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SUMMARY

This paper proposes a Cramer-von Mises (CM) test statistic to check the adequacy of weak
ARMA models. Without posing a martingale difference assumption on the error terms, the
asymptotic null distribution of the CM test is obtained by using the Hillbert space approach.
Moreover, this CM test is consistent, and has nontrivial power against the local alternative of
order n~'/2. Due to the unknown dependence of error terms and the estimation effects, a new
block-wise random weighting method is constructed to bootstrap the critical values of the test
statistic. The new method is easy to implement and its validity is justified. The theory is illus-
trated by a small simulation study and an application to S&P 500 stock index.

Some key words: Block-wise random weighting method; Diagnostic checking; Least squares estimation; Spectral test;
Weak ARMA models; Wild bootstrap.

1. INTRODUCTION

After the seminal work of Box and Pierce (1970) and Ljung and Box (1978), diagnostic check-
ing has been an important step in the application of the following ARMA(p, ¢) model:

p q
Y=Y i+ Y ieri+er )]
i=1 i=1

where ¢, are error terms with mean zero. As usual, we say that model (1) is weak when {;} is
an uncorrelated sequence, and that model (1) is strong when {e;} is an iid sequence; see, e.g.,
Francq and Zakoian (1998). Up to now, the most famous diagnostic checking tools for model (1)
are the portmanteau tests in Box and Pierce (1970) and Ljung and Box (1978). However, their
asymptotic null distributions are only valid for strong ARMA models, because a discrepancy in
asymptotic null distributions exists if €; have some unknown dependence; see, e.g., Romano and
Thombs (1996) and Francq, Roy, and Zakoian (2005). Moreover, empirical studies in Franses
and Van Dijk (1996) and Tsay (2005) demonstrated that many economic and financial series
follow an ARMA model with uncorrelated errors (e.g., ARCH-type errors). In addition, Francq
and Zakoian (1998) and Francq, Roy, and Zakoian (2005) indicated that many nonlinear models
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2 K.ZHU AND W. K. L1

admit a weak AMRA representation. Thus, it is meaningful to consider diagnostic checking for
weak ARMA models.

Based on either observable series (i.e., p = ¢ = 0) or residual series, a huge literature so far
has been focused on testing model adequacy in weak ARMA models. These existing tests are
roughly categorized into two types: time domain correlation-based tests and frequency domain
periodogram-based tests. The tests in the first category usually use the autocorrelations up to
lag m (a user-chosen integer), so they are unable to detect serial correlations beyond lag m;
see, e.g., Romano and Thombs (1996), Lobato (2001), and Horowitz, Lobato, Nankervis, and
Savin (2006) for observable series, or Francq, Roy, and Zakoian (2005) and Delgado and Velasco
(2011) for residual series. To avoid selecting m, Escanciano and Lobato (2009) and Escanciano,
Lobato, and Zhu (2013) derived a data-driven portmanteau test under the assumption that €; is a
martingale difference sequence (MDS). However, it is unclear whether their tests are applicable
if 4 is not an MDS.

Since the correlation-based tests are inconsistent, the periodogram-based tests in the second
category have drawn more attention in the literature; see, e.g., Durlauf (1991) and Deo (2000) for
earlier works. Under the assumption that €; is an MDS, Delgado, Hidalgo, and Velasco (2005)
used a martingale transformation method to obtain a distribution-free 7},-process for residual se-
ries; Escanciano and Velasco (2006) constructed a generalized spectral test for observable series,
and Escanciano (2006, 2007) extended it to residual series. Recently, Shao (2011a) proposed a
spectral test for observable series without the MDS assumption on error terms, so his method is
applicable for many non-MDS processes, such as all-pass ARMA models, bilinear models, non-
linear moving average models, to name a few. As a natural but important extension is to construct
spectral tests for residual series when ¢; is non-MDS. Under the assumption that &, is GMC(8)
(a condition weaker than MDS), Shao (2011b) proved the validation of the kernel-based spectral
test in Hong (1996), where GMC stands for geometric-moment contraction, and the lag m as a
bandwidth grows slowly with the sample size. However, the kernel-based spectral test is deficient
in local power, since it has trivial power against the local alternative of order n~1/2.

This paper proposes a Cramer-von Mises (CM) spectral test statistic to check the adequacy of
weak ARMA models. Under certain conditions allowing for non-MDS error terms, the asymp-
totic null distribution of the CM test is obtained by using the Hillbert space approach. Moreover,
this CM test is consistent, and has nontrivial power against local alternatives of order n~'/2. Due
to the unknown dependence structure of error terms and the estimation effects, our null distribu-
tion is no longer asymptotically pivotal. This is also the main challenge for other spectral tests
in weak ARMA models. To overcome it, a new block-wise random weighting (BRW) method is
constructed to bootstrap critical values of the CM test. The new method is easy to implement and
its validity is justified. The theory is illustrated by a small simulation study and an application to
S&P 500 stock index.

This paper is organized as follows. Section 2 gives our test statistic and establishes its asymp-
totic theory. Section 3 proposes a BRW method and proves its validation. Simulation results are
reported in Section 4. A real example is provided in Section 5. Concluding remarks are offered in
Section 6. All of the proofs are given in the Appendix. Throughout the paper, A’ is the transpose
of matrix A, |A| = (tr(A’A))'/? is the Euclidean norm of a matrix A, ||A||s = (E|A|*)"/* is the
L*-norm (s > 1) of a random matrix, 0, (1)(O,(1)) denotes a sequence of random numbers con-
verging to zero (bounded) in probability, “—;” denotes convergence in distribution, and “—,”
denotes convergence in probability.
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2. TEST STATISTIC AND ASYMPTOTIC THEORY
Denote by v(j) = cov(e, er45). Let

1 & g
fw) =5 3 A@e ™ forw e [-m, ]
j=—o00
and F'(\ fo w)dw for \ € [0, 7] be the spectral density function and spectral distribution

functlon of Et, respectlvely. Note that F'(A) = 272 7(j)1;(A), where

_ [sin(GA)/jm it j #0
wj()\)_{/\/ZTr ifj=0"

Then, following Shao (2011a), the sample spectral distribution function of &; is

n—1
Fa(A) =D 30w (A,
§=0
where 4(j) = Zt 1+1j| EtEL—1j] is the sample autocovariance function of ¢; at lag j. Since

F(X) =~(0)y ( ) under the null hypothesis
Hy : y; admits a weak ARMA model,

the sample spectral distribution £}, () becomes 4(0)to(A) in this case. Thus, as in Shao (201 1a),
we consider the following Cramer von-Mises statistic

CM,, = / ’ S2(N)dA Q)
0

to detect Hy, where the process

n—1
Su(A) = Vi {Fa(N) = 3(0)do(A)} = ) Vi (5);(\)
7j=1
measures the distance between F, () and 4(0)yo(A). However, the statistic CM,, in (2) is not s
feasible because €, is unobservable.
Next, let 6 = (¢1,- -+, dp, p1, -+ ,©q)" € © be the unknown parameter of model (1). Then,

given the observations {y1, - - - , yn }, we can calculate a least squares estimator (LSE) 6,, defined
by
- - 1< 1 < -
O = argmin Ly (6) where L (0) = — ; £2(0) =: - ; 1,(6), "

and &,(6) is calculated recursively by

p q
0) =y — > bith—i— Y _ icr—i(0)
=1 =1

with £y(0) =é_1(0) = =¢é_g11(0) =yvo=y-1 =--- =y—_p+1 = 0. Now, by using the
residual &, = £4(6,,), we can propose a feasible Cramer von-Mises statistic as follows:

CM,, = / " 82 (0an, 3)
0
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4 K.ZHU AND W. K. L1

where S, (A) = Y020 VAN and 7(5) = n 7t 30 4 )
In order to obtain the limiting distribution of CM,,, we regard S;,(\) as a random element in
the Hilbert space L2 |0, 7] of all square integrable functions with the inner product

(f.g) = /0 Y

where g¢(\) denotes the complex conjugate of g(\). Here, L2[0, 7] is endowed with the natural
Borel o-field induced by the norm || f|| = (f, f)'/?; see Parthasa-rathy (1967). Since the “|| - ||”
functional is a continuous mapping from Lo[0, 7] to R, the limiting distribution of CM,, follows
directly from the weak convergence of S,,(\) in Lo [0, r]. Compared to the “sup” norm approach,
the Hilbert space approach enjoys a simpler proof of the tightness property. For more discussions
on this approach, we refer to Escanciano (2006) and Shao (2011a). Note that the “sup” functional
is not a continuous mapping from Ls[0, 7] to R. Thus, the use of the Kolmogorov-Smirnov type
statistics remains an open problem in Lz [0, 7]. As stated in Shao (2011a), this is a price we
pay for the reduced technicality of the Hilbert space approach as compared to the “sup” norm
approach.

Let £,(6) be the parametric model (1), i.e., given initial values {yo,y—1, - - - } and observations
{y1,- -+ ,yn}, £¢(0) is iteratively constructed from

p q
el(0) =y — > bii—i — Y wict—i(0).
i=1 i=1

Let [;(8) = £7(6). To obtain the weak convergence of S,,()\) in Ly[0, 7], we make the following
three assumptions:

Assumption 1. (i) The parametric space © C RP™4 is compact, and the true parameter 0y of
model (1) belongs to the interior of ©.

(i) Foreach § € ©, ¢(2) =1 —>F ¢z #0and p(2) =1+ DL | ;2" # 0 when |z| <
1, and ¢(z) and ¢(z) have no common root with ¢, # 0 or ¢, # 0.

|42V < 00 and

Assumption 2. {y,} is strictly stationary with E'|y,
o0

(i) Y {ay ()} < oo
k=0

for some v > 0, where {a, (k) } is the sequence of strong mixing coefficients of {y};

[ee]

(’LZ) Z |Cum(y03y817y32ay83)| < 0.

81,82,83=—00

Assumption 3. (i) There exists a unique interior point fo € © such that ||6,, — fo| = 0,(1).
(ii) The matrix ¥ = E [0%1;(6y)/0000'] exists and is positive definite.

Assumption 1(i) is a basic set-up for model (1), and Assumption 1(ii) is the condition for the sta-
tionarity, invertibility and identifiability of model (1). Assumption 2(i) from Francq and Zakoian
(1998) is a technical condition for proving the asymptotic theory of 6,,. In addition, the mixing
condition on y; is valid for large classes of processes; see, e.g., Pham (1986) and Carrasco and
Chen (2002). Assumption 2(ii) from Shao (2011a) is a cumulant summability condition, and it
is implied directly from the GMC(4) condition as shown in Wu and Shao (2004). Particularly,
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the GMC(4) Condition is satisfied in many processes, such as GARCH models, all-pass ARMA 1z
models, bilinear models, to name a few. Assumption 3(i) from Escanciano (2006) guarantees

the weak convergence of 0,,. Assumption 3(ii) ensures that the inverse of 3 exists. According to
Theorem 1 in Francq and Zakoian (1998), we know that 90 = 0y under Hy. However, if H fails,

6o and 6, may be different.

Let&; = et(éo) and e; j = £;€4—j + 25, where 125
O(EEt—5) ] <y [01:(Bo)
2y = —E [89,3 oot [20)] )

We are now ready to give our first main result:
THEOREM 1. Assume that Assumptions 1-3 hold. Then, as n — o0,
$u(N) = B{Sa()} = SOV),
where “=-" stands for weak convergence in L2[0, 7| endowed with the norm metric,

n—1 n
Sn(A) = Z VA ()i (A) with 5(j) = n~t Z Et€t—j|»
j=1

t=1+]j]|

and S(\) is a Gaussian process in C[0, | with mean zero and covariance function

cov{S(\),S(\)} = ZZ Z COU(et,j,€t—d,k)¢j()\)1/’k(>\/)'

Jj=1k=1d=—00

COROLLARY 1. Assume that Assumptions 1-3 hold. Then, as n — o0,
(i) CM,, —4 / S%(\)dX\ under Hy; 10
0

(i) S =y S (B [ w00
j=1 0

Remark 1. When p = ¢ = 0, the Gaussian process S(\) is the same as the one in Theorem
2.1 of Shao (2011a). When some p or ¢ is nonzero, the Gaussian process S(A) depends on z;,
which is caused by the estimation effect. This phenomenon happens not only in our case but in 135
most of specification tests.

Remark 2. When ¢, follows a GARCH model, Ling (2007) showed that a finite fourth moment
of y; is necessary to prove the asymptotic normality of the LSE in ARMA-GARCH models. In
view of this, our moment assumption on y; is not restrictive.

Remark 3. Unlike Shao (2011a, b), we assume a mixing condition rather than a physical de- 14
pendence condition for ;. In fact, both of them are technical assumptions for proving the asymp-
totic normality theory.

Remark 4. Let po = qo = 2+ 2v/(4 + v)(< 4). Under Assumption 2(i), the Davydov’s in-
equality in Davydov (1968) implies that

lcov(ye, ye—i)| < O |yellpo [ Ye—r|lqo [y (k)] /P01 20
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6 K.ZHU AND W. K. LI
for any k > 0. Thus, it follows that

o0

> eov(y, ye—i)* < 0(1) Y [ay (k)] < o0,
k=0 k=0

So, we know that 322° ___[v(k)]* < oco. Similarly, we can show that 325° ___|y(k)| < oo, i.e.,
y¢ 1s a short memory process under Assumption 2(i).

In practice, since 6 is generally unknown, one may focus on the following alternative hypoth-
esis Hy, where

H; : y; does not admit a weak ARMA model with parameter 90.

Since at least one E/(&:£;—;) # 0 under H;, the test statistic CMn is consistent in detecting H
by Corollary 1(ii).
In the end, as in Shao (2011a), we consider a local alternative as follows:

Hun: folw) = 72(2) (1+ g\(/a%)>7

where w € [—m, 7], g is a symmetric and 2m-periodic function that satisfies ["_g(w)dw = 0.
Clearly, f, is a valid spectral density function, and under H1,,,

1O 7 g(w)ei¥dw if j #0
n(J) = m/n —n 9 J . 5
T (9) {7(0) 70 (5)

As in Escanciano (2006), we need one more assumption as follows:

Gn — (90H = Op(l) (i.e., 90 = éo)

Assumption 4. Under Hy,,,

COROLLARY 2. Assume that Assumptions 1-4 hold. Then, as n — oo,

2

- T ¥(0) [
CM,, —q S(\) + g(w)dw ¢ dX\ under Hy,,.
0 2mJo

Corollary 2 shows that CM,, has nontrivial power against the local alternative of order n1/2,

Since the kernel-based spectral test 73, in Hong (1996) and Shao (2011b) only has nontrivial
power against the local alternative of order (n/ m}z/ 2)_1/ 2 for some m,, > 0 such that logn =
o(my) and m,, = o(n'/?), CM,, is locally more powerful than T},.

3. BOOTSTRAPPED CRITICAL VALUES

Since the limiting distribution of CM,, depends on the unknown data generating process, we
use a block-wise random weighting (BRW) method to bootstrap its critical values. The detailed
steps are as follows:

1. Set a block size by, such that 1 < b, < n. Denote the blocks by Bs = {(s — 1)b, +

1,---,sby} for s=1,--- Ly, where L, = n/by, is assumed to be an integer for the conve-
nience of presentation.
2. Generate a sequence of positive i.i.d. random variables {¢1,--- , 0z, }, independent of the

data, from a common distribution W, where E(W) = 1 and var(W) = 1. Define the random
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weights wj = d,,ift € B, fort =1,--- ,n. Calculate 6}, via

. . 1< 1 @
0y, = argmin L;,(0), where Ly(0) = — > wied(0) = =Y I (0)
n n
t=1 t=1
3.Letéf =&(0)) fort =1,--- ,n,and

n—1
= > VA (i) (\) with 7 (5 Z Wi EE -
7=1

"
Define the bootstrapped process A, (\) = Si(A\) — Sp(\) — Zn(\), where

n—1

Zn(N) =) IZ — DA ¢ (). (6)

4. Computer the bootstrapped test statistic CM = Jo {An(X )} dA.
5. Repeat steps 2-4 J times and denote by CMn,a the empirical 100(1 — )% sample per-

centile of CMZ based on J bootstrapped values. Then we reject Hy at the significance level « if
CM, > CM,,

Particularly, when p = ¢ = 0, we set &, = £; = y; for all ¢ in step 2. We now offer some
remarks on the BRW method. First, the BRW is a natural extension of the RW method in Jin,
Ying, and Wei (2001). The RW method as a variant of the traditional wild bootstrap in Wu
(1986) has been widely used for statistical inference in regression based on the least absolute
deviation estimation; see, e.g., Chen, Ying, Zhang, and Zhao (2008) and Chen, Guo, Lin, and
Ying (2010). However, from the proofs in the Appendix, we find that when ¢; is non-MDS,
the original RW method (i.e., b, = 1) is no longer applicable. To capture the dependence of ¢,
beyond MDS, a block technique is necessary; see, e.g., Romano and Thombs (1996), Horowitz,
Lobato, Nankervis, and Savin (2006), and Shao (2011a). Second, Zn()\) in (6) is related to the
term E{S‘n(/\)} in Theorem 1, and it is a centering factor according to Shao (2011a).

Let d,, be any metric that metricizes weak convergence in L2 [0, 7], and £(&,,|x» ) be the distri-
bution of any random variable &,, given the sample x,, =: {y1,- - , yn}; see Politis and Romano
(1994). Denote by P*, E* and var* the probability, expectation and variance conditional on ,;
by 0,,(1)(O,(1)) a sequence of random variables converging to zero (bounded) in probability
conditional on Y,,. We now are ready to present our second main result:

THEOREM 2. Assume that (a) Assumptions 1-3 hold; (b) E|y;|5** < oo for some v > 0 and
limy, o0 k2[0ry (k)] ) = 0; (¢) bt = o(1) and by, = o(n*/3). Then, as n — oo,

(1) du [E{An(N) X}, L{S(A)}] = 0;

(ii) consequently,

M, —>d/ S%(\)d\ in probability.
0

Remark 5. When o, (k) decays exponentially, the condition for o, (k) in Theorem 2 is auto-
matically satisfied.

When p = ¢ = 0, the BRW method is the same as the wild bootstrap method in Shao (2011a).
Compared to the conditions in Shao (2011a), our conditions in Theorem 2 are stronger. This is a
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8 K.ZHU AND W. K. L1

price we pay for not assuming a stronger cumulant summability condition:

o0

z |$k||cum(y07y81“' 1ySK)‘ < 00, kzla 7K7 (7)

S1, ,SK=—00

for K =1,---,7. Note that (7) is implied by the GMC(8) condition of y; as shown in Wu and
Shao (2004). If (7) holds, following a similar proof in Shao (2011a, p.221-222), we can easily
show that Theorem 2 holds under some weaker conditions. We summarize it in the following
theorem:

THEOREM 3. Assume that (a) Assumptions 1-3 and (7) hold; (b) Eyf < oo (c) bt = o(1)
and (log n)b, = o(n). Then, the conclusions in Theorem 2 hold.

Remark 6. By a repetitive but even simple proof as in the Appendix, we can show that Theo-
rems 2-3 hold if b,, = 1 when ¢&; is an MDS.

Theorems 2-3 guarantee that when J is large, the test statistic CM,, along with its bootstrapped
critical values has the correct asymptotic levels, is consistent in detecting A, and has nontrivial
local power to detect Hy,, if Assumption 4 holds.

Finally, it is worth noting that Theorem 2 requires a stronger condition for b,, than Theorem
3. This demonstrates that if we allow for a more general structure of y;, we may suffer from
a smaller valid range of b,,. Hence, there is a tradeoff between the dependence structure of y;
and the theoretical valid range of b,,. Nevertheless, how to select the optimal b,, under certain
“criterion” is unknown up to now. This is a familiar problem with all blocking methods. The
heuristic work in Hall, Horowitz, and Jing (1995) and Plolitis, Romano, and Wolf (1999) may be
extended in this case, and we leave it for future study.

4. SIMULATION STUDIES

In this section, we examine the finite-sample performance of CM,, for several weak ARMA
models. As a comparison, we also consider the kernel-based test 7}, in Shao (2011b) (see also
Hong (1996)), where

n—1 .
oSt ()
> ()70,

with p(j) = 4(7)/7(0) being the residual autocorrelation at lag j, K (-) being the kernel func-
tion satisfying Assumption 2.1 in Shao (2011b), and m,, being the bandwidth such that logn =
o(my) and m,, = o(n'/?). Under Hy, Shao (2011b) showed that

nT, — mp,C(K)

2m, D(K)
where C(K) = [° K?(z)dx and D(K) = [;° K*(z)dz. So, we reject H at significance level
a,if T, > n~1 [ 2m, D(K)co + mnC(K)] , where c,, is the (1 — a)-th percentile of N (0, 1).
Next, we introduce our basic set-up. In all calculations, we generate 1000 replications of sam-
ple size n = 400 and 1000 from each specified model in Examples 1-3 below, and choose the sig-
nificance level a = 1%, 5% or 10%. For CM,,, we use 500 bootstrap samples in each replication

with block size b, = n'/%,2n1/5 \/n/2, \/n or 2y/n to obtain its corresponding critical value for
every aforementioned significance level .. These choices of set-up deliver b, = 3, 6, 10, 20, 40

—4q N(0,1) asn — oo,



Bootstrapped spectral test in weak ARMA models 9

forn = 400 and 3, 7, 15, 31, 63 for n = 1000. Here, J; is employed from the following Bernoulli
distribution:

_3-V5) _1+5 C3+V5) 0 140V5
P((St— B )— 2\/5 andP<5t— B )—1 2\/5,

although other choices like the standard exponential distribution are also suitable for d;. For T;,,
we use the Parzen kernel K (x) defined as

1 — 622 +6|z)®> for0 < |z| <1/2,
K(x) = ¢ 2(1 — [z])? for1/2 < |z| < 1,
0 otherwise.

In general, since there is no clear objective procedure for optimally choosing the bandwidth m,,,
we carry out the calculation for m,, = 2,--- ,20 when n = 400 and 2, - - - ;32 when n = 1000.
In most cases of m,,, we find that the sizes of 7}, are distorted (see Figure 1 below). Hence, only
the results in which the sizes are close to their nominal ones are reported.

Example 1. Consider the following weak ARMA(1,1) model:
Yt = Kyr—1 + 0851 + & and e = n7m_1, (®)

where 7; is a sequence of iid N(0,1) random variables, and x € {0.0,0.1,0.2,0.3, 0.4}. Clearly,
€ in (8) are uncorrelated but non-MDS. Next, we use CM,, and T,, to detect whether a weak
MA(1) model is adequate to fit the data sample generated from model (8). The empirical power
and sizes of both tests are reported in Table 1, and the sizes correspond to the cases that k = 0.0.

Example 2. Consider the following switching-regime Markov model (see, e.g., Hamilton
(1994)):

Yt = RYt—1 + e + (02 + O.3At)?’]t_1, (9)

where A is a sequence of Bernoulli random variables with P(A; = 0) = 1/3and P(A; = 1) =
2/3, n; is a sequence of iid N(0,1) random variables, and x € {0.0,0.05,0.1,0.15,0.2}. Here,
we assume that A; and 7, are independent. When x = 0.0, Francq and Zakoian (1998) showed
that model (9) admits a weak MA(1) representation: y; = €; + pe¢—1, where ¢, are uncorrelated
but non-MDS. Thus, we can use CM,, and 7,, to detect whether a weak MA(1) model is adequate
to fit the data sample generated from model (9). The empirical power and sizes of both tests are
reported in Table 2, and the sizes correspond to the cases that k = 0.0.

Example 3. Consider the following bilinear model (see, e.g., Granger and Andersen (1978)
and Pham (1986)):

Yyr = knp—1 + e + 0.2y, 112, (10)

where 7 is a sequence of iid N(0,1) random variables, and x € {0.0,0.05,0.1,0.15, 0.2}. When
x = 0.0, Francq and Zakoian (1998) showed that model (10) admits a weak MA(3) representa-
tion: y; = ¢ + @es—3, where €; are uncorrelated but non-MDS. Thus, we can use CM,, and T},
to detect whether a weak MA(3) model is adequate to fit the data sample generated from model
(10). The empirical power and sizes of both tests are reported in Table 3, and the sizes correspond
to the cases that k = 0.0.

From Tables 1-3, we find that the sizes of CMn are close to their nominal ones when by, 1s smaller
(e.g.,bp = n/5 or 2n'/%). When b,, gets large, CM,, tends to be oversized in general, but the size
distortion becomes weaker as n increases. This finding is consistent to the one in Shao (2011a).
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Fig. 1. The solid (or dashed) lines from top to bottom are the sizes of 73, (or CM,,) at the significance level o =
10%, 5% and 1% in model (8) with x = 0.0, based on different values of m., (or b,).

For T,,, we find that its size performance is very sensitive to the choice of m,, in model (8).
A visual understanding of this phenomenon can be obtained in Figure 1, where we plot all the
empirical sizes of T}, for different choices of m,,. As a comparison, the empirical sizes of CM,,
for different choices of b,, are also plotted in Figure 1. It is clear that when m,, is larger, the sizes
of T, are seriously distorted at each significance level «, and when m,, is small, 7}, tends to be
seriously undersized at significance levels & = 5% and 10%. This drawback of 7, is unchanged
even when n becomes larger. By using other kernels (e.g., the Bartlett kernel and the quadratic
spectral kernel), the similar result holds for 7;,, and hence they are not reported. Compared to 75,,
the sizes of CM,, are much more robust at each significance level especially when b,, is small.
Furthermore, it is worth noting that unlike model (8), 7}, is always undersized for different
choices of m,, in models (9)-(10). This problem becomes extremely serious when m,, is small.
However, like model (8), the size performance of CMn is much more robust in those cases. More
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Table 1. Empirical sizes and power (x100) for CM,, and T}, in model (8).

x=0.0 k=0.1 kK =0.2 k=0.3 k=04
Tests n bn(mn) 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
CM,, 400 3 1.3 6.8 12.5 3.9 14.1 26.0 22.0 49.0 64.4 54.9 80.2 89.1 80.1 93.7 96.8
6 1.1 55 11.5 3.3 14.0 26.5 19.9 44.1 59.7 50.2 77.8 87.3 73.2 91.2 95.5
10 1.6 55 109 42 153 27.1 22.0 47.3 60.7 49.6 75.6 87.1 68.6 88.0 95.6
20 1.3 6.6 133 54 17.1 26.2 21.8 46.8 59.7 47.9 72.4 82.7 64.9 85.7 93.7
40 32 7.8 13.3 8.4 16.8 25.0 25.1 44.3 56.4 48.5 68.4 80.1 63.8 80.5 89.9
T 3 1.4 20 3.8 89 129 16.6 374 46.5 52.1 80.2 86.0 89.3 97.1 98.3 98.6
4 3.1 6.6 8.2 15.5 20.7 24.6 53.8 61.4 65.8 88.4 91.2 92.9 98.1 99.0 99.5
CM,, 1000 3 1.2 5.1 11.6 13.2 35.6 48.1 63.8 82.7 88.8 94.4 98.4 99.2 99.1 99.8 99.9
7 1.0 43 9.3 13.9 31.9 46.0 60.1 82.1 89.6 93.5 97.8 99.2 98.9 99.8 99.9
15 1.2 53 11.8 13.8 33.4 44.8 62.6 82.7 90.5 91.5 97.8 99.0 97.9 99.7 99.8
31 0.9 6.2 12.5 13.2 343 47.9 62.9 83.9 91.1 90.2 98.7 99.7 94.6 99.2 99.8
63 2.1 63 11.7 17.1 31.6 46.2 65.7 82.3 88.4 86.5 95.8 97.9 88.5 96.6 99.0
T 3 29 49 6.2 21.5 30.2 35.5 79.3 84.1 86.7 98.9 99.5 99.7 100 100 100
4 54 82 11.1 33.0 41.2 46.2 87.3 91.2 92.6 99.9 100 100 100 100 100

Table 2. Empirical sizes and power (x100) for CMn and T, in model (9).

xk=0.0 x=0.05 x=0.1 k= 0.15 k=0.2
Tests n bp(mn) 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
CM,, 400 3 1.1 54 104 1.9 8.1 139 42 142 224 12.7 32.7 44.1 29.5 53.8 65.6
6 1.7 57 124 20 7.3 144 3.7 13.5 22.2 14.8 32.5 45.5 31.6 55.2 67.9
10 1.7 69 11.8 2.0 7.6 13.6 4.8 13.7 21.5 15.0 32.0 43.4 31.8 55.4 66.8
20 24 7.1 12.1 3.1 9.0 152 6.7 14.8 23.9 16.9 32.3 43.4 33.9 53.3 65.3
40 3.6 7.8 13.0 4.6 10.6 18.6 9.8 19.1 28.9 21.9 36.9 47.7 40.0 57.6 69.5
Tn 19 0719 3304 24 37 14 36 6.1 63113 163 19.8 28.7 35.5
20 09 21 3408 23 44 22 48 83 7.2 137 17.6 16.7 28.0 34.7
CM,, 1000 3 0.9 58 10.8 2.7 9.5 17.3 152 33.4 449 39.6 63.1 75.2 79.7 91.6 94.9
7 1.6 5.1 10.5 4.6 10.9 17.5 14.5 29.8 42.1 40.9 63.6 75.1 79.2 91.3 95.7
15 1.3 47 10.1 39 11.2 184 14.7 32.5 44.3 43.8 65.7 74.8 79.2 90.8 95.1
31 1.7 6.1 10.6 42 11.4 17.3 16.5 339 45.1 47.4 69.4 79.5 79.1 90.5 94.7
63 3.7 89 13.6 4.0 11.5 18.6 20.3 36.1 46.7 48.5 67.1 75.4 81.4 91.9 95.5
Tn 21 09 24 4019 40 6.5 7.7 12.7 17.2 244 37.0 445 61.7 74.8 79.6
22 1.1 25 49 1.6 39 57 6.0 11.3 154 24.2 359 44.7 60.6 73.8 80.6

11

visual figures in this context, including the use of other kernels, are available from the authors on
request. Overall, we know that the sizes of CM,, are precise especially when b,, is small, while
the sizes of T}, could be seriously undersized or oversized in most cases of m,,. It means that
the performance of 7), is heavily relied on whether we can obtain an optimal m,, but this is
not the case for CM,,. Considering the difficulty of selecting the optimal bandwidth in most of 27
nonparametric methods for practitioners, CM,, has a size advantage over 7, in this direction.
Next, we consider the power performances for CM,, and T},, and the conclusion is generally
as expected. First, all the powers become large as n increases. Second, CM,, is generally more
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Table 3. Empirical sizes and power (x100) for CMn and T, in model (10).

k=0.0 k= 0.05 xk=0.1 k =0.15 k=0.2
Tests n bp(mn) 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10% 1% 5% 10%
CM,, 400 3 1.0 44 9.1 57 172 25.1 20.6 43.4 53.9 51.9 77.5 85.0 83.9 94.4 97.1
6 24 79 127 49 156 24.0 21.8 43.3 55.3 53.8 76.3 83.5 82.5 95.2 97.9
10 14 58 10.6 56 163 25.8 21.5 43.6 55.2 52.1 76.2 84.3 82.9 94.3 96.9
20 29 8.6 159 5.2 14.0 22.6 26.4 46.6 57.5 58.7 78.9 86.7 82.2 93.7 97.1
40 3.6 104 167 9.4 18.3 259 26.9 449 57.7 61.0 76.4 86.2 85.8 95.1 97.9
Tn 16 32 59 49 7.7 10.7 19.6 30.0 35.8 48.2 61.9 68.0 76.2 85.5 89.2
17 1.1 35 52 3.0 79 10.7 19.1 28.5 33.3 46.2 58.7 65.1 75.8 84.6 88.7
CM,, 1000 3 1.0 5.0 8.9 12.8 30.1 41.4 60.9 81.3 88.1 94.6 99.4 99.7 100 100 100
7 0.8 5.5 10.9 13.2 31.7 44.2 58.5 80.6 88.0 94.7 98.5 99.3 100 100 100
15 1.2 6.7 12.0 14.3 29.4 39.2 61.5 81.5 88.7 95.2 98.9 99.5 99.8 100 100
31 23 7.3 11.8 15.1 30.5 42.6 62.2 81.7 89.2 94.8 98.6 99.6 99.7 99.9 99.9
63 33 8.2 13.3 20.1 349 45.1 63.7 81.9 89.6 94.7 98.1 99.3 99.7 100 100
Tn 29 14 45 62 7.7 142 19.3 42.1 54.5 63.5 88.9 93.1 95.2 99.2 99.6 99.7
30 1.5 42 6.9 84 15.1 19.8 43.7 57.1 64.9 87.6 93.0 95.3 99.2 99.7 99.8

powerful than 7, for all examined alternatives in models (9)-(10), while 7;, has a power ad-
vantage over CM,, for all examined alternatives in model (8), except the cases that m,, = 3 and
x = 0.1. Thus, the performances of CM,, and T}, in finite sample are competitive in terms of
power. Overall, although CM,, does not have a consistent power advantage over 1, it is reason-
able to recommend CM,, in practice since it has a very robust size performance especially when
the block size is small.

5. APPLICATION TO S&P 500 STOCK INDEX

In this section, we revisit the real example on S&P 500 stock index in Escanciano and Velasco
(2006). We consider two sample periods for the S&P 500 stock index. The first period is from
3 January 1994 until 31 December 1997 with a total of 1011 observations. The second period
is from 2 January 1998 until 28 August 2002 with a total of 1170 observations. Denote the log-
return of both series (after mean-adjusted) by y1; and yo;, respectively. The generalized spectral
tests in Escanciano and Velasco (2006, p.172) indicate that g4 is non-MDS at the significance
level o = 5%, while y9; is non-MDS at the significance level & = 10%. Thus, we are of interest
to test whether 1, or yo; is a weak white noise (i.e., an uncorrelated sequence) by using CM,,. As
in Section 4, we choose b, = n'/%,2n'/% \/n/2, \/n or 2¢/n, and it delivers b,, = 3,7, 15, 31 for
y1¢ and 4, 8, 16, 32 for yo;. The corresponding results for CM,, are listed in Table 4, from which
we can not reject the hypothesis that yq; or yo; is a weak white noise at the 5% significance level,
and this conclusion is unchanged for all choices of b,,. Thus, a weak but non-MDS processes
should be suitable to fit y1¢ or Y.

Next, we use CM,, to check whether a weak MA(3) model defined as y; = &4 + pe;—3 for
|| < 1, is adequate to fit y1; or yo;. Based on LS estimation, the fitted weak MA(3) models for
Y1+ and g9 are as follows:

(1)
(12)

Y1t = €1¢ — 0.0482¢1;_3,
yor = €9¢ — 0.0423e9;_3,
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Table 4. p-values of CM,, for testing the adequacy of a weak white noise on two S&P 500 stock

indexes

bn

Series nt/® oS /mj2  m 2yn
y1:  p-value’ 0.6900 0.6537 0.5050 0.6257 0.5637

y2¢  p-value 0.5110 0.5180 0.4017 0.4157 0.2783

t p-values bootstrapped by the BRW method with J = 3000.

where the estimated values of 031 =6.2x 1075 and 0522 = 1.8 x 10~%. The p-values of CM,,
in Table 5 indicate that models (11)-(12) are adequate at the 5% significance level, while the p-
values of the Ljung-Box test statistics (M) and Li-Mak test statistics Q?(M ) in Table 6 imply
that models (11)-(12) are not strong at the same significance level. Note that a Bilinear model
like (10) with x = 0 has a weak MA(3) representation. Thus, it motivates us to fit 1, or y2; by
the following Bilinear-GARCH model:

yt - nt + uyt—lnt—27 (13)
ne = Vhiy and hy = w + an? | + Bhi_1,

where |u| < 1, w > 0, o, 5 > 0 and 4 is an iid re-scaled error sequence. For each series, model
(13) is estimated by using the QMLE method (see, e.g, Ling (2007) and Francq and Zakoian
(2010)). The related results are summarized in Table 7, from which we know that model (13) is
adequate to fit yo;, while a marginal autocorrelation up to lag 6 is detected in the fitted conditional
mean model for y1,. Based on this, we re-fit y;; by another Bilinear-GARCH model:

Y¢ = UNg—1 + N + UYr—1Mt—2, (14)
ne = Vhiy and hy = w + an? | + Bhi_1,

where |v| < 1,|u] <1, w >0, a, 8 > 0 and 14 is an iid re-scaled error sequence. The related
results for the fitted model (14) are given in Table 7, from which we know that model (14) is
adequate in fitting y+.

Table 5. p-values of CM,, for testing the adequacy of a weak MA(3) model on two S&P 500 stock
indexes

bn

Series nt/® o5 /mj2  n 2yn
yi:  p-value’ 0.9087 0.8923 0.8637 0.9707 0.9627

yot  p-value 0.8420 0.8630 0.6720 0.5560 0.4940

t p-values bootstrapped by the BRW method with J = 3000.
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Table 6. p-values of Q(M) and Q*>(M) for testing the adequacy of a strong MA(3) model on
two S&P 500 stock indexes

Series Q6) Q(12) Q(24) Q*(6) Q*(12) Q*(24)

y1¢  p-value 0.3453 0.0106 0.0588 0.0000 0.0000 0.0000

y2¢  p-value 0.2756 0.1774 0.2689 0.0000 0.0000 0.0000

Table 7. QMLE-fitted model and its corresponding portmanteau tests on two S&P 500 stock
indexes

QMLE

Series v Un Wn, an Bn o Q(6) Q(24) Q*(6) Q*(24)"
Model (13) yi: — — — 0.9961 0.0000 0.1045 0.8686 0.9984 0.0461 0.2591 0.9517 0.9945
y2r — — — 0.8004 0.0000 0.1129 0.8213 0.9984 0.4106 0.3525 0.2549 0.6193

Model (14) yi¢ 0.0703 0.8001 0.0000 0.1083 0.8650 0.9971 0.4310 0.6353 0.9614 0.9951

t p-values for the Ljung-Box test statistics Q (6) and Q(24), and the Li-Mak test statistics Q2 (6) and Q2 (24).

6. CONCLUDING REMARKS

In this paper, we study the asymptotic property of a CM-type spectral test statistic CM,, for
checking the adequacy of an ARMA model with uncorrelated errors. By releasing the martingale
difference assumption on the error terms, CM,, is applicable to a large class of uncorrelated
nonlinear processes. Since we do not specify the form of error terms, the limiting distribution
of CM,, is not pivotal, and so a BRW method is necessary to bootstrap the critical values of
CM,,. Simulation studies show that the size and power performances of CM,, are robust to the
selection of block size b,, in BRW method especially when the sample size is large, while the size
of kernel-based test 7}, in Shao (2011b) is always sensitive to the choice of the bandwidth m,,.
In addition, CM,, has a power advantage over 7;, under most of the examined alternatives. By
revisiting two S&P 500 stock index series in Escanciano and Velasco (2006), CM,, suggests that
the Bilinear-GARCH models are adequate to fit both series. This empirical example illustrates
that although some economic or financial series is not a martingale difference sequence, it is
still very likely to be an uncorrelated sequence. Our test statistic CM,, now gives us a way to
check for the adequacy of ARMA models driven by an uncorrelated error sequence. Moreover,
once a weak ARMA model is found to be adequate in fitting the given series, some non-linear
processes with a weak ARMA representation may also be considered to fit this series adequately.
This point of view should be important for practitioners.
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APPENDIX: PROOFS
Denote by Wi (j) = [y h A)dA for any h € Lo[0,]; by P; = [ 3(N)dX for j € N3by C a
positive genenc constant Wthh may vary from place to place. Note that P; < C7j 2 uniformly in j € N,
and fo (AN (A)dA = 0 when j # k and j, k € N. In order to prove Theorem 1, we rewrite

Snm:[W) $aN)] +8a)

— Sa)] + [ 2N = Sa(N)] + 8N
= I1a(\) + Tan(A) + S () say. (Al)
where §,(\) = 277! V()5 (A) with 5(

need the following four lemmas:

j) = —1Zt 1+|J|5t5t ;j| and & = &¢(6,). Then, we

LEMMA Al. Suppose that Assumptions 1-2 hold. Then,

(M = op(1).
Proof. By a direct calculation, we have
2

EHlln ||2 ZE Z btj(en) P,

t=1+j

where b;;(0) = ,(0)ei—;(0) — ,(0)é,—;(0). By Minkowski inequality, it follows that

B|[Tin(A ;Z ( > {r bm—wn)ﬁ}w) P,

t=1+j

1=t n oy 1/2\ 2
QE: > {E[%?@N®” } P;. (A2)

t=1+j

By Lemmas A.1 and A.4 in Ling (2007), we know that there exists a constant p € (0, 1) such that
sup [|be; (9)| < sup [ [e4(0) = £u(O)] e (O] + sup [[26(6) [0 (0) — &5 (O)]

O(Pt)£p0£pt*j + O(Pt_j)fpofpt»

where £,y =1+ 72 p'|y—s|- Note that E|,|* < co by Assumption 2. Thus, from (A2), by Holder
inequality, we can show that

2
n—1 j /
ElL. (V|2 < %Z ( Z {0 2t) E €08 pt— ]] +O(l)2(tfj))E[£pO£pt}2}l 2) P;

t=1+7

I A

L Z ( > {0 (Bleal Blew-i1*) "

t=1+7

1/2\ 2
+0(20) (E [§p0]4E[£pt}4)1/2} / ) P,

2

<IN [ 3 0w oy ) B
=1 \t=1+j
=0,

which implies that || I1,,(\)[|? = 0,(1). O

340

345

350

355

360
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LEMMA A2. Suppose that Assumptions 1-3 hold. Then,

i) & |20 ~o
(i4) VB — o) = Oy (1) with \/i(6, — fp) = 3! % PO 4 o0p1)

365
Proof. (i) By Assumption 1, it is not hard to show that

1 Xn: lazt mgff)] H = 0,(1), (A3)

t

Z 0*L(0)  9*1,(0)
aaaa/ 0000’

=1

sup

bup

H = 0,(1). (A4)

Then, since 8[,5(0”) /00 = 0, by Taylor’s expansion and (A3)-(A4), we have

370 0 — é = — l - azit (571,) ) alt(ao)
no e n 9000’ né= 80
t=1 t=1
-1 y
1= %(€n) 1 = 9l (6o)
=_|= = 1 A5
[n o606 | |n2on | T (A9)
t=1 t=1
where &, lies between 6,, and by. By Lemma A.1 in Ling (2007), we know that

9%1,(0)
9000"

Esup < CEfit_l < 00
e

for some p € (0, 1), where the last inequality follows from Assumption 2. Thus, by Theorem 3.1 in Ling
and McAeer (2003), we have

" Pl (6n) _ {a%(én)

2000’ 000" ] Foplh) =240 (1), (A0)

a5 where the last equality holds by the dominated convergence theorem and the fact that §,, —, g asn — oo
by Assumption 3. By (AS5)-(A6) and the ergodic theorem, it follows that

. |1 & 01(6o)
G = x| 2N Zelbo)
0, — 0y = -3 l” 5

t=1

+o,(1)=-X'E |:8lt8(090):| +0p(1).

Since 6,, — 6y = 0p(1) by Assumption 3, it implies that (i) holds.
(i1) By (A3)-(AS), it is not hard to see that

] 12| T 1 & a0
380 \/ﬁ(en—e)z—[ ; ‘| [ ‘| (1.
’ n <= 9600 fz )

Note that dl,(6) /060 = 2&,(0&, /06). Thus, by Assumptions 1 and 2(i), Lemmas 3-4 in Francq and
Zakoian (1998) implies that n=1/2 3" | 9l,(6y) /90 = O,(1). By (A6), it follows that (ii) holds. O

LEMMA A3. Suppose that Assumptions 1-3 hold. Then,

120 (X) = Wa (N0 = 00)]1* = 0p(1),
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where

W)= 5 8 [ 2] )

Proof. By Taylor’s expansion, we have &; — & = (0e(£,)/60") (6, — Bp), where &, lies between 6,,
and 6. Then, it follows that

=347 2 [ Faeas a2t o) A, ol

Pl R
which entails
Tn(N) = {15 (0, €, 00) + 1) (0, 60) + 15 () } V(0 — o)), (AT)
where
n—1 n .
1) (N, 01, 62) = 2 % Z [ Et j(02) — E(gzét—j)} ¥i(A) ¢
n—1

12 (M, 0)

(]

1 2 aEt 91) vaét—'
L5 () o)

t=1+j

{252 () (5 o)

We first consider /. é,lL) (A, &n, 0). By a direct calculation, we have

3 .
[
=

(N

<.
Il

n—1
B (X &, 00)]2 = D (Bc,) Py, (A8)
j=1

where

1~ [0e4(&n) 0 _
Cnj = ﬁ Z |: 59/ Et_j(an) - F (aefé‘t_j)] .

t=1+j

Note that by Assumption 1 and Lemma A.1 in Ling (2007), we have

e(6)
00

Sgp|5t(e>| < &y and SUup < C&pt—1

for some p € (0,1). Thus, as for (A6), by Assumptions 2 and 3(i), we can show that uniformly in j €
{1,---,n—1}, Ecij = 0(1). Thus, since 2;11 P; < oo, by (AB), it is straightforward to see that

n—1
EILS) (M€, 00)] = > 0(Py) = 0(1),
j=1

which implies that || IS (X, €., 6,)]|2 = 0,(1). Similarly, [|I$2 (A, £,)[|2 = o, (1).

Next, we consider 12(”) (A). By a direct calculation and the fact P; = O(j~2), we have

n—1 .9 - ~ 2
J 0¢y | .08 _
et it =5 2[5 () 5 («%55) o
=1

Now, the conclusion follows from (A7) and Lemma A2(ii). O
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LEMMA A4. Suppose that Assumptions 1-3 hold. Then,
2

n—1 7
> (22) )| =00,
j=1 t=1

where z; is defined as in (4).

Proof. First, by Lemma A2(i), we have Ez;; = 0. Then, as for (A6), by Assumptions 1-2, it is not hard
to show that

. 2
1J
E _Zzt]—] — 0 as j — oo.
)=
Thus, Ve > 0, there exists a ng(e) such that when j > ng,
j 2
3] <
- Ztj e.
J =

Next, by a direct calculation, for n > max(ng + 1, [ ]), we have

E

2
n—1

E|> <\/IE;%> ¥;(A)

Jj=1

Thus, it follows that conclusion holds. O

PROOF OF THEOREM 1. By (A1) and Lemmas Al, A3 and A4, it suffices to show that S,,(\) —
E{S,(\)} = S()\) as n — oo, where S,,(\) = Z?;ll VRA(G)w;(A) with A, (A) =n~! D1yl €t
Here, we have used the fact that £{S,,(\)} = F{S,,(\)} by Lemma A.2(i). For each fixed integer K €
{1,--+ ,n — 1}, we rewrite

K n—1
Su(N) =D VAN + Y VA (A) = S + R,
j=1

j=K+1

Then, as in Shao (2011), the conclusion holds from the following thre_e claims: B
(a). For any h € Ly[0, 7], the finite dimensional distributions of (SX — E(SK) h) converge to those
of (SE(X), h), where S () is a Gaussian process with zero mean and asymptotic projected variances

K K e’}

on e =var[(S W] =D " cov(er, ermar) W (5)Wa (k).

j=1k=1d=—oc0

(b). The sequence {SX ()\)} is tight.
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(¢). For Ve > 0, limg 00 limy, 00 P (|[RE (N) — E{RE(N)}|| > ) = 0. QED.

PROOF OF CLAIM (a). By a direct calculation, we can show that

_ _ 1 &
(S =B = =3 ) {ery = Bleey)}Wa(s)

j=1t=j+1

1 K+1t—1

=— > > fer; — Eler;)}Wi(j)

iz o

1 n K
+—= {er; — Eler ) }Wa(j4), (A9)
Vi 2 2l

where the first summand above is 0, (1) since K is finite. Rewrite
K 92 !
Fomr S e W) = Vs x (58 WD), - 2 1), 2 o
= 1/K+1 X Vg, (A10) 430

where 1g, 1 = (1,---,1) € RE+FD* and s = —2 ZK E[0(¢1€,—;)/00") Wi, (j). By the finiteness
of Wy (j) and x and the same argument as in Francq, Roy, and Zakoian (2005, page 243), we have

% Z (ve — Evt)—>dN<0 varl\lf Z vt]> as n — 0o.

t=K+2 t=K+2

Hence, it follows that for the second summand, n='/23"1" (Y, — EY;) —q N(0,1) as n — o0,
where

. 1 =
I = lim var ( Z Y})
e \/ﬁt K42

n

1 K K
L% 9091 (5 D o) AR

j=1k=1 \t=K+2t/=K+2
1 K K n—K-2 n+min(0,d)
= Jim —> > S covlengsear) | Wi(i)Wi(k)
j=1k=1 \d=K+2—nt=K+2+max(0,d)
K K n—K—2
. n—K—2-—|d| .
S Y ( <>) Wi
j=1k=1 \d=K+2—n
= 0,2171{, (A11)
Thus, it follows that claim (a) holds. Q.E.D.
PROOF OF CLAIM (b). First, as for (A9), we have 440

SK E( SK IZ Z {er; — Elerj)15(N)

j=1t=5+1
K+1t—1

\F S Hers — Blewy) (A Z G (A12)

t=2 j=1 tK+2
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where the first term in (A12) is tight since each summand is tight, and

GtK—Z{etJ (et,5) 110 (A).

Next, we use Theorem 2.1 in Politis and Romano (1994) to prove the tightness of the second term in
(A12). Note that G¥ is independent to n. We only need to verify that

(i) BIGE|* < oo

(79) lim Z E [(GR .2, G)] Z E (G2, G{)] < 0o, and the last series

n— o0
t=K+2 t=K+2

converges absolutely;
(797) lim wvar [(S‘ff - E(S‘f),hﬂ — 07 k.
n—oo ’

The proof of (i) is trivial, and the proof of (iii) is directly from the one as for (A11). We now consider the
proof of (ii). Note that

e oo K
Z |E [(GIIngQ,GtK)H = Z Zcov(etme;@rg,j)Pj . (A13)
t=K+2 t=K+2 |j=1

Using the same argument as for Lemma 3 in Francq and Zakoian (1998), it is not hard to show that for
each j € {1,---, K}, there exists a p € (0, 1) such that

v/(2+v)
-K-2
leov(er,j, exta)| < C {p't‘“'/ + [ay QMJ )} } : (Al4)

By (A13)-(A14), it follows that

S K 0 |S| v/(2+v)

Y E[(GEGE)]| <C ij Sy [ay QJ)} < 00,

t=K+2 Jj=1 s=0
which implies that (ii) holds. This completes the proof of claim (b). Q.E.D.
PROOF OF CLAIM (c). First, by a direct calculation, we have
E||RE(\) — E{REO)Y? = Z Z cov(er j,er j)P;. (A15)
] =K+1tt'=j+1

Since e;; = €.£,—; + 2, there are four terms in cov(e j, ey ;). For simplicity, we only prove the

conclusion for the term cov(zj, zy;), since the proofs for other terms are similar. Note that for any
m € {1,---,p+ q}, the m-th entry of z;; satisfies that

et (o) —
Rtjm = O(1)é: g( [Z CilYt— 11 [Z Ck,mytk:‘| ) (Al6)
k=0
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where ¢; = O(p?) and ¢; ,, = O(p?) for some p € (0,1). Then, for any (m,m’) € {1,--- ,p + q}?, we
have

3\>—‘

n—1 n
g E cov(2tj,ms 2t/ j,m?’)
j=K+

1t t’:j+1
S (

S|

) Z Z > eickm i | [cov(ys—ite—k, yo—irgr 1) | P

J=K+1tt'=j+14,k,3" k'>0

n—1 n
1
<O(M) > leithmcicraw] Y > leov(yoyi—k, Yr—tri-iY—eriw)| p P
i,k,i’ k' >0 j=K+1 " t,t'=j+1

Furthermore, by Assumption 2, we can show that for any 4, k, ', k', j,

1 n
Z |cov(YoYi—k, Yer—t+i—ir Yt/ —t+i—k')|
tt'=j+1

1 n
Sﬁ Z {leum(yo, Yiek, Yt/ —t+i—its Yo' —t4i—k' )|

£t =j+1
oyt —t+i— )y —t+ k=K + |y —t+i =Ky —t+k—i)|}
n—1—j
n—1 —|d
< Z % {leum(yo, Yi—r: Ya+i—it, Yati—k')|
d=—(n—1-j)
+Hy(d+i—d)y(d+k—K)| +|y(d+i—K)y(d+k—1i)|}
S Z |Cum(y07y€1’y927y33 | + 2 Z < Q.
51,82,83=—00 $§=—00
Thus, it follows that
1 n—1 n
- S Y cov(zim, zvim) < O(1 Z P; = 0as K — oo. (A17)
j=K+1t,t =5+1 J=K+1

By (A15) and (A17), we know that limg . lim,, o E||RE()\) — E{RE()\)}||? = 0. Now, claim (c)
follows directly from Chebyshev’s inequality. Q.E.D.

PROOF OF COROLLARY 1. Under Hy, we have 6y = 6, which implies that £{S,,(\)} = 0. Thus, (i)
follows directly from continuous mapping theorem. For (ii), since n=/25,,(A) — E {n~=1/25,,(A\)} = 0
in L5 [0, ] by Theorem 1, it follows that

B [ [0 e [ (e [ERYY - e

as n — oo, i.e., (ii) holds. Q.E.D.

PROOF OF COROLLARY 2. Rewrite

)
= [Sa) = E{Su(}] + B {50} + [Sa(0) = Su(N)] . (A18)
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On one hand, by Assumptions 1-3, from the proof of Theorem 1, we have
Sn(A) = E{S,(\)} = S(\) and E[S,(A) = Sp(\)||> = 0 asn — occ.
On the other hand, since 90 = 6y by Assumption 4, we can show that under H,,

a0 E{S,(N)} =E{S.(\)}

=B | VG

= > VA
n—1 A
— L;)_) 2 [ (w)ewwdw] Pi(A) — 72(7?)/0 (w)dw

(A19)

(A20)

as n — 0o, where 7, () is defined as in (5). Now, the conclusion holds from (A18)-(A20) and continuous

s95  mapping theorem.

Next, in order to prove Theorem 2, we need three more lemmas:

LEMMA AS. Assume that Assumptions 1-3 hold and b;;* = o(1). Then, (i) |0 — 6o = 0y (1);

(ii) /0 (05, — 60) = Oz (1), where /u(0;, — ) = —%~ [n*1/2 S wp ‘9“%)] +05(1).
500 Proof. As for (AS), by Assumptions 1-2, we can show that

-1 o«
P PRy I PR NV/A )
9n‘90—‘[n e | |nzae | T

t=1

J— l i wk aQZt(gn)
n L9006

+ 0p(1)

3=

n o0 00

t=1 t=1

=: —[510)" " [S2n + S30] + 0p(1),

Q.E.D.

where &, lies between 6, and 0. First, by Lemma A.4 in Ling (2007) and the ergodic theorem, it is

straightforward to see that

n

1
:—E su
i 0

which entails s1, = O, (1). Next, by a direct calculation and the stationarity of I;(¢), we have

821,(0)

E*|ls1all < ~ ZE* w;) sup 5000

t 1

= OP(]'))

921,(6)
9006’

. . o
) 1 Ln Al (0o) ALy (Bo)
505 E{E" [son55,]} = n2 Z E Z 00 o0’
s=1 t,t’€Bs
B Z Z 8lt(00)]
2 [r tEBs 89

b Lo, [ 1 & azt(éo)]
= var .
n?2 Vo, = 00

(A21)
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Note that b, ! = o(1). By Lemma 3 in Francq and Zakoian (1998), we know that

. ol (6 .
nh_}rr;ovar [\/»Z 20 ] exists.

Thus, by (A21), it follows that E {E* [sy,sh,,]} = O(n~'), which implies s3,, = O};(n~'/2). Note that
S3n, = 0p(1) by the ergodic theorem and Lemma A2(i). Thus, it follows that (i) holds.
* ) a2l (fn)
Va0 — o) = — | =

For (ii), as for (A5), we have
-1 g
1 = 0l (6o)
— 1
n 2« 600" [\/ﬁ 20 | "W

= —[s1a] " [VnS20 + V530 + 0p(1). (A22)

By (i), it is not hard to show that

;(wt ~D5gag — () and ﬁtzl oo~ -+ on(b):

S|

Then, it follows that 51, = X + 05 (1). Note that \/nsa,, = O, (1) and \/ns3, = Op(1) by Lemma A2(ii).
Thus, by (A22), we know that (ii) holds. O

~ LEMMA A6. Assume that Assumptions I1-3 hold, bl = o(1), and byn' = o(1). Then, E*||Zn (v) -
Zn(M? = 0p(1), where

Zn(v) = — (wi — 1) E (&—5) | ¥5(N)
j; \/Et 147 ' Y ’
Proof. Note that
E*Zn(y) = Za(W)II? < 2E*)| Zn(Y) = Za(DI? + 2E* (| Zn(y) — Zn(9)|1%, (A23)
where
n—1 n x B
Zu) =3 | = 3 WD D g, 00
j=1 nt:l 7 n

By a direct calculation, we have

E*\Z0(v) = Zn(N|I? =

j=1 s=1 | teBsN[1+j,n]
n—1
L, b?
< = dij} b
="
by, 2
= Wn (Vndy;)” P;, (A24)

510

515

520

525

530
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where d,,; = n~! Z?,:Hj [Evév—j — E (£v€p_;)]. By Lemma A.4 in Ling (2007), it is straightforward
to see that
t=1+j
s35 Next, by Taylor’s expansion, we have
0(&€i—5)
oo’

(00 =0+ 0, 0oy [3ZED O o, — o)

Et€t—j = Evtét,j +

where &, lies between 0,, and 0. Note that Vn(b, — ég) = O, (1) by Lemma A2(ii). Thus, by (A25) it
follows that forall j € {1,--- ,n — 1},

t=1+j
1 & 0 ,) .
540 T t;j T,j[\/ﬁ(en — 00)] + 0p(1)
1 n
v t;j (81— — B (&81—)] + Op(1). (A26)
As for (A17), we can show that forall j € {1,--- ;n — 1},
2
1 n
f Z afij — B(&fy)]p = - > cov (84— j, Evén_j) = O(1).
t=1+j tit'=1+j

Thus, by (A26), we know that \/nd,,; = O,(1). Since b,n~! = o(1) and Z;il P; < o0, by (A24), it
s5  entails that

E* |\ Za(v) = Zn(NI* = Z Op ( (1)- (A27)

Next, since b,n~! = o(1), it is straightforward to see that

2
n—1 . n
x || r7 4 * J * < x
EZn(7) = Zu(I? = E* ||> ETE] D (wi = DE (&) | %)
j=1 t=1+j
2
n—1 j2 n
=D E > (wi —DE@E&-,)| P
j=1 t=1+j
2
n—1 j2 L,
550 = 3 Z E (étét_j) P;
j=1 s=1 |teB;N[1+4,n]
n—1 .9
< #Lnbipj
=1
=0 (byn™") =o(1). (A28)

Now, the conclusion follows directly from (A23) and (A27)-(A28). O
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LEMMA A7. Suppose that Assumptions 1-3 hold, b,;* = o(1), and (logn)b,n~' = o(1). Then,

> Un

2

2SI SRR T e

where Z,; is defined in the same way as z,; in (4) with it(éo) replacing 1;(6p).

Proof. By a direct calculation, we have

n—1 n—1 7
* 1 * ~ 1 * * ~
£ |52 [ 3ot s woy| =32k (i - va) 1
j=1 t=1 j=1 t=1
1 L 2
n—
1 & -
= E 2tj P]

2 2
L, n—1 Ly,

3\*—'

>

s=1 \teB.N[1,j] J=1 " s=1 \teB,N[1,j]

Note that ) °7° | P; < oo. For Ve > 0, there exists a jo(¢) > 0 such that

io: Pj<€.

Jj=jo+1
Since b,, — 0o as n — 00, we rewrite
L 2 b 2
0 n n n
1 1
Hn = E E Ztj P] + E E 2ty P]
Jj=1 " s=1 \teB;N[1,j] Jj=jo+1 = s=1 \t€B,;N[l,5]
1 L 2
n— n
+ 1 P
- 2
n A J

= Hln + H2n + H3n~

First, for H,,,, we know that as n is large enough,
Jo 1 Ly I
EH,, <> =Y 0P, =02 <
1 _;n; (Jo) Pj (n) €

Next, for Hs,, a direct calculation gives us that

2

i ii Y. owi| Bi= i i(Zztj)QP

j=jo+1 ~ s=1 \teB;N[l,j] j=jo+1 teB;

Z Z Zi | Pj= % Z 25 | Pj+o0p(1) =t Hy, + o0,(1).

25

(A29)

(A30)

555

560

565
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s70 By Lemma 3 in Francq and Zakoian (1998), it follows that as n is large enough,

bn b 1 bn
EHy, = Z nE( = th) by
Jj=jo+1 bn (=
LI b
= Y fop)<o (”g) <e. (A31)
) n n
Jj=jo+1
Third, for Hs,,, we truncate it as
2
1| &n L
H3n = ﬁ Zt] Pj
s'=2j€B, s=1 \teBsN[1,j]

L
1 In
575 = - < 2 ,+ 4 /) E zi5 | Py (A32)

As for (A31), by the stationarity of z;;, we can show that
2

E iizz Y. w| P ZiiZZE<Z%>2PJ

s'=2j€B, s<s’ \teBsN[1,j] s'=2j€B, s<s’ te B,

Ly
Sl Y Yo

s'=2jeB, s<s’

Ly,
<Pt ST o)

s'=2jEB,

Y op)<e. (A33)

Jj=jo+1

IN

580

Furthermore, since (logn)b,n~1 = o(1), it is not hard to see that

2

L, L,
1 Ln 1 Lo
ZAED DD SN D DREE I B D DR UL
s'=2jEB,s s=s' \t€B,N[1,j] s'=2 jEB,
n—1
1 9y 1
J=bn+1
by 1
<= O(1)~
n . J
J=bn+1
b, 1
- ) ( Og”) <e. (A34)
n
Now, the conclusion follows from (A29)-(A34). O

PROOF OF THEOREM 2. By Taylor’s expansion we have

O(EtEt—j) . , [10%(Ee(0)é:—;(0)) .
—5g (0n = 0n) + (67, = 0n) [23939,\0_5”} (0 — 0n),

Sk ok

Etgt—j = EtEt_j +
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where &, lies between 6, and 6,,. Then, it follows that

- ~ — 1 o~ * *
SN = 9N =D —= | D (wf = Dade ;| v\ + I, N[V, - 0,)] 590
= VS
+ V(0 = 0,)'115, (N [Vn(6;, — 6n)], (A35)
where
n—1 n
* 1 *6(5t5t* )
Iln(>‘) = 4 E Z 4wt 90’ : ’(/}]()‘)7
J=1  t=1+j
n—1 n ~ ~
. 1 . [10%(E(0):—(0))
B =X 3 i [ g o | O
j=1 t=1+j
By Lemma A3, we can easily show that 595
. 2
* Et€i— _
£ - 3 8 |25 i) =0, ™). (a36)
On the other hand, it is straightforward to see that
E* | I3,(V)]* = Op(n ™). (A37)
Since \/n (0% — 0,) = O, (1) by Lemma A2(ii) and Lemma A5(ii), under (A35)-(A37) and Lemma A6,
we have 600
n—1 1 n
AnN) =" =< D (wf — 1) [Eé; — B(&gy)] p (M)
P AL Pi=we
= [0EE)
+<¢Y E [éot,]} ¥;i(N) ¢ [Vn(0;, — 05,)] + negligible terms. (A38)
j=1

Moreover, by Lemma A2(ii), Lemma AS5(ii) and (A3), we have

V]~ 0,) = — [ IZ ELCAN EATED
= -3 \FZ 6lt 00) -‘rO;(l). (A39) &5

Let 7°(5) = n= {300, (wf — 1) [ér; — Eet;)]}, where & ; = &&;—; + Z; and Z; is defined as in
Lemma A7. Since E(¢€,—;) = E(es ;), by (A38)-(A39) and Lemma A7, it follows that

=+vn Z F( ) + negligible terms =: S* (\) + negligible terms.
Finally, for each fixed integer K € {1,--- ,n — 1}, we rewrite
va M)+ Vi Z = SN+ BTN,
j=K+1

Then, as in Shao (2011), the conclusion holds from the following three claims:
(d). For any h € Ly[0,7], the finite dimensional distributions of (SX* h) converge to those of 1o
(SE(X), h) in probability conditional on y,.
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(e). For Ve > 0, lim o0 limy, 00 P* (||Rff*(/\)|| > 6) = 0 in probability conditional on x,.

(). The sequence {S*()\)} is tight in probability conditional on x,.

The proofs of claims (e) and (f) are similar to these of part (a,ii) and part (b) in Shao (2011a, p.222).
s15 Thus, we only need to prove claim (d). Q.E.D.

PROOF OF CLAIM (d). Let GI*™* = Y1 | (wf — 1) [&r,; —

show the asymptotic normality of JX*, where

E(et ;)] 1;(X). As for (A9), it suffices to

n n K
TS G = > S wd — 1) e — Bl Wali)

t=K-+2

Ln 5 _ 1 K
620 — S\/ﬁ Z Z ér; — E(er;) ) Wi(4)
s=1 teB;N[K+2,n] j=1
Ly
=Y H,
s=1

Note that conditional on x,,, { HX,} is a sequence of independent random variables. Thus, we only need

to verify that

(7) nhHH;O var* (J5*) =, 0,21 K

(i) hm ZE* {1H:,PI(|HE, > €)} —p 0.

625

Without loss of generality, we assume that K + 2 < b,,. For (i), by Lemma A.4 in Ling (2007), Taylor’s
expansion, and Lemma A2(ii), it is not hard to show that

2
L
1 <& .
var* (JF*) = EZ Z Z ér; — Eer;)] Wi(J)
s=1 | teB;,N[K+2,n] j=1
2
Lyl Ly
=7 ety — Elet,j)] Wi(j) + op(1)
Ln s=2 \/7tEB j=1
2
Ly S S "
o -1 o= Bl 1) | +0 (%) 40,(0)
Ly s=2 ‘FfeB j=1 n
=:Zn+o (1>7

where €, ; = 64—, + 2¢5. As for (Al1), we have £Z,, — 0}21 x as n — oo. Thus, we only need to prove
that var(Z,) — 0 as n — oo. By a direct calculation, we have

| Ln K K
nZ Z Z Z Z Z C(ty,ta, t],ty, 1, 42, 415 Ja)

s,8'=1t1,t2€Bs t],the B, j1,52=1 j; j4=1

X Wi (1) W (j2) W (71) Wh (52)

Ly
1 /
= — E 2(s, s
n
s,8'=1

var(Zy,)

635
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where 76(]) = E(et7j> and C(th ta, tlla t/2a j17 j2; ji?]é) equa]s to

cov {[(er, 5, — 1e(i1)) (eta o — Ye(F2))], [(ex; 1 — Ve (41)) (ers.is — e (32))]} -

Rewrite

L, L,
var( _%Z > oz Z > a(s,8). (A40)

1]s'—s|<1 1]s'—s|>1

Fort the first summand in (A40), since b,, = o(nl/ 3), it is straightforward to see that

1 & L,b b3
ﬁz > a(s,s) = 0< n2"> =0 <7jz) =o(1). (A41) o0

s=11s'—s|<1

Next, for the second summand in (A40), C(t1, ta, t}, 5, 41, j2, 41, 45) can be divided into 16 terms, since
ey,j = €1€4—; + 2¢;. We only consider the prove for the term cov (zt1 1 Ptagas 2, ) 2t /) because the
proofs for other terms are similar. In view of (A16), for any (mq,ma, m}, mj) € {17 p+ q}*, we have

‘COU [Ztljl,ml Ztoja,mos 2t gt ,mi thjz,mz] ‘

. . N Y]
= E Ciy Chy ymiy Ciy Chig i Cil CY i, City Chty mty M (31, K1y 12, k2, 37, K, 1, k) 645

. . 1 1
217]@17712:]‘32@17]@17127]‘32

DD D DD DD

11>bn /4 k1>bn /4 i2>bn /4 koe>bn /4 i >bn /4 K[ >bn /4 ih>by /4 kL>by /4

IN

. . -/ / -/ /
g ’Czlckl mchQCkQ,mng/ Ck’ mlci’ ck/ ’M(ZlaklazQ;k%Zla 13227k2)|
i1,k1,i2,k2,4, k] 35,k <b, /4

9
~ S
=1

where M(ila k1, 12, ka, 7'/11 /17 7’/2a k/2) = cov (yt1*ilytlfklytzfmytz*lm7 Y, —il Y, — k!, Yy, —it, Y, — é) By
Cauchy-Schwarz inequality, we can show that 650

. . . . 2 2
|M (i1, k1, da, ko, 47, kY, in, k5)| < \/E (Yts—ir Uts—ka Yta—inWta—ka) B (Yot it Yot —it Y —it Y, )
< Eyf < 0.

Since ¢; = O(p*) and ¢; ,,, = O(p*) for some p € (0, 1), it is straightforward to see that

gi < CpPn/* for1 <i<8.
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Furthermore, the Davydov inequality in Davydov (1968) implies that

go <C > (Yt —is Yty — by Yo —in Yo ks N2 Y27 —it, Yo,k Yoy — iy Yty — ks | 240
i1,k1,i2,ko,4] k] ,ih k5 <bn /4

b v/(24v)
n
X |:ay < \‘QJ ) :| ‘Cil Ck1,m1Cis Cky,mo Ci’1 Cka ,m} ci’2 ck’27m/2 ‘

< C (Eyt™) {ay Q %n J )} v/(2+v)

X Z ‘Cllckl,ml Cis Cha,ma Cif Ck ym) Cil, Chly m
i1,k1,02,k2,1 K] 15,k <bp /4

<l (|3))]

Therefore, since limy_, o k[, (k)]*/3+¥) = 0, it follows that

S R e e () A T

s=1|s"'—s|>1

By (A40)-(A42), we know that (i) holds.
For (i), by Holder’s inequality and the fact that b,, = o(n'/?), we have

ZE{E* ‘Hsn|2 |Hsn| >€ }<CZE E*|Hsn| )

s=1
4
0 <n> ZE S S fers — Blen)
teBs j=1

Lbt

=0 <n2> = o(1),
i.e., (ii) holds. This completes the proof of claim (d). Q.E.D.
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