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Abstract. This paper examines the asymptotic inference for AR(1) models with a possi-
ble structural break in the AR parameter 5 near the unity at an unknown time ky. Consider
the model y; = Srye—11{t < ko} + Boye—1I{t > ko} + &4, t =1,2,---, T, where I{-} denotes
the indicator function. We examine two cases: Case (I) |51 < 1,82 = far = 1 — ¢/T’; and
case (II) p1 = Bir = 1 — ¢/T,|B2| < 1, where ¢ is a fixed constant, and {g;,¢ > 1} is a
sequence of i.i.d. random variables which are in the domain of attraction of the normal law
with zero means and possibly infinite variances. We derive the limiting distributions of the
least squares estimators of 51 and (2, and that of the break-point estimator for shrinking
break for the aforementioned cases. Monte Carlo simulations are conducted to demonstrate
the finite sample properties of the estimators. Our theoretical results are supported by
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1 Introduction

The change-point problem has received considerable attention in the literature over the
past three decades (Mankiw and Miron, 1986; Mankiw, Miron and Weil, 1987; Hansen,
1992; Chong, 2001). This paper extends the work of Chong (2001), who studies an AR(1)
model with a structural break in the AR parameter 8 at an unknown time ky. We consider

the following model:
Yt = Blyt—ll{t S kO} + /BQyt—II{t > kO} + Ety t= 17 27 Tt 7T7 (11)

where I{-} denotes the indicator function and {e;,t > 1} is a sequence of i.i.d. random
variables. Under some regularity conditions that Fe} < oo and Ey2 < oo, Chong (2001)
proves the consistency and derives the limiting distributions of the least squares estimators
of 1, B2 and 7p for three cases: (1) [81] <1 and |f2] < 1;(2) [fi] <land f2=1;(3) f1 =1
and |fB2] < 1.

In the present paper, we focus on Model (1.1) where one of the pre-shift and post-shift
AR parameters is less than one in absolute value while the other is local to unity. This case
is omitted in Chong (2001). Specifically, we focus on the following two cases: (I) |51] < 1,
B2 = Por = 1 —¢/T; (II) By = Bir = 1 — ¢/T,|P2| < 1, where ¢ is a fixed constant.
The case of local to unity in AR(1) model was first independently studied by Chan and
Wei (1987) and Phillips (1987). Their studies bridge the gap between stationary AR(1)
model and unit root model. Moreover, since heavy-tailed distributions, such as Student’s ¢
distribution with degrees of freedom 2 and Pareto distribution with index 2, are commonly
found in insurance, econometrics and other literature, it is more appropriate to impose
weaker moment conditions on the &;’s and yg than those in Chong (2001). The primary
contribution of this paper is to derive the consistency and limiting distributions of the least
squares estimators of 51, 82 and the estimator of 79 under a more general setting.

Throughout the rest of the present paper, we shall focus on the random variables which
are in the domain of attraction of the normal law (DAN), which is an important sub-
class of heavy-tailed random variables. A sequence of i.i.d. random variables {X;,i > 1}
belongs to the DAN if there exist two constant sequences {A,,,n > 1} and {B,,n > 1} such
that Z, := B, (X1 +--- + X,,) — A, converges to a standard normal random variable in
distribution (Feller, 1971), where B,, takes the form /nh(n) and h(n) is a slowly varying

function at infinity. We make the following assumptions:

e Cl: {4, t > 1} is a sequence of i.i.d. random variables which are in the domain of



attraction of the normal law with zero means and possibly infinite variances.

e (C2: yg is an arbitrary random variable such that yg = op(\/T ), where T is the sample

size.

e C3: 19 €[r,7] C (0,1).

Remark 1. Assumption C2 is a weak initial condition. It not only allows g to be a finite
random variable, but also allows it to be a random variable of order smaller than VT in
probability.

For any given 7, the ordinary least squares estimators of parameters 51 and (2 are given

by
T T
S g - S e
= - ’ = =
ZE:IP Y1 Zt:[TT]+1 Yi

The symbol [a] denotes the integer part of a and the change-point estimator satisfies

Bi(r)

i

77 = argmin RSSp(7),

7€(0,1)
where
[7T] X 9 T X 9
RSSr(r) =Y (w = Ayer) + D (= By -
t=1 t=[tT]|+1

We introduce some notations before presenting our main results. Let Wi (-) and Wa(-) be
two independent Brownian motions defined on the non-negative half real Ry ; W (-) and W (-)
be two independent Brownian motions defined on [0, 1] and R4 respectively; ”=" signifies
the weak convergence of the associated probability measures; » By represents convergence

)

in probability; ’ 2» denotes identical in distribution. Let C be a finite constant. The limits
in this paper are all taken as T" — oo unless specified otherwise.

Under assumptions C1-C3, we have

Theorem 1.1 In Model (1.1), if |51] < 1, B2 = Bor = 1 —¢/T, where c is a fized constant,
and the assumptions C1-C3 are satisfied, then the estimators #r, B (71) and Bg(i’T) are all

consistent, and

|77 — 10| = Op(1/T),

VT(Bi(Fr) = B1) = N(0, (1 = 8})/70), (1.2)
5 LE2(W,e,0,1) + ¢ [} 20D F2(W, ¢, 70, t)dt — $(1 — 70)
~ 2 T0 2
Tbolir) = B2) = leo e2(1=0) F2(W, ¢, 19, t)dt

Y



where
t
F(W, e,10,1) = e~ O (W (1) — W(r0)) — ¢ / 19 (W (s) — W (7o) )ds.
70
If we also let P17 be a sequence of B1 such that |Bar — Pir| — 0 and T(Ber — Bi1) — 0,

then the limiting distribution of 77 is given by

(Bor = Bi7)T (77 — 10) = ar%ergax { g:g; - |l2/|}7

where By (%) is generated by Iy~ exp (—s)dWi(s) and C*(v) is defined to be C*(v) = Wyi(—v)

forv <0 and

N VI(Ws, e, o, t
C*(v) = —I(WQ,C,T(),I/)—/O (;(1)0)dl(w2’c’707t)
al3
v I(W27C7T07t)
(B2 ET0 Y ) (W, e, 7o, )dt
/0 < 2B, (1) ) (W2, ¢,70,1)

for v >0 with

To+t
I(Wa, c,m0,t) = Wa(1o +t) — Wa(10) — C/ e~ AT (W (s) — Wa(7o))ds.

70

Theorem 1.2 In Model (1.1), if p1 = Pir = 1 — ¢/T, where ¢ is a fized constant and
|B2| < 1, and the assumptions C1-C3 are satisfied, then the estimators T, B (71) and Bz(%T)

are all consistent and

P(k # ko) — 0,
. 3* UG W, m0) + ¢ fy° e TVGEW, e t)dt — F
AN 5€ » 6770 0 ) & 2
T(B(7r) — B1) = foTO 2= G2(W, ¢, t)dt ’ (1.3)

\/T(Bz(fT) —B) > Vi1- 522 - W(B(c, 1))

1 — 79+ e2c(=-1)G2(W, ¢, 19)’

where
t

G(W, e, t) = e U=DW (L) — c/ e U)W (s)ds
0

and

Bl(e,19) = (1 —e72™)/(2¢) + 1 — 7.

Suppose we also let Bor be a sequence of Bs such that \/T(,BQT — Bir) = 0 and T3/4(/6’1T —

Bor) — 00, then the limiting distribution of Tr is given by

) B*(v) v
B 22/~ _ M
(Bor = Brr)™ T (71 = 70) = ar%gl%ax{eC(l—To)G(th, ) 2



where B*(v) is a two-sided Brownian motion on R defined to be B*(v) = Wi(—v) forv <0
and B*(v) = Wa(v) for v > 0.

Remark 2. In Theorem 1.1, letting ¢ = 0, it is clear that

$F2(W,e,70,1) + cf:O 20D F2(W, ¢, 79, t)dt — 2(1 — 79)
le e2c(=) F2(W, ¢, 19, t)dt c=0
LW ()~ W) — 10— )
S (W () = W (o)) 2t
w2() -
2(1 — 7o) iy W2(t)dt

Il

and for v > 0

{—I(Wg,c, T0,v) —/ Mdl(Wg,c 70,)
0

Ba(3)
v 1 I(Wa, e, 19,t)
_/0 (225’@(1;] + 1) I(Wa, ¢, o, t)dt | _
= —(Wa(ro +v) — Wa(m)) / s ;t)(l)WQ(TO)d(W2(TO+t)—W2(TO))
alg
v Waro + ) — Walr)
_/0 (72 02Ba(%) 20 1) (Walmo + 1) — Wa(mo)
d Y Wa(t) v Wa(t)
L Wy(v) — O B;(;)dwg(t)—/o (2Bz(§)+1>WQ(t)dt.

The above two expressions coincide with the third term of (15) and C*(v) with v > 0 in
Chong (2001), respectively. Hence, our Theorem 1.1 is reduced to Theorem 3 in Chong
(2001) by taking ¢ = 0.
Similarly, letting ¢ = 0 in Theorem 1.2, we have
%620(1_7—0)G2(W, ¢, T0) + chTO > (=DG2(W, ¢, t)dt — 2
Jo? e20-G2(W, ¢, t)dt

\/1—52 W CT()

1—7+ e2e(1- 7—O)G2(I/V, c, 7'())

B W2(79) — 10
c=0 2 fTO W2 dt’

V1= B3 (1)

=0 1—1o+ W2(79)

and

ec(l_TO)G(Wl, C, 7'0) ‘0:0 = W1 (7‘0),

indicating that Theorem 1.2 is reduced to Theorem 4 in Chong (2001) when ¢ = 0.
Note that the assumptions on the &;’s and yo are weaker than those in Chong (2001).

Remark 3. The limiting distributions of 31 (#7) and fBa2(77) in Theorem 1.2 could be sim-

plified if assumption C2 is more specific. For example, if the initial value yq is defined as



Yo = yro = Z;io pjfs,j with pr satisfying T'(1 — pr) = hr — 0 and {e_;,j > 0} being a
sequence of i.i.d. random variables sharing the same distribution with 1, then similar argu-
ments of Lemma 3 in Andrews and Guggenberger (2008) will lead to v/2hzyo/\/Tl(nr) =
N(0,1), where the definitions of nr and the function I(-) can be found at the beginning of

Section 3. Since yo dominates the asymptotic distribution of 3; (71), we have

2y [roT] )
—_— —16¢ — 0,
Tl(nT) tz:; Yt—1€t
[T0T] -2
2 , 1 e%m
wW(1
TQZ(T] ) tzlyt—l = % ( )

Consequently, we have
T(B1(?r) — B1) 5 0.

Similarly, from the proof of Lemma 4.3 in Pang, Zhang and Chong (2013), it can be shown
that

T . .. CT
\/ %(51(@) —B1) = (1= B5)e™n(Ba) /W (1)
if the stationary distribution (denoted by m((53)) of the AR(1) process y; = [Boy—1 +

et//U(nr) with yo = 0 for t = 1,--- T — [7oT], exists. Note that w(52) and W (1) are

independent.

Remark 4. Chong (2001) proves that |7r — 79| = Op(1/T') in the case of |8;| < 1 and
By = 1, while P(k # ko) — 0 in the case of 81 = 1 and |82 < 1. This result also holds in the
present paper. Note that the result about the estimator of kg in Theorem 1.2 is stronger
than that in Theorem 1.1. This is because the signal from the regressor y;_; when the serial
correlation coefficient is 1 — ¢/T is stronger than that from the regressor y;—1; when the se-
rial correlation coefficient is a fixed constant smaller than one in absolute value (as implied
by the faster convergence rate of s (7r) in Theorem 1.1 and the faster convergence rate of
Ieh (7r) in Theorem 1.2), meanwhile, the signal from the regressor y;_; under the situation of

(B1,B2) = (1 —¢/T, cp) is stronger than that under the situation of (51, 32) = (co, 1 — ¢/T),

where ¢ is fixed and |co| < 1.

Remark 5. The statistical inference on the least squares estimators of 51, S2 and 7 for
the following cases: (I) 1 =fir =1—¢/T, Bo=1; (II) 51 = 1,82 = Por = 1 — ¢/T are

much more complicated and would be left for future research.



The rest of the paper is organized as follows: Section 2 presents the simulation results
for the finite sample properties of the estimators in Theorems 1.1 and 1.2. Section 3 states
some useful lemmas and provides the proof for Theorem 1.1. Section 4 provides the proof
for Theorem 1.2. Note that all proofs of the lemmas in this paper are omitted for reasons

of space, and the readers are referred to Pang, Zhang and Chong (2013) for details.

2 Simulations

We perform the following experiments to see how well our asymptotic results match the
finite-sample properties of the estimators. In all experiments, the sample size is set at
T = 200 and the number of replications is set at N = 20, 000; {yt}thl is generated from
Model (1.1); yo has the following probability density function

0 if x < -2,
flx) =

Note that Elyg| < oo and Elyg|***® = oo for any § > 0. Note also that assumption
C2 holds. The true change point is set at 79 = 0.3 and 0.5. For the constant ¢ and the

distribution of e;’s, we consider the following numerical setup:

c=1,
e €{t(3), 1(2)},

where ¢(3) and #(2) denote the student-t random variables with degrees of freedom 3 and

(2.4)

2 respectively. It is easy to verify that ¢(3) and ¢(2) are both in the domain of attraction
of the normal law, and that #(3) has finite variance but infinite fourth moment, while ¢(2)
has infinite variance. When the AR parameter which depends on the sample size T and the
constant c is determined, the values of the fixed AR parameter are set to 0.5, 0.75 and 0.8.
Note that we only present the simulations for the case where 7p = 0.5 and the fixed AR
parameter is equal to 0.5 in this paper in order to conserve space. Readers are referred to
Pang, Zhang and Chong (2013) for more detailed simulations.

First, we conduct experiments to verify the second and the third results in (1.2) under
(2.4), which predict that the finite-sample distribution of By (77) is approximately normal,
whereas (2 (7r) appears to have a Dickey-Fuller distribution. Figure 1-Figure 2 agree with
our results.

Second, we conduct experiments to verify the second and the third results in (1.3)

under (2.4), which predict that the finite-sample distribution of 31 (77) is approximately the



0.4

0.3

0.2

0.1

0.0

Dickey-Fuller type, whereas Bg(fT) will have a normal distribution. Figure 3-Figure 4 also
agree with our results.

In all of the experiments in Pang, Zhang and Chong (2013), we have the following
observations: (I) the performance for the simulations on f1(77) is better for the case where
70 = 0.5 compared to the case where 79 = 0.3, since more data are used to generate the first
subsample. Analogously, the performance for the simulations on ,5'2 (77) is better for the case
where 79 = 0.3 compared to the case where 79 = 0.5. (II) the performance is better for the
case where {;}1_; ~ t(3) compared to the case where {;}1_; ~ #(2) under (2.4). This is not
surprising since #(2) is a heavy-tailed distribution. We have also conducted the experiments
for larger sample size when {e;}1_; ~ #(2), the performance does not improve much. Given
the results, one should be cautious when conducting statistical inference under heavy-tailed
innovations such as #(2). The experiments when ¢ = —1 are also studied. However, since
the results are very similar to the case where ¢ = 1, we do not report those simulations here
to conserve space.

In the following figures, we let ¢ = 1. The solid line shows the finite sample distribution

when T' = 200 while the dashed line shows the asymptotic distribution.
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Figure 3: Distribution of \/T(BAl (77) — B1) when 79 = 0.5, B2 = 0.5, 81 = 1 — 1/T. Left: {e;}1_; ~
t(3); Right: {e;}1; ~ t(2).

Figure 4: Distribution of T(82(77) — 82) when 79 = 0.5, B = 0.5, f1 = 1 — 1/T {e,}7, ~ #(3);
Right: {e;}1; ~t(2).



3 Proof of Theorem 1.1

To prove Theorem 1.1 and Theorem 1.2 when the e;’s are heavy-tailed, we employ the

truncation technique in this paper. We let
I(t) = Eeil{|e1| < t}, b=inf{t >1:1(t) >0},

and
infls ) 1 -
nj=inf{s:s>b+1, =2 -}, forj=1,2,3,---

.

Note that Tl(nr) < nZ for all T > 1 and 12 =~ Tl(nr) for large T. In addition, for each T

we let

e = g I{les| < 1} — Eed{led| < 1},

5&2) = etd{|ee| > nr} — Eeed{lee] > nr}.

fort=1,---,T.

The following two lemmas are taken from Csorgd et al. (2003) and Pang and Zhang
(2011) respectively:

Lemma 3.1 Let X be a random variable, and denote l(z) = EX2I{|X| < x}. The following
statements are equivalent:

(1a) X is in the domain of attraction of the normal law,

(1b) °P(|X|> z) = o(l()),

(1¢) 2B(X|{|X| > 2}) = o{i(x)),

(1d) E(|X|"I{|X| < x}) = o(x"2l(z)) for n > 2.

Lemma 3.2 Suppose assumptions C1-C3 are satisfied, then in Model (1.1) with |pf1] < 1,
the following results hold jointly:

wwfm S0 e = N(O,70/ (L= B),

(2b) Tl(nT) 2 B /(1 - B7).

The following two lemmas are useful in proving Theorem 1.1:

Lemma 3.3 Suppose assumption C1 is satisfied and P2 = Por = 1 —¢/T, where ¢ is a fixed
constant, then for any 10 < 7 <1,

[7T]

> By
VT 77T t=[r0T]+1

= e U(W(r) = W(n)) — ¢ / "D (W () — W(m))dt = F(W,e,m,7)

70

Xr(70,7)

10



and for any 0 < s <1—19

1 [ToT)+[sT]

Z 5 [roT]+[sT]—
vIlnr) [r0T)+1

T0+S
= W(m+s)-W(n)-c / e (W (1) — W (rp))dt = (W, ¢, 0, 5).

70

ZT(7—07 S)

Lemma 3.4 Let {y;,t > 1} be generated according to Model (1.1) with |f1| < 1 and B2 =
Bor = 1 —¢/T, where c is a fived constant. Under the assumptions C1-C3, the following
results hold jointly:

(3a) ﬁ ZtT:[mT]-H Yi_16¢ = %FQ(W ¢, 10,1) + cf,rlo eQC(l_t)FQ(VV, ¢, o, t)dt — %(1 — T0),
(3b) % ZtT:[TOT]H y: = Tlo 2= F2(W, ¢, 19, t)dt.

Proof of Theorem 1.1. Consider the first part of (1.2). Along the lines of the proof of
Theorem 3 in Chong (2001), it is sufficient to prove that

,

Z;_ET: roT)+1 Yt—1Et
Al — T[ 0 } — Op(l),
> i [T0T+1?]Jt 1
0T
€
Ay = sup M = 0,(1),
[foT] 2 P
MEDIT ) mmt1 i1 ,
As = sup ’ L= m+1yt[T01T] 5 AT(%) = 0p(1),
mE[D1T] Zt [roT]+1 yt 1215 =m+1 Yi—1 (3.1)
0T
Yi—1€L
Ay = T = Op(1)7
t=1 yt 1
Yt—1&¢
A5: sup t [TOT]+1 :Op(l)a
meDar Zt [ToT]+1 yt 1
> Vi m
Ag = sup ‘ = o] AT(?)‘ = op(1)
meDor Zt [roT]+1 yt 12 i1 yt 1

in the case of |B1| < 1 and By = Bor = 1 — ¢/T', where c is a fixed constant,

m T
) = (o 1) (1_ (Zt:l Yi-1€t )221[3 oy 1)
oy S yeie 2k vina

(ZtT:[TOT]H Yi-181)? <1 B ( ZtT:mH Yt—1€¢ )2Z?[TOT}+1 yf_1) (3.2)
ZtT:mH yt{l

+

T 2 T
Zt:[ToT]Jrl Y1 Zt:[mT}H Yi—1€¢

and
DlT = {m m e ZT,m < [T()T] — MT},

Dor = {m m € Zp,m > [ToT] +MT}
with M7 > 0 such that My — oo and M7 /T — 0, where Z7 denotes the set {0,1,2,--- ,T}.

11



We apply Lemmas 3.2 and 3.4 to prove (3.1). The results for A; and Ay are obvious.
For Ag, applying the Uniform Law of Large Numbers in Andrews (1987, Theorem 1) yields

7]

Zy[fT—omH Yt—1€¢ 1

|A2\:‘ sup _—‘SO( = op(1).
meDiy YOIz 1T T =

For A3, As and Ag, note that

T

Zt:m—i—l yt2—1 AT(T)‘
T T
Zt:[TOT]+1 yt2—1 Zz[;om]-i—l yt2—1 r

As = sup
meD1

(S g 1e)? (2T yeer0)?

1 1 ) <
+ —
T T T mo, 2
( Zt:[mT]—f—l Vi ET:O[TE)T],MT Y71/ \meDir 27[;01 ! Yi 251 i

T 2 T
+ sup ‘(Zt:[‘rgT}Jrl yt—lgt) _ (Et:erl yt—1€t)2>

meDir Z?:[TQT}+1 yt2—1 Z?:m+1 yt2—1
1 1
— Ol57) = ol

IN

sup

m
— Yt—-1€
A = sup Ztm[mT]—i—l t2 ¢
meDar Zt:[ToT]—‘rl yt—l
1
= sup O (7)
me€Dor b m_[TOT]
1
= Op(m):op(l)

and

N 2211 yt2—1
T ——

m 2
meDar Zt:[ToT]+1 Yio1 21 Yio1

N3

(Tl )2 (O per)?

1 ; > (
+ sup
T T)+M
(Zw[rml]yg—l o 1 Y71/ \meDor

0T m 2
t=[roT)+1 Jt— E££1]yt2—1 2= Vi
+ sup (ZEZ[TOTHI yt—lgt)z _ (Z?:m—i—l ytlft)ZD
meDar ?:[TOT]H Yi1 Z;[:mﬂ i1
1 1
= (0p(=—)+Op(=—5—)) - Oyl
(0155 *+ Oy - O

1

= op(m):op(l).

Hence, the first part of (1.2) is proved.
To find the limiting distribution of 3;(#r), first note that 77 — 70 = O,(1/T). Following

12



Appendix G in Chong (2001), we have

ﬁ(ﬁl(f':r) — Bi(70))
_ ﬁ(ZtTTT YtYt—1 Et 1 ytyt 1)

Zz[tTT1T] ?Jt Ztmf 3/152
[70T] 70T
- 1 sopr(Eemetta S i Elany v
t=1 Yi—1 Ztlytl Ztlytl
[7rT) [7rT]
+I{%T>To}ﬁ< 2i= {:ﬂ}“yt 1Zt[TiT]yt 16 | 2ote] [T[ifTJ}rl Yt—16¢
Ztlytl Ztlytl ytl
Z[TTZ] y
+(0ar - ) =)
Die1 yt 1
. l(nT) 1 l(nT)
= < _) —
Hr < mpVT (O 5000 ) = Onliyn )
L(nr) RS L(nr) L(nr)
1 > V(= Onliy )0 )+ Onl ) + Oliy)

= op(1),

one is referred to Chong (2001) for more details. Thus, 3;(77) and $31(79) have the same

asymptotic distribution. Applying Lemma 3.2, we have

1 [70T]
fl(nT Doim1 Y16t N N(O 1— 52

[10T], 2 T
nT Zt 1 Yi—1 0

VT (Bi(7r) = B1) = VT (Bu(ro) — 1) = ).

Similarly, we have

T(B2(7r) — B2(10))
_ T<Zf=[+TT]+1 Yeye—1 S ytyt—1)
Zf:[f—TT]+1 y? Z;F:[TQT}Jrl ytz

[roT] T
Zt [FrT]+1 ytfl Zt:[TOT]H Yt—1€¢ Zt TTT]+1 Yt—1€¢

= I{%T S T()}T( T
Zt:[i—TT]—f—l i1 Doie [roT]+1 Vi1 Zt:[i—TT]—H Vi1

T()T]
2 iy 7)1 vi- 1)
Zt:[i—TTHl Y

[FrT] 2 T
ZtZT[T()T]—‘rl Y Zt:[TgT]+1 Yt—1€&¢ Zt T()T 141 Yt— 1€t>

T
Zt:[f—TT]-H Y Zt:[mT]H Vi Zt:[TTT]"‘l Vi

+ (B1 — Bor)

+I{7r > To}T(

R l 1 l l
= I < w7 (= Oyl 10 1) + Oyl ~ Opl )
I > TO}T(OP(TZ(ZE;) 0p(7) — Oy TZQ(Z% )

= o0p(1).
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Thus, Bg(%T) and fo (10) also have the same asymptotic distribution. Applying Lemma 3.4,

we have
A N d A
T(B2(7r) — B2) = T(B2(70) — B2)
T
_ % Dt=[roT) 41 Yi—1€1
TQl%nT) ZtT ToT]+1 Vi1
N TP (W, e, m,1) + cf 2= F2(W, ¢, 79, t)dt — 11— To)

f e2c(1-1) F2(W, ¢, 10, t)dt

To derive the limiting distribution of 7p for shrinking shift, we let o = fop =1 — ¢/T
and 1 = Pir = Par — 1/g(T) in the remaining proof of Theorem 1.1, where g(T) > 0
with ¢(T") — oo and ¢(T')/T — 0. Note that Sir = 1 —1/9(T) + o(1/g(T)). Hence, the
sequence {y;, 1 <t < [19T]} is generated from a mildly integrated AR(1) model, as a result,
the results or ideas from Phillips and Magdalinos (2007) and Huang et al. (2012) could be
applied directly. Following Chong (2001), first, for 7 = 79+ vg(T)/T and v < 0, by recalling
(3.2), we have

Ar(n)] = Op(tnr)) (1= (1= 0p(1))2(1 +0,(1) ) + Op(i)) (1 = (L4 0,(1))*(1 = 0y(1)))
= op(l(n7))- (3-3)
Second, for any t = 0,--- , [|v|g(T)] — 1, we have
(10T
YiroT)—t—1 _ OZ ﬁ[TOT —t=1-i (
V Q(T)l(nT) VY 77T i=1
R [ToT]—t—1 T—t1- [TOTquO
prpfimmi®d AT R (3.4)
\/ 1(nr) z; 9(T)l(nr)
It is not difficult to show that
[ToT}—t 1
Yo _ B[ToT] t=1 Yo 20 (3.5)

Va(D)l(nr) g(T)™ VTl(nr)

by yo = op(\/T) and g(T') = o(T); see the proof of Proposition A.1 in Phillips and Magdali-
nos (2007) for more details. In addition, it follows from Lemma 3.1 that
1 [T0T]—
) E’ B [roT]—t—1— z (
9(T)(nr) Z

[ToT])—t—1

1 . [roT)—t—1-i I(nr) — 0
NI G )=o)

14



by recalling that n2 ~ Tl(nr) for large T. Then, for any t =0, --- , [|v|g(T)] — 1
T

[ToT]—t—1
YroT)—t—1 o [roT]—t—1—i (1)
L e S Bl +o,(1)
Ve)i(nr) ) 2 ’
N / e tdWa(s) L Ba(3), (3.6)
0

see page 138 in Chong (2001) for details. Note also that

1 [lvlg(T)]—-1
S epre = Wa(v)

VeMilr) =

by functional central limit theorem for i.i.d. random variables from DAN. As a result, we

have
1 (lvlg(T)]-1 .
oDilyr) 2= VTS = Ba(5)Wa(lv]) (3.7)
and
1 [lvlg(T)] .
2 2,1
9*(T)(nr) — YiroT)~t-1 = |V|Ba(2)- (3.8)
Moreover, note that
[T0T] T
(Bar = Bur) Lormirrn Vi Xifrorn Y15 Op(g*(T)1 (o) Op(T10)) _ op(1) (3.9)
) Z?Z[TT]—H i1 g(T)l(n7)Op(T1(nr)) p

and

T 2
=T y*
Lot Yt p (3.10)

T
Zt:[TT]—‘rl Y
Then, by recalling equation B.2 on page 117 in Chong (2001) when 7 < 7 < 79

RSST(T) — RSST(T())

10T
2(5 3 ) <Zt O[T]T 41 yt2—1 Eth[roT]H Ye—1€t Zt [roT]+1 yt 1 Zt [TT]+1 Yi— 15t>
= o — P1T
ZtT [+T]+1 Yi Zt:[‘l’T +1 Vi
S v 2
+(Bor — Pir)? 0TI 2l Set=lrTlel 7o + Ap(7),
Zt:[TT]-i-l Vi1
we have
RSSy(1) — RSSt(10)
l(nr)
[70T] [70T]
= Z yi1ge - (14 0p(1)) + Z Y1 - (14 0p(1)) + 0p(1)
- 9(Dinr) ) M) (T ) ) (i

5

1
5 —2Bu(5)Wi(v)) + IvIBE(

by (3.7)-(3.10).
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Similarly, for 7 = 79 + vg(T")/T with v > 0, we also have Ap(7) = 0p(l(n7)). Moreover,

it can be shown that

(7T [0
(Bor — BiT) Zt=[T0T]+1 Uiy > et

1) ZETTE iy
_ Op(¢*(D)1(nr))Op(\/Tg(T)l(nr))
9(T)1(nr) (Op(Tg(T)(nr)) + Op(g*(T)(nr)))
9(T) ,
- Op( £22) = on(1) (3.11)
S Tl OA@iem)
S LTI I IR AT R
[T0T]-1
YlroT) _ ¢ 1 \InT] Yo ¢ 1Nt EmT)
9(D)l(nr) ( r g(T)> oD ; (1 T Q(T)) 9(D)l(nr)

= / exp (—s)dWi(s) = Ba(%)

whose proof is similar to those of (3.5) and (3.6) ;

1 [ve(T))-1
P Di(yr) & VT
g(T)]-1 -1 i
1 /8 YiroT 2
= o ( ZBQTE[TOT]-HS i &)
9(T) = \/g( 9(T)l(nr)
= [ (1Wa,em0,8) + Bal )) dt
0

and

vg(T)]
T T Y 1
Z YroTl+t  E[roT]+t+1 = / (I(Wz,c, T0,t) + Ba(i))dI(W%cv 70, t)
0

— VaDilnr) /1)

by virtue of Lemma 3.3. Thus, by recalling the equation B.4 on page 120 in Chong (2001)

when 70 <7 <7

RSSy(1) — RSS7(10)

70T 7T T 10T
t01 2 1Z£ [roT)+1 Yt—1€t ZEZ[%T]H ?/t2 1Z£ Ol]yt—15t
= 2(Bor — Bir) 1] 7]
prile} yt 1 prile} yt 1
[7T] [T0T)
=7 yt 12 i=1 yt 1
+(Bar — rr) > = OTHl[TT] + Ar(7),
die 1yt 1
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we have

RSSt(1) — RSSt(10)
l(nr)
[T [T
2 — _
= W) Sy e o)+ BB S 10,0 +0)
L(nr) T l(nr)
=[roT]+1 t=[roT]+1
[ve(T)]-1 [ve(T))-1
2(1 + 0p(1)) (14 0p(1)) 2
= —— I Err —1—7 - + op(1
JD) 2 U ity 2o Vet o)
v 1 v 1.\2
= 2/ (I(WQ,C,To,t)+Ba(2)>dI(W2,C,TU,t)+/ (I(WQ,C,T@,f)+Ba(§)> dt
0 0
1 I(WQ,C,T{),V) /V I(WQ,C,T(],t)
= —9oB%(z).{ — o0l [ TS T00 gy, t) —
"2 { B homy emd
/V (I(W27cvf_07t) 1) (WQ,C 70, )d v
0 QBa(i) Ba(i) 2

Applying the continuous mapping theorem for argmax functionals (cf. Kim and Pollard

(1990)), we have
(Bor — Brr)T (71 — 70)

arg min {
vER

arg min
VER

arg max
VER

4 Proof of Theorem 1.2

U = argmin { RSS7(7)
VvER

RSSy (1) —

- RSST(T())}

{ -

{

RSST(T()) }
L(nr)

C*(v)

Ba(3) _|;|}

where C*(v) is defined as in Theorem 1.1. The proofs are complete.

The following lemmas will be used in the proof of Theorem 1.2:

Lemma 4.1 Suppose assumption C1 is satisfied and 51

constant, then for any 0 < 71 < 19,

[rT)

QT(T = ZﬁlT €t => € ce(1- T)W( )

17

= Bir = 1—¢/T, where c is a fived

/ <=1 (s)ds = G(W, e, 7).
0



Lemma 4.2 Let {y;} be generated according to Model (1.1), where By = f1p =1—¢/T for
a constant c. Under assumptions C1-C3, the following results hold jointly:

(40) 717 nT) Sy rer = 120G (W, e, 1) + ¢ [0 DGR (W, ¢, t)dt — 2

(4) T2(nr) nT) ZtTO1T vt = foTD e2=DG2(W, ¢, t)dt.

Lemma 4.3 Let {y;} be generated according to Model (1.1), where 5y = i =1 —¢/T for

a fized constant ¢ and |B2| < 1, Under assumptions C1-C3, the following results hold jointly:

(50) \ﬂ(n )Zt [roT)+1 Yt—18t = W(B(e,m)) /m,
1—79+e2¢1=70) G2(W, e, T
(5b) W Zt=[ToT]+1 yr, = —0 3 ( 0)7

where B(c,79) = (1 —e~2¢)/(2¢) + 1 — 1.

Proof of Theorem 1.2. It is not difficult to show that 7y is T-consistent by similar
arguments in the proof of Theorem 1.1. To prove a stronger result in (1.3), we follow

Appendix K in Chong (2001) with some modifications. For m =0,1,--- and m/T — 0,

1
i )RSST( T):>1+h1(m)
with
(1—710+ eQC(l_TO)GQ(W, ¢, 70))(1 — ﬁ%)me%(l_m)GQ(W, ¢, 70)
hl(m) = 2
(1= B3)me21=m)G2(W, ¢, 10) + 1 — 70 + 2= G2(W, ¢, 79)
and
1 m
RSSr(t0+ =) = 1+ ho(m
with

(1 — B2)e2 =) G2(W, ¢, o) (1 — B3™)
1+ 32 '

Since both hi(m) and hg(m) are increasing functions with respect to m, the first result in

h2 (m) =

(1.3) can be proved. For more details, one is referred to Chong (2001).
To show the second and third parts of (1.3), it follows easily from the first result of (1.3)
that 81 (77) and 31 (7o) have the same asymptotic distribution, and so do B2(77) and Ba(79).

By Lemma 4.2, we have

T(h(rr)—B) £ T(Bi(n) - B)
_ Tl(lm S e
T2I(n7) 77T) tholT Vi1
_ te 2e(1=10) G2(W, ¢, 70 )+cfyle 2= G2(W, ¢ t)dt — 2 5

Jo? e20=G2(W, ¢, t)dt
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Similarly, it follows from Lemma 4.3 that

VT(Ba(Fr) — B2) £ VT(Balro) — Ba)

1 T
VTi(nr) Zt:[ToT]—H Yt—1&t

1 T 2
Tinr) 2t=lroT]+1 Vi1

V1— B2 -W(B(c, 1))

1 — 79+ e2(0-1)G2(W, ¢, 79)
To derive the limiting distribution of 77 for shrinking break, we let 8y = Bor = Sir —

1/\/Tg(T), where g(T) > 0 with g(T) — oo and g(T)/v/T — 0. Moreover, let v be a

constant. For 7 = 19+ vg(7T)/T and v < 0, following Appendix K in Chong (2001), we have
RSSt (1) — RSST(m0)
l(nr)
Similarly, for 7 = 79 + vg(T")/T and v > 0, we have
RS St (1) — RSSt(10) N
l(nr)
For more details, one is referred to Chong (2001). Thus, by applying the continuous mapping

= —2e°0")GW, ¢, 1) Wi(|v|) + |v]e2 G2 (W1, ¢, 7).

—2e UG, ¢, 70) W (v) + ve* TG, ¢, 7).

theorem for argmax functionals, we have

(Bir — Bor)*T? (1 — 7o)

= ) =0
T ogm T
= argmin {RSSp(7) — RSS7(m0)}
VvER
. (RSSy(1) — RSSr(m9)
= arg min
geR { l(nr) }
. _ B*(v) v
— _9 2¢(1 T())G2 W -
argergm{ ‘ ( l’C’TO)(eC(l—TO)G(Wl,C,To) 2)
= argmax Bw) M
DCR ec(l_TO)G(Wl,C, 7-0) 2 P

where B*(v) is a two-sided Brownian motion on R defined to be B*(v) = Wi(—v) for v <0

and B*(v) = Wa(v) for v > 0. This completes our proof. O
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