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❆❜str❛❝t

▼♦st ❡①✐st✐♥❣ ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ♠♦❞❡❧s ❛ss✉♠❡ t❤❛t ❝❤♦✐❝❡ ❜❡❤❛✈✐♦r ✐s ❜❛s❡❞ ♦♥ ♣r❡❢✲

❡r❡♥❝❡ ♠❛①✐♠✐③❛t✐♦♥ ❡✈❡♥ ✇❤❡♥ t❤❡ ♣r❡❢❡r❡♥❝❡s ❛r❡ ✐♥❝♦♠♣❧❡t❡✳ ■♥ t❤✐s ♣❛♣❡r ✇❡

st✉❞② ❛♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ✲ ✏❥✉st✐✜❛❜❧❡ ❝❤♦✐❝❡✑✿ ❡❛❝❤ ❛❣❡♥t ❤❛s s❡✈❡r❛❧ ♣r❡❢❡r✲

❡♥❝❡ r❡❧❛t✐♦♥s ✭✏❥✉st✐✜❝❛t✐♦♥s✑✮✱ ❛♥❞ s❤❡ ❝❛♥ ✉s❡ ❡❛❝❤ ❥✉st✐✜❝❛t✐♦♥ ✐♥ ❡✈❡r② ❝❤♦✐❝❡

♣r♦❜❧❡♠✳ ❲❡ ♣r❡s❡♥t ❛ ♥❡✇ ❜❡❤❛✈✐♦r❛❧ ♣r♦♣❡rt② t❤❛t r❡q✉✐r❡s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ ❜❡

❝❤♦s❡♥ ✐❢ ✐t ✐s ♥♦t ✐♥❢❡r✐♦r t♦ ❛❧❧ ♠✐①t✉r❡s ♦❢ ❝❤♦s❡♥ ❛❧t❡r♥❛t✐✈❡s✱ ❛♥❞ s❤♦✇ t❤❛t

t❤✐s ♣r♦♣❡rt② ❝❤❛r❛❝t❡r✐③❡s ❥✉st✐✜❛❜❧❡ ❝❤♦✐❝❡✳ ❚❤❡ ♠❛✐♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ♣r♦♣❡rt②

②✐❡❧❞s ❛ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥✱ ✇❤✐❝❤ s✉❜st❛♥t✐❛❧❧② ❞✐✛❡rs ❢r♦♠ ❡①✐st✐♥❣ r❡✲

❧❛t❡❞ r❡♣r❡s❡♥t❛t✐♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ♦❜t❛✐♥ ❛ ♠✉❧t✐♣❧❡✲♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥✱ ❛♥❞

st✉❞② t❤❡ ♥♦t✐♦♥s ♦❢ ✐♥❞❡❝✐s✐✈❡♥❡ss ❛♥❞ ❜❡✐♥❣ ♠♦r❡ ❞❡❝✐s✐✈❡✳

❑❡② ✇♦r❞s✿ ♠❡♥✉ ❡✛❡❝ts✱ ✐♥❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s✱ ♠✉❧t✐♣❧❡ ✉t✐❧✐t✐❡s✱ ♠✉❧t✐♣❧❡ ♣r✐♦rs✱

✐♥❞❡❝✐s✐✈❡♥❡ss✱ ♥♦♥✲❜✐♥❛r② ❝❤♦✐❝❡✱ tr❛❞❡♦✛ ❝♦♥tr❛st ❡✛❡❝t✳

❏❊▲ ❝❧❛ss✐✜❝❛t✐♦♥✿ ❉✽✶

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ s❡✈❡r❛❧ ❞✐s❝✐♣❧✐♥❡s✱ t❤❡r❡ ❤❛s ❜❡❡♥ s✐❣♥✐✜❝❛♥t ✐♥t❡r❡st ✐♥ ❞❡❝✐s✐♦♥✲♠❛❦✐♥❣ ♠♦❞❡❧s ✐♥
✇❤✐❝❤ ♦♥❡✬s ♣r❡❢❡r❡♥❝❡s ❛r❡ ❛❧❧♦✇❡❞ t♦ ❜❡ ✐♥❝♦♠♣❧❡t❡✱ t❤❡r❡❜② ❧❡tt✐♥❣ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r r❡✲
♠❛✐♥ ✐♥❞❡❝✐s✐✈❡ ♦♥ ♦❝❝❛s✐♦♥ ✭s❡❡✱ ❡✳❣✳✱ ❘♦❡♠❡r✱ ✶✾✾✾❀ ❘✐❣♦tt✐ ❛♥❞ ❙❤❛♥♥♦♥✱ ✷✵✵✺❀ ▼❛♥❞❧❡r✱
✷✵✵✺❀ ▼❛♥③✐♥✐ ❛♥❞ ▼❛r✐♦tt✐✱ ✷✵✵✼❀ ❙❛❧❛♥t ❛♥❞ ❘✉❜✐♥st❡✐♥✱ ✷✵✵✽❀ ❇❡r♥❤❡✐♠ ❛♥❞ ❘❛♥❣❡❧✱
✷✵✵✾✮✳ ▼♦st s✉❝❤ ♠♦❞❡❧s ❛ss✉♠❡ t❤❛t t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r ♠❛①✐♠✐③❡s ❛♥ ✐♥❝♦♠♣❧❡t❡ ♣r❡❢✲
❡r❡♥❝❡ r❡❧❛t✐♦♥ ✭s❡❡✱ ❡✳❣✳✱ ❆✉♠❛♥♥✱ ✶✾✻✷❀ ❇❡✇❧❡②✱ ✷✵✵✷❀ ❉✉❜r❛✱ ▼❛❝❝❤❡r♦♥✐ ❛♥❞ ❖❦✱ ✷✵✵✹❀

❊♠❛✐❧ ❛❞❞r❡ss✿ ②✉✈❛❧✳❤❡❧❧❡r❅❡❝♦♥♦♠✐❝s✳♦①✳❛❝✳✉❦ ✴ ②✉✈❛❧✷✻❅❣♠❛✐❧✳❝♦♠ ✭❨✉✈❛❧ ❍❡❧❧❡r ✮✳
1 ❚❤✐s ✇♦r❦ ✐s ✐♥ ♣❛rt✐❛❧ ❢✉❧✜❧❧♠❡♥t ♦❢ t❤❡ r❡q✉✐r❡♠❡♥ts ❢♦r ❛ P❤✳❉✳ ❛t ❚❡❧✲❆✈✐✈ ❯♥✐✈❡rs✐t②✳ ■

✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❊✐❧♦♥ ❙♦❧❛♥ ❢♦r ❤✐s ❝❛r❡❢✉❧ s✉♣❡r✈✐s✐♦♥ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❤❡❧♣✳ ■ ✇♦✉❧❞ ❛❧s♦

❧✐❦❡ t♦ ❡①♣r❡ss ♠② ❞❡❡♣ ❣r❛t✐t✉❞❡ t♦ ❊❞❞✐❡ ❉❡❦❡❧✱ ❖③❣✉r ❊✈r❡♥✱ ❚③❛❝❤✐ ●✐❧❜♦❛✱ ❊❤✉❞ ▲❡❤r❡r✱

❘♦❡❡ ❚❡♣❡r✱ s❡♠✐♥❛r ♣❛rt✐❝✐♣❛♥ts ❛t ❚❡❧✲❆✈✐✈ ❯♥✐✈❡rs✐t②✱ t❤❡ ❍❡❜r❡✇ ❯♥✐✈❡rs✐t② ♦❢ ❏❡r✉s❛❧❡♠✱

❛♥❞ ■sr❛❡❧ ■♥st✐t✉t❡ ♦❢ ❚❡❝❤♥♦❧♦❣②✱ ❝♦♥❢❡r❡♥❝❡ ♣❛rt✐❝✐♣❛♥ts ✐♥ ❘❯❉ ✷✵✵✾ ✭❉✉❦❡ ❯♥✐✈❡rs✐t②✮✱ t❤❡

❛❞✈✐s♦r② ❡❞✐t♦r ❛♥❞ t✇♦ ❛♥♦♥②♠♦✉s r❡❢❡r❡❡s ❢♦r ♠❛♥② ✉s❡❢✉❧ ❝♦♠♠❡♥ts✱ ❞✐s❝✉ss✐♦♥s ❛♥❞ ✐❞❡❛s✳

❏✉♥❡ ✷✽✱ ✷✵✶✷
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❍♦✇❡✈❡r✱ ✉♣♦♥ r❡❧❛①❛t✐♦♥ ♦❢ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ❛①✐♦♠✱ ✐t ✐s ♥♦t ❝❧❡❛r ✇❤② ♣r❡❢❡r❡♥❝❡ ♠❛①✐✲
♠✐③❛t✐♦♥ s❤♦✉❧❞ ❜❡ ❞❡❡♠❡❞ ❛s t❤❡ ♣r♦♣❡r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ r❛t✐♦♥❛❧ ❜❡❤❛✈✐♦r✳ ❆♥ ❛❧t❡r✲
♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ❢♦r ❝❤♦✐❝❡ ✇✐t❤ ✐♥❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s ✐s ❥✉st✐✜❛❜❧❡ ❝❤♦✐❝❡ ✭s❡❡✱ ▲❡❤r❡r ❛♥❞
❚❡♣❡r✱ ✷✵✶✶✮✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s ❛♣♣r♦❛❝❤✱ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❤❛s s❡✈❡r❛❧ ❝♦♠♣❧❡t❡ ♣r❡❢❡r✲
❡♥❝❡ r❡❧❛t✐♦♥s ❝❛❧❧❡❞ ❥✉st✐✜❝❛t✐♦♥s ✭♦r r❛t✐♦♥❛❧❡s✮✳ ❆❞❞✐t✐♦♥❛❧ ♣❛②♦✛✲✐rr❡❧❡✈❛♥t ✐♥❢♦r♠❛t✐♦♥
t❤❛t ✐s ❛✈❛✐❧❛❜❧❡ ❞✉r✐♥❣ t❤❡ ❝❤♦✐❝❡ ♣r♦❝❡ss ❞❡t❡r♠✐♥❡s ✇❤✐❝❤ ❥✉st✐✜❝❛t✐♦♥ ✐s ✉s❡❞✱ 3 ❛♥❞ t❤❡
❞❡❝✐s✐♦♥ ♠❛❦❡r s❡❧❡❝ts t❤❡ ❜❡st ❡❧❡♠❡♥t ❛❝❝♦r❞✐♥❣ t♦ t❤✐s r❛t✐♦♥❛❧❡✳ ❲❡ ❛ss✉♠❡ t❤❛t ❡❛❝❤
❥✉st✐✜❝❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❡✈❡r② ❝❤♦✐❝❡ ♣r♦❜❧❡♠✳ ❏✉st✐✜❛❜❧❡ ❝❤♦✐❝❡ ❞✐✛❡rs ❢r♦♠ ♣r❡❢❡r❡♥❝❡
♠❛①✐♠✐③❛t✐♦♥ ✐♥ t✇♦ ❦❡② ❛s♣❡❝ts✿ ✭✶✮ ✐t ❛❧❧♦✇s t❤❡ r❡✈❡❛❧❡❞ ♣r❡❢❡r❡♥❝❡s t♦ ❞❡♣❡♥❞ ♦♥ t❤❡
♠❡♥✉✱ ❛♥❞ ✭✷✮ ✐t ❞♦❡s ♥♦t ❛❧❧♦✇ t❤❡ s✐♠✉❧t❛♥❡♦✉s ✉s❡ ♦❢ ❝♦♥✢✐❝t✐♥❣ r❛t✐♦♥❛❧❡s✳

■♥ t❤✐s ♣❛♣❡r ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ ❜❡❤❛✈✐♦r❛❧ ♣r♦♣❡rt②✿ ❝♦♥✈❡① ❛①✐♦♠ ♦❢ r❡✈❡❛❧❡❞ ♥♦♥✲
✐♥❢❡r✐♦r✐t② ✭❤❡♥❝❡❢♦rt❤✱ ❈❆❘◆■ ✮✱ ❛♥❞ s❤♦✇ t❤❛t ✐t ❝❤❛r❛❝t❡r✐③❡s ❥✉st✐✜❛❜❧❡ ❝❤♦✐❝❡✳

✶✳✶ ◆❡✇ ❇❡❤❛✈✐♦r❛❧ Pr♦♣❡rt② ✭❈❆❘◆■✮

■♥ ♦✉r ❢r❛♠❡✇♦r❦✱ ❝❤♦✐❝❡ ❜❡❤❛✈✐♦r ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ C ✇❤✐❝❤ s❡❧❡❝ts✱
✐♥ ❡❛❝❤ ❝❧♦s❡❞ s❡t ♦❢ ❛❧t❡r♥❛t✐✈❡s✱ ❛ ♥♦♥✲❡♠♣t② s✉❜s❡t ♦❢ ❝❤♦♦s❛❜❧❡ ❛❧t❡r♥❛t✐✈❡s✳ ❲❡ s❛②
t❤❛t ❛❧t❡r♥❛t✐✈❡ x ✐s r❡✈❡❛❧❡❞ ✐♥❢❡r✐♦r t♦ ❛❧t❡r♥❛t✐✈❡ y✱ ✐❢ x ✐s ♥❡✈❡r ❝❤♦s❡♥ ✇❤❡♥ y ✐s ❛
♠✐①t✉r❡ ♦❢ ❛❧t❡r♥❛t✐✈❡s ✐♥ t❤❡ ❝❤♦✐❝❡ s❡t✳ ❚❤❡ ♥❡✇ ❛①✐♦♠ ✇❡ ♣r♦♣♦s❡✱ ❝♦♥✈❡① ❛①✐♦♠ ♦❢
r❡✈❡❛❧❡❞ ♥♦♥✲✐♥❢❡r✐♦r✐t② ✭❈❆❘◆■✮✱ r❡q✉✐r❡s t❤❛t ❛♥ ❛❧t❡r♥❛t✐✈❡ ❜❡ ❝❤♦s❡♥ ✐❢ ✐t ✐s r❡✈❡❛❧❡❞
♥♦t t♦ ❜❡ ✐♥❢❡r✐♦r t♦ ❛❧❧ t❤❡ ♠✐①t✉r❡s ♦❢ t❤❡ ❝❤♦s❡♥ ❛❧t❡r♥❛t✐✈❡s✳ ■♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷ ✇❡ st✉❞②
t❤❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ❈❆❘◆■ ❛♥❞ ❡①✐st✐♥❣ ❛①✐♦♠s✳

❲❡ ♣r❡s❡♥t t✇♦ ♠♦t✐✈❛t✐♦♥s ❢♦r ❈❆❘◆■✿ ♦♥❡ ♥♦r♠❛t✐✈❡ ❛♥❞ ♦♥❡ ❞❡s❝r✐♣t✐✈❡✳ ❖✉r ♠❛✐♥
♠♦❞❡❧ ✉s❡s t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ✈♦♥ ◆❡✉♠❛♥♥ ❛♥❞ ▼♦r❣❡♥st❡r♥ ✭✶✾✹✹✮✱ ✇❤❡r❡ ❡❛❝❤ ❝❤♦✐❝❡
s❡t ✐♥❝❧✉❞❡s ❧♦tt❡r✐❡s ♦✈❡r ❛ ✜♥✐t❡ s❡t ♦❢ ❝♦♥s❡q✉❡♥❝❡s✳ ■♥ s♦♠❡ s✐t✉❛t✐♦♥s✱ ❞❡❝✐s✐♦♥ ♠❛❦❡rs
♠❛② ✉s❡ ✐♥t❡r♥❛❧ r❛♥❞♦♠✐③❛t✐♦♥ ❞❡✈✐❝❡s✳ ■♥ s✉❝❤ s✐t✉❛t✐♦♥s✱ ✇❤❡♥ ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❤❛s t♦
s❡❧❡❝t ♦♥❡ ♦❢ t❤❡ ❡❧❡♠❡♥ts ✐♥ A✱ s❤❡ ♠❛② ❜❛s❡ ❤❡r ❝❤♦✐❝❡ ♦♥ ❛ ♣r✐✈❛t❡ ❧♦tt❡r② ✭✐✳❡✳✱ t♦ss✐♥❣ ❛
❝♦✐♥✮✱ ❛♥❞ ❜② ❞♦✐♥❣ t❤✐s✱ s❤❡ ❝❛♥ ✐♥❞✉❝❡ ❝♦♠♣♦✉♥❞ ❧♦tt❡r✐❡s✳ ■❢ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r s❛t✐s✜❡s
r❡❞✉❝t✐♦♥ ♦❢ ❝♦♠♣♦✉♥❞ ❧♦tt❡r✐❡s✱ t❤❡♥ t❤❡s❡ ❝♦♠♣♦✉♥❞ ❧♦tt❡r✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ ♠✐①t✉r❡s
♦❢ ❛❧t❡r♥❛t✐✈❡s ✐♥ A✱ ❛♥❞ ❈❆❘◆■ ❤❛s ❛ ♥♦r♠❛t✐✈❡ ❛♣♣❡❛❧✳

❆ ❞❡s❝r✐♣t✐✈❡ ❛♣♣❡❛❧ ♦❢ ❈❆❘◆■ ✐s t❤❛t ✐t ❝❛♣t✉r❡s ♦♥❡ ❛s♣❡❝t ♦❢ t❤❡ tr❛❞❡♦✛ ❝♦♥tr❛st
❡✛❡❝t ♦❢ ❙✐♠♦♥s♦♥ ❛♥❞ ❚✈❡rs❦② ✭✶✾✾✷✮✳ ❆❝❝♦r❞✐♥❣ t♦ t❤✐s ❡✛❡❝t✱ t❤❡ t❡♥❞❡♥❝② t♦ ❝❤♦♦s❡
❛♥ ❛❧t❡r♥❛t✐✈❡ ✐s ❤✐♥❞❡r❡❞ ✭♦r ❡♥❤❛♥❝❡❞✮ ✐❢ t❤❡ tr❛❞❡♦✛s ✇✐t❤✐♥ t❤❡ s❡t ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥
❛r❡ ✉♥❢❛✈♦r❛❜❧❡ ✭♦r ❢❛✈♦r❛❜❧❡✮ t♦ t❤❛t ♦♣t✐♦♥✳ ❖♥❡ ❛s♣❡❝t ♦❢ t❤✐s ❜✐❛s ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❋✐❣✉r❡
✶ ✭✇❤❡r❡ ❡❛❝❤ ❛①✐s r❡♣r❡s❡♥ts ❛ ♣♦s✐t✐✈❡ ❛ttr✐❜✉t❡✮✳ ❇❡❝❛✉s❡ t❤❡ ❝♦♥tr❛st ❜❡t✇❡❡♥ t❤❡ x✲y
tr❛❞❡♦✛ ❛♥❞ t❤❡ x✲z ❛♥❞ y✲z tr❛❞❡♦✛s ✐s ✉♥❢❛✈♦r❛❜❧❡ t♦ ♦❜❥❡❝t z✱ ✐t ✐s ❡①♣❡❝t❡❞ t♦ ❢❛r❡
✇♦rs❡ ✭t♦ ❜❡ ❝❤♦s❡♥ ❧❡ss ♦❢t❡♥✮ ✐♥ t❤❡ tr✐♣❧❡ t❤❛♥ ✐♥ t❤❡ ♣❛✐rs✳ ❚❤❛t ✐s✱ z ❢❛r❡s ✇♦rs❡

2 ❊❧✐❛③ ❛♥❞ ❖❦ ✭✷✵✵✻✮ ❛ss✉♠❡ ✐t ❡①♣❧✐❝✐t❧②✳ ❚❤❡ ♦t❤❡r ♣❛♣❡rs ✉s❡ ❛♥ ✐♥❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥

❛s t❤❡ ♣r✐♠✐t✐✈❡ ♦❢ t❤❡ ♠♦❞❡❧✱ ❛♥❞ ❜② t❤❛t✱ ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡ t❤❛t ❝❤♦✐❝❡ ❜❡❤❛✈✐♦r ✐s ❞❡t❡r♠✐♥❡❞

❜② ♠❛①✐♠✐③✐♥❣ t❤✐s r❡❧❛t✐♦♥✳
3 ❲❡ ❞♦ ♥♦t ❡①♣❧✐❝✐t❧② ♠♦❞❡❧ t❤❡ ♣r♦❝❡ss ✐♥ ✇❤✐❝❤ ♣❛②♦✛✲✐rr❡❧❡✈❛♥t ✐♥❢♦r♠❛t✐♦♥ ❞❡t❡r♠✐♥❡s t❤❡

❥✉st✐✜❝❛t✐♦♥✳ ❙♦♠❡ ❡①❛♠♣❧❡s ❢♦r s✉❝❤ ♣r♦❝❡ss❡s ❛r❡✿ ❢r❛♠✐♥❣ ❡✛❡❝t ✭❚✈❡rs❦② ❛♥❞ ❑❛❤♥❡♠❛♥✱

✶✾✽✶✮✱ ❛✈❛✐❧❛❜✐❧✐t② ❤❡✉r✐st✐❝s✱ ❛♥❞ ❛♥❝❤♦r✐♥❣ ✭❚✈❡rs❦② ❛♥❞ ❑❛❤♥❡♠❛♥✱ ✶✾✼✹✮✳

✷



❋✐❣✉r❡ ✶✳ ❈♦♥tr❛st ❚r❛❞❡♦✛ ❉❡tr❛❝t✐♦♥

❜❡❝❛✉s❡ ✐t ✐s ✐♥❢❡r✐♦r t♦ ❛ ♠✐①t✉r❡ ♦❢ ♦t❤❡r ❛❧t❡r♥❛t✐✈❡s ✐♥ t❤❡ ❝❤♦✐❝❡ s❡t✳ ❈❆❘◆■ ❝❛♣t✉r❡s
❛ ❜✐♥❛r② ✈❡rs✐♦♥ ♦❢ t❤✐s ❛s♣❡❝t✿ ❛♥ ❡❧❡♠❡♥t ✐s ❝❤♦s❡♥ ✐❢ ✐t ✐s ♥♦t ✐♥❢❡r✐♦r t♦ ♠✐①t✉r❡s ♦❢
❛❧t❡r♥❛t✐✈❡s ✐♥ t❤❡ ❝❤♦✐❝❡ s❡t✳

❲❡ ♥♦t❡✱ t❤❛t t❤✐s ❞❡s❝r✐♣t✐✈❡ ❛♣♣❡❛❧ ♦❢ ❈❆❘◆■ ✐s s♦♠❡✇❤❛t ❧✐♠✐t❡❞ ❜❡❝❛✉s❡✿ ✭✶✮ ❈❆❘◆■
❞♦❡s ♥♦t ❝❛♣t✉r❡ ♦t❤❡r ❛s♣❡❝ts ♦❢ t❤❡ tr❛❞❡♦✛ ❝♦♥tr❛st ❡✛❡❝t✱ s✉❝❤ ❛s t❤❡ ❛ttr❛❝t✐♦♥ ❡✛❡❝t
❛♥❞ t❤❡ ❝♦♠♣r♦♠✐s❡ ❡✛❡❝t ✭s❡❡ ❞❡✲❈❧✐♣♣❡❧ ❛♥❞ ❊❧✐❛③✱ ✷✵✶✶ ❢♦r ❛♥ ❛①✐♦♠❛t✐❝ ♠♦❞❡❧ t❤❛t
❝❛♣t✉r❡s t❤❡s❡ ❛s♣❡❝ts✮❀ ✭✷✮ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ ❢♦r t❤❡ tr❛❞❡♦✛ ❝♦♥tr❛st ❡✛❡❝t ✐s
❢♦r ❝❤♦✐❝❡ ❜❡t✇❡❡♥ ♠✉❧t✐✲❛ttr✐❜✉t❡ ♣r♦❞✉❝ts ✭❙✐♠♦♥s♦♥ ❛♥❞ ❚✈❡rs❦②✱ ✶✾✾✷✱ ✶✾✾✸✮✱ ✇❤✐❧❡
✇❡ ❛♣♣❧② ✐t t♦ ❝❤♦✐❝❡ ❜❡t✇❡❡♥ ❧♦tt❡r✐❡s❀ ✐♥ ❛ s❡♣❛r❛t❡ ♥♦t❡ ✭❍❡❧❧❡r✱ ✷✵✶✵✮ ✇❡ ♣r❡s❡♥t s♦♠❡
❡①♣❡r✐♠❡♥t❛❧ ❡✈✐❞❡♥❝❡ t❤❛t s✉❣❣❡sts t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♠♦❞❡r❛t❡ ❞❡❣r❡❡ ♦❢ t❤✐s ❡✛❡❝t ❛❧s♦
❢♦r ❝❤♦✐❝❡ ❜❡t✇❡❡♥ ❧♦tt❡r✐❡s✳

❖✉r ♠❛✐♥ r❡s✉❧t s❤♦✇s t❤❛t s❛t✐s❢②✐♥❣ t❤r❡❡ st❛♥❞❛r❞ ❛①✐♦♠s ✭♥♦♥✲tr✐✈✐❛❧✐t②✱ ❝♦♥t✐♥✉✐t②✱
❛♥❞ ✐♥❞❡♣❡♥❞❡♥❝❡✮ ❛♥❞ ❈❆❘◆■ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛✲
t✐♦♥✿ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❝♦♥✈❡① ❛♥❞ ❝♦♠♣❛❝t s❡t ♦❢ ✈◆✲▼ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✱ s✉❝❤ t❤❛t
❛ ❧♦tt❡r② ✐s s❡❧❡❝t❡❞ ✐❢ ✐t ✐s ❜❡st ✇✐t❤ r❡s♣❡❝t t♦ ♦♥❡ ♦❢ t❤❡s❡ ✉t✐❧✐t✐❡s✳ 4

✶✳✷ ❈♦♠♣❛r✐s♦♥ ❲✐t❤ ❊①✐st✐♥❣ ▼✉❧t✐♣❧❡✲❯t✐❧✐t② ❘❡♣r❡s❡♥t❛t✐♦♥

❊❧✐❛③ ❛♥❞ ❖❦ ✭✷✵✵✻✮ ♣r❡s❡♥t❡❞ ❛ ❝❧♦s❡❧② r❡❧❛t❡❞ ♣r❡❢❡r❡♥❝❡ ♠❛①✐♠✐③❛t✐♦♥ ♠♦❞❡❧✳ ❚❤❡✐r ❦❡②
❛①✐♦♠✱ ✇❡❛❦ ❛①✐♦♠ ♦❢ r❡✈❡❛❧❡❞ ♥♦♥✲✐♥❢❡r✐♦r✐t② ✭❲❆❘◆■✮✱ ✐s s✐♠✐❧❛r t♦ ❈❆❘◆■ ❡①❝❡♣t t❤❛t
✐t ❞♦❡s ♥♦t r❡❧❛t❡ t♦ ♠✐①t✉r❡s✳ ■t r❡q✉✐r❡s t❤❛t ❛♥ ❛❧t❡r♥❛t✐✈❡ ❜❡ ❝❤♦s❡♥ ✐❢ ✐t ✐s r❡✈❡❛❧❡❞ ♥♦t
t♦ ❜❡ ✐♥❢❡r✐♦r t♦ ❛❧❧ ♦❢ t❤❡ ❝❤♦s❡♥ ❛❧t❡r♥❛t✐✈❡s✳ ❚❤✐s ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥✿
❚❤❡r❡ ❡①✐sts ❛ ❝♦♥✈❡① s❡t ♦❢ ✈◆✲▼ ✉t✐❧✐t✐❡s✱ s✉❝❤ t❤❛t ❧♦tt❡r② q ✐s ❝❤♦s❡♥ ✐❢ ♥♦ ❧♦tt❡r② ✐♥
t❤❡ ❝❤♦✐❝❡ s❡t ✐s str✐❝t❧② ❜❡tt❡r t❤❛♥ q ✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧ ♦❢ t❤❡s❡ ✉t✐❧✐t✐❡s✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣
♣❛r❛❣r❛♣❤s ✇❡ ❞❡t❛✐❧ t❤❡ t✇♦ ❦❡② ❛s♣❡❝ts ✐♥ ✇❤✐❝❤ ♦✉r ♠♦❞❡❧ ❞✐✛❡rs ❢r♦♠ t❤❡✐rs✿ ♠❡♥✉
❡✛❡❝ts ❛♥❞ ❝♦♥✢✐❝t✐♥❣ r❛t✐♦♥❛❧❡s✳

❘❡❝❡♥t❧②✱ ▼❛♥③✐♥✐ ❛♥❞ ▼❛r✐♦tt✐ ✭✷✵✶✵✮ ❡①♣❡r✐♠❡♥t❛❧❧② t❡st❡❞ ❤♦✇ ♣❡♦♣❧❡ ✈✐♦❧❛t❡ t❤❡ ✇❡❛❦
❛①✐♦♠ ♦❢ r❡✈❡❛❧❡❞ ♣r❡❢❡r❡♥❝❡ ✭❲❆❘P✮✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡② ❞✐✈✐❞❡ t❤❡ ♣♦ss✐❜❧❡ ✈✐♦❧❛t✐♦♥s ♦❢
❲❆❘P ✐♥t♦ t✇♦ ❣r♦✉♣s✿ ✶✮ ♣❛✐r✇✐s❡ ✐♥❝♦♥s✐st❡♥❝② ✲ ❝❤♦✐❝❡s ♦✈❡r ♣❛✐rs ♦❢ ❛❧t❡r♥❛t✐✈❡s ❛r❡
♥♦t tr❛♥s✐t✐✈❡❀ ❛♥❞ ✷✮ ♠❡♥✉ ❡✛❡❝ts ✲ ❝❤♦✐❝❡s ♦✈❡r t✇♦✲❡❧❡♠❡♥t s❡ts ❞♦ ♥♦t ✐♥❞✉❝❡ ❝❤♦✐❝❡s

4 ❆ s✐♠✐❧❛r r❡♣r❡s❡♥t❛t✐♦♥ ✇❛s ♣r❡s❡♥t❡❞ ♥♦♥✲❛①✐♦♠❛t✐❝❛❧❧② ✐♥ ▲❡✈✐ ✭✶✾✼✹✮✳

✸



♦✈❡r ❧❛r❣❡r s❡ts✳ ▼❛♥③✐♥✐ ❛♥❞ ▼❛r✐♦tt✐ s❤♦✇ t❤❛t ♠❡♥✉ ❡✛❡❝ts ❛r❡ ❧❛r❣❡❧② r❡s♣♦♥s✐❜❧❡ ❢♦r
❢❛✐❧✉r❡s ♦❢ ❲❆❘P✱ ❛♥❞ t❤❡② ❝♦♥❝❧✉❞❡ t❤❛t ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡✐r ❞❛t❛✱ ✏❛♥② ♣r♦❝❡❞✉r❡ t❤❛t
❢❛✐❧s t♦ ❛❝❝♦✉♥t ❢♦r ♠❡♥✉ ❡✛❡❝ts ✇✐❧❧ ♥♦t ♠❛❦❡ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ st❛♥❞❛r❞
♠❛①✐♠✐③❛t✐♦♥ ♠♦❞❡❧✳✑ ❲❆❘◆■ ✐♠♣❧✐❡s t❤❛t ❝❤♦✐❝❡s ♠✉st ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ ♣r❡❢❡r❡♥❝❡
♠❛①✐♠✐③❛t✐♦♥✱ 5 ❛♥❞ t❤✉s ✐t ❝❛♥♥♦t ❛❝❝♦✉♥t ❢♦r ♠❡♥✉ ❡✛❡❝ts✳ ❈❆❘◆■ ♣r❡s❡♥ts ❛ s♠❛❧❧
❞❡✈✐❛t✐♦♥ ❢r♦♠ ❲❆❘P t❤❛t ✐s ❛❜❧❡ t♦ ❛❝❝♦♠♠♦❞❛t❡ ❛♥ ✐♥t❡r❡st✐♥❣ ♠❡♥✉ ❡✛❡❝t✱ ✇❤✐❧❡ r❡✲
t❛✐♥✐♥❣ ❛ ♥♦r♠❛t✐✈❡ ❛♣♣❡❛❧✳

■♥ ❊❧✐❛③ ❛♥❞ ❖❦✬s r❡♣r❡s❡♥t❛t✐♦♥ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❝❛♥ ❜❡ ❝❤♦s❡♥ ❜❛s❡❞ ♦♥ t❤❡ s✐♠✉❧t❛♥❡♦✉s
✉s❡ ♦❢ ❝♦♥✢✐❝t✐♥❣ r❛t✐♦♥❛❧❡s✿ ❧♦tt❡r② q ❝❛♥ ❜❡ ❝❤♦s❡♥ ✐♥ t❤❡ tr✐♣❧❡ {q, r, r′} ✐❢ ✐t ✐s ❜❡tt❡r
t❤❛♥ r ❛❝❝♦r❞✐♥❣ t♦ ♦♥❡ ✉t✐❧✐t②✱ ❛♥❞ ❜❡tt❡r t❤❛♥ r′ ❛❝❝♦r❞✐♥❣ t♦ ❛ ❞✐✛❡r❡♥t ✉t✐❧✐t②✱ ❡✈❡♥
t❤♦✉❣❤ q ❞♦❡s ♥♦t ♠❛①✐♠✐③❡ ❛♥② ✉t✐❧✐t②✳ ■♥ ♦✉r ♠♦❞❡❧✱ ❛♥ ❡❧❡♠❡♥t ❝❛♥ ❜❡ ❝❤♦s❡♥ ♦♥❧② ✐❢
✐t ♠❛①✐♠✐③❡s ♦♥❡ ♦❢ t❤❡ ✉t✐❧✐t✐❡s✳ ❚❤✐s s❡❡♠s ♠♦r❡ ♥❛t✉r❛❧ ✐♥ ♠❛♥② ❝❤♦✐❝❡ s✐t✉❛t✐♦♥s✳ ❖♥❡
❡①❛♠♣❧❡ ❢♦r s✉❝❤ ❛ s✐t✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ▲❡❤r❡r ❛♥❞ ❚❡♣❡r ✭✷✵✶✶✮✱ ✐s ❞❡❝✐s✐♦♥s ✐♥
❧❛r❣❡✲s❝❛❧❡ ♦r❣❛♥✐③❛t✐♦♥s✱ ✇❤❡r❡ r❡s♣♦♥s✐❜✐❧✐t② ❢♦r ❞✐✛❡r❡♥t ❝❤♦✐❝❡s ✐s ❞❡❧❡❣❛t❡❞ t♦ ❞✐✛❡r❡♥t
❡♠♣❧♦②❡❡s✱ ❡❛❝❤ ❡♠♣❧♦②❡❡ ❤❛s ❛ ❞✐✛❡r❡♥t r❛t✐♦♥❛❧❡✱ ❛♥❞ ❛❧❧ r❛t✐♦♥❛❧❡s ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤
t❤❡ ♦r❣❛♥✐③❛t✐♦♥✬s ❝♦♠♠♦♥ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ♣♦❧✐❝②✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ❢♦r s✉❝❤ ❛ s✐t✉❛t✐♦♥
✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳

❊①❛♠♣❧❡ ✶ ❚❤❡r❡ ❛r❡ ❢♦✉r ❝♦♥s❡q✉❡♥❝❡s✿ ❜♥❂✏❜❡❡❢ ♥❡❛r✑✱ ❜❢❂✏❜❡❡❢ ❢❛r✑✱ ❝♥❂✏❝❤✐❝❦❡♥
♥❡❛r✑✱ ❝❢❂✏❝❤✐❝❦❡♥ ❢❛r✑✳ ▲❡t q ❜❡ ❛ ✺✵✿✺✵ ❧♦tt❡r② ✇✐t❤ ♣r✐③❡s bf ❛♥❞ cf ✳ ❆ss✉♠❡ t❤❛t t❤❡
❞❡❝✐s✐♦♥ ♠❛❦❡r ♠❛② ❧✐❦❡ ❡✐t❤❡r ❝❤✐❝❦❡♥ ♦r ❜❡❡❢ ✭t✇♦ ❥✉st✐✜❝❛t✐♦♥s✮ ❛♥❞ ❛❧s♦ ❞✐s❧✐❦❡s ❡❛t✐♥❣
t♦♦ ❢❛r ❢r♦♠ ❤♦♠❡✳ ❚❤❡♥ q ♠❛② ❜❡❛t bn ❜❛s❡❞ ♦♥ t❤❡ ✏❝❤✐❝❦❡♥✑ ❥✉st✐✜❝❛t✐♦♥ ✭t❤❛t ✐s✱
{bn, q} = C ({bn, q})✮❀ s✐♠✐❧❛r❧②✱ q ♠❛② ❜❡❛t cn ❜❛s❡❞ ♦♥ t❤❡ ✏❜❡❡❢✑ r❛t✐♦♥❛❧❡ ✭{cn, q} =
C ({cn, q})✮✳ ❇✉t ✐♥t✉✐t✐✈❡❧②✱ ✐❢ ❜♦t❤ bn ❛♥❞ cn ❛r❡ ❛✈❛✐❧❛❜❧❡✱ q s❤♦✉❧❞ ♥♦t ❜❡ ❝❤♦s❡♥
✭{bn, cn} = C ({bn, cn, q})✮✿ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❝❛♥ ❣❡t ❤❡r ❢❛✈♦r✐t❡ ♠❡❛❧ ❛t ❛ ♥❡❛r❜②
r❡st❛✉r❛♥t✱ r❡❣❛r❞❧❡ss ♦❢ ✇❤❡t❤❡r s❤❡ ✇❛♥ts ❜❡❡❢ ♦r ❝❤✐❝❦❡♥✳ ❖❜s❡r✈❡✱ t❤❛t t❤✐s ❝❤♦✐❝❡
❜❡❤❛✈✐♦r ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❈❆❘◆■ ✭q ✐s ♥♦t ❝❤♦s❡♥ ✐♥ t❤❡ tr✐♣❧❡ ❜❡❝❛✉s❡ ✐t ✐s ✐♥❢❡r✐♦r
t♦ t❤❡ ♠✐①t✉r❡ ♦❢ bn ❛♥❞ cn✮✱ ❛♥❞ ✐s ✐♥❝♦♥s✐st❡♥t ✇✐t❤ ❲❆❘◆■ ✭❛s ❲❆❘◆■ ✐♠♣❧✐❡s✿
q ∈ C ({bn, q}) ❛♥❞ q ∈ C ({cn, q}) ⇒ q ∈ C ({bn, cn, q})✮✳

✶✳✸ ❖t❤❡r ❘❡❧❛t❡❞ ▲✐t❡r❛t✉r❡

❖✉r ♣❛♣❡r ✐s r❡❧❛t❡❞ ❛♥❞ ✐♥s♣✐r❡❞ ❜② t✇♦ str❛♥❞s ♦❢ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ✜rst ✐s t❤❡ ❧✐t❡r❛t✉r❡
st✉❞②✐♥❣ ❝❤♦✐❝❡ ✇✐t❤ ✐♥❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s ❛♥❞ ♠✉❧t✐♣❧❡ r❛t✐♦♥❛❧❡s ✭❡✳❣✳✱ ◆❡❤r✐♥❣✱ ✶✾✾✼❀
❑❛❧❛✐✱ ❘✉❜✐♥st❡✐♥ ❛♥❞ ❙♣✐❡❣❧❡r✱ ✷✵✵✷❀ ▼❛♥❞❧❡r✱ ✷✵✵✺❀ ▼❛♥③✐♥✐ ❛♥❞ ▼❛r✐♦tt✐✱ ✷✵✵✼❀ ❙❛❧❛♥t
❛♥❞ ❘✉❜✐♥st❡✐♥✱ ✷✵✵✽❀ ❛♥❞ ❈❤❡r❡♣❛♥♦✈✱ ❋❡❞❞❡rs❡♥ ❛♥❞ ❙❛♥❞r♦♥✐✱ ✷✵✶✵✮✳ ■♥ ♠♦st ♦❢ t❤❡s❡
♣❛♣❡rs✱ t❤❡ ♠♦❞❡❧ ♦♥❧② ❞❡s❝r✐❜❡s ❝❤♦✐❝❡s ❢r♦♠ s✉❜s❡ts ♦❢ ❛♥ ❛r❜✐tr❛r② ✜♥✐t❡ s❡t ♦❢ ♦✉t❝♦♠❡s✱
❛♥❞ ❧✐tt❧❡ str✉❝t✉r❡ ✐s ✐♠♣♦s❡❞ ♦♥ t❤❡ ❞✐✛❡r❡♥t r❛t✐♦♥❛❧❡s✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛ss✉♠❡ t❤❛t
t❤❡r❡ ✐s ❛❧s♦ ❞❛t❛ ❛❜♦✉t t❤❡ ❝❤♦✐❝❡s ❢r♦♠ ❧♦tt❡r✐❡s ♦✈❡r ♦✉t❝♦♠❡s✱ ❛♥❞ t❤✐s ❛❧❧♦✇s ✉s t♦
✐♠♣♦s❡ ♠♦r❡ str✉❝t✉r❡ ♦♥ t❤❡ ❥✉st✐✜❝❛t✐♦♥s✿ t❤❡ s❡t ♦❢ ❥✉st✐✜❝❛t✐♦♥s ✐s ❝♦♥✈❡① ❛♥❞ ❝❧♦s❡❞✱
❛♥❞ ❡❛❝❤ ❥✉st✐✜❝❛t✐♦♥ ✐s ❛ ❝♦♠♣❧❡t❡ ❛♥❞ ❛✣♥❡ ♣r❡♦r❞❡r✳

❚❤❡ s❡❝♦♥❞ str❛♥❞ ♦❢ ❧✐t❡r❛t✉r❡ ❣❡♥❡r❛❧✐③❡s ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❛♥❞ s✉❜❥❡❝t✐✈❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t②
❜② ✇❡❛❦❡♥✐♥❣ s♦♠❡ ♦❢ ✐ts ❛ss✉♠♣t✐♦♥s ✭❡✳❣✳✱ ▼❛❝❤✐♥❛✱ ✶✾✽✷❀ ●✐❧❜♦❛ ❛♥❞ ❙❝❤♠❡✐❞❧❡r✱ ✶✾✽✾❀

5 ❚❤❛t ✐s✱ ❛❧t❡r♥❛t✐✈❡ q ✐s ❝❤♦s❡♥ ✐♥ ♠❡♥✉ A ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❝❤♦s❡♥ ✐♥ ❛♥② ❝♦✉♣❧❡ {q, r} ❢♦r

❡❛❝❤ ❡❧❡♠❡♥t r ✐♥ A✳

✹



❙❝❤♠❡✐❞❧❡r✱ ✶✾✽✾❀ ●❤✐r❛r❞❛t♦✱ ▼❛❝❝❤❡r♦♥✐ ❛♥❞ ▼❛r✐♥❛❝❝✐ ✷✵✵✹❀ ❑❧✐❜❛♥♦✛✱ ▼❛r✐♥❛❝❝✐✱ ❛♥❞
▼✉❦❡r❥✐✱ ✷✵✵✺❀ ▼❛❝❝❤❡r♦♥✐✱ ▼❛r✐♥❛❝❝✐✱ ❛♥❞ ❘✉st✐❝❤✐♥✐✱ ✷✵✵✻❀ ●✐❧❜♦❛ ❡t ❛❧✳✱ ✷✵✶✵❀ ❖❦✱
❖rt♦❧❡✈❛✱ ❘✐❡❧❧❛✱ ✷✵✶✷✮✳ ▼♦st ♦❢ t❤✐s ❧✐t❡r❛t✉r❡ ✇❡❛❦❡♥s t❤❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ❛①✐♦♠✱ ❛♥❞
❦❡❡♣ t❤❡ ✇❡❛❦ ❛①✐♦♠ ♦❢ r❡✈❡❛❧❡❞ ♣r❡❢❡r❡♥❝❡✳ ■♥ t❤✐s ♣❛♣❡r ✇❡ ❞♦ t❤❡ ♦♣♣♦s✐t❡ ✭❛ s✐♠✐❧❛r
❛♣♣r♦❛❝❤ ✐s ✉s❡❞ ✐♥ ❙❡✐❞❡♥❢❡❧❞✱ ❙❝❤❡r✈✐s❤ ❛♥❞ ❑❛❞❛♥❡✱ ✷✵✶✵✮✳

✶✳✹ ❙tr✉❝t✉r❡

❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts t❤❡ ♠♦❞❡❧s ❛♥❞ t❤❡ r❡s✉❧ts✿ t❤❡ ♠❛✐♥ r❡s✉❧t ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ❛♥❞
❛♥ ❛♥❛❧♦❣♦✉s ♠✉❧t✐♣❧❡✲♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❆♥s❝♦♠❜❡ ❛♥❞ ❆✉♠❛♥♥
✭✶✾✻✸✮✳ ❙❡❝t✐♦♥ ✸ st✉❞✐❡s t❤❡ ♥♦t✐♦♥s ♦❢ ✐♥❞❡❝✐s✐✈❡♥❡ss ❛♥❞ ❜❡✐♥❣ ♠♦r❡ ❞❡❝✐s✐✈❡ ✐♥ ♦✉r
♠♦❞❡❧s✳ ❆❧❧ t❤❡ ♣r♦♦❢s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳

✷ ▼♦❞❡❧s ❛♥❞ ❘❡s✉❧ts

✷✳✶ ❘✐s❦ ✭✈♦♥ ◆❡✉♠❛♥♥✲▼♦r❣❡♥st❡r♥ ❋r❛♠❡✇♦r❦✮

✷✳✶✳✶ Pr❡❧✐♠✐♥❛r✐❡s

▲❡t X ❜❡ ❛ ✜♥✐t❡ s❡t ♦❢ ❝♦♥s❡q✉❡♥❝❡s ✭❝❡rt❛✐♥ ♣r✐③❡s✮✳ 6 ▲❡t Y = △ (X) ❜❡ t❤❡ s❡t ♦❢ ❧♦t✲
t❡r✐❡s ♦✈❡r X✳ ▲❡t Y ❜❡ t❤❡ s❡t ♦❢ ♥♦♥✲❡♠♣t② ❝❧♦s❡❞ s❡ts ✐♥ Y ✳ ❚❤❡ ♠✐①t✉r❡ ✭❝♦♥✈❡① ❝♦♠✲
❜✐♥❛t✐♦♥✮ ♦❢ t✇♦ ❧♦tt❡r✐❡s ✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿ (αq + (1− α) r) (x) = αq (x)+(1− α) r (x)
✭✇❤❡r❡ α ∈ [0, 1]✱ q, r ∈ Y ❛♥❞ x ∈ X✮✳ ❙✐♠✐❧❛r❧②✱ ❣✐✈❡♥ A ∈ Y ✱ ❧❡t αq + (1− α)A ❞❡♥♦t❡
t❤❡ s❡t ♦❢ ❧♦tt❡r✐❡s t❤❛t ✐♥❝❧✉❞❡ ❛❧❧ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥s ♦❢ q ✇✐t❤ ❧♦tt❡r② r ✐♥ A✱ ✇✐t❤
✇❡✐❣❤ts α ❛♥❞ 1− α r❡s♣❡❝t✐✈❡❧②✿ (αq + (1− α)A) = {αq + (1− α)r|r ∈ A}✳

❚❤❡ ♣r✐♠✐t✐✈❡ ♦❢ t❤❡ ♠♦❞❡❧ ✐s ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ C ♦✈❡r Y✳ 7 ❋♦r ❡❛❝❤ s✉❝❤ s❡t
A ∈ Y ✱ C (A) ✐s ❛ ♥♦♥✲❡♠♣t② s✉❜s❡t ♦❢ ❆✳ ❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ C ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✇❤❡♥
❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❢❛❝❡s ❛ ❝❤♦✐❝❡ ❢r♦♠ ♠❡♥✉ A✱ s❤❡ s❡❧❡❝ts ♦♥❡ ♦❢ t❤❡ ❛❧t❡r♥❛t✐✈❡s ✐♥ C (A)✱
❛♥❞ ❛♥② ❛❧t❡r♥❛t✐✈❡ ✐♥ C (A) ♠❛② ❜❡ ❝❤♦s❡♥✳ ❚❤❛t ✐s✱ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❝♦♥s✐❞❡rs ❛❧❧ t❤❡
❡❧❡♠❡♥ts ✐♥ C (A)✱ ❛♥❞ ♦♥❧② t❤❡♠✱ ❛s ❝❤♦♦s❛❜❧❡ ❛❧t❡r♥❛t✐✈❡s✳ ❚❤❡ s❡❧❡❝t✐♦♥ ♦❢ ❛ s♣❡❝✐✜❝
❡❧❡♠❡♥t ✐♥ C (A) ✐s ♥♦t ❡①♣❧✐❝✐t❧② ♠♦❞❡❧❡❞✳ ❲❤❡♥ q ∈ C(A) ✇❡ s❛② t❤❛t q ✐s ✭s♦♠❡t✐♠❡s✮
❝❤♦s❡♥ ✭♦r s❡❧❡❝t❡❞✮ ❢r♦♠ ❆❀ s✐♠✐❧❛r❧②✱ ✇❤❡♥ q /∈ C(A) ✇❡ s❛② t❤❛t q ✐s ♥♦t ❝❤♦s❡♥ ❢r♦♠
❆✳ ●✐✈❡♥ A ∈ Y ✱ conv (A) ❞❡♥♦t❡s t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ A ✭t❤❡ s♠❛❧❧❡st ❝♦♥✈❡① s❡t t❤❛t
❝♦♥t❛✐♥s A✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ st❛♥❞❛r❞ ❛①✐♦♠s ✭❛ss✉♠♣t✐♦♥s✮ ❛r❡ ✐♠♣♦s❡❞ ♦♥ C✿

❆✶ ◆♦♥✲tr✐✈✐❛❧✐t②✳ ∃A ∈ Y ❛♥❞ ∃q ∈ A✱ s✉❝❤ t❤❛t q /∈ C(A)✳
❆✷ ❈♦♥t✐♥✉✐t②✳ ❋♦r ❛♥② ❧♦tt❡r② q ∈ Y ✱ t❤❡ s❡t {r ∈ Y |r ∈ C ({q, r})} ✐s ❝❧♦s❡❞✱ ❛♥❞ t❤❡
s❡t {r ∈ Y | {r} = C ({q, r})} ✐s ♦♣❡♥✳

6 ❲❡ ❞❡✜♥❡ X t♦ ❜❡ ✜♥✐t❡ ❢♦r s✐♠♣❧✐❝✐t② ♦❢ ♣r❡s❡♥t❛t✐♦♥✳ ❇♦t❤ ♠♦❞❡❧s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛

❝♦♠♣❛❝t ♠❡tr✐❝ s♣❛❝❡ ♦❢ ♦✉t❝♦♠❡s ✭s❡❡✱ ❊✈r❡♥✱ ✷✵✶✵❀ ●✐❧❜♦❛ ❡t ❛❧✳✱ ✷✵✶✵✮✳
7 ❲❡ ❞❡✜♥❡ C ♦♥❧② ♦♥ ❝❧♦s❡❞ s❡ts ❜❡❝❛✉s❡ ✐♥ ♥♦♥✲❝❧♦s❡❞ s❡ts t❤❡ P❛r❡t♦ ❢r♦♥t✐❡r ♠✐❣❤t ❜❡ ❛♥

❡♠♣t② s❡t✳ ❖✉r r❡s✉❧ts r❡♠❛✐♥ t❤❡ s❛♠❡ ✐❢ C ✐s ❞❡✜♥❡❞ ♦♥❧② ♦♥ ✜♥✐t❡ ✭♥♦♥✲❡♠♣t②✮ s❡ts✳

✺



❆✸ ■♥❞❡♣❡♥❞❡♥❝❡✳ ▲❡t q ∈ A ∈ Y ✱ r ∈ Y ❛♥❞ α ∈ (0, 1)✳ q ∈ C (A) ⇔ αr + (1− α) q ∈
C (αr + (1− α)A)✳

❆①✐♦♠s ❆✶✲❆✸ ❛r❡ st❛♥❞❛r❞✳ ❆①✐♦♠ ❆✶ r❡q✉✐r❡s t❤❛t ❈ ❜❡ ♥♦♥✲tr✐✈✐❛❧ ✭t❤❡r❡ ✐s ❛ ❝❤♦✐❝❡
s❡t ✇✐t❤ ❛t ❧❡❛st ♦♥❡ ✉♥❝❤♦♦s❛❜❧❡ ❛❧t❡r♥❛t✐✈❡✮✳ ❆①✐♦♠ ❆✷ ✭❝♦♥t✐♥✉✐t②✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡
r❡q✉✐r❡♠❡♥t t❤❛t ❢♦r ❛♥② ❧♦tt❡r② q ∈ A✱ t❤❡ s❡ts {r|r � q} ❛♥❞ {r|r � q} ❛r❡ ❝❧♦s❡❞✱ ✇❤❡r❡
� ✐s t❤❡ ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥ t❤❛t ✐s r❡✈❡❛❧❡❞ ❢r♦♠ ❜✐♥❛r② ❝❤♦✐❝❡s✿ r � q ⇔ r ∈ C ({q, r}) . 8

❆ss✉♠❡ t❤❛t t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r ✐s ❣♦✐♥❣ t♦ s❡❧❡❝t ❧♦tt❡r② q ✐♥ A✱ ✇❤❡♥ s❤❡ ✜♥❞s ♦✉t t❤❛t
t❤❡r❡ ✐s ♣r♦❜❛❜✐❧✐t② α t❤❛t s❤❡ ✇✐❧❧ ❜❡ ♦❜❧✐❣❡❞ t♦ t❛❦❡ ❧♦tt❡r② r✳ ❆①✐♦♠ ❆✸ ✭✐♥❞❡♣❡♥❞❡♥❝❡✮
r❡q✉✐r❡s t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r t♦ ❝❤♦♦s❡ t❤❡ ♠✐①t✉r❡ ♦❢ q ❛♥❞ r ✐♥ t❤❡ ♥❡✇ ❝❤♦✐❝❡ ♣r♦❜❧❡♠
✭t❤❡ ♠✐①t✉r❡ ♦❢ A ❛♥❞ r✮✳

✷✳✶✳✷ ❈♦♥✈❡① ❆①✐♦♠ ♦❢ ❘❡✈❡❛❧❡❞ ◆♦♥✲■♥❢❡r✐♦r✐t② ✭❈❆❘◆■✮

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ✭❝♦♠♣❧❡t❡✮ ♣r❡❢❡r❡♥❝❡
♠❛①✐♠✐③❛t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t s❛t✐s✜❡s ❲❆❘P✿

❲❆❘P ✭❲❡❛❦ ❆①✐♦♠ ♦❢ ❘❡✈❡❛❧❡❞ Pr❡❢❡r❡♥❝❡✮ ✲ ▲❡t A,B ∈ Y ❛♥❞ q, r ∈ A ∩ B✳
q ∈ C(A) ❛♥❞ r ∈ C(B) ✐♠♣❧✐❡s q ∈ C(B)✳

❚❤❛t ✐s✱ ✐❢ q ❛♥❞ r ❛r❡ ❡❧❡♠❡♥ts ✐♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t✇♦ s❡ts✱ q ✐s ❝❤♦s❡♥ ✐♥ t❤❡ ✜rst
s❡t✱ ❛♥❞ r ✐s ❝❤♦s❡♥ ✐♥ t❤❡ s❡❝♦♥❞ s❡t✱ t❤❡♥ ❜♦t❤ ❛❧t❡r♥❛t✐✈❡s s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ ✐♥ ❜♦t❤
s❡ts✳ ❱♦♥ ◆❡✉♠❛♥♥ ❛♥❞ ▼♦r❣❡♥st❡r♥ ✭✶✾✹✹✮ s❤♦✇ t❤❛t ❆①✐♦♠s ❆✶✲❆✸ ❛♥❞ ❲❆❘P ❛r❡
❡q✉✐✈❛❧❡♥t t♦ ❡①♣❡❝t❡❞ ✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥✿ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈◆✲▼ ✉t✐❧✐t② ❢✉♥❝t✐♦♥
u✱ s✉❝❤ t❤❛t t❤❡ ❝❤♦s❡♥ ❧♦tt❡r✐❡s ❛r❡ ❜❡st ❛❝❝♦r❞✐♥❣ t♦ u✳ ❚❤❛t ✐s✱ ❢♦r ❡✈❡r② s❡t A ∈ Y ❛♥❞
❡✈❡r② ❧♦tt❡r② q ∈ A✿ q ∈ C(A) ⇔ u (q) ≥ u (r) ∀r ∈ A.

❲✐t❤ ❛♥ ❡②❡ t♦ ♦✉r r❡❧❛①❛t✐♦♥ ♦❢ ❲❆❘P✱ ✇❡ ❢♦r♠✉❧❛t❡ ✐t s❧✐❣❤t❧② ❞✐✛❡r❡♥t❧②✿

❲❆❘P✬ ✭❡q✉✐✈❛❧❡♥t ❢♦r♠✉❧❛t✐♦♥ t♦ ❲❆❘P✮ ✲ ▲❡t q ∈ A ∈ Y ✳ ■❢ t❤❡r❡ ❡①✐sts r ∈ C(A)
❛♥❞ B ∈ Y s✉❝❤ t❤❛t q ∈ C (B) ❛♥❞ r ∈ B✱ t❤❡♥ q ∈ C(A)✳

❲❆❘P ✐s ❛♣♣r♦♣r✐❛t❡ ✇❤❡♥ t❤❡ ♣s②❝❤♦❧♦❣✐❝❛❧ ♣r❡❢❡r❡♥❝❡s ♦❢ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❛r❡ ❝♦♠✲
♣❧❡t❡✳ ■♥ s✉❝❤ ❝❛s❡s✱ ✐❢ q ✐s s❡❧❡❝t❡❞ ❢r♦♠ ❛ ♠❡♥✉ t❤❛t ✐♥❝❧✉❞❡s r t❤❡♥ ✐t ✐♠♣❧✐❡s t❤❛t q ✐s
r❡✈❡❛❧❡❞ t♦ ❜❡ ❛s ❣♦♦❞ ❛s r✳ ❚❤✉s ✐❢ r ✐s ❝❤♦s❡♥ ❢r♦♠ A s♦ ✐s q✳

❲❤❡♥ t❤❡ ♣s②❝❤♦❧♦❣✐❝❛❧ ♣r❡❢❡r❡♥❝❡s ❛r❡ ✐♥❝♦♠♣❧❡t❡✱ t❤❡r❡ ✐s ❛ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ s♦♠❡✲
t❤✐♥❣ ❜❡✐♥❣ s✉♣❡r✐♦r ❛♥❞ ✐t ❜❡✐♥❣ ♥♦♥✲✐♥❢❡r✐♦r ❢♦r ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r✳ ❊❧✐❛③ ❛♥❞ ❖❦ ✭✷✵✵✻✮
♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛①✐♦♠ t♦ ❞❡❛❧ ✇✐t❤ ❝❤♦✐❝❡ t❤❛t ✐s ✐♥❞✉❝❡❞ ❢r♦♠ ✐♥❝♦♠♣❧❡t❡ ♣r❡❢❡r✲
❡♥❝❡s✿

❲❆❘◆■ ✭❲❡❛❦ ❆①✐♦♠ ♦❢ ❘❡✈❡❛❧❡❞ ◆♦♥✲■♥❢❡r✐♦r✐t②✮ ✲ ▲❡t q ∈ A ∈ Y ✳ ■❢ ❢♦r ❡✈❡r②
r ∈ C(A) t❤❡r❡ ❡①✐sts B ∈ Y s✉❝❤ t❤❛t q ∈ C (B) ❛♥❞ r ∈ B✱ t❤❡♥ q ∈ C(A)✳

❆❝❝♦r❞✐♥❣ t♦ ❊❧✐❛③ ❛♥❞ ❖❦ ✭✷✵✵✻✮✬s ❞❡✜♥✐t✐♦♥✱ ❡❧❡♠❡♥t q ✐s r❡✈❡❛❧❡❞ ♥♦t t♦ ❜❡ ✐♥❢❡r✐♦r
t♦ r✱ ✐❢ q ✐s ❝❤♦s❡♥ ❢r♦♠ ❛ s❡t ❛♥❞ r ✐s ❛♥ ❡❧❡♠❡♥t ✐♥ t❤❛t s❡t✳ ❲❆❘◆■ r❡q✉✐r❡s t❤❛t ✐❢
q ✐s r❡✈❡❛❧❡❞ ♥♦t t♦ ❜❡ ✐♥❢❡r✐♦r t♦ ❛❧❧ ♦❢ t❤❡ ❛❧t❡r♥❛t✐✈❡s ❝❤♦s❡♥ ❢r♦♠ A✱ t❤❡♥ ✐t ♠✉st ❜❡
❝❤♦s❡♥ ❢r♦♠ A ❛s ✇❡❧❧✳ ❋♦❧❧♦✇✐♥❣ ❊❧✐❛③ ❛♥❞ ❖❦ ✭✷✵✵✻✮ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ❛①✐♦♠s ❆✶✲❆✸
❛♥❞ ❲❆❘◆■ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥✿ ❚❤❡r❡ ❡①✐sts ❛

8 ❆❧t❡r♥❛t✐✈❡❧②✱ ❆✷ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ r❡q✉✐r❡♠❡♥t t❤❛t s❡ts {r|r ≻ q} ❛♥❞ {r|r ≺ q} ❛r❡ ♦♣❡♥✱

✇❤❡r❡ ≻ ✐s t❤❡ r❡✈❡❛❧❡❞ str✐❝t ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥ ✭r ≻ q ⇔ {r} = C ({q, r})✳

✻



❝♦♥✈❡① ❛♥❞ ❝♦♠♣❛❝t s❡t U ♦❢ ✈◆✲▼ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s ✭✉♥✐q✉❡ ✉♣ t♦ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✮✱
s✉❝❤ t❤❛t ❢♦r ❡✈❡r② A ∈ Y ❛♥❞ ❡✈❡r② ❧♦tt❡r② q ∈ A✿ 9

q ∈ C(A) ⇔ ∀r ∈ A, ∃ur ∈ U, s.t. ur (q) ≥ ur (r) . ✭✶✮

❆s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ✐♥ s♦♠❡ ❝❤♦✐❝❡ s✐t✉❛t✐♦♥s✱ ✐t s❡❡♠s ♠♦r❡ ❛♣♣r♦♣r✐❛t❡ t♦
r❡q✉✐r❡ ❛ ❝♦♥✈❡① ✈❛r✐❛t✐♦♥ ♦❢ ❲❆❘◆■✳ ❚❤✐s r❡q✉✐r❡♠❡♥t ✐s ❝❛♣t✉r❡❞ ❜② ❈❆❘◆■✿

❆✹ ❈♦♥✈❡① ❆①✐♦♠ ♦❢ ❘❡✈❡❛❧❡❞ ◆♦♥✲■♥❢❡r✐♦r✐t② ✭❈❆❘◆■✮✳ ▲❡t q ∈ A ∈ Y ✳ ■❢ ∀r ∈
conv (C(A)) t❤❡r❡ ❡①✐sts B ∈ Y s✉❝❤ t❤❛t q ∈ C (B) ❛♥❞ r ∈ conv (B)✱ t❤❡♥ q ∈ C(A)✳

❲❡ s❛② t❤❛t ❡❧❡♠❡♥t q ✐s r❡✈❡❛❧❡❞ ♥♦t t♦ ❜❡ ✐♥❢❡r✐♦r t♦ r✱ ✐❢ q ✐s s❡❧❡❝t❡❞ ❢r♦♠ ❛ s❡t ❛♥❞
r ✐s ❛ ♠✐①t✉r❡ ♦❢ ❡❧❡♠❡♥ts ✐♥ t❤❛t s❡t✳ ❈❆❘◆■ r❡q✉✐r❡s t❤❛t ✐❢ q ✐s r❡✈❡❛❧❡❞ ♥♦t t♦ ❜❡
✐♥❢❡r✐♦r t♦ ❛❧❧ t❤❡ ♠✐①t✉r❡s ♦❢ t❤❡ ❡❧❡♠❡♥ts ❝❤♦s❡♥ ❢r♦♠ A✱ t❤❡♥ ✐t ♠✉st ❜❡ ❝❤♦s❡♥ ❢r♦♠
A ❛s ✇❡❧❧✳ 10 ❚❤❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ❈❆❘◆■ ❛♥❞ r❡❧❛t❡❞ ❡①✐st✐♥❣ ❛①✐♦♠s ❛r❡ ❞✐s❝✉ss❡❞
✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳

✷✳✶✳✸ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠

❚❤❡ st❛♥❞❛r❞ ❛①✐♦♠s ❆✶✲❆✸ ✭♥♦♥✲tr✐✈✐❛❧✐t②✱ ❝♦♥t✐♥✉✐t②✱ ✐♥❞❡♣❡♥❞❡♥❝❡✮ ❛♥❞ ❈❆❘◆■ ✭❆✹✮
②✐❡❧❞ ❛ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❛ ❧♦tt❡r② ✐s ❝❤♦s❡♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❜❡st
✇✐t❤ r❡s♣❡❝t t♦ ♦♥❡ ♦❢ t❤❡ ✉t✐❧✐t✐❡s✳ ❋♦r♠❛❧❧②✿

❚❤❡♦r❡♠ ✶ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦✈❡r Y✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮ C s❛t✐s✜❡s ❛①✐♦♠s ❆✶✲❆✹✳
✭✷✮ ❚❤❡r❡ ❡①✐sts ❛ ❝♦♥✈❡① ❝♦♠♣❛❝t s❡t U ♦❢ ♦❢ ✈◆✲▼ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✱ s✉❝❤ t❤❛t✿

✭❛✮ ❢♦r ❡✈❡r② A ∈ Y ❛♥❞ ❡✈❡r② ❧♦tt❡r② q ∈ A✿

q ∈ C(A) ⇔ ∃u ∈ U, s✳t✳∀r ∈ A, u (q) ≥ u (r) . ✭✷✮

✭❜✮ ❚❤❡r❡ ❛r❡ t✇♦ ❧♦tt❡r✐❡s p, p ∈ Y s✉❝❤ t❤❛t ∀u ∈ U ✱ u
(

p
)

< u (p)✳

▼♦r❡♦✈❡r✱ t❤❡ s❡t U ✐s ✉♥✐q✉❡ ✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✳ 11

✷✳✶✳✹ ❙❦❡t❝❤ ♦❢ Pr♦♦❢

❚❤❡ ❢♦r♠❛❧ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✱ ❧✐❦❡ ❛❧❧ ♦t❤❡r ♣r♦♦❢s ✐♥ t❤❡ ♣❛♣❡r✱ ❛♣♣❡❛rs ✐♥ ❙❡❝t✐♦♥ ✹✳ ■♥
✇❤❛t ❢♦❧❧♦✇s ✇❡ ❜r✐❡✢② s❦❡t❝❤ t❤❡ ♠❛✐♥ ♣❛rts ♦❢ t❤❡ ♣r♦♦❢✱ ✐♥ ♦r❞❡r t♦ ❡①♣❧❛✐♥ t❤❡ ✐♥t✉✐t✐♦♥
♦❢ t❤❡ r❡s✉❧t✳

❊❧✐❛③ ❛♥❞ ❖❦ ✭✷✵✵✻✮ s❤♦✇ t❤❛t ❲❆❘◆■ ❛♥❞ t❤❡ st❛♥❞❛r❞ ❛①✐♦♠s ②✐❡❧❞ ❛ ♠✉❧t✐♣❧❡✲✉t✐❧✐t②
r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❛♥ ❡❧❡♠❡♥t ✐s ❝❤♦s❡♥ ✐❢ ✐t ❝❛♥ ❜❡❛t ❛♥② ♦t❤❡r ❛❧t❡r♥❛t✐✈❡ ✐♥ t❤❡

9 ❊❧✐❛③ ❛♥❞ ❖❦ ✭✷✵✵✻✮✬s r❡♣r❡s❡♥t❛t✐♦♥ ✐s s♦♠❡✇❤❛t ❞✐✛❡r❡♥t t❤❛♥ ✭✶✮ ❞✉❡ t♦ t❤❡✐r ❞✐❢✲

❢❡r❡♥t ❝♦♥t✐♥✉✐t② r❡q✉✐r❡♠❡♥ts✳ ❚❤❡✐r r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❛s ❢♦❧❧♦✇s✿ q ∈ C(A) ⇔ ∀r ∈
A, (∃ur ∈ U, s.t. ur (q) > ur (r) or ∀u ∈ U u (q) = u (r))✳
10 ❈❆❘◆■ ❝♦✉❧❞ ❜❡ st❛t❡❞ ❛s ❛♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ♣r♦♣❡rt② ✭s❡❡ ▲❡♠♠❛ ✸✮✿ q ✐s ❝❤♦s❡♥ ✐♥ A ✐❢ ❛♥❞

♦♥❧② ✐❢ ✐t ✐s r❡✈❡❛❧❡❞ ♥♦t t♦ ❜❡ ✐♥❢❡r✐♦r t♦ ❛❧❧ t❤❡ ♠✐①t✉r❡s ♦❢ t❤❡ ❡❧❡♠❡♥ts ❝❤♦s❡♥ ❢r♦♠ A✳
11 ❚❤❛t ✐s✱ ✐❢ ❜♦t❤ U ❛♥❞ V ❛r❡ ❝♦♥✈❡① ❝♦♠♣❛❝t s❡ts t❤❛t r❡♣r❡s❡♥t t❤❡ s❛♠❡ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡

t❤❡♥ ∀u ∈ U, ∃v ∈ V s✉❝❤ t❤❛t u = a · v + b ✇❤❡r❡ a > 0 ❛♥❞ b ∈ R✳

✼



❝❤♦✐❝❡ s❡t ❢♦r ❛t ❧❡❛st ♦♥❡ ✈◆✲▼ ✉t✐❧✐t② ✭❛s ❞❡s❝r✐❜❡❞ ✐♥ ✭✶✮✮✳ ❘❡♣❧❛❝✐♥❣ ❲❆❘◆■ ❜② ❈❆❘◆■
②✐❡❧❞s ❛ s✐♠✐❧❛r r❡♣r❡s❡♥t❛t✐♦♥✱ ♦♥❧② t❤✐s t✐♠❡ t❤❡ ❝❤♦s❡♥ ❡❧❡♠❡♥t ❤❛s t♦ ❜❡❛t ❛♥② ♦t❤❡r
❛❧t❡r♥❛t✐✈❡ ✐♥ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡ ❝❤♦✐❝❡ s❡t✿

q ∈ C(A) ⇔ ∀r ∈ conv (A) , ∃ur ∈ U, s.t. ur (q) ≥ ur (r) .

❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦✿

q ∈ C(A) ⇔ min
r∈conv(A)

max
u∈U

(u (q)− u (r)) ≥ 0.

❙✐♥❝❡ ❜♦t❤ t❤❡ s❡t ♦❢ ✉t✐❧✐t✐❡s ❛♥❞ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡ ♠❡♥✉ ❛r❡ ❝♦♥✈❡①✱ ❛♥❞ s✐♥❝❡ ❛❧❧
t❤❡ ✉t✐❧✐t✐❡s ✐♥ U ❛r❡ ❧✐♥❡❛r✱ ✇❡ ❝❛♥ ♥♦✇ ✉s❡ t❤❡ ♠✐♥✐♠❛① t❤❡♦r❡♠ t♦ r❡✈❡rs❡ t❤❡ ♦r❞❡r ♦❢
t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ❛♥❞ ♠❛①✐♠✐③❛t✐♦♥ ❛❜♦✈❡ ❛♥❞ ♦❜t❛✐♥ t❤❛t✿

q ∈ C(A) ⇔ max
u∈U

min
r∈conv(A)

(u (q)− u (r)) ≥ 0.

❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦✿

q ∈ C(A) ⇔ ∃u ∈ U s.t. ∀r ∈ conv(A), u (q) ≥ u (r) .

❙✐♥❝❡ ❛❧❧ t❤❡ ✉t✐❧✐t✐❡s ✐♥ U ❛r❡ ❧✐♥❡❛r✱ ♦♥❡ ❝❛♥ r❡♣❧❛❝❡ conv (A) ✇✐t❤ A ❛♥❞ ♦❜t❛✐♥ ✭✷✮✳

✷✳✷ ❘❡❧❛t✐♦♥s❤✐♣s ❇❡t✇❡❡♥ ❈❆❘◆■ ❛♥❞ ❊①✐st✐♥❣ ❆①✐♦♠s

❋♦r ❡①♣♦s✐t✐♦♥❛❧ ♣✉r♣♦s❡✱ ✇❡ ♣r❡s❡♥t ✐♥ ❋✐❣✉r❡ ✷ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ ❈❆❘◆■ ❛♥❞ ❡①✐st✐♥❣
❛①✐♦♠s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❲❡ ❤♦♣❡ t❤❛t t❤✐s ♣r❡s❡♥t❛t✐♦♥ ✇✐❧❧ ❜❡ ❜❡♥❡✜❝✐❛❧ t♦ t❤❡ r❡❛❞❡r
❛♥❞ ✇✐❧❧ s✐♠♣❧✐❢② t❤❡ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ ❈❆❘◆■✳ ❍♦✇❡✈❡r✱ ♥♦t❡ t❤❛t t❤❡ r❡s✉❧ts ✐♥ t❤✐s
♣❛♣❡r ❞♦ ♥♦t r❡❧② ♦♥ t❤❡s❡ r❡❧❛t✐♦♥s✳

❋✐❣✉r❡ ✷✳ ▲♦❣✐❝❛❧ ■♠♣❧✐❝❛t✐♦♥s ♦❢ ❈❆❘◆■ ❛♥❞ ❘❡❧❛t❡❞ ❆①✐♦♠s

✽



❚❤❡ ❛①✐♦♠s t❤❛t ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ ✷ ❛r❡ ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

• ▼✐①t✉r❡ ■♥✈❛r✐❛♥❝❡ ✭❙❡✐❞❡♥❢❡❧❞ ❡t ❛❧✳✱ ✷✵✶✵✱ ❛①✐♦♠ ✷❜✮ ✲ q ∈ C (A) ⇒ q ∈ C (conv (A))✿
■❢ ❛♥ ❡❧❡♠❡♥t ✐s ❝❤♦s❡♥ ✐♥ ❛ s❡t✱ ✐t ✐s ❛❧s♦ ❝❤♦s❡♥ ✐♥ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡ s❡t✳ ❚❤❡ ✐♥✲
t✉✐t✐♦♥ ♦❢ ▼✐①t✉r❡ ■♥✈❛r✐❛♥❝❡ ✐s t❤❛t ✐❢ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❝❛♥ ✐♠♣❧✐❝✐t❧② ✉s❡ ✐♥t❡r♥❛❧
r❛♥❞♦♠✐③❛t✐♦♥ ❞❡✈✐❝❡s ❛♥❞ s❤❡ s❛t✐s✜❡s t❤❡ r❡❞✉❝t✐♦♥ ♦❢ ❝♦♠♣♦✉♥❞ ❧♦tt❡r✐❡s✱ t❤❡♥ ❛ ❝❤♦✲
s❡♥ ❡❧❡♠❡♥t s❤♦✉❧❞ st✐❧❧ ❜❡ ❝❤♦s❡♥ ✇❤❡♥ ❛ ♠✐①t✉r❡ ♦❢ ❡①✐st✐♥❣ ❛❧t❡r♥❛t✐✈❡s ✐s ❛❞❞❡❞ t♦
t❤❡ ❝❤♦✐❝❡ s❡t✳

• ❙❡♥✬s α ✭❙❡♥✱ ✶✾✼✶❀ ❛❧s♦ ❝❛❧❧❡❞ ❝♦♥tr❛❝t✐♦♥ ♣r♦♣❡rt②✮✲ ❋♦r ❛♥② A,B ∈ Y ✱ ✐❢ q ∈ A ⊆ B
❛♥❞ q ∈ C (B)✱ t❤❡♥ q ∈ C (A)✿ ■❢ ❛♥ ❡❧❡♠❡♥t ✐s ❝❤♦s❡♥ ✐♥ ❛ s❡t✱ ✐t s❤♦✉❧❞ ❛❧s♦ ❜❡ ❝❤♦s❡♥
✐♥ ❛ s✉❜s❡t✳

• ❙❡♥✬s β ✭❙❡♥✱ ✶✾✼✶✮ ✲ ❋♦r ❛♥② A,B ∈ Y ✇✐t❤ A ⊆ B✱ ✐❢ q, r ∈ C (A) ❛♥❞ q ∈ C (B)✱
t❤❡♥ r ∈ C (B)✿ ■❢ t✇♦ ❡❧❡♠❡♥ts ❛r❡ ❝❤♦s❡♥ ✐♥ ❛ s❡t✱ ❛♥❞ ♦♥❡ ♦❢ t❤❡♠ ✐s ❛❧s♦ ❝❤♦s❡♥ ✐♥
❛ s✉♣❡rs❡t✱ t❤❡♥ ❜♦t❤ ♦❢ t❤❡♠ s❤♦✉❧❞ ❜❡ ❝❤♦s❡♥ ✐♥ t❤❡ s✉♣❡rs❡t✳

• ❙❡♥✬s γ ✭❙❡♥✱ ✶✾✼✶✮ ✲ ▲❡t M ⊆ Y ❜❡ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ s❡ts ❛♥❞ ❧❡t A ❜❡ t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧
t❤❡s❡ s❡ts✳ ■❢ A ∈ Y ❛♥❞ q ∈ C (B) ❢♦r ❡❛❝❤ B ∈ M ✱ t❤❡♥ q ∈ C (A)✿ ■❢ ❛♥ ❡❧❡♠❡♥t ✐s
❝❤♦s❡♥ ✐♥ ❡❛❝❤ s❡t ♦❢ s♦♠❡ ❝❧❛ss✱ ✐t s❤♦✉❧❞ ❛❧s♦ ❜❡ ❝❤♦s❡♥ ✐♥ t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ t❤❡s❡ s❡ts✳

• ❈♦♥✈❡① γ ✲ ▲❡t M ⊆ Y ❜❡ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ s❡ts ❛♥❞ ❧❡t A ❜❡ t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ t❤❡s❡ s❡ts✳
■❢ A ∈ Y ✱ A ✐s ❝♦♥✈❡①✱ ❛♥❞ q ∈ C (B) ❢♦r ❡❛❝❤ B ∈ M ✱ t❤❡♥ q ∈ C (A)✿ ❚❤✐s ❛①✐♦♠ ✐s
t❤❡ s❛♠❡ ❛s ❙❡♥✬s γ ❡①❝❡♣t t❤❛t ✐t ✐s r❡str✐❝t❡❞ t♦ ❝❛s❡s ✇❤❡r❡ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ s❡ts ✭A✮
✐s ❝♦♥✈❡①✳ ■t ✐s ✐♠♠❡❞✐❛t❡ t♦ s❡❡ t❤❛t ❙❡♥✬s γ ✐♠♣❧✐❡s ❈♦♥✈❡① γ✳

• ❆✐③❡r♠❛♥ ♣r♦♣❡rt② ✭❆✐③❡r♠❛♥ ❛♥❞ ▼❛❧✐s❤❡✈s❦✐✱ ✶✾✽✶✱ ♣r♦♣❡rt② ❖❀ ❈❤❡r♥♦✛✱ ✶✾✺✹✱
♣♦st✉❧❛t❡ ✺✯✮ ✲ ❋♦r ❛♥② A,B ∈ Y ✱ ❛♥❞ ❢♦r ❛♥② q ∈ C (A)✱ ✐❢ C (B) ⊆ A ⊆ B✱ t❤❡♥
q ∈ C (B)✿ ❆ ❝❤♦♦s❛❜❧❡ ❡❧❡♠❡♥t ✐s st✐❧❧ ❝❤♦s❡♥ ❛❢t❡r ❛❞❞✐♥❣ ✉♥❝❤♦s❡♥ ❛❧t❡r♥❛t✐✈❡s t♦ t❤❡
♠❡♥✉✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ✐♠♣❧✐❡❞ ❢r♦♠ ❋✐❣✉r❡ ✷✿

✭✶✮ ❚❤❡r❡ ✐s ♥♦ ❧♦❣✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥ ❜❡t✇❡❡♥ ❈❆❘◆■ ❛♥❞ ❲❆❘◆■ ✭♦r ❲❆❘P✮✳ ❖♥ t❤❡ ♦♥❡
❤❛♥❞✱ ❈❆❘◆■ r❡q✉✐r❡s ♥♦♥✲✐♥❢❡r✐♦r✐t② ❛❣❛✐♥st ❛ ❧❛r❣❡r s❡t ♦❢ ❛❧t❡r♥❛t✐✈❡s ❛s ❛ ♥❡❝❡s✲
s❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ❜❡✐♥❣ ❝❤♦s❡♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❈❆❘◆■ ❞❡✜♥❡s ♥♦♥✲✐♥❢❡r✐♦r✐t②
✐♥ ❛ ✇❡❛❦❡r ✇❛② ✭t❤❡r❡ ✐s ❛ ❧❛r❣❡r ❝♦❧❧❡❝t✐♦♥ ♦❢ s❡ts ✐♥ ✇❤✐❝❤ ❛♥ ❡❧❡♠❡♥t ♠❛② ❜❡
r❡✈❡❛❧❡❞ ♥♦t t♦ ❜❡ ✐♥❢❡r✐♦r t♦ ❛♥♦t❤❡r ❡❧❡♠❡♥t✮✳ ❊①❛♠♣❧❡ ✶ ❞❡♠♦♥str❛t❡s ❛ ❝❤♦✐❝❡
❝♦rr❡s♣♦♥❞❡♥❝❡ t❤❛t s❛t✐s✜❡s ❈❆❘◆■ ❛♥❞ ✈✐♦❧❛t❡s ❲❆❘◆■✳ ▼♦❞✐❢②✐♥❣ t❤❡ ❝❤♦✐❝❡
✐♥ t❤❛t ❡①❛♠♣❧❡ ❜② ❤❛✈✐♥❣ {bn, cn, q} = C ({bn, cn, q})✱ ✇♦✉❧❞ ❣✐✈❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡✲
s♣♦♥❞❡♥❝❡ t❤❛t s❛t✐s✜❡s ❲❆❘◆■ ❛♥❞ ✈✐♦❧❛t❡s ❈❆❘◆■ ✭❣✐✈❡♥ t❤❛t q ✐s ✐♥❢❡r✐♦r t♦
0.5bn+ 0.5cn)✳

✭✷✮ ❲❆❘P t♦❣❡t❤❡r ✇✐t❤ ▼✐①t✉r❡ ■♥✈❛r✐❛♥❝❡ ✐♠♣❧✐❡s ❈❆❘◆■✳
✭✸✮ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❲❆❘P ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t✇♦ ✐♥❞❡♣❡♥❞❡♥t ❛①✐♦♠s✿ ❙❡♥✬s

α ❛♥❞ ❙❡♥✬s β✳ ❈❆❘◆■ ✭❧✐❦❡ ❲❆❘◆■✮ ♦♥❧② s❛t✐s✜❡s ❙❡♥✬s α✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❊❧✐❛③ ❛♥❞
❖❦ ✭✷✵✵✻✱ ❘❡♠❛r❦ ✶✮ ❙❡♥✬s α ❤❛s ❛ str♦♥❣ ♥♦r♠❛t✐✈❡ ❛♣♣❡❛❧✱ ✇❤✐❧❡ t❤❡ ♥♦r♠❛t✐✈❡
❛♣♣❡❛❧ ♦❢ ❙❡♥✬s β ✐s ❛♠❜✐❣✉♦✉s✳

✭✹✮ ❈❆❘◆■ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ ❢♦✉r ✐♥❞❡♣❡♥❞❡♥t ❛①✐♦♠s✿ ❙❡♥✬s α✱ ❈♦♥✈❡① γ ✭❛
✇❡❛❦❡♥✐♥❣ ♦❢ ❙❡♥✬s γ t♦ ❝♦♥✈❡① s❡ts✮✱ ❆✐③❡r♠❛♥ Pr♦♣❡rt② ❛♥❞ ▼✐①t✉r❡ ■♥✈❛r✐❛♥❝❡✳

✭✺✮ ■t ♠❛② ❜❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st t♦ ♥♦t❡ t❤❛t ❲❆❘◆■ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t❤r❡❡
✇❡❧❧✲❦♥♦✇♥ ✐♥❞❡♣❡♥❞❡♥t ❛①✐♦♠s✿ ❙❡♥✬s α✱ ❙❡♥✬s γ ❛♥❞ ❆✐③❡r♠❛♥ Pr♦♣❡rt②✳

✭✻✮ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ ✭❙❡♥✱ ✶✾✼✶✮ t❤❛t ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♣r❡❢❡r❡♥❝❡
♠❛①✐♠✐③❛t✐♦♥ ✭❛❧s♦ ❝❛❧❧❡❞ ❜✐♥❛r✐♥❡ss ♦r ♥♦r♠❛❧✐t②✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t s❛t✐s✜❡s ❜♦t❤ ❙❡♥✬s
α ❛♥❞ ❙❡♥✬s γ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇❤✐❝❤ s❛t✐s✜❡s ❈❆❘◆■ ✐s

✾



✐♥ ❣❡♥❡r❛❧ ✐♥❝♦♥s✐st❡♥t ✇✐t❤ ♣r❡❢❡r❡♥❝❡ ♠❛①✐♠✐③❛t✐♦♥ ✭✉♥❧✐❦❡ ❲❆❘◆■ ♦r ❲❆❘P✮✳

✷✳✸ ❯♥❝❡rt❛✐♥t② ✭❆♥s❝♦♠❜❡✲❆✉♠❛♥♥ ❋r❛♠❡✇♦r❦✮

✷✳✸✳✶ ▼♦❞❡❧

■♥ t❤✐s ♠♦❞❡❧ ✇❡ ❢♦❧❧♦✇ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❆♥s❝♦♠❜❡✲❆✉♠❛♥♥ ✭✶✾✻✸✱ ❛s r❡❢♦r♠✉❧❛t❡❞ ✐♥
❋✐s❤❜✉r♥✱ ✶✾✼✵✮✳ ❙✐♠✐❧❛r t♦ t❤❡ ✜rst ♠♦❞❡❧✱ X ✐s ❛ ✜♥✐t❡ s❡t ♦❢ ♦✉t❝♦♠❡s ❛♥❞ Y = △ (X)
✐s t❤❡ s❡t ♦❢ ❧♦tt❡r✐❡s✳ ▲❡t S ❜❡ ❛ ✜♥✐t❡ s❡t ♦❢ st❛t❡s ♦❢ ♥❛t✉r❡✱ ❛♥❞✱ ❛❜✉s✐♥❣ ♥♦t❛t✐♦♥✱
❧❡t S = |S|✳ ▲❡t L = Y S ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ ❢✉♥❝t✐♦♥s ❢r♦♠ st❛t❡s ♦❢ ♥❛t✉r❡ t♦ ❧♦tt❡r✐❡s✳
❙✉❝❤ ❢✉♥❝t✐♦♥s ❛r❡ r❡❢❡rr❡❞ t♦ ❛s ❛❝ts✳ ❊♥❞♦✇ t❤✐s s❡t ✇✐t❤ t❤❡ ♣r♦❞✉❝t t♦♣♦❧♦❣②✱ ✇❤❡r❡
t❤❡ t♦♣♦❧♦❣② ♦♥ ❨ ✐s t❤❡ r❡❧❛t✐✈❡ t♦♣♦❧♦❣② ✐♥❤❡r✐t❡❞ ❢r♦♠ [0, 1]X ✳ ▲❡t L ❜❡ t❤❡ s❡t ♦❢ ❛❧❧
❝❧♦s❡❞ ❛♥❞ ♥♦♥✲❡♠♣t② s❡ts ✐♥ L✳ ❆❜✉s✐♥❣ ♥♦t❛t✐♦♥✱ ❢♦r ❛♥ ❛❝t f ∈ L ❛♥❞ ❛ st❛t❡ s ∈ S✱
✇❡ ❞❡♥♦t❡ ❜② f (s) t❤❡ ❝♦♥st❛♥t ❛❝t t❤❛t ❛ss✐❣♥s t❤❡ ❧♦tt❡r② f(s) t♦ ❡✈❡r② st❛t❡ ♦❢ ♥❛t✉r❡✳
❙✐♠✐❧❛r❧② ❢♦r s❡t A ∈ L ❛♥❞ st❛t❡ s ∈ S✱ ❧❡t A (s) ❞❡♥♦t❡ t❤❡ ❛❝t✲✇✐s❡ s❡t ♦❢ ❝♦♥st❛♥t ❛❝ts✿
A (s) = {f (s) |f ∈ A}✳

▼✐①t✉r❡s ✭❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥s✮ ♦❢ ❛❝ts ❛r❡ ♣❡r❢♦r♠❡❞ ♣♦✐♥t✲✇✐s❡✳ ■♥ ♣❛rt✐❝✉❧❛r ✐❢ f, g ∈ L
❛♥❞ α ∈ [0, 1]✱ t❤❡♥ (αf + (1− α)g) (s) = αf (s) + (1−α)g (s) ❢♦r ❡✈❡r② s ∈ S✳ ❙✐♠✐❧❛r❧②✱
❧❡t (αf + (1− α)A) ❞❡♥♦t❡ t❤❡ s❡t ✇❤❡r❡ ❡❛❝❤ g ∈ A ✐s r❡♣❧❛❝❡❞ ❜② αf + (1 − α)g✿
(αf + (1− α)A) = {αf + (1− α)g|g ∈ A}✳ ❆s ✐♥ t❤❡ ❢♦r♠❡r ♠♦❞❡❧✱ t❤❡ ♣r✐♠✐t✐✈❡ ✐s ❛
❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❈ ♦✈❡r L✱ ✇❤✐❝❤ s❛t✐s✜❡s t❤❛t ❢♦r ❡❛❝❤ A ∈ L✱ C (A) ✐s ❛ ♥♦♥✲
❡♠♣t② s✉❜s❡t ♦❢ ❆✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ✜✈❡ ❛①✐♦♠s ❛r❡ ✐♠♣♦s❡❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡✿

❇✵ ▼♦♥♦t♦♥✐❝✐t②✳ ▲❡t f ∈ A ∈ L ❛♥❞ g ∈ B ∈ L✳ ■❢ ∀s ∈ S✱ f(s) ∈ C (f (s) , g (s)) t❤❡♥✿
✭✐✮ g ∈ C (B)⇒f ∈ C (B ∪ {f})✱ ❛♥❞ ✭✐✐✮ C (A) ⊆ C (A ∪ {g})✳

❇✶ ◆♦♥✲tr✐✈✐❛❧✐t②✳ ❚❤❡r❡ ✐s ❛♥ ❛❝t f ∈ A ∈ L s✉❝❤ t❤❛t f 6∈ C(A)✳
❇✷ ❈♦♥t✐♥✉✐t②✳ ❋♦r ❛♥② ❛❝t f ∈ L✱ t❤❡ s❡t {g ∈ L|g ∈ C ({f, g})} ✐s ❝❧♦s❡❞✱ ❛♥❞ t❤❡ s❡t
{g ∈ L| {g} = C ({f, g})} ✐s ♦♣❡♥✳

❇✸ ■♥❞❡♣❡♥❞❡♥❝❡✳ ▲❡t f ∈ A ∈ L✱ h ∈ L ❛♥❞ α ∈ (0, 1)✳ f ∈ C (A) ⇐⇒ αh+ (1− α) f ∈
C (αh+ (1− α)A)✳

❇✹ ❈♦♥✈❡① ❆①✐♦♠ ♦❢ ❘❡✈❡❛❧❡❞ ◆♦♥✲■♥❢❡r✐♦r✐t② ✭❈❆❘◆■✮✳ ▲❡t f ∈ A ∈ L✳ ■❢ ∀g ∈
conv (C(A)) t❤❡r❡ ❡①✐sts B ∈ Y s✉❝❤ t❤❛t f ∈ C (B) ❛♥❞ g ∈ conv (B)✱ t❤❡♥ f ∈ C(A)✳

❲❡ s❛② t❤❛t ❛❝t ❢ ✭✇❡❛❦❧②✮ ❞♦♠✐♥❛t❡s ❛❝t g ✐❢ ❢♦r ❡✈❡r② st❛t❡ ♦❢ ♥❛t✉r❡ s ∈ S f (s) ∈
C ({f (s) , g (s)})✳ ❚❤❛t ✐s✱ ❢♦r ❡✈❡r② st❛t❡ ♦❢ ♥❛t✉r❡ s✱ ✐❢ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❦♥♦✇s s✱ ❛❝t
❢ ✐s ❝❤♦s❡♥ ✐♥ t❤❡ ♣❛✐r {f, g}✳ ❚❤✉s✱ f ✐s ❜❡tt❡r t❤❛♥ g ✐♥ ❛❧❧ st❛t❡s ♦❢ ♥❛t✉r❡✳ ❆①✐♦♠ ❇✵
✭♠♦♥♦t♦♥✐❝✐t②✮ r❡q✉✐r❡s t❤❛t ✐❢ ❢ ❞♦♠✐♥❛t❡s g✱ t❤❡♥✿ ✭✐✮ f ✐s ❝❤♦s❡♥ ✇❤❡♥❡✈❡r ✐t ✐s ❛❞❞❡❞
t♦ ❛ s❡t ✇❤❡r❡ g ✇❛s ❛ ❝❤♦♦s❛❜❧❡ ❛❧t❡r♥❛t✐✈❡✱ ❛♥❞ ✭✐✐✮ ❛♥② ❛❧t❡r♥❛t✐✈❡ t❤❛t ✐s ❝❤♦s❡♥ ✐♥ ❛
s❡t t❤❛t ✐♥❝❧✉❞❡s f ✐s ❛❧s♦ ❝❤♦s❡♥ ❛❢t❡r ❛❞❞✐♥❣ g t♦ t❤✐s s❡t✳ ❆①✐♦♠s ❇✶✲❇✹ ❛r❡ ❛♥❛❧♦❣♦✉s
t♦ ❛①✐♦♠s ❆✶✲❆✹✱ ✇❤✐❝❤ ✇❡r❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ✜rst ♠♦❞❡❧✳

❆①✐♦♠s ❇✵✲❇✸ ❛♥❞ ❲❆❘P 12 ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s✉❜❥❡❝t✐✈❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② r❡♣r❡s❡♥t❛✲
t✐♦♥ ✭❆♥s❝♦♠❜❡ ❛♥❞ ❆✉♠❛♥♥✱ ✶✾✻✸❀ s❡❡ ❛❧s♦ ❙❛✈❛❣❡✱ ✶✾✺✹✮✿ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ✈◆✲▼
✉t✐❧✐t② ❢✉♥❝t✐♦♥ u✱ ❛♥❞ ❛ ✉♥✐q✉❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ p ♦✈❡r S ✭♣r✐♦r✮✱ s✉❝❤ t❤❛t ❢♦r

12 ■♥ t❤❡ ❆♥s❝♦♠❜❡✲❆✉♠❛♥♥ ❢r❛♠❡✇♦r❦ ❲❆❘P ✐s ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿ ▲❡t A,B ∈ L ❛♥❞

f, g ∈ A ∩B✳ f ∈ C(A) ❛♥❞ g ∈ C(B) ✐♠♣❧✐❡s f ∈ C(B)✳

✶✵



❡✈❡r② A ∈ L ❛♥❞ ❡✈❡r② ❛❝t f ∈ A✿ f ∈ C(A) ⇐⇒ Ep (u (f)) ≥ Ep (u (g)) ∀g ∈ A.

❆①✐♦♠s ❇✵✲❇✸ ❛♥❞ ❲❆❘◆■ 13 ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥✿ ❚❤❡r❡ ❡①✐sts
❛ ✉♥✐q✉❡ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ✈◆✲▼ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ u✱ ❛♥❞ ❛ ✉♥✐q✉❡ ❝❧♦s❡❞ ❛♥❞ ❝♦♥✈❡① s❡t
P ⊆ △ (S) ♦❢ ♣r✐♦rs✱ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② A ∈ L ❛♥❞ ❡✈❡r② ❛❝t f ∈ A✿

f ∈ C(A) ⇐⇒ ∀g ∈ A, ∃pg ∈ P s.t. Epg (u (f)) ≥ Epg (u (g)) . ✭✸✮

❚❤✐s r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❜✐♥❛r② ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ t❤❛t ✐s ✐♥❞✉❝❡❞ ❢r♦♠
❑♥✐❣❤t✐❛♥ ♣r❡❢❡r❡♥❝❡s ✭❇❡✇❧❡②✱ ✷✵✵✷✮ ♦r ❢r♦♠ ❥✉st✐✜❛❜❧❡ ♣r❡❢❡r❡♥❝❡s ✭▲❡❤r❡r ❛♥❞ ❚❡♣❡r✱
✷✵✶✶✮✳

✷✳✸✳✷ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠

❚❤❡ st❛♥❞❛r❞ ❛①✐♦♠s ❇✵✲❇✸ ✭♠♦♥♦t♦♥✐❝✐t②✱ ♥♦♥✲tr✐✈✐❛❧✐t②✱ ❝♦♥t✐♥✉✐t②✱ ✐♥❞❡♣❡♥❞❡♥❝❡✮ ❛♥❞
❈❆❘◆■ ✭❇✹✮ ②✐❡❧❞ ❛ ♠✉❧t✐♣❧❡✲♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❛♥ ❛❝t ✐s ❝❤♦s❡♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢
✐t ✐s ❜❡st ✇✐t❤ r❡s♣❡❝t t♦ ♦♥❡ ♦❢ t❤❡ ♣r✐♦rs✳ ❋♦r♠❛❧❧②✿

❚❤❡♦r❡♠ ✷ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦✈❡r L✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮ C s❛t✐s✜❡s ❛①✐♦♠s ❇✵✲❇✹✳
✭✷✮ ❚❤❡r❡ ❡①✐sts ❛ ♥♦♥✲❝♦♥st❛♥t ✈◆✲▼ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ u✱ ❛♥❞ ❛ ❝❧♦s❡❞ ❛♥❞ ❝♦♥✈❡① s❡t

P ⊆ △ (S) ♦❢ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ♦✈❡r ❙ ✭♣r✐♦rs✮✱ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② s❡t A ∈ L
❛♥❞ ❡✈❡r② ❛❝t f ∈ A✿

f ∈ C(A) ⇔ ∃p ∈ P s.t. ∀g ∈ A, Ep (u (f)) ≥ Ep (u (g)) . ✭✹✮

▼♦r❡♦✈❡r✱ P ✐s ✉♥✐q✉❡ ❛♥❞ u ✐s ✉♥✐q✉❡ ✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✳

❘❡♠❛r❦ ✶ ❆s ✐♥ t❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧✱ t❤❡ ❡①tr❛ ❝♦♥✈❡①✐t② ♦❢ ❈❆❘◆■ ❛❧❧♦✇s ✉s t♦ ❝❤❛♥❣❡
t❤❡ ♦r❞❡r ♦❢ t❤❡ q✉❛♥t✐✜❡rs ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ✭✸✮✱ ❡❛❝❤ ❝♦♠♣❛r✐s♦♥
♦❢ ❛ ❝❤♦s❡♥ ❛❝t f ✇✐t❤ s♦♠❡ ❛❝t g ∈ A ♠❛② ❜❡ ❜❛s❡❞ ♦♥ ❛ ❞✐✛❡r❡♥t ♣r✐♦r pg ∈ P ✱ ✇❤✐❧❡ ✐♥
✭✹✮✱ ❛❧❧ ❝♦♠♣❛r✐s♦♥s ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ s❛♠❡ ♣r✐♦r p ∈ P ✳

✸ Ps②❝❤♦❧♦❣✐❝❛❧ Pr❡❢❡r❡♥❝❡s ❛♥❞ ■♥❞❡❝✐s✐✈❡♥❡ss

■♥❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s ❛❧❧♦✇s ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r t♦ ❡①❤✐❜✐t ✐♥❞❡❝✐s✐✈❡♥❡ss✳ ■♥ t❤✐s s❡❝t✐♦♥
✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♥♦t✐♦♥s ♦❢ ✐♥❞❡❝✐s✐✈❡♥❡ss ❛♥❞ ❜❡✐♥❣ ♠♦r❡ ❞❡❝✐s✐✈❡ ✐♥ ♦✉r ♠♦❞❡❧s✳ ❚❤✐s
❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♠❛② ❜❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ✐♥t❡r❡st✱ ❛s ✐t ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣❧✐❡❞ t♦ ♦t❤❡r ♠♦❞❡❧s
♦❢ ✐♥❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s✳ ✭❡✳❣✳✱ ❇❡✇❧❡②✱ ✷✵✵✷❀ ❉✉❜r❛✱ ▼❛❝❝❤❡r♦♥✐ ❛♥❞ ❖❦✱ ✷✵✵✹❀ ❛♥❞ ❊❧✐❛③
❛♥❞ ❖❦✱ ✷✵✵✻✮✳

13 ■♥ t❤❡ ❆♥s❝♦♠❜❡✲❆✉♠❛♥♥ ❢r❛♠❡✇♦r❦ ❲❆❘◆■ ✐s ❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿ ▲❡t f ∈ A ∈ L✳
f ∈ C (A) ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❢♦r ❡✈❡r② g ∈ C (A) t❤❡r❡ ❡①✐sts B ∈ L s✉❝❤ t❤❛t f ∈ C (B) ❛♥❞ g ∈ B✳

✶✶



✸✳✶ Ps②❝❤♦❧♦❣✐❝❛❧ Pr❡❢❡r❡♥❝❡s ❛♥❞ ■♥❞❡❝✐s✐✈❡♥❡ss

❚❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r✬s r❡✈❡❛❧❡❞ ♣s②❝❤♦❧♦❣✐❝❛❧ ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥ �∗ ✐s ❞❡✜♥❡❞ ❢♦r ❡❛❝❤
q, r ∈ Y ❛s ❢♦❧❧♦✇s✿ 14

q �∗ r⇔





∀A ∈ Y
(■✮ r ∈ C (A ∪ {r}) ⇒ q ∈ C (A ∪ {q})

✭■■✮ ∀p ∈ A : p ∈ C (A ∪ {q}) ⇒ p ∈ C (A ∪ {r})





 . ✭✺✮

P❛rt ✭■✮ ❝♦♠♣❛r❡s t❤❡ s❡t ♦❢ ♠❡♥✉s ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❛❧t❡r♥❛t✐✈❡ ✐s ❝❤♦s❡♥✳ ■t r❡q✉✐r❡s t❤❛t
✐❢ r ✐s ❝❤♦s❡♥ ✇❤❡♥ ✐t ✐s ❛❞❞❡❞ t♦ ♠❡♥✉ A✱ t❤❡♥ q ♠✉st ❛❧s♦ ❜❡ ❝❤♦s❡♥ ✇❤❡♥ ✐t ✐s ❛❞❞❡❞
t♦ t❤❡ s❛♠❡ ♠❡♥✉✳ P❛rt ✭■■✮ ❝♦♠♣❛r❡s t❤❡ ❝❤♦✐❝❡s ♦❢ ♦t❤❡r ❛❧t❡r♥❛t✐✈❡s ✇❤❡♥ q ♦r r ❛r❡
❛✈❛✐❧❛❜❧❡✳ ■t r❡q✉✐r❡s t❤❛t ✐❢ ❛♥ ❡❧❡♠❡♥t ✐s s❡❧❡❝t❡❞ ✇❤❡♥ q ✐s ❛❞❞❡❞ t♦ ♠❡♥✉ A✱ t❤❡♥
✐t s❤♦✉❧❞ ❛❧s♦ ❜❡ ❝❤♦s❡♥ ✇❤❡♥ r ✐s ❛❞❞❡❞ t♦ t❤❡ s❛♠❡ ♠❡♥✉✳ ❉❡✜♥❡ q �I r ✐❢ ♣❛rt ✭■✮
❤♦❧❞s ✭✐✳❡✱ q �I r⇔(∀A ∈ Y , r ∈ C (A ∪ {r}) ⇒ q ∈ C (A ∪ {q}))✮ ❛♥❞ ❞❡✜♥❡ q �II r ✐❢
♣❛rt ✭■■✮ ❤♦❧❞s ✭✐✳❡✳✱ q �II r ⇔ (∀A ∈ Y , ∀p ∈ A : p ∈ C (A ∪ {q}) ⇒ p ∈ C (A ∪ {r}))✮✳
❖❜s❡r✈❡ t❤❛t ❛❧❧ t❤❡s❡ r❡❧❛t✐♦♥s ✭q �∗ r✱ q �I r✱ q �II r✮ ❛r❡ tr❛♥s✐t✐✈❡✳

❉❡✜♥❡ ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r t♦ ❜❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ q ❛♥❞ r✱ ❛♥❞ ❞❡♥♦t❡ ✐t ❜② q ∼∗ r✱ ✐❢
q �∗ r ❛♥❞ r �∗ q✳ ❉❡✜♥❡ ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r t♦ ❜❡ ✐♥❞❡❝✐s✐✈❡ ❜❡t✇❡❡♥ q ❛♥❞ r✱ ❛♥❞ ❞❡♥♦t❡
✐t ❜② q ⊲⊳∗ r✱ ✐❢ ¬q �∗ r ❛♥❞ ¬r �∗ q✳ 15 ❉❡✜♥❡ ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r t♦ ❤❛✈❡ ✐♥❝♦♠♣❧❡t❡
✭❝♦♠♣❧❡t❡✮ ♣r❡❢❡r❡♥❝❡s ✐❢ t❤❡ r❡❧❛t✐♦♥ �∗ ✐s ✐♥❝♦♠♣❧❡t❡ ✭❝♦♠♣❧❡t❡✮✳

❇❡r♥❤❡✐♠ ❛♥❞ ❘❛♥❣❡❧ ✭✷✵✵✾✮ ❞❡✜♥❡ r❡✈❡❛❧❡❞ ♣s②❝❤♦❧♦❣✐❝❛❧ ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥ ✭❞❡♥♦t❡❞
❜② R′ ✐♥ t❤❡✐r ♣❛♣❡r✮ ❛s ❢♦❧❧♦✇s✿

q �BR r ⇔ (∀A ∈ Y ✇✐t❤ q, r ∈ A : r ∈ C (A) ⇒ q ∈ C (A)) .

❚❤❛t ✐s✱ q ✐s r❡✈❡❛❧❡❞ ❜❡tt❡r t❤❛♥ r ❛̀ ❧❛ ❇❡r♥❤❡✐♠ ❛♥❞ ❘❛♥❣❡❧ ✭✷✵✵✾✮ ✐❢ ✇❤❡♥❡✈❡r ❜♦t❤
❡❧❡♠❡♥ts ❛r❡ ❛✈❛✐❧❛❜❧❡ ❛♥❞ r ✐s s❡❧❡❝t❡❞✱ s♦ ✐s q✳ ❆s ♥♦t❡❞ ❜② ❇❡r♥❤❡✐♠ ❛♥❞ ❘❛♥❣❡❧ �BR ✐s
♥♦t ♥❡❝❡ss❛r✐❧② tr❛♥s✐t✐✈❡✳ 16 ❚❤❡ r❡❧❛t✐♦♥ �I ✐s ❛ ♥❛t✉r❛❧ tr❛♥s✐t✐✈❡ str❡♥❣t❤❡♥✐♥❣ ♦❢ �BR

✭q �I r ⇒ q �BR r✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ❞❡♠♦♥str❛t❡s ✇❤② P❛rt ✭■■✮ ✐s ❛❧s♦ r❡q✉✐r❡❞
✇❤❡♥ ❡✈❛❧✉❛t✐♥❣ t❤❡ r❡✈❡❛❧❡❞ ♣s②❝❤♦❧♦❣✐❝❛❧ ♣r❡❢❡r❡♥❝❡s✳

❊①❛♠♣❧❡ ✷ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ C ♦✈❡r ✜♥✐t❡ s❡t X = {x, y, z}✿
C (X) = {x, y}✱ C ({x, y}) = {x, y}✱ C ({x, z}) = {x}✱ ❛♥❞ C ({y, z}) = {y, z}✳ ❇♦t❤ r❡❧❛✲
t✐♦♥s �I ❛♥❞ �BR ✐♠♣❧② t❤❛t t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ x ❛♥❞ y✳ ❍♦✇❡✈❡r✱
t❤❡ ❢❛❝t t❤❛t z ✐s s❡❧❡❝t❡❞ ❢r♦♠ {y, z} ❜✉t ♥♦t ❢r♦♠ {x, z}✱ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r
✐s ♥♦t ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ x ❛♥❞ y✿ s❤❡ s❡❧❡❝ts z ✇❤❡♥ y ✐s ❛✈❛✐❧❛❜❧❡✱ ❜✉t s❤❡ ❞♦❡s ♥♦t ❝❤♦♦s❡
z ✇❤❡♥ x ✐s ❛✈❛✐❧❛❜❧❡✳

❲❡ ❝♦♥❝❧✉❞❡ ❜② ❞❡✜♥✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ❜❡✐♥❣ ♠♦r❡ ❞❡❝✐s✐✈❡✳ ▲❡t ❆❧✐❝❡ ❛♥❞ ❇♦❜ ❜❡ t✇♦

14 ❋♦r ❜r❡✈✐t②✱ ✇❡ st❛t❡ ♦✉r ❞❡✜♥✐t✐♦♥s ♦♥❧② ✐♥ t❤❡ ✈♦♥ ◆❡✉♠❛♥♥✲▼♦r❣❡♥st❡r♥ ❢r❛♠❡✇♦r❦✱ ❜✉t

t❤❡② ❛♣♣❧② ✈❡r② s✐♠✐❧❛r❧② ❛❧s♦ ✐♥ t❤❡ ❆♥s❝♦♠❜❡✲❆✉♠❛♥♥ ❢r❛♠❡✇♦r❦✳
15 ■♥❞❡❝✐s✐✈❡♥❡ss ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ ❊❧✐❛③ ❛♥❞ ❖❦ ✭✷✵✵✻✮✬s ♥♦t✐♦♥ ♦❢ ✐♥❝♦♠♣❛r❛❜✐❧✐t②✳
16 ❈♦♥s✐❞❡r✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ C ♦✈❡r ✜♥✐t❡ s❡t X = {x, y, z}✿
C (X) = {x, y} , C ({x, y}) = {x, y} , C ({x, z}) = {x} , ❛♥❞C ({y, z}) = {z} . ■♥ t❤✐s ❝❛s❡✱ y �BR

x �BR z ❜✉t y 6�BR z✳

✶✷



❞❡❝✐s✐♦♥ ♠❛❦❡rs ✇✐t❤ r❡s♣❡❝t✐✈❡ ✐♥❞❡❝✐s✐✈❡♥❡ss r❡❧❛t✐♦♥s ⊲⊳∗A ❛♥❞ ⊲⊳∗B✳ ❆❧✐❝❡ ✐s ♠♦r❡ ❞❡❝✐✲
s✐✈❡ t❤❛♥ ❇♦❜ ✐❢ q ⊲⊳∗A r ⇒ q ⊲⊳∗B r✳ ❚❤❛t ✐s✱ ✇❤❡♥❡✈❡r ❆❧✐❝❡ ✐s ✐♥❞❡❝✐s✐✈❡ ❜❡t✇❡❡♥ t✇♦
❛❧t❡r♥❛t✐✈❡s✱ s♦ ✐s ❇♦❜✳

❖❜s❡r✈❡ t❤❛t ✇❤❡♥ ❇♦❜ ♣r❡❢❡rs q ♦✈❡r r ✭q �B r✮✱ ❆❧✐❝❡ ✐s r❡q✉✐r❡❞ t♦ ❤❛✈❡ ❛ ♣r❡❢❡r❡♥❝❡
❜❡t✇❡❡♥ t❤❡ t✇♦ ❛❧t❡r♥❛t✐✈❡s✱ ❜✉t ❤❡r ♣r❡❢❡r❡♥❝❡ ♠❛② ❡✐t❤❡r ❜❡ q �A r ♦r r �A q✱ ❛♥❞ t❤✐s
♠❛② ❞❡♣❡♥❞ ♦♥ q ❛♥❞ r✳ ❚✇♦ s♣❡❝✐❛❧ ❝❛s❡s ♦❢ ❜❡✐♥❣ ♠♦r❡ ❞❡❝✐s✐✈❡ ❛r❡ t❤❡ ❡①tr❡♠❡ ❝❛s❡s
♦❢ ❢✉❧❧ ❝♦♥s✐st❡♥❝② ❛♥❞ ❢✉❧❧ ✐♥❝♦♥s✐st❡♥❝②✳ ❆❧✐❝❡ ✐s ❢✉❧❧② ❝♦♥s✐st❡♥t ✭❢✉❧❧② ✐♥❝♦♥s✐st❡♥t✮ ✇✐t❤
❇♦❜ ✐❢ ❢♦r ❡❛❝❤ q, r ∈ Y ✿ q �B r ✐♠♣❧✐❡s t❤❛t q �A r ✭r �A q✮✳

❘❡♠❛r❦ ✷ ■❢ ♦♥❡ ❛ss✉♠❡s t❤❛t t❤❡r❡ ✐s ❛ ❜❡st ❡❧❡♠❡♥t ✐♥ X ✭∃xb ∈ X s✉❝❤ t❤❛t xb ∈ A
⇒{xb} = C (A)✮✱ t❤❡♥ ❛❧❧ ♦❢ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s ❤♦❧❞ ✐❢ ♦♥❡ ❞♦❡s ❡✐t❤❡r
♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❤❛♥❣❡s ✭♦r ❜♦t❤✮✿ ✭❛✮ ♦♥❡ r❡♣❧❛❝❡s ❈❆❘◆■ ✇✐t❤ ❲❆❘◆■❀ ❛♥❞ ✭❜✮
♦♥❡ r❡♣❧❛❝❡s �∗ ✇✐t❤ �I ♦r �BR✳

✸✳✷ ▼✉❧t✐♣❧❡✲❯t✐❧✐t② ❈❤❛r❛❝t❡r✐③❛t✐♦♥

■♥t✉✐t✐✈❡❧②✱ ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r ✇✐t❤ ❛ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥ ♣r❡❢❡rs q ♦✈❡r r ✐❢ ❛❧❧ ❤✐s
✉t✐❧✐t✐❡s ❛ss✐❣♥ q ❛ ❜❡tt❡r ✈❛❧✉❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❜❡t✇❡❡♥
t❤✐s ❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡ ❝❤♦✐❝❡✲❞❡r✐✈❡❞ ❞❡✜♥✐t✐♦♥ ❣✐✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦✈❡r Y t❤❛t s❛t✐s✜❡s ❛①✐♦♠s ❆✶✲❆✹✳
▲❡t U ❜❡ t❤❡ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡♥ ❢♦r ❡❛❝❤ q, r ∈ Y ✿ q �∗ r ⇔q �II r
⇔∀u ∈ U, u (q) ≥ u (r)✳

❆♥ ✐♠♠❡❞✐❛t❡ ❝♦r♦❧❧❛r② ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ❝❤❛r❛❝t❡r✐③❡s ✐♥❞❡❝✐s✐✈❡♥❡ss ❛♥❞ ✐♥❞✐✛❡r❡♥❝❡ ✐♥
t❡r♠s ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✳

❈♦r♦❧❧❛r② ✶ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦✈❡r Y t❤❛t s❛t✐s✜❡s ❛①✐♦♠s ❆✶✲❆✹✳ ▲❡t
U ❜❡ t❤❡ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡♥ ❢♦r ❡❛❝❤ q, r ∈ Y ✿

✭✶✮ r ∼∗ q ⇔∀u ∈ U, u (r) = u (q)✳
✭✷✮ r ⊲⊳∗ q ⇔∃u1, u2 ∈ U, u1 (r) > u1 (q) ❛♥❞ u2 (r) < u2 (q)✳

Pr♦♣♦s✐t✐♦♥ ✶ s❤♦✇s t❤❛t �∗ ❤❛s ❛ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t
s✉❝❤ ❛ ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts s❡t ♦❢ ✉t✐❧✐t✐❡s ✐s ❛ s✐♥❣❧❡t♦♥ ✭✉♣ t♦
♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✮✳ ❋♦r♠❛❧❧② ✭♣r♦♦❢ ✐s ♦♠✐tt❡❞✮✿

▲❡♠♠❛ ✶ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦✈❡r Y t❤❛t s❛t✐s✜❡s ❛①✐♦♠s ❆✶✲❆✹✳ ▲❡t U
❜❡ t❤❡ r❡s♣❡❝t✐✈❡ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡♥ t❤❡ ✐♥❞❡❝✐s✐✈❡♥❡ss r❡❧❛t✐♦♥ ✐s ❡♠♣t②
✐❢ ❛♥❞ ♦♥❧② ✐❢ U ✐s ❛ s✐♥❣❧❡t♦♥ ✭✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✿ ❡✈❡r② u1, u2 ∈ U
s❛t✐s❢② u1 = a · u2 + b ❢♦r s♦♠❡ a > 0 ❛♥❞ b ∈ R✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t ❆❧✐❝❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜ ✐❢ ❡✐t❤❡r ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿ ✶✮ ❆❧✐❝❡ ❤❛s ❛ s✐♥❣❧❡ ✉t✐❧✐t②✱ ♦r ✷✮ ❆❧✐❝❡✬s s❡t ♦❢ ✉t✐❧✐t✐❡s ✐s
✐♥❝❧✉❞❡❞ ✐♥ ❇♦❜✬s s❡t ♦❢ ✉t✐❧✐t✐❡s✳✱ ♦r ✸✮ ❆❧✐❝❡✬s s❡t ♦❢ ✉t✐❧✐t✐❡s ✐s ✐♥❝❧✉❞❡❞ ✐♥ ❇♦❜✬s s❡t ♦❢
♦♣♣♦s✐t❡ ✉t✐❧✐t✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✷ ▲❡t ❆❧✐❝❡ ❛♥❞ ❇♦❜ ❜❡ t✇♦ ❞❡❝✐s✐♦♥ ♠❛❦❡rs ✇✐t❤ r❡s♣❡❝t✐✈❡ ❝❤♦✐❝❡ ❝♦rr❡✲
s♣♦♥❞❡♥❝❡s (CA, CB) ♦✈❡r Y t❤❛t s❛t✐s❢② ❛①✐♦♠s ❆✶✲❆✹ ✇✐t❤ r❡s♣❡❝t✐✈❡ ♠✉❧t✐♣❧❡✲✉t✐❧✐t②
r❡♣r❡s❡♥t❛t✐♦♥s (UA, UB)✳ ❚❤❡♥ ❆❧✐❝❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛t ❧❡❛st ♦♥❡
♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✶✸



✭✶✮ UA ✐s ❛ s✐♥❣❧❡t♦♥ ✭✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✮✳
✭✷✮ UA ⊆ UB ✭✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✿ ❢♦r ❡❛❝❤ uA ∈ UA t❤❡r❡ ❡①✐st uB ∈

UB✱ a > 0✱ ❛♥❞ b ∈ R s✉❝❤ t❤❛t uB = a · uA + b✮
✭✸✮ UA ⊆ −UB ✭✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✮✳

❆♥ ✐♠♠❡❞✐❛t❡ ❝♦r♦❧❧❛r② ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✐❢ ❆❧✐❝❡ ❤❛s ✐♥❝♦♠♣❧❡t❡ ♣r❡❢✲
❡r❡♥❝❡s ❛♥❞ s❤❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜✱ t❤❡♥ s❤❡ ✐s ❡✐t❤❡r ❢✉❧❧②✲❝♦♥s✐st❡♥t ♦r ❢✉❧❧②✲
✐♥❝♦♥s✐st❡♥t ✇✐t❤ ❤✐♠✳

❈♦r♦❧❧❛r② ✷ ▲❡t ❆❧✐❝❡ ❛♥❞ ❇♦❜ ❜❡ t✇♦ ❞❡❝✐s✐♦♥ ♠❛❦❡rs ✇✐t❤ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡s t❤❛t
s❛t✐s❢② ❛①✐♦♠s ❆✶✲❆✹✳ ❆ss✉♠❡ t❤❛t ❆❧✐❝❡ ❤❛s ✐♥❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s ❛♥❞ t❤❛t s❤❡ ✐s ♠♦r❡
❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜✳ ❚❤❡♥ ❆❧✐❝❡ ✐s ❡✐t❤❡r ❢✉❧❧②✲❝♦♥s✐st❡♥t ♦r ❢✉❧❧②✲✐♥❝♦♥s✐st❡♥t ✇✐t❤ ❇♦❜✳

✸✳✸ ▼✉❧t✐♣❧❡✲Pr✐♦r ❈❤❛r❛❝t❡r✐③❛t✐♦♥

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r ✇✐t❤ ❛ ♠✉❧t✐♣❧❡✲♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥
♣r❡❢❡rs ❛❝t f ♦✈❡r g ✐❢ ❛❧❧ ❤❡r ♣r✐♦rs ❛ss✐❣♥ f ❛ ❜❡tt❡r ✈❛❧✉❡✳

Pr♦♣♦s✐t✐♦♥ ✸ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦✈❡r L t❤❛t s❛t✐s✜❡s ❛①✐♦♠s ❇✵✲❇✹✳ ▲❡t
u ❜❡ t❤❡ ✉t✐❧✐t② ❛♥❞ P t❤❡ s❡t ♦❢ ♣r✐♦rs ✐♥ t❤❡ ♠✉❧t✐♣❧❡✲♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡♥ ❢♦r ❡❛❝❤
f, g ∈ L✿ f �∗ g ⇔f �II g⇔∀p ∈ P, Ep (u (f)) ≥ Ep (u (g)) ✳

❆♥ ✐♠♠❡❞✐❛t❡ ❝♦r♦❧❧❛r② ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ❝❤❛r❛❝t❡r✐③❡s ✐♥❞❡❝✐s✐✈❡♥❡ss ❛♥❞ ✐♥❞✐✛❡r❡♥❝❡ ✐♥
t❡r♠s ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✳

❈♦r♦❧❧❛r② ✸ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦✈❡r L t❤❛t s❛t✐s✜❡s ❛①✐♦♠s ❇✵✲❇✹✳ ▲❡t u
❜❡ t❤❡ r❡s♣❡❝t✐✈❡ ✉t✐❧✐t② ❛♥❞ P t❤❡ r❡s♣❡❝t✐✈❡ s❡t ♦❢ ♣r✐♦rs ✐♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡♥ ❢♦r
❡❛❝❤ f, g ∈ L✿

✭✶✮ f ∼∗ g ⇔∀p ∈ P, Ep (u (f)) = Ep (u (g))✳
✭✷✮ f ⊲⊳∗ g ⇔∃p1, p2 ∈ P, Ep1 (u (f)) > Ep1 (u (g)) ❛♥❞ Ep2 (u (f)) < Ep2 (u (g))✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r ✇✐t❤ ❛ ♠✉❧t✐♣❧❡✲♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥
❤❛s ❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❤❡r s❡t ♦❢ ♣r✐♦rs ✐s ❛ s✐♥❣❧❡t♦♥✳

▲❡♠♠❛ ✷ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦✈❡r L t❤❛t s❛t✐s✜❡s ❛①✐♦♠s ❇✵✲❇✹✳ ▲❡t P
❜❡ t❤❡ s❡t ♦❢ ♣r✐♦rs ✐♥ t❤❡ ♠✉❧t✐♣❧❡✲♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡♥ t❤❡ ✐♥❞❡❝✐s✐✈❡♥❡ss r❡❧❛t✐♦♥
⊲⊳∗ ✐s ❡♠♣t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ P ✐s ❛ s✐♥❣❧❡t♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t ❆❧✐❝❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜ ✐❢ ❡✐t❤❡r ♦❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿ ✶✮ ❆❧✐❝❡ ❤❛s ❛ s✐♥❣❧❡ ♣r✐♦r✱ ♦r ✷✮ ❆❧✐❝❡✬s s❡t ♦❢ ♣r✐♦rs ✐s ✐♥❝❧✉❞❡❞
✐♥ ❇♦❜✬s s❡t ♦❢ ♣r✐♦rs✱ ❛♥❞ ✐♥ ❛❞❞✐t✐♦♥ ❆❧✐❝❡✬s ✉t✐❧✐t② ✐s ❡q✉❛❧ t♦ ❇♦❜✬s ✉t✐❧✐t② ♦r ❡①❛❝t❧②
t❤❡ ♦♣♣♦s✐t❡ ♦❢ ❇♦❜✬s ✉t✐❧✐t②✳

Pr♦♣♦s✐t✐♦♥ ✹ ▲❡t ❆❧✐❝❡ ❛♥❞ ❇♦❜ ❜❡ t✇♦ ❞❡❝✐s✐♦♥ ♠❛❦❡rs ✇✐t❤ r❡s♣❡❝t✐✈❡ ❝❤♦✐❝❡ ❝♦r✲
r❡s♣♦♥❞❡♥❝❡s (CA, CB) ♦✈❡r L t❤❛t s❛t✐s❢② ❛①✐♦♠s ❇✵✲❇✹ ✇✐t❤ r❡s♣❡❝t✐✈❡ ♠✉❧t✐♣❧❡✲♣r✐♦r
r❡♣r❡s❡♥t❛t✐♦♥s ((uA, PA) , (uB, PB))✳ ❚❤❡♥ ❆❧✐❝❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜ ✐❢ ❛♥❞ ♦♥❧② ✐❢
❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭✶✮ PA ✐s ❛ s✐♥❣❧❡t♦♥✳
✭✷✮ PA ⊆ PB ❛♥❞ uA = uB ✭✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✮✳
✭✸✮ PA ⊆ PB ❛♥❞ uA = −uB ✭✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✮✳

✶✹



❆♥ ✐♠♠❡❞✐❛t❡ ❝♦r♦❧❧❛r② ♦❢ Pr♦♣♦s✐t✐♦♥ ✹ ✐s t❤❛t ✐❢ ❆❧✐❝❡ ❤❛s ✐♥❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s ❛♥❞
s❤❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜✱ t❤❡♥ s❤❡ ✐s ❡✐t❤❡r ❢✉❧❧②✲❝♦♥s✐st❡♥t ♦r ❢✉❧❧②✲✐♥❝♦♥s✐st❡♥t ✇✐t❤
❤✐♠✳

❈♦r♦❧❧❛r② ✹ ▲❡t ❆❧✐❝❡ ❛♥❞ ❇♦❜ ❜❡ t✇♦ ❞❡❝✐s✐♦♥ ♠❛❦❡rs ✇✐t❤ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡s t❤❛t
s❛t✐s❢② ❛①✐♦♠s ❇✵✲❇✹✳ ❆ss✉♠❡ t❤❛t ❆❧✐❝❡ ❤❛s ✐♥❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s ❛♥❞ t❤❛t s❤❡ ✐s ♠♦r❡
❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜✳ ❚❤❡♥ ❆❧✐❝❡ ✐s ❡✐t❤❡r ❢✉❧❧②✲❝♦♥s✐st❡♥t ♦r ❢✉❧❧②✲✐♥❝♦♥s✐st❡♥t ✇✐t❤ ❇♦❜✳

✹ Pr♦♦❢s

✹✳✶ ❊q✉✐✈❛❧❡♥t ❋♦r♠✉❧❛t✐♦♥ ♦❢ ❈❆❘◆■

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✱ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ✉s❡❢✉❧ ✐♥ ❧❛t❡r ♣r♦♦❢s✱ s❤♦✇s t❤❛t ❈❆❘◆■ ❝❛♥ ❜❡
st❛t❡❞ ❛❧s♦ ❛s ❛♥ ✏✐❢ ❛♥❞ ♦♥❧② ✐❢✑ st❛t❡♠❡♥t✿

▲❡♠♠❛ ✸ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮ ∀r ∈ conv (C(A)) ∃Br ∈ Y s✉❝❤ t❤❛t q ∈ C (Br) ❛♥❞ r ∈ conv (Br) ⇒ q ∈ C(A)✳
✭✷✮ ∀r ∈ conv (C(A)) ∃Br ∈ Y s✉❝❤ t❤❛t q ∈ C (Br) ❛♥❞ r ∈ conv (Br) ⇔ q ∈ C(A)✳

P❘❖❖❋✳ ❚❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❤♦❧❞s ❞✉❡ t♦ t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t q ∈ C(A) ✐♠♣❧✐❡s t❤❛t
∀r ∈ conv (C(A))✱ ∃Br = A s✉❝❤ t❤❛t q ∈ C (Br) = C (A) ❛♥❞ r ∈ conv (C(A)) ⊆
conv (A) = conv (Br)✳ �

✹✳✷ ▲♦❣✐❝❛❧ ■♠♣❧✐❝❛t✐♦♥s ♦❢ ❈❆❘◆■ ❛♥❞ ❘❡❧❛t❡❞ ❆①✐♦♠s

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ t❤❡ ❧♦❣✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❈❆❘◆■ ❛♥❞ r❡❧❛t❡❞ ❛①✐♦♠s ✇❤✐❝❤
✇❡r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✷✳✷✳ ❚❤❡ r❡s✉❧ts ❛r❡ ♥♦t ✉s❡❞ ❡❧s❡✇❤❡r❡ ✐♥ t❤❡ ♣❛♣❡r ✭❡①❝❡♣t
t❤❡ ❢❛❝t t❤❛t ❈❆❘◆■ ✐♠♣❧✐❡s ❙❡♥✬s α✮✳

❚❤❡ ✜rst ❧❡♠♠❛ s❤♦✇s t❤❛t ❣✐✈❡♥ ❲❆❘P✱ ■♥❞❡♣❡♥❞❡♥❝❡ ✐♠♣❧✐❡s ▼✐①t✉r❡ ■♥✈❛r✐❛♥❝❡✳

▲❡♠♠❛ ✹ ▲❡t ❈ ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ t❤❛t s❛t✐s✜❡s ❲❆❘P ❛♥❞ ■♥❞❡♣❡♥❞❡♥❝❡✳ ❚❤❡♥
C s❛t✐s✜❡s ▼✐①t✉r❡ ■♥✈❛r✐❛♥❝❡✿ q ∈ C (A) ⇒ q ∈ C (conv (A))✳

P❘❖❖❋✳ ❲❆❘P ✐♠♣❧✐❡s t❤❛t C ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♣r❡❢❡r❡♥❝❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ tr❛♥s✐✲
t✐✈❡ ❛♥❞ ❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥ �✳ ▲❡t q ∈ C (A)✳ ❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t
q 6∈ C (conv (A))✳ ▲❡t r ∈ C (conv (A))✳ Pr❡❢❡r❡♥❝❡ ♠❛①✐♠✐③❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t r ∈
C (conv (A)) \A ❛♥❞ t❤❛t r ≻ t ❢♦r ❡❛❝❤ t ∈ A ✭❜❡❝❛✉s❡ r ≻ q ❛♥❞ q � t ❢♦r ❡❛❝❤ t ∈ A✮✳
❚❤✉s t❤❡r❡ ❡①✐st t ∈ A ❛♥❞ s ∈ conv (A) s✉❝❤ t❤❛t r = α · s+ (1− α) t ✇❤❡r❡ 0 < α < 1✳
■♥❞❡♣❡♥❞❡♥❝❡ ✐♠♣❧✐❡s✿ r ≻ t ⇒s ≻ t⇒s ≻ r ❛♥❞ t❤✐s ❝♦♥tr❛❞✐❝ts r ∈ C (conv (A))✳

❚❤❡ ♥❡①t ❧❡♠♠❛ s❤♦✇s t❤❛t ❲❆❘◆■ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ✭✐♥❞❡✲
♣❡♥❞❡♥t✮ ❛①✐♦♠s✿ ❙❡♥✬s α✱ ❙❡♥✬s γ✱ ❛♥❞ ❆✐③❡r♠❛♥ Pr♦♣❡rt②✳

✶✺



▲❡♠♠❛ ✺ ▲❡t ❈ ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡✳ ❚❤❡♥ C s❛t✐s✜❡s ❲❆❘◆■ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t
s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✸ ❛①✐♦♠s✿ ❙❡♥✬s α✱ ❙❡♥✬s γ✱ ❛♥❞ ❆✐③❡r♠❛♥ Pr♦♣❡rt② ✳

P❘❖❖❋✳ ❲❆❘◆■ ⇒ ❙❡♥✬s α✿ Pr♦✈❡❞ ✐♥ ❊❧✐❛③ ❛♥❞ ❖❦ ✭✷✵✵✻✮✳

❲❆❘◆■ ⇒ ❙❡♥✬s γ✿ ▲❡t M ⊆ Y ❜❡ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ s❡ts ❛♥❞ ❧❡t A ❜❡ t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧ t❤❡s❡
s❡ts✳ ❆ss✉♠❡ t❤❛t A ∈ Y ✱ ❛♥❞ q ∈ C (B) ❢♦r ❡❛❝❤ B ∈ M ✳ ❖❜s❡r✈❡ t❤❛t ∀r ∈ C(A) ⊆ A✱
∃Br ∈ M ⊆ Y s✉❝❤ t❤❛t q ∈ C (Br) ❛♥❞ r ∈ Br✳ ❇② ❲❆❘◆■ t❤✐s ✐♠♣❧✐❡s t❤❛t q ∈ C (A)✳

❲❆❘◆■ ⇒ ❆✐③❡r♠❛♥ Pr♦♣❡rt②✿ ▲❡t A,B ∈ Y s❛t✐s❢②✐♥❣ C (B) ⊆ A ⊆ B✳ ▲❡t q ∈ C (A)✳
❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t q /∈ C (B)✳ ❇② ❲❆❘◆■ t❤❡r❡ ❡①✐sts r ∈ C (B) ⊆ A s✉❝❤ t❤❛t
q ✐s ♥❡✈❡r ❝❤♦s❡♥ ✇❤❡♥ r ✐s ♣r❡s❡♥t ✐♥ t❤❡ ❝❤♦✐❝❡ s❡t✳ ❚❤✐s ✐♠♣❧✐❡s q /∈ C (A) ❛♥❞ ✇❡ ❣❡t
❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❙❡♥✬s α ✰ ❙❡♥✬s γ ✰ ❆✐③❡r♠❛♥ Pr♦♣❡rt② ⇒ ❲❆❘◆■✿ ▲❡t A ∈ Y ❛♥❞ q ∈ A✳ ❆ss✉♠❡ t❤❛t
∀r ∈ C(A)✱ ∃Br ∈ Y s✉❝❤ t❤❛t q ∈ C (Br) ❛♥❞ r ∈ Br✳ ❇② ❙❡♥✬s α✱ q ∈ C ({q, r}) ❢♦r
❡❛❝❤ r ∈ C (A)✳ ❙❡♥✬s γ ✐♠♣❧✐❡s t❤❛t q ∈ C (C (A) ∪ {q})✳ ❋✐♥❛❧❧②✱ ❜② ❆✐③❡r♠❛♥ Pr♦♣❡rt②✱
q ∈ C (A)✳

❚❤❡ ♥❡①t ❧❡♠♠❛ s❤♦✇s t❤❛t ❈❆❘◆■ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r ✭✐♥❞❡♣❡♥✲
❞❡♥t✮ ❛①✐♦♠s✿ ❙❡♥✬s α✱ ❈♦♥✈❡① γ✱ ❆✐③❡r♠❛♥ Pr♦♣❡rt② ❛♥❞ ▼✐①t✉r❡ ■♥✈❛r✐❛♥❝❡✳

▲❡♠♠❛ ✻ ▲❡t ❈ ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡✳ ❚❤❡♥ C s❛t✐s✜❡s ❈❆❘◆■ ✐❢ ❛♥❞ ♦♥❧② ✐❢
C s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✹ ❛①✐♦♠s✿ ❙❡♥✬s α✱ ❈♦♥✈❡① γ✱ ❆✐③❡r♠❛♥ Pr♦♣❡rt②✱ ❛♥❞ ▼✐①t✉r❡
■♥✈❛r✐❛♥❝❡✳

P❘❖❖❋✳ ❈❆❘◆■ ⇒ ❙❡♥✬s α✿ ▲❡t A,B ⊆ Y ✇✐t❤ A ⊆ B ❛♥❞ q ∈ C (B)✳ ❆ss✉♠❡ t♦
t❤❡ ❝♦♥tr❛r② t❤❛t ❛♥❞ q /∈ C (A)✳ ❚❤❡♥ ❜② ❈❆❘◆■ t❤❡r❡ ✐s r ∈ conv (C(A)) s✉❝❤ t❤❛t
❢♦r ❡✈❡r② Br ∈ Y ✇✐t❤ r ∈ conv (Br) ⇒q /∈ C (Br)✳ ❖❜s❡r✈❡ t❤❛t r ∈ conv (C(A)) ⊆
conv (A) ⊆ conv (B) ❛♥❞ t❤✐s ✐♠♣❧✐❡s t❤❛t q /∈ C (B) ❛♥❞ t❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❈❆❘◆■ ⇒ ❈♦♥✈❡① γ✿ ▲❡t M ⊆ Y ❜❡ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ s❡ts ❛♥❞ ❧❡t A ❜❡ t❤❡ ✉♥✐♦♥ ♦❢ ❛❧❧
t❤❡s❡ s❡ts✳ ❆ss✉♠❡ t❤❛t A ∈ Y ✱ A ✐s ❝♦♥✈❡①✱ ❛♥❞ q ∈ C (B) ❢♦r ❡❛❝❤ B ∈ M ✳ ❖❜s❡r✈❡
t❤❛t ∀r ∈ conv (C(A)) ⊆ conv (A) = A✱ ∃Br ∈ M ⊆ Y s✉❝❤ t❤❛t q ∈ C (Br) ❛♥❞
r ∈ Br ⊆ conv (Br)✳ ❇② ❈❆❘◆■ t❤✐s ✐♠♣❧✐❡s t❤❛t q ∈ C (A)✳

❈❆❘◆■ ⇒ ❆✐③❡r♠❛♥ Pr♦♣❡rt②✿ ▲❡t A,B ∈ Y s❛t✐s❢②✐♥❣ C (B) ⊆ A ⊆ B✳ ▲❡t q ∈ C (A)✳
❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t q /∈ C (B)✳ ❇② ❈❆❘◆■ t❤❡r❡ ❡①✐sts r ∈ conv (C (B)) ⊆
conv (A) s✉❝❤ t❤❛t q ✐s ♥❡✈❡r ❝❤♦s❡♥ ✇❤❡♥ r ✐s ♣r❡s❡♥t ✐♥ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡ ❝❤♦✐❝❡
s❡t✳ ❚❤✐s ✐♠♣❧✐❡s q /∈ C (A) ❛♥❞ ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❈❆❘◆■ ⇒ ▼✐①t✉r❡ ■♥✈❛r✐❛♥❝❡✿ ▲❡t A ∈ Y ❛♥❞ q ∈ C (A)✳ ❇② ❈❆❘◆■ ✭❛♥❞ ▲❡♠♠❛ ✸✮
q ∈ C (A) ✐♠♣❧✐❡s t❤❛t ∀r ∈ conv (C(A)) ∃Br ∈ Y s✉❝❤ t❤❛t q ∈ C (Br) ❛♥❞ r ∈ conv (Br)✳
❚❤✐s ✐♠♣❧✐❡s ✭❛❣❛✐♥ ❜② ❈❆❘◆■✮ t❤❛t q ∈ C (conv (A))✳

❙❡♥✬s α ✰ ❈♦♥✈❡① γ ✰ ❆✐③❡r♠❛♥ Pr♦♣❡rt② ✰ ▼✐①t✉r❡ ■♥✈❛r✐❛♥❝❡ ⇒ ❈❆❘◆■✿ ▲❡t A ∈
Y ❛♥❞ q ∈ A✳ ❆ss✉♠❡ t❤❛t ∀r ∈ conv (C(A)) ∃Br ∈ Y s✉❝❤ t❤❛t q ∈ C (Br) ❛♥❞
r ∈ conv (Br)✳ ❇② ▼✐①t✉r❡ ■♥✈❛r✐❛♥❝❡ q ∈ C (conv (Br))✳ ❙❡♥✬s α ✐♠♣❧✐❡s t❤❛t q ∈
C (conv ({q, r})) ❢♦r ❡❛❝❤ r ∈ conv (C(A))✳ ❇② ❈♦♥✈❡① γ✱ q ∈ C (conv (C (A) ∪ {q}))✳
❙❡♥✬s α ✐♠♣❧✐❡s t❤❛t q ∈ C (C (A) ∪ {q})✳ ❋✐♥❛❧❧②✱ ❜② ❆✐③❡r♠❛♥ Pr♦♣❡rt②✱ q ∈ C (A)✳

✶✻



■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❲❆❘P ✐♠♣❧✐❡s ❙❡♥✬s α✱ ❙❡♥✬s γ ⇒❈♦♥✈❡① γ✱ ❛♥❞ ❆✐③❡r♠❛♥ Pr♦♣❡rt②
✭s❡❡ ❆✐③❡r♠❛♥ ❛♥❞ ▼❛❧✐s❤❡✈s❦✐✱ ✶✾✽✶✮✳ ❚❤✉s ▲❡♠♠❛ ✻ ✐♠♣❧✐❡s t❤❛t ❲❆❘P ✰ ▼✐①t✉r❡
■♥✈❛r✐❛♥❝❡ ⇒ ❈❆❘◆■✳

✹✳✸ ❘✐s❦ ✭✈♦♥ ◆❡✉♠❛♥♥✲▼♦r❣❡♥st❡r♥ ❢r❛♠❡✇♦r❦✮

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳ ❲❡ ❜❡❣✐♥ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ♠✉❧t✐♣❧❡✲✉t✐❧✐t②
r❡♣r❡s❡♥t❛t✐♦♥ ✐♠♣❧✐❡s ❛①✐♦♠s ❆✶✲❆✹✳ ▲❡t U ❜❡ ❛ ❝♦♠♣❛❝t ❛♥❞ ❝♦♥✈❡① s❡t ♦❢ ❧✐♥❡❛r ✭✈◆✲▼✮
✉t✐❧✐t✐❡s s✉❝❤ t❤❛t✿ ✶✮ ∀A ∈ Y ❛♥❞ q ∈ A✿ q ∈ C(A) ⇔ ∃u ∈ U, s✳t✳∀r ∈ A, u (q) ≥ u (r)✱

❛♥❞ ✷✮ t❤❡r❡ ❛r❡ t✇♦ ❧♦tt❡r✐❡s p, p ∈ Y s✉❝❤ t❤❛t ∀u ∈ U ✱ u
(

p
)

< u (p)✳ ❆①✐♦♠ ❆✶ ✭♥♦♥✲

tr✐✈✐❛❧✐t②✮ ❤♦❧❞s ❜❡❝❛✉s❡ {p} = C
({

p, p
})

✳ ❆①✐♦♠s ❆✷ ✭❝♦♥t✐♥✉✐t②✮ ❛♥❞ ❆✸ ✭✐♥❞❡♣❡♥❞❡♥❝❡✮
❛r❡ ✐♠♠❡❞✐❛t❡ ❢r♦♠ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ U ❛♥❞ t❤❡ ❧✐♥❡❛r✐t② ♦❢ ❡❛❝❤ u ∈ U ✳ ▲❡t q ∈ A ∈ Y ✳
■♥ ♦r❞❡r t♦ ♣r♦✈❡ ❛①✐♦♠ ❆✹ ✇❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t q ∈ C (A) ✐❢ ∀r ∈ conv (C(A)) ∃Br ∈ Y
s✉❝❤ t❤❛t q ∈ C (Br) ❛♥❞ r ∈ conv (Br)✳ ❚❤✐s ✐s ❞♦♥❡ ❛s ❢♦❧❧♦✇s✿

∀r ∈ conv (C(A)) ∃Br ∈ Y s✳t. q ∈ C (Br) ❛♥❞ r ∈ conv (Br)

⇒∀r ∈ conv (C(A)) ∃ur ∈ U ur (q) ≥ ur (r) ✭✻✮

⇒∀r ∈ conv (C(A)) max
u∈U

(u (q)− u (r)) ≥ 0

⇒ min
r∈conv(C(A))

max
u∈U

(u (q)− u (r)) ≥ 0

⇒max
u∈U

min
r∈conv(C(A))

(u (q)− u (r)) ≥ 0 ✭✼✮

⇒∃u0 ∈ U s.t. ∀r ∈ conv(C (A)), u0 (q) ≥ u0 (r)

⇒∃u0 ∈ U s.t. ∀r ∈ C(A), u0 (q) ≥ u0 (r) ✭✽✮

⇒∃u0 ∈ U s.t. ∀r ∈ A, u0 (q) ≥ u0 (r) ✭✾✮

⇒ q ∈ C(A) ✭✶✵✮

❲❤❡r❡ ✭✻✮ ✐s ✐♠♣❧✐❡❞ ❜② t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❛♥❞ t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡ ✉t✐❧✐t✐❡s❀ ✭✼✮ ✐s ❞✉❡ t♦
t❤❡ ♠✐♥✐♠❛① t❤❡♦r❡♠ ✭✈♦♥ ◆❡✉♠❛♥♥ ❛♥❞ ▼♦r❣❡♥st❡r♥✱ ✶✾✹✹✮ ✉s✐♥❣ t❤❡ ❧✐♥❡❛r✐t② ♦❢ t❤❡
✉t✐❧✐t✐❡s✱ ❛♥❞ t❤❡ ❝♦♥✈❡①✐t② ❛♥❞ ❝♦♠♣❛❝t♥❡ss ♦❢ U ❛♥❞ conv (C (A))❀ ❛♥❞ ✭✶✵✮ ✐s ✐♠♣❧✐❡❞
❜② t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✳ ❲❡ ❛r❡ ❧❡❢t ✇✐t❤ s❤♦✇✐♥❣ t❤❛t ✭✾✮ ❤♦❧❞s✳ ❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r②
t❤❛t ✭✾✮ ❞♦❡s ♥♦t ❤♦❧❞✳ ▲❡t t ∈ A\C (A) s✳t✳ u0 (t) > u0 (q)✳ ▲❡t t′ ❜❡ ❛♥ ❡❧❡♠❡♥t ✐♥ A
t❤❛t ♠❛①✐♠✐③❡s u0✳ ❇② ✭✽✮ t′ ♠✉st ❜❡ ✐♥ A\C (A)✱ ✇❤✐❧❡ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t t′

♠✉st ❜❡ ✐♥ C (A) ✭❝♦♥tr❛❞✐❝t✐♦♥✮✳

❲❡ ♥♦✇ s❤♦✇ t❤❛t ❛①✐♦♠s ❆✶✲❆✹ ✐♠♣❧② t❤❡ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥✳ ▲❡t ≻ ❞❡♥♦t❡
t❤❡ r❡✈❡❛❧❡❞ ✭✐rr❡✢❡①✐✈❡✮ str✐❝t ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥ t❤❛t ✐s ✐♥❞✉❝❡❞ ❢r♦♠ C✿ q ≻ r ⇔ {q} =
C ({q, r}) ✭q 6= r✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t ≻ s❛t✐s✜❡s tr❛♥s✐t✐✈✐t②✱ ♥♦♥✲tr✐✈✐❛❧✐t②✱ ❝♦♥t✐♥✉✐t② ❛♥❞
✐♥❞❡♣❡♥❞❡♥❝❡✳

▲❡♠♠❛ ✼ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ t❤❛t s❛t✐s✜❡s ❛①✐♦♠s ❆✶✲❆✹✱ ❛♥❞ ❧❡t ≻ ❜❡
t❤❡ r❡✈❡❛❧❡❞ str✐❝t ♣r❡❢❡r❡♥❝❡✳ ❚❤❡♥ ≻ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

❈✶ ◆♦♥✲tr✐✈✐❛❧✐t② ✲ ❚❤❡r❡ ❛r❡ q, r ∈ Y s✉❝❤ t❤❛t q ≻ r✳
❈✷ ❈♦♥t✐♥✉✐t② ✲ ❋♦r ❡❛❝❤ q ∈ Y t❤❡ s❡ts {q|q ≻ r} ❛♥❞ {q|q ≺ r} ❛r❡ ♦♣❡♥✳

✶✼



❈✸ ■♥❞❡♣❡♥❞❡♥❝❡ ✲ ❋♦r ❛♥② p, q, r ∈ Y ❛♥❞ ❛♥② α ∈ (0, 1)✱ q ≻ r ⇔ αp + (1− α) q ≻
αp+ (1− α) r

❈✹ ❚r❛♥s✐t✐✈✐t② ✲ ❋♦r ❛♥② p, q, r ∈ Y ✱ p ≻ q ❛♥❞ q ≻ r ✐♠♣❧✐❡s t❤❛t p ≻ r✳

P❘❖❖❋✳ ❆①✐♦♠ ❈✶ ✐s ✐♠♣❧✐❡❞ ❜② ❛①✐♦♠ ❆✶ ✭♥♦♥✲tr✐✈✐❛❧✐t② ♦❢ C✮ t♦❣❡t❤❡r ✇✐t❤ ❈❆❘◆■✿
❜② ❆①✐♦♠ ❆✶ t❤❡r❡ ❡①✐sts q ∈ A\C (A)❀ ❞✉❡ t♦ ❈❆❘◆■ t❤❡r❡ ❡①✐sts r ∈ conv (C(A)) s✉❝❤
t❤❛t q ✐s ♥❡✈❡r ❝❤♦s❡♥ ✇❤❡♥ r ✐s ♣r❡s❡♥t ✐♥ t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡ ❝❤♦✐❝❡ s❡t❀ ✐♥ ♣❛rt✐❝✉❧❛r✱
q /∈ C ({q, r})✳ ❆①✐♦♠s ❈✷✲❈✸ ❛r❡ ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡❞ ❢r♦♠ t❤❡ ❛♥❛❧♦❣♦✉s ♣r♦♣❡rt✐❡s ♦❢ C
✭❆✷✲❆✸✮✳ ❈✹ ✭tr❛♥s✐t✐✈✐t②✮ ✐s ♣r♦✈❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t p ≻ q ❛♥❞ q ≻ r✳ ❈❆❘◆■ ✐♠♣❧✐❡s t❤❛t✿
{q} = C ({q, r})⇒r /∈ C ({p, q, r})✱ ❛♥❞ {p} = C ({p, q})⇒q /∈ C ({p, q, r})✳❙♦ ✐t ♠✉st ❜❡
t❤❛t {p} = C ({p, q, r})✳ ❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t r ∈ C ({p, r})✳ ❈❆❘◆■ ✐♠♣❧✐❡s t❤❛t
r ∈ C ({p, q, r}) ❛♥❞ ✇❡ ❣❡t ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ � ✭▲❡♠♠❛ ✼✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✭❚❤❡♦r❡♠ ✶ ✐♥ ❊✈r❡♥✱ ✷✵✶✵✮ s❤♦✇s t❤❛t≻ ❤❛s ❛ ✉♥✐q✉❡ ♠✉❧t✐♣❧❡✲
✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺ ✭❊✈r❡♥✱ ✷✵✶✵✱ ❚❤❡♦r❡♠ ✶✮ ▲❡t ≻ ❜❡ ❛ str✐❝t ❜✐♥❛r② r❡❧❛t✐♦♥ ♦✈❡r Y ✳ ❚❤❡
❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮ ≻ s❛t✐s✜❡s ❛①✐♦♠s ❈✶✲❈✹ ✭tr❛♥s✐t✐✈✐t②✱ ♥♦♥✲tr✐✈✐❛❧✐t②✱ ❝♦♥t✐♥✉✐t② ❛♥❞ ✐♥❞❡♣❡♥❞❡♥❝❡✮✳
✭✷✮ ❚❤❡r❡ ❡①✐sts ❛ ♥♦♥❡♠♣t② ❝♦♥✈❡① ❝♦♠♣❛❝t s❡t U ♦❢ ❧✐♥❡❛r ✭✈◆✲▼✮ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✱

s✉❝❤ t❤❛t✿
✭❛✮ ❢♦r ❡✈❡r② t✇♦ ❧♦tt❡r✐❡s q, r ∈ Y ✱ q ≻ r ⇔ ∀u ∈ U, u (q) > u (r)✳

✭❜✮ ❚❤❡r❡ ❛r❡ t✇♦ ♦✉t❝♦♠❡s q, q ∈ Y s✉❝❤ t❤❛t ∀u ∈ U ✱ u
(

q
)

< u (q)✳

▼♦r❡♦✈❡r ✭❊✈r❡♥✱ ✷✵✶✵✱ ❚❤❡♦r❡♠ ✷✮✱U ✐s ✉♥✐q✉❡ ✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✳
❚❤❛t ✐s ✐❢ ❜♦t❤ U ❛♥❞ V ❛r❡ ❝♦♥✈❡① ❝♦♠♣❛❝t s❡ts t❤❛t r❡♣r❡s❡♥t t❤❡ s❛♠❡ ❝❤♦✐❝❡ ❝♦rr❡✲
s♣♦♥❞❡♥❝❡ t❤❡♥ ∀u ∈ U, ∃v ∈ V s✉❝❤ t❤❛t u = a · v + b ✇❤❡r❡ a > 0 ❛♥❞ b ∈ R✳

❲❡ ✉s❡ Pr♦♣♦s✐t✐♦♥ ✺ t♦ ✜♥✐s❤ ❚❤❡♦r❡♠ ✶✬s ♣r♦♦❢✱ ❜② s❤♦✇✐♥❣ t❤❛t ❛①✐♦♠s ❆✶✲❆✹ ✐♠♣❧②
t❤❡ ♠✉❧t✐♣❧❡✲♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥✳ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ t❤❛t s❛t✐s✜❡s t❤❡s❡
❛①✐♦♠s✱ ❛♥❞ ❧❡t ≻ ❜❡ t❤❡ r❡✈❡❛❧❡❞ str✐❝t ♣r❡❢❡r❡♥❝❡✳ ▲❡t U ❜❡ t❤❡ ✉♥✐q✉❡ ✭✉♣ t♦ ❧✐♥❡❛r
tr❛♥s❢♦r♠❛t✐♦♥s✮ ❝♦♥✈❡① ❛♥❞ ❝♦♠♣❛❝t s❡t ♦❢ ✉t✐❧✐t✐❡s ♦❢ Pr♦♣✳ ✺✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ ❢♦r ❡❛❝❤
q ∈ A ∈ Y ✱ q ∈ C (A) ⇔ ∃u ∈ U, s✳t✳ u (q) ≥ u (r) ∀r ∈ A✳ ❚❤✐s ✐s ❞♦♥❡ ❛s ❢♦❧❧♦✇s✿

q ∈ C (A)⇐⇒∀r ∈ conv (C(A)) ∃Br ∈ Y s✳t✳ q ∈ C (Br) ❛♥❞ r ∈ conv (Br) ✭✶✶✮

⇐⇒¬∃r ∈ conv(C (A)) s.t. r ≻ q ✭✶✷✮

⇐⇒∀r ∈ conv(C (A)) ∃ur ∈ U such that ur (q) ≥ ur (r) ✭✶✸✮

⇐⇒ min
r∈conv(C(A))

max
u∈U

(u (q)− u (r)) ≥ 0

⇐⇒max
u∈U

min
r∈conv(C(A))

(u (q)− u (r)) ≥ 0 ✭✶✹✮

⇐⇒∃u0 ∈ U s.t. ∀r ∈ conv(C (A)), u0 (q) ≥ u0 (r) ✭✶✺✮

⇐⇒∃u0 ∈ U s.t. ∀r ∈ C (A) , u0 (q) ≥ u0 (r) ✭✶✻✮

⇐⇒∃u0 ∈ U s.t. ∀r ∈ A, u0 (q) ≥ u0 (r) ✭✶✼✮

❲❤❡r❡ ✭✶✶✮ ✐s ✐♠♣❧✐❡❞ ❜② ❈❆❘◆■ ❛♥❞ ▲❡♠♠❛ ✸❀ ✭✶✷✮ ✐s ❞✉❡ t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ≻ ❛♥❞
❈❆❘◆■❀ ✭✶✸✮ ✐s ✐♠♣❧✐❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✺❀ ✭✶✹✮ ✐s ❞✉❡ t♦ t❤❡ ♠✐♥✐♠❛① t❤❡♦r❡♠ ✉s✐♥❣ t❤❡

✶✽



❝♦♥✈❡①✐t② ❛♥❞ ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ s❡ts U ❛♥❞ conv (C (A)) ❛♥❞ t❤❡ ❧✐♥❡❛r✐t② ♦❢ ❡❛❝❤ ✉t✐❧✐t②
u ∈ U ❀ ❛♥❞ ✭✶✻✮ ✐s ✐♠♣❧✐❡❞ ❜② t❤❡ ❧✐♥❡❛r✐t② ♦❢ u✳ ❲❡ ❛r❡ ❧❡❢t ✇✐t❤ s❤♦✇✐♥❣ t❤❛t ✭✶✼✮ ❤♦❧❞s✳
❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t ✭✶✼✮ ❞♦❡s ♥♦t ❤♦❧❞✳ ▲❡t t ∈ A\C (A) s✳t✳ u0 (t) > u0 (q)✳ ▲❡t
t′ ❜❡ ❛♥ ❡❧❡♠❡♥t ✐♥ A t❤❛t ♠❛①✐♠✐③❡s u0✳ ❖❜s❡r✈❡ t❤❛t t

′ ♠✉st ❜❡ ✐♥ A\C (A) ❞✉❡ t♦ ✭✶✺✮✳
❇② Pr♦♣♦s✐t✐♦♥ ✺ ¬∃r ∈ A s✳t✳ r ≻ t′✳ ❇② ❈❆❘◆■✱ t′ ♠✉st ❜❡ ❝❤♦s❡♥ ✐♥ A ✭❝♦♥tr❛❞✐❝t✐♦♥✮✳

❯♥✐q✉❡♥❡ss ✭✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✮ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ Pr♦♣♦✲
s✐t✐♦♥ ✺ ❛s ❢♦❧❧♦✇s✳ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ❛♥❞ ❧❡t ≻ ❜❡ ✐ts r❡✈❡❛❧❡❞ str✐❝t
♣r❡❢❡r❡♥❝❡✳ ❉✉❡ t♦ Pr♦♣♦s✐t✐♦♥ ✺ ≻ ❤❛s ❛ ✉♥✐q✉❡ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥ U ✳ ▲❡t
U ′ ❜❡ ❛ ✉t✐❧✐t② s❡t t❤❛t ❛❧s♦ r❡♣r❡s❡♥ts C✳ ▲❡t ≻′ ❜❡ t❤❡ ✉♥✐q✉❡ str✐❝t ♣r❡❢❡r❡♥❝❡ t❤❛t ✐s
r❡♣r❡s❡♥t❡❞ ❜② U ′ ✭❞✉❡ t♦ Pr♦♣♦s✐t✐♦♥ ✺✮✳ ❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t U ❛♥❞ U ′ ❛r❡ ♥♦t
❡q✉✐✈❛❧❡♥t ✉♥❞❡r ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✳ ❚❤❡♥ t❤❡r❡ ❛r❡ q, r ∈ Y s✉❝❤ t❤❛t ❡✐t❤❡r✿
✭q ≻ r ❛♥❞ q 6≻′ r✮ ♦r ✭q ≻′ r ❛♥❞ q 6≻ r✮✳ ❇♦t❤ ❝❛s❡s ✐♠♣❧② ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ❝❤♦✐❝❡ ❢r♦♠ {q, r}✳ � ✭❚❤❡♦r❡♠ ✶✮

✹✳✹ ❯♥❝❡rt❛✐♥t② ✭❆♥s❝♦♠❜❡✲❆✉♠❛♥♥ ❋r❛♠❡✇♦r❦✮

■♥ t❤✐s s✉❜s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✷✳ ❲❡ ❜❡❣✐♥ ❜② s❤♦✇✐♥❣ t❤❛t t❤❡ ♠✉❧t✐♣❧❡✲♣r✐♦r
r❡♣r❡s❡♥t❛t✐♦♥ ✐♠♣❧✐❡s ❛①✐♦♠s ❇✵✲❇✹✳ ▲❡t u ❜❡ ❛ ♥♦♥✲❝♦♥st❛♥t ❧✐♥❡❛r ✭✈◆✲▼✮ ✉t✐❧✐t② ❛♥❞
❧❡t P ❜❡ ❛ s❡t ♦❢ ♣r✐♦rs s✉❝❤ t❤❛t ❢♦r ❡✈❡r② A ∈ L ❛♥❞ ❡✈❡r② ❛❝t f ∈ A✿ f ∈ C(A) ⇔
∃p ∈ P s.t. ∀g ∈ A, Ep (u (f)) ≥ Ep (u (g)) . ❆①✐♦♠ ❇✵ ✭♠♦♥♦t♦♥✐❝✐t②✮ ❤♦❧❞s ❜❡❝❛✉s❡
∀s ∈ S f (s) ∈ C (f (s) , g (s)) ✐♠♣❧✐❡s Ep (f) ≥ Ep (g) ❢♦r ❡✈❡r② p ∈ △ (S)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
✭✐✮ ❛♥❞ ✭✐✐✮ ✐♥ ❇✵✳ ❆①✐♦♠ ❇✶ ✭♥♦♥✲tr✐✈✐❛❧✐t②✮ ❤♦❧❞s ❜❡❝❛✉s❡ ♦❢ t❤❡ ♥♦♥ tr✐✈✐❛❧✐t② ♦❢ u✳
❆①✐♦♠s ❇✷ ✭❝♦♥t✐♥✉✐t②✮ ❛♥❞ ❇✸ ✭✐♥❞❡♣❡♥❞❡♥❝❡✮ ❛r❡ ✐♠♠❡❞✐❛t❡ ❢r♦♠ t❤❡ ❧✐♥❡❛r✐t② ♦❢ u ❛♥❞
t❤❡ ❝❧♦s❡❞♥❡ss ♦❢ P ✳ ❆①✐♦♠ ❇✹ ✭❈❆❘◆■✮ ✐s ✐♠♣❧✐❡❞ ❜② t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ❞✉❡ t♦ t❤❡ s❛♠❡
❛r❣✉♠❡♥t t❤❛t ✇❛s ❣✐✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥ ❢♦r ❛①✐♦♠ ❆✹✳

❲❡ ♥♦✇ s❤♦✇ t❤❛t ❛①✐♦♠s ❇✵✲❇✹ ✐♠♣❧② t❤❡ ♠✉❧t✐♣❧❡✲♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥✳ ▲❡t � ❞❡♥♦t❡
t❤❡ r❡✈❡❛❧❡❞ ✭✇❡❛❦✮ ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥ t❤❛t ✐s ✐♥❞✉❝❡❞ ❢r♦♠ C✿ q � r ⇔ q ∈ C ({q, r})✱
❛♥❞ ❧❡t ≻ ❜❡ ✐ts str✐❝t ♣❛rt ✭✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✿ q ≻ r ⇔ {q} =
C ({q, r})✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s❤♦✇s t❤❛t � s❛t✐s✜❡s ✉♥❛♠❜✐❣✉♦✉s tr❛♥s✐t✐✈✐t②✱
♥♦♥✲tr✐✈✐❛❧✐t②✱ ❝♦♥t✐♥✉✐t②✱ ✐♥❞❡♣❡♥❞❡♥❝❡✱ ❝♦♠♣❧❡t❡♥❡ss ❛♥❞ ❢❛✈♦r❛❜❧❡ ♠✐①✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✻ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ t❤❛t s❛t✐s✜❡s ❛①✐♦♠s ❇✵✲❇✹✱ ❛♥❞ ❧❡t �
❜❡ t❤❡ r❡✈❡❛❧❡❞ ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥ ✳ ❚❤❡♥ � s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

❉✵ ❯♥❛♠❜✐❣✉♦✉s ❚r❛♥s✐t✐✈✐t②✳ ▲❡t f, g, h ∈ L s✉❝❤ t❤❛t ∀s ∈ S f(s) � g(s)✳ ❚❤❡♥✱ ✭✐✮
h � f ⇒h � g✱ ❛♥❞ ✭✐✐✮ g � h ⇒f � h✳

❉✶ ◆♦♥✲tr✐✈✐❛❧✐t②✳ ❚❤❡r❡ ❛r❡ ❛❝ts f, g ∈ L s✳t✳ f ≻ g✳
❉✷ ❈♦♥t✐♥✉✐t②✳ ❋♦r ❛♥② f ∈ L✱ t❤❡ s❡ts {g|g � f} ❛♥❞ {g|g � f} ❛r❡ ❝❧♦s❡❞✳
❉✸ ■♥❞❡♣❡♥❞❡♥❝❡✳ ▲❡t f, g ∈ L✳ f � g ✐❢ ❛♥❞ ♦♥❧② ✐❢ αh+ (1− α) f � αh+ (1− α) g ❢♦r
❡✈❡r② h ∈ L ❛♥❞ α ∈ (0, 1)✳

❉✹ ❈♦♠♣❧❡t❡♥❡ss ❛♥❞ r❡✢❡①✐✈✐t②✳ ❋♦r ❛♥② f, g ∈ L✱ f � g ♦r g � f ✱ ❛♥❞ f ∼ f ✳
❉✺ ❋❛✈♦r❛❜❧❡ ♠✐①✐♥❣✳ ❋♦r ❡✈❡r② f, g, h ∈ L ❛♥❞ α ∈ (0, 1)✱ ✐❢ g ≻ f ❛♥❞ αf +(1− α)h �
g✱ t❤❡♥ λf + (1− λ)h � g✱ ❢♦r ❡✈❡r② 0 < λ ≤ α ✳

P❘❖❖❋✳ ❆①✐♦♠ ❉✵ ✐s ✐♠♣❧✐❡❞ ❜② ❛①✐♦♠ ❇✵ ✭♠♦♥♦t♦♥✐❝✐t②✮ ❛♥❞ ❜② ❙❡♥✬s α ✭▲❡♠♠❛ ✻✮✳
❆①✐♦♠ ❉✶ ✐s ✐♠♣❧✐❡❞ ❜② ❛①✐♦♠ ❇✶ ✭♥♦♥ tr✐✈✐❛❧✐t② ♦❢ C✮ ❛♥❞ ❈❆❘◆■✳ ❆①✐♦♠s ❉✷✲❉✸ ❛r❡

✶✾



✐♠♣❧✐❡❞ ❜② t❤❡ ❛♥❛❧♦❣♦✉s ♣r♦♣❡rt✐❡s ❇✷✲❇✸✳ ❆①✐♦♠ ❉✹ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢� ❛s ❛
r❡✈❡❛❧❡❞ ♣r❡❢❡r❡♥❝❡ r❡❧❛t✐♦♥✳ ❆①✐♦♠ ❉✺ ✐s ♣r♦✈❡❞ ❛s ❢♦❧❧♦✇s✳ ▲❡t h′ = λf+(1− λ)h ✇❤❡r❡
0 < λ ≤ α✳ ❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t h′ ≺ g✳ ❖❜s❡r✈❡ t❤❛t t❤❡r❡ ❡①✐sts β ∈ (0, 1)
s✉❝❤ t❤❛t αf + (1− α)h = βf + (1− β)h′✳ ■♥❞❡♣❡♥❞❡♥❝❡ ✭❉✸✮ ✐♠♣❧✐❡s t❤❛t h′ ≺ g
⇒βg + (1− β)h′ ≺ βg + (1− β) g = g✱ ❛♥❞ f ≺ g ⇒βf + (1− β)h′ ≺ βg + (1− β)h′ ✳
❚❤❡ tr❛♥s✐t✐✈✐t② ♦❢ t❤❡ str✐❝t ♣r❡❢❡r❡♥❝❡ ≻ ✭✇❤✐❝❤ ✐s ♣r♦✈❡❞ ❛s ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✮
✐♠♣❧✐❡s t❤❛t αf + (1− α)h = βf + (1− β)h′ ≺ g✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❢❛❝t t❤❛t αf +
(1− α)h � g✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✭▲❡❤r❡r ❛♥❞ ❚❡♣❡r✱ ✷✵✶✶✱ ❚❤❡♦r❡♠ ✶✮ s❤♦✇s t❤❛t � ❤❛s ❛ ✉♥✐q✉❡
♠✉❧t✐♣❧❡✲♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✼ ✭▲❡❤r❡r ❛♥❞ ❚❡♣❡r✱ ✷✵✶✶✱ ❚❤❡♦r❡♠ ✶✮✳ ▲❡t � ❜❡ ❛ ❜✐♥❛r② r❡❧❛t✐♦♥ ♦✈❡r
L✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✶✮ � s❛t✐s✜❡s ❛①✐♦♠s ❉✵✲❉✺✳
✭✷✮ ❚❤❡r❡ ❡①✐sts ❛ ♥♦♥✲❞❡❣❡♥❡r❛t❡ ✈◆✲▼ ✉t✐❧✐t② u✱ ❛♥❞ ❛ ❝♦♥✈❡① ❝❧♦s❡❞ s❡t P ♦❢ ♣r✐♦rs

♦✈❡r t❤❡ st❛t❡s ♦❢ ♥❛t✉r❡✱ s✉❝❤ t❤❛t ❢♦r ❡✈❡r② t✇♦ ❛❝ts f, g ∈ L✿ f � g ⇔ ∃p ∈
P ✇✐t❤ Ep (u (f)) ≥ Ep (u (g))✳

▼♦r❡♦✈❡r✱ P ✐s ✉♥✐q✉❡ ❛♥❞ u ✐s ✉♥✐q✉❡ ✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✳

❖❜s❡r✈❡ t❤❛t Pr♦♣♦s✐t✐♦♥ ✼ ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❛t t❤❡ str✐❝t r❡❧❛t✐♦♥ ≻ ❤❛s ❑♥✐❣❤t✐❛♥
r❡♣r❡s❡♥t❛t✐♦♥ ✭❇❡✇❡❧②✱ ✷✵✵✷✮✿ f ≻ g ⇔ ∀p ∈ P, Ep (u (f)) > Ep (u (g))✳ ❲❡ ✉s❡ Pr♦♣♦s✐✲
t✐♦♥ ✼ t♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✱ ❜② s❤♦✇✐♥❣ t❤❛t ❛①✐♦♠s ❇✵✲❇✹ ✐♠♣❧② t❤❡ ♠✉❧t✐♣❧❡✲
♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥✳ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ t❤❛t s❛t✐s✜❡s t❤❡s❡ ❛①✐♦♠s✱ ❛♥❞ ❧❡t
≻ ❜❡ t❤❡ r❡✈❡❛❧❡❞ str✐❝t ♣r❡❢❡r❡♥❝❡✳ ▲❡t u ❜❡ t❤❡ ✉♥✐q✉❡ ✉t✐❧✐t② ✭✉♣ t♦ ❧✐♥❡❛r tr❛♥s❢♦r♠❛✲
t✐♦♥s✮✱ ❛♥❞ ❧❡t P ❜❡ t❤❡ ✉♥✐q✉❡ ❝♦♥✈❡① ❛♥❞ ❝❧♦s❡❞ s❡t ♦❢ ♣r✐♦rs ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳ ❲❡ ❤❛✈❡
t♦ s❤♦✇✱ ❢♦r ❡❛❝❤ f ∈ A ∈ L✱ f ∈ C (A) ⇔ ∃p ∈ P, s✳t✳ Ep (u (f)) ≥ Ep (u (g)) ∀g ∈ A✳
❚❤✐s ✐s ❞♦♥❡ ❛s ❢♦❧❧♦✇s✿

f ∈ C (A)⇐⇒¬∃g ∈ conv(C (A)) s.t. g ≻ f ✭✶✽✮

⇐⇒∀g ∈ conv(C (A)) ∃p ∈ P s.t. Ep (u (f)) ≥ Ep (u (g)) ✭✶✾✮

⇐⇒ min
g∈conv(C(A))

max
p∈P

Ep (u (f)− u (g)) ≥ 0

⇐⇒max
p∈P

min
g∈conv(C(A))

Ep (u (f)− u (g)) ≥ 0 ✭✷✵✮

⇐⇒∃p0 ∈ P s.t. ∀g ∈ conv(C (A)), Ep0 (u (f)) ≥ Ep0 (u (g))

⇐⇒∃p0 ∈ P s.t. ∀g ∈ C (A) , Ep0 (u (f)) ≥ Ep0 (u (g)) ✭✷✶✮

⇐⇒∃p0 ∈ P s.t. ∀g ∈ A, Ep0 (u (f)) ≥ Ep0 (u (g)) ✭✷✷✮

❲❤❡r❡ ✭✶✽✮ ✐s ✐♠♣❧✐❡❞ ❜② ❈❆❘◆■✱ ▲❡♠♠❛ ✸ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ≻❀ ✭✶✾✮ ✐s ❞✉❡ t♦
Pr♦♣♦s✐t✐♦♥ ✼✱ ✭✷✵✮ ✐s ✐♠♣❧✐❡❞ ❜② t❤❡ ♠✐♥✐♠❛① t❤❡♦r❡♠ ✉s✐♥❣ t❤❡ ❝♦♥✈❡①✐t② ❛♥❞ ❝❧♦s❡❞♥❡ss
♦❢ t❤❡ s❡ts P ❛♥❞ conv (A) ❛♥❞ t❤❡ ❧✐♥❡❛r✐t② ♦❢ ❡❛❝❤ u ∈ U ✱ ✭✷✶✮ ✐s ❞✉❡ t♦ t❤❡ ❧✐♥❡❛r✐t②
♦❢ u❀ ❛♥❞ ✭✷✷✮ ✐s ♣r♦✈❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛t ✭✶✼✮ ✐s ♣r♦✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✳
❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ P ❛♥❞ u ✭✉♣ t♦ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✮ ✐s ✐♠♣❧✐❡❞ ❜② t❤❡ ✉♥✐q✉❡♥❡ss ✐♥
Pr♦♣♦s✐t✐♦♥ ✼✳ � ✭❚❤❡♦r❡♠ ✷✮✳

✷✵



✹✳✺ ■♥❞❡❝✐s✐✈❡♥❡ss ❛♥❞ ✐♥❞✐✛❡r❡♥❝❡

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ t❤❡ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✸✳

✹✳✺✳✶ ▼✉❧t✐♣❧❡✲❯t✐❧✐t② ❈❤❛r❛❝t❡r✐③❛t✐♦♥

❲❡ ❜❡❣✐♥ ❜② ♣r♦✈✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶✱ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s �∗ ✐♥ t❡r♠s ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✶ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦✈❡r Y t❤❛t s❛t✐s✜❡s ❛①✐♦♠s ❆✶✲❆✹✳
▲❡t U ❜❡ t❤❡ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡♥ ❢♦r ❡❛❝❤ q, r ∈ Y ✿ q �∗ r ⇔q �II r
⇔∀u ∈ U, u (q) ≥ u (r)✳

P❘❖❖❋✳ ■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t q �∗ r ⇒q �II r ❛♥❞ t❤❛t ∀u ∈ U, u (q) ≥ u (r) ⇒ q �∗ r✳
❲❡ ♥♦✇ s❤♦✇ t❤❛t q �II r ⇒∀u ∈ U, u (q) ≥ u (r)✳ ❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t t❤❡r❡
❡①✐sts u0 ∈ U s✉❝❤ t❤❛t u0 (r) > u0 (q)✳ ❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐st A ∈ Y ❛♥❞
p ∈ A✱ s✉❝❤ t❤❛t p ∈ C (A ∪ {q}) ❛♥❞ p 6∈ C (A ∪ {r})✳ ▲❡t p, p ∈ Y ❜❡ ❛❧t❡r♥❛t✐✈❡s s✉❝❤

t❤❛t u
(

p
)

< u (p) ❢♦r ❡✈❡r② ✉t✐❧✐t② u ∈ U ✳ ❋♦r ❡❛❝❤ ǫ > 0✱ ❧❡t pǫ = ǫp+ (0.5− ǫ) q + 0.5r✱

❛♥❞ ❧❡t Aǫ = {pǫ, (2ǫp+ (1− 2ǫ) q)}✳ ❋♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ ǫ✱ u0 (pǫ) > u0 (q) ❛♥❞ u0 (pǫ) >
u0 (2ǫp+ (1− 2ǫ) q)✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t pǫ ∈ C (Aǫ ∪ {q})✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❡✈❡r② ǫ > 0 ❛♥❞
❡✈❡r② u ∈ U ✱ u (pǫ) < u (ǫp+ (0.5− ǫ) q + 0.5r) = 0.5u (2ǫp+ (1− 2ǫ) q) + 0.5u (r)✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t pǫ /∈ C (Aǫ ∪ {r})✳

❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✷✱ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s ✇❤❡♥ ❆❧✐❝❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜
✐♥ t❡r♠s ♦❢ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥✳ ■t s❤♦✇s t❤❛t ❆❧✐❝❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ ✐❢✿ ✶✮ ❆❧✐❝❡
❤❛s ❛ s✐♥❣❧❡ ✉t✐❧✐t②✱ ♦r ✷✮ ❆❧✐❝❡✬s s❡t ♦❢ ✉t✐❧✐t✐❡s ✐s ✐♥❝❧✉❞❡❞ ✐♥ ❇♦❜✬s s❡t ♦❢ ✉t✐❧✐t✐❡s✳✱ ♦r ✸✮
❆❧✐❝❡✬s s❡t ♦❢ ✉t✐❧✐t✐❡s ✐s ✐♥❝❧✉❞❡❞ ✐♥ ❇♦❜✬s s❡t ♦❢ ♦♣♣♦s✐t❡ ✉t✐❧✐t✐❡s✳

Pr♦♣♦s✐t✐♦♥ ✷ ▲❡t ❆❧✐❝❡ ❛♥❞ ❇♦❜ ❜❡ t✇♦ ❞❡❝✐s✐♦♥ ♠❛❦❡rs ✇✐t❤ r❡s♣❡❝t✐✈❡ ❝❤♦✐❝❡ ❝♦rr❡✲
s♣♦♥❞❡♥❝❡s (CA, CB) ♦✈❡r Y t❤❛t s❛t✐s❢② ❛①✐♦♠s ❆✶✲❆✹ ✇✐t❤ r❡s♣❡❝t t♦ ♠✉❧t✐♣❧❡✲✉t✐❧✐t②
r❡♣r❡s❡♥t❛t✐♦♥s (UA, UB)✳ ❚❤❡♥ ❆❧✐❝❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❛t ❧❡❛st
♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿
✭✶✮ UA ✐s ❛ s✐♥❣❧❡t♦♥ ✭✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✮✳
✭✷✮ UA ⊆ UB ✭✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✮✳
✭✸✮ UA ⊆ −UB ✭✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✮✳

P❘❖❖❋✳ ❚❤❡ ❵✐❢✬ ♣❛rt ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❚❤❡ ❵♦♥❧② ✐❢✬ ♣❛rt ✐s ♣r♦✈❡❞ ❛s ❢♦❧❧♦✇s✳ ❆ss✉♠❡
t❤❛t ❆❧✐❝❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜ ❛♥❞ t❤❛t UA ✐s ♥♦t ❛ s✐♥❣❧❡t♦♥✳ ▲❡t pB, pB ∈ Y ❜❡

❡❧❡♠❡♥ts s✉❝❤ t❤❛t uB (pB) > uB

(

p
B

)

❢♦r ❡❛❝❤ uB ∈ UB✱ ❛♥❞ ❧❡t pA, pA ∈ Y ❜❡ ❡❧❡♠❡♥ts

s✉❝❤ t❤❛t uA (pA) > uA

(

p
A

)

❢♦r ❡❛❝❤ uA ∈ UA✳ ▲❡t q, r ∈ Y ❜❡ ❡❧❡♠❡♥ts s✉❝❤ t❤❛t ❆❧✐❝❡

✐s ✐♥❞❡❝✐s✐✈❡ ❜❡t✇❡❡♥ t❤❡♠ ✭q ⊲⊳∗A r✱ s✉❝❤ ❡❧❡♠❡♥ts ❡①✐st ❞✉❡ t♦ ▲❡♠♠❛ ✶✮✳

❲❡ ❜❡❣✐♥ ❜② s❤♦✇✐♥❣ t❤❛t uA (pB) 6= uA

(

p
B

)

❢♦r ❡✈❡r② uA ∈ UA✳ ■❢ uA (pB) = uA

(

p
B

)

❢♦r
❡✈❡r② uA ∈ UA✳ ❚❤❡♥ ❜② ❈♦r♦❧❧❛r② ✶✱ ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ ǫ > 0✱ ❇♦❜ ✐s ❞❡❝✐s✐✈❡ ❜❡t✇❡❡♥
(1− ǫ) pB + ǫq ❛♥❞ (1− ǫ) p

B
+ ǫr✱ ✇❤✐❧❡ ❆❧✐❝❡ ✐s ✐♥❞❡❝✐s✐✈❡ ❜❡t✇❡❡♥ t❤❡s❡ ❛❧t❡r♥❛t✐✈❡s✳

■❢ t❤❡r❡ ❡①✐st u1, u2 ∈ UA s✉❝❤ t❤❛t u1 (pB) = u1

(

p
B

)

❛♥❞ u2 (pB) > u2

(

p
B

)

✭u2 (pB) <

✷✶



u2

(

p
B

)

✮✱ t❤❡♥ ❜② ✉s✐♥❣ ❈♦r♦❧❧❛r② ✶✱ ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ ǫ > 0✱ ❇♦❜ ✐s ❞❡❝✐s✐✈❡ ❜❡t✇❡❡♥

(1− ǫ) pB+ǫp
A
❛♥❞ (1− ǫ) p

B
+ǫpA ✭❜❡t✇❡❡♥ (1− ǫ) pB+ǫpA ❛♥❞ (1− ǫ) p

B
+ǫp

A
✮✱ ✇❤✐❧❡

❆❧✐❝❡ ✐s ✐♥❞❡❝✐s✐✈❡ ❜❡t✇❡❡♥ t❤❡s❡ ❛❧t❡r♥❛t✐✈❡s✳ ❚❤❡ ❝♦♥✈❡①✐t② ♦❢ UA t❤❡♥ ✐♠♣❧✐❡s t❤❛t ❡✐t❤❡r
uA (pB) > uA

(

p
B

)

❢♦r ❡✈❡r② uA ∈ UA ♦r uA (pB) < uA

(

p
B

)

❢♦r ❡✈❡r② uA ∈ UA✳

❆ss✉♠❡ ✜rst t❤❛t uA (pB) > uA

(

p
B

)

❢♦r ❡✈❡r② uA ∈ UA✳ ◆♦r♠❛❧✐③❡ ❡✈❡r② ✉t✐❧✐t② u ✐♥

UA ∪ UB t♦ s❛t✐s❢② u (pB) = 1 ❛♥❞ u
(

p
B

)

= 0✳ ❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t t❤❡r❡ ❡①✐sts

uA ∈ UA\UB✳ ❇② ❛ st❛♥❞❛r❞ s❡♣❛r❛t✐♦♥ t❤❡♦r❡♠ ✭✉s✐♥❣ t❤❡ ❝♦♥✈❡①✐t② ❛♥❞ t❤❡ ❝♦♠♣❛❝t♥❡ss
♦❢ UB✮ t❤❡r❡ ❡①✐st q, r ∈ Y s✉❝❤ t❤❛t α = uA (r) − uA (q) > uB (r) − uB (q) ❢♦r ❡❛❝❤
uB ∈ UB✳

17 ▲❡t β = maxuB∈UB
(uB (r)− uB (q))✳ ❆ss✉♠❡ ✜rst t❤❛t t❤❡r❡ ✐s u′

A ∈ UA s✉❝❤
t❤❛t γ = u′

A (r) − u′
A (q) 6= α✳ ❇② t❤❡ ❝♦♥✈❡①✐t② ♦❢ UA ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t β < γ✳ ❚❤✐s

✐♠♣❧✐❡s t❤❛t ❆❧✐❝❡ ✐s ✐♥❞❡❝✐s✐✈❡ ❜❡t✇❡❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦tt❡r✐❡s✿

1

1 + α+γ

2

r +

(

α+γ

2

1 + α+γ

2

)

p
B

❛♥❞
1

1 + α+γ

2

q +

(

α+γ

2

1 + α+γ

2

)

pB

✭❜❡❝❛✉s❡ ✐❢ γ > α t❤❡♥ t❤❡ ✜rst ❧♦tt❡r② ✐s ❜❡tt❡r ❛❝❝♦r❞✐♥❣ t♦ u′
A ❛♥❞ t❤❡ s❡❝♦♥❞ ❧♦tt❡r② ✐s

❜❡tt❡r ❛❝❝♦r❞✐♥❣ t♦ uA✱ ❛♥❞ ✐❢ γ < α t❤❡ ♦♣♣♦s✐t❡ ❤♦❧❞s✮✱ ✇❤✐❧❡ ❇♦❜ ✐s ❞❡❝✐s✐✈❡ ✭t❤❡ s❡❝♦♥❞
❧♦tt❡r② ✐s ❜❡tt❡r ❛❝❝♦r❞✐♥❣ t♦ ❛❧❧ ♦❢ ❇♦❜✬s ✉t✐❧✐t✐❡s✮ ✲ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❙♦ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ t❤❡
❝❛s❡ t❤❛t u′

A (r)− u′
A (q) = α ❢♦r ❡✈❡r② u′

A ∈ UA✳ ❆s UA ✐s ♥♦t ❛ s✐♥❣❧❡t♦♥✱ t❤❡r❡ ✐s p ∈ Y
❛♥❞ u1

A, u
2
A ∈ UA s✉❝❤ t❤❛t u1

A (p) > u2
A (p)✳ ❋♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ δ > 0✱ r′ = (1− δ) r+δp

❛♥❞ q′ = (1− δ) q + δp s❛t✐s❢②✿ ✶✮ u1
A (r′) − u1

A (q′) , u2
A (r′) − u2

A (q′) > uB (r′) − uB (q′)
❢♦r ❡❛❝❤ uB ∈ UB✱ ✷✮ u

2
A (r′)− u2

A (q′) 6= u1
A (r′)− u1

A (q′)✳ ❇② t❤❡ ♣r❡✈✐♦✉s ❛r❣✉♠❡♥t✱ t❤✐s
❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ✐♥ t❤✐s ❝❛s❡ UA ⊆ UB✳

❲❡ ❛r❡ ❧❡❢t ✇✐t❤ t❤❡ ❝❛s❡ t❤❛t uA (pB) < uA

(

p
B

)

❢♦r ❡✈❡r② uA ∈ UA✳ ▲❡t ❈❤❛r❧✐❡ ❜❡ ❛
❞❡❝✐s✐♦♥ ♠❛❦❡r ✇✐t❤ t❤❡ ❡①❛❝t ♦♣♣♦s✐t❡ ♠✉❧t✐♣❧❡✲✉t✐❧✐t② r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ ❇♦❜
✭UC = −UB✮✳ ❖❜s❡r✈❡ t❤❛t ❈❤❛r❧✐❡ ✐s ❛s ❞❡❝✐s✐✈❡ ❛s ❇♦❜✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❆❧✐❝❡ ✐s ♠♦r❡

❞❡❝✐s✐✈❡ t❤❛♥ ❈❤❛r❧✐❡✳ ▲❡t pC = p
B
❛♥❞ p

C
= pB✳ ❖❜s❡r✈❡ t❤❛t uA (pC) > uA

(

p
C

)

❢♦r
❡✈❡r② uA ∈ UA✳ ❇② ✉s✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✱ ✐t ❢♦❧❧♦✇s t❤❛t UA ⊆ UC = −UB✱
✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢✳ � ✭✷✮✳

✹✳✺✳✷ ▼✉❧t✐♣❧❡✲Pr✐♦r ❘❡♣r❡s❡♥t❛t✐♦♥

❲❡ ❜❡❣✐♥ ❜② ♣r♦✈✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✱ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s �∗ ✐♥ t❡r♠s ♦❢ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦✈❡r L t❤❛t s❛t✐s✜❡s ❛①✐♦♠s ❇✵✲❇✹✳ ▲❡t
u ❜❡ t❤❡ ✉t✐❧✐t② ❛♥❞ P t❤❡ s❡t ♦❢ ♣r✐♦rs ✐♥ t❤❡ ♠✉❧t✐♣❧❡✲♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡♥ ❢♦r
❡❛❝❤ f, g ∈ L✿ f �∗ g ⇔ f �II g ⇔∀p ∈ P, Ep (u (f)) ≥ Ep (u (g))✳

P❘❖❖❋✳ ■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t f �∗ g ⇒ f �II g✱ ❛♥❞ t❤❛t ∀p ∈ P, Ep (u (f)) ≥
Ep (u (g))⇒ f �∗ g✳ ❲❡ ♥♦✇ s❤♦✇ t❤❛t f �II g ⇒∀p ∈ P, Ep (u (f)) ≥ Ep (u (g))✳
❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t t❤❡r❡ ❡①✐sts p0 ∈ P s✉❝❤ t❤❛t Ep0 (u (g)) > Ep0 (u (f))✳

17 ❊①t❡♥❞✐♥❣ ❡❛❝❤ ✉t✐❧✐t② u ❢r♦♠ △ (X) t♦ R
|X|✱ ❛ st❛♥❞❛r❞ s❡♣❛r❛t✐♦♥ t❤❡♦r❡♠ ②✐❡❧❞s ❛ s✐❣♥❡❞

✉♥✐t ✈❡❝t♦r v ✭♣♦ss✐❜❧② ✇✐t❤ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✮ s✉❝❤ t❤❛t uA (v) > uB (v) ❢♦r ❡❛❝❤ uB ∈ UB✳ ❚❤✐s

✈❡❝t♦r v ✐♥❞✉❝❡s t❤❡ t✇♦ ❧♦tt❡r✐❡s q, r ∈ Y ❛s ❢♦❧❧♦✇s✿ q = v+

‖v+‖
✭❛♥❞ q = p ✐❢ v+ = ~0✮ ❛♥❞

r = v−

‖v−‖
✭❛♥❞ r = p ✐❢ v− = ~0✮✱ ✇❤❡r❡ v+i = ♠❛① (vi, 0) ❛♥❞ v−i = ✲♠✐♥ (vi, 0)✳

✷✷



❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t t❤❡r❡ ❡①✐st A ∈ L ❛♥❞ h ∈ A✱ s✉❝❤ t❤❛t h ∈ C (A ∪ {f}) ❛♥❞
h 6∈ C (A) ∪ {g}✳ ▲❡t x, x ∈ X ❜❡ ❛❧t❡r♥❛t✐✈❡s s✉❝❤ t❤❛t u (x) < u (x)✳ ❋♦r ❡❛❝❤ ǫ > 0✱ ❧❡t
hǫ = ǫx + (0.5− ǫ) f + 0.5g✱ ❛♥❞ ❧❡t Aǫ = {hǫ, (2ǫx+ (1− 2ǫ) f)}✳ ❋♦r s✉✣❝✐❡♥t❧② s♠❛❧❧
ǫ✱ Ep0 (u (hǫ)) ≥ Ep0 (u (f)) ❛♥❞ Ep0 (u (hǫ)) ≥ Ep0 (u (2ǫx+ (1− 2ǫ) f))✳ ❚❤✐s ✐♠♣❧✐❡s
t❤❛t hǫ ∈ C (Aǫ ∪ {f})✳ ■♥ ❛❞❞✐t✐♦♥✱ ❢♦r ❡✈❡r② ǫ > 0 ❛♥❞ ❡✈❡r② p ∈ P ✱ Ep (u (hǫ)) <
Ep (u (ǫx+ (0.5− ǫ) f + 0.5g)) = 0.5Ep (u (2ǫx+ (1− 2ǫ) f))+0.5Ep (u (g))✳ ❚❤✐s ✐♠♣❧✐❡s
t❤❛t hǫ /∈ C (Aǫ ∪ {g})✳ �

◆❡①t ✇❡ ♣r♦✈❡ ▲❡♠♠❛ ✷✱ ✇❤✐❝❤ s❤♦✇s t❤❛t ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❤❛s ❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s ✐❢
❛♥❞ ♦♥❧② ✐❢ ❤❡r s❡t ♦❢ ♣r✐♦rs ✐s ❛ s✐♥❣❧❡t♦♥✿

▲❡♠♠❛ ✷ ▲❡t C ❜❡ ❛ ❝❤♦✐❝❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ♦✈❡r L t❤❛t s❛t✐s✜❡s ❛①✐♦♠s ❇✵✲❇✹✳ ▲❡t P
❜❡ t❤❡ s❡t ♦❢ ♣r✐♦rs ✐♥ t❤❡ ♠✉❧t✐♣❧❡✲♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥✳ ❚❤❡♥ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❤❛s
❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢ P ✐s ❛ s✐♥❣❧❡t♦♥✳

P❘❖❖❋✳ ❚❤❡ ❵✐❢✬ ♣❛rt ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❚❤❡ ❵♦♥❧② ✐❢✬ ♣❛rt ✐s ♣r♦✈❡❞ ❛s ❢♦❧❧♦✇s✳ ❆ss✉♠❡
t❤❛t t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❤❛s ❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s ✭✐✳❡✳✱ r❡❧❛t✐♦♥ ⊲⊳∗ ✐s ❡♠♣t②✮✳ ❆ss✉♠❡ t♦
t❤❡ ❝♦♥tr❛r② t❤❛t t❤❡r❡ ❛r❡ p1 6= p2 ∈ P ✳ ❚❤❡ ❢❛❝t t❤❛t p1 6= p2 ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❛r❡
s1, s2 ∈ S s✉❝❤ t❤❛t✿ p1 (s1) > p2 (s1) ❛♥❞ p2 (s2) > p1 (s2)✳ ▲❡t x, x ∈ X ❜❡ ❛❧t❡r♥❛t✐✈❡s
s✉❝❤ t❤❛t u (x) < u (x)✳ ▲❡t

f1 =







x s1

x ❛❧❧ ♦t❤❡r st❛t❡s
, ❛♥❞ f2 =







x s2

x ❛❧❧ ♦t❤❡r st❛t❡s
.

■t ❢♦❧❧♦✇s t❤❛t Ep1 (u (f1)) > Ep2 (u (f1)) ❛♥❞ Ep2 (u (f2)) > Ep1 (u (f2)) ❛♥❞ ❜② ❈♦r♦❧❧❛r②
✸ f1 ⊲⊳

∗ f2✳ � ✭▲❡♠♠❛ ✷✮

❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✹✱ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s ✇❤❡♥ ❆❧✐❝❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜
✐♥ t❡r♠s ♦❢ ❛ ♠✉❧t✐♣❧❡✲♣r✐♦r r❡♣r❡s❡♥t❛t✐♦♥✳ ■t s❤♦✇s t❤❛t ❆❧✐❝❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ ✐❢✿ ✶✮ ❆❧✐❝❡
❤❛s ❛ s✐♥❣❧❡ ♣r✐♦r✱ ♦r ✷✮ ❆❧✐❝❡✬s s❡t ♦❢ ♣r✐♦rs ✐s ✐♥❝❧✉❞❡❞ ✐♥ ❇♦❜✬s s❡t ♦❢ ♣r✐♦rs✱ ❛♥❞ ✐♥
❛❞❞✐t✐♦♥ ❆❧✐❝❡✬s ✉t✐❧✐t② ✐s ❡q✉❛❧ t♦ ❇♦❜✬s ✉t✐❧✐t② ♦r ❡①❛❝t❧② t❤❡ ♦♣♣♦s✐t❡ ♦❢ ❇♦❜✬s ✉t✐❧✐t②✳

Pr♦♣♦s✐t✐♦♥ ✹ ▲❡t ❆❧✐❝❡ ❛♥❞ ❇♦❜ ❜❡ t✇♦ ❞❡❝✐s✐♦♥ ♠❛❦❡rs ✇✐t❤ r❡s♣❡❝t✐✈❡ ❝❤♦✐❝❡ ❝♦r✲
r❡s♣♦♥❞❡♥❝❡s (CA, CB) ♦✈❡r L t❤❛t s❛t✐s❢② ❛①✐♦♠s ❇✵✲❇✹ ✇✐t❤ r❡s♣❡❝t✐✈❡ ♠✉❧t✐♣❧❡✲♣r✐♦r
r❡♣r❡s❡♥t❛t✐♦♥s ((uA, PA) , (uB, PB))✳ ❚❤❡♥ ❆❧✐❝❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜ ✐❢ ❛♥❞ ♦♥❧②
✐❢ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭✶✮ PA ✐s ❛ s✐♥❣❧❡t♦♥ ✭✐♥❝❧✉❞❡s ❛ s✐♥❣❧❡ ♣r✐♦r✮✳
✭✷✮ PA ⊆ PB ❛♥❞ uA = uB ✭✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✮✳
✭✸✮ PA ⊆ PB ❛♥❞ uA = −uB ✭✉♣ t♦ ♣♦s✐t✐✈❡ ❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥s✮✳

P❘❖❖❋✳ ❚❤❡ ❵✐❢✬ ♣❛rt ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❚❤❡ ❵♦♥❧② ✐❢✬ ♣❛rt ✐s ♣r♦✈❡❞ ❛s ❢♦❧❧♦✇s✳ ❆ss✉♠❡
t❤❛t ❆❧✐❝❡ ✐s ♠♦r❡ ❞❡❝✐s✐✈❡ t❤❛♥ ❇♦❜ ❛♥❞ t❤❛t ❆❧✐❝❡ ❤❛s ✐♥❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s✳ ❇② ▲❡♠♠❛
✸ PA ✐s ♥♦t ❛ s✐♥❣❧❡t♦♥✳ ▲❡t xB, xB ∈ X ❜❡ ❡❧❡♠❡♥ts s✉❝❤ t❤❛t✿ ✶✮ uB (xB) > uB (xB)✱
❛♥❞ ✷✮ ❢♦r ❡❛❝❤ x ∈ X uB (xB) ≥ uB (x) ≥ uB (xB)✳ ▲❡t f0, g0 ∈ L ❜❡ ❡❧❡♠❡♥ts t❤❛t ❆❧✐❝❡
✐s ✐♥❞❡❝✐s✐✈❡ ❜❡t✇❡❡♥ t❤❡♠ ✭f0 ⊲⊳∗A g0✱ s✉❝❤ ❡❧❡♠❡♥ts ❡①✐st ❜❡❝❛✉s❡ ❆❧✐❝❡ ❤❛s ✐♥❝♦♠♣❧❡t❡
♣r❡❢❡r❡♥❝❡s✮✳
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❲❡ ❜❡❣✐♥ ❜② s❤♦✇✐♥❣ t❤❛t uA (xB) 6= uA (xB)✳ ■❢ uA (xB) = uA (xB)✱ t❤❡♥ ❜② Pr♦♣♦s✐t✐♦♥
✹✱ ❢♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ ǫ > 0✱ ❇♦❜ ✐s ❞❡❝✐s✐✈❡ ❜❡t✇❡❡♥ (1− ǫ) xB+ǫf0 ❛♥❞ (1− ǫ) xB+ǫg0✱
✇❤✐❧❡ ❆❧✐❝❡ ✐s ✐♥❞❡❝✐s✐✈❡ ❜❡t✇❡❡♥ t❤❡s❡ ❛❧t❡r♥❛t✐✈❡s✳

❈❛s❡ ✶✿ ❆ss✉♠❡ ✜rst t❤❛t uA (xB) > uA (xB)✳ ◆♦r♠❛❧✐③❡ ✉t✐❧✐t✐❡s uA ❛♥❞ uB t♦ s❛t✐s❢②
uB (xB) = uA (xB) = 1 ❛♥❞ uB (xB) = uA (xB) = 0✳ ❲❡ s❤♦✇ t❤❛t ❢♦r ❡✈❡r② x ∈ X✱
0 ≤ uA (x) ≤ 1✳ ❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t t❤❡r❡ ❡①✐sts x ∈ X ✇✐t❤ uA (x) > 1
✭uA (x) < 0✮✳ ❚❤❡r❡ t❤❡r❡ ❡①✐sts 0 < α < 1 s✉❝❤ t❤❛t 1 = uA (xB) = uA (αx+ (1− α) xB)
✭0 = uA (xB) = uA (αx+ (1− α) xB)✮✳ ❋♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ ǫ > 0✱ ❆❧✐❝❡ ✐s ✐♥❞❡❝✐s✐✈❡
❜❡t✇❡❡♥ (1− ǫ) xB + ǫf0 ❛♥❞ (1− ǫ) (αx+ (1− α) xB) + ǫg0 ✭❜❡t✇❡❡♥ (1− ǫ) xB + ǫf0✮
❛♥❞ (1− ǫ) (αx+ (1− α) xB) + ǫg0 ✮ ✇❤✐❧❡ ❇♦❜ ✐s ❞❡❝✐s✐✈❡ ✭❤❡ ♣r❡❢❡rs t❤❡ ✜rst ❛❝t✮✳

◆❡①t✱ ✇❡ s❤♦✇ t❤❛t ❢♦r ❡❛❝❤ x ∈ X uA (x) = uB (x)✳ ❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t α =
uA (x) 6= uB (x) ✇❤❡r❡ 0 ≤ α ≤ 1✳ ❋♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ ǫ > 0✱ ❆❧✐❝❡ ✐s ✐♥❞❡❝✐s✐✈❡ ❜❡t✇❡❡♥
(1− ǫ) x+ǫf0 ❛♥❞ (1− ǫ) (αxB + (1− α) xB)+ǫg0 ✱ ✇❤✐❧❡ ❇♦❜ ✐s ❞❡❝✐s✐✈❡ ✭❝♦♥tr❛❞✐❝t✐♦♥✮✳

❚❤✐s s❤♦✇s t❤❛t ❜♦t❤ ❞❡❝✐s✐♦♥ ♠❛❦❡rs ❤❛✈❡ t❤❡ s❛♠❡ ✉t✐❧✐t②✳ ▲❡t u = uA = uB ✳ ❲❡
♥♦✇ ♣r♦✈❡ t❤❛t PA ⊆ PB ✳ ❆ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t PA 6⊆ PB✳ ▲❡t pA ∈ PA\PB✳ ❇② ❛
st❛♥❞❛r❞ s❡♣❛r❛t✐♦♥ t❤❡♦r❡♠ ✭✉s✐♥❣ t❤❡ ❝♦♥✈❡①✐t② ❛♥❞ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ PB✱ s❡❡ ❢♦♦t♥♦t❡
✶✼✮ t❤❡r❡ ❛r❡ f, g ∈ L s✉❝❤ t❤❛t 1 > α = EpA (u (f)− u (g)) > EpB (u (f)− u (g)) ❢♦r ❡❛❝❤
pB ∈ PB✳ ▲❡t β = maxpB∈PB

EpB (u (r)− u (q))✳ ❆ss✉♠❡ ✜rst t❤❛t t❤❡r❡ ✐s p′A ∈ PA s✉❝❤
t❤❛t γ = Ep′

A
(u (f)− u (g)) 6= α✳ ❇② t❤❡ ❝♦♥✈❡①✐t② ♦❢ PA ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t β < γ✳ ❚❤✐s

✐♠♣❧✐❡s t❤❛t ❆❧✐❝❡ ✐s ✐♥❞❡❝✐s✐✈❡ ❜❡t✇❡❡♥ t❤❡s❡ ❛❝ts

1

1 + α+γ

2

f +

(

1−
1

1 + α+γ

2

)

xB ❛♥❞
1

1 + α+γ

2

g +

(

1−
1

1 + α+γ

2

)

xB

✭❜❡❝❛✉s❡ ✐❢ γ > α t❤❡♥ t❤❡ ✜rst ❛❝t ✐s ❜❡tt❡r ❛❝❝♦r❞✐♥❣ t♦ p′A ❛♥❞ t❤❡ s❡❝♦♥❞ ❛❝t ✐s ❜❡tt❡r
❛❝❝♦r❞✐♥❣ t♦ pA ❛♥❞ ✐❢ γ < α t❤❡ ♦♣♣♦s✐t❡ ❤♦❧❞s✮✱ ✇❤✐❧❡ ❇♦❜ ✐s ❞❡❝✐s✐✈❡ ✭t❤❡ s❡❝♦♥❞ ❛❝t
✐s ❜❡tt❡r ❛❝❝♦r❞✐♥❣ t♦ ❛❧❧ ♦❢ ❇♦❜✬s ✉t✐❧✐t✐❡s✮ ✲ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❲❡ ❛r❡ ❧❡❢t ✇✐t❤ t❤❡ ❝❛s❡
t❤❛t Ep′

A
(u (f)− u (g)) = α ❢♦r ❡✈❡r② p′A ∈ PA✳ ❆s PA ✐s ♥♦t ❛ s✐♥❣❧❡t♦♥✱ t❤❡r❡ ❛r❡ h ∈ L

❛♥❞ p1A, p
2
A ∈ PA s✉❝❤ t❤❛t Ep1

A
(u (h)) > Ep2

A
(u (h))✳ ❋♦r s✉✣❝✐❡♥t❧② s♠❛❧❧ δ > 0✱ f ′ =

(1− δ) f+δh ❛♥❞ g′ = (1− δ) g+δh s❛t✐s❢②✿ ✶✮Ep1
A
(u (f ′)− u (g′)) , Ep2

A
(u (f ′)− u (g′)) >

EpB (u (f ′)− u (g′)) ❢♦r ❡❛❝❤ pB ∈ PB✱ ✷✮ Ep1
A
(u (f ′)− u (g′)) 6= Ep2

A
(u (f ′)− u (g′))✳ ❇②

t❤❡ ♣r❡✈✐♦✉s ❛r❣✉♠❡♥t✱ t❤✐s ❧❡❛❞s t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✉s✱ ✇❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t ✐♥ t❤✐s
❝❛s❡ PA ⊆ PB✳

❈❛s❡ ✷✿ ▲❡t ❈❤❛r❧✐❡ ❜❡ ❛ ❞❡❝✐s✐♦♥ ♠❛❦❡r ✇✐t❤ t❤❡ ♦♣♣♦s✐t❡ ♦❢ ❇♦❜✬s ✉t✐❧✐t② ✭uC = −uB✮
❛♥❞ t❤❡ s❛♠❡ s❡t ♦❢ ♣r✐♦rs ❛s ❇♦❜ ✭PC = PB✮✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ❆❧✐❝❡ ❛♥❞ ❈❤❛r❧✐❡ ✜ts
❝❛s❡ ✶✳ ❇② t❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❝❛s❡✱ uA = uC = −uB ❛♥❞ PA ⊆ PC = PB✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s
t❤❡ ♣r♦♦❢✳

❘❊❋❊❘❊◆❈❊❙

❆✐③❡r♠❛♥ ▼❛r❦ ❆✳ ❛♥❞ ❆♥❞r❡✇ ❱✳ ▼❛❧✐s❤❡✈s❦✐✳ ✶✾✽✶✳ ✏●❡♥❡r❛❧ ❚❤❡♦r② ♦❢ ❇❡st
❱❛r✐❛♥ts ❈❤♦✐❝❡✿ ❙♦♠❡ ❆s♣❡❝ts✑ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❆✉t♦♠❛t✐❝ ❈♦♥tr♦❧✱ ✷✻✭✺✮✿ ✶✵✸✵✲
✶✵✹✵✳

❆♥s❝♦♠❜❡✱ ❋✳ ❏✳ ❛♥❞ ❘♦❜❡rt ❏✳ ❆✉♠❛♥♥✳ ✶✾✻✸✳ ✏❆ ❞❡✜♥✐t✐♦♥ ♦❢ s✉❜❥❡❝t✐✈❡ ♣r♦❜❛❜✐❧✲
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✐t②✑ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✱ ✸✹✿ ✶✾✾✲✷✾✺✳

❆✉♠❛♥♥✱ ❘♦❜❡rt ❏✳ ✶✾✻✷✳ ✏❯t✐❧✐t② t❤❡♦r② ✇✐t❤♦✉t t❤❡ ❝♦♠♣❧❡t❡♥❡ss ❛①✐♦♠✑ ❊❝♦♥♦♠❡t✲
r✐❝❛✱ ✸✵✭✸✮✿ ✹✹✺✲✹✻✷✳

❇❡r♥❤❡✐♠✱ ❉♦✉❣❧❛s✱ ❛♥❞ ❆♥t♦♥✐♦ ❘❛♥❣❡❧✳ ✷✵✵✾✳ ✏❇❡②♦♥❞ ❘❡✈❡❛❧❡❞ Pr❡❢❡r❡♥❝❡✿ ❈❤♦✐❝❡✲
❚❤❡♦r❡t✐❝ ❋♦✉♥❞❛t✐♦♥s ❢♦r ❇❡❤❛✈✐♦r❛❧ ❲❡❧❢❛r❡ ❊❝♦♥♦♠✐❝s✑ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦✲
♥♦♠✐❝s✱ ✶✷✹✭✶✮✿ ✺✶✲✶✵✹✳

❇❡✇❧❡②✱ ❚r✉♠❛♥ ❋✳ ✷✵✵✷✳ ✏❑♥✐❣❤t✐❛♥ ❞❡❝✐s✐♦♥ t❤❡♦r② ✲ ♣❛rt ✶✑ ❉❡❝✐s✐♦♥s ✐♥ ❡❝♦♥♦♠✐❝s
❛♥❞ ✜♥❛♥❝❡✱ ✷✺✭✷✮✿ ✼✾✲✶✶✵✳

❈❤❡r❡♣❛♥♦✈✱ ❱❛❞✐♠✱ ❚✐♠♦t❤② ❋❡❞❞❡rs❡♥✱ ❛♥❞ ❆❧✈❛r♦ ❙❛♥❞r♦♥✐✳ ✷✵✶✵✳ ✏❘❛t✐♦♥❛❧✲
✐③❛t✐♦♥✑ ❤tt♣✿✴✴✇✇✇✳❡❝♦♥✳❛s✳♥②✉✳❡❞✉✴❞♦❝s✴■❖✴✶✹✸✹✺✴r❛t✐♦♥❛❧✐③❛t✐♦♥❴✵✸✵✸✷✵✶✵✳♣❞❢✳

❈❤❡r♥♦✛✱ ❍❡r♠❛♥✳ ✶✾✺✹✳ ✏❘❛t✐♦♥❛❧ ❙❡❧❡❝t✐♦♥ ♦❢ ❉❡❝✐s✐♦♥ ❋✉♥❝t✐♦♥s✑ ❊❝♦♥♦♠❡tr✐❝❛✱
✷✷✭✹✮✿ ✹✷✷✲✹✹✸✳

❞❡ ❈❧✐♣♣❡❧✱ ●❡♦✛r♦②✱ ❛♥❞ ❑✜r ❊❧✐❛③✳ ✷✵✶✶✳ ✏❘❡❛s♦♥✲❇❛s❡❞ ❈❤♦✐❝❡✿ ❆ ❇❛r❣❛✐♥✐♥❣ ❘❛✲
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