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Abstract By incorporating both majorization theory and stochastic dominance theory, this

paper presents a general theory and a unifying framework for determining the diversification

preferences of completed and non-completed diversified portfolios and the preferences of differ-

ent convex combinations of assets for investors with utility satisfying u(2)(x) ≥ (≤)− u(2)(−x)

under some regularity conditions. This results could further make inference of the preferences

of completed and non-completed diversified portfolios and the preferences of different convex

combinations of assets for risk averters, risk lovers, and investors with prospect and Markowitz

preferences under some conditions. We also note that it is easy to follow the approach used by

Egozcue and Wong (2010) to get the results for the diversification preferences of non-iid assets

for risk averters, risk lovers, and investors with prospect and Markowitz preference under some

regularity conditions.



1 Introduction

The pioneer work of Markowitz (1952a) and Tobin (1958) on the mean-variance (MV) portfolio

selection is a milestone in modern finance theory for optimal portfolio construction, asset allo-

cation, and investment diversification.1 In the procedure, investors respond to the uncertainty

of an investment by selecting a portfolio that maximizes anticipated profit, subject to achieving

a specified level of calculated risk or, equivalently, minimizes variance, subject to obtaining a

predetermined level of expected gain. However, the disadvantage of using the MV criterion is

that it is derived by assuming the von Neumann-Morgenstern (1944) quadratic utility func-

tion and returns being examined are required to be normally distributed or elliptic distributed

(Feldstein, 1969; Hanoch and Levy, 1969; Berk, 1997).

To circumvent the limitations of the MV criterion, academics recommend adopting the

stochastic dominance (SD) approach, which can be used in constructing a general framework

for the analysis of choice and problems of diversification for risk-averse investors under un-

certainty without any restriction on the distribution of the assets being analyzed and without

imposing the quadratic utility function assumption on investors. Academics have regarded the

SD approach as one of the most useful tools for ranking uncertain investment prospects or

portfolios because their rankings have been theoretically justified to be equal to the rankings

of the corresponding expected utilities. Hanoch and Levy (1969) link stochastic dominance to

a class of utility functions for non-satiable and risk-averse investors. Hadar and Russell (1971)

develop the analysis using the concept of stochastic dominance and its applicability to choices

under conditions of uncertainty, whereas Tesfatsion (1976) further extends their results for di-

versification using a stochastic dominance approach to maximizing investors’ expected utilities.

Other studies using the selection rules for risk averters include Quirk and Saposnik (1962),

Fishburn (1964, 1974), Hadar and Russell (1969), Rothschild and Stiglitz (1970, 1971), Bawa

(1975), Bawa, et. al (1985), and Wong and Ma (2008). Readers may refer to Ortobelli Lozza

(2001) and Post (2008) for an exhaustive overview of other useful results along these lines.

1Readers may refer to Bai, et al. (2009a,b, 2013), Leung, et al. (2012), and the references therein for the new

estimation. Recently, Bai, et al. (2011, 2012) have developed a mean-variance-ratio (MVR) test to examine the

performance of investment assets. Readers may refer to Bai, et al. (2013) for the application of the MVR test.
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Besides risk averters, risk lovers are another important types of decision makers. There are

many studies develop theory for risk lovers. For example, Tobin (1958) examines the shapes

of indifference curves for risk averters, risk neutrals, and risk lovers. Other works include

Hammond (1974), Meyer (1977), Hershey and Schoemaker (1980), Stoyan (1983), Wong and

Li (1999), Li and Wong (1999), Myagkov and Plott (1997), Anderson (2004), Wong (2007) and

Post and Levy (2005). There are also many empirical studies examine the preferences of risk

averters and risk lovers. For example, Fong, et al (2005) find that risk averters prefer winners

to losers while Sriboonchitta, et al. (2009) find that risk lovers prefer losers to winners in the

momentum strategy. Qiao, et al. (2012) examine investors’ preferences with respect to the

Taiwan stock index and its corresponding index futures and conclude that risk averters prefer

to buy stocks, whereas risk lovers prefer long index futures. Recently, Li, et al. (2014) have

developed stochastic dominance statistics for risk averters and risk lovers. Their stochastic

dominance statistics could be used to examine the preferences of risk averters and risk lovers.

Examining the relative attractiveness of various forms of investments, Friedman and Savage

(1948) claim that the strictly concave functions may not be able to explain the behavior why

investors buy insurance or lottery tickets. Markowitz (1952), the first to address Friedman and

Savage’s concern, proposes a utility function which has convex and concave regions in both the

positive and the negative domains while Gneezy, et al. (2006) suggest that there are choice

situations in which decision makers discount lotteries for uncertainty in a manner that cannot

be accommodated by standard models of risky choice. To support Markowitz’s proposed utility

function, Williams (1966) reports data where a translation of outcomes produces a dramatic

shift from risk aversion to risk seeking while Fishburn and Kochenberger (1979) document

the prevalence of risk seeking in choices between negative prospects. Kahneman and Tversky

(1979) and Tversky and Kahneman (1992) claim that the (value) utility function2 is concave

for gains and convex for losses, yielding an S-shaped function. They also develop a formal

theory of loss aversion called prospect theory in which investors can maximize the expectation

of the S-shaped utility function. It is one of the most popular decision-making theories about

risk-taking and has gained much attention from economists and professionals in the financial

2Kahneman and Tversky (1979) and Tversky and Kahneman (1992) call it value function. For simplicity,

we call it utility function.
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sector.

Thereafter, a stream of papers building economic or financial models on the prospect theory

has been written, for example, Shefrin and Statman (1993), Benartzi and Thaler (1995), Levy

and Wiener (1998), Levy and Levy (2002, 2004) and Wang and Fischbeck (2004). There have

also been many empirical and experimental attempts to test the prospect theory, for example,

the equity premium puzzle by Benartzi and Thaler (1995) and the buying strategies of hog

farmers by Pennings and Smidts (2003). Most of these studies support the prospect theory.

The prospect theory has also been widely applied in Economics and Finance, see for example,

Myagkov and Plott (1997), and Levy and Levy (2004).

Noticing the presence of risk seeking in preferences among positive as well as negative

prospects, Markowitz (1952) also proposes another type of utility functions different from the

pure S-shaped utility functions used in the prospect theory. He suggests a utility which is

first concave, then convex, then concave, and finally convex to explain Friedman and Savage’s

question about why investors buy insurance and buy lotteries tickets. Using sequential gambles

technique, Thaler and Johnson (1990) obtain experimental evidence to show that prior outcomes

affect subsequent behavior in a way that is contrary to the static version of the prospect theory.

In particular, subjects are more risk seeking following gains and more risk averse following

losses. This implies that in a dynamic context, a reverse S-shaped utility function may be

more descriptive of actual behavior. Levy and Wiener (1998) further develop the theory for

the reverse S-shaped utility functions for investors. Levy and Levy (2002) are the first to

extend the work of Markowitz (1952), Kahneman and Tversky (1979), Tversky and Kahneman

(1992), Thaler and Johnson (1990) and Levy and Wiener (1998). They develop a new criterion

called Markowitz Stochastic Dominance (MSD) to determine the dominance of one investment

alternative over another for all reverse S-shaped functions, and another criterion called Prospect

Stochastic Dominance (PSD) to determine the dominance of one investment alternative over

another for all prospect theory S-shaped utility functions. In addition, Wong and Chan (2008)

extend the PSD and MSD theory to the first three orders. Broll, et al. (2010) establish general

results concerning certain covariances from which we can in turn infer properties of indifference

curves and hedging decisions within the prospect theory. Egozcue, et al. (2011) study rankings
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of completely and partially diversified portfolios and also of specialized assets when investors

follow Markowitz preferences.

There are also many empirical studies examine the preferences of investors with S-shaped

and reverse S-shaped utility functions. For example, Fong, et al. (2008) find that risk averters

and risk lovers show a distinct difference in preference for Internet versus “old economy” stocks.

This difference is most evident during the bull market period (1998-2000) where Internet stocks

stochastically dominate old economy stocks for risk lovers but not risk averters. In the bear

market, risk averters show an increased preference for old economy stocks, while risk lovers

show a reduced preference for Internet stocks. Gasbarro, et al. (2012) use both ascending and

descending stochastic dominance procedures to test for risk-averse and risk-seeking behavior.

By partitioning iShares’ return distributions into negative and positive return regions, they find

evidence of all four utility functions: concave, convex, S-shaped and reverse S-shaped. Recently,

Bai, et al. (2011) have developed stochastic dominance statistics for investors with S-shaped

and reverse S-shaped utility functions. Their stochastic dominance statistics could be used to

examine the preferences of investors with S-shaped and reverse S-shaped utility functions.

There are many work study the preference of convex combination of assets. For example,

Hadar and Russell (1971) and Tesfatsion (1976) study the preference of a bivariate convex

combination of assets and the completely diversified portfolio while Li and Wong (1999) ex-

tend their work to the multivariate setting. Hadar and Russell (1971) study the preference

of two different bivariate convex combinations of assets. By combining majorization theory

with stochastic dominance theory, Egozcue and Wong (2010) extend the theory by establish-

ing some new theorems to determine the preferences of risk-averse investors among different

diversified portfolios and show the conditions under which all risk-averse investors would prefer

more diversified portfolios to less diversified ones. This was one of the topics that Levy (2006)

suggested for future research.

By incorporating both majorization theory and stochastic dominance theory, this paper

extend the theory by presenting a general theory and a unifying framework for determin-

ing the diversification preferences of completed and non-completed diversified portfolios and

the preferences of different convex combinations of assets for investors with utility satisfying
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u(2)(x) ≥ (≤) − u(2)(−x) under some regularity conditions. This results could further make

inference of the preferences of completed and non-completed diversified portfolios and the pref-

erences of different convex combinations of assets for risk averters, risk lovers, and investors

with prospect and Markowitz preferences under some conditions. We also note that it is easy

to follow the approach used by Egozcue and Wong (2010) to get the results for the diversifica-

tion preferences of non-iid assets for risk averters, risk lovers, and investors with prospect and

Markowitz preference under some regularity conditions.

2 The Theory

In this paper we study
−→
λn

′−→X n with X⃗n = (X1, · · · , Xn)
′ and

−→
λn ∈ S0

n or Sn in which we follow

Egozcue and Wong (2010) to define S0
n with 0 ≤ si ≤ 1 for each i and

∑n
i=1 si = 1 and impose

the additional constraint 1 ≥ s1 ≥ s2 ≥ · · · ≥ sn ≥ 0 to Sn. We call a portfolio of one asset a

specialized portfolio or simply a specialized asset, and call
−→
λn

′−→X n partially diversified portfolio if

there exists i such that 0 < λi < 1 and call it completely diversified portfolio if λi =
1
n
for all i.

In addition, we follow Hardy, et al. (1934), Marshall and Olkin (1979), and Egozcue and

Wong (2010) to define majorization to order the elements in Sn as follows:

Definition 2.1 Let α⃗n, β⃗n ∈ Sn. β⃗n is said to majorize α⃗n, denoted by β⃗n ≽M α⃗n, if
k∑

i=1

βi ≥
k∑

i=1

αi, for all k = 1, 2, · · · , n.

Hanoch and Levy (1969), Hadar and Russell (1971), and Tesfatsion (1976) have shown

in the bivariate case that when facing assets whose returns are iid, risk-averse investors will

prefer the completely diversified portfolio to any partially diversified portfolio which, in turn,

is preferred to a specialized asset. Li and Wong (1999) and Wong (2007) generalize the results

further to the case of random variables in a multivariate setting. In addition, they show that

risk-seeking investors prefer a specialized asset to any partially diversified portfolio which, in

turn, is preferred to the completely diversified portfolio. In this paper, we first extend their

results by developing the following theorem to compare the preferences of a specialized asset,
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any partially diversified portfolio, and the completely diversified portfolio for different types of

investors:

Theorem 2.1 Let u(x) ∈ C2 and X⃗n = (X1, · · · , Xn)
′ where {Xi} are iid and symmetric

around zero.

1. If u(2)(x) ≥ −u(2)(−x), then u
(∑n

i=1
Xi

n

)
≤ u (

∑n
i=1 αiXi) ≤ u(Xj) for every j ∈

{1, . . . , n}, and

2. if u(2)(x) ≤ −u(2)(−x), then u
(∑n

i=1
Xi

n

)
≥ u (

∑n
i=1 αiXi) ≥ u(Xj) for every j ∈

{1, . . . , n}.

Theorem 2.1 shows the preferences of completed and non-completed diversified portfolios for

investors with utility satisfying u(2)(x) ≥ (≤)− u(2)(−x) under some regularity conditions.

Egozcue and Wong (2010) further develop a theory to compare the preferences of different

convex combinations of random variables for risk aversion agents. In this paper, we first extend

their results by developing the following theorem to compare the preferences of different convex

combinations of random variables for different types of investors:

Theorem 2.2 Let u(x) ∈ C2, α⃗n, β⃗n ∈ Sn and X⃗n = (X1, · · · , Xn)
′ where {Xi} are iid and

symmetric around zero.

1. If u(2)(x) ≥ −u(2)(−x), then β⃗n ≽M α⃗n implies u
[
β⃗′
nX⃗n

]
≥ u

[
α⃗′
nX⃗n

]
, and

2. if u(2)(x) ≤ −u(2)(−x), then β⃗n ≽M α⃗n implies u
[
α⃗′
nX⃗n

]
≥ u

[
β⃗′
nX⃗n

]
.

Theorem 2.2 shows the preferences of different convex combinations of assets for investors with

utility satisfying u(2)(x) ≥ (≤)− u(2)(−x) under some regularity conditions.

3 Concluding Remarks

This paper develops the theory to determine the preferences of completed and non-completed

diversified portfolios and the preferences of different convex combinations of assets for investors
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with utility satisfying u(2)(x) ≥ (≤)− u(2)(−x) under some regularity conditions. This results

could further make inference of the preferences of completed and non-completed diversified

portfolios and the preferences of different convex combinations of assets for risk averters, risk

lovers, and investors with prospect and Markowitz preferences under some conditions. We also

note that it is easy to follow the approach used by Egozcue and Wong (2010) to get the results

for the diversification preferences of non-iid assets for risk averters, risk lovers, and investors

with prospect and Markowitz preference under some regularity conditions.

In addition, our findings could also be used in determining the second-order stochastic dom-

inance efficient set. Traditionally, there are two decision stages in determining the efficient set;

see Bawa et al. (1985). In the first stage, the initial screening of prospects or investments

is accomplished by partitioning the feasible set into the efficient and inefficient sets using a

stochastic dominance relation.3 In this context, our findings allow investors to rank convex

combinations of assets by majorization order, which, in turn, implies the rankings of their pref-

erences of second-order stochastic dominance. Thus, our findings assist investors in determining

the second-order stochastic dominance efficient set.

We note that our paper only develops the theory to study the preferences of different

combination of assets for risk averters, risk lovers, and investors with S-shaped and reversed

S-shaped utility functions. To compare the preferences of different combination of assets for

the real data, one still has to apply a proper SD tests for the comparison. Recently, Bai, et

al. (2011) have developed SD tests to compare the preferences of assets for investors with S-

shaped and reversed S-shaped utility functions while Li, et al. (2014) have developed SD tests

to compare the preferences of assets for risk averters and risk lovers. One may consider to apply

their SD tests to compare the preferences of different combination of assets for different types

of investors in the real data analysis.

There are many directions to extend the theory developed in this paper. For example, one

could study the preference of different combination of assets by using the concept of almost

3Readers may refer to Broll, et al. (2006), Wong (2006, 2007) and Wong and Chan (2008) and the references

there for more information.
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stochastic dominance. One may refer to Leshno and Levy (2002), Guo, et al. (2003, 2004) and

the references therein for more information on the theory of almost stochastic dominance.
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