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Abstract

This paper explores the validity of the two-stage estimation procedure for sparse linear models in
high-dimensional settings with possibly many endogenous regressors. In particular, the number of en-
dogenous regressors in the main equation and the instruments in the first-stage equations can grow with
and exceed the sample size n. The analysis concerns the exact sparsity case, i.e., the maximum number
of non-zero components in the vectors of parameters in the first-stage equations, k1, and the number of
non-zero components in the vector of parameters in the second-stage equation, k2, are allowed to grow
with n but slowly compared to n. I consider the high-dimensional version of the two-stage least square
estimator where one obtains the fitted regressors from the first-stage regression by a least square esti-
mator with /1- regularization (the Lasso or Dantzig selector) when the first-stage regression concerns
a large number of instruments relative to n, and then construct a similar estimator using these fitted
regressors in the second-stage regression. The main theoretical results of this paper are non-asymptotic
bounds from which I establish sufficient scaling conditions on the sample size for estimation consistency
in ls—norm and variable-selection consistency (i.e., the two-stage high-dimensional estimators correctly
select the non-zero coefficients in the main equation with high probability). A technical issue regarding
the so-called “restricted eigenvalue (RE) condition” for estimation consistency and the “mutual inco-
herence (MI) condition” for selection consistency arises in the two-stage estimation procedure from
allowing the number of regressors in the main equation to exceed n and this paper provides analysis
to verify these RE and MI conditions. Depending on the underlying assumptions that are imposed,
the upper bounds on the [s—error and the sample size required to obtain these consistency results
differ by factors involving k; and/or ko. Simulations are conducted to gain insight on the finite sample
performance of the high-dimensional two-stage estimator.
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1 Introduction

The objective of this paper is consistent estimation and selection of regression coefficients in models with

a large number of endogenous regressors. Consider the linear model

P
yi =%, B+ e = foz'j@; +e, 1=1..n (1)
j=1

where €; is a zero-mean random error possibly correlated with x; and 5* is an unknown vector of parameters
of our main interests. The j component of * is denoted by B A component in the p—dimensional
vector x; is said to be endogenous if it is correlated with €; (i.e., E(x;¢;) # 0) and ezogenous otherwise
(i.e., E(x;€6;) = 0). Without loss of generality, I will assume all regressors are endogenous throughout the
rest of this paper for notational convenience (a modification to allow mix of endogenous and exogenous
regressors is trivial.). When endogenous regressors are present, the classical least squares estimator will
be inconsistent for 5* (i.e., BoLs B*) even when the dimension p of 8* is small relative to the sample
size n. The classical solution to this problem of endogenous regressors supposes that there is some L-
dimensional vector of instrumental variables, denoted by z;, which is observable and satisfies E(z;¢;) = 0
for all 4. In particular, the two-step estimation procedures including the two-stage least square (2SLS)
estimation and the control function approach play an important role in accounting for endogeneity that
comes from individual choice or market equilibrium (e.g., Wooldrige, 2002). Consider the following “first

stage” equations for the components of x;

dj
xij :Z£W;+7]ij :Z,Zijlﬁ;l—l-nij, izl,....,n, j:17...,p. (2)

=1
For each j = 1,...,p, z;; is a dj x 1 vector of instrumental variables, and 7;; a zero-mean random error
which is uncorrelated with z;j, and 77 is an unknown vector of nuisance parameters. 1 will refer to the
equation in (1) as the main equation (or second-stage equation) and the equations in (2) as the first-stage
equations. Throughout the rest of this paper, I will impose the following assumption. Without loss of

generality, this assumption implies a triangular simultaneous equations model structure.

Assumption 1.1: The data {y;, x;, z;}}_; are 4.7.d. with finite second moments; E(z;;¢;) = E(z;;7:5) = 0

forall j =1,...,p and E<Zij77ij’) =0forall j+#£j.

Statistical estimation and variable selection in the high-dimensional setting is concerned with models
in which the dimension of the parameters of interests is larger than the sample size. In the past decade,
a tremendous increase of research activities in this field has been facilitated by the advances in data
collection technology. In the literature on high-dimensional sparse linear regression models, a great deal
of attention has been given to the [;—penalized least squares. In particular, the Lasso and the Dantzig
selector are the most studied techniques (see, e.g., Tibshirani, 1996; Candés and Tao, 2007; Bickel, Ritov,
and Tsybakov, 2009; Belloni, Chernozhukov, and Wang, 2011; Belloni and Chernozhukov, 2011b; Loh
and Wainwright, 2012; Negahban, Ravikumar, Wainwright, and Yu, 2012). Variable selection when the

dimension of the problem is larger than the sample size has also been studied in the likelihood method



setting with penalty functions other than the /;—norm (see, e.g., Fan and Li, 2001; Fan and Lv, 2011).
Lecture notes by Koltchinskii (2011), as well as recent books by Biihlmann and van de Geer (2011) and
Wainwright (2014) have given a more comprehensive introduction to high-dimensional statistics.

The Lasso procedure is a combination of the residual sum of squares and a [y —regularization defined

by the following program

1
in{ —|y— XG5+ :
min {2n\y Bla + nlﬂh}
Denote the minimizer to the above program by B Las- A necessary and sufficient condition of B Las 18 that
0 belongs to the subdifferential of the convex function 8+ 5|y — X 3|3 + A,|B[1. This implies that the

Lasso solution B Las Satisfies the constraint

1 A
— XT(y— XBras)l < M.
‘% (y Bras)| <

o0

The Dantzig selector of the linear regression function is defined as a vector having the smallest {; —norm

among all 5 satisfying the above constraint, i.e.,
. ) R
ﬁDan:argmln |ﬁ‘1 : 27X (y_XB) <Anp-
n oo

Recently, these [1—penalized techniques have been applied in a number of economics studies. Caner
(2009) studies a Lasso-type GMM estimator. Rosenbaum and Tsybakov (2010) study the high-dimensional
errors-in-variables problem where the non-random regressors are observed with additive error and they
present an application to hedge fund portfolio replication. Lecture notes by Belloni and Chernozhukov
(2011b) discuss the I3 —based penalization methods with various econometric problems including earning
regressions and instrumental selection in Angrist and Krueger data (1991). Belloni and Chernozhukov
(2011a) study the lj-penalized quantile regression and illustrate its use on an international economic
growth application. Belloni, Chen, Chernozhukov, and Hansen (2012) estimate the optimal instruments
using the Lasso and in an empirical example dealing with the effect of judicial eminent domain decisions
on economic outcomes, they find the Lasso-based instrumental variable estimator outperforms an intuitive
benchmark. Belloni, Chernozhukov, and Hansen (2012) propose robust methods for inference on the effect
of a treatment variable on a scalar outcome in the presence of very many controls with an application to
abortion and crime. Fan, Lv, and Li (2011) review the literature on sparse high-dimensional econometric
models including the vector autoregressive model for measuring the effects of monetary policy, panel data
model for forecasting home price, and volatility matrix estimation in finance. Their discussion is not
restricted to [;—based regularization methods.

High dimensionality arises in the triangular simultaneous equations structure (1) and (2) when the
dimension p of * is large relative to the sample size n (namely, p > n) or when the dimension d; of L
is large relative to the sample size n (namely, d; > n) for at least one j. In this paper, I consider the
scenario where the number of non-zero coefficients in §* and 7 is small relative to n (i.e., B* and 7 for
Jj =1,...,p are ezactly sparse). The case where d; > n for at least one j but p < n has been considered
by Belloni and Chernozhukov (2011b), where they showed the instruments selected by the Lasso technique

in the first-stage regression can produce an efficient estimator with a small bias at the same time. To the



best of my knowledge, the case where p > n and d; < n for all j, or the case where p > n and d; > n
for at least one j in the context of triangular simultaneous equations with two-stage estimation has not
been studied in the literature. In both cases, one can still use the ideas of the 25LS estimation together
with the Lasso technique. For instance, in the case where p > n and d; < n for all j, one can obtain the
fitted regressors by a standard least square estimation on each of the first-stage equations separately as
usual and then apply a Lasso-type technique with these fitted regressors in the second-stage regression.
Similarly, in the case where p > n and d; > n for all j, one can obtain the fitted regressors by performing
a regression with a Lasso-type estimator on each of the first-stage equations separately and then apply
another Lasso-type estimator with these fitted regressors in the second-stage regression.

Compared to existing two-stage techniques which limit the number of regressors entering the first-stage
equations or the second-stage equation or both, the two-stage estimation procedures with [y —regularization
in both stages are more flexible and particularly powerful for applications in which the vector of param-
eters of interests is sparse and there is lack of information about the relevant explanatory variables and
instruments. In terms of practical implementations, these above-mentioned high-dimensional two-stage
estimation procedures are intuitive and can be easily implemented using existing software packages for
the standard Lasso-type technique for linear models without endogeneity. In analyzing the statistical
properties of these estimators, the extension from models with a few endogenous regressors to models with
many endogenous regressors (p > n) in the context of triangular simultaneous equations with two-stage
estimation is not obvious. This paper aims to explore the validity of these two-step estimation procedures
for the triangular simultaneous linear equation models in the high-dimensional setting under the sparsity
scenario.

In the presence of endogenous regressors, the direct implementation of the Lasso or Dantzig selector fails
as sparsity of coefficients in equation (1) does not correspond to sparsity of linear projection coefficients.
The linear instrumental variable model with a single or a few endogenous regressors and many instruments
has been studied in the econometrics literature on high dimensional models. For example, Belloni and

Chernozhukov (2011b) consider the following triangular simultaneous equation model:

yi = 0o+ 60y + x5+ €
r; = 2z B4 x50+,

with E(€;|x2;, z;) = E(n;|x2;, z;) = 0. Here y;, z1;, and x9; denote wage, education (the endogenous
regressor), and a vector of other explanatory variables (the exogenous regressors) respectively, and z;
denotes a vector of instrumental variables that have direct effect on education but are uncorrelated with
the unobservables (i.e., ¢;) such as innate abilities in the wage equation.

In many applications, the number of endogenous regressors is also large relative to the sample size. One
example concerns the nonparametric regression model with endogenous explanatory variables. Consider
the model y; = f(x;) + ¢ where ¢ ~ N(0, 0?) and f(-) is an unknown function of interest. Assume
E(€;|X;) # 0 for all 7. Suppose we want to approximate f(x;) by linear combinations of some set of basis
functions, i.e., f(x;) = ?:1 Bj¢;(xi), where {¢1,...,¢p} are some known functions. Then, we end up
with a linear regression model with many endogenous regressors.

Empirical examples of many endogenous regressors can be found in hedonic price regressions of con-



sumer products (e.g., personal computers, automobiles, pharmaceutical drugs, residential housing, etc.)
sold within a market (say, market ¢) or by a firm (say, firm 4). There are two major issues with using firm
i’s (or, market i’s) product characteristics as the explanatory variables. First, the number of explana-
tory variables formed by the characteristics (and the transformations of these characteristics) of products
such as personal computers, automobiles, and residential houses can be very large. For example, in the
study of hedonic price index analysis in personal computers, the data considered by Benkard and Bajari
involved 65 product characteristics (Benkard and Bajari, 2005). Together with the various transforma-
tions of these characteristics, the number of the potential regressors can be very large. On the other
hand, it is plausible that only a few of these variables matter to the underlying prices but which variables
constitute the relevant regressors are unknown to the researchers. Housing data also tends to exhibit a
similar high-dimensional but sparse pattern in terms of the underlying explanatory variables (e.g., Lin and
Zhang, 2006; Ravikumar, et. al, 2009). Second, firm 4’s product characteristics are likely to be endogenous
because just like price, product characteristics are typically choice variables of firms, and it is possible that
they are correlated with unobserved components of price (Ackerberg and Crawford, 2009). An alternative
is to use other firms’ (other markets’) product characteristics as the instruments for firm 4’s (market i’s)
product characteristics. In demand estimation literature, this type of instruments are sometimes referred
to as BLP instruments, e.g., Berry, et. al., 1995 (respectively, Hausman instruments, e.g., Nevo, 2001).
Another empirical example of many endogenous regressors concerns the study of network or community
influence. For example, Manresa (2013) looks at how a firm’s production output is influenced by the
investment of other firms. As a future extension, she suggests an alternative model that looks at the

network influence in terms of the output of the other firms rather than their investment:

yit:ai—&-@—i—xgﬁ—i— Z Bjiyjt—i—eit, 1=1,...,n,t=1,...,T
Ge{1,...n}, ji

x;+ denotes a vector of exogenous regressors specific to firm 4 (e.g., investment) at period ¢ «; and (;
are the fixed effects of firm ¢ and period ¢, respectively. Notice that y;;, the output of other firms enters
the right-hand-side of the equations above as additional regressors and Bj;, j = 1,...,n, and j # i are
interpreted as the network influence arising from other firms’ output on firm ¢’s output. Furthermore, the
influence on firm ¢ from firm j is allowed to differ from the influence on firm j from firm ¢ Fndogeneity
arises from the simultaneity of the output variables when cov(ey, €¢) # 0 (e.g., presence of unobserved
network characteristics that are common to all firms). As a result, the number of endogenous regressors in
the model above is of the order O(n), which exceeds the number of periods 7' in the application considered
by Manresa (2013).

The case of many endogenous regressors and many instrumental variables has been studied in the
context of Generalized Method of Moments by Fan and Liao (2011), and Gautier and Tsybakov (2011).
Fan and Liao show that the penalized GMM and penalized empirical likelihood are consistent in both
estimation and selection. Gautier and Tsybakov propose a new estimation procedure called the Self Tuning
Instrumental Variables (STIV) estimator based on the moment conditions E(z;¢;) = 0. They discuss the
STIV procedure with estimated linear projection type instruments, akin to the 2SLS procedure, and find it
works successfully in simulation. Gautier and Tsybakov also speculate on the rate of convergence for this

type of two-stage estimation procedures when both stage equations are in the high-dimensional settings.



As will be shown in the subsequent section, the results in this paper partially confirm their conjecture.

In the low-dimensional setting, the properties of the 25LS and GMM estimators are well-understood.
However, it is unclear how the regularized 2SLS procedures compare to the regularized GMM procedures
in the high-dimensional and sparse setting, so it is important to study these regularized two-stage high-
dimensional estimation procedures in depth. Another important contribution of this paper is to introduce
a set of assumptions that are suitable for showing estimation consistency and selection consistency of the
two-step type of high-dimensional estimators. When endogeneity is absent from model (1), there is a
well-developed theory on what conditions on the design matrix X € R™*P are sufficient (sufficient and
necessary) for an [ —based regularized estimator to consistently estimate (select) f*. In some situations
one can impose these conditions directly as an assumption on the underlying design matrix. However,
when employing a regularized 2SLS estimator in the context of triangular simultaneous linear equation
models in the high-dimensional setting, namely, (1) and (2), there is no guarantee that the random matrix
XTX (with X obtained from regressing X on the instrumental variables) would automatically satisfy these
previously established conditions for estimation or selection consistency. This paper explicitly proves that
these conditions for estimation consistency indeed hold for XTX with high probability under a broad class
of sub-Gaussian design matrices formed by the instrumental variables allowing for arbitrary correlations
among the covariates. It also establishes the sample size required for XTX to satisfy these conditions.
Furthermore, with an additional stronger assumption on the structure of the design matrices formed by
the instrumental variables, this paper shows XTX also satisfies the conditions for selection consistency
under a stronger sample size requirement. In summary, the aims of this paper, as mentioned earlier,
are to provide a theoretical justification that has not been given in literature for these regularized 2SLS
procedures in the high-dimensional setting.

I begin in Section 2 with background on the standard Lasso theory of high-dimensional estimation
techniques as well as basic definitions and notation used in this paper. Results regarding the estimation
consistency and selection consistency of the high-dimensional 2SLS procedure under the sparsity scenario
are established in Section 3. Section 4 presents simulation results. Section 5 concludes this paper and

discusses future extensions. All the proofs are collected in the appendix (Section 6).

2 Background, notation and definitions

Notation. For the convenience of the reader, I summarize here notations to be used throughout this
paper. The I, norm of a vector v € m x 1 is denoted by |v]q, 1 < ¢ < oo where |v]q := (D12, ]vi\q)l/q when
1 < ¢ < ooand |v]g ;== max;—1,. m |v;| when ¢ = co. For a matrix A € R"™*™ write |A|s 1= max; j |a;;| to
be the elementwise [o- norm of A. The ls-operator norm, or spectral norm of the matrix A corresponds to
its maximum singular value; i.e., it is defined as ||A||2 := sup,cgm-1 |Av|2, where S~ = {v € R™ | |v|z =
1}. The lo matrix norm (maximum absolute row sum) of A is denoted by [[A|oc 1= max; D |a;;| (note
the difference between |A|s and ||Al|oo). I make use of the bound ||Al|o < /m||A||2 for any symmetric
matrix A € R™*™. For a matrix X, denote its minimum eigenvalue and maximum eigenvalue by Apin(2)
and A\pax(X), respectively. For functions f(n) and g(n), write f(n) 2Z g(n) to mean that f(n) > cg(n)
for a universal constant ¢ € (0, co) and similarly, f(n) = g(n) to mean that f(n) < ¢ g(n) for a uni-

versal constant ¢ € (0, 00). f(n) =< g(n) when f(n) = g(n) and f(n) < g(n) hold simultaneously. For



some integer s € {1, 2,...,m}, the lp-ball of radius s is given by Bj'(s) := {v € R™||v]p < s} where
lvlp == >t 1{v; # 0}. Similarly, the lp-ball of radius r is given by By'(r) := {v € R™||v]s < r}.
Also, write K(s, m) := Bp'(s) N By (1) and K2(s, m) := K(s, m) x K(s, m). For a vector v € RP, let
J(v) ={j € {1,....,p}|v; # 0} be its support, i.e., the set of indices corresponding to its non-zero compo-
nents v;. The cardinality of a set J C {1, ..., p} is denoted by |J|.

[ will begin with a brief review of the case where all components in X in (1) are ezogenous. Assume
the number of regressors p in equation (1) grows with and exceeds the sample size n. Let us focus on the
class of models where 6* has at most k£ non-zero parameters, where k is also allowed to increase to infinity

with n but slowly compared to n. Consider the following Lasso program:
Bras € axg min { =y~ X3 + A8
arg min < — |y — )
Las gﬂERP m Yy 2 n 1
where A\, > 0 is some tuning parameter. Alternatively, we can consider a constrained version of the Lasso
. 1 )
BLas € argéré%&r; %|Y — Xp|5 such that |51 < R.

By Lagrangian duality theory, the above two programs are equivalent. For example, for any choice of
radius R > 0 in the constrained variant of the Lasso, there is a tuning parameter \,(R) > 0 such that
solving the Lagrangian form of the Lasso is equivalent to solving the constrained version.

Consider the constrained Lasso program above with radius R = |8*[;. With this setting, the true
parameter vector S* is feasible for the problem. By definition, the estimate B Las Minimizes the quadratic
loss function £(8; (y, X)) = %|y — X B2 over the I;—ball of radius R. As n increases, we expect that
3* should become a near-minimizer of the same loss, so that £(Bras; (v, X)) ~ L(8*; (y, X)). But when
does closeness in the loss imply that the error vector v := B Las — BF is also small? The link between the
excess loss E(BLQS) — L(B*) and the size of the error v = /éLas — f* is the Hessian of the loss function,
V2L(3) = %XTX , which captures the curvature of the loss function. In the low-dimensional setting
where p < n, as long as rank(X) = p, we are guaranteed that the Hessian matrix, 3 = %XTX7 of the
loss function is positive definite, i.e., vTSv > § > 0 for v € RP\{0}. In the high-dimensional setting with
p > n, the Hessian is a p X p matrix with rank at most n, so that it is impossible to guarantee that it has
a positive curvature in all directions.

The restricted eigenvalue (RE) condition is one of the plausible ways to relax the stringency of the
uniform curvature condition. The RE condition assumes that the Hessian matrix, 3= %X TX, of the loss
function is positive definite on a restricted set (the choice of this set is associated with the [;—penalty
and to be explained shortly). In the high-dimensional setting, it is well-known that the RE condition
is a sufficient condition for [, consistency of the Lasso estimate BLQS (see, e.g., Bickel, et. al., 2009;
Meinshausen and Yu, 2009; Raskutti et al., 2010; Biihlmann and van de Geer, 2011; Loh and Wainwright,
2012; Negahban, et. al., 2012). In this paper, I will use the following definition (see, Negahban, et. al.,
2012; Wainwright, 2014).

Definition 1 (RE): The matrix X € R™*P satisfies the RE condition over a subset S C {1, 2,...,p}



with parameter (6, ) if
’11’ v|§ >6>0 f 1l C(S5; 0 3
’U@ > or all v € C(S; v)\{0}, (3)

where

C(S; v) :={v € R?||vge|s < ~v|vgl1} for some constant v > 1

with vg denoting the vector in RP that has the same coordinates as v on S and zero coordinates on the

complement S¢ of S.

When the unknown vector f* € RP is exactly sparse, a natural choice of S is the support set of 5%,
ie., J(B*). RE is a weaker condition than other restrictions in the literature including the pairwise
incoherence condition (Donoho, 2006; Gautier and Tsybakov, 2011, Proposition 4.2) and the restricted
isometry property (Candes and Tao, 2007). As shown by Bickel et al., 2009, the restricted isometry prop-
erty implies the RE condition but not vice versa. Additionally, Raskutti et al., 2010 give examples of
matrix families for which the RE condition holds, but the restricted isometry constants tend to infinity
as (n, |S]) grow. Furthermore, they show that even when a matrix exhibits a high amount of dependency
among the covariates, it might still satisfy RE. To be more precise, they show that, if X € R"*P is formed
by independently sampling each row X; ~ N(0, ), then there are strictly positive constants (k1, k2),
depending only on the positive definite matrix 3, such that

logp
n

X 2
1Xvl o w2, forall v e R,

1v]3 — K2

with probability at least 1 —c; exp(—can) for some universal constants ¢; and c¢a. The bound above ensures
the RE condition holds with 6 = - and v = 3 as long as n > SZ%klogp. To see this, note that for
any v € C(J(8%), 3), we have |v]f < 16]v;(g+)|] < 16k|vy(g-)|5. Given the lower bound above, for any

v € C(J(B*); 3), we have the lower bound

Xol2 k1
B > (11— 160" 20 ) o > T,

n n

where the final inequality follows as long as n > 32(:—?)2klog p. An appropriate choice of the tuning
parameter ), in the Lasso program ensures ¢ := fr,s — % € C(J(8*); 3). This fact can be formalized in

the following proposition.

Proposition 2.1. For the linear model y; = x;8* + ¢; where E(x;¢;) = 0, if we solve the Lasso pro-
gram with parameter A\, > %HXTGHOO > 0, then the error v := Bras — B € C(J(B¥), 3).

Proof. Define the Lagrangian L(8; A\;) = 5-|y — X 8|3 + A\u|B1. Since BLas is optimal, we have

* 1 *
L(B; M) < L(B"; An) = 5 -el3 + Anl B,



Some algebraic manipulation of the basic inequality above yields

1 ~12 1 ~ * * ~ ~
0 < %|XU\2 < —eX0+ A {\@1(5*) 1= (B ey + 05(8%) vJ(ﬁ*)c)\l}
- N N
< |U|1|5XT€|oo + A 10508011 = [05(80)el1 }
An (ol .
< 5 Blosenh = 105l

where the last line applies the assumption on \,. [

Rudelson and Zhou (2011) as well as Loh and Wainwright (2012) extend this type of RE analysis from
the case of Gaussian designs to the case of sub-Gaussian designs. The sub-Gaussian assumption says that
the explanatory variables need to be drawn from distributions with well-behaved tails like Gaussian. In
contrast to the Gaussian assumption, sub-Gaussian variables constitute a more general family of distribu-

tions. In this paper, I make use of the following definition for a sub-Gaussian matrix.

Definition 2: A random variable X with mean p = E[X] is sub-Gaussian if there is a positive num-
ber o such that
Elexp(t(X — u))] < exp(a®t?/2) for allt € R,

and a random matrix A € R™*? is sub-Gaussian with parameters (X4, 0%) if (a) each row A7 € RP is
sampled independently from a zero-mean distribution with covariance ¥ 4, (b) for any unit vector u € R?,

the random variable uTA;fF is sub-Gaussian with parameter at most 0124.

For example, if A € R™*? is formed by independently sampling each row A; ~ N(0, ¥4), then the
resulting matrix A € R™? is a sub-Gaussian matrix with parameters (X4, ||2X4]|2), recalling ||X4ll2

denotes the spectral norm of X 4.

3 High-dimensional 2SLS estimation

Suppose from performing a first-stage regression on each of the equations in (2) separately, we obtain
estimates 7; and let x; := Z;m; for j = 1, ..., p. Denote the fitted regressors from the first-stage estimation

by X , where X = (X1, ...,Xp). For the second-stage regression, consider the following Lasso program:

. . 1 .
BH2sLs € argmingegp : %“/ - Xﬁ‘% + AnlB]1- (4)

The following is a standard assumption in the literature on sparsity for high-dimensional linear models.

Assumption 3.1: The numbers of regressors p(= p,) and d;(= d;,) for every j = 1,...,p in (1) and
(2) can grow with and exceed the sample size n. The number of non-zero components in 77 is at most
ki(= ki) for all j =1,...,p, and the number of non-zero components in * is at most ko(= ka,,). Both k;

and ks can increase to infinity with n but slowly compared to n.

I first present a general bound on the statistical error measured by the quantity | B 2sLs — B2



Lemma 3.1 (General upper bound on the lp—error). Let ' = %X'TX and e = (X — X)B* + nf* + e
Suppose the random matrix I satisfies the RE condition (3) with v = 3 and the vector * is supported
on a subset J(5*) C {1, 2, ...p} with its cardinality |J(3*)| < ko. If a solution Brasrs, defined in (4) has
An satisfying

1 -
A > 2|=XTe|o >0,
n

for any given n, then there is a constant ¢ > 0 such that

A * C
|Br25Ls — B2 < 5V koAn.

The proof for Lemma 3.1 is provided in Section 6.1.

Notice that the choice of A\, in Lemma 3.1 depends on unknown quantities and therefore Lemma 3.1
does not provide guidance to practical implementation. Rather, it should be viewed as an intermediate
lemma for proving consistency of the two-stage estimator later on. In the appendix (Section 6) we show
that the term \%X T¢|o can be bounded from above and the order of the resulting upper bound can be used
to set the tuning parameter \,. In order to apply Lemma 3.1 to prove consistency, we need to show (i)
I = %XTX satisfies the RE condition (3) with v = 3 and (ii) the term |%XT6|OO 3 f(k1, ke, di, ..., dp, p, n)
with high probability, and then we can show

\Brasrs — B2 % Vkaf (ki ka, di, ..., dp, p, 1)

by choosing A, < f(k1, k2, d1, ...,dp, p, n). The assumption ko f(k1, ko, di,...dp, p, n) = o(1) will there-
fore imply the ls-consistency of IBHQSLS. Applying Lemma 3.1 to the triangular simultaneous equations
model (1) and (2) requires additional work to establish conditions (i) and (ii) discussed above, which
depends on the specific first-stage estimator for X. It is worth mentioning that, while in many situations
one can impose the RE condition as an assumption on the design matrix (e.g., Belloni and Chernozhukov,
2011b; Belloni, Chen, Chernozhukov, and Hansen, 2012) in analyzing the consistency property of the Lasso,
appropriate analysis is needed in this paper to verify that %X TX satisfies the RE condition because X
is obtained from a first-stage estimation and there is no guarantee that the random matrix %X TX would
automatically satisfy the RE condition. To the best of my knowledge, previous literature has not dealt
with this issue directly. Consequently, the RE analysis introduced in this paper is particularly useful for
analyzing the statistical properties of the two-step type of high-dimensional estimators in the simultaneous
equations model context. As discussed previously, this paper focuses on the case where p > n and d; < n
for all j and the case where p > n and d; > n for at least one j. The following two subsections present

results concerning estimation consistency and variable-selection consistency for the exact sparsity case.

3.1 Estimation consistency for the sparsity case

To derive the non-asymptotic bounds and asymptotic properties (i.e., estimation consistency and selection

consistency) for B 2srs, I impose the following regularity conditions.

Assumption 3.2: The error terms € and 7; for j = 1,...,p are 4.i.d. zero-mean sub-Gaussian vec-
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tors with parameters o2 and 037, respectively. The random matrix Z; € R™% is sub-Gaussian with

parameters (Xz,, 0%) for j=1,..,p.

Assumption 3.3: For every j = 1,...,p, xj := Zjm;. The matrix X* € R™P ig sub-Gaussian with

parameters (Xx«, 0%.) where the jth column of X* is Xj.

Assumption 3.4: For every j = 1,....p, w; := Z;jv; where v; € K(k1, d;) := IB%gj(kzl) ﬂIB%gj(l). The

matrix W € R"*? is sub-Gaussian with parameters (X, 0,) where the jth column of W is w;.

T

Assumption 3.5a: The first-stage estimator 7#* € RPXd gatisfies the bound max;—i,. . p|T; — w;fh <

Con__foyy/ 08 mi{(d’p) with probability at least 1 — ¢1 exp(—co log max(d, p, n)) for some universal con-

Amill(ZZ)
stants ¢ and ¢y, where d = max;—; . ,d; and Apin(Xz) = minj—y /\min(EZj).

Assumption 3.5b: The first-stage estimator 7

Y FU(%Z)\/ ki log Tlax(d’ P) with probability at least 1 — ¢; exp(—c2logmax(d, p, n)) for some universal con-
stants c; and cg, where d = max;—1,_ ,d; and Apin(¥z) = minj=1__p Amin(Xz,).

e RP*4 gatisfies the bound max;—1,..p|T; — 77}‘]2 <

Assumption 3.6: For every j = 1,...,p, the first-stage estimator 7; achieves the selection consistency
(i.e., it recovers the true support J (77;)) or has at most k;‘ components that are different from the compo-
nents in J(7;) where k7 < n, with probability at least 1 — ¢ exp(—cz log max(d, p, n)) for some universal
constants c¢; and cz, where d = max;—1,.,d;. For simplicity, we consider the case where the first-stage

estimator recovers the true support J(77) for every j =1,...,p.

Remarks
Assumption 3.2 is common in the literature (see, Loh and Wainwright, 2012; Negahban, et. al 2012;
Rosenbaum and Tsybakov, 2013). The assumption that Z; € R™*% is sub-Gaussian with parameters
(2z,, a%) for all j provides a primitive condition which guarantees that the random matrix formed by the
instrumental variables satisfies the RE condition with high probability.

Based on the second part of Assumption 3.2 that Z; € R™%4% is sub-Gaussian with parameters
(Xz,, 0%) for all j, we have that Zjm; = Xx;
K(k1, dj) := ng (k1) N ng(l). Therefore, the conditions that X* € R™*P is a sub-Gaussian matrix with

parameters (Xx«, 0%.) where the jth column of X* is x;(Assumption 3.3) and W € R™? is a sub-

and Zjv; := w; are sub-Gaussian vectors where v; €

Gaussian matrix with parameters (Sy, 03,) where the jth column of W is w; (Assumption 3.4) are mild
extensions. In terms of the instrumental variables and their linear combinations, Assumptions 3.2-3.4
together with Assumption 3.5a (or 3.5b) on the first-stage estimation error provide primitive conditions
which guarantee that the random matrix %XTX formed by the fitted regressors X;(:= Z;7;) for j = 1,...,p
satisfies the RE condition with high probability.

For Assumptions 3.5a(b), many existing high-dimensional estimation procedures such as the Lasso

or Dantzig selector (see, e.g., Candés and Tao, 2007; Bickel, et. al, 2009; Negahban, et. al. 2012)

coy log max(d, p)
min(ZZ) kl n (

simultaneously satisfy the error bounds max;—; ., |7; —7T3kh <3 Assumption 3.5a)
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and max;—1,__p|7; — 7f[2 < 5 ,CU&Z) ki log r?max(d’p) (Assumption 3.5b) with high probability. The reason

I introduce Assumptions 3.5a and 3.5b separately will be explained shortly. It is worth noting that while

the I3 —error (ly—error) from applying the Lasso on a single first-stage equation should be of the order

0 (k:1 ﬁ) (respectively, O < kllnogd>) with probability at least 1 — ¢1 exp(—cologmax(d, n)), the
extra term log p in the errors max;—; |7 — 77;\1 and maxj—1,._p |7j — 7r;|2 and the probability guarantee
1—c1 exp(—co log max(d, p, n)) with which these errors hold comes from the application of a union bound
which takes into account the fact that there are p endogenous regressors in the main equation and hence,
p equations to estimate in the first-stage. As a result, it is not hard to see that the sample size required
for consistently estimating p equations simultaneously when a Lasso-type procedure is applied on each

= o(1) as opposed to the condition

of the first-stage equations separately should satisfy %W

\/ % = o(1) for the case where a single equation is estimated with a Lasso-type procedure.
Assumption 3.6 says that the first-stage estimators correctly select the non-zero coefficients with prob-
ability close to 1. In analogy to the various sparsity assumptions on the true parameters in the high-
dimensional statistics literature (including the case of ezact sparsity assumption meaning that the true
parameter vector has only a few non-zero components, or approrimate sparsity assumption based on im-
posing a certain decay rate on the ordered entries of the true parameter vector), Assumption 3.6 can be
interpreted as an ezact sparsity constraint on the first-stage estimate 7; for j = 1,...,p, in terms of the

lp- ball, given by
dj

By (ki) == 7 € RY | Y 1{f; # 0} < ky ¢ for j=1,..,p.
I=1
It is known that under some stringent conditions such as the “irrepresentable condition” (Zhao and Yu,
2006; Bithlmann and van de Geer, 2011) or the “mutual incoherence condition” (Wainwright, 2009) together
with the “beta-min condition” (Bithlmann and van de Geer, 2011), Lasso and Dantzig types of selectors can
recover the support of the true parameter vector with high probability. The “irrepresentable condition”,
as discussed in Biihlmann and van de Geer, 2011, is in fact a sufficient and necessary condition to achieve
variable-selection consistency with the Lasso. Furthermore, they show that the “irrepresentable condition”
implies the RE condition. Assumption 3.6 is the key condition that differentiates the upper bounds in
the two theorems to be presented immediately. Similar to the problem of estimating p equations as in
the discussion of Assumptions 3.5a(b), the sample size required for consistently selecting the coefficients
in each of the p equations simultaneously when a Lasso-type selector is applied on each of the first-stage
equations separately should satisfy kllog+axw’p) = O(1) as opposed to the condition 4/ % =0(1)
for the case where a single equation is estimated with a Lasso-type selector. In addition, the “beta-min”

condition for consistent selection in the p-equation problem needs to satisfy minj—; _, mine jr+) \77]’?1| >
J

0] ( w as opposed to min;—1,_p minleJ(n;) |7T;-<l| >0 < 1°5d> for the consistent selection in

a single equation problem.

First, I present two results for the case where p > n and d; > n for at least one j. As discussed
earlier, the key difference between the two theorems is that the bound in the second theorem hinges on
the additional assumption that the first-stage estimators correctly select the non-zero coefficients with

probability close to 1, i.e., Assumption 3.6. With this assumption, when the first-stage estimation error

12



dominates the second-stage error, the statistical error of the parameters of interests in the main equation
can be bounded by the first-stage estimation error in ls—norm. However, without Assumption 3.6, the
statistical error of the parameters in the main equation needs to be bounded by the first-stage estimation

error in [{—norm.

Theorem 3.2 (Upper bound on the ls—error and estimation consistency): Suppose Assumptions 1.1,
3.1-3.3, and 3.5a hold. Then, if !

k2k2 log max(d, p)
n
k3 log max(d, p)

n
and the tuning parameter ), satisfies
Ny = kot [ 08 m2X(d, D)
n
we have
|Br2sLs — B2 3 max{wl\/@\/kl log msx(da P)’ @2\/192 I;)gph
where

Opmax; lcov(z* ./, 215)|o0| B*1

_ 15"
L Amin(EZ))\min(EX*) ’
P2 = max{UX*Unw*h OX*0¢ }
)\min(zX*) ’ )\min(zX*) ’

with probability at least 1 — ¢y exp(—c2 log max(min(p, d), n)) for some universal positive constants ¢; and

k2 log max(d, p)
n

co. If we also have kokq =0(1), then? the two-stage estimator BHQSLS is lo—consistent for

g

Theorem 3.3 (An improved upper bound on the ls—error and estimation consistency): Suppose As-
sumptions 1.1, 3.1-3.4, 3.5b, and 3.6 hold. Then, if

1
min{k%kglogmax(d, D), n[lénl]max{ki)’*%logd, k2" logp, kikologd, k{kglogp}} = 0(1)
n re|0,

k1 log max(d, p)

n

2 .
'Tf the term o(1) in “M = 0(1)” (similarly, o(1) in “%ﬂ(d’p) = 0(1)” in Theorem 3.3, o(1) in “'%&2 = o(1)”

in Corollary 3.4, o(1) in “max {klMQ(d, D, k1, n), l°§”} = 0(1)” in Theorem 3.5, and o(1) in “max {MQ(d, p, k1, n), 107%} =
0(1)” in Theorem 3.6) is replaced by O(1), the statistical error of the parameters in the main equation will have the same
scaling in terms of d, p, k1, k2, and n as before with the only changes to the constants in ¢1 and ps.

2The extra factor ko in front of these scaling conditions for consistency in Theorem 3.2 (as well as in the subsequent

theorems 3.3, 3.5, 3.6, and Corollary 3.4) comes from the simple inequality |5*|1 < k2 max; ;.
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and the tuning parameter A, satisfies

e kz\/kl log max(d, p)’

n

we have,

3 * k1 log max(d, ko 1o
|BH2srs — B Izﬁmax{w\/g\/ 1708 - ( p)’(pz 2ngp}7

with probability at least 1 — ¢; exp(—c2 log max(min(p, d), n)) for some universal positive constants c;

and cg, where 1 and 9 are defined in Theorem 3.2. If we also have koy/ %ﬂwx(d’p) = 0(1), then the
two-stage estimator BHQSLS is ls—consistent for B*.

The proofs for Theorems 3.2 and 3.3 are provided in Sections 6.2 and 6.3, respectively.

The proofs for Theorems 3.2 and 3.3 each consist of two parts. The first part is to show %XTX satisfies
the RE condition (3) and the second part is to bound the term ]%X’Teloo from above. Based on Lemma
3.1, the upper bound on ]%X Te| pins down the scaling requirement of \,, as mentioned previously. The
scaling conditions of n and A, depend on the sparsity parameters k1 and ks, which are typically unknown.
Nevertheless, I will assume that upper bounds on k; and ko are available, i.e., we know that k; < k; and
ko < ko for some integers ky and ko that grow with n just like k1 and ko. Meaningful values of ki and
ko are small relative to n presuming that only a few regressors are relevant. This type of upper bound
assumption on the sparsity is called sparsity certificate in the literature (see, e.g., Gautier and Tsybakov,
2011).

In Theorems 3.2 and 3.3, we see that the statistical errors of the parameters of interests in the main
¥ 1, Z1j)|0o- In the simple case

1y
of o,y = 0 (for example, n = 0 with probability 1 as in a high-dimensional linear regression model without

endogeneity), the ly—errors in Theorems 3.2 and 3.3 reduce to |Bragrs — B*|s 3 252 7V k2 lsgp, where

~/ )\min(EX*
the factor % has a natural interpretation of an inverse signal-to-noise ratio. For instance, when X*
min *

equation depend on oy, 0¢, 0x*, Amin(X2), Amin(Xx+), and max; |cov(z

is a zero-mean Gaussian matrix with covariance X x+ = agﬁl, one has Apin (X x+) = Ugﬁ, SO

OX*0¢ O¢
- bl
Amin(Zx+)  ox+

which measures the inverse signal-to-noise ratio of the regressors in a high-dimensional linear regression
model without endogeneity. Hence, the statistical error of the parameters of interests in the main equation
matches the scaling of the upper bound for the Lasso in the context of the high-dimensional linear regression

model without endogeneity, i.e., 4/ lenﬂ.

The terms max; » ]cov(xi*j,, Z1j)|oo in Theorems 3.2 and 3.3 are related to the degree of dependency
between the columns of the design matrices formed by the instrumental variables and their linear combi-

nations. For instance, for any [ =1,...,d; and j = 1, ..., p, notice that
cov(zy;, 2151) = cov(z1,m;, 2151)-

The higher dependency between the columns of the design matrix Z; we have, the greater max; cov(z} jr 2 jt)

is, and the harder the estimation problem becomes. In the special case of max; ]cov(xij,, Z1j)|00 = a%,

14



Anin(£2) = 0%, and Auin(Sx-) = 0%, 01 = Fo|8h = 4 (22 ) 181, where the multiplier L (22)

O x* O x*
1
Ux*'

Under the assumption that the first-stage estimators correctly select the non-zero coefficients with high

in ¢ is the inverse signal-to-noise ratio of X* scaled by

probability (Assumption 3.6), the scaling of the sample size required in Theorem 3.3 is guaranteed to be
no greater (and in some cases strictly smaller) than that in Theorem 3.2. For instance, if p < d , then

letting r = 1 yields

max {k; log d, k1 logp, kikologd, kikylogp} = kikologd < kik3 log max(d, p) = k?k3 log d.

21.2
In this example, Theorem 3.2 suggests that the choice of sample size needs to satisfy M

2
W = 0(1) while Theorem 3.3 suggests that the choice of sample size only needs to satisfy

O(1) and Fl8d — 4(1).

From Theorem 3.2 (respectively, Theorem 3.3), we see that the estimation error of the parameters of

= O(1) and
k1ko logd _
n

interests in the main equation is of the order of the maximum of the first-stage estimation error in lo—norm
multiplied by a factor of \/kiks (respectively, /k2) and the second-stage estimation error. Upon the
additional condition that the first-stage estimators correctly select the non-zero coefficients with probability
close to 1, note that the bound on the ls—error of BHQSLS in Theorem 3.3 is improved upon that in Theorem
3.2 by a factor of v/ky if the first term in the braces dominates the second one. It is possible that the
error bound and scaling of the sample size required in Theorem 3.2 is suboptimal. Section 5 provides a
heuristic argument that may potentially improve the bound on the ly—error of ﬁAHggLS in Theorem 3.2
when the first-stage estimates fail to satisfy the exact sparsity constraint specified by the lp- ball discussed
earlier. Intuitively, the most direct effect on the l[y—error of the second-stage estimate BHQSLS should
be attributed to the ls—errors (rather than the selection performance per se) of the first-stage estimates.
Imposing the exact sparsity constraint, namely, selection consistency on the first-stage estimates such as
Assumption 3.6 is an example of showing how special structures that impose a certain decay rate on the
ordered entries of the first-stage estimates from the [; —regularized procedure can be utilized to tighten
the {s—error bound.

The estimation error of the parameters of interests in the main equation can be bounded by the maxi-
mum of a term involving the first-stage estimation error and a term involving the second-stage estimation
error, which partially confirms® the speculation in Gautier and Tsybakov (2011) (Section 7.2) that the

n

two-stage estimation procedure can achieve the estimation error of an order My results show

that k’% is achieved either when the second-stage estimation error dominates the first-stage estimation
error, or when p is large relative to d. In the case where the second-stage estimation error dominates
the first-stage estimation error, the statistical error of the parameters of interests in the main equation
matches (up to a factor of |5*|1) the order of the upper bound for the Lasso estimate in the context of the
high-dimensional linear regression model without endogeneity, i.e., \/%. An example of the second
case where p is large relative to d is when the first-stage estimation concerns regressions in low-dimensional

settings and the result for this specific example is formally stated in Corollary 3.4 below.

3To verify whether the rate 4/ k’% is achievable for the triangular simultaneous linear equations models, a minimax lower
bound result needs to be established in future work.
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Corollary 3.4 (First-stage estimation in low-dimensional settings): Suppose Assumptions 1.1, 3.2, and
3.3 hold. Assume the number of regressors p(= p,,) in (1) can grow with and exceed the sample size n;
the number of non-zero components in 8* is at most ko, which is allowed to increase to infinity with n but

slowly compared to n; also d = max;j—1, . ,d; < n and does not grow with n. Suppose that the first-stage

estimator 7 satisfies the bound max;j—; __, |7; — 7T;~<|2 =3 lo% with probability at least 1 — O(m).
Then, if
kol
SRR = o),
n
logp
= 1
52— o),

and the tuning parameter A, satisfies

1
An = kay | 222
n

3 * lo ko lo
Brrasns — la < max(or oy [ B2, g [R2108R).

with probability at least 1 — O(%), where 1 and @9 are defined in Theorem 3.2. If we also have

max(p, n

k:g\/i % = o(1), then the two-stage estimator Bzasrg is la—consistent for 5*.

we have

Note that Corollary 3.4 is a special case of Theorem 3.3 and hence the result is obvious from Theorem
3.3.

Under the condition that the first-stage estimators correctly select the non-zero coefficients with prob-
ability close to 1, we can also compare the high-dimensional two-stage estimator BHQSLS with another
type of multi-stage procedure. These multi-stage procedures include three steps. In the first step, one
carries out the same first-stage estimation as before such as applying the Lasso or Dantzig selector. Under
some stringent conditions that guarantee the selection-consistency of these first-stage estimators (such as
the “irrepresentable condition” or the “mutual incoherence condition” described earlier), we can recover the
supports of the true parameter vectors with high probability. In the second step, we apply OLS with the
regressors in the estimated support set to obtain ﬁjOLS for j = 1,...,p. In the third step, we apply a Lasso
technique to the main equation with these fitted regressors based on the second-stage OLS estimates. This
type of procedure is in the similar spirit as the literature on sparsity in high-dimensional linear models
without endogeneity (see, e.g., Candés and Tao, 2007; Belloni and Chernozhukov, 2013).

Under this three-stage procedure, Corollary 3.4 above tells us that the statistical error of the parameters
of interests in the main equation is of the order O <|B*\1 kzlnogp) which is at least as good as BHQSLS.

Nevertheless, this improved statistical error is at the expense of imposing stringent conditions that ensure
the first-stage estimators to achieve selection consistency. These assumptions only hold in a rather narrow
range of problems, excluding many cases where the design matrices exhibit strong (empirical) correlations.
If these stringent conditions in fact do not hold, then the three-stage procedure may not work. On the
other hand, even in the absence of the selection-consistency in the first-stage estimation, BHQSLS is still
a valid procedure and the bound as well as the consistency result in Theorem 3.2 still hold. Therefore,

BHQSLS may be more appealing in the sense that it works for a broader range of problems in which the
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first-stage design matrices (formed by the instruments) Z; € R"*9% for j = 1, ..., p exhibit a high amount
of dependency among the covariates.

For Theorems 3.2 and 3.3, the results are derived for the case where each of the first-stage equations is
estimated separately with a Lasso-type procedure. Depending on the specific structures of the first-stage
equations, other methods that take into account the interrelationships between these equations might yield
a smaller first-stage estimation error and consequently a potential improvement on the ls—error of B H2SLS-
This paper does not pursue these more efficient first-stage estimators but rather considers the extensions
of Theorems 3.2 and 3.3 in the following manner. Notice that for Theorem 3.2 (or Theorem 3.3), we
give an explicit form of the first-stage estimation error in Assumptions 3.5a (respectively, 3.5b) and as
discussed earlier, Lasso type of techniques yield these estimation errors. However, the estimation error of
the parameters of interests in the main equation can be bounded by the maximum of a term involving the
first-stage estimation error in ly—norm multiplied by a factor of v/k1ks (or /ks if the first-stage estimators
correctly select the non-zero coefficients with probability close to 1) and a term involving the second-stage
estimation error, which holds for general first-stage estimation errors as long as |7; — 77}‘\1 = Vki|#j — W;f|2

for* j = 1,...,p. This claim is formally stated in Theorems 3.5 and 3.6 below.

Theorem 3.5: Suppose Assumptions 1.1 and 3.1-3.3 hold. Also, assume the first-stage estimator &
satisfies the bound max;—1, ., |7; — 7r;f|1 < Vki1M(d, p, k1, n) with probability 1 — a.. Then, if

ko L
max{k§k1M2<d,p, ky, n), “’gp} — 0(1),

n

1
max{klMZ(d, p, k1, n), in} = o(1),

and the tuning parameter A, satisfies

1
A = ko max{\/klM(d, p, k1, ), 1/ ng},
n

R ko lo
|BHQSLS - 5*’2 :5 maX{Sol V k1k2M<d7 b, kl) n)7 Y2 2 gp}7

n

we have

where

max; s \cov(:t:ikj,, 215)|oo |81

vro= Amin(zX*) ’
oxro|B*1  ox-o }
Amin(Zx+) " Amin(Zx+) |7

P2 = max{

with probability at least 1 — a — ¢; exp(—cg log max(p, n)) for some universal positive constants c¢; and cs.

If we also have ko max {\//ﬁkQM(d, P, k1, n), 1/ lenogp} = 0(1), then the two-stage estimator BrosLs is

lo—consistent for 5*.

“Negahban, et. al (2012) discusses the type of penalized estimators that satisfy such a relationship between the [; —error
and the lp—error.
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Theorem 3.6: Suppose Assumptions 1.1, 3.1-3.4, and 3.6 hold. Also, assume the first stage estima-
tor 7 satisfies the bound max;—; _,|7; — 773512 < M(d, p, k1, n) with probability 1 — . Then, if

n n

= O(1),

|
max {212(d, . ), 22} — o),

and the tuning parameter \, satisfies

1
)\nxk2maX{M(da b, k;l,n), in}v

we have

N ko lo
’/BHZSLS - 6*‘2 5 maX{‘Pl V kQM(da D, k17 n)7 P2 2 gp}7

n

with probability at least 1 — a — ¢; exp(—c2 log max(p, n)) for some universal positive constants ¢; and co,

where ¢1 and @9 are defined in Theorem 3.5. If we also have ko max {\/E]W(d7 p, k1, n), \/leogp} =

n

o(1), then the two-stage estimator 3H25L5 is lo—consistent for 5*.

The proofs for Theorems 3.5 and 3.6 are provided in Section 6.4.

Upon an additional condition that the first-stage estimators correctly select the non-zero coefficients
with probability close to 1, note that the bound on the [o—error of BHQSLS in Theorem 3.6 is improved
upon that in Theorem 3.5 by a factor of /k; if the first term in the braces dominates the second one. The

scaling of the sample size required in Theorem 3.6 is also improved upon that in Theorem 3.5.

3.2 Variable-selection consistency

In this subsection, I address the following question: given an optimal two-stage Lasso solution BHQSLS,
when do we have P[J(Brasns) = J(B*)] — 1?7 That is, when can we conclude Spagrg correctly selects
the non-zero coefficients in the main equation with high probability? This property is referred to as
variable-selection consistency. For consistent variable selection with the standard Lasso in the context
of linear models without endogeneity, it is known that the so-called “neighborhood stability condition”
(Meinshausen and Biihlmann, 2006) for the design matrix, re-formulated in a nicer form as the “irrepre-
sentable condition” by Zhao and Yu, 2006, is sufficient and necessary. A further refined analysis is given
in Wainwright (2009), which presents under a certain “incoherence condition” the smallest sample size
needed to recover a sparse signal. In this paper, I adopt the analysis by Wainwright (2009), Ravikumar,
Wainwright, and Lafferty (2010), and Wainwright (2014) to analyze the selection consistency of Br2sLs-
In particular, T need the following assumptions.

Assumption 3.7: H]E [XTE(B*)CXT,J(/J*)} [E(ng(ﬂ*)XiJ(g*))} <1 — ¢ for some ¢ € (0, 1].

HOO
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Assumption 3.8: The smallest eigenvalue of the submatrix {XTE(B*)XI‘ J(ﬁ*)] satisfies the bound

Amin (B [ X7 50) X5 s3] ) = Conin > 0.

Remarks
Assumption 3.7, the so-called “mutual incoherence condition” originally formalized by Wainwright (2009),
captures the intuition that the large number of irrelevant covariates cannot exert an overly strong effect
on the subset of relevant covariates. In the most desirable case, the columns indexed by j € J(8*)¢ would
all be orthogonal to the columns indexed by j € J(8*) and then we would have ¢ = 1. In the high-
dimensional setting, this perfect orthogonality is not possible, but one can still hope for a type of “near
orthogonality” to hold.

Notice that in order for the left-hand-side of the inequality in Assumption 3.7 to always fall in [0, 1),

one needs some type of normalization on the matrix X7 = (X7 X;j)T for all j = 1,...,p. One

1 e
possibility is to impose a column normalization as follows:

| X7 |2
max
7j=1,...,p n

< Ke, 0< ke < o0.

Under Assumptions 1.1 and 3.3, we know that each column X7, j =1,..,p is consisted of i.i.d. sub-
Gaussian variables. Without loss of generality, we can assume E(X7 j) =0forall j =1,...,p. Consequently,
the normalization above follows from a standard bound for the norms of zero-mean sub-Gaussian vectors
and a union bound

| X512

P | max /| < HC] >1—2exp(—cn +logp) > 1 —2exp(—cn),
J=1..p n

where the last inequality follows from n > logp. For example, if X* has a Gaussian design, then we have

X7 321
max | j|2 < max Xj; [ 1+ o8P ,
J=Leep /M T j=lop n

where max;—; _,>;; corresponds to the maximal variance of any element of X *(see Raskutti, et. al, 2011).
Assumption 3.8 is required to ensure that the model is identifiable even if the support set J(8*) were

known a priori. Assumption 3.8 is relatively mild compared to Assumption 3.7.
Theorem 3.7 (Selection consistency): Suppose Assumptions 1.1, 3.1-3.3, 3.5a, 3.7, and 3.8 hold. If

1 )
Emax{klkgﬂlogp, k:glogp} = 0(1),

1
i3 logmax(d, p) = (1),
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and the tuning parameter A, satisfies

1 d
\ = oy 1B D)

n

then, we have: (a) The Lasso has a unique optimal solution BrosLs, (b) the support J(BHQSLS) C J(B"),

4 * ko log max(d, D ko Ing
(C) ’/BH2SLS, J(B*) — 5[{25[,57 J(ﬁ*)|oo < cmax {@1]431\/ ( ), @2\/ o := Bj,

n

where

Opmax; |cov(ac’1‘j/ , 215) || B 1

L Amin (EZ)Cmin 7
o = maX{UX*Un]ﬁ*h UX*Ue}
C’min ’ Cmin ’

with probability at least 1—c; exp(—cz log max(min(p, d), n)), (d) if minje s(g+) [8;| > B, then J(Brasrs) 2
J(B*) and hence BrasLs is variable-selection consistent, i.e., J(BHQSLS) = J(B*).

Theorem 3.8 (Selection consistency): Suppose Assumptions 1.1, 3.1-3.4, 3.5b, 3.6-3.8 hold. If

1
Emax{ki/%gz’logpkglogp} — 0(1),

1

min{k%kglogmax(d, D), nﬁnﬂmax{ki’*”logd, k2" log p, kikologd, k;kglogp}} = o(1),

n re|0,

1
—k1k3logmax(d, p) = o(1),
n

and the tuning parameter A, satisfies

e k2\/k:1 log max(d, p)’

n

then, we have: (a) The Lasso has a unique optimal solution BrasLs, (b) the support J(BHQSLS) C J(B),

and

k1ks log max(d, ko lo
12 log max( 1))7S02\/2ng19}:32

n

(C) ‘BHzSLS,J(g*) - /6;{25LS,J(B*)|OO < ¢ max {(pl\/

with probability at least 1 — ¢1 exp(—co log max(min(p, d), n)), where ¢ and @y are defined in Theorem
3.7, (d) if minje s+ |B;\ > By, then J(/BHQSLS) D J(B*) and hence ,BHQS’LS is variable-selection consis-
tent, i.e., J(Bu2sLs) = J(BY).

The proofs for Theorems 3.7 and 3.8 are provided in Section 6.6.

The proof for Theorems 3.7 and 3.8 hinges on an intermediate result that shows the “mutual in-

coherence” assumption on E[X;TX}] (the population version of 2X*TX*) guarantees that, with high
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probability, analogous conditions hold for the estimated quantity %)A( TxX , formed by the fitted regressors
from the first-stage regression. This result is established in Lemma 6.5 in Section 6.5.

The proofs for Theorems 3.7 and 3.8 are based on a construction called Primal-Dual Witness (PDW)
method developed by Wainwright (2009) (also see Wainwright, 2014). This method constructs a pair
(B , ft). When this procedure succeeds, the constructed pair is primal-dual optimal, and acts as a witness
for the fact that the Lasso has a unique optimal solution with the correct signed support. The procedure

is described in the following.
].. Set BJ(ﬁ*)c — O
2. Obtain (BJ(ﬁ*), ,&J(B*)) by solving the oracle subproblem

. 1 .
«) € ar min —|y — Xy 9124+ A .
Bis g5]<ﬁ*>eRk2{2n‘y 7898589 12 18187

1}

and choose fij(3-) € 8\BJ(5*) 1, where 8|BJ(5*)\1 denotes the set of subgradients at BJ(B*) for the

function |- |1 : RF — R,
3. Solve for fij(g«)e via the zero-subgradient equation

1 . ~ A
“XT(y = XB) + M = 0,

and check whether or not the strict dual feasibility condition |fiy(g)e|oo < 1 holds.

Theorems 3.7 and 3.8 include four parts. Part (a) guarantees the uniqueness of the optimal solution
of the two-stage Lasso procedure, BHQSLS (from the proofs for Theorems 3.7 and 3.8, we have that
BrasLs = (BJ(B*), 0) where BJ(B*) is the solution obtained in step 2 of the PDW construction above).
Based on this uniqueness claim, one can then talk unambiguously about the support of the two-stage
Lasso estimate. Part (b) guarantees that the Lasso does not falsely include elements that are not in the
support of g*.

Part (c) ensures that BAHQSL& J(8+) is uniformly close to 57}(5*) in the loo—norm®. Notice that the
lso—bound in Part (c) of Theorem 3.8 is improved by a factor of v/k; upon that in Part (c) of Theorem
3.7 if the first term in the braces dominates the second one. Also, the scaling of the sample size required
in Theorem 3.8 is improved upon that in Theorem 3.7. Similar observations were made earlier when we
compared the bound in Theorem 3.2 with the bound in Theorem 3.3 (or, the bound in Theorem 3.5 with the
bound in Theorem 3.6). Again, these observations are attributed to that the additional assumption of the
first-stage estimators correctly selecting the non-zero coefficients (Assumption 3.6) is imposed in Theorem
3.8 but not in Theorem 3.7. Recall earlier comparison between Theorem 3.2 and Theorem 3.3 in the
scaling of the required sample size. A similar comparison can be made between Theorem 3.7 and Theorem
3.8. Under the assumption that the first-stage estimators correctly select the non-zero coefficients with
high probability (Assumption 3.6), the scaling of the sample size required in Theorem 3.8 is guaranteed

to be no greater (and in some cases strictly smaller) than that in Theorem 3.7. For instance, if p < d

5The factor v/k» in the loo—bound in Theorems 3.7 and 3.8 seems to be extra and removing it may require a more involved
analysis in future work.
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then by letting r = 1,

min {k{k3 log max(d, p), max {kilogd, kilogp, kikslogd, kikslogp}} = kikslogd.
In this example, Theorem 3.7 suggests that the choice of sample size needs to satisfy @ = o(1)
max{k’l kg/Q log p, k:g’ logp}

n =

k1k2logd
n

O(1) while Theorem 3.8 suggests that the choice of sample size only needs
max{kziﬂkg/2 log p, kg 10gp}

n

and

= o(1) and

possible that the error bound and scaling of the sample size required in Theorem 3.7 is suboptimal.

to satisfy O(1). However, as discussed previously, it is
Section 5 provides a heuristic argument that may potentially improve the bound in Theorem 3.7 when the
first-stage estimates fail to satisfy the exact sparsity constraint specified by the lp- ball.

The last claim is a consequence of this uniform norm bound: as long as the minimum value of | B]*\
over j € J(*) is not too small, then the two-stage Lasso does not falsely exclude elements that are in the
support of 4* with high probability. The minimum value requirement of | Bj*| over j € J(B*) is comparable
to the so-called “beta-min” condition in Biihlmann and van de Geer (2011). Combining the claims from

(b) and (d), the two-stage Lasso is variable-selection consistent with high probability.

4 Simulations

In this section, simulations are conducted to gain insight on the finite sample performance of the regularized
two-stage estimators. I consider the triangular simultaneous equations model (1) and (2) from Section 1

where d; = d for all j = 1,...,p, (y;, xI, zl', €, m;) are i.i.d., and (e;, m;) have the following joint normal

distribution
0'3 pO-EO—T] P “ e pO—EO—’I]
Jlopter a% o - 0
0 .
(E’ia "71) ~ N . ) : 0 0-72]
0 0
pPOeoy 0 e 0 0,27

T

The matrix z; is a p x d matrix of normal random variables with identical variances o, and ziTj is indepen-
dent of (e;, i1, ..., mip) for all j = 1,...,p. With this setup, I simulate 1000 sets of (y;, X!, z!, €, 1n;)"4
where n is the sample size (i.e., the number of data points) in each set, and perform 14 Monte Carlo
simulation experiments constructed from various combinations of model parameters (d, ki, p, k2, 5%, o,
and oy,), the design of z;, the random matrix formed by the instrumental variables, as well as the types
of first-stage and second-stage estimators employed (Lasso vs. OLS). For each replication ¢ = 1, ..., 1000,
I compute the estimates Bt of the main-equation parameters 8*, lo—errors of these estimates, |Bt — B*2,
and selection percentages of Bt (computed by the number of the elements in Bt sharing the same sign as
their corresponding elements in £*, divided by the total number of elements in *). Table 4.1 displays the
designs of the 14 experiments. For Experiment 1 and Experiments 3-14, I set the number of parameters in
each first-stage equation d = 100, the number of parameters in the main equation p = 50, the number of
non-zero parameters in each first-stage equation k1 = 4, the number of non-zero parameters in the main

equation k2 = 5. Also, choose (77}, ..., 7jy) = 1, (5, ..., Tj109) = O forall j = 1,...,50; and (87, ..., B5) = 1,
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Table 4.1: Designs of the Monte-Carlo

simulation experiments, 1000 replications

Experiment # 1 2 3 4 5 6 7 8 9 10 11 12 13 14
d 100 4 NA 100 100 100 100 100 100 100 100 100 100 100
k1 4 4 NA 4 4 4 4 4 4 4 4 4 4 4
P 50 5 50 50 50 50 50 50 50 50 50 50 50 50
ko 5 5 5 5 5 5 5 5 5 5 5 5 5 5
(B1,---, B5) 1 1 1 1 1 1 1 1 1 1 1 1 1 0.01
(B6, -3 B50) 0 NA 0 4] (1] 0 0 0 0 0 0 0 0 0
(741, -, mja) for all j 1 1 NA 1 1 1 1 1 1 1 1 1 1 1
(75, -y Tj100) for all j 0 NA NA 0 0 0 0 0 0 0 0 0 0 0
Oe 0.4 0.4 0.4 0.4 0.4 0.4 1 0.4 0.4 0.4 1 0.4 0.4 0.4
on 0.4 0.4 NA 0.4 0.4 0.4 0.4 1 0.4 0.4 0.4 1 0.4 0.4
o 1 1 NA 1 1 1 1 1 0.4 1 1 1 0.4 1
Row corr. in z? fori=1,..., No No NA No No No No No No Yes Yes Yes Yes No
1st-stage estimation Lasso OLS NA OLS Lasso OLS Lasso Lasso Lasso Lasso Lasso Lasso Lasso Lasso
2nd-stage estimation Lasso OLS Lasso Lasso OLS OLS Lasso Lasso Lasso Lasso Lasso Lasso Lasso Lasso
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The baseline experiment (Experiment 1) applies the two-stage Lasso procedure to the endogenous
sparse linear model with a triangular simultaneous equations structure (1) and (2). For each data point
1 =1,...,n, the instruments Z;; is a p X d matrix of independent standard normal random variables. As
a benchmark for Experiment 1, Experiment 2 concerns the classical 25LS procedure when both stage
equations are in the low-dimensional setting and the supports of the true parameters in both stages are
known a priori. As another benchmark for Experiment 1, Experiment 3 applies a one-step Lasso procedure
(without instrumenting the endogenous regressors) to the same main equation model (1) as in Experiment
1.

Experiments 4-6 concern, in a relatively large sample size setting with sparsity, the performance of
alternative “partially” regularized or non-regularized estimators: first-stage-OLS-second-stage-Lasso (Ex-
periment 4), first-stage-Lasso-second-stage-OLS (Experiment 5), and first-stage-OLS-second-stage-OLS
(Experiment 6). Experiments 7-14 return to the two-stage Lasso procedure with changes applied to the
model parameters that generate the data. Experiment 7 (Experiment 8) increases the standard deviation
of the “noise” in the main equation, o, (respectively, the standard deviation of the “noise” in the first-stage
equations, oy); Experiment 9 reduces o,, the standard deviation of the “signal”, i.e., the instrumental
variables; Experiment 10 introduces correlations between the rows of the design matrix z . Notice that
each row of z! € RP *d is associated with each of the endogenous regressors and the row-wise correlation
in z! hence introduces correlations between the “purged” regressors X ; and Xj’,k, for all j # j'. The level
of the correlation is set to 0.5, i.e., corr(z;j, zl.j/l) =05 for j #j and I = 1,...,d (notice that we still
have corr(z;ji, ziﬂ/) =0 forl #1 and j = 1,...,p; i.e., there is no column-wise correlation in z!). Ex-
periment 11 (Experiment 12) increases the “noise” level in the main equation (respectively, the “noise”
level in the first-stage equations) and introduces the correlations between the “purged” regressors X J* and
XJ’,‘, for all j # j simultaneously. Experiment 13 reduces the “signal” level of the instrumental variables
and introduces the correlations between the “purged” regressors X and X;f/ for all j # j' simultaneously.
Experiment 14 reduces the magnitude of (57, ..., %) from (1, ..., 1) to (0.01, ...,0.01).

The tuning parameters Aj, in the first-stage Lasso estimation (in Experiments 1, 5, 7-14) are chosen

according to the standard Lasso theory of high-dimensional estimation techniques (e.g., Bickel, 2009);
logd

in particular, A\, = 0.4 The tuning parameters Az, in the second-stage Lasso estimation (in

Experiments 1, 3, 4, 7-14) are chosen according to the scaling condition in Theorem 3.3; in particular, Ao, =

0.1 ko max{\/ al logd Y logp} in Experiments 1, 3, 4, 7-13 and g, = 0.001 - k9 max{\/ al logd Y IOTng}

in Experiment 14. The value of A9, in Experiments 1, 3, 4, 7-13 exceeds the value of Ay, in Experiments 14
by a factor of 0.01. This adjustment reflects the fact that the non-zero parameters (31, ...,35) = (1, ..., 1)
in Experiments 1, 3, 4, 7-13 exceed the non-zero parameters (51, ..., 85) = (0.01, ...,0.01) in Experiment
14 by a factor of 0.01.

Figure 4.1a plots (in ascending values) the 1000 estimates of 87 when the sample size n = 47. The
estimates of other “relevant” main-equation parameters behave similarly as the estimates of 3. Figure
4.1b plots (in ascending values) the 1000 estimates of 3§ when the sample size n = 47. The estimates of
other “irrelevant” main-equation parameters behave similarly as the estimates of ;. The sample size 47
satisfies the scaling condition in Theorem 3.3. With the choice of d = 100, k1 = 4, p = 50, ks = 5 in
Experiments 1 and 3, the sample size n = 47 represents a high-dimensional setting with sparsity. Figure

4.1c (Figure 4.1d) is similar to Figure 4.1a (Figure 4.1b) except that the sample size n = 4700.
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With the 1000 estimates of the main-equation parameters from Experiments 1-3, Table 4.2 shows the

mean of the ly—errors of these estimates (computed as 1355 S0 5t —

B*|2), the mean of the selection
percentages (computed in a similar fashion as the mean of the lo—errors of the estimates of 5*), the mean
of the squared la—errors (i.e., the sample mean squared error, SMSE computed as 1000 21000 \Bt B*13),
and the sample squared bias ijl( i — BJ*) (where ﬁ] = 1000 21000 ﬁt for j = 1,...,50). To provide
a sense of how well the first-stage estimates behave, Table 4. 2 also displays the “averaged” mean of the

l,—errors of the first-stage estimates (computed as &5 Z] | To55 S0 7t

i — m;l2), the “averaged” mean
of the selection percentages of the first-stage estimates (computed in a 51m11ar fashion as the “averaged”
mean of the lo—errors of the first- stage estimates) the “averaged” mean of the squared lo—errors (i.e., the
averaged” SMSE, computed as 50 Z s 1000 21000 - — 7r*?|2)7 and the “averaged” sample squared bias
= ijl 1102(791 - Trﬂ) (where 7j; = 155 %0%0 i for j=1,..,50 and [ =1, ...,100).

Compared to the two-stage Lasso procedure, in estimating the “relevant” main-equation parameters
with both sample sizes n = 47 and n = 4700, Figures 4.1a and 4.1c show that the classical 2SLS procedure
where the supports of the true parameters in both stages are known a priori produces larger estimates
while the one-step Lasso procedure (without instrumenting the endogenous regressors) produces smaller

estimates. The two-stage Lasso outperforms the classical 2SLS above the 60"

percentile of the estimates
while underestimates the “relevant” main-equation parameters below the 60" percentile relative to the
classical 2SLS procedure. The one-step Lasso procedure (without instrumenting the endogenous regressors)
produces the poorest estimates of the “relevant” main-equation parameters. The mean é5 of the 1000
estimates ,5’5 from the two-stage Lasso is 0.931 (respectively, 1.000 from the classical 2SLS and 0.826 from
the one-step Lasso) when n = 47 and 0.997 (respectively, 1.000 from the classical 2SLS and 0.988 from
the one-step Lasso) when n = 4700. The fact that the two-stage Lasso yields smaller estimates of the
“relevant” main-equation parameters relative to the classical 2SLS for both sample sizes is most likely due
to the shrinkage effect from the [; —penalization in the second-stage estimation of the two-stage Lasso
procedure.

In estimating the “irrelevant” main-equation parameters, the estimates of (8§, ..., 5%,) from both

the two-stage Lasso and the one-step Lasso are exactly 0 at the 5'*

percentile, the median, and the
95" percentile when n = 47 and n = 4700. The mean statistics of the estimates of (Bg, .-, B2y) range from
—0.001 (—2.938 x 107%) to 0.001 (3.403 x 10~%) when n = 47, and —6.926 x 107 (0) to 5.593 x 107>
(3.076 x 10%) when n = 4700 for the two-stage Lasso (respectively, the one-step Lasso). Table 4.2 shows
that the selection percentages of the main-equation estimates from the two-stage Lasso and the one-step
Lasso are high for the designs considered. Figures 4.1b and 4.1d show that, in estimating the “irrelevant”
main-equation parameters, the one-step Lasso performs slightly better relative to the two-stage Lasso
procedure below the 2" percentile and above the 98" percentile.

In terms of estimation errors and sample bias, from Table 4.2 we see that the mean of the lo—errors
of the estimates B rosns of B (or the “averaged” mean of the lo—errors of the first-stage estimates) from
the two-stage Lasso are greater than those of BasLs (respectively, of the first-stage estimates) from the
classical 2SLS procedure for both n = 47 and n = 4700. As n increases, the mean of the lo—errors of
BHQSLS and the mean of the ly—errors of BQSLS become very close to each other as in the case when
n = 4700. Also, the sample bias of 3H25LS (or, the “averaged” sample bias of the first-stage estimates)
from the two-stage Lasso are greater by a magnitude of 100 ~ 1000 (respectively, 1000 ~ 10%) than those
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of BQS s (respectively, of the first-stage estimates) from the classical 2SLS procedure for both sample sizes.

For more investigation on how the ls—error and sample bias of BHQSLS compare to those of 325L5,
I have also considered designs where o. and/or o, are increased or decreased while everything else in
Experiments 1 and 2 remains the same. In these modified designs except for those with very large values
of o under n = 47, the mean of the lo—errors of BHQSLS are generally greater than those of BQSLS. The
sample bias of Byasrg are consistently greater by a magnitude of 10 ~ 10° than those of Basrs for both
sample sizes. This suggests that the shrinkage effect from the /1 —penalization in both the first and second
stage estimations of the two-stage Lasso procedure might have made its bias term converge to zero at a
slower rate relative to the classical 2SLS for the designs considered here. Whether this conjecture holds
true for general designs is an interesting question for further research. Compared to the two-stage Lasso
and the classical 2SLS, the one-step Lasso procedure without instrumenting the endogenous regressors
yields the largest lo—errors as well as sample bias of the main-equation estimates for both n = 47 and
n = 4700, which is expected. Finally notice that the lo—errors (and the sample bias) shrink as the sample

size increases. |Basrs — *|2 being proportional to ﬁ is a known fact in low-dimensional settings. From

Section 3.1, we also have that the upper bounds for |BH25LS — B*|2 are proportional to ﬁ up to factors

involving logd, logp, k1, and k.

Figure 4.1a: Estimates of the fifth parameter (n = 47)
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Figure 4.1b: Estimates of the sixth parameter (n = 47)
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Figure 4.1c: Estimates of the fifth parameter (n = 4700)
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Figure 4.1d: Estimates of the sixth parameter (n = 4700)
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Table 4.2: lp—errors, SMSE, bias, and selection (Exp. 1-3)
Mean n =47 n = 4700
Exp. # 1 2 3 1 2 3
2nd_stage select % 97.3 NA 99.5 98.1 NA 100
2nd_gtage lo—error 0.288 0.156 0.412 0.018 0.015 0.026
2nd_stage SMSE 0.099 0.028 0.179 | 3.38x 1074 | 243 x 107% | 7.07 x 10~

274 _gtage squared bias | 0.024 | 1.49 x 1072 | 0.154 | 5.04 x 1075 | 1.84 x 10~7 | 6.66 x 10~*

15t-stage select % 0.977 NA NA 0.985 NA NA
15t —stage la—error 0.349 0.115 NA 0.028 0.011 NA
1%t —stage SMSE 0.132 0.003 NA | 792x 1074 | 2.78 x 1075 NA
15t —stage squared bias | 0.097 | 1.07 x 10~° NA | 6.31x107% | 1.23x 1077 NA

In the following relatively large sample size setting (i.e., n = 4700) with sparsity, I compare the per-
formance of the two-stage Lasso estimator with the performances of the alternative “partially” regularized
or non-regularized estimators as mentioned earlier. Figure 4.2a plots (in ascending values) the 1000 esti-
mates of 5Z when the sample size n = 4700. Figure 4.2b plots (in ascending values) the 1000 estimates of
B¢ when the sample size n = 4700. With the 1000 estimates of the “relevant” (“irrelevant”) main-equation
parameters from Experiment 1 and Experiments 4-6, Figures 4.2c-4.2f (respectively, Figures 4.2g-4.2j)
display the 5% 5th

percentile, the median, the 95*" percentile, and the mean of these estimates. The mean of

the lo—errors and the mean of the selection percentages of the main-equation estimates together with the
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“averaged” mean of the lo—errors and the “averaged” mean of the selection percentages of the first-stage
estimates from these “partially” regularized or non-regularized estimators are displayed in Table 4.3.

Figure 4.2a and Figures 4.2c-4.2f show that, compared to the two-stage Lasso procedure, in estimating
the “relevant” main-equation parameters when n = 4700, the first-stage-Lasso-second-stage-OLS estimator
and the first-stage-OLS-second-stage-OLS estimator produce larger estimates while the first-stage-OLS-
second-stage-Lasso estimator produces smaller estimates. In estimating the “irrelevant” main-equation
parameters when n = 4700, Figure 4.2b and Figures 4.2g-4.2j show that the two-stage Lasso and the
first-stage-OLS-second-stage-Lasso estimator perform well while the first-stage-Lasso-second-stage-OLS
and the first-stage-OLS-second-stage-OLS do poorly (also see Table 4.3 for a comparison between the
selection percentages of these estimators). This suggests that employing regularization in the second-stage
estimation helps selecting the “relevant” main-equation parameters.

Turning to the comparison with “partially” regularized or non-regularized estimators in terms of
lo—errors, from Table 4.3 we see that the two-stage Lasso estimator achieves the smallest ly—error of
the main-equation estimates among all the estimators considered here. The fact that the la—error (of
the main-equation estimates) of the two-stage Lasso estimator is smaller than the lo—errors of the first-
stage-OLS-second-stage-Lasso estimator and the first-stage-OLS-second-stage-OLS estimator could be at-
tributed to the following. Based on the first-stage estimation results from these experiments, the first-stage
Lasso estimator outperforms the first-stage OLS estimator in both estimation errors and variable selections
even in the relatively large sample size setting with sparsity. Recall in Section 3, we have seen that, the
estimation error of the parameters of interests in the main equation can be bounded by the maximum of
a term involving the first-stage estimation error and a term involving the second-stage estimation error.
Given the choices of p, d, k1, and ks in Experiment 1 and Experiments 4-6, these results agree with the
theorems in Section 3.1. Additionally, compared to the first-stage-OLS-second-stage-OLS estimator, the
fact that the lo—error (of the main-equation estimates) of the two-stage Lasso estimator is smaller than the

lo—error of the first-stage-OLS-second-stage-OLS estimator can also be explained by the fact that the two-

n

stage Lasso reduces the ls—error of the first-stage-OLS-second-stage-OLS estimates from O ( max(p’d)>

to O (\/ bgm?(p’d)) as we have seen in Section 3. Similarly, the fact that the lo—error (of the main-

equation estimates) of the two-stage Lasso estimator is smaller than the lo—error of the first-stage-Lasso-

second-stage-OLS estimator can be explained by the fact that the two-stage Lasso reduces the ls—error of

the first-stage-Lasso-second-stage-OLS estimates from O (\/ Hm(pﬁbgdv to O < W).
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Figure 4.2a: Estiamtes of the fifth parameter (n = 4700)
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Table 4.3: lp—errors and selection (Exp. 1, 4-6)

Mean n = 4700

Exp. # 1 4 5 6

2nd_gtage select % | 98.1 98.1 55.0 | 54.5

2nd_stage lo—err 0.018 | 0.038 | 0.062 | 0.054

15t-stage select % 98.5 52.0 98.5 52.0

1%t —stage lo—err 0.028 | 0.059 | 0.028 | 0.059

In the next group of experiments which explore the sensitivity of the results for the two-stage Lasso
estimator to design parameters, changes are applied to o, 0y, 0., and the correlations between the rows
of the design matrix z! € RP*? for all i = 1,...,n. Figure 4.3a plots (in ascending values) the 1000

estimates of 82 when the sample size n = 47. Figure 4.3b plots (in ascending values) the 1000 estimates
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of B¢ when the sample size n = 47. Figures 4.3c-4.3f (Figures 4.3g-4.3j) displays the 5"

5th

percentile, the
median, the 95" percentile, and the mean of the estimates of the “relevant” (“irrelevant”) main-equation
parameters from Experiment 1 and Experiments 7-13. The mean of the ls—errors and the mean of the
selection percentages of the main-equation estimates together with the “averaged” mean of the lo—errors
and the “averaged” mean of the selection percentages of the first-stage estimates from these experiments
are displayed in Table 4.4.

Overall, we see from Table 4.4 that, relative to the baseline experiment (Experiment 1), the mean of
the ls—errors of the estimates of the main-equation parameters increase in Experiments 7-13; the mean of
the selection percentages of the estimates of the main-equation parameters decrease in Experiments 7, 8,
10-13. The “averaged” mean of the ls—errors of the first-stage estimates increase the most in Experiments
8,9, 12, and 13 while those first-stage statistics in Experiment 10 are comparable to those in Experiment
1. This makes sense since Experiments 8, 9, 12, and 13 involve increasing the noise level o, or decreasing
the signal level o, of the instruments in the first-stage model while introducing correlations between the
rows of the design matrix z! (for i = 1,...,n) (Experiment 10) should have little impact on the first-stage
estimates, which are obtained by performing the Lasso procedure on each of the 50 first-stage equations
separately. Note that since Experiment 7 (Experiment 11) has exactly the same first-stage set up as
Experiment 1 (respectively, Experiment 10), there is no need to look at the behavior of their first-stage
estimates separately.

From Figure 4.3a, we see that, below the 10" percentile, compared to the baseline experiment (Ex-
periment 1), introducing correlations between the rows of the design matrix z] (for i = 1,...,n) improves
the estimates of the “relevant” main-equation parameters while the other changes to the data generating

process yield worse estimates; above the 80"

percentile, Figure 4.3a shows that, any changes made to the
data generating process yield worse estimates of the “relevant” main-equation parameters; at the median
(or mean), Figures 4.3a and 4.3d (respectively, Figure 4.3f) show that, increasing the standard deviation
of the “noise” in the main equation, o, and reducing the standard deviation of the “signal”, o,, yield worse
estimates of the “relevant” main-equation parameters. Figures 4.3b and 4.3j show that, in estimating the
“irrelevant” main-equation parameters, any changes to the data generating process yield worse estimates;
in particular, those that involve introducing correlations between the rows of the design matrix z! (for
i=1,...,n) (Experiments 10-13) yield the poorest estimates of the “irrelevant” main-equation parameters
(also see Table 4.4 for a comparison between the selection percentages of these experiments). Recall that
each row of ziT € RP*? i associated with each of the endogenous regressors and row-wise correlations in
z] hence introduce correlations between the “purged” regressors X ; and XJ’,‘, for all j # j. As seen in
Section 3.2, selection consistency hinges on Assumption 3.7 (the “mutual incoherence condition”), whose
violation can lead the Lasso to falsely include elements that are not in the support of §*, namely, the

violation of Part (b) in Theorems 3.7 and 3.8. For the baseline experiment (Experiment 1), the quantity

-1
E | X{Dieme X on| B X s ‘OO

of independent standard normal random variables) and Assumption 3.7 is easily satisfied. For Experiments

T

in Assumption 3.7 equals 0 (because z; is a p x d matrix

10-13, this quantity increases, and therefore in these experiments, the estimates of the “irrelevant” main-

equation parameters are worse relative to the baseline experiment.
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Table 4.4: lo—errors and selection (Exp. 1, 7-13)

Mean n = 47
Exp. # 1 7 8 9 10 11 12 13
274 _gtage select % 97.3 94.3 93.8 97.3 87.0 85.4 87.8 87.1
2nd_stage lo—err 0.288 | 0.422 | 0.376 | 0.497 | 0.365 | 0.557 | 0.471 | 0.626
15t —stage select % 97.7 97.7 90.8 97.7 97.7 97.7 90.8 97.7
1%t —stage lo—err 0.349 | 0.349 | 0.789 | 0.552 | 0.352 | 0.352 | 0.793 | 0.557

In the final experiment 14 where (57, ..., ;) = (0.01, ...,0.01) (as opposed to (87, ...,5%) = (1, ..., 1)
in the previous experiments), based on the estimates obtained from the two-stage Lasso procedure, I

count the number of occurrences that each estimate B H2SLS, 15 - ,5’ H25Ls,5 equals exactly 0, respectively,

over the 1000 replications (Table 4.5). Because the “relevant” main-equation parameters are reduced by
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a factor of 100, it is clearly more difficult for the two-stage Lasso procedure to distinguish the “relevant”
coefficients from the “irrelevant” coefficients and Table 4.5 verifies this. Recall in Experiments 10-13,

by introducing correlations between the °

‘purged” regressors X7 and X]’,k, for all j # j', the estimates
of the “irrelevant” main-equation parameters become worse. On the other hand, making the “relevant”
main-equation parameters sufficiently smaller results in worse estimates of the “relevant” main-equation
parameters. This observation confirms Part (d) of Theorems 3.7 and 3.8; i.e., the violation of the “beta-
min” condition can lead the Lasso to mistake the “relevant” coefficients for the “irrelevant” coefficients. In
terms of the ls—errors and overall selection percentages, from Table 4.5 we see that poorer estimation of the
“relevant” parameters also results in larger lo—errors® and worse selection percentages, as expected. The
significant drop in the overall selection percentages suggests that not only the estimation of the “relevant”

coeflicients becomes less accurate in Experiment 14 but also the estimation of the “irrelevant” coefficients.

Table 4.5: Exp. 14

# of zeros
n =47 2nd_gtg select % | 27%—stg la—err
Bt | B2 | B3 | Ba | Bs
Exp. 1 0 0 0 0 0 97.3 0.288
Exp. 14 187 | 187 | 218 194 193 57.7 11.5

5 Conclusion and extensions

This paper has explored the validity of the two-stage estimation procedure for sparse linear models in high-
dimensional settings with possibly many endogenous regressors. In particular, the number of endogenous
regressors in the main equation and the number of instruments in the first-stage equations are permitted
to grow with and exceed n. Sufficient scaling conditions on the sample size for estimation consistency
in ls—norm and variable-selection consistency of the high-dimensional two-stage estimators have been
established. I provide theoretical justifications to a technical issue (regarding the RE condition and the
MT condition) that arises in the two-stage estimation procedure from allowing the number of regressors in
the main equation to grow with and exceed n. Depending on the underlying assumptions that are imposed,
the upper bounds on the l[o—error and the sample size required to obtain these consistency results differ
by factors involving the sparsity parameters k1 and/or ko. Simulations are conducted to gain insight on
the finite sample performance of the high-dimensional two-stage estimator.

The approach and results of this paper suggest a number of possible extensions including the ones

listed in the following, which are left to future research.

Revisiting the bound in Theorem 3.2. As discussed earlier, Assumption 3.6 can be interpreted

®To compensate for the fact that (Bi,...,85) = (1,...,1) in Experiment 1 exceeds the parameters (81,...,35) =
(0.01, ...,0.01) in Experiments 14 by a factor of 0.01, the Ilo—error in Experiment 14 is adjusted as

5 5._g%\2 ) R 1/2
Zj:lo(_ﬁ# + ;zgo(ﬁj —B;)?| . The unadjusted l2—error in Experiment 14 is 0.388.
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as a sparsity constraint on the first-stage estimate 7; for j = 1,...,p, in terms of the lp- ball, given by

d:

J
B?(k‘l) = ﬁ'] S Rdj | Z 1{ﬁjl 7é 0} <k forj=1,..p.
=1

The sparsity constraint (namely, the selection consistency) regarding these first-stage estimates is guar-
anteed under some conditions that may be violated in many problems. It seems possible to extend
Assumption 3.6 to the following approximate sparsity constraint on the first-stage estimates in terms of

l1- balls, given by

dj
d; N A A .
BY (R;) :={ #t; € RY ||7;]1 = E || < Rj ¢ for j=1,...,p.

=1

If the first-stage estimation employs the Lasso or Dantzig selector or some other procedures with the
li—type of regularization, then we are guaranteed to have 7; € IB%‘lij (Rj) for every j = 1,...,p. Depending
on the type of sparsity assumptions imposed on the first-stage estimates, the statistical error of the high-
dimensional two-stage estimator BHQS Ls in lo—norm and the required sample size differ.

An ingpection of the proof for Theorem 3.2 suggests that the error bound and requirement of the
sample size in Theorem 3.2 will hold regardless of the sparsity assumption on the first-stage estimates.
However, under these special structures that impose a certain decay rate on the ordered entries of the
first-stage estimates, the bound and scaling of the required sample size in Theorem 3.2 is likely to be
suboptimal. To obtain sharper results, the proof technique adopted for showing Theorem 3.3 seems more
appropriate. I give a heuristic truncation argument to illustrate how the proof for Theorem 3.3 might be
extended to allow the weaker sparsity constraint (in terms of I3 —balls) on the first-stage Lasso estimates.

Suppose for every j = 1,...,p, we choose the top s/ coefficients of 7; in absolute value, then the fast
decay imposed by the [;- ball condition on 7; arising from the Lasso procedure would mean that the
remaining d; — s7 coefficients would have relatively little impact. With this intuition, the proof follows
as if Assumption 3.6 were imposed with the only exception that we also need to take into account the

approximation error arising from the the remaining d; — s’ coefficients of ;.

The approximate sparsity case. It is useful to extend the analysis for the high-dimensional 2SLS
estimator to the approzimate sparsity case, i.e., most of the coefficients in the main equation and/or the
first-stage equations are too small to matter. One can have the approximate sparsity assumption in the
first-stage equations only (and assume the main equation parameters are sparse), the main equation only
(and assume the first-stage equations parameters are sparse) or both-stage equations. When the first-stage
equations parameters are approximately sparse, the argument in the proof for Theorem 3.2 can still be

carried through while the proof for Theorem 3.3 is no longer meaningful.

Control function approach in high-dimensional settings. As an alternative to the “two-stage”
estimation proposed here, it would be interesting to explore the validity of the high-dimensional two-stage
estimators based on the “control function” approach in the high-dimensional setting. When both the first

and second-stage equations are in low-dimensional settings (i.e., p < nand d; < nforall j =1,...,p) and
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the supports of the true parameters in both stages are known a priori, the 2SLS procedure is algebraically
equivalent to a “control function” estimator of 8* that includes first-stage residuals 7;; = ;; — zg;frj as
“control variables” in the regression of y; on x; (e.g., Garen, 1984). Such algebraic equivalence no longer
holds for regularized estimators because the regularization employed destroys the projection algebra. The
extension for the 2SLS estimator from low-dimensional settings to high-dimensional settings is somewhat
more natural than the extension for the two-stage estimator based on the control function approach. One
question to ask is: under what conditions can we translate the sparsity or approximate sparsity assump-
tion on the coefficients 5* in the triangular simultaneous equations model (1) and (2) to the sparsity
or approximate sparsity assumption on the coefficients 8* and «* in the model y; = x!' 8* + n,0* + &
where E(n;&) = E(x;§) = 07 A simple sufficient condition for such a translation is to impose the joint
normality assumption of the error terms ¢; and n; = (91, ...,7ip). Then, by the property of multivariate
normal distributions, we have

E(ei|n;) = SeySpymi -

If we further assume only a few of the correlation coefficients (pe;;;, - Pe;;,) (associated with the covari-
ance matrix 3¢,) are non-zero or most of these correlation coefficients are too small to matter, the sparsity
or approximate sparsity can be carried to the model y; = xiTﬂ* + m;a* + &. Then, we can obtain consis-
tent estimates of 7, 7, from the first-stage regression by either a standard least square estimator when the
first-stage regression concerns a small number of regressors relative to n, or a least square estimator with
l1- regularization (the Lasso or Dantzig selector) when the first-stage regression concerns a large number
of regressors relative to n, and then apply a Lasso technique in the second stage as follows

5 . 1 .
Bucr € argming yepr © =y — XB —fel3 + An (|B]1 + |af1) -

2n
The statistical properties of BHCF can be analyzed in the same way as those of BHQSLS. How this argu-

ment can be extended to non-Gaussian error settings is an interesting question for future research.

Minimax lower bounds for the high-dimensional linear models with endogeneity. It would
be worthwhile to establish the minimax lower bounds on the parameters in the main equation for the
linear models in high-dimensional settings with endogeneity. In particular, the goal is to derive lower
bounds on the estimation error achievable by any estimator, regardless of its computational complexity.
Obtaining lower bounds of this type is useful because on one hand, if the lower bound matches the upper
bound up to some constant factors, then there is no need to search for estimators with a lower statistical
error (although it might still be useful to study estimators with lower computational costs). On the other
hand, if the lower bound does not match the best known upper bounds, then it is worthwhile to search
for new estimators that potentially achieve the lower bound. To the best of my knowledge, in econo-
metric literature, there has been only limited attention given to the minimax rates of linear models with

endogeneity in high-dimensional settings.
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6 Appendix: Proofs

For technical simplifications, in the following proofs, I assume without loss of generality that the first
moment of (y;, X;, 2;) is zero for all 4 (if it is not the case, we can simply subtract their population mean).
Also, for notational simplicity, assume d; = d for all j = 1, ..., p; additionally, as in most high-dimensional
statistics literature, I assume the regime of interest is p > n and d > n (except for Corollary 3.4 where
d < n is assumed). The modification to allow p < n or d < n or d; # dy for some j and j is trivial.
Also, as a general rule for the proofs, b constants denote positive constants that do not involve n, p, d,
k1 and ko but possibly the sub-Gaussian parameters defined in Assumptions 3.2-3.4; ¢ constants denote
universal positive constants that are independent of both n, p, d, k1 and k2 as well as the sub-Gaussian

parameters. The specific values of these constants may change from place to place.

6.1 Lemma 3.1

Proof. First, write

y = X' +e=X"["+(XB" - X"B" +¢)
= X'+ mB" +¢)
= XB + (X = X)B 4+ +e
= Xp" +e,
where e := (X* —X),B*+nﬂ*+e. Define ° = Bpasrs — 3 and the Lagrangian L(8; \,) = %]y—f(ﬁ]%—l—

An|Bl1- Since BHQSLS is optimal, we have

2 * 1 *
L(Bu2srs; An) < L(B%; An) = %|€|g + AnlB%1,
Some algebraic manipulation of the basic inequality above yields

1 o ~0(2 1 T v 0 *
0 < %‘X'I} ‘2 S ﬁ@ XU +An{‘ﬁj(5*)

1= (B0 + 055 @(}(5*)c)\1}

1 .
0 T ~0 ~0
< IS X eloo 4+ An {18530y = 655l }

An

-0 -0
s 5 {3’1{7(5*)’1 - ’W(ﬁ*)c’l} :

where the last inequality holds as long as A\, > 2|%)A(Te|oo > 0. Consequently, |00 < 4\@9(5*)\1 <
4«1@\@9(5*)]2 < 4+/k3|9°|2. Note that we also have

1 o ~0(2 ~0 1 T ~0
SoIXOB < 00X eloo + An {05 ¢51)
< A k|02 M.

Since we assume in Lemma 3.1 that the random matrix I' = X7 X satisfies the RE condition (3) with

1= [l }

N

v = 3, we have

N " C,
|Br2sLs — B2 < 5V ko,

40



6.2 Theorem 3.2

As discussed in Section 3, the [o-consistency of BHQSLS requires verifications of two conditions: (i)
I' = XTX satisfies the RE condition (3) with v = 3, and (ii) the term |%)A(Te|oo 2 f(ki, ko, d, p, n)
with high probability. This is done via Lemmas 6.1 and 6.2.

Lemma 6.1 (RE condition): Under Assumptions 1.1, 3.1, 3.3, 3.5a and the condition
n = max{k}logd, k}logp},
we have, for some universal constants ¢, ¢1, and co,

X053
n

0°[3, for all v° € RP,

1 d
> k1|v0|3 — craky log max(p, d)
n

with probability at least 1 — ¢1 exp(—c2 log max(p, d)), where

Amin (2 x*
Ky = mln(2X)’ Ko = max {bo, b]_v b2}7
0- *
bp = min(ZX*)max{X, 1}7
)‘?nm(EX*)
. oy max ]E 33]/7 Zij)| o OnOx+0Z
= Amin EZ) ’ )\min(EZ)
\ 0' max,/ |E Z,, Zij) oo U%J%
2 =
mln EZ) )‘r2nln( )
Proof. We have
W XX ol | or (X*TX*_XTX> o] 5 [ XX o ;
n n "
which implies
OTXTXUO > U()T@UO 0T <X*TX* XTX> 0
n n "
X *T x* xTx* - XTX
> [T v’ —‘ }Uo‘l
n n
o0
> OTX*TX*UO _ XX - X% (X - X)X ‘”0|2
> o n n !
%) [o.¢]
- OTX*TX* 0 X*T(X X) ‘ 0|2
(o @]
| EETX oz (XD e
n ! n -
0o o
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. let us first fix (5, j) and bound the (5, j) element of the matrix

To bound the term ‘w
[oe)

X*T(X—X*)
n

. Notice that

1 n
* A *
ng 0 ij (7j —77)
=1
n
1 *
— E X125
n 4 R
=1

IN

~ *
T 7Tj’l

o

Under Assumptions 3.2 and 3.3, we have that the random matrix Z; € R™ % is a sub-Gaussian with

parameters at most (EZ]., O’%) for all j = 1,...,p, and x;f, is a sub-Gaussian vector with a parameter at

most ox+ for every j/ =1,...,p. Therefore, by Lemma 6.8 and an application of union bound, we have
t2 t

1 .7 2 i
P [max|nx;‘,, Zj — E(x;‘j,, Zij)|oo > t} < 6p dexp(—cnmln{a‘%{*aé, O'X*UZ})’

./
J

so as long as n 77 log max(p, d),

log max(p, d)

] < ¢1 exp(—cg log max(p, d)),
n

1
P [maX‘nijZ] - ]E(a:;‘j/, Zij)‘oo > CoO0x*0gz
J

where cg, c1, and ¢y are some universal constants. Under Assumption 3.5a, if n =~ log max(p, d), then,

XT(X — x* c log max(p, d log max(p, d
¥ < On kl gm X(p ) maxlE([Bf/, Zz])’m + Coox*0gz gm—X(p)
n Amin(¥2) n ig Y n

oo
OpMax, ; |E($:j" Zi5)| o 0noX+07 log max(p, d)
< c¢3max ) ki\| ——,
)\min(ZZ) Amin(ZZ) n

with probability at least 1 — ¢ exp(—ce log max(p, d)).

To bound the term ‘(X_X*)Z(X_X*)

, again let us first fix (j, j) and bound the (5, j) element of
o0

(X-X")T(X-X")

— . Using the similar argument as above, if n 77 log max(p, d), we have,

the matrix

(X = X)T(X - X

n

= maXxX
.
727

A I ¢ i
(7Tj/ — W;/)T <n Zzz;/zij> (71']' - 7'[';)

i=1
o@)

2
co log max(p, d log max(p, d
< ()\ n k1 g (p )) (rn/ax |E(Zij/7 Zij)|oo + COU% g(p))

n

1
- E ZT./ Z'L’j
n K

=1

~ * ~ *
< max <‘7zj - ) |7T] — wj’1

o
J 5

min(ZZ) n JsJ n
< c3max ‘7727 max, ‘E(Zij’a Zij)| o 07270% %log max(p, d)
B A121111’1(22) )\?nin(zz) n

with probability at least 1 — ¢ exp(—ce log max(p, d)).
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Putting everything together, under the condition n >~ max{k?logd, k?logp} and applying Lemma
6.10 with r = 0, we have

XTx
0T 0

n

X*TX*
UOT UO

n

log max(p, d log max(p, d 2
- <2C3b1k1 e manp, @ n(p )+C462k%—g n(p ))}vo‘l

X*TX* | d
> UOTivO — <C5 max{bl, bQ}kl Ogm{m)) ‘voﬁ
n n
)\min Y xx 2 log max ) d 2
e

log max(p, d
— <C5 max{bl, bg}kl gn(p)> ’UO}T,

with probability at least 1 — ¢, exp(—cyn) — ¢, exp(—cy logmax(p, d)) = 1 — ¢1 exp(—cz log max(p, d))
4

. . . . _ . O.X*
(given d > n and p > n is the regime of our interests), where by = /\mm(ZX*)max{m, 1p,
opmax s |E(z*,,2)| o2max s |E(z. /,%ij)|oo 0202
b; = max L) TIX9Z L and by = max { ——f——1 1-Z & Notice the
1 Amin (EZ) 7 Amin (ZZ) ’ 2 )\1211111 (EZ) ’ )‘?nin (ZZ)

last inequality can be written in the form

XTX 1 d) logd 1
WX 0 S 0 = ey ma {k cgmaxip, d) loed ng} R
n n n n
log max(p, d
> o3 — ok 2B Do
where k1 = %, ke = max {bg, b1, b2}, and the second inequality follows since n 7= log max(p, d). O

In proving Lemma 3.1, upon our choice of A\,, we have shown

o = Brasrs — B € C(J(B), 3),

which implies |[0°|2 < 16|1§8(5*)|% < 16]4:2]@8(5*)]%. Therefore, if we have the scaling

1
LK log max(p, @) = O(1),

so that
log max(p, d
Kokt ko g—m) < K1,
n
then,
o XTX 012
‘UOT 07| = coAmin(Bxe) [0

z;j)|o are bounded from above while

provided oy, 07, ox+, max; ]E(a:;kj,, Zij)|oo, and max \E(zzjr,

Anmin(Xz) and Apin(Xx+) are bounded away from 0. The above inequality implies RE (3).
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Lemma 6.2 (Upper bound on \%XTe\oo): Under Assumptions 1.1, 3.1-3.3, 3.5a, and the condition
max{k? log d, k2 log p}
n

= o(1), we have

1 1 1
|7XT6|OO :j max {1/11k1\/ OgmaX(Z% )7 ¢2\/ ng} )
n n

where

Opmax, ; |cov(xlj,, z15)|00| 8% 1

wl - )\min<22) ’

Py = maX{O'X*O'n‘/B*th-X*UE}’

with probability at least 1 — ¢; exp(—c2logmin(p, d)) for some universal constants ¢; and ca.

Proof. We have

14 1. N
~XTe = gXT[(X*-—X)ﬁ’*-er?*Jre}
1 . 1 5 N
= XX = X)B 4 mE e+ (X - X [(XT = X)8 4+ e
Hence,
1 >T 1 *T / <> *\ 0% 1 *T * 1 *T
’*X e‘oo § ’*X (X_X )B |oo+‘*X "7/8 ‘oo+|*X 6’00 (5)
n n n n

1 5 * % *\ Q* 1 5 * * P *
+ ’g(X—X (X —X*)B ‘oo‘f”ﬁ(X_X )'np |oo+‘E(X_X )7 €| oo

We need to bound each of the terms on the right-hand-side of the above inequality. Let us first bound
1 LXT (X — X*)B*|s0. We have

1 A ?:1 3*71121 1T (B — Jffj)
n

Zp 15;71121 1 ’Lp('rlj x;k])

For any j/ =1,...,p, we have

n

|Zﬁ :c,x” zi)l < max|— ) an (@ —ap)lIBTh
VAR i=1
XX — X* .
_ |<> 5
n
oo

log max(p, d)
n

In proving Lemma 6.1, under the condition = 0(1), we have,

oy max;r ; |[E(z i Zij)| oo log max(p, d)

<
= )\min(EZ) ! n ’
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with probability at least 1 — ¢ exp(—ce log max(p, d)). Therefore,

opmaxy |E(x;‘j,, Zij)|oo

)\min(zZ)

1 w5 s . log max(p, d
XX~ X5 < 8y B D)

The term \%(X — X")T(X — X*)*|s can be bounded using a similar argument and we have,

2
1 . . ormax |E(z, ./, 2ij)|o log max(p, d)
*X—X*TX_X* *OO< n J ] J * k2—7

)

with probability at least 1 — ¢; exp(—c2 log max(p, d)). For the term ]%X*Tnﬁﬂoo, we have

1 1 &
X T < max |- S almll8
JsJ i=1
log p
< coxsoq|B*h i ;

with probability at least 1— ¢y exp(—c2logp). The last inequality follows from Lemma 6.8 and Assumption
1.1 that E(Zij/nij) =0 for all j', j as well as Assumption 3.2 that 7; is an 4.1.d. zero-mean sub-Gaussian
vector with parameter 0727 for j = 1,...,p, and the random matrix Z; € R™*% is sub-Gaussian with

parameters (Xz,, 02) for j =1,...,p. For the term |%(X* — X)Tnﬁ*]oo, we have,

n

1 \7T' A 1 T
(X" = X) e < H;%XIWJ-I—W}IlngaxlﬁZzij/mj\oo\ﬁ*ll

753 i=1
2
o700 . log max(p, d
< T2 g g, 0B mAX(p: )
)\min(zZ) n

with probability at least 1 — ¢; exp(—cg log max(p, d)). Again, the last inequality follows from Lemma 6.8
and Assumption 1.1 that E(zij/nij) =0 for all 5, j as well as Assumption 3.2.
To bound the term |%X*Te|Oc>7 note under Assumptions 3.2 and 3.3 as well as Assumption 1.1 that

E(zije;) = 0 for all j =1, ...,p, again by Lemma 6.8,

1 /lo
‘*X*Tdoo < cox+0 gp7
n n

with probability at least 1 — ¢; exp(—ca logp).
For the term | (X* — X)7€|s, we have

n

A~

1 T ~ 1 T
(X7 = X) el < max|f; - ;\1mjaxn;zijei\oo
0700 log max(p, d)
1

o C/\min(EZ) n ’

with probability at least 1 — ¢ exp(—ce log max(p, d)).
max{k? log d, k? log p} _ 0(1)

n

Putting everything together, under the condition , the claim in Lemma 6.2
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follows. [

Under the conditions

k2k2 log max(p, d)
n
k? log max(p, d)
n

and A\, < kok1 w (the ko factor in the choice of A, comes from the simple inequality |5*[1 <

ko max;—; ., " by exploring the sparsity of 5*), combining Lemmas 3.1, 6.1, and 6.2, we have

3 * k1 log max(d, ko lo
|BH2srs — B |2jmax{gp1\/%\/ 1708 . ( p)’m\/ 2ngp}’

where
oy max; |cov(:vL./, z15) |00 ¥
1 pr—
4 )\min(EZ))\min(ZX*) ’

po = maX{UX*Uﬂ’ﬁ*h Ox*0¢ }
)\min(zX*)’ )\min(ZX*) ’

with probability at least 1 — ¢; exp(—cglog min(p, d)) for some universal positive constants ¢; and cg,
which proves Theorem 3.2. [

6.3 Theorem 3.3

Again, we verify the conditions: i) I' = X7 X satisfies the RE condition (3) with v = 3, and (i) the term

\%XTéloo = f(k1, k2, d, p, n) with high probability. This is done via Lemmas 6.3 and 6.4.

Lemma 6.3 (RE condition): Let r € [0, 1]. Under Assumptions 1.1, 3.1, 3.3, 3.4, 3.5b, 3.6, and the

.. — . /
condition n - k:{’ r log max(p, d), we have, for some universal constants ¢, ¢, ¢1, and ¢,

X3 [N d K d
[Xvls > </<51 — cmgkfﬂ " —ogmax(p, )> \vo\% — ¢ K3+ og max(p, )\Uo\i for all v° € RP,
n n

with probability at least 1 — ¢; exp(—c2 log max(p, d)), where

/\min dx — — _ _

Ky = (2X) ko = max(boby !, b3b72), k3 = max {bg, baby ', b3by 2},
O.-4X*

bo = Amin(Zx+ - o L
’ ma{ 53 1)

)\min b)) * j
by = 7(2), by = max { ox+oWw, sup ‘UOT [E(wl,/zljv])} UO‘ ,

On veK(2s, p) xK(k1,d1)x...xK(k1, dp) J

b3 = max {0124/, sup 0T {E(vj z{j/zljvj)} ?}0‘} .

veK(2s,p) xK2(k1,d1)x...xK2(k1,dp) ’
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Proof. Again,

T *T v * *Tyvx _ vy
OTX XUO > ,UOTX X UO _ UOT (X X X X) UO
n n n
Z ,UOTX*TX*UO _ (UOTX*T(X _X*),UO + ,UOT(X _X*)TXUO )
n n n
> UOTX*TX*UO _ UOTX*T(X_X*)UO
- n n

OT(X_X*)TX*UO or (X - X)T(X - X*) '

v

n n

To bound the above terms, I apply a discretization argument motivated by the idea in Loh and Wainwright
(2012). This type of argument is often used in statistical problems requiring manipulating and controlling
collections of random variables indexed by sets with an infinite number of elements. For the particular
problem in this paper, I work with the product space K(2s, p) x K(k1, d1) x ... x K(k1, dp) and K(2s, p) x
K2(k1, d1) % ... x K?(k1, dp). For s > 1 and L > 1, recall the notation K(s, L) := {v € REF|Jv]y <
1, [v]o < s}. Given VI C {1,...,d;} and VO C {1,...,p}, define Sy;; = {v € R : |v|]s < 1, J(v) C VI} and
Syo ={v e RP: July < 1, J(v) € V'}. Note that K(ki, dj) = Upyij<k, Svs and K(2s, p) = Ujyoj<asSyo

2
with s = s(r) := %k{ bgn’fax(p’ ) min{’\migéix*), 1} , r € [0, 1]. The choice of s is explained in the proof

for Lemma 6.10. If V/ = {#], ...,tfﬁj} is a $-cover of Sy; (V0= {t9,...,1, } is a §-cover of Syo), for every

vl € Sy (00 € Syo), we can find some t{ eV (t?, € V%) such that [Avil; < § (|AWy < §), where
Al =l — tg (respectively, Av? = 00 — t?,). By Ledoux and Talagrand (1991), we can construct V/ with
[Vi| < 81% and [V°| < 8125, Therefore, for v° € K(2s, p), there is some S0 and t?, € YV such that

,UOTX*T(X — X*) 0

x*T X—X*
O = g ETE=)

0 0 0
n (tzl + v _tz/)

XT(X — X*)

_ tOTX*T(X . X*) X*T(X _ X*)
i’ n

t?, + 20T t?/ + AT

with [Av0]p < 4.

X*T(Xfx*)

Recall for the (5, j) element of the matrix , we have

1 1<
T/~ «
EX;/ (X —xj) = (n E 1 x:j,zij> (T —77).
=

Let )‘“‘%(WEZ) = b1. Notice that, under Assumptions 3.5b and 3.6, |7; — 7}[2b1, /szx(nd) < 1 and

[supp(#; — 77)| < ki for every j = 1,...,p. Define 71; = (7; — 7})b1, /m and hence, 7; €
K(k1, dj) = Ujyij<g, Svi. Therefore, there is some Sy; with V7| < kyand ¢! € V7 (where VI = {t], ..., th,; }
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is a §-cover of Sy;) such that

1 T ~ ]. T 1 _ 1 -1 k]_ 10g maX(p, d)
Eﬂ:';k/ Z]( i 71';) = 51;;/ Z](tz + 7Tj — ti)bl "
k1l d) (1 1
_ bll\/ 1log max(p, d) ( /thy+ x T,. Avg>
n n

with |[Avd]y < %.
Denote a matrix A by [Aj/j], where the (', j) element of A is Ay ;. Define v = (00, vl .. 0P) €

Sy 1= Syo X Sy1 x ... X Sy». Hence,

UOTX*T(X —X") o or X T(X - X*) 4

_ETE_\ A T2 )
- v (v - V")

k1log ma d 1 , :
< sup bl_l\/ 11og max(p, d) o | = 70l — B(x* 207 | 00
vESY n n J 1j
k1 log max(p, d) 1 ;
—1 1108 b, 0T 0
< b \/ - {ZaZX ty { x,zjtj E(x] ,zljtg)] ty
1 , , 1
sup |t | —a*Tz; Av? — B(a* 20,07 sup 2 |Av° x% ztj E(z7. 21 t t/
+veSI‘)/ ! [” i ( 1577 )] +veSP\)/ ‘ [” i (= 1471 l)
1 . . 1 ‘
+ sup 2 |A0YT | Za* Tz A0 —E(z] /z1;007) | t;] + sup AT | Z g% z]tj E(z] 1 21,t]) Av°
vESY n J J vESY n J J
1 : :
sup (AT | Za Tz, A7 — B(x* 2y, 007) | A
+ueSI\)/ [n 7 ( 1774 )] J
k1 log max(p, d) 1 ;
-1, [r1log D, oT J * IV ] 40
< b \/ - {r??:c ty [nas z;t; E(mlj/zljti)] ty
+ sup 1 00T l.ac>'T,sz1)j —E(aF ,21;07)| 0| + sup 2 0T lacf,szvj —E(a*  z1;07) | v°
vESY 9 n J 13 vESY 9 n J 1y
+ sup 2 0T 1:U*,TZJ I —B(x* ,z1507) | 0] + sup — 1 0T 1:U*,TZJ I —E(x* 2107 | 0°
vESY 81 n J L vESY 81 n J 15
1 or 1 *«T j * j 0
+US€uSIz/ 729 |? [nxj/ z;0’ fIE(xlj,zljvj) v},

where the last inequality uses the fact that 9Av/ € Sy,; and 9Av? € Sy0. Therefore,

sup bl_l\/kl log max(p, d)
vESY n

1 . ,
or T, 7 * nyJ 0
v [n:cj, z;v) — E(mlj,zljv )| v

729 _, [k1logmax(p, d) or 1 j
< ﬁbl \/ - Zalxt nxﬂ Fz;t] E(ajljlzljtl) t/
_1 [k1log max(p, d) 1 ;
1 1108 b, oT «T
< 2b] \/ - nzgaixtz., [nl‘j/ z;t] — E(x lj/zljtl)} t9.
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Under Assumptions 3.3 and 3.4, :c;f, is a sub-Gaussian vector with parameter at most ox~ for every
j =1,..,p, and thg := wj is a sub-Gaussian vector with parameter at most ow~. An application of

Lemma 6.8 and a union bound yields

P | sup
vESY

where the exponent 2sk; in 812%%1 uses the fact that there are at most 2s non-zero components in v° € S0

¢ ¢
>t | < 812%1812%2 exp(—cn min( 5
0505, OX*OW

1 : .
T | Za Tz 07 | 00 — o | B(2 21 07) | 00

and hence only 2s out of p entries of v',...,v? will be multiplied by a non-zero scalar, which leads to a

d; .
reduction of dimensions. A second application of a union bound over the ( J ) < dF choices of VI
1

p

and respectively, the < 2] ) < p?® choices of V0 yields
S

n 1

9

1 . .
P sup 00T [f’f/szU] 00 — 0T [E(az* .,zljvj)} v°
veK(2s, p) xK(k1, d1)x...xK(k1, dp) J J

12 ¢
p*d?**1 . 2 exp(—cn min( 55
0% 0, OX<OW

IN

2
< 2exp(—cnmin(—; ) + 2sky logd + 2slogp).

0.0t oxrow

2
Amin(zx*) 1
031(* )
!

With the choice of s = s(r) := 1 - min{

< W Togmax(p, d) }, r € [0, 1] from the proof for Lemma

6.10 and t = c/kzifrax*aw for some universal constant ¢ > 1, we have

X*T X —X*
W07 ( )Uo _E|
n n

X*T X —X*
UOT ( )’UO]

1 . ) kil d
S sup UOT |:$>'.<;TZj’U‘7 — E(ﬂc”{ ./le’l)]):| ’UO bll\/ 1 10g ma'X(p7 )
vEK(2s, p) xK(k1,d1)X...xK(k1, dp) n J J n
/ kil d
< cbllkzi’"\/ 1 log max(p, )O'X*UW
n

with probability at least 1 — ¢} exp(—cynki ") — ¢, exp(—c, logmax(p, d)) = 1 — ¢; exp(—cg log max(p, d))

(given d > n and p > n is the regime of our interests). Therefore, we have

j 1
o ‘UOT [E(ff -'Zlﬂ)j)} vo‘ bll\/k1 og max(p, d)
veK(2s, p) xK(k1,d1)x...xK(k1, dp) J n

x*T X _X*
UOT ( )’UO

n

e [l d
b [l D, oy

N d
choby 1K Ogma;(p ),

IN
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where by = max {UX*UWa SUPyeK (25, p) xK(ky, d1) x... XK (k1, dy)

V07 {E(xij,zljvj)} 00’}. Notice that the term

sup ‘UOT {E(:pi ‘/zljvj)} vo‘
veK(2s, p) xK(k1, d1)x...xK(k1, dp) J

is bounded above by the spectral norm of the matrix [E(mij,zljvj)} for some v! x ... x vP € K(ky, d) x
. X K(k‘l, dp)

% s\T (¥ *
The term UOTWUO can be bounded using a similar argument. In particular, for the

(X—x)T(X-X")

(j/, j) element of the matrix .

, we have

1 5 * 3 * A~ * 1 . A *
E(Xj/—xj,)T(Xj— 5 = (7Tj/—7rj,)T (nz ;Zu) (T —77)

1 K ./ . .
= ﬁ(tz, =) (] + 7w — t?)b;
o k1 logmax(p, d) 1

o k1 log max(p, d)
n

]TT J T J
{ ta " 72ty + — Avj z,zjt

:b; -

1 .
—t0, 55 AT + *Av] 7,7, VN
ntv J n J

Combining with

P XE X o (KX
n n g
v\ (v _ v* v v\ (v _ Yv*
IWPIE S Sile S8 S PR S5 Ut &5 YWY

n n
Define Sy := Syo X 5‘2/1 X ... x S2,. After some tedious algebra, we obtain
o (X = XOTR =X o pon (X - XV - X0

n n

_ok1log max(p, d)
by

1 ) .t N
< sup o | =07 2hz0 — 0l B(2h 20)07 | o
vESY n n J L i
_ok1logmax(p, d 1. i’ j
< p22 & (p, ){max 7 | =40, Ty, T/z t] E(t, 2! z1;t))| %
1 n N 7 nt J i1 Jo ?
3439 o 1 y |
bt iT,T J Jj T yJ 0
+6561 vseusl‘)/ v | vz —E(v Z) 1210 )| 0o}
Hence,
k1 log max(p, d 1 v ; Y ;
sup by 22 & (p, d) T | =0d 2hzil — B 2z 07) | 00
UESV 1 n n 3 15 J
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6561 _, k1 log max(p, d) or (1T v i ' o 1.0
= 31227 n max |t |ty et = Bt 2wt |
k1 log max(p, d 1 ) Y )
< 3py2iL08 P d) o |07 —t3, T gl it! —B(t), 27 20t0) | 9]
1 n P n i i TI i 1T i

An application of Lemma 6.8 and a sequence of union bounds yields

1 . J .
T | =07 2l 707 | 00 — T |:E(1)j zTlejv])] v?
n J 1j

)

P sup
veK(2s,p) xK2(k1,d1) x...xK2(k1, dp)

2t
< 2exp(—cnmin(——, ——) + 4sk; logd + 2slogp).
ow %W

2
Under the choice of s = s(r) := 1 Togmax(p.d) N { /\‘“igiEX*), 1} , 7 € [0, 1] from the proof for Lemma
1 ) Xk

" _ . "
6.10 and t = ¢ k% TU%V for some universal constant ¢ > 1, we have,

o X=XV =X o (K =X =X g

n n

Ly j ! ; kil d
< sup ’UOT |:U] Z,Z.:Zj’Uj:| UO — UOT |:]E(UJ Z?,/levj)} UO bIQ 1108 max(p, )
vEK (28, p)xK2(k1,d1)x...xK2(k1,dp) n J j n

2—r
S CN b1_2 kl 10g ma’X(p) d) 0"2/[/

n

with probability at least 1 — c/1 exp(—c;nk:%_”) - 0/1/ exp(—cg logmax(p, d)) = 1 — c¢; exp(—c2 log max(p, d))

(given d > n and p > n is the regime of our interests). Therefore, we have

X - x9T(X - x*
,UOT( )" ( )Uo <
n
T : k11 d) . _ k> d
sup T |E (v Zf./leUj):| vo‘ b1_2 1 log max(p, )—I—c b1_2 1 logmax(p, )0‘24,
veK(2s, p) xK2 (K1, d1 ) x...x K2 (k1, dp) . J n n

< Cbgb;2 k%_r lOg max(p, d) ’
n

where b3 = max {0‘2,[,, SUPyeK (25, p) xK2 (k1 d1) X... XK2 (k1, dy) 0T [E(vj lej,zljvj)} vo‘}. Notice that the term

./ .
sup 0T {E(vﬂ Z{A/zljvj)} vo‘
vEK (25, p)xK2(ky, d1)x...x K2 (k1, dp) J

1 1

is bounded above by the spectral norm of the matrix [E(vj zipj,zljvj)} for some (v' X...xvP)x (v x...x0VP) €

K2(k1, d1) X ... x K%(k1, dp).

51



By Lemma 6.9, the bound

Lo XT (X = X7)

1 ,
0| < cbop /2108 D)0 o )
n
» [logmax(p, d)
< 2Tehyb 2T [ 1o max(p f\ 012) w0 e RP. (6)

implies

OTX*T<X X o

Similarly, the bound

or (X = X)X - X7)

2—r
o ki7" log max(p, d) vl € K(2s, p)

01 < ¢"bgbT
n

implies

or (X = X)T(X = x7)

2k log max(p, d)

" 1
0l < 27¢ b3by (|03 + ;|v0|%) Vol € RP, (7)

n

2
Therefore, applying Lemma 6.10 by choosing s = s(r) := %WM(PM min{%zx*), 1}, r € [0, 1],
1 i

oy«
under the condition n = k¥7%" log max(p, d), we have

XTX
0T 0
n

*T vy * 1
vOTX X 0 3/2—r ogmax(p, )(‘ 0‘2 ’ 0‘)

— cmax(beb; !, b3by )k,

n

)\min X x - - - ! ’
: (gﬂ—cmax(mbll, bsby 2K/ W)\ s
2b b3b }

log max(p, d ’00}2
17

4
70/ maX{)\min(EX*)maX{%, ].} b

min

which can be written in the form

X003 1 d K d
X7l > </€1 — cm2k3/2 " —ogmax(p, )> 10012 — ¢ gL og max(p, )‘Uo‘i for all v° € R?,
n n

with probability at least 1 — ¢q exp(—ce logmax(p, d)), where k1, k2, and ko are defined in the statement
of Lemma 6.3.0J

Again, recalling in proving Lemma 3.1, upon our choice A, we have shown

0 = Buasrs — B* € C(J(BY), 3),
and [°)2 < 16|@9(ﬁ*)|% < 16k2|@9(5*)|3. Therefore, if we have the scaling

min, (o, 1 max {k{ > logd, ki~ logp, k{ ks logd, kjkslogp}

= O(1),

n
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so that

. cd) o koK'l . d
e k3/2 og max(p, d) Lt og max(p, d) <l
n n

then,
A0’1" XTX /‘O
0

n

2

> o Amin (Xx+) |0

provided oy, ow, ox+, max; |E(x 7 Zij)|oo, and max |E(ZU , Zij)|oo are bounded from above while
Amin (X7) and Apin(Xx+) are bounded away from 0. The above inequality implies RE (3). Because the

argument for showing Lemma 6.1 and that it implies RE (3) also works under the assumptions of Lemma

. . k2k2 1 ,d
6.3, we can combine the scaling #ax(p)

min, (o, 1] max{k; >"logd, ki *" logp, k{ks log d, k] ks log p}
n
the required sample size

= O(1) from the proof for Lemma 6.1 with the scaling

= O(1) from above to obtain a more optimal scaling of

1
— min {k%kz% log max(p, d), II[l(i)l’ll] max {k:il)’_% log d, k:{’_zr log p, kTkalogd, K7k logp}} =0(1).
n relo,

Lemma 6.4 (Upper bound on |- L XT¢|,.): Under Assumptions 1.1, 3.1-3.4, 3.5b, 3.6, and the condition
max (ki logd, k1 log p)
n

= 0(1), we have

1 k1 log max(p, d lo
‘EXT6|OO jmax{%\/ 108 (p )7 zﬁQ\/ Sp}7

n

with probability at least 1 — ¢; exp(—cz log min(p, d)) for some universal constants ¢; and cg, where 9,

and 9 are defined in Lemma 6.2.

Proof. Recall (5) from the proof for Lemma 6.2. Let us first bound |%X*T(X — X*)5*|oo- For any
j/ =1,...,p, we have

n

* 1 * *
|Zﬁgn wi(Bij —aj;)] - < max\ﬁ iy (&ij — i)l 67 ]
i i
X*T X_X* .
_ '<> .
n
oo

In proving Lemma 6.3, we have shown that with a covering subset argument, the (j/, j) element of the

X*T(X—X*)
n

matrix can be rewritten as follows.

1 1 ¢
T/ A .
EX;/ (xj —xj) = (n E 1 m:j/zij> (7j —77)
1=

k1l d) (1 1
_ bl_l\/ 1 log max(p, )< ;,TZ] + x/Z]Avg>

n n
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Hence,

k1l d) |1 ,
< sup bl_l\/ 1 log max(p, )‘nx;‘/Tz] —E(wi‘j,zljv])‘

}

vjESVj n
k1l d 1 1 ;
< bl_l\/ 1 log max(p, ){max —x% z]tj E(x7 ) 25t N+ sup m Tz A\ — E(x] . 21;007) |}
n i |nJ vIES,, J J
_1 [k1logmax(p, d) 1 1 »
1, [R1108 D, *T *
< b \/ - {In?x nx 7 z]t] E(xljlzlj Z) +vabeuSp g |7 707 — E(xlj/zljvj)
9 _, [kilogmax(p, d) :
S gbl \/ " m? n.%' . th] E( 1/ /letg) .

With a similar argument as in the proof for Lemma 6.3, we obtain

n

P max  sup
i3 vieK(ky,d i)

1 ) )
—x;,szv] — E(xikj,zljv])‘ > t>

t2 t
< p?d™ - 2exp(—cnmin( 5
050 OX*OW
t2 t
= 2exp(—cnmin(—5——5, ) + k1 logd + 2logp).
050y, OX*OW

max(ki log d, log p)

Consequently, under the condition -

= o(1), we have

—E[———]

X*T(X_X*) X*T(X_X*)
n n

IN

1 . | — ~
max  sup —a Tzl — E(z} -/leUj)‘ bl—l\/ 1log max(p, d)
i vieK(k1,d;) n J ij o

.y | k1logmax(p, d) kilogd [logp
cb; - Ox*0OWw max n n

with probability at least 1 — ¢ exp(—ce logmax(p, d)). This implies,

IN

n

; kil d
< [max sup ‘E(xi lejvj)‘ bl—l\/ 1 log max(p, d)
0o '3 vieK(ky, dj) J n

/ kql d kqlogd 1
+Cb1—1\/ 1 ogmsx(pa )ax*awmax{\/ 1 log 7\/ogp}

n
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with probability at least 1 — ¢ exp(—cz logmax(p, d)). Notice that by the definition of K(k1, d;),

*

max  sup ‘E(azl

!

j,zljvj) = max |E(SCL,/, 21;5)|oo-
JJ vieK(ky,d;) J

)

(X —x)T(X-X")

To bound the term ‘ , recalling from the proof for Lemma 6.3, again with a covering
oo

(X-—x)T(X-X")

- can be rewritten as follows

subset argument, the (j', j) element of the matrix

N . / . N ’
1% k \T (& ok —2kilogmax(p,d) ;1,5 T T J 1A jT,Ty +J 1107 T A, Gii 1A GT, T, Ao
E(X‘j, X]/) (XJ X]) = bl n {th/ Zj/ZJtZ»—i-HAU Zj/thi—f—ﬁti/ ZJ./ZJA'U +5A'U Zj/Z]A'U }

With a similar argument as in the proof for Lemma 6.3, we obtain

1 . ! .
P [ max sup —v’ zfzjvj —E(v’ lej,zljvj) >t
T3 i €R(kr,d ), i €K k1, dy) "
2 2k Lt
< pd™ - 2exp(—cnmin(—-, —-))
w 9w
ot
= 2exp(—cnmin(—, ——) + 2k1 logd + 2logp).
w ow

Consequently, under the condition max(k; logd, logp) _ o(1),

n
(XK =X (X X)T(E X
n n
o0
1 . / . kq 1 d
< | max sup —v’ z?zjvj —E(v/ zfj,zljvj) b2 1log max(p, d)
Y v/eK(kl,dj,),vjeK(kl,dj) n
< c/bf2 k1 log max(p, d) o2, max{\/kl logd’ \/logp}7
n n n
with probability at least 1 — ¢; exp(—ca log max(p, d)). This implies,
X - x9H7(X - x* ; : kil d
( )~ ( ) < | max sup )E(Uj ZE/ZMU])‘ b2 1 log max(p, d)
n 50 Y vj/EK(kl,dj/),vjeK(kl,dj) n
1okl d kilogd |1
de b1_2 1 Ogmax(pa )J%/max{\/ 110g ’ \/ng} (9)
n n n
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with probability at least 1 — ¢ exp(—cz logmax(p, d)). Notice that by the definition of K(k1, d;),

s .
max sup E(v? zfj,zljvj) = max |E(z, ;, 21j)|cc-
353 i €K(kn,d,y), 09 €K k1, d) 33

With exactly the same discretization argument as above, we can show that, with probability at least

rq k1 log max(p, d) kilogd [logp
c by opow - max ! n ([

1 . " kil d kilogd 1
‘*(X* _X)TE‘OO < ¢ bl_lasaW\/ 1 ogmax(p, )max{\/ 110g ’ \/ng}'
n

1 — ¢1 exp(—c2 log max(p, d)),

1, . N
|5(X - X)Tn‘oo

IN

N

n n n

For the rest of terms in (5), we can use the bounds provided in the proof for Lemma 6.2. In particular,

recall we have, with probability at least 1 — ¢; exp(—calogp),

1
\EX*Tn]oo < coxeoy ,

1 " 10
1= X*Tel < ¢ TxX*0c\/ 8P
n n

max(k; logd, k1 logp)
n

Under the condition

o(1), putting everything together yields the claim in Lemma 6.4.

g

Combining the bounds above with Lemmas 3.1 and 6.3, under the condition

1

~ min {k%kg log max(p, d), rr[lin]max {kif—% log d, k:1%—2r log p, Kk log d, k| ks logp}} = 0(1),

n rel0,1

k1l d
1 ogmax( 7p) _ 0(1)’
n
and
e kz\/kl log max(p, d)’
n

we have

. . k1log max(p, d ko lo
!ﬁstLs—ﬁ\zimaX{tpn/kQ\/l & - (p ),m 2 gp},

n

with probability at least 1 — c¢; exp(—cz logmin(p, d)) for some universal positive constants ¢; and co,

where ¢1 and @y are defined in Theorem 3.2. This proves Theorem 3.3.0J

6.4 Corollary 3.4, Theorems 3.5, and 3.6

Corollary 3.4 is obvious from Theorem 3.3. The proof for Theorem 3.5 is completely identical to that
log max(p, d) by
n

for Theorem 3.2 except we replace the inequality max;—; _,|7; — 7T3-‘|1 < 5 ?i%z)kl
maxj—i,..p|T; — 7|1 < VkiM(d, p, k1, n). Also, the proof for Theorem 3.6 is completely identical to

coy k1 log max(p, d)
min (EZ) n by

that for Theorem 3.3 except we replace the inequality max;—1,..,

ﬁ'j —7T;-<|2 < Py
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max;—1,.p|T; — 72 < M(d, p, k1, n).

6.5 Lemma 6.5

Lemma 6.5: Suppose Assumptions 3.7 and 3.8 hold. Let J(8*) = K, ¥gex :=E [XTE@X{"K}, Skek =
LXGEX G, and S = LXE K Similarly, let Sixe = B [X{5 X |, Skx = 1XT X, and

YKk = %X[T(XK (i) If the assumptions in Lemmas 6.1 and 6.2 hold, then under the condition

1
—max{k1k§/2logp, k:glogp} = 0(1),

n

1
—k{k3logmax(p, d) = o(l),
n

the sample matrix %X T X satisfies an analogous version of the “mutual incoherence” assumption with high

| 1] o)

(ii) If the assumptions in Lemmas 6.3 and 6.4 hold, then under the condition

probability, i.e.,
1

n

P 1 oo o\t
XEeXK (nXIT(XK>

o0

1
Emax{k?k;ﬁogp, k3 logp} — 0(1),
1
— min {k%k% log max(p, d), H[l(i)nu max{kiﬁ% logd, k3~ log p, kikologd, kiko logp}} = o(1),
n rell,
1
—k1k3logmax(p, d) = o(1),
n

the sample matrix %X TX satisfies an analogous version of the “mutual incoherence” assumption with high

p[ Zl_j]@(Hm)

Proof. T use the following decomposition similar to the method used in Ravikumar, et. al. (2010)

probability, i.e.,

1 1 -1
XT X | =XEX
Lty (L)

o0

Sker Y — Srex X = Ri+ Ra + Ry + Ry + Rs + Rg,

where
Ry = Zgex[Sgk — gkl
Ry = [Brer — Drer]|Sik,
Ry = [Skex — Sker][Skk — Skkl:
Ry = Skex[Sih — Sk,
Rs = [Skex — Sker|Xik
Rs = [Skex —Skex]Exk — Exk]-
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By Assumption 3.7, we have
|SkexSrkll, <1-

It suffices to show that ||R;||ec < % fori=1,...,3 and ||Ri||oo < 2 15 for i =4,...,6.

For the first term R, we have

A

Ry = —EKCKZEQK[ZA)KK — EKK}E;{lK

Using the sub-multiplicative property ||AB||oc < ||A||loo||B||loc and the elementary inequality ||A|lcc <

Val|Al|z for any symmetric matrix A € R**? we can bound R; as follows:

e < il s S]]
< -0 o 2] Vi [5R]
x

where the last inequality follows from Assumption 3.7. Using bound (16) from the proof for Lemma 6.11,

we have 5
Sk, < ot
H KKy = /\min(ZKK)
with probability at least 1 — ¢j exp(—caon). Next, applying bound (11) from Lemma 6.11 with ¢ =
¢)\min(2KK) we haVe
12(1-¢)Vk2’
PAmin (XK i) .1
SkK — EKKH > PAminl&KK) | 9 o on(—bn min{ — +2log ks
e s 1201 - o)ks ( {@kw} )
Then, we are guaranteed that
¢ o1
Pl[|R1llec = g] < 2exp(—bnmin{ = 3 3/2} + 2log k2).
2 ks

For the second term Ry, we first write

IRalloe < Vo | SRl [Srcere = Srcere|
il & |

Ye YKe

> )\mln(EKK KeK — “4K°K

An application of bound (10) from Lemma 6.11 with e = %M\/%KK) to bound the term HEKCK — YKeK H
[o.¢]
yields

1
Pl Ralloe > &) < 2exp(~bnmin{

3 k‘s/z} + log(p — ko) + log k2).

HPAmin(CrK)

For the third term R3, by applying bounds (10) from Lemma 6.11 with ¢ = to bound the term

”f}KCK - EKCKH and (12) from Lemma 6.11 to bound the term HXADI?K — Z;{IKH , we have
[o¢] o0

. 1 1
P[||R3]|c0 > %] < 2exp(—bn mln{?, k—Q} + log(p — ko) + log k2).
2
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Putting everything together, we conclude that

o A . 1
PllSxerSiclloe > 1- 5] <0 (exp<—bnmm{ = kg/z} + mogp))
2

For the fourth term R4, we have, with probability at least 1 — cexp(—bn min{k—lg, ]ﬁ%} + 2log p),
2 Ry

L S M SR N
o0 (o] o0
= (1_§>HSKK_2KKH 'k2Hi[_<1KH2’
o

where the last inequality follows from the bound on || e > % ||oo established previously. Using bounds
(24) (or (26)) from the proof for Lemma 6.12, we have

B, <

H m1n 2KK)

with probability at least 1 — ¢; exp(—c2 logmax(p, d)). Next, applying bound (18) (or (21)) from Lemma

: ¢>\mm(EKK) i
6.12 with ¢ = 748(1_9)\/]? to bound the term HEKK EKKH yields,

¢ . n vn
P[l|Ralloc > =] <6-exp(—bnmin{ } +logd + 2log ks)
12 kiks log max(p, d)’ 1k, 3/2 \/log max(p, d)
+c1 exp(—cz log max(p, d)),
or,

n vn
k1k3 log max(p, d)’ \/Ekgm log max(p, d)
+c1 exp(—cg log max(p, d)).

P[l|R4l|oc > g]<2 exp(—b n min{

} + k1 logd + 2log k2)

For the fifth term Rs, using bound (16) from the proof for Lemma 6.11, we have

AN SV |
2/ko
Sxex — Srcexc| -
S o (Crs) H KK — HKCK
An application of bound (17) (or (20)) from Lemma 6.12 with ¢ = %\/%(K) to bound the term

HiKcK—iKcKH yields
o9

n Vn
k2k3 log max(p, d k‘1k‘ \/logma—xp,

+c1 exp(—cz log max(p, d)),

P o >
lIRsle > 2]

< 6 - exp(—bnmin{ } +logd+ 2logp)
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or,

P[Rslle > 2]< 2 exp(~bnmin(

n Vn
k1k3 log max(p, d)’ \/Ekg’ﬂ log max(p, d)
+c1 exp(—c2 log max(p, d)).

) + k1 logd + 2log p)

For the sixth term Rg, by applying bounds (17) and (19) (or, (20) and (22)) to bound the terms
Ykex — f]KcKH and Hf)[_(lK - f];(ll{ ’ respectively, with ¢ = %w for (17) (or (20)), we are
o0 o0

guaranteed that

Pll|Rslloc = %]gﬁ-exp(—bnmin{

n NG
k2k3 logmax(p, d)’ kyky\/log max(p, d)
+c1 eXp(_CZ lOg max(p, d))v

} +logd + 2log p)

or,

Pll|Relloc = E]SQ‘eXp(—b/nmin( i vn

- 12 k1k3 logmax(p, d)’ /kiks+/log max(p, d)
+c1 exp(—cz2 log max(p, d)).

)+ k1 logd + 2logp)

Under the assumptions in Lemmas 6.1 and 6.2 and the condition
%max{k:lk:g/2 log p, ki 10gp} = 0(1),
%k%k% logmax(p, d) = o(1),
or, under the assumptions in Lemmas 6.3 and 6.4 and the condition
max {4 logp, logp} = 0(1),
i {4 logmax(p, ) min ms (K] log . K" logp, Kk logd. Kikalogr} | = o),
%klkg logmax(p, d) = o(1),

putting the bounds on R; — Rg together, we conclude that

~ ~ ¢ 1
P[HEKCKEKlKHOO >1- Z] < 0] <mln(pd)> .

g

6.6 Theorems 3.7-3.8

The proof for the first claim in Theorems 3.7 and 3.8 is established in Lemma 6.6, which shows that
BHQSLS = (BK, 0) where ffK is the solution obtained in step 2 of the PDW construction (recall we let
J(5*) := K and J(8*)¢ := K¢ for notational convenience in Lemma 6.5). The second and third claims

are proved using Lemma 6.7. The last claim is a consequence of the third claim.
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Lemma 6.6: If the PDW construction succeeds, then under Assumption 3.8, the vector (BK, 0) e RP is

the unique optimal solution of the Lasso.

Proof. The proof for Lemma 6.6 adopts the proof for Lemma 1 from Chapter 6.4.2 of Wainwright
(2014). If the PDW construction succeeds, then B = (BK, 0) is an optimal solution with associated

~

subgradient vector i € RP satisfying |fixec|loo < 1, and <ﬂ, B> = |B|1 Suppose 3 is another op-
timal solution. Letting F(8) = 5|y — XB|3, then F(B) + Ao <ﬂ7 B> = F(B) + \lBl1, and hence
F(B)—)\n </l, B— B> = F(B)—F)\n <|B|1 — <ﬂ, B>) However, by the zero-subgradient” conditions for opti-
mality, we have A\ = —V F(f), which implies that F(B)+<VF(B), g— B>—F(B) — A\ (|By1 _ <g, ﬁ>>
By convexity of F', the left-hand side is non-positive, which implies that | B I < < i, 3 > But since we also
have <ﬂ, B> < \/ZL\OO\Bh, we must have \Bh = </l, /6~’> Since |fixe|oo < 1, this equality can only occur if
Bj = 0 for all j € K¢ Thus, all optimal solutions are supported only on K, and hence can be obtained
by solving the oracle subproblem in the PDW procedure described in Section 3.2. Given Agsumption 3.8,

this subproblem is strictly convex, and hence it has a unique minimizer. [

Lemma 6.7: Suppose Assumptions 1.1, 3.1-3.3, 3.5a, 3.7, and 3.8 hold. Let

Opmax; |c0v(:L‘L.,, z15) || 81

L )\min(EZ))\min(zKK) ,
po = max{gx*anm*‘l Ox+*0¢ }
Amin(ZxK) Amin(CxK)

With the choice of the tuning parameter

* *
48(2—2) oy max, s |C0V(l‘l_/,Z1j)|oo|18 l1 log max(p, d) log p log p
Ap < T“max )\min(fz) k1 o , Ox+0q|B*]1 ,gl ) 0X*0¢ 7g7,

~ hoky log max(p, d)’

n

max{k?logd, k?logp}
- =

1 — ¢1 exp(—c2 log min(p, d)). Furthermore,

and under the condition o(1), we have |figec|oo < 1 — % with probability at least

n n

3 ko log max(p, d ko 1o
|5K—f3}}|oo§cmax{@1kl\/ 2 log max(p )’@2\/ 2 gp}7

with probability at least 1 — ¢1 exp(—co log min(p, d)). If Assumptions 1.1, 3.1-3.4, 3.5b, 3.6-3.8 hold, then

with the choice of tuning parameter

"Given a convex function g : R — R, u € RP is a subgradient at 3, denoted by u € 9g(8), if g(8 + A) > g(B) + (u, A)
for all A € R?. When ¢(8) = |81, notice that u € 9|81 if and only if u; = sign(s3;) for all j = 1, ..., p, where sign(0) is
allowed to be any number in [—1, 1].
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* *
48(2—9) Onmax, ./ |COV($1,-/’ZU)|°°|’8 i k1 log max(p, d) * log p logp
Ap X< 3 1’ max )\min(iz) = , ox+op|B*h =, OX*0c o

\/k:l log max(p, d)
= ]{52

n

)

max{ki logd, k1 log p}
n

and under the condition = o(1), we have |fixc|oo < 1 — % with probability at least

1 — ¢1 exp(—c2 logmin(p, d)), and

3 % / k1ko log max(p, d ko lo
/BK/BK‘OOSCmaX{Sol\/ 152108 (p )7902\/2 gp}’

n n

with probability at least 1 — ¢1 exp(—cg log min(p, d)).

Proof. By construction, the sub-vectors BK; fir, and fige satisfy the zero-subgradient condition in the
PDW construction. Recall e := (X —X)B* +nB* + € from Lemma 3.1. With the fact that Sxe = Bice =0,

we have
1 ST <> ~ * 1 T ~
Lor o (2 o) Ll )

From the equations above, by solving for the vector jige € RP7#2 we obtain

1 - N A A e
ke =~ Xk (- 1) - XE S
MK i, KeAK /BK 5}( Kn)\na
~ ~ ~ —1
. ) loro \ | Xke XEXk\ .
Br —Bx = —(nX;?XK> g —>\n< Kn A,

which yields
~ -l — N >T (& nd S—1 ST €

By the triangle inequality, we have

lensmi,

’MKC|OO =~ HEKCKEKKH ‘XKC

nAn n)\

where the fact that |fix|s < 1 is used in the inequality above. By Lemma 6.5, we have HSKCKSI_{IKH <
o0
1-— % with probability at least 1 — cexp(—log min(p, d)). Hence,

IN

L

+ HEKCKEKKH

1—¢+<2—> ’XT ¢

n)\

IN

4
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Therefore, it suffices to show that (2 — %) ’XT —
" oo

< % with high probability. This result is established
in Lemma 6.13. Thus, we have |fixec|oco <1 — % with high probability.

It remains to establish a bound on the loo—norm of the error BK — B} By the triangle inequality, we

have

IN
~~

AN
/‘;
S [
St

=
~
|

Using bound (24) (or (26)) from Lemma 6.12, we have

~ N —1
XXk 2k 4R
n " Ain(Skk) ~ Amin(EkK)

By Lemma 6.2, we have, with probability at least 1 — ¢1 exp(—co log min(p, d)),

1 Opmax, ]cov(xi 7 Z15) 00| B0 log max(p, d . log p log p
|=XTe|oo 3 max — k1 ( ), ox=oy|B 1] ——, ox+0c :
n )\mln(EZ) n n n

By Lemma 6.4, we have, with probability at least 1 — ¢; exp(—cz log min(p, d))),

1 o Op man’j/ |COV(.’1§'>{j/, le)‘oo|ﬁ*’1 kl log max(p’ d) N logp logp
|— X" e|oo 2 max , oxxoy| B —=, ox*0c .
n Amin(X2) n n n

Putting everything together, with the choice of A, given in the statement of Lemma 6.7, we obtain

3 * k2 log max(p, d ko lo
|/3K—5K|oo§cmax{<p1kl\/ 2708 . (p )’m\/ 2 gp}7

n

or,

n n

3 * ’ k1kslog max(p, d ko lo
/BK_BK‘oogcmaX{gol\/ 172 108 (p )’902\/2 gp}’

with probability at least 1 — ¢ exp(—ce logmin(p, d))), as claimed. O

6.7 Lemmas 6.8-6.13

Lemma 6.8: If X € R"*P! is a zero-mean sub-Gaussian matrix with parameters (Xx, 0% ), then for any

fixed (unit) vector v € RP'| we have

.2t
]P’(HXU@ — EHXU\%H > nt) < 2exp(—cnmin{—, —-}).
0x Ox
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Moreover, if Y € R™"*P2 is a zero-mean sub-Gaussian matrix with parameters (Xy, 0%), then

YTx . 12 t
— cov(Yi, Xi)|oo > t) < 6p1p2 exp(—cnmin{—5—-, ——1),

P(]
050y OXOy

where x; and y; are the i*” rows of X and Y, respectively. In particular, if n >~ log p, then

YTx

log (max{p1, p2}) )

. < ¢ exp(—cg log (max{p1, p2})).

PP(| — cov(yi, Xi)|oo > COO'XO'Y\/

Remark. Lemma 6.8 is Lemma 14 in Loh and Wainwright (2012).

Lemma 6.9: For a fixed matrix I' € RP*P parameter s > 1, and tolerance 7 > 0, suppose we have
the deviation condition
WITo| <7 Yo eK(2s,p).

Then,
1
Wi Tw| < 277 <\v[% + |v\%> Vv € RP.
s

Remark. Lemma 6.9 is Lemma 12 in Loh and Wainwright (2012).

Lemma 6.10: Under Assumptions 1.1 and 3.3, we have

k7 log max(p, d)

X

1075 — k2 [0°f3, for all v* € R”, r € [0, 1]

4
and Ky = CO)\min(EX*) max {%7 1}.

min

with probability at least 1—cj exp(—can), where k1 = @

Proof. First, we show
Amin(EX*)
54

sup <

X*TX*
’UOT < o EX*) UO
v0€K(2s, p)

n

with high probability, where ¥ x+ = E(X*T X*). Under Assumption 3.3, we have that X* is sub-Gaussian
with parameters (X x«, ox~). Therefore, by Lemma 6.8 and a discretization argument similar to those in
Lemma 6.3, we have

2

t t
> t> < 2exp(—cn min(UT, O'T) + 2slogp),
X* X*

X*TX*
’UOT < _ EX*) UO

n

P sup
v0eK(2s, p)

for some universal constants ¢ > 0. By choosing t =

Amin(Sx*)
R and

1 n : A1211111(21)(*)
- min q —2—2 2
¢ k7 logmax(p, d) o%

s=s(r) =

,1}, r €0, 1],
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where ¢’ is chosen sufficiently small so that s > 1, we get

XTX* Amin (Z x+ A2 (S
P sup [0 ( - Zx*> 0| > Amin(2x+) < Qexp(—CQnmin(w, 1)).
v0€K(2s, p) n 54 O X~

Now, by Lemma 6.9 and the following substitutions

r

*T Yk . .
= XX Yx+, and 7:= 7)\“11(2)( ),
n 54

X*T x* Amin (X x + 1
o ( — Ex*) Y| < mm(2 x-) <\UO\§ + 8|U0|%> )

n

we obtain

which implies
X*TX* Mo (D xrw 1
20T 00 > UOTZX*UO _ min (Zx+) <|U0|g + |UO|%> )
n 2 ]
Recalling the choice of

1 n A2 (Sx)
= 5(r) = — i { Zmint =X 1
s =s(r) ¢ k7 logmax(p, d) mln{ 031(* ’ } - relo 1,

where ¢ is chosen sufficiently small so s > 1, the claim follows. O

Lemma 6.11: Suppose Assumptions 1.1, 3.3, and 3.8 hold. For any € > 0 and constant ¢, we have

2 5

€
2.4 2
dk50%. " 2k20%.

P{”ﬁ)KCK—EKcK”m 26} < (p — k2)ka - 2 exp(—cn min{ s (10)

2 €

2.4 7 2
dk50%.  2k20%.

}- (11)

]P’{HXA)KK - EKKH > 6} < k% - 2 exp(—cn min{
o0

Furthermore, under the scaling n 7 ko log p, for constants b; and by, we have

N 1
-1 -1
e w

2 0ErK) Amin(CrK) })
dhaols 7 2VkzoZ. I
Proof. Denote the element (5, j) of the matrix difference Yxex — Sger by u; ;. By the definition of the

with probability at least 1 — ¢ exp(—con min{ A
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lsomatrix norm, we have

P{HEKCK—EKcKHmZE} =P maXZ\u./}IZ&‘
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(p — k:g)IP’{Elj € K| |uy,l k‘g}

IS

IN

52 9

S (p — kQ)kQ . 26Xp(—cn min{kgTsl(*, k:ZTg(*}),
where the last inequality follows the deviation bound for sub-exponential random variables, i.e., Lemma
6.8. Bound (11) can be obtained in a similar way except that the pre-factor (p — k2) is replaced by ko. To

prove the last bound (12), write

-1 -1 -1 : -1

Bk~ Do = [ (B~ S S|

Vi [ 2 [ = S| S

= Vo il 2o B, |5

Vka - .
Sy = = S [E-ke] !
Amin(EKK) H KK KK 2 KK 2 ( 3)

To bound the term HEKK — 2KKH2 in (13), applying Lemma 6.8 with X7 X = Sk and t = Amin (P )

2V ko

yields

- Anmin (XK K)

2 _ E H < min ,

[ = ], < 2T
2
with probability at least 1 — ¢1 exp(—con min{ ’\‘zi]:;2(54KK ) ’\é‘f/“]%;; K1,
X* X*

To bound the termeEl}lKHQ in (13), note that we can write

Amin(Sxk) = min B TSgh
|[h"]|l2=1
= min [h/TEKKh/ + h/T(EKK — 2KK)h/
| []2=1
< W'Sgrh+ kT (Skk — Skr)h (14)

where h € R*2 is a unit-norm minimal eigenvector of Ykk. Applying Lemma 6.8 yields

’hT (EKK - EKK) h‘ < /\mingKK)
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with probability at least 1 — ¢ exp(—can). Therefore,

Amin(Exk) < Amin(Sxk) + )\mm(;KK)
= Anin(Crr) > % (15)
and consequently, )
ik, = T (16)
Putting everything together, we have
VEk2  din(Ckk) 2 1

DI 3t H < _ .
H KK KK S )\min(ZKK) 2\/@ )\min(ZKK) )\min(ZKK)

mm(EKK) )‘mln(ZKK)
dkoot ) %/EJ%(* }) U

with probability at least 1 — ¢ exp(—con min{

Lemma 6.12: (i) Suppose the assumptions in Lemmas 6.1 and 6.2 hold. For any £ > 0, under the
k2k2 log max(p, d)

condition -

= o(1), we have
e{JFwn-smnl 2 )=
o0

n/\?mn(zz) 2 \/ﬁAmin(EZ)8

6(p — ko)kso - exp(—cn min , + logd
(p = ko)kz - exp(— {OQUx*O'Zk2k2 logmax(p, d)’ 0,0 x+0z7k1k2+/log max(p, d)} 8d)
+c1 exp(—cg log max(p, d)), (17)
{5 -] )
2 2
min b
6k3 - exp(—cn min{ 5 n>\r§m2( 2)e , VP min(Ez)e }+logd)
020%.0%kik3 log max(p, d) oy x+0zk1key/log max(p, d)
+c1 exp(—ce logmax(p, d)). (18)
Furthermore, we have
Hf};(lK H E ) with probability at least 1 — ¢ exp(—cg log max(p, d)). (19)
m1n KK

(ii) Suppose the assumptions in Lemmas 6.3 and 6.4 hold. For any ¢ > 0, under the condition -

o(1), we have
P{HEKCK - EKKH > 8} <
[o.¢]

n)‘?nm(zz> 2 \/ﬁ)‘min(EZ)E
UQUx*UWkle log max(p, d)’ anax*aw\/ﬁkg log max(p, d)

+c1 exp(—cg log max(p, d)), (20)

2(p — ka)ks - exp(—cn min( ) + k1logd)

RIS NEDE
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)‘mm(zz) \/ﬁ)\min(zZ)E
02050y ki1k3 logmax(p, d)’ o,0x-owv/E1ka+/log max(p, d)

+c1 exp(—c2 log max(p, d)). (21)

2k2 - exp(—cn min( ) + k1logd)

Furthermore, if

1 f f
— min {kfk;g log max(p, d), n[l(i)nl T {k372"log d, k}~*"logp, kikslogd, kikslog p}} = o(1),
n re|0,

we have

HEKK H E T (CKr) with probability at least 1 — ¢1 exp(—ca log max(p, d)). (22)
mln KK

Proof. Denote the element (j/, Jj) of the matrix difference Ykek —SKex by w . Using the same argument

as in Lemma 6.11, we have
P{HSKCK_XAJKCKH ZE}S(p—kz)k‘g]P){‘w |> 2 }
00 2

Following the derivation of the upper bounds on ‘w and ‘%H(X—X*) in the proof for

. N

Lemma 6.2 and the identity
l 3 N _ l *T [ v . * l % T * \1T /v . *
A\ PKek YKo ) = nXKc(XK X))+ n(XK“ Xpe) X+ — (XKP Xie) (Xx — Xk),

1 «T

we notice that to upper bound ]wj/j\, it suffices to upper bound 3 - w Xy (x; —xJ)|- From the proof for

Lemma 6.2, we have

n J

coy, logmax(p, d) |1 = ,
]{71 ﬁ Z xij/ Zz‘j

i _X‘) o )\min(EZ) n

)

with probability at least 1 — ¢; exp(—c2 log max(p, d)) and

t? t
[\x Zj — E(ac 7y Zij)|oo > t] < 6exp(—cnmin{ ——, } +logd).
0%.0% ox+0yz

21.2 .
Under the condition %max(p’d) = o(1), setting t = 6)‘“‘(‘;75]22) \ 128 log?nax(n ) for any € > 0 yields

] <
nA?nln(EZ) 2 \/ﬁ)\min(EZ)8
02o%.0%kik3 log max(p, d)’ oo x+0zk1kgy/log max(p, d)

P fluy, 2

w‘m

}+ logd)

6 exp(—cn min{

+c1 exp(—c2 log max(p, d)).
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Therefore,
{Jon el 2

n)\Q > ’ n)\min Yz)e
6(p — k2)ks - exp(—cnmin{— r;an( 7)€ | T min (57)
020505k ks logmax(p, d)’ o,0x-07k 1 ka+/log max(p, d)

} +logd)

+c1 exp(—ce logmax(p, d)).

Bound (18) can be obtained in a similar way except that the pre-factor (p — k2) is replaced by ks.

To prove bound (19), by applying the same argument as in Lemma 6.11, we have

[ -S| < 2|5
00 Amin (XK K )

2v/ky
Amin (XK K )

A

[,

A

Bre = S [P

where the last inequality comes from bound (15).

To bound the term ‘ > ) applying bound (18) with ¢ = M yields

HEKK—SKKH < HiKK—iKKH

2 00
< Amin (ZK K)
B Vky

with probability at least

A (2 A2 (%
1—6-eXp( Cnmln{ 3 n mln( KK) \/ﬁ mln( KK)

, } +logd + 2log k2)
o U)(*Uzkzk3 log max(p, d) O‘nax*dzklk;/Q log max(p, d)

1
— - > - max(p, d)
c1 exp(—cglogmax(p, d)) > 1 -0 (max(p, d))

3/2
if k1ky’ “ log max(p, d) _ O(l)

n

To bound the term Hifl

) again we have,

N

Amin(Cxr) < WSgrh+hT(Skx — Skk)h
< W'Skrh + ks ‘XA:KK - SKK)

~ 1
< TSy 4+ by | 2822X(P: 4)
n

where h € R*2 is a unit-norm minimal eigenvector of Yxr. The last inequality follows from the bounds

‘(Xfx;)Tx* and ’ (X=X)T(X-X*)

on from the proof for Lemma 6.1 with probability at least 1 —

n

e}

c1 exp(—ce logmax(p, d)). Therefore, if %ﬂwx(m = 0(1), then we have

ad )\min i}
Amin(XKK) > (QKK)
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2

e, ¢ i
KKl Amin (XK K)
4
< 24
- )\min(EKK) ( )

where the last inequality follows from bound (15) from the proof for Lemma 6.11. Putting everything

together, we have

2vVks  Amin(EkK) 4 8

A g
H KK KK = Xoin(Brr) VR doin(Crk) Amin(CKE)

with probability at least 1 — ¢ exp(—cg log max(p, d)).
For Part (ii) of Lemma 6.12, we can bound the terms using results from Lemma 6.4 (bounds (8) and
(9)) instead of Lemma 6.2. Denote the element (5, j) of the matrix difference Ygex — Sgex by W

From the proof for Lemma 6.4, we have

sup
n v €K (k1,d;)

< _ Coy \/kl log max(p, d)
- Amin(EZ)

n
— E T 125U
n t

=1

Following the discretization argument as in the proof for Lemma 6.4, we have

1o , _ t2 t
—z¥tz:v) —E(xt . z1;07)] >t ] < 2exp(—cnmin , kilogd).
i ( 15/ 4L )‘— >_ p( (05(*0'12/[/ UX*UW)+ 11log d)

P sup
vi €K (ky, dy)
2 .
Under the condition %max(p’d) = o(1), setting t = sAm;‘(‘TEIEZ)4 | %2k bg?nax(p i) for any € > 0 yields
2 ’

P{Him - 2KCKHW >e}

IA

£
(p — ka)kolP {|wj/j’ > k‘g}

>\2' > ? >\min %
< 2(p — k2)ka - exp(—cnmin( A i (22)€ VN Amin(Xz)e

020%.09,k1k3 log max(p, d)’ oo x+owykiks/logmax(p, d)
+c1 exp(—c2 log max(p, d)).

) + k1logd)

Bound (21) can be obtained in a similar way except that the pre-factor (p — k2) is replaced by ks.

To prove the last bound (22), applying the same argument as in Lemma 6.11, we have

Wk
Amin(CKK)
2vV'k
Amin (XK K)

&—1 -1 o S S—1
=i - =R, < B = Erer, B,

R AR

IN

where the last inequality comes from bound (15).
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X applying bound (21) with ¢ = Amin (B i)

To bound the term H?JKK—EKK‘ NS

yields

[Brere = Swew, < |[Srere = S
< Amin (EK K)
- N

with probability at least

A (BKK) VA (Bk k)
07050y kik3 log max(p, d)’ ano’X*aW\/Ek;/Q log max(p, d)

1 — 2 exp(—cnmin( ) + k1logd + 2log k2)

1
—C1 exp(—CQ 10g maX(p, d)) Z 1-0 (Inax(]%d))
. max(k k32 log d, 1/ 23/ log p)
if max(huky " logd: by Ky — 0(1).

To bound the term Hi;{lk‘

) we have, again
Amin(Cxr) < W Skrh +hT (Sxx — Sxr)h

where h € R*? is a unit-norm minimal eigenvector of Xy x. By bounds (6) and (7) in Lemma 6.3 and choos-

2
ing s = s(r) := %m min {%, 1}, r € [0, 1], under the condition 1%7~* log max(p, d) =

o(1), we have

> > -r 1 ) d 1
-r ! 5 "1 ,
< bmax{kifm og max(p d)7 ka‘l og max(p d)}
n n

with probability at least 1 — ¢ exp(—colog max(p, d)). Furthermore, if

1
— min max {k} > logd, ki * logp, k{kologd, k[kslogp} = o(1),

n relo,1]
we have .
ot min by
Amin(ZxK) > >\(2KK)
~ 2
-
Kl Amin (XK K)
4
< - 26
- )\min(EKK) ( )

where the last inequality follows from bound (15) from the proof for Lemma 6.11. Because the argument

for showing Lemma 6.1 also works under the assumptions of Lemma 6.3, we can combine the scaling
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k2k2 log max(p, d)
n

= 0o(1) from the proof for bound (24) with the scaling

min, (o, 1) max {k{ " logd, ki~ log p, k{kslogd, kikslogp}

= o(1)

n

from above to obtain a more optimal scaling of the required sample size

1
min{k%k% log max(p, d), Ir[lénl] max{k3 2 og d, k:3 2 og p, k1 ko logd, kika logp}} o(1).
n

Putting everything together, we have

mm EKK) \/E )\min(EKK) N )\min(EKK).

o —1 Amin(EKK) 4 8
=i~ = <

with probability at least 1 — ¢ exp(—ce logmax(p, d)). O

Lemma 6.13: (i) Suppose the conditions in Lemma 6.2 hold. With the choice of the tuning param-

eter

18(2—2) oy max, \Cov(xij,,zlj)‘oow*h log max(p, d) . log p log p
An 2> CT max Ao (52) k1 n , UX*O—n’/B ‘1 n 2 0X*0¢ n

 hoky log max(p, d)’

n

max{k? logd, k?logp}
- =

for some sufficiently large constant ¢ > 0, under the condition o(1), then, we have

(-9l

with probability at least 1 — ¢; exp(—calog min(p, d)). (ii) Suppose the conditions in Lemma 6.4 hold.

<9

_8;

Then the same result can be obtained with the choice of tuning parameter

48(2—2) On max, ./ \cov(mI 1>215) o0l 871 k1 log max(p, d lo, lo,
An > e~ max pw—0 Py XD oo 571y B, oo/

\/l{;l log max(p, d)
= kg n

)

max{k; logd, k1 logp}
i =o(1).

and the condition

Proof. Recall from the proof for Lemma 6.2,

TXTe = XX - X)8 4 gt ]
n n
= X[ = ) e (X X)X - X8t s o]
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Hence,

1 4 1
—XT <
- XTeloe < rm

1
X*T(X — X*) 8% X*T o+ |— X Te| oo 27
- ( )8 +\ ns*| \mn €| (27)

1 ~
X — X97T(X — X*) 3" —X—X*T oo + |— (X — XV €| .
+ ( )( )8 +|mn( ) B +\mn( )" €l

'm

From the proof for Lemma 6.2, we have

1 R Oy max, \IE(:U ” Zij)|oo log max(p, d)
|n ( )ﬁ |OO — c )\mln(EZ) ‘6 |1 1 n 9
2
1 5 * 5 ¥ Oy max.,s |E( s Zij) oo log max(p, d
S = XY(K =X)F e < ot S 3|y g2 o max(p, d)
n mln( )
1 * * % lo
‘*X Tnﬁ ‘OO S CUX*UW’5 ‘1\/67
n n
L,y ot s o702 log max(p, d)
(Xt — < e—2n - i Vot M
|n(X X)'nf'e < C)\mm(zz)w 1K1 o ,
1 1
’;X*Te‘oo < coxe0ey in7
1 5 0700 log max(p, d)
(X=X € ST ,
‘n( ) ‘OO — )\mm(ZZ) n

with probability at least 1 — ¢ exp(—celogmin(p, d)). Therefore as long as

* *
1 48(2— ) In ax; ;! ICOV(xu”ZU)'wlB It log max(p, d)
2 D [ T foinla )1 [, o

1
 hoky og max(p, d)’
n

max{k% log d, k% logp} 0(1)
- ?

- we have

for some sufficiently large constant ¢ > 0, under the condition

* * ¢
\*X T(X =X < ,
48(2 - 9)

1 ¢
X*T ,B* < 7

1

|*X*T€’oo S ¢ o\’
n 48(2 - )

1 O O log max(p, d) ¢
— (X = XX = X*)B e 3 kyyflemxed) _ ) < T
o ¢ ) ( )80 3 K1 n (1) “Be-9)

1 O log max(p, d) ¢
— (X = X) T 3/ emaxed) _ g — -
s e o < P

1 * > log max(p, d ¢
X K)o 3 REERR = o) < T
T4
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with probability at least 1 — ¢ exp(—ce logmin(p, d)). Putting everything together, we have

O\ |or €
(2‘4)1X .

with probability at least 1 — ¢ exp(—ce log min(p, d)).

<?
8

o0

The proof for Part (ii) of Lemma 6.13 follows from the similar argument for proving Part (i) except
that we bound the terms |3 X*T(X = X*)8*|o0, |1 (X = X*)T(X = X*) 8|0, |2 (X* = X)"18*| oo, and

nAn

1L(x* - X)T€|o using the discretization argument as in the proof for Lemma 6.4. [
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