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Introduction

In recent years, several authors have addressed themselves to the pos-
sibility of a positively sloped IS curve and the policy implications of
such a curve!. But, with two apparent exceptions, Steindl [19] and Ce-
bula and Gallowey [4], no recent attention has been devoted explicitly to
the problem of economic stability in a system with a positively sloped 1.8
curve. And here, both Steindl [19] and Cebule and Gallaway [4] refer
simply to the traditional argument, now recognized even in the text-
books (see, for example, Dernburg and MacDougall [6]), develeped by
Modigliani [13] that the slope of the IS curve must be algebraically less
than of the LM curve. None of the literature on the positively sloped 19
curve, however, is concerned with stability in a system with a variable
aggregate price level. In view of this apparent neglect (oversight), the
present paper seeks to investigate the sufficiency of the stability condi-
tion formulated by Modigliani [13] for a system with hoth'a positively
sloped IS curve and a variable aggregate price level. In other words, we
examine the following question: »Does the fact that the economy’s LY
curve is algebraically steeper than its IS curve guarantee stability in a
system with an endogenous price level %«

In Section I below, we develop our basic model. In Section II, we
mathematically analyze the stability of general equilibrium under con-
ditions of a positively sloped 7.8 curve and variable aggregate price level.
Section ILI offers concluding remarks.

! Related generally to this, see [1], [2], [5], [8], [10, p. 250], and [18].
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I. The Model

We begin by specifying the following economic system:

(y C = A ¥, 1) consumption funection
2) 1 = J{Y, 4) investment funetion
3 G = (o exogenous government spending
4 T == Tp exogenous tax collections
5) ¥Yd = Y-T disposable income
(6) Y = (C+1I+4d commodity market equilibrium condi-
tion
(7Y L = IL{Y, 4) money demand function
(8) Ms = Mo exogenous money supply
(9) Mojp = LY, %) money market equilibriom condition
(10) Y = PN, K) production function
(1) Wip = 2—;—: labor demand function
(12y w = Wo exogenous money wage rate
+~(13) Ns = Ns (W) labor supply function,
where & = real government spending
T = real tax collections
C = real consumption
Y = real income
Yd = disposable real income
i = interest rate
I = real investment
G = real government spending
T = real tax collections
L. = real money demand
Ms = nominal money stock
P = aggregate price level
N = number of labor units
K = capital stock
W = money wage rate
Ns = units of labor supplied

We impose the following restrictions on the partial derivatives in our
system:

oC ol
1 s ?)Y>O’ E < 0,
ol
i4 1 —_—
(14) = o7 > 0,
oL ol
77 > 0, e h < Q.
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In addition, workers are subject to ymoney illusion.
The slope of the IS curve in the system is given by

oC oI

oY oY
(15) o0 oI
o o

ol
If ag Modigliani [13] argues, (%g 0
T O
and Modigliani [13] (that the necessary condition for the IS curve to be
positively sloped is
ol 1 aC
By ) &
Alternatively, if we reverse the sign of 8C/d%, a positively sloped I8 curve
is possible if both of the following conditions pertain:

<C 0, then it follows (see Hicks [9]

(16)

8
aray 2249
av o1

a0 ol of

fOI' = -2 0 and —_— > —
1 o o)
of e’

17B it _——

17B) s <l—3y

The condition for economic stability developed by Modigliant [13] is
given by

i ot
(18) 5% =, e
IS LM,
which for our system converts to
_ec d oL
oY oY oY
(19) oC ol oL "
ot ot 73

IT. Mathematical Analysis

In this Section, we mathematically examine the sufficiency of the Mo-
digliani condition (19). In particular, we here examine the local stability
properties of an economic system which has both a positively sloped I8
curve and a variable aggregate price level for a specific dynamic adjust-
ment mechanism, i.e., & tatonnement mechanism. The stability problem
is considered with the framework of a purely qualitative (+, 6, —) en-
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vironment: no quantitative information is presumed available. Thus,
stability, should it occur, must be qualitative stability, i.e., stability deter-
mined solely by the sign patterns of elements within the matrices en-
countered in the analysis?.

To begin our analysis, let Y1, Yg, ..., ¥Ym be the values of m economic
variables and let o be a shift parameter. Assume m functional relation-
ships linking a and the ¥#’s, with the ¢th relationship being given by fi
(Y1, Yo, ..., Ym, o). For a given value of o, say «*, an equilibrium posi-
tion is defined as a set of values Y'1, ¥'sq, ..., ¥'m such that

(20) Y5 Vo Ymnsn™y o= 0dor i == 1 ..., 10

Let a small change in o occur. The change in the equilibrium values of the
variables is given by

(21) S i L i For i L.,
i=1 do.
. oft oft
H*«:?vhere fiy == oY and fia = 'k

Here, fij and fin are evaluated at the equilibrium position (Y"1, ¥Y's,...,
Y'm, a*). Rewrite (21) in matrix form, with ¢’ = [fij]; this yields

e o[2Z] =~ [w],

with the terms in brackets being m X 1 vectors.

Assume a dynamic adjustment process determines the time paths of
the variables Y1, Yg,..., ¥Ym whenever the system is out of equilibrium.
The process may be expressed. as

(23) Yi = difi (Y1, To,..., Ym, a®),fori = 1,..., m,

s oY% . .. » e ;
where ¥i = 5 tis time, and di is a positive constant for each ¢, the ad-

justment speed for each variable. We assume that in a sufficiently small
neighborhood of equilibrium, the linear terms of a Taylor series expansion
approximate the adjustment process. Thus (23) becomes

"
(24) Yi=di 2 fij(¥Y¢e— Y'3)fori=1,..., m.
i=1
Letting X7 = Yi— Y’4, we express (24) in matrix notation as
(25) X = DCX,
aXi
dt ’

where X =

* Related generally to the topic of qualitative economics, see [3], [7], [11],
[12], [14[], [15], [16], and [17, Chapter IX].
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D is a diagonal matrix, with di as the ith diagonal element, ' = [fij], and
X = [X4].

Stability of the system (25) is a situation wherein, for arbitrary initial
values of deviations from equilibrium (in a sufficiently small neighbor-
hood of equilibrium), we have '

(26) Iim Xi=0foralli=1,...,m

t— 0o

that is,

(27) lim Yi= Y%5foralli = |
t— 00

The system (25) is stable in this sense if and only if the real parts of all
the characteristic roots of D' are negative?.

We may now consider the stability of our system under conditions of a
variable aggregate price level and a positively sloped IS curve. In our
system, the price level, interest rate, and money wage are the dependent
variables. Qursystem (1)~(13) may be briefly and conveniently summarized
by the following three excess demand equations (see, for example, [15]):

EY = O(Y,d1) + I(Y, i) + Go-Y(IV)
(28) EM = L(Y, ¢y — Mo/p
EN = ND (W, p) — NS (w, p)
where EY = excess demand for output
EM = excess money demand
EN = excess labor demand
ND = labor demand.
Equilibrium is a set of values for the dependent variables snch that
EY =0
(29) EM = 0
EN = 0.
Setting £Y, EM, EN = 0, total differentiation of system (28) yields
(30)—(32):
oY oNp\ [oC ol . {80 8l :
Ll o = 4
(30) (aN P ) (8Y t 3y 1) »+ (a@' a?:) 4
oY @OND\ {oC oI
(8_N.%_——6W ) (ﬁﬁ) dw = — d@ + dT
oY oN\ [eM oLy .
o (i) (Gs) o+ (5) a+
oY oOND oL duw — aM
aN “aw J\e¥ ) T P

* Related to this particular discussion, see [7], [14], [15], {161, or [17, pp.
258-263].
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D v N
(32) (aN 6‘1\8) (a‘AD NS
dp

oP  opP ow aw)dwzo

The time paths of the dependent variables P, 7, and W are determined by
a tatonnement mechanism, with adjustment equations given by

dp

= dili Y
ds ‘
dw

=

Since system (33) can be approximated linearly in a sufficiently small
neighborhood of equilibrium by a Taylor series, it is rewritten then as

d ¢ &
% = dias (p-9') + drarz (i) + diaas (W-W")
i ..

B = = dean (pp) + daaas (i) + daazs (W-W")
dW v '
ke dsaz1 (p—p') + dsase (i—i') + dzags (W-W’)

P’ 7', and W' being the equilibrium values of p, 7, and W, respectively.
The coefficients a7j in (34) may be obtained directly from (30)—(32). In
particular,

Y @ND c aC
e (5-52) (3 + )

N “op ) \a¥ T oy
Qg == (570— —i{)
i ot
e (81*:. aN_;o) (aa +_a£_1)
Y oW oY oY
s (- B2 1 ]
N P P?

Ago =

v _ (2Y  oNd\ (L
B=\av ow Y
0

a3 =

agp =

wee _ (END _ oNS
»=\"w — awm
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We now examine the sufficiency of the Modigliani stability condition
(19) for our system under a positively sloped IS curve. First, let € = [az7]
fors,j =1,2,3, and let D by a 3 X 3 diagonal matrix with dz, 1 = 1, 2, 3,
the diagonal elements. Now, the sufficient conditions for a positively
sloped, IS curve are given by (17A) and (17B). (17A) requires element a1
in O to be positive and element a3 in C to be negative. Thus, under (174),
we have

— + +
(36) DO:[—{— ——j
+ 0 —

(17B) requires element a1p in C' to be negative and element @11 to be posi-
tive. This implies

+ —
(37) B =] f == ==
+ O — 1.
Now, the necessary and sufficient conditions for sign stability of an
indecomposable real m X m matrix E with elements a;;, where the sub-

seript ¢ denotes the row and the subscript j denotes the column of the
element in question, are given as*

Condition (1): aja; = 0foré =+ 4.

Condition (2): 4 + %2 =+ ... = tm, @iy iy + 0, aiyiy + 0, ...,

@iy 14y *+ 0 implies a4 = 0 for any m > 2.

Condition (3): ay = 0 for all 7, azx << 0 for some k.

Condition (4): There exists a non-zero term in the expansion of
| B -

Modigliani’s stability condition (19) requires that aijges > ai2a29.
Referring to DC in both (35) and (37), it is clear that neither case satisfies
the conditions for sign stability, regardless of the Modigliant stability
condition. Thus, the latter which is presumably a valid theorem for a
simple model with only ¥ and ¢, is not an adequate guarantee of stability
in a system with a variable aggregate price level.

IIT. Conclusion

The Modiglians stability condition states that the LM curve must be
algebraically greater than the IS curve for economic stability to occur.
This paper has shown that this theorem’s validity does not guarantee
stability in the large for the economic system if the aggregate price level
is a variable. Thus, the Modiglians stability condition may not be gener-
alized beyond the scope of a crude IS-LM model having only income
and the interest rate as endogenous.

1 See [16, p. 320] for these.
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In closing, it should be noted that the Modigliani condition, while not
guaranteeing qualitative stability (i.e., stability based solely on qualita-
tive information), it does not necessarily preclude the possibility of a
potentially stable system. In particular, let I be a 3 X3 matrix with a
known sign pattern. In E, let a;; << 0 for all 4. F is potentially stable if
and only if one of three conditions listed below is met5:

(1) A has all diagonal elements negative.

(2) A has exactly two negative diagonal elements and there exists a
term in the expansion of | 4 | of negative sign.

(3) A has exactly one negative diagonal element @y, and either (3a) or
(3b) is satisfied.

(3a) aija;1 << 0 for some § = 2, 3 and there exists a term in the expansion
of | 4 | of negative sign.

(3b) aesrse << O and there exists a term in the expansion of | 4 | of posi-
tive sign.

If we relate DC in (36) and (37) to these conditions, we find that the
Modigliani condition in fact kas guaranteed potential stability in both
cases.
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Zusammenfassung

In diesem Aufsatz wird auf der Grundlage einer positiv geneigten I.S-

Kurve die Angemessenheit der makrodkonomischen Stabilitétsbedin-
gung, in der die Neigung der LM -Kurve gréBer als die der IS-Kurve sein
soll, untersucht. Die Brauchbarkeit dieser Bedingung hat sich als duBerst
begrenzt herausgestellt.



