦✉♥❞ t❤❡ t❡r♠
∣

∣

∣

X∗T (X̂−X∗)
n

∣

∣

∣

∞
✱ ❧❡t ✉s ✜rst ✜① (j

′
, j) ❛♥❞ ❜♦✉♥❞ t❤❡ (j

′
, j) ❡❧❡♠❡♥t ♦❢ t❤❡ ♠❛tr✐①

X∗T (X̂−X∗)
n ✳ ◆♦t✐❝❡ t❤❛t

∣

∣

∣

∣

1

n
x∗T
j′
(x̂j − x∗

j )

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

(

1

n

n
∑

i=1

x∗
ij′
zij

)

(π̂j − π∗j )

∣

∣

∣

∣

∣

≤
∣

∣π̂j − π∗j
∣

∣

1

∣

∣

∣

∣

∣

1

n

n
∑

i=1

x∗
ij′
zij

∣

∣

∣

∣

∣

∞
.

❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✸✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ r❛♥❞♦♠ ♠❛tr✐① Zj ∈ R
n×dj ✐s ❛ s✉❜✲●❛✉ss✐❛♥ ✇✐t❤

♣❛r❛♠❡t❡rs ❛t ♠♦st (ΣZj , σ
2
Z) ❢♦r ❛❧❧ j = 1, ..., p✱ ❛♥❞ x∗

j′
✐s ❛ s✉❜✲●❛✉ss✐❛♥ ✈❡❝t♦r ✇✐t❤ ❛ ♣❛r❛♠❡t❡r ❛t

♠♦st σX∗ ❢♦r ❡✈❡r② j
′
= 1, ..., p✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✻✳✽ ❛♥❞ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✉♥✐♦♥ ❜♦✉♥❞✱ ✇❡ ❤❛✈❡

P

[

max
j
′
, j

| 1
n
x∗T
j′
Zj − E(x∗

ij′
, zij)|∞ ≥ t

]

≤ 6p2d exp(−cnmin{ t2

σ2X∗σ2Z
,

t

σX∗σZ
}),

s♦ ❛s ❧♦♥❣ ❛s n % logmax(p, d)✱

P

[

max
j
′
, j

| 1
n
x∗T
j
′ Zj − E(x∗

ij
′ , zij)|∞ ≥ c0σX∗σZ

√

logmax(p, d)

n

]

≤ c1 exp(−c2 logmax(p, d)),

✇❤❡r❡ c0✱ c1✱ ❛♥❞ c2 ❛r❡ s♦♠❡ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥ts✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✸✳✺❛✱ ✐❢ n % logmax(p, d)✱ t❤❡♥✱

∣

∣

∣

∣

∣

X∗T (X̂ −X∗)
n

∣

∣

∣

∣

∣

∞
≤ cση

λmin(ΣZ)
k1

√

logmax(p, d)

n

(

max
j
′
, j

|E(x∗
ij

′ , zij)|∞ + c0σX∗σZ

√

logmax(p, d)

n

)

≤ c3max

{

ση maxj′ , j |E(x∗ij′ , zij)|∞
λmin(ΣZ)

,
σησX∗σZ
λmin(ΣZ)

}

k1

√

logmax(p, d)

n
,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳

❚♦ ❜♦✉♥❞ t❤❡ t❡r♠
∣

∣

∣

(X̂−X∗)T (X̂−X∗)
n

∣

∣

∣

∞
✱ ❛❣❛✐♥ ❧❡t ✉s ✜rst ✜① (j

′
, j) ❛♥❞ ❜♦✉♥❞ t❤❡ (j

′
, j) ❡❧❡♠❡♥t ♦❢

t❤❡ ♠❛tr✐① (X̂−X∗)T (X̂−X∗)
n ✳ ❯s✐♥❣ t❤❡ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛s ❛❜♦✈❡✱ ✐❢ n % logmax(p, d)✱ ✇❡ ❤❛✈❡✱

∣

∣

∣

∣

∣

(X̂ −X∗)T (X̂ −X∗)
n

∣

∣

∣

∣

∣

∞
= max

j
′
, j

∣

∣

∣

∣

∣

(π̂j′ − π∗
j
′ )T

(

1

n

n
∑

i=1

zT
ij

′zij

)

(π̂j − π∗j )

∣

∣

∣

∣

∣

≤ max
j
′
, j

(

∣

∣

∣π̂j′ − π∗
j
′

∣

∣

∣

1

∣

∣π̂j − π∗j
∣

∣

1

∣

∣

∣

∣

∣

1

n

n
∑

i=1

zT
ij

′zij

∣

∣

∣

∣

∣

∞

)

≤
(

cση
λmin(ΣZ)

k1

√

logmax(p, d)

n

)2(

max
j
′
, j

|E(zij′ , zij)|∞ + c0σ
2
Z

√

logmax(p, d)

n

)

≤ c3max

{

σ2η maxj′ , j |E(zij′ , zij)|∞
λ2min(ΣZ)

,
σ2ησ

2
Z

λ2min(ΣZ)

}

k21
logmax(p, d)

n
,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳

✹✷



P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ n % max{k21 log d, k21 log p} ❛♥❞ ❛♣♣❧②✐♥❣ ▲❡♠♠❛

✻✳✶✵ ✇✐t❤ r = 0✱ ✇❡ ❤❛✈❡

∣

∣

∣

∣

∣

v0T
X̂T X̂

n
v0

∣

∣

∣

∣

∣

≥
∣

∣

∣

∣

v0T
X∗TX∗

n
v0
∣

∣

∣

∣

−
(

2c3b1k1

√

logmax(p, d)

n
+ c4b2k

2
1

logmax(p, d)

n

)

∣

∣v0
∣

∣

2

1

≥
∣

∣

∣

∣

v0T
X∗TX∗

n
v0
∣

∣

∣

∣

−
(

c5max{b1, b2}k1
√

logmax(p, d)

n

)

∣

∣v0
∣

∣

2

1

≥ λmin(ΣX∗)

2

∣

∣v0
∣

∣

2

2
− c0b0

logmax(p, d)

n

∣

∣v0
∣

∣

2

1

−
(

c5max{b1, b2}k1
√

logmax(p, d)

n

)

∣

∣v0
∣

∣

2

1
,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1 − c
′

1 exp(−c
′

2n) − c
′′

1 exp(−c
′′

2 logmax(p, d)) = 1 − c1 exp(−c2 logmax(p, d))

✭❣✐✈❡♥ d > n ❛♥❞ p > n ✐s t❤❡ r❡❣✐♠❡ ♦❢ ♦✉r ✐♥t❡r❡sts✮✱ ✇❤❡r❡ b0 = λmin(ΣX∗)max
{

σ4
X∗

λ2
min(ΣX∗ )

, 1
}

✱

b1 = max

{

ση max
j
′
, j

|E(x∗

ij
′ , zij)|∞

λmin(ΣZ) ,
σησX∗σZ

λmin(ΣZ)

}

✱ ❛♥❞ b2 = max

{

σ2
η max

j
′
, j

|E(z
ij

′ , zij)|∞
λ2
min(ΣZ)

,
σ2
ησ

2
Z

λ2
min(ΣZ)

}

✳ ◆♦t✐❝❡ t❤❡

❧❛st ✐♥❡q✉❛❧✐t② ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

∣

∣

∣

∣

∣

v0T
X̂T X̂

n
v0

∣

∣

∣

∣

∣

≥ κ1|v0|22 − κ2max

{

k1

√

logmax(p, d)

n
,
log d

n
,
log p

n

}

|v0|21

≥ κ1|v0|22 − κ2k1

√

logmax(p, d)

n
|v0|21

✇❤❡r❡ κ1 =
λmin(ΣX∗ )

2 , κ2 = max {b0, b1, b2}✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s s✐♥❝❡ n % logmax(p, d)✳ �

■♥ ♣r♦✈✐♥❣ ▲❡♠♠❛ ✸✳✶✱ ✉♣♦♥ ♦✉r ❝❤♦✐❝❡ ♦❢ λn✱ ✇❡ ❤❛✈❡ s❤♦✇♥

v̂ = β̂H2SLS − β∗ ∈ C(J(β∗), 3),

✇❤✐❝❤ ✐♠♣❧✐❡s |v̂0|21 ≤ 16|v̂0J(β∗)|21 ≤ 16k2|v̂0J(β∗)|22✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ❤❛✈❡ t❤❡ s❝❛❧✐♥❣

1

n
k21k

2
2 logmax(p, d) = O(1),

s♦ t❤❛t

κ2k1k2

√

logmax(p, d)

n
< κ1,

t❤❡♥✱
∣

∣

∣

∣

∣

v̂0T
X̂T X̂

n
v̂0

∣

∣

∣

∣

∣

≥ c0λmin(ΣX∗)
∣

∣v̂0
∣

∣

2

2
,

♣r♦✈✐❞❡❞ ση✱ σZ ✱ σX∗ ✱ maxj′ , j |E(x∗ij′ , zij)|∞✱ ❛♥❞ maxj′ , j |E(zij′ , zij)|∞ ❛r❡ ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ✇❤✐❧❡

λmin(ΣZ) ❛♥❞ λmin(ΣX∗) ❛r❡ ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ 0✳ ❚❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s ❘❊ ✭✸✮✳

✹✸



▲❡♠♠❛ ✻✳✷ ✭❯♣♣❡r ❜♦✉♥❞ ♦♥ | 1nX̂T e|∞✮✿ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✳✶✱ ✸✳✶✲✸✳✸✱ ✸✳✺❛✱ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥
max{k21 log d, k21 log p}

n = o(1)✱ ✇❡ ❤❛✈❡

| 1
n
X̂T e|∞ - max

{

ψ1k1

√

logmax(p, d)

n
, ψ2

√

log p

n

}

,

✇❤❡r❡

ψ1 =
ση maxj,j′ |❝♦✈(x∗1j′ , z1j)|∞|β∗|1

λmin(ΣZ)
,

ψ2 = max {σX∗ση|β∗|1, σX∗σǫ} ,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmin(p, d)) ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥ts c1 ❛♥❞ c2✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡

1

n
X̂T e =

1

n
X̂T

[

(X∗ − X̂)β∗ + ηβ∗ + ǫ
]

=
1

n
X∗T

[

(X∗ − X̂)β∗ + ηβ∗ + ǫ
]

+
1

n
(X̂ −X∗)T

[

(X∗ − X̂)β∗ + ηβ∗ + ǫ
]

.

❍❡♥❝❡✱

| 1
n
X̂T e|∞ ≤ | 1

n
X∗T (X̂ −X∗)β∗|∞ + | 1

n
X∗T

ηβ∗|∞ + | 1
n
X∗T ǫ|∞ ✭✺✮

+ | 1
n
(X̂ −X∗)T (X̂ −X∗)β∗|∞ + | 1

n
(X̂ −X∗)Tηβ∗|∞ + | 1

n
(X̂ −X∗)T ǫ|∞.

❲❡ ♥❡❡❞ t♦ ❜♦✉♥❞ ❡❛❝❤ ♦❢ t❤❡ t❡r♠s ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞✲s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t②✳ ▲❡t ✉s ✜rst ❜♦✉♥❞

| 1nX∗T (X̂ −X∗)β∗|∞✳ ❲❡ ❤❛✈❡

1

n
X∗T (X̂ −X∗)β∗ =









∑p
j=1 β

∗
j
1
n

∑n
i=1 x

∗
i1(x̂ij − x∗ij)

✳✳✳
∑p

j=1 β
∗
j
1
n

∑n
i=1 x

∗
ip(x̂ij − x∗ij)









.

❋♦r ❛♥② j
′
= 1, ..., p✱ ✇❡ ❤❛✈❡

|
p
∑

j=1

β∗j
1

n

n
∑

i=1

x∗
ij′
(x̂ij − x∗ij)| ≤ max

j′ , j
| 1
n

n
∑

i=1

x∗
ij′
(x̂ij − x∗ij)||β∗|1

=

∣

∣

∣

∣

∣

X∗T (X̂ −X∗)
n

∣

∣

∣

∣

∣

∞
|β∗|1.

■♥ ♣r♦✈✐♥❣ ▲❡♠♠❛ ✻✳✶✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ logmax(p, d)
n = o(1)✱ ✇❡ ❤❛✈❡✱

∣

∣

∣

∣

∣

X∗T (X̂ −X∗)
n

∣

∣

∣

∣

∣

∞
≤ c

ση maxj′ , j |E(x∗ij′ , zij)|∞
λmin(ΣZ)

k1

√

logmax(p, d)

n
,

✹✹



✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳ ❚❤❡r❡❢♦r❡✱

| 1
n
X∗T (X̂ −X∗)β∗|∞ ≤ c

ση maxj′ , j |E(x∗ij′ , zij)|∞
λmin(ΣZ)

|β∗|1k1
√

logmax(p, d)

n
.

❚❤❡ t❡r♠ | 1n(X̂ −X∗)T (X̂ −X∗)β∗|∞ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ✉s✐♥❣ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛♥❞ ✇❡ ❤❛✈❡✱

| 1
n
(X̂ −X∗)T (X̂ −X∗)β∗|∞ ≤ c

σ2η maxj′ , j |E(zij′ , zij)|∞
λ2min(ΣZ)

|β∗|1k21
logmax(p, d)

n
,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳ ❋♦r t❤❡ t❡r♠ | 1nX∗T
ηβ∗|∞✱ ✇❡ ❤❛✈❡

| 1
n
X∗T

ηβ∗|∞ ≤ max
j′ , j

| 1
n

n
∑

i=1

x∗
ij

′ηij ||β∗|1

≤ cσX∗ση|β∗|1
√

log p

n
,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1−c1 exp(−c2 log p)✳ ❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✻✳✽ ❛♥❞ ❆ss✉♠♣t✐♦♥

✶✳✶ t❤❛t E(zij′ηij) = 0 ❢♦r ❛❧❧ j
′
, j ❛s ✇❡❧❧ ❛s ❆ss✉♠♣t✐♦♥ ✸✳✷ t❤❛t ηj ✐s ❛♥ ✐✳✐✳❞✳ ③❡r♦✲♠❡❛♥ s✉❜✲●❛✉ss✐❛♥

✈❡❝t♦r ✇✐t❤ ♣❛r❛♠❡t❡r σ2η ❢♦r j = 1, ..., p✱ ❛♥❞ t❤❡ r❛♥❞♦♠ ♠❛tr✐① Zj ∈ R
n×dj ✐s s✉❜✲●❛✉ss✐❛♥ ✇✐t❤

♣❛r❛♠❡t❡rs (ΣZj , σ
2
Z) ❢♦r j = 1, ..., p✳ ❋♦r t❤❡ t❡r♠ | 1n(X∗ − X̂)Tηβ∗|∞✱ ✇❡ ❤❛✈❡✱

| 1
n
(X∗ − X̂)Tηβ∗|∞ ≤ max

j
′

|π̂j′ − π∗
j′
|1max

j
′
, j

| 1
n

n
∑

i=1

zT
ij

′ηij |∞|β∗|1

≤ c
σZσ

2
η

λmin(ΣZ)
|β∗|1k1

logmax(p, d)

n
,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳ ❆❣❛✐♥✱ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✻✳✽

❛♥❞ ❆ss✉♠♣t✐♦♥ ✶✳✶ t❤❛t E(zij′ηij) = 0 ❢♦r ❛❧❧ j
′
, j ❛s ✇❡❧❧ ❛s ❆ss✉♠♣t✐♦♥ ✸✳✷✳

❚♦ ❜♦✉♥❞ t❤❡ t❡r♠ | 1nX∗T ǫ|∞✱ ♥♦t❡ ✉♥❞❡r ❆ss✉♠♣t✐♦♥s ✸✳✷ ❛♥❞ ✸✳✸ ❛s ✇❡❧❧ ❛s ❆ss✉♠♣t✐♦♥ ✶✳✶ t❤❛t

E(zijǫi) = 0 ❢♦r ❛❧❧ j = 1, ..., p✱ ❛❣❛✐♥ ❜② ▲❡♠♠❛ ✻✳✽✱

| 1
n
X∗T ǫ|∞ ≤ cσX∗σǫ

√

log p

n
,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 log p)✳
❋♦r t❤❡ t❡r♠ | 1n(X∗ − X̂)T ǫ|∞✱ ✇❡ ❤❛✈❡

| 1
n
(X∗ − X̂)T ǫ|∞ ≤ max

j
|π̂j − π∗j |1max

j
| 1
n

n
∑

i=1

zTijǫi|∞

≤ c
σZσǫση
λmin(ΣZ)

k1
logmax(p, d)

n
,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳

P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥
max{k21 log d, k21 log p}

n = o(1)✱ t❤❡ ❝❧❛✐♠ ✐♥ ▲❡♠♠❛ ✻✳✷

✹✺



❢♦❧❧♦✇s✳ �

❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s

k21k
2
2 logmax(p, d)

n
= O(1),

k21 logmax(p, d)

n
= o(1),

❛♥❞ λn ≍ k2k1

√

logmax(p, d)
n ✭t❤❡ k2 ❢❛❝t♦r ✐♥ t❤❡ ❝❤♦✐❝❡ ♦❢ λn ❝♦♠❡s ❢r♦♠ t❤❡ s✐♠♣❧❡ ✐♥❡q✉❛❧✐t② |β∗|1 ≤

k2maxj=1,...,p β
∗ ❜② ❡①♣❧♦r✐♥❣ t❤❡ s♣❛rs✐t② ♦❢ β∗✮✱ ❝♦♠❜✐♥✐♥❣ ▲❡♠♠❛s ✸✳✶✱ ✻✳✶✱ ❛♥❞ ✻✳✷✱ ✇❡ ❤❛✈❡

|β̂H2SLS − β∗|2 - max{ϕ1

√

k1k2

√

k1 logmax(d, p)

n
, ϕ2

√

k2 log p

n
},

✇❤❡r❡

ϕ1 =
ση maxj,j′ |❝♦✈(x∗1j′ , z1j)|∞|β∗|1

λmin(ΣZ)λmin(ΣX∗)
,

ϕ2 = max

{

σX∗ση|β∗|1
λmin(ΣX∗)

,
σX∗σǫ

λmin(ΣX∗)

}

,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1 − c1 exp(−c2 logmin(p, d)) ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts c1 ❛♥❞ c2✱

✇❤✐❝❤ ♣r♦✈❡s ❚❤❡♦r❡♠ ✸✳✷✳ �

✻✳✸ ❚❤❡♦r❡♠ ✸✳✸

❆❣❛✐♥✱ ✇❡ ✈❡r✐❢② t❤❡ ❝♦♥❞✐t✐♦♥s✿ ✐✮ Γ̂ = X̂T X̂ s❛t✐s✜❡s t❤❡ ❘❊ ❝♦♥❞✐t✐♦♥ ✭✸✮ ✇✐t❤ γ = 3✱ ❛♥❞ ✭✐✐✮ t❤❡ t❡r♠

| 1nX̂T ǫ̂|∞ - f(k1, k2, d, p, n) ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳ ❚❤✐s ✐s ❞♦♥❡ ✈✐❛ ▲❡♠♠❛s ✻✳✸ ❛♥❞ ✻✳✹✳

▲❡♠♠❛ ✻✳✸ ✭❘❊ ❝♦♥❞✐t✐♦♥✮✿ ▲❡t r ∈ [0, 1]✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✳✶✱ ✸✳✶✱ ✸✳✸✱ ✸✳✹✱ ✸✳✺❜✱ ✸✳✻✱ ❛♥❞ t❤❡

❝♦♥❞✐t✐♦♥ n % k3−2r
1 logmax(p, d)✱ ✇❡ ❤❛✈❡✱ ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥ts c✱ c

′
✱ c1✱ ❛♥❞ c2✱

|X̂v0|22
n

≥
(

κ1 − cκ2k
3/2−r
1

√

logmax(p, d)

n

)

|v0|22 − c
′

κ3
kr1 logmax(p, d)

n
|v0|21, ❢♦r ❛❧❧ v0 ∈ R

p,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✱ ✇❤❡r❡

κ1 =
λmin(ΣX∗)

2
, κ2 = max(b2b

−1
1 , b3b

−2
1 ), κ3 = max

{

b0, b2b
−1
1 , b3b

−2
1

}

,

b0 = λmin(ΣX∗)max

{

σ4X∗

λ2min(ΣX∗)
, 1

}

,

b1 =
λmin(ΣZ)

ση
, b2 = max

{

σX∗σW , sup
v∈K(2s, p)×K(k1, d1)×...×K(k1, dp)

∣

∣

∣
v0T

[

E(x∗
1j′

z1jv
j)
]

v0
∣

∣

∣

}

,

b3 = max

{

σ2W , sup
v∈K(2s, p)×K2(k1, d1)×...×K2(k1, dp)

∣

∣

∣v0T
[

E(vj
′

zT
1j

′z1jv
j)
]

v0
∣

∣

∣

}

.

✹✻



Pr♦♦❢✳ ❆❣❛✐♥✱

∣

∣

∣

∣

∣

v0T
X̂T X̂

n
v0

∣

∣

∣

∣

∣

≥
∣

∣

∣

∣

v0T
X∗TX∗

n
v0
∣

∣

∣

∣

−
∣

∣

∣

∣

∣

v0T

(

X∗TX∗ − X̂T X̂

n

)

v0

∣

∣

∣

∣

∣

≥
∣

∣

∣

∣

v0T
X∗TX∗

n
v0
∣

∣

∣

∣

−
(∣

∣

∣

∣

∣

v0T
X∗T (X̂ −X∗)

n
v0

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

v0T
(X̂ −X∗)T X̂

n
v0

∣

∣

∣

∣

∣

)

≥
∣

∣

∣

∣

v0T
X∗TX∗

n
v0
∣

∣

∣

∣

−
∣

∣

∣

∣

∣

v0T
X∗T (X̂ −X∗)

n
v0

∣

∣

∣

∣

∣

−
∣

∣

∣

∣

∣

v0T
(X̂ −X∗)TX∗

n
v0

∣

∣

∣

∣

∣

−
∣

∣

∣

∣

∣

v0T
(X̂ −X∗)T (X̂ −X∗)

n
v0

∣

∣

∣

∣

∣

.

❚♦ ❜♦✉♥❞ t❤❡ ❛❜♦✈❡ t❡r♠s✱ ■ ❛♣♣❧② ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ❛r❣✉♠❡♥t ♠♦t✐✈❛t❡❞ ❜② t❤❡ ✐❞❡❛ ✐♥ ▲♦❤ ❛♥❞ ❲❛✐♥✇r✐❣❤t

✭✷✵✶✷✮✳ ❚❤✐s t②♣❡ ♦❢ ❛r❣✉♠❡♥t ✐s ♦❢t❡♥ ✉s❡❞ ✐♥ st❛t✐st✐❝❛❧ ♣r♦❜❧❡♠s r❡q✉✐r✐♥❣ ♠❛♥✐♣✉❧❛t✐♥❣ ❛♥❞ ❝♦♥tr♦❧❧✐♥❣

❝♦❧❧❡❝t✐♦♥s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✐♥❞❡①❡❞ ❜② s❡ts ✇✐t❤ ❛♥ ✐♥✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts✳ ❋♦r t❤❡ ♣❛rt✐❝✉❧❛r

♣r♦❜❧❡♠ ✐♥ t❤✐s ♣❛♣❡r✱ ■ ✇♦r❦ ✇✐t❤ t❤❡ ♣r♦❞✉❝t s♣❛❝❡ K(2s, p)×K(k1, d1)× ...×K(k1, dp) ❛♥❞ K(2s, p)×
K

2(k1, d1) × ... × K
2(k1, dp)✳ ❋♦r s ≥ 1 ❛♥❞ L ≥ 1✱ r❡❝❛❧❧ t❤❡ ♥♦t❛t✐♦♥ K(s, L) := {v ∈ R

L | |v|2 ≤
1, |v|0 ≤ s}✳ ●✐✈❡♥ V j ⊆ {1, ..., dj} ❛♥❞ V 0 ⊆ {1, ..., p}✱ ❞❡✜♥❡ SV j = {v ∈ R

dj : |v|2 ≤ 1, J(v) ⊆ V j} ❛♥❞

SV 0 = {v ∈ R
p : |v|2 ≤ 1, J(v) ⊆ V 0}✳ ◆♦t❡ t❤❛t K(k1, dj) = ∪|V j |≤k1SV j ❛♥❞ K(2s, p) = ∪|V 0|≤2sSV 0

✇✐t❤ s = s(r) := 1
c

n
kr1 logmax(p, d) min

{

λ2
min(ΣX∗ )

σ4
X∗

, 1
}

, r ∈ [0, 1]✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ s ✐s ❡①♣❧❛✐♥❡❞ ✐♥ t❤❡ ♣r♦♦❢

❢♦r ▲❡♠♠❛ ✻✳✶✵✳ ■❢ Vj = {tj1, ..., tjmj} ✐s ❛ 1
9 ✲❝♦✈❡r ♦❢ SV j ✭V0 = {t01, ..., t0m0

} ✐s ❛ 1
9 ✲❝♦✈❡r ♦❢ SV 0✮✱ ❢♦r ❡✈❡r②

vj ∈ SV j ✭v0 ∈ SV 0✮✱ ✇❡ ❝❛♥ ✜♥❞ s♦♠❡ tji ∈ Vj ✭t0
i
′ ∈ V0✮ s✉❝❤ t❤❛t |△vj |2 ≤ 1

9 ✭|△v0|2 ≤ 1
9✮✱ ✇❤❡r❡

△vj = vj − tji ✭r❡s♣❡❝t✐✈❡❧②✱ △v0 = v0 − t0
i′
✮✳ ❇② ▲❡❞♦✉① ❛♥❞ ❚❛❧❛❣r❛♥❞ ✭✶✾✾✶✮✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t Vj ✇✐t❤

|Vj | ≤ 81k1 ❛♥❞ |V0| ≤ 812s✳ ❚❤❡r❡❢♦r❡✱ ❢♦r v0 ∈ K(2s, p)✱ t❤❡r❡ ✐s s♦♠❡ SV 0 ❛♥❞ t0
i
′ ∈ V0 s✉❝❤ t❤❛t

v0T
X∗T (X̂ −X∗)

n
v0 = (t0

i
′ + v0 − t0

i
′ )T

X∗T (X̂ −X∗)
n

(t0
i
′ + v0 − t0

i
′ )

= t0T
i
′

X∗T (X̂ −X∗)
n

t0
i
′ + 2△v0T X

∗T (X̂ −X∗)
n

t0
i
′ +△v0T X

∗T (X̂ −X∗)
n

△v0

✇✐t❤ |△v0|2 ≤ 1
9 ✳

❘❡❝❛❧❧ ❢♦r t❤❡ (j
′
, j) ❡❧❡♠❡♥t ♦❢ t❤❡ ♠❛tr✐① X∗T (X̂−X∗)

n ✱ ✇❡ ❤❛✈❡

1

n
x∗T
j′
(x̂j − x∗

j ) =

(

1

n

n
∑

i=1

x∗
ij′
zij

)

(π̂j − π∗j ).

▲❡t λmin(ΣZ)
cση

= b1✳ ◆♦t✐❝❡ t❤❛t✱ ✉♥❞❡r ❆ss✉♠♣t✐♦♥s ✸✳✺❜ ❛♥❞ ✸✳✻✱ |π̂j − π∗j |2b1
√

n
k1 logmax(p, d) ≤ 1 ❛♥❞

|s✉♣♣(π̂j − π∗j )| ≤ k1 ❢♦r ❡✈❡r② j = 1, ..., p✳ ❉❡✜♥❡ π̄j = (π̂j − π∗j )b1
√

n
k1 logmax(p, d) ❛♥❞ ❤❡♥❝❡✱ π̄j ∈

K(k1, dj) = ∪|V j |≤k1SV j ✳ ❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s s♦♠❡ SV j ✇✐t❤ |V j | ≤ k1 ❛♥❞ t
j
i ∈ Vj ✭✇❤❡r❡ Vj = {tj1, ..., tjmj}

✹✼



✐s ❛ 1
9 ✲❝♦✈❡r ♦❢ SV j ✮ s✉❝❤ t❤❛t

1

n
x∗T
j′
zj(π̂j − π∗j ) =

1

n
x∗T
j′
zj(t

j
i + π̄j − tji )b

−1
1

√

k1 logmax(p, d)

n

= b−1
1

√

k1 logmax(p, d)

n

(

1

n
x∗T
j
′ zjt

j
i +

1

n
x∗T
j
′ zj△vj

)

✇✐t❤ |△vj |2 ≤ 1
9 ✳

❉❡♥♦t❡ ❛ ♠❛tr✐① A ❜②
[

Aj′j

]

✱ ✇❤❡r❡ t❤❡ (j
′
, j) ❡❧❡♠❡♥t ♦❢ A ✐s Aj′j ✳ ❉❡✜♥❡ v = (v0, v1, ..., vp) ∈

SV := SV 0 × SV 1 × ...× SV p ✳ ❍❡♥❝❡✱

∣

∣

∣

∣

∣

v0T
X∗T (X̂ −X∗)

n
v0 − E(v0T

X∗T (X̂ −X∗)
n

v0)

∣

∣

∣

∣

∣

≤ sup
v∈SV

b−1
1

√

k1 logmax(p, d)

n

∣

∣

∣

∣

v0T
[

1

n
x∗T
j
′ zjv

j − E(x∗
1j

′z1jv
j)

]

v0
∣

∣

∣

∣

≤ b−1
1

√

k1 logmax(p, d)

n
{max

i
′
, i

∣

∣

∣

∣

t0T
i
′

[

1

n
x∗T
j
′ zjt

j
i − E(x∗

1j
′z1jt

j
i )

]

t0
i
′

∣

∣

∣

∣

+ sup
v∈SV

∣

∣

∣

∣

t0T
i
′

[

1

n
x∗T
j
′ zj△vj − E(x∗

1j
′z1j△vj)

]

t0
i
′

∣

∣

∣

∣

+ sup
v∈SV

2

∣

∣

∣

∣

△v0T
[

1

n
x∗T
j
′ zjt

j
i − E(x∗

1j
′z1jt

j
i )

]

t0
i
′

∣

∣

∣

∣

+ sup
v∈SV

2

∣

∣

∣

∣

△v0T
[

1

n
x∗T
j′
zj△vj − E(x∗

1j′
z1j△vj)

]

t0
i′

∣

∣

∣

∣

+ sup
v∈SV

∣

∣

∣

∣

△v0T
[

1

n
x∗T
j′
zjt

j
i − E(x∗

1j′
z1jt

j
i )

]

△v0
∣

∣

∣

∣

+ sup
v∈SV

∣

∣

∣

∣

△v0T
[

1

n
x∗T
j
′ zj△vj − E(x∗

1j
′z1j△vj)

]

△v0
∣

∣

∣

∣

}

≤ b−1
1

√

k1 logmax(p, d)

n
{max

i
′
, i

∣

∣

∣

∣

t0T
i′

[

1

n
x∗T
j′
zjt

j
i − E(x∗

1j′
z1jt

j
i )

]

t0
i′

∣

∣

∣

∣

+ sup
v∈SV

1

9

∣

∣

∣

∣

v0T
[

1

n
x∗T
j
′ zjv

j − E(x∗
1j

′z1jv
j)

]

v0
∣

∣

∣

∣

+ sup
v∈SV

2

9

∣

∣

∣

∣

v0T
[

1

n
x∗T
j
′ zjv

j − E(x∗
1j

′z1jv
j)

]

v0
∣

∣

∣

∣

+ sup
v∈SV

2

81

∣

∣

∣

∣

v0T
[

1

n
x∗T
j′
zjv

j − E(x∗
1j′

z1jv
j)

]

v0
∣

∣

∣

∣

+ sup
v∈SV

1

81

∣

∣

∣

∣

v0T
[

1

n
x∗T
j′
zjv

j − E(x∗
1j′

z1jv
j)

]

v0
∣

∣

∣

∣

+ sup
v∈SV

1

729

∣

∣

∣

∣

v0T
[

1

n
x∗T
j′
zjv

j − E(x∗
1j′

z1jv
j)

]

v0
∣

∣

∣

∣

},

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✉s❡s t❤❡ ❢❛❝t t❤❛t 9△vj ∈ SV j ❛♥❞ 9△v0 ∈ SV 0 ✳ ❚❤❡r❡❢♦r❡✱

sup
v∈SV

b−1
1

√

k1 logmax(p, d)

n

∣

∣

∣

∣

v0T
[

1

n
x∗T
j′
zjv

j − E(x∗
1j′

z1jv
j)

]

v0
∣

∣

∣

∣

≤ 729

458
b−1
1

√

k1 logmax(p, d)

n
max
i′ , i

t0T
i′

[

1

n
x∗T
j′
zjt

j
i − E(x∗

1j′
z1jt

j
i )

]

t0
i′

≤ 2b−1
1

√

k1 logmax(p, d)

n
max
i
′
, i
t0T
i
′

[

1

n
x∗T
j
′ zjt

j
i − E(x∗

1j
′z1jt

j
i )

]

t0
i
′ .
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❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✸✳✸ ❛♥❞ ✸✳✹✱ x∗
j
′ ✐s ❛ s✉❜✲●❛✉ss✐❛♥ ✈❡❝t♦r ✇✐t❤ ♣❛r❛♠❡t❡r ❛t ♠♦st σX∗ ❢♦r ❡✈❡r②

j
′
= 1, ..., p✱ ❛♥❞ Zjt

j
i := wj ✐s ❛ s✉❜✲●❛✉ss✐❛♥ ✈❡❝t♦r ✇✐t❤ ♣❛r❛♠❡t❡r ❛t ♠♦st σW ∗ ✳ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢

▲❡♠♠❛ ✻✳✽ ❛♥❞ ❛ ✉♥✐♦♥ ❜♦✉♥❞ ②✐❡❧❞s

P

(

sup
v∈SV

∣

∣

∣

∣

v0T
[

1

n
x∗T
j
′ zjv

j

]

v0 − v0T
[

E(x∗
1j

′z1jv
j)
]

v0
∣

∣

∣

∣

≥ t

)

≤ 812sk1812s2 exp(−cnmin(
t2

σ2X∗σ2W
,

t

σX∗σW
)),

✇❤❡r❡ t❤❡ ❡①♣♦♥❡♥t 2sk1 ✐♥ 812sk1 ✉s❡s t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ❛r❡ ❛t ♠♦st 2s ♥♦♥✲③❡r♦ ❝♦♠♣♦♥❡♥ts ✐♥ v0 ∈ SV 0

❛♥❞ ❤❡♥❝❡ ♦♥❧② 2s ♦✉t ♦❢ p ❡♥tr✐❡s ♦❢ v1, ..., vp ✇✐❧❧ ❜❡ ♠✉❧t✐♣❧✐❡❞ ❜② ❛ ♥♦♥✲③❡r♦ s❝❛❧❛r✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛

r❡❞✉❝t✐♦♥ ♦❢ ❞✐♠❡♥s✐♦♥s✳ ❆ s❡❝♦♥❞ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛ ✉♥✐♦♥ ❜♦✉♥❞ ♦✈❡r t❤❡

(

dj

⌊k1⌋

)

≤ dk1 ❝❤♦✐❝❡s ♦❢ V j

❛♥❞ r❡s♣❡❝t✐✈❡❧②✱ t❤❡

(

p

⌊2s⌋

)

≤ p2s ❝❤♦✐❝❡s ♦❢ V 0 ②✐❡❧❞s

P

(

sup
v∈K(2s, p)×K(k1, d1)×...×K(k1, dp)

∣

∣

∣

∣

v0T
[

1

n
x∗T
j
′ zjv

j

]

v0 − v0T
[

E(x∗
1j

′z1jv
j)
]

v0
∣

∣

∣

∣

≥ t

)

≤ p2sd2sk1 · 2 exp(−cnmin(
t2

σ2X∗σ2W
,

t

σX∗σW
))

≤ 2 exp(−cnmin(
t2

σ2X∗σ2W
,

t

σX∗σW
) + 2sk1 log d+ 2s log p).

❲✐t❤ t❤❡ ❝❤♦✐❝❡ ♦❢ s = s(r) := 1
c

n
kr1 logmax(p, d) min

{

λ2
min(ΣX∗ )

σ4
X∗

, 1
}

, r ∈ [0, 1] ❢r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛

✻✳✶✵ ❛♥❞ t = c
′
k1−r
1 σX∗σW ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥t c

′ ≥ 1✱ ✇❡ ❤❛✈❡

∣

∣

∣

∣

∣

v0T
X∗T (X̂ −X∗)

n
v0 − E[v0T

X∗T (X̂ −X∗)
n

v0]

∣

∣

∣

∣

∣

≤
(

sup
v∈K(2s, p)×K(k1, d1)×...×K(k1, dp)

∣

∣

∣

∣

v0T
[

1

n
x∗T
j
′ zjv

j − E(x∗
1j

′z1jv
j)

]

v0
∣

∣

∣

∣

)

b−1
1

√

k1 logmax(p, d)

n

≤ c
′

b−1
1 k1−r

1

√

k1 logmax(p, d)

n
σX∗σW

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c′1 exp(−c
′

2nk
1−r
1 )− c′′1 exp(−c

′′

2 logmax(p, d)) = 1− c1 exp(−c2 logmax(p, d))

✭❣✐✈❡♥ d > n ❛♥❞ p > n ✐s t❤❡ r❡❣✐♠❡ ♦❢ ♦✉r ✐♥t❡r❡sts✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡

∣

∣

∣

∣

∣

v0T
X∗T (X̂ −X∗)

n
v0

∣

∣

∣

∣

∣

≤
(

sup
v∈K(2s, p)×K(k1, d1)×...×K(k1, dp)

∣

∣

∣
v0T

[

E(x∗
1j

′z1jv
j)
]

v0
∣

∣

∣

)

b−1
1

√

k1 logmax(p, d)

n

+ c
′

b−1
1 k

3/2−r
1

√

logmax(p, d)

n
σX∗σW

≤ cb2b
−1
1 k

3/2−r
1

√

logmax(p, d)

n
,

✹✾



✇❤❡r❡ b2 = max
{

σX∗σW , supv∈K(2s, p)×K(k1, d1)×...×K(k1, dp)

∣

∣

∣
v0T

[

E(x∗
1j′

z1jv
j)
]

v0
∣

∣

∣

}

✳ ◆♦t✐❝❡ t❤❛t t❤❡ t❡r♠

sup
v∈K(2s, p)×K(k1, d1)×...×K(k1, dp)

∣

∣

∣
v0T

[

E(x∗
1j′

z1jv
j)
]

v0
∣

∣

∣

✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② t❤❡ s♣❡❝tr❛❧ ♥♦r♠ ♦❢ t❤❡ ♠❛tr✐①
[

E(x∗
1j

′z1jv
j)
]

❢♦r s♦♠❡ v1 × ...× vp ∈ K(k1, d1)×
...×K(k1, dp)✳

❚❤❡ t❡r♠
∣

∣

∣v0T
(X̂−X∗)T (X̂−X∗)

n v0
∣

∣

∣
❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ✉s✐♥❣ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r t❤❡

(j
′
, j) ❡❧❡♠❡♥t ♦❢ t❤❡ ♠❛tr✐① (X̂−X∗)T (X̂−X∗)

n ✱ ✇❡ ❤❛✈❡

1

n
(x̂j′ − x∗

j
′ )T (x̂j − x∗

j ) = (π̂j′ − π∗
j
′ )T

(

1

n

n
∑

i=1

zij′zij

)

(π̂j − π∗j )

=
1

n
(tj

′

i′
+ π̄j′ − tj

′

i′
)T zT

j′
zj(t

j
i + π̄j − tji )b

−2
1

k1 logmax(p, d)

n

= b−2
1

k1 logmax(p, d)

n
{ 1
n
tj

′
T

i′
zT
j
′zjt

j
i +

1

n
△vj

′
T zT

j
′zjt

j
i

+
1

n
tj

′
T

i′
zT
j′
zj△vj +

1

n
△vj

′
T zT

j′
zj△vj}

❈♦♠❜✐♥✐♥❣ ✇✐t❤

v0T
(X̂ −X∗)T (X̂ −X∗)

n
v0 = t0T

i′′
(X̂ −X∗)T (X̂ −X∗)

n
t0
i′′

+ 2△v0T (X̂ −X∗)T (X̂ −X∗)
n

t0
i
′′ +△v0T (X̂ −X∗)T (X̂ −X∗)

n
△v0,

❉❡✜♥❡ SV := SV 0 × S2
V 1 × ...× S2

V p ✳ ❆❢t❡r s♦♠❡ t❡❞✐♦✉s ❛❧❣❡❜r❛✱ ✇❡ ♦❜t❛✐♥

∣

∣

∣

∣

∣

v0T
(X̂ −X∗)T (X̂ −X∗)

n
v0 − E(v0T

(X̂ −X∗)T (X̂ −X∗)
n

v0)

∣

∣

∣

∣

∣

≤ sup
v∈SV

b−2
1

k1 logmax(p, d)

n

∣

∣

∣

∣

v0T
[

1

n
vj

′

zT
j′
zjv

j − vj
′

E(zT
1j′

z1j)v
j

]

v0
∣

∣

∣

∣

≤ b−2
1

k1 logmax(p, d)

n
{max
i
′′
, i

′
, i

∣

∣

∣

∣

t0T
i
′′

[

1

n
tj

′
T

i′
zT
j
′zjt

j
i − E(tj

′

i′
zT
1j

′z1jt
j
i )

]

t0
i
′′

∣

∣

∣

∣

+
3439

6561
sup
v∈SV

∣

∣

∣

∣

v0T
[

1

n
vj

′
T zT

j
′zjv

j − E(vj
′

zT
1j

′z1jv
j)

]

v0
∣

∣

∣

∣

}.

❍❡♥❝❡✱

sup
v∈SV

b−2
1

k1 logmax(p, d)

n

∣

∣

∣

∣

v0T
[

1

n
vj

′

zT
j′
zjv

j − E(vj
′

zT
1j′

z1jv
j)

]

v0
∣

∣

∣

∣

✺✵



≤ 6561

3122
b−2
1

k1 logmax(p, d)

n
max
i
′′
, i

′
, i

∣

∣

∣

∣

t0T
i
′′

[

1

n
tj

′
T

i
′ zT

j
′zjt

j
i − E(tj

′

i
′ z

T
1j

′z1jt
j
i )

]

t0
i
′′

∣

∣

∣

∣

≤ 3b−2
1

k1 logmax(p, d)

n
max
i
′′
, i

′
, i

∣

∣

∣

∣

t0T
i
′′

[

1

n
tj

′
T

i
′ zT

j
′zjt

j
i − E(tj

′

i
′ z

T
1j

′z1jt
j
i )

]

t0
i
′′

∣

∣

∣

∣

.

❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✻✳✽ ❛♥❞ ❛ s❡q✉❡♥❝❡ ♦❢ ✉♥✐♦♥ ❜♦✉♥❞s ②✐❡❧❞s

P

(

sup
v∈K(2s, p)×K2(k1, d1)×...×K2(k1, dp)

∣

∣

∣

∣

v0T
[

1

n
vj

′

zT
j
′zjv

j

]

v0 − v0T
[

E(vj
′

zT
1j

′z1jv
j)
]

v0
∣

∣

∣

∣

≥ t

)

≤ 2 exp(−cnmin(
t2

σ4W
,
t

σ2W
) + 4sk1 log d+ 2s log p).

❯♥❞❡r t❤❡ ❝❤♦✐❝❡ ♦❢ s = s(r) := 1
c

n
kr1 logmax(p, d) min

{

λ2
min(ΣX∗ )

σ4
X∗

, 1
}

, r ∈ [0, 1] ❢r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛

✻✳✶✵ ❛♥❞ t = c
′′
k1−r
1 σ2W ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥t c

′′ ≥ 1✱ ✇❡ ❤❛✈❡✱

∣

∣

∣

∣

∣

v0T
(X̂ −X∗)T (X̂ −X∗)

n
v0 − E[v0T

(X̂ −X∗)T (X̂ −X∗)
n

v0]

∣

∣

∣

∣

∣

≤
(

sup
v∈K(2s, p)×K2(k1, d1)×...×K2(k1, dp)

∣

∣

∣

∣

v0T
[

1

n
vj

′

zT
j
′zjv

j

]

v0 − v0T
[

E(vj
′

zT
1j

′z1jv
j)
]

v0
∣

∣

∣

∣

)

b−2
1

k1 logmax(p, d)

n

≤ c
′′

b−2
1

k2−r
1 logmax(p, d)

n
σ2W

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c′1 exp(−c
′

2nk
1−r
1 )− c′′1 exp(−c

′′

2 logmax(p, d)) = 1− c1 exp(−c2 logmax(p, d))

✭❣✐✈❡♥ d > n ❛♥❞ p > n ✐s t❤❡ r❡❣✐♠❡ ♦❢ ♦✉r ✐♥t❡r❡sts✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡

∣

∣

∣

∣

∣

v0T
(X̂ −X∗)T (X̂ −X∗)

n
v0

∣

∣

∣

∣

∣

≤

(

sup
v∈K(2s, p)×K2(k1, d1)×...×K2(k1, dp)

∣

∣

∣
v0T

[

E(vj
′

zT
1j

′z1jv
j)
]

v0
∣

∣

∣

)

b−2
1

k1 logmax(p, d)

n
+c

′′

b−2
1

k2−r
1 logmax(p, d)

n
σ2W

≤ cb3b
−2
1

k2−r
1 logmax(p, d)

n
,

✇❤❡r❡ b3 = max
{

σ2W , supv∈K(2s, p)×K2(k1, d1)×...×K2(k1, dp)

∣

∣

∣v0T
[

E(vj
′

zT
1j

′z1jv
j)
]

v0
∣

∣

∣

}

✳ ◆♦t✐❝❡ t❤❛t t❤❡ t❡r♠

sup
v∈K(2s, p)×K2(k1, d1)×...×K2(k1, dp)

∣

∣

∣
v0T

[

E(vj
′

zT
1j

′z1jv
j)
]

v0
∣

∣

∣

✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② t❤❡ s♣❡❝tr❛❧ ♥♦r♠ ♦❢ t❤❡ ♠❛tr✐①
[

E(vj
′

zT
1j

′z1jv
j)
]

❢♦r s♦♠❡ (v1×...×vp)×(v1×...×vp) ∈
K

2(k1, d1)× ...×K
2(k1, dp)✳

✺✶



❇② ▲❡♠♠❛ ✻✳✾✱ t❤❡ ❜♦✉♥❞

∣

∣

∣

∣

∣

v0T
X∗T (X̂ −X∗)

n
v0

∣

∣

∣

∣

∣

≤ cb2b
−1
1 k

3/2−r
1

√

logmax(p, d)

n
∀v0 ∈ K(2s, p)

✐♠♣❧✐❡s

∣

∣

∣

∣

∣

v0T
X∗T (X̂ −X∗)

n
v0

∣

∣

∣

∣

∣

≤ 27cb2b
−1
1 k

3/2−r
1

√

logmax(p, d)

n
(|v0|22 +

1

s
|v0|21) ∀v0 ∈ R

p. ✭✻✮

❙✐♠✐❧❛r❧②✱ t❤❡ ❜♦✉♥❞

∣

∣

∣

∣

∣

v0T
(X̂ −X∗)T (X̂ −X∗)

n
v0

∣

∣

∣

∣

∣

≤ c
′′

b3b
−2
1

k2−r
1 logmax(p, d)

n
∀v0 ∈ K(2s, p)

✐♠♣❧✐❡s

∣

∣

∣

∣

∣

v0T
(X̂ −X∗)T (X̂ −X∗)

n
v0

∣

∣

∣

∣

∣

≤ 27c
′′

b3b
−2
1

k2−r
1 logmax(p, d)

n
(|v0|22 +

1

s
|v0|21) ∀v0 ∈ R

p. ✭✼✮

❚❤❡r❡❢♦r❡✱ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✻✳✶✵ ❜② ❝❤♦♦s✐♥❣ s = s(r) := 1
c

n
kr1 logmax(p, d) min

{

λ2
min(ΣX∗ )

σ4
X∗

, 1
}

, r ∈ [0, 1]✱

✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ n % k3−2r
1 logmax(p, d), ✇❡ ❤❛✈❡

∣

∣

∣

∣

∣

v0T
X̂T X̂

n
v0

∣

∣

∣

∣

∣

≥
∣

∣

∣

∣

v0T
X∗TX∗

n
v0
∣

∣

∣

∣

− cmax(b2b
−1
1 , b3b

−2
1 )k

3/2−r
1

√

logmax(p, d)

n
(|v0|22 +

1

s
|v0|21)

≥
(

λmin(ΣX∗)

2
− cmax(b2b

−1
1 , b3b

−2
1 )k

3/2−r
1

√

logmax(p, d)

n

)

∣

∣v0
∣

∣

2

2

−c′ max

{

λmin(ΣX∗)max

{

σ4X∗

λ2min(ΣX∗)
, 1

}

, b2b
−1
1 , b3b

−2
1 )

}

kr1 logmax(p, d)

n

∣

∣v0
∣

∣

2

1
,

✇❤✐❝❤ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠

|X̂v0|22
n

≥
(

κ1 − cκ2k
3/2−r
1

√

logmax(p, d)

n

)

|v0|22 − c
′

κ3
kr1 logmax(p, d)

n
|v0|21, ❢♦r ❛❧❧ v0 ∈ R

p,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✱ ✇❤❡r❡ κ1✱ κ2✱ ❛♥❞ κ2 ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ st❛t❡♠❡♥t

♦❢ ▲❡♠♠❛ ✻✳✸✳�

❆❣❛✐♥✱ r❡❝❛❧❧✐♥❣ ✐♥ ♣r♦✈✐♥❣ ▲❡♠♠❛ ✸✳✶✱ ✉♣♦♥ ♦✉r ❝❤♦✐❝❡ λn✱ ✇❡ ❤❛✈❡ s❤♦✇♥

v̂ = β̂H2SLS − β∗ ∈ C(J(β∗), 3),

❛♥❞ |v̂0|21 ≤ 16|v̂0J(β∗)|21 ≤ 16k2|v̂0J(β∗)|22✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ✇❡ ❤❛✈❡ t❤❡ s❝❛❧✐♥❣

minr∈[0, 1]max
{

k3−2r
1 log d, k3−2r

1 log p, kr1k2 log d, k
r
1k2 log p

}

n
= O(1),

✺✷



s♦ t❤❛t

cκ2k
3/2−r
1

√

logmax(p, d)

n
+ c

′

κ3
k2k

r
1 logmax(p, d)

n
< κ1,

t❤❡♥✱
∣

∣

∣

∣

∣

v̂0T
X̂T X̂

n
v̂0

∣

∣

∣

∣

∣

≥ c0λmin(ΣX∗)
∣

∣v̂0
∣

∣

2

2
,

♣r♦✈✐❞❡❞ ση✱ σW ✱ σX∗ ✱ maxj′ , j |E(x∗ij′ , zij)|∞✱ ❛♥❞ maxj′ , j |E(zij′ , zij)|∞ ❛r❡ ❜♦✉♥❞❡❞ ❢r♦♠ ❛❜♦✈❡ ✇❤✐❧❡

λmin(ΣZ) ❛♥❞ λmin(ΣX∗) ❛r❡ ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ 0✳ ❚❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ✐♠♣❧✐❡s ❘❊ ✭✸✮✳ ❇❡❝❛✉s❡ t❤❡

❛r❣✉♠❡♥t ❢♦r s❤♦✇✐♥❣ ▲❡♠♠❛ ✻✳✶ ❛♥❞ t❤❛t ✐t ✐♠♣❧✐❡s ❘❊ ✭✸✮ ❛❧s♦ ✇♦r❦s ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛

✻✳✸✱ ✇❡ ❝❛♥ ❝♦♠❜✐♥❡ t❤❡ s❝❛❧✐♥❣
k21k

2
2 logmax(p, d)

n = O(1) ❢r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✶ ✇✐t❤ t❤❡ s❝❛❧✐♥❣
minr∈[0, 1] max{k3−2r

1 log d, k3−2r
1 log p, kr1k2 log d, k

r
1k2 log p}

n = O(1) ❢r♦♠ ❛❜♦✈❡ t♦ ♦❜t❛✐♥ ❛ ♠♦r❡ ♦♣t✐♠❛❧ s❝❛❧✐♥❣ ♦❢

t❤❡ r❡q✉✐r❡❞ s❛♠♣❧❡ s✐③❡

1

n
min

{

k21k
2
2 logmax(p, d), min

r∈[0, 1]
max

{

k3−2r
1 log d, k3−2r

1 log p, kr1k2 log d, k
r
1k2 log p

}

}

= O(1).

▲❡♠♠❛ ✻✳✹ ✭❯♣♣❡r ❜♦✉♥❞ ♦♥ | 1nX̂T e|∞✮✿ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✳✶✱ ✸✳✶✲✸✳✹✱ ✸✳✺❜✱ ✸✳✻✱ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥
max(k1 log d, k1 log p)

n = o(1)✱ ✇❡ ❤❛✈❡

| 1
n
X̂T e|∞ - max

{

ψ1

√

k1 logmax(p, d)

n
, ψ2

√

log p

n

}

,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1 − c1 exp(−c2 logmin(p, d)) ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥ts c1 ❛♥❞ c2✱ ✇❤❡r❡ ψ1

❛♥❞ ψ2 ❛r❡ ❞❡✜♥❡❞ ✐♥ ▲❡♠♠❛ ✻✳✷✳

Pr♦♦❢✳ ❘❡❝❛❧❧ ✭✺✮ ❢r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✷✳ ▲❡t ✉s ✜rst ❜♦✉♥❞ | 1nX∗T (X̂ − X∗)β∗|∞✳ ❋♦r ❛♥②

j
′
= 1, ..., p✱ ✇❡ ❤❛✈❡

|
p
∑

j=1

β∗j
1

n

n
∑

i=1

x∗
ij

′ (x̂ij − x∗ij)| ≤ max
j
′
, j

| 1
n

n
∑

i=1

x∗
ij

′ (x̂ij − x∗ij)||β∗|1

=

∣

∣

∣

∣

∣

X∗T (X̂ −X∗)
n

∣

∣

∣

∣

∣

∞
|β∗|1

■♥ ♣r♦✈✐♥❣ ▲❡♠♠❛ ✻✳✸✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✇✐t❤ ❛ ❝♦✈❡r✐♥❣ s✉❜s❡t ❛r❣✉♠❡♥t✱ t❤❡ (j
′
, j) ❡❧❡♠❡♥t ♦❢ t❤❡

♠❛tr✐① X∗T (X̂−X∗)
n ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✳

1

n
x∗T
j′
(x̂j − x∗

j ) =

(

1

n

n
∑

i=1

x∗
ij′
zij

)

(π̂j − π∗j )

= b−1
1

√

k1 logmax(p, d)

n

(

1

n
x∗T
j′
zjt

j
i +

1

n
x∗T
j′
zj△vj

)

.

✺✸



❍❡♥❝❡✱
∣

∣

∣

∣

1

n
x∗T
j
′ (x̂j − x∗

j )− E(
1

n
x∗T
j
′ (x̂j − x∗

j ))

∣

∣

∣

∣

≤ sup
vj∈S

V j

b−1
1

√

k1 logmax(p, d)

n

∣

∣

∣

∣

1

n
x∗T
j
′ zjv

j − E(x∗
1j

′z1jv
j)

∣

∣

∣

∣

≤ b−1
1

√

k1 logmax(p, d)

n
{max

i

∣

∣

∣

∣

1

n
x∗T
j
′ zjt

j
i − E(x∗

1j
′z1jt

j
i )

∣

∣

∣

∣

+ sup
vj∈S

V j

∣

∣

∣

∣

1

n
x∗T
j
′ zj△vj − E(x∗

1j
′z1j△vj)

∣

∣

∣

∣

}

≤ b−1
1

√

k1 logmax(p, d)

n
{max

i

∣

∣

∣

∣

1

n
x∗T
j′
zjt

j
i − E(x∗

1j′
z1jt

j
i )

∣

∣

∣

∣

+ sup
vj∈S

V j

1

9

∣

∣

∣

∣

1

n
x∗T
j′
zjv

j − E(x∗
1j′

z1jv
j)

∣

∣

∣

∣

}

≤ 9

8
b−1
1

√

k1 logmax(p, d)

n
max

i

∣

∣

∣

∣

1

n
x∗T
j
′ zjt

j
i − E(x∗

1j
′z1jt

j
i )

∣

∣

∣

∣

.

❲✐t❤ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✸✱ ✇❡ ♦❜t❛✐♥

P

(

max
j
′
, j

sup
vj∈K(k1, dj)

∣

∣

∣

∣

1

n
x∗T
j
′ zjv

j − E(x∗
1j

′z1jv
j)

∣

∣

∣

∣

≥ t

)

≤ p2dk1 · 2 exp(−cnmin(
t2

σ2X∗σ2W
,

t

σX∗σW
))

= 2 exp(−cnmin(
t2

σ2X∗σ2W
,

t

σX∗σW
) + k1 log d+ 2 log p).

❈♦♥s❡q✉❡♥t❧②✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ max(k1 log d, log p)
n = o(1)✱ ✇❡ ❤❛✈❡

∣

∣

∣

∣

∣

X∗T (X̂ −X∗)
n

− E[
X∗T (X̂ −X∗)

n
]

∣

∣

∣

∣

∣

∞

≤
(

max
j
′
, j

sup
vj∈K(k1, dj)

∣

∣

∣

∣

1

n
x∗T
j
′ zjv

j − E(x∗
1j

′z1jv
j)

∣

∣

∣

∣

)

b−1
1

√

k1 logmax(p, d)

n

≤ c
′

b−1
1

√

k1 logmax(p, d)

n
σX∗σW max

{
√

k1 log d

n
,

√

log p

n

}

,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳ ❚❤✐s ✐♠♣❧✐❡s✱

∣

∣

∣

∣

∣

X∗T (X̂ −X∗)
n

∣

∣

∣

∣

∣

∞
≤

(

max
j
′
, j

sup
vj∈K(k1, dj)

∣

∣

∣E(x∗
1j

′z1jv
j)
∣

∣

∣

)

b−1
1

√

k1 logmax(p, d)

n

+c
′

b−1
1

√

k1 logmax(p, d)

n
σX∗σW max

{
√

k1 log d

n
,

√

log p

n

}

✭✽✮

✺✹



✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳ ◆♦t✐❝❡ t❤❛t ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ K(k1, dj)✱

max
j′ , j

sup
vj∈K(k1, dj)

∣

∣

∣
E(x∗

1j
′z1jv

j)
∣

∣

∣ = max
j,j′

|E(x∗
1j′
, z1j)|∞.

❚♦ ❜♦✉♥❞ t❤❡ t❡r♠
∣

∣

∣

(X̂−X∗)T (X̂−X∗)
n

∣

∣

∣

∞
✱ r❡❝❛❧❧✐♥❣ ❢r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✸✱ ❛❣❛✐♥ ✇✐t❤ ❛ ❝♦✈❡r✐♥❣

s✉❜s❡t ❛r❣✉♠❡♥t✱ t❤❡ (j
′
, j) ❡❧❡♠❡♥t ♦❢ t❤❡ ♠❛tr✐① (X̂−X∗)T (X̂−X∗)

n ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s

1
n(x̂j′−x∗

j
′ )T (x̂j−x∗

j ) = b−2
1

k1 logmax(p, d)
n { 1

n t
j
′
T

i′
zT
j
′zjt

j
i+

1
n△vj

′
T zT

j
′zjt

j
i+

1
n t

j
′
T

i′
zT
j
′zj△vj+ 1

n△vj
′
T zT

j
′zj△vj}.

❲✐t❤ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✸✱ ✇❡ ♦❜t❛✐♥

P






max
j′ , j

sup
vj

′∈K(k1, dj′
), vj∈K(k1, dj)

∣

∣

∣

∣

1

n
vj

′

zT
j′
zjv

j − E(vj
′

zT
1j′

z1jv
j)

∣

∣

∣

∣

≥ t







≤ p2d2k1 · 2 exp(−cnmin(
t2

σ4W
,
t

σ2W
))

= 2 exp(−cnmin(
t2

σ4W
,
t

σ2W
) + 2k1 log d+ 2 log p).

❈♦♥s❡q✉❡♥t❧②✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ max(k1 log d, log p)
n = o(1)✱

∣

∣

∣

∣

∣

(X̂ −X∗)T (X̂ −X∗)
n

− E[
(X̂ −X∗)T (X̂ −X∗)

n
]

∣

∣

∣

∣

∣

∞

≤






max
j
′
, j

sup
vj

′∈K(k1, dj′
), vj∈K(k1, dj)

∣

∣

∣

∣

1

n
vj

′

zT
j′
zjv

j − E(vj
′

zT
1j′

z1jv
j)

∣

∣

∣

∣






b−2
1

k1 logmax(p, d)

n

≤ c
′

b−2
1

k1 logmax(p, d)

n
σ2W max

{
√

k1 log d

n
,

√

log p

n

}

,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳ ❚❤✐s ✐♠♣❧✐❡s✱

∣

∣

∣

∣

∣

(X̂ −X∗)T (X̂ −X∗)
n

∣

∣

∣

∣

∣

∞
≤






max
j′ , j

sup
vj

′∈K(k1, dj′
), vj∈K(k1, dj)

∣

∣

∣
E(vj

′

zT
1j′

z1jv
j)
∣

∣

∣






b−2
1

k1 logmax(p, d)

n

+c
′

b−2
1

k1 logmax(p, d)

n
σ2W max

{
√

k1 log d

n
,

√

log p

n

}

✭✾✮

✺✺



✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳ ◆♦t✐❝❡ t❤❛t ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ K(k1, dj)✱

max
j′ , j

sup
vj

′∈K(k1, dj′
), vj∈K(k1, dj)

∣

∣

∣E(vj
′

zT
1j

′z1jv
j)
∣

∣

∣ = max
j,j′

|E(z1j′ , z1j)|∞.

❲✐t❤ ❡①❛❝t❧② t❤❡ s❛♠❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛r❣✉♠❡♥t ❛s ❛❜♦✈❡✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st

1− c1 exp(−c2 logmax(p, d))✱

| 1
n
(X∗ − X̂)Tη|∞ ≤ c

′

b−1
1 σησW

√

k1 logmax(p, d)

n
max

{
√

k1 log d

n
,

√

log p

n

}

,

| 1
n
(X∗ − X̂)T ǫ|∞ ≤ c

′′

b−1
1 σǫσW

√

k1 logmax(p, d)

n
max

{
√

k1 log d

n
,

√

log p

n

}

.

❋♦r t❤❡ r❡st ♦❢ t❡r♠s ✐♥ ✭✺✮✱ ✇❡ ❝❛♥ ✉s❡ t❤❡ ❜♦✉♥❞s ♣r♦✈✐❞❡❞ ✐♥ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✷✳ ■♥ ♣❛rt✐❝✉❧❛r✱

r❡❝❛❧❧ ✇❡ ❤❛✈❡✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 log p)✱

| 1
n
X∗T

η|∞ ≤ c
′

σX∗ση

√

log p

n
,

| 1
n
X∗T ǫ|∞ ≤ c

′′

σX∗σǫ

√

log p

n
.

❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ max(k1 log d, k1 log p)
n = o(1)✱ ♣✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r ②✐❡❧❞s t❤❡ ❝❧❛✐♠ ✐♥ ▲❡♠♠❛ ✻✳✹✳

�

❈♦♠❜✐♥✐♥❣ t❤❡ ❜♦✉♥❞s ❛❜♦✈❡ ✇✐t❤ ▲❡♠♠❛s ✸✳✶ ❛♥❞ ✻✳✸✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥

1

n
min

{

k21k
2
2 logmax(p, d), min

r∈[0, 1]
max

{

k3−2r
1 log d, k3−2r

1 log p, kr1k2 log d, k
r
1k2 log p

}

}

= O(1),

k1 logmax(d, p)

n
= o(1),

❛♥❞

λn ≍ k2

√

k1 logmax(p, d)

n
,

✇❡ ❤❛✈❡

|β̂H2SLS − β∗|2 - max{ϕ1

√

k2

√

k1 logmax(p, d)

n
, ϕ2

√

k2 log p

n
},

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1 − c1 exp(−c2 logmin(p, d)) ❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ♣♦s✐t✐✈❡ ❝♦♥st❛♥ts c1 ❛♥❞ c2✱

✇❤❡r❡ ϕ1 ❛♥❞ ϕ2 ❛r❡ ❞❡✜♥❡❞ ✐♥ ❚❤❡♦r❡♠ ✸✳✷✳ ❚❤✐s ♣r♦✈❡s ❚❤❡♦r❡♠ ✸✳✸✳�

✻✳✹ ❈♦r♦❧❧❛r② ✸✳✹✱ ❚❤❡♦r❡♠s ✸✳✺✱ ❛♥❞ ✸✳✻

❈♦r♦❧❧❛r② ✸✳✹ ✐s ♦❜✈✐♦✉s ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✸✳ ❚❤❡ ♣r♦♦❢ ❢♦r ❚❤❡♦r❡♠ ✸✳✺ ✐s ❝♦♠♣❧❡t❡❧② ✐❞❡♥t✐❝❛❧ t♦ t❤❛t

❢♦r ❚❤❡♦r❡♠ ✸✳✷ ❡①❝❡♣t ✇❡ r❡♣❧❛❝❡ t❤❡ ✐♥❡q✉❛❧✐t② maxj=1,...,p |π̂j − π∗j |1 ≤ cση

λmin(ΣZ)k1

√

logmax(p, d)
n ❜②

maxj=1,...,p |π̂j − πj |1 ≤
√
k1M(d, p, k1, n)✳ ❆❧s♦✱ t❤❡ ♣r♦♦❢ ❢♦r ❚❤❡♦r❡♠ ✸✳✻ ✐s ❝♦♠♣❧❡t❡❧② ✐❞❡♥t✐❝❛❧ t♦

t❤❛t ❢♦r ❚❤❡♦r❡♠ ✸✳✸ ❡①❝❡♣t ✇❡ r❡♣❧❛❝❡ t❤❡ ✐♥❡q✉❛❧✐t② maxj=1,...,p |π̂j − π∗j |2 ≤ cση

λmin(ΣZ)

√

k1 logmax(p, d)
n ❜②

✺✻



maxj=1,...,p |π̂j − πj |2 ≤M(d, p, k1, n)✳

✻✳✺ ▲❡♠♠❛ ✻✳✺

▲❡♠♠❛ ✻✳✺✿ ❙✉♣♣♦s❡ ❆ss✉♠♣t✐♦♥s ✸✳✼ ❛♥❞ ✸✳✽ ❤♦❧❞✳ ▲❡t J(β∗) = K✱ ΣKcK := E

[

X∗T
1,KcX∗

1,K

]

✱ Σ̂KcK :=

1
nX

∗T
KcX∗

K ✱ ❛♥❞ Σ̃KcK := 1
nX̂

T
KcX̂K ✳ ❙✐♠✐❧❛r❧②✱ ❧❡t ΣKK := E

[

X∗T
1,KX

∗
1,K

]

✱ Σ̂KK := 1
nX

∗T
K X∗

K ✱ ❛♥❞

Σ̃KK := 1
nX̂

T
KX̂K ✳ ✭✐✮ ■❢ t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ▲❡♠♠❛s ✻✳✶ ❛♥❞ ✻✳✷ ❤♦❧❞✱ t❤❡♥ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥

1

n
max

{

k1k
3/2
2 log p, k32 log p

}

= O(1),

1

n
k21k

2
2 logmax(p, d) = o(1),

t❤❡ s❛♠♣❧❡ ♠❛tr✐① 1
nX̂

T X̂ s❛t✐s✜❡s ❛♥ ❛♥❛❧♦❣♦✉s ✈❡rs✐♦♥ ♦❢ t❤❡ ✏♠✉t✉❛❧ ✐♥❝♦❤❡r❡♥❝❡✑ ❛ss✉♠♣t✐♦♥ ✇✐t❤ ❤✐❣❤

♣r♦❜❛❜✐❧✐t②✱ ✐✳❡✳✱

P

[∥

∥

∥

∥

∥

1

n
X̂T

KcX̂K

(

1

n
X̂T

KX̂K

)−1
∥

∥

∥

∥

∥

∞
≥ 1− φ

4

]

≤ O

(

1

min(p, d)

)

.

✭✐✐✮ ■❢ t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ▲❡♠♠❛s ✻✳✸ ❛♥❞ ✻✳✹ ❤♦❧❞✱ t❤❡♥ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥

1

n
max

{

k
1/2
1 k

3/2
2 log p, k32 log p

}

= O(1),

1

n
min

{

k21k
2
2 logmax(p, d), min

r∈[0, 1]
max

{

k3−2r
1 log d, k3−2r

1 log p, kr1k2 log d, k
r
1k2 log p

}

}

= o(1),

1

n
k1k

2
2 logmax(p, d) = o(1),

t❤❡ s❛♠♣❧❡ ♠❛tr✐① 1
nX̂

T X̂ s❛t✐s✜❡s ❛♥ ❛♥❛❧♦❣♦✉s ✈❡rs✐♦♥ ♦❢ t❤❡ ✏♠✉t✉❛❧ ✐♥❝♦❤❡r❡♥❝❡✑ ❛ss✉♠♣t✐♦♥ ✇✐t❤ ❤✐❣❤

♣r♦❜❛❜✐❧✐t②✱ ✐✳❡✳✱

P

[∥

∥

∥

∥

∥

1

n
X̂T

KcX̂K

(

1

n
X̂T

KX̂K

)−1
∥

∥

∥

∥

∥

∞
≥ 1− φ

4

]

≤ O

(

1

min(p, d)

)

.

Pr♦♦❢✳ ■ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ s✐♠✐❧❛r t♦ t❤❡ ♠❡t❤♦❞ ✉s❡❞ ✐♥ ❘❛✈✐❦✉♠❛r✱ ❡t✳ ❛❧✳ ✭✷✵✶✵✮

Σ̃KcKΣ̃−1
KK − ΣKcKΣ−1

KK = R1 +R2 +R3 +R4 +R5 +R6,

✇❤❡r❡

R1 = ΣKcK [Σ̂−1
KK − Σ−1

KK ],

R2 = [Σ̂KcK − ΣKcK ]Σ−1
KK ,

R3 = [Σ̂KcK − ΣKcK ][Σ̂−1
KK − Σ−1

KK ],

R4 = Σ̂KcK [Σ̃−1
KK − Σ̂−1

KK ],

R5 = [Σ̃KcK − Σ̂KcK ]Σ̂−1
KK ,

R6 = [Σ̃KcK − Σ̂KcK ][Σ̃−1
KK − Σ̂−1

KK ].

✺✼



❇② ❆ss✉♠♣t✐♦♥ ✸✳✼✱ ✇❡ ❤❛✈❡
∥

∥ΣKcKΣ−1
KK

∥

∥

∞ ≤ 1− φ.

■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ||Ri||∞ ≤ φ
6 ❢♦r i = 1, ..., 3 ❛♥❞ ||Ri||∞ ≤ φ

12 ❢♦r i = 4, ..., 6✳

❋♦r t❤❡ ✜rst t❡r♠ R1✱ ✇❡ ❤❛✈❡

R1 = −ΣKcKΣ−1
KK [Σ̂KK − ΣKK ]Σ̂−1

KK ,

❯s✐♥❣ t❤❡ s✉❜✲♠✉❧t✐♣❧✐❝❛t✐✈❡ ♣r♦♣❡rt② ||AB||∞ ≤ ||A||∞||B||∞ ❛♥❞ t❤❡ ❡❧❡♠❡♥t❛r② ✐♥❡q✉❛❧✐t② ||A||∞ ≤
√
a||A||2 ❢♦r ❛♥② s②♠♠❡tr✐❝ ♠❛tr✐① A ∈ R

a×a✱ ✇❡ ❝❛♥ ❜♦✉♥❞ R1 ❛s ❢♦❧❧♦✇s✿

||R1||∞ ≤
∥

∥ΣKcKΣ−1
KK

∥

∥

∞

∥

∥

∥
Σ̂KK − ΣKK

∥

∥

∥

∞

∥

∥

∥
Σ̂−1
KK

∥

∥

∥

∞

≤ (1− φ)
∥

∥

∥Σ̂KK − ΣKK

∥

∥

∥

∞

√

k2

∥

∥

∥Σ̂−1
KK

∥

∥

∥

2
,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ❆ss✉♠♣t✐♦♥ ✸✳✼✳ ❯s✐♥❣ ❜♦✉♥❞ ✭✶✻✮ ❢r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✶✶✱

✇❡ ❤❛✈❡
∥

∥

∥
Σ̂−1
KK

∥

∥

∥

2
≤ 2

λmin(ΣKK)

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1 − c1 exp(−c2n)✳ ◆❡①t✱ ❛♣♣❧②✐♥❣ ❜♦✉♥❞ ✭✶✶✮ ❢r♦♠ ▲❡♠♠❛ ✻✳✶✶ ✇✐t❤ ε =
φλmin(ΣKK)

12(1−φ)
√
k2
✱ ✇❡ ❤❛✈❡

P

[

∥

∥

∥Σ̂KK − ΣKK

∥

∥

∥

∞
≥ φλmin(ΣKK)

12(1− φ)
√
k2

]

≤ 2 exp(−bnmin{ 1

k32
,

1

k
3/2
2

}+ 2 log k2).

❚❤❡♥✱ ✇❡ ❛r❡ ❣✉❛r❛♥t❡❡❞ t❤❛t

P[||R1||∞ ≥ φ

6
] ≤ 2 exp(−bnmin{ 1

k32
,

1

k
3/2
2

}+ 2 log k2).

❋♦r t❤❡ s❡❝♦♥❞ t❡r♠ R2✱ ✇❡ ✜rst ✇r✐t❡

||R2||∞ ≤
√

k2
∥

∥Σ−1
KK

∥

∥

2

∥

∥

∥Σ̂KcK − ΣKcK

∥

∥

∥

∞

≤
√
k2

λmin(ΣKK)

∥

∥

∥
Σ̂KcK − ΣKcK

∥

∥

∥

∞
.

❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❜♦✉♥❞ ✭✶✵✮ ❢r♦♠ ▲❡♠♠❛ ✻✳✶✶ ✇✐t❤ ε = φ
6
λmin(ΣKK)√

k2
t♦ ❜♦✉♥❞ t❤❡ t❡r♠

∥

∥

∥Σ̂KcK − ΣKcK

∥

∥

∥

∞
②✐❡❧❞s

P[||R2||∞ ≥ φ

6
] ≤ 2 exp(−bnmin{ 1

k32
,

1

k
3/2
2

}+ log(p− k2) + log k2).

❋♦r t❤❡ t❤✐r❞ t❡r♠ R3✱ ❜② ❛♣♣❧②✐♥❣ ❜♦✉♥❞s ✭✶✵✮ ❢r♦♠ ▲❡♠♠❛ ✻✳✶✶ ✇✐t❤ ε = φλmin(ΣKK)
6 t♦ ❜♦✉♥❞ t❤❡ t❡r♠

∥

∥

∥Σ̂KcK − ΣKcK

∥

∥

∥

∞
❛♥❞ ✭✶✷✮ ❢r♦♠ ▲❡♠♠❛ ✻✳✶✶ t♦ ❜♦✉♥❞ t❤❡ t❡r♠

∥

∥

∥Σ̂−1
KK − Σ−1

KK

∥

∥

∥

∞
✱ ✇❡ ❤❛✈❡

P[||R3||∞ ≥ φ

6
] ≤ 2 exp(−bnmin{ 1

k22
,
1

k2
}+ log(p− k2) + log k2).

✺✽



P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

P[||Σ̂KcKΣ̂−1
KK ||∞ ≥ 1− φ

2
] ≤ O

(

exp(−bnmin{ 1

k32
,

1

k
3/2
2

}+ 2 log p)

)

.

❋♦r t❤❡ ❢♦✉rt❤ t❡r♠ R4✱ ✇❡ ❤❛✈❡✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c exp(−bnmin{ 1
k32
, 1

k
3/2
2

}+ 2 log p)✱

||R4||∞ ≤
∥

∥

∥
Σ̂KcKΣ̂−1

KK

∥

∥

∥

∞

∥

∥

∥
Σ̃KK − Σ̂KK

∥

∥

∥

∞

∥

∥

∥
Σ̃−1
KK

∥

∥

∥

∞

≤ (1− φ

2
)
∥

∥

∥
Σ̃KK − Σ̂KK

∥

∥

∥

∞

√

k2

∥

∥

∥
Σ̃−1
KK

∥

∥

∥

2
,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❜♦✉♥❞ ♦♥ ||Σ̂KcKΣ̂−1
KK ||∞ ❡st❛❜❧✐s❤❡❞ ♣r❡✈✐♦✉s❧②✳ ❯s✐♥❣ ❜♦✉♥❞s

✭✷✹✮ ✭♦r ✭✷✻✮✮ ❢r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✶✷✱ ✇❡ ❤❛✈❡

∥

∥

∥Σ̃−1
KK

∥

∥

∥

2
≤ 4

λmin(ΣKK)

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳ ◆❡①t✱ ❛♣♣❧②✐♥❣ ❜♦✉♥❞ ✭✶✽✮ ✭♦r ✭✷✶✮✮ ❢r♦♠ ▲❡♠♠❛

✻✳✶✷ ✇✐t❤ ε = φλmin(ΣKK)

48(1−φ
2
)
√
k2

t♦ ❜♦✉♥❞ t❤❡ t❡r♠
∥

∥

∥
Σ̃KK − Σ̂KK

∥

∥

∥

∞
②✐❡❧❞s✱

P[||R4||∞ ≥ φ

12
] ≤ 6 · exp(−bnmin{ n

k21k
3
2 logmax(p, d)

,

√
n

k1k
3/2
2

√

logmax(p, d)
}+ log d+ 2 log k2)

+c1 exp(−c2 logmax(p, d)),

♦r✱

P[||R4||∞ ≥ φ

12
] ≤ 2 · exp(−b′nmin{ n

k1k32 logmax(p, d)
,

√
n

√
k1k

3/2
2

√

logmax(p, d)
}+ k1 log d+ 2 log k2)

+c1 exp(−c2 logmax(p, d)).

❋♦r t❤❡ ✜❢t❤ t❡r♠ R5✱ ✉s✐♥❣ ❜♦✉♥❞ ✭✶✻✮ ❢r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✶✶✱ ✇❡ ❤❛✈❡

||R5||∞ ≤
√

k2

∥

∥

∥Σ̂−1
KK

∥

∥

∥

2

∥

∥

∥Σ̃KcK − Σ̂KcK

∥

∥

∥

∞

≤ 2
√
k2

λmin(ΣKK)

∥

∥

∥Σ̃KcK − Σ̂KcK

∥

∥

∥

∞
.

❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❜♦✉♥❞ ✭✶✼✮ ✭♦r ✭✷✵✮✮ ❢r♦♠ ▲❡♠♠❛ ✻✳✶✷ ✇✐t❤ ε = φλmin(ΣKK)

24
√
k2

t♦ ❜♦✉♥❞ t❤❡ t❡r♠
∥

∥

∥Σ̃KcK − Σ̂KcK

∥

∥

∥

∞
②✐❡❧❞s

P[||R5||∞ ≥ φ

12
] ≤ 6 · exp(−bnmin{ n

k21k
3
2 logmax(p, d)

,

√
n

k1k
3/2
2

√

logmax(p, d)
}+ log d+ 2 log p)

+c1 exp(−c2 logmax(p, d)),

✺✾



♦r✱

P[||R5||∞ ≥ φ

12
] ≤ 2 · exp(−b′nmin(

n

k1k32 logmax(p, d)
,

√
n

√
k1k

3/2
2

√

logmax(p, d)
) + k1 log d+ 2 log p)

+c1 exp(−c2 logmax(p, d)).

❋♦r t❤❡ s✐①t❤ t❡r♠ R6✱ ❜② ❛♣♣❧②✐♥❣ ❜♦✉♥❞s ✭✶✼✮ ❛♥❞ ✭✶✾✮ ✭♦r✱ ✭✷✵✮ ❛♥❞ ✭✷✷✮✮ t♦ ❜♦✉♥❞ t❤❡ t❡r♠s
∥

∥

∥
Σ̃KcK − Σ̂KcK

∥

∥

∥

∞
❛♥❞

∥

∥

∥
Σ̃−1
KK − Σ̂−1

KK

∥

∥

∥

∞
r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ ε = φ

12
λmin(ΣKK)

8 ❢♦r ✭✶✼✮ ✭♦r ✭✷✵✮✮✱ ✇❡ ❛r❡

❣✉❛r❛♥t❡❡❞ t❤❛t

P[||R6||∞ ≥ φ

12
] ≤ 6 · exp(−bnmin{ n

k21k
2
2 logmax(p, d)

,

√
n

k1k2
√

logmax(p, d)
}+ log d+ 2 log p)

+c1 exp(−c2 logmax(p, d)),

♦r✱

P[||R6||∞ ≥ φ

12
] ≤ 2 · exp(−b′nmin(

n

k1k22 logmax(p, d)
,

√
n√

k1k2
√

logmax(p, d)
) + k1 log d+ 2 log p)

+c1 exp(−c2 logmax(p, d)).

❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ▲❡♠♠❛s ✻✳✶ ❛♥❞ ✻✳✷ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥

1

n
max

{

k1k
3/2
2 log p, k32 log p

}

= O(1),

1

n
k21k

2
2 logmax(p, d) = o(1),

♦r✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ▲❡♠♠❛s ✻✳✸ ❛♥❞ ✻✳✹ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥

1

n
max

{

k
1/2
1 k

3/2
2 log p, k32 log p

}

= O(1),

1

n
min

{

k21k
2
2 logmax(p, d), min

r∈[0, 1]
max

{

k3−2r
1 log d, k3−2r

1 log p, kr1k2 log d, k
r
1k2 log p

}

}

= o(1),

1

n
k1k

2
2 logmax(p, d) = o(1),

♣✉tt✐♥❣ t❤❡ ❜♦✉♥❞s ♦♥ R1 −R6 t♦❣❡t❤❡r✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

P[||Σ̃KcKΣ̃−1
KK ||∞ ≥ 1− φ

4
] ≤ O

(

1

min(p, d)

)

.

�

✻✳✻ ❚❤❡♦r❡♠s ✸✳✼✲✸✳✽

❚❤❡ ♣r♦♦❢ ❢♦r t❤❡ ✜rst ❝❧❛✐♠ ✐♥ ❚❤❡♦r❡♠s ✸✳✼ ❛♥❞ ✸✳✽ ✐s ❡st❛❜❧✐s❤❡❞ ✐♥ ▲❡♠♠❛ ✻✳✻✱ ✇❤✐❝❤ s❤♦✇s t❤❛t

β̂H2SLS = (β̂K , 0) ✇❤❡r❡ β̂K ✐s t❤❡ s♦❧✉t✐♦♥ ♦❜t❛✐♥❡❞ ✐♥ st❡♣ ✷ ♦❢ t❤❡ P❉❲ ❝♦♥str✉❝t✐♦♥ ✭r❡❝❛❧❧ ✇❡ ❧❡t

J(β∗) := K ❛♥❞ J(β∗)c := Kc ❢♦r ♥♦t❛t✐♦♥❛❧ ❝♦♥✈❡♥✐❡♥❝❡ ✐♥ ▲❡♠♠❛ ✻✳✺✮✳ ❚❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ ❝❧❛✐♠s

❛r❡ ♣r♦✈❡❞ ✉s✐♥❣ ▲❡♠♠❛ ✻✳✼✳ ❚❤❡ ❧❛st ❝❧❛✐♠ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ t❤✐r❞ ❝❧❛✐♠✳

✻✵



▲❡♠♠❛ ✻✳✻✿ ■❢ t❤❡ P❉❲ ❝♦♥str✉❝t✐♦♥ s✉❝❝❡❡❞s✱ t❤❡♥ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✸✳✽✱ t❤❡ ✈❡❝t♦r (β̂K , 0) ∈ R
p ✐s

t❤❡ ✉♥✐q✉❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ▲❛ss♦✳

Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✻ ❛❞♦♣ts t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✶ ❢r♦♠ ❈❤❛♣t❡r ✻✳✹✳✷ ♦❢ ❲❛✐♥✇r✐❣❤t

✭✷✵✶✹✮✳ ■❢ t❤❡ P❉❲ ❝♦♥str✉❝t✐♦♥ s✉❝❝❡❡❞s✱ t❤❡♥ β̂ = (β̂K , 0) ✐s ❛♥ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ✇✐t❤ ❛ss♦❝✐❛t❡❞

s✉❜❣r❛❞✐❡♥t ✈❡❝t♦r µ̂ ∈ R
p s❛t✐s❢②✐♥❣ |µ̂Kc |∞ < 1✱ ❛♥❞

〈

µ̂, β̂
〉

= |β̂|1✳ ❙✉♣♣♦s❡ β̃ ✐s ❛♥♦t❤❡r ♦♣✲

t✐♠❛❧ s♦❧✉t✐♦♥✳ ▲❡tt✐♥❣ F (β) = 1
2n |y − X̂β|22✱ t❤❡♥ F (β̂) + λn

〈

µ̂, β̂
〉

= F (β̃) + λn|β̃|1✱ ❛♥❞ ❤❡♥❝❡

F (β̂)−λn
〈

µ̂, β̃ − β̂
〉

= F (β̃)+λn

(

|β̃|1 −
〈

µ̂, β̃
〉)

✳ ❍♦✇❡✈❡r✱ ❜② t❤❡ ③❡r♦✲s✉❜❣r❛❞✐❡♥t✼ ❝♦♥❞✐t✐♦♥s ❢♦r ♦♣t✐✲

♠❛❧✐t②✱ ✇❡ ❤❛✈❡ λnµ̂ = −∇F (β̂)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t F (β̂)+
〈

∇F (β̂), β̃ − β̂
〉

−F (β̃) = λn

(

|β̃|1 −
〈

µ̂, β̃
〉)

✳

❇② ❝♦♥✈❡①✐t② ♦❢ F ✱ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ✐s ♥♦♥✲♣♦s✐t✐✈❡✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t |β̃|1 ≤
〈

µ̂, β̃
〉

✳ ❇✉t s✐♥❝❡ ✇❡ ❛❧s♦

❤❛✈❡
〈

µ̂, β̃
〉

≤ |µ̂|∞|β̃|1✱ ✇❡ ♠✉st ❤❛✈❡ |β̃|1 =
〈

µ̂, β̃
〉

✳ ❙✐♥❝❡ |µ̂Kc |∞ < 1✱ t❤✐s ❡q✉❛❧✐t② ❝❛♥ ♦♥❧② ♦❝❝✉r ✐❢

β̃j = 0 ❢♦r ❛❧❧ j ∈ Kc✳ ❚❤✉s✱ ❛❧❧ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥s ❛r❡ s✉♣♣♦rt❡❞ ♦♥❧② ♦♥ K✱ ❛♥❞ ❤❡♥❝❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞

❜② s♦❧✈✐♥❣ t❤❡ ♦r❛❝❧❡ s✉❜♣r♦❜❧❡♠ ✐♥ t❤❡ P❉❲ ♣r♦❝❡❞✉r❡ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳ ●✐✈❡♥ ❆ss✉♠♣t✐♦♥ ✸✳✽✱

t❤✐s s✉❜♣r♦❜❧❡♠ ✐s str✐❝t❧② ❝♦♥✈❡①✱ ❛♥❞ ❤❡♥❝❡ ✐t ❤❛s ❛ ✉♥✐q✉❡ ♠✐♥✐♠✐③❡r✳ �

▲❡♠♠❛ ✻✳✼✿ ❙✉♣♣♦s❡ ❆ss✉♠♣t✐♦♥s ✶✳✶✱ ✸✳✶✲✸✳✸✱ ✸✳✺❛✱ ✸✳✼✱ ❛♥❞ ✸✳✽ ❤♦❧❞✳ ▲❡t

ϕ1 =
ση maxj,j′ |❝♦✈(x∗1j′ , z1j)|∞|β∗|1

λmin(ΣZ)λmin(ΣKK)
,

ϕ2 = max

{

σX∗ση|β∗|1
λmin(ΣKK)

,
σX∗σǫ

λmin(ΣKK)

}

.

❲✐t❤ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ t✉♥✐♥❣ ♣❛r❛♠❡t❡r

λn ≍ 48(2−φ
4
)

φ max

{

ση max
j,j

′ |❝♦✈(x∗

1j
′ , z1j)|∞|β∗|1

λmin(ΣZ) k1

√

logmax(p, d)
n , σX∗ση|β∗|1

√

log p
n , σX∗σǫ

√

log p
n

}

≍ k2k1

√

logmax(p, d)

n
,

❛♥❞ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥
max{k21 log d, k21 log p}

n = o(1)✱ ✇❡ ❤❛✈❡ |µ̂Kc |∞ ≤ 1 − φ
8 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st

1− c1 exp(−c2 logmin(p, d))✳ ❋✉rt❤❡r♠♦r❡✱

|β̂K − β∗K |∞ ≤ cmax

{

ϕ1k1

√

k2 logmax(p, d)

n
, ϕ2

√

k2 log p

n

}

,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmin(p, d))✳ ■❢ ❆ss✉♠♣t✐♦♥s ✶✳✶✱ ✸✳✶✲✸✳✹✱ ✸✳✺❜✱ ✸✳✻✲✸✳✽ ❤♦❧❞✱ t❤❡♥

✇✐t❤ t❤❡ ❝❤♦✐❝❡ ♦❢ t✉♥✐♥❣ ♣❛r❛♠❡t❡r

✼●✐✈❡♥ ❛ ❝♦♥✈❡① ❢✉♥❝t✐♦♥ g : R
p 7→ R✱ µ ∈ R

p ✐s ❛ s✉❜❣r❛❞✐❡♥t ❛t β✱ ❞❡♥♦t❡❞ ❜② µ ∈ ∂g(β)✱ ✐❢ g(β +△) ≥ g(β) + 〈µ, △〉
❢♦r ❛❧❧ △ ∈ R

p✳ ❲❤❡♥ g(β) = |β|1✱ ♥♦t✐❝❡ t❤❛t µ ∈ ∂|β|1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ µj = s✐❣♥(βj) ❢♦r ❛❧❧ j = 1, ..., p✱ ✇❤❡r❡ s✐❣♥(0) ✐s
❛❧❧♦✇❡❞ t♦ ❜❡ ❛♥② ♥✉♠❜❡r ✐♥ [−1, 1]✳

✻✶



λn ≍ 48(2−φ
4
)

φ max

{

ση max
j,j

′ |❝♦✈(x∗

1j
′ , z1j)|∞|β∗|1

λmin(ΣZ)

√

k1 logmax(p, d)
n , σX∗ση|β∗|1

√

log p
n , σX∗σǫ

√

log p
n

}

≍ k2

√

k1 logmax(p, d)

n
,

❛♥❞ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ max{k1 log d, k1 log p}
n = o(1)✱ ✇❡ ❤❛✈❡ |µ̂Kc |∞ ≤ 1 − φ

8 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st

1− c1 exp(−c2 logmin(p, d))✱ ❛♥❞

|β̂K − β∗K |∞ ≤ c
′

max

{

ϕ1

√

k1k2 logmax(p, d)

n
, ϕ2

√

k2 log p

n

}

,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmin(p, d))✳

Pr♦♦❢✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ s✉❜✲✈❡❝t♦rs β̂K ✱ µ̂K ✱ ❛♥❞ µ̂Kc s❛t✐s❢② t❤❡ ③❡r♦✲s✉❜❣r❛❞✐❡♥t ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡

P❉❲ ❝♦♥str✉❝t✐♦♥✳ ❘❡❝❛❧❧ e := (X− X̂)β∗+ηβ∗+ ǫ ❢r♦♠ ▲❡♠♠❛ ✸✳✶✳ ❲✐t❤ t❤❡ ❢❛❝t t❤❛t β̂Kc = β∗Kc = 0✱

✇❡ ❤❛✈❡

1

n
X̂T

KX̂K

(

β̂K − β∗K
)

+
1

n
X̂T

Ke+ λnµ̂K = 0,

1

n
X̂T

KcX̂K

(

β̂K − β∗K
)

+
1

n
X̂T

Kce+ λnµ̂Kc = 0.

❋r♦♠ t❤❡ ❡q✉❛t✐♦♥s ❛❜♦✈❡✱ ❜② s♦❧✈✐♥❣ ❢♦r t❤❡ ✈❡❝t♦r µ̂Kc ∈ R
p−k2 ✱ ✇❡ ♦❜t❛✐♥

µ̂Kc = − 1

nλn
X̂T

KcX̂K

(

β̂K − β∗K
)

− X̂T
Kc

e

nλn
,

β̂K − β∗K = −
(

1

n
X̂T

KX̂K

)−1 X̂T
Ke

n
− λn

(

X̂T
KX̂K

n

)−1

µ̂K ,

✇❤✐❝❤ ②✐❡❧❞s

µ̂Kc =
(

Σ̃KcKΣ̃−1
KK

)

µ̂K +

(

X̂T
Kc

e

nλn

)

−
(

Σ̃KcKΣ̃−1
KK

)

X̂T
K

e

nλn
.

❇② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

|µ̂Kc |∞ ≤
∥

∥

∥Σ̃KcKΣ̃−1
KK

∥

∥

∥

∞
+

∣

∣

∣

∣

X̂T
Kc

e

nλn

∣

∣

∣

∣

∞
+
∥

∥

∥Σ̃KcKΣ̃−1
KK

∥

∥

∥

∞

∣

∣

∣

∣

X̂T
K

e

nλn

∣

∣

∣

∣

∞
,

✇❤❡r❡ t❤❡ ❢❛❝t t❤❛t |µ̂K |∞ ≤ 1 ✐s ✉s❡❞ ✐♥ t❤❡ ✐♥❡q✉❛❧✐t② ❛❜♦✈❡✳ ❇② ▲❡♠♠❛ ✻✳✺✱ ✇❡ ❤❛✈❡
∥

∥

∥Σ̃KcKΣ̃−1
KK

∥

∥

∥

∞
≤

1− φ
4 ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c exp(− logmin(p, d))✳ ❍❡♥❝❡✱

|µ̂Kc |∞ ≤ 1− φ

4
+

∣

∣

∣

∣

X̂T
Kc

e

nλn

∣

∣

∣

∣

∞
+
∥

∥

∥Σ̃KcKΣ̃−1
KK

∥

∥

∥

∞

∣

∣

∣

∣

X̂T
K

e

nλn

∣

∣

∣

∣

∞

≤ 1− φ

4
+

(

2− φ

4

) ∣

∣

∣

∣

X̂T e

nλn

∣

∣

∣

∣

∞
.

✻✷



❚❤❡r❡❢♦r❡✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t
(

2− φ
4

) ∣

∣

∣
X̂T e

nλn

∣

∣

∣

∞
≤ φ

8 ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳ ❚❤✐s r❡s✉❧t ✐s ❡st❛❜❧✐s❤❡❞

✐♥ ▲❡♠♠❛ ✻✳✶✸✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ |µ̂Kc |∞ ≤ 1− φ
8 ✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✳

■t r❡♠❛✐♥s t♦ ❡st❛❜❧✐s❤ ❛ ❜♦✉♥❞ ♦♥ t❤❡ l∞−♥♦r♠ ♦❢ t❤❡ ❡rr♦r β̂K − β∗K ✳ ❇② t❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t②✱ ✇❡

❤❛✈❡

|β̂K − β∗K |∞ ≤

∣

∣

∣

∣

∣

∣

(

X̂T
KX̂K

n

)−1
X̂T

Ke

n

∣

∣

∣

∣

∣

∣

∞

+ λn

∥

∥

∥

∥

∥

∥

(

X̂T
KX̂K

n

)−1
∥

∥

∥

∥

∥

∥

∞

≤

∥

∥

∥

∥

∥

∥

(

X̂T
KX̂K

n

)−1
∥

∥

∥

∥

∥

∥

∞

∣

∣

∣

∣

∣

X̂T
Ke

n

∣

∣

∣

∣

∣

∞
+ λn

∥

∥

∥

∥

∥

∥

(

X̂T
KX̂K

n

)−1
∥

∥

∥

∥

∥

∥

∞

,

❯s✐♥❣ ❜♦✉♥❞ ✭✷✹✮ ✭♦r ✭✷✻✮✮ ❢r♦♠ ▲❡♠♠❛ ✻✳✶✷✱ ✇❡ ❤❛✈❡

∥

∥

∥

∥

∥

∥

(

X̂T
KX̂K

n

)−1
∥

∥

∥

∥

∥

∥

∞

≤ 2
√
k2

λmin(Σ̂KK)
≤ 4

√
k2

λmin(ΣKK)
.

❇② ▲❡♠♠❛ ✻✳✷✱ ✇❡ ❤❛✈❡✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmin(p, d))✱

| 1
n
X̂T e|∞ - max

{

ση maxj,j′ |❝♦✈(x∗1j′ , z1j)|∞|β∗|1
λmin(ΣZ)

k1

√

logmax(p, d)

n
, σX∗ση|β∗|1

√

log p

n
, σX∗σǫ

√

log p

n

}

.

❇② ▲❡♠♠❛ ✻✳✹✱ ✇❡ ❤❛✈❡✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmin(p, d))✮✱

| 1
n
X̂T e|∞ - max

{

ση maxj,j′ |❝♦✈(x∗1j′ , z1j)|∞|β∗|1
λmin(ΣZ)

√

k1 logmax(p, d)

n
, σX∗ση|β∗|1

√

log p

n
, σX∗σǫ

√

log p

n

}

.

P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r✱ ✇✐t❤ t❤❡ ❝❤♦✐❝❡ ♦❢ λn ❣✐✈❡♥ ✐♥ t❤❡ st❛t❡♠❡♥t ♦❢ ▲❡♠♠❛ ✻✳✼✱ ✇❡ ♦❜t❛✐♥

|β̂K − β∗K |∞ ≤ cmax

{

ϕ1k1

√

k2 logmax(p, d)

n
, ϕ2

√

k2 log p

n

}

,

♦r✱

|β̂K − β∗K |∞ ≤ c
′

max

{

ϕ1

√

k1k2 logmax(p, d)

n
, ϕ2

√

k2 log p

n

}

,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmin(p, d))✮✱ ❛s ❝❧❛✐♠❡❞✳ �

✻✳✼ ▲❡♠♠❛s ✻✳✽✲✻✳✶✸

▲❡♠♠❛ ✻✳✽✿ ■❢ X ∈ R
n×p1 ✐s ❛ ③❡r♦✲♠❡❛♥ s✉❜✲●❛✉ss✐❛♥ ♠❛tr✐① ✇✐t❤ ♣❛r❛♠❡t❡rs (ΣX , σ

2
X)✱ t❤❡♥ ❢♦r ❛♥②

✜①❡❞ ✭✉♥✐t✮ ✈❡❝t♦r v ∈ R
p1 ✱ ✇❡ ❤❛✈❡

P(
∣

∣|Xv|22 − E[|Xv|22]
∣

∣ ≥ nt) ≤ 2 exp(−cnmin{ t
2

σ4X
,
t

σ2X
}).

✻✸



▼♦r❡♦✈❡r✱ ✐❢ Y ∈ R
n×p2 ✐s ❛ ③❡r♦✲♠❡❛♥ s✉❜✲●❛✉ss✐❛♥ ♠❛tr✐① ✇✐t❤ ♣❛r❛♠❡t❡rs (ΣY , σ

2
Y )✱ t❤❡♥

P(|Y
TX

n
− ❝♦✈(yi, xi)|∞ ≥ t) ≤ 6p1p2 exp(−cnmin{ t2

σ2Xσ
2
Y

,
t

σXσY
}),

✇❤❡r❡ xi ❛♥❞ yi ❛r❡ t❤❡ i
th r♦✇s ♦❢ X ❛♥❞ Y ✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ n % log p✱ t❤❡♥

P(|Y
TX

n
− ❝♦✈(yi, xi)|∞ ≥ c0σXσY

√

log (max{p1, p2})
n

) ≤ c1 exp(−c2 log (max{p1, p2})).

❘❡♠❛r❦✳ ▲❡♠♠❛ ✻✳✽ ✐s ▲❡♠♠❛ ✶✹ ✐♥ ▲♦❤ ❛♥❞ ❲❛✐♥✇r✐❣❤t ✭✷✵✶✷✮✳

▲❡♠♠❛ ✻✳✾✿ ❋♦r ❛ ✜①❡❞ ♠❛tr✐① Γ ∈ R
p×p✱ ♣❛r❛♠❡t❡r s ≥ 1✱ ❛♥❞ t♦❧❡r❛♥❝❡ τ > 0✱ s✉♣♣♦s❡ ✇❡ ❤❛✈❡

t❤❡ ❞❡✈✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥

|vTΓv| ≤ τ ∀v ∈ K(2s, p).

❚❤❡♥✱

|vTΓv| ≤ 27τ

(

|v|22 +
1

s
|v|21
)

∀v ∈ R
p.

❘❡♠❛r❦✳ ▲❡♠♠❛ ✻✳✾ ✐s ▲❡♠♠❛ ✶✷ ✐♥ ▲♦❤ ❛♥❞ ❲❛✐♥✇r✐❣❤t ✭✷✵✶✷✮✳

▲❡♠♠❛ ✻✳✶✵✿ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✳✶ ❛♥❞ ✸✳✸✱ ✇❡ ❤❛✈❡

|X∗v0|22
n

≥ κ1|v0|22 − κ2
kr1 logmax(p, d)

n
|v0|21, ❢♦r ❛❧❧ v0 ∈ R

p, r ∈ [0, 1]

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1−c1 exp(−c2n)✱ ✇❤❡r❡ κ1 = λmin(ΣX∗ )
2 ❛♥❞ κ2 = c0λmin(ΣX∗)max

{

σ4
X∗

λ2
min(ΣX∗ )

, 1
}

✳

Pr♦♦❢✳ ❋✐rst✱ ✇❡ s❤♦✇

sup
v0∈K(2s, p)

∣

∣

∣

∣

v0T
(

X∗TX∗

n
− ΣX∗

)

v0
∣

∣

∣

∣

≤ λmin(ΣX∗)

54

✇✐t❤ ❤✐❣❤ ♣r♦❜❛❜✐❧✐t②✱ ✇❤❡r❡ ΣX∗ = E(X∗TX∗)✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✸✳✸✱ ✇❡ ❤❛✈❡ t❤❛t X∗ ✐s s✉❜✲●❛✉ss✐❛♥

✇✐t❤ ♣❛r❛♠❡t❡rs (ΣX∗ , σX∗)✳ ❚❤❡r❡❢♦r❡✱ ❜② ▲❡♠♠❛ ✻✳✽ ❛♥❞ ❛ ❞✐s❝r❡t✐③❛t✐♦♥ ❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥

▲❡♠♠❛ ✻✳✸✱ ✇❡ ❤❛✈❡

P

(

sup
v0∈K(2s, p)

∣

∣

∣

∣

v0T
(

X∗TX∗

n
− ΣX∗

)

v0
∣

∣

∣

∣

≥ t

)

≤ 2 exp(−cnmin(
t2

σ4X∗

,
t

σ2X∗

) + 2s log p),

❢♦r s♦♠❡ ✉♥✐✈❡rs❛❧ ❝♦♥st❛♥ts c > 0✳ ❇② ❝❤♦♦s✐♥❣ t = λmin(ΣX∗ )
54 ❛♥❞

s = s(r) :=
1

c′
n

kr1 logmax(p, d)
min

{

λ2min(ΣX∗)

σ4X∗

, 1

}

, r ∈ [0, 1],

✻✹



✇❤❡r❡ c
′
✐s ❝❤♦s❡♥ s✉✣❝✐❡♥t❧② s♠❛❧❧ s♦ t❤❛t s ≥ 1✱ ✇❡ ❣❡t

P

(

sup
v0∈K(2s, p)

∣

∣

∣

∣

v0T
(

X∗TX∗

n
− ΣX∗

)

v0
∣

∣

∣

∣

≥ λmin(ΣX∗)

54

)

≤ 2 exp(−c2nmin(
λ2min(ΣX∗)

σ4X∗

, 1)).

◆♦✇✱ ❜② ▲❡♠♠❛ ✻✳✾ ❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜st✐t✉t✐♦♥s

Γ =
X∗TX∗

n
− ΣX∗ , ❛♥❞ τ :=

λmin(ΣX∗)

54
,

✇❡ ♦❜t❛✐♥
∣

∣

∣

∣

v0T
(

X∗TX∗

n
− ΣX∗

)

v0
∣

∣

∣

∣

≤ λmin(ΣX∗)

2

(

|v0|22 +
1

s
|v0|21

)

,

✇❤✐❝❤ ✐♠♣❧✐❡s

v0T
X∗TX∗

n
v0 ≥ v0TΣX∗v0 − λmin(ΣX∗)

2

(

|v0|22 +
1

s
|v0|21

)

.

❘❡❝❛❧❧✐♥❣ t❤❡ ❝❤♦✐❝❡ ♦❢

s = s(r) :=
1

c′
n

kr1 logmax(p, d)
min

{

λ2min(ΣX∗)

σ4X∗

, 1

}

, r ∈ [0, 1],

✇❤❡r❡ c
′
✐s ❝❤♦s❡♥ s✉✣❝✐❡♥t❧② s♠❛❧❧ s♦ s ≥ 1✱ t❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s✳ �

▲❡♠♠❛ ✻✳✶✶✿ ❙✉♣♣♦s❡ ❆ss✉♠♣t✐♦♥s ✶✳✶✱ ✸✳✸✱ ❛♥❞ ✸✳✽ ❤♦❧❞✳ ❋♦r ❛♥② ε > 0 ❛♥❞ ❝♦♥st❛♥t c✱ ✇❡ ❤❛✈❡

P

{∥

∥

∥Σ̂KcK − ΣKcK

∥

∥

∥

∞
≥ ε
}

≤ (p− k2)k2 · 2 exp(−cnmin{ ε2

4k22σ
4
X∗

,
ε

2k2σ2X∗

}), ✭✶✵✮

P

{∥

∥

∥
Σ̂KK − ΣKK

∥

∥

∥

∞
≥ ε
}

≤ k22 · 2 exp(−cnmin{ ε2

4k22σ
4
X∗

,
ε

2k2σ2X∗

}). ✭✶✶✮

❋✉rt❤❡r♠♦r❡✱ ✉♥❞❡r t❤❡ s❝❛❧✐♥❣ n % k2 log p✱ ❢♦r ❝♦♥st❛♥ts b1 ❛♥❞ b2✱ ✇❡ ❤❛✈❡

∥

∥

∥Σ̂−1
KK − Σ−1

KK

∥

∥

∥

∞
≤ 1

λmin(ΣKK)
, ✭✶✷✮

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2nmin{λ2
min(ΣKK)

4k2σ4
X∗

, λmin(ΣKK)

2
√
k2σ2

X∗
})✳

Pr♦♦❢✳ ❉❡♥♦t❡ t❤❡ ❡❧❡♠❡♥t (j
′
, j) ♦❢ t❤❡ ♠❛tr✐① ❞✐✛❡r❡♥❝❡ Σ̂KcK −ΣKcK ❜② uj′j ✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡

✻✺



l∞♠❛tr✐① ♥♦r♠✱ ✇❡ ❤❛✈❡

P

{∥

∥

∥Σ̂KcK − ΣKcK

∥

∥

∥

∞
≥ ε
}

= P







max
j
′∈Kc

∑

j∈K
|uj′j | ≥ ε







≤ (p− k2)P







∑

j∈K
|uj′j | ≥ ε







≤ (p− k2)P

{

∃j ∈ K | |uj′j | ≥
ε

k2

}

≤ (p− k2)k2P

{

|uj′j | ≥
ε

k2

}

≤ (p− k2)k2 · 2 exp(−cnmin{ ε2

k22σ
4
X∗

,
ε

k2σ2X∗

}),

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s t❤❡ ❞❡✈✐❛t✐♦♥ ❜♦✉♥❞ ❢♦r s✉❜✲❡①♣♦♥❡♥t✐❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✱ ✐✳❡✳✱ ▲❡♠♠❛

✻✳✽✳ ❇♦✉♥❞ ✭✶✶✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❡①❝❡♣t t❤❛t t❤❡ ♣r❡✲❢❛❝t♦r (p− k2) ✐s r❡♣❧❛❝❡❞ ❜② k2✳ ❚♦

♣r♦✈❡ t❤❡ ❧❛st ❜♦✉♥❞ ✭✶✷✮✱ ✇r✐t❡

∥

∥

∥Σ̂−1
KK − Σ−1

KK

∥

∥

∥

∞
=

∥

∥

∥Σ−1
KK

[

ΣKK − Σ̂KK

]

Σ̂−1
KK

∥

∥

∥

∞

=
√

k2

∥

∥

∥Σ−1
KK

[

ΣKK − Σ̂KK

]

Σ̂−1
KK

∥

∥

∥

2

=
√

k2
∥

∥Σ−1
KK

∥

∥

2

∥

∥

∥
ΣKK − Σ̂KK

∥

∥

∥

2

∥

∥

∥
Σ̂−1
KK

∥

∥

∥

2

≤
√
k2

λmin(ΣKK)

∥

∥

∥ΣKK − Σ̂KK

∥

∥

∥

2

∥

∥

∥Σ̂−1
KK

∥

∥

∥

2
. ✭✶✸✮

❚♦ ❜♦✉♥❞ t❤❡ t❡r♠
∥

∥

∥
ΣKK − Σ̂KK

∥

∥

∥

2
✐♥ ✭✶✸✮✱ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✻✳✽ ✇✐t❤ XTX = Σ̂KK ❛♥❞ t = λmin(ΣKK)

2
√
k2

②✐❡❧❞s
∥

∥

∥
Σ̂KK − ΣKK

∥

∥

∥

2
≤ λmin(ΣKK)

2
√
k2

,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2nmin{λ2
min(ΣKK)

4k2σ4
X∗

, λmin(ΣKK)

2
√
k2σ2

X∗
})✳

❚♦ ❜♦✉♥❞ t❤❡ t❡r♠
∥

∥

∥Σ̂−1
KK

∥

∥

∥

2
✐♥ ✭✶✸✮✱ ♥♦t❡ t❤❛t ✇❡ ❝❛♥ ✇r✐t❡

λmin(ΣKK) = min
||h′ ||2=1

h
′TΣKKh

′

= min
||h′ ||2=1

[

h
′T Σ̂KKh

′

+ h
′T (ΣKK − Σ̂KK)h

′
]

≤ hT Σ̂KKh+ hT (ΣKK − Σ̂KK)h ✭✶✹✮

✇❤❡r❡ h ∈ R
k2 ✐s ❛ ✉♥✐t✲♥♦r♠ ♠✐♥✐♠❛❧ ❡✐❣❡♥✈❡❝t♦r ♦❢ Σ̂KK ✳ ❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✻✳✽ ②✐❡❧❞s

∣

∣

∣
hT
(

ΣKK − Σ̂KK

)

h
∣

∣

∣
≤ λmin(ΣKK)

2

✻✻



✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2n)✳ ❚❤❡r❡❢♦r❡✱

λmin(ΣKK) ≤ λmin(Σ̂KK) +
λmin(ΣKK)

2

=⇒ λmin(Σ̂KK) ≥ λmin(ΣKK)

2
, ✭✶✺✮

❛♥❞ ❝♦♥s❡q✉❡♥t❧②✱
∥

∥

∥Σ̂−1
KK

∥

∥

∥

2
≤ 2

λmin(ΣKK)
. ✭✶✻✮

P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r✱ ✇❡ ❤❛✈❡

∥

∥

∥Σ̂−1
KK − Σ−1

KK

∥

∥

∥

∞
≤

√
k2

λmin(ΣKK)

λmin(ΣKK)

2
√
k2

2

λmin(ΣKK)
=

1

λmin(ΣKK)
.

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2nmin{λ2
min(ΣKK)

4k2σ4
X∗

, λmin(ΣKK)

2
√
k2σ2

X∗
})✳ �

▲❡♠♠❛ ✻✳✶✷✿ ✭✐✮ ❙✉♣♣♦s❡ t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ▲❡♠♠❛s ✻✳✶ ❛♥❞ ✻✳✷ ❤♦❧❞✳ ❋♦r ❛♥② ε > 0✱ ✉♥❞❡r t❤❡

❝♦♥❞✐t✐♦♥
k21k

2
2 logmax(p, d)

n = o(1)✱ ✇❡ ❤❛✈❡

P

{∥

∥

∥Σ̃KcK − Σ̂KcK

∥

∥

∥

∞
≥ ε
}

≤

6(p− k2)k2 · exp(−cnmin{ nλ2min(ΣZ)ε
2

σ2ησ
2
X∗σ2Zk

2
1k

2
2 logmax(p, d)

,

√
nλmin(ΣZ)ε

σησX∗σZk1k2
√

logmax(p, d)
}+ log d)

+c1 exp(−c2 logmax(p, d)), ✭✶✼✮

P

{∥

∥

∥
Σ̃KK − Σ̂KK

∥

∥

∥

∞
≥ ε
}

≤

6k22 · exp(−cnmin{ nλ2min(ΣZ)ε
2

σ2ησ
2
X∗σ2Zk

2
1k

2
2 logmax(p, d)

,

√
nλmin(ΣZ)ε

σησX∗σZk1k2
√

logmax(p, d)
}+ log d)

+c1 exp(−c2 logmax(p, d)). ✭✶✽✮

❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡

∥

∥

∥Σ̃−1
KK − Σ̂−1

KK

∥

∥

∥

∞
≤ 8

λmin(ΣKK)
✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d)). ✭✶✾✮

✭✐✐✮ ❙✉♣♣♦s❡ t❤❡ ❛ss✉♠♣t✐♦♥s ✐♥ ▲❡♠♠❛s ✻✳✸ ❛♥❞ ✻✳✹ ❤♦❧❞✳ ❋♦r ❛♥② ε > 0✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥
k1k22 logmax(p, d)

n =

o(1)✱ ✇❡ ❤❛✈❡

P

{∥

∥

∥Σ̃KcK − Σ̂KcK

∥

∥

∥

∞
≥ ε
}

≤

2(p− k2)k2 · exp(−cnmin(
nλ2min(ΣZ)ε

2

σ2ησ
2
X∗σ2Wk1k

2
2 logmax(p, d)

,

√
nλmin(ΣZ)ε

σησX∗σW
√
k1k2

√

logmax(p, d)
) + k1 log d)

+c1 exp(−c2 logmax(p, d)), ✭✷✵✮

P

{∥

∥

∥
Σ̃KK − Σ̂KK

∥

∥

∥

∞
≥ ε
}

≤

✻✼



2k22 · exp(−cnmin(
nλ2min(ΣZ)ε

2

σ2ησ
2
X∗σ2Wk1k

2
2 logmax(p, d)

,

√
nλmin(ΣZ)ε

σησX∗σW
√
k1k2

√

logmax(p, d)
) + k1 log d)

+c1 exp(−c2 logmax(p, d)). ✭✷✶✮

❋✉rt❤❡r♠♦r❡✱ ✐❢

1

n
min

{

k21k
2
2 logmax(p, d), min

r∈[0, 1]
max

{

k3−2r
1 log d, k3−2r

1 log p, kr1k2 log d, k
r
1k2 log p

}

}

= o(1),

✇❡ ❤❛✈❡

∥

∥

∥
Σ̃−1
KK − Σ̂−1

KK

∥

∥

∥

∞
≤ 8

λmin(ΣKK)
✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d)). ✭✷✷✮

Pr♦♦❢✳ ❉❡♥♦t❡ t❤❡ ❡❧❡♠❡♥t (j
′
, j) ♦❢ t❤❡ ♠❛tr✐① ❞✐✛❡r❡♥❝❡ Σ̃KcK−Σ̂KcK ❜② wj

′
j ✳ ❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t

❛s ✐♥ ▲❡♠♠❛ ✻✳✶✶✱ ✇❡ ❤❛✈❡

P

{∥

∥

∥Σ̃KcK − Σ̂KcK

∥

∥

∥

∞
≥ ε
}

≤ (p− k2)k2P

{

|wj′j | ≥
ε

k2

}

.

❋♦❧❧♦✇✐♥❣ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ✉♣♣❡r ❜♦✉♥❞s ♦♥
∣

∣

∣

(X̂−X∗)TX∗

n

∣

∣

∣

∞
❛♥❞

∣

∣

∣

(X̂−X∗)T (X̂−X∗)
n

∣

∣

∣

∞
✐♥ t❤❡ ♣r♦♦❢ ❢♦r

▲❡♠♠❛ ✻✳✷ ❛♥❞ t❤❡ ✐❞❡♥t✐t②

1

n

(

Σ̃KcK − Σ̂KcK

)

=
1

n
X∗T

Kc(X̂K −X∗
K) +

1

n
(X̂Kc −X∗

Kc)TX∗
K +

1

n
(X̂Kc −X∗

Kc)T (X̂K −X∗
K),

✇❡ ♥♦t✐❝❡ t❤❛t t♦ ✉♣♣❡r ❜♦✉♥❞ |wj′j |✱ ✐t s✉✣❝❡s t♦ ✉♣♣❡r ❜♦✉♥❞ 3 ·
∣

∣

∣

1
nx

∗T
j′
(x̂j − x∗

j )
∣

∣

∣
✳ ❋r♦♠ t❤❡ ♣r♦♦❢ ❢♦r

▲❡♠♠❛ ✻✳✷✱ ✇❡ ❤❛✈❡

∣

∣

∣

∣

1

n
x∗T
j′
(x̂j − x∗

j )

∣

∣

∣

∣

≤ cση
λmin(ΣZ)

k1

√

logmax(p, d)

n

∣

∣

∣

∣

∣

1

n

n
∑

i=1

x∗
ij′
zij

∣

∣

∣

∣

∣

∞
,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d)) ❛♥❞

P

[

| 1
n
x∗T
j
′ Zj − E(x∗

ij
′ , zij)|∞ ≥ t

]

≤ 6 exp(−cnmin{ t2

σ2X∗σ2Z
,

t

σX∗σZ
}+ log d).

❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥
k21k

2
2 logmax(p, d)

n = o(1)✱ s❡tt✐♥❣ t = ελmin(ΣZ)
cση

√

n
k22k

2
1 logmax(p, d)

❢♦r ❛♥② ε > 0 ②✐❡❧❞s

P

[

|wj
′
j | ≥

ε

k2

]

≤

6 exp(−cnmin{ nλ2min(ΣZ)ε
2

σ2ησ
2
X∗σ2Zk

2
1k

2
2 logmax(p, d)

,

√
nλmin(ΣZ)ε

σησX∗σZk1k2
√

logmax(p, d)
}+ log d)

+c1 exp(−c2 logmax(p, d)).

✻✽



❚❤❡r❡❢♦r❡✱

P

{∥

∥

∥Σ̃KcK − Σ̂KcK

∥

∥

∥

∞
≥ ε
}

≤

6(p− k2)k2 · exp(−cnmin{ nλ2min(ΣZ)ε
2

σ2ησ
2
X∗σ2Zk

2
1k

2
2 logmax(p, d)

,

√
nλmin(ΣZ)ε

σησX∗σZk1k2
√

logmax(p, d)
}+ log d)

+c1 exp(−c2 logmax(p, d)).

❇♦✉♥❞ ✭✶✽✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❡①❝❡♣t t❤❛t t❤❡ ♣r❡✲❢❛❝t♦r (p− k2) ✐s r❡♣❧❛❝❡❞ ❜② k2✳

❚♦ ♣r♦✈❡ ❜♦✉♥❞ ✭✶✾✮✱ ❜② ❛♣♣❧②✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ ▲❡♠♠❛ ✻✳✶✶✱ ✇❡ ❤❛✈❡

∥

∥

∥Σ̃−1
KK − Σ̂−1

KK

∥

∥

∥

∞
≤

√
k2

λmin(Σ̂KK)

∥

∥

∥Σ̂KK − Σ̃KK

∥

∥

∥

2

∥

∥

∥Σ̃−1
KK

∥

∥

∥

2

≤ 2
√
k2

λmin(ΣKK)

∥

∥

∥
Σ̂KK − Σ̃KK

∥

∥

∥

2

∥

∥

∥
Σ̃−1
KK

∥

∥

∥

2
,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ❜♦✉♥❞ ✭✶✺✮✳

❚♦ ❜♦✉♥❞ t❤❡ t❡r♠
∥

∥

∥Σ̂KK − Σ̃KK

∥

∥

∥

2
✱ ❛♣♣❧②✐♥❣ ❜♦✉♥❞ ✭✶✽✮ ✇✐t❤ ε = λmin(ΣKK)√

k2
②✐❡❧❞s

∥

∥

∥Σ̂KK − Σ̃KK

∥

∥

∥

2
≤

∥

∥

∥Σ̂KK − Σ̃KK

∥

∥

∥

∞

≤ λmin(ΣKK)√
k2

, ✭✷✸✮

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st

1− 6 · exp(−cnmin{ nλ4min(ΣKK)

σ2ησ
2
X∗σ2Zk

2
1k

3
2 logmax(p, d)

,

√
nλ2min(ΣKK)

σησX∗σZk1k
3/2
2

√

logmax(p, d)
}+ log d+ 2 log k2)

−c1 exp(−c2 logmax(p, d)) ≥ 1−O

(

1

max(p, d)

)

✐❢
k1k

3/2
2 logmax(p, d)

n = O(1)✳

❚♦ ❜♦✉♥❞ t❤❡ t❡r♠
∥

∥

∥
Σ̃−1
KK

∥

∥

∥

2
✱ ❛❣❛✐♥ ✇❡ ❤❛✈❡✱

λmin(Σ̂KK) ≤ hT Σ̃KKh+ hT (Σ̂KK − Σ̃KK)h

≤ hT Σ̃KKh+ k2

∣

∣

∣
Σ̂KK − Σ̃KK

∣

∣

∣

∞

≤ hT Σ̃KKh+ bk1k2

√

logmax(p, d)

n
,

✇❤❡r❡ h ∈ R
k2 ✐s ❛ ✉♥✐t✲♥♦r♠ ♠✐♥✐♠❛❧ ❡✐❣❡♥✈❡❝t♦r ♦❢ Σ̃KK ✳ ❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❜♦✉♥❞s

♦♥
∣

∣

∣

(X̂−X∗)TX∗

n

∣

∣

∣

∞
❛♥❞

∣

∣

∣

(X̂−X∗)T (X̂−X∗)
n

∣

∣

∣

∞
❢r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✶ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1 −

c1 exp(−c2 logmax(p, d))✳ ❚❤❡r❡❢♦r❡✱ ✐❢
k21k

2
2 logmax(p, d)

n = o(1)✱ t❤❡♥ ✇❡ ❤❛✈❡

λmin(Σ̃KK) ≥ λmin(Σ̂KK)

2

✻✾



=⇒
∥

∥

∥
Σ̃−1
KK

∥

∥

∥

2
≤ 2

λmin(Σ̂KK)

≤ 4

λmin(ΣKK)
, ✭✷✹✮

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ❜♦✉♥❞ ✭✶✺✮ ❢r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✶✶✳ P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣

t♦❣❡t❤❡r✱ ✇❡ ❤❛✈❡

∥

∥

∥
Σ̂−1
KK − Σ̃−1

KK

∥

∥

∥

∞
≤ 2

√
k2

λmin(ΣKK)

λmin(ΣKK)√
k2

4

λmin(ΣKK)
=

8

λmin(ΣKK)
.

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳

❋♦r P❛rt ✭✐✐✮ ♦❢ ▲❡♠♠❛ ✻✳✶✷✱ ✇❡ ❝❛♥ ❜♦✉♥❞ t❤❡ t❡r♠s ✉s✐♥❣ r❡s✉❧ts ❢r♦♠ ▲❡♠♠❛ ✻✳✹ ✭❜♦✉♥❞s ✭✽✮ ❛♥❞

✭✾✮✮ ✐♥st❡❛❞ ♦❢ ▲❡♠♠❛ ✻✳✷✳ ❉❡♥♦t❡ t❤❡ ❡❧❡♠❡♥t (j
′
, j) ♦❢ t❤❡ ♠❛tr✐① ❞✐✛❡r❡♥❝❡ Σ̃KcK − Σ̂KcK ❜② wj

′
j ✳

❋r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✹✱ ✇❡ ❤❛✈❡

∣

∣

∣

∣

1

n
x∗T
j
′ (x̂j − x∗

j )

∣

∣

∣

∣

≤ cση
λmin(ΣZ)

√

k1 logmax(p, d)

n
sup

vj∈K(k1,dj)

∣

∣

∣

∣

∣

1

n

n
∑

i=1

x∗
ij

′zijv
j

∣

∣

∣

∣

∣

.

❋♦❧❧♦✇✐♥❣ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✹✱ ✇❡ ❤❛✈❡

P

(

sup
vj∈K(k1, dj)

∣

∣

∣

∣

1

n
x∗T
j
′ zjv

j − E(x∗
1j

′z1jv
j)

∣

∣

∣

∣

≥ t

)

≤ 2 exp(−cnmin(
t2

σ2X∗σ2W
,

t

σX∗σW
) + k1 log d).

❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥
k1k22 logmax(p, d)

n = o(1)✱ s❡tt✐♥❣ t = ελmin(ΣZ)
cση

√

n
k22k1 logmax(p, d)

❢♦r ❛♥② ε > 0 ②✐❡❧❞s

P

{∥

∥

∥Σ̃KcK − Σ̂KcK

∥

∥

∥

∞
≥ ε
}

≤ (p− k2)k2P

{

|wj
′
j | ≥

ε

k2

}

≤ 2(p− k2)k2 · exp(−cnmin(
nλ2min(ΣZ)ε

2

σ2ησ
2
X∗σ2Wk1k

2
2 logmax(p, d)

,

√
nλmin(ΣZ)ε

σησX∗σW
√
k1k2

√

logmax(p, d)
) + k1 log d)

+c1 exp(−c2 logmax(p, d)).

❇♦✉♥❞ ✭✷✶✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② ❡①❝❡♣t t❤❛t t❤❡ ♣r❡✲❢❛❝t♦r (p− k2) ✐s r❡♣❧❛❝❡❞ ❜② k2✳

❚♦ ♣r♦✈❡ t❤❡ ❧❛st ❜♦✉♥❞ ✭✷✷✮✱ ❛♣♣❧②✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ✐♥ ▲❡♠♠❛ ✻✳✶✶✱ ✇❡ ❤❛✈❡

∥

∥

∥
Σ̂−1
KK − Σ−1

KK

∥

∥

∥

∞
≤

√
k2

λmin(Σ̂KK)

∥

∥

∥
Σ̂KK − Σ̃KK

∥

∥

∥

2

∥

∥

∥
Σ̃−1
KK

∥

∥

∥

2

≤ 2
√
k2

λmin(ΣKK)

∥

∥

∥
Σ̂KK − Σ̃KK

∥

∥

∥

2

∥

∥

∥
Σ̃−1
KK

∥

∥

∥

2
,

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ❜♦✉♥❞ ✭✶✺✮✳
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❚♦ ❜♦✉♥❞ t❤❡ t❡r♠
∥

∥

∥
Σ̂KK − Σ̃KK

∥

∥

∥

2
✱ ❛♣♣❧②✐♥❣ ❜♦✉♥❞ ✭✷✶✮ ✇✐t❤ ε = λmin(ΣKK)√

k2
②✐❡❧❞s

∥

∥

∥
Σ̂KK − Σ̃KK

∥

∥

∥

2
≤

∥

∥

∥
Σ̂KK − Σ̃KK

∥

∥

∥

1

≤ λmin(ΣKK)√
k2

, ✭✷✺✮

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st

1− 2 · exp(−cnmin(
nλ4min(ΣKK)

σ2ησ
2
X∗σ2Wk1k

3
2 logmax(p, d)

,

√
nλ2min(ΣKK)

σησX∗σW
√
k1k

3/2
2

√

logmax(p, d)
) + k1 log d+ 2 log k2)

−c1 exp(−c2 logmax(p, d)) ≥ 1−O

(

1

max(p, d)

)

✐❢
max(k1k

3/2
2 log d, k

1/2
1 k

3/2
2 log p)

n = O(1)✳

❚♦ ❜♦✉♥❞ t❤❡ t❡r♠
∥

∥

∥
Σ̃−1
KK

∥

∥

∥

2
✱ ✇❡ ❤❛✈❡✱ ❛❣❛✐♥

λmin(Σ̂KK) ≤ hT Σ̃KKh+ hT (Σ̂KK − Σ̃KK)h

✇❤❡r❡ h ∈ R
k2 ✐s ❛ ✉♥✐t✲♥♦r♠ ♠✐♥✐♠❛❧ ❡✐❣❡♥✈❡❝t♦r ♦❢ Σ̃KK ✳ ❇② ❜♦✉♥❞s ✭✻✮ ❛♥❞ ✭✼✮ ✐♥ ▲❡♠♠❛ ✻✳✸ ❛♥❞ ❝❤♦♦s✲

✐♥❣ s = s(r) := 1
c

n
kr1 logmax(p, d) min

{

λ2
min(ΣX∗ )

σ4
X∗

, 1
}

✱ r ∈ [0, 1]✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ 1
nk

3−2r
1 logmax(p, d) =

o(1)✱ ✇❡ ❤❛✈❡

∣

∣

∣
hT
(

Σ̂KK − Σ̃KK

)

h
∣

∣

∣
≤ bk

3/2−r
1

√

logmax(p, d)

n
(|h|22 +

1

s
|h|21)

≤ bmax{k3/2−r
1

√

logmax(p, d)

n
, k2

kr1 logmax(p, d)

n
}

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢

1

n
min

r∈[0, 1]
max

{

k3−2r
1 log d, k3−2r

1 log p, kr1k2 log d, k
r
1k2 log p

}

= o(1),

✇❡ ❤❛✈❡

λmin(Σ̃KK) ≥ λmin(Σ̂KK)

2

=⇒
∥

∥

∥Σ̃−1
KK

∥

∥

∥

2
≤ 2

λmin(Σ̂KK)

≤ 4

λmin(ΣKK)
, ✭✷✻✮

✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ❜♦✉♥❞ ✭✶✺✮ ❢r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✶✶✳ ❇❡❝❛✉s❡ t❤❡ ❛r❣✉♠❡♥t

❢♦r s❤♦✇✐♥❣ ▲❡♠♠❛ ✻✳✶ ❛❧s♦ ✇♦r❦s ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ▲❡♠♠❛ ✻✳✸✱ ✇❡ ❝❛♥ ❝♦♠❜✐♥❡ t❤❡ s❝❛❧✐♥❣
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k21k
2
2 logmax(p, d)

n = o(1) ❢r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ❜♦✉♥❞ ✭✷✹✮ ✇✐t❤ t❤❡ s❝❛❧✐♥❣

minr∈[0, 1]max
{

k3−2r
1 log d, k3−2r

1 log p, kr1k2 log d, k
r
1k2 log p

}

n
= o(1)

❢r♦♠ ❛❜♦✈❡ t♦ ♦❜t❛✐♥ ❛ ♠♦r❡ ♦♣t✐♠❛❧ s❝❛❧✐♥❣ ♦❢ t❤❡ r❡q✉✐r❡❞ s❛♠♣❧❡ s✐③❡

1

n
min

{

k21k
2
2 logmax(p, d), min

r∈[0, 1]
max

{

k3−2r
1 log d, k3−2r

1 log p, kr1k2 log d, k
r
1k2 log p

}

}

= o(1).

P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r✱ ✇❡ ❤❛✈❡

∥

∥

∥Σ̂−1
KK − Σ̃−1

KK

∥

∥

∥

∞
≤ 2

√
k2

λmin(ΣKK)

λmin(ΣKK)√
k2

4

λmin(ΣKK)
=

8

λmin(ΣKK)
.

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmax(p, d))✳ �

▲❡♠♠❛ ✻✳✶✸✿ ✭✐✮ ❙✉♣♣♦s❡ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ▲❡♠♠❛ ✻✳✷ ❤♦❧❞✳ ❲✐t❤ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ t✉♥✐♥❣ ♣❛r❛♠✲

❡t❡r

λn ≥ c
48(2−φ

4
)

φ max

{

ση max
j,j

′ |❝♦✈(x∗

1j
′ , z1j)|∞|β∗|1

λmin(ΣZ) k1

√

logmax(p, d)
n , σX∗ση|β∗|1

√

log p
n , σX∗σǫ

√

log p
n

}

≍ k2k1

√

logmax(p, d)

n
,

❢♦r s♦♠❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❝♦♥st❛♥t c > 0✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥
max{k21 log d, k21 log p}

n = o(1)✱ t❤❡♥✱ ✇❡ ❤❛✈❡

(

2− φ

4

) ∣

∣

∣

∣

X̂T e

nλn

∣

∣

∣

∣

∞
≤ φ

8
,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1 − c1 exp(−c2 logmin(p, d))✳ ✭✐✐✮ ❙✉♣♣♦s❡ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ▲❡♠♠❛ ✻✳✹ ❤♦❧❞✳

❚❤❡♥ t❤❡ s❛♠❡ r❡s✉❧t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❝❤♦✐❝❡ ♦❢ t✉♥✐♥❣ ♣❛r❛♠❡t❡r

λn ≥ c
48(2−φ

4
)

φ max

{

ση max
j,j

′ |❝♦✈(x∗

1j
′ , z1j)|∞|β∗|1

λmin(ΣZ)

√

k1 logmax(p, d)
n , σX∗ση|β∗|1

√

log p
n , σX∗σǫ

√

log p
n

}

≍ k2

√

k1 logmax(p, d)

n
,

❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ max{k1 log d, k1 log p}
n = o(1)✳

Pr♦♦❢✳ ❘❡❝❛❧❧ ❢r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✷✱

1

n
X̂T e =

1

n
X̂T

[

(X∗ − X̂)β∗ + ηβ∗ + ǫ
]

=
1

n
X∗T

[

(X∗ − X̂)β∗ + ηβ∗ + ǫ
]

+
1

n
(X̂ −X∗)T

[

(X∗ − X̂)β∗ + ηβ∗ + ǫ
]

.
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❍❡♥❝❡✱

| 1

nλn
X̂T e|∞ ≤ | 1

nλn
X∗T (X̂ −X∗)β∗|∞ + | 1

nλn
X∗T

ηβ∗|∞ + | 1

nλn
X∗T ǫ|∞ ✭✷✼✮

+ | 1

nλn
(X̂ −X∗)T (X̂ −X∗)β∗|∞ + | 1

nλn
(X̂ −X∗)Tηβ∗|∞ + | 1

nλn
(X̂ −X∗)T ǫ|∞.

❋r♦♠ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✷✱ ✇❡ ❤❛✈❡

| 1
n
X∗T (X̂ −X∗)β∗|∞ ≤ c

ση maxj′ , j |E(x∗ij′ , zij)|∞
λmin(ΣZ)

|β∗|1k1
√

logmax(p, d)

n
,

| 1
n
(X̂ −X∗)T (X̂ −X∗)β∗|∞ ≤ c

σ2η maxj′ , j |E(zij′ , zij)|∞
λ2min(ΣZ)

|β∗|1k21
logmax(p, d)

n
,

| 1
n
X∗T

ηβ∗|∞ ≤ cσX∗ση|β∗|1
√

log p

n
,

| 1
n
(X∗ − X̂)Tηβ∗|∞ ≤ c

σZσ
2
η

λmin(ΣZ)
|β∗|1k1

logmax(p, d)

n
,

| 1
n
X∗T ǫ|∞ ≤ cσX∗σǫ

√

log p

n
,

| 1
n
(X∗ − X̂)T ǫ|∞ ≤ c

σZσǫση
λmin(ΣZ)

k1
logmax(p, d)

n
,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmin(p, d))✳ ❚❤❡r❡❢♦r❡ ❛s ❧♦♥❣ ❛s

λn ≥ c
′ 48(2−φ

4
)

φ max

{

ση max
j,j

′ |❝♦✈(x∗

1j
′ , z1j)|∞|β∗|1

λmin(ΣZ) k1

√

logmax(p, d)
n , σX∗ση|β∗|1

√

log p
n , σX∗σǫ

√

log p
n

}

≍ k2k1

√

logmax(p, d)

n
,

❢♦r s♦♠❡ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❝♦♥st❛♥t c
′
> 0✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥

max{k21 log d, k21 log p}
n = o(1)✱ ✇❡ ❤❛✈❡

| 1

nλn
X∗T (X̂ −X∗)β∗|∞ ≤ φ

48(2− φ
4 )
,

| 1

nλn
X∗T

ηβ∗|∞ ≤ φ

48(2− φ
4 )
,

| 1
n
X∗T ǫ|∞ ≤ φ

48(2− φ
4 )
,

| 1

nλn
(X̂ −X∗)T (X̂ −X∗)β∗|∞ - k1

√

logmax(p, d)
n = o(1) ≤ φ

48(2− φ
4 )
,

| 1

nλn
(X∗ − X̂)Tηβ∗|∞ -

√

logmax(p, d)
n = o(1) ≤ φ

48(2− φ
4 )
,

| 1
n
(X∗ − X̂)T ǫ|∞ -

√

logmax(p, d)
n = o(1) ≤ φ

48(2− φ
4 )
.
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✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmin(p, d))✳ P✉tt✐♥❣ ❡✈❡r②t❤✐♥❣ t♦❣❡t❤❡r✱ ✇❡ ❤❛✈❡

(

2− φ

4

) ∣

∣

∣

∣

X̂T e

nλn

∣

∣

∣

∣

∞
≤ φ

8
,

✇✐t❤ ♣r♦❜❛❜✐❧✐t② ❛t ❧❡❛st 1− c1 exp(−c2 logmin(p, d))✳

❚❤❡ ♣r♦♦❢ ❢♦r P❛rt ✭✐✐✮ ♦❢ ▲❡♠♠❛ ✻✳✶✸ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ s✐♠✐❧❛r ❛r❣✉♠❡♥t ❢♦r ♣r♦✈✐♥❣ P❛rt ✭✐✮ ❡①❝❡♣t

t❤❛t ✇❡ ❜♦✉♥❞ t❤❡ t❡r♠s | 1
nλn

X∗T (X̂−X∗)β∗|∞✱ | 1
nλn

(X̂−X∗)T (X̂−X∗)β∗|∞✱ | 1n(X∗− X̂)Tηβ∗|∞✱ ❛♥❞

| 1n(X∗ − X̂)T ǫ|∞ ✉s✐♥❣ t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❛r❣✉♠❡♥t ❛s ✐♥ t❤❡ ♣r♦♦❢ ❢♦r ▲❡♠♠❛ ✻✳✹✳ �

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆❝❦❡r❜❡r❣✱ ❉✳ ❆✳✱ ❛♥❞ ●✳ ❙✳ ❈r❛✇❢♦r❞ ✭✷✵✵✾✮✳ ✏❊st✐♠❛t✐♥❣ Pr✐❝❡ ❊❧❛st✐❝✐t✐❡s ✐♥ ❉✐✛❡r❡♥t✐❛t❡❞
Pr♦❞✉❝t ❉❡♠❛♥❞ ▼♦❞❡❧s ✇✐t❤ ❊♥❞♦❣❡♥♦✉s ❈❤❛r❛❝t❡r✐st✐❝s✑✳ ❲♦r❦✐♥❣ P❛♣❡r✳

❬✷❪ ❆♠❡♠✐②❛✱ ❚✳ ✭✶✾✼✹✮✳ ✏❚❤❡ ◆♦♥✲▲✐♥❡❛r ❚✇♦✲❙t❛❣❡ ▲❡❛st ❙q✉❛r❡s ❊st✐♠❛t♦r✑✳ ❏♦✉r♥❛❧ ♦❢

❊❝♦♥♦♠❡tr✐❝s✱ ✷✱ ✶✵✺✲✶✶✵✳

❬✸❪ ❆♥❣r✐st✱ ❏✳ ❉✳✱ ❛♥❞ ❆✳ ❇✳ ❑r✉❡❣❡r ✭✶✾✾✶✮✳ ✏❉♦❡s ❈♦♠♣✉❧s♦r② ❙❝❤♦♦❧ ❆tt❡♥❞❛♥❝❡ ❆✛❡❝t ❙❝❤♦♦❧✲
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